
 

Charles University in Prague 

Faculty of Social Sciences 

Institute of Economic Studies 

 
 

 

 

 

MASTER THESIS 

 

MODELLING AND COMPARATIVE ANALYZES OF VOLATILITY SPILLOVER 

BETWEEN US, CZECH REPUBLIC AND SERBIAN STOCK MARKETS 

 

 

 

 

 

 

Author: Bc. Jelena Marković 

Supervisor: Mgr. Magda Pečena Ph.D. 

Academic Year: 2014/2015 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Declaration of Authorship 

 

1. Hereby I declare that I have complied this master thesis independently, using only the 

listed literature and sources. 

2. I declare that the thesis has not been used for obtaining another title. 

3. I agree on making this thesis accessible for study and research purposes. 

 

 

 

Prague, July 31st, 2015    ____________________________________ 

Signature   



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Acknowledgments 

 

I would especially like to thank my supervisor Mgr. Magda Pečena, for her continuous support and 

dedicated guidance. Our numerous consultations have provided me with extensive insight and this 

thesis would not be the same without her. 



 

Abstract 

 

This paper estimates Serbian, Czech and US stock markets volatility. Few studies analyzed 

stock market linkages for these three markets. The mean equation is estimated using the 

vector auto-regression model. The second moments is further estimated using different 

multivariate GARCH models. We find that current conditional volatilities for each stock is 

highly affected by the past innovations. Cross-market correlations are significant as well. 

However, there is a higher conditional correlation between Czech and US stock market 

indices compared to the conditional correlation between Serbian and US stock indices. 
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Chapter 1 

 

Introduction 

 

The research of common interdependencies between stock markets has been subject of many 

studies. Researchers have been trying to assess the elements of their integration. It is important to 

deal with financial time series when analyzing stock markets; however investors do take into 

account the factor of rate of return. It is vital that they access the risk of investment measured by 

the volatility. The changes in volatility are caused by various factors inside the analyzed country, 

such as political situation, fiscal and monetary policies, as well as the volatility development of 

other markets, which have impact on a larger scale of the worldwide economy.  

In addition, factors that affect the political, economic, and financial, do not have the same 

shocks to risk returns over the same period. Risks may be provoked due to country and regional 

specific factors. Therefore, models of uncertainty across risk returns are considered in order to 

make the optimal macroeconomic policy management decisions. 

The Engle’s (1982) ARCH model is important to consider as it captures the financial times 

series as well as predicts the country’s volatilities for the future.  The perplexing issue is to analyze 

the co-movements of the financial returns from various markets, and their volatility spillover, 

meaning the shock impacts from one stock market influences the volatility development to the 

markets. The model permits the analysis of the risk spillovers across country stock markets, and is 

estimated using daily data on country’s stock indexes for the time period of 2005 to 2014. 
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Various researchers have analyzed the stock market integrations among developed countries. 

Theodossiou and Lee (1993) have used the multivariate GARCH model in order to examine the 

degree of interdependence of stock markets among Japan, United Kingdom, Canada, Germany and 

the United States, and have concluded that spillovers primarily exist from the U.S. market to other 

stock markets. 

The main aim of this paper is to complete a comparative analysis of volatility spillover 

between the US, Czech Republic and Serbia stock markets. Furthermore, it is vital to study the 

stock market index co-movements between the US stock market and the Serbian and Czech market 

based on the GARCH model, which has been widely used in the existing literature. 

 We find that BEKK (1, 1) models the conditional covariances between three stocks most 

accurately. According to the AIC or BIC scores we conclude that BEKK (1, 1) and BEKK (2, 2) 

models are having very similar dynamics. However, in line with the empirical literature we find 

that BEKK (1, 1) offers the best fit.  

The rest of the paper is organized as follows. Chapter two reviews empirical and theoretical 

literature on volatility modelling. Chapter three presents data description and explains the 

theoretical foundations of the generalized autoregressive heteroscedasticity group of models. 

Furthermore, chapter three reviews the vector autoregressive models and explains mean equation 

modelling foundations. Chapter four presents the estimation results from the VAR and various 

multivariate GARCH models. Chapter five concludes the paper. 
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Chapter 2 

 

Literature Review 
 

Financial market volatility is important for investors to form their portfolio. Investors need 

to know the level of the risk to make decisions between the stocks and assets to be purchased. This 

has been addressed by large variety of empirical papers. Evolution of the GARCH (Engle 1982) 

models has improved the quality of the volatility forecasting. Historical volatility models did not 

succeed to capture the conditional volatility – discussed in the methodology chapter. Furthermore 

the multivariate GARCH models allow modeling the conditional covariances – in other words, 

one could model the transmission of shocks in one market to another. This also has been of 

particular interest. In particular, many researchers analyze how shocks in developed markets affect 

the stock prices in the emerging or developing countries. Caporale, Pittis and Spagnolo (2006) 

model volatility by employing the GARCH-BEKK. In particular Caporale et al. (2006) study the 

1997 Asian financial crisis and the international transmission of the crisis. Significant and strong 

volatility spillovers are found in the bivariate GARCH-BEKK model. 

Favero and Giavazzi (2002) study the international responses to the shocks. The analysis 

is done among the countries which were the members of the Exchange Rate Mechanism of the 

European Monetary System. The study suggests that the propagation mechanism is characterized 

by the non-linear pattern. Nonlinearities are more significant when shocks are not persistent.  

Important theoretical contributions are discussed in Bollerslev (1986), Bollerslev, Chou 

and Kroner (1992) in modeling autoregressive heteroscedasticity models. Excellent survey of 



4 
 

ARCH models is done by Bauwens, Laurent and Rombouts (2006). In this study Bauwens et al 

(2006) review the models that identify linkages between two market volatilities. The study offers 

a complete survey of all models including asymmetric effects, distinction between long-run and 

short-run horizons. This is also discussed in the methodology part of the thesis.  

Diebold, Hahn and Tay (1998) calibrate model on high-frequency data: cross-variable 

interactions and correlations are carefully modelled. The study contributes to the literature by 

providing systematic way to forecast volatility.  

Fernandez-Izquierdo and Lafuente (2004) consider 12 stock exchanges during the Asian 

financial crisis using the multivariate GARCH models. In particular contagion between markets is 

examined. Fernandez-Izquierdo and Lafuente (2004) find that there are significant leverage effects 

presented during the time period across all 12 stock markets. The leverage effects are examined 

by employing bivariate GJR-GARCH model. However, bivariate model does not capture cross-

market conditional volatilities across large number of stocks. 

In contrast this study examines all the interactions between three markets: Serbian, US and 

Czech stock markets. This is done with the use of the different multivariate GARCH models 

described in chapters four and five. 

Volatility spillovers are also examined in Ng (2000). In this study the magnitude of the 

volatility is carefully modeled. In particular Ng (2000) discusses the effect of unexpected shocks 

on the US, Japanese and Pacific-Basin stock markets. The volatility transmission is pronounced in 

case of changes in exchange rates; changes in trade sizes and variation other regional factors –such 

as foreign shocks. Similar to other studies Ng (2000) also employs bivariate GARCH (1, 1) 

analysis to capture volatility spillovers across different markets. 
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Booth, Martikainen and Tse (1997) study the volatility spillovers in the Scandinavian 

countries stock markets. In particular Booth et al. (1997) finds that there are significant 

comovements between the Scandinavian stock indexes. 

In line with the studies reviewed in this section we employ multivariate generalized 

autoregressive conditional heteroscedasticity models to capture the co movements across three 

stock markets. First moments are estimated within the vector autoregressive framework. The 

methodology and results are discussed in the following chapters. 
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Chapter 3 

 

Data and Methodology 
 

3.1  Data Description 

Graph 1 presents time series plot of the US, Czech and Serbian stock market indexes in 2005-

2013. The graph shows that Serbian stock market index is more volatile before the financial crisis. 

The Serbian index significantly falls in 2006-2008 and stays below Czech and US stock market 

indexes. 
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Table one presents summary statistics of three stock indexes. US, CZ and SR are 

corresponding stock indexes in the United States, Czech Republic and Serbia. The US stock index 

is represented with the highest mean and least standard deviation. Serbian stock index has the least 

mean among all three indexes followed by the highest volatility (708.388). Czech Republic stock 

index has the about twice less volatility compared to the Serbian stock index. 

Table 1 

 

Table two represents the trading hours between U.S. Stock market and European Stock 

markets which is represented by the Czech and Serbian stock indexes. 

Table 2 

Country  Local trading hours 

US 9:30 – 16:00 

Czech Republic 9:15 – 16:30 

Serbia 9:30 – 16:00 

 

We run the Augmented Dickey Fuller test (see Fuller 1984) to conclude whether series are 

stationary. As expected none of the series are stationary. Table three reports corresponding test 

statistics, 5% significance critical values and MacKinnon p-values for the United States, Czech 

Republic and Serbia. MacKinnon p-values suggest that we cannot reject the existence of unit root 

in all three time series. In other words, stock indexes themselves are not stationary. To deal and 

          SR        2022    1009.521     709.388        354       3304

          CZ        2022    1216.642     304.698      628.5     1936.1

          US        2022    1319.986    242.3592     676.53    1920.03

                                                                      

    Variable         Obs        Mean    Std. Dev.       Min        Max
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make data stationary we use conventional method and transform all three time series in natural 

logarithms. 

 

      Table 3 

 US CZ SR 

Test-Statistic -0.399 -1.461 1.491 

5% Critical Value -2.860 -2.860   -2.860   

MacKinnon P-value 0.9103 0.5525 0.9975 

 

To model volatility we proceed with the following approach. Firstly we calculate returns. 

This is done by computing the first log difference of each time series to estimate returns. We 

calculate returns as the first log difference of each stock market index. Specifically returns to each 

stock are estimated according to (1). 

𝑟𝑡 = 𝑙𝑜𝑔 (
𝐼𝑡

𝐼𝑡−1
) = 𝐿𝑜𝑔(𝐼𝑡) − log(It−1)  (1) 

Table 4 provides summary statistics of returns to the US, CZ and SR stock indexes. 

Table 4 

Country US CZ SR 

Mean 0.0002266 -0.0001854 -0.0002651 

Median 0.000946 0.0002408 0 

Maximum 0.1095724 0.1236405 0.1746049 
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Minimum -0.0946951 -.1618547 -0.1536508 

Standard 

Deviation 

1.403 1.680 1.646 

Skewness -.3383935 -0.566634 0.6912834 

Kurtosis 11.88906 15.80271 27.03503 

Jarque-Bera 6692.325 13910.684 48806.658 

p -value 0.00) 0.00 0.00 

# of days 2021 2021 2021 

Ljung-Box Q statistics for stock returns and for squared stock returns  

LB-Q(12) 

 

42.3238 

(0.00) 

55.9813 

(0.00) 

87.6841 

(0.00) 

LB-Q(24) 

 

67.4143 

(0.00) 

89.2043  

(0.00) 

155.7934  

(0.00) 

LB-Qs (12) 

 

1052.1588 

(0.00) 

894.5077  

(0.00) 

149.7594  

(0.00) 

LB-Qs (24) 

 

2150.8815 

(0.00) 

1574.9500 

(0.00) 

164.5194  

(0.00) 

  LB-Q (12) and LB-Qs (12) denote Ljung-Box test statistic for the stock  

  returns and squared stock returns at 12 lags. 

 

Mean returns are negative with the exception of the United States. Hence, the United States 

has the highest mean (0.00023). However, Serbia has least mean return (-0.00026). It should be 

noted that none of the means of the US, Czech Republic and Serbia are significantly different from 

zero. In line with the empirical findings the US stock market is the least volatile (1.403). Serbia 
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and the Czech Republic have similar volatility constituting 1.6 percentage deviation from the 

corresponding mean. One can conclude that developed country stock markets are characterized by 

stable return processes compared to the developing or emerging stock markets. However, the 

difference in volatilities is not large, implying that the Czech Republic and Serbia do not have 

underdeveloped and too volatile stock markets. 

Furthermore, one could conclude which market is characterized with the large negative and 

positive returns by estimating skewness. Generally, positive skewness is associated with the more 

large positive returns compared to the large negative returns. The US stock index has negative 

skewness similar to the Czech stock index. Hence, Czech and United States stock markets are 

associated with the more large negative returns compared to the Serbian stock market. In other 

words, Serbian stock market on average experiences more large positive returns.  

 We use daily data therefore it is expected that all stock returns are leptokurtic. This property 

implies that returns are clustered and this can be detected by observing the Kurtosis and Kurtosis. 

It is possible to formally test whether stock returns are leptokurtic using the Jarque-Bera test. The 

null-hypothesis is that time series are following the normal distribution. 

Jarque – Bera = 
n

6
(S2 + 

(K−3)2

4
)    (2) 

Where n denotes the number observations, S and K stand for skewness and Kurtosis 

correspondingly. The p-value for all three stock returns is zero, implying that we should reject the 

null-hypothesis. In other words, the US, Czech and Serbian stock returns are not normally 

distributed. In contrast the stock returns are leptokurtic. This is in line with the empirical literature 

evidence. 
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Graph 2 displays Serbian stock returns. 1 In line with the interpretations of Table 4 Serbian 

stock returns are characterized with the zero mean and 1.7% standard deviation. 

Graph 2 

 

Another diagnostic test we use is the Ljung-Box test statistic. The statistic is calculated 

using formula (3), where n stands for the number of observations, 𝜌𝑖  is the sample correlation 

at lag  𝑖. Capital K reflects the number of lags one wants to examine.  

Q-statistics and p-value for Ljung and Box (1979) test. 

 

QLB=n(n +  2) ∑
ρi
2

n−i

K
i=1      (3) 

                                                           
1Graphs displaying the US and Czech stock returns are placed in the appendix 1 
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 In line with the empirical estimation strategy we check serial autocorrelation between stock 

returns and between squared stock returns up to 12 and 24 lags. LB-Q (12) and LB-Q (24) are 

corresponding test statistics at lags 12 and 24. Given the p-value for all stock returns and squared 

stock returns at lags 12 and 24 we can reject the null-hypothesis stating that there is serial 

autocorrelation. It should be noted that the test statistics for the US stock returns is highest 

implying that the null-hypothesis that there is no white noise in the time series is strongly rejected. 

In other words, both stock returns and squared returns for all three countries are white noise. This 

allows us to proceed with the volatility analysis. 

 To model the volatility we need to make sure that time series are stationary. We follow the 

common practice and use the Augmented-Dickey-Fuller test (1979).The null-hypothesis is that 

variable contains unit root – time series are not stationary. Hence, if we reject the null-hypothesis 

we conclude that stock returns are stationary.  

 To illustrate how ADF test works we formally show the procedure. We denote stock returns 

by     𝑦𝑡, then (4) can represent the correlation between 𝑦𝑡    𝑎𝑛𝑑 𝑦𝑡−1 

𝑦𝑡 = 𝛼0 + 𝜌𝑦𝑡−1 + 𝜐𝑡                           (4) 

Where   υt represents identically and independently distributed error term with zero mean; 𝛼0is 

constant. However, the serial correlation and time trend might be a problem to a draw a conclusion 

whether series are stationary. Hence, we rewrite the model as follows  

𝛥𝑦𝑡 = 𝜃 + 𝜂𝑡 + 𝜚1𝛥𝑦𝑡−1 + 𝜆1𝑦𝑡−1 + 𝜚2𝛥𝑦𝑡−2 + 𝜆2𝑦𝑡−2 +⋯+ 𝜚𝑘𝛥𝑦𝑡−𝑘 +

𝜆𝑘𝑦𝑡−𝑘 + 𝜀𝑡                                      (5) 
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Equation (5) is another representation of (4). However, (5) includes first-difference and time trend, 

which allows one to test whether series are stationary. Given equations (4) and (5) we can formally 

state ADF test null-hypothesis – either ρ=1; or ϱ=0. Basically, the null-hypothesis states that 𝑦𝑡 

is characterized by the unit root process. 

      Table 5 

Test 

 

ADF 

 

Integration order 

5% Critical value -3.430 NA 

US  Stock returns 

 

-48.012 0 

CZ  Stock returns  -35.496 

 

0 

SR  Stock returns 

 

-35.521 

 

0 

 

ADF test statistics are represented in Table 5. All three stock returns are highly stationary 

as the statistic value is lower than the 5% critical value (-3.43). Hence we reject the null-hypothesis 

and conclude that US, Czech and Serbian stock returns are stationary. 
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3.2 Methodology 

 

3.2.1   Vector Auto-Regression Models 

To model the volatility across the US, Czech and Serbian stock markets we use vector 

autoregression models. We follow Sims (1980) and Lutkepohl (1991) to estimate VAR for US, 

Czech and Serbian stock returns. Unlike univariate regressions, when the current value of the 

variable depends on the past values of the variable itself, VAR incorporates past and current values 

of other relevant variables. In general, N variable system VAR is estimated as follows: each 

variable is regressed on the past values of this variable, plus past and current values of the 

remaining (N-1) variables. VAR became popular as it estimates dynamic structure of time series. 

All the variables in the system are referred to as endogenous variables. However, restrictions on 

some variables being exogenous are possible. In particular the exclusion restrictions can be used 

to  

VAR models are extremely useful to forecast dynamics of the system as the estimation is 

based on all the past and current values of the variables. VAR can be applied only on stationary 

data. Given the tests conducted on the US, Czech and Serbian stock returns, VAR can be efficiently 

estimated.  However, even series with time trends can be estimated if one considers the degree of 

cointegration Engle and Granger (1987). 

We follow Lutkepohl (1991) to formally define the VAR model. Let 𝑌𝑡 be a matrix of 3 

vectors𝑌𝑡 = [𝑌1𝑡, 𝑌2𝑡, 𝑌3𝑡]. Where 𝑌1𝑡, 𝑌2𝑡and 𝑌3𝑡 are (Tx1) vectors. Hence, 𝑌𝑡is (Tx3) matrix. The 

basic VAR model of order k can be defined as follows 
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𝑌𝑡 = 𝛼0 + 𝜃1𝑌1𝑡, + 𝜃2𝑌2𝑡 +⋯+ 𝜃𝑘𝑌𝑡−𝑘 + 𝑢𝑡    (6) 

Where each𝜃𝑖is (3x3) coefficient matrix and𝑢𝑡 are referred to as innovations or shocks or 

impulses. If we include too many lag variables then there are too many parameters to estimate. 

Therefore we use Akaike information criteria (AIC). Alternatively, one could use the Shwartz 

information criterion (SIC) or the Hannan-Quinn information criterion (SIC). In most cases tests 

suggest the same number of lags to be included in the model, however given the different structure 

of tests, the results might diverge. The underlying intuition to base our analysis on the information 

criteria is as follows: too many lags make model non-parsimonious and hence the model is over 

identified. In particular Akaike information criteria can be calculated using (7) 

𝐴𝐼𝐶 =
1

𝑛
𝑒2𝑘/𝑛 ∑ 𝑢𝑡

2𝑡
𝑖=1            (7) 

Where k is the number of the lags included in the system, n is the number of observations 

and 𝜐𝑡 represents fitted residuals from the regression. 

It is tractable to rewrite AIC information criterion in natural logarithms, hence (7) becomes  

ln  𝐴𝐼𝐶 =
2𝑘

𝑛
+ ln 

𝑅𝑆𝑆

𝑛
        (7') 

Where RSS represents the sum of squared residuals. One can easily see that the natural 

logarithm of AIC information criterion is increasing in the number of lags as  
2𝑘

𝑛
 is a penalty 

parameter of the information criterion. Clearly, smaller Akaike information criterion is associated 

with the better model.  

 Similarly, the Shwartz information criterion is given  
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ln  𝑆𝐼𝐶 =
𝑘

𝑛
ln 𝑛 + ln 

𝑅𝑆𝑆

𝑛
     (8) 

SIC penalizes higher number of lags at a higher degree, in other words given the same 

number of lags SIC is like to be higher than AIC. However, the structure of all the tests is 

straightforward – they both penalize for inappropriately high number of lags, while suggesting the 

optimal lag number. 

We estimate both the mean equation and variance covariance matrix simultaneously as we 

employ standard VAR. Hence, the number of parameters to be estimated is large depending on the 

number of lags included in the model. We test for the number of lags using the pre-estimation 

methods and based on the information criteria we conclude that the most appropriate model is the 

one include 4 lags. In other words we will examine mean equation using VAR (4) model. This is 

in line with the other empirical papers modeling volatility on high-frequency data (See Li and 

Giles (2013)). 

Empirical results and formal tests are presented in the Results section. As noted above VAR 

(4) for three time series is the main model considered to estimate the mean equation. The VAR (4) 

model can be rewritten as follows 

 [

𝑌1𝑡
𝑌2𝑡
𝑌3𝑡

] = [

𝛼1
𝛼2
𝛼3
] + ∑ [

𝜃11𝑘
𝜃21𝑘
𝜃31𝑘

𝜃12𝑘
𝜃22𝑘
𝜃32𝑘

𝜃13𝑘
𝜃23𝑘
𝜃33𝑘

]4
𝑝=1 [

𝑌1,𝑡−𝑘
𝑌2,𝑡−𝑘
𝑌3,𝑡−𝑘

] + [

𝑢1𝑡
𝑢2𝑡
𝑢3𝑡

] 

One can rewrite the system of in the form of equations 

 

𝑌1𝑡= 𝛽1 + ∑ 𝜃11𝑘
4
𝑘=1 𝑌1,𝑡−𝑘  + ∑ 𝜃12𝑘

4
𝑘=1 𝑌1,𝑡−𝑘 + ∑ 𝜃13𝑘

4
𝑘=1 𝑌1,𝑡−𝑘 + 𝑢1𝑡 
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𝑌2𝑡= 𝛽1+ ∑ 𝜃21𝑝
4
𝑝=1 𝑌2,𝑡−𝑘  + ∑ 𝜃22𝑘

4
𝑘=1 𝑌2,𝑡−𝑘  + ∑ 𝜃23𝑘

4
𝑘=1 𝑌1,𝑡−𝑘  + 𝑢2𝑡 

 

𝑌3𝑡= 𝛽3 + ∑ 𝜃31𝑘
4
𝑝=1 𝑌3,𝑡−𝑘  + ∑ 𝜃32𝑘

4
𝑘=1 𝑌3,𝑡−𝑘  + ∑ 𝜃33𝑘

4
𝑘=1 𝑌3,𝑡−𝑘  + 𝑢3𝑡             (9) 

 

Where 𝑈𝑡 is a vector of error terms -  𝑢1𝑡 , 𝑢2𝑡 , 𝑢3𝑡 , follows the white noise process. The 

underlying assumption on the error term is that conditional mean is zero. In other words, this 

assumption can be rewritten as follows𝐸𝑡−1(𝑈𝑡) = 0. The vector of error term has the following 

properties: it has zero mean, the covariance is finite, and each error is uncorrelated with the past 

values. However, the errors can be contemporaneously correlated – meaning that shock in the US 

stock market might have an effect on the Czech and Serbian stock markets.  

This is simply done by observing the correlation between the error terms. We can formally 

define properties of the error term vector. 

[

𝑢1𝑡
𝑢2𝑡
𝑢3𝑡

]=[
0
0
0
] 

Additionally 

𝐸𝑡(𝑢𝑡𝑢
′
𝑡−1) = 03𝑋3      (10) 

𝐸𝑡(𝑢𝑡𝑢′𝑡) = 𝛴3𝑋3       (11) 

 

Where (10) states that autocorrelation for all three error terms is zero. However, error terms 

themselves are correlated and this is described by the variance-covariance matrix Σ, which is finite 



18 
 

and positively defined matrix with the dimension of 3 by 3. VAR model estimation assumes that 

Σ is time invariant, in other words it does not change over time. In contrast, time series usually are 

presented by time varying variance-covariance matrix. To deal with that we model second moment 

using multivariate generalized autoregressive conditional heteroskedasticity (GARCH) 

techniques. In other words, the mean returns are estimated using VAR (4) model, though second 

moments are examined within the multivariate GARCH framework. 

 

 

3.2.2 GARCH Models 

 

Financial time series do not exhibit constant variance, therefore modelling second-order 

moments is crucial to model volatility. Standard errors or the square root of variance is usually 

considered as a measure of volatility. The volatility also measures the risk. While considering 

Serbian, Czech and American stock markets volatility modelling could not be done accurately 

without considering GARCH models, as variance of these stocks also exhibit time varying pattern. 

It is important to note that often error terms themselves are not related to each other, however there 

is a relationship between squared residuals. This was firstly explored by Robert Engle (see Engle 

(1993)). For his exceptional contribution Robert Engle received Nobel Prize in 2003 together with 

Clive Granger. 
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Historical volatility models did not provide a solution to the volatility modelling. Historical 

volatility models were benchmark before the evolution of ARCH and GARCH models. According 

to the historical volatility models risk is estimated using short-time period sample standard 

deviation. Measuring volatility this way has been often criticized because of its claws. In particular 

there is no right answer what time period should be selected to estimate the volatility. Should it be 

a month or two? Suppose the selected sample is too long, then clearly the estimated volatility 

would not be appropriate to measure current volatility. On the other hand, if one selects short 

sample then the risk estimate would be too imprecise. To understand the latter case better, one 

could think of very volatile short sample period. Then the estimate would be inappropriate as it 

also would predict high risk (volatility). Hence if one was to select long-time period sample 

volatility forecasting would be very imprecise and irrelevant. If one was to select short-term period 

sample volatility forecasting would be again imprecise. Another problem is that in historical 

volatility models variance is treated constant, as average variance over sample time period is used 

to forecast and model future volatility. Given the problems with the volatility forecasting using the 

historical volatility models, ARCH models have been developed. 

3.2.2.1  Univariate GARCH Models 

David Hendry firstly mentioned autoregressive conditional heteroskedasticity (ARCH) 

models. ARCH models are advantageous compared to the historical volatility models. In particular 

instead of average standard deviations, we take weighted average of past squared residuals. 

Weighted average squared residuals are very crucial to model volatility. In other words instead of 

taking all variances and treating them equally, ARCH models are built in the way that higher 

weights are assigned to the recent information; relatively lower weights are assigned to the 
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relatively older information. Another big advantage of ARCH models can be ascribed to the 

estimation of the weights. Suppose we do forecast for next period’s volatility. Once next period is 

realized one could compare the forecast and the actual variance and hence evaluate efficiency of 

the weights assigned earlier. Given the realized volatility weights can be optimized so that forecast 

resembles the best match to the realized actual volatility. To account the rich dynamics of the 

model the estimation is done using the Maximum Likelihood method. In other words, optimal 

weights can be found using Maximum Likelihood Estimation – MLE. To test the fit Lagrange 

Multiplier test can be used – this would allow one to figure out whether weights guarantee the best 

fit to the actual future volatility. 

However, there are problems with ARCH models. Large number of lags might lead to 

negative predicted value. This clearly makes problems to apply ARCH models. In other words, 

the fit of the model could be negative as squared residual cannot be negative. Therefore non-

negativity constraint has to be imposed to make ARCH models effective. Bollerslev (1986) 

generalizes ARCH models and adds the non-negativity constraint. This models are usually referred 

to as Generalized Autoregressive Conditional Heteroskedasticity - GARCH models. GARCH 

model is generalization of simple autoregressive ARCH models to autoregressive moving average 

models. Given the definition of an autoregressive moving average process, it is straightforward 

that weights on the previous squared residuals are subject to the exponential reduction. Simple 

GARCH models can be interpreted as follows – the forecasted volatility is composed of three 

variances. The first one is the long-run variance; the second is the component allows for the 

previous time period forecast; the third is the innovation – the squared residual or the information 

which was not taken into account when the previous forecast has been made. 

Simple GARCH model can be represented using the following equations: 
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𝑦𝑡 = 𝑐 + ∑ 𝜌1𝑖𝑦𝑡−𝑖
𝑚
𝑖=1 + ∑ 𝜌2𝑖𝑢𝑡−𝑖 + 𝑢𝑡

𝑛
𝑖=1     (12) 

Where𝑢𝑡 = 𝑧𝑡√ht,    𝑧𝑡 ∼ 𝑁(0,1). 

ℎ𝑡 = 𝑎 + ∑ µ𝑖𝑢𝑡−𝑖
2𝑞

𝑖=1 + ∑ 𝜆𝑖ℎ𝑡−𝑖
𝑝
𝑖=1      (13) 

Equation (12) characterizes the mean equation for time series𝑦𝑡. Ideally𝑦𝑡  follows 

autoregressive moving average process. The error term 𝑢𝑡 is a function of the stochastic term𝑧𝑡. 

𝑧𝑡 is white noise process with zero-mean and unit variance. Time-varying variance is represented 

by    ℎ𝑡.    ℎ𝑡 can be estimated using equation (13). Equation (12) is referred to as mean-equation 

in the following parts of the thesis. 

Equation (13) represents the conditional variance which is estimate of volatility or risk too. 

According to the GARCH specification conditional variance depends on long-term variance - 𝑎, 

the previous forecast –    ℎ𝑡−𝑖  and the new information – 𝑢𝑡−1
2 .The third term is also referred to 

as innovation, which is not included in the previous time period     ℎ𝑡−𝑖forecast.   

Equations (12) and (13) are estimated simultaneously. As a result predicted mean return 

and forecasted volatility can be detected. Equations (12) and (13) represent the simplest GARCH 

model with lags 𝑝 and 𝑞.GARCH models successfully capture the most important time series data 

properties. The first very important one is the volatility clustering. Volatility clustering refers to 

the situation when large changes in the asset markets reflected corresponding changes in stock 

prices, are usually followed by large volatility. Similarly, small changes in stock prices or indexes 

are usually followed by low volatility. Volatility clustering implies that there is a positive 

correlation between current and recent period’s volatility. Very last time period or observation is 
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meant by the recent time period. Given the three terms of the variance equation, it is 

straightforward that GARCH models are well-designed to capture the volatility clustering of the 

asset price or stock index.  

GARCH models proved themselves extremely successful, though some problems have 

been detected. These problems have been taken into account by allowing large variety of 

extensions of standard GARCH models. In particular, several variations can be applied to extend 

the benchmark GARCH model. Extensions to the GARCH models include models to deal with the 

non-negativity constraint and leverage effects. 

Standard GARCH models do not account for the difference in the response forms of the 

positive and negative shocks. In other words, while modeling the volatility benchmark GARCH 

models treat positive and negative innovations equally or symmetrically. Empirical evidence 

suggests that negative shocks have more pronounced effect on volatility compared to the positive 

shocks. In contrast, positive innovations do not affect volatility as much as their counterparts. This 

can be explained by the herd behavior - once there is negative innovation agents start to drastically 

change their decisions immediately. While there is a positive shock or information, agents tend to 

change their decisions slowly and the change itself is not of large amount. 

One of the most frequently used GARCH extension is the model allowing for asymmetric 

effects. To provide motivation for asymmetric GARCH one has to realize that usually negative 

news could affect volatility more than positive innovations. According to the equation (13) ℎ𝑡 is 

a function of past time period squared residuals which we refer as innovations or information 

entering the volatility modelling. It is straightforward that ℎ𝑡 does not differentiate the sign of the 

shock. The sign of the innovation is lost as past residuals are squared and disregard the sign of the 
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shock obtained innovation is positive. In other words, standard GARCH models indeed treat 

positive and negative shocks equally. To account for this fact Glosten, Jagannathan and Runkle 

(1993) develop the GARCH model. This model is usually referred to as GJR GARCH. GJR 

GARCH accounts for asymmetric responses to negative shocks and better predicts the future 

volatility if negative shocks are present. Without loss of generality we formulate GJR GARCH (1, 

1) model – the general (p, q) model can be easily rewritten given equations (12) and (13). GJR 

GARCH (1, 1) formulation can be characterized as follows 

ℎ𝑡 = 𝑎 + µ1𝑢𝑡−1
2 + 𝜆1ℎ𝑡−1 + 𝜑𝐼𝑡−1𝑢𝑡−1

2    (14) 

 

Where   𝐼𝑡  is an indicator function:  𝐼𝑡−1=1 if 𝑢𝑡−1 is negative and  𝐼𝑡−1=0 if 𝑢𝑡−1  is 

positive. 

Given the GJR formulation of GARCH models, the leverage effects are presented in case 

the estimated 𝜑is negative. It is important to note that if leverage effects are of large size estimated 

volatility might turn to be negative. Therefore non-negativity constraints become crucial. 

Therefore there are few more restrictions made on the estimated model – in other words, in order 

to make the model realistic we run the restricted model. Restricted model has the following 

constraints: 

(i) 𝑎 >  0 

(ii) µ1 > 0 

(iii) 𝜆1 ≥ 0 

(iv) µ1 + 𝜑 ≥ 0         (15) 
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Given the GJR formulation of GARCH models, though 𝜑could be negative, the model is 

still realistic as we place constraint (iv). 

There is another approach to model asymmetric responses to negative and positive 

innovations. Exponential GARCH which is usually referred to as EGARCH was derived by Nelson 

(1991). EGARCH formulation is very popular because of its less restrictive nature. The variance 

equation can be rewritten as follows: 

𝑙𝑛 ℎ𝑡 = 𝑎 + 𝜑
𝑢𝑡−1

√ℎ𝑡−1
+ 𝜆1𝑙𝑛 ℎ𝑡−1 + µ1[

|𝑢𝑡−1|

ℎ𝑡−1
−√2/𝜋]   (16) 

EGARCH is less restrictive because we do not have to place the restriction on parameters. 

The parameters are allowed to have any values. Because of logarithmic representation predicted 

volatility  ℎ𝑡is always positive, which makes the model tractable. Hence restrictions on parameters 

represented by (15) are no longer necessary to make the asymmetric GARCH models realistic. In 

this specification asymmetries are also allowed since there is the previous time period residual 

𝑢𝑡−1 included in (16). In other words if negative innovations affect volatility more than 𝜑is likely 

to be negative. Using EGARCH specification leverage effects are captured and the model is 

tractable as the volatility measured by  ℎ𝑡   is always positive thanks to the logarithmic 

formulation. In Nelson (1991) error terms do not necessarily follow the normal distribution. Error 

terms could follow any distribution, however as in most of econometric models estimation is much 

easier with the assumption of errors being distributed normally. Therefore, most of EGARCH 

models are estimated with the assumption of error terms being normally distributed. 



25 
 

Testing for leverage effects are crucial to detect whether asymmetries are significant. Engle 

and NG (1993) propose simple tests to test significance of negative innovations on predicted 

volatilities. The test for detecting the presence of leverage effects can be presented as follows 

𝑢 𝑡
 2 = 𝜍0 + 𝜍1𝐼𝑡−1

− + 𝜉𝑡     (17) 

Where  𝑢 𝑡
 2   

is fitted residual, 𝜍0    is constant, 𝜍1 accounts for the leverage effects and   𝜉𝑡  is error 

term –assumed to be normally distributed. If there is a leverage effect then𝜍1  should be 

significant.𝐼𝑡−1 is an indicator variable defined similar to the previous case – the only difference 

is that it is now indicating the sign of the fitted residual.  

𝐼𝑡−1 = {
1, 𝑖𝑓    𝑢 𝑡−1

 < 0
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

In particular 𝐼𝑡−1
− is the case of the indicator variable    𝐼𝑡−1when it is equal to one – or 

when𝑢 𝑡−1
 < 0. Different variations can be employed in (17) to account for size of the negative 

shocks, or for joint effects of positive and negative shocks. This can be easily done by including 

𝑢 𝑡−1
 

in (17) to test for the size of the negative shocks on volatility. Furthermore, joint test 

measuring effects of negative versus positive shocks can be done by constructing 𝐼𝑡−1
+    which is 

the case of the indicator variable     𝐼𝑡−1 when it equal to zero – or when 𝑢 𝑡−1
 > 0.The null-

hypothesis is specified as follows: no asymmetric responses 

𝐻0: 𝜍1 = 0;  

The alternative hypothesis is specified as follows 

𝐻𝑎: 𝜍1 ≠ 0; 
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Total residuals squared can be estimated from (17) and then given the standard framework, 

total residuals squared will be distributed according to chi-squared distribution with degrees of 

freedom equal to one. In case we include more parameters such as previous time period error term 

and positive innovations, then (17) would have three coefficients to estimate and clearly testing 

principle would stay the same. However, the degrees of freedom would be three instead of one.  

Given the methodology and testing framework described above one can easily extend 

GARCH models to include leverage effects and analyze the significance of negative innovations. 

Another important extension to GARCH models are specifications which include effect of 

volatility on mean return. These models are based on the fact that investors who bear the risk – 

receive higher return as a compensation for taking higher risk. In other words, the mean return is 

a function of volatility. The higher the risk, the higher the predicted return tends to be. This type 

of specification is usually referred to as GARCH in mean or GARCH-M model. It should be noted 

that firstly GARCH-M models were developed in ARCH framework by Engle (1987). However, 

because of the rich nature of GARCH models then ARCH-M has been derived for GARCH models 

as well. 

Given the motivation above, it is straightforward that the variance equation in (13) remains 

unchanged, however the mean equation is subject to modification. According to standard GARCH-

M specification volatility term should be included in (12). Similar to the GJR and EGARCH 

specifications we specify GARCH-M (1, 1). In other words, we rewrite (12) and (13) for p=1; q=1 

case – accommodating all the necessary changes in the mean equation which is described above. 

𝑦𝑡 = 𝑐 +  η√ht−1 + 𝜌1𝑦𝑡−1 + 𝜌2𝑢𝑡−1 + 𝑢𝑡   (18) 



27 
 

Where𝑢𝑡 = 𝑧𝑡√ht,  𝑧𝑡 ∼ 𝑁(0,1). 

ℎ𝑡 = 𝑎 + µ1𝑢𝑡−1
2 + 𝜆1ℎ𝑡−1     (19) 

 GARCH-M is easy to interpret – the coefficient of interest is η. If is η positive then 

important property of asset prices is present. In other words, conditional variance which is the 

measure of volatility as well affects the mean return denoted by 𝑦𝑡. Clearly, if ηis positive and 

significant then volatility is positively affecting mean return. That is – investors taking higher risk 

are compensated with the higher return. 

 There are few more extensions to the benchmark GARCH models accounting for different 

properties of asset prices or stock indexes. However, deriving and presenting these extensions are 

beyond the scope of this thesis. Univariate GARCH models and their popular extensions are 

presented above to be able to define the different group of multivariate GARCH models. Clearly 

univariate GARCH models analyzes a single stock index or asset return. However, multivariate 

GARCH models allow more than one time series to be analyzed. Volatility modeling is of crucial 

importance in multivariate case as conditional variances are allowed to affect returns of other 

stocks.  

3.2.2.2  Multivariate GARCH Models 

 Multivariate GARCH models are similar to the univariate models discussed above. 

However, one has to model conditional covariance between time series to capture the linkages 

between markets or different stock indexes. By conditional covariance one has to apply the same 

process of analysis as in case of univariate case. In particular, similar to time-varying variances in 
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the univariate case, now we have to account for time-varying covariances between different stock 

returns. In our case between Serbian, Czech and US stock indexes. 

 Time-varying covariances are usually modelled using multivariate GARCH models since 

they are most capable to capture linkages between different markets or stocks across time. There 

are few models who account for different features of time-varying covariances between different 

stocks. The most popular multivariate GARCH models are VECH, diagonal VECH, BEKK and 

constant correlation (CCORR) specifications.  

 VECH is due Bollerslev, Engle, and Wooldridge (1988). Under this specification 

conditional variance-covariance matrix is a function of the lagged squared residuals and cross-

products of residuals and terms of the conditional variance-covariance matrix itself. Without loss 

of generality we present the VECH (1, 1) model, which implies that there is only previous time 

period residuals and terms of the conditional variance-covariance matrix included in the 

specification. The model can be easily extended to VECH (p, q) specification.  

𝑉𝐸𝐶𝐻(𝐻𝑡) = 𝐴 + 𝐵𝑉𝐸𝐶𝐻(𝛯𝑡−1𝛯
′
𝑡−1) + 𝐶𝑉𝐸𝐶𝐻(𝐻𝑡−1)                                          (20) 

Where 𝐻𝑡 is the conditional variance-covariance matrix, 𝛯𝑡 is (2X1) innovation vector 

(since we have three stock indexes: SR, CZ and US and corresponding returns). The number of 

estimates is 78 (formula is given below), therefore we depart from presenting three time series 

case and we discuss N=2 VECH (1, 1) model. This is does not limit the points which are required 

to fully explain the VECH framework. If N=2, 𝐻𝑡  is (2X2) conditional variance-covariance 

matrix. VECH is the operator which stacks the upper-triangle part of the symmetric matrix into a 

column vector – the example of how the operator is working exactly is given below. By assumption 

𝛯𝑡  is normally distributed with the zero mean and variance-covariance matrix 𝐻𝑡. 𝐴 is (3X1) 
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column matrix of constants; 𝐵 and 𝐶 are (3X3) coefficients. The number of parameters to be 

estimated is dependent on time series. In particular the number parameters to be estimated can be 

calculate by the following formula 

N(N + 1)[(N + 1)N + 1]/2    (21) 

If we consider N=2 case, then there are 21 parameters to be estimated. Below we present 

these matrices. 

𝐻𝑡 = [
ℎ11𝑡 ℎ12𝑡
ℎ21𝑡 ℎ22𝑡

], 𝛯𝑡 = [
𝑢1𝑡
𝑢2𝑡

],       𝐴 = [

𝑎11
𝑎21
𝑎31

], 

  𝐵 = [

𝑏11 𝑏12 𝑏13
𝑏21 𝑏22 𝑏23
𝑏31 𝑏32 𝑏33

] , 𝐶 = [

𝑐11 𝑐12 𝑐13
𝑐21 𝑐22 𝑐23
𝑐31 𝑐32 𝑐33

] 

One can easily check the number of parameters to be estimated. There are three coefficients 

in matrix 𝐴, 9- in 𝐵, and 9 in 𝐶, – implying that there are 21 estimates in total. 

To explain better how the operator VECH works we present the example below. For 

instance,  

𝑉𝐸𝐶𝐻(𝐻𝑡) = [

ℎ11𝑡
ℎ22𝑡
ℎ12𝑡

] 

Similarly, if one wants to derive  𝑉𝐸𝐶𝐻(𝛯𝑡−1𝛯
′
𝑡−1), this can be done easily 

𝑉𝐸𝐶𝐻(𝛯𝑡−1𝛯
′
𝑡−1) = 𝑉𝐸𝐶𝐻 [

𝑢1𝑡
𝑢2𝑡

] [𝑢1𝑡𝑢2𝑡] = 
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                      = 𝑉𝐸𝐶𝐻 [
𝑢1𝑡
2 𝑢1𝑡𝑢2𝑡

𝑢1𝑡𝑢2𝑡 𝑢2𝑡
2 ]=[

𝑢1𝑡
2

𝑢2𝑡
2

𝑢1𝑡𝑢2𝑡

] 

In terms of equations VECH (1, 1) for two indexes can be rewritten as follows 

ℎ11𝑡 = 𝑎11 + 𝑏11𝑢1𝑡−1
2 + 𝑏12𝑢2𝑡−1

2 + 𝑏13𝑢1𝑡−1𝑢2𝑡−1 + 𝑐11ℎ11𝑡−1 +

                     +𝑐12ℎ22𝑡−1 + 𝑐13ℎ12𝑡−1       (22) 

ℎ22𝑡 = 𝑎21 + 𝑏21𝑢1𝑡−1
2 + 𝑏22𝑢2𝑡−1

2 + 𝑏23𝑢1𝑡−1𝑢2𝑡−1 + 𝑐21ℎ11𝑡−1 +

                     +𝑐22ℎ22𝑡−1 + 𝑐23ℎ12𝑡−1       (23) 

ℎ12𝑡 = 𝑎31 + 𝑏31𝑢1𝑡−1
2 + 𝑏32𝑢2𝑡−1

2 + 𝑏33𝑢1𝑡−1𝑢2𝑡−1 + 𝑐31ℎ11𝑡−1 +

                     +𝑐32ℎ22𝑡−1 + 𝑐33ℎ12𝑡−1       (24) 

Once we analyze the two time series VECH (1, 1) case it is straightforward to draw 

conclusions for three time series. Hence, the number of parameters to be estimated in N=3 case 

equals to 78.   

There are two major problems with the estimation of VECH models. Firstly, the large 

number of variables is computationally infeasible to estimate. Second, the same problem is present 

as it is with the univariate GARCH problems – 𝐻𝑡  might not be positively defined. Taking into 

account the fact that conditional variance-covariance matrix makes model realistic if and only if 

𝐻𝑡 is positively defined, researchers derived restricted VECH models to deal with this problem. 

Hence, diagonal VECH has been developed, which is the restricted VECH specification indeed. 

In the diagonal VECH model parameter vectors 𝐵 and 𝐶 are assumed to be diagonal. In other 
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words off-diagonal terms are zero. This solves only one out of two abovementioned problems: 

firstly – there are few parameters left to be estimated. Hence the model is easier to estimate.  

However, diagonal VECH specification does not guarantee positive definiteness of the 

conditional variance-covariance matrix  𝐻𝑡. Positive definiteness of the conditional variance-

covariance matrix is of crucial importance. It simply implies that the main diagonal terms are 

positive and off-diagonal terms will be symmetrical. This is intuitive, because disregard the order 

of the series included in the model, we should have same covariances between two stock prices. 

In other words, in order to have the same conditional covariances between two time series, we 

need to have make sure that   𝐻𝑡 is positive definite. Note that in some papers   𝐻𝑡 is assumed to 

be positive semi-definite. This is nothing else, but allowing some of the leading minors (main 

diagonal terms) to be zero. In other, one of the stock prices included in the diagonal VECH model 

could have zero conditional volatility. 

Additional disadvantage of the diagonal VECH formulation is that once off diagonal terms 

are zero, we only allow the current volatility or risk to depend only to its lag value. In other words, 

there are no linkages between markets or stock indexes. This clearly limits researcher’s ability to 

figure out whether shocks in one market affect the volatility and returns in another market.  

To deal with the above-mentioned problems and in particular with the definiteness of the 

conditional variance-covariance matrix Baba, Engle, Kraft and Kroner (1995) developed the model 

which was referred to as BEKK afterwards. Multivariate GARCH model in the BEKK 

specification guarantees that the conditional variance-covariance matrix   𝐻𝑡  is positive definite 

(or positive semi-definite if we allow for zero diagonal terms). 

BEKK (1, 1) model can be represented as follows 
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𝐻𝑡 = 𝐷′𝐷 + 𝐸′𝐻𝑡−1𝐸 + 𝐹′ 𝛯𝑡−1𝛯
′
𝑡−1𝐹   (25) 

 Where𝐷 is an (3X3) upper triangular matrix which is forming constants in the model; 

𝐸 and  𝐹 are 3X3 matrices of parameters. The positive definiteness the conditional variance-

covariance matrix 𝐻𝑡  is due to the quadratic specification of the terms in the right-hand-side of 

equation (25). We consider the case when we have three series: Serbian, Czech and US stock 

market indexes. The problem with BEKK models is that now conditional covariances are not 

modelled directly. Additionally, due to the quadratic form involved in the model specification, 

interpretation of the coefficients is not straightforward and as easy as it is in case of VECH 

specification. 

We can estimate BEKK models using the same methodology used for the univariate 

GARCH models. In particular, maximum likelihood method is employed to estimate parameters 

in the model. Using the standard approach log-likelihood function is formed which is maximized. 

The set of parameters maximizing the log-likelihood function are obtained estimates. We follow 

the standard approach, hence parameters are assumed to be normal (conditional normality is 

assumed). The log-likelihood function can be rewritten as follows 

𝐿(𝜃) =
−𝑁𝑇

2
log(2𝜋) −

1

2
∑ log |𝐻𝑡|
𝑇
𝑡=1 + 𝛯′

𝑡𝐻𝑡
−1𝛯𝑡]  (26) 

Where 𝜃 denotes the set of parameters to be estimated, 𝑁 is number of stock indexes or 

stocks and 𝑇 is number of observations. Unlike to the univariate GARCH models, the set of 

parameters is much higher, which makes BEKK models computationally difficult. Similar to the 

univariate GJR-GARCH there are modifications dealing with the asymmetric effects of the 
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innovations. Hence few more terms can be added in the standard BEKK model to account for 

leverage effects explained above. The asymmetric BEKK model can be rewritten as follows 

𝐻𝑡 = 𝑆′𝑆 + 𝑉′𝜀𝑡−1𝜀
′
𝑡−1 𝑉 + 𝑃’𝐻𝑡−1 𝑃 + 𝐶′ 𝜇𝑡−1𝜇′𝑡−1𝐶   (27) 

 The specification is very similar to the specification given by (25). In particular, 𝑆 stands 

for constants again, 𝜀𝑡 is error term and 𝑉and 𝑃 are 3X3 matrices. To capture asymmetric effects 

we include 𝜇𝑡. 𝜇𝑡 equals to the  error term 𝜀𝑡 when it is negative, and zero otherwise. 

Alternatively, one can rewrite that as follows 

 𝜇𝑡 = {
𝜀𝑡 , 𝑖𝑓    𝜀𝑡 < 0
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 

Indeed, the only difference between (25) and (27) is that we include additional term which 

accounts for asymmetric effects. The asymmetric effects have been developed by Kroner and Ng 

(1998) which became popular due to the fact that it does estimate leverage effects. One can 

characterize the asymmetric BEKK model in the matrix form below. In particular, when the 

indexes considered equals to three, 𝐻𝑡can be rewritten as follows 
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𝐻𝑡

= [

𝑣11 𝑣12 𝑣13
𝑣21 𝑣22 𝑣23
𝑣31 𝑣32 𝑣33

]

′

[

𝜀1.𝑡−1
2 𝜀1.𝑡−1𝜀2.𝑡−1 𝜀1.𝑡−1𝜀3.𝑡−1

𝜀2.𝑡−1𝜀1.𝑡−1 𝜀2.𝑡−1
2 𝜀2.𝑡−1𝜀3.𝑡−1

𝜀3.𝑡−1𝜀1.𝑡−1 𝜀3.𝑡−1𝜀2.𝑡−1 𝜀3.𝑡−1
2

] [

𝑣11 𝑣12 𝑣13
𝑣21 𝑣22 𝑣23
𝑣31 𝑣32 𝑣33

]

+ [

𝑝11 𝑝12 𝑝13
𝑝21 𝑝22 𝑝23
𝑝31 𝑝32 𝑝33

]

′

𝐻𝑡−1 [

𝑝11 𝑝12 𝑝13
𝑝21 𝑝22 𝑝23
𝑝31 𝑝32 𝑝33

] + 𝑆′𝑆

+ [

𝑐11 𝑐12 𝑐13
𝑐21 𝑐22 𝑐23
𝑐31 𝑐32 𝑐33

]

′

[

𝜇1.𝑡−1
2 𝜇1.𝑡−1𝜇2.𝑡−1 𝜇1.𝑡−1𝜇3.𝑡−1

𝜇2.𝑡−1𝜇1.𝑡−1 𝜇2.𝑡−1
2 𝜇2.𝑡−1𝜇3.𝑡−1

𝜇3.𝑡−1𝜇1.𝑡−1 𝜇3.𝑡−1𝜇2.𝑡−1 𝜇3.𝑡−1
2

] [

𝑐11 𝑐12 𝑐13
𝑐21 𝑐22 𝑐23
𝑐31 𝑐32 𝑐33

] 

This type of representation is also referred to as trivariate asymmetric BEKK model. 

Alternatively one can rewrite the model in terms of the system of equations. This can be presented 

as follows 

ℎ11= (𝑣11
2 𝜀1

2 + 𝑣21
2 𝜀2

2 + 𝑣31
2 𝜀3

2 + 2𝑣11𝑣21𝜀1𝜀2 + 2𝑣11𝑣31𝜀1𝜀3+2𝑣21𝑣31𝜀2𝜀3) 

+(𝑝11
2 ℎ1 

2  + 𝑝21
2 ℎ2 

2  + 𝑝31
2 ℎ3

2 + 2𝑝11𝑝21ℎ1ℎ2 + 2𝑝11𝑝31ℎ1ℎ3 + 2𝑝21𝑝31ℎ2ℎ3 ) 

 

ℎ22 = (𝑣12
2 𝜀1

2 + 𝑣22
2 𝜀2

2 + 𝑣32
2 𝜀3

2 + 2𝑣12𝑣22𝜀1𝜀2 + 2𝑣12𝑣32𝜀1𝜀3+2𝑣22𝑣32𝜀2𝜀3) 

+(𝑝12
2 ℎ1 

2  + 𝑝22
2 ℎ2 

2  + 𝑝32
2 ℎ3

2 + 2𝑝12𝑝22ℎ1ℎ2 + 2𝑝12𝑝32ℎ1ℎ3 + 2𝑝22𝑝32ℎ2ℎ3 ) 

 

ℎ33= (𝑣13
2 𝜀1

2 + 𝑣23
2 𝜀2

2 + 𝑣33
2 𝜀3

2 + 2𝑣13𝑣23𝜀1𝜀2 + 2𝑣13𝑣33𝜀1𝜀3 +2𝑣23𝑣33𝜀2𝜀3) 

+(𝑝13
2 ℎ1 

2  + 𝑝23
2 ℎ2 

2  + 𝑝33
2 ℎ3

2 + 2𝑝13𝑝23ℎ1ℎ2 + 2𝑝13𝑝33ℎ1ℎ3 + 2𝑝23𝑝33ℎ2ℎ3 ) 

           (28) 
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It should be noted that the system of equations denoted by (28) does not include constant 

which can be easily obtained by multiplying 𝑆′by𝑆. This completes the representation of different 

modifications of BEKK models. 

The interpretation of estimates allows the researcher to draw conclusions on conditional 

volatility and linkages – covariances between three different stock markets. Firstly, there is a 

constant𝑆𝑖𝑖terms which are not having any important implication for our analysis. However, terms 

of the following matrices 𝑉𝑖𝑖 , 𝑃𝑖𝑖and 𝐶𝑖𝑖are of crucial interest. Terms located on the main diagonal 

of matrix display 𝑉𝑖𝑖 the effect of innovations or news of the market on the volatility of the market. 

In other words, the effect of shocks in Serbian market on the conditional volatility of the Serbian 

market index return, or the effect of Czech and US news on the conditional volatility of the Czech 

and US stock indexes’ returns correspondingly. According to the notation these effects will be 

captured by 𝑣11, 𝑣22and𝑣33 correspondingly. Terms other than the ones located on the main 

diagonal are capturing the effects of one market developments on the volatility of the other market. 

Suppose we order time series as follows; 1 – US stock index, 2 – Czech stock index, 3- Serbian 

stock index. Then, 𝑣12denotes the effect of shocks or innovations on the conditional volatility of 

the Czech stock index return. Similarly 𝑣13 measures the effect of the US stock market news on 

the Serbian stock index return volatility. 

Coefficients in matrix 𝑃 measure the effect of past volatility on the current conditional 

volatilities of the corresponding stock returns. The main diagonal terms measure the effects of the 

past volatility on the current conditional volatility of the stock. In contrast, off-diagonal terms 

measure effects of the past time period volatility of stock 1 on the volatility of the other stock 

(stock 2). Similarly terms of the matrix 𝐶  measure asymmetric effects on stock return volatility. 
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In other words, 𝑐11measures the effect of bad news on the US stock index conditional volatility, 

if there is any. Similarly, 𝑐13measures the effect of the negative shock in the US stock market on 

the Serbian market volatility or Serbian stock index return conditional volatility. 
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Chapter 4 

 

Estimation Results 

4.1  VAR 

 Firstly we estimate vector autoregression model with different number of lags. As expected 

we find that the optimal number of lags equal to 4. The lag selection criteria can be decided using 

the information criteria as described in the methodology part 3.2.1. Table 6 shows the vector-

autoregression estimation results. VAR estimations are made in Stata and EVIEWS.  

      Table 6 

 

 Vector Autoregression Estimates 

  

 Date: 01/02/15   Time: 10:56  

 Sample (adjusted): 10/11/2005 5/29/2014 

 Included observations: 2017 after adjustments 

 Standard errors in ( ) & t-statistics in [ ] 
    
    
 RCZ RSR RUS 
    
    RCZ(-1) -0.135462  0.040719 -0.064356 

  (0.02558)  (0.02544)  (0.02270) 

 [-5.29610] [ 1.60040] [-2.83526] 

    

RCZ(-2) -0.109621 -0.015666 -0.001104 

  (0.02567)  (0.02553)  (0.02278) 

 [-4.27111] [-0.61360] [-0.04849] 

    

RCZ(-3) -0.053342 -0.023977  0.035731 

  (0.02560)  (0.02547)  (0.02272) 

 [-2.08356] [-0.94150] [ 1.57269] 

    

RCZ(-4)  0.036720  0.084598  0.026572 

  (0.02359)  (0.02346)  (0.02093) 

 [ 1.55667] [ 3.60538] [ 1.26938] 
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RSR(-1)  0.008150  0.184883  0.048085 

  (0.02263)  (0.02251)  (0.02008) 

 [ 0.36016] [ 8.21394] [ 2.39463] 

    

RSR(-2)  0.024684  0.015262  0.038605 

  (0.02301)  (0.02289)  (0.02042) 

 [ 1.07277] [ 0.66681] [ 1.89063] 

    

RSR(-3) -0.006005 -0.040133  0.004657 

  (0.02302)  (0.02290)  (0.02043) 

 [-0.26089] [-1.75281] [ 0.22801] 

    

RSR(-4) -0.045786  0.002161 -0.060700 

  (0.02209)  (0.02198)  (0.01961) 

 [-2.07252] [ 0.09833] [-3.09612] 

    

RUS(-1)  0.471627  0.263163 -0.071074 

  (0.02858)  (0.02843)  (0.02537) 

 [ 16.5001] [ 9.25564] [-2.80198] 

    

RUS(-2)  0.104745  0.037708 -0.071242 

  (0.03172)  (0.03155)  (0.02815) 

 [ 3.30195] [ 1.19500] [-2.53071] 

    

RUS(-3)  0.104572  0.087339 -0.024844 

  (0.03167)  (0.03150)  (0.02811) 

 [ 3.30188] [ 2.77234] [-0.88394] 

    

RUS(-4) -0.029136  0.010042 -0.052422 

  (0.03051)  (0.03035)  (0.02708) 

 [-0.95498] [ 0.33089] [-1.93613] 

    

C -0.000365 -0.000314  0.000300 

  (0.00035)  (0.00035)  (0.00031) 

 [-1.04633] [-0.90443] [ 0.96884] 
    
     R-squared  0.139925  0.116946  0.031637 

 Adj. R-squared  0.134775  0.111658  0.025839 

 Sum sq. resids  0.488636  0.483504  0.384821 

 S.E. equation  0.015615  0.015533  0.013857 

 F-statistic  27.16920  22.11633  5.456051 

 Log likelihood  5534.271  5544.920  5775.142 

 Akaike AIC -5.474736 -5.485295 -5.713577 

 Schwarz SC -5.438582 -5.449142 -5.677423 

 Mean dependent -0.000166 -0.000283  0.000238 

 S.D. dependent  0.016787  0.016480  0.014040 

    
     Determinant resid covariance (dof adj.)  8.52E-12  

 Determinant resid covariance  8.36E-12  

 Log likelihood  17138.48  
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 Akaike information criterion -16.95536  

 Schwarz criterion -16.84690  

    
    

 

 

 

Table 7 

 
 

VAR Lag Order Selection Criteria      

Endogenous variables: RSR RUS RCZ       

Exogenous variables: C       

Date: 05/29/15   Time: 10:14      

Sample: 10/04/2005 5/29/2014      

Included observations: 2017      
        
         Lag LogL LR  FPE AIC SC HQ 
        
        0  NA NA    1.19e-11 -16.63999 -16.63165 -16.63693 

1  NA  608.7286   8.88e-12 -16.93347  -16.90009* -16.92122 

2  NA  37.62134   8.79e-12 -16.94326 -16.88486  -16.92182* 

3  NA  28.66525   8.75e-12 -16.94862 -16.86519 -16.91800 

4  NA   31.38892*    8.69e-12*  -16.95536* -16.84690 -16.91555 

        
          * indicates lag order selected by the criterion    

  LR: sequential modified LR test statistic (each test at 5% level)   

 FPE: Final prediction error      

 AIC: Akaike information criterion      

 SC: Schwarz information criterion      

  HQ: Hannan-Quinn information criterion    

        

Table 7 shows that optimal lag length is 4. This can be seen by observing the Akaike 

information criteria or the LR test statistic. Hence we plot residuals which shows that the lag 

selection is indeed well done. In other words there are few spikes out of the confidence interval. 

Plot of residuals is given below by Graph 3. 
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Graph 3 
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Estimation results of the VAR model including coefficients is given in the Appendix 2. 

After VAR estimation we save residuals, square them and proceed with the volatility modeling 

with the use of various multivariate GARCH models. 

4.2 BEKK 

 For interpretations we rewrite the model and present results. The symmetric matrix 

𝐴𝑡captures the ARCH effects, the elements aij  of the symmetric matrix 𝐴𝑡 measure the degree of 

innovation from series (or market or any shock it represents) from series 𝑖 to series 𝑗. While the 

matrix 𝐺𝑡 focuses on the GARCH effects and each elements 𝑔ij ,  in matrix 𝐺𝑡 represent the 

persistence in conditional volatility between market i and market j. The diagonal parameters in 

matrices 𝐴𝑡 and 𝐺𝑡 measure the effects of own past shocks and past volatility of market i on its 

conditional variance. The off-diagonal parameters in matrices 𝐴𝑡 and 𝐺𝑡, aij and  𝑔ij measure the 

cross-market effects of shock and volatility spillovers.  

Multivariate GARCH estimations are made in Programs Matlab and Eviews. Firstly we run 

full BEKK model and obtain the following results. We would like to thank to Prof. Kevin Sheppard 

for developing MFE Matlab toolbox and making it freely available. Using this toolbox we run full 

BEKK models with different variations such as BEKK (1, 1), BEKK (2, 2), BEKK (1, 2) and 

BEKK (2, 1). Furthermore, we run diagonal BEKK, which restricts the model by eliminating the 

off-diagonal terms. In other words running the restricted model with the restriction of off-diagonal 

terms being equal to zero.  



42 
 

Using the MFE toolbox specification we rewrite the BEKK (1, 1) full model and obtain the 

following results. 

 

In this specification, the diagonal values in matrix 𝐴𝑡 indicates own market innovations 

and diagonal 𝐺𝑡 matrixrepresent the persistence in own stock market conditional volatility. From 

the result that obtained from the BEKK (1, 1) full specification aii < gii one can observe that 

suggesting that the behavior of current variance and covariance is not largely affected by the 

magnitude of past innovations. Instead, one can conclude that the conditional volatilities rather 

depend on the value of lagged variances and covariances which is given by the 𝐻𝑡matrix. The off-

diagonal elements of matrices 𝐴𝑡 and 𝐺𝑡capture the cross-market effects of shocks and volatility 

spillovers among the three stock markets. BEKK (1, 1) confirms that there are conditional 

comovements between the three markets as off-diagonal terms are non-zero and significant – in 

other word conditional covariances are either positive or negative depending on the market.  

Model comparison is conducted to make sure that BEKK (1, 1) also survives the AIC and 

BIC test criteria. Clearly results are very similar, but BEKK (2, 2) outscores all the other models. 

However, there is a tradeoff between the estimation of large number of parameters. In particular 
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using the standard Chi-squared tests we find that BEKK (1, 1) produces the same number of 

significant parameters as BEKK (2, 2). Hence we base our analysis to the  

BEKK (1, 1) model. The AIC or BIC criteria is not an issue, as the corresponding scores are very 

similar to each other. Table 8 summarizes the comparison between four models we estimate. 

 

Table 8 

 

Advantage is given to the BEKK (1, 1) which is also in line with the empirical papers 

discussed in the second chapter. 

Table 9
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Although we present results from the BEKK (2, 2) model in table 9. Given the fact that 

there are too many parameters the magnitude of each coefficient is smaller. Additionally, it makes 

it even harder to interpret results. This is one of the reasons why researchers give an advantage to 

the BEKK (1, 1) models.  

In all models 𝐻𝑡  is stationary. This is tested in line with the Engle and Kroner (1995) 

methodology. The spectral radius of the estimated matrix presented in (29). The spectral radius is 

less than one, which confirms that the matrix  𝐻𝑡 is stationary. In particular the radius is 0, 0658. 

                                 (29) 

 Conditional covariances are represented below in graph four. 
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Graph 4 

 
Conditional volatilities are best modelled by BEKK (1, 1) model and this can be seen on 

graph 4. Less accurate results are obtained by the modelling the Czech and US stock indices, which 

is presented on graph five. 
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Graph 5 

 

 

 

 

 

 

 



47 
 

Chapter 5 

 

Conclusion 

 
In conclusion there are significant effects between three stock markets. In line with the 

other papers we find that volatility depends on the own market innovations. In particular past 

volatility prediction has larger effect compared to the shocks given by the lag of the error term. 

This paper addresses the conditional volatility modelling issue between developed and 

emerging countries. The paper employees sophisticated multivariate GARCH models to draw 

conclusions. In line with the previous papers we find that past prediction of the volatility affects 

the current one at most. Own market shocks are more important compared to the cross- market 

shocks. However, we find significant but small linkages between emerging and developed markets. 

Conditional correlations are generally higher between Czech and US stock markets, which is in 

line with the literature. Czech market volatility is more predictable and is largely affected by the 

shocks happening in the US stock market. However, Serbian stock index is not much affected by 

the innovations in the US stock market. This might be due the developing nature of the Serbian 

stock market compared to the Czech one. In other words, innovations are immediately reflected in 

the Czech stock market volatility, however, the same innovations are having very little effect on 

the Serbian stock market. 

The main contribution of this paper is volatility modelling between the three market 

indexes, which has not been addressed in other studies. More research is required to identify the 
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reasons why linkages between US and Serbian markets are weak. Further research could explore 

the environment in which Serbian stock index is affected by the innovations in the US or other 

developed stock markets. This could help one to understand the underlying reasons why linkages 

differ across markets. This is beyond the scope of this paper.  
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Appendix 2 

 
VAR Model: 

=============================== 

RSR = C(1,1)*RSR(-1) + C(1,2)*RSR(-2) + C(1,3)*RSR(-3) + C(1,4)*RSR(-4) + C(1,5)*RSR(-5) + C(1,6)*RSR(-6) + 

C(1,7)*RUS(-1) + C(1,8)*RUS(-2) + C(1,9)*RUS(-3) + C(1,10)*RUS(-4) + C(1,11)*RUS(-5) + C(1,12)*RUS(-6) + 

C(1,13)*RCZ(-1) + C(1,14)*RCZ(-2) + C(1,15)*RCZ(-3) + C(1,16)*RCZ(-4) + C(1,17)*RCZ(-5) + C(1,18)*RCZ(-6) + 

C(1,19) 

 

RUS = C(2,1)*RSR(-1) + C(2,2)*RSR(-2) + C(2,3)*RSR(-3) + C(2,4)*RSR(-4) + C(2,5)*RSR(-5) + C(2,6)*RSR(-6) + 

C(2,7)*RUS(-1) + C(2,8)*RUS(-2) + C(2,9)*RUS(-3) + C(2,10)*RUS(-4) + C(2,11)*RUS(-5) + C(2,12)*RUS(-6) + 

C(2,13)*RCZ(-1) + C(2,14)*RCZ(-2) + C(2,15)*RCZ(-3) + C(2,16)*RCZ(-4) + C(2,17)*RCZ(-5) + C(2,18)*RCZ(-6) + 

C(2,19) 

 

RCZ = C(3,1)*RSR(-1) + C(3,2)*RSR(-2) + C(3,3)*RSR(-3) + C(3,4)*RSR(-4) + C(3,5)*RSR(-5) + C(3,6)*RSR(-6) + 

C(3,7)*RUS(-1) + C(3,8)*RUS(-2) + C(3,9)*RUS(-3) + C(3,10)*RUS(-4) + C(3,11)*RUS(-5) + C(3,12)*RUS(-6) + 

C(3,13)*RCZ(-1) + C(3,14)*RCZ(-2) + C(3,15)*RCZ(-3) + C(3,16)*RCZ(-4) + C(3,17)*RCZ(-5) + C(3,18)*RCZ(-6) + 

C(3,19) 

 

VAR Model - Substituted Coefficients: 

=============================== 

RSR = 0.180354501994*RSR(-1) + 0.00950579391186*RSR(-2) - 0.0419401349084*RSR(-3) - 

0.00458022382185*RSR(-4) - 0.0212900169818*RSR(-5) + 0.0298044973093*RSR(-6) + 0.270844336898*RUS(-1) 

+ 0.0445282587066*RUS(-2) + 0.0899810244585*RUS(-3) + 0.0205296423006*RUS(-4) + 0.0213053493653*RUS(-

5) + 0.0674303197651*RUS(-6) + 0.0386962159801*RCZ(-1) - 0.013924792991*RCZ(-2) - 0.022892507172*RCZ(-

3) + 0.0822988333153*RCZ(-4) + 0.00452503560261*RCZ(-5) + 0.0301718538526*RCZ(-6) - 0.00034073363683 

 

RUS = 0.0521902028315*RSR(-1) + 0.0448478292564*RSR(-2) + 0.00346339479075*RSR(-3) - 

0.0453363369218*RSR(-4) + 0.00224204203402*RSR(-5) - 0.00477697067738*RSR(-6) - 0.0733191770038*RUS(-

1) - 0.0768389386101*RUS(-2) - 0.0355194438411*RUS(-3) - 0.0760943398012*RUS(-4) - 0.096836882763*RUS(-

5) + 0.0437564806656*RUS(-6) - 0.0641284554662*RCZ(-1) + 0.00584807785326*RCZ(-2) + 

0.0375210757572*RCZ(-3) + 0.0545206178384*RCZ(-4) - 0.00246050870173*RCZ(-5) - 0.0525006475926*RCZ(-6) 

+ 0.000326771215217 

 

RCZ = 0.00764517407463*RSR(-1) + 0.0238734947909*RSR(-2) - 0.00703018582772*RSR(-3) - 

0.0412721906887*RSR(-4) - 0.0248416376322*RSR(-5) + 0.0157636157601*RSR(-6) + 0.473840366351*RUS(-1) + 

0.106377042589*RUS(-2) + 0.103953679681*RUS(-3) - 0.0291414506067*RUS(-4) - 0.0174455603985*RUS(-5) + 

0.051326903539*RUS(-6) - 0.136608142785*RCZ(-1) - 0.106751195568*RCZ(-2) - 0.0530567017051*RCZ(-3) + 

0.0415628974938*RCZ(-4) + 0.00146258590096*RCZ(-5) - 0.0101068301838*RCZ(-6) - 0.000375823079262 
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