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Název práce: Kreditńı riziko protistrany a oceňováńı úrokových derivát̊u
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tržńımu oceněńı, wrong-way riziko

Title: Counterparty Credit Risk and Interest Rate Derivatives Pricing

Author: Jakub Černý
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Introduction

Counterparty credit risk (CCR) has become very attractive among academics
and also among practitioners after the recent global financial crisis during 2007-
2008. This crisis has shown that large losses arose from the revaluation of OTC
derivatives due to deterioration in the credit quality of the counterparty. It turned
out that revaluation losses (or mark-to-market losses) were much higher than the
losses of actual defaults (as reported in BCBS (2011)).

A reaction to this situation is the current banking regulation, Basel III, which
is dedicated, among others, to the CCR and it introduces two important concepts
- the credit valuation adjustment (CVA) of OTC derivatives and the CVA capital
charge (see BCBS (2011)). In simple terms, the CVA is the expected value of
the loss when the counterparty defaults while the CVA capital charge (sometimes
called the CVA-Value at Risk or the CVA-VaR) is the amount of capital a bank
has to hold to cover the unexpected losses due to the changes of the CVA, i.e., the
quantile of the CVA distribution. Although the principle of the CVA has been
known and applied by some banks for more than twenty years, it is becoming more
significant nowadays with the Basel III regulation. The Basel III became effective
in 2010 but its implementation is being phased in during the years 2013-2019.
It should be noted that the implementation of Basel III in the European Union
will be done according to the European Directive (see EUR-Lex (2013)). The
differences between the European Directive and Basel III regulation are discussed
in Šútorová and Teplý (2014).

We can say that Basel III focuses only on the CVA capital charge and the
CVA is rather a byproduct. This is due to the fact that the calculation of the
CVA capital charge requires modeling of the future CVA values. Therefore, we
should be able to effectively calculate the CVA in order to get the CVA capital
charge in a reasonable computational time. Basel III, as usual, offers a standard-
ized formula to calculate the CVA capital charge and its detailed derivation is
described in Pythkin (2012). Besides the standardized formula, Basel III allows
internal (advanced) models that should be approved by the regulator.

Considering the internal model, the calculation of the advanced CVA itself
is not an easy task - not only it is necessary to model the future value of the
derivative, but also the probability of default of the counterparty. Another com-
plication in the CVA calculation arises when the exposure to a counterparty is
adversely, or favourably, correlated with the credit quality of that counterparty,
i.e. when it is necessary to incorporate a wrong-way, or right-way, risk. As we
have just briefly outlined, the calculation of the CVA is quite complicated and
thus, the advanced calculation of the CVA capital charge becomes much more
computationally complex.

This thesis deals with the interest rate derivatives which are exposed to the
CCR. It summarizes well-known interest rate models needed for the evaluation of
the interest rate derivatives exposure (market value) and methods of computation
of the probability of default. The CVA formulas with and without the inclusion of
the wrong-way, or right-way, risk are shown for different interest rate derivatives.
However, the main goal of this work is to simplify the calculation of the CVA
using semi-analytical formulas for its subsequent use in the calculation of the
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CVA capital charge. These formulas are rigorously derived, analysed, and one of
them is calibrated to real data.

The thesis is structured as follows: In Chapter 1, which is inspired by Shreve
(2008), Brigo and Mercurio (2006), Witzany (2012), and Mandl, Mazurová, and
Justová (2010), we introduce the terminology important for the valuation of the
financial derivatives and we also recall the copula functions needed for the de-
pendence modeling. We remind the change-of-numeraire technique that makes
pricing of many (mainly interest rate) derivatives easier. The rest of this chapter
is devoted to general pricing of various OTC interest rate derivatives.

The first part of Chapter 2, which is motivated by Brigo and Mercurio (2006),
Málek (2005), Langetieg (1980), and Hull (2014), contains a review of well-known
short rate models (one- and multi-factor) and also Heath-Jarrow-Morton frame-
work with its discrete no-arbitrage version - the LIBOR Market model. These
models are used, in terms of the CCR framework, to calculate the future exposure
of the interest rate derivatives. The second part of this chapter, based on Pawlas
(2007) and Černý (2012), deals with the advanced calibration methods of interest
rate models. The calibration of Vaš́ıček model is demonstrated in a numerical
study.

Chapter 3, which is influenced mainly by Mlej (2011) and Witzany (2010),
introduces the concept of the default of the reference entity and its use as an
underlying asset in credit derivatives pricing, especially in single-name CDS. Here,
we present different ways of the calculation of the probability of default, and the
default intensity, respectively, and its extraction from the market data using
single-name CDS or coporate (defaultable) bonds.

In the first part of Chapter 4, which is inspired by Gregory (2010), Brigo,
Morini, and Pallavicini (2013), and Witzany (2014), the CCR in the financial
derivatives pricing and the CVA in general are introduced. We also show methods
of the CVA calculation, applicable in practice, with and without the wrong-
way, or the right-way, risk and the CVA calculation for individual interest rate
derivatives. The extension of the CVA to the bilateral CVA, i.e. CVA including
possible default of both counterparties, is discussed in the end of this part. The
second part of this chapter, inspired by BCBS (2011) and Markvartová (2015),
briefly deals with CVA capital charge in Basel III regulation.

Many financial institutions and banks calculate just the simplified version of
the interest rate swap (IRS) CVA, i.e. they assume independence between the ex-
posure and credit quality of the counterparty. This approach is inconsitent with
the regulation which requires the inclusion of the adverse dependence. In chapter
5, which is mainly based on the paper Černý and Witzany (2015a), we present
our results in the pricing of IRS CVA including the wrong-way, or the right-way,
risk. Sections 5.3 and 5.4, based on Brigo and Pallavicini (2007) and Cherubini
(2013), contain a review other IRS CVA calculation approaches. In the numerical
studies we show that the CCR has a relevant impact on the IRS prices and that
the wrong-way risk has a relevant impact on the CVA. We analyze the results
of our semi-analytical formulas (the Gaussian copula and Modified Cherubini).
We also compare them with the results of a simulation study provided by Brigo
and Pallavicini (2007). Brigo and Pallavicini (2007) assume the G2++ model
for interest rate development and CIR++ for hazard rate development, which
require quite complex modeling. It turns out that if the interest rates and the
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default time (respectively the hazard rate) are uncorrelated, the results of the
semi-analytical formulas and the simulation approach are similar. For a nonzero
correlation the results vary which is caused by different concepts of correlation.
The correlation in Brigo and Pallavicini (2007) represents the dependence be-
tween the instantaneous differences of the interest rates and default intensity, i.e.
instantaneous correlation, while in our semi-analytical formulas, the correlation
represents dependence between the levels of the interest rates and the time of
default. In our view, higher interest rates economically may, for example, cause
more corporate defaults over time, and so the correlation between the levels of
the interest rates and the default time has better economic interpretation than
the correlation between instantenous differences of the interest rates and default
intensities. Moreover, the calculation of the CVA takes a matter of seconds when
we use the semi-analytical formula. This makes the quantification of the advanced
CVA capital charge including the wrong-way risk much faster.

Chapter 6 is devoted to our results in the calibration of the correlation co-
efficient in the Gaussian copula approach. The calibration is performed in two
different ways depending on the default intensity which can be constant or time-
varying. The calibration of the correlation where the default intensity is assumed
to be constant is based on the paper Černý and Witzany (2015b). In the case
of time-varying default intensity, we investigate the impact of the change of de-
fault intensity using three different default intensity models and we also calibrate
the models on real data. The results of all models, including constant default
intensity, are compared and discussed at the end of this chapter.

We discuss the results, findings, and possible challenges in more detail in the
conclusion.

The thesis is organised as follows. In Chapters 1–4 (excluding Sections 2.3.2,
2.3.3) and Sections 5.2, 5.3 we revisit related work from the publications listed
at the end of the thesis. The remaining chapters contain the results of our own
original research.
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1. Interest Rate Derivatives

Interest rate derivatives are financial instruments whose values depend on the
market interest rate. And interest rates are related to the key concept in finance,
the time value of money. Despite the fact that interest rates are random, they are
usually assumed to be constant in the pricing of other financial derivatives. Never-
theless, considering stochastic interest rates makes evaluation of any financial
derivative, even the simplest ones, more complicated. These attributes make the
interest rate derivatives and related interest rate models exceptional and worth
of further research.

1.1 Probabilistic Setup, Definitions and Nota-

tion

The uncertainty of the interest rates will be modeled by a filtered probability
space

(
Ω,F , {Ft}t≥0 ,P

)
where Ω is a sample space, F is a σ-algebra (set of

subsets) of Ω, {Ft}t≥0 is a filtration, and P is a probability measure.
We will now introduce the most frequently used terms in the theory of financial

instruments pricing. Let us first define value of a bank account at time t ≥ 0 as

B(t) = exp

{∫ t

0

r(u)du

}
(1.1)

and discount factor (or discount process) from time T to the time t < T as

D(t, T ) =
B(t)

B(T )
= exp

{
−
∫ T

t

r(u)du

}
(1.2)

where r is a short-term interest rate (hereinafter short rate).
A fundamental requirement in the valuation of financial instruments is the

absence of arbitrage opportunity, so-called risk-neutral pricing (or no-arbitrage
pricing). The absence of abitrage opportunity is related to the mathematical
property of the existence of the so-called equivalent martingale measure (or risk-
neutral measure). Let us denote by A(t) a non dividend paying asset price at
the time t. We say that Q is an equivalent martingale measure if Q and P
are equivalent, the Radon-Nikodym derivative dQ/dP is square integrable with
respect to P, and discounted asset price process A(t)/B(t) is a Q-martingale.

If the process A(t)/B(t) is a Q-martingale we say that Q is a risk-neutral
measure with respect to the money market account (hereinafter money market
measure) and value of the bank account B is a numeraire (hereinafter money
market numeraire).

The price of a unit nominal zero-coupon bond (hereinafter zero bond) with
respect to the money market measure Q is

P (t, T ) = EQ
t

[
D(0, T )

D(0, t)

]
=

1

D(0, t)
EQ
t [D(0, T )] (1.3)

where T is the bond maturity, s > t, and EQ
t is a conditional expection defined

on (Ω,F ,Q) with respect to the measure Q such that EQ
t [ · ] = EQ[ · |Ft] unless

otherwise stated.
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We will also need to consider the dependence between the market risk factors
and counterparty credit risk. We will make use of a copula function (or copula)
which is a useful tool for the modeling of the dependencies between random vari-
ables. Copulas allow us to deal with the marginal distributions and dependency
structure separately. In this thesis we will work mainly with the dependence
between two random variables1. Thus, we define a bivariate copula (hereinafter
copula) C : [0, 1]2 → [0, 1] as nondecreasing and right-continuous function such
that

C(u, 0) = C(0, u) = 0, C(1, u) = C(u, 1) = u, u ∈ [0, 1]

and
C(v1, v2)− C(v1, u2)− C(u1, v2) + C(u1, u2) ≥ 0,

for every 0 ≤ u1 ≤ u2 ≤ 1 and 0 ≤ v1 ≤ v2 ≤ 1.
We can see that the copula defined above is a bivariate joint distribution func-

tion for which the marginal distribution of each variable is uniform. The connec-
tion between the joint distribution function and marginal distribution functions
using copulas is expressed by Sklar’s theorem.

Theorem 1 (Sklar Theorem). Let F be a bivariate joint distribution function with
continuous marginal distribution functions F1, F2. Then there exists a copula C
such that

F (x1, x2) = C (F1(x1), F2(x2)) , x1, x2 ∈ R. (1.4)

If C is a copula and F1, F2 are continuous distribution functions then F (x1, x2) =
C (F1(x1), F2(x2)) , x1, x2 ∈ R, is a bivariate joint distribution function with the
marginal distribution functions F1, F2.

Here are some examples of copulas that will be frequently use in the thesis:

• Independent copula (random variables are independent):

C(u, v) = uv.

• Upper Fréchet bound (random variables are perfectly positively dependent):

C(u, v) = min{u, v}.

• Gaussian copula
C(u, v) = ΦR(Φ−1(u),Φ−1(v))

where Φ−1 is the inverse cdf of N(0, 1), ΦR is the joint cdf of a bivariate
normal distribution with zero mean vector and 2× 2 correlation matrix R.

We will also make use of a special case of the Gaussian copula, so-called a
one-factor Gaussian copula model, given by

Xi = aiU +
√

1− a2
i εi (1.5)

where U , εi ∼ N(0, 1) iid and ai ∈ [−1, 1] for every i. It can be shown that the
random vector (Xi, Xj)

> has a bivariate normal distribution with the correlation
equal to aiaj. Thus, its joint distribution function can be expressed by the Gaus-
sian copula. Note that this holds only in case of Gaussian copula with normal
marginal distributions.

1More about multidimensional copulas can be found, e.g., in McNeil, Frey, and Embrechts
(2005) or Mandl, Mazurová, and Justová (2010).
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1.2 Numeraire Change

In order to calculate no-arbitrage price of an arbitrary asset, there must exist
a unique risk-neutral measure2 with respect to a certain numeraire. Then the
discounted expected future payoff of the asset is a martingale under this measure
and its expectation is equal to arbitrage-free price of the asset. For example, let
us consider money market numeraire given by (1.1) with constant interest rate
r. The arbitrage-free price VA(t, T ) of the asset A at time t with payoff at time
T is equal

VA(t, T ) = EQ
t

[
A(T )

B(T )

]
=
A(t)

B(t)
. (1.6)

and A(t) is in the same units as B(t).
However, in many situations we need to measure values in new units, i.e., use

another positive price process Y (t) as a numeraire. If we want to change the
numeraire, it is necessary to find measure QY such that the process A(t)/Y (t)
is QY -martingale. The change of the measure from Q to QY is perfomed by
Radon-Nikodym derivative on FT as3

dQY

dQ
=
B(t)Y (T )

B(T )Y (t)
.

Knowing thatA(t)/B(t) is Q-martingale, we get thatA(t)/Y (t) is a QY -martingale.

EQY
t

[
A(T )

Y (T )

]
= EQ

t

[
A(T )

Y (T )

dQY

dQ

]
= EQ

t

[
A(T )

Y (T )

B(t)Y (T )

B(T )Y (t)

]
=

B(t)

Y (t)
EQ
t

[
A(T )

B(T )

]
=

B(t)

Y (t)

A(t)

B(t)
=
A(t)

Y (t)
.

Such situation occurs, for instance, in the valuation of interest rate derivatives
where we have to drop the assumption of constant short rate r. In other words,
we admit that there exists a term structure of the interest rates, and moreover,
the interest rates may have stochastic behavior as any other assets. Here we
will need the so-called forward risk-neutral measure with respect to T–maturity
zero bond as numeraire (hereinafter T–forward measure) denoted by QT where
A(t)/P (T, T ) is a QT–martingale. More rigorously,

EQT
t

[
A(T )

P (T, T )

]
= EQT

t [A(T )] =
A(t)

P (t, T )
(1.7)

because P (T, T ) = 1. The Radon-Nikodym derivative takes the form

dQT

dQ
=
B(t)P (T, T )

B(T )P (t, T )
=

B(t)

B(T )P (t, T )
. (1.8)

2Unique risk-neutral measure implies a unique risk-neutral price of given asset. In other
words, the financial market is complete.

3We assume that probability measure QY exists and has Radon-Nikodym derivative with
respect to Q. For further details see Shreve (2008).
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The last risk-neutral measure that we will be using in the rest of the text
is called annuity risk-neutral measure (hereinafter annuity measure) where the
numeraire is the annuity. This numeraire is used when we want to discount a
series of future cashflows CFT1 , . . . ,CFTn that will be made at times T1 < · · · < Tn
to a certain time T in the future, i.e., t < T < T1. Let us denote particular annuity
measure as Q0,n and let A(t) be Q0,n-martingale expressed as

EQ0,n

t

[
A(T )

X(T, T1, Tn)

]
=

A(t)

X(t, T1, Tn)
(1.9)

where X is the annuity defined as

X(t, T1, Tn) =
n∑
i=1

δiP (t, Ti) (1.10)

and δi is year fraction between payment dates Ti−1 and Ti, T0 = T , dependent on
the calendar convention.

The Radon-Nikodym derivative in this case is in the form

dQ0,n

dQ
=
B(t)X(T, T1, Tn)

B(T )X(t, T1, Tn)
. (1.11)

1.3 Interest Rate Forwards and Swaps

Since we deal with derivatives that may give rise to a counterparty credit risk,
we will present only OTC derivatives further in the text, i.e., interest rate forwards
and swaps. More on exchange traded derivatives, like interest rate futures, can
be found in Hull (2014).

1.3.1 Forwards

A forward is an OTC derivative to pay or receive a specified delivery price
K at a specified future delivery time T for one unit of the underlying asset A.
We denote F (t, T ) the risk-neutral forward price of the underlying asset whose
value at time t is equal to A(t). The market price (expectation under T–forward
measure) is equal to the no-income-paying underlying asset value discounted back
to the time t

F (t, T ) =
A(t)

P (t, T )
(1.12)

which holds due to the assumption of no arbitrage. The price of the forward
contract is computed as the discounted expected payoff (future cashflow) coming
from the contract as

Vfor(t, T ) =
1

D(0, t)
EQ
t [(A(T )−K)D(0, T )]

= A(t)−KP (t, T ) (1.13)

where we used the martingale property of the underlying asset price again, i.e.,

1

D(0, t)
EQ
t [A(T )D(0, T )] = EQ

t [A(T )D(t, T )] = A(t).
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Assuming that the contract has been set under market conditions, the forward
price Vfor should be equal (or, in practice, very close to) zero.

Forward contracts where the underlying asset is an interest rate are called for-
ward rate agreement (hereinafter FRA). FRA is a money market OTC derivative
which fixes an interest rate RK on a loan starting at time t < T1 and maturing at
time T1 < T2, denoted by T1× T2 FRA. As we noted earlier, the fair price of any
forward contract at origination (including FRA) must be equal zero. Then there
exists only one value of RK that satisfies this property and this rate is called the
forward interest rate.

We denote by f(t, T1, T2) the forward interest rate at time t starting at time
T1 and maturing at time T2. If there is no arbitrage, the following identity holds

1 +R(t, T2)δ(t, T2) = (1 +R(t, T1)δ(t, T1))(1 + f(t, T1, T2)δ2) (1.14)

where R(t, T ) is a spot interest rate in simple compounding for the period [t, T ],
δ(t, T ) is year fraction between payment dates t and T . Consequently, the forward
interest rate can be expressed by the spot interest rates4 as

f(t, T1, T2) =
1

δ2

R(t, T2)δ(t, T2)−R(t, T1)δ(t, T1)

1 +R(t, T1)δ(t, T1)
(1.15)

or, using bond prices, as

f(t, T1, T2) =
1

δ2

(
P (t, T1)

P (t, T2)
− 1

)
. (1.16)

The fix rate payer payoff function of the FRA contract ΨFRA is the following

ΨFRA(T1, T2, 1) = L
RM(T1, T2)−RK

1 +RM(T1, T2)δ2

(1.17)

which can be interpreted as a forward loan realized and closed by an opposite
contract with (random) market rate RM(T1, T2) at time T1 and settlement at time
T2. In case of fix rate receiver FRA the payoff function is the same up to its sign,
i.e., −ΨFRA(T1, T2,−1).

From the fact that the risk-neutral price of any financial instrument is the
expected value of the payoff with respect to the probability measure Q and that
the price of a forward contract is equal zero at the beginning, we get fix rate
receiver FRA price VFRA in the form

VFRA(t, T1, T2, ω) = EQ
t [ΨFRA(T1, T2, ω)]

= LωP (t, T2)δ2(f(t, T1, T2)−RK) (1.18)

where ω stands for the side of the contract, i.e., ω = 1 for the fix rate payer and
ω = −1 for the fix rate receiver. We can see that the forward rate f(t, T1, T2) is the
expected value of the market rate RM(t, T ) under specific probability measure,
in other words, with the absence of arbitrage opportunity.

4Instruments of the money market are short-term, up to one year and thus, simple interest
compounding and ACT

360 calendar convetion is used.
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1.3.2 Swaps

Using FRA contract is cumbersome in managing interest rate risk at a time
when we want to fix the interest rate at various times in the future, e.g., to lock the
rate on a loan agreement with float-rate installments. If we were progressively
entering into FRA contracts it would lead to jumps in agreed (forward) rate
according to the current market situation, e.g., increasing term stucture implies
increasing forward rates. The instrument solving the problem of the interest rate
fixing for more payment periods is called an interest rate swap (hereinafter IRS).

The simplest example of the IRS is the so-called plain vanilla IRS, where the
float and fix rates calculated from the agreed nominal are exchanged at prescribed
times. The times of cash flow exchanges are also called reset times because the
float rate is reset.

In addition to the plain vanilla IRS, there are of course other types of swaps,
for example, IRS with exchange of two float rates, IRS with limited float rate5,
etc. Other possible legal definitions and templates of IRS (and other derivative
contracts) are disclosed in ISDA (2000). The IRS can be viewed as a generaliza-
tion of the FRA contract. Let us assume that IRS starts at time t = T0, with
n ∈ N payments at reset times T1, . . . , Tn and fixed swap rate denoted by sK.
The discounted payoff function at the first reset time T1 follows

ΨIRS(T1, Tn) = Lω
n∑
i=1

D(t, Ti)δi(RM(Ti−1, Ti)− sK) (1.19)

where T0 = t.
The calculation of the swap price can be made in the two separate steps. The

fixed leg part corresponds to the calculation of the coupon-bearing bond6 with
fixed coupons:

V fix
IRS(t, T1, Tn) = L · sK

n∑
i=1

δiP (t, Ti). (1.20)

The float leg price follows the same calculation as the price of the float rate note.
The nominal value and coupon given by the market rate RM are sequentially
discounted by the same rate RM and the first payment at time T1 is known at
time t. Hence, the present value of the float leg part needs only the following rate
which is known because the float rate is reset at the beginning of the payment
periods7. The price of the float leg is given by

V float
IRS (t, T1, Tn) = L(1− P (t, Tn)). (1.21)

Then the final price of the swap is given by

VIRS(t, T1, Tn, ω) = ω
(
V float

IRS (t, T1, Tn)− V fix
IRS(t, T1, Tn)

)
(1.22)

5Valuation of a real complex IRS with two float rates and a collar can be found in Černý
(2011).

6Coupon-bearing bond can be viewed as the portofolio of zero-coupon bonds with different
maturitites.

7It is also possible to enter into an interest rate swap where the float rates are reset at the
end of the payment periods, i.e., the first payment is unknown. This type of contract is called
”in-arrears”.
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where ω stands for the side of the contract, i.e., ω = 1 for the fix payer swap and
ω = −1 for the fix receiver swap.

The price of the IRS can be also viewed as a portfolio of FRA contracts with
different rate on consequent time intervals

VIRS(t, T1, Tn, ω) =
n∑
i=1

VFRA(t, Ti−1, Ti, ω). (1.23)

The no-arbitrage IRS rate is closely related to the forward swap rate which sets
the fixed swap rate of a swap starting at any time in the future called forward-
starting swap. The forward swap interest rate si,n(t) for i = 0, . . . , n at time t
starting at a distant future time Ti >> t with the first payment at Ti+1 (maturity
of the swap is still Tn) is defined as

si,n(t) =
P (t, Ti)− P (t, Tn)∑n

k=i+1 δkP (t, Tk)
(1.24)

where δk is the year fraction between times Tk−1 and Tk. We can see that for the
forward swap rate of the contract with i = 0 and T0 = t it holds

s0,n(t) =
P (t, t)− P (t, Tn)∑n

k=1 δkP (t, Tk)
=

1− P (t, Tn)∑n
k=1 δkP (t, Tk)

, (1.25)

which is exactly the no-arbitrage (under the money market measure Q) fixed
swap rate sK.

1.4 Interest Rate Options

1.4.1 Cap and Floor

Interest rate caps and floors are popular OTC-traded interest rate options.
As their names suggest, these are options with fixed upper and lower rate, re-
spectively. Let us consider a cap (floor), with fixed bound RU (RL), on market
rate RM , with reset times T1, . . . , Tn, and maturity Tn+1 = T . Then interest rate
effectively paid at Ti+1 is given by

min{RU , RM(Ti, Ti+1)}, respectively max{RL, RM(Ti, Ti+1)} (1.26)

where i = 1, . . . , n.
To price an interest rate cap (floor) we first need to price an option with payoff

at time Ti+1 equal to

Lδi min{RM(Ti, Ti+1)−RU , 0}, respectively Lδi max{RL −RM(Ti, Ti+1), 0}
(1.27)

where L is the nominal value. The payoffs (1.27) correspond to the caplet
(flooret), i.e., interest rate cap (floor) with one single payment.

Basically, the calculation of a caplet (floorlet) price at the reset time t is similar
to well-known Black’s approach but now we have to take into account interest
rate term structure. As shown in Brigo and Mercurio (2006), we can change the
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numeraire from the money-market account to zero bond maturing at Ti+1 under
which the forward rate is a martingale and has the lognormal distribution. Then
the caplet (floorlet) price is given by

VCaplet(t, Ti, fi(t), σi, RU) = LδiP (t, Ti+1)(fi(t)Φ(d1,U)−RUΦ(d2,U)) (1.28)

respectively

VFloorlet(t, Ti, fi(t), σi, RL) = LδiP (t, Ti+1)(−fi(t)Φ(−d1,L)+RLΦ(−d2,L)) (1.29)

where Φ is the cdf of N(0, 1),

d1,k =
log fi(t)/Rk + σ2

i (Ti − t)/2
σi
√
Ti − t

,

d2,k = d1,k − σi
√
Ti − t, k ∈ {U,L},

σi
√
Ti − t is the log-volatility of the market rate RM(Ti, Ti+1) (available from the

market quotes) and fi(t) := f(t, Ti, Ti+1) is the forward rate at time t for the time
period Ti, and Ti+1

fi(t) =
P (t, Ti)− P (t, Ti+1)

P (t, Ti+1)
. (1.30)

From the fact that the interest rate cap (floor) can be viewed as a portfolio of
caplets (floorlets) we obtain an analytical formula in the form

VCap(t, T1, Tn, RU) = L
n∑
i=1

P (t, Ti+1)δiVCaplet(t, Ti, fi(t), σi, RU) (1.31)

respectively

VFlr(t, T1, Tn, RL) = L
n∑
i=1

P (t, Ti+1)δiVFloorlet(t, Ti, fi(t), σi, RL). (1.32)

We can also use the put-call parity to determine the IRS price from cap and floor
as following

ω (VCap(t, T1, Tn, K)− VFlr(t, T1, Tn, K)) = VIRS(t, T1, Tn, ω). (1.33)

However, we have to discard the first exchange of payments from the IRS price
on the right-hand side of the equation (1.33) because the cap and floor do not
provide any protection on the first float payment.

1.4.2 Swaptions

Swaption is an abbreviated expression for a European-type option which gives
the holder the right to enter IRS with a predetermined fixed rate, nominal, and
maturity at the exercise date of the swaption. In case of the fix payer IRS,
the holder excercises the option when the market rate s0,n(T ) at the option’s
expiration date T is lower than agreed fixed strike rate sK. Then the hypothetical
payoff rate paid by the IRS is equal to max{s0,n(T )−sK, 0} under the assumption
that we enter into a reverse swap with fixed rate s0,n(T ). On the other hand,
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option on fix receiver IRS is excercised if s0,n(T ) < sK and its rate is equal to
max{sK− s0,n(T ), 0}. Since this rate is not paid as a lump sum but at prescribed
future reset times T1, . . . , Tn in the future t << T < T1, swaption payoff function
at the excercise date T0 = T can be expressed as the present value of the future
cashflows, i.e.,

ΨSwaption (T, Tn, ω) = L
n∑
i=1

P (T, Ti)δi (ω(s0,n(T )− sK))+ (1.34)

where ω ∈ {−1, 1} indicates the side of the contract.
The swaption price formula is based on the well-known Black’s model where

the forward swap rate is a martingale under the annuity measure (see Section
1.2) and its slice distribution is lognormal. As noted in Witzany (2012), given
the forward swap rate s0,n(t) starting at T0, and the log-variance σ2

0,n(T0 − t) of
the future forward swap rate s0,n(T0), the swaption price at time t is equal to

VSwaption(t, T0, Tn, sK, ω) = X(t, T1, Tn) ·L ·ω · (s0,n(t)Φ(ωd1)−sKΦ(ωd2)) (1.35)

where

d1 =
log (s0,n(t)/sK) + σ2

0,n(T0 − t)/2
σ0,n

√
T0 − t

,

d2 = d1 − σ0,n

√
T0 − t,

and X is the annuity defined in (1.10).
The swaption price is calculated as the discounted expectation of the payoff

function ΨSwaption from equation (1.34). However, one must be careful with the
related risk-neutral measures because the money market measure is replaced by
an annuity measure (see equation (1.11)).
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2. Interest Rate Models

2.1 Short-term Interest Rate Models

This section describes well-known instantaneous spot interest rate (hereinafter
short rate) models which are used to value the zero bonds. Most of these models
are named after the mathematicians who introduced them for the first time. This
section deals with some one-factor models1 (e.g., Vaš́ıček model), and two- and
multi-factor models (Langetieg and G2++ model). Additional information on
interest rate models that are not part of this section can be found in Shreve
(2008) or Brigo and Mercurio (2006).

2.1.1 Vaš́ıček Model

In Vaš́ıček (1977), it is assumed that the short rate behaves as an Ornstein-
Uhlenbeck process with constant parameters with respect to the real world mea-
sure2P (see Section 1.1). Vaš́ıček’s model describes the development of the short
rate by the following stochastic differential equation (hereinafter SDE)

dr(t) = a[b∗ − r(t)]dt+ σdW (t) (2.1)

where a, b∗ ∈ R, σ > 0 are constants, and W (t) (without superscript) is a Wiener
process under the real world measure P. Vaš́ıček model belongs to the class of
mean-reverting models. The value of the parameter b∗ is the reversion value of
the model and parameter a is the speed of the reversion. It has been empirically
proved that interest rates have the mean-reverting property.

Vaš́ıček has derived that short rate under the money market measure Q is
governed by Ornstein-Uhlenbeck process as well, and the takes the form

dr(t) = a

[
b∗ − λσ

a
− r(t)

]
dt+ σdWQ(t)

= a [b− r(t)] dt+ σdWQ(t) (2.2)

where λ = a(b∗−b)
σ

is called the market price of risk and here it is assumed to be
constant. The coefficient b can be interpreted as long term risk-free interest rate
level.

To solve (2.2), we will use a function g such that

gu = g(u, r(u)) = r(u)e−a(t−u), (2.3)

on which we apply Itô formula to obtain

dgu =
∂g

∂u
du+

∂g

∂r
dr(u) +

∂2g

∂r2
d[r(u), r(u)]

1One-factor models have only one source of uncertainty.
2The real world probability measure (also called the objective, physical, or historical mea-

sure) is the probability measure under which we estimate financial variables from historical
data.
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where the quadratic variance of the short rate process is

d[r(u), r(u)] = [a(b− r(u))du+ σdW (u)]2 = σ2du.

Differentiating g yields

dgu = r(u) · a · e−a(t−u)du+ a · e−a(t−u)(b− r(u))du+ e−a(t−u)σdWQ(u)

= e−a(t−u) · a · b · du+ e−a(t−u)σdW (u).

The solution to the SDE (2.2) is then

t∫
s

dr(u)e−a(t−u) =

t∫
s

a · b · e−a(t−u)du+

t∫
s

σ · e−a(t−u)dWQ(u)

and, finally, after the calculation of the above integrals the short rate r(t) is equal
to

r(t) = r(s)e−a(t−s) + b
(
1− e−a(t−s))+ σ

t∫
s

e−a(t−u)dWQ(u) (2.4)

where s is fixed, s < t. Now, the characteristics of the short rate process {r(t)}t≥0

can be calculated. The expected value of r(t) is equal to

EQ
s [r(t)] = r(s)e−a(t−s) + b

(
1− e−a(t−s)) . (2.5)

We used the independence of Wiener process increments and the fact that the
short rate r is Fs-measurable to get a closed form of the expected value. Using
also the properties of conditional expected value we obtain a covariance function
in a closed-form as follows

covQ
s [r(t), r(v)] =

σ2

2a
e−a(t+v)

(
e2a·min(v,t) − e2as

)
. (2.6)

Variance of r(t) can be easily obtained from the covariance by setting v = t

varQs [r(t)] = σ2e−2atEs

 t∫
s

e2audu

 =
σ2

2a

(
1− e−2a(t−s)) . (2.7)

The interest rates provided by Vaš́ıček model are normally distributed, and
therefore, interest rates may attain negative values, particularly when b is near to
zero. This property of Vaš́ıček model was a disadvantage in the past because such
a situation seemed to be unrealistic. However, nowadays, when interest rates are
low or even negative3 (see, e.g., ECB (2014)) this property has become rather an
advantage.

Let us recall that the market price of the zero bond is equal to

P (t, T ) = EQ
t

exp

−
T∫
t

r(u)du


 , (2.8)

to prevent an arbitrage opportunity. A major advantage of the Vaš́ıček’s model
is a closed-form of the zero bond price. The zero bond price calculation under
the Vaš́ıcek’s model is outlined in the following Theorem.

3Money deposits are charged.
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Theorem 2 (Vaš́ıček model zero bond price). Let r(t) be a short rate governed
by Vaš́ıcek’s model, i.e., it satisfies the equation (2.2). Then the value of the zero
bond under the money market measure Q is

P (t, T ) = eA(t,T )−B(t,T )r(t) (2.9)

where

A(t, T ) =

(
b− σ2

2a2

)
[B(t, T )− (T − t)]− σ2B2(t, T )

4a

and

B(t, T ) =
1− e−a(T−t)

a
.

Note that the functions A(t, T ) and B(t, T ) are deterministic functions of
time. If the zero bond price satisfies (2.9), we say that the model has affine time
structure because the term structure R(t, T ) is an affine (linear) function of r(t),
i.e.,

R(t, T ) = − logP (t, T )

T − t
(2.10)

=
B(t, T )

T − t
r(t)− A(t, T )

T − t
. (2.11)

The term structure R(t, T ) is equal to

R(t, T ) = b− σ2

2a2
+

(
1− e−aδ

)
aδ

(
r(t)− b+

σ2

2a2

)
+

σ2

4aδ

(
1− e−aδ

a

)2

.

in the Vaš́ıček model. Here, we put δ
def
= T − t for convenience.

Although the Vaš́ıcek’s model is very popular among practitioners due to
analytical tractability of bond and option prices, the disadvantage of this model
is that it does not completely fit the zero bond curve. This issue is solved by
following two models, which replace the constant parameters (except volatility)
by functions of time and also use the initial term structure, i.e., all the information
available on the market is the input of the models.

2.1.2 Ho-Lee Model

Thomas So Yo Ho and Sang-Bin Lee introduced the first no-arbitrage model
in the paper Ho and Lee (1986). This model takes into account also forward rates,
i.e., initial term structure, which are observable on the market. Ho-Lee model is
a short rate model governed by the following SDE

dr(t) = b(t)dt+ σdWQ(t) (2.12)

where b(t) is

b(t) =
∂f(0, t)

∂t
+ σ2t (2.13)

where f(0, t) is the instantaneous forward rate defined as limT→t+ f(0, t, T ). In
other words, the function b(t) is derived from the initial forward structure. The
present term structure is one of the inputs of Ho-Lee model and therefore, this
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model must fit the initial term structure. After calculation of r(t) from (2.12),
we get equation for short rate calculation in the form

r(t) = r(s) +

t∫
s

b(u)du+ σ(WQ(t)−WQ(s)). (2.14)

Similarly to Vaš́ıček model the short rate r(t) is normally distributed with the
following characteristics

EQ
s [r(t)] = r(s) +

t∫
s

b(u)du, (2.15)

covQ
s [r(t), r(v)] = σ2(min(t, v)− s), (2.16)

varQs [r(t)] = σ2(t− s). (2.17)

As we said, Ho-Lee model fits the initial term structure through the function b(t).
Therefore, zero bond price should be calculated to find the form of this function.
Unless otherwise specified, the pricing measure will be money market measure Q.
Initial price of the zero bond with maturity T is equal to

P (0, T ) = EQ
0

exp

−
T∫

0

r(u)du


 . (2.18)

After some algebra we get the following expression for the logarithm of the zero
bond price with maturity T

lnP (0, T ) = −r(0)T −
T∫

0

b(v)(T − v)dv +
σ2T 3

6
. (2.19)

If we differentiate this equation twice with respect to T , we get equation for b(t)

b(T ) = −∂
2 lnP (0, T )

∂T 2
+ σ2T, (2.20)

and this can be rewritten as

b(t) =
∂f(0, t)

∂t
+ σ2t, (2.21)

using (2.8).
The term structure can be derived from the price of zero bond (see equation

(2.10)) using affine time structure property of this model similarly as in the case
of Vaš́ıček’s model. The price of zero bond is given by (2.9) where

B(t, T ) = T − t, (2.22)

A(t, T ) = −
T∫
t

b(u)(T − u)du+
1

6
σ2(T − t)3. (2.23)
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2.1.3 Hull-White Model

This model was described by John Hull and Alan White in the paper Hull
and White (1990). Hull-White model is a combination of Vaš́ıček’s model and
Ho-Lee model. The model is defined by

dr(t) = [b(t)− ar(t)]dt+ σdW (t) (2.24)

where b(t) is given by the initial forward structure in the form

b(t) =
∂f(0, t)

∂t
+ af(0, t) +

σ2

2a
(1− e−2at). (2.25)

If we compare SDEs of Hull-White and Vaš́ıcek’s model, it is clear that in the
case of constant function b(t) such that b(t) = b/a for all t, Hull-White model
coincides with the Vaš́ıček’s model. Hull-White model is also mean-reverting.
The reversion value is a deterministic function of time equal to the initial forward
curve. The function b(t) was partly taken from the Ho-Lee model as well as the
dependence on forward rates.

At first, short rates r(t) are calculated from SDE (2.24) using Itô lemma by
an appropriately chosen transformation of stochastic process. Transformation is
the same as in Vaš́ıcek’s model, i.e., function gu defined in (2.3). Then

r(t) = e−a(t−s)r(s) +

t∫
s

e−a(t−u)b(u)du+

t∫
s

e−a(t−u)σdW (u). (2.26)

From this equation, we can calculate conditional expected value, covariance and
variance of the short rate process under the money market measure Q :

EQ
s [r(t)] = e−a(t−s)r(s) +

t∫
s

e−a(t−u)b(u)du,

covQ
s (r(t), r(v)) =

σ2

2a
e−a(t+v)

(
e2a·min(v,t) − e2as

)
,

varQs [r(t)] =
σ2

2a

(
1− e−2a(t−s)) .

Similar to the Ho-Lee model, function b(t) is used to fit initial term structure to
eliminate the arbitrage opportunity, i.e.,

b(T ) =
∂f(0, T )

∂T
+ af(0, T ) +

σ2

2a

(
1− e−2aT

)
. (2.27)

This model has also an affine time structure with functions A and B in the form

B(t, T ) =
1− e−a(T−t)

a
, (2.28)

A(t, T ) = −
T∫
t

(
b(s)B(s, T )− 1

2
B2(s, T )σ2

)
ds. (2.29)
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2.1.4 Langetieg Model

So far, we have described just one-factor models, i.e., models with one-dimensional
dynamics. However, Brigo and Mercurio (2006) mention that two- or three-factor
models may be needed for satisfactory capturing the term structure. Langetieg
(1980) introduced a generalization in the form of multi-factor model where the
short rate is considered as a linear combination of modeled variables.

Let x ∈ Rd be a d-dimensional vector of state variables with dynamics de-
scribed by the following system of SDEs

dx(t) = (e− Fx(t))dt+ GdW(t) (2.30)

where e ∈ Rd is a vector of constants, F ∈ Rd×d is a matrix of constants, G ∈ Rd×k

is a volatility matrix, and W(t) is a k-dimensional Wiener process with respect
to the real-world measure P. The short rate r(t) is then a linear combination of
the elements of x(t)

r(t) = w0 +
d∑
i=1

wixi(t) = w0 + w>x(t) (2.31)

where w ∈ Rd and (w0,w
>) is a vector of weights that are, at most, deterministic.

Considering constant market price of risk λi, i.e., λi(·) = λi for every i =
1, . . . , d, the equation (2.30) can be easily rewritten into SDEs under the money
market measure Q as

dx(t) = (ẽ− Fx(t)) + GdWQ(t), x(0) = x0 (2.32)

where ẽ = e−Gλ and λ = (λ1, . . . , λd)
>.

The solution of this system of SDEs is similar to the one-factor Vaš́ıček’s
model, i.e.,

x(t) = e−F(t−s)x(s) +

t∫
s

e−F(t−u)ẽdu+

t∫
s

e−F(t−u)GdWQ(u). (2.33)

Let us recall that the exponential of an arbitrary matrix A is calculated as

eA =
∞∑
k=0

1

k!
Ak.

Notice that the matrix G contains full information on dependence structure of
state variables x.

From the solution given by equation (2.33) it can be seen that the elements of
x conditional on Fs are normally distributed (or Fs-normally distributed) with
the following characteristics

EQ
s [x(t)] = e−F(t−s)x(s) +

t∫
s

e−F(t−u)ẽdu,

varQs [x(t)] =

t∫
s

e−F(t−u)GG>e−F
>(t−u)du.
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The linear combination of jointly normal random variables is normally dis-
tributed regardless of their mutual independence. It follows that short rate r(t)
and I(s, t) :=

∫ t
s
r(u)du are normally distributed. Then the value of zero bond is

such that

P (s, t) = EQ
s [exp {−I(s, t)}] = exp

{
−EQ

s [I(s, t)] +
1

2
varQs [I(s, t)]

}
(2.34)

which follows from the properties of lognormal distribution. The characteristics
mentioned above can be expressed analytically4 and the results follow

EQ
s [I(s, t)] = w>F−1(Id − e−F(t−s))(x(s)− F−1ẽ) + w>F−1ẽ(t− s) +

t∫
s

w0du,

varQs [I(s, t)] = w>F−1Ω(s, t)
(
F−1

)>
w + w>F−1GG>

(
F−1

)>
w(T − t)

+ w>F−1
[(

Id − e−F(t−s))GG> + GG>
(
Id − e−F(t−s)) (F−1

)>] (
F−1

)>
w

(2.35)

where Id is the identity matrix of size d, w> is a vector of constants, w0 is time-
dependent, and

Ω(s, t) =

t∫
s

e−F(t−u)GG>e−F
>(t−u)du, Ω(s, t) ∈ Rd×d (2.36)

The term structure can then be calculated using the formula (2.10), i.e., R(s, t) =
− lnP (s, t)/(t− s). More about Langetieg model can be found in Málek (2005).

2.1.5 G2++ model

Deterministically-shifted two-factor Vaš́ıček’s model, or shortly G2++ model,
is an additive short-rate model of the form

r(t) = x(t) + z(t) + ϕ(t,α), r(0) = r0 (2.37)

under the money market measure Q where the processes {x(t)}t≥0 and {y(t)}t≥0

are Ft-adapted and satisfy

dx(t) = −ax(t)dt+ σdBQ
1 (t), x(0) = 0, (2.38)

dz(t) = −bz(t)dt+ ηdBQ
2 (t), z(0) = 0. (2.39)

(BQ
1 , B

Q
2 ) is a two-dimensional Brownian motion with instantaneous correlation

ρ, i.e.,
dBQ

1 dBQ
2 = ρdt, ρ ∈ [−1, 1].

The elements of the parameter vector α = (r0, a, b, σ, η)> are positive constants.
The function ϕ is a deterministic function well-defined on the interval [0, T ].

4The derivation of these closed-form expressions can be found in Lund (1993).
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By substituting solutions of the SDEs (2.38) and (2.39) into (2.37) we get

r(t) = x(s)e−a(t−s) + z(s)e−b(t−s) + σ

t∫
s

e−a(t−u)dBQ
1 (u)

+ η

t∫
s

e−b(t−u)dBQ
2 (u) + ϕ(t, α)

(2.40)

for s < t.
In terms of independent Brownian motions W1 and W2 such that

dBQ
1 = dWQ

1

dBQ
2 = ρdWQ

1 +
√

1− ρ2dWQ
2

we get the solution in the form

r(t) = x(s)e−a(t−s) + z(s)e−b(t−s) + σ

t∫
s

e−a(t−u)dWQ
1 (u)

+ ηρ

t∫
s

e−b(t−u)dWQ
1 (u) + η

√
1− ρ2

t∫
s

e−b(t−u)dWQ
2 (u) + ϕ(t, α), s < t.

(2.41)

We can see that r(t) is Fs-normally distributed with characteristics given by

EQ
s [r(t)] = x(s)e−a(t−s) + z(s)e−b(t−s) + ϕ(t, α)

varQs [r(t)] =
σ2

2a

(
1− e−2a(t−s))+

η2

2b

(
1− e−2b(t−s))

+
2ρση

a+ b

(
1− e−(a+b)(t−s)) .

This G2++ is actually a special case of Langetieg model with the following set-
ting:

x(t) = (x(t), z(t))>,

F =

(
a 0
0 b

)
, ẽ = 0,

G =

(
σ 0

ηρ η
√

1− ρ2

)
.

Hence, the bond price can be calculated by substituting above vectors and ma-
trices into equations (2.35), and thus we obtain
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EQ
s [Y (s, t)] =

1− e−a(t−s)

a
x(s) +

1− e−b(t−s)

b
y(t) +

t∫
s

ϕ(u,α)du,

varQs [Y (s, t)] =
σ2

a2

[
t− s+ 2

e−a(t−s)

a
− e−2a(t−s)

2a
− 3

2a

]
+
η2

b2

[
t− s+ 2

e−b(t−s)

b
− e−2b(t−s)

2b
− 3

2b

]
+2

ρση

ab

[
t− s+

e−a(t−s)

a
+
e−b(t−s)

b
+
e−(a+b)(t−s) + 1

a+ b
− a+ b

ab

]
.

The exact form of the function ϕ such that the model 2.37 fits the intial term
structure is derived in Brigo and Mercurio (2006). More about other special cases
of Langetieg’s model can be, for example, found in Brigo and Mercurio (2006) or
Málek (2005).

2.2 Heath-Jarrow-Morton Framework

Interest rate modeling by short rate models, models based on the dynamics
of the instantaneous spot interest rates, has its advantages. Particularly, due to
the selection of the corresponding parameters. However, the short rate models
also have disadvantages. For example, both calibration of the model on the inital
term structure and the inclusion of covariance structures of forward rates are very
difficult to achieve, particularly for models that cannot be calibrated analytically.

In 1986, Ho and Lee came with the first major alternative to short rate models.
They modeled evolution of the entire term structure using binomial tree. Heath,
Jarrow, and Morton extended this idea and developed a general framework for
modeling the dynamics of interest rates in 1992. Specifically, they chose the
instantaneous forward rate as the modeled variable. They derived non-arbitrage
structure of the stochastic development of whole term structure where forward
rates are completely determined by its instantaneous volatility structure. This
is a significant difference from the non-arbitrage short rate dynamics, especially
single-factor models where the instantaneous spot rate volatility itself does not
characterize the whole model of interest rates.

2.2.1 General model

Generally, in HJM framework we assume that for any fixed T , the development
of instantaneous forward rate f(t, T ) is expressed by the SDE

df(t, T ) = m(t, T )dt+ v(t, T )dW(t) (2.42)

where W(t) = (W1(t), . . . ,Wd(t))
> is a d-dimensional Brownian motion, v(t, T ) =

(v1(t, T ), . . . , vd(t, T ))> is a vector of adapted processes and m(t, T ) is adapted
process, both with respect to Ft. We will continue with the one-dimensional
version of this model, i.e., d = 1.
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Model (2.42) is not necessarily no-arbitrage. Heath, Jarrow and Morton
showed that there is no unique martingale measure so that the function m can
be chosen arbitrarily but it must depend only on the volatility v.

Let us suppose that T is fixed and the dynamics of the zero bond price process
P (t, T ) under the market measure Q is described by

dP (t, T ) = r(t)P (t, T )dt+ σ(t, T )P (t, T )dWQ(t) (2.43)

where r(t) is the short rate which was described in the previous section. Then
the non-arbitrage condition of the model is given in the theorem below.

Theorem 3 (HJM no-arbitrage condition). If the risk-neutral dynamics of zero
bond price in HJM model (2.42) satisfies (2.43) then

m(t, T ) = v(t, T )

T∫
t

v(t, u)du. (2.44)

The proof can be found in Brigo and Mercurio (2006). The previously pre-
sented non-arbitrage short rate models (Ho-Lee and Hull-White model) can be
derived using this theorem (see Málek (2005)).

2.2.2 LIBOR Market Model

HJM framework contains two major disadvantages for practitioners. The
first disadvantage is that the model is expressed by the instantaneous forward
rates which are not directly observable on the market. The second one is the
difficult calibration of the model to the prices of traded instruments. Therefore,
in 1997 Alan Brace, Dariusz Gatarek and Marek Musiela suggested an alternative
in Brace, Gatarek, and Musiela (1997) - the LIBOR Market model (sometimes
also called BGM model or Brace-Gatarek-Musiela model). LIBOR is used as
reference rate in interest rate derivative trades, e.g., swaps, caps, floors, and also
forward rate agreements (FRA) are quoted based on this rate. This model does
not strictly require LIBOR, we can also use any other interbank interest rate with
similar characteristics, for example, PRIBOR, EURIBOR.

LIBOR market model can be understood as a discrete version of the HJM
model. This model is very popular among traders due to the fact that it can
evaluate any contract whose cash flows can be decomposed into the functions of
the observed forward rates. We will work with discrete forward rates which are
observable on the market, i.e., quoted rates.

Let t = T0, T1, . . . be the reset times of caps which are traded on the market.
We can choose these times, for example reset after year T1 = 1, T2 = 2, . . . . As
above, let us define δj = Tj+1−Tj and L(t, Tj, Tj+1) be a forward LIBOR at time
t beginning at time Tj with maturity at time Tj+1. Let us recall that the price
of zero bond follows the SDE (2.43). The link between forward rate and price of
zero bond is given by the following equation:

1 + L(t, Tj, Tj+1) =
P (t, Tj)

P (t, Tj+1)
(2.45)
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where L(t, δj) is the forward rate agreed at time t for the period Tj to Tj+1

expressed by time period δj. The discount factor is

1

1 + δjL(t, δj)
. (2.46)

Note that we use simple interest as opposed to the continuous one which is more
common in financial mathematics (especially in the valuation of stocks and their
derivatives).

So far, we have been using money market account as a numeraire. Forward
rate is a martingale under the forward measure, i.e., we change the numeraire
to the price of the bond. Formally, the technique of the numeraire change is
described in Section 1.2.

The rate L(t, δk) is a QTk-martingale, i.e., martingale with respect to nu-
meraire P (t, Tk) which has the driftless dynamics in the form

dL(t, δk) = αk(t)L(t, δk)dW
QTk (t) (2.47)

where WQTk (t) is the Wiener process with respect to the measure QTk and αk(t)
is the volatility of forward rates at time t. Then, after some algebra and making
use of the Itô lemma, we get SDE for L(t, δk)

dL(t, δk) =
k∑

j=i(t)

δjL(t, δj)L(t, δk)αj(t)αk(t)

1 + δjL(t, δj)
dt+ αkL(t, δk)dW

QTi(t)−1 (t) (2.48)

where i(t) is the index of the next reset date of the cap at the time t.

2.3 Bayesian Methods of Interest Rate Models

Calibration

Every theoretical parametric model, in our case financial model, has param-
eters that should be estimated. The parameter estimation based on real data is
called model calibration or calibrating the model to real data. The main question
is which calibration method we should use. Here we will not discuss the classical
statistical methods but we will estimate parameters using Bayesian approach.

In Bayesian approach we assume that the estimated parameter is a random
variable, in contrast to classical parametric approach where the estimated param-
eter is assumed to be deterministic.

Let us assume that we observe a realization x of a random vector X =
(X1, . . . ,Xn)> having a conditional density function f(x|θ) with respect to the
σ-finite measure νn on a measurable space (Rn,B(Rn)). The symbol B(Rn)) de-
notes Borel subsets of Rn. Further let θ = (θ1, . . . , θd)

> be a random vector with
the density function p(θ) with respect to the σ-finite measure λ on a measurable
space (Θ,B(Θ)) where Θ ∈ B(Rd). The density function f(x|θ) is called the
likelihood function and p(θ) is called the prior density.

Cornerstone of Bayesian approach is the Bayesian theorem
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Theorem 4 (Bayesian Theorem). Conditional density function p(θ|x) of vector
θ ∈ Θ for given vector of observed data x is equal to

p(θ|x) =


f(x|θ)p(θ)∫

Θ
f(x|θ)p(θ)dλ(θ)

if
∫

Θ
f(x|θ)p(θ)dλ(θ) 6= 0,

0 otherwise,

with respect to the reference measure λ.

The density function p(θ|x) is called the posterior density of θ. The reference
measure λ is typically Lebesgue measure in the financial applications.

The estimation of the parameters using Bayesian approach can be done by
Markov Chain Monte Carlo (MCMC) method. This method has become very
popular in recent decades and it provides good results, when appropriately ap-
plied.

2.3.1 Markov Chain Monte Carlo

The MCMC algorithms provide an efficient Bayesian parameters estimation
based on the observed data. The MCMC algorithms are useful if we want to
generate samples from complicated distributions, i.e., distributions from which we
are not able generate samples directly. Idea of MCMC algorithms is to construct
a Markov chain with the stationary distribution same as the target distribution
π, i.e., the distribution we are searching for. After a sufficiently large number of
steps we get a sample close to the target distribution π if certain assumptions
hold (see Pawlas (2007)).

Let us now assume that the target distribution π has density f with respect
to σ-finite measure µ on a measurable space (Θ,B(Θ)) and we denote Θ+ = {θ ∈
Θ, f(θ) > 0}. The target distribution is a distribution of a vector of parameters
denoted by θ = (θ1, . . . , θd)

>.
MCMC Gibbs sampler is used in case when Θ is a product set, in finance Θ =

Rd, and we are able to simulate from the full conditional densities f(θj|θi, i 6= j,x)
but not the multivariate density f(θ1, . . . , θd|x). The algorithm is the following:

1. Assign initial values (θ
(0)
1 , . . . , θ

(0)
d ) ∈ Θ+, set j = 0 and the total number of

iterations J ,

2. generate θ
(j+1)
1 from distribution f(θ1|θ(j)

2 , . . . , θ
(j)
d )

generate θ
(j+1)
2 from distribution f(θ2|θ(j+1)

1 , θ
(j)
3 , . . . , θ

(j)
d )

...

generate θ
(j+1)
d from distribution f(θd|θ(j+1)

1 , . . . , θ
(j+1)
d−1 )

3. If j+ 1 < J then set j = j+ 1 and continue with step 2 else end algorithm.

The above full conditional distributions are sufficient to completely characterize
joint distribution. Under certain conditions (see Besag (1974)) the distribution
of generated sample converges to the target distribution π.
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If we are not able to sample from the full conditional distributions, we can
use another MCMC algorithm called the Metropolis-Hastings algorithm. This
algorithm is based on the principle of rejection method (see Pawlas (2007)).

Let Q be the Markov kernel5 on (Θ,B(Θ)) such that Q(θ, dy) = q(θ, y)µ(dy),
y ∈ Θ, and Q(θ,Θ+) = 1 for θ /∈ Θ+. The density q is called the proposal density.
Then we can define the probability of the proposal acceptance as

α(θ,θ∗) =

{
min

{
f(θ∗)q(θ∗,θ)
f(θ)q(θ,θ∗)

, 1
}

iff(θ)q(θ,θ∗) > 0,

1 otherwise

where θ∗ is called a proposal. The Metropolis-Hastings algorithm is described as
follows.

1. Assign initial values θ(0) ∈ Θ+ arbitrarily, set j = 0 and set the total
number of iterations J .

2. Generate θ∗ from the distribution Q(θ(j), ·). The proposal θ∗ is accepted
with the probability α(θ(j),θ∗) and θ(j+1) = θ∗. With probability 1 −
α(θ(j),θ∗) is the proposal θ∗ rejected and θ(j+1) = θ(j).

3. If j+ 1 < J then set j = j+ 1 and continue with step 2 else end algorithm.

The existence of a limit (respectively stationary) distribution of the Metropolis-
Hastings algorithm is in detail proven in Pawlas (2007).

The applications of MCMC methods in finance are, in detail, studied in
Ratchev et al. (2008), Witzany (2011b) or Eraker (2001).

2.3.2 Vaš́ıček Model

Here, we introduce calibration of the Vaš́ıček model using MCMC algorithm.
We were inspired mainly by Johannes and Polson (2009) where an application on
interest rate models is outlined.

Considering stochastic interest rates, the short rate r and the zero bond yield
R are random processes. After discretization of equation (2.4), we will get a
hierarchical model in the form

R(t, Ti) = β0 + β1r(t) + εRt,i, i = 1, . . . ,m

r(t) = α0 + α1r(t− 1) + σrε
r
t ,

for t = 1, . . . , T . It follows from the equations (2.9) and (2.10) that

β0 = −A(t, Ti)

Ti − t
, α0 = b(1− e−a),

β1 =
B(t, Ti)

Ti − t
, α1 = e−a.

5A Markov kernel is a measurable map Q : Θ× B(Θ)→ [0, 1] on the space (Θ,B(Θ)) if

(i) the map Q(·, T ) is non-negative and measurable on Θ for every T ∈ B(Θ),

(ii) the map Q(θ, ·) is a probability measure on (Θ,B(Θ)) for every θ ∈ Θ.
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Volatility σr is constant, a, b are random variables, and εrt |r0, . . . , rt−1 ∼ N(0, 1).
Vector εRt = (εRt,1, . . . , ε

R
t,m)> conditional on R(0, Ti), . . . , R(t−1, Ti), i = 1, . . . ,m,

has multivariate normal distribution Nm(0,σ) and σ is m×m covariance matrix.
First, we need to set a prior distribution of parameters α0 and α1, i.e., α =

(α0, α1)>. We will use the maximum likelihood estimator α̂ = (α̂0, α̂1)> =
(X>X)−1X>r where n is a number of observations,

X =

(
1, 1, . . . , 1
r0, r1, . . . , rn−1

)>
, r = (r1, r2, . . . , rn)> ,

α̂0 =
1

n

n∑
i=1

ri − α̂1
1

n

n∑
i=1

ri−1, α̂1 =

n
n∑
i=1

riri−1 −
n∑
i=1

ri
n∑
i=1

ri−1

n
n∑
i=1

r2
i−1 −

(
n∑
i=1

ri−1

)2 .

Then the prior distribution of α is set as N2(α̂,Σ) where Σ := σ2
r(X

>X)−1.
Our goal is to generate samples from the posterior distribution π(α0, α1|r,R)

where R = {R}i,j, i = 1, . . . , n, j = 1, . . . ,m, m is the number of rates (or matu-
rities) forming the term structure and n is the number of historical term struc-
ture observations. Since we cannot generate from fully conditional distributions,
Metropolis-Hastings algorithm will be applied. We will use the proposal distribu-
tion π(α0, α1|r) := π(α0, α1) computed from the likelihood function f(r|α0, α1)
and the density of the prior distribution p(α0, α1)

f(r|α0, α1) =
n−1∏
i=0

1√
2πσr

exp

{
−(ri+1 − α0 − α1ri)

2

2 (σr)
2

}
,

p(α0, α1) =
1

2π
|Σ|−1/2 exp

{
−1

2
(α− α̂)>Σ−1(α− α̂)

}
,

π(α0, α1|r) ∝ f(r|α0, α1)p(α0, α1).

From Ratchev et al. (2008) we know that the density π(α0, α1) corresponds to a
normal distribution N2((Σ−1 + X>X)−1(Σ−1α̂+ X>r), (Σ−1 + (σr)

−2X>X)−1).
The exact steps of Metropolis-Hastings algorithm for the Vaš́ıček model cali-

bration are following:

1. Set an initial vector of values (α
(0)
0 , α

(0)
1 ), j = 0.

2. Generate (α
(j+1)
0 , α

(j+1)
1 ) from π(α

(j)
0 , α

(j)
1 ).

3. Accept (α
(j+1)
0 , α

(j+1)
1 ) with the proposal acceptance probability α where

α(α
(j+1)
0 , α

(j+1)
1 ) = min

{
f(R|α(j+1)

0 , α
(j+1)
1 , r)q((α

(j+1)
0 , α

(j+1)
1 ), (α

(j)
0 , α

(j)
1 ))

f(R|α(j)
0 , α

(j)
1 , r)q((α

(j)
0 , α

(j)
1 ), (α

(j+1)
0 , α

(j+1)
1 ))

, 1

}
.

The function f(R|α0, α1, r) is the likelihood function of R with given parameters
α0, α1 and the short rate r

f(R|α0,α1, r) =

=
n∏
i=1

(√
2π
)−m
|σ|−

1
2 exp

{
−1

2
(Ri − β0 − β1r)> (σ)−1 (Ri − β0 − β1r)

}
.
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The values of parameters (β0, β1) are directly obtained from the values of param-
eters (α0, α1) using equations (2.9) and (2.10).

2.3.3 Numerical Study

To calibrate the Vaš́ıček model we will use swap rates with maturities 1Y-10Y,
12Y, 15Y, 20Y and as a short rate 3M PRIBOR will be considered (obtained from
http://www.patria.cz). All swap rates were observed from 2-Sep-2004 to 19-
Jun-2006. Zero bond yields are easily obtained from swap rates using formulas
(1.25) and (2.10). Figure 2.1 and Figure 2.2 show the historical development of the
short rate, i.e., 3M PRIBOR, and zero bond yields (both 452 daily observations),
respectively.

2005 2006
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Figure 2.1: Development of 3M PRIBOR.
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Figure 2.2: Development of the zero bond yields with maturities 1Y, 2Y, 5Y,
10Y, 15Y and 20Y.
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We will simplify our model and fix the historical volatilities as constants.
The standard deviation of absolute short rate yields is σr = 0.000232074. The
covariance matrix of zero bond yields is large so we will show just a part of it

σ =


0.000016739 0.0000174346 . . . 0.0000151689
0.0000174346 0.0000191944 . . . 0.0000166125

...
. . .

...
0.0000151689 0.0000166125 . . . 0.0000208994


First, we will present the MLE based only on historical observations of 3M

PRIBOR and the term structure fitting method for parameters estimation. Al-
though the MLE is a frequently used method for parameter estimation, interest
rate models should also take into account the term structure. From the figures
below it can be seen that the model calibrated by MLE based on the historical
data is flat because the term structure data are not considered in the MLE, only
short rate, i.e., 3M PRIBOR. The term structure calculated by MLE lies under
the observed term structure (see Figure 2.3) because of the historical development
of 3M PRIBOR – its long-term average is relatively low (see Figure 2.2). The
term structure fitting method almost fits the term structure but not completely
as we can see from the Figure 2.4. The reason is that the three parameters are
not enough to describe the whole curve. Description of both methods can be
found in Brigo and Mercurio (2006).
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Figure 2.3: Term structure estimated by MLE (â = 0.0056, b̂ = 0.0196).
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Figure 2.4: Term structure estimated by term structure fitting (â = 0.4213,

b̂ = 0.0467).

The advantage of the Metropolis-Hastings algorithm (presented in Section
2.3.2) is that it includes all available short rate and term structure data. This is
the most of the information we can use to calibrate the interest rate model. The
Metropolis-Hastings algorithm was run 10 000 times. The following figures show
the convergence of the estimates â and b̂ calculated from α̂0 and α̂1.
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Figure 2.5: Convergence of the estimate â (left figure) and b̂ (right figure).

From Figure 2.5 it can be seen that the reasonable burn-in (”pre-convergence”
part that should be discarded) would be about first 4000 samples. We set burn-in
to 5000 samples and the empirical distributions of parameters a, b after burn-in
removal are presented in the following figures.
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Figure 2.6: Distribution of the parameter a (left figure) and b (right figure) after
burn-in removal.

Empirical characteristics of the parameters distribution are given below. From
these characteristics we can see that the variance after burn-in removal is very
low and the mean is close to the term structure fitting method results.

mean(a, b)
.
= (0.280, 0.0478), var(a, b)

.
=

(
2.42× 10−6 5.18× 10−8

5.18× 10−8 7.43× 10−9

)
The comparison of actual term structure (full line) and term structure estimated
by MCMC method (dashed line) is in the following figure.
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Figure 2.7: Present term structure observed from the real data (full line) and the
term structure based on mean of simulated parameters (dashed line).

Underestimation of the present term structure is caused by historical devel-
opment of zero bond yields which were almost always lower than the yield at
19-Jun-2006 (see Figure 2.2).
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3. Credit Derivatives and Default
Probabilities

Credit derivatives differ from the market derivatives in the underlying asset.
The underlying asset is not a typical market variable such as interest rate, ex-
change rate or stock market index but the credit quality of the reference entity.
The credit quality can be expressed either by credit rating or by binary infor-
mation on default. Typically, rating scale contains default as the last possible
(absorbing) state.

The original purpose of these derivatives was an insurance against the de-
fault, or risk mitigation. However, like all other derivatives, credit derivatives
are also used for speculation, investment or arbitrage trading. Credit derivatives
are currently available only on OTC markets, although, there are attempts to
standardize these contracts.

We distinguish between two types of credit derivatives: Single-name and
Multi-name credit derivatives.

• Single-name credit derivatives are credit derivatives where the underlying
is the credit quality (or default) of a particular counterparty. For example,
credit-linked note, credit default swap (CDS), or total return swap.

• Multi-name (or basket) credit derivatives are credit derivatives where the
underlying is the credit quality (or default) of one or more counterparties.
For example, asset-backed security or credit-debt obligation.

Unless otherwise specified, we will hereafter consider only one counterparty ex-
posed to the credit risk, for simplicity.

Before we look at CDS and start calculating its price, we have to introduce
a new probability space. So far we have worked in an environment where the
only risk factor was the interest rate. This is because there was no need to
incorporate information about default events. But now, possible default should
be considered in the pricing of credit derivatives. Therefore the filtration Ft is
not sufficient. We will hereafter model the uncertainty by a filtered probability
space (Ω,G, {Gt}t≥0,Q). Let us denote by τ a default time of the reference credit
entity and let us define a σ-algebra Ht = σ ({τ < s}, s < t) generated by a default
process Ht = 1 [τ < t], t > 0, where 1 [τ < t] denotes the indicator function, i.e.,

it is equal to 1 if τ < t and 0 otherwise. Then Gt
def
= Ft ∨ Ht = σ (Ft ∪Ht) is

an extended filtration including also information about unilateral default events.
From now on, we change the notation of the expectations conditional on filtration:
EQ
t [ · ] := EQ[ · |Gt]

The following sections are inspired mainly by Witzany (2010), Gregory (2010)
and Mlej (2011).

3.1 Credit Default Swap

CDS is the most popular credit derivative and, simply stated, it is the insur-
ance against the default of the counterparty. The valuation of the CDS corre-
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sponds exactly to the equivalence principle in insurance. One side of the contract
pays regular payments, called premium or CDS spread, until the default event or
maturity of the CDS. The other side of the contract pays agreed amount at the
moment of default1.

The price of CDS is calculated based on the principle of discounted expected
future cash flows. We will split the calculation into two parts - fixed premium
leg and variable protection leg part. The fixed part consists of regular fixed
payments agreed at the contract origination which are known. But we do not
know the exact number of these payments. The present value under the money
market measure of the CDS fix part V fix

CDS starting at time t maturing at time T
with n ∈ N constant payments at times T1 < · · · < Tn is calculated as

V fix
CDS(t, T ) = EQ

t

[
n∑
i=1

1 [τ > Ti]D(t, Ti)δiPCDS

]

= PCDS

n∑
i=1

Q [τ > Ti]D(t, Ti)δi

(3.1)

where δi is the difference between times Ti−1 and Ti, t = T0, and PCDS is the
constant premium.

In the variable part, we also know the amount but we do not know whether
or when it will be paid. It is a single payment at the moment of default. The
present value of the CDS variable part under the money market measure V def

CDS is
computed as

V def
CDS(t, T ) = EQ

t [(1− RR)1 [τ < T ]D(t, τ)]

= (1− RR)

T∫
t

D(t, u)dQ [τ > u]
(3.2)

where RR is the recovery rate and here it is assumed to be constant2.
As for the IRS, market price of CDS at the origination is equal zero3. So the

discounted expected future expenses should be equal to the discounted expected
future revenues, and therefore

VCDS(t, T ) = V fix
CDS(t, T ) + V def

CDS(t, T ) (3.3)

CDS spreads are frequently used by practitioners to estimate the hazard rate
(in credit risk modeling called default intensity). The risk-neutral probabilities
of the counterparty default can be also estimated from CDS quotations.

3.2 Default Probabilities Term Structure

There are three possible approaches how to calculate the default probability
(as stated in Bluhm, Ludger, and Wagner (2003)). First, historical default prob-
abilities calculated from external rating of the counterparty can be used. Second

1The analogy from insurance may be ”term life insurance”.
2In general, RR should be stochastic, or, at least, time dependent. Various methods of RR

estimation can be found in Witzany (2010).
3This holds only in case that the contract is agreed under the market conditions.
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approach is the use of structural models which assume that the value of the com-
pany (counterparty) follows a stochastic process. Default occurs when the value
of the company exceeds a certain level. For details see Bielecki and Rutkowski
(2004). The last approach is to use market-implied default probabilities from
spreads of defaultable products, e.g., term structure of companies with different
ratings (credit curves).

To get market-implied default probabilities we will work with default intensity
which can be interpreted as the probability of default occurring in an ”infinites-
imally small” time step. If the distribution function F (t) of the default time is
absolutely continuous, then

lim
∆t→0

Q(t < τ < t+ ∆t|τ > t)

∆t
= lim

∆t→0

F (t+ ∆t)− F (t)

S(t)∆t

=
f(t)

S(t)
= −dS(t)

dt

1

S(t)

= −d logS(t)

dt
= λ(t)

(3.4)

where S(t) = 1 − F (t) is the survival function, λ(t) is the default intensity and
f is the density function of τ with respect to the Lebesgue measure. From the
equation (3.4) follows that the default intensity contains complete information
about the conditional survival fuction

Q(τ > T |τ > t) =
S(T )

S(t)
= exp

−
T∫
t

λ(u)du

 (3.5)

which also holds for the conditional probability of default

Q(τ ≤ T |τ > t) = 1− exp

−
T∫
t

λ(u)du

 (3.6)

The form of the default intensity λ(t) depends on the probability distribution
of the default time τ . The practicioners prefer a simplification in the form of ex-
ponentially distributed default time. Since the default intensity is constant, i.e.,
λ(t) = λ for every t and Q(τ > T |τ > t) = exp{−λ(T − t)}, the whole calculation
and calibration processes are much easier. However, exponential distribution is
not suitable when the default intensity changes during the life of the contract.
To capture different shapes of the default intensity, other parametric distribu-
tions can be used. For example Weibull, Loglogistic, and Lognormal distribution
are briefly described in Section 6.2.1. Other approach is the use of a piecewise
constant hazard rate based on CDS maturities is often applied in practice, i.e.,

λ(t) = λi for t ∈ [Ti−1, Ti], i = 1, . . . , n, n ∈ N (3.7)

where 0 = T0 < T1 < · · · < Tn are CDS maturities, and therefore the cumulative
default probability is given by

Q(τ < Tj) = 1− exp

{
−

j∑
i=1

λi(Ti − Ti−1)

}
, j = 1, 2, . . . , n. (3.8)
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More on applications of reliability theory in credit risk can be found in Witzany
(2010).

The method of calculation of the default intensity, and therefore risk-neutral
probabilities, from the quoted insruments is described in the following section.
These probabilities can be calculated either from the corporate (defaultable) bond
returns or from CDS spreads.

3.3 Extraction of Risk-Neutral Default Proba-

bilities from Market-Quoted Instruments

The extraction of the risk-neutral probabilities from corporate bonds is the
simplest and most straightforward method. First, we will consider zero bond
which pays nominal value L at the maturity T in case of no default at or before
the maturity, and L · RR in case of default before maturity. More formally, the
discounted payoff function ΨDZB of defaultable zero bond is

ΨDZB(t, T ) = L(D(t, T )1 [τ > T ] +D(t, τ)RR · 1 [τ ≤ T ]). (3.9)

Then, the risk-neutral pricing principle can be used, i.e., present value VDZB(t, T )
at time t of the zero bond maturing at T is equal to discounted expected value
of the future cashflow

VDZB(t, T ) = EQ
t [ΨDZB (t, T )]

= L · EQ
t [D(t, T )1 [τ > T ] +D(t, τ)RR · 1 [τ ≤ T ]] .

Assuming constant risk-free rate r in continuous compounding, we obtain
following formula

VDZB(t, T ) = e−r(T−t)L(Q(τ > T ) +RR ·Q(τ ≤ T ))

= e−r(T−t)L(RR + (1− RR) ·Q(τ ≤ T )).
(3.10)

From the bond valuation theory it is known that coupon-bearing bond can be
considered as portfolio of zero-bonds (see Málek (2005)). Thus, the same principle
can be applied in case of defaultable bonds (see Witzany (2010)). Let us consider
a bond with n coupon payments in the amount of CFT1 , . . . ,CFTn at times T1 <
T2 < · · · < Tn = T . Then the discounted payoff function ΨDCB(t, T1, T ) is

ΨDCB(t, T1, T ) =

=
n∑
i=1

D(t, Ti)CFTi1 [τ > Ti] +D(t, Tn)1 [τ > Tn]

+ RR

[
n∑
i=1

D(t, Ti)CFTi1 [Ti−1 < τ ≤ Ti] + 1 [Tn−1 < τ ≤ Tn]

]

where T0 = t. The price is, as well as in the case of zero bond, given by expectation
of discounted payoff, i.e., VDCB(t, T1, Tn) = EQ

t [ΨDCB(t, T1, T )].
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Again assuming piecewise constant risk-free rates rT1 , . . . , rTn we obtain the
following expression

VDCB(t, T ) =L
n∑
i=1

e−rTi (Ti−t)CFTi · RR

+ L
n∑
i=1

e−rTi (Ti−t)CFTi(1− RR) ·Q(τ ≤ Ti).

(3.11)

In case that we know all remaining information, the calculation of the risk-neutral
default probability is simple. Although constant recovery rate4 RR is widely used
by practitioners, this assumption is not realistic.

The calculation of the risk-neutral default probability from the CDS quotes is
not so straightforward: it requires an approximation in the premium or protection
leg of the contract. First, we will approximate CDS by discretizing protection leg
part of the CDS spread calculation. We know from Section 3.1 that the protection
leg is an integral which can be rewritten as

(1− RR)

T∫
t

D(t, u)dS(u) = (1− RR)

T∫
t

D(t, u)λ(u)S(u)du. (3.12)

We will divide the interval [t, T ] into disjoint subintervals, during which the de-
fault can happen. In case that the default actually occurs in one of these intervals,
we shift the default time to the upper bound of the particular interval.5. Under
this assumption default can occur in pre-defined discrete time points which means
that reflects the balance between accuracy and computational complexity.

Let us assume following division t = T0 < T1 < T2 < · · · < Tn = T of the
interval [t, T ]. Then the protection leg can be approximated

V def
CDS(t, T ) = (1− RR)

T∫
t

D(t, u)dS(u)

≈ (1− RR)
n∑
i=0

D(t, Ti) (S(Ti−1)− S(Ti))

where the survival function S(Ti) is calculated using equation (3.8) as
S(Ti) = 1−Q(τ ≤ Ti). So the most demanding part is the calculation the default
intensities which are assumed to be piecewise constant (see Section 3.2).

Typical example of the reverse approximation is when the premium is paid
continuously (or less precisely when the sum premium leg price is replaced by the
integral) and the default intensity is assumed to be constant. The price of the
premium leg changes to the integral form so that

V fix
CDS(t, T ) ≈ PCDS

T∫
t

D(t, u)S(u)du. (3.13)

4The market standard supported by the historical average of corporate bond recovery rates
from Moody’s Corporate Default Risk Service database 1920-2011 is to use RR = 40%.

5Alternatively, we can shift the default to the middle of this interval. This approach is
commonly used in the valuation of CDS as well.
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Using the fact that CDS(t, T ) = 0 at the origination of the contract, default
intensity λ is equal to

λ =
PCDS

LGD
. (3.14)

This approach has two advantages, the first one is a simple calculation of default
intensity, and second one is that we need CDS for just one maturity. However,
the disadvantage of this approach is omitting full market information represented
by the term structure of default probabilities which can significantly change the
results.
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4. Counterparty Credit Risk

Counterparty credit risk (hereinafter CCR) together with liquidity risk are
important parts of the new Basel III regulation which reacts to the recent fi-
nancial crisis. According to the Basel II capital requirement, the CCR of OTC
derivatives is defined on the basis of estimated exposure at default (EAD) and
current weights determined by losses coming from the default of the counterparty.
Basel III introduces a new capital requirement which should cover potential losses
arising from the revaluation of credit margins using credit valuation adjustment
(CVA) (losses coming from mark-to-market when counterparty’s rating decreas-
es). These losses proved to be significant during and after the recent financial
crisis. The mark-to-market losses were even higher than the losses arising from
the counterparty defaults themselves.

4.1 Unilateral Credit Valuation Adjustment

4.1.1 General Framework

The CVA can be intuitively viewed as an insurance against counterparty credit
losses if the counterparty defaults or its credit quality deteriorates. When the
counterparty defaults, all its trades are stopped and outstanding positions are
fully or partially settled at the default time depending on the recovery rate of
the counterparty. As well as in the CDS case, the situation is analogous to life
insurance where the death can be replaced by the default of the counterparty,
and therefore, the principle of equivalence can be used to evaluate the CVA.
Thus, under the risk-neutral valuation principle, the CVA is the expected value
of the discounted CCR loss at the default time conditional on the current market
information. In order to be mathematically more precise, we define CVA as

CVA(t, T ) = EQ
t [(1− RR)1[τ ≤ T ]D(t, τ) max{V (τ, T ), 0}] (4.1)

where RR is a recovery rate on any defaulted amount, τ > t is the default time of
the counteparty, Q is the money market measure, andD(t, τ) = exp

{
−
∫ τ
t
r(s)ds

}
is the value of the discount factor from t to τ .

Now we can formulate and prove a general CVA pricing theorem in almost
the same way as in Brigo and Masetti (2006).

Theorem 5 (General CVA pricing theorem). Let V ?(t, T ) be the risk-neutral
present value of a financial derivative under the money market measure adjusted
for CCR at time t, maturing at time T and let V (t, T ) be the mark-to-market
value of the same financial derivative. Then

V ?(t, T ) = V (t, T )− CVA(t, T ), (4.2)

Proof. Let us denote Π(t, T ) net cash flows (generally random) between time
t and maturity T discounted back to the time t. Then the risk-neutral present
value of a financial derivative (or mark-to-market value) V at default τ > t is
defined as

V (τ, T )
def
= EQ

τ [Π(τ, T )] . (4.3)
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In the credit risk point of view, derivative price V (τ, T ) is called exposure at
default. Since the credit risk arises only if we have a claim on the counterparty,
we are interested in cases where the mark-to-market value is positive

V (τ, T )+ def
= max {V (τ, T ), 0} . (4.4)

Otherwise, when the exposure is negative we have an obligation to the counter-
party and CCR arises against us, i.e.,

V (τ, T )−
def
= min{V (τ, T ), 0} = V (τ, T )− V (τ, T )+. (4.5)

If the default event occurs, positions in given OTC derivative are closed and the
contract will be settled under the current market price of the derivative. Then
the payoff ΠD of defaultable claim can be expressed as

ΠD(t, T ) = 1 [τ > T ] Π(t, T )︸ ︷︷ ︸
no default

+1 [τ ≤ T ] [ Π(t, τ)︸ ︷︷ ︸
up to default

+D(t, τ) (RR · V (τ, T )+ + V (τ, T )−)︸ ︷︷ ︸
at default

]

= 1 [τ > T ] Π(t, T ) + 1 [τ ≤ T ] Π(t, τ) + 1 [τ ≤ T ]D(t, τ)V (τ, T )

−1 [τ ≤ T ]D(t, τ)(1− RR)V (τ, T )+ (4.6)

where RR is the recovery rate, i.e., percentage of the exposure at default that
will be recovered at default1.

The OTC derivative price at time t including CCR is the expected value of
the above payoff with respect to the money market measure Q, i.e.,

EQ
t

[
ΠD(t, T )

]
= EQ

t [1 [τ > T ] Π(t, T )] + EQ
t [1 [τ ≤ T ] Π(t, τ)]

+EQ
t [1 [τ ≤ T ]D(t, τ)V (τ, T )] (4.7)

−EQ
t

[
1 [τ ≤ T ]D(t, τ)(1− RR)V (τ, T )+

]
.

The third term on the right-hand side of (4.7) is equal to

EQ
t [1 [τ ≤ T ]D(t, τ)V (τ, T )] = EQ

t

[
1 [τ ≤ T ]D(t, τ)EQ

τ [Π(τ, T )]
]
.

Now using Fτ -measurability of 1 [τ ≤ T ] and D(t, τ) and the tower property of
conditional expectation we get

EQ
t

[
1 [τ ≤ T ]D(t, τ)EQ

τ [Π(τ, T )]
]

= EQ
t

[
EQ
τ [1 [τ ≤ T ]D(t, τ)Π(τ, T )]

]
= EQ

t [1 [τ ≤ T ]D(t, τ)Π(τ, T )] .

Finally, since 1 [τ ≤ T ] [Π(t, τ) +D(t, τ)Π(τ, T )] = 1 [τ ≤ T ] Π(t, T ) we obtain

EQ
t

[
ΠD(t, T )

]
= EQ

t [1 [τ > T ] Π(t, T ) + 1 [τ ≤ T ] Π(t, T )]

−EQ
t

[
1 [τ > T ]D(t, τ)(1− RR)V (τ, T )+

]
= EQ

t [Π(t, T )]− EQ
t

[
1 [τ ≤ T ]D(t, τ)(1− RR)V (τ, T )+

]
= V (t, T )− EQ

t

[
1 [τ ≤ T ]D(t, τ)(1− RR)V (τ, T )+

]
. (4.8)

1In practice, the recovery usually takes place long after default and it also generates extra
cost that should be included in the calculations.
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Since EQ
t

[
ΠD(t, T )

]
= V ?(t, T ), the proof is complete.

�

The recovery rate of the derivative is, in general, stochastic and (1− RR) ≡ LGD
is the fractional loss given default. Thus, the CVA of the derivative value is the
expectation of the irrecoverable part of exposure in the risk-neutral world.

The CVA can be equivalently expressed by conditional expectation (see Brigo,
Morini, and Pallavicini (2013)) as

CVA(t, T ) = EQ
t [1 [τ ≤ T ]]EQ

t

[
LGD ·D(t, τ)V (τ, T )+ |τ ≤ T

]
= Q [τ ≤ T ]EQ

t

[
LGD ·D(t, τ)V (τ, T )+ |τ ≤ T

]
(4.9)

or in the integral form (see Gregory (2010) or Ghamami and Goldberg (2014)) as

CVA(t, T ) = −
∞∫

0

EQ
t

[
LGD · 1[τ ≤ T ]D(t, τ)V (τ, T )+ |τ = u

]
dS(u)

= −
T∫
t

EQ
t

[
LGD ·D(t, u)V (u, T )+ |τ = u

]
dS(u) (4.10)

where S(t) = Q(τ > t) = 1 − Q(τ ≤ t) is the survival function of the coun-
terparty. In case of absolutely continuous survival function we can use, at most
deterministic, default intensity to simplify CVA expression into the form

CVA(t, T ) = −
T∫
t

EQ
t

[
LGD ·D(t, u)V (u, T )+ |τ = u

]
λ(u)S(u)du. (4.11)

In particular, we will use the exponential distribution of the default time which is
one of the most important (and the simplest) distributions in the survival analysis
theory. The main property of the exponential distribution is its memorylessness
and constant hazard rate (see Section 3.2). Of course, it is also possible to use
other distributions as in the CDS case or a nonparametric approach which would
be very difficult to implement due to the lack of data.

If it is assumed that the exposure and credit quality of the counterparty
(default time) are independent, we get an independent CVA denoted by ICVA
which has following integral representation

ICVA(t, T ) = −
T∫
t

EQ [LGD ·D(t, u)V (u, T )+ |τ = u
]

dS(u)

= −
T∫
t

EQ [LGD ·D(t, u)V (u, T )+
]

dS(u) (4.12)

= −
T∫
t

EQ [LGD ·D(t, u)V (u, T )+
]
λ(u)S(u)du. (4.13)
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Since we have no further information on exposure, considering that exposure
is a general stochastic process, we can not simplify the expected value or find
its bounds2. Although it seems that the difference between CVA and ICVA is
negligible, it simplifies most calculations (see Section 4.2).

Finally, we can approximate ICVA using numerical integration by discretizing
equation (4.12). We divide time interval into n periods given by t = T0 < T1 <
· · · < Tn = T , and approximate ICVA as

ICVA(t, T ) ≈
n∑
i=1

EQ
t

[
LGD ·D(t, Tj)V (Tj, T )+

]
(S(Tj−1)− S(Tj)).

In order to get a practical formula one should make additional assumptions,
such as constant and deterministic LGD and interest rate r (see Gregory (2010)),
i.e.,

ICVA(t, T ) = −LGD

T∫
t

e−r(u−t)EE(u)dS(u)

≈ LGD
n∑
i=1

e−r(Tj−t)EE(Tj)(S(Tj−1)− S(Tj))

where EE(t)
def
= EQ

s [V (t, T )+] is the expected exposure at time t > s.
The expected exposure can be expressed in an analytical or semi-analytical

form for some financial derivatives like forwards, options or swaps. In general,
Monte Carlo method can be used which is computationally demanding for more
complex derivatives, i.e., if the derivative value V does not have a closed-form
expression.

4.1.2 Wrong-way and Right-way Risk

BCBS (2011) states the following: ”The Committee is raising counterparty
credit risk management standards in a number of areas, including for the treat-
ment of so-called wrong-way risk, i.e., cases where the exposure increases when
the credit quality of the counterparty deteriorates.
. . .
Banks must identify exposures that give rise to a greater degree of general wrong-
way risk. Stress testing and scenario analyses must be designed to identify risk
factors that are positively correlated with counterparty credit worthiness. Such
testing needs to address the possibility of severe shocks occurring when relation-
ships between risk factors have changed. Banks should monitor general wrong way
risk by product, by region, by industry, or by other categories that are germane
to the business.”

It means that Basel III requires inclusion of the adverse dependence between
exposure and credit quality of the counterparty, so-called wrong-way risk (here-
inafter WWR), into the calculation of CVA and hence into the CVA capital

2If we assumed that exposure is (sub-, super-) martingale, we could use the optional sampling
theorem (see Shreve (2004)).
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charge. This requirement should not be neglected in interest rate derivatives
pricing as we will see on the differences between CVAs with and without WWR
in the following chapters. However, WWR is quite important even for other fi-
nancial products such as CDSs where we are buying protection from the risky
reference entity, or put options on stocks issued by the risky counterparty. Other
examples of products exposed to WWR can be found in Gregory (2010).

On the other hand, when there is an adverse dependence, there must be a
favorable dependence, i.e., when the exposure decreases when the credit quality
of the counterparty deteriorates, so-called right-way risk (hereinafter RWR). This
kind of dependence is not mentioned in the Basel III regulation due to its high
degree of conservatism. Thus, the banks do not consider RWR in the calculation
of CVA for regulatory purposes. This is why we will continue to focus mainly on
situations where only WWR occurs.

The CVA including WWR is calculated as an expected value of the expo-
sure conditional on the default time (see equation (4.11)). We can simplify the
calculation using the following approximation which is similar to equation (4.14):

CVA(t, T ) ≈ LGD
n∑
j=1

e−r(Tj−t)EE?(Tj)λ(Tj)(Tj − Tj−1) (4.14)

where EE?(t)
def
= EQ

s [V (t, T )+|τ = t] is the conditional expected exposure at time
t > s.

We also show another simplification of CVA formula using a model-free ap-
proach. First, we will divide the time interval [t, T ] into disjoint subintervals and
postpone the default time to the upper bound of the interval then the CVA can
be approximated as

CVA(t, T ) = EQ
t

[
LGD

n∑
j=1

1 [Tj−1 < τ ≤ Tj]D(t, τ)V (τ, T )+

]

≈ EQ
t

[
n∑
j=1

LGD1 [Tj−1 < τ ≤ Tj]D(t, Tj)V (Tj, T )+

]

=
n∑
j=1

EQ
t

[
LGD1 [Tj−1 < τ ≤ Tj]D(t, Tj)V (Tj, T )+

]
Under the assumption of no WWR and constant LGD3. we get an approximation
in the form

ICVA(t, T ) ≈ LGD
n∑
j=1

EQ
t [1 [Tj−1 < τ ≤ Tj]]EQ

t

[
D(t, Tj)V (Tj, T )+

]
. (4.15)

3In the case of the stochastic LGD, an additional assumption on probability distribution
should be made and also correlation between LGD, exposure and default time should be included
in the calculations.
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The model-free CVA formula has the following form

CVA(t, T ) ≈ LGD
n∑
j=1

EQ
t

[
LGD · 1 [Tj−1 < τ ≤ Tj]D(t, Tj)V (Tj, T )+

]
=

= LGD
n∑
j=1

(
covQ

t

[
1 [Tj−1 < τ ≤ Tj] , D(t, Tj)V (Tj, T )+

]
+EQ

t [1 [Tj−1 < τ ≤ Tj]] ·EQ
t

[
D(t, Tj)V (Tj, T )+

])
.

(4.16)

The second part of the formula including LGD is the known CVA without wrong-
way risk (ICVA), so we have

CVA(t, T ) ≈ LGD
n∑
j=1

covQ
t

[
1 [Tj−1 < τ ≤ Tj] , D(t, Tj)V (Tj, T )+

]
+ ICVA(t, T ).

(4.17)
Let us now assume that the dependence between the exposure and the default
time indicator is linear. Then the correlation coefficient, ρ ∈ [−1, 1], between the
exposure and the default time (expressing the wrong-way or the right-way risk)
can be calculated from the covariance and variances as

ρ =
covQ

t [1 [Tj−1 < τ ≤ Tj] , D(t, Tj)V (Tj, T )+]√
varQt [1 [Tj−1 < τ ≤ Tj]] varQt [D(t, Tj)V (Tj, T )+]

(4.18)

The default time indicator has the Bernoulli distribution with probability q equal
to the default probability in a certain time interval 4 and its variance equals

varQt [1 [Tj−1 < τ ≤ Tj]] = (1− q)q. (4.19)

The second variance depends on the derivative properties, and so it cannot be
easily simplified as the variance of the indicator function. However, in practice it
is difficult to calculate these characteristics and, therefore, we are going to show
semi-analytical formulas that approximate, under certain assumptions, the FRA
and IRS CVA with the wrong-way, or right-way, risk.

4.2 CVA of Individual Financial Derivatives

Here, we rigorously derive simple analytical formulas for the calculation of
ICVA of FRA and IRS using particular option contracts - caplets, floorlets, and
swaptions. We also show possible calculation of CVA of FRA using a factor-
based correlation structure (see Hull (2014)). The application of these formulas
is demonstrated on simple examples. In the case of FRA, we can compare ICVA
and CVA and therefore the impact of WWR. Let us suppose, for simplicity, that
LGD and default intensity λ are constant.

4For exponential distribution with constant parameter λ the survival probability is q =
S(Tj−1)− S(Tj) = Q(1 [Tj−1 < τ ≤ Tj ] = 1) = e−λTj−1 − e−λTj .
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4.2.1 Forwards

Let us consider fix rate payer T1×T2 FRA contract starting at time t, with fix
rate RK , and nominal value L. As we mentioned in Section 1.3.1, the FRA value
at time u satisfying t < u ≤ T1 is VFRA (u, T1, T2, 1) = LP (u, T2) δ2 (f1 (u)−RK)
conditional on the term structure and thus the forward curve at the time u. The
expectation under money market measure of discounted forward value is equal to

EQ
t

[
D (t, u)VFRA (u, T1, T2)+] =

= EQ
t [D (t, u) max {LP (u, T2) δ2 (f1 (u)−RK) , 0}]

= EQ
t [D (t, u)LP (u, T2) δ2 max {f1 (u)−RK , 0}]

= Lδ2EQ
t

[
D(t, u)EQ

u [D(u, T2)] max {f1 (u)−RK , 0}
]

= Lδ2EQ
t

[
EQ
u [D(t, u)D(u, T2) max {f1 (u)−RK , 0}]

]
= Lδ2EQ

t

[
EQ
u [D(t, T2) max {f1 (u)−RK , 0}]

]
= Lδ2EQ

t [D(t, T2) max {f1 (u)−RK , 0}]

= Lδ2P (t, T2)EQT2
t [max {f1 (u)−RK , 0}]

(4.20)

where QT2 is the T2–forward risk-neutral measure, i.e., we changed the numeraire
from the money market account to the T2-maturity zero-bond. Let us assume
that the forward rate is a martingale with respect to the probability measure
QT2 . Then the forward rate is governed by the driftless standard market model

df1(t) = vtf1(t)dWQT2 (4.21)

where vt is the instantaneous volatility of the forward rate5. Then the expectation
on the last row of (4.20) can be viewed as a Black-like caplet price with maturity
at T1, strike rate RK , and volatility v

Lδ2P (t, T2)EQT2
t [max {f1 (u)−RK , 0}] =

= EQT2
t [Lδ2P (t, T2) max {f1 (u)−RK , 0}]

= VCaplet(t, u, f1(t), vu, RK)

(4.22)

where the caplet price was presented in Section 1.4.1. This means that the inde-
pendent CVA can be calculated as

ICVAFRA(t, T1) = LGD · EQ
t

[
1 [τ ≤ T ]D(t, τ)VFRA(τ, T1, T2, 1)+

]
= −LGD

T1∫
t

VCaplet(t, u, f1(t), vu, RK)dS(u) (4.23)

≈ LGD
n∑
i=1

VCaplet(t, ti, f1(t), vi, RK) (S(ti−1)− S(ti))

where t0 < · · · < tn = T1 is a division of the time interval [t, T1].

5In most financial applications constant volatility is considered but, in general, volatility
should be stochastic, or, at least, a function of time.
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We proceed analogously with fix receiver FRA where we get

ICVAFRA(t, T1) = LGD · EQ
t

[
1 [τ ≤ T ]D(t, τ)VFRA(τ, T1, T2,−1)+

]
= −LGD

T1∫
t

VFloorlet(t, u, f1(t), vu, RK)dS(u) (4.24)

≈ LGD
tn∑
i=1

VFloorlet(t, ti, f1(t), vi, RK) (S(ti−1)− S(ti)) .

In a similar way the independent CVA of forward contract with an arbitrary
underlying asset can be calculated. General calculation of independent CVA of a
stock forward with illustrative example can be found in Witzany (2014).

Example 1. Let us consider outstanding 12x24 FRA paying the fixed rate RK =
2% with current forward rate f1(0) = 2% and the unit nominal. Assume that risk-
free rate is r = 1.1%, LGD = 60%, counterparty risk-neutral default intensity λ =
5%, and forward rate volatility v = 50% are constant. The expected exposure and
ICVA of the FRA (in bps) calculated using equations (4.22) and (4.23) is shown
in Table 4.1. Time to maturity was divided into 10 equidistant subintervals.

t EE(t) ICVA(0, t)
0.1 18.171 0.055
0.2 25.670 0.077
0.3 31.407 0.094
0.4 36.228 0.109
0.5 40.462 0.121
0.6 44.278 0.133
0.7 47.776 0.143
0.8 51.022 0.153
0.9 54.061 0.162
1. 56.927 0.171

ICVAFRA(0,T1) 1.218

Table 4.1: Expected exposure and ICVA of FRA in bps as a function of time t in
years.

From Table 4.1 it can be seen that the expected exposure of FRA is an in-
creasing function of time.

Although it may be seen that ICVA is very small, we have to realize that it
corresponds to the unit nominal. If we consider FRA between two large corporates
with nominal value equal to USD 100 million, for example, the resulting ICVA
will be about USD 12,180 instead of zero.

In order to demonstrate the importance of WWR in the CVA calculation, we
will consider dependence between the credit quality of the counterparty (default
time) and the underlying asset (interest rate). Calculation of CVA, instead of IC-
VA, now requires computation of conditional expected exposure in the integrand
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on the right-hand side of equation (4.11). Analytical expression of such condi-
tional expectation can be done assuming that the forward rate is lognormally
distributed

f1(t) = f1(0) exp

{
−v

2

2
t+ v

√
tY

}
, Y ∼ N(0, 1) (4.25)

and using a one-factor model

Y = ρU +
√

1− ρ2ε (4.26)

where the correlation ρ ∈ [−1, 1] representing WWR is constant, U, ε are mutually
independent random variables with standard normal distribution, and the default
time equals τ = S−1(Φ(U)). The expected exposure EE?(t) at time t can be now
rewritten into the following form:

EE?(t) = EQT2
0

[
max {f1(t)−RK , 0} |U = Φ−1(S(t))

]
= EQT2

0

[
max

{
f1(0)e

− v2

2
t+v
√
t
(
ρU+
√

1−ρ2ε
)
−RK , 0

} ∣∣U = Φ−1(S(t))

]
=

∞∫
−∞

max

{
f1(0)e

− v2

2
t+v
√
t
(
ρΦ−1(S(t))+

√
1−ρ2x

)
−RK , 0

}
ϕ(x)dx.

Example 2. Let us consider 12x24 FRA from the Example 1, now assuming factor-
based dependence structure (see (4.26)) with WWR represented by constant cor-
relation coefficient ρ = 0.5. Remaining parameters have identical values as in
Example 1. Table 4.2 summarizes CVA and expected exposure with WWR for
the same subintervals as in Table 4.1.

t EE?(t) CVA(0, t)
0.1 68.049 0.204
0.2 89.616 0.269
0.3 104.501 0.314
0.4 115.986 0.348
0.5 125.314 0.376
0.6 133.117 0.399
0.7 139.768 0.419
0.8 145.506 0.437
0.9 150.501 0.452
1. 154.875 0.465

CVAFRA(0,T1) 3.682

Table 4.2: Expected exposure and CVA of FRA in bps as a function of time t in
years.

We can see that the conditional expected exposure EE? and the corresponding
CVA with WWR are substantially higher than in the case without WWR. Since
correlation ρ has been chosen artificially in this example (ρ = 0.5), we present
CVA as a function of correlation in Figure 4.1.
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Figure 4.1: CVA of FRA as a function of correlation ρ.

4.2.2 Swaps

The CVA of an IRS (hereinafter ”CVAIRS”) in the case of no wrong-way risk
can be expressed analogically as an independent CVA of the FRA contract. Recall
that the payer IRS market price at time t satisfies

VIRS(t, T1, Tn, 1) = (s0,n(t)−RK)
n∑
i=1

δiP (t, Ti). (4.27)

Let us define m(u) as the index of the next reset date nearest to u, i.e., the
smallest integer such that u ≤ Tm(u). Then the discounted expected exposure at
time u can be expressed using the forward-starting swap

EQ
t

[
D (t, u)VIRS

(
u, Tm(u), Tn, 1

)+
]

=

= EQ
t

D(t, u)
n∑

i=m(u)

δiP (u, Ti) max
{
sm(u),n(u)− sK , 0

}

= EQm(u),n

t


n∑

i=m(u)

δiP (t, Ti)

n∑
i=m(u)

δiP (u, Ti)

n∑
i=m(u)

δiP (u, Ti) max
{
sm(u),n(u)− sK , 0

}


= EQm(u),n

t

 n∑
i=m(u)

δiP (t, Ti) max
{
sm(u),n(u)− sK , 0

} .
(4.28)

Similarly to the FRA case, the forward swap rate is a martingale under the
annuity measure Qm(u),n, i.e.,

dsm(u),n(t) = σm(u),nsm(u),n(t)dWQm(u),n . (4.29)
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The expectation in the last row of (4.28) can be viewed as a Black-like swaption
price with expiration at u, first swap payment at Tm(u), maturity at Tn, strike
rate sK , and volatility σm(u),n (see (1.35))

EQm(u),n

t

 n∑
i=m(u)

δiP (t, Ti) max
{
sm(u),n(u)− sK , 0

} = VSwaption(t, u, Tn, sK , 1).

(4.30)
Then the independent CVA can be expressed as

ICVAIRS(t, Tn) = LGD · EQ
t

[
1 [τ ≤ T ]D(t, τ)VIRS(τ, T1, Tn, ω)+

]
= −LGD

Tn∫
t

VSwaption(t, u, Tn, sK , ω)dS(u).

ICVA of IRS can be approximated by a sum of interest rate swaption prices
weighted by survival probabilities, as noted in Sorensen and Bollier (1994). The
formula presented in Gregory (2010) is

ICVAIRS(t, Tn) ≈ LGD
n−1∑
i=0

(S(Ti − t)− S(Ti+1 − t))VSwaption(t, Ti+1, T, sK , ω)

(4.31)
where n is the number of swap payments6, S(Ti−t) are the (risk neutral) counter-
party survival probabilities, and V (t, Ti+1, T ) is the swaption price with expiration
at time Ti+1 and swap maturity at time T .

Example 3. Let us now consider 10Y IRS with swap rate sK = 1.5%, swap rate
volatility v = 50%, counterparty risk-neutral default intensity λ = 5%, and risk-
free rate r = 1%. Unlike FRA contract the expected exposure EE of an IRS is
equal to zero at the beginning (zero market value volatility) and at the end (all
cash flows are settled) of the contract – see Table 4.3 and Figure 4.2.

6Smoother partitioning of the interval (t, Tn] can be used for a more accurate calculation of
CVA.
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t EE(t) ICVA(0, t)
0. 0. 0.
0.5 190.747 2.8612
1. 254.866 3.82299
1.5 294.012 4.41018
2. 318.675 4.78012
2.5 333.139 4.99709
3. 339.715 5.09573
3.5 339.841 5.09762
4. 334.497 5.01746
4.5 324.394 4.86591
5. 310.071 4.65107
5.5 291.953 4.37929
6. 270.381 4.05572
6.5 245.64 3.6846
7. 217.965 3.26947
7.5 187.56 2.8134
8. 154.599 2.31898
8.5 119.235 1.78853
9. 81.6031 1.22405
9.5 41.8224 0.627336
10. 0. 0.

ICVAIRS(0,Tn) 69.761

Table 4.3: IRS expected exposure and ICVA in bps as a function of time t in
years.
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Figure 4.2: IRS expected exposure in bps as a function of time t in years.
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In the previous calculation, ICVA of IRS was calculated, i.e., IRS CVA without
WWR. Since the the calculation of IRS CVA involving the WWR is not a trivial
task, the entire Chapter 5 is devoted to the various methods of its calculation.

4.3 Bilateral CVA

The financial crisis in 2007-2008 has shown that counterparty credit risk
should not be underestimated even in the case of large ”stable” companies or
trustworthy sovereigns. So far, we have considered only one counterparty ex-
posed to credit risk, i.e., with positive probability of default. However, financial
derivative contracts require at least two counterparties and, regardless of their
credit quality, all may default. Forwards and swaps are typical financial products
where the credit risk should be calculated for both sides of the contract (assuming
no reference entity) since the exchange of payments takes place in the future7.

Due to this fact we have to extend default events filtration Ht to cover default
events of both counterparties. Let τA and τB be the default times of counterparties
A and B then H̃t = σ ({τA < s, τB < s}, s < t) is the extended filtration including
information about bilateral default events.

Let us define bilateral CVA of counterparties A and B with recovery rates
RRA and RRB as

BCVA(t, T ) = CVAB(t, T )− CVAA(t, T ) (4.32)

where

CVAA(t, T ) = EQ
t [(1− RRB)1 [τB ≤ T, τB < τA]D(t, τB) max{−V (τB, T ), 0}]

(4.33)
is non-zero when the exposure is negative, i.e., our liability,

CVAB(t, T ) = EQ
t [(1− RRA)1 [τA ≤ T, τA < τB]D(t, τA) max{V (τA, T ), 0}]

(4.34)
is non-zero when the exposure is positive, i.e., our receivable. CVAA is often
called debit valuation adjustment (DVA) in the literature. In economic terms,
the DVA takes into account potential ”profit” caused by own default, i.e., default
of the counterparty formerly referred to as risk-free. Hence, DVA needs to be
included to make CCR work from an accounting perspective.

The advantage of the BCVA concept is that it makes the financial deriva-
tives valuation symmetric (or fair) to both sides of the contract opposed to the
(unilateral) CVA. Using the notation from equation (4.2), we get

V ?(t, T ) = V (t, T )− BCVA(t, T ). (4.35)

BCVA is actually a more complicated version of the unilateral CVA only in the
case when both counterparties cannot jointly default prior to maturity (or the
probability of such event is almost zero). Then the problem of BCVA calculation
is reduced to the calculation of two unilateral CVAs. Otherwise, joint distribution
of the default times should be taken into account in further calculations.

7An example of a financial product with only one counterparty exposed to credit risk is the
bond.
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Similarly to CVA, we can simplify the calculation of BCVA using additional
assumptions. Let us assume the independence between defaults of counterparties
A and B and no WWR. Then the BCVA can be rewritten into integrals and
approximated similarly to the unilateral CVA. We have

BCVA(t, T ) =

= −LGDB

T∫
t

D(t, u) max{−V (u, T ), 0}SB(u)dSA(u)

︸ ︷︷ ︸
=CVAB(t,T )

− LGDA

T∫
t

D(t, u) max{V (u, T ), 0}SA(u)dSB(u)

︸ ︷︷ ︸
=CVAA(t,T )

≈ LGDA

n∑
i=1

D(t, Ti) max{−V (Ti, T ), 0}SB(Ti) (SA(Ti−1)− SA(Ti))

− LGDB

n∑
i=1

D(t, Ti) max{V (Ti, T ), 0}SA(Ti) (SB(Ti−1)− SB(Ti))

where SA and SB are suvival functions and LGDA and LGDB are LGDs of partic-
ular counterparties. The division of the time interval [t, T ] is the same as in the
case of approximation of ICVA in Section 4.1.1. The derivation of BCVA formu-
la without WWR and independence between defaults can be found in Gregory
(2010) and a numerical example of IRS BCVA can be found in Mlej (2011).

If we consider a reference entity, we have to include also the default time
of that reference entity into to BCVA which makes the calculation much more
complex. Not only it is needed to include the default time into the calculation,
but estimation of the default times correlation matrix should be made as well.
More on generalization of BCVA with illustrative example is described in Brigo
and Capponi (2008).

However, using BCVA is often not approved by the regulators who require
conservative accounting principles. The reason is that BCVA generates account-
ing profit for the counterparty whose credit quality is worsening. Recommended
conservative approach is to use unilateral CVA for regulatory purposes8.

4.4 Basel III: CVA Capital Charge

4.4.1 Standardized Approach

The CVA itself is not exactly what is required by the Basel III regulation.
More important part is CVA Value at Risk (CVA VaR) estimate, i.e., stressed
value of the CVA at 99% confidence level for a 1 year horizon. In BCBS (2011),
CVA VaR is called CVA capital charge. However, to get CVA capital charge we
first need to find the distribution of CVA or, at least, efficiently calculate CVA.

8More about misalignment between CVA regulatory purposes and CVA for accounting and
pricing purposes can be found in Brigo, Morini, and Pallavicini (2013).
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We know from the previous sections that CVA requires modeling of the future
value of the exposure (value of the derivative) and also modeling of the credit
quality of the counterparty (default time). Without any analytical or, at least,
semi-analytical CVA formula, Monte Carlo simulation should be used twice – one
for the exposure and one for the credit quality. Notice that CVA capital charge
requires modeling of future CVA which adds another Monte Carlo simulation and
the whole problem becomes, in general, computationaly very demanding.

To simplify the situation, BCBS (2011) offers, as usual, a standardized formula
for regulatory CVA capital charge calculation

KCVA = Φ−1(α)
√
hβ2 (4.36)

where

β2 =

(∑
i

0.5wi

(
MiEADi −M (h)

i Bi

)
−
∑
ind

windMindBind

)2

+
∑
i

0.75w2
i

(
MiEADi −M (h)

i Bi

)2
(4.37)

and

• h = 1 is a one-year risk horizon,

• α = 99.9% is the confidence level,

• Φ is the cdf of standard normal distribution,

• EADi is the exposure at default of i-th counterparty,

• Mi is effective maturity of transactions with i-th counterparty ,

• M (h)
i is the maturity of a single-name hedge instrument,

• Bi is the discounted notional of purchased single-name CDS hedges of coun-
terparty i,

• wi are the weights related to the external rating of the counterparty i,

• Bind,Mind and wind are discounted notional, maturity and weights of index
CDS protection.

It can be shown that the standardized formula corresponds to the approxima-
tion of the CVA capital charge similar to the regulatory capital formula calculated
by Vaš́ıček’s default model (see Vaš́ıček (2002)). The standardized CVA capital
charge formula does not contain WWR, however, credit spreads are assumed to be
correlated with correlation equal 0.5. The derivation of the standardized formula
is shown in Pythkin (2012).
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4.4.2 Advanced Approach

So far, we have described the standardized approach. Similarly to Basel II,
banks can apply their own internal model method and specific (internal) interest-
rate risk VaR model both approved by the regulator. Under the advanced ap-
proach, banks should calculate unilateral CVAs independently for each counter-
party without any compensation for the counterparty’s default (no recovery).
Credit spreads and indexes should be simulated over 10-day horizon typical for
market risk, changes of the CVAs for each counterparty (and possible hedges),
and CVA VaR and stressed CVA VaR9 at 99% confidence level of the resulting
distribution of CVA losses. So the inputs of the internal model are expected fu-
ture exposures and credit curves. The resulting sum of CVA VaR and stressed
CVA VaR follows the same rules as the internal market risk VaR model. The
advanced model should also cover the wrong-way risk.

The following formula, stated in BCBS (2011), should be used regardless of
the accounting valuation method for determination of CVA of each counterparty
for regulatory purposes:

CVA(t, T ) = LGDMKT

n∑
i=1

max

{
exp

{
si−1Ti−1

LGDMKT

}
− exp

{
siTi

LGDMKT

}
, 0

}
×
(

EE(Ti−1)D(t, Ti−1) + EE(Ti)D(t, Ti)

2

)
(4.38)

where EE is the expected exposure, LGDMKT is the loss given default of the coun-
terparty implied by the market price10, and si is the credit spread for maturity
Ti. When we use the exponential distribution for the default time with survival
function S(t) = Q [τ > t] and an approximation11 of the default intensity h by
hi ≈ si

LGDMKT
we get

CVA(t, T ) =

= LGDMKT

n∑
i=1

(S(Ti−1)− S(Ti))

(
EE(Ti−1)D(t, Ti−1) + EE(Ti)D(t, Ti)

2

)
= LGDMKT

n∑
i=1

Q [Ti−1 < τ ≤ Ti]

(
EE(Ti−1)D(t, Ti−1) + EE(Ti)D(t, Ti)

2

)
.

(4.39)

The part with expected exposures corresponds to the shift of the payment at
default in the middle of a particular interval which is also used, e.g., in CDS
pricing.

9Stressed CVA VaR is calculated from the distribution of CVA losses during one year of
stress period, e.g., financial crisis 2007-2008.

10This is another difference from Basel II where LGD based on historical data was required.
11We have to assume that the CDS premium is paid continuously but, in practice, the pre-

mium is paid in discrete times (typically semi-annually or quarterly).
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5. Interest Rate Swap CVA

Among practitioners there are currently used two main methods of IRS CVA
calculation with inclusion of the WWR - copula and simulation approach.

The copula approach aims to simplify the calculation of IRS CVA using analy-
tical or semi-analytical formulas (see, e.g., Cherubini (2013)). On the other hand,
the simulation approach is trying to faithfully model the behavior of real interest
rates and intensity of default (see, e.g., Brigo and Pallavicini (2007) or Hull and
White (2011)).

Both methods have their pros and cons. The advantage of the simulation
approach is straightforward calibration of the model while the disadvantage is
difficult implementation, time-consuming calculation and counterintuitive inter-
pretation of the correlations. On the contrary, the copula approach allows quick
calculation, easy implementation, and intuitive interpretation correlations. The
disadvantage of the copula approach is the difficult calibration of the model (see,
e.g., Chapter 6) and usage of simplifying (sometimes not realistic) assumptions.
In this chapter, we will present examples of both approaches.

5.1 General Copula Approach

Consider a contingent swaption with exercise at the time T1, n swap payments
at times T1 < · · · < Tn = T , fix paying rate sK, that can be exercised only if
the counterparty defaults until T̃ ∈ (0, T1]. Then the price of such contingent
swaption VCS can be expressed as

VCS

(
0, T̃ , T1, Tn, ω

)
= X(0, T1, Tn)EQ1,n

0

[
(ω(s1,n(T1)− sK))+

1

[
τ ≤ T̃

]]
(5.1)

where ω stands for the side of the contract as in the case of swaption (see (1.34)).
The conditional expectation on the right-hand side of (5.1) can be rewritten,

according to Cherubini (2013), as

EQ1,n

0 [(s1,n (T1)− sK)+
1

[
τ ≤ T̃

]]
=

= EQ1,n

0

 ∞∫
0

1
[
(s1,n(T1)− sK)+ > s

]
1

[
τ ≤ T̃

]
ds


= EQ1,n

0

 ∞∫
sK

1 [s1,n(T1) > s]1
[
τ ≤ T̃

]
ds


=

∞∫
sK

EQ1,n

0

[
1 [s1,n(T1) > s]1

[
τ ≤ T̃

]]
ds

=

∞∫
sK

EQ1,n

0

[
1

[
s1,n(T1) > s, τ ≤ T̃

]]
ds

=

∞∫
sK

Q1,n

[
s1,n(T1) > s, τ ≤ T̃

]
ds

(5.2)
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and analogously for the other side of the contract

EQ1,n

0

[
(sK − s1,n(T1))+

1

[
τ ≤ T̃

]]
=

sK∫
0

Q1,n

[
s1,n(T1) ≤ s, τ ≤ T̃

]
ds. (5.3)

Let C be an arbitrary copula for the swap rate s1,n(T1) and the default time τ ,
i.e.,

Q1,n

[
s1,n(T1) ≤ s, τ ≤ T̃

]
= C(G(s), F (T̃ )) (5.4)

where G and F are the cumulative distribution functions of the swap rate s1,n(T1)
and the default time τ . Since the inequalities in (5.2) are not same we may use

the copula C̃(1 − u, v) corresponding to the joint event of the swap rate being
higher than the strike rate sK and the default time of the counterparty being
lower than time T̃ . Notice that copulas C and C̃ are different but the following
equality holds C̃(1− u, v) = v − C(u, v). Then

Q1,n

[
s1,n(T1) > s, τ ≤ T̃

]
= C̃(G(s), F (T̃ )) = F (T̃ )− C(G(s), F (T̃ )) (5.5)

where G(x) = 1−G(x).
Therefore, we may conclude that

EQ1,n

0

[
(s1,n(T1)− sK)+

1

[
τ ≤ T̃

]]
=

∞∫
sK

C̃(G(s), F (T̃ ))ds (5.6)

and

EQ1,n

0

[
(sK − s1,n(T1))+

1

[
τ ≤ T̃

]]
=

sK∫
0

C(G(s), F (T̃ ))ds. (5.7)

For example, let us consider an independent copula (see Section 1.1), i.e.,
independence between default time and the swap rate, which should give us IRS
CVA formula presented in Sorensen and Bollier (1994). The fix-payer contigent
swaption is calculated as

EQ1,n

0

[
(s1,n(T1)− sK)+

1

[
τ ≤ T̃

]]
= F (T̃ )

∞∫
sK

(G(s))ds

= F (T̃ )

∞∫
sK

Q1,n [s1,n(T1) > s] ds

= F (T̃ ) · EQ1,n

0

[
(s1,n(T1)− sK)+

]
=

F (T̃ )VSwaption(0, T1, Tn, sK , 1)

X(0, T1, Tn)
(5.8)
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and analogously for the fix-rate receiver contingent swaption we get

EQ1,n

0

[
(sK − s1,n(T1))+

1

[
τ ≤ T̃

]]
= F (T̃ )

sK∫
0

G(s)ds

= F (T̃ )

sK∫
0

Q1,n [s1,n(T1) ≤ s] ds

= F (T̃ ) · EQ1,n

0

[
(sK − s1,n(T1))+

]
=

F (T̃ )VSwaption(0, T1, Tn, sK,−1)

X(0, T1, Tn)
.(5.9)

Hence, after division of the time interval (t, T ] into disjoint subintervals (T0, T1],
(T1, T2], . . . , (T1, Tn] we obtain

ICVAIRS(t, T ) =

= LGD
n−1∑
i=0

EQ
t

[
1 [Ti < τ ≤ Ti+1]D(t, τ)V (τ, T )+

]
≈ LGD

n−1∑
i=0

EQ
t

[
1 [Ti < τ < Ti+1]D(t, Ti+1)V (Ti+1, T )+

]
= LGD

n−1∑
i=0

(F (Ti+1)− F (Ti))X(t, Ti+1, Tn)EQi+1,n

t

[
(ω(si+1,n(Ti+1)− sK))+

]
= LGD

n−1∑
i=0

(F (Ti+1)− F (Ti))VSwaption(t, Ti+1, Tn, sK, ω),

(5.10)

which is equal to the Sorensen-Bollier approximation IRS CVA price. Both for-
mulas depend on the contract side expressed by the last parameter ω.

5.2 Gaussian Copula Approach

5.2.1 Risky Swaption Price

To calculate the IRS CVA with inclusion of the wrong-way, or right-way risk,
it is necessary to derive a formula for the risky swaption1 price, i.e., swaption
price with CCR. A series of such swaptions with different expirations and fixed
tenor will give the final IRS CVA formula.

The first result that we are going to need is a semi-analytical formula for
the risky swaption price, i.e., the swaption that is settled only if the option
seller does not default and where we admit a nonzero probability of default.
We assume that the random component of the interest rate and of the default
time can be decomposed into a common systematic factor and different specific
factors. These factors are independent of each other. However, we admit possible

1The risky swaption is a modification of the risky option presented in Gregory (2008).
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dependence between the default time and the interest rate, which is expressed
by a constant correlation coefficient. The risky swaption evaluation using semi-
analytical formula is summarized in the following theorem.

Theorem 6. Suppose that U , ε1, ε2 are N(0,1) iid, T1 > 0, σ > 0, a ∈ [−1, 1],
b ∈ [−1, 1], S(t) = e−ht, and the swap rate s1,n(T1) is expressed (with respect to
the annuity measure) as

s1,n(T1) = s1,n(0) exp
{
−σ2T1/2 + σ

√
T1Y

}
(5.11)

where Y = aU+
√

1− a2ε1. Further let us suppose that the default time is defined
as

τ = S−1(Φ(−Z)) (5.12)

where Z = bU +
√

1− b2ε2. Then the risky payer (receiver) swaption price with

strike rate sK, no recovery, 0 < T̃ ≤ T1, annuity numeraire satisfying (1.10) and

with the payoff function V payoff
RS ≡ VRS(T1, T̃ , T1, Tn) equal to

V payoff
RS =


L ·X(T1, T1, Tn) · 1

[
τ > T̃

]
(s1,n(T1)− sK)+ for the fix payer

L ·X(T1, T1, Tn) · 1
[
τ > T̃

]
(sK − s1,n(T1))+ for the fix receiver

is for the fix-payer swaption given by:

VRS(0, T̃ , T1, Tn) = L ·X(0, T1, Tn) · (s1,n(0) · A1 − sK · A2) ,

respectively for the fix-receiver swaption

VRS(0, T̃ , T1, Tn) = L ·X(0, T1, Tn) · (sK · A−2 − s1,n(0) · A−1)

where

A±1 =

∞∫
−∞

exp
{
auσ

√
T1 − a2σ2T1/2

}
Φ

(
±d1 + au− a2σ

√
T1√

1− a2

)
·

·Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du,

A±2 =

∞∫
−∞

Φ

(
±
d2 + au
√

1− a2

)
Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du,

d1 =
log (s1,n(0)/sK) + σ2T1/2

σ
√
T1

,

d2 = d1 − σ
√
T1, and

ϕ(u) =
1√
2π
e−u

2/2, u ∈ R.
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Proof. The present price of the payer swaption is calculated as the discounted
expectation of the future payoff, i.e.,

VRS(0, T̃ , T1, Tn) = X(0, T1, Tn) ·EQ1,n

0

[
VRS(T1, T̃ , T1, Tn)

X(T1, T1, Tn)

]
= L ·X(0, T1, Tn) ·EQ1,n

0

[
1

[
τ > T̃

]
(s1,n(T1)− sK)+

]
where Q1,n is the annuity measure. The default time τ can be expressed by the
standard normal variables U and ε1, so

E
Q1,n

0

[
(s1,n(T1)− sK)+

1

[
τ > T̃

]]
=

= E
Q1,n

0

[
E

Q1,n

0

[
(s1,n(T1)− sK)+

1

[
τ > T̃

]∣∣∣U]]
=

∞∫
−∞

E
Q1,n

0

[
(s1,n(T1)− sK)+

1

[
Z > Φ−1(1− S(T̃ ))

]
| U = u

]
ϕ(u)du

=

∞∫
−∞

E
Q1,n

0

[
(s1,n(T1)− sK)+

1

[
ε2 >

Φ−1(1− S(T̃ ))− bu√
1− b2

]∣∣∣∣∣U = u

]
ϕ(u)du.

The stochastic part of the swap rate s1,n(T1) with a given U = u is equal to ε1.
The independence of ε1 and ε2 implies that

∞∫
−∞

E
Q1,n

0

[
(s1,n(T1)− sK)+

1

[
ε2 >

Φ−1(1− S(T̃ ))− bu√
1− b2

]∣∣∣∣∣U = u

]
ϕ(u)du =

=

∞∫
−∞

EQ1,n

0

[
(s1,n(T1)− sK)+ | U = u

]

· EQ1,n

0

[
1

[
ε2 >

Φ−1(1− S(T̃ ))− bu√
1− b2

]∣∣∣∣∣U = u

]
ϕ(u)

 du

=

∞∫
−∞

EQ1,n

0

[
(s1,n(T1)− sK)+ | U = u

]

·
∞∫

−∞

1

[
x2 >

Φ−1(1− S(T̃ ))− bu√
1− b2

]
ϕ(x2)dx2ϕ(u)

 du

=

∞∫
−∞

E
Q1,n

0

[
(s1,n(T1)− sK)+ | U = u

]
Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du

=

∞∫
−∞

∞∫
log (sK)−m

w

(ex1w+m − sK)ϕ(x1)dx1Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du
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where

m = log (s1,n(0))− σ2T1/2 + auσ
√
T1,

w =
√

1− a2σ
√
T1.

Now we can separate the integral into two parts. First, we will integrate the part
corresponding the strike rate sK:

−sK

∞∫
−∞

∞∫
log (sK)−m

w

ϕ(x1)dx1Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du =

= −sK

∞∫
−∞

Φ

(
m− log (sK)

w

)
Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du =

= −sK

∞∫
−∞

{
Φ

(
log (s1,n(0)/sK)− σ2T1/2 + auσ

√
T1√

1− a2σ
√
T1

)

· Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)

}
du

= −sK

∞∫
−∞

Φ

(
d2 + au
√

1− a2

)
Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du = −sK · A2.

Second, the part corresponding the swap rate s1,n(0)

∞∫
−∞

∞∫
log (sK)−m

w

ex1w+mϕ(x1)dx1Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du =

=

∞∫
−∞

∞∫
log (sK)−m

w
−w

em+w2/2ϕ(x1)dx1Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du

=

∞∫
−∞

em+w2/2Φ

(
w − log (sK)−m

w

)
Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du

= s1,n(0)

∞∫
−∞

exp
{
auσ

√
T1 − a2σ2T1/2

}
Φ

(
d1 + au− σ

√
T1a

2

√
1− a2

)
·

Φ

(
bu− Φ−1(1− S(T̃ ))√

1− b2

)
ϕ(u)du = s1,n(0) · A1.

The proof of the receiver risky swaption price is analogous.

�

This result gives us an analytical formula for the evaluation of the swaption price
with the CCR. In the next section we will use this formula to calculate the IRS
CVA.
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Remark 1. We see that Y ∼ N(0, 1) so that s1,n(T1) possesses a lognormal dis-
tribution.

Remark 2. Note that the risky swaption payoff can change up to the time T̃ ≤ T1

where T1 is the time of the first payment. We will use the result for T̃ = T0 where
T0 is the standard swap start date, but also for T̃ = T1.

Remark 3. The correlation coefficient between the swap rate s and the default
time τ is ρ = ab and ρ ∈ [−1, 1]. Furthermore, we will assume that |a| = |b| ≤ 1,
i.e., the correlation ρ is positive if a and b have the same sign, negative if a and
b have different sign and ρ = 0 otherwise.

5.2.2 Interest Rate Swap CVA

We can use the swaption price to evaluate the CVA of the IRS with n swap
payments (T1 < · · · < Tn = T ) starting at the time t = T0 also in the presence of
the wrong-way, or right-way, risk. This is achieved by

CVAIRS(t, T ) = LGD
n−1∑
i=0

CVAIRS(t, Ti, Ti+1) (5.13)

where CVAIRS(t, Ti, Ti+1) is the expected value of the loss if the counterparty
defaults between the times Ti and Ti+1. More rigorously, for i = 0, . . . , n− 1 we
have

CVAIRS(t, Ti, Ti+1) = E
Q
t

[
1 [Ti < τ ≤ Ti+1]D(t, τ)V (τ, T )+

]
≈ E

Q
t

[
1 [Ti < τ ≤ Ti+1]D(t, Ti+1)V (Ti+1, T )+

]
= E

Q
t

[
1 [τ > Ti]D(t, Ti+1)V (Ti+1, T )+

− 1 [τ > Ti+1]D(t, Ti+1)V (Ti+1, T )] (5.14)

= E
Q
t

[
1 [τ > Ti]D(t, Ti+1)V (Ti+1, T )+

]
−EQ

t [1 [τ > Ti+1]D(t, Ti+1)V (Ti+1, T )]

= X(0, Ti+1, T )EQi+1,n

[
VRS(Ti+1, Ti, Ti+1, Tn)

X(Ti+1, Ti+1, T )

]
−X(0, Ti+1, T )EQi+1,n

[
VRS(Ti+1, Ti+1, Ti+1, Tn)

X(Ti+1, Ti+1, T )

]
= VRS(t, Ti, Ti+1, T )− VRS(t, Ti+1, Ti+1, T ).

In other words, the CVAIRS at time t with possible default between times Ti and
Ti+1 is approximated by the difference of the risky swaption prices with expiration
at Ti and at Ti+1, but in both cases with settlement at Ti+1, i.e., with payments
starting at Ti+1. Let us denote this approximation of CVAIRS by CVAIRS, i.e.,

CVAIRS(t, T ) = LGD
n−1∑
i=0

CVAIRS(t, Ti, Ti+1)

= LGD
n−1∑
i=0

[VRS(t, Ti, Ti+1, T )− VRS(t, Ti+1, Ti+1, T )] .

(5.15)
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If we combine this result with Theorem 6 we obtain following theorem for the
IRS CVA price including WWR.

Theorem 7. Let us assume that the assumptions of Theorem 6 are satisfied.
Furthermore let us suppose that the payoff is postponed to the following swap
payment date if the counterparty defaults. Then the CVAIRS of the fix rate payer
(receiver) IRS including wrong-way, or right-way, risk can be calculated as

CVAIRS(t, T ) = L ·LGD
n−1∑
i=0

X(t, Ti+1, T ) [si+1,n(t)(A1,i −B1,i)− sK(A2,i −B2,i)] ,

(5.16)
respectively

CVAIRS(t, T ) =

=L · LGD
n−1∑
i=0

X(t, Ti+1, T ) [sK(A−2,i −B−2,i)− si+1,n(t)(A−1,i −B−1,i)]

(5.17)

where

A±1,i =

∞∫
−∞

 exp
{
aiuσ

√
Ti+1 − t− a2

iσ
2(Ti+1 − t)/2

}

· Φ

(
±d1,i + aiu− a2

iσ
√
Ti+1 − t)√

1− a2
i

)

· Φ

(
biu− Φ−1(1− Si(Ti − t))√

1− b2
i

)
ϕ(u)

 du,

B±1,i =

∞∫
−∞

 exp
{
aiuσ

√
Ti+1 − t− a2

iσ
2(Ti+1 − t)/2

}

· Φ

(
±d1,i + aiu− a2

iσ
√
Ti+1 − t)√

1− a2
i

)

· Φ

(
biu− Φ−1(1− Si(Ti+1 − t))√

1− b2
i

)
ϕ(u)

 du,

A±2,i =

∞∫
−∞

Φ

(
±
d2,i + aiu√

1− a2
i

)
Φ

(
biu− Φ−1(1− Si(Ti − t))√

1− b2
i

)
ϕ(u)du,

B±2,i =

∞∫
−∞

Φ

(
±
d2,i + aiu√

1− a2
i

)
Φ

(
biu− Φ−1(1− Si(Ti+1 − t))√

1− b2
i

)
ϕ(u)du,

d1,i =
log (si+1,n(t)/sK) + σ2(Ti+1 − t)/2

σ
√
Ti+1 − t

, d2,i = d1,i − σ
√
Ti+1 − t.
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The proof of this theorem follows from Theorem 6 and from (5.15) since τ ≤ T
if and only if τ ∈ (Ti, Ti+1] for some i ≤ n− 1.

Remark 4. Let us recall that the CVAIRS is an approximation of the CVAIRS due
to the postponement of the payoff (see (5.14)). The same principle is used by
Sorensen and Bollier (1994) to obtain a closed-form expression of the IRS ICVA.

Remark 5. Note that, in general, the survival functions Si and correlations ρi =
aibi (again |ai| = |bi| for all i) change with respect to the numeraire. The sur-
vival function S and correlation coefficient ρ without subscript correspond to the
unified risk-neutral measure. In terms of practical use we ignore the change of
numeraire and approximate Si = S and ρi = ρ for all i = 0, . . . , n− 1.

It should be emphasised that from Theorem 7 it is not clear when the wrong-
way or right-way risk occurs. Recall that if the variable Y goes up then the IRS
market value goes up for the fix payer and if Z goes up then the counterparty risk
goes down. Table 5.1 summarizes the situation in which wrong-way, or right-way
risk, (expressed by the correlation coefficient ρ) arises depending on the contract
side. For example, if the IRS and default time drivers go up simultaneously,
only right-way risk arises for the fix-rate payer (the fix-rate receiver is the risky
counterparty). In contrast, when the IRS and default time drivers go down
simultaneously, only wrong-way risk for the fix-rate receiver arises (the fix-rate
payer is the risky counterparty).

Correlation IRS driver Def. time driver Right-way risk Wrong-way risk

ρ > 0
Y ↑ Z ↑ fix payer -
Y ↓ Z ↓ - fix receiver

ρ < 0
Y ↓ Z ↑ fix receiver -
Y ↑ Z ↓ - fix payer

Table 5.1: Wrong-way and Right-way risk depending on correlation ρ and contract
side.

The IRS CVA semi-analytical formula presented in Theorem 7 depends on
the Gaussian copula assumption (see Section 1.1). We realize that the normal
distribution is not heavy-tailed and therefore this assumption does not exactly
match the situation on the market (see McNeil, Frey, and Embrechts (2005) or
Stádńık (2014)). The usage of more suitable heavy-tailed distributions based on
a normal distribution, e.g., Student’s t-copula or double t-copula, may be the
next direction in the IRS CVA research.

5.2.3 Numerical Study

We are going to price a plain-vanilla at-the-money fix-receiver 10Y IRS (with
swap rate 4.05 %) on the EUR market where the fixed leg pays annually a 30E/360
strike rate and the floating leg pays semi-annually LIBOR. The recovery rate is
equal to zero, i.e., LGD = 1, and the volatility σ is equal 12 %. Remaining inputs
of the model are the zero-bond spot rates which are shown in the Table 5.2.
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Maturity Rate Maturity Rate Maturity Rate
26-Jun-06 2.83% 20-Sep-07 3.46% 27-Jun-16 4.19%
27-Jun-06 2.83% 19-Dec-07 3.52% 27-Jun-17 4.23%
28-Jun-06 2.83% 19-Mar-08 3.57% 27-Jun-18 4.27%
04-Jul-06 2.87% 19-Jun-08 3.61% 27-Jun-19 4.31%
11-Jul-06 2.87% 18-Sep-08 3.65% 29-Jun-20 4.35%
18-Jul-06 2.87% 29-Jun-09 3.75% 28-Jun-21 4.38%
27-Jul-06 2.88% 28-Jun-10 3.84% 27-Jun-22 4.41%
28-Aug-06 2.92% 27-Jun-11 3.91% 27-Jun-23 4.43%
20-Sep-06 2.96% 27-Jun-12 3.98% 27-Jun-24 4.45%
20-Dec-06 3.14% 27-Jun-13 4.03% 27-Jun-25 4.47%
20-Mar-07 3.27% 27-Jun-14 4.09% 29-Jun-26 4.48%
21-Jun-07 3.38% 29-Jun-15 4.14% 28-Jun-27 4.50%

Table 5.2: EUR zero-coupon continuously-compounded spot rates (ACT/360)
observed on June,23 2006. Source: Brigo and Pallavicini (2007).

In this case, the wrong-way risk occurs when the default time and the inter-
est rates go down simultaneously and thus, we consider only the positive cor-
relation coefficient. The correlation coefficient describes a dependence between
levels of the interest rate and the default time (not between their instantaneous
changes). The following table shows the CVA of the IRS including CCR using a
semi-analytical formula for different correlation coefficients and the (risk-neutral)
hazard rate h = 5%.

ρ CVAIRS

0 0.343 %
0.1 0.394 %
0.3 0.501 %
0.5 0.619 %
0.7 0.751 %
0.9 0.914 %
1 1.028 %

Table 5.3: CVAIRS values as a percentage of the notional amount with hazard
rate equal to 5 %.

The impact of the wrong-way risk is certainly not negligible. In case of a perfect
correlation between the interest rate and the default time the wrong-way risk
effect2 is about 0.69 % of the nominal value.

The previously presented CVA was related to the risk-neutral hazard rate
equal to 5 % which corresponds to worse rated countries or well-rated companies.
A corporate risk-neutral hazard rate will be typically about 10 % (see Moody’s
rating B in Hull, White, and Predescu (2005)). The figure below illustrates the
behavior of the CVA of the IRS with respect to the correlation coefficient and
also the hazard rate h.

2The difference between the CVA with perfect adverse dependence (ρ = 1) and the ICVA.
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Figure 5.1: CVAIRS as a function of hazard rate h and correlation ρ.

We may see that from certain values of the hazard rate and correlation the
CVA tends to go down. This is caused by a high probability of early default, i.e.,
the IRS rate is not likely to change much during a short time interval, and so
neither the exposure is expected to change too much.

5.3 Brigo-Pallavicini Simulation Approach

In Brigo and Pallavicini (2007) the interest rate development is described by
the two-factor G2++ model, described in Section 2.1.5, where (WQ

1 ,W
Q
2 ) is a two-

dimensional Brownian motion under money market measure with instantaneous
correlation ρ1,2. Brigo and Pallavicini (2007) also assume that default intensity
is stochastic and it is governed by the CIR++ model, i.e.,

λt = yt + ψ(t, β), t ≥ 0,

dyt = κ(µ− yt)dt+ ν
√
ytdW

Q
3 (t) (5.18)

where the parameter vector is β = (κ, µ, ν, y0)>, with κ, µ, ν, y0 positive determin-
istic constants and WQ

3 is a standard Brownian motion process under the money
market measure.

The instantaneous correlation between the short rate and the hazard rate,
i.e., the instantaneous interest-rate versus credit-spread correlation is

ρ = corr(drt, dλt). (5.19)

The description and properties the stochastic hazard rate models can be also
found in Brigo and Mercurio (2006) or Bielecki and Rutkowski (2004). The
calibration process of these models and the calibration results are described in
detail in Brigo and Pallavicini (2007).

5.4 Cherubini’s Semi-analytical Approach

In Cherubini (2013), Fréchet family of copulas describing the perfect depen-
dece between the exposure and the credit quality of the counterparty is used.
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Consider again a swap with n payments at times T1 < · · · < Tn = T with fixed
swap rate3 sK, and τ is the default time of the counterparty. Let t = T0 and let
us consider constant LGD. The IRS CVA is calculated using the joint probability
in the form

CVAIRS(t, T ) =

= LGD
n−1∑
i=0

EQ
t

[
1 [Ti < τ ≤ Ti+1]D(t, τ)X(τ, Ti+1, Tn) (si+1,n(τ)− sK)+]

≈ LGD
n−1∑
i=0

EQ
t

[
1 [Ti < τ ≤ Ti+1]D(t, Ti+1)X(Ti+1, Ti+1, Tn) (si+1,n(Ti+1)− sK)+]

= LGD
n−1∑
i=0

X(t, Ti+1, Tn)EQi+1,n
t

[
1 [Ti < τ ≤ Ti+1] (si+1,n(τ)− sK)+]

= LGD
n−1∑
i=0

X(t, Ti+1, Tn)

∞∫
sK

Qi+1,n [si+1,n(Ti+1) > u, Ti < τ ≤ Ti+1] .

(5.20)

Now the usage of the copula function is the following: the probability of
the above joint event (the swap rate is higher than some fixed treshold and the
default occurs between the times Ti and Ti+1) is, according to Cherubini (2013),

expressed by copula function C̃ as

Qi+1,n [si+1,n(Ti+1) > u, Ti ≤ τ < Ti+1] = C̃(1−G(u), S(Ti)− S(Ti+1)) (5.21)

where S(Ti+1) is the risk-neutral survival function of the counterparty at time
Ti+1 and G(u) = Qi+1,n [si+1,n(Ti+1) ≤ u] is the absolutely continuous cdf of the

swap rate at u. If we put the copula function C̃ into (5.20) we obtain

CVAIRS(t, T ) ≈ LGD
n−1∑
i=0

X(t, Ti+1, Tn)

∞∫
sK

C̃(1−G(u), S(Ti)−S(Ti+1))du. (5.22)

An analogous expression holds also for the other side of the contract (coun-
terparty is the fix rate receiver)

CVAIRS(t, T ) ≈ LGD
n−1∑
i=0

X(t, Ti+1, Tn)

sK∫
0

C(G(u), S(Ti)− S(Ti+1))du (5.23)

where C is the copula of the joint event of the swap rate being lower than the
fixed rate and that the default event is between times Ti and Ti+1.

As we mentioned at the beginning of this section, Fréchet copulas are used in
the semi-analytical formula, particularly the upper and lower Fréchet bound (see

3The fixed swap rate is equal to swap rate at the origination of the IRS contract.
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Section 1.1). In other words, if the counterparty is paying fix rate sK then the per-
fect adverse dependence between the exposure and the credit quality (hereinafter
perfect WWR) is expressed by the upper Fréchet bound

C̃(1−G(u), S(Ti)− S(Ti+1)) = min{1−G(u), S(Ti)− S(Ti+1)} (5.24)

and IRS CVA with perfect WWR, denoted by CVAWWR
IRS , based on C̃ is calculated

as

CVAWWR
IRS (t, T ) ≈ LGD

n−1∑
i=0

X(t, Ti+1, Tn) max{k(Ti+1)− sK, 0}(S(Ti)− S(Ti+1))

+ LGD
n−1∑
i=0

VSwaption(t, Ti+1, Tn,max{sK, k(Ti+1)}, 1)

(5.25)

where k(Ti+1) = G
−1

(S(Ti)− S(Ti+1)), G(u) = 1−G(u), and G
−1

is the inverse
function of G. The formula for the other side of the contract is analogous

CVAWWR
IRS (t, T ) ≈ LGD

n−1∑
i=0

X(t, Ti+1, Tn) max{sK − k∗(Ti+1), 0}(S(Ti)− S(Ti+1))

+ LGD
n−1∑
i=0

VSwaption(t, Ti+1, Tn,min{sK, k(Ti+1)},−1)

(5.26)

where k∗(Ti+1) = G−1 (S(Ti)− S(Ti+1)). Cherubini (2013) used a local volatility
model for the swaption prices in the numerical study, and therefore k(Ti+1) and
k∗(Ti+1) are such that

k(Ti+1) = si+1,n(t)× exp

{
−
σ2
i+1

2
− Φ−1 (S(Ti)− S(Ti+1))σi+1

√
Ti+1 − t)

}
,

k∗(Ti+1) = si+1,n(t)× exp

{
−
σ2
i+1

2
+ Φ−1 (S(Ti)− S(Ti+1))σi+1

√
Ti+1 − t

}
where si+1,n(t) is forward swap rate at time t of swap contract starting at time
Ti+1 (tenor is still Tn), σi+1 is volatility corresponding to time Ti+1 and Φ is the
cdf of the standard normal distribution. In order to apply this technique for an
arbitrary dependence between exposure and credit quality, Cherubini (2013) uses
mixture copula with dependence parameter ρ which reads as

CVAIRS(t, T ) ≈ ρ̃CVAWWR
IRS (t, T ) + (1− ρ̃)ICVAIRS(t, T ). (5.27)

Although the proposed method is very elegant and practitioners friendly,
Cherubini (2013) does not offer any calibration of the parameter ρ to real market
data.
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5.5 Modified Cherubini’s Approach

In further research, we focus on the use of the copula approach for CVA
calculation. We were inspired by paper Cherubini (2013) which introduced a IRS
CVA semi-analytical formula with the inclusion of wrong-way risk using Fréchet
copulas presented in Section 1.1. As we saw, Cherubini (2013) used the swap
rate cdf and the probability of default in a certain time interval as the arguments
of the copula. However, in Cherubini (2013), one equality (see equation (5.21))
which is not completely consistent with Sklar’s theorem (see Section 1.1) is used

Qi+1,n [si+1,n(Ti+1) > u, Ti ≤ τ < Ti+1] 6=
6= C̃(Qi+1,n [si+1,n(Ti+1) > u] ,Qi+1,n [Ti ≤ τ < Ti+1])

which leads to the equation (5.21). The correct representation of the joint prob-
ability above in the terms of copulas is the following:

Qi+1,n [si+1,n(Ti+1) > u, Ti ≤ τ < Ti+1] =

= Qi+1,n [si+1,n(Ti+1) > u, τ < Ti+1]−Qi+1,n [si+1,n(Ti+1) > u, τ < Ti]

= C̃(Qi+1,n [si+1,n(Ti+1) > u] ,Qi+1,n [τ < Ti])

− C̃(Qi+1,n [si+1,n(Ti+1) > u] ,Qi+1,n [τ < Ti]).

(5.28)

In contrast with Cherubini (2013), we used directly the cdf of the default time as
the second argument of the copula so we can use Sklar’s theorem. If we combine
the results from the sections 5.1 and 5.2 we obtain a general copula expression of
the expected value of the loss if the counterparty defaults during a certain time
period such that

CVAIRS(0, Ti, Ti+1) ≈ X(0, Ti+1, Tn)

∞∫
sK

(
C̃(G(s), F (Ti+1))− C̃(G(s), F (Ti))

)
ds,

(5.29)
or

CVAIRS(0, Ti, Ti+1) ≈ X(0, Ti+1, Tn)

sK∫
0

(C(G(s), F (Ti+1))− C(G(s), F (Ti))) ds,

(5.30)
depending on the contract side.

We have recalculated the CVA semi-analytical formula based on upper Fréchet
copula bounds considering, as well as Cherubini (2013), perfect adverse depen-
dence.

Let us denote by Gi+1 the cdf of the swap rate si+1,n(Ti+1) for i = 0, . . . , n−1,
swap rate survival function by Gi+1(x) = 1−Gi+1(x), and let F be the cdf of the
default time τ of the counterparty.

Our results are summarized in the theorem below.

Theorem 8. Suppose that copulas C, C̃ from (5.29), (5.30) are upper Fréchet
bounds. Furthermore let us suppose that the payoff is postponed to the following
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swap payment date if the counterparty defaults. Then the CVA
WWR

IRS from the
perspective of a fix payer (receiver) is equal to

CVA
WWR

IRS (t, T ) =

=LGD
n−1∑
i=0

[
L ·X(0, Ti+1, Tn) [max{si+1 − sK, 0}F (Ti+1)−max{si − sK, 0}F (Ti)]

+ VSwaption(0, Ti+1, T,max{si+1, sK}, 1)− VSwaption(0, Ti+1, T,max{si, sK}, 1)

]
,

(5.31)

respectively

CVA
WWR

IRS (t, T ) =

=LGD
n−1∑
i=0

[
L ·X(0, Ti+1, Tn)

[
max{sK − s∗i+1, 0}F (Ti+1)−max{sK − s∗i , 0}F (Ti)

]
+ VSwaption(0, Ti+1, T,min{s∗i+1, sK},−1)− VSwaption(0, Ti+1, T,min{s∗i , sK},−1)

]
(5.32)

where
si+1 = G

−1

i+1(F (Ti+1)), si = G
−1

i+1(F (Ti)),

s∗i+1 = G−1
i+1(F (Ti+1)), s∗i = G−1

i+1(F (Ti)).

Proof. Let us first consider the fix payer IRS (fix receiver is the risky coun-
terparty). Notice that ∀i si+1 ≤ si and

C̃(Gi+1(s), F (Ti+1))−C̃(Gi+1(s), F (Ti)) =


0, for si+1 < si ≤ s,
F (Ti+1)− F (Ti), for s ≤ si+1,
Gi+1(s)− F (Ti), for si+1 < s < si.

Hence,

∞∫
sK

C̃(Gi+1(s), F (Ti+1))− C̃(Gi+1(s), F (Ti)) =

= max{si+1 − sK, 0}(F (Ti+1)− F (Ti)) +

max{si,sK}∫
max{si+1,sK}

(Gi+1(s)− F (Ti))ds

= max{si+1 − sK, 0}F (Ti+1)−max{si − sK, 0}F (Ti) +

max{si,sK}∫
max{si+1,sK}

Gi+1(s))ds

(5.33)
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and the integral on the right-hand side is in fact the expected value of the swaption
payoff with a modified strike rate

max{si,sK}∫
max{si+1,sK}

Gi+1(s)ds =

∞∫
max{si+1,sK}

Gi+1(s)ds−
∞∫

max{si,sK}

Gi+1(s)ds

= EQ
0

[
(si+1,n(Ti+1)−max{si+1, sK})+]

−EQ
0

[
(si+1,n(Ti+1)−max{si, sK})+]

Finally, multiplying equation (5.33) by X(0, Ti+1, Tn) and L we get that

CVAWWR
IRS (0, Ti, Ti+1) =

= L ·X(0, Ti+1, Tn) [max{si+1 − sK, 0}F (Ti+1)−max{si − sK, 0}F (Ti)]

+ VSwaption(0, Ti+1, T,max{si+1, sK}, 1)− VSwaption(0, Ti+1, T,max{si, sK}, 1).

The calculation of CVA
WWR

IRS (t, T ) is now straight-forward from the first equation
in (5.15).

The proof of the second formula, with a few exceptions, is very similar to the
first one. Notice that ∀i s∗i ≤ s∗i+1 and

C(Gi+1(s), F (Ti+1))−C(Gi+1(s), F (Ti)) =


0 for s ≤ s∗i < s∗i+1,
F (Ti+1)− F (Ti) for s∗i < s∗i+1 ≤ s,
Gi+1(s)− F (Ti) for s∗i < s < s∗i+1.

Hence
sK∫

0

C(Gi+1(s), F (Ti+1))− C(Gi+1(s), F (Ti)) =

= max{sK − s∗i+1, 0}(F (Ti+1)− F (Ti)) +

min{s∗i+1,sK}∫
min{s∗i ,sK}

(Gi+1(s)− F (Ti))ds

= max{sK − s∗i+1, 0}F (Ti+1)−max{sK − s∗i , 0}F (Ti) +

min{s∗i+1,sK}∫
min{s∗i ,sK}

Gi+1(s)ds,

(5.34)

because

min{s∗i+1, sK} −min{s∗i , sK} = min{s∗i+1 − sK, 0} −min{s∗i − sK, 0}
= −max{sK − s∗i+1, 0}+ max{sK − s∗i , 0}.

Then, having computed the last integral, we get expected values of swaption
payoff with modified strike rates different from the previous case as

min{s∗i+1,sK}∫
min{s∗i ,sK}

Gi+1(s)ds =

min{s∗i+1,sK}∫
0

Gi+1(s)ds−
min{s∗i ,sK}∫

0

Gi+1(s)ds

= EQ
0

[(
min{s∗i+1, sK} − si+1,n(Ti+1)

)+
]

−EQ
0

[
(min{s∗i , sK} − si+1,n(Ti+1))+] .
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Again, multiplying equation (5.34) by X(0, Ti+1, Tn) and L yields

CVA
WWR

IRS (0, Ti, Ti+1) =

= L ·X(0, Ti+1, Tn)
[
max{s∗i+1 − sK, 0}F (Ti+1)−max{s∗i − sK, 0}F (Ti)

]
+ VSwaption(0, Ti+1, T,min{s∗i+1, sK},−1)− VSwaption(0, Ti+1, T,min{s∗i , sK},−1).

which completes the proof.

�

Let us recall that the CVAIRS is an approximation of the CVAIRS due to the
postponement of the payoff (see Remark 4 related to Theorem 7).

In further calculations we make use of the assumption of lognormally dis-
tributed swap rates and the assumption of exponentially distributed default time
with default intensity h, then

si = si+1,n(t)× exp

{
−σ

2

2
− Φ−1(1− exp{−h(Ti − t)})σ

√
Ti+1 − t

}
,

si+1 = si+1,n(t)× exp

{
−σ

2

2
− Φ−1(1− exp{−h(Ti+1 − t)})σ

√
Ti+1 − t

}
and

s∗i = si+1,n(t)× exp

{
−σ

2

2
+ Φ−1(1− exp{−h(Ti − t)})σ

√
Ti+1 − t

}
,

s∗i+1 = si+1,n(t)× exp

{
−σ

2

2
+ Φ−1(1− exp{−h(Ti+1 − t)})σ

√
Ti+1 − t

}
.

As in Cherubini (2013), we will use a mixture copula given by (5.27) where
the dependence between exposure and credit quality is expressed by parameter
ρ̃.

5.6 Comparison of Results

We are going to compare the prices of the IRS adjusted for CCR calculated
by our semi-analytical approaches, Gaussian copula and Modified Cherubini, pre-
sented in sections 5.2 and 5.5 with the simulation study of Brigo and Pallavicini
(2007) and also with different semi-analytical approach proposed by Cherubini
(2013).

Table 5.4 contains the results of all presented approaches calculated without
and with the wrong-way risk. The hazard rate h, respectively initial hazard rate
γ from Brigo and Pallavicini (2007), is fixed. The results of our semi-analytical
approaches are displayed in the columns CVACW and CVAMod where the former
correponds to the Gaussian copula approach and the latter to the modified Cheru-
bini approach. The column CVABrigo corresponds to the results of the Brigo-
Pallavicini simulation study and column CVACher contains results of Cherubini’s
formula results. Note that the correlation used in Brigo and Pallavicini (2007) is
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an instantaneous correlation of the interest rate and the hazard rate denoted by
ρ (see equation (5.19)) while in Gaussian copula approach we use the correlation

ρ = ab = corr(Y, Z) (5.35)

between the levels of the interest rate and the default time, respectively correla-
tion between the random drivers of the interest rate and the default time given
by (5.11) and (5.12). The rest of the presented semi-analytical formulas follow
the same dependence logic as in the Gaussian copula approach, i.e., between the
levels of interest rate and default time (ρ ≈ ρ̃).

corrCW corrBrigo h, γ CVACW CVABrigo CVAMod CVACher

3 % 0.22 % 0.22 % 0.22% 0.22%
ρ = 0 ρ = 0 5 % 0.34 % 0.34 % 0.34% 0.34 %

7 % 0.45 % 0.44 % 0.45 % 0.45 %
3 % 0.46% 0.53% 0.85%

ρ = 0.5 ρ = 0.5 5 % 0.62% N/A 0.69% 1.26%
7 % 0.73% 0.76% 1.59%
3 % 0.84 % 0.36 % 0.84% 1.48%

ρ = 1 ρ = −1 5 % 1.03 % 0.46 % 1.03% 2.18%
7 % 1.07 % 0.54 % 1.08% 2.73%

Table 5.4: IRS prices including CCR with and without wrong-way risk.

The results without wrong-way risk (zero correlation) are almost the same,
which is what we expected. The results of CVACW and CVAMod are similar due
to the same dependence logic and the same swap rate distribution. But these
results are different compared to simulation approach because the correlations do
not express the same dependence. Although our Gaussian copula and modified
Cherubini approaches provide more conservative results, it can be expected that
if the correlation coefficients were calibrated on the same market dataset, then
both methods would give similar results.

The results of Cherubini’s approach are rather illustrative to see how a small
inaccuracy in the formula derivation can have a significant impact on the final
price of the financial derivative.

We used Wolfram Mathematica R© 9 software on a computer with 16 GB RAM
of memory for the semi-analytical CVA calculation. The run time of semi-
analytical formula based on Gaussian copula assumption was about 1 second in
the case of zero correlation and about 2 seconds in case of non-zero correlation.
The run time of other semi-analytical formulas was under 1 second. Brigo and
Pallavicini (2007) do not report the exact run times of their simulations to make
a direct comparison but it can be estimated that the full simulation approach
takes obviously more time than the semi-analytical calculation.
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6. Calibration of the IRS CVA
Semi-analytical formula

The most important task in application of CVA calculation is an estimation
of parameters from available data. As we saw in Section 2.3, interest rate models
are calibrated on quoted bond prices which can be directly observed on the mar-
ket. The calibration becomes quite complicated when the required data cannot
be directly observed. In our case, the default time is an unobserved variable.
In other words, the evaluation of CCR is relevant only before the default of the
counteparty. Observed default time does not provide us with any information ap-
plicable to the calibration because we cannot enter into contracts with a bankrupt
counterparty.

In this chapter we deal with the calibration of IRS CVA semi-analytical for-
mula assuming Gaussian copula with a constant correlation coefficient. The most
important parameter to estimate is the correlation because it expresses the WWR.
At the same time, we deal with the issue of choosing the default intensity – con-
stant or time-varying.

6.1 Constant Default Intensity

6.1.1 Assumptions

As we noted earlier, available data from the market are IRS and CDS rates.
In this chapter, we denote the historical observations as

si, i = 1, . . . , n . . . IRS rates,

ci, i = 1, . . . , n . . .CDS rates

where n is the number of daily (equidistant in general) observations and the
maturity is fixed for both rates, e.g., 5Y. Then the market implied risk neutral
probability of default to the time T can be approximated from CDS rates as

Q [τ ≤ T |Ui] ≈ 1− exp
{
− ci

LGD
T
}
, (6.1)

assuming that the default time is approximately exponentially distributed with
the hazard rate hi ≈ ci/LGD and survival function Si(t) ≈ e−hit. As usual, we
consider a constant LGD. Given b ∈ (−1, 1) we can calculate the implied values
of the systematic factor Ui using the market implied1 probability Q and normal

1The market implied probability of default is the probability obtained from the market
quotes, e.g., defaultable bond spread, CDS or other securities.
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distribution of ε2 as

Q [τ ≤ T |Ui] = Q
[
S−1
i (1− Φ(Z)) ≤ T |Ui

]
= Q

[
Z ≤ Φ−1(1− Si(T )) | Ui

]
= Q

[
bUi +

√
1− b2ε2 ≤ Φ−1(1− Si(T )) | Ui

]
(6.2)

= Q
[
ε2 ≤

Φ−1(1− Si(T ))− bUi√
1− b2

∣∣∣∣Ui]
= Φ

(
Φ−1(1− Si(T ))− bUi√

1− b2

)
.

By combining (6.1) and (6.2) and assuming that b 6= 0 we obtain an expression
for systematic factor

Ui =
(1−

√
1− b2)Φ−1 (1− exp {−ciT/LGD)}

b
. (6.3)

Time series of IRS and CDS rates are typically highly autocorrelated, and there-
fore, Ui’s will be autocorrelated too. We will assume that Ui follows simple AR(1)
process, i.e.,

Ui = ρUUi−1 +
√

1− ρ2
UεU,i, ρU ∈ [−1, 1] (6.4)

with autocorrelation ρU corresponding to a mean reverting process for the system-
atic factor and idiosyncratic factor εU,i ∼ N(0, 1) iid which is also independent
of Ui−1. This time series can be easily decorrelated (see Chapter 4.3 in Cipra
(2008)) as

εU,i =
Ui − ρUUi−1√

1− ρ2
U

∼ N(0, 1) iid, ρU ∈ (−1, 1). (6.5)

The calibration will be done, as we noted, using the maximum likelihood method.
First, we have to set up likelihood, respectively log-likelihood, functions. Al-
though we can not assume the independence between IRS and CDS rates, the da-
ta can be transformed into mutually independent random variables (see Witzany
(2011a)).

6.1.2 Maximum Likelihood Estimation

The likelihood function (excluding transformation adjustment) for the idiosyn-
cratic factor εεεU = (εU,1, . . . , εU,n)> is

L(εεεU |ρU , b) =
n∏
i=2

1√
2π

exp

{
−(Ui − ρUUi−1)2

2(1− ρ2
U)

}
. (6.6)

Given Ui and Yi (Yi can be calculated from the IRS model, see equation (5.11))
we calculate the implied ε1,i, i.e.,

ε1,i =
Yi − aUi√

1− a2
∼ N(0, 1) iid, a ∈ (−1, 1). (6.7)
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Then the likelihood function (excluding transformation adjustment) for εεε1 =
(ε1,1, . . . , ε1,n)> can be set up as

L(εεε1|a, b, σ) =
n∏
i=1

1√
2π

exp

{
−(Yi − aUi)2

2(1− a2)

}
. (6.8)

When transforming an observed value x to another value y = g(x) where
we know the density function f(y), a transformation should be used to get a
likelihood function of the observed value (see Theorem 3.7 in Anděl (2005))

L(x) = f(y)

∣∣∣∣dydx

∣∣∣∣ = f(y) |g′(x)| , (6.9)

in our case the first data transformation functions are

gCDS(x) =
Φ−1

(
1− e−xT/LGD

)
(1−

√
1− b2)

b
(6.10)

and

gIRS(x) =
log x− log st + σ2t/2

σ
√
t

, (6.11)

The second transformation functions follow from equations (6.5) and (6.7).
Let us denote the vector of IRS and CDS rates observations as s = (s1, . . . , sn)>

and c = (c1, . . . , cn)>, vector of latent factor values as U = (U1, . . . , Un)>, and
vector of IRS driver values as Y = (Y1, . . . , Yn)>. Joint likelihood function includ-
ing all transfomations adjustments can be then written into conditional marginal
likelihood functions in the following form

L(c, s|a, b, ρU , σ) = L(εεεU |ρU , b) |J(c)| |J(U)| L(εεε1|a, b, σ) |J(s)| |J(Y)|

using the determinants of Jacobi matrices for the transformation Ui = gCDS(ci)

J(c) =

∣∣∣∣∣∣∣∣∣
∂U1

∂c1
0 . . . 0

0 ∂U2

∂c2
. . . 0

...
. . .

...
0 0 . . . ∂Un

∂cn

∣∣∣∣∣∣∣∣∣
=

n∏
i=1

∂Ui
∂ci

=
n∏
i=1

(
1−
√

1− b2
)
Te−ciT/LGD

ϕ (Φ−1 (1− e−ciT/LGD)) bLGD
,

for the transformation Ui → εU,i (see 6.5)

J(U) =

∣∣∣∣∣∣∣∣∣∣∣∣

∂εU,1

∂U1
0 0 . . . 0

∂εU,2

∂U1

∂εU,2

∂U2
0 . . . 0

0
∂εU,3

∂U2

∂εU,3

∂U3
. . . 0

...
. . . . . .

...

0 0 . . .
∂εU,n

∂Un−1

∂εU,n

∂Un

∣∣∣∣∣∣∣∣∣∣∣∣
=

n∏
i=1

∂εU,i
∂Ui

=
n∏
i=1

1√
1− ρ2

U

=

(
1√

1− ρ2
U

)n

,
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for the transformation Yi = gIRS(si)

J(s) =

∣∣∣∣∣∣∣∣∣
∂Y1
∂s1

0 . . . 0

0 ∂Y2
∂s2

. . . 0
...

. . .
...

0 0 . . . ∂Yn
∂sn

∣∣∣∣∣∣∣∣∣ =
n∏
i=1

∂Yi
∂si

=
n∏
i=1

1

siσ
√
T
,

and for the transformation Yi → ε1,i (see 6.7)

J(Y) =

∣∣∣∣∣∣∣∣∣∣

∂ε1,1
∂Y1

0 . . . 0

0 ∂ε1,2
∂Y2

. . . 0
...

. . .
...

0 0 . . . ∂ε1,n
∂Yn

∣∣∣∣∣∣∣∣∣∣
=

n∏
i=1

∂ε1,i

∂Yi
=

(
1√

1− a2

)n

where ϕ is the pdf of the standard normal distribution.
Now we can estimate parameter vector θ = (a, b, ρU , σ)> by maximazing log-

arithm of L(c, s|a, b, ρU , σ) with respect to θ.
Note that the correlation required for the CVA calculation should be estimated

with respect to the annuity measure. However, we use in our approximation a
unified (money market) measure Q as stated in the Remark 5. The parameters
estimated from the real data using MLE usually correspond to the real-world
measure P (e.g., see Brigo and Mercurio (2006)). Nevertheless, the coefficient b
corresponds to the risk-neutral probabilities of default and coefficient a is a swap
rate diffusion parameter which is the same for both measures P and Q. And,
therefore, their product ρ = ab corresponds to the risk-neutral measure Q.

6.2 Time-varying Default Intensity

In the previous chapter, we introduced a semi-analytical formula for the cal-
culation of IRS CVA including the WWR based on Gaussian copula assumption.
For simplicity of calculations, default intensity (or hazard rate) was considered to
be constant which is not a realistic assumption. Even in the Basel III CVA formu-
la a piecewise constant default intensity is used where the jumps are determined
by the maturity of the CDSs (see BCBS (2011)). However, the assumption of
constant default intensity can be omitted in Theorem 6 without loss of generality.

In paper Brigo and Pallavicini (2007) simulation approach is used where the
default intensity is assumed to be stochastic (driven by stochastic differential
equation (5.18)). This is a correct approach in general but it forces us to do a
lot of time-consuming simulations. We should point out that the WWR in the
simulation approach is based on the correlation with the default intensity which
is different from the correlation with the default time (e.g., see (5.19) and (5.35)).
Thus, it is necessary to include jumps in the default intensity model which makes
the entire calculation much more complicated.

A compromise between constant and stochastic default intensity is the as-
sumption of time-varying default intensities. In order to get more realistic re-
sults, we use three different parametric models for the default intensity where the
dependence logic remains unchanged, i.e., correlation with the default time.
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6.2.1 Default Time Distributions

We know from Section 3.2 that the survival function can be computed directly
from default intensity as

S(t) = exp

−
T∫

0

λ(t)dt

 . (6.12)

One of the most popular and most frequently used distributions in survival theory
(and also credit risk) is the Weibull distribution with two parameters, shape p > 0
and scale λ > 0. The parametric Weibull distribution is specified by its

density function:
f(t) = λp (λt)p−1 e−(λt)p , t ≥ 0, (6.13)

default intensity:
λ(t) = λp(λt)p−1, (6.14)

survival probability:
S(t) = exp{− (λt)p}, (6.15)

Note that for p = 1 the Weibull distribution is the exponential distribution
with intensity λ(t).

Another widely used distribution in survival theory is the loglogistic distri-
bution (logarithm of such distributed variable has logistic distribution). In eco-
nomics, it is also known as Fisk distribution. Again, λ > 0 and p > 0 but
loglogistic model is described by

density function:

f(t) =
λp (λt)p−1

(1 + (λt)p)2 , t ≥ 0, (6.16)

default intensity:

λ(t) =
λp(λt)p−1

1 + (λt)p
, (6.17)

survival probability:

S(t) =
1

1 + (λt)p
. (6.18)

This distribution is used to model events that experience an initial hazard rate
increase followed by a hazard rate decrease.

The last default time distribution which will be used is the lognormal distri-
bution. Similarly to the loglogistic distribution, logarithm of a random variable
with lognormal distribution is normally distributed. Let µ ∈ R and σ > 0 be the
location and scale parameter of the lognormal distribution. Its specifications are

density function:

f(t) =
1

tσ
√

2π
exp

{
− (ln t− µ)2

2σ2

}
, t ≥ 0, (6.19)

default intensity:

λ(t) =
ϕ
(

ln t−µ
σ

)
tσΦ

(
− ln t−µ

σ

) , (6.20)
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survival probability:

S(t) = Φ

(
− ln t− µ

σ

)
. (6.21)

Although the survival function and the default intensity do not take a closed-form
expression, this distribution is very popular among practitioners for its capability
to fit the observed data2.

6.2.2 Estimation of Parameters

The parameters of the default time distribution should be estimated from the
risk-neutral probabilities of default calculated from the corporate bond prices or
from quoted CDS spreads.

Given all necessary information, we can calculate survival probablity using
(defaultable) corporate coupon bond price given by equation (3.11). If we have
available bond prices for more maturities than the number of survival function
parameters, fitting procedures should be used3. However, bond prices should be
liquid for all used maturities to obtain reasonable results. Otherwise, our results
will be inaccurate due to the inclusion of the liquidity risk.

The second way of estimating distribution parameters is to use the CDS
spreads. From the formulas (3.1), (3.2), (3.3) and the fact that CDS price at
the origination is equal zero follows that CDS spread PCDS is in general equal to

PCDS =

LGD
T∫
t

D(t, u)λ(u)S(u)du

n∑
i=1

S(Ti)D(t, Ti)δi

. (6.22)

As in the case of corporate bonds, we will need at least the same number
of parameters as the maturities of the CDS which are liquid. The most liquid
CDSs are typically those with maturity 5Y or 10Y CDSs. We can see that in
both methods of estimation the default probabilities term structure described in
Section 3.2 is needed. This is the main difference compared to the case of constant
default intensity where CDS or corporate bond for only one maturity is required.

So far, we have described the estimation of the survival function parame-
ters but it still remains to estimate the main parameter in the IRS CVA semi-
analytical formula, the correlation expressing the WWR. We will use almost the
same technique as in Section 6.1 with a slight difference. We cannot assume that
the market implied risk neutral probability of default is approximated directly
from the observed CDS spreads. We will consider that our new input data are the
survival functions calculated from the CDS spreads using formula (6.22). Using
the same notation as in Section 6.1, the last equality in (6.2) still holds, i.e., for
i = 1, . . . , n and fixed maturity T we have that

Q[τ ≤ T |Ui] = Φ

(
Φ−1(1− Si(T ))− bUi√

1− b2

)
(6.23)

2According to our experience, the lognormal distribution proved to be the best parametric
distribution used for survival modeling of mortgages and Small or Medium Enterprise products
(consumer loans, credit cards and overdrafts).

3Procedure will be the same as in the case of term structure fitting, e.g., using least squares
method, splines, etc. For more details see Dupačová, Hurt, and Štěpán (2002).
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and the equation (6.3) will be modified into a more general form such that given
b 6= 0 we get

Ui =
(1−

√
1− b2)Φ−1 (1− Si(T ))

b
. (6.24)

Considering Si(T ) as the ”observed” data we have to also modify data trans-
formation function gCDS and the related Jacobi matrix J(c). The function gCDS

from equation (6.10) is now equal

gCDS(x) =
Φ−1 (1− x) (1−

√
1− b2)

b
(6.25)

and the Jacobi matrix J(c) is in the form

J(c) =

∣∣∣∣∣∣∣∣∣
∂U1

∂S1(T )
0 . . . 0

0 ∂U2

∂S2(T )
. . . 0

...
. . .

...
0 0 . . . ∂Un

∂Sn(T )

∣∣∣∣∣∣∣∣∣
=

n∏
i=1

∂Ui
∂Si(T )

=
n∏
i=1

−
(
1−
√

1− b2
)

ϕ (Φ−1 (1− Si(T ))) b
.

If we replace the above-mentioned functions, the rest of the estimation pro-
cedure remains the same as in the case of constant default intensity.

6.3 Numerical Study

Let us suppose that we want to enter into a 10Y IRS with Commerzbank.
Then our input data for the calibration of the correlation are monthly observations
of 10Y EUR IRS rates and CDS spreads term structure obtained from Thomson
Reuters Eikon. In the following figures, there are monthly 10Y IRS rates and
CDS rates in basis points for various maturities observed from 14-Dec-2007 to
11-Jun-2015 (90 observations).
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Figure 6.1: Monthly Development of EUR 10Y IRS.
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Figure 6.2: Monthly Development of 1Y, . . . 5Y, 7Y and 10Y CDS spreads in
bps.

6.3.1 Constant Default Intensity

First, we will assume constant default intensity. Thus, it is enough to use CDS
with just one maturity instead of considering full CDS spreads term structure.
In the following figure there are together monthly observations of 10Y IRS rates
(blue line) and 10Y CDS rates (red line) in basis points.
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Figure 6.3: 10Y IRS rate (blue line) and CDS rate (red line) development.

The empirical correlation between the values of these two rates is −0.416
which indicates that higher interest rates are more associated with a flourishing
economy where the default rates are low and vice versa. Therefore we should
take into account a non-zero correlation between the IRS rates and the default
time. The correlation coefficient can be, generally, positive or negative4. In both
cases it may cause the presence of the WWR depending on the type of the swap
contract, i.e., whether it is a fix-paying or a fix-receiver swap. We will assume
that coefficients a and b are equal up to their sign (as in Section5.2.1), i.e., the
contribution of the systematic and the specific factor is same for both risk drivers,
and LGD = 0.6.

The maximum likelihood estimation of the vector parameter θ, using likeli-
hood function L(c, s|a, b, ρU , σ) described in the previous section, was performed
in Wolfram Mathematica R©10 software using function NMaximize. Table 6.1 shows
the final estimates and the asymptotic error (standard deviation) of the estimates
using observed Fisher information matrix.

Parameter Estimate (Error)
a 0.86879 2.16× 10−4

b 0.86879 1.59× 10−3

ρU 0.99784 2.92× 10−7

σ 0.55777 1.62× 10−3

ρ = ab 0.75479 1.61× 10−3

Table 6.1: IRS CVA parameter estimates by MLE.

It is clear from the results that we cannot assume independence between the
IRS rates and the default time because the estimated correlation ρ̂ = 0.75479 is

4Negative, respectively positive, correlation between the IRS and CDS rates indicates dete-
rioration, respectively improvement, of the credit quality of the counterparty in the case that
the interest rates are decreasing and vice versa.
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very high and definitely not equal to zero.
An unexpected secondary result is the value of the autocorrelation coefficient

ρU , which is very close to one. A possible solution is to choose a different model
for the decorrelation of the latent systematic factor which, of course, makes the
calibration much more complex.

6.3.2 Impact of the Default Intensity Change on CVA

Before we calibrate a model with time-varying default intensity, we will focus
on the impact of the change in default intensity, respectively survival function,
on the CVA calculated based on the Gaussian copula assumption with constant
correlation. We will consider a plain-vanilla at-the-money fix-receiver 10Y IRS
where the fixed leg pays annually a 30E/360 strike rate and the floating leg pays
semi-annually LIBOR. The recovery rate is equal to 0.4, i.e., LGD = 0.6, and
the volatility of the swap rate is equal 0.5577 as in Table 6.1. We will calculate
the CVA of this IRS using three different survival functions presented in Section
6.2.1.

First, we will look at the resulting CVA using the Weibull distribution of the
default time with parameters λ and p. The Table 6.2 summarizes IRS CVA for
different correlation coefficient ρ ∈ {0, 0.2, 0.5, 0.7, 1} with different distribution
parameters setting λ ∈ {0.03, 0.05, 0.07} and p ∈ {0.1, 1, 3}.

Correlation p/λ 0.03 0.05 0.07

ρ = 0
0.1 52.28 53.91 54.98
1 23.37 36.16 47.10
3 1.46 6.59 17.00

ρ = 0.2
0.1 59.81 61.32 62.30
1 29.98 44.47 56.20
3 2.13 8.92 21.69

ρ = 0.5
0.1 70.97 72.18 72.95
1 41.32 58.64 71.54
3 3.06 12.50 29.28

ρ = 0.7
0.1 78.35 79.24 79.79
1 50.17 70.08 83.93
3 3.49 14.64 34.56

ρ = 1
0.1 88.12 86.93 86.18
1 64.55 92.42 111.24
3 3.76 16.56 41.20

Table 6.2: IRS CVA (in bps) with Weibull distributed default time.

The Figure 6.4 shows the IRS CVA as a function of parameters λ and p where
the correlation ρ is fixed at 0.5.
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Figure 6.4: IRS CVA as a function of parameters λ and p and fixed correlation
ρ = 0.5.

Next distribution of the default time is the loglogistic distribution with pa-
rameters λ and p. Table 6.3 and Figure 6.5 are conceived in the same way as in
the case of the Weibull distribution.

Correlation p/λ 0.03 0.05 0.07

ρ = 0
0.1 41.57 42.67 43.39
1 21.23 31.41 39.51
3 1.45 6.37 15.68

ρ = 0.2
0.1 49.42 50.51 51.23
1 27.50 39.23 48.16
3 2.11 8.65 20.16

ρ = 0.5
0.1 61.69 62.71 63.37
1 38.26 52.62 62.85
3 3.04 12.15 27.41

ρ = 0.7
0.1 70.52 71.42 71.99
1 46.60 63.36 74.72
3 3.47 14.22 32.40

ρ = 1
0.1 87.89 88.22 88.38
1 59.79 83.34 99.29
3 3.74 16.08 38.48

Table 6.3: IRS CVA (in bps) with loglogistically distributed default time.
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Figure 6.5: IRS CVA as a function of parameters λ and p and fixed correlation
ρ = 0.5.

For both distributions (Weibull and loglogistic) the tables and figures above
show that the CVA is an increasing function of the default probability up to a
certain point. The CVA starts to decrease when the default probability becomes
substantially high. Therefore, we expect that a counterparty default occurs quite
early and the exposure in this short time remains almost unchanged. The effect
of increasing default probability is boosted by increasing correlation (see the last
row of Table 6.2).

The last distribution used is the lognormal distribution with parameters µ
and σ. Table 6.4 summarizes IRS CVA for the same correlation setting as in the
previous cases with distribution parameters set as µ ∈ {1, 3, 5} and σ ∈ {0.5, 1, 2}.

Correlation µ/σ 0.5 1 2

ρ = 0
1 118.65 98.47 75.04
3 3.52 19.24 35.64
5 5.66× 10−7 0.18 7.95

ρ = 0.2
1 121.60 104.53 82.44
3 4.81 24.92 44.15
5 1.01× 10−6 0.28 11.13

ρ = 0.5
1 125.26 112.85 93.16
3 6.66 34.36 58.68
5 1.22× 10−6 0.41 16.42

ρ = 0.7
1 126.93 117.44 99.89
3 7.61 41.21 70.47
5 1.23× 10−6 0.45 19.97

ρ = 1
1 127.28 118.55 102.26
3 8.27 50.28 93.96
5 1.37× 10−6 0.47 23.89

Table 6.4: IRS CVA (in bps) with lognormally distributed default time.
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Figure 6.6: IRS CVA as a function of parameters µ and σ and fixed correlation
ρ = 0.5.

In the Figure 6.6, there is a ”hump” for low values of µ and σ on the left-hand
side. Although the CVA decrease with increasing volatility σ seems to be absurd,
it can be easily explained. The expected exposure of IRS as a function of time
to maturity has a peak during the life of the IRS (see Figure 4.2). The difference
between survival probabilities is highest in the peak of the expected exposure
and covers almost exactly the peak period for low values of parameters µ and σ.
With increasing volatility, the difference spreads across the rest of the expected
exposures and the CVA decreases.

6.3.3 Time-varying Default Intensity

In the previous section, we have artificially set the parameters of the default
time distribution and calculated the IRS CVA using different survival functions
to observe the behavior of the semi-analytical formula. This makes these values
mutually incomparable. However, we can calibrate IRS CVA formulas using the
same data to obtain comparable results. For this purpose, we will use the 10Y
IRS with CommerzBank described at the beginning of this section.

As noted in Section 6.2.2, we will first need to estimate parameters of the sur-
vival function from the 1Y,. . . ,5Y, 7Y, 10Y CDS spreads, i.e., from the term struc-
ture of CDS spreads (hereinafter CDS term structure). Monthly CDS spreads
used for the estimation are shown in the Figure 6.2. It means that we had 90
observations of CDS term structure to estimate two parameters of the survival
function. We have estimated these parameters using the least squares method.
Table 6.5 shows the sum of errors for all months so that we can decide which
survival function fits the data best.
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Method Sum of Errors
Weibull 4.362× 10−3

Loglogistic 3.359× 10−3

Lognormal 7.394× 10−3

Table 6.5: Sum of errors of the fitted survival function parameters.

We can immediately see from the Table 6.5 that the lognormal distribution
was not, surprisingly, a good choice. Although the loglogistic distribution gives
us the best fit of the data, it is comparable to the Weibull distribution. To
partially illustrate the difference between the best and the worst fit of the CDS
term structure we show the results on more recent data (11-Jun-2015) in the
Figure 6.7.
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(a) CDS term structure estimated by the
loglogistic distribution (in bps)
(λ̂ = 0.033, p̂ = 1.59)
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(b) CDS term structure estimated by the
lognormal distribution (in bps)
(µ̂ = 3.635, σ̂ = 1.127)

Figure 6.7: CommerzBank CDS spread term structure at 11-Jun-2015 estimated
by the loglogistic and the lognormal distribution using the least squares method

Having estimated the parameters, we can calculate the risk-neutral probabili-
ties of default, respectively survival probabilities, for all distributions and months.

86



2008 2010 2012 2014
0.0

0.1

0.2

0.3

0.4

10Y Risk-Neutral Default Probability

Exponential

Weibull

Loglogistic

Lognormal

Figure 6.8: Monthly development of 10Y CommerzBank risk neutral default prob-
ability.

The maximum likelihood estimation of the remaining parameters (a, b, ρU , σ)
was performed in Wolfram Mathematica R©10 software using function NMaximize.
The table below shows the final estimates for all distributions and the asymptotic
error of the estimates using the observed Fisher information matrix.

Distribution Parameter Estimate (Error)

Weibull
ρU 0.99719 4.397× 10−6

σ 0.66941 3.521× 10−3

ρ 0.75716 1.279× 10−3

Loglogistic
ρU 0.99720 4.713× 10−6

σ 0.67045 3.699× 10−3

ρ 0.75348 1.432× 10−3

Lognormal
ρU 0.99758 6.411× 10−6

σ 0.56770 0.02655
ρ 0.57912 0.06394

Table 6.6: IRS CVA parameter estimates by MLE.

The results clearly show that the parameters of Weibull and the loglogistic
distribution are very close which we expected due to the similar development
of the default probability (see Figure 6.8). The same holds for the case with
constant default intensity (see Table 6.1) which we also expected because the
parameter p of the Weibull distribution is near to 1 which, roughly speaking,
corresponds to the exponential distribution. As in the case of constant default
intensity, autocorrelation ρU is still very high throughout all distributions. The
WWR represented by correlation ρ is quite high for all used distributions which,
once again, confirms the necessity of its inclusion into calculation of CVA.

Finally, let us suppose that we have entered into IRS described in Section
6.3.2 with CommerzBank at 11-Jun-2015 with EUR term structure in Figure 6.9.
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Figure 6.9: EUR term structure at 11-Jun-2015.

Table 6.7 contains CVAs of such IRS for a particular date calculated using
estimated parameters for each distribution.

Distribution CVAIRS ICVAIRS

Exponential 0.3740% 0.154%
Weibull 0.2999% 0.113%

Loglogistic 0.3031% 0.115%
Lognormal 0.1888% 0.090%

Table 6.7: CVAIRS and ICVAIRS values as a percentage of nominal.

The results suggest that the IRS CVA vary whether we include the whole avalail-
able CDS term structure or not. Considering the loglogistic distribution as the
best choice (see Table 6.5), the difference with the exponential distribution is
more than 7 bps which is not negligible. Hence, not only WWR but also complete
available information on default probabilities term structure should be included
into the calculation of IRS CVA (or CVA generally) .
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Conclusion

In this thesis we have reviewed the theory of interest rate derivatives pricing
and well-known interest rate models. We have shown an advanced calibration
method of Vaš́ıček model using a MCMC algorithm, particularly the Metropolis-
Hastings algorithm. We have described the concept of the counterparty default
and the calculation of the market-implied default probability using credit deriva-
tives, in particular, the CDS with one or more maturities. Combining the po-
tential counterparty default and the market valuation of financial derivatives, we
have reached the concept of the CCR in OTC derivatives pricing.

We have discussed the importance of inclusion of the CCR into the market
price of financial derivatives and its implementation in Basel III regulation. We
revised a general framework of defaultable financial instruments pricing based
on the risk-neutral valuation principle to the practical application of the CVA.
We have introduced two semi-analytical formulas for the IRS price calculation
including the CCR which we have developed. The first formula uses the constant
correlation Gaussian copula dependence of the default time and the interest rate.
The second formula is a modification of the formula presented in Cherubini (2013)
and it is based on the upper Fréchet bound. The numerical study has proven that
the results of both of these methods are similar.

We have compared the semi-analytical formulas with the results of the simula-
tion study presented in Brigo and Pallavicini (2007). In the case of no wrong-way
or right-way risk, all approaches give almost the same results but if we include
the wrong-way risk, the results vary. This difference is caused by a different de-
pendence logic, i.e., a different calculation of the correlation coefficient. In Brigo
and Pallavicini (2007) the correlation is instantenous between the default inten-
sity and the interest rate changes. In the Gaussian copula approach, Modified
Cherubini, and Cherubini approach, the correlation measures the dependence be-
tween the levels of the default time and the interest rate. The correlation between
levels gives, in our view, better information about the dependence than the in-
stantaneous correlation. On the other hand, the calibration of the instantaneous
correlation is much easier because default intensities are observable on the mar-
ket through the CDS spreads. However, results of the semi-analytical formulas as
well as the simulation study show that the wrong-way risk should not be ignored
in the IRS CVA pricing.

We have introduced and discussed the calibration of the correlation coeffi-
cient between the default time and the interest rates, expressing the WWR, for
the calculation of the IRS CVA using the semi-analytical formula based on the
Gaussian copula assumption. In the calibration, we used four different default
intensity parametric models to determine the impact of a change of the survival
function on the CVA. The calibration using observed IRS and CDS rates is based
on the maximum likelihood estimation method. In the numerical study we have
estimated the correlation based on EUR IRS rate and CDS rates of CommerzBank
observed from 14-Dec-2007 to 11-Jun-2015. The results show that when interest
rates fall, the default time decreases, i.e., the credit quality of the CommerzBank
decreases for all default intensity models. We have also calculated the CVA of 10Y
IRS with CommerzBank using estimated correlation and we have also computed
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the impact of the WWR on the resulting IRS CVA where the risky counterparty
is CommerzBank. The price of the IRS incorporating the WWR has significantly
increased and, therefore, WWR should not be neglected. We also found out that
the impact of the survival function change on the CVA is not negligible either.
Hence, the whole default probability term structure should be considered in the
calulculation of the CVA. Nevertheless, we realize that the AR(1) process is not
the best choice for the decorrelation of the latent systematic factor due to its high
values of the autocorrelation parameter ρU .

Future research could include the IRS CVA semi-analytical formula general-
ization in the form of omitting the constant LGD assumption. For more accurate
calculation of the CVA, one should take into account that the LGD is stochastic,
possibly correlated with singular economic cycles, especially downturn periods.
Typically, LGD has a U-shaped distribution that may be, e.g., modeled by the
Beta distribution. Another research opportunity could be usage of a heavy-tailed
copula instead of Gaussian copula which certainly does not exactly correspond to
market data where heavy-tailed distribution can be usually observed. We believe
that the use of the Gaussian copula is the first step to the inclusion of another
elliptical copula but with the heavy-tailed property, e.g., the Student’s t-copula
or double t-copula. One other issue is the replacement of latent factor AR(1)
process in the calibration of correlation expressing the WWR. This problem can
be solved by choosing a different model, e.g., ARMA. However, the complexity
of the calibration substantially increases with more advanced models. Further
future work could include the calibration of the correlation coefficient in the case
of the Modified Cherubini, respectively Cherubini, approach.
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ŠÚTOROVÁ, B., TEPLÝ, P. (2014): The Level of Capital and the Value of EU
Banks under Basel III. Prague Economic Papers, 23 (2), 2014, 143-161.
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