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Predmluva

Radu fyzikalnich jevt lze modelovat pomoci dynamickych systémti. Z matema-
tického hlediska se jedna o soustavy obycejnych diferencialnich rovnic s parametrem,

u(t) = G(u(t), ), u(0,\) = ug(N),
kde t — u(t) € R" je hledand nezndmd funkce (resp. vektor funkei), dqgff) jeji de-
rivace, A € R realny parametr a G : R” x R — R” nelinearni zobrazeni. Nezavisla
proménnd ¢ mé obvykle fyzikalni vyznam casu. V numerické praxi se casto setka-
vame s pripadem, kdy G vznikne prostorovou diskretizaci parametrického systému
parcialnich diferencialnich rovnic.

Dilezitou tifidou problémt pii studiu dynamickych systémii je urceni stability
staciondrnich (tj. v ¢ase konstantnich) feSeni v zavislosti na parametru A a nalezeni
takovych hodnot parametru A, pfi nichz dochéazi ke zméné stability stacionarnich
feseni.

O stabilité prislusného stacionarniho feseni pro danou hodnotu parametru A
Ize rozhodnout na zakladé spektra linearizovaného operatoru GG,,. Splnuji-li vSechna
vlastni ¢isla linearizace podminku $(u) < 0, je feSeni stabilni. Existuje-li vlastni
Cislo g linearizace takové, ze R(up) > 0, je FeSeni nestabilni. Neni-li splnéna ani
jedna z obou vysSe uvedenych podminek (tj. pokud pro vSechna vlastni ¢isla plati
R(u) < 0 a pokud navic existuje takové vlastni ¢islo pg, pro néz R(u;) = 0), nelze
o stabilité prislusného feseni rozhodnout.

Nase pozornost se tedy bude soustfedit na invariantni podprostory prislusejici
vlastnim ¢isliim z ”pravé ¢asti” spektra a na algoritmy jejich numerického vipoctu.
V praxi mizeme predpokladat, ze dimenze invariantnich podprostort m bude vzdy
mala ve srovnani s celkovou dimenzi n. Metody pro vypocet invariantniho prostoru
linedrniho operatoru jsou dobie znamy. Nasim cilem je ovSem vypocet invariant-
niho prostoru pro celou tiidu matic v zavislosti na parametru A, tj. kontinuace
tmvariantnich podporostori.

Druhym cilem je detekovat zménu stability stacionarnich feseni. Pro ten tcel
je zapotiebi zahrnout do invariantniho podprostoru i vektory pfislusné vlastnim
¢islim, které jsou sice nalevo od imaginarni osy, ale které v ptibéhu kontinuace tuto
osu prekroci. Soucasti kontinuace invariantnich podprostori jsou proto algoritmy
zmény dimenze téchto podprostori.

Disertacni prace sleduje oba vytycené cile. V tivodni kapitole je formulovana
uloha kontinuace invariantnich podprostorti. V kapitolach 2-4 nasleduje popis tii
zakladnich pfistupt ke kontinuaci, jimiz jsou metody typu RPM (Recursive Pro-
jection Method), metody typu prediktor-korektor zalozené na FeSeni vroubené Syl-
vesterovy rovnice a metody typu prediktor-korektor zalozené na feseni Riccatiovy
rovnice.




Disetacni prace je souhrnem vysledk ziskanych béhem postgraduéalniho studia,
které byly publikovany v odborné ¢asopisecké literatute. Soucasti prace jsou proto
prilohy, jejichz obsahem jsou pravé zminované publikace.

Ptinosem prace je srovnani vSech tii typ metod kontinuace invariantnich pod-
prostorti. Piivodnim vysledkem v oblasti metod typu RPM je modifikace zakladniho
algoritmu RPM, tzv. Projected RPM. Metodu Projected RPM jsme podrobili radé
numerickych testii a provedli ditkaz jeji lokalni konvergence.

U metod typu prediktor-korektor zalozenych na feseni vroubené Sylvesterovy
rovnice jsme navrhli pouziti pfedpodminéni mocninnych iteraci pomoci Caylayovy
transformace. Cilem bylo umoznit detekci bodd zmény stability. Numerické experi-
menty potvrdily opodstatnénost tohoto kroku.

Pro metody typu prediktor-korektor zalozenych na feSeni Riccatiovy rovnice
jsme ukézali tésnou souvislost s metodami zalozenymi na feseni vroubené Sylveste-
rovy rovnice.



Kapitola 1

Uvod

Uvazujme ¢tvercovou matici A € R™*™. Sloupce matice Z € R™*™ m < n, generuji
béazi m-dimensionéalniho invariantniho podprostoru, jsou-li splnény podminky

AZ = ZA, (1.1)

rank(Z) = m. (1.2)

Matice A € R™*™ z defini¢ni rovnice (1.1) pfedstavuje restrikei linedrniho operéatoru
A na podprostor span(Z). Mezi spektry obou matic plati vztah

a(A) C o(A). (1.3)

Numerické metody vypoctu invariantnich podprostor ¢tvercové matice jsou po-
psany napf. v [8].

V dalsim textu se zamérujeme na metody kontinuace invariantnich podprostort
(dale uvadéné pod zkratkou CIS z anglického Continuation of Invariant Subspaces).
K danému zobrazeni intervalu do prostoru ¢tvercovych matic

s — A(s), s €l CR, A eR™" (1.4)
hledame prislusna zobrazeni
s — (Z(s),A(s))), s el CR, Z eR™™ AecR™™, (1.5)

kde matice Z(s), A(s) spliuji (1.1), (1.2).
Motivaci ke studiu invariantnich podprostort je nasledujici tfida problémi: Uva-
zujme dynamicky systém
i = G(u, ), (1.6)

kde G : R" xR — R™™"™ je dostatecné hladké vektorové pole zavislé na parametru \.
V aplikacich ziskdvame nelinearni zobrazeni G z prostorové diskretizace parcialnich
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diferencidlnich rovnic (napf. metodou koneénych prvki, koneénych objemt nebo
koneénych diferenci). Pti studiu vlastnosti dynamickych systémt (1.6) hraji kli¢ovou
roli stacionarni feseni, tj. kofeny soustavy nelinearnich rovnic

G(u, A) = 0. (1.7)
Genericky jsou stacionarni feseni parametrizovatelna skalarnim parametrem
s — (u(s), A(s)), s €l CR, (u(s),A(s)) e R"xR.

K vypoctu kofeni rovnice (1.7) pouZivame standardni kontinua¢éni metody typu
prediktor—korektor, viz [1], [12], které generuji posloupnost bodi {s;} C I spolu
s kofeny (ui, A;) = (u(si), A(si))-

Polozme A(s) = G, (u (s), A(s)). Oznac¢me dale symbolem n_(s) pocet vlastnich
Cisel matice A(s) (v€etné nasobnosti) se zdpornou realnou ¢asti. Analogicky necht
n(s) znaéi pocet vlastnich ¢isel s kladnou redlnou ¢asti a ng(s) pocet vlastnich
¢isel s redlnou ¢asti rovnou 0. Typicky je n_(s) > ng(s) + ny(s). V bodech nespo-
jitosti funkce s — n, (s) mize dojit ke zménam topologické klasifikace prislusnych
stacionarnich feseni. Tyto body nazyvame body zmény stability.

K nalezeni bodi zmény stability neni zapotiebi znat celé spektrum matice A(s).
Zvolme ~y < 0. Oc¢islujme vlastni ¢isla matice A(s) tak, aby platilo

Rua(s) = -+ = Ry (s) = 7 > Rptmya(s) 2 -+ = Ry (s). (1.8)

Ptislugné vlastni vektory (popf. zobecnéné vlastni vektory) oznacme vy (s), . .., v,(s).
Prvnich m vektort vi(s),...,v,(s) tvofl bazi invariantniho podprostoru, matice
Z(s) = (v1(8),...,vn(s)) tedy spliiuje rovnice (1.1), (1.2). Dimenze m invariant-
niho podprostoru je mald v porovnani s celkovou dimenzi n.

Vlastni analyza zmény stability je nyni redukovana na nalezeni spektra matice
A(s) € R™*™. Hodnotu n, (s) ziskdme jako pocet vlastnich ¢isel matice A(s) s klad-
nou realnou ¢asti. Obdobné obdrzime ny(s). Hodnotu n_(s) vypoc¢teme ze vztahu
ny(s) +no(s) +n_(s) =n.

Dimenze m ve vzorci (1.8) je zavisld na parametru s, funkce s — m(s) je po
castech konstantni. V jejich bodech nespojitosti je genericky

lim m(s) — lim m(s) € {0,1,-1,2, -2}, 50 € I.

s—S0+ S—S0—
V dalsich kapitolach se soustfedime na dva cile :
1. Kontinuace m-dimensionalnich invariantnich podprostort

2. Indikace bodt nespojitosti funkce s — m(s)



V literature muzeme nalézt t¥i varianty CIS ve spojeni s analyzou zmény stability
stacionarnich FeSeni dynamického systému (1.6) :

e Metoda rekurzivnich projekei [15]

e Metoda prediktor—korektor zalozena na feseni vroubené Sylvesterovy rovnice

2]
e Metoda prediktor—korektor zaloZena na FeSeni Riccatiovy rovnice [5]

V kapitole (2) stru¢né popiseme metodu rekurzivnich projekci (RPM), kterou lze
pouzit téz ke kontinuaci invariantnich podprostorti, viz [15]. Numerické experimenty
s puvodni RPM metodou nepfinesly uspokojivé vysledky, viz [13], [11]. V [10] je na-
vrzena metoda Projected RPM, ktera fesi nékteré nedostatky ptivodni RPM metody.
Analyza Projected RPM je provedena v [9].

Kapitola (3) pojednava o metodach zalozenych na pfimém feseni defini¢ni rov-
nice invariantniho podprostoru, jak bylo navrzeno v [2]. Zménou dimenze m na
zékladé indikace bodii nespojitosti funkce s — m(s) se zabyva [14]. Indikator ne-
spojitosti je zaloZen na mocninnych iteracich s Cayleyovou transformaci C(A), viz
6].

Kontinuace podle [5] zaloZen4 na feSeni Riccatiovy rovnice je popsana v kapitole
(4), v [3] lze nalézt modifikaci této metody. V kapitole (4) rovnéz poukazeme na
vztah mezi metodami [2] a [5].



Kapitola 2

Metoda rekurzivnich projekci

Metoda rekurzivnich projekci (RPM, z anglického Recursive Projection Method)
definovana v [15] pfevadi (1.7) na problém nalezeni pevného bodu nelinedrniho
zobrazeni zavislého na parametru,

F(u,\) = u. (2.1)
Pfirozenym zptisobem, jak pfevést (1.7) na (2.1), je pouziti dynamické simulace
F(u, M) =u + (At u, ), (2.2)

kde ¢(t,u, \) je tok dynamického systému (1.6). Aproximujeme-li tento tok pomoci
metod numerické integrace soustavy obycejnych diferencidlnich rovnic, ziskdme kon-
krétni predpis pro zobrazeni F'. V nejjednodussim pripadé Eulerovy metody obdr-
zime F'(u, \) = u+ AtG(u, \) pro pevné zvolené At. V [15] je dale popsana metoda
pro kontinuaci kfivky feSeni I alohy (2.1) : Pro (u, A) € I' a pro dané 6 > 0 ocislujme
vlastni ¢isla matice F,(u, A) tak, aby platilo

al = - 2 ] > 1 =6 2 |pmga| = -+ = -

Déale definujme prostor P jako invariantni podprostor piislusny vlastnim ¢islim
[, fm & prostor Q bud jeho ortogonalnim dopliikem, takze R" = P & Q. Je-li
konec¢né P ortogonalni projekce F' na podprostor P a () ortogonalni projekce F' na
podprostor Q, je (2.1) ekvivalentni soustavé

p=Pu = PF(p+q,)\) (2.3)
=Qu = QF(p+q,N). (2.4)

Lze ukazat, Ze zobrazeni QF je kontraktivni a rovnici (2.4) lze tedy fesit metodou
postupnych aproximaci. K feSeni rovnice (2.3) na prostoru malé dimenze pouzijeme



Newtonovu metodu. Vyslednd metoda je za jistych dodate¢nych predpokladi na
zobrazeni F' lokalné konvergentni.

Dilezitou souc¢asti RPM je aproximace invariantniho prostoru P. V [15] jsou
popsany dvé procedury :

1. Zména dimenze m. Zjistime-li v pribéhu kontinuace, ze vyse uvedend metoda
nekonverguje, popr. konverguje pomalu, je potfeba zvysit dimenzi prostoru PP.
To se déje v ptipadé, kdy néktera vlastni ¢isla prekrocila hranici kruhu {z €
C,|z| < 1 -4} v komplexni roviné. Prostor P je pak nutno rozsifit o prislusné
vlastni vektory. V generickém piipadé se jedna o jedno realné vlastni ¢islo nebo
o komplexné sdruzeny par vlastnich ¢isel. Aproximace pfislusnych vlastnich
vektort lze pfitom ziskat na zakladé diferenci ¢¥+1) — ¢*).

2. Korekce prostoru P. V pribéhu kontinuace je zapotiebi ziskavat v kazdém
bodé kiivky feSeni I' novou aproximaci prostoru P. V [15] je za timto tcelem
pouzita metoda mocninnych iteraci s matici F,, aplikovanych na vektory baze
podprodtoru P.

V [10] poukazujeme na nékteré nedostatky puvodni metody RPM :
e Vztah mezi spektry o(G,) a o(F,) mize byt velice komplikovany v pfipadé

vvvvvv

zejména u detekce Hopfovych bifurkacnich bodi.

e Projekce na podprostor Q se provadi az poté, co probéhla dynamicka simulace
na intervalu (0, At). V pfipadé Ry > 0 muze diky konecéné aritmetice dojit
ke znehodnoceni Q-slozky ¢(At, u, A) i pro relativné malé hodnoty At.

e Metoda RPM nezohlednuje skutecnost, ze v praktickych ptikladech jsou casto
k dispozici hodnoty diferencialtt GG,,. Hodnoty F;, je naproti tomu nutno apro-
ximovat, napf. pomoci diferenci.

Navrzena je proto modifikace algoritmu pod jménem Projected RPM. Metoda vy-
chéazi z pavodni formulace problému (1.7). Uvazujme ocislovani vlastnich ¢isel ma-
tice G, jako v (1.8). Déle postupujeme analogicky s [15] : Bud P invariantni pod-

prostor pfislusny vlastnim ¢islim py, - - -, i, @ Q jeho ortogonalni doplnék. P a @)
budte pfislusné ortogonélni projekce. Rovnice (1.7) je ekvivalentni systému rovnic
PG(p+q.A) = 0 (2.5)
QG(p+4q,A) = 0, (2.6)
kde jsme stejné jako v (2.3) a (2.4) polozili p = Pu a ¢ = Qu. Vlastnimi &isly
linearizace zobrazeni QG jsou pravé ¢isla fiy, 1, - . ., i, Rovnici (2.6) miZzeme proto
s vyhodou tesit dynamickou simulaci systému
q(t) = QG(p, q(t), ), (2.7)
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tj. definujeme (k+1)-ni aproximaci pomoci k-té predpisem ¢**1) = (At, ¢*)), kde
¥ je tok dynamického systému (2.7). Rovnici (2.5) feSime opét pomoci Newtonovy
metody. V [9] dokazujeme, Ze vySe popsany algoritmus je za jistych dodateénych
predpokladii na zobrazeni G lokalné konvergentni.

Podobné jako v ptivodni RPM, i v jeji modifikaci potfebujeme znat podprostor
P. Narozdil od ptivodni RPM v8ak nemiizeme pouzit metodu mocninnych iteraci.
Ty totiz aproximuji vlastni podprostor prislusny vlastnim ¢islim s velkou absolutni
hodnotou. My vsak potfebujeme, aby prostor P obsahoval vlastni vektory prislusné
vlastnim ¢islim z pravé ¢asti spektra, tj. vlastnim ¢islam gy, ..., py, z (1.8). Pou-
Zivame proto metodu mocninnych iteraci s vhodnou funkci matice A = G,,. Touto
funkci je tzv. Cayleyva transformace, viz [6]. Vysledna metoda, tj. Projected RPM
s pouzitim Cayleyvy transformace, pfedstavena v [9], umoziuje kontinuaci stacio-
narnich feSeni spolu s analyzou prichodt vlastnich ¢isel imaginarni osou. Cayleyva
transformace je téZ zminovana v nasledujici kapitole v souvislosti s fesenim vrou-
bené Sylvesterovy rovnice.



Kapitola 3

Vroubena Sylvesterova rovnice

Definujme zobrazeni T : R™*™ x R™*™ x R — R™*™ x R™*™

rizas = (G720 )

kde S € R™ ™ je pevna matice s plnou hodnosti. Hleddme koteny rovnice T'(Z, A, s) =
0. Predpokladejme, ze tyto kofeny lze parametrizovat pomoci s, tj. existuje zobra-
zeni s — (Z(s),A(s)), s € I C R takové, ze

T(Z(s),A(s),s) = 0. (3.2)

(3.1)

V kapitole 3.1 je popsana metoda typu prediktor-korektor pro kontinuaci kiivky
feSeni rovnice (3.1), zalozena na FeSeni vroubené Sylvestrovy rovnice (viz [8]) pomoci
tzv. Bartelsova—Stewartova algoritmu. Jeho rozbor je obsahem kapitoly 3.2. V obou
kapitolach pritom postupujeme podle [2].

Kontinua¢ni algoritmus produkuje posloupnost bazi Z(s) € R™"*™ které gene-
ruji invariantni podprostory matic A(s) s konstantni velikosti m. Je zfejmé, zZe je
zapotiebi do baze Z(s) pfidavat, resp. z ni odebirat vektory tak, aby byla splnéna
podminka (1.8). Touto problematikou se zabyvame v kapitole (3.3).

3.1 Kontinuace invariantnich podprostori

Derivovdnim rovnice (3.2) podle s v bodé sy € I ziskdme rovnice pro Z = 7'(s0),
A= N(sp) : .
A(So)Z -7 AO - Z()A o —A,(So)ZO <3 3)
STz N 0 ’ '
kde Zy = Z(so) a Ag = A(sg). VyFesime-li (3.3), mizeme definovat prediktorovy

krok predpisem ‘ ‘
7O = Zy+ 7 6s, AO = Ay + Ads. (3.4)

10



Alternativou k (3.4) je

T

20 =Zy+ 7 8s, 20 =orth(Z), AO = (Z9) A(s)2". (3.5)

Zapisem orth(Z) rozumime ortonormalizaci baze Z pomoci modifikovaného Gramm-
Schmidtova ortonormaliza¢niho procesu, viz napi. [8]. Takto definované A(®) spliiuje
nutnou podminku k tomu, aby mohlo byt feSenim rovnice (1.1).

Korektorovy krok je zalozen na standardni Newtonové metodé aplikované na
rovnici (3.2) pro s = sy + ds. Aproximaci (Z*+D AK+D) ziskdme ze (Z*), A)
FeSenim rovnice

A(s)Z0+1) — ZEHD AR _ 7(k) A(B+1) — 7(k) A (k)
( STz(k+1) ) = ( L, > : (36)

Iterujeme pritom tak dlouho, dokud nedosdhneme pozadované numerické presnosti.
Oznac¢me (Z(2st) AUast)) yysledek posledniho kroku prediktoru.

3.2 Bartelsiv—Stewartiiv algoritmus
Obé rovnice (3.3) 1 (3.6) lze zapsat ve tvaru

AH—-HA-ZA = B
STH = C,
coz je tzv. vroubend Sylvesterova rovnice pro neznamé H € R™*™ a A € R™*™. Pro
jeji fesSeni lze s tspéchem pouzit Bartelstiv-Stewartiiv algoritmus. Jeho hlavni mys-
lenka je zaloZena na ortonormélni transformaci matice A na horni trolihelnikovou
matici A,

A=Q"™AQ, Q"Q-=1,. (3.9)

Vzhledem k m < n je tato netrividlni transformace ¢asové nenaro¢né (ve smyslu
procesorového ¢asu). Pomoci @) definujeme transformace jednotlivych matic :

B=BQ, C=CQ, H=HQ, A=AQ. (3.10)

Konecné, polozme \; = /N\jj, ]:Ij bud j-ty sloupec matice H a Aj bud j-ty sloupec
matice A. S pouzitim vyse zavedenych definic sestavime soustavy linearnich rovnic

. . . -
<A —TAjIn —Z><Igj>:(3j+2{€~:1/\kjﬂk) (3.11)

S 0 A C;
pro neznamé H s A]- (s pouzitim bézné konvence 22:1 = 0). Postupnym fesenim

(3.11) pro j = 1,...,m obdrzime matice H, A, potazmo hledané matice H, A.
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Pro feSeni soustav typu (3.11) se v [2] doporucuje pouzit algoritmus BEMW
(Block Elimination Mixed for Wider-bordered systems), viz [7]. Matice soustavy
je slozena z blokit A — \;I,, —Z a ST. V typickych aplikacich je prvnim blokem
iidké matice z R~™x(=m) Ridkost celkové matice je tedy ,pokaZena“ vroubi-
cimi maticemi s malym poctem fadek, resp. sloupcti. Konstrukce algoritmu BEMW
umoziiuje pouzit pro FeSeni soustavy s (témér singularni) matici A — \;I,, libovolny
,black box® tesi¢. Vysledné stability metody BEMW je dosazeno vyrusenim chyb
v ,,témét singularnich® smérech. V [3] je jako alternativa navrzeno pouzit pro feseni
(3.11) metody uvedené v [17].

3.3 Modifikovana Cayleyova transformace

Zjistime-li na zékladé analyzy spektra o(AU®")) 7e néktera vlastni ¢isla matice
AUest) pespliuji podminku Ry > 7, odstranime piislusné vektory z baze Z(est) a
snizime jeji dimenzi m. V generickém piipadé odebereme jeden nebo dva vektory.
Naopak je nutno piidavat do baze Z(*!) vlastni vektory pifslusné vlastnim ¢islim,
ktera prochazeji zleva doprava primkou Ryu = v v komplexni roviné.

K detekci téchto prichodi pouzivame algoritmus, ktery nazyvame modifikovana
Cayleyova transformace. Polozme pro jednoduchost zapisu A = A(s), Z = ZUasb),
Budte i, ay dvé realna ¢isla, as < ay, ay ¢ o(A). Definujme

C(A) = (A — ai])"Y(A — asl). (3.12)

Zobrazeni A — C(A) se nazyva Cayleyova transformace, viz [6]. Toto zobrazeni
transformuje vlastni ¢isla R < %(al + ) dovnitf a vlastni ¢isla Ry > %(041 + ap)
vné jednotkového kruhu v komplexni rovineé.

Pro dané v < 0 polozme

a=7+w, a=7-—w, w > 0. (3.13)

Zvolme pocateéni bazi Q©) € R™*" libovolné. Dimenze r bud malé pfirozené éislo.
Uvazujme nasledujici itera¢ni algoritmus pro Q¥) € R™ " kter§ generuje posloup-
nosti bazi V) Q*).

do

vk — C(A)Q(kfl)
v = (1 — zz")v®
Q® = orth (V)
k=k+1

12



until (convergence or k = kyay ),

tj. mocninné iterace predpodminéné Cayleyovou transformaci. Nasobeni matici C(A)
zleva predstavuje Teseni soustavy linearnich rovnic s matici A — ay/. V kazdém
kroku provadime projekci pomoci zobrazeni I — ZZ7, ¢imz ofezavame slozky vek-
tortt z V) obsazené v podprostoru span(Z). Iterace Q™) proto konverguji k bazi
r-dimenzionalniho podprostoru prislusného vlastnim ¢islim g1, - - -5 fhnr-

Polozme Q = QW) M = (Z,Q) € R™ (™) Pokradovani algoritmu je nasle-
dujici :

H= M'AM

compute o(H) = {py, ..., flnir}

find z; : Hz; = pyz5, |25 =1, j=1,...,m+r
My = 0,, empty Z

for j=1,....m+rdo

if Rpy > v then

Mpey = Mpey + 1
end if
end for
M = Mpey
Z = orth(Z),

kde Z; znaci j-ty sloupec nové konstruované béze Z. Vyse uvedeny algoritmus
v kombinaci s kontinuaci invariantnich podprostort oznacujeme jako CIS 4 Projec-
tedCayley, viz [14]. V [14] také demonstrujeme tspésné pouziti CIS + Projected-
Cayley v numerickych testech detekce Hopfovych bifurkac¢nich bodi.
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Kapitola 4

Riccatiova rovnice

Necht je rovnice (1.1) splnéna pro néjakéa A, Z a A. Piedpoklddejme navic ZTZ =
I,,. Budte déle X € R™™ XTX =1, aproximace matice Z, Y € R"*("=™) orto-
gonalni doplnék X, tj. X'Y =0, YTY =1,_,,. Zfejmé plati XXT +YYT =1,.
Matici Z 1ze nyni vyjadrit jako soucet

7 =X+YP, (4.1)

kde P € RO"=™)*™ Vyjidieme matici A v novych soufadnicich (X,Y). Definujeme
tedy L = (X, Y)TA(X, Y'). Zapsano blokové,

Ly L
v=(m )
kde L1, € R™™ L1, € RX0=m) [, ¢ RO=mxm g [, € RO=m)x(m=m)  Defi-
nujme operator R : P € RO—™)xm  R(P) € R"™)*™ piedpisem
R(P) = LogP — PLyy + Loy — PL15P. (4.2)
Nasledujici tvrzeni poukazuje na vztah mezi kofeny tzv. Riccatiovy rovnice
R(P)=0 (4.3)

a kofeny rovnice (1.1):

Tvrzeni. Budte A € R™" X € R™™
bud P € RM=—m)xm  Polosime-li dile Z
ekvivalentni :

Y € R™("™) definovdny jako viyse,
X + Y P, jsou nasledujici podminky

|l =

(i) AZ — ZA =0
(i) R(P) = 0.

14



Pritom pro A plati A = Li1 + Lqs.

Diikaz. Necht je splnéna podminka (i). Vynasobenim této rovnice matici X T zleva
obdrzime rovnost

XTAX +YP)— X"(X + YP)A = 0.

Po roznéasobeni ziskame vyjadieni pro A:
A =Ly + LpP.
Dosadme tuto hodnotu zpét do (i) a vynasobme rovnici zleva matici Y
YTAX +YP) =YY (X + YP)(Ly; + LisP) = 0.

Po tpravé dostaneme hledany vztah (ii).
Predpoklddejme na druhou stranu, Ze je splnéna podminka (ii). Z definice matice
L a z identity XX* + YY" = I,, plynou nasledujici rovnosti:

AX - XL11 + YL21, AY - XL12 -+ YL22. (44)
S jejich pouzitim obdrzime
AZ = A(X +YP) = X(Ly1 + L13P) + Y (Lo, + Loy P).

Ve druhém sc¢itanci nahradime vyraz v zavorce vyrazem PLi; + PLis P na zakladé
(ii) a obdrzime rovnost
AZ = Z(Ly1 + Lo P),

coz je rovnice (i) pro A = Ly + L2 P. &

K feseni Riccatiovy rovnice pouzijeme Newtonovu metodu. Derivovanim (4.2)
ziskame vztah pro diferencial

DR(P)A = (Lays — PL1s)A — A(Ly + L2 P).

Je-li {P®)}% ' posloupnost aproximaci poéinaje P(¥) = 0, ziskame (k + 1)-nf iteraci
piedpisem P*+Y) = P*) 1 A kde A € R(*=™*™ je feSenim Sylvesterovy rovnice

(Lay — PP L1)A — A(Lyy + Ly P®) = —R(PW). (4.5)

V kontextu kontinuace invariantnich podprostori lze pouzit vyse uvedeného
postupu jako korektorového kroku, viz [5]. Matice Lyy — P L, € RM—m)x(n=m)
jsou obecné plné i v pripadé, kdy matice A je ridka. Pouziti této metody proto
nemusi byt vhodné pro tlohy velké dimenze. V néasledujicim tvrzeni ukazujeme, ze
posloupnost { P} - m4 vz4djemné jednoznaény vztah k posloupnostem {Z®}2
{A®)e které jsou generovany na zakladé (3.7), (3.8). Vychazime ptitom z [3].

15



Oba pristupy jsou tedy zcela ekvivalentni a mizeme s vyhodou aplikovat postupy
popsané v kapitole (3) s vyuzitim Fidkosti matic A(s).

Tvrzeni. Polozme v (3.1) S = X = Z0. Predpoklddejme navic P©®) = 0. Mezi po-
sloupnosti { P*)}2 . definovanou rovnici (4.5) a posloupnostmi {ZF 22 {A®)} 2
definovanymi rovnici (3.6) plati vztahy

z® = X 4+yp® (4.6)
AR = XTAZz®,

Dukaz. Piedné, rovnost (4.7) je pfimym dusledkem rovnice (3.6). Skutecné, vyné-
sobime-li prvni fddek (3.6) zleva matici X a vyuzijeme-li druhého fadku (3.6) pro
hodnoty k, k + 1, obdrzime rovnost

XTAZ(k+1) . A(k) . A(k—i—l) _ _A(k)7

odkud jiz okamzité plyne (4.7).
Nésobime-li v rovnici (3.6) zleva matici Y'*, dostavame

YTAz(k-i-l) . YTz(k—‘rl)A(k’) . YTz(k)A(k’-i—l) + YTz(k)A(k:) —-0.
Po dosazeni z rovnice (4.6) a tpraviach dotaneme
(Lyg — PW L) PED — pEI(L 4 [1,PR)) = — Ly — PEIL, PP,

Ke stejnému vysledku ovsem vede i dosazeni A = P*+1) — P 3 pasledné tGpravy
rovnice (4.5). Protoze Sylvesterova rovnice (4.5) ma jednoznacné feseni, je dokdzan
indukéni krok k& — k + 1. Pro hodnotu k& = 0 tvrzeni plati diky volbé P = 0,
X =20,

¢
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Dosazené vysledky, zavéry a shr-
nuti

V predchozich kapitolach jsme podali prehled numerickych metod pro kontinu-
aci invariantnich podprostort (CIS) a detekci bodt zmény stability. Zndmé metody
jsme klasifikovali do t¥i hlavnich typt. Metody typu RPM jsou zaloZeny na dy-
namické simulaci, tj. na numerické integraci relevantnich dynamickych systém.
Metody typu prediktor—korektor aplikované na defini¢ni rovnici invariantniho pod-
prostoru vedou k feseni vroubené Sylvesterovy rovnice. Vyhodou tohoto pristupu
je zachovani tidkosti matice soustavy. Tteti skupinu tvori metody typu prediktor—
korektor aplikované na Riccatiovu rovnici. Ukazali jsme, ze z teoretického hlediska
jsou oba pristupy ekvivalentni.

Na zakladé numerickych experimentii s metodou RPM jsme navrhli jeji modifi-
kaci, kterou jsme pojmenovali Projected RPM. Zatimco ptivodni RPM provadi sta-
bilizaci vysledku numerické integrace nestabilniho dynamického systému, Projected
RPM pouziva numerickou integraci k ziskani stacionarniho reseni stabilizovaného
dynamického systému. Vysledkem je metoda vyznacujici se vétsi robustnosti. S vy-
hodou také mtzeme v konkrétnich aplikacich vyuzit znalosti diferencialt GG,,. K de-
tekci bodi zmény stability jsme pouzili mocninné iterace aplikované na Cayleyovu
transformaci diferencialu G,,.

Na Cayleyové transformaci je zaloZena i detekce bodi zmény stability u me-
tod typu prediktor—korektor. Jeji pouziti ndAm umoznilo provadét zmény dimenze
sledovaného invariantniho podprostoru tak, abychom vcas zachytili vlastni c¢isla
prekracujici imaginarni osu.
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Numerical experiments with the Recursive
Projection Method

Ondiej Liberdal

Department of Numerical Mathematic, Faculty of Mathematics and Physics,
Charles University, Malostr. nam. 25, 118 00 Prague, Czech Republic

Abstract: A modification of the Recursive Projection Method for finding
steady states of parameter dependent vector fields is introduced. Both
original and modified procedures are compared.

1 Introduction
To find zeroes of the system of nonlinear equations
G(u, A) =0, (1)

where G : RY x R — RY is a sufficiently smooth mapping dependent on the
bifurcation parameter A\, we use path—following algorithms. Let us suppose
for a moment that the solution path I’

L= {(u,\) € R"":G(u,\) =0},

can be parametrized with respect to the parameter A € R. Given two points
(u_1,A_1) € I' and (ug, A\g) € I" on the solution path we perform two steps
to find a new point on I':

1. secant predictor:
)\1 = )\0 + 5)\,

!Faculty of Mathematics and Physics, Charles University, Prague, Czech Republic



oA
0) —
u® =y + ————
VD
where 0\ is the step size. It can be changed during the continuation
by means of adaptive methods.

(uo - ufl)a

2. corrector step: we try to find a point (uy, A;) on I, i.e. we solve equation
(1) for unknowns u; € RY while \; remains fixed. Since G(u,)) is
nonlinear we only find an approximation of (u;, A\;) by applying an
iterative procedure on the system (1). These iterations are represented
by a mapping F : RV xR — RY, i.e. we have got a fixed-point scheme

uk D = F(u® ). (2)
We can use for example a Newton’s method:

uHD =y — [G, (u®), Alﬂil

G(u®, \),
where G, denotes the Jacobian matrix of G. The main disadvantage of the
Newton’s method is that we have no information about the spectrum of G,
which is essential for detecting of special points on the solution path such as
folds, pitchfork bifurcations, Hopf bifurcations etc.

In the following we will consider the case when G is a spatial discretization
of the right-hand side of the partial differential equation

ou
— = A).
Gl
After the dicratization we obtain an autonomous system of ODEs:
Ju
T Gl ). 3
= G(u) Q

We are mainly concerned about steady states of (3) which are precisely the
solutions of (1). To find steady states we can use dynamical simulation. Let
@(t,u’) denote the flow of (3), i.e. the solution of (3) at time ¢ with the
initial condition %(0) = u°. Then we can define mapping

F(“? )‘) = @(At u)v (4)

where At is a time step. Of course we do not know the exact values of
flow in practise. Instead a numerical integrator is employed to approximate
the flow. However such a fixed-point procedure will fail to converge during
the continuation due to the eigenvalues from spectrum o(G,) crossing the
imaginary axis.



2 Coupled itearations

It was suggested in [1] to use the following scheme:

Let us denote pq, ..., uy the eigenvalues of the Jacobian F,(u,\). Gen-
erally the iterations (4) will fail to converge or the convergence rate will be
slow due to m eigenvalues 1, ..., i, lying outside the disk

Ki={reC:|z| <1-d}

for some 0 < 0 < 1. The main idea of coupled iterations is to decompose the
state space:

RN =Pa® Q,

where P is the maximal invariant subspace of F,, belonging to the eigenvalues
W1, - b and @ is the orthogonal complement of P. Subspaces P and Q
define orthogonal projectors P and ) respectively. Now we can replace the
System

u= F(u,\)
by couple of systems
p=f.¢A) = PF(p+qA), (5)
q=9p.¢.A) = QF(p+aq,X), (6)

where u = p + ¢ is the unique decomposition of v with p = Pu and ¢ = Qu.
It is shown in [1] that all the eigenvalues of

lie in Ks. Therefore we can perform Newton’s iterations only on a small
subpace P while continuing to use fixed-point iterations on Q. The resulting
scheme is then of the form:

7 — £,(0™, g™ N @*D —p®y = f(p*), g™ \) — p®)] (7)
"t = g™, g™, N). (8)

2.1 Numerical realization of the RPM

To implement the scheme in practice we have to solve several problems:

1. Increasing the dimension of the unstable subspace P when the scheme
is not convergent.



2.

3.

ad 1:

ad 2:

ad 3:

Updating the basis during the continuation.

Decreasing the dimension of the basis.

We start the algorithm with m = 0. Generally only a single real eigen-
value p,,41 or a pair of complex conjugate eigenvalues approach the
boundary of the unit disk in complex plain. Hence one or two new
vectors should be adjoined to the subspace P. This can be done auto-
matically during the continuation without evaluating the spectrum of

F,. Let us denote
Ag®) = g+ _ k),

According to [1] the vector Aq® is approximately the k-th power itera-
tion with matrix g, applied to the vector Aq© provided F, is Lipschitz
continuous and the prediction u(? is close enough to the exact solution
uy; = u1(A1). This gives us possibility to compute new unstable direc-
tions from the Gram-Schmidt factorization of the two last difference

vectors:
[Aq(k), Aq(kfl)] = DT,

where T' € R**? is upper triangular and D € RN*2 is orthogonal. Now
we c:idd one vector (the first column of D) if T1; > Tss or both columns
of D otherwise.

Let Z be the basis of the unstable subspace P. Clearly Z depends
on the parameter A\. This means that after each continuation step
we should correct it by performing one or more steps of the so called
subspace iterations:

Z()q) = O’f’th(Fu(Ul,Al)Z<)\0)), (9)
where "orth” denotes computing an orthonormal basis for F,Z.

After each successful continuation step we compute the eigenvalues of
the matrix

H=Z7"F,2Z.

These should be the dominant eigenvalues of the Jacobian F,. If only
m < m of them lie outside K3 we decrease the dimension m of P by
computing a real basis V € R™ ™ for the dominant eigenvectors of H
and replacing Z by orth(ZV).



3 Modified RPM

For steady state problem (3) we suggested a slightly modified algorithm. Let
ap =pp+itg, k=1,...,N
be the eigenvalues of GG, and let us sort them in such a way that
pr= -2 pm>02ppy1 = ... 2 pN-

If m > 0 then the steady state u(\) is not stable. Again we can decompose
the state space

RY=PaQ,
where P is the invariant subspace corresponding to asq, ..., a,, and Q is the
orthogonal complement of P. Now let us decompose the system of ODEs:
§=QG(p+q ), (10)
p=PGp+q,N). (11)

The Jacobian of the right-hand side of (10) is QG,Q. It can be shown that
its eigenvalues are
0,...,0,py1,...,anN. (12)

There are m zeroes at the beginning of the list (12). Therefore we can use
dynamical simulation for solving (10). The remaining equations (11) have
to be solved with the help of Newton’s method since the eigenvalues of the
Jacobian of the right-hand side PG, P are

g, ...,y 0,...,0.

The difference between RPM and our method is that we use Newton’s method
on the original problem (1). Another difference is that we compute the flow
of dynamical system (10) with projected right-hand side while in the original
RPM we first evaluate the flow and then we project it by @) to the stable
subspace Q.

3.1 Numerical realization of the modified RPM

To implement the modified RPM algorithm we have to solve the same prob-
lems that we have mentioned in the section (2.1).
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ad 1:

ad 2:

ad 3:

3.2

As for increasing the dimension of P we can use the same procedure
with Gram-Schmidt factorization of

[Aq(k) 7 Aq(k+1):|

since the eigenvectors of G, are identical with those of F, (even though
it is not true for the eigenvalues).

It seems to be the most difficult problem to maintain the accuracy of
the basis Z. We could use the subspace iterations (9) but it would
require computing F'(u, \), i.e. we would have to use a time integrator
on the original system (3). Unfortunately it is precisely one of the
things we wanted to avoid by modifying the original RPM algorithm.
However the numerical experiments indicate that it is not necessary
to update subspace P after each continuation step. We decided only
to increase the basis size when the process was not convergent and to
decrease the basis size from time to time (once per 20 continuation
steps).

Analogically to the original version of RPM we compute the matrix
H=27"G,7

and test its spectrum (this is not expensive as the dimension of His
m). Only the eigenvectors corresponding to the eigenvalues aj, with
Reay > —6 are taken to the new basis of the unstable subspace P.
Here § is a positive constant.

Advanteges of the modified RPM

. We use a time integration procedure (such as Euler’s method, Runge-

Kutta methods, implicit stiff solvers etc.) on a dynamical system (10).
The Jacobian of its right-hand side has no eigenvalues with positive real
parts. Therefore the time integration process should be more stable
even for larger time steps and in the cases when we are not very close
to the solution path.

. We perform Newton’s steps on the original problem (1). Hence we can

get information about bifurcation points by testing the spectrum of the
matrix H.



3.3 Numerical algorithm

Let Z be an orthonormal basis in P. Then the projectors P and () are of

the form
pP=zz" Q=1-27"

In order to perform Newton’s steps in R"™ we introduce new variable z € R™:
2=0p=2%, p=2Zz and u=/272z-+4q.

Moreover to enable continuation past folds we add a constraint on variables
z and A. The resulting system in R"™ is then
ZT'G(Zz+q,\) = 0,
(2 = 2NTEO —20) + A= XNAOD — X)) = 0,
where zy = Z7ug and 29 = Z72) The modified RPM algorithm is listed

bellow:

Modified RPM Corrector
7= (20 — 25, AO — X\))T;
while (||G(u)|| + constraint > tol);
T T
M::<ZGUZ . ZGA>;

T

constraint := (z — 20, X — XO)Tr,;

yAXE '
constraint )’

b:=
2 z
(1) (i) o
q := ODESolver (QG, q, A\, At);
U= Zz+q;
if (not convergence) then increase_basis_size(Z);
endwhile;

decrease_basis_size(Z);

subspace_iteration(Z);

end;



4 Numerical results

Both examples bellow are the same sample problems as in [1]. We used
Runge-Kutta fourth order procedure with steplength adaptation to compute
the flow. The local tolerance was chosen 5-107°. All the derivatives were
replaced by differences with steplength ¢ = 107°. Paremeter tol from algo-
rithm above was set to 5- 1073, The length of the predictor step h was held
constant during the continuation with h = 0.15. In the first example we
examined steady states of one-dimensional Bratu problem:

@ — @4_)\“
ot~ o2 ¢

u(0) = wu(l)=0.

We used standard continuous piecewise linear finite elements on a grid with
40 points to discretize the differential operator. Figure 1 shows computed
solution path. In the figure 2 we can see solution path of the non-symmetric
problem arising from the spatial discretization of the following couple of
PDEs:

8’&1 1 62’&1 1 2

e = —_—— )\ —_— _A " 1
5 5 o + AMug — ug) + FAe (13)
8u2 1 82U2 1 9

_— = _— — u1 14
En 5 0 +)\(U1+U2)+5>\6 (14)

with boundary conditions
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Recursive Projection Method
for detecting bifurcation points

Vladimir Janovsky, Ondrej Liberda
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Abstract: The Recursive Projection Method is tested on two model problems. The aim
of the experiments is to investigate the relationship between the actual bifurcation

scenario and the performance of the method. The theoretical analysis suggests that
such a link may exist. The performed test are rather pesimistic.

1 Introduction

Let us consider a system of nonlinear equations:
G(u, \) =0, (1)

where G : RY x R — R is a sufficiently smooth mapping dependent on the
bifurcation parameter A\. There are two main tasks:

1. seeking for the solution path
= {(u,\) € R"™: G(u,\) =0},
i.e. the set of points solving the system (1)
2. detecting bifurcation points along the solution path

For the principles of pathfollowing algorithms we refer e.g. the [10], [5] or [1].
In the large—scale computations the implementation of iterative techniques,
e.g. [11], seems to be inevitable.

As the latter problem is concerned, we can generically encounter folds
(turning points) and Hopf bifurcation points along the path T'. Detecting

1



folds is comparatively easy, see e.g. [3]. Computation of Hopf points rep-
resents a serious problem since a good initial guess is needed, see [12], [4].
Recent developments e.g. using bialternate product (see [4]) or Cayley trans-
formation (see [9]) are certainly some alternatives but they suffer serious
drawbacks.

The Recursive Projection Method (RPM), see [6], was designed to solve
the above formulated problem. Its variants for the continuation of periodic
solutions, see [7] and [8], were reported to be very successful. In this paper,
we will analyse the performance of RPM. We have deliberately chosen the
same examples as in [6].

The outline is as follows: In the next section we will briefly describe
the continuation procedure we have chosen for a reference. The particular
implementation of RPM is described in Section 3. Two model problems are
solved in Section 4. The performence of RPM is evaluated in Conclusions.

2 Pathfollowing via predictor corrector

We recall the idea of a general pathfollowing algorithm, see [5]. Given two
points (u_1,A_1) € I'" and (ug, Ag) € I" on the solution path we perform two
steps to find a new point on I':

1. predictor step:
)\1 = )\0 + 6)\,

U(O) = Ug + th,

where 7 is a unit vector, e.g. the tangent vector to the solution path
in the point (ug, \g) or its approximation by secant vector. Scalars d\
and h¢ act like step sizes that can be changed during the continuation
by means of adaptive methods.

2. corrector step: we try to find a point (ug, A7) on I, i.e. we solve equation
(1) for unknowns u; € R™ while \; = A% remains fixed. Since G'(u, \)
is nonlinear we only find an approximation of (u;, A1) by applying an
iterative procedure on the system (1). These iterations are represented
by a mapping ' : R" x R — R", i.e. we have got a fixed-point scheme

uk D = F(u® ). (2)



Moreover to enable continuation past turning points we introduce one
scalar equation (the so called constraint):

N(u,A) = 0. (3)
According to [10] we use the perpendicularity condition
(w = w @) (w® —wg) =0, (4)
where
w = (u, \), wo = (ug, Ao), w® = (1@, \O) (5)

are vectors from R"*!.
As the corrector step, we have used Newton’s method:

u ) = 4 — [G(u® )] Gu®)\).

In fact we solve an augmented system

G(u, \) = (G(u, \), N(u,\)) = 0, (6)
where G maps R™"! on R, Newton’s method for this augmented system
has the form

w1 W) . R

é/ _ Gu G)\

N, N,.
In applications the mapping G often arises from discretization of physical
models. Jacobian matrix GG, is then sparse. Therefore it is advantageous to
implement iterative solvers for solving the system of linear equations in (7).

We used a variant of Biconjugate Gradients method. The resulting method
is pretty robust.

Here

3 The Recursive Projection Method

In the following text we will restrict ourselves to the case when mapping G
is obtained from spatial discretization of the right-hand side of the partial
differential equation

ou



After the discretization we obtain an autonomous system of ODEs:

ou
i G(u, \). (8)
We are mainly concerned about steady states of (8) which are precisely the
solutions of (1).
In [6] qualitatively different approach is used for solving the bifurcation
problem (1). It is based on seeking for fixed point of the mapping (2) i.e. we
solve the equation

u= F(u,\) (9)
instead of solving (1). The particular choice of F' will be specified later.

3.1 Dynamical simulation

Let
p(t;u, A) (10)
denote flow of the dynamical system (8) i.e. the solution of (8) with initial

condition
e(0;u,A) = u.

For stable steady states of (8) it holds
tlim o(t;u, \) = u. (11)

Hence we arrive at a method for finding stable steady states:
Let us define
F(u,\) = ¢(At;u, A) (12)

where At is fixed. Now we employ fixed—point iterations (2).

3.2 Coupled iterations

Fixed-point procedure (2) will fail to converge during the continuation due
to eigenvalues from spectrum o(G,,) crossing the imaginary axis. The steady
states are then no more stable. We will follow the steps described in [6]. Let
us denote p1, ..., uy the eigenvalues of the Jacobian F,(u, \). Generally the
iterations (2) will fail to converge or the convergence rate will be slow due
to m eigenvalues u1, ..., i, lying outside the disk

Ks={zeC:|z|| <1-0}
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for some 0 < 0 < 1. The main idea of coupled iterations is to decompose the
state space:

R"=P®Q,

where P is the maximal invariant subspace of F,, belonging to the eigenvalues
M1, - b and Q is the orthogonal complement of P. Subspaces P and Q
define orthogonal projectors P and () respectively. Now we can replace the
system

u=F(u,\)
by couple of systems
p=f(p,q,\) = PF(p+q,A), (13)
¢=9p,q,\) = QF(p+qN), (14)

where u = p + ¢ is the unique decomposition of v with p = Pu and ¢ = Qu.
It is shown in [6] that all the eigenvalues of

lie in K. Therefore we can perform Newton’s iterations only on a small
subpace P while continuing to use fixed-point iterations on Q. The resulting
scheme is then of the form:

= (", ¢® N@H —p®y = f(p®) g™ X)) —p® (15)
g = g™, g™, N). (16)

3.3 Numerical realization of the RPM

To implement the scheme in practice we have to solve several problems:

1. Increasing the dimension of the unstable subspace P when the scheme
is not convergent.

2. Updating the basis during the continuation.

3. Decreasing the dimension of the basis.

ad 1: We start the algorithm with m = 0. Generally only a single real eigen-
value p,,4+1 or a pair of complex conjugate eigenvalues approach the
boundary of the unit disk in complex plain. Hence one or two new

5



ad 2:

ad 3:

vectors should be adjoined to the subspace P. This can be done auto-
matically during the continuation without evaluating the spectrum of

F,. Let us denote
Ag#) = g+ _ k),

According to [6] the vector Aq®*) is approximately the k-th power itera-
tion with matrix g, applied to the vector Aq© provided F, is Lipschitz
continuous and the prediction u(? is close enough to the exact solution
uy; = u1(A1). This gives us possibility to compute new unstable direc-
tions from the Gram-Schmidt factorization of the two last difference
vectors:

[Aq(k)qu(k—l)] — f)T,

where T' € R**? is upper triangular and D € RN*2 is orthogonal. Now
we z}dd one vector (the first column of D) if T7; > Ty, or both columns
of D otherwise to the basis.

Let Z € R™™ be the basis of the unstable subspace P. Clearly Z
depends on the parameter A. This means that after each continuation
step we should correct it by performing one or more steps of the so
called subspace iterations:

Z()\l) = OT'th(Fu(Ul,)\l)Z(A()D, (17)
where "orth” denotes computing an orthonormal basis for F, Z.

After each successful continuation step we compute the eigenvalues of
the matrix

H=7"F,2Z.

These should be the dominant eigenvalues of the Jacobian F,. If only
m < m of them lie outside K5 we decrease the dimension m of P by

computing a real basis V' € R™ "™ for the dominant eigenvectors of H
and replacing Z by orth(ZV).

To benefit from the fact that dimension m is generally small we introduce
new variables z € R™:

z=2ZTu=2%p, p=2Zz, q=u— Zz.



Together with orthogonality constraint (3) applied only on the subspace P
we arrive at a (m + 1)-dimensional system for z and A:

2= Z'F(Zz+q, ) = 0 (18)
N(z,\) = 0. (19)
The orthogonality constraint on R™*! takes the form
N(z,A) = (z = 2T (O — 20) + (A= ANNO —\g) = 0.
Applying Newton’s method to the above system we get the scheme:
I-H —Z7ZTF), 2k (k) %) - ZTF
FUNESORS W AW CE BSNORS Rl W OO (20)
In the actual computing we do not know accurate values of the flow ¢.

That is why we employ a standard Runge-Kutta integrator with automatic
step control to approximate these values:

©(At;u, \) = RK(At, u, A, tol).

The last parameter sent to the Runge—Kutta procedure is the local discretiza-
tion error tolerance. As shown in the tests it plays an important role for the
RPM algorithm. In fact we call the Runge-Kutta procedure with two various
choices of the last parameter:

1. With tol = tolDerF' we evaluate values of the flow more accurately for
the purposes of computing differences

F(u+ev,\) — F(u, \)

I

9

which for small values of the scalar ¢ approximate Gateaux derivative
of F'in the direction v.

2. With tol = tol F' we evaluate values of the flow less accurately.
Let us give a sketch of the RPM algorithm we have implemented:

do

cs = cs+1;



SecantPredictor (u_1, A_1, ug, Ao, U, \);

F = F(u,\);

2=7", qi=u-— 2z

H:=Z7"F,Z

if there are eigenvalues of H in K then DecreaseBasisSize();
iter:=0;

while (||lu — F|| > tolRes) do
iter := iter+1;
q=q—22";
()= ()=(% 75") (35);
AT LA N, N, N(z,A) )’

if iter > iterMax then IncreaseBasisSize();

u=Zz+q;
F = F(u,\);
endwhile;

until end of continuation;

The following table lists parameters used in the RPM algorithm:

tolRes — used as a stopping criterion in the RPM corrector.

tolF', tolDerFF — see the text above.

€ — used for approximating derivatives by differences.

At — time step in the dynamical simulation. We have used
At = 0.1 in the experiments.

J — important for the procedure DecreaseBasisSize(). We
have used § = 0.5 in the experiments.

iter Max — the number of RPM Corrector iterations after which

the procedure IncreaseBasisSize is involved. We have
used iter Max = 8 in the experiments.

cs — counter of continuation steps

iter —  RPM corrector steps

4 Model problems

For numerical tests we chose two examples mentioned in [6]. The first one is
the so called 1-D Bratu problem.



1D Bratu

20,0

15,0 A

10,0 4

[ul

5,0 4

0,0

0,0 1,0 2,0 A 3,0 4,0

Figure 1: Bifurcation diagram for 1D Bratu problem

4.1 Bratu problem

It is described by partial differential equation:

ou o*u u
a = w + e (21)
w(0) = u(l)=0. (22)

We can see that Bratu problem is perturbed heat conduction problem. We
discretized this equation by means of finite differences and obtained mapping
G(u, A) the i-th component of which was

1 .
Gi(u, /\) = ﬁ(ui_l — 2u; + Uz’—l—l) + Ae'.
Here h denotes the spatial mesh size
1

h =
n+1

where n is number of mesh points. Figure 1 shows bifurcation diagram for
Bratu problem computed by Newton’s method with n = 40 and stopping
criterion

IG (u, A} < 107

9



1D Bratu

8,0 -

Re

0,0

-4,0
0,00 0,50 1,00 1,50 2,00 2,50 3,00 3,50 4,00
A

Figure 2: Dependence of Re p on A

test nr. \ tol \ tolF \ tolderF \ eps ‘

L. 1074 ] 107> | 107 1073
II. 1073 1073 | 10°¢ 1073
I1I. 1074 ] 1079 | 10712 1076

Table 1: Parameter settings for numerical experiments

We can see one fold point for A ~ 3.51. Due to the symmetry of G, there
are no Hopf bifurcation points on I'. For the reference, we have computed
spectrum of G, at each detected point of I'. As expected, for A ~ 3.51
one real eigenvalue crossed the imaginary axis in the complex plain from
left to the right. Consequently steady states lost their stability. This fact
is documented in the Figure 2 which shows dependence of real part of the
dominant eigenvalue Re i on the bifurcation parameter A\. The performance
of RPM was tested for three different settings of basic parameters, see Table
1. As far as the computation of bifurcation diagram is concerned, RPM
produced the same solution set as is depicted in Figure 2. We were interested
how the fold point was indicated. As expected, the value of m (i.e. dimension
of the invariant subspace P) has changed. On Figure 3, the dependence of m
on the position on I" is shown. Note that the actual point number is related to
the actual arclength. This graph was obtained for the particular parameter

10



0 20 40 60 80
Ccs

Figure 3: Bratu problem. Continuation via RPM with parameter setting I1

setting II. We can see that dimension m of subspace P is increased to 2 and
immediately after that decreased to 1. It is caused by inaccurate estimate of
dominant eigenspace in window procedure.

4.2 Bratu problem 2

As the second example, we considered couple of PDEs:

ov 1 0% 1

5% = Fam + v —w)+ 5)\26” (23)
1

ow 10%w 1

E = g—al% + )\(U + w) + g)\gev (24)

with

v(0) =v(1) =0, w(0) = w(l) =0.
We will call the resulting system Bratu problem 2. Again we discretized the
right-hand side by means of finite differences. We ordered the unknowns so

that
U2 = Uy, U2i4+1 = Wi, 1=1,...,n.

11



Bratu problem 2

c_—

6,0 - B

4,0 A

2,0 -

0,0

0,0 1,0 2,0 3,0 4,0 5,0 6,0 7,0 8,0
A

Figure 4: Bifurcation diagram for 1D Bratu problem 2

Figure 4 shows bifurcation diagram for Bratu problem 2 computed by
Newton’s method with n = 20 and stopping criterion ||G(u, \)|| < 1077, We
can see one fold point for A &~ 7.02. However the behaviour of this model
is much more complex than in case of Bratu problem. Due to the fact that
this system is unsymmetric we obtain several Hopf bifurcation points on the
path. In the figure 4 we marked 4 points of interest. They correspond to
different scenarios on the complex plain. Points A and B on I' are Hopf
bifurcation points where two complex conjugate eigenvalues cross imaginary
axis from left to the right. Point C is a fold where single real eigenvalue
crosses imaginary axis from left to the right. At the point D on the curve a
transverse bifurcation occurs where single real eigenvalue crosses imaginary
axis from right to the left.  Figure 5 shows the changes of the number of
eigenvalues to the right of the imaginary axis during the continuation. Again
we performed three tests with RPM with various settings of parameters, see
Table 1. These various settings appeared to have great influence on the
continuation. Especially they affect dimension m of the unstable subspace P
and consequently the possibility to detect bifurcation points by testing the
spectrum of the small matrix H. Having a look at the Figure 5 we could
expect the following behaviour of the RPM algorithm:

e At points A and B two complex conjugate eigenvalues leaving the unit

12
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Figure 5: Bratu 2. Changes of number of unstable modes during continuation

5 4
m=5
A=6.68|

m=4

3 A=5.5

m=2

0 T T T T T T
0 20 40 60 cs 80 100 120 140

Figure 6: Bratu 2. Changes of m during the continuation via RPM with
parameter setting I
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m=4

A=6.65
31 A=6.98

0 20 40 60 cs 80 100 120 140

Figure 7: Bratu 2. Changes of m during the continuation via RPM with
parameter setting II

A=6.7
A=5.62

A=5.36

0 30 60 cs 90 120

Figure 8: Bratu 2. Changes of m during the continuation via RPM with
parameter setting 111
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circle causing an increase of the number of unstable modes to 2 or 4,
resp.

e At the point C one real eigenvalue should leave the unit circle causing
an increase of the number of unstable modes to 5.

e At the point D one real eigenvalue should enter the unit circle causing
a decrease of the number of unstable modes to 4.

However the performance of the RPM suggested the following scenario. We
observed that two complex conjugate eigenvalues left the unit circle at the
point A and one real eigenvalue left the unit circle at the point C. The
presence of bifurcation points B and D was not indicated.

5 Conclusions

The experiments verified that continuation via the RPM is satisfactory.
Turning points were detected within the prescribed tolerance too. We en-
countered problems with detecting of Hopf bifurcations. Their detection
appears to be sensitive on tuning the parameters. We envisage the following
remedies of RPM. At first, we should be able to change the arithmetics in the
sensitive part of RPM. We also prepare a version of RPM where the original
equation is solved. Note that the present RPM is an iterative algorithm of
fixed point type. Finally, a better approximation of the invariant subspace
is badly needed. To this end we intend to explore [2].

References

[1] E. L. Allgower, K. Georg Numerical continuation methods, Springer Ver-
lag, New York, 1990

[2] J.W.Demmel, L. Dieci, M. J. Friedman Computing connecting orbits via
an improved algorithm for continuing invariant subspaces, to appear in

STSC

[3] W. Govaerts, Numerical methods for bifurcation of dynamical equilibria,
Philadelphia,

15



[4]

[9]

[10]

[11]

[12]

W. Govaerts, Computation of singularities in large nonlinear systems,

SIAM J. Numer. Anal., 34(1997), pp. 867-880

H. B. Keller Numerical methods in bifurcation problems, Springer Verlag,
New York, 1987

G. M. Shroff, H. B. Keller, Stabilization of unstable procedures: the
Recursive Projection Method, SIAM J. Numer. Anal., 30(4)(1993), pp.
1099-1120

K. Lust, Numerical bifurcation analysis of periodic solutions of partial
differential equations, Kathoelieke Universiteit Lueven, Ph.D. thesis,

1997

K. Lust, D. Roose Computation and bifurcation analysis of periodic so-
lutions of large—scale systems, IMA Preprint Series #1536, Feb 1998,
IMA, University of Minnesota

R. Neubert Predictor corrector techniques for detecting Hopf points, Ind.
J. Bifurcation and Chaos 3 (1993), pp. 1311-1318

W. C. Rheinboldt Numerical analysis for large eigenvalue problems,
Manchester University Press, 1992

Y. Saad Numerical methods for large eigenvalue problems, Manchester
Press, Manchester, 1992

B. Werner Computation of Hopf bifurcation with bordered matrices,
STAM J. Numer. Anal. 33 (1996) pp. 388-399

16



Projected version of the Recursive Projection
Method algorithm

Vladimir Janovsky!, Ondfej Liberdal

Abstract: A modified version of the Recursive Projection Method called Pro-
jected RPM is proposed. Both the original and the Projected RPM are compared.
The latter underlines the stabilization effect. Both methods suffer from the same
drawback, namely a poor update of the unstable invariant subspace.

Keywords: steady states, pathfollowing, stability exchange, unstable invariant
subspace

1 Introduction
In the following we consider a parameter dependent dynamical system
= G(u,\) (1)

We assume that G : R" x R — R" is sufficiently smooth vector field.
In this paper, we shall concentrate on two issues:

1. Continuation of steady states; we have in mind large dynamical systems
especially those arising from a discretisation of PDEs.

2. An indication of stability exchange in the course of pathfollowing.

As far as the first problem is concerned, the pathfollowing techniques are
well known, see e.g. [14], [12], [1]. For the latest development, see [7]: Mixed
block elimination techniques could exploit black box iterative solvers for very
large matrices, [18].

The second problem is quite hard. There were some prospective ideas in
this direction: The ”global” test function for Hopf bifurcation points (based
on the bialternate-product of matrices), see e.g. [9] or [7], would indicate the

'Faculty of Mathematics and Physics, Charles University, Prague, Czech Republic



stability exchange. Unfortunately, this kind of test function could be reason-
ably computed for small scaled problems. Alternative techniques monitoring
the "traffic” through the imaginary axis, see e.g. [8], suffer from the same
shortcoming.

Continuation of the rightmost eigenvalue, see [17], can answer the posed
question. This computational technique is based on properties of Cayley
trasform, see [6]. Direct continuation of an invariant subspace, [5] and [2]
might be an expensive but a promissing technique.

The Recursive Projection Method (RPM), [13], is designed to perform
both of the above assigned jobs. The idea is to compute the steady states
G(u, A) = 0 as parameter dependent fixed points of a mapping F' namely,

u=F(u,\). (2)
At each continuation step, the state space R is splitted as
R'=PpQ, Q=P

where PP is the invariant subspace of F,(u, \) containing all unstable modes.
Denoting by P and @) the orthogonal projectors on P and Q respectively, the
problem (2) can be reformulated as follows: Find p € P and ¢ € Q such that

= PF(p+q,\) (3)

In [13] there is shown that QF is contractive. Therefore, fixed points of
(4) can be computed via Picard iterations. In order to find p, Newton-like
methods are suggested. Note that the choice of F' also includes the possibility
to use any black-box ODE solver in the Picard iteration step, see [13]. This
step can be interpreted as a dynamical simulation.

Just to resume, the iteration step consists in dynamical simulation applied
to (4) and a low-dimensional Newton’s correction applied on (3).

The preconditioned version of RPM, [4], tries to fight the inevitable stiff-
ness of ODE’s. The technique is justified for semilinear PDE. The version of
RPM designed for continuation of limit cycles, [16], has been very successful.

An attempt to improve RPM was made in [3]. Numerical tests reported
failure, [15]. The present paper is another attempt to reformulate RPM in
the spirit of [3]. The resulting algorithm is called Projected RPM.

The outline of this paper is as follows: In the section 2.1 the Projected
RPM algorithm is formulated. Theorem justifying the convergence is quoted.
For details see [11]. In the section 2.2 a pseudocode of the algorithm is given.
Section 3 contains results of the numerical test. The last section are the
conclusions.



2 Projected RPM

In this section we will outline the key idea behind the Projected RPM. Let
us consider an autonomous system of ODEs (1). In practical computations
G is often a spatial discretization of a differential operator. Let I' C R” x R
be the path of steady states of (1), i.e. the solution set to

G(u, A) = 0. (5)

2.1 Coupled iterations

Let (u*, A*) € I be a steady state of (1). We will keep this point fixed in the
whole section. Let us denote

Wi = pr + 17k, k=1...,n (6)
the eigenvalues of the Jacobian A = G, (u*, \*) and arrange them so that
P12 pm>0>pn 12002 pp.

Generally m < n, i.e. only a few modes cause the instability. Let P de-
note the maximal invariant subspace of A corresponding to the eigenvalues
P - - . That means A(P) C P, o(Ap) = {41, ., tm} and P is maximal
subspace with the above properties. Moreover let us define

Q =P+
Clearly R" = P® Q. The above decomposition defines orthogonal projectors

P:R" — P, with Ker(P)=Q (7)
Q:R" — Q, with Ker(Q) =P. (8)

From the definition it is evident that
I=P+Q,

where I denotes the identity operator. Now the solution to (5) is equivalent
to the solution of the coupled system

G (p.q,\) = PG(p+q,\)=0 (9)
Gp,q.\) = QG(p+q,\) =0, (10)

where

GP'PxQxR—P and GY:PxQxR—0Q.



Let

be the projections of the steady state u* on P and Q, resp. Let us investigate
equation (10). Partial differential D,G%(p* + ¢*, \*) is a linear mapping

QRA:Q— Q. (11)
An analogy to the Lemma 2.10 from [13] can be proved:

Lemma: The n — m eigenvalues of the linear mapping (11) are exactly the
stable modes pimit,y - .-, pn of A.

The Lemma above gives us a possibility to solve the system (10) by dy-
namical simulation. Let us consider a dynamical system
i(t) = G%p,q(t),N) (12)
q(0) = q€Q. (13)
We will denote its flow by
Uit q;p, A).

Here p and A are parameters while ¢ is a state variable and ¢ denotes time.
Let us take a fixed time step At > 0 and define a mapping

F?.PxQxR — Q (14)
FOp,q,N) = W(Atgp,N). (15)
An important consequence of the Lemma is a local convergence of Picard

iterations via mapping F'? in a neighborhood of (u*, \*) for sufficiently large
At. It is stated in the following theorem:

Theorem: Let G € CYUs (u*,\*)) where §; > 0, Us (u*,\*) is a ;-
neighborhood of (u*, \*) and F be defined as above. Then there exist positive
numbers v, K, a and § with

Kvy < a, d <o

such that
||FQ(p*,q, N —q¢|| < K|qg— q*He—(a—me

whenever
lg —q*l| <.

Moreover the sequence

g* ) = F9(p*, ¢, \)
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q“"=y(At,q";p™,) u*n

(k) p(k+ D P

Figure 1: One step of the Projected RPM

converges to the fized point ¢ = F9(p*, q*).

The system (9) on the unstable subspace P cannot be solved in the same
manner as the system (10): the eigenvalues p1, ...,y of the linearization
of GP are to the right of the imaginary axis. Therefore we use Newton’s
method on P. One Newton’s step can be written in the form

pED = FP(p® ¢, \)
with F¥ ' Px QxR — P,

OGF (p,q, \)

) 6P, (16

FWM%MZP—(
Combining the two types of iterations on subspaces P and QQ together we
obtain the following iteration scheme:

pE = FPp®, " N (17)
g = FQ(p® ¢® ) (18)

It can be shown that the above scheme is locally convergent. For details see
[11]. We would like to emphasize that the analysis of local convergence is
made under the assumptions that the decomposition R” = P & Q is known
and the exact values of the flow 1) are available.

One step of the Projected RPM is sketched in the Fig.1. For comparison
we introduce also a sketch of one iteration step of the original RPM method

bt



 p(At,u")

(k) p(k+ D P

Figure 2: One step of the original RPM

starting from the same point u®, see Fig.2. Let us comment the differences
between the two schemes. For simplicity we dropped the dependence on the
bifurcation parameter \.

In order to understand Fig.2 we introduce the flow o(t, u®)) of the dy-
namical system

i = G(u) (19)
u(0) = u®. (20)

In the original RPM, the dynamical simulation is applied to compute the
flow p(At,u®). Then ¢*+1 is the Q-coordinate of p(At, u®), while p*+1)
is the P-coordinate of p(At, u®)) corrected by one Newton step.

On the other hand, see Fig.1, in the projected RPM ¢*+1) is obtained
by solving projected dynamical system (12), (13) and p*+1) is computed by
Newton’s step.

2.2 Numerical implementation of the Projected RPM

In this section we provide a code of the Projected RPM. We drop details
about the predictor and concentrate on the corrector routine.

Let us assume that a point (ug, Ag) lies on the solution curve I" within the
prescribed tolerance. A starting point (u(?), A(?)) is obtained via standard
predictor (we used secant method in the computations). Afterwards coupled
iterations (17), (18) are applied until a new point on I' is reached. In order



to benefit from the fact that Newton’s method is necessary only in low-
dimensional space P we introduce new coordinate system which is represented
by an orthonormal basis Z € R"*™. New coordinate z € R™ is then defined
by
2=2Tp= 7%
Conversely
u=q+ Zz.

Furthermore let

H(u,\) = Z7Gy(u, \)Z

denote m x m matrix which is the restriction of Jacobian G, (u, A) on the
subspace P. To make the continuation past turning points possible we use
one-dimensional bordering of the system (9). An augmented Newton’s step
in new coordinates has the form

H 77G, 2kt _ (k) ANE

3 /\ AE+D) _ \(R) == 0. (21)
where Z, \ are approximations of the tangent vectors to the solution path in
the ”old” point (ug, A\g) projected on (P, \) plane. In the actual computation

we have to approximate values of the flow . We employed a standard
Runge-Kutta integrator with automatic step control:

V(AL q;p, A) = RK(At, p,q, A, tol).

The last parameter sent to the Runge-Kutta procedure is the local discretiza-
tion error tolerance tol. The Projected RPM corrector routine in terms of
pseudocode looks as follows:

procedure ProjectedRPM (ul®, \(%)

G = G(u®, A©);

z(o) = ZTu(O), q(o) = u(o) — ZZ(O),
H:= Z7G, (2@, \(®)Z;
k :=0;

while (||G|| > tolRes) do
q"*t) = RK(at, p®), g, A, £ol);

Do) H 7Z7Gy \ ' [ Z7G \
AEFD AR T s ) 0o )

if (k > iterMax) then IncreaseBasisSize();
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u(k+1) = Zz(k+1) _|_ q(k+1)
C:= G(u(k+1)’ )\(k+1));
ki=k+4+1;

?

endwhile;

Subspacelteration(Z);

end

In the algorithm above two procedure calls IncreaseBasisSize and SubspaceIlteration
are involved. The former is called in order to augment basis Z whenever
coupled iterations fail to converge. The latter controls the accuracy of the
invariant subspace P. Both procedures are essentially based on the routines
increase_basis_size and power_iteration_step described in sections 4.1
and 4.2 in [13].

The following table lists parameters used in the above algorithm together
with values we used in the computations:

tolRes = 107° — used as a stopping criterion in the Projected RPM

corrector.
At =0.1 — time step in the dynamical simulation
iterMax = 15 — number of iterations after which the procedure

IncreaseBasisSize is involved

3 Model problems

We compared performance of the Projected RPM with original RPM on two
model problems. We provide three types of outputs:

e CPU times and number of function calls
e solution curves

e cigenvalue movies concerning unstable modes (paths of complex conju-
gate pairs are depicted in bold)

All computations were made on PC with processor Celeron on 433MHz and
384MB RAM under OS Linux. All methods were coded in C++ language
and compiled by GNU gce compiler.



Original RPM

Projected RPM

nr =30 | nr =100 | nx =30 | nz = 100
CPU time [s] 400 1689 120 901
nGCall | 6499101 | 8803972 | 1705799 | 3677995

Table 1: CPU times for nonsymmetric system in 1-D

3.1 Nonsymmetric system in dimension 1-D

We consider a nonsymmetric system of PDEs:

v 10%v 1,
E = ga—x'z‘l—)\(v—w)—f—g)\e
ow 10%w I
E = g@+)\(v+w)+5/\e
with
v(0) = v(a) =0, w(0) =w(a) = 0.

In all computations we set a = 1. The above system is discretized by finite
differences. A number of mesh points is denoted by nz. Table 1 shows
CPU times and number of evaluation of the right-hand side G (nGCall) for
problems with nx = 30 and nx = 100. Notice that the dimension of the
resulting problem is 60 or 200. Fig. 3 depicts the solution curve computed
by Projected RPM for nx = 100. Fig. 4 shows the dependence of real
parts of the eigenvalues 1, ..., t,, on the number of continuation steps cs.
For comparison we computed the whole spectrum by Newton’s method (QR
method applied on Jacobian). Fig. 5 depicts the actual eigenvalue movie of
the unstable modes. We observed that Hopf bifurcation point H2 was not
detected by the Projected RPM.

3.2 Nonsymmetric system in 2-D

Let us consider nonsymmetric system described in section 3.1 on a rectangle
(0,a) x (0,0) C R?,

i.e. the following system of PDEs:

ov 1 1

D —A _ 2,0
5 : v+ A(v w)—|—5>\e
ow 1 1o w
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Figure 3: Solution path of nonsymmetric system in 1D for nx=100 computed
by the Projected RPM
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Figure 4: Eigenvalue movie of the unstable modes computed by Projected
RPM
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Figure 5: Eigenvalue movie of the unstable modes computed by Newton’s
method

with Dirichlet boundary conditions
v(0,y) = v(a,y) =0, w(0,y) =w(a,y) =0,  ye(0,0),
v(z,0) =v(x,b) =0, w(z,0) =w(z,b) =0, z € (0,a).

In all computations we set a = 1 and b = 2. The above system is discretized
by finite differences with number of mesh points along x and y axis denoted by
nz and ny. Table 2 shows CPU times and number of evaluations of the right-
hand side G (nGCall) for problems with nz = ny = 5 and nx = ny = 10.
Notice that the dimension of the resulting problem is 50 or 200, resp. Mind
the paradoxical ratio of the CPU times for the cases nx = ny = 5 and
nxr = ny = 10. It is caused by the fact that the portions of the computed
curves were not the same. The reason is the failure of both algorithms for
nr = ny = 10. Fig. 6 depicts a solution curve computed by the Projected
RPM for nx = ny = 10. Fig. 7 shows dependence of real part of the unstable
modes i1, .. ., ity on the number of continuation steps cs.

4 Conclusions

Numerical tests indicate that the Projected RPM is superior to the original
version of the RPM. In our opinion it is due to the four following reasons:
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Figure 6: Solution path of nonsymmetric system in 2-D for nx=ny=10 com-
puted by the Projected RPM

Original RPM Projected RPM
nr=>5| nr=10 nr=25|nr=10
CPU time [s] 639 547 173 189
nGCall | 11150076 | 2420610 | 2417740 | 651889

Table 2: CPU times for nonsymmetric system in 2-D

e Solution of the dynamical system (12), (13) is bounded due to the
Lemma. On the other hand the solution of the dynamical system (19),
(20) may be unbounded whenever any unstable mode is present.

e In the Projected RPM the original system (5) is solved, especially New-
ton’s step (16) is clearly defined. On the other hand the original version
of the RPM relies on the fixed-point formulation which is not natural.

In particular, the smallness of |ju — F'(u, \)|| does not imply the small-
ness of ||G(u, A)]|.

e Relation between the spectra o(G,) and o(F,) is not clear when a
black-box solver is used. It is crucial for detection of Hopf bifurcation
points.

e In usual cases when G arises from the discretization of PDEs the dif-
ferential G, is available explicitly. It is not true for F; due to the

12
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Figure 7: Eigenvalue movie of the unstable modes for nonsymmetric system
in 2-D with nx=ny=10 computed by the Projected RPM

machinery behind the fixed-point formulation.

However both methods suffer from the same drawback: They seem to be
sensitive to the accuracy with which we compute the basis Z. Unfortunately
procedures maintaining the basis in both original and Projected RPM are
essentially the same. We conclude that for any future effort to improve RPM
this will be the key problem.
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Continuation of invariant subspaces via the
Recursive Projection Method

Vladimir Janovsky!, Ondfej Liberdal

Abstract: The Recursive Projection Method is a technique for continuation of
both steady states and dominant invariant subspaces. In this paper a modified
version of the RPM called projected RPM is proposed. The modification under-
lines the stabilization effect. In order to improve the poor update of the unstable
invariant subspace we applied subspace iterations preconditioned by Cayley trans-
form. A statement concerning the local convergence of the resulting method is
proved. Results of numerical tests are presented.

Keywords: steady states, pathfollowing, stability exchange, unstable invariant
subspace

AMS Classification: 656H17, 47TH17

1 Introduction
We consider a parameter dependent dynamical system
= G(u,\), (1)

where G : R" x R — R" is sufficiently smooth vector field. In order to find
the steady states of (1), i.e. to solve the system of nonlinear equations

Gu,\) =0 (2)

we can use a standard predictor-corrector continuation, see e.g. [7], [1].
To indicate the stability exchange in the course of pathfollowing is much
harder. The Recursive Projection Method (RPM), see [10], could serve to

this purpose.

'Faculty of Mathematics and Physics, Charles University, Prague, Czech Republic



The classical RPM computes the steady states of (1) as parameter de-
pendent fixed points of a mapping F', namely

F(u,\) = u. (3)
At each continuation step, the state space R™ is split as
R'=PpQ, Q=P

where PP is the invariant subspace of F,(u, A\) containing all unstable modes.
Denoting by P and @) the orthogonal projectors on P and Q respectively, the
problem (3) can be reformulated as follows: Find p € P and ¢ € Q such that

= PF(p+q,\) (4)
q = QF(p+q,X), (5)

Under certain assumptions, see [10], QF is contractive. Therefore, fixed
points of (5) can be computed via Picard iterations. In order to find p,
Newton-like methods are suggested. The choice of F' also includes the pos-
sibility to use any black-box ODE solver in the Picard iteration step, see
[10]. This step can be interpreted as a dynamical simulation. As far as the
stability exchange is concerned, the path of P’s is supposed to be one of the
outputs of RPM. Therefore, the unstable modes can be extracted from a
small dimensional P at a reasonable cost.

The presence of modes with large negative real parts (which are irrelevant
for the bifurcation analysis) can slow down RPM algorithms rapidly. An
attempt to eliminate the influence of these modes by a preconditioning was
made in [3].

Note that the technique for a continuation of limit cycles, [9], originated
from [10].

According to our own experience with RPM, [5], the detection of Hopf
bifurcation points is not reliable. From a theoretical point of view, the rela-
tionship between the spectra o(G,,) and o(F},) is not clear (except for a very
simple black-box solver, certainly without an adaptive time-stepping); this is
crucial for a detection of Hopf bifurcation points. In general, the weak point
of RPM is a poor approximation of IP.

In [6] we introduced a modification of RPM which we refer to as Projected
RPM,; note that we were hinted by [2]. Projected RPM attempts to solve
(2) directly without a fixed-point reformulation (3). Let us point out the
advantages:

e In the dynamical simulation step, a suitably projected vector field is
integrated. It underlines the stabilisation effects.



e Differential GG, is often explicitly available. It is not true for F; due to
the machinery behind the fixed-point formulation.

Concerning an update of P: In the original RPM, subspace iterations were
suggested. However, subspace iterations tend to span an invariant subspace
corresponding to the eigenvalues with large moduli. Unfortunately these
need not be the rightmost eigenvalues.

Therefore we propose to use subspace iterations preconditioned by Cayley
transform, see [4]. The effect is that the rightmost modes are mapped outside
the unit circle.

The paper is organized as follows: In section 2 the Projected RPM is
formulated; a pseudocode is given. Important parts of the algorithm such as
a correction of the basis of P and changing the dimension of P are discussed in
detail. In section 3 we state and prove a theorem about the local convergence
of the Projected RPM. The last section contains results of the numerical
experiment.

2 Projected RPM

First we introduce some notation. Let I' € R™ x R be the solution set to
(2) and let (u*,\*) € I" be an arbitrary point. By A we denote the Jacobian
matrix

A = D,Glu*, \).

Stability properties of the steady state u* are determined by the eigenvalues
[, .- by of Ao Let us arrange them decreasingly with respect to their real
parts,

Rur > .. >R, > 0> Rty > ... > Ry,

Let P be the invariant subspace corresponding to the first m eigenvalues and
let Z; be an orthonormal basis in P. Thus Z; € R™*"™ satisfies the following
equations:

AZl = ZlAl
ZlTZl = In,
where I, € R™*™ is an identity matrix and A; € R™*™ is a square matrix
with eigenvalues p1, . .., ft,. Further let us define the orthogonal complement
Q=P+,

and let Z5 be an orthonormal basis in Q, i.e.

23 Zy = Iy_m.
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From the definition of Q it follows that Z7 Z, = 0 € R™* (=™ and ZI'Z, =
0 € R®=™)xm_ For each vector u € R™ there exist unique vectors p € R™
and ¢ € R™™™ such that u = Z1p + Z2q. The assertion is proved by setting
p = ZTu and ¢ = ZI'u. Especially u* = Z1p* + Zaq*.

2.1 Coupled iterations

Let u® be the k-th approximation to u*, u® = Z;p®) + Z,q¥). To define
u**1) we perform one step of coupled iteration: System (2) can be split into
two systems

G (p,q.\) = ZIG(Zip+ Zrg. N) =0 (6)

where
GF R" xR*"™ x R — R™ and GY: R"xR"™ xR —s R*"™

are projections of G(u, \) onto R™ and R"™ resp. Equation (6) is solved
with respect to the unknown p by Newton’s method. Namely, we set

-1

p*H = p® — (D,GP(p™, g™, N)) "GP (p™, ¢®), N). (8)

Equation(7) is solved by means of dynamical simulation — for fixed time
step At we set

gD = (AL, ¢W;p® ), 9)

where (¢, ¢; p, ) denotes the flow of parameter dependent dynamical system

q(t) = G%p,q(t),N) (10)

a0) = q (11)

It is important for the numerical stability that the projected vector field G%
doesn’t contain unstable modes. In practice we approximate the flow by
means of a blackbox solver for ODEs. One step of coupled iteration can be
written in the form

p(k-H) _ FP( k ) (12)
g = FOp* '“) A) (13)
ub =zt )+qu(’“+1), (14)

where

FP(p,q,N) =p— (D,GP(p, 0, \) " GF(p,q, )
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and
F9p,q,\) = (At q;p, \).

In fact, basis Z5 need not be computed at all. Indeed, according to the
equation (14) we only need to evaluate the quantity Zsq. To this end we
set v(t) = Zoq(t). After differentiating v with respect to ¢ and inserting into
(10), (11) we arrive at the dynamical system

0(t) = ZoZiG(Zip+v(t),\) = (I — Z1Z1)G(Zip + v(t), \)
v(0) = Zyq=n.

We use the coupled iterations (12), (13), (14) in the context of the stan-
dard pathfollowing of (u(s), A(s)); we assume the arclength parametrization.
In particular, let (ug, Ag) be a point on I'. Let (4, )\) be the unit tangent vec-
tor (or its approximation) at (ug, Ao). Let u(®, A® be the relevant predictor;
in the actual computation we used secant method. Then

1 .
- (u(k) — uo)Tﬂ + ()\(k) — o) A= (8s)°,

generates the sequence (ul®), A*)) of correctors; u®) is given by means of
(14).

2.2 Approximation of the basis Z;

To obtain a reasonable method we have to reflect the fact that invariant
subspace P changes in the course the continuation. Also the dimension of P
may change due to the eigenvalue(s) crossing the imaginary axis. Moreover,
for a detection of bifurcation points along the solution path it is necessary
that IP also contains the eigenvectors corresponding to the modes with Ry > ¢
for some 0 < 0. In other words, when a single eigenvalue or a pair of complex
conjugate eigenvalues travels through the imaginary axis from the left to
the right we should add the corresponding eigenvectors to Z; in advance.
Therefore it is important to correct the basis Z; after each continuation
step and to ensure that it spans the invariant subspace corresponding to the
eigenvalues with $u > 4.

In [10] it is suggested to use subspace iterations with Jacobian A on basis
Zy. It is not suitable for our case since the rightmost eigenvalues need not be
the dominant ones. The remedy is to use the so called Cayley transform of A.
The resulting algorithm is referred to as subspace iterations preconditioned
by Cayley transform in the literature. In the following we will outline the
basic idea behind it, for details see [4].



Cayley transform of matrix A is defined by
C(A) = (A—a ) (A—ayl),

for ag < a1, ag ¢ 0(A). The most important property is that it maps the
eigenvalues with Ju < %(Ozl + ap) inside the unit circle and eigenvalues with
Ru > %(041 + ) outside the unit circle. It follows that well chosen «; and as
enable us to check the d-boundary in the complex plain. Moreover, vectors
in Z; will converge more rapidly to the eigenvectors corresponding to the
rightmost eigenvalues. The resulting algorithm looks as follows:

procedure CorrectBasisViaCayley(d, vy, arp)
Add 6 randomly initialized vectors to Z;
Q©® = orth(z,);
C(A) = (A—asI) (A — apI)
fork =1,... kpay do

v — c(a)ate
QW = orth(V¥);
end for

H — (Q(kmax))TAQ(kmax);

Compute o(H) = {pt1,- .., tnie};

Solve Az, = uyz, for k=1,... m+6
Mpey = O,

fork=1,...,m+ 6 do

if Ry > o then
Add Q(k“‘a")zk to Z]_,

Mpey = Mpey + 15

end if;
end for;
M = Mpey,

In the code above orth(V) means the orthonormalization of V by Gramm-
Schmidt proccess. The spectrum o(H) can be easily computed by QR-
method since the dimension m+-6 is small. We have chosen to add 6 randomly
initialized vectors to the old basis Z; before the actual subspace iterations are
performed. It enables us to increase the basis size in case when an eigenvalue
(or a pair of complex conjugate eigenvalues) passes the §-boundary.
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2.3 Code of the Projected RPM

Combining all the things together, i.e. coupled iterations, pseudo-arclength
condition and CorrectBasisViaCayley procedure, we arrive at the following
code:

procedure ProjectedRPM (ul®, (%)

G = G(ul®, \(O);
p(o) — ZF{'L].(O)7 V(O) — u(o) — le(o),
= 771G, (u®, Az,
k:=0;
while (||G|| > tolRes) do
v+ = RK(At, p®), v® ¥ to1);
pEO N (p® N (H ZTG, 2G|
)\(kJrl) - )\(k) p A\ 0 )
ulktt) = 7, plckd) 4 )
¢ = G(u(k+1), )\(k+1));
H = Z]G, (u® ), A&7,
k=%k+1;

Y

endwhile;

CorrectBasisViaCayley(d, vy, av);
end

In order to approximate the flow 1) we have employed a standard Runge—
Kutta integrator with automatic step control:

V(AL q;p, \) = RK(At, p,q, A, tol).

The last parameter sent to the Runge—Kutta procedure is the local discretiza-
tion error tolerance tol. The following table lists parameters used in the above
algorithm together with values we used in the computations:

tolRes = 10~* — used as a stopping criterion

corrector.
At =0.1 — time step in the dynamical simulation
0 =-5.0 — line in the complex plain to be tested for transitions of eigenvalues
oy =0-+1.4 — see section 2.2
o, =0—14 — see section 2.2



3 Convergence Analysis

In this section we will provide a proof of local convergence of the iterations
defined in section 2. As a preparation we investigate properties of matrix
AQ ¢ R(r=m)x(n=m) defined as a projection of A on R*™™,

A9 = 7T AZ,.

An analogy to the lemma from [10] is stated and proved.

Lemma 1. Matriz A? has n —m eigenvalues fimit, .. . fin.

Proof. Let the columns of matrix ZQ e R™*(»=m) form a basis in invariant
subspace of A corresponding to the last n — m eigenvalues, i.e. AZy = Zyhs
with 0(A2) = {ttms1, - - -, fn}. Note that columns of both Z; and Zs together
form a basis of R™ and hence

R" =P @® Zy(R"™) (15)
As a next step we will show that columns of the matrix
Vy = Z3 Zy € R (nmm)
span an invariant subspace of A?. Indeed,
AV, = ZTAZyZT Zy = Z3 A(Z1 2] + Z273) Zy = Z3 AZy = Vol

Here we used the fact that Z1AZ, = ZIZ\A\, = 0 and Z, 27 + Z,7T =
I. The latter identity is a simple consequence of the decomposition R" =
Z1(R™) @ Zy(R™™). To finish the proof it suffices to show that columns
of V5 are linearly independent. Let us suppose that there exists a vector
0 # q € R such that Voq = ZTZ>q = 0. Hence Z,q L Q and thus
Zsq € P. At the same time qu € Z}(R"*m) which implies qu = 0 due to
(15. On the other hand Zsq # 0 since Z, is a basis. This is a contradiction.
&

Before we prove the main result of this section we will need to evaluate
three differentials. This is done in the following three lemmas.

Lemma 2. Let G be from the class C*(R™,R). Then
D, FP(p",¢", \) =0 e R™™,

Proof. It follows immediately from the definition of F'¥ and from the fact that
G (p*,q*, \*) = 0. Really, differentiating F¥ with respect to p we obtain

DpFQ =1- Dp[(DpGP)_l]GP - (DPGP)_IDPGP - _Dp[(DpGP)_I]GP'
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Lemma 3. Let G be from the class C'(R",R). Then
DyFC(p" g7, A7) = 0 € R,

Proof. According to the definition of the mapping F¢ we shall compute
derivative of the flow ¢ with respect to the parameter p. Under the conditions
on the smoothness of the mapping G the existence of the differential with
respect to p is ensured, see [8], Theorem 14.2.1. Moreover, let op € R™ be
an arbitrary vector and let v(t) denote the directional derivative

v(t) = DpF9p, q(t), \) - p.
Then according to [8], eq. (2.8), (2.9) on page 245, v(t) satisfies the following
differential equation
ot) = DyGYUp,q(t), No(t) + DyG(p, a(t), \) - op
v(0) = 0.

When we make all the computations in the point (p*, ¢*, \*) we obtain ¢(t) =
q* and v(t) must satisfy differential equation

0(t) = Z§AZyw(t) + Z3 AZ6p = ZT AZyu(t) (16)
v(0) = 0. (17)
Clearly the only solution of the above system is v(t) = 0. &

Lemma 4. Let G be from the class C'(R",R). Then

DqFQ (p*7 q*7 )\*) — eZ;AZQAt

Proof. According to the definition of the mapping F¥ we shall compute
derivative of the flow 1 with respect to the initial data. Its existence is
assured by the conditions on the smoothness of G, see [8], Theorem 13.1.4.
Let dq be any vector from R"~™ and let z(¢) denote the directional derivative

2(t) = DaF9(p, q(t), N) - 8q.

The so called equation in variations can be assembled according to [8], eq.
(1.11) on page 232. It is a differential equation for z(¢):

At) = DF9p,q(t), \)=(t)

2(0) = Jdq.



When we make all the computations in the point (p*, ¢*, A*) we obtain ¢(t) =
q* and

Ht) = 73 AZyz(t) (18)
2(0) = odq. (19)
Hence we can deduce z(t) = %2 A%!5q. %

Theorem. Let G be from the class C'(R",R). Then iterations (12), (13) are
locally convergent with

lim p® = p*, lim ¢ = ¢*.

k—oo k—oo

Proof. Let us consider a composite mapping H : R™ x R*™™ — R™ x R*™™

defined as -
F=(p,q)
Hip.qg)=1| _,
F9(p,q).
To prove the convergence of the iteration process it is sufficient to show that
the spectral radius satisfies the condition

p(Dp H(p™,q")) < 1. (20)
For the differential D, ,H (p*, ¢*) we obtain

. 0 D,F*(p*,q%)
Dpqu<p »q ) = ( 0 eZgAZQAt

due to lemmas 2, 3 and 4. Lemma 1 yields that the eigenvalues of the
Jacobian matrix of H are 0,...,0,etm+1 ... et There are m zeroes at the
beginning of the list. Since

Ru; <0, i=m+1,...,n
we get et < 1 and thus (20) holds. &

4 Numerical experiment

In order to compare the performance of both the original RPM and the
Projected RPM we have chosen the same example as in [10], i.e. the non-
symmetric system of PDEs

ov 1 0% 1

-7 - )\ - _)\2 v
ot sz T AT wl A g

ow 1 0%w 1

- - = )\ _)\2 w
5 58x2+ (v+w)+5 e



AT ] j [l
1.3918 | 1.6824 | —0.1566 + 1.3861i | 1.5-107?
1.5456 | 1.903 | 0.0767+1.53631 | 2.5-107°
4.4477 | 3.4694 | -0.2733+4.3172i | 1.4-10°7

4.5973 | 3.5427 | 0.0821+4.4481i | 4.8-107"

7.0235 | 7.1372 -0.2391 1.1-1074
7.0230 | 7.2211 0.8011 1.5-107%
6.6935 | 9.2843 0.6832 1.2.107%
6.5597 | 9.7910 -0.0401 4-107°

Table 1: Accuracy of the computed eigenvalues near bifurcation points

with
v(0) =v(1) =0, w(0) =w(l) =0.

The above system is discretized by finite differences. A number of mesh
points is denoted by nx. Notice that the dimension of the resulting problem is
n = 2kxnx. Fig. 1 depicts the solution curve computed by Projected RPM for
nx = 40. All four bifurcation points were detected along the path — two Hopf
bifurcation points, one turning point and one symmetry breaking bifurcation
point. Table 1 shows numerical values of computed eigenvalues ji together
with relative errors (for comparison we computed the whole spectrum by QR
method). From the table we can conclude that all the eigenvalues needed for
the detection of bifurcation points are computed within satisfactory accuracy.
Note that the original RPM missed to detect the Hopf bifurcation point for
AR 4.5.

Finally, Fig. 2 shows eigenvalue movie, i.e. dependence of real parts
of rightmost eigenvalues on the pseudo-arclength parameter. Lines in bold
correspond to the complex conjugate pairs of eigenvalues.
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Figure 1: Solution path of nonsymmetric system in for nx=40 computed by
the Projected RPM
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Indication of a stability loss in the
Continuation of Invariant Subspaces

Ondrej Liberda, Vladimir Janovsky

Faculty of Mathematics and Physics, Charles University, Prague, Czech Republic

Abstract

Bifurcation analysis of dynamical systems is of importance in many applications.
It consists in testing the spectrum of Jacobian matrices. For large dimensional
systems, however, the computation of the whole spectrum is not possible. Therefore
continuation of the rightmost eigenspaces comes into question. Computation of an
arbitrary eigenspace can be carried out with the help of Continuation of Invariant
Subspaces (CIS) algorithm. A single eigenvalue or a complex conjugate pair can
become unstable during the continuation and it should be added to the eigenspace
being continuated. Subspace iterations performed on the Cayley transform of the
Jacobian matrix serve as an indicator of this situation.

Key words: bifurcation analysis, pathfollowing, continuation of invariant
subspaces

1 Introduction

We consider a system of equations

G(u,\) =0 (1)

where G(u, ) : R" x R — R" is a nonlinear mapping depending on a real
parameter. In practice n can be fairly large since G(u, \) often arises from the
spatial dicretization of PDE. The aim is to find the path of solutions and to
detect the bifurcation points.

Email address: 1iberda@karlin.mff.cuni.cz (Ondfej Liberda, Vladimir
Janovsky).

Preprint submitted to Elsevier Science 8 June 2006



Standard predictor—corrector methods are widely used for continuation of
steady states. For reference see [1]. As far as the bifurcation analysis is con-
cerned all the information is available from the spectrum of the Jacobian
matrix

A(u, ) = D,G(u, \).

Namely transitions of the eigenvalues through the imaginary axis indicate the
stability exchange.

Since the evaluation of the whole spectrum of A(u, A) is not possible for large
scale problems we would like to compute the right-most part of spectrum which
contains all the unstable and central modes. In [2] an algorithm for continua-
tion of an m-dimensional eigenspace was proposed. It is called Continuation
of Invariant Subspaces and we will use its abbreviation CIS in the following
text. CIS is based on the application of predictor-corrector techniques to the
pair of matrices ®(u, A) € R™™ and A(u,A) € R™*™ which appear in the
definition of invariant subspace:

A(u, N)P(u, ) = O(u, \)A(u, N). (2)

As an alternative to CIS let us mention the Recursive Projection Method
(RPM) introduced in [7]. Various improvements of the RPM are developed in

[51, [6]-

However, neither of the algorithms above gives us guarantee that ®(u, \) con-
tains the unstable and central invariant subspace. Moreover we actually need
to capture the eigenvalues p € o(A) with u > —¢ for a 6 > 0 too. This is
because these eigenvalues are candidates for transitions through the imaginary
axis and that’s why they have to be detected in advance. The aim of this paper
is therefore to update the dimension of the basis ®(u, A). To this end we employ
subspace iterations applied on C(A) which is the so called Cayley transform of
matrix A. This algorithm described in [3] computes rightmost eigenvalues and
corresponding eigenvectors of A. In order to incorporate this method to CIS
we have to modify it slightly. The modification consists in suitable projection
of A(u, ). The motivation is to exclude the known modes p, . . ., i, from the
computation. For entirety let us mention that we tested an analogical combi-
nation of RPM and subspace iterations with Cayley transform. It is discussed
in [6].

The outline of the paper is as follows. Section 2 describes CIS algorithm. At
first predictor and corrector steps are defined. They both lead to the Sylvester
equation bordered by additional constrints. The so called Bartels-Stewart al-
gorithm transforms it to the sequence of linear systems. At the end of section



2 methods for effective solving of the linear systems are suggested. They take
into account the sparsity of matrix A.

Computation of the rightmost eigenvalues of A is the subject of section 3.
First subspace iterations and Cayley transform are recalled. Description of
the suitable projection which cuts off the known eigenvalues follows. A block
scheme of the resulting algorithm encloses this section.

Finally the end of the paper is dedicated to the numerical experiments.

2 Continuation of invariant subspaces

Let us suppose that a parametrized system of square matrices A(s) € R™*"
is given. Typically, s is an arc-length parameter and A(s) are obtained as
Jacobian matrices G, (u(s), A(s)). Let ®(s) € R"*™ be a basis in an invariant
subspace of A(s) depending smoothly on s. The dimension m is supposed to be
a relatively small integer (we did not get over the value 10 in the experiments).
We conclude from the definition of the invariant subspace that there exists a
smoothly parametrized system of matrices A(s) € R™*™ satisfying

A(s)P(s) = P(s)A(s). (3)

Eigenvalues of matrix A(s) are exactly the eigenvalues of A(s) corresponding
to the eigenvectors from ®(s). Since m is small we can use methods such as
@ R-algorithm that compute the whole spectrum of A(s). Thus the bifurcation
analysis is easy once the class of matrices A(s) is computed. Moreover, if a bi-
furcation point is detected then ®(s) provides information about the direction
in which a new branch of steady states emanates.

It is easily seen that (3) represents mn equations for mn + mm unknowns.
Therefore mm extra equations have to be added. A natural choice is to demand
on an orthonormal basis ®(s), i.e. to consider the equation ®%(s)®(s) = I,
where [,,, denotes the m x m identity matrix. However, from the reason for
simplicity it is preferable to consider a constraint

dTP(s) = I, (4)

with @7 € R m,



2.1 Predictor-Corrector method

In [2], predictor-corrector techniques are applied to the equations (3), (4). Let
us suppose that

(I)O = (I)(S()), A() = A(So)

have already been evaluated for some sq. By differentiating (3), (4) in so we
obtain equations for the tangents ®'(sq), A'(so):

A(So)q)/<80> — q)/(SO)AO — @OA/<SQ) _ —Al(So)q)o (5)
STV (5) 0 '

The predictor step consists in solving (5) and in setting
s=589+0s

q)(O) = (I)O + s (I)/<SQ)
A(O) = AO + 0s A/(So),

where ds is a step-length.
Corrector steps are based on the standard Newton’s method applied to equa-

tions (3), (4). The (k + 1)-th approximation (®®*) A(*))is obtained from
(@®), A®) by solving

A(s)DHHD — D AR _ (k) A (h+1) EPNCING)
= . 6
(i)TCD(kJrl) Im ( )

2.2 Bartels-Stewart algorithm

Both systems (5) and (6) are of the same form:
AH — HA — ®A=B (7)
TH=C. (8)

which is the so called bordered Sylvester equation for unknowns H € R"*"™,
A € R™*™ Effective method called Bartels-Stewart algorithm is available for



solving this matrix equation. It consists in orthogonal transformation of A to
the upper triangular matrix A,

A=Q"AQ,  Q"Q=1I,.

It can be done cheaply (in terms of CPU time) since A is a small square
matrix. Let us write in the similar fashion

B = BQ, C = CQ, H=HQ, A = AQ.

Finally, let A\; = /~\jj denote the j-th diagonal entry of A H ; the j-th column
of H and A; the j-th column of A. Using the notation above we can assemble
linear systems

A= Nl =@\ (H;\ _ [ B+ Sio Ay ©
ot 0 | \4, ¢,
with unknowns ﬁ[j, Aj. These can be solved sequentially for 7 = 1,...m.

According to the standard conventions the sum ) k& = 10 is supposed to be
ZEro.

2.3 Block elimination methods

Linear systems (9) have the form

My, Mo X1 o f1 (10)
My Mo ) f2

where M, is almost singular and therefore bordering by My, Ms; and Moy
is essential. On the other hand matrix M;; is of the form A — Al which has
the same structure as the matrix A. Thus methods for solving (10) that use
the sparsity of A are welcome. In [4] the so called Block Elimination Mixed
for Wider-bordered systems (BEMW) algorithm is introduced. It consists in
converting system (10) to series of systems with one-dimensional bordering

M11 b xr o f (11>
¢ d y g



Each of the systems (11) is then solved with the help of one-dimensional
Block Elimination Method (BEM) which in turn involves 2 linear systems
with matrix A, one linear system with A7 and somewhat vector linear algebra
and manipulation. For details see [4]. An important feature of BEMW method
is its backward stability provided solvers for systems with matrices A and A”
are backward stable as well. Fortunately it holds for majority of solvers used in
practice. Backward stability of BEMW together with well conditioned matrix

Mll M12
M21 M22

ensures that the relative error of the computed solution will be small.

3 Updating the dimension

For the purposes of bifurcation analysis we have to ensure that continuated
subspace (®(s), A(s)) contains all eigenvalues that cross the imaginery axis.
To this aim we employed methods that check for presence of eigenvalues p €

o(A(s)) with
Ru > —o (12)

for some 0 > 0. In the actual computations we used o = 5.0 in order to detect
candidates for passing the imaginary axis in advance.

3.1 Subspace iterations and Cayley transform

Subspace iterations is an algorithm that computes eiganspace corresponding
to the eigenvalues with largest moduli. Let » < n be a number of eigenvalues
we want to compute. If eigenvalues p € o(A) satisfy the property

leall = - = el > prsa | = - = [l

(note the sharp inequality between p, and p,.1) then the scheme

o
ylt+1) — AV(k);
Orthonormalize V&Y,
k=k+41;
until convergence;



produces sequence of V) € R™*" These matrices converge to the eigenspace
corresponding to fiq, ..., i, provided initial matrix V() contains components
in this eigenspace. It is automatically satisfied in computer arithmetic due to
round-off errors. Therefore we initialize V() randomly.

To find the eigenspace corresponding to the rightmost eigenvalues we need
to find a transformation of A which maps eigenvalues with largest moduli to
the rightmost eigenvalues. The so called Cayely transform possesses such a
property. Let a; > ay be chosen so that A — a;1 is regular. Then we define
the Cayley transform C(A) by

C(A) = (A— o) A — asl).

This rational transform maps eigenvalues p € o(A) to © € o(C(A)) in a
similar way

In [3] it is shown that the half plane Rp > (o + a2) (Rp < $(oq + aw)) is
mapped outside (inside) the unit circle, resp. It follows that well chosen aj,
an enable us to detect the presence of eigenvalues with $tu > —4.

3.2 Projected Cayley transform

Subspace iterations applied on the Cayley transform C(A) compute r right-
most eigenvalues of A. Not all of them fullfill the condition (12) neccesarily
if r is overestimated. But even if we detect an eigenvalue satisfying (12) it is
likely that it has already been included in (®(s), A(s)) and therefore there is
no need for increasing the dimension m. To overcome this technical difficulty
and to improve the numerical properties of the method we suggested to per-
form a projection in each step of subspace iterations. The projector has the
form I, — ®(s)®7(s) and it cuts off the components of V*) that lie in the
subspace span(®(s)). The resulting procedure then looks as follows:

Initialize V(® randomly;

do
Solve (A — ayI,)VEHD = (A — a,I,)V®);
V(k+1) — (Im _ @éT)V(k—Fl);
Orthonormalize V&Y,
k=k+41;

until convergence;
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Fig. 1. Solution path

4 Numerical Experiments

In this section we demonstrate the performance of CIS and subspace iterations
preconditioned by Cayley transform. We consider a nonsymmetric system of
PDEs:

ov  10% 1, .,

a—g@‘i‘)\@}—w)ﬁ‘g)\e

ow 10%w 1.5 W

E—gw‘i‘)\(v—f‘w)‘i‘g)\e
with

The above system is discretized by finite differences. A number of mesh points
is denoted by n,. Fig. 1 depicts the solution curve computed for n, = 1000.
Notice that the resulting dimension of the problem was n = 2000. Continua-
tion was started with



Initial values for ® and A were derived from the analytical values of eigenvalues

2 km ?
== = e+ ) sin—" ) k=1, .n,
Uok—1 = ok - <(n + 1) sin 2(n$+1)> n

for A = 0. We chose to set m = 2 and to incorporate eigenvalues piy, o into
A and corresponding eigenvectors (which are available analytically too) into
®. The next two eigenvalue movies illustrate the effect of employing subspace
iterations. Both Fig. 2 and Fig. 3 shows the dependence of real parts of the
eigenvalues i1, ..., i, on the arc-length parameter s. Thick lines are used
when a pair of complex conjugate eigenvalues is detected while thin line style
is reserved for single real eigenvalues. Eigenvalue movie in Fig. 2 was obtained
by CIS in conjunction with modified subspace iterations. We set a; = —3.8,
as = —6.2 to check the line 2z = —5.0 in the complex plane. We can see
that dimension was increased twice during continuation which enabled us to
detect Hopf bifurcation points H1, H2, turning point LP1 and bifurcation
point B1. On the contrary Fig. 3 contains eigenvalue movie computed by CIS
without checking the line Rz = —5.0. Only one Hopf bifurcation point H1 was
detected. Moreover the program crashed when two real eigenvalues collided
and gave rise to the complex conjugate pair.
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