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Abstract  

This thesis examines an impact of high frequency trading on equity market qualities. As an 

indicator of market quality, stock prices realized volatility is used. To estimate the high 

frequency trading activity, we implement a special method of identification of high frequency 

orders from quote data. Study of relation between high frequency trading and market qualities 

is incited by growing concerns about the welfare impacts of high frequency trading and 

connected activities. In order to test the dependence and causality between high frequency 

trading activity and volatility, we implement time-scale estimation techniques. Wavelet 

coherence is used to study localized dependence. The analysis is amended by a robustness 

check, using wavelet correlation. Results show inconsistent dependence at short trading 

horizons and regions of significant continuous dependence at trading horizons within hours.  
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Abstrakt  

Tato diplomová práce zkoumá dopad vysokofrekvenčního obchodování na kvalitu trhu. Jako 

indikátor kvality trhu používáme realizovanou volatilitu ceny akcií. K odhadu aktivity 

vysokofrekvenčních obchodníků používáme speciální metodu identifikace jejich příkazů, které 

extrahujeme přímo z kotací. Výzkum vztahu mezi vysokofrekvenčním obchodováním a 

kvalitou trhu je podněcován rostoucími obavami z možných negativních externalit 

vysokofrekvenčního obchodování a s ním spojených aktivit. K analýze závislostí mezi 

vysokofrekvenčním obchodováním a volatilitou používáme metodu odhadu v časově-

frekvenční doméně. K rozpoznání lokálních závislostí používáme vlnkovou koherenci, přičemž 

analýza je doplněna o kontrolu robustnosti výsledků pomocí vlnkové korelace. Výsledky 

poukazují na nekonzistentní závislost v krátkých obchodních horizontech, přičemž v dlouhých 

obchodních horizontech, v řádech hodin, můžeme pozorovat signifikantní, souvislou závislost. 

Klasifikace C13, C22, G14 

Klíčová slova vysokofrekvenční obchodování, realizovaná 

volatilita, vlnková koherence, vlnková 

korelace 
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1 Introduction 

High-frequency trading (from now on mostly referred to as HFT) is a relatively new 

phenomenon which emerged in the middle of 90s. According to Zhang (2010), before 

1995 HFT volume was essentially equal to zero. Now, however, it represents a large 

(and, in some cases, the largest) part of trading activity in developed countries1. 

Academic and regulatory literature presents a number of definitions of HFT. Jarnecic 

and Snape (2010) simply define HFT as the use of high-speed computer algorithms to 

automatically generate and execute trading decisions for the specific purpose of making 

returns on proprietary capital. Cvitanic and Kirilenko (2010) state that HFT typically 

refers to trading activity that employs extremely fast automated programs for 

generating, routing, cancelling, and executing orders in electronic markets. According 

to Brogaard (2010), HFT is a subset of algorithmic trading where a large number of 

orders are sent into the market at high speed, with round-trip execution times 

measured in microseconds. Thus it is rather important to distinguish algorithmic 

trading and HFT. 

A rapid growth of HFT during last two decades is undeniable. Chlistalla (2011) in 

Deutsche Bank outlook shows that adoption of algorithmic execution expanded in the 

US market from just above 25% of total trading volume in 2004 to more than 50% in 

2010, and we suspect these numbers are underestimated. Brogaard (2010) estimates 

profitability of HFT in the US markets as 2.8 billion USD per annum. This situation 

naturally attracts concerns of market players and regulators, and they grew largely 

after so-called “Flash Crash” on May 6, 2010 when DJIA dropped by 998.5 points 

within several seconds. This and several other events gave birth to a suspicion that 

HFT creates instability and raises uncertainty.  

Above-mentioned considerations were adopted by both regulators and market players. 

In reaction to the Flash Crash Joint CFTC-SEC Advisory Committee on Emerging 

                                      
1
 As shown by Chlistalla (2011) and Brogard (2010). 
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Regulatory Issues (2010) describes potential negative impacts of HFT on the financial 

markets in order to propose suitable regulations in various fields. Special legislation 

pieces under European Committee and US government regulation, namely Markets in 

Financial Instruments Directive (MiFID) and Regulation National Market System 

(RegNMS), are said to be reviewed in order to impose more control on HFT.  

Concerns are also growing among “ordinary” traders, roused by academic papers, such 

as study by Biais et al. (2011), where authors show theoretically how the equilibrium 

level of HFT on the market is determined and how it affects other investors. They 

conclude that given the high fixed costs of HFT along with the negative externalities it 

creates, it drives small investors out of the market and has a negative impact on the 

social welfare. Practice of so-called co-location is also often referred to as 

discriminating as Arnuk and Saluzzi (2009) point out. Jarrow and Protter (2011) 

compare an advantage HFT gets because of low-latency execution with illegal insider 

trading.  

However, there is no conventional opinion on how HFT impacts the market and a 

large fraction of empirical and qualitative studies actually show an existence of its 

positive influence. So a recent research by Menkveld (2012) studies a relation between 

the HFT activity and the development of new stock exchanges and basically whole 

new financial markets. Author shows that although HFT drives out small investors 

from market (who often appear to be noise traders), arrival of the HFT also led to 

emergence of new financial markets and shifts of the equity from the established 

markets to the new ones. The paper illustrates how important the HFT is in the 

present financial markets and encourages further studies in the field. 

Gomber et al. (2011) state that: “HFT is a natural evolution of the securities markets 

instead of a completely new phenomenon”, and claim that the regulators should focus 

on the strategies used by the HFTs rather than regulating the features provided to 

them by technical development, such as regulating the minimal life of an order or 

regulating the price movements in given moving time window. 
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Finally, Frino and Lepone (2012) examined relation between cases of market abuse, 

such as price dislocation alert and ticking, and found out that, although there is a 

positive correlation between the latter and HFT activity, low-latency trading even 

leads to decrease in the former. Brogaard (2010) also shows suspicion that HFT is 

making profits at expense of “ordinary” traders contradicts with reality: he estimates 

profitability as 0.75 penny per 100 dollars, which is only 1/7 of what ordinary traders 

yield.  

The fact that there is no consensus about the welfare effects of the HFT activities nor 

the externalities they produce as well as rapid growth of HFT significance during the 

last years motivate for further studies in the field. Thus the main purpose of this thesis 

is to examine how HFT influences market qualities. Choosing a proxy for market 

efficiency is, however, not a trivial task. For example, Hendershott and Riordan (2009) 

examine HFT impact on price discovery; Hendershott, Jones and Menkveld (2011) 

establish causal link between HFT and liquidity supply as well as spread width; 

Cvitanic and Kirilenko (2010) are more concerned about actual market prices. Several 

researches are devoted to HFT fairness, such as above-mentioned Frino and 

Lepone (2012). We, however, follow those researchers who estimate HFT impact on 

prices volatility as a good indicator of market efficiency. 

The rest of the thesis is laid out as follows: Chapter 2 presents overview of academic 

and regulatory papers concerning HFT, in Chapter 3, we state our central hypotheses, 

Chapter 4 offers brief description of the data and their structure, Chapter 5 introduces 

three cornerstones of our methodology – estimation of HFT activity, realized volatility 

and time-scale estimation techniques – Chapter 6 goes in detail through our 

calculations and presents used algorithms in full, Chapter 7 summarizes the results of 

our analysis and Chapter 8 concludes. 



 

4 

2 Literature Review 

Research on HFT influence on various market characteristics was intensified relatively 

short time ago and for now represents rather small fraction of mainstream academic 

papers. As Zhang (2010) points out, absence of relevant academic research on HFT is 

surprising given its 78% share2 of dollar trade volume on US exchanges. However, 

HFT is attracting more and more attention not only among practitioners but also in 

the academic community. Especially the “flash crash”, event where Dow Jones 

Industrial Index dropped rapidly within a few seconds, brought HFT to the attention 

of regulators, the public and academic literature. Thus, research papers presented here 

are often very new and are partly working papers still waiting to be published.  

It is also important to distinguish academic papers concerning algorithmic trading and 

high-frequency trading. However, both empirical and qualitative attempts to measure 

HFT influence on stocks’ market price volatility occurred, yielding conspicuously 

controversial results.  

First and foremost, even measuring HFT activity is an uncommon problem. For 

instance, in Brogaard (2010) author faced a problem when it was not possible to tell 

exactly what part of firms' activity is represented by HFT. 

The crucial question asked by both regulators and researchers is whether the presence 

of HFT on the markets is beneficial or harmful to other market players and ultimately 

to the markets themselves. In this regard, research papers focus mainly on market 

quality parameters, such as liquidity, volatility and effective transmission of 

information through prices (efficient-market hypothesis). Other issues treated in 

academic research with respect to HFT are profitability of HFT and fairness 

(especially fair access, including practices as co-location of trading terminals and 

preferential access to trade data). 

                                      
2
 Estimates differ; in Brogaard (2010) it is 69% of daily traded volume, or 39.3 trillion USD annually; in 

Kearns et al. (2010) annual trading volume of HFTs is estimated at 50 trillion USD; Tabb et al. 

estimate annual profitability as 21 billion USD; Donefer (2008) arrives at 15-25 billion USD. 
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According to Gomber, Arndt, Lutat, Uhle (2011), the first theoretical research of the 

impact of HFT on market quality is presented by Cvitanic and Kirilenko (2010). 

Authors develop a theoretical model to assess the impact of HFT on transaction costs. 

They model an electronic market with “ordinary” traders operating at low frequency 

and then add a HFT element. Their specification of the trading framework gives the 

high frequency traders only one advantage over the “ordinary” traders, the speed at 

which they can submit and cancel orders. Authors find that the presence of the high 

frequency trader has a significant impact on the average transaction price and the 

distribution of transaction prices. Particularly, they show that the volatility of 

transaction prices decrease (they are more concentrated around the mean). This 

implies possible improvement in quality of predictions of transaction prices. Their 

second finding is rather intuitive, as they state that in the presence of HFT on the 

market, trade volume rises and average duration of the order decreases in proportion 

of the HFT compared to the “ordinary” traders on the market. Implication of this 

finding is however increasing liquidity and therefore improvement of market quality. 

Large portion of empirical academic literature up to date confirms this finding. 

Substantial part of empirical research is based on specific datasets, such as Jarnecic 

and Snape (2010) using LSE dataset, which specifies information about the market 

participants. Due to their data set, authors can determine whether the market 

participant initiating a specific order is “ordinary”, institutional or perhaps automated 

HFT trader. This categorization allows the authors to directly examine the behaviour 

of HFT traders, without the need to estimate their activities from standard trade data. 

The six categories specified in their LSE dataset are high-frequency participants, 

traditional market makers, small institutional investors, large institutional investors, 

investment banks and retail brokers. Jarnecic and Snape (2010) conclude that HFT 

activities likely have positive impact on distribution of liquidity over time and that 

they do not have negative impact on price volatility. 
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Other research, which supports the notion of beneficial effects of HFT activity on 

market qualities is at the same time one of the first papers to present empirical results 

explaining causality between high-frequency traders’ activity and market volatility. It 

was prepared by Gsell (2008). Author’s approach to modelling is generally based on 

earlier work by Chiarella and Iori (2002, 2004). Author runs a simulation of order flow 

and estimates market condition without presence of HFT and with it harnessing two 

different trading strategies. Amongst main findings is that a very low latency of 

orders’ execution – which is one of key characteristics of HFT – decreases market 

volatility significantly. 

Jovanovic and Menkveld (2010) provide a different view on information asymmetry 

between HFT and “ordinary” traders in their research. First, authors develop a 

theoretical model and then they also provide empirical analysis. The specification of 

HFT strategy in their theoretical model involves buying and reselling with profit. In 

order to be able to achieve profit via specified strategy, HFT are well-informed, even 

better informed than the “ordinary” traders. This definition represents the main 

difference from prior theoretical models of HFT such as Foucault et al. (2003). 

Empirical part of the analysis is built around an event, inception of trading of specific 

index, allowing for comparison of two market states, with and without the presence of 

HFT. Authors use instrumental variable approach to assess the level of information 

HFTs have. From the result of their empirical analysis, it is apparent that HFTs are 

better informed about recent news than average “ordinary” investor. This fact is 

represented by lower reaction times in event of news announcements and also higher 

success rate of their strategies (higher rate of trading decisions in right direction). 

However, authors conclude that regarding the welfare impacts of HFT, the results are 

not conclusive. Their theoretical model implies that while the adverse selection 

problem can be alleviated by the presence of HFT on the market, HFT traders can 

also misuse their information advantage and make the adverse selection even worse. 

Implications of the theoretical model range from improving market conditions in form 

of narrowing spreads by up to 30% to completely opposite situation, where spreads 
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even increase. It is useful to compare the analysis of Jovanovic and Menkveld (2010) to 

the one of Cvitanic and Kirilenko (2010). We can see that the conclusions of 

theoretical models are highly dependent on underlying assumptions. While in case of 

the Jovanovic and Menkveld (2010), where HFTs are assumed to be uninformed, the 

model clearly implies positive impact of HFT on market qualities, changing the 

assumption and making HFTs well-informed yields drastically different and even 

opposite results. We therefore advise to look at the implications of theoretical models 

with caution. 

Much more comprehensive empirical research, which largely determines a direction and 

methodology of consequent findings on HFT’s effect on the market, was performed by 

Brogaard (2010, 2011). Given the scope and nature of the work, we will look at it in a 

bit more detail than was the case for other works. Brogaard (2010) states in his paper: 

“I find that HFTs’ supply of liquidity is mixed. They are frequently at the inside bid 

and offer, yet the depth of liquidity they provide on the order book is much less than 

that provided by non-HFTs. In addition, HFTs are strategic with their liquidity 

provisions and tend to avoid trading with informed traders. Finally, I find evidence 

that suggests HFT dampens intraday volatility. Overall, the results in this paper 

suggest that HFTs’ activities are not detrimental to non-HFTs and that HFT tends to 

improve market quality.” 

There author analyses data for 120 US stocks and 26 HFT companies. Rarity of this 

paper is also in its double-sided approach: it estimates an impact of abnormal market 

volatility on HFT activity, and – vice versa. In order to calculate the former, author 

designs equations to measure abnormal volatility and deviation from normal HFT 

activity and, as a robustness check, tests for so-called Granger causality. As proxies for 

events inducing volatility, Brogaard uses both stock specific announcements (obtained 

from Thomson Reuters Computer Readable News Dataset) and macroeconomic 

announcements, such as Consumer Confidence research, ISM Manufacturing Index and 

others (8 types on the whole).  
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We, however, are interested in reversed causality. To estimate it author designs an 

experiment around large short-sale ban on American exchanges on September 19, 2008 

– October 9, 2008; this event temporarily eliminated a large fraction of HFT activity 

which allowed examining how market performs without it. During the ban period, 

short-selling is prohibited on selected stocks in order to stabilize the price of the 

stocks, prevent further downward pressure on the price of the stocks and panic in the 

market. Since most of the HFT strategies rely on holding near neutral position 

throughout the day, large part of their orders is represented by short sales. During 

short-sale ban substantial part of the strategies is interrupted, forcing HFTs to lower 

their activity. Brogaard (2011) therefore suggests using this feature to construct a 

proxy for HFT activity on the open market.  

To distinguish between the impact of HFT activity and the impact of the short-sale 

ban itself, author matches the stocks affected by the ban with similar stocks that were 

not affected by the ban and compute an independent variable as a difference between 

the rate of short selling of unaffected and affected stock: 
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Brogaard (2011) uses following estimate of market price volatility: 
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It is regressed on two self-explanatory dummies, a set of control variables and two 

variables representing short-selling activity as it was affected by ban. Author runs a 

following regression: 

 tititiBantiPostBanBanti CSVSV ,,,4,3211, 111     

where the dependent variable is basically a difference between volatility of stock, 

affected by ban, and its match (picked by number of characteristics). Variable      is 

a dummy variable for the short-sale ban, taking value of one within the period of the 
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ban and zero otherwise. C stands for a set of control variables. The estimation is 

computed for different time intervals in order to eliminate bias based on the length of 

the examined period. The coefficient of interest is of course β4 and it is significant and 

negative in most of the iterations, which basically means that volatility increases with 

the decrease of HFT activity; this is also confirmed by robustness check.  

Chaboud et al. (2011) overcame the problem of measuring HFT activity in their study 

of foreign exchange market, using a data set which consists of minute-by-minute 

trading data from EBS (Electronic Broker Services). Using this data set it was possible 

to identify direction, volume of trades and whether an ordinary trader or high-

frequency trading hardware initiated a transaction.  

Authors used Granger causality test and an instrumental variable approach, where 

they estimated the regression equation: 
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Market order book depth was regressed on the share of algorithmic trading, set of time 

dummies and the lagged variables (Day, Week, Month). Results they got were rather 

interesting. For the dollar-yen and euro-dollar market depth increased with the 

increase of algorithmic participation; as for the euro-yen, market depth, on the 

opposite, decreased. Coefficients in the regression turned to be mostly statistically 

insignificant and authors state that they found no evidence of algorithmic trading 

leading to excessive volatility in any currency pairs they analysed. 

Research by Zhang (2010) presents another method to compute the volume of HFT 

activity. An estimate for the amount of HFT is computed as part of the total trade 

volume that is not done by institutional or individual investors. 

 INDIVINDIVTOINSTINSTTOTOHFT **   (2.4) 
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Here HFT stands for high-frequency trading volume, TO is stock turnover, INSTTO is 

institutional turnover, INST is institutional holdings, INDIVTO is individual turnover 

and INDIV means individual holdings. Based on the information provided by 

exchange, the author can observe TO, INSTTO and INST directly. Using relation 

given in INDIVINDIVTOINSTINSTTOTOHFT **   (2.4) allows the author to 

compute the proportion of individual and institutional investors using historical data 

for before 1994, i.e. when HFT activity was essentially not present yet. According to 

the author, this ratio proves to be relatively stable over time thus allowing him to 

compute volume of HFT using relation INDIVINDIVTOINSTINSTTOTOHFT ** 

 (2.4) for periods when there is HFT present on the market. 

To assess the impact of HFT on volatility Zhang (2010) uses the following linear 

model: 

   CHFT21  (2.5) 

Where C stands for the set of control variables and   is observed volatility measured 

either as a sum of realized volatility in given time intervals or as a difference of daily 

High and Low price. 

Hasbrouck and Saar (2012) also measure the impact of HFT on the market quality in 

terms of short term volatility. To estimate HFT activity, the authors link order 

messages seen in the trade data in a submission, cancellation, resubmission fashion. 

The link between cancellations and resubmissions is based on a very low time interval 

between the two of them (max. 100 ms) and the same trade volume. Using this 

method, explanatory variable is created, which measures an average number of “runs” 

of 10 messages or more in the same time interval. In order to control for correlation 

between the strategies used in similar stocks, the authors also create an instrumental 

variable that is based on the same set but excluding stocks from the same industry 

and the same index. The effect of HFT activity is estimated by several different 

models controlling for omitted variables, intraday liquidity patterns and finally various 

types of heteroscedasticity. Authors also present additional robustness tests for their 
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estimation. Besides other interesting findings, their study shows a clearly positive 

impact of low-latency activities on the market quality and cited from the conclusion: 

„It seems natural to suggest that low-latency activity creates a positive externality in 

the market at the time that the market needs it the most”. 

Viljoen, Westerholm, Zheng (2012) present a method of measurement of HFT activity 

which is based on the: “…number of trades and the number of quote revisions and 

cancelations calculated based on the aggregated depth at the first five levels on the 

limit order book”. The proxy is then computed as a total dollar volume per electronic 

message. The authors measure impact of the HFT on the market in two different 

ways: as the impact on the market liquidity and as the impact on price discovery. 

They find that HFT leads to an increase in transaction costs as well as information of 

the traders. On the other hand, there is a significant negative relation between the 

HFT and volatility as well as average trade size. Authors also present additional 

robustness tests based on the probability of informed trading to check their findings 

which support their previous tests. 

A bright example of a research with opposite (compared to above-mentioned) result is 

a paper by Zhang (2010). Author based his research on data from CRSP and Thomson 

Reuters Institutional Holdings databases and implemented a fixed-effects model to 

regress volatility on HFT volume (methodology of its calculation is described in 

details) and a broad set of control variables. Regression takes the following form: 

  

teeffectsfixedTimeeffectsfixedFIRM

RETBMSIZEPINSTAGE

LEVDISPsdSGRROEsdHFTVOLT
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 (2.6) 

Zhang also designs an experiment with the same logic as Brogaard does, but around 

another exogenous shock: NYSE automated quote dissemination in January 29, 2003 – 

May 27, 2003. The findings are surprising in light of previous papers: HFT activity is 

strongly positively correlated with volatility of prices. Authors also claim that this 

causality is even stronger in following cases: when stocks from Russell 3000 Index are 
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traded (basically, top 3000 stocks); when uncertainty is high (VIX index is used as a 

proxy); if institutional holdings for traded stock are higher than on average. 

Among the other researchers who yield similar result are Jarrow and Protter (2011), 

although paper lacks empirical evidence. They concentrated on theoretical 

microeconomic modelling. An economy they define is well-functioning and has no 

arbitrage opportunities for ordinary traders, while high-frequency traders use speed 

advantage to create abnormal profit opportunities for themselves. 

Stock pricing process without high-frequency traders is assumed to be as follows: 

   tttt dZSSdS    (2.7)  

which they describe as the fundamental value of the stock. When HFT is present, it 

takes the following form: 

     tttttt dXSdZSSdS     (2.8)  

Where X and Z are trading strategies of HFT and ordinary traders respectively, σ(.) is 

a volatility function and η(.) is “the sensitivity coefficient of the high frequency 

traders' quantity impact on the price”. Authors come to a conclusion that high-

frequency traders generate abnormal profits at the expense of ordinary traders, which 

introduces market inefficiency. They state that the presence of high-frequency trades 

increases price volatility. 

As these examples show, findings about the impact of HFT are not conclusive. While 

majority of examined researches show rather positive effects of HFT on market 

qualities such as narrowing spreads, decreasing volatility and increase of liquidity, we 

also found sound arguments that claim the opposite. Such a controversy of findings on 

HFT impact in academic literature further motivates our own research. 

2.1 Fairness of HFT and regulatory issues 

In the previous section of this chapter, we focused mainly on findings about the impact 

of HFT on the market and methods used to achieve those findings. Let us now take a 
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step back and provide some motivation for our research based on studies analysing 

fairness of HFT and related regulatory issues. 

Our analysis is broadly inspired by Gomber, Arndt, Lutat, Uhle (2011). We begin by 

addressing co-location and trying to elaborate on its fairness. The issue of fairness is 

closely related to HFT activities due to fact that HFT need direct, low latency access 

to trading terminals, which gives them speed advantage over other traders. For 

example Hasbrouck and Saar (2012) show that co-location leads to significant decrease 

in response time (latency). They go even further and show that there is significant 

advantage of floor traders (traders whose terminals are located on the same floor as 

the trading terminal of the exchange) compared to off-floor traders.  

Although the timing discrepancy is significant between HFT traders and “ordinary” 

traders, its economic impact on the trader is hard to quantify. Authors illustrate this 

issue on following example: “What is the real economic cost of a delay? It depends on 

both the risk borne over the delay duration and the effects on participants’ strategies. 

(…) If the daily volatility is unconditionally distributed evenly over the 6.5 hour 

trading day, then the volatility over 10 ms is a negligible 0.2 basis points. The 

importance of delay for strategic interactions, however, might be much greater. 

Suppose that the daily volatility is generated by a single randomly-timed 

announcement that causes the value to change (equiprobably) by ±3%. This 3% can 

be captured by a first-mover who observes the announcement and takes a long or short 

position against others yet unaware, irrespective of whether his absolute time 

advantage is one minute or one microsecond.” 

It is important to note that the co-location issue is not the only case of information 

asymmetry created by preferential approach of the exchange present at the market. As 

Hasbrouck and Saar (2012) point out, the problem of fairness is much more complex. 

The Security and Exchange Commission (SEC) forbids companies to provide crucial 

information only to selected group of investors, however it allows data centres to 
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provide data feeds directly to their subscribers, which creates a tiered system of 

investors. 

We have to keep in mind, that HFT cannot be excluded from the context of other 

market aspects, such transaction costs. Jovanovic and Menkveld (2010) offer following 

opinion on co-location: “Our evidence on the welfare contribution of middlemen3 is 

mixed. On the one hand, middlemen’s participation lowers bid-ask spreads but, on the 

other, it also lowers volume. The net effect is uncertain. Our theoretical analysis and 

the mixed evidence on welfare suggest that there is room for optimal market design 

(...) the speed privilege that HFTs can buy into, co-location, might require a 

differentiated order-fee schedule. Passive orders submitted through this pipe might 

optimally be rewarded more whereas aggressive orders might have to be charged more. 

The reason is that passive orders come with the positive externality of liquidity supply 

to others whereas aggressive orders have a negative externality of creating adverse 

selection for non-co-located participants.” 

Certain steps have been proposed by the Commodity Futures Trading Commission 

(CFTC) to ensure fair access to co-location services and to monitor latency of 

exchange terminals. CFTC also proposed that all institutions offering significant price 

discovery contracts equalize their fees for such services in order to ensure equal 

opportunities for market participants. Although the proposed policies would lead to 

increased fairness and transparency, the implementation of such policies is practically 

rather unrealizable, as many institutions in question shown doubts about their 

adoption. 

Other form of questionable action practiced by some market participants in the U.S. 

was so-called naked or unfiltered access. This special kind of connection of specific 

market participants (especially HFT traders) to the exchange terminals allowed them 

alternate routing, avoiding specific pre-trade risk checks. This practice led to further 

decrease of latency for market participants that were not physically at the specific 

                                      
3
 Jovanovic and Menkveld (2010) define middlemen as HFT trader involved in reselling activities. 
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market (and therefore couldn’t use previously mentioned co-location). As many market 

participants saw this behaviour as major source of potential risk at the market, 

Securities and Exchange Commission banned naked access in November 2010. 

Last examined malpractice mentioned in connection with HFT is so-called flash order. 

Flash order is a special kind of order, which exchanges offer besides standard 

marketable or limit types of orders. The flash order is designed to partially circumvent 

the general rule which forces exchanges to reroute any orders that cannot be executed 

at the given exchange at the best price (National Best Offer). The transmission 

mechanism of flash order is depicted at Fig. 1. Scheme of Flash order transmission.If 

the flash order cannot be executed at given exchange, it is converted to a limit order 

and posted on the exchange for a short period of time (measured in milliseconds), 

before it is rerouted to another exchange. If there is counterparty, found within the 

flash period i.e. before the limit order is cancelled and rerouted to other exchange, the 

order is executed with given counterparty and no rerouting takes place at all. Given 

the nature of the flash orders, only HFT traders can benefit from them since they are 

the only market participants able to react to them. This created a discussion about the 

fairness of such orders and their effects on market participants and market qualities. 

 

Fig. 1. Scheme of Flash order transmission4. 

                                      
4
 Source: Gomber, Arndt, Lutat, Uhle (2011). 
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Consensus among the researchers is that the speed advantage of HFT is significant and 

leads to comparative advantage with respect to “ordinary” traders. However, exact 

economic impact on other market participants is hard to quantify. The lack of 

transparency in the above-mentioned issues leads to overall low specificity of findings 

throughout the research papers. Authors usually present general theoretical concepts 

addressing fairness issues, but no hard data to assess the impact of various HFT 

practices. Despite this fact, we can see that regulation in the field of HFT is rather 

strict and acts against any potential sources of unfair practices. 

3 Hypotheses 

Based on analysed academic literature we came to a conclusion that stock market price 

realized volatility is the best indicator of measuring market efficiency with respect to 

HFT activity’s influence on it. We thereby state the central hypotheses of the thesis as 

follows: 

1) High frequency trading has a significant impact on price volatility. 

2) High frequency trading activity leads to increased volatility on equity 

markets.  

3) The impact of high frequency trading activity on volatility varies 

significantly for different trading horizons. 

4 Data 

Choosing dataset is crucial for obtaining credible empirical results. We are aware of 

using Compustat and TAQ NASDAQ platforms data (Brogaard (2010)), LSE and 

Euronext Paris data (Frino and Lepone (2012)), Chi-X Dutch trading platform data 

(Jovanovic and Menkveld (2010)), Xetra trading platform data (Johannes et al. 

(2007)) etc. The choice of dataset is even more important in a field such as high 

frequency trading, where the requirements on data are higher due to nature of the 

topic itself. First, in order to be able to capture high frequency activity, one needs to 

work with the data that are very detailed time-wise. The most common case is to use 
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real-time data. However, the question of time resolution of the data is just the 

beginning of the list of requirements. The nature of HFT strategies as depicted for 

example by Hasbrouck and Saar (2012) leads to need of additional information 

regarding the orders flowing through the exchange. Many researchers work with 

complete order book data for instance. The need for very detailed information stems 

from the fact that high portion of HFT activity does not actually involve execution of 

the orders. Various dynamic HFT strategies5 involve series of submissions of limit 

orders, their cancelling and consecutive resubmissions. In order to detect this kind of 

transactions, deeper insight into the structure of order book is needed. Some 

researchers go even further and use specific data containing information about the 

entity who submitted the orders, if the submitter was an institutional HFT investor or 

private investor, which gives the researcher even more detailed information about the 

structure of HFT activities. 

For purposes of our research, we examine dataset provided by TickData platform. 

TickData is a major provider of high-quality historical intraday data and provides 

high-frequency data suitable for research of HFT. The dataset is composed of two sets 

of data for three shares over the period of one month. Examined shares are quoted on 

the New York Stock Exchange (NYSE) under symbols GE (General Electric 

Company), MSFT (Microsoft Corporation) and XOM (Exxon Mobil Corporation). 

Tested period is the same for all three shares, which is March, 2009. While not very 

recent period, we believe that the data should provide sufficient information in form of 

substantial HFT activity and therefore space for analysis of dependences between HFT 

activity and volatility. It is important to note that given the nature of this research, 

resource limitations play a significant role in finding a suitable dataset. Nevertheless, 

examining more recent and broader datasets would surely lead to much more 

comprehensive and complex analysis, offering more conclusive results. 

                                      
5
 For examples of specific traits of HFT strategies see for example Hasbrouck and Saar (2012). 
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As already mentioned, used dataset is divided into two distinct parts. The first part 

contains real-time bid and ask quotes, while the second part contains complete real-

time trade data for the three shares. Let us present brief overview of the structure of 

the data: 

4.1 Trade Data 

Sample: 

03/13/2009,10:56:50.127,16.49,500,P,@F,00,778068,,N,,, 

03/13/2009,10:56:50.127,16.49,500,P,@F,00,778069,,N,,, 

03/13/2009,10:56:50.127,16.49,400,P,@F,00,778070,,N,,, 

 

Trade Data is provided as ASC files. Each tick contains up to 13 comma-separated 

fields6: 

Date 

Time  

Price  

Volume  

Exchange Code  

Sales Condition  

Correction Indicator  

Sequence Number  

Trade Stop Indicator  

Source of Trade  

MDS 127 / TRF (Trade Reporting Facility)  

Exclude Record Flag  

Filtered Price 

4.2 Quote Data 

Sample:  

03/13/2009,10:52:18.100,T,16.55,16.56,188,81,R,,9864086,T,T,,3,,N 

03/13/2009,10:52:18.100,B,16.55,16.56,10,5,R,,9864087,B,B,,0,,N 

03/13/2009,10:52:18.100,Z,16.55,16.56,81,48,R,,9864088,Z,Z,,0,,N 

 

Quote files are provided as ASC files. Each quote record contains up to 16 comma-

separated fields7: 

Date 

Time 

Exchange 

Bid Price 

Ask Price 

Bid Size 

Ask Size 

Quote Condition 

Market Maker ID 

                                      
6
 For detailed information about the specifications of the data, see TickData (2013). 

7
 For full specification of the data see TickData (2013). 
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Sequence Number 

Bid Exchange 

Ask Exchange 

National BBO Indicator 

NASDAQ BBO Indicator 

Quote Cancel/Correction 

Quote Source 

Retail Interest Indicator (RPI) 

Short Sale Restriction Indicator 

Limit-Up/Limit-Down BBO Indicator (CQS) 

Limit-Up/Limit-Down BBO Indicator (UTP) 

FINRA ADF MPID Indicator 

5 Methodology 

In order to fully comprehend the dependence of HFT activity and price volatility, we 

need to structure our analysis into three distinct steps. It is crucial to understand that 

core of our analysis lies in estimation of HFT activity, which is by no means a trivial 

task.  

The first part of our methodology therefore involves a technique of identification of 

HFT activity within all trading activity in given period. Other researchers deal with 

this task in several different ways. They either use very specific data, which allows 

them to directly distinguish trades made by HFT traders and trades made by 

“ordinary” traders (such as Chaboud et al. (2011)), they build their analysis around a 

specific experiment which severely hinders HFT activities, offering an opportunity to 

compare states where HFT is present at the market and states where HFT is very 

limited or not present at all (such as Brogaard (2010, 2011)), or last, they develop a 

special method of identification of HFT activity (for example Hasbrouck and Saar 

(2012)). Our analysis is based on the identification of HFT activity and the utilized 

method is based on methodology proposed by Hasbrouck and Saar (2012).  

As a second step, we need to measure price volatility. This part of the methodology is 

rather straightforward as we use standard methods to compute realized volatility in 

time intervals consistent with our method of estimating HFT activity. Realized 

volatility is a well-known measure used in high frequency data estimations.  

Last part of our methodology is based on two methods used to describe dependence 

between the HFT activity and price volatility and we can say that these methods are 
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rather unconventional in our field of research. We use time-scale estimation 

techniques, namely wavelet coherence and wavelet correlation, which give us much 

deeper insight into the structure of dependence of examined time series than other, 

conventionally used estimation techniques based on regression analysis. We use 

wavelet coherence to reveal the structure of dependence of HFT activity and volatility 

in great detail. Main advantage of wavelet coherence is that it allows us to see the 

dependence on different time horizons, ranging from five second intervals to whole 

trading day. Examination of phase difference, which is a part of wavelet coherence 

analysis, also allows us to assess causality of involved processes. Wavelet correlation is 

another important method used in our analysis for two reasons. First, it creates more 

condensed results than wavelet coherence, which allows us to make more general 

conclusions. And second, it serves as a robustness check to the prior coherence 

analysis. The two methods combined give us a comprehensive picture of the structure 

of dependence of HFT activity and price volatility. 

Following sections will go more deeply into the specifics of used estimation techniques 

and present technical details of all the above-mentioned methods. 

5.1 Estimation of the volume of HFT activity 

To construct a measure of HFT activity, we build on analysis by Hasbrouck and Saar 

(2012). The estimation of HFT activity is based on specificity of high frequency 

strategies. We try to identify “runs” which are basically sequences of orders 

(submissions, cancellations and executions) within very short time intervals. In order 

to link individual orders into “runs” representing a HFT strategy, we look at the 

quotes within the same 200ms long time interval. We begin by identifying a 

submission order. If we identify a quote that resembles a submission order, we then 

begin an algorithm which identifies suitable executions and other submissions which 

can be marked as resubmissions belonging to the same HFT strategy. Linking these 

orders together creates a “run” which is a basis for creation of our HFT activity 

variable. We decide if the execution or resubmission belongs to the same “run” based 



 

21 

on two characteristics – price and volume of the order. Naturally, 

execution/cancellation corresponding to given submission has to have the same price 

and volume as the submission. In case of resubmissions, we look for orders with the 

same volume as preceding execution/cancellation, while the price is not arbitrarily 

given. Since we are dealing with HFT strategy, we also require that the submission-

execution (execution-resubmission) orders took place within 200ms of each other. 

While the 200ms time window, called control period in our methodology, is set rather 

arbitrarily, it shows to be reasonably long according to Hasbrouck and Saar (2012)8 . 

Their study shows that over ninety percent of imputed durations are 40ms long or 

shorter. Our variable of interest, HFT activity, is constructed for five-second time 

intervals. The amount of HFT activity is given by number of “runs” within the given 

time interval. Following method of Hasbrouck and Saar (2012) we transform the raw 

HFT activity variable to be more robust to measurement error by including only runs 

longer than ten messages to construct the measure. The transformation helps to 

eliminate errors stemming from misclassification of cancellations/executions (resp. 

resubmissions) to belong to specific submission (resp. cancellation/execution). The 

robustness analysis of Hasbrouck and Saar (2012) shows that this transformation has 

no significant impact on the results. 

Following section specifies technical details of HFT activity estimation. To prevent 

confusion, let us define two variables used to measure time in our estimation: 

1) Control period – Maximum amount of time between order submission and its 

execution/cancellation, respectively execution and following resubmission. In all 

our estimations, control period is 200ms. 

                                      
8
 Hasbrouck and Saar (2012) work with 100ms long control period. Specificity of their data, however, 

allows them to ling submissions and cancellations/executions based on a reference numbers supplied 

with their data. In case of their methodology, control period is therefore used only to link 

cancellations/executions with respective resubmissions. In order to compensate for lack of reference 

numbers in our dataset, we set a longer control period to allow for smoother linkage of submissions and 

executions/cancellations. 
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2) Time interval – Five-second period. We measure HFT activity within the time 

intervals throughout the day, beginning at 9:30 and ending at 16:00. First time 

interval is therefore 9:30:00 – 9:30:05. 

5.1.1 Step-by-step estimation of HFT activity9 

We estimate HFT activity for bid and ask side of quotes separately. As the last step of 

our estimation, we sum the amounts for bid and ask in each time interval to get total 

HFT activity in the given time interval.  

General description of our calculations is looking at the bid side. Appropriate 

operations for ask side are given in brackets. 

1) Load raw data in following format: 

{date, time, exchange, bid price, ask price, bid size, ask size, quote condition,…} 

2) We transform the data into form suitable for our calculations: 

{absolute time, bid price, bid size, delta price, delta size} 

absolute time – time transformed into seconds 

bid price (- ask price) 

bid size (ask size) 

delta price – absolute change of price compared to the previous tick (bid or ask 

accordingly) 

delta size – absolute change of size compared to the previous tick (bid or ask 

accordingly) 

3) We divide the data into 5-second time intervals and measure the HFT activity for 

each time interval. We only look at the activity in trading hours i.e. we begin at 

9:30 and end at 16:00. 

Point 3) is represented by several steps in our algorithm. Below we describe the 

individual steps of HFT activity estimation in more detail. 

                                      
9
 Complete code in Mathematica format can be found in Appendix Chyba! Nenalezen zdroj 

odkazů.. 
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a) We create 4680 five-second time intervals, which correspond to 6.5 hours long 

trading day. Each time interval i is assigned its upper boundary time:  

                      ,   〈      〉 (5.1) 

b) For every time interval i, we repeat the following procedure. From bid (ask) 

quotes, we select ticks belonging to given time interval. 

                   ⟨                  ) (5.2) 

c) For every tick within the time interval selected in step II. we get length of 

“order - cancellation/execution - resubmission - …” sequence (called run length 

from now on) based on the following algorithm10. 

i) We check if the current tick is an order submission as described below. If 

the tick is not identified as order submission, the algorithm ends. If the tick 

is identified as order submission, we increment the run length and proceed to 

step ii) 

ii) We look for execution/cancellation within the control period from previous 

(re)submission. If we don’t find any suitable execution/cancellation, the 

algorithm ends and reports the run length. If we find a suitable 

execution/cancellation, we increment the run length and proceed to step iii) 

iii) We look for resubmission within the control period from previous 

execution/cancellation. If we don’t find any suitable resubmission, the 

algorithm ends and reports the run length. If we find a suitable 

resubmission, we increment run length and proceed again to step ii) 

We repeat steps ii) and iii) until the algorithm ends or we reach the upper 

boundary time        of given time interval. Identification of order submissions, 

executions/cancellation and resubmissions is based on following criteria. 

 

                                      
10

 Phase diagram explaining the whole algorithm can be found in Appendix 10.4. 
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Identification of order (submission): At both bid and ask side, new order 

can be identified as increase in size, while the price remains unchanged i.e. 

                              (5.3) 

Moreover, at bid side, order can be identified as an increase in price i.e. 

               (5.4) 

While on the ask side, new order would be identified as a decrease in price. 

 

Identification of execution/cancellation: We look for the 

execution/cancellation at the same price as corresponding (previous) order. At 

the same time, execution size has to be at least as big as the size of the order. 

                     (        )           (5.5) 

At this point, we need to deal with the measurement of the size of order and 

execution. Again, there are two possible scenarios: 

i) Previous tick was at the same price as the current one. In this case, order 

size as well as execution size is equal to delta size as defined in 2). 

ii) Previous tick was at a different price (lower in case of order, higher in case 

of execution). In this case, size of an order is equal to the size of current 

tick. Size of execution is given as negative size of previous tick. 

 

Identification of resubmission: The only condition for an order to be 

identified as a resubmission is that the size of the resubmission order has to be 

equal to the size of the first submission (order size at the starting tick). 

 

4) Now we construct proxy variable for HFT activity in given time interval by 

counting the number of ticks whose run length is higher than ten. We get separate 

estimates for bid and ask for each time interval. As the last step of our estimation, 
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we sum the HFT activity at bid and ask side to get the total amount for each time 

interval. 

5.2 Estimation of volatility 

The second key variable used in our analysis is stock price volatility. We measure 

volatility throughout the trading day at time intervals identical to time intervals 

defined for measuring HFT activity. Our estimate of volatility is based on realised 

volatility measure as described by Andersen et al. (2003). 

First, we get sampled prices from the daily real-time trade data. We use sampling 

frequency of 200ms, which means that every 200ms we record the price of previous 

tick. Similarly to method used to measure HFT activity, we are only interested in 

activity within trading hours; we therefore begin sampling at 9:30 and end at 16:00 

every day. As a sampled price, we take “closing price” of corresponding 200ms time 

window or so-called previous tick compared to the upper boundary of the 200ms time 

window, which gives us series of 117000 equally spaced prices for every trading day. 

Next step is to calculate returns from sampled prices. We do so by taking natural 

logarithms of sampled prices and differencing them. 

      (  )    (    ),    {            } (5.6) 

Realized variance and volatility is constructed at five-second time intervals identical to 

those used for estimation of HFT activity. For each time interval i, realized variance 

and realized volatility is therefore constructed using 25 sampled returns  

     ,   {        } (5.7) 

belonging to given time interval i. Realized variance for time interval i is constructed 

as: 

     ∑     
   

   ,   {        },   {          } (5.8) 

Sum of squared returns belonging to time interval i.  



 

26 

To convert realized variance into realized volatility, we take the square root of realized 

variance for each time interval: 

       √   ,   {          } (5.9) 

While in theory, realized volatility is an unbiased volatility estimator, construction of 

realized volatility is sensitive to several factors according to Corsi (2005). The 

definition of realized volatility (as any other definition of historical volatility) involves 

two time parameters, the intraday return interval Δ (in our case 200ms) and the 

aggregation period (time interval, 5s long). In order to have a statistically reliable 

measure of volatility, the parameters must be such that the aggregation period is much 

greater than Δ. Corsi (2005) shows the statistical error of the realized variance 

estimator for Gausian random walk with constant variance   . The typical root mean 

square error for 24 hours daily variance measured for return at different return 

intervals Δ are: 

                     

                    

                   

                   

Our estimation measures realized volatility over 5sec time intervals, while the return 

interval Δ is 200ms. Compared to the results above, this is slightly better than daily 

variance measured at return intervals of one hour which still shows substantial 

statistical error. However, measuring return over shorter periods than 200ms would be 

impractical. Since decreasing return interval length Δ leads to increasing number of 

empty intervals due to irregular spacing of trades. Also, increasing the length of time 

interval to more than 5sec leads to substantial decrease in information value of 

subsequently used wavelet estimation techniques.  
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5.3 Estimation of the dependence between HFT activity and volatility 

The final steps of our analysis utilize time-scale estimation techniques, namely wavelet 

coherence and wavelet correlation. Compared to widely-used standard estimation 

techniques which operate in time domain, wavelets offer much deeper insight into the 

structure of frequency decomposition of dependency in examined series as well as time 

localization of such dependencies. At the same time, wavelets have significant 

advantages over basic Fourier analysis, which operates strictly in frequency domain, 

when dealing with series that are only locally stationary or in other way 

inhomogeneous. 

We use wavelet coherence to describe the degree of local dependence between realized 

volatility and HFT activity in time-frequency domain. We also use coherence phase 

differences to determine the direction of the dependence at various trading horizons 

and assess causality between the volatility and HFT activity. Wavelet correlation is 

used as a robustness check for the wavelet coherence analysis as well as a source of 

more general conclusions about the behaviour of dependence between volatility and 

HFT activity. Before introducing wavelet coherence, phase and wavelet correlation, let 

us provide definitions of wavelet and continuous wavelet transform. 

5.3.1 Wavelets and continuous wavelet transform 

In context of wavelets, rather than using frequencies, we talk about scales. Scale is a 

parameter, which determines length (width) of a wavelet. Scale has an inverse relation 

to frequency; thus lower (higher) scale means a more (less) compressed wavelet, which 

is able to detect higher (lower) frequencies of a time series. Wavelet itself is a real-

valued function integrable of second order,     ( ), defined as: 

     ( )  
 

√ 
 (

   

 
) (5.10) 

where   √  is a normalization factor, which makes variance of the wavelet equal to 

unity. There are two control parameters describing the wavelet, u and s. u, also called 

the location parameter, determines the position of the wavelet on time axis and s, 
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called the scale parameter, determines the width of the wavelet. It is important to note 

that from the definition of a wavelet, in contrast with localized (windowed) Fourier 

estimation techniques where the size of a window is given arbitrarily, increasing 

(decreasing) the width of a wavelet also leads to decreasing (increasing) the amplitude 

of a wavelet. Moreover, there are two key conditions that a wavelet needs to satisfy. 

First one is the admissibility condition, which implies that the wavelet does not have a 

zero frequency component and so the wavelet has zero mean. It also ensures that we 

are able to reconstruct a time series from its wavelet transform. The admissibility 

condition is denoted as 

    ∫
| ( )| 

 
  

 

 

   (5.11) 

where  ( ) is the Fourier transform of a wavelet  ( ). Also, there is usually a second 

condition that the wavelet has to have unit energy: 

 ∫   ( )  
 

  
  , (5.12) 

implying that the wavelet makes some excursion away from zero. 

There are different types of wavelets designed for various purposes. In our analysis, we 

follow the methodology proposed by Grinsted, Moore, Jevrejeva (2004) and use the 

Mortlet wavelet, defined as: 

  ( )             
 

 
  ,  (5.13) 

where   is frequency. According to Grinsted, Moore, Jevrejeva (2004), setting     

yields good results when using Mortlet wavelet for extraction purposes as it provides a 

good balance between time and frequency localization. The Morlet wavelet allows us to 

study both amplitude and phase in used wavelet coherence analysis. 

Continuous wavelet transform (CWT) is based on an idea to apply the wavelet as a 

bandpass filter to the time series. The wavelet is stretched in time by varying its scale 

s, and normalizing it to have unit energy. Theoretical continuous wavelet transform 
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can be obtained as projection of specific wavelet  ( ) onto the examined time series 

 ( ): 

   (   )  ∫  ( )
 

√ 
 (

   

 
)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅
  

 

  

 (5.14) 

However, in reality, we cannot measure the time continuously and our observations are 

discrete values. The continuous wavelet transform of a time series   ,         with 

equidistant observations, where sampling period is   , is defined as convolution of time 

series    with the scaled and normalized wavelet. Formally, we define CWT as: 

   
 ( )  √

  

 
∑      [(    )

  

 
]

 

    
.  (5.15) 

In practice, the continuous wavelet transform is not completely reliable near the edges 

of examined time period because the wavelet is not completely localized in time. It is 

therefore necessary to introduce a Cone of Influence (COI) in which edge effects can 

distort the results. Following the approach of Grinsted, Moore, Jevrejeva (2004), we 

take the COI as the area in which the wavelet power caused by a discontinuity at the 

edge has dropped to     of the value at the edge. The COI is shown as a lighter shade 

on the figures and it is bordered by a thick black contour. 

According to Vacha and Barunik (2012) it is also important to note two specific 

features of continuous wavelet transform used in definition of wavelet coherence. First, 

using continuous wavelet transform, we are able to decompose and then perfectly 

reconstruct the examined time series  ( ), given that the series is integrable of second 

order  ( )    ( ): 

  ( )  
 

  
∫ [∫   (   )    ( )  

 

  
]
  

  

 

 

,     (5.16) 

Second, continuous wavelet transform preserves the energy of examined time series: 

 ‖ ‖  
 

  
∫ [∫ |  (   )|

   
 

  
]
  

  

 

 

.  (5.17) 
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5.3.2 Wavelet coherence and phase 

So far, the presented wavelet methodology involved only one series of interest. In order 

to describe interactions of two time series, we need to extend the range of our tools by 

wavelet coherence. To be able to properly define wavelet coherence, first, we need to 

define cross-wavelet spectrum. We follow the methodology of Grinsted, Moore, 

Jevrejeva (2004) and define the cross-wavelet spectrum for time series    and    as: 

   
  ( )    

 ( )  
  ( ),  (5.18) 

where   
  ( ) defines the complex conjugate11 of   

 ( ). The cross-wavelet spectrum is 

complex, which allows us to define cross-wavelet power as: 

 |  
  ( )|.  (5.19) 

The cross wavelet power reveals areas in the time-frequency space where the time 

series show a high common power, i.e. it represents local covariance between the time 

series at each scale. It is important to note that cross-wavelet power by itself has no 

informative value about the sign of the dependence of the series i.e. it doesn’t tell us if 

there is a positive or negative relationship in the dependence of the series in question. 

Also, using cross-wavelet spectrum, we can identify local relative phase of the time 

series in time frequency space as: 

    (  
  ( )),  (5.20) 

where    ( ) is the complex argument12. Phase difference of the series is useful for 

revealing lead/lag relationship of the comovement of examined time series. It is 

indicated by arrows on the wavelet coherence plots. If the series move in phase, the 

arrows point to the right, while arrows pointing to the left indicate anti-phase 

behaviour. We can exploit this property to determine the direction of dependence 

shown by cross-wavelet power. If the series are in (anti) phase, there is a (negative) 

                                      
11

 For complex number z, represented as       , complex conjugate  ̅ is defined as  ̅      . 
12

 For complex number z, represented as       ,    ( )       (
 

 
). 
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positive relationship in their comovement. Also, arrows pointing up indicate 90° lag of 

the first series, while arrows pointing down indicate 90° lead of the first series in 

question.  

Although cross-wavelet power reveals areas in time-frequency space, where the time 

series show high common power, it is useful to have another measure which is 

normalized to scale from 0 to 1, thus, following Torrence and Webster (1999) we 

introduce wavelet coherence as such measure: 

   
 ( )  

| (     
  ( ))|

 

 (   |  
 ( )| )  (   |  

 ( )|
 
)
,  (5.21) 

where S is a smoothing operator defined as:  ( )        (     (  ( ))) 
13. The 

definition of squared wavelet coherence closely resembles the definition of standard 

correlation coefficient (squared) in time domain analyses. It is useful to think of 

squared wavelet coherence as the measure of local linear correlation between two 

stationary time series at each scale.  

The statistical significance level of wavelet coherence is measured using Monte Carlo 

methods. We follow approach of Grinsted, Moore, Jevrejeva (2004). To estimate the 

significance level at each scale, 100 dataset pairs are generated using the same AR1 

coefficients as the examined time series. Then, wavelet coherence is calculated for each 

pair and significance is estimated for each scale. 

5.3.3 Wavelet correlation 

Our estimation of wavelet correlation is based on maximal overlap discrete wavelet 

transform (MODWT) as described by Percival et al. (2000). Maximal overlap discrete 

wavelet transform is a variation of standard discrete wavelet transform (DWT) as 

both DWT and MODWT are linear filtering operations producing a set of time-

dependent wavelet and scaling coefficients. Similar to DWT, MODWT is suitable for 

analysis of variance and multi-resolution analysis. According to Percival et al. (2000): 

                                      
13

 See Torrence and Webster (1999) 
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„The MODWT gives up orthogonality (through not subsampling) in order to gain 

features such as translation-invariance and the ability to analyse any sample size.” 

While the DWT requires the number of observations N in the series to be multiple of 

   in order for the decomposition to be complete, MODWT is well-defined for time 

series of any length. The MODWT retains downsampled values at each level of the 

decomposition that would be otherwise discarded by the DWT. Important feature of 

MODWT is that it increases the effective degrees of freedom on each scale, compared 

to DWT, which decreases variance of wavelet-based statistical estimates. This 

property suits our wavelet correlation analysis. 

Following the approach of Cornish, Bretherton, Percival (2005) we define the 

MODWT coefficients for finite time series {  }          , as: 

  ̃    ∑  ̃             
    

   
 (5.22) 

and 

  ̃    ∑  ̃             
    

   
,  (5.23) 

where  ̃    is the high-pass filter which yields the wavelet coefficients and  ̃    is the 

low-pass filter which yields the scaling coefficients. The       stands for periodic 

extension, so-called circular boundary condition. The MODWT treats the series as if it 

were periodic, thus unobserved values are assigned the observed values cyclically: 

                . 

The coefficients affected by the periodic extension of the time series in question are 

called boundary coefficients. The number of boundary coefficients increases with scale. 

According to Cornish, Bretherton, Percival (2005): „Exclusion of boundary coefficients 

in ANOVA statistics, e.g. the wavelet variance, provides unbiased estimates. The 

subset of  ̃    that are nonboundary coefficients are identical to  ̅    given by DWT. 

Inclusion of boundary coefficients can bias certain statistical estimates, but using the 

boundary coefficients can decrease the mean squared error.” 
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Percival et al. (2000) also show that MODWT is energy preserving transform, which 

allows us to analyse variance of a time series on scale basis. We can write this property 

formally as: 

 ‖ ‖  ∑ ‖ ̃ ‖
 
 ‖ ̃ ‖

  

   
.  (5.24) 

Similarly to CWT, compared to Fourier transform, wavelet coefficients we get from 

MODWT are associated with band of frequencies but also with specific time scale. 

While Fourier transform restricts us to analyse variance in frequency domain, 

MODWT analysis offers time-frequency analysis. 

In order to properly define wavelet correlation based on the MODWT, we first need to 

define wavelet cross-covariance. Following Percival et al. (2000), given the 

assumptions, the wavelet cross-covariance of processes {     } for scale         and 

lag   is defined as: 

      (  )     { ̃   
( )

  ̃     
( )

}, (5.25) 

where { ̃   
( )

} and { ̃   
( )

} are the MODWT coefficients for {  } and {  } at scale   . 

Notice, that by setting     and       (resp.      ), equation (a) reduces to 

wavelet variance for    (resp.   ). We will denote the wavelet variance of series    

(resp.   ) as   
 (  ) (resp.   

 (  )). 

With the wavelet cross-covariance defined, we can finally derive the formula for 

wavelet correlation as used in our analysis. The definition is again based on Percival et 

al. (2000) and reads as follows: 

We define wavelet cross-correlation for scale    and lag   as 

      (  )  
   { ̃   

( )
  ̃     

( )
}

(   { ̃   
( )

}   { ̃     
( )

})
  ⁄ .  (5.26) 

Wavelet cross-correlation defined in this way is simply a correlation coefficient 

between two random variables. Similarly to correlation in linear regression analysis, 
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coefficients of wavelet cross correlation      (  )  〈    〉 for all    . Given the nature 

of wavelet cross-correlation, we can also identify lead/lag relationships on scale by 

scale basis between the processes in question. 

The MODWT estimator of the wavelet cross-correlation is: 

  ̃    (  )  
 ̃    (  )

 ̃ (  ) ̃ (  )
,  (5.27) 

where  ̃    (  ) is the wavelet covariance and  ̃ (  ) and  ̃ (  ) are the wavelet 

variances. When we set     we obtain MODWT estimator for the wavelet 

correlation between series {  } and {  }. 

Last part of our methodology deals with the estimation of confidence intervals for 

wavelet correlation. Following Percival et al. (2000) we define an approximation of 

   (    )  confidence interval (CI) for wavelet correlation    (  ) based on the 

MODWT as: 

 [    { [ ̃  (  )]  
   (   )

√ ̂   
}      { [ ̃  (  )]  

   (   )

√ ̂   
}],  (5.28) 

where    ( ) is the         percentage point for the standard normal distribution, 

 ̂         and     ⌈(   )(     )⌉ is the number of DWT coefficients 

associated with scale   . By constructing confidence intervals for wavelet correlation, 

we can determine the significance of our estimates, which is crucial when making any 

conclusions about the results of our analysis. 

6 Calculations 

Although it is not common to see the actual calculations in standard academic papers, 

given the nature of our work, diploma thesis, we believe that is appropriate to 

demonstrate what created the main part of our work and also to demonstrate its 

correctness. For the sake of completeness, we present algorithms and codes that we use 

for data processing in full. Presented codes are amended by comments, specifying 
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meaning of individual sections of the code. We also present intermediate results of our 

algorithms, specifically HFT activity, which create inputs for the wavelet analysis. Our 

calculations were done using two different computational programmes, Mathematica 

and MATLAB. Estimation of HFT activity and realized volatility was done using 

Mathematica, while the wavelet estimations were performed using MATLAB. 

6.1 HFT activity lookup algorithm (Mathematica code) 

We begin with the most complex algorithm used in our calculations. The HFT activity 

lookup algorithm extracts HFT activity from the quote data in five second intervals. 

The algorithm is designed to work for bid and ask quotes separately. The version 

presented below is specifically designed for bid quotes.  

At the beginning of the code, we define several functions used later throughout the 

code. This allows us to call specific functions easily and allows for concise and 

structured code. 

Function showMe is used merely as a tool, orderVolume and executionVolume are 

functions used in execution and resubmission identification. orderVolume checks the 

delta price of given tick and returns delta volume if delta price equals zero and volume 

otherwise. executionVolume functions similarly to orderVolume but returns negative 

value of volume of the previous order if delta price is not equal to zero. 

showMe[what_, value_] :=  

Print[StringJoin[what,": ", ToString[value]]] 

 

orderVolume[t_] := 

If[t[[4]]== 0, t[[5]], t[[3]]] 

 

executionVolume[t_, tPrevious_] := 

If [t[[4]]== 0, t[[5]],-tPrevious[[3]]] 

 

Function pairedExecutionIndex looks for execution of given order based on the volume 

of the order and length of the control period. On basis of while cycle, we go through 

the ticks following our order until we reach the end of the control period or the if 

condition is met. If the condition is met, the function returns the index of the 

execution, otherwise the function returns zero. At this point, it is also appropriate to 
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advise the reader that Mathematica uses the symbol (*…*) to mark comments in the 

code. These sections of the code serve for easy orientation and have no impact on the 

calculation. 

(* 0: No execution within the control period time window matches the order. *) 

pairedExecutionIndex[ts_, oi_, cp_] := Module[{ transactions = ts, index = oi, 

controlPeriod = cp, result = 0,order, vOrder, m }, 

 

order = transactions[[index]]; 

vOrder = orderVolume[order]; 

 

(* While we are still within our control period time window: *) 

While[transactions[[index, 1]] <= order[[1]] + controlPeriod, 

 

(* If this is the execution that matches our order: *) 

If [transactions[[index, 4]] <= 0 && -executionVolume[transactions[[index]], 

transactions[[index-1]]] >= vOrder, 

 

(* Found the matching transaction! *) 

result = index; 

Break[], 

 

(* Increment the index *) 

If[++index > Length[transactions], Break[]]; 

 

]; 

 

]; 

 

result 

] 

 

resubmissionIndex works similarly to pairedExecutionIndex function in a sense that it 

looks for a tick following our execution based on given criteria. If resubmission is 

found, the function returns index of the resubmission. If the resubmission is not found 

within the control period, the function returns zero. 

(* 0: There is no resubmission within the control period time window. *) 

resubmissionIndex[ts_, si_, v_, cp_] := Module[{ transactions = ts, index = si, 

volume = v, controlPeriod = cp, result = 0, execution}, 

 

execution = transactions[[index]]; 

 

(* While we are still within our control period time window: *) 

While[transactions[[index, 1]] <= execution[[1]] + cp, 

 

(* If this is a suitable resubmission: *) 

If[transactions[[index, 4]] >= 0 && orderVolume[transactions[[index]]] == 

volume, 

 

(* Found a resubmission! *) 

result = index; 

Break[], 

 

(* Increment the index. *) 

If[++index >Length[transactions], Break[]]; 

 

]; 

 

]; 
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result 

] 

 

Function runLength provides an algorithm that for given order chains the executions 

with resubmissions and so on. It utilizes the pairedExecutionIndex and 

resubmissionIndex functions and counts how many times the functions return number 

different from zero. As soon as either of the functions returns zero, runLength ends and 

returns the count of executions and resubmissions found. 

(* Calculates the length of the run within the transaction list that starts with 

the transactions on the provided index. *) 

runLength[ts_,i_, cp_] := Module[{ transactions = ts, index = i, controlPeriod = 

cp ,len = 1, volume}, 

 

volume = orderVolume[transactions[[index]]]; 

While[True, 

 

index = pairedExecutionIndex[transactions, index, controlPeriod]; 

If[index ==0, Break[], len++]; 

 

index = resubmissionIndex[transactions, index, volume, controlPeriod]; 

If[index ==0, Break[], len++]; 

 

]; 

len 

] 

 

solveBruns is a cycle function that for every tick in given time interval checks if the 

tick is an order – based on given criteria – and if so, starts the runLength function for 

given order. We identify order based on delta price and delta volume. At bid side, 

either delta price has to be greater than zero or delta price has to be equal to zero and 

delta volume has to be greater than zero for a tick to be identified as an order. 

(* For the provided transaction collection, returns a vector that holds the 

lengths of the runs that start with the corresponding transaction. *) 

solveBruns[t_, cp_] := Module[{ transactions = t, controlPeriod = cp, dp, dq, 

runLengths}, 

runLengths = Table[0, {Length[transactions]}]; 

 

For[ 

n = 1, 

n <= Length[transactions], 

n++, 

 

dp = transactions[[n, 4]]; 

dq = transactions[[n, 5]]; 

 

If [dp > 0 || (dp == 0 && dq > 0), 

runLengths[[n]] = runLength[transactions, n, controlPeriod]; 

] 

 

]; 

 

runLengths 

] 
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selectTransactionsWithinTime is a function used to select ticks belonging to specific 

time interval. The function is defined on a basis of while cycle rather than built-in 

Mathematica select[] function for computation time optimization purposes. 

(* Returns all the transactions within the <timeStart_, timeFinish_) time 

interval. - CYCLE METHOD *) 

selectTransactionsWithinTime[t_, sI_, tF_] := Module[{ transactions=t, 

startIndex=sI, timeFinish=tF,finishIndex=sI,selection,output}, 

 

While[transactions[[finishIndex,1]]<timeFinish,finishIndex++]; 

 

selection=Take[transactions,{startIndex,finishIndex-1}]; 

 

If[transactions[[startIndex,1]]>= timeFinish,finishIndex++]; 

 

output={finishIndex,selection}; 

 

output 

] 

 

We get to the body of main algorithm. The whole computation is run by for cycle 

which runs the algorithm for each day. 

dates={"03","04","05","06","09","10","11","12","13","16","17","18","19","20","23

","25","26","27","30","31"}; 

For[day=1, 

day<= Length[dates], 

day++, 

fileName=StringJoin["XOM_2009_03_",dates[[day]],"_X_Q"]; 

 

We load the data from file. 

(*Load raw data*) 

cut=Import[StringJoin[fileName,".asc"],Path->"C:/Users/vondricka/Documents/! 

IES/Diplomka/Data/Pracovni/QUOTES" ]; 

 

We extract only the bid data and also compute the delta price and delta volume. 

(*Get BID data*) 

(* 1 ... time - absolute time (number), 2 ... Price, 3 ... size, 4 ... 0, 5 ... 

0 *) 

bid=Table[0,{Length[cut]}]; 

Do[bid[[j]]={AbsoluteTime[cut[[j,2]]],cut[[j,4]],cut[[j,6]],0,0},{j,1,Length[cut

]}]; 

(* 1 ... time, 2 ... Price, 3 ... size, 4 ... delta price, 5 ... delta size *) 

Do[bid[[s,4]]=(bid[[s,2]]-bid[[(s-1),2]]);bid[[s,5]]=(bid[[s,3]]-bid[[(s-

1),3]]),{s,2,Length[bid]}]; 

 

We specify the length of control period and time interval. 

(*ALGORITMUS*) 

(* HFT control period (sec) *) 

cp=0.2; 

(* examined time intervals (sec) *) 

ti=5; 

 

Based on the length of time interval, we construct a variable for our calculation. 
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(* generate "runs" variable (1 ... AbsoluteTime, 2 ... HFT activity) *) 

bruns=Table[{0,0},{Floor[(AbsoluteTime[{2014,1,1,16,0,0}]-

AbsoluteTime[{2014,1,1,9,30,0}])/ti]}]; 

bruns[[1,1]]=AbsoluteTime[{2014,1,1,9,30,0}]+ti; 

Do[bruns[[i,1]]=bruns[[i-1,1]]+ti,{i,2,Length[bruns]}]; 

 

We make sure that we start at the first tick after 9:30 and then for every time 

interval, we run the solveBruns function. For every time interval, we count the 

number of ticks where the run length is greater than ten messages. 

(* set startIndex such that we start at 9:30 *) 

startIndex=1; 

While[bid[[startIndex,1]]<AbsoluteTime[{2014,1,1,9,30,0}], 

startIndex++]; 

 

(* for each time interval, check the HFT activity *) 

For[ 

timeInterval =1, 

timeInterval <= Length[bruns], 

timeInterval++, 

 

(* For each time interval: *) 

timeFinish = bruns[[timeInterval, 1]]; 

(* source: {finishIndex, transactions} *) 

source= selectTransactionsWithinTime[bid, startIndex, timeFinish ]; 

transactions =source[[2]]; 

 

startIndex=source[[1]]; 

runLengths = solveBruns[transactions,cp]; 

 

(* fill "runs" - count runs longer than 10 messages *) 

bruns[[timeInterval, 2]] = Length[Select[runLengths, # > 10 &]]; 

] 

 

Finally, we export the results. 

(* export to file *) 

Export[StringJoin["/Users/vondricka/Documents/! 

IES/Diplomka/Data/export/bruns_export/bruns_",fileName,".csv"],bruns] 

 

Export[StringJoin["/Users/vondricka/Documents/! IES/Diplomka/v_2-4-

2014/runs_",fileName,".pdf"],DateListPlot[bruns,Joined->True,PlotRange-

>All,PlotLabel->StringJoin[fileName," - bid HFT activity"]]]; 

 

] 

Once we complete the algorithm for bid quotes, we perform analogous algorithm for 

ask quotes and sum the results for each time interval. You can see the sample result of 

the total HFT activity lookup algorithm at Fig. 2. Total HFT activity for GE, 

3.3.2009.. 
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Fig. 2. Total HFT activity for GE, 3.3.2009. 

6.2 Realized volatility sampling algorithm (Mathematica code) 

Similarly to HFT activity lookup algorithm, realized volatility sampling is operated by 

for cycle which runs the computation for every day. 

dates={"03","04","05","06","09","10","11","12","13","16","17","18","19","20","23

","25","26","27","30","31"}; 

For[day=1, 

day<= Length[dates], 

day++, 

fileName=StringJoin["XOM_2009_03_",dates[[day]],"_X_T"]; 

 

We begin by loading the data and defining length of sampling period and period over 

which we measure the realized volatility. Based on the length of realized volatility 

period, we prepare a variable used in our calculation. 

(*Load raw data*) 

cut=Import[StringJoin[fileName,".asc"],Path->"C:/Users/vondricka/Documents/! 

IES/Diplomka/Data/Pracovni/TRADES" ]; 

 

(* Get equidistant sample prices - cycle variant *) 

(* sample period *) 

cp=0.2; 

(* realized volatility time interval *) 

ti=5; 

 

(* generate variable for sampled prices (1 ... AbsoluteTime, 2 ... Price) *) 

sp=Table[{0,0},{Floor[(AbsoluteTime[{2014,1,1,16,0,0}]-

AbsoluteTime[{2014,1,1,9,30,0}])/cp]}]; 

sp[[1,1]]=AbsoluteTime[{2014,1,1,9,30,0}]+cp; 

Do[sp[[i,1]]=sp[[i-1,1]]+cp,{i,2,Length[sp]}];  

 

We get sampled prices. Sampled price is the last tick in every sample period. 
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(* get sampled "closing" prices *) 

k=1;  

Do[ 

While[AbsoluteTime[cut[[k,2]]]<=sp[[j,1]], 

sp[[j,2]]=cut[[k,3]] ; 

k++]; 

If[sp[[j,2]]==0,sp[[j,2]]=sp[[j-1,2]]] 

,{j,1,Length[sp]} 

]; 

 

Using the sampled prices, we compute returns. 

(* generate variable, get sampled returns *) 

rets1=Table[0,{Length[sp]}]; 

Do[rets1[[i]]=Log[sp[[i,2]]]-Log[sp[[i-1,2]]],{i,2,Length[rets1]}]; 

 

Using the sampled returns, we compute realized variance and realized volatility. 

(* generate variance/volatility variables *) 

rvar=Table[0,{Floor[Length[rets1]/(ti/cp)]}]; 

rvol=Table[0,{Floor[Length[rets1]/(ti/cp)]}]; 

(* get Realized Variance *) 

Do[rvar[[i]]=Sum[Power[rets1[[(i-

1)*(ti/cp)+j]],2],{j,1,(ti/cp)}],{i,1,Length[rvar]}]; 

(* get Realized Volatility *) 

Do[rvol[[i]]=Sqrt[rvar[[i]]],{i,1,Length[rvol]}]; 

 

Finally, we export the results into file. 

(* export to file *) 

Export[StringJoin["/Users/vondricka/Documents/! 

IES/Diplomka/Data/export/rvol_",fileName,".csv"],rvol] 

 

Export[StringJoin["/Users/vondricka/Documents/! IES/Diplomka/v_2-4-

2014/rvol_",fileName,".pdf"],ListLinePlot[rvol,PlotRange->All,PlotLabel-

>StringJoin[fileName," - Volatility"]]] 

 

] 

6.3 Wavelet coherence and correlation (Matlab code) 

Note that in MATLAB syntax, notes are marked by %% at the beginning of line. 

6.3.1 Wavelet coherence 

Wavelet coherence calculation is very straight-forward. We begin by loading the data 

and specifying our variables. 

%% load data 

flnm = 'GE_2009_03_02_X_'; 

  

filename = strcat('C:\Users\vondricka\Documents\! 

IES\Diplomka\Data\export\totalRuns_',flnm,'Q.csv'); 

delimiter = ','; 

  

formatSpec = '%*s%f%[^\n\r]'; 

fileID = fopen(filename,'r'); 

dataArray = textscan(fileID, formatSpec, 'Delimiter', delimiter, 'EmptyValue' 

,NaN, 'ReturnOnError', false); 
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fclose(fileID); 

  

runs = dataArray{:, 1}; 

volatility = load(strcat('C:\Users\vondricka\Documents\! 

IES\Diplomka\Data\export\rvol_',flnm,'T.csv')); 

  

clearvars flnm filename delimiter formatSpec fileID dataArray ans; 

We run the wavelet coherence function based on the “wtc-r16” toolbox and plot the 

result. We set the Monte Carlo Count to 100. 

%% wavelet coherence and plot 

clf 

wtc(volatility,runs,'mcc',100) 

title('Coherence: volatility - HFT activity, XOM 2009 03 02') 

  

clearvars runs volatility; 

 

 

6.3.2 MODWT and wavelet correlation 

Wavelet correlation calculation was once again based on for cycle which ran the whole 

calculation for every day. 

days = 

{'02','03','04','05','06','09','10','11','12','13','16','17','18','19','20','23'

,'25','26','27','30','31'}; 

for i = 1:21 

We load the data and specify our variables. 

%% load data 

fln = strcat('XOM_2009_03_',days(i)); 

flnm = char(fln); 

  

filename = strcat('C:\Users\vondricka\Documents\! 

IES\Diplomka\Data\export\totalRuns_',flnm,'_X_Q.csv'); 

delimiter = ','; 

  

formatSpec = '%*s%f%[^\n\r]'; 

fileID = fopen(filename,'r'); 

dataArray = textscan(fileID, formatSpec, 'Delimiter', delimiter, 'EmptyValue' 

,NaN, 'ReturnOnError', false); 

fclose(fileID); 

  

runs = dataArray{:, 1}; 

volatility = load(strcat('C:\Users\vondricka\Documents\! 

IES\Diplomka\Data\export\rvol_',flnm,'_X_T.csv')); 

 

We perform MODWT by running modwt function based on “wmtsa” toolbox.  

%% wavelet correlation and plot 

wtfname = 'la8'; 

J0 = 10; 

boundary = 'periodic'; 

  

  

  

[WJXt, VJXt, att] = modwt(volatility(1:4680), wtfname, J0, boundary); 

[WJYt, VJYt, att] = modwt(runs(1:4680), wtfname, J0, boundary); 
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We run the wavelet correlation function based on “wmtsa” toolbox and plot the results. 

[wcor, CI_wcor] = modwt_wcor(WJXt, WJYt,.025); 

cont=[wcor,CI_wcor] 

csvwrite(['C:\Users\vondricka\Documents\! 

IES\Diplomka\Data\export\wcor_',flnm,'.csv'],cont); 

  

clf 

plot_wcor(wcor, CI_wcor,'',['Correlation: volatility - HFT activity, 

',regexprep(flnm,'_',' ')]) 

 

We specify attributes of the plotted figure and export it.  

%% plot specification 

s=hgexport('readstyle','fig_1'); 

s.Format = 'png'; 

s.FontName = 'CMU Serif'; 

set(gca,'XTick',[0,1,2,3,4,5,6,7,8,9,10],'XTickLabel',[0,2,4,8,16,32,64,128,256,

512,1024]); 

  

hgexport(gcf,['C:\Users\vondricka\Documents\! 

IES\Diplomka\RESULTS\wcor_',flnm,'.png'],s); 

  

%% cleanup 

clearvars flnm filename delimiter formatSpec fileID dataArray ans CI_wcor J0 

VJXt VJYt WJXt WJYt att boundary cont wcor wtfname runs volatility; 

  

end 

 

7 Results 

First part of our analysis provides very detailed view of the structure of dependence of 

price volatility and HFT activity. We show the dependence of volatility and HFT 

activity separately for each day and each week for all three examined stocks, GE, 

MSFT and XOM. Wavelet coherence allows us to see the dependence across different 

trading horizons, ranging from five seconds to the whole period
14

 while also 

maintaining the time localization of the dependence. Although the results of wavelet 

coherence analysis give us a deep insight into the structure of the dependence, we are 

also interested in a broader understanding of the phenomena. In order to make more 

generalized conclusions, we also use another method – wavelet correlation – to describe 

the structure of dependence of the time series. We provide day-by-day as well as 

weekly wavelet correlations of volatility and HFT activity, separately for every stock. 

                                      
14

 We perform the estimations in two settings, trading days and weeks. Trading day begins at 9:30 and 

ends at 16:00 which makes up for period length of 6.5 hours. Weeks 1 – 3 consist of five trading days i.e. 

period length of 32.5 hours. Week 4 includes only four trading days i.e. period length for week 4 is 26 

hours. 



 

44 

Using wavelet correlation, we relinquish the time dimension of the problem, while still 

providing results for different trading horizons within the examined period. Second 

part of the results therefore gives us more general understanding of how the 

dependence of volatility and HFT activity behaves. 

Results of wavelet coherence analysis are rather complex and their understanding 

requires a closer examination of every figure from different angles. First, we identify 

localized level of dependence of the series using wavelet coherence. We can see the 

colour scale of wavelet coherence ranges from blue to red. Areas showing high level of 

dependence are marked by colours at red end of the spectrum. Moreover, areas with 

statistical significance at 5% significance level against red noise are highlighted by 

black contour. Second, we look at the phase difference between the two time series in 

statistically significant areas. Phase difference is crucial for understanding proportion 

of the dependence and to some extent also causality of analysed time series. Since 

coherence describes the dependence of the two time series in absolute value, phase 

allows us to identify positive or negative dependence of the series if the series are in 

phase or in anti-phase, respectively. In our case, phase is depicted by the small arrows 

in significant areas. The phase arrows show relative phasing of the two time series, 

where: 

1) Arrows pointing to right mean that the series are in phase (positive 

dependence). 

2) Arrows pointing to left mean that the series are in anti-phase (negative 

dependence). 

3) Arrows pointing up mean that HFT activity leads volatility by 90° at given 

scale. 

4) Arrows pointing down mean that volatility leads HFT activity by 90° at given 

scale. 

Note that the phase difference can also be interpreted as time lag between the two 

series, allowing us to assess causality.  
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For purposes of our research, there are several key components that require attention, 

given our hypothesis. First, we look for significant dependence between the series. This 

might seem rather simple. However, especially at the lowest scales (high frequency), it 

proves to be difficult to get conclusive findings, given the nature of our results. We see 

periods of significant dependence alternating with periods of no dependence without a 

clear pattern. Especially due to this behaviour of the series it is appropriate to look at 

the dependence also using wavelet correlation, which generalizes the results with 

respect to time dimension. Second, we look for causality between the HFT activity and 

the volatility. We assess causality from the phase difference of the series. We can see 

that all significant sections show in-phase behaviour, showing us that there is strictly 

positive dependence between HFT activity and volatility. However, our results show 

no conclusive evidence of clear causality between the two. Third, we are interested in 

behaviour of the dependence on various scales that represent trading horizons. In all 

cases, the time series show more consistent dependence on higher scales (low 

frequencies). This behaviour is especially noticeable if we compare results of the 

analysis on daily data and weekly data. While the pattern in structure of the 

dependence is visible from wavelet coherence figures, it is appropriate to support the 

general conclusion with findings from wavelet correlation as well. It is apparent that 

all the correlation analyses exhibit growing trend towards the higher scales. Again, 

results for weekly data confirm the general conclusion based on partial daily results. 

Following sections depict the characteristics of results in four distinct categories. We 

present results for wavelet coherence and wavelet correlation, both for daily and 

weekly data. Each category is illustrated by selected cases on all three shares, GE, 

MSFT and XOM. Complete results can be found in appendix.15 

7.1 Wavelet coherence – daily results 

We begin our analysis by daily wavelet coherence. On the lowest scales we can see no 

continuous dependence. Just below the three minute time horizon (scale 36), larger 

                                      
15

 See 9.1 Wavelet coherence – complete results, and 9.2 Wavelet correlation – complete results. 
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sections of significant dependence begin appearing, however they alternate with areas 

of no significance without a clear pattern thus providing no conclusive evidence of 

general dependence of the series. It is important to note that in case of XOM, much 

more persistent dependence appears at higher scales16 and more areas of significant 

dependence can be seen at the lowest scales. This indicates that HFT activity plays 

more important role in XOM volatility. XOM results also indicate that significant, 

continuous dependence could appear at longer time horizons in case of GE and MSFT 

as well. This hypothesis proves to be true, as shown in the following section. 

 

Fig. 3. Coherence: GE 03/18 

 

Fig. 4. Coherence: MSFT 03/18 

 

Fig. 5. Coherence: XOM 03/18 

All three stocks offer a very important finding. Volatility and HFT activity are in 

phase or close to in-phase in all significant sections. In-phase behaviour is especially 

apparent in large sections at the highest scales. If the series move in phase, it is clear 

that periods of increased volatility are also periods, where HFT activity raises and vice 

versa. This finding directly contradicts results of several researches, such as Brogaard 

(2010, 2011) or Gsell (2008), who show that HFT activity leads to decrease of 

volatility. Although we find a positive dependence between volatility and HFT 

activity, it is impossible to clearly assess the causality of those two events as neither of 

the series consistently leads the other throughout different regions of significance, 

different days or stocks. 

                                      
16

 The results shown at Fig. 3. Coherence: GE 03/18, Fig. 4, Fig. 5 are only illustrative. Mentioned 

dependence in case of XOM persists through majority of examined trading days. For full results see 

Appendix: Wavelet coherence – complete results. 
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7.2 Wavelet coherence – weekly results 

As results from daily data hinted, more consistent dependence can be found at longer 

time horizons. Analysis of weekly data confirms that even at time horizons longer than 

trading day, we can still find dependence that is continuous across time. While for 

daily data, the dependence seemed to persist only in case of the most active XOM 

stock; in case of weekly data all three stocks show sections of significant, continuous 

dependence that can be found at the highest scales. 

 

Fig. 6. Coherence GE 03 week 1 

 

Fig. 7. Coherence MSFT 03 week 1 

 

Fig. 8. Coherence XOM 03 week 1 

Phase arrows indicate that at time horizons close to or longer than a trading day 

(scales higher than 4096) HFT activity leads volatility by approximately 30 – 45°. This 

would indicate that increased HFT activity causes increase in volatility. However, this 

result is not consistent across all observations available for our analysis thus we cannot 

guarantee that this is not an isolated case of causal behaviour. In order to confidently 

prove this behaviour, we suggest analysis of substantially longer data sample. 

7.3 Wavelet correlation – daily results 

In order to capture broader range of dependencies and generalize our findings, 

especially for different behaviour at various scales (trading horizons), we implemented 

wavelet correlation. Figures 7 – 12 depict correlation between volatility and HFT 

activity at different scales. Bands of 95% confidence interval are also shown. As the 

scale is getting closer to length of our data sample, we can see the confidence bands 

spread excessively; this issue is remedied by broadening the data sample, as shown by 

the results in the next section. 
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It is apparent that the series show positive dependence across all scales. More 

importantly, we observe trending behaviour of the dependence, namely higher 

dependence at longer time horizons. These findings support the results of prior wavelet 

coherence analysis. First, positive dependence complies with the in-phase behaviour of 

the series. Second, rising trend confirms our hypothesis about higher dependence of 

volatility and HFT activity at higher scales. These results are consistent for all three 

examined shares. 

 

Fig. 9. Correlation: GE 03/12 

 

Fig. 10. Correlation MSFT 03/12 

 

Fig. 11. Correlation XOM 03/12 

7.4 Wavelet correlation – weekly results  

In order to complete our analysis, we also provide the wavelet correlations for weekly 

data. Results for weekly data confirm all our previous findings and also provide 

refined, albeit more general, estimates of confidence intervals at lower scales. Weekly 

correlations confirm positive dependence between the series at previously examined 

scales and also extend this finding to time horizons longer than trading day. At the 

highest scales, results of wavelet correlation confirm that the dependence of the series 

is even higher than in case of daily data, which corresponds with results of our weekly 

coherence analysis.  
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Fig. 12. Correlation: GE 03 week 2 

 

Fig. 13. Correlation: MSFT 03 week 2 

 

Fig. 14. Correlation XOM 03 week 2 

It is important to note that even though the estimated mean correlation shows 

apparent increasing trend over the weekly periods, the results are not strongly 

significant. This is especially apparent from the bands of confidence interval at Fig. 14. 

Correlation XOM 03 week 2 To provide more conclusive findings, examination of 

additional periods and/or additional stocks would be advisable.  

8 Conclusion 

The thesis builds on existing academic literature concerning impact of high frequency 

trading on market qualities. As the portion of HFT grew steadily over the last circa 

eighteen years, it began attracting concerns of market players and regulators. The 

concerns about effects of HFT on market participants and markets themselves grew 

largely after so-called “Flash Crash” on May 6, 2010. This and several other events 

gave birth to a suspicion that HFT creates instability and raises uncertainty.  

While HFT represents substantial part (in some cases even majority) of trade volume 

at many equity markets, related academic literature is rather scarce. This is given by 

several causes. First, HFT is relatively new phenomenon and therefore the topic is not 

well established yet. Second, the whole structure of HFT and specific HFT procedures 

are not transparent. In order to study HFT, researchers either use specific data, which 

allows them to identify HFT activities directly but then restricts them to certain 

markets or periods available. Other researches head in the direction of estimating HFT 

activities from widely-available trade data. While this approach allows for examination 

of any markets or periods, there are no established methods for measuring HFT 

activity and the task is by no means a trivial one. The choice of suitable determinant 
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of market quality is by far less demanding. Throughout the academic papers, effects on 

bid-ask spread, volatility of prices, transaction costs, liquidity, traded volume and 

others are examined. In our thesis, we chose realized price volatility as a determinant 

of market quality. 

Our methodology of HFT activity estimation is largely inspired by Hasbrouck and 

Saar (2012). We modified authors’ methodology which utilizes real-time order book 

data to fit our dataset that provided only bid-ask quotes and actual trade data. Based 

on the specifics of orders, we identify HFT activity at bid and ask side of quotes 

separately and then sum them at five-second time intervals throughout the day, 

effectively sampling HFT activity at five second time intervals. Similarly, we compute 

realized volatility throughout the day for the same five-second time intervals, which 

allows us to discover dependencies between the two measures in great detail. In the 

last part of our analysis we diverge from the core of academic literature in this field of 

research. To assess the dependence of HFT activity and volatility, we use wavelet 

estimation techniques, namely wavelet coherence and wavelet correlation. Using these 

techniques, we get much deeper insight into the structure of dependence of the two 

series, compared to commonly used linear regression analysis. Specifically wavelet 

coherence allows us to determine the dependence of HFT activity and volatility for 

various trading horizons, while preserving the information about time localization of 

such dependences. Wavelet correlation serves as a robustness check as well as source of 

more generalized results. 

Results of our analysis suggest that the structure of dependence between HFT activity 

and volatility is not easily generalized. While we found very little persistent 

dependence between HFT activity and volatility at short trading horizons (up to 150 

seconds), significant positive dependence at trade horizons close to the length of the 

trading day (6.5 hours) can be seen in majority of examined cases. Results of wavelet 

correlation support these findings and show clear rising trend across increasing scales 

(trading horizons) in both daily and weekly estimations. Implications of our findings 
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contradict conclusions of many other researchers that HFT has positive or insignificant 

impact on market quality. Although our results might heat the discussion about 

potential negative effects of HFT activity on markets, it is important to note that so 

far, we have not determined the causal relationship between the examined phenomena. 

While our analysis uncovered the structure of dependence between HFT activity and 

price volatility, the causality of examined phenomena remains hidden. Examined data 

offered no conclusive evidence about the causality of HFT activity and volatility 

dependence. To this end, we would recommend examination of broader dataset, 

preferably of more actual data. Continuing growth of HFT would surely offer more 

activity to study and increased length of the dataset would allow for more precise 

estimation. Also, getting a more detailed dataset, either a complete order book data or 

specific dataset allowing for identification of the nature of market participants is 

strongly advised and would substantially increase the information value of the results. 

We leave these issues for further study.  
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10 Appendix 

10.1 Wavelet coherence – complete results 

10.1.1 Daily estimations (GE): 



 

57 

 

10.1.2 Daily estimations (MSFT): 
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10.1.3 Daily estimations (XOM): 
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10.1.4 Weekly estimations (GE): 
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10.1.5 Weekly estimations (MSFT): 

 

 

10.1.6 Weekly estimations (XOM): 
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10.2 Wavelet correlation – complete results 

10.2.1 Daily estimations (GE): 
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10.2.2 Daily estimations (MSFT): 
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10.2.3 Daily estimations (XOM): 
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10.2.4 Weekly estimations (GE): 
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10.2.5 Weekly estimations (MSFT): 

 

 

10.2.6 Weekly estimations (XOM): 
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10.3 Contents of enclosed DVD 

1. Complete results of wavelet coherence and wavelet correlation 

2. Results of HFT activity estimation – plots of HFT bid, ask and total activity 

3. Results of volatility estimation 

4. Mathematica files with codes used to extract HFT activity and realized 

volatility 

5. Matlab files with codes used for estimation of wavelet coherence, MODWT and 

wavelet correlation 

6. Matlab toolboxes necessary for wavelet coherence and wavelet correlation 

analysis 
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10.4 HFT activity estimation - algorithm phase diagram 
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