
Charles University in Prague
Faculty of Mathematics and Physics

D O C T O R A L T H E S I S

lucie augustovičová
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abstrakt: Tato práce se zabývá procesem tvorby molekulárních iontů
v mezihvězdném prostoru, který plnil velmi významnou roli v raném
vesmíru. Velká část práce je zaměřena na teoretickou studii kvan-
tové dynamiky procesu radiativní asociace indukovanou převážně
dipólovými přechody. V úvahu byly vzaty též kvadrupólové pře-
chody, jejichž vliv na radiativní asociaci byl zkoumán vůbec poprvé.
Dále byly určeny spektroskopické charakteristiky rovibronických
přechodů vybraných diatomických iontů pro studii prostoročasové
variability fundamentálních konstant. Mezi hlavní výstupy práce
patří charakterizace procesu depopulace metastabilních hladin
He (23S) a He (21S) vlivem radiativních srážek s vodíkovými,
héliovými a lithiovými ionty, tj. He + A+ → HeA+ + hν. V rámci
studie byly provedeny kvantově dynamické výpočty s použitím plně
kvantového přístupu. Studované spontánní a stimulované procesy na
konkrétní spinové varietě byly charakterizovány pomocí energeticky
závislých účinných průřezů a teplotně závislých rychlostních koefi-
cientů. Oproti dříve publikovaným studiím jiných autorů zde byly
zahrnuty vysoce excitované elektronické stavy. Dosažené výsledky
prokázaly, že a) spontánní radiativní asociace přispívá významně k
depopulaci metastabilních atomů hélia v planetárních mlhovinách;
b) stimulace radiativní asociace zářením z různých teplotních pozadí
má významný vliv pouze při poměrně nízkých teplotách a pouze na
procesy, při nichž jsou energie emitovaných fotonů poměrně malé.

klíčová slova: molekulární procesy, atomární procesy, radiativní
asociace, metastabilní helium, adiabatická aproximace, rychlostní
koeficienty, molekulární ionty, astrochemie, mezihvězdný prostor
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department: Department of Chemical Physics and Optics
supervisor: doc. Ing. Pavel Soldán, Dr.

abstract: This thesis deals with the process of molecular ions forma-
tion in interstellar space, which played an important role in the early
Universe. A large part of the work focuses on the theoretical study
of quantum dynamics of the process of radiative association predom-
inantly induced by dipole transitions. The effect of quadrupole tran-
sitions on the radiative association have also been taken into account,
which has been studied for the first time. Furthermore, spectroscopic
characteristics of rovibronic transitions of selected diatomic ions for
the study of cosmological variability of fundamental constants were
determined. The main outcomes of the thesis include the characteriza-
tion of depopulation of metastable levels He (23S) and He (21S) due
to radiative collisions with hydrogen, helium and lithium ions, i. e.
He+A+ → HeA++hν. Within the study quantum dynamics calcula-
tions were carried out using a fully quantal approach. Studied spon-
taneous and stimulated processes on a specific spin manifold were
characterized by energy-dependent cross sections and temperature-
dependent rate coefficients. Compared to previous published works
by other authors highly excited electronic states are considered. The
results showed that a) the spontaneous radiative association con-
tributes significantly to the depopulation of metastable helium atoms
in planetary nebulae; b) the stimulation of radiative association by
black-body background radiation has a significant influence only at
relatively low temperatures and only on the processes, where the en-
ergies of emitted photons are rather small.
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N O M E N C L AT U R E

Scalar variables and constants are written in upright italics, as
a,b, c,π. Vector quantities are written in boldface as L,S, J and their
quantum numbers are denoted by the same letters in upright italics:
L,S, J. The meanings of some common symbols used throughout the
text are listed below. More specific quantities are explained directly
in the text. Prime or double prime is used to distinguish the upper
( ′) and lower ( ′′) levels in a transition. They occur as superscripts on
the quantum numbers. Subscripts g or u indicate the molecular states
associated with the gerade or ungerade symmetry, respectively.

v vibrational quantum number

E energy

L orbital angular momentum

S electron spin angular momentum

P total electronic angular momentum

J total angular momentum excluding nuclear spin

N total angular momentum excluding electron and
nuclear spin, in the case where electron spin is present

I nuclear spin angular momentum

Λ projection of L along internuclear axis

Σ, Π, ∆ electronic state designation for which |Λ| = 0, 1, 2,
respectively

Σ projection of S along internuclear axis

Ω = Λ+ Σ projection of total electronic angular momentum along
internuclear axis

k projection of J along the intermolecular z-axis

K unsigned projection quantum number K = |k|

Γ representation of a group

Γ∗ electric dipole representation of the molecular
symmetry (MS) group

Γ (s) totally symmetric irreducible representation of the MS
group

(ψ, θ,χ) Euler angles

kB Boltzmann constant

R internuclear distance

Re equilibrium internuclear distance

U(R) potential energy curve

x



contents xi

ε0 vacuum permittivity

c speed of light in vacuum

T temperature

µ reduced mass

The formulas presented in this thesis are reported in SI units unless
explicitly noted otherwise; the exceptions to this rule are spectro-
scopic properties and characteristics (such as distances, e.g.), which
are normally reported in atomic units (a.u.). Energies are here most
frequently reported in cm−1 or in eV. In the atomic units system, four
frequently used quantities (Planck’s constant h divided by 2π [ h],
mass of electron [me], electron charge [e], and Coulomb’s constant
[1/4πε0]) are set explicitly to 1 in the formulas, making these more
simple to read. The atomic unit of length is the bohr

a0 =
4πε0 h

2

mee2
,

where a0 ≈ 0.529 177 210 92(17)× 10−10m.
The atomic unit of energy is the hartree

Eh =
e2

4πε0a0
,

and it has the value Eh ≈ 4.359 744 34(19) × 10−18 J, or
Eh/(hc) ≈ 2.194 746 313 708(11)× 105 cm−1. Units for other quanti-
ties can be readily worked out from these basic few.



Moudrosti se nedá naučit, člověk ji musí objevit sám na cestě,
kterou za něj nikdo nemůže podniknout, ani mu ji ušetřit,

protože moudrost je pohledem na skutečnost.

— Marcel Proust

1
I N T R O D U C T I O N

This thesis is dedicated to the study of quantum dynamics of radia-
tive processes in astrophysically important molecules. Such processes
include radiative association, spontaneous emission, emision stimu-
lated by black-body radiation, and absorption induced by black-body
radiation. They need to be taken into consideration when studying
wide range of phenomena from the past and present, for example the
formation of the first molecules in the Universe (Lepp et al., 2002),
the chemical and physical processes involved in the formation and
evolution of interstellar molecules (Tielens, 2013), or even the possi-
ble space-time variations of fundamental constants (Bagdonaite et al.,
2013; Jansen et al., 2014).

One important direction of research is devoted to the growth of
molecular complexity in the early Universe. According to the current
standard cosmological model, after the initial inflationary period the
rapidly expanding Universe cooled adiabatically, and after 900 s, due
to the decay of free neutrons, the nucleosynthesis came to an end.
Then, in the recombination epoch, temperature was sufficiently low-
ered to allow the initially created atomic nuclei (H+, D+, He2+ and
Li3+) to recombine with electrons forming atomic ions (He+ and Li+)
and finally neutral atoms (He, H, D and Li). The recombination pro-
cess, which competed with photoionization, proceeded sequentially
in the order of its ionization potentials beginning with Li3+ and end-
ing with Li atoms and remaining Li+ ions could not readily recom-
bine due to a lack of free electrons by the end of the recombination
era. Table 1 shows possible molecular ions, which could be formed
from the available recombined atoms and atomic ions. At the end
of the recombination era matter and radiation ceased to be in close
thermal contact and followed separate paths. The Universe became
transparent and it contained essentially no elements beyond lithium,
the heaviest stable element produces by Big Bang nucleosynthesis
(Burles et al., 2001). (Some authors mention also trace abundances of
Be and B (Galli and Palla, 2013).)

With the formation of neutral atom – helium – (see Table 1) at a
redshift z ≈ 2000 (Dalgarno, 2006) the first molecular ions could have
been created via spontaneous radiative association process (and en-
hanced via a stimulating background radiation field). The formation

1



introduction 2

Table 1: The ions and atoms and their ionization potentials (IP) in order of
their appearance.

species IP (eV)a possible molecular ions

Li2+ 122.4

Li+ 75.6

He+ 54.4

He 24.6 HeH+ (He + H+), He+2 , LiHe+ (Li+ + He)

Hb
13.6 H+

2 , HeH+ (He+ + H), LiH+ (Li+ + H)

Li 5.4 LiHe+ (Li + He+), LiH+ (Li + H+), Li+2

aExperimental values from Kramida et al. (2013) were used.
bDeuterated species are not listed.

of the H2 molecule (via various mechanisms) led to cooling of pri-
mordial clouds allowing them to collapse. The scale of the first stellar
generation formed in the early Universe was controlled by cooling
whereby molecular hydrogen played its role as an important coolant
for the formation of the first structures. Therefore, a lot of information
on the occurrence of atomic and molecular ions in the early Universe
comes from radiative processes, which also have a vital role in as-
trophysical processes taking place in planetary nebulae and stellar
atmospheres.

In addition to cooling, radiation due to spontaneous depopulation
has important astrophysical implications, since metastable atomic
states provide most of the light emitted from planetary nebulae. It
was found that metastable helium (23S) with its electronic configura-
tion 1s2s lying as much as 19.75 eV above the helium ground state,
has an unusually long lifetime - about two hours (Drake, 1971; Hodg-
man et al., 2009). This extreme lifetime results from the fact that the
direct radiative transition to the ground state is doubly forbidden
by quantum mechanical selection rules. Due to the relatively large
amount of helium in interstellar space, the author and colleagues de-
cided to examine the depopulation of the metastable levels of He by
radiative collisions with hydrogen, helium and lithium ions. Through
the process of radiative association these collisions result in the for-
mation of molecular cations, either in low-spin or high-spin electronic
state.

One of the main processes for formation of molecules, and primar-
ily of molecular ions, in the interstellar environment is radiative as-
sociation. Radiative association reactions are processes which occur
mainly when two smaller species collide. They can remain close to-
gether for a considerable time forming initially an unstable collisional
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complex even on the excited state potentials. The two species (either
reactive neutrals or ion-atom pairs) are held together by the barrier
most commonly caused by centrifugal potential, but there are also
many potential curves which exhibit barriers even for zero angular
momentum. Then the complex is stabilized against redissociation via
radiative transition to bound levels of the ground or other lower-lying
electronic state.

Studies of collisional complexes on different excitation levels can
contribute to a better understanding of the primordial and interstel-
lar chemistry, especially when the efficiencies of radiative processes
at different temperatures are compared. Due to the difficulty with the
corresponding laboratory experiments, most of the cross sections and
rate coefficients for radiative association processes must be obtained
by theoretical methods. The trouble consists in the fact that in the
laboratory under normal pressure conditions the diatomic collisional
complex is much faster stabilized through a third body. For example,
recently the formation of He+2 dimers via the He+ + 2 He reaction in
temperature range 11-28 K was studied experimentally by Plašil et al.,
2012. Even under the low-density condition and at low-temperatures
by which complexes with very long lifetimes are formed (Gerlich and
Horning, 1992), the sensitivity of detection of a single reaction prod-
uct is obscured. The use of ion-trapping techniques in order to accu-
mulate enough products prevents the stabilization via ternary colli-
sions to be a competing process to the radiative stabilization. How-
ever, this approach restricts the class of system that can be studied
(Gerlich and Horning, 1992).

In this situation computational methods are key to obtaining
the necessary data characterizing radiative processes. In the forties
Swings (1942) proposed radiative association as an effective forma-
tion mechanism in the interstellar medium. A semi-classical formula
for the cross sections (based on the unrestricted transition rate) was
derived originally by Bates, 1951; Bates and Spitzer, 1951 using ar-
guments of classical mechanics to obtain the rate coefficients for CH,
CH+, N+

2 and H+
2 .

These pioneering studies were followed by intensive investigations
performed by groups of Dalgarno (e. g. Babb and Dalgarno, 1995;
Stancil et al., 1993; Dalgarno et al., 1996; Zygelman et al., 1998), Dick-
inson (e. g. Bennett et al., 2003; Dickinson, 2005), Gianturco (e. g.
Gianturco and Giorgi, 1996; Gianturco and Giorgi, 1997; Bovino et
al., 2011), Talbi (e. g. Bacchus-Montabonel and Talbi, 1999; Talbi and
Bacchus-Montabonel, 2007), Kraemer and Špirko (e. g. Juřek et al.,
1995; Mrugała et al., 2003; Mrugała and Kraemer, 2005) and others.

This theoretical work focuses on simple interacting systems such
as Li+ + He, Li + He+, He + H+, He + He+, and similar. The choice
of considered systems follows our interest in reactions which are im-
portant in astrophysics and chemistry of the early Universe. In addi-
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tion, the helium containing small molecular ions HeH+ and He+2 are
known to be highly abundant in the atmospheres of He-rich white
dwarf stars (Gaur et al., 1988; Gaur et al., 1992) and some planetary
nebulae (Black, 1978; Flower and Roueff, 1979; Stancil, 1994).



2
M O L E C U L A R S TAT E S A N D T H E I R S Y M M E T R I C
P R O P E RT I E S

2.1 the symmetry of diatomic energy levels : parity

When interpreting spectra of the homonuclear isotopomers (as He+2 ),
it is important to identify the symmetric properties of the molecular
wavefunctions. Symmetrical isotopomers of a homonuclear diatomic
molecule have the MS group D∞h(M) = {E, (12),E∗, (12)∗}, where E
is the identity operation, the permutation operation (12) interchanges
the nuclear coordinates, therefore called transposition or interchange.
The inversion operation E∗, when applied to a molecule, is defined
as the operation of inverting the spatial coordinates of all the nu-
clei and electrons through the molecular center of mass. The last two
operations result in the permutation inversion operation (12)∗. The
character table of D∞h(M) is given in Table 2.

Table 2: Character table of the group D∞h(M)

D∞h(M) E (12) E∗ (12)∗

Σ+
g (+s) 1 1 1 1

Σ+
u (+a) 1 −1 1 −1

Σ−
g (−a) 1 −1 −1 1

Σ−
u (−s) 1 1 −1 −1

The labels + and − represent the parity according to the effect of
E∗, and the labels s and a indicate whether the complete internal
wavefunction Φint is symmetric or antisymmetric with respect to the
permutation of the nuclei. The operation (12)∗ has the same effect
as the operation i (inversion through the center of symmetry of the
molecule) from the molecular point group on the rovibronic coordi-
nates of a homonuclear diatomic molecule. Therefore, the effect of
(12)∗ on the electronic wavefunctions leads to the g or u labeling of
the electronic states. The irreducible representations are labeled +s

(or Σ+
g ), +a (or Σ+

u ), −a (or Σ−
g ), and −s (or Σ−

u ). This group can
be obtained from the extended molecular symmetry (EMS) group
D∞h(EM) by neglecting the effect of each element on the electronic
coordinates and nuclear spin coordinates. Since the EMS group and
the point group of a linear molecule are isomorphic (the 1:1 relation
is shown in Bunker and Jensen, 2006), the rovibronic wavefunctions

5



2.1 the symmetry of diatomic energy levels : parity 6

can equally well be classified in the EMS group as in the D∞h point
group and we can use the same character table and irreducible rep-
resentation labels for each. A general element Oε of the EMS group
of a linear molecule satisfies according to its definition that the ef-
fect of Oε on a rovibronic wavefunction is the same as the effect of
the element O of the MS group. Therefore, the rovibronic wavefunc-
tions of a D∞h molecule can only transform as per one of the four
one-dimensional irreducible representation Σ+

g , Σ+
u , Σ−

g , and Σ−
u of

the EMS group D∞h(EM). D∞h(M) is an abelian group and for two-
dimensional representation Πg and Πu holds the equivalence relation
Πg ' Σ+

g ⊕ Σ−
g and Πu ' Σ+

u ⊕ Σ−
u .

In the case of 4He+2 , the nuclei have a spin of zero. Since 4He nu-
clei are bosons the operation (12) does not change the sign of Φint
and the symmetry of the complete internal wavefunction of He+2 in
D∞h(M) is either Σ+

g or Σ−
u as the parity is + or −, respectively. A

rovibronic state (having symmetry Γrve in the MS group) is only com-
bined with a nuclear spin state (having symmetry Γnspin in the MS
group) to form a valid basis function for expressing Φint, if the prod-
uct of the two symmetries is an allowed symmetry for Φint, i.e.,

Γrve ⊗ Γnspin ⊃ Γint ,

where Γint is a species for Φint allowed for bosonic nuclei. For 4He+2
each helium nucleus has I = 0, and there is a single nuclear spin
function for each. So the representation generated by one [= (2× 0+
1)(2× 0+ 1)] nuclear spin function is Γtotnspin = Σ+

g . The species of the
rovibronic wavefunctions are determined by the symmetries of the
vibronic and rotational species, i.e.,

Γrve = Γve ⊗ Γrot .

For aD∞h molecule the rotational wavefunctions depend on k-type
doubling (Johns, 1965) as given in Table 3.

In a singlet electronic state of linear molecules we have J = N. For
the nondegerate vibronic states (such as the Σ+

g or Σ−
g in Figure 1)

there is a unique assignment of the parity and J value of a rotational
state. Even and odd J’s alternate with + and − parity, respectively,
because of the phase factor (−1)J−Ω, but this splitting could be in-
verted. The total parity (+/−) with respect to operation E∗ changes
sign with simple dependence on J. In addition, the effect of E∗ splits
all rovibronic states into two groups by defining e and f parity (as
this labeling was introduced by Brown et al., 1975). The alternation of
the total parity with J is always present independently of e/f parity,
hence it is convenient to factor out the J dependence.

In the recommended e/f labeling scheme, e and f levels transform
in the same way as the rotational levels of 1Σ+ and 1Σ− vibronic
states, respectively. All 1Σ+

g rotational energy levels, therefore, have e
parity (Figure 1).
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Table 3: Symmetry species of the rotational wavefunctions of a D∞h
molecule in the EMS group D∞h(EM). For u vibronic states the
g subscript should be replaced by u subscript.

k Γrot

0 J even Σ+
g

0 J odd Σ−
g

±1 Πg

±2 ∆g

±3 Φg
...

...

In the case of 1Π states (and all states with |Λ| > 0) there is a degen-
eracy of vibronic states associated with the two possible values ±|Λ|.
For these degenerate vibronic states (such as the Πg in Figure 1) there
is a pair of rotational levels for each J = N value. The splitting in the
energy level pairs is due to Coriolis coupling and it increases with J.
For 1Π states all of the rotational levels occur as e/f pairs. Particularly,
given Πg vibronic states (see Figure 1) the lower J components are e
levels and the upper components are f levels; though the splitting
could be inverted with the f level below the e level for each J.

As already indicated for He+2 the rovibronic states of 1Σ+
g , 1Σ−

g and
1Πg vibronic states can be classified according to the two irreducible
representations (Σ+

g and Σ−
g ) of the D∞h(M) group. The nuclear spin

states have the symmetry Σ+
g and the complete internal wavefunction

can only be of either Σ+
g or Σ−

u species. The overview of these results
is given in Table 4.

Table 4: The statistical weights of the rovibronic states of 1Σ+g , 1Σ+u and 1Πg
vibronic states of He+2 in the D∞h(M) group.

Γrve Γnspin Γint Statistical weight

Σ+
g Σ+

g Σ+
g ;Σ−

u 1

Σ−
g Σ+

g Σ+
g ;Σ−

u 0

Σ+
u Σ+

g Σ+
g ;Σ−

u 0

Σ−
u Σ+

g Σ+
g ;Σ−

u 1

The spin statistical weights are determined by the number of times
the direct product of the nuclear spin symmetry and rovibronic sym-
metry contains an irreducible representation of Σ+

g or Σ−
u . Rotational

levels of species Σ+
u and Σ−

g are missing, the levels of species Σ+
g and
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Figure 1: The parities of the rotational energy levels (symmetries of the rovi-
bronic states) of Σ+g , Σ−g and Πg vibronic states of a D∞h molecule
in a singlet electronic state. The rovibronic symmetry labels Σ+g ,
Σ+u , Σ−g , and Σ−u are equivalent to the standard (MS group) labels
+s, +a, −a, and −s, respectively. For u vibronic states the g and
subscripts should be replaced by u subscripts. (For a C∞v molecule
the g and u subscripts should be omitted.)

Σ−
u can be in the 1 nuclear spin states of species Σ+

g (and therefore
they have a nuclear spin statistical weight of 1).

There is an alternative simple method allowing one to directly de-
termine the allowed rovibronic states and their weights. This method
is described in Section 105 of Landau and Lifshitz, 1977 and corrected
by Jonas, 1989. We will illustrate this by considering the He+2 molecu-
lar ion again and repeat the procedure to obtain the statistical weights
for H+

2 and D+
2 .

The characters in the representation Γswrve of the MS group under
the permutation P (or permutation-inversion P∗) for each set of na
nuclei having spin Ia give the allowed rovibronic states and their
nuclear spin statistical weights by formula (Bunker and Jensen, 2006)

χswrve[P] = 2
∏
a

(2Ia + 1)(−1)
(2Ia)(na−1) , (1)

where the superscript sw stands for statistical weight.
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First, we will apply Equation (1) to determine nuclear spin statisti-
cal weights for 4He+2 . We treat the effect of the elements O = E, (12)
in detail.
For the operation E we have to divide the nuclei into two sets:
a=1. E leaves the helium numbered 1 alone so that n1 = 1 and I1 = 0.
a=2. E leaves the helium numbered 2 alone so that n2 = 1 and I2 = 0.
Thus χswrve[E] = 2× {[2× 0+ 1](−1)(2×0)(1−1)}2 = 2.
Under the operation (12) the 4He nuclei form a 2-member set:
a=1. (12) permutes nuclei numbered 1 and 2 so that n1 = 2 and
I1 = 0.
Thus χswrve[(12)] = 2× {[2× 0+ 1](−1)(2×0)(2−1)} = 2.
The remaining operations inD∞h(M) are P∗ operations, and for them
χswrve[(P

∗)] = 0.
Having the characters of representation Γswrve we can obtain the spin

statistical weights as the coefficients in the reduction of Γswrve in terms
of the irreducible representation of D∞h(M),

Γswrve = Σ
+
g ⊕ Σ−

u .

For H+
2 and D+

2 , the derivation is analogous to that for He+2 above.
Under the operations E each nucleus in the molecule H+

2 , or D+
2

forms a one-member set with I = 1/2, or I = 1, respectively. For both
two isotopomers H+

2 and D+
2 Equation (1) gives χswrve[E] = 2 (2I+ 1)2.

Under (12) we derive χswrve[(12)] = 2 (2I+ 1)(−1)2I.
Calculation of the characters for the two isotopomers (1H nuclei have
I = 1/2, 2D have I = 1) is now straightforward, and the results are
summarized in Table 5. The table also gives the reduction of Γswrve in
terms of the irreducible representations of the MS group and thus the
spin statistical weights for the two molecules.

Heteronuclear diatomic molecules have the MS group C∞v(M) =

{E,E∗} with the irreducible representation Σ+ and Σ− and for them it
holds the reduction

Γswrve = Σ
+ ⊕ Σ− .

In summary, for 4He+2 symmetry requires that only levels with even
orbital angular momentum are populated in the Σg electronic states

Table 5: The representation Γswrve with its characters under operation O from
the D∞h(M) group, and the statistical weights for rovibronic states
of 4He+2 , H+

2 and D+
2 .

system E (12) E∗ (12)∗ Γswrve
4He+2 2 2 0 0 Σ+

g ⊕ Σ−
u

H+
2 8 −4 0 0 Σ+

g ⊕ 3Σ+
u ⊕ 3Σ−

g ⊕ Σ−
u

D+
2 18 6 0 0 6Σ+

g ⊕ 3Σ+
u ⊕ 3Σ−

g ⊕ 6Σ−
u
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and only levels with odd orbital angular momentum are populated
in the Σu electronic states. For other diatomics displayed in Table 6

all rovibronic levels occur.

2.2 ab-initio and spectroscopic data

Electronic states acting in this study with their dissociation limits
and energy levels, for which the absolute energy scale is taken to
be 0 cm−1 at the neutral molecule asymptote, are listed in Table 6.

Table 6: Energy levels of a particular molecular ion displayed in order of
energy above the neutral molecular state.

System Molecular state Dissociation Energy (cm−1)

He2 1Σ+ He(11S)+ He(11S) 0.000

He+2 X2Σ+
u He(11S)+ He+(12S) 198 310.666

A2Σ+
g He(11S)+ He+(12S) 198 310.666

b4Σ+
u He(23S)+ He+(12S) 358 166.641

c4Σ+
g He(23S)+ He+(12S) 358 166.641

B2Σ+
u He(23S)+ He+(12S) 358 166.641

C2Σ+
g He(23S)+ He+(12S) 358 166.641

D2Σ+
u He(21S)+ He+(12S) 364 588.107

E2Σ+
g He(21S)+ He+(12S) 364 588.107

f4Σ+
u He(23P)+ He+(12S) 367 397.433

g4Σ+
g He(23P)+ He+(12S) 367 397.433

14Π+
g He(23P)+ He+(12S) 367 397.433

LiHe 2Σ+ Li(22S)+ He(11S) 0.000

LiHe+ X1Σ+ Li+(11S)+ He(11S) 43 487.114

A1Σ+ Li(22S)+ He+(12S) 198 310.666

a3Σ+ Li(22S)+ He+(12S) 198 310.666

b3Σ+ Li+(11S)+ He(23S) 203 343.088

B1Σ+ Li+(11S)+ He(21S) 209 764.554

c3Σ+ Li+(11S)+ He(23P) 212 573.956

13Π Li+(11S)+ He(23P) 212 573.956

C1Σ+ Li(22P)+ He+(12S) 213 214.326

d3Σ+ Li(22P)+ He+(12S) 213 214.326

11Π Li(22P)+ He+(12S) 213 214.326

23Π Li(22P)+ He+(12S) 213 214.326

HeH 2Σ+ H(12S)+ He(11S) 0.000
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Table 6 – continued from previous page

System Molecular state Dissociation Energy (cm−1)

HeH+ X1Σ+ H+ + He(11S) 109 678.772

A1Σ+ H(12S)+ He+(12S) 198 310.666

a3Σ+ H(12S)+ He+(12S) 198 310.666

b3Σ+ H+ + He(23S) 269 534.746

B1Σ+ H+ + He(21S) 275 956.212

HeD 2Σ+ D(12S)+ He(11S) 0.000

HeD+ X1Σ+ D+ + He(11S) 109 708.615

a3Σ+ D(12S)+ He+(12S) 198 310.666

b3Σ+ D+ + He(23S) 269 564.589

H2 1Σ+ H(12S)+ H(12S) 0.000

H+
2 X2Σ+

g H(12S)+ H+
109 678.772

A2Σ+
u H(12S)+ H+

109 678.772

D2 1Σ+ D(12S)+ D(12S) 0.000

D+
2 X2Σ+

g D(12S)+ D+
109 708.615

A2Σ+
u D(12S)+ D+

109 708.615

All the ab initio calculations in the present work were performed us-
ing the quantum chemistry program suit MOLPRO package (Werner
et al., 2010). If not stated otherwise, ab initio interaction energies and
dipole moment values were obtained by my supervisor.

Potential energy curves for the five lowest excited dublet 2Σ+
g,u elec-

tronic states and five lowest quartet 4Σ+
g,u and 4Πg electronic states

of He+2 and the corresponding transition dipole moment functions
together with the electric dipole moment curve (B → B) were cal-
culated employing multireference configuration interaction (MRCI)
approach, in conjunction with a very large electron basis set. In
such calculations the Born-Oppenheimer (BO) approximation is as-
sumed. The ground state X2Σ+

u of the He+2 ion has been studied
extensively (Xie et al., 2005; Carrington et al., 1995a; Cencek and
Rychlewski, 1995) in the past. Recently, Tung et al., 2012 reported
very accurate potential energy curve (PEC) with adiabatic correc-
tions (due to the coupling of the electron and nuclear motions) in-
cluded. Their interaction energies were exploited as known data
points for the interpolation of X2Σ+

u . The potential energy curves of
He+-He are shown in Figures 2 to 4 for the states correlating to the
He(1s2 1S, 1s2s 1S, 1s2s 3S and 1s2p 3P)+ He+ asymptotes.
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Ab initio interaction energies for the low-lying singlet X1Σ+, A1Σ+,
and B1Σ+ and triplet a3Σ+ and b3Σ+ electronic states of the HeH+

ion with the corresponding transition dipole moment values were
calculated within the BO approximation employing MRCI method,
as implemented in MOLPRO. The corresponding potential energy
curves are illustrated in Figure 6 for singlet states and Figure 5 for
triplet states.

Since the BO potentials are nuclear-mass independent, the same BO
potential energy curves and dipole moments were used for HeD+.

In the case of LiHe+, highly accurate adiabatic BO potential energy
curves for the low-lying singlet and triplet electronic states and the
corresponding electric dipole moment functions obtained recently by
Soldán and Kraemer, 2012 were used.

A few molecular characteristics of all these potentials U(R) - the
equilibrium positions Re and values of the potential curve minima
De = −U(Re), together with the bound states characteristics are sum-
marized in Table 7 for He+2 , Table 8 for LiHe+, Table 9 for HeH+ and
Table 10 for HeD+. Dissociation limit of a particular molecular state,
ME , is taken with respect to the dissociation limit of the ground state
determined from the atomic properties.

For all molecular species considered above, all transition dipole-
moment functions were calculated with respect to the center of mass
of the molecular ion (the position of the center of mass was deter-
mined using the standard atomic weights).
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Figure 2: The adiabatic potential energy curves of the low-lying doublet
He+2 electronic states correlating to the first three atomic asymp-
totes. The absolute energy scale in this figure is taken to be 0 at
the atomic asymptote He(1s2 1S)+ He+.
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Table 7: Molecular characteristics of the potential energy curves used in the
cross-section calculations of the He+2 radiative association.

Mol. state Re (a0) De (cm−1) D0 (cm−1) ME (eV) nv nrv

X2Σ+
u 2.042

a
19 954.583

a
19 099.776

a,b
0.0000 24 409

A2Σ+
g 8.718 17.516 8.185 0.0000 3 6

B2Σ+
u 7.559 5 699.412 5 568.248

b
19.8196

c
49 1395

C2Σ+
g 6.837 9 172.316 9 024.917 19.8196 66 2491

D2Σ+
u 13.100 2 912.274 2 841.091

b
20.6158

c
51 1694

E2Σ+
g 15.358 733.800 699.762 20.6158 35 746

b4Σ+
u 6.470 10 881.097 10 723.655

b
19.8196 74 2924

c4Σ+
g 19.423 144.629 132.212 19.8196 19 208

f4Σ+
u 14.434 1 209.951 1 171.557

b
20.9641

c
48 992

g4Σ+
g 26.348 65.384 59.138 20.9641 27 307

14Πg 7.226 2 129.094 2 056.336 20.9641 21 912

Re is the position of the global minimum (equilibrium distance), De
is the dissociation energy from the potential global minimum, D0 is
the dissociation energy from the lowest rovibrational state, ME is the
energy gap between the corresponding dissociation limits, nv is the
number of bound pure vibrational states of the electronic state, and
nrv is the number of bound rovibrational states of the electronic state.
aThe BO potential energy curve from Tung et al. (2012) was used for
the X2Σ+

u state.
bRovibrational ground state is referred to v = 0, J = 1 for u-symmetry
of the electronic state.
cExperimental values from Kramida et al. (2013) were used for ME .

Table 8: Molecular characteristics of the potential energy curves used in the
cross-section calculations of the LiHe+ radiative association. The
same notation is used as in Table 7.

Mol. state Re (a0) De (cm−1) D0 (cm−1) ME (eV) nv nrv

X1Σ+
3.579 653.566 523.831 0.0000 8 73

A1Σ+
6.907 5 384.068 5 261.331 0.0000 51 2948

B1Σ+
12.049 2 805.473 2 744.611 20.6158 61 4124

a3Σ+
6.164 8 328.040 8 181.145 19.1957 61 4172

b3Σ+
13.221 872.416 829.471 19.8196 33 1289
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Figure 3: The adiabatic potential energy curves of the low-lying quartet
He+2 electronic states correlating to the He(1s2s 3S, 1s2p 3P)+ He+

asymptotes. The absolute energy scale in this figure is taken to be
0 at the atomic asymptote He(1s2s 3S)+ He+.

The PEC is then used as the potential in the Schödinger equation
describing the relative motion of the nuclei. This equation is then
solved to determine information about bound rovibrational levels
and quantum dynamical processes in the continuum. The energies
and wavefunctions of rovibrational bound and quasi-bound states
supported by these potential energy curves were obtained making
use of the computer program LEVEL 7.7 (Le Roy, 2005). Positions of
orbiting resonances were determined by applying an Airy function
boundary condition at the outermost classical turning point (Le Roy
and Liu, 1978). The tunelling widths of resonances were calculated
using the uniform semiclassical method (Connor and Smith, 1981;
Huang and Le Roy, 2003). In these calculations, the corresponding
dissociation energy was chosen as the zero energy for each molecular
species. Charge-modified reduced mass (Watson, 1980) was used in
these calculations (µ = 1467.778 424 a.u. for 4HeH+, µ = 2442.670 838
a.u. for 4HeD+, µ = 3647.899 86 a.u. for 4He+2 and µ = 4646.087 837
a.u. for 7Li4He+).

Finally, the last set of results shown (see Tables 7-10) are the num-
bers of pure vibrational states (N = 0) and of all rovibrational states
supported by the calculated interatomic potentials.

For the purpose of determining these numbers, the qualitatively
correct long-range behavior of the interaction potential is crucial. It
is necessary to have also either analytical or numerical representa-
tion of the PECs and dipole moment functions for evaluation of the
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Figure 4: The adiabatic potential energy curves of the doublet He+2 elec-
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Table 9: Molecular characteristics of the potential energy curves used in the
cross-section calculations of the HeH+ radiative association. The
same notation is used as in Table 7.

Mol. state Re (a0) De (cm−1) D0 (cm−1) ME (eV) nv nrv

X1Σ+
1.463 16 463.147 14 887.390 0.0000 12 162

A1Σ+
5.520 382.999 270.567 0.0000 5 33

B1Σ+
8.381 8 270.574 8 086.961 20.6158 50 2621

a3Σ+
4.452 851.909 666.924 10.9890 6 51

b3Σ+
7.720 5 848.081 5 652.374 19.8196 35 1325

Table 10: Molecular characteristics of the potential energy curves used in the
cross-section calculations of the HeD+ radiative association. The
same notation is used as in Table 7.

Mol. state Re (a0) De (cm−1) D0 (cm−1) ME (eV) nv nrv

a3Σ+
4.452 851.909 706.364 10.9890 8 85

b3Σ+
7.720 5 848.081 5 696.159 19.8196 45 2209

radial wave functions and the dipole-moment matrix elements. We
choose numerical representation of the potential energy and dipole
moment functions by one-dimensional reciprocal-power reproducing
kernel Hilbert space (RP-RKHS) interpolation method (Ho and Rab-
itz, 1996) designed for constructing smooth molecular potential en-
ergy surface (PES) from ab initio data. This method allows not only
for qualitatively correct extrapolation in the long-range region but
it also allows for using predetermined values of long-range coeffi-
cients (Ho and Rabitz, 2000). In the case of cationic system A+ B+

(heteronuclear or homonuclear), the interaction potential has a long-
range asymptotic expansion of the form

U(R) ∼ −
D4
R4

−
D6
R6

for R→∞ .

The interpolation of considered PECs was done with respect to R2

(Soldán and Hutson, 2000) using RP-RKHS parameters m = 1 and
n = 2, and the leading long-range coefficient D4, which is equal to
αd(A)/2, was kept fixed to the values given by the static dipolar po-
larizability of the neutral atom A.

The electric dipole polarizabilities of helium were taken as
αd[He(1

1S)] = 1.383191 a.u. (Pachucki and Sapirstein, 2000),
αd[He(2

1S)] = 800.31633 a.u. (Yan and Babb, 1998); αd[He(23S)] =
315.631468 a.u. (Yan and Babb, 1998). The lithium polarizability
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αd[Li(2
2S)] = 162.87 a.u. was taken from Wansbeek et al., 2008 and

the hydrogen polarizability αd[H(1
2S)] = 4.5 a.u. was taken from

Sewell, 1949.



3
S E L E C T I O N R U L E S F O R R O V I B R O N I C
T R A N S I T I O N

In this chapter, electric dipole and quadrupole transitions are briefly
considered and their selection rules are derived using the symmetry
labels from the MS and EMS group.

3.1 electric dipole transitions

For an isolated molecule an electric dipole transition can only occur
between certain pairs of energy levels. According to quantum me-
chanical theory the probability of an electric dipole transition in a
diatomic molecule from an initial state with energy E ′ to a final state
with energy E ′′ is proportional to the square of transition moments,
which are defined by the integral

〈φ ′int|µA|φ ′′int〉 , (2)

(A = X, Y, or Z). Here φ ′int and φ ′′int are eigenfunctions of the mo-
lecular Hamiltonian corresponding to the eigenvalues E ′ and E ′′, re-
spectively, and µA is the component of the electric dipole moment
operator along the A axis. This operator is given by

µA =
∑
j

ejAj , (3)

ej and Aj being the charge and A coordinate of the jth particle in
the molecule, where j runs over all nuclei and electrons. The (X, Y,Z)
axis system has origin at the molecular center of mass and space-fixed
orientation.

From the definition of µZ (Equation 3) we see that the electric
dipole moment operator along the Z (internuclear) axis changes sign
under the inversion operation E∗ because of the result

E∗(Zj) = −Zj

and is invariant to the permutation of identical nuclei (since identi-
cal nuclei have the same charge). Thus the component of the elec-
tric dipole moment µZ transforms according to one-dimensional ir-
reducible representation Γ∗ (electric dipole representation) of the MS
group and is of the species Σ−

u in the D∞h(M) group and Σ− in the
C∞v(M) group. For the transition moment (2) to be non-zero, the in-
tegrand φ ′∗intµZφ

′′
int must be totally symmetric with respect to all

appropriate symmetry operations, which include the inversion oper-
ator E∗. Therefore the product φ ′∗intφ

′′
int must also be antisymmetric

19
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with respect to E∗ for the transition moment integral not to vanish.
In another words, for the transition to be an allowed electric dipole
transition the product representation of Γ ′int and Γ ′′int must contain
Γ∗, i.e.

Γ ′int ⊗ Γ ′′int ⊃ Γ∗ , (4)

where Γ ′int and Γ ′′int are the respective symmetries of φ ′int and φ ′′int.
The selection rules for the allowed electric dipole transitions between
rovibronic states are thus the following:

Σ+
g ↔ Σ−

u and Σ+
u ↔ Σ−

g , (5)

where the g and u labels are omitted for a heteronuclear diatomic
molecule with C∞v symmetry. They are equivalent to the standard
selection rules

+↔ −, + = +, − = − ,

s↔ s, a↔ a, s= a ,

g↔ u, g= g, u= u . (6)

The last of the three transformation properties leads to no additional
selection rules, since (12)∗ = E∗(12). These selection rules are general
for all electric dipole transitions.

Pure rotation transitions (in which the vibronic state does not
change) are forbidden for linear molecules of D∞h symmetry. The
reason is that all rotational levels within a g (u) vibronic state are
all of g (u) symmetry, respectively (see Figure 1). At the same time
the irreducible representation Γ∗ corresponding to each of the electric
dipole moment component µA, where A = X, Y,Z, must be of the u
symmetry, since (12)∗ operation reverses the sign of µA. These two
conditions are in conflict with the result that only vibronic states of
opposite u↔ g parity are connected.

According to the character tables for D∞h and C∞v groups (see
Appendix), the µz transition dipole moment is of Σ+

u species, while
(µx,µy) form a doubly degenerate pair of species Πu (z axis is usually
identified with the C∞ axis). Note that the rotational energy levels as-
sociated with the Π state are doubly degenerate because k = ±1. For
C∞v molecules the u subscripts should be omitted. It is convenient
to introduce the irreducible first-rank tensor operators µs(1,σ) and
µm(1,σ), σ = 0,±1 referred to space-fixed and molecule-fixed axes,
respectively,

µm(1,±1) = 1√
2
[∓µx + iµy]

µm(1, 0) = µz (7)

since the linear combinations z, [∓x+ iy]/
√
2 are proportional to the

spherical harmonics Y(1,m), m = 0,±1. Clearly the three Cartesian
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components µα, where α = x,y, z, generate the same representation
of the MS group as the three µm(1,σ). The quantities µs(1,σ) and
µm(1,σ) are of the same form, one is obtained from the other by in-
terchanging indices (X, Y,Z) and (x,y, z). The transformation proper-
ties of these operators under a rotation of axes are defined by Wigner
rotational matrix D(1)(φ, θ,χ) similarly as discussed in more detail in
connection with Equation (10) for quadrupole moments.

In order for the vibronic matrix elements of µm(1,σ) to be nonvan-
ishing, we have the condition for the product of the vibronic species
in the form

Γ ′vib ⊗ Γ ′′vib ⊃ Σ+
u , (8)

and

Γ ′vib ⊗ Γ ′′vib ⊃ Πu . (9)

According to Table 3 and in conjunction with the result of the over-
all selection rule, condition (5) is satisfied only for MK = 0 and MJ
odd; when K (= |k|) can be used to label the molecular states.

Thus for a diatomic molecule possessing a permanent electric
dipole moment (in the direction of the Z-axis), all spin-allowed Σ± ↔
Σ± electronic transitions obey the simple selection rule MJ = ±1. In
the standard spectroscopic notation transitions with MJ = −1 are de-
fined as P branch tranitions, while those with M J = 1 are said to
belong to the R branch.

If condition (9) is fulfilled, that is, the direct product of the two
vibronic species (obeying the g ↔ u selection rule) contains Πu rep-
resentation, the two functions satisfy MK = ±1. In a perpendicular
transition MK = ±1 (e.g., Π↔ Σ) and the transition dipole moment is
perpendicular (µx and µy) to the molecular z-axis. The overall selec-
tion rule (5) then gives the following selection rules for the perpen-
dicular rovibronic transition in linear molecules:

MK = ±1 MJ = 0,±1 .

Three branches, P,Q and R appear here, the standard spectroscopic
notation is used. In a Π ↔ Σ± allowed transition (Figure 1) the Q
branch lines terminate on rotational levels of the opposite parity e↔
f, as opposed to P and R branch lines that terminate on rotational
levels of the same parity (e ↔ e or f ↔ f). Thus the + ↔ − selection
rule for the total parity becomes e↔ e and f↔ f for P and R branches,
while e↔ f for Q branches in the e/f parity labeling scheme.

3.2 electric quadrupole transitions

A non-zero transition probability between the states φ ′int and
φ ′′int may also occur when electromagnetic radiation interacts with
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quadrupole moment of the molecule. In this case, if the matrix ele-
ment of the electric dipole moment (2) is zero (so called forbidden
transition), the spectral line may appear in absorption or emission as
long as the matrix element of the electric quadrupole moment is non-
vanishing. However, the magnitude of electric quadrupole transition
probabilities is about 10−8 of typical electric dipole-allowed transi-
tions (Herzberg, 1950).

Electric quadrupole moment operator Q appears in the second or-
der approximation of the interaction of an electromagnetic wave hav-
ing an electric vector E with an atomic system. Components of Q
associated with the space-fixed axes (X, Y,Z) are given by

QAB =
∑
j

e2j

[
AjBj − δAB

1

3
(X2j + Y

2
j +Z

2
j )

]
,

where A,B = X, Y,Z; Aj(Bj) is the A(B) coordinate of jth particle,
respectively, and j runs over all nuclei and electrons in the molecule.

It is easy to see that quadrupole moment tensor is traceless (i.e.
QXX +QYY +QZZ = 0). Further, from this definition, it follows that
QAB remains unchanged if the two nuclei are exchanged (since iden-
tical nuclei have the same charge) and by the inversion operation
E∗ which takes Aj and Bj into −Aj and −Bj, respectively. Therefore,
QAB transforms as the totally symmetric irreducible representation
Γ (s) in the MS group. Because of symmetric and zero-trace proper-
ties only five of the nine original components are independent. From
the nine QAB components we can introduce the following five space-
fixed irreducible spherical tensor operators of rank 2:

Qs(2, 0) =
1√
6
[2QZZ −QXX −QYY ] ,

Qs(2,±1) =
1

2
[∓(QXZ +QZX) − i(QYZ +QZY)] ,

Qs(2,±2) =
1

2
[QXX −QYY ± i(QXY +QYX)] .

We can obtain molecule-fixed irreducible spherical tensor operators
Qm(2,σ), σ = 0,±1± 2 by replacing (X, Y,Z) by (x,y, z).

As in the case of selection rules for dipole transitions we get
quadrupole moment transition selection rules from the transforma-
tion properties of the QAB components in the MS group. Thus, for
quadrupole transition the following rigorous selection rule holds

Γ ′int ⊗ Γ ′′int ⊃ Γ (s) ,

which can be written in the parity labeling as

+↔ +, −↔ −, + = − ,

s↔ s, a↔ a, s= a ,
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g↔ g, u↔ u, g= u .

Notice that the first and third properties are just opposite of (6) while
the rule s= a remains unaltered.

The selection rules for rovibronic transitions are obtained by ana-
lyzing of the circumstances under which the matrix element

〈φ ′int|Qs(2,σ)|φ ′′int〉

in the line strength formula is nonvanishing. We will not present the
whole derivation here, we only hint what steps are considered. A
spherical irreducible tensor operator transforms under rotation of the
coordinate frame as

Qs(2,σ) =
2∑

σ ′=−2

[D
(2)
σσ ′(φ, θ,χ)]∗Qm(2,σ) , (10)

where D
(2)
σσ ′(φ, θ,χ) are elements of Wigner rotation matrix. The

molecule-fixed axis system (x,y, z) is related to the space-fixed
system (X, Y,Z) by the three Euler angles (φ, θ,χ). Using sepa-
rable wavefunction φint, we can separate the rotational part of
〈φ ′int|Qs(2,σ)|φ ′′int〉 involved only by D(2)

σσ ′(φ, θ,χ) and vibronic part
involved only byQm(2,σ). Introducing rotational basis functions and
employing Wigner-Eckart theorem we can evaluate the rotational ma-
trix element by means of Wigner 3j-symbols. From general properties
of 3j-symbols we finally determine that the line strength will vanish
unless

MJ = 0,±1± 2 , J ′ + J ′′ > 2 .

Vibronic selection rules (MK = 0,±1± 2) determine between which
vibronic states electric quadrupole transitions can occur. These can be
derived using the corresponding character tables. Such connectable
species contain in their direct product species of a component QAB
(where A,B = x,y, z) or component of the electric polarizability ten-
sor, respectively.

3.3 line strength factors

Rotational line strength factors, commonly called Hönl-London coeffi-
cients, for dipole and quadrupole moment transitions were analyzed
and reported in Augustovičová, 2011 for the nine and fifteen possible
types of linear Hund’s case (a) molecules transitions. Explicit expres-
sion for the Hönl-London factors of dipole and quadrupole moment
transitions are given in Tables 11 and 12, respectively.

A set of Hönl-London factors for an allowed 2S ′+1Λ ′ −2S
′′+1 Λ ′′

transition connected to a given J ′ (or J ′′) obey a standard sum rule∑
SJ ′,J ′′ = (2− δ0Λ ′δ0Λ ′′)(2S+ 1)(2J+ 1) , (11)
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with the sum over all M J and any Λ-doublets (Bernath, 2005). The
right hand side of (11) illustrates electronic spin splitting and Λ-
doubling; there are (2S+ 1) electronic substates for sigma electronic
states and 2(2S+1) electronic substates for nonsigma electronic states.
Further, each rotational J level can be split by a magnetic field into
(2J+ 1) Zeeman states.

Applying listed tables we find that contrary to the dipole moment
transition case, no P and R branches are possible for quadrupole tran-
sitions, but Q, O (M J = −2), and S (M J = +2) branches occur for
allowed Σ± −Σ± transitions (excluding J ′ = 0↔ J ′′ = 0). Specifically,
the only non-zero Hönl-London coefficients for quadrupole transi-
tions are

S
quad.
J ′,J ′ =

(2J ′ + 1)J ′(J ′ + 1)
(2J ′ − 1)(2J ′ + 3)

, S
quad.
J ′,J ′+2 =

3

2

(J ′ + 1)(J ′ + 2)
2J ′ + 3

,

and

S
quad.
J ′,J ′−2 =

3

2

J ′(J ′ − 1)
2J ′ − 1

. (12)

In case of electric dipole transition the corresponding Hönl-London
factors are

S
dip.
J ′,J ′+1 = J

′ + 1, S
dip.
J ′,J ′−1 = J

′ (13)

for Σ± − Σ± and

S
dip.
J ′,J ′+1 = J

′, S
dip.
J ′,J ′ = 2J

′ + 1, S
dip.
J ′,J ′−1 = J

′ + 1 (14)

for Π− Σ± (excluding J ′ = 0↔ J ′′ = 0).

Table 11: Hönl-London factors for electric dipole transitions of linear
Hund’s case (a) molecules.

S
dip.
J ′,J ′ MJ = −1 MJ = 0 MJ = +1

P-branch Q-branch R-branch

MΩ = −1
(J ′+Ω ′+1)(J ′+Ω ′+2)

2(J ′+1)
(2J ′+1)(J ′−Ω ′)(J ′+Ω ′+1)

2J ′(J ′+1)
(J ′−Ω ′−1)(J ′−Ω ′)

2J ′

MΩ = 0
(J ′−Ω ′+1)(J ′+Ω ′+1)

J ′+1
Ω ′2(2J ′+1)
J ′(J ′+1)

(J ′−Ω ′)(J ′+Ω ′)
J ′

MΩ = +1
(J ′−Ω ′+1)(J ′−Ω ′+2)

2(J ′+1)
(2J ′+1)(J ′+Ω ′)(J ′−Ω ′+1)

2J ′(J ′+1)
(J ′+Ω ′−1)(J ′+Ω ′)

2J ′
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R A D I AT I V E P R O C E S S E S

Main subject of this chapter is the investigation of the reactive pro-
cesses occuring in ion-atom collisions. If a (positive) charge is trans-
ferred from an ion to an atom (or molecule), the respective reaction is
referred to as a charge transfer reaction. Transition accompanied by
the emission of a photon of energy and resulting in molecule/molec-
ular ion formation represent the radiative association process.

4.1 continuous-bound transitions

The theory of formation of diatomic bound species via radiative asso-
ciation has been reviewed by Dalgarno and coworkers (Zygelman and
Dalgarno, 1990; Stancil and Dalgarno, 1997) and this approach has
been implemented in our computer program suite (Augustovičová et
al., 2012). The radiative association treatment is based on calculation
of cross sections at various collision energies and rate coefficients over
various temperatures.

The quantum-mechanical radiative association cross sections
σ(E; Tb) in the field of black-body radiation, is a sum of the partial
cross sections corresponding to all allowed continuous-bound transi-
tions

σ(E; Tb) =
∑

J ′,v ′′,J ′′
σJ ′;v ′′,J ′′(E; Tb) . (15)

Here E is the relative collision energy of the reactants, Tb is the bright-
ness temperature and summation indices belong to partial (scattering)
waves J ′ and vibrational-rotational states v ′′, J ′′.

Each of such contributions corresponds to a radiative association
cross section from the channel E, J ′ towards the level v ′′, J ′′ being
expressed as

σJ ′;v ′′,J ′′(E; Tb) =
1

4πε0

64

3

π5

c3 k2
pν3E;v ′′,J ′′ S

dip.
J ′,J ′′ M

2
E,J ′;v ′′,J ′′ ×

×
[

1

1− exp [−hνE;v ′′,J ′′/(kBTb)]

]
(16)

for transitions induced by dipole moment and

σJ ′;v ′′,J ′′(E; Tb) =
1

4πε0

32

5

π7

c5 k2
pν5E;v ′′,J ′′ S

quad.
J ′,J ′′ M2

E,J ′;v ′′,J ′′ ×

×
[

1

1− exp [−hνE;v ′′,J ′′/(kBTb)]

]
(17)

26
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for transitions induced by quadrupole moment. Here c is the speed
of light in vacuum, the wave number k of the scattered particle is re-
lated to the relative energy E by k2 = 2µE/ h2, µ is the reduced mass
of the molecular ion, p is the probability in the input channel. In other
words, ratio of the statistical weight in the initial electronic state to
the statistical weight of the dissiociation channel, which is a sum of
multiplicities of all electronic states correlating with the correspond-
ing dissociation limit. The variables in this formula represent further:
νE;v ′′,J ′′ the emitted photon frequency, hνE;v ′′,J ′′ = E+ ME − Ev ′′,J ′′ ,
where ME is the difference in energies of the initial collision partners
in an infinity distance and of the dissociation products of the final
electronic states. Values of ME between dissociation limits for individ-
ual processes can be obtained from Tables 7-9.

For multipole moment transitions of appropriate heteronucle-
ar/homonuclear diatomic molecule within the Hund’s case (a) spin-
less approximation, the final rotational level J ′′ is governed by the
rotational selection rules for MJ = J ′ − J ′′, which were derived and
reported in Chapter 3 (the Hönl-London coefficients SJ ′,J ′′ for dipole
and quadrupole transitions are given in Equations (12), (13) and (14)).

Finally,

ME,J ′;v ′′,J ′′ =

∫∞
0

χJ ′(E,R) T(κ, |σ|)(R)ψv ′′,J ′′(R)dR (18)

is the matrix element of the irreducible spherical tensor operator
T(κ,σ) of rank κ, σ = −κ, . . . , κ, (the dipole moment operator µm
has rank 1; σ = 0 for the Σ − Σ transitions and σ = ±1 for the
Π − Σ transitions, the quadrupole moment Qm has rank 2; σ = 0

for the Σ− Σ transitions considered here) between the initial contin-
uum radial wave function χJ ′(E,R) for the partial wave J ′ and the
final bound-state radial wave function ψv ′′,J ′′(R). The above formulas
(16) and (17) are derived for the energy-normalized continuum wave
function χJ ′(E,R) with the following asymptotic form

χJ ′(E,R) ∼
(
2µ

 h2πk

)1/2
sin
[
kR−

1

2
J ′π+ δJ ′(E)

]
for R→∞ , (19)

where δJ ′(E) is the scattering phase shift associated with angular
momentum J ′, and the L2-normalized bound-state wave function
ψv ′′,J ′′(R)∫∞

0

|ψv ′′,J ′′(R)|
2 dR = 1. (20)

The scattering wave χJ ′(E,R) (for E > 0) from the initial channel
is considered as the solution of the non-relativistic time-independent
Schrödinger equation describing the motion of a particle of reduced
mass µ in an effective potential of UC(R) and a centrifugal term
(Λ ′2 = 0 for the Σ states and Λ ′2 = 1 for the Π states)

[
−

 h2

2µ

d2

dR2
+

 h2

2µ

J ′(J ′ + 1) −Λ ′2

R2
+UC(R)

]
χJ ′(E,R) = EχJ ′(E,R),
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(21)

while ψv ′′,J ′′(R) from the final channel is obtained as eigenfunction of
the Schrödinger equation for negative energy E < 0

[
−

 h2

2µ

d2

dR2
+

 h2

2µ

J ′′(J ′′ + 1)
R2

+UB(R)

]
ψv ′′,J ′′(R) = Ev ′′,J ′′ ψv ′′,J ′′(R),

(22)

whereUB(R) is the PEC supporting the final bound state v ′′, J ′′. (Λ ′′ is
always zero for target states considered in this thesis.) The discretiza-
tion followed by the finite difference method of Numerov-Cooley
(Numerov, 1923; Cooley, 1961) for χJ ′(E,R) and ψv ′′,J ′′(R) calculations
was employed in solving the corresponding Schrödinger equations.

Once the corresponding cross sections (16,17) are calculated as func-
tion of energy, we can obtain the rate coefficients for formation of a
molecule by (spontaneous and stimulated) radiative association at a
given temperature T by averaging over a Maxwellian velocity distri-
bution of the collisional continuum

α(T ; Tb) =
(
8

µπ

)1/2(
1

kBT

)3/2∫∞
0

Eσ(E; Tb) e−E/kBTdE. (23)

Given that the numbers of shape resonances in some studied pro-
cesses are not negligible (for comparison see Table 15), they have to
be taken into account in order to evaluate this integral as accurately
as possible. In the actual calculation the total reaction rates can be ob-
tained by summing over all resonant and non-resonant contributions.
The contributions from wide and narrow resonances to the radiative
association rate coefficients are treated in a separate calculation (Au-
gustovičová et al., 2012). We follow this approach because their contri-
bution enhances the background contribution to the rate coefficients
up to 15 %.

Obviously, the main contribution to α(T ; Tb) arises from the back-
ground contribution αb(T ; Tb), which was calculated using numerical
quadrature starting near E = 0

αb(T ; Tb) =
(
8

µπ

)1/2(
1

kBT

)3/2∫∞
0

∑̂
J ′
EσJ ′(E; Tb) e−E/kBTdE . (24)

Here the partial cross sections

σJ ′(E; Tb) =
∑
v ′′,J ′′

σJ ′;v ′′,J ′′(E; Tb) (25)

were evaluated on a regular grid of energy points contained within
individual subintervals into which the whole energy range was di-
vided. The hat over the sum symbol means that the summation in
(24) runs only over J ′s such that a grid point of energy E is not lo-
cated in the energy neighborhood Ir of an orbital resonance (Er, Jr).
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The corresponding partial-wave Jr contribution will be counted into
either “wide”, or “narrow” rate coefficient calculation according to
the numerical value of the ratio ΓtEr,Jr/Er (Augustovičová et al., 2012),
where ΓtEr,Jr is the resonance tunneling width.

If the resonances (Er, Jr) are classified as “wide”, then its resulting
contribution to the rate coefficient is calculated by the formula

αw(T ; Tb) =
(
8

µπ

)1/2(
1

kBT

)3/2∑
r

∫
Ir

EσJr(E; Tb) e−E/kBTdE , (26)

where σJr is evaluated according to Equation (25). This approach al-
lowed us to integrate the cross sections over the energy resonance
neighborhood Ir with much finer quadrature grid than in the case of
background contribution (24).

If we assume that the resonances are sufficiently “narrow”, ΓtEr,Jr �
Er, then the integral in Equation (23) can be replaced by approxima-
tive formula (Bain and Bardsley, 1972; Bennett et al., 2003)

αn(T ; Tb) =  h2
(
2π

µkBT

)3/2
p

∑
v ′′,J ′′

∑
r

(2Jr + 1) Γ
r
Er,Jr e

−Er/kBT ×

×
ΓtEr,Jr
ΓEr,Jr

[
1

1− exp [−hνEr;v ′′,J ′′/(kBTb)]

]
, (27)

where ΓrEr,Jr is the radiative association width of the resonance (Er, Jr)
(Bennett et al., 2003) and ΓEr,Jr = Γ

t
Er,Jr + Γ

r
Er,Jr .

It is also convenient to use some simple analytical form to represent
the numerical values of the total rate coefficients. In the present study,
we use the Arrhenius-type function

f(T) = α

(
T

300

)β
e−γ/T (28)

with α known as the pre-exponential factor, β dictating the temper-
ature dependence of the rate coefficient, and γ the activation energy
or energy barrier of the reaction in units of degrees K. In order to
keep the maximum relative error below 10 %, the temperature range
is usually divided into several intervals.

4.2 bound-bound transitions

The knowledge of radiative lifetimes of molecular species is of fun-
damental importance of ability to electronic transitions and chem-
ical elementary processes. While transition probabilities can be ob-
tained indirectly by measurements of radiative lifetimes, experimen-
tal measurements of spectral line intensities are difficult to obtain for
many high temperature molecular species. The following paragraph
describes the principal fundamentals of the theory of line intensities.



4.2 bound-bound transitions 30

We start our discussion of line intensities with thermal emission.
Depopulation of a given state E ′ with concentration N ′ (population
of level J ′) in molecules/m3 is given in the absence of an external
radiation field by rate equation

dN ′

dt
= −Af←iN

′ , (29)

where the constant of proportionality Af←i is the Einstein coefficient
for emission. It implies that an excited-level population decays expo-
nentially with time at rate Af←i. This rate determines the radiative
lifefime of level E ′ as

(τi=E ′)
−1 =

∑
f=E ′′

Af←i . (30)

The Einstein A-coefficient can be approximated by the leading term
in the multipole moment expansion. The strongest term for electric-
dipole allowed transitions can be written as

Af←i =
64π4ν3if

(4πε0)3hc3
1

gi
S
dip.
f←i . (31)

The second-order rate constant for emission is given by (Farley and
Cattolica, 1996)

Af←i =
32π6ν5if

(4πε0)3hc5
1

gi
S
quad.
f←i , (32)

where the line strength S
dip.
f←i or Squad.

f←i of an electric dipole or
quadrupole transition is defined as

S
dip.
f←i =

∑
φ ′int,φ

′′
int

∑
A=X,Y,Z

|〈φ ′int|µA|φ ′′int〉|2 , (33)

and

S
quad.
f←i =

∑
φ ′int,φ

′′
int

∑
A,B=X,Y,Z

|〈φ ′int|QAB|φ ′′int〉|2 , (34)

respectively. In both equations φ ′int and φ ′′int are eigenfunctions of
the molecular Hamiltonian corresponding to the eigenvalues E ′ and
E ′′, respectively and the summation extends over all substates of the
initial upper and final lower levels. The statistical weight (also called
the degeneracy factor) gi of the initial state, appearing in Equations
(31) and (32) and further in this section, takes into account all the
different statistics: electronic, vibration, rotation and nuclear. In L-S
coupling the degeneracy factor of a given rovibrational level is simply
equal to (Stancil, 1994) (we omit writting here subscript i for initial
level)

g = (2− δ0Λ)(2J+ 1)g̃ , (35)
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where g̃ is equal to the nuclear spin statistical weight (see Section 2.1
in this work) conventionally divided by (2I+ 1)2 (Irwin, 1981). For
all diatomic species except homonuclear isotopomers the statistical
weight reduces to (2J ′ + 1) Zeeman states, and caution needs to be
exercised when considering degenerate states. Under assumption of
local thermodynamic equilibrium (LTE) the concentrations in the up-
per state (N ′) and lower state (N ′′), associated with a single photon
transition, are determined by the well-known Boltzmann expression
between degenerate levels:

N ′

N ′′
=
gi
gf
e−hνif/kBT ,

where gi and gf are their statistical weights. The population of states
are considered as related to a total concentration of molecules N =∑

Nn distributed among the energy levels following the Boltzmann’s
distribution (i.e. at thermodynamical equilibrium) (Bernath, 2005)

Nn = N
gne

−En/kBT

Q(T)
,

where the total internal partition function Q(T) is defined as follows:

Q(T) =
∑
n

gne
−En/kBT . (36)

In Equation (36), En is the energy (above the rovibrational ground
state) and gn the total degeneracy of the state n and the sum is over
all such states of the molecule. The partition function used in H+

2 and
He+2 study (subsection 5.3.1) was computed using formula (Stancil,
1994)

Q(T) =
∑

(2− δ0Λ)(2S+ 1)(2N+ 1)g̃n(N)e−En/kBT , (37)

where the degeneracy factor g from Equation (35) is accommodated
to the use of the good quantum number N and g̃n can be calculated
as

g̃n(N) =


(2I+ 1)(I+ 1)

(2I+ 1)2
odd N ,

(2I+ 1)I

(2I+ 1)2
even N .

(38)

The quantity Q(T) has been scaled such that the minimum possible
rotational-vibrational level is set to zero.

Line intensity for electric dipole transition arising between upper
state with energy E ′ and lower state with energy E ′′ is given by
(Bernath, 2005)

If←i =
8π3 ν̃if

(4πε0) 3hcQ(T)

[
e−E

′′/kBT − e−E
′/kBT

]
S
dip.
f←i , (39)
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where ν̃if = (E ′ − E ′′)/hc is the wavenumber of the transition (in
cm−1). The intensity is related to a single molecule. Note that many
other definitions and notations of the line intensity exist since there
are numerous choices possible for quantities ν,Ntot. The line inten-
sity can be written as proportional either to the pressure P, or to the
volumetric density ρ, or to the number Ntot of emitted particles per
unit volume. Pugh and Rao, 1976 provide a convenient table for con-
version of line intensities between various possible units. Some other
intensity unit conversions are described in the textbook of Bernath,
2005. If←i has the dimension of cm−1/(molecule×cm−2), commonly
referred to as HITRAN unit (Rothman et al., 1998). This quantity is
often called the integrated absorption coefficient.

Using Equations (39) and (31), we have a relation between the line
intensity and the Einstein A- coefficient corresponding to the transi-
tion f← i

If←i =
gi
Q(T)

Af←i
8π cν̃2if

[
e−E

′′/kBT − e−E
′/kBT

]
.

A summary of the theoretical approach was applied and the results
of our calculations are presented in Chapter 5.



5
R E S U LT S A N D D I S C U S S I O N

5.1 general observations

This section provides a brief summary of the results of numerous
calculations carried out in order to investigate thoroughly the two-
body association process

A+B→ AB+ hν ,

i.e. the stabilization via spontaneous emission of a photon with fre-
quency ν. Apart from spontaneous emission, processes stimulated by
the cosmic background radiation (CBR) were also considered in the
past (Stancil and Dalgarno, 1997; Zygelman et al., 1998). The CBR can
enhance molecule formation by stimulated radiative association

A+B+ hνb → AB+ hν+ hνb ,

where νb is the frequency of the radiation field. The photon density
per unit frequency interval of the black-body radiation field (BRF)
with temperature Tb is given by the well-known Planck radiation for-
mula

ρ(νb, Tb) =
8πhν3b
c3

1

ehνb/kBTb − 1
. (40)

In this context, detailed studies of spontaneous and stimulated ra-
diative association resulting in the formation of the HeH+ (HeD+),
LiHe+, and He+2 molecular ions have been performed. Most out-
comes concerning these studies have been published by the author
and collaborators and they can be found attached in the supplement.
The calculations were performed within the Born-Oppenheimer ap-
proximation employing an accurate state-of-the-art ab initio PEC
and the dipole (quadrupole) moment function. The processes stud-
ied were characterized by means of reaction cross sections and
temperature-dependent rate coefficients. The cross sections for spon-
taneous (Tb = 0 K) and stimulated radiative association were calcu-
lated as functions of the collision energy in the interval between 10−6

and 101 eV. The calculations have been carried out using the proce-
dure outlined in Section 4.1. For additional details interested readers
are referred to the work Augustovičová et al., 2012. The peak struc-
ture appearing almost in any plot of total cross sections in our calcu-
lations, represents the role of shape resonances, which occur through
the initial formation of a quasi-bound state. In order to avoid plot-
ting indistiguishable forest of peaks only resonances with tunneling

33
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widths wider that 0.01 cm−1 are shown. Low-energy resonance struc-
ture in the radiative association cross-section curves, which is created
by quasi-bound states trapped behind centrifugal barriers in the re-
actant channel, depends mostly on the anharmonicity and depth of
the target potential. It is practically missing for the two-state pro-
cesses unless the final state supports a large number of bound-state
partners. In such a case and in the case of one-state processes the
resonance structure is most pronounced. The cross section curves
are generally decreasing with increasing collision energy and have
a rapid drop-off in the energy range between 10

−1 and 10
1 eV. This

is typical for radiative collision processes including radiative charge
transfer (RCT) (cf. e.g. Zygelman et al., 1989; Belyaev et al., 2014). Dif-
ferent orders of magnitude of spontaneous cross sections and there-
fore rate coefficients can be attributed to the very large difference
in ionization potentials of respective atomic species. This can be ob-
served e.g. in Augustovičová et al., 2013a; Augustovičová et al., 2013b.
Apart from the fact that the absolutely dominant contribution to the
total cross section comes from the third power of emitted photon fre-
quency, the number of target rovibrational states affects the number
of terms in the sum of partial cross sections. The number of appro-
priate symmetry-allowed resonances (i.e. for which the correspond-
ing Hönl-London coefficient is non-zero) can increase σ(E) by quasi-
bound state wavefunction χJ ′(E,R) character. A feature of larger wave
function for resonant energy in the well region generates larger over-
lap with dipole (quadrupole) function for transition to lower-lying
level in integral (18).

The stimulated radiative association is relevant only for processes
with very small photon energies (Augustovičová et al., 2013a; Au-
gustovičová et al., 2013b; Augustovičová et al., 2014a; Augustovičová
et al., 2014b). The absence of this phenomenon in the majority
of two-state processes is caused by suppression of very large val-
ues of the emitted photon frequency in the damping factor 1/(1 −
ehνE;v ′′ ,J ′′/kBTb), which comes from Equation (40).

The corresponding rates for formation of the above mentioned mo-
lecular ions were determined as functions over a wide range of tem-
peratures. Since the rate coefficient is simply an image of the Laplace
transform (that smoothens the resonance structure) (Equation 23), the
rates are thus mimicking the cross-section behaviour. With several
exceptions the rates for all processes studied here are essentially de-
creasing with increasing reaction temperatures. Stimulation appears
to be most important for reaction temperatures below a few thousand
K. In this temperature range, the increase of the rate coefficient can
be by an order of magnitude and more.
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5.2 LiHe+
and HeH+ (HeD+)

We began our study of radiative association investigating the forma-
tion of the molecular ion LiHe+. The reactant atom-ion-pair corre-
sponds to the dissociation products of the lowest electronic states
X1Σ+, A1Σ+, and a3Σ+ of LiHe+, which were included in the work
(Augustovičová et al., 2012). The corresponding processes induced by
dipole moment continuum-bound transitions are described as:

X1
[
Li+(11S) + He(11S)

]
→ LiHe+(X1Σ+) + hν (X→ X) ,

A1
[
Li(22S) + He+(12S)

]
→ LiHe+(A1Σ+) + hν (A→ A) ,

A1
[
Li(22S) + He+(12S)

]
→ LiHe+(X1Σ+) + hν (A→ X) ,

a3
[
Li(22S) + He+(12S)

]
→ LiHe+(a3Σ+) + hν (a→ a) .

In this study, the influence of resonances on the cross sections for
radiative association was examined following Bennett et al., 2003. We
showed that contribution from shape resonances needs to be consid-
ered carefully, since added to the background contribution makes up
up to about 15 % enhancement of rate coefficients. Hence this leads
to faster radiative association. In Figure 7 the individual contribu-
tions αb(T), αw(T), and αn(T) (see Section 4.1 for explanation) to the
rate coefficients for the four radiative association processes (X → X,
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Figure 7: Rate coefficients for radiative association of LiHe+ (αb is the back-
ground contribution, αw is the wide-resonance contribution, and
αn is the narrow-resonance contribution to the total rate coefficient
α; see Section 4.1 for details).
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A→ A, A→ X and a→ a) are shown graphically as well as the total
rate coefficient α(T).

Within the following studies of depopulation of metastable helium
by collisions with hydrogen, deuterium or lithium ions these pro-
cesses were studied:

b3
[
He(23S) + H+

]
→ HeH+(a3Σ+) + hν (b→ a) ,

b3
[
He(23S) + H+

]
→ HeH+(b3Σ+) + hν (b→ b) ,

b3
[
He(23S) + D+

]
→ HeD+(a3Σ+) + hν (b→ a) ,

b3
[
He(23S) + D+

]
→ HeD+(b3Σ+) + hν (b→ b) ,

b3
[
He(23S) + Li+(11S)

]
→ LiHe+(a3Σ+) + hν (b→ a) ,

b3
[
He(23S) + Li+(11S)

]
→ LiHe+(b3Σ+) + hν (b→ b) ,

B1
[
He(21S) + H+

]
→ HeH+(X1Σ+) + hν (B→ X) ,

B1
[
He(21S) + H+

]
→ HeH+(A1Σ+) + hν (B→ A) ,

B1
[
He(21S) + H+

]
→ HeH+(B1Σ+) + hν (B→ B) ,

B1
[
He(21S) + Li+(11S)

]
→ LiHe+(X1Σ+) + hν (B→ X) ,

B1
[
He(21S) + Li+(11S)

]
→ LiHe+(A1Σ+) + hν (B→ A) ,

B1
[
He(21S) + Li+(11S)

]
→ LiHe+(B1Σ+) + hν (B→ B) ,

where 1(3)[· · · ] describes the singlet (triplet) manifold of the corre-
sponding collisional continuum in the above scheme. According to
this scheme the reactions start from collisions of helium in one of the
metastable state (23S, 21S) with H+ (D+) or Li+ ions, and proceed
via resonance and continuum states of the b3Σ+ or B1Σ+ potential of
the collisional complex to form (under spontaneous photon emission)
the molecular ions in one of the a3Σ+ and b3Σ+ or X1Σ+, A1Σ+, and
B1Σ+ states, respectively. Ab initio interaction energies for HeH+ for
these electronic states are shown in Figure 5 and Figure 6. In the fol-
lowing text the considered processes are denoted as b→ a and b→ b

or B→ X, B→ A, and B→ B.
Cross sections and rate coefficients for spontaneous (Tb = 0 K) ra-

diative association by the first six processes for the HeH+, HeD+ and
LiHe+ molecular ions are presented in the paper Augustovičová et
al., 2014a as well as numerical values of rate coefficients evaluated
at selected temperatures. A noticeable effect on the radiative associa-
tion by black-body radiation is only obtained for the b→ b one-state
process.

Results of the further study including highly excited initial elec-
tronic state B1Σ+ were published by Augustovičová et al., 2014b.
Gross character of the cross sections for spontaneous radiative associ-
ation obtained in this study appears to be very similar to the curves
presented in Ref. Augustovičová et al., 2014a. As expected, the cross
sections for the one-state B → B processes are orders of magnitude
smaller compared to the two-state processes B→ X and B→ A.
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Finally, the parameter values of the fitted Arrhenius-type function
(34) for formation of LiHe+ and HeH+ (HeD+) are presented for
comparison in Tables 13 and 14, respectively.

Table 13: Values of the Arrhenius-function parameters representing the rate
coefficients for the spontaneous radiative association of LiHe+.

process T (K) α (cm3s−1)a β γ (K)

X→ X 10 - 100 2.4773(-23) -0.5660 3.5763

100 - 500 2.4534(-23) -1.0984 63.8138

500 - 500000 4.5874(-23) -1.4969 297.6981

A→ A 10 - 60 2.4897(-21) -0.3461 3.2458

60 - 400 1.5520(-21) -1.2158 61.3499

400 - 500000 2.2820(-21) -1.4971 202.3705

A→ X 10 - 6000 4.8091(-16) -0.4748 -1.3127

6000 - 500000 3.0396(-14) -1.4240 8 294.0266

a→ a 10 - 100 7.3968(-21) -0.4823 6.1432

100 - 1000 5.9257(-21) -1.2920 77.6859

1000 - 500000 9.5028(-21) -1.4967 326.9516

b→ a 1 - 200 7.2229(-15) -0.1733 0.2822

200 - 5000 4.2584(-15) 0.0581 -136.5920

5000 - 15000 1.7184(-13) -0.8943 5 014.2119

15000 - 500000 3.0222(-12) -1.4771 14 201.5149

B→ X 10 - 1500 1.9083(-16) -0.4762 -1.1647

1500 - 15000 3.8555(-18) 0.8789 -2 701.5979

15000 - 50000 2.7231(-13) -1.4521 29 491.0745

B→ A 10 - 250 2.7828(-14) -0.2791 4.1283

250 - 5000 1.6304(-12) -1.4918 6 987.5637

5000 - 15000 3.2678(-14) -0.5021 68.7217

15000 - 50000 5.3376(-13) -1.2638 3 474.7564

B→ B 10 - 100 1.8874(-20) -0.5296 8.0894

100 - 15000 1.7097(-20) -1.4886 117.1636

15000 - 500000 1.7836(-20) -1.4995 171.7953

a x(−y) ≡ x× 10−y.
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Table 14: Values of the Arrhenius-function parameters representing the rate
coefficients for the spontaneous radiative association of HeH+ and
HeD+ .

system process T (K) α (cm3s−1)a β γ (K)

HeH+ B→ X 10 - 55 3.9397(-16) -0.4918 -10.0215

55 - 15000 1.0974(-15) -0.4163 40.7415

15000 - 50000 2.3033(-16) 7.2942(-2) 4 876.2037

50000 - 500000 1.4873(-12) -1.3867 71 877.0270

B→ A 10 - 1000 1.6271(-15) -0.5308 0.3098

1000 - 15000 8.7591(-15) -1.1994 994.5077

15000 - 500000 3.3244(-14) -1.4950 4 083.6086

B→ B 10 - 250 1.7205(-19) -0.8776 16.4225

250 - 15000 2.9494(-19) -1.4641 209.3461

15000 - 500000 3.0709(-19) -1.4785 99.6248

HeH+ b→ a 1 - 1000 3.1998(-15) -0.4994 0.2514

1000 - 15000 8.7121(-15) -0.8337 698.8793

15000 - 500000 1.7782(-13) -1.4829 8 624.2387

HeD+ b→ a 1 - 1000 2.9880(-15) -0.4993 0.1525

1000 - 15000 8.0080(-15) -0.8190 698.3095

15000 - 500000 1.7504(-13) -1.4826 8 818.9643

a x(−y) ≡ x× 10−y.

5.3 He+
2

Given that the details regarding He+2 has been extensively published
a rather brief summary of the work done will be listed here. Collisions
of He with He+ ions were considered as possible formation mecha-
nisms of He+2 via different radiative-association reactions. They are
described as:

A2
[
He(11S) + He+(11S)

]
g
→ He+

2 (X
2Σ+
u ) + hν (A → X) ,

C2
[
He(23S) + He+(11S)

]
g
→ He+

2 (X
2Σ+
u ) + hν (C → X) ,

E2
[
He(21S) + He+(11S)

]
g
→ He+

2 (X
2Σ+
u ) + hν (E → X) ,

c4
[
He(23S) + He+(11S)

]
g
→ He+

2 (b
4Σ+
u ) + hν (c → b) ,

g4
[
He(23P) + He+(11S)

]
g
→ He+

2 (b
4Σ+
u ) + hν (g → b) ,
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14
[
He(23P) + He+(11S)

]
g
→ He+

2 (b
4Σ+
u ) + hν (1 → b) ,

b4
[
He(23S) + He+(11S)

]
u
→ He+

2 (c
4Σ+
g ) + hν (b → c) ,

f4
[
He(23P) + He+(11S)

]
u
→ He+

2 (c
4Σ+
g ) + hν (f → c) ,

B2
[
He(23S) + He+(11S)

]
u
→ He+

2 (A
2Σ+
g ) + hν (B → A) ,

D2
[
He(21S) + He+(11S)

]
u
→ He+

2 (A
2Σ+
g ) + hν (D → A) ,

B2
[
He(23S) + He+(11S)

]
u
→ He+

2 (X
2Σ+
u ) + hν (B → X) ,

D2
[
He(21S) + He+(11S)

]
u
→ He+

2 (X
2Σ+
u ) + hν (D → X) ,

where 2(4) [. . .]g or 2(4) [. . .]u mean doublet (quartet) g or u sub-
manifolds of the corresponding collisional continuum, respectively.

The radiative electronic transitions to the ground X2Σ+
u electronic

state by spontaneous or stimulated photon emission considering the
lowest three excited 2Σ+

g states (A2Σ+
g , C2Σ+

g , E2Σ+
g ) as reactant

channels were published in Augustovičová et al., 2013a. Our results
for the A → X process were found to be in excellent agreement to the
previous work of Stancil et al., 1993. The A → X process was chosen
as an illustrative example of the stimulated radiative association (RA)
manifestation dominating at processes with ME = 0. Results for stim-
ulated emission at various black-body temperatures Tb between 500

and 10 000 K are demonstrated in Figure 8 and Figure 9.
The helium chemistry received attention in another work Augus-

tovičová et al., 2013b, in which metastable He (23S) and He (23P)
atoms react with He+ ions and form He+2 in the lowest quartet Σ+

states. For all considered temperatures the spontaneous radiative as-
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Figure 8: Cross sections for the stimulated radiative association A → X pro-
cess in He+2 for different background temperatures.
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Figure 9: Rate coefficients for the stimulated radiative association A → X

process in He+2 for different background temperatures.

sociations to the b4Σ+
u electronic state are the dominant ones. Among

them the 1→ b process has the largest rate coefficients exceeding the
other processes by at least one order of magnitude.

The last four processes demonstrate comparison of spontaneous
radiative association induced by quadrupole transitions to the pro-
cesses induced by dipole transitions. Transitions leaving the initial Σ+

u

states can then proceed either via dipole moment to Σ+
g states, or via

quadrupole moment to Σ+
u states, since dipole transitions between

Σ+
u states are symmetry forbidden. The quadrupole transitions con-

serving g ↔ g symmetry can be also considered, but one can expect
their cross sections to be very small because of a small number of the
target rovibrational states in the A2Σ+

g electronic state. The processes
induced by dipole moment continuum-bound transitions are charac-
terized as B→ A or D→ A; the processes driven by quadrupole mo-
ment continuum-bound transitions are labeled as B→ X or D→ X in
the above scheme.

Potential energy curves calculated within this work for the four
2Σ+ states of He+2 and the corresponding transition dipole mo-
ment functions (B → A and D → A) together with the transition
quadrupole moment curves (B → X and D → X) are shown in Fig-
ures 4 and 10, respectively. From Table 7, some data characterizing the
four electronic states can be read. An overview of resonances (shown
along with the numbers of vibrational and rovibrational levels sup-
ported by different He+2 potentials) participating in these radiative
association processes are collected in Table 15.
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One would normally expect that the cross sections (and therefore
the rate coefficients) for quadrupole transitions should be at least
four orders of magnitude smaller than those for the dipole transi-
tions, where the main argument for this is the factor c2 arising from
Equations (16) and (17). However, there are several factors that could
play in favor of the quadrupole transitions. The major factors are: a)
the number of target states, i.e. the number of rovibrational bound
states supported by the target electronic states (see Table 15), b) the
Franck-Condon conditions between the initial and target electronic
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tween the relevant He+2 doublet electronic states.
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Table 15: Resonance situation overview and target states characteristics for
the four He+2 radiative association processes studied.

process ntot nr nw nn ME(eV) nv nrv

D→ A 322 0 0 0 20.6158 3 6

B→ A 254 0 0 0 19.8196 3 6

B→ X 254 44 25 19 19.8196 24 409

D→ X 322 41 25 16 20.6158 24 409

Using formalism of Augustovičová et al. (2012): ntot is the total num-
ber of orbital resonances supported by the initial electronic states, nr

is the number of symmetry-allowed resonances, nw is the number of
wide resonances, and nn is the number of narrow resonances, nv is
the number of bound vibrational (J ′′ = 0) states of the target elec-
tronic state, nrv is the number of bound rovibrational states of the
target electronic state.

states, and c) the size of quadrupole moment relative to dipole mo-
ment function.

Cross sections for spontaneous (Tb = 0 K) radiative associations of
the four processes B → X, D → X, B → A and D → A for the He+2
dimer are displayed in the Figure 11. Deexcitation energy from the
initial to the final state is roughly the same for all four processes in-
cluded as can be seen from Table 15. As expected the results obtained
for the quadrupole transitions are very comparable. The cross-section
curves are very close to each other, the difference is maximally one
order of magnitude in the energy infrared region. The low-energy
resonant structure in absent in the Figure 11 because their widths are
narrower than the grid step. The cross sections for the D → A are
six orders of magnitude larger than B → A, which according to the
Figure 13 is due to the more favorable Franck-Condon conditions and
increasing dipole moment as indicated in Figure 10.

Rate coefficients for spontaneous (Tb = 0 K) radiative association
of He+2 calculated from the cross sections are shown graphically in
Figure 12 for the temperature range between 10 and 106 K.

The parameter values of the fitted Arrhenius-type function (34) are
given in Table 16.

5.3.1 Microwave transitions

The pronounced primordial molecular ion He+2 (together with H+
2

and D+
2 ) was proposed as a probe for cosmological variation of the

proton-to-electron mass ratio (Augustovičová et al., 2014c). In mod-
ern physics the determination of time (and space) dependence of the
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Table 16: Values of the Arrhenius-function parameters representing the rate
coefficients for the spontaneous radiative association of He+2 .

process T (K) α (cm3s−1) β γ (K)

A→ X 10 - 60 2.2321(-20) 1.3823 -19.6462

60 - 1000 4.1278(-20) 2.0449 -47.6219

1000 - 5000 1.4220(-19) 1.5129 581.7497

5000 - 30000 7.6236(-18) 0.5112 6 715.9646

30000 - 500000 1.4930(-13) -1.2291 65 466.8885

C→ X 10 - 1000 3.5668(-15) -0.4785 -0.9019

1000 - 20000 2.7211(-15) -0.3274 -76.1424

20000 - 500000 8.1759(-13) -1.4244 23 230.4592

E→ X 10 - 1500 1.8676(-17) -0.5262 -0.7545

1500 - 7000 1.5606(-22) 3.9651 -6 806.3232

7000 - 25000 2.3897(-16) 0.4754 16 637.7916

25000 - 500000 6.3635(-12) -1.4138 64 132.6597

c→ b 10 - 100 2.7347(-17) 0.0772 -7.2846

100 - 2000 3.4892(-17) 1.1695 -105.8661

2000 - 10000 2.2422(-15) -0.2129 3 135.6563

10000 - 500000 5.8886(-13) -1.4597 15 883.2736

g→ b 10 - 1000 1.0957(-15) -0.7255 3.8940

1000 - 5000 3.7352(-16) -0.4399 -777.9019

5000 - 20000 5.7092(-17) 0.3564 1 135.9076

20000 - 500000 5.4168(-13) -1.4491 34 079.9963

1→ b 10 - 1000 4.1575(-14) -0.1165 -6.2442

1000 - 4000 1.6160(-13) -0.7868 601.6913

4000 - 500000 2.1386(-12) -1.4797 4 012.5802

b→ c 10 - 200 5.3457(-24) -1.3918 10.2799

200 - 500000 5.3962(-24) -1.4999 23.9691

f→ c 10 - 500000 7.1786(-20) -1.4998 5.6118

D→ A 10 - 400 1.1440(-17) -0.5549 1.4501

400 - 5000 2.9663(-17) -1.1545 348.2106

5000 - 500000 9.8798(-17) -1.4957 1 726.3553

B→ A 10 - 400 2.2370(-23) -0.6747 4.4907

400 - 5000 5.3916(-23) -1.3388 310.8314

5000 - 500000 9.3598(-23) -1.4985 900.8113

B→ X 10 - 1000 7.3806(-20) -0.4743 -0.7267

1000 - 20000 6.3192(-20) -0.3651 1.8363

20000 - 500000 1.1961(-17) -1.3647 22 638.5880

D→ X 10 - 1000 6.0492(-21) -0.4726 -1.1200

1000 - 4000 2.0436(-22) 0.9001 -1 816.3976

4000 - 20000 1.5508(-22) 1.1986 103.0550

20000 - 500000 3.0480(-17) -1.4030 3 747.7314
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Figure 13: Schematic figure of wavefunctions for the (v ′′ = 0, J ′′ = 0) final
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initial continuum state of the B and D electronic states. For better
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fundamental constants of nature is still an open problem, which has
been discussed since a long time ago (see e. g. review by Uzan, 2003).
Molecular absorption and emission spectra detected from distant as-
tronomical objects provide crucial tools for successful derivation of
constraints on a possible cosmological variation of mp/me. Appar-
ently, the deepest look-back times can be monitored using the pri-
mordial molecules consisting of hydrogen, helium, and possibly of
lithium. The possibilities of using vibronic spectra of the molecular
hydrogen as potential probes of temporal variation of the proton-
to-electron mass ratio mp/me have been explored in the first three
decades originally suggested by Thompson (1975). Since the labora-
tory measured (z = 0) spectra of H+

2 are known very accurately, the
wavelengths of spectral lines as observed in high-redshift absorption
systems can be compared to them. Molecules, whose transitions are
very sensitive to small changes in the reduced mass and hence the
mp/me variations, are key stones of such studies. In our study, we
focused on dimer cations H+

2 , D+
2 , and He+2 in order to analyze their

rovibronic spectra for purposes of detecting a possible cosmological
variation of the proton-to-electron mass ratio mp/me (Augustovičová
et al., 2014c).

By means of new astronomical installation of Atacama Large Mil-
limeter/submillimeter Array (ALMA) (ALMA 2014) it turns out that
microwave rovibronic transitions of the above molecular ions could
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in principle be detected. The ALMA facilities can largery cover the
frequency region of the microwave components of the H+

2 and D+
2

(A2Σ+
u ↔ X2Σ+

g ) and He+2 (A2Σ+
g ↔ X2Σ+

u ) rovibronic spectra mea-
sured by Carrington et al. (1995a), Carrington et al. (1995b), Carring-
ton (1996), and also the forbidden electric dipole spectrum of the H+

2

(X2Σ+
g ↔ X2Σ+

g ) predicted by Bunker and Moss (2000). He+2 is a pri-
mordial molecule allowing to go back in time much further than with
non-primordial molecules. Our calculations were performed for the
redshift range of 0 < z < 70 in consideration of possible detection of
the light emitted from the first observable stars formed. We showed
that some of its microwave transitions (Carrington et al., 1995b) have
very large sensitivity coefficients, which rival the latest state-of-the-art
results of Ref. (Bagdonaite et al., 2013), where a stringent constraint
on the change in the proton-to-electron mass ratio at redshift z = 0.89
has been established.

The author determined accurate Einstein A-coefficients together
with line strengts and line intensities by means of (39) for the H+

2 ,
D+
2 , and He+2 (A ↔ X) transitions. Figure 14 shows relative line in-

tensities for He+2 (A ↔ X) microwave electronic transitions, where
transitions 0,4-22,5 appears the most dominant.
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C O N C L U S I O N A N D F U RT H E R P E R S P E C T I V E S

In this thesis the author presented theoretical investigation of radia-
tive association as one of the processes contributing to formation of
molecules and molecular ions in the interstellar environment. Forma-
tion of selected molecular ions of astrophysical importance (HeH+,
He+2 and LiHe+) through radiative association of the correspond-
ing atoms was studied by means of quantum dynamical calculations.
Some common features of the spontaneous or stimulated radiative as-
sociation processes for the considered systems were discussed in this
thesis. The author hopes that her findings will contribute to better
understanding various physical and chemical processes in space.

In the near future the author plans to submit the corresponding
rate coefficients to astrochemical databases as KInetic Database for
Astrochemistry (KIDA) and the UMIST Database for Astrochemistry
(UDfA), which collate reaction rates that are needed for modelling in-
terstellar reaction networks. The chemical network of the UDfA (lat-
est release ’Rate12’) contains 6173 gas-phase reactions (McElroy et
al., 2013) thought to be important in the interstellar medium. KIDA
is more capacious and provides kinetic data for astrochemical stud-
ies of interstellar medium and planetary atmospheres (Wakelam et
al., 2012). To determine the rate of change in abundance of each
species with time, all the reactions which either form or destroy each
species are gathered together and set up an ordinary differential equa-
tion (ODE) for each species. Numerical methods to iteratively solve
a large set of stiff ODEs are employed given a set of physical param-
eters and a set of initial elemental abundances representing the set
of initial conditions. The rate coefficients of the reaction and for a
two-body reaction such as RA (acting as an input for kinetic models)
are parameterised by the Arrhenius form with the α, β, and γ fitting
parameters.

Further plans of the group include extension of the current ap-
proach in order to handle continuum-continuum transitions. This will
then allow us to compare radiative to non-radiative (induced by non-
adiabatic couplings) charge transfer and de-excitation processes and
characterize them by means of cross sections and rate coefficients. In
collaboration with Dr. A. K. Belyaev we would like to investigate the
charge-transfer and de-excitation processes in collision of metastable
helium atoms with helium and lithium ions and compare them with
the radiative association processes. An introductory (semiclassical)
study has already been published (Belyaev et al., 2014).
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We shall also continue the search for molecular candidates suitable
for detection of cosmological variability of proton-to-electron mass
ratio mp/me. This will be done in collaboration with Dr. Špirko, who
recently determined very accurately the sensitivity factors for the am-
monia molecule (Špirko, 2014), and Dr. Bárta, who is from the Czech
cell of the ALMA project (ALMA 2014). We plan to analyze the ammo-
nia isotopomers (15NH3, 14ND3 and 15ND3), for which one should
anticipate the existence of quite a few accidental energy resonances
allowing for "forbidden" transitions exhibiting anomalous mass sensi-
tivities. In addition to these, we would also like to make a full analysis
of the similar isotopomers of the hydroxonium ion H3O+, phospine
PH3, and methyl radical CH3.



A
TA B L E S O F S E L E C T E D AT O M I C A N D N U C L E A R
P R O P E RT I E S

This appendix contains some characteristic properties of selected iso-
topes summarized in the following tables. Data are presented in
groups ordered according to increasing mass number A. The atomic
masses are given in unified atomic mass units, 1u = ma(

12C)/12.
Table 18 lists energy levels for neutral and ionized atomic species

with their electronic configurations. There is used a standard notation
in astrophysics for various levels of ionization of an atom. The Roman
numeral "I" refers to the neutral atom, "II" or superscript "+" refers to
the singly ionized state, and so on. The atomic states are commonly
described using spectroscopic notation in the format of 2S+1L.

Data were taken from NIST Atomic Spectra Database (version 5.1),
(Kramida et al., 2013).

Table 17: Selected set of nuclear properties for naturally occurring isotopes.

Z Nucleus A Relative Nuclear Standard
atomic mass a spin atomic weight b

1 H 1 1.007 825 032 07(10) 1/2 1.007 94(7)

(D) 2 2.014 101 777 8(4) 1

(T) 3 3.016 049 2777(25) 1/2

2 He 3 3.016 029 3191(26) 1/2 4.002 602(2)

4 4.002 603 254 15(6) 0

3 Li 6 6.015 122 795(16) 1 6.941 (2)

7 7.016 004 55(8) 3/2

ama(X)/u, where X is an isotope.
bAr(X), where X is an element.
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Table 18: Energy levels of particular atoms displayed in order of energy
above the ground state.

Spectrum name Configuration Term J Level (cm−1)

H I 1s 2S 1/2 0.0000000000

2p 2P0 1/2 82 258.9191133

3/2 82 259.2850014

2s 2S 1/2 82 258.9543992821

3p 2P0 1/2 97 492.211200

3/2 97 492.319611

3s 2S 1/2 97 492.221701

H+
109 678.77174307

D I 1s 2S 1/2 0.000000000

2p 2P0 1/2 82 281.3010273

3/2 82 281.667009

2s 2S 1/2 82 281.336361094

3p 2P0 1/2 97 518.738088

3/2 97 518.846525

3s 2S 1/2 97 518.748607

D+
109 708.61455299

He I 1s2 1S 0 0.0000000

1s2s 3S 1 159 855.9743297

1s2s 1S 0 166 277.440141

1s2p 3P0 2 169 086.7664725

1 169 086.8428979

0 169 087.8308131

He II 1s 2S 1/2 198 310.66637

Li I 1s22s 2S 1/2 0.00

1s22p 2P0 1/2 14 903.66

3/2 14 904.00

1s23s 2S 1/2 27 206.12

1s23p 2P0 1/2 30 925.38

3/2 30 925.38

Li II 1s2 1S 0 43 487.11420



B
C H A R A C T E R TA B L E S F O R T H E P O I N T G R O U P S O F
L I N E A R M O L E C U L E S

Table 19: Character table of the group C∞v(EM).

C∞v(EM) E0 Eε . . . ∞E∗ε
C∞v E 2Cε∞ . . . ∞σv
Σ+ (+) Γ (s) 1 1 . . . 1 z x2 + y2; z2

Σ− (−) Γ∗ 1 1 . . . −1 X; Y;Z

Π 2 2 cos ε . . . 0 (x,y) (xy,yz)

∆ 2 2 cos 2ε . . . 0 (x2 − y2, xy)
...

...
... . . .

...
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L I S T O F F I G U R E S

Figure 1 The parities of the rotational energy levels
(symmetries of the rovibronic states) of Σ+

g , Σ−
g

and Πg vibronic states of a D∞h molecule in a
singlet electronic state. 8

Figure 2 The adiabatic potential energy curves of the
low-lying doublet He+2 electronic states cor-
relating to the first three atomic asymp-
totes. The absolute energy scale in this fig-
ure is taken to be 0 at the atomic asymptote
He(1s2 1S)+ He+. 12

Figure 3 The adiabatic potential energy curves of the
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a b s t r a c t

Spontaneous radiative association of the molecular ion LiHe+ is investigated including three electronic
states X1Rþ;A1Rþ , and a3Rþ. Cross sections for four processes of radiative association X ? X, A ? A,
A ? X, and a ? a are calculated as functions of collision energy. The corresponding rates of formation
are derived as functions of temperature. The A ? X radiative association process exhibits the largest cross
sections and rate coefficients because of the huge amount of the de-excitation energy from the A state to
the X state.

� 2012 Elsevier B.V. All rights reserved.

1. Introduction

In the early Universe nucleosynthesis came to an end when due
to its rapid expansion density and temperature were substantially
lowered, and in the following recombination era the ionized gas
plasma with the fully stripped atomic ions Hþ;Dþ;He2þ; and Li3þ

was then transformed into neutral gas. Neutral hydrogen, deute-
rium, and helium atoms were created. The recombination of Li3+

ions however ended essentially with Li+ because by the time when
the recombination of the highly abundant protons was completed,
the number density of available free electrons has dropped consid-
erably and recombination with Li+ ions to form neutral Li atoms
became thus a less frequent process [1–3].

Looking at the lithium chemistry during the post-recombina-
tion period the main ion-neutral radiative association reactions
were thus associations of Li+ ions with hydrogen (or deuterium)
and helium atoms [4]. Due to the low fractional abundance of lith-
ium atoms in this environment the probability of reactions of neu-
tral Li with H+ (D+) and He+ ions was rather small at that time [1].

Following some earlier predictions [5,6] the present Letter in-
tends to investigate possible formation reactions of the LiHe+

molecular ion via spontaneous radiative association processes.
The present Letter makes use of the potential energy curves and
dipole moment functions obtained in the very recent ab initio study
of a number of low-lying electronic states of the LiHe+ ion [7],
which extended the previous detailed ab initio description of the
LiHe+ ground electronic state [8].

Taking into account the previously outlined astrophysical situ-
ation the most probable radiative association process of the LiHe+

ion is thus

Liþð1s2Þ þHeð1s2Þ ! LiHeþðX1RþÞ þ hm: ð1Þ

According to Ref. [7] this process takes place entirely on the
ground electronic state (X-state) potential. It can thus be character-
ized as an one-state process in which low-energy collisions of Li+

ions with He atoms lead via quasi-bound resonance levels of an
intermediate [LiHe+]⁄ association complex under spontaneous pho-
ton emission to the formation of the stable ground electronic state
ion LiHe+(X1R+). However, in view of the fairly small X-state bind-
ing energy (DeðX1RþÞ ¼ 653:5 cm�1 [7]) the energy gain in the pro-
cess is small which makes this formation reaction rather
inefficient. Similar situations have previously been found in calcu-
lations investigating the corresponding one-state radiative associ-
ation formations of HeH+ [9,10] and LiH+ [11,12].

On the other hand, following an earlier prediction by Roberge
and Dalgarno [13], previous ab initio calculations have also shown
[11,12,14] that radiative association formations can become more
efficient if the reactant channel is along an excited electronic state
potential. In this case stabilization of the initial association step is
achieved via spontaneous photon emission transitions from ex-
cited state resonance levels to bound levels of the ground state.
The energy gain in this two-state process is larger which makes
this indirect association formation more efficient.

According to Ref. [7] this situation applies to the association
reaction

Lið1s2 2sÞ þHeþð1sÞ ! LiHeþðX1RþÞ þ hm; ð2Þ

where the reactant atom/ion-pair Li + He+ represents the dissocia-
tion products of the first excited electronic state (A-state) of the
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LiHe+ ion. Due to the large excitation energy of the A-state (DE ¼
154824 cm�1 [15]) the exothermicity of this reaction is much larger
compared to reaction (1). The reaction rate can therefore be ex-
pected to be substantially larger.

Apart from reactions (1) and (2) the present Letter will also in-
clude calculations of the one-state association processes

Lið1s2 2sÞ þHeþð1sÞ ! LiHeþðA1RþÞ þ hm ð3Þ
Lið1s2 2sÞ þHeþð1sÞ ! LiHeþða3RþÞ þ hm ð4Þ

taking place entirely on the excited singlet or triplet state (A-state
or a-state) potentials. Since both excited states have larger binding
energies compared to the ground electronic state
(DeðA1RþÞ ¼ 5384 cm�1;Deða3RþÞ ¼ 8328 cm�1 [7]) the rates for
these two radiative association reactions can also be expected to
be somewhat larger than the rate for reaction (1).

Most recently, when this Letter was completed, a closely related
investigation was published [16], in which the radiative associa-
tion rates for the formation of LiHe+ and for its depletion by direct
photodissociation processes were determined. Accurate ab initio
calculations of the potential energy curve, which is almost identi-
cal to that of Ref. [8], and the dipole moment function used in this
Letter are however exclusively restricted to the ground electronic
state (X-state) of the ion. It should be emphasized here that one
of the main purposes of the present Letter is to demonstrate the
substantial increase of the radiative association rates if the forma-
tion process proceeds via the two-state reaction scheme repre-
sented by reaction (2).

Our approach to radiative association is based on that of Zygelman
and Dalgarno [9]. In the treatment of the resonance contributions we
follow Bennett et al. [17]. Unless stated otherwise our own computer
programs were used for the calculations.

2. Methods

In quantum mechanics the cross sections for spontaneous radi-
ative association of a heteronuclear diatomic molecule, can be ex-
pressed as a sum over allowed transitions between a continuum
state with a positive energy E and orbital angular momentum J0

to bound rovibrational states with vibrational quantum number
v 00 and orbital angular momentum J00 [9]

rðEÞ ¼
X

J0 ;v 00 ;J00
rJ0 ;v 00 ;J00 ðEÞ: ð5Þ

The individual cross-sections rJ0 ;v 00 ;J00 ðEÞ are given by

rJ0 ;v 00 ;J00 ðEÞ ¼
1

4p�0

64
3

p5

c3 k2 pm3
E;v 00 ;J00 SJ0 ;J00 M

2
E;J0 ;v 00 ;J00 ; ð6Þ

where c is the speed of light in vacuum, k2 ¼ 2lE=�h2, l is the
‘charge-modified reduced mass’ [18] of the molecular ion, p is the
probability of approach in the initial electronic state (p = 1 for
X ? X, p = 1/4 for A ? X and A ? A, and p = 3/4 for a ? a) and
mE;v 0 ;J00 is the emitted photon frequency, hmE;v 00 ;J00 ¼ Eþ DE� Ev 00 ;J00 ,
where DE ¼ 154823:519 cm�1 is the difference between the ioniza-
tion potential of He and ionization potential of Li for the A ? X pro-
cess and DE ¼ 0 cm�1 for the other three processes. Dipole moment
transitions between two R-states are governed by the rotational
selection rules 4J ¼ J0 � J00 ¼ �1, thus there are only two branches
and the only non-zero Hönl-London coefficients are SJ0 ;J0þ1 ¼ J0 þ 1
and SJ0 ;J0�1 ¼ J0, respectively.

ME;J0 ;v 00 ;J00 ¼
Z 1

0
vJ0 ðE;RÞdzðRÞwv 00 ;J0 ðRÞdR ð7Þ

is the matrix element of the transition dipole moment function
dzðRÞ between the initial continuum radial wave function vJ0 ðE;RÞ
for the partial wave J0 and the final bound-state radial wave

function wv 00 ;J00 ðRÞ. The above formula (6) is derived for the energy-
normalized continuum wave function vJ0 ðE;RÞ

vJ0 ðE;RÞ �
2l

�h2pk

� �1=2

sinðkR� 1
2

J0pþ dJ0 ðEÞÞ for R!1; ð8Þ

where dJ0 ðEÞ is the phase shift, and L2-normalized bound-state wave
function wv 00 ;J00 ðRÞ, i.e.,Z 1

0
jwv 00 ;J00 ðRÞj

2dR ¼ 1: ð9Þ

The radial wave functions may be determined by numerical
integration of the Schrödinger equations

� �h2

2l
d2

dR2 þ
�h2

2l
J0ðJ0 þ 1Þ

R2 þ UCðRÞ
" #

vJ0 ðE;RÞ ¼ EvJ0 ðE;RÞ; ð10Þ

� �h2

2l
d2

dR2 þ
�h2

2l
J00ðJ00 þ 1Þ

R2 þ UBðRÞ
" #

wv 00 ;J00 ðRÞ ¼ Ev 00 ;J00wv 00 ;J00 ðRÞ; ð11Þ

where UCðRÞ and UBðRÞ are the potential energy functions support-
ing the initial continuum state E; J0 and the final bound state v 00; J00,
respectively. The wave functions vJ0 ðE;RÞ and wv 00 ;J00 ðRÞ were calcu-
lated by numerical integration of the radial Schrödinger equation
using the Numerov–Cooley method [19,20].

For evaluation of the continuum and bound-state wave func-
tions in Eqs. (10, 11) and the dipole moment matrix elements in
Eq. (7) it is necessary to have either analytical or numerical repre-
sentation of the potential energy and dipole moment functions. We
choose numerical representation by one-dimensional reciprocal-
power reproducing kernel Hilbert space (RP-RKHS) interpolation
method [21]. This method allows not only for qualitatively correct
extrapolation in the long-range region of the A + B+ interaction
potential

UðRÞ � �D4

R4 �
D6

R6 for R!1 ; ð12Þ

but it also allows for using predetermined values of long-range
coefficients [22]. In the case of potential energy curves U the inter-
polation was done with respect to r2 [23] using RP-RKHS parameters
m = 1 and n = 2 and the coefficient D4, which is equal to ad(A)/2
was kept fixed to the values given by static dipole polarizabilities
ad(He) = 1.383191 a.u. [24] and ad(Li) = 162.87 a.u. [25]. Dipole
moment functions dz for the X, A, and a states were interpolated
with respect to r�1 using RP-RKHS parameters m = 0 and n = 2.
Transition dipole moment function dz for the A ? X process was
interpolated with respect to r3 using RP-RKHS parameters m = 0
and n = 2. Ab initio interaction energies and dipole moment values
calculated very recently by Soldán and Kraemer [7] were used as
known data points for the interpolation.

The rate coefficients for formation of a molecule by radiative
association at temperature T is defined by

aðTÞ ¼ 8
lp

� �1=2 1
kBT

� �3=2 Z 1

0
ErðEÞe�E=kBT dE: ð13Þ

In the actual calculations we have divided the rate coefficients
into three parts

aðTÞ ¼ abðTÞ þ awðTÞ þ anðTÞ; ð14Þ

where abðTÞ is the background contribution, awðTÞ is the wide-reso-
nance contribution, and anðTÞ is the narrow-resonance contribution.

The background contribution was calculated by numerical quad-
rature on a regular grid of energy points (the whole energy range
was divided into two intervals, the first one from 10�4–104 cm�1

with step 1 cm�1 and the second one from 104–105 cm�1 with step
100 cm�1) using
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abðTÞ ¼
8
lp

� �1=2 1
kBT

� �3=2 Z 1

0

dX
J0

ErJ0 ðEÞe�E=kBT dE; ð15Þ

where

rJ0 ðEÞ ¼
X
v 00 ;J00

rJ0 ;v 00 ;J00 ðEÞ ð16Þ

is the contribution of the partial wave J0 to the total radiative associ-
ation cross section. The hat over the sum symbol means that if a grid
point of energy E is in the neighborhood of an orbital resonance (Er, Jr)
the corresponding partial-wave Jr contribution is excluded from the
sum in Eq. (15). The reason for this exclusion is to avoid duplicity be-
cause the contributions of all resonances to the rate coefficient is
treated separately. An interval Ir ¼ ðEr � 5Ct

Er ;Jr
; Er þ 5Ct

Er ;Jr
Þ, where

Ct
Er ;Jr

is the resonance tunneling width, was chosen as the neighbor-
hood for resonance (Er, Jr). The resonance positions Er and tunneling
widths Ct

Er ;Jr
were calculated employing the computer program LEVEL

7.7 [26] and making use of the Airy-function boundary condition at
the outermost classical turning point [27] and the uniform semiclas-
sical method [28,29].

The resonance contribution to the rate coefficient was calcu-
lated in two different ways depending on the resonance tunneling
width. Resonances for which Ct

Er ;Jr
=Er > 10�13 were classified as

‘wide’ and their contribution was also calculated by numerical
quadrature, but involving only the corresponding partial wave Jr

and integrating only over the corresponding resonance neighbor-
hood Ir with step Ct

Er ;Jr
=8. The resulting wide-resonance contribu-

tion to the rate coefficient then was

awðTÞ ¼
8
lp

� �1=2 1
kBT

� �3=2X
Jr ;Er

Z
Ir

ErJr
ðEÞe�E=kBT dE: ð17Þ

This approach allowed us to integrate the cross sections over
the resonance neighborhood with much finer quadrature grid than
in the case of background contribution (15).

If Ct
Er ;Jr

=Er 6 10�13 then such resonances were classified as ‘nar-
row’, and their contribution to the rate coefficient was approxi-
mated by formula [17,30]

anðTÞ ¼ �h2 2p
lkBT

� �3=2

p
X
Jr ;Er

ð2Jr þ 1ÞCr
Er ;Jr

e�Er=kBT
Ct

Er ;Jr

CEr ;Jr

; ð18Þ

where Cr
Er ;Jr

is the radiative association width of the resonance (Er,
Jr) [17] and CEr ;Jr

¼ Ct
Er ;Jr
þ Cr

Er ;Jr
.

3. Results and discussion

The cross sections rðEÞ for the different radiative association to
form LiHe+ are shown in Figure 1. The two excited electronic states
support hundreds of resonances and it would be impractical to
show them all. Therefore only resonances with tunneling widths
wider that 0.1 cm�1 are shown in Figure 1. In Table 1 the total
number of resonances ntot supported by the individual electronic
state is given. However not all the resonances contribute to the
radiative association processes because of the limitations imposed
by the dipole moment selection rules. The number of these ‘sym-
metry-allowed’ resonances nr for each radiative association pro-
cess is also given in Table 1, as well as the numbers of wide
resonances nw and narrow resonances nn contributing to awðTÞ
and anðTÞ, respectively. Due to its fairly small binding energy the
X1Rþ state supports only 73 rovibrational bound states (maximum
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Figure 1. Cross sections for radiative association of LiHe+. Only the contribution of resonances wider than 0.1 cm�1 is shown for the A ? A and a ? a processes.

Table 1
Resonance situation overview the four radiative association processes studied; ntot is
the total number of orbital resonances supported by the initial electronic states, nr is
the number of symmetry-allowed resonances, nw is the number of wide resonances,
and nn is the number of narrow resonances (see text for details).

State ntot nr nw nn

X ? X 14 11 9 2
A ? X 490 8 7 1
A ? A 490 375 157 218
a ? a 709 528 201 327
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v 00 is 7, maximum J00 is 17) in total and that is the reason why so few
resonance states are participating in the radiative association
A ? X process.

The largest cross sections correspond to the A ? X process. This
is caused by very large values of the emitted photon frequency
mE;v 00 ;J00 in this process, where the absolutely dominant contribution
comes from the huge difference DE in ionization potentials of He
and Li.

In Figure 2 the individual contributions abðTÞ;awðTÞ, and anðTÞ
to the rate coefficients for the four radiative association processes
are plotted as well as the total rate coefficient aðTÞ. As we can see,
at T � 10 K and higher temperatures the background contribution
abðTÞ is dominant for all the processes. Because of our choice of
threshold for classification whether a resonance is treated as wide
or narrow, the contribution of narrow resonances anðTÞ is of sev-
eral orders of magnitude lower than that of the wide resonances.
In Table 2 the values of the total rate coefficients aðTÞ for the four
radiative association processes are presented at several selected
temperatures (a more comprehensive table is given as the Supple-
mentary material). For comparison, Table 2 also includes values of
the rate coefficient for the spontaneous radiative association X ? X
process obtained in Ref. [16]. The agreement between their cor-
rected results (published in the erratum) and our results is very
good. The small differences can be attributed to the small differ-
ences in the X-state potentials used and to the more complete
treatment of the resonance contribution in the present Letter (that
is why our values are slightly larger).

As in the case of the cross sections, the largest rate coefficient is
obtained for the A ? X process. Compared to the single-state pro-
cess of reaction (1) the rate constant for this indirect two-state pro-
cess is enhanced by many orders of magnitude, reaching a value of
approximately 2.55 � 10�15 cm3 s�1 at a temperature of 10 K in-
stead of the 1.21 � 10�22 cm3 s�1 calculated for reaction (1) at this
temperature. Similar enhancements of the rate constants for the
indirect two-state association reactions over the single-state pro-
cesses were previously obtained for HeH+ [9,14] and LiH+ [11,12].

Especially the HeH+ molecular ion was therefore expected to be ob-
servable under favorable conditions in planetary nebulae [13,31].
An intensive search in the NGC 7027 nebula however remained
unsuccessful [32]. Since the fractional abundances of He+ and H
in the formation of HeH+, analogous to reaction (2), are generally
much higher compared to the abundances of Li and Li+ the chances
for an observation of the lithium containing molecular ions in
extraterrestrial sources are rather slim.

4. Conclusion

Spontaneous radiative association of the molecular ion LiHe+ has
been investigated including three electronic states X1R+, A1R+, and
a3R+. Cross sections for four processes of radiative association
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Figure 2. Rate coefficients for radiative association of LiHe+ (ab is the background contribution, aw is the wide-resonance contribution, and an is the narrow-resonance
contribution to the total rate coefficient a; see text for details).

Table 2
Values of the total rate coefficients (cm3 s�1) for the four radiative association
processes of the LiHe+ ion.

T (K) X ? X X ? X [16]a A ? A A ? X a ? a

1.0 2.40 � 10�22 6.59 � 10�21 0.53 � 10�14 0.33 � 10�19

5.0 1.48 � 10�22 6.45 � 10�21 0.35 � 10�14 0.25 � 10�19

10.0 1.21 � 10�22 0.8 � 10�22 5.94 � 10�21 0.26 � 10�14 0.22 � 10�19

20.0 9.52 � 10�23 7.0 � 10�23 5.37 � 10�21 0.18 � 10�14 0.20 � 10�19

30.0 8.07 � 10�23 6.3 � 10�23 4.98 � 10�21 0.15 � 10�14 0.18 � 10�19

45.0 6.72 � 10�23 5.4 � 10�23 4.49 � 10�21 0.12 � 10�14 0.16 � 10�19

80.0 5.01 � 10�23 4.3 � 10�23 3.58 � 10�21 0.93 � 10�15 0.13 � 10�19

90.0 4.69 � 10�23 4.1 � 10�23 3.36 � 10�21 0.88 � 10�15 0.12 � 10�19

100.0 4.41 � 10�23 3.9 � 10�23 3.16 � 10�21 0.84 � 10�15 0.11 � 10�19

200.0 2.77 � 10�23 2.6 � 10�23 1.88 � 10�21 0.59 � 10�15 0.68 � 10�20

300.0 1.99 � 10�23 1.9 � 10�23 1.27 � 10�21 0.49 � 10�15 0.46 � 10�20

400.0 1.53 � 10�23 1.5 � 10�23 9.30 � 10�22 0.42 � 10�15 0.34 � 10�20

500.0 1.22 � 10�23 1.2 � 10�23 7.20 � 10�22 0.38 � 10�15 0.26 � 10�20

700.0 8.49 � 10�24 8.0 � 10�24 4.80 � 10�22 0.32 � 10�15 0.18 � 10�20

800.0 7.28 � 10�24 7.0 � 10�24 4.06 � 10�22 0.30 � 10�15 0.15 � 10�20

1000.0 5.58 � 10�24 3.05 � 10�22 0.27 � 10�15 0.12 � 10�20

5000.0 6.41 � 10�25 3.25 � 10�23 0.13 � 10�15 0.13 � 10�21

10000.0 2.35 � 10�25 1.18 � 10�23 0.86 � 10�16 0.48 � 10�22

a Taken from Table 1 in the erratum.
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X ? X, A ? A, A ? X, and a ? a have been calculated as functions of
collision energy. The corresponding rate coefficients for formation
of LiHe+ by radiative have been determined as functions of temper-
ature. The A ? X radiative association process exhibits the largest
cross sections and rate coefficients because of the huge amount of
the de-excitation energy from the A state to the X state.
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ABSTRACT

Aims. Rate coefficients for spontaneous and stimulated radiative association of the He+2 molecular ion are presented as a function of
temperature, considering the association with rotational-vibrational states of the ground X electronic state from the continuum states
of the lowest three excited A,C, and E electronic states.
Methods. The rate coefficients are obtained from the cross sections for radiative association, which are calculated by solving the
Schrödinger equation for bound and continuum states supported by the corresponding Born-Oppenheimer potential energy curves.
Results. The rate coefficients for the A → X spontaneous process are in excellent agreement with previous calculations. For tem-
peratures up to about 10 000 K, the spontaneous C → X and E → X processes are dominant, exceeding the A → X rate coefficient
by several orders of magnitude. Stimulation of the radiative association by black-body radiation has significant influence only on the
A→ X process at temperatures below 1000 K. The black-body radiation temperature would have to be well above 50 000 K in order
to have any noticeable effect on the C → X and E → X processes.

Key words. molecular processes

1. Introduction

The small diatomic ions H+2 or HeH+ and He+2 are assumed to be
significantly abundant in the atmospheres of white dwarf stars,
either in the hydrogen-dominated DA-type stars or the less nu-
merous helium-rich ones, respectively (Koester & Chanmugam
1990). Continuous absorption by these ions has been shown to
be a major source of the opacity in the ultraviolet continuum of
these stars (Stancil 1994). With their one-dimensional potentials
originating from solutions of a small few-electron problem, these
ions can be treated on very high theoretical accuracy levels and
are therefore ideal test cases for comparisons between theory and
results obtained from laboratory experiments or observations.

There have been numerous accurate theoretical studies of
the X2Σ+u ground electronic state of the He+2 ion, culminating
in the highly accurate calculations of its adiabatic potential en-
ergy curve by Cencek & Rychlewski (1995) and most recently in
calculations of the ground state potential including adiabatic cor-
rections by Tung et al. (2012). Theoretical studies on a similar
high accuracy level of the excited states are less frequent, which
is partly due to the fact that within the adiabatic approximation
these states undergo numerous avoided curve crossings. The first
serious attempt to clear up the situation for the lowest six 2Σ+g
excited states went beyond the adiabatic Born-Oppenheimer ap-
proximation, evaluating in addition to the adiabatic potential

⋆ The corresponding author.

curves the non-adiabatic matrix elements at the avoided cross-
ings and thus constructing approximate diabatic potential curves
(Metropoulos et al. 1987). Other extended calculations focused
later on the Born-Oppenheimer potentials of the low-lying 2Σu,
2Σg, 2Πu, and 2Πg states (Ackermann & Hogreve 1991; Bawagan
& Davidson 1997). Recently, a two-state study of the ground
and first excited states was performed, which included an exact
treatment of all adiabatic correction terms (Xie et al. 2005).

Stancil et al. (1993) have studied the spontaneous radiative-
association formation of He+2 from collisions of He+ ions with
He atoms in their ground state and discussed possible astrophysi-
cal implications of this reaction in attempts to model abundances
in SN 1987A ejecta and in the planetary nebula NGC 7027. They
came to the conclusion that the formation of He+2 in the early
Universe does not have any interesting consequences. In con-
trast, the helium-containing small molecular ions HeH+ and He+2
are known to be highly abundant in the atmospheres of He-rich
white dwarf stars (Gaur et al. 1988, 1992) and some planetary
nebulae (Black 1978; Flower & Roueff 1979; Stancil 1994). It
was demonstrated, for instance, that HeH+ can affect signifi-
cantly the photosphere of such stars (Harris et al. 2004) and that
the resulting increased opacity will lengthen their cooling time
(Fontaine et al. 2001). The same holds for contributions from
He + He+ collisional absorption and He+2 photo-dissociation
processes (Ignjatovic et al. 2009). Since temperatures in these
objects are very high, investigations of possible interactions
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between excited He atoms and He+ ions or protons seem to be
appropriate.

On this background the present study intends to go beyond
the previous work of Stancil et al. (1993), investigating the dif-
ferent radiative-association formation processes of He+2 , which
can be formulated with the lowest three excited 2Σ+g states acting
as reactant channels. They are described as

A2
[
He(11S ) + He+

]
g
→ He+2 (X2Σ+u ) + hν (A→ X) (1)

C2
[
He(23S ) + He+

]
g
→ He+2 (X2Σ+u ) + hν (C → X) (2)

E2
[
He(21S ) + He+

]
g
→ He+2 (X2Σ+u ) + hν (E → X), (3)

where 2[. . .]g means a doublet g submanifold of the correspond-
ing collisional continuum. According to this scheme, reactions
start from collisions of He in one of the lowest three atomic lev-
els (11S , 23S , 21S ) with He+ ions and proceed via resonance
and continuum states of the excited A2Σ+g , C2Σ+g , and E2Σ+g po-
tentials of the collisional complex to form under spontaneous
photon emission the molecular-ion ground state X2Σ+u . These
processes are characterized in the above scheme as A → X,
C → X, or E → X, respectively. Apart from spontaneous emis-
sion, processes stimulated by the background radiation with fre-
quency νb (Stancil & Dalgarno 1997; Zygelman et al. 1998) are
also considered:

He∗ + He+ + hνb → He+2 + hν + hνb. (4)

The underlying information necessary for the present dynamics
calculations, i.e. potential energy data for the different He+2 states
and the dipole transition data, is calculated on a high accuracy
level of ab initio theory (details of these calculations and a dis-
cussion of the methodology used will be collected in a separate
paper (Augustovičová et al., in prep.).

2. Methods

In quantum mechanics, the cross sections for radiative associ-
ation of a diatomic molecule in the presence of black-body ra-
diation can be expressed as a sum over allowed transitions be-
tween a continuum state with a positive energy E and orbital
angular momentum N′ to bound rovibrational states with vibra-
tional quantum number v′′ and orbital angular momentum N′′
(Zygelman & Dalgarno 1990):

σ(E; Tb) =
∑

N′ ,v′′ ,N′′
σN′;v′′ ,N′′ (E; Tb), (5)

where the temperature Tb characterizes the black-body radiation
field. In the case of dipole moment transitions, the individual
cross sections can be expressed as (Stancil & Dalgarno 1997)

σN′ ;v′′,N′′ (E; Tb) =
1

4πǫ0

64
3
π5

c3 k2
p ν3E;v′′ ,N′′ S N′ ,N′′ M2

E,N′ ;v′′ ,N′′

×
[

1
1 − exp (−hνE;v′′ ,N′′/kBTb)

]
, (6)

where c is the speed of light in a vacuum, k2 = 2µE/�2, µ is the
“reduced mass” of the molecular ion (µ = 3647.89986 AU for
4He+2 ), p is the probability of approach in the initial electronic
state (p = 1/2 for A → X and E → X and p = 1/6 for C → X),
and νE;v′′ ,N′′ is the emitted photon frequency, hνE;v′′ ,N′′ = E + △
E − Ev′′ ,N′′ , where △E = 0 cm−1 for A → X, △E = 19.8176 eV

for C → X and △E = 20.6164 eV for E → X (Ralchenko et al.
2010).

For a homonuclear diatomic molecule within the Hund’s
case (a) spin-less approximation, the dipole moment transitions
between Σg and Σu states are governed by the rotational selection
rules △N = N′−N′′ = ∓1. Thus there are only two branches and
the only non-zero Hönl-London coefficients are S N′ ,N′+1 = N′+1
and S N′ ,N′−1 = N′, respectively.

ME,N′ ;v′′ ,N′′ =

∫ ∞

0
χN′ (E,R) dz(R)ψv′′,N′′ (R) dR (7)

is the matrix element of the transition dipole moment func-
tion dz(R) between the initial continuum radial wave func-
tion χN′ (E,R) for the partial wave N′ and the final bound-state
radial wave function ψv′′ ,N′′ (R). The above formula (6) is derived
for the energy-normalized continuum wave function χN′ (E,R):

χN′ (E,R) ∼
(

2µ
�2πk

)1/2
sin

[
kR − 1

2
N′π + δN′ (E)

]
for R→ ∞,

(8)

where δN′ (E) is the phase shift and

∫ ∞

0
|ψv′′,N′′ (R)|2 dR = 1. (9)

Moreover, in the case of a homonuclear diatomic molecule with
zero nuclear spin (such as 4He+2 ), symmetry requires that only
even N′ levels are populated in the Σg electronic states and
only odd N′′ levels are populated in the Σu electronic states.
Thus the sum in Eq. (5) goes only over even N′, and then the
Hönl-London coefficients conveniently arrange that it also goes
only over odd N′′.

The radial wave functions may be determined by numerical
integration of the Schrödinger equations

[
− �

2

2µ
d2

dR2
+
�2

2µ
N′(N′ + 1)

R2
+ UC(R)

]
χN′ (E,R) =

E χN′ (E,R), (10)[
− �

2

2µ
d2

dR2
+
�2

2µ
N′′(N′′ + 1)

R2
+ UB(R)

]
ψv′′ ,N′′ (R) =

Ev′′ ,N′′ ψv′′ ,N′′ (R), (11)

where UC(R) and UB(R) are the potential energy functions sup-
porting the initial continuum state E, N′ and the final bound
state v′′, N′′, respectively. The wave functions χN′ (E,R) and
ψv′′ ,N′′ (R) were calculated by numerical integration of the ra-
dial Schrödinger equation using the Numerov-Cooley method
(Numerov 1933; Cooley 1961). Resonance positions and tun-
neling widths were calculated employing the computer program
LEVEL 7.7 (Le Roy 2005) and making use of the Airy-function
boundary condition at the outermost classical turning point
(Le Roy & Liu 1978) and the uniform semiclassical method
(Connor & Smith 1981; Huang & Le Roy 2003).

For evaluation of the continuum and bound-state wave func-
tions in Eqs. (10, 11) and the dipole moment matrix elements
in Eq. (7), it is necessary to have either analytical or nu-
merical representation of the potential energy and dipole mo-
ment functions. We chose numerical representation by the one-
dimensional reciprocal-power reproducing kernel Hilbert space
(RP-RKHS) interpolation method (Ho & Rabitz 1996). This
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Table 1. Molecular characteristics of the potential energy curves used
in the cross-section calculations of the He+2 radiative association.

State Re De D0 △E

(a0) (cm−1) (cm−1) (eV)

X2Σ+u 2.042a 19 954.583a 19 113.978a 0
A2Σ+g 8.718 17.516 8.185 0
C2Σ+g 6.837 9 172.316 9024.917 19.8176b

E2Σ+g 15.358 733.800 699.762 20.6164b

Notes. Re is the position of the global minimum (equilibrium distance),
De is the dissociation energy from the potential global minimum,D0 is
the dissociation energy from the lowest rovibrational state, △E is the
energy gap between the corresponding dissociation limits. (a) The Born-
Oppenheimer potential energy curve from Tung et al. (2012) was used
for the X2Σ+u state. (b) Experimental values from Ralchenko et al. (2010)
were used for △E.

method allows not only for qualitatively correct extrapolation in
the long-range region of the A + A+ interaction potential

U(R) ∼ −D4

R4
− D6

R6
for R→ ∞, (12)

but also for the use of predetermined values of long-range co-
efficients (Ho & Rabitz 2000). In the case of potential energy
curves U, the interpolation was done with respect to r2 (Soldán
& Hutson 2000) using RP-RKHS parameters m = 1 and n = 2,
the coefficient D4, which is equal to αd/2, was kept fixed to
the values given by static dipole polarisabilities αd[He(11S)] =
1.383191 AU (Pachucki & Sapirstein 2000), αd[He(23S)] =
800.31633 AU and αd[He(21S)] = 315.631468 AU (Yan & Babb
1998). Very accurate interaction energies of the ground X2Σ+u
state (Tung et al. 2012) were exploited as known data points
for the interpolation. We calculated ab initio interaction ener-
gies for the excited states A2Σ+g , C2Σ+g , and E2Σ+g and the corre-
sponding transition dipole moment values employing the multi-
reference configuration interaction method (combined with a
very large electron basis set) as implemented in the quantum
chemistry program suite MOLPRO (Werner et al. 2010). Further
details of these extensive quantum chemistry calculations will be
published later elsewhere (Augustovičová et al., in prep.).

Having obtained the corresponding cross sections (5), the
rate coefficients for formation of a molecule by (spontaneous
and stimulated) radiative association at temperature T is then
defined by

α(T ; Tb) =

(
8
µπ

)1/2( 1
kBT

)3/2∫ ∞

0
E σ(E; Tb) e−E/kBT dE. (13)

To evaluate this integral as accurately as possible, we followed
the approach of Augustovičová et al. (2012), where contributions
from wide and narrow resonances are treated separately from the
background contribution. This method was successfully used for
very recent calculations of radiative-association rate coefficients
of the molecular ion LiHe+ (Augustovičová et al. 2012).

3. Results and discussion

Using the high-level calculations of Tung et al. (2012) for the
X2Σ+u state as reference, we calculated the potentials of the three
lowest 2Σ+g states on a comparable accuracy level. In Table 1
some data characterizing the three excited states potentials are
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Fig. 1. Cross sections for spontaneous (Tb = 0 K) radiative associa-
tion of He+2 . Only the contribution of resonances wider than 0.1 cm−1 is
shown.

summarized. For the A state, degenerate with the X state at dis-
sociation, the equilibrium bond distance Re and the dissociation
energy De are in perfect agreement with previous accurate re-
sults obtained by Xie et al. (2005) and those of Carrington et al.
(1995). Relative to the results of Xie et al. (2005), the present Re
is smaller by less than 0.3 percent and De is larger by less than
1 percent. For the C state, Re andDe can be compared with ear-
lier calculations by Ackermann & Hogreve (1991), which were
performed at a lower accuracy level. Whereas the difference
in Re is only about 0.9 percent, De differs considerably more:
9173 cm−1 compared to 8565 cm−1. For the E state, accurate
results for comparison are not available. Quantitative compar-
isons with the corresponding basic data used in the white dwarf
atmosphere studies of Stancil et al. (1993), Stancil (1994), and
Ignjatovic et al. (2009) are not possible, because explicit numer-
ical results are not given there. However, the qualitative agree-
ment with these studies is very good. The X2Σ+u potential energy
curve of Tung et al. (2012) supports 409 rotational-vibrational
bound states as opposed to 411 states found by Stancil et al.
(1993). Our maximum rotational quantum numbers differ from
those presented by Stancil (1994) for four vibrational states (for
v = 1, 11, 20, and 23 our Nmax are 55, 35, 13, and 3, respectively).
The X2Σ+u potential energy curve of Tung et al. (2012), our A2Σ+g
potential energy curve, and our transition dipole moment func-
tion connecting these two states also seem to agree very well
with the corresponding function plots of Ignjatovic et al. (2009)
with no visible differences.

Cross sections for a spontaneous (Tb = 0 K) radiative as-
sociation are shown graphically in Fig. 1. The cross sections
for the C → X and E → X processes are several orders of
magnitude larger than the cross sections for the A → X pro-
cess because of their rather large △E. For these two processes
one can also see the high-energy resonance structures. These
are consequences of the avoided crossings with higher 2Σ+g elec-
tronic states, which result in local potential energy minima in the
short-range region (for R between 1 a0 and 2.5 a0) (Metropoulos
et al. 1987). The corresponding potential energy wells then sup-
port many shape resonances in the high-energy region (between
1.7 eV and 6.2 eV and between 6.5 eV and 7.9 eV for the C → X
and E → X processes, respectively). The low-energy resonance
structure in the radiative-association cross sections, which is cre-
ated by the quasi-bound states trapped behind the centrifugal
barrier, is the richest for the C → X process. Only quasi-bound
states, which have a symmetry-allowed (i.e. for which the corre-
sponding Hönl-London coefficient is non-zero) bound-state part-
ner supported by the X2Σ+u electronic state, contribute to rate
coefficients. The resonance structures relevant for the studied
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Table 2. Resonance situation overview for the three studied processes
of the He+2 radiative association.

Process ntot nr nw nn

A→ X 1 1 1 0
C → X 480 135 88 47
E → X 123 68 53 15

Notes. Using formalism of Augustovičová et al. (2012): ntot is the total
number of orbital resonances supported by the initial electronic states,
nr is the number of symmetry-allowed resonances, nw is the number of
wide resonances, and nn is the number of narrow resonances.
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Fig. 2. Rate coefficients for spontaneous (Tb = 0 K) radiative
association of He+2 .

processes are summarized in Table 2. The corresponding rate
coefficients for the spontaneous radiative association are shown
graphically in Fig. 2, and their values, evaluated at selected tem-
peratures, are provided in Table 3. Our results for the A → X
process are in excellent agreement with the results of Stancil
et al. (1993), indicating thus that in this case the rate coefficients
are not very sensitive to the potentials used. For temperatures up
to about 10 000 K, the processes C → X and E → X are domi-
nant, exceeding the A → X rate coefficient by several orders of
magnitude and thus mimicking the cross-section behaviour.

Cross sections and rate coefficients for the stimulated
radiative-association A → X process are shown graphically for
different black-body radiation temperatures Tb in Figs. 3 and 4,
respectively. The difference in cross sections between the limit
(Tb = 0 K and Tb = 10 000 K) cases starts to be washed out
at collision energies around E = 1 eV. However, at lower ener-
gies the difference is almost two orders of magnitude in favour
of the stimulated process. The difference in the corresponding
rate coefficients at low temperatures (around T = 10 K) reaches
two orders of magnitude, although it decreases rapidly with in-
creasing temperature until it becomes negligible at temperatures
around T = 10 000 K. The cross sections and rate coefficients
for the stimulated C → X and E → X processes do not vary
significantly with the black-body radiation temperatures. This
is caused by very large △E for these processes, which negates
the effect of the black-body radiation temperature in Eq. (6).
Consequently one would need the black-body radiation temper-
ature around Tb = 50 000 K to see an increase by merely 1% in
the cross sections or rate coefficients.

4. Conclusion

Radiative association formation of the ground X2Σ+u electronic
state of He+2 by spontaneous or stimulated photon emission was
investigated considering the lowest three excited 2Σ+g electronic

Table 3. Values of the total rate coefficients for the three spontaneous
processes of the He+2 radiative association.

T A→ X A→ X (1) C → X E → X

(K) (cm3 s−1) (cm3 s−1) (cm3 s−1) (cm3 s−1)

10 1.37 × 10−21 (...) 6.33 × 10−15 1.13 × 10−16

20 1.43 × 10−21 1.44 × 10−21 4.56 × 10−15 7.96 × 10−17

30 1.76 × 10−21 1.83 × 10−21 3.73 × 10−15 6.47 × 10−17

50 2.78 × 10−21 2.91 × 10−21 2.89 × 10−15 4.97 × 10−17

100 7.02 × 10−21 7.18 × 10−21 2.04 × 10−15 3.44 × 10−17

200 2.27 × 10−20 2.36 × 10−20 1.45 × 10−15 2.36 × 10−17

500 1.30 × 10−19 1.48 × 10−19 9.29 × 10−16 1.41 × 10−17

1000 5.02 × 10−19 5.82 × 10−19 6.75 × 10−16 9.77 × 10−18

2000 1.87 × 10−18 2.16 × 10−18 5.04 × 10−16 8.78 × 10−18

2500 2.79 × 10−18 3.22 × 10−18 4.62 × 10−16 1.04 × 10−17

3000 3.84 × 10−18 4.42 × 10−18 4.32 × 10−16 1.35 × 10−17

4000 6.21 × 10−18 7.13 × 10−18 3.91 × 10−16 2.50 × 10−17

6000 1.16 × 10−17 1.33 × 10−17 3.44 × 10−16 7.02 × 10−17

8000 1.73 × 10−17 1.98 × 10−17 3.15 × 10−16 1.43 × 10−16

10 000 2.30 × 10−17 2.62 × 10−17 2.93 × 10−16 2.36 × 10−16

16 000 3.87 × 10−17 4.39 × 10−17 2.48 × 10−16 5.66 × 10−16

20 000 4.73 × 10−17 5.36 × 10−17 2.24 × 10−16 7.73 × 10−16

25 000 5.59 × 10−17 6.34 × 10−17 1.98 × 10−16 9.80 × 10−16

32 000 6.45 × 10−17 7.30 × 10−17 1.69 × 10−16 1.16 × 10−15

50 000 7.33 × 10−17 8.29 × 10−17 1.16 × 10−16 1.26 × 10−15

64 000 7.29 × 10−17 8.23 × 10−17 9.13 × 10−17 1.19 × 10−15

100 000 6.29 × 10−17 7.11 × 10−17 5.56 × 10−17 9.18 × 10−16

200 000 3.75 × 10−17 4.24 × 10−17 2.31 × 10−17 4.73 × 10−16

50 0000 1.34 × 10−17 1.51 × 10−17 6.47 × 10−18 1.51 × 10−16

Notes. Tb = 0 K.

References. (1) Stancil et al. (1993).
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Fig. 3. Cross sections for the stimulated radiative association A → X
process in He+2 for different background temperatures.

states (A2Σ+g , C2Σ+g , E2Σ+g ) as initial reactant channels. The cross
sections for spontaneous radiative association via the A → X,
C → X, and E → X processes were calculated as functions
of the collision energy. The corresponding rate coefficients for
the formation of He+2 in the ground X2Σ+u electronic state were
determined as functions over a wide range of temperatures. For
the A → X process, the results were found to be in excellent
agreement with those of Stancil et al. (1993). Whereas at low
temperatures the C → X process is by far the most efficient one
(its rate coefficient is more than six orders of magnitude larger
than for A → X), the E → X process becomes more efficient
at very high temperatures (in the range of 104 to 105 K) with
rate coefficients more than an order of magnitude larger than for
A → X. Stimulation of the radiative association by black-body
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Fig. 4. Rate coefficients for the stimulated radiative association A → X
process in He+2 for different background temperatures.

radiation was shown here to be important for the A→ X reaction
at temperatures up to about 1000 K. For background radiation
temperatures of a few thousand K, the increase of the rate co-
efficient in this temperature range can be by about an order of
magnitude and more.
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ABSTRACT
Rate coefficients for spontaneous and stimulated radiative association of the He+

2 molecular
ion on the spin-quartet manifold are presented as functions of temperature considering the
association with rotational-vibrational states of the lowest quartet electronic states b4�+

u and
c4�+

g from the continuum states of the low-lying excited quartet states. The rate coefficients
are obtained from the cross sections for radiative association, which are calculated by solving
the Schrödinger equations for bound and continuum states supported by the corresponding
Born–Oppenheimer potential energy curves. The rate coefficients for radiative association
to the b state are several orders of magnitude larger than for radiative association to the c
state. For all considered temperatures the spontaneous 14�g → b4�+

u process is dominant.
Stimulation of the radiative association by blackbody radiation has a significant influence only
on the c4�+

g → b4�+
u process at temperatures below 1000 K.

Key words: atomic data – atomic processes – molecular data – molecular processes.

1 IN T RO D U C T I O N

The ionization rate of interstellar material by cosmic rays is a major
source of controversy, with different estimates varying by orders of
magnitude (Indriolo et al. 2009). Difficulties arise from uncertain-
ties in analysing the chemistry of various molecular species that can
be produced following the cosmic ray ionization of atoms. In this
situation interstellar metastable He absorption has been found to be
a valuable probe to estimate the cosmic ray ionization rate or col-
umn densities in active interstellar objects as for example in broad
absorption line QSOs (Leighly, Dietrich & Barber 2011; Leighly
et al. 2012; Naito et al. 2013). Metastable He(23S), with its elec-
tronic configuration (1s 2s), lies 19.75 eV above the helium (1s2)
ground state. It has been found to have an unusually long lifetime of
about 2.2 h (Drake 1971; Hodgman et al. 2009). In the outflows of
galactic nuclei the metastable He triplet is assumed to be formed by
recombination of cosmic ray ionized He with electrons rather than
by photoelectron impact on the far lower lying ground state (Scherb
1968; Indriolo et al. 2009). Depopulation predominantly occurs by
collisions in the photoionized gas. He(23S) is the common base for
the He I*λ10 830 (due to 2s → 2p), He I*λ3889 (2s → 3p), and
He I*λ3188 (2s → 4p) absorption lines, where the first two absorp-
tions are suitable for measuring the He+ fraction and column density
in the outflows of active galaxies (Leighly et al. 2012), whereas the
last one has previously been discussed in an earlier study of the

� E-mail: pavel.soldan@mff.cuni.cz

spectra of planetary nebulae (Osterbrock 1964). Compared to other
probes the He I* absorption lines have the advantage that they are
observable from the ground in the optical and infrared range and
are not blended by other lines.

In order to get an insight into some aspects of its chemistry,
collisions of He(23S) with He+ ions are considered here as possi-
ble depopulation reactions in the relevant interstellar environments.
Recently, we have studied processes in which He(23S) and other
He states combine with He+ ions and (via radiative transitions)
form He+

2 in its electronic ground state (X2�+
u ) (Augustovičová

et al. 2013). In the present study, we investigate processes, in which
metastable He(23S) and He(23P) atoms react with He+ ions and (via
different radiative-association reactions) form He+

2 in the lowest
quartet �+ states. The corresponding processes induced by dipole-
moment continuum-bound transitions are described as:

c4
[
He(23S) + He+]

g
→ He+

2 (b4�+
u ) + hν (c → b) (1)

g4
[
He(23P) + He+]

g
→ He+

2 (b4�+
u ) + hν (g → b) (2)

14
[
He(23P) + He+]

g
→ He+

2 (b4�+
u ) + hν (1 → b) (3)

b4
[
He(23S) + He+]

u
→ He+

2 (c4�+
g ) + hν (b → c) (4)

f 4
[
He(23P) + He+]

u
→ He+

2 (c4�+
g ) + hν (f → c), (5)

where 4[· · ·]g and 4[· · ·]u mean quartet g or u submanifolds of
the corresponding collisional continuum, respectively. According
to this scheme, reactions (1)–(5) start from collisions of He in one

C© 2013 The Authors
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1542 L. Augustovičová et al.

of the two excited triplet atomic levels (23S or 23P) with He+(12S)
ions, and then proceed via resonance and continuum states of the
b4�+

u , c4�+
g , f 4�+

u , g4�+
g , and 14�g potentials of the collisional

complex to form (under spontaneous photon emission) the molecu-
lar ion in the lowest quartet states b4�+

u or c4�+
g . These processes

are characterized as c → b, g → b, 1 → b, b → c or f → c
in the above scheme. Apart from spontaneous emission, the corre-
sponding processes stimulated by the background radiation (Stancil
& Dalgarno 1997; Zygelman, Stancil & Dalgarno 1998) are also
considered.

2 M E T H O D S

In quantum mechanics, the cross sections for radiative association of
two atoms in the presence of blackbody radiation can be expressed
as a sum over allowed transitions between a continuum state with
a positive energy E and orbital angular momentum N′ to bound
rovibrational states with vibrational quantum number v′ ′ and orbital
angular momentum N′ ′ (Zygelman & Dalgarno 1990)

σ (E; Tb) =
∑

N ′,v′′,N ′′
σN ′;v′′,N ′′ (E; Tb) , (6)

where the temperature Tb characterizes the blackbody radiation
field. In the case of dipole-moment transitions, the individual cross
sections can be expressed as (Stancil & Dalgarno 1997)

σN ′;v′′,N ′′ (E; Tb) = 1

4πε0

64

3

π5

c3 k2
p ν3

E;v′′,N ′′ SN ′,N ′′

×M2
E,N ′;v′′,N ′′

[
1

1 − exp (−hνE;v′′,N ′′/kBTb)

]
, (7)

where c is the speed of light in vacuum, k2 = 2μE/�2, μ is the
‘reduced mass’ of the molecular ion (μ = 3647.899 86 a.u. for
4He+

2 ), p is the probability of approach in the initial electronic state
(p = 1/3 for c → b and b → c, p = 1/9 for g → b and f → c and
p = 2/9 for 1 → b) and νE;v′′,N ′′ is the emitted photon frequency,
hνE;v′′,N ′′ = E +	E − Ev′′,N ′′ , where 	E = 0 eV for c → b and
b → c, 	E = 1.144 4723 eV for g → b, f → c and 1 → b (Kramida
et al. 2011).

For a homonuclear diatomic molecule within the Hund case (a)
spin-less approximation (Hansson & Watson 2005), the dipole-
moment transitions between �g and �u states are governed by
the rotational selection rules 	N = N′ − N′ ′ = ∓1, thus there
are only two branches and the only non-zero Hönl-London coeffi-
cients are SN ′,N ′+1 = N ′ + 1 and SN ′,N ′−1 = N ′, respectively. Sim-
ilarly (Hansson & Watson 2005), the dipole-moment transitions
between �g and �u states are governed by the rotational selec-
tion rules 	N = N′ − N′ ′ = 0, ∓1, thus there are three branches
and the corresponding Hönl-London coefficients are SN ′,N ′+1 = N ′,
SN ′,N ′ = 2 N ′ + 1 and SN ′,N ′−1 = N ′ + 1, respectively,

ME,N ′;v′′,N ′′ =
∫ ∞

0
χN ′ (E,R) T 1

k (d) ψv′′,N ′′ (R) dR (8)

is the matrix element of the transition dipole-moment vector d(R) in
the spherical tensor representation (k = 0 for the � → � transitions
and k = 1 for the � → � transitions) between the initial continuum
radial wavefunction χN ′ (E,R) for the partial wave N′ and the final
bound-state radial wavefunction ψv′′,N ′′ (R). The above formula (7)
is derived for the normalized bound-state wavefunction
∫ ∞

0
|ψv′′,N ′′ (R)|2 dR = 1 (9)

and the energy-normalized continuum wavefunction

χN ′ (E,R) ∼
(

2μ

�2πk

)1/2

sin

[
kR − 1

2
N ′π + δN ′ (E)

]
(10)

for R → ∞, where δN ′ (E) is the phase shift. Moreover, in the
case of a homonuclear diatomic molecule with zero nuclear spin
(such as 4He+

2 ), symmetry requires that only levels with even orbital
angular momentum are populated in the �g electronic states and
only levels with odd orbital angular momentum are populated in the
�u electronic states.

The radial wave functions may be determined by numerical inte-
gration of the Schrödinger equations

HC χN ′ (E, R) = E χN ′ (E,R), (11)

HB ψv′′,N ′′ (R) = Ev′′,N ′′ ψv′′,N ′′ (R) (12)

with

HC = − �2

2μ

d2

dR2
+ �2

2μ

N ′(N ′ + 1) − 
2

R2
+ UC(R), (13)

HB = − �2

2μ

d2

dR2
+ �2

2μ

N ′′(N ′′ + 1) − 
2

R2
+ UB (R), (14)

where 
2 = 0 for the � states and 
2 = 1 for the � state. UC(R) and
UB(R) are the potential energy functions supporting the initial con-
tinuum state (E, N′) and the final bound state (v′ ′, N′ ′), respectively.
The wave functions χN ′ (E, R) and ψv′′,N ′′ (R) were calculated by
numerical integration of the radial Schrödinger equation using the
Numerov–Cooley method (Numerov 1933; Cooley 1961). Reso-
nance positions and tunnelling widths were calculated employing
the computer program LEVEL 7.7 (Le Roy 2005) and making use
of the Airy-function boundary condition at the outermost classical
turning point (Le Roy & Liu 1978) and the uniform semiclassical
method (Connor & Smith 1981; Huang & Le Roy 2003).

For evaluation of the continuum and bound-state wave functions
in equations (11) and (12) and the dipole-moment matrix elements
in equation (8), it is necessary to have either analytical or numerical
representation of the potential energy and dipole-moment functions.
We choose numerical representation by one-dimensional reciprocal-
power reproducing kernel Hilbert space (RP-RKHS) interpolation
method (Ho & Rabitz 1996). This method allows for qualitatively
correct extrapolation in the long-range region of the A + A+ inter-
action potential

U (R) ∼ −D4

R4
− D6

R6
for R → ∞ . (15)

In the case of potential energy curves U, the interpolation was
done with respect to r2 (Soldán & Hutson 2000) using RP-RKHS
parameters m = 1 and n = 2.

Ab initio interaction energies for the electronic states b4�+
u ,

c4�+
g , f 4�+

u , g4�+
g , and 14�g and the corresponding transition

dipole-moment values were calculated by us making use of the
quantum chemistry program suit MOLPRO (Werner et al. 2010). Mul-
tireference configuration interaction (MRCI) method with single
and double excitations, as implemented in MOLPRO (Knowles &
Werner 1988; Werner & Knowles 1988), was employed with the
active space formed by 7σ+

g , 7σ+
u , 2πg and 2πu orbitals (the actual

calculations were performed within the D2h point-group symmetry).
The MRCI calculations were preceded by complete active space
self-consistent field calculations (Knowles & Werner 1985; Werner
& Knowles 1985) with the same active space. The aug-cc-pV6Z
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Figure 1. Potential energy curves of the relevant He+
2 quartet electronic

states.

Figure 2. Transition dipole-moment functions between the relevant He+
2

quartet electronic states.

basis set augmented by a set of (1s,2p,1d,1f) even-tempered diffuse
functions was used for helium resulting in the (8s,8p,6d,5f,3g,2h)
contracted basis set; in order to increase the basis-set flexibility a
set of (4s,4p) mid-bond functions was also added. All interaction
energies were calculated in the supermolecular manner. No counter-
poise correction was applied to the MRCI interaction energies. All
transition dipole-moment functions were calculated with respect to
the centre of mass of the molecular ion.

Having obtained the corresponding cross sections (6) the rate
coefficients for formation of a molecule by (spontaneous and stim-
ulated) radiative association at temperature T is then defined by

α(T ; Tb) =
(

8

μπ

)1/2( 1

kBT

)3/2∫ ∞

0
E σ (E; Tb)e−E/kBT dE.

(16)

To evaluate this integral as accurately as possible, we followed
the approach of Augustovičová et al. (2012), where contributions
from wide and narrow resonances are treated separately from the
background contribution.

3 R ESULTS AND DI SCUSSI ON

Ab initio interaction energies for the electronic states b4�+
u , c4�+

g ,
f 4�+

u , g4�+
g and 14�g and the corresponding transition dipole-

moment functions are shown in Fig. 1 and Fig. 2, respectively.
In Table 1, some data characterizing the five electronic states
are summarized. Our results can be compared with results ob-
tained by Hogreve (2000) in a systematic study of the quartet
electronic states of He+

2 . For the b4�+
u , c4�+

g and f 4�+
u states,

the equilibrium bond distance Re and the dissociation energy De

are in good agreement and differences do not exceed 1 and 5 per
cent, respectively. Somewhat larger differences can be seen for
the g4�+

g and 14�g electronic states, where they are about 4 per
cent in Re and about 14 and 9 per cent in De, respectively. For
the 14�g electronic state, we detect a small long-range barrier at
22.4 a0 with height around 60 cm−1, which was also observed by
Hogreve (2000). Recently, similar long-range ‘humps’ were calcu-
lated for � states in LiHe+ (Soldán & Kraemer 2012), too. The
14�u electronic state is repulsive and transitions from this state
are not considered here. The target electronic states b4�+

u and
c4�+

g support 2924 and 208 bound rotational-vibrational states,
respectively.

Cross sections for a spontaneous (Tb = 0 K) radiative associa-
tion to the b4�+

u electronic state are shown graphically in Fig. 3.
The cross sections for the 1 → b and g → b processes are two
and four orders of magnitude larger than the cross sections for the
c → b process because of their larger 	E. In the case of radiative
association to the c4�+

g electronic state, the cross sections for the
b → c and f → c processes shown in Fig. 4 are smaller because
of the much smaller number of target bound states (for the f → c
process it is partly compensated by non-zero 	E).

The low-energy resonance structure in the radiative-association
cross sections, which is created by the quasi-bound states trapped

Table 1. Molecular characteristics of the potential energy curve of the He+
2 quartet

states.

State Re (a0) De (cm−1) D0 (cm−1) 	E (eV) Re (a0) De (cm−1)

b4�+
u 6.470 10 881.1 10 723.7 0 6.470 10 872.4

c4�+
g 19.423 144.6 132.2 0 19.485 137.9

f 4�+
u 14.434 1210.0 1171.6 1.144 4723 14.497 1258.2

g4�+
g 26.348 65.4 59.1 1.144 4723 27.537 57.3

14�g 7.226 2129.1 2055.8 1.144 4723 6.965 1959.9

Note. Re is the position of the global minimum (equilibrium distance), De is the dissoci-
ation energy from the potential global minimum, D0 is the dissociation energy from the
lowest rovibrational state, 	E is the energy gap between the corresponding dissociation
limits; the first three columns contain results of the present study, the fourth column
contains experimental values of 	E from Kramida et al. (2011) used in the cross-section
calculations; the last two columns contain results of Hogreve (2000) for comparison.
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Figure 3. Cross sections for spontaneous (Tb = 0 K) radiative association
of He+

2 . Only the contribution of resonances wider than 0.01 cm−1 is shown.

Figure 4. Cross sections for spontaneous (Tb = 0 K) radiative association
of He+

2 . Only the contribution of resonances wider than 0.01 cm−1 is shown.

behind the centrifugal barrier, is the richest for the 1 → b process.
In this case, the trapping is magnified by the presence of a nat-
ural (N′ = 0) barrier, which further suppresses the widths of the
very low energy resonances. Only quasi-bound states, which have a
symmetry-allowed (i.e. for which the corresponding Hönl-London
coefficient is non-zero) bound-state partner supported by the b4�+

u

electronic state, contribute to rate coefficients. An overview of the
number of different resonances in the processes studied here is given
in Table 2 using the formalism of Augustovičová et al. (2012).

The corresponding rate coefficients for the spontaneous radiative
association are shown graphically in Fig. 5, and their values, eval-
uated at selected temperatures, are provided in Table 3. At all tem-
peratures, the radiative associations to the b4�+

u electronic state are
the dominant ones. Among them the 1 → b process has the largest
rate coefficients exceeding the other processes by at least one order
of magnitude. For temperatures up to about T = 1 700 K, the g → b
process is faster than the c → b process; afterwards the situation
is reversed up to very high temperatures (around T = 100 000 K),
where the corresponding rate coefficients become very similar. The
rate coefficients for radiative association to the c4�+

g electronic
state are several orders of magnitude smaller, and thus mimic the
cross-section behaviour.

Table 2. Resonance situation overview of the five
radiative association processes studied.

Process ntot nr nw nn

c → b 29 29 21 8
g → b 17 17 13 4
1 → b 314 314 165 149
b → c 446 22 15 7
f → c 161 16 11 5

Note. Using formalism of Augustovičová et al.
(2012): ntot is the total number of orbital resonances
supported by the initial electronic states, nr is the
number of symmetry-allowed resonances, nw is the
number of wide resonances and nn is the number of
narrow resonances.

Figure 5. Rate coefficients for spontaneous (Tb = 0 K) radiative association
of He+

2 .

Rate coefficients for the stimulated radiative-association c → b
process are shown graphically for different blackbody radiation tem-
peratures Tb in Fig. 6. The differences at low temperatures (around
T = 10 K) reach up to one order of magnitude, becoming however
rapidly smaller with increasing temperature until they become neg-
ligible at temperatures around T = 10 000 K. The cross sections
and rate coefficients for the remaining stimulated processes do not
vary significantly with the blackbody radiation temperatures. This
is due to the fact that the 	E for these processes have non-zero val-
ues in equation (7), and thus the effect of the blackbody radiation
temperature is suppressed.

4 C O N C L U S I O N

Radiative association processes between metastable He(23S) and
He(23P) atoms with He+ ions producing He+

2 in the lowest quartet
�+ states have been investigated in this manuscript. The dynam-
ics calculations were based on highly accurate ab initio interaction
potentials of the He+

2 electronic states b4�+
u , c4�+

g , f 4�+
u , g4�+

g ,
and 14�g and the corresponding transition dipole-moment func-
tions. Characteristics of these states such as the equilibrium bond
distances Re and dissociation energies De are essentially in good
agreement with earlier calculations by Hogreve (2000). The slightly
larger differences for the 14�g electronic state are believed to be due
to a higher approximation level applied in the present calculations.

Cross sections for spontaneous radiative association for the pro-
cesses 1 → b, g → b, c → b as well those for b → c and f → c
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Table 3. Values of the total rate coefficients (in cm3 s−1) for the five spontaneous processes
(Tb = 0 K) of the He+

2 radiative association.

T (K) c → b g → b 1 → b b → c f → c

10 4.11 × 10−17 9.35 × 10−15 1.18 × 10−13 2.29 × 10−22 7.23 × 10−18

20 3.28 × 10−17 6.40 × 10−15 8.05 × 10−14 1.36 × 10−22 3.15 × 10−18

30 2.95 × 10−17 5.03 × 10−15 6.63 × 10−14 9.22 × 10−23 1.86 × 10−18

50 2.71 × 10−17 3.65 × 10−15 5.56 × 10−14 5.28 × 10−23 9.31 × 10−19

100 2.79 × 10−17 2.32 × 10−15 4.87 × 10−14 2.24 × 10−23 3.50 × 10−19

200 3.68 × 10−17 1.45 × 10−15 4.51 × 10−14 8.82 × 10−24 1.28 × 10−19

500 7.77 × 10−17 7.57 × 10−16 4.06 × 10−14 2.39 × 10−24 3.29 × 10−20

1000 1.61 × 10−16 4.47 × 10−16 3.48 × 10−14 8.65 × 10−25 1.17 × 10−20

2000 3.30 × 10−16 2.45 × 10−16 2.67 × 10−14 3.10 × 10−25 4.16 × 10−21

2500 4.06 × 10−16 2.00 × 10−16 2.40 × 10−14 2.22 × 10−25 2.98 × 10−21

3000 4.73 × 10−16 1.72 × 10−16 2.17 × 10−14 1.69 × 10−25 2.27 × 10−21

4000 5.83 × 10−16 1.43 × 10−16 1.80 × 10−14 1.10 × 10−25 1.47 × 10−21

6000 7.13 × 10−16 1.37 × 10−16 1.30 × 10−14 6.01 × 10−26 8.03 × 10−22

8000 7.58 × 10−16 1.55 × 10−16 9.93 × 10−15 3.91 × 10−26 5.21 × 10−22

10 000 7.56 × 10−16 1.77 × 10−16 7.88 × 10−15 2.80 × 10−26 3.73 × 10−22

16 000 6.52 × 10−16 2.22 × 10−16 4.60 × 10−15 1.38 × 10−26 1.84 × 10−22

20 000 5.72 × 10−16 2.31 × 10−16 3.49 × 10−15 9.90 × 10−27 1.32 × 10−22

25 000 4.85 × 10−16 2.29 × 10−16 2.62 × 10−15 7.09 × 10−27 9.45 × 10−23

32 000 3.90 × 10−16 2.13 × 10−16 1.89 × 10−15 4.90 × 10−27 6.52 × 10−23

50 000 2.45 × 10−16 1.64 × 10−16 1.02 × 10−15 2.51 × 10−27 3.34 × 10−23

64 000 1.84 × 10−16 1.34 × 10−16 7.21 × 10−16 1.73 × 10−27 2.31 × 10−23

100 000 1.05 × 10−16 8.56 × 10−17 3.80 × 10−16 8.87 × 10−28 1.18 × 10−23

200 000 4.08 × 10−17 3.70 × 10−17 1.38 × 10−16 3.14 × 10−28 4.18 × 10−24

500 000 1.09 × 10−17 1.06 × 10−17 3.54 × 10−17 7.93 × 10−29 1.06 × 10−24

Figure 6. Rate coefficients for the stimulated radiative association c → b
process in He+

2 for different background temperatures.

were calculated as functions of collision energy. The corresponding
rate coefficients characterizing the efficiency of the formation of
He+

2 in its lowest quartet states b4�+
u and c4�+

g were obtained as
functions over a wide range of temperatures. Among these the for-
mations of the b state are shown here to be the most efficient ones,
and especially the rate coefficient of the 1 → b process exceeds the
other rates by about one order of magnitude over almost the en-
tire temperature range under consideration. With the exception for
the c → b process, the rates for all the other processes described here
are essentially decreasing with increasing reaction temperatures.

For the c → b process, the effect of the background radiation
temperature in stimulated radiative associations resembles the situ-
ation found previously for the radiative association A2�+

g → X2�+
u

(Augustovičová et al. 2013). Stimulation appears to be most impor-

tant for reaction temperatures below 1000 K. In this temperature
range, the increase of the rate coefficient can be by an order of mag-
nitude for background radiation temperatures of a few thousand K.

Comparison of the rates calculated here for the quartet states
of He+

2 with those obtained previously for the doublet manifold
(Augustovičová et al. 2013) shows that from low reaction tem-
peratures over a wide range of higher temperatures especially the
1 → b and g → b processes are the most efficient ones. Both re-
actions involve the He(23P) metastable state, which can be reached
via an efficient 2s → 2p transition from the very long-lived 23S
metastable state (Hodgman et al. 2009). Since the corresponding
1083 nm absorption line is widely used as probe for the ioniza-
tion status in numerous interstellar objects, collisional depopula-
tion processes of He(23P) with the surrounding ionic gas appear to
be important reactions providing insight into the reaction network.
In this context, the present study has focused on the depopulation
processes of metastable He states through collisions with He+ ions.
Work in progress concentrates on the corresponding depopulation
processes with protons and less abundant Li+ ions.
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ABSTRACT
Recently, a stringent constraint on the change in the proton-to-electron mass ratio at a redshift of
0.89 has been established using theoretical predictions and radio observations of the methanol
molecule. To get an insight at deeper look-back times, accurate determinations of variations
of the proton-to-electron mass ratio at higher redshifts are needed. We propose a microwave
probe of the proton-to-electron mass ratio employing the primordial molecular ions H+

2 , D+
2 ,

and He+
2 considering redshifts from 0 to 70. Microwave rovibronic transitions of these ions,

which are presented here, crucially exhibit high or very high sensitivities to a variation of
the proton-to-electron mass ratio and could in principle be detected by the Atacama Large
Millimeter/submillimiter Array.

Key words: molecular data – molecular processes.

1 IN T RO D U C T I O N

Critical investigations of the possibility that fundamental constants
of nature could depend on time and space in the evolving Universe
become more possible with the fast developing current experimen-
tal techniques (Uzan 2003). Attempts were made recently to estab-
lish constraints on the change of the proton-to-electron mass ratio
μ = mp/me. Earlier strict constraints (Flambaum & Kozlov 2007;
Murphy et al. 2008; Henkel et al. 2009; Kanekar 2011), obtained
from inversion spectra of ammonia, were improved very recently by
Bagdonaite et al. (2013a,b) to �μ/μ = (0.0 ± 1.0) × 10−7 (at the
redshift z = 0.89) using theoretical predictions (Jansen et al. 2011;
Levshakov, Kozlov & Reimers 2011) and new PKS 1830−211 radio
observations for the methanol molecule.

The limit obtained there allows for a cosmological look-back time
of roughly half of the age (7 billion years) of the Universe. In order
to get an insight at deeper look-back times accurate determinations
of μ at higher redshifts are needed. Apparently, information from
the deepest look-back times can be expected using signals from
the primordial molecules or molecular ions consisting of hydrogen,
helium, and possibly lithium. So far all such monitorings were per-
formed exclusively for the hydrogen molecule (see Bagdonaite et al.
2012, and references therein). However, as the pertinent spectra are
not recorded with adequate accuracy, it appears worthwhile to probe
also other molecular systems. The prospects of such monitorings

� E-mail: pavel.soldan@mff.cuni.cz (PS)

seem to be improved dramatically after launching the ALMA (At-
acama Large Millimeter/submillimeter Array) project.

It turns out that the ALMA facilities can largely cover the fre-
quency region of the microwave components of the H+

2 and D+
2

(A2�+
u ↔ X2�+

g ) and He+
2 (A2�+

g ↔ X2�+
u ) rovibronic spectra

measured by Carrington, Shaw & Taylor (1995a), Carrington, Pyne
& Knowles (1995b), Carrington (1996), and also the forbidden
electric dipole spectrum of the H+

2 (X2�+
g → X2�+

g ) predicted by
Bunker & Moss (2000). Therefore, at least in principle, H+

2 , D+
2 ,

and He+
2 appear as fairly suitable probes of the early expansion of

the Universe. The use of H+
2 , D+

2 , and He+
2 in astronomical searches

is facilitated by the fact that these molecules can be studied theo-
retically at a very high accuracy level and that the corresponding
highly accurate experimental data are available allowing a critical
comparison and eventually adjustment of the theoretical findings.

The purpose of this study is to generate accurate estimates, so far
unavailable, of the mass sensitivities of all the H+

2 , D+
2 , and He+

2

A ↔ X transitions, which may be of astronomical relevance and
could be detected by the ALMA facility. So far the most distant
galaxies were detected at redshifts of z = 8.6 (Lehnert et al. 2010)
and z = 9.6 (Zheng et al. 2012). Because, the first observable star
was most likely formed 30 million years after the big bang (at
redshift z ∼ 65; see Naoz, Noter & Barkana 2006), the calculations
presented here are performed for the redshift range of 0 < z < 70.

2 M E T H O D S

It should be noted that the H+
2 , HD+, and D+

2 cations were
considered as potential probes for temporal variations of the

C© 2014 The Authors
Published by Oxford University Press on behalf of the Royal Astronomical Society
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proton-to-electron mass ratio already by Hilico et al. (2000, 2001);
Karr & Hilico (2006). Treating these cations as three-body Coulomb
systems, these authors have evaluated extremely accurate energies
and pertinent mass sensitivities of the N = 0, 1, and 2 ro-vibrational
states of the ground electronic states. To get these characteristics for
the excited states, apparently, one can perform similar calculations
and get the desired results with even higher accuracy (Ishikawa,
Nakashima & Nakatsuji 2012). These calculations, however, are
not feasible in the case of He+

2 . Therefore, we have decided to
adopt an indirect approach, in which we rely on less quantitative
ab initio potential energy functions and their morphing by fitting
to extremely accurate experimental data. Namely, we rely on the
following ro-vibrational Hamiltonian (Herman & Asgharian 1966;
Bunker & Moss 1977)

Heff = Tkin + Vrot(R) + Vad(R) + V ′(R), (1)

where

Tkin = − �2

2Mred

d

dR
fv(R)

d

dR
(2)

Vrot(R) = �2

2Mred
fr (R)

N (N + 1)

R2
, (3)

fx(R) = 1 + μ gx(R) (x = v, r), (4)

Mred is the appropriate atomic reduced mass, Vad is the ‘adiabatic’
part of the molecular potential energy curve (assumed to include
the Born–Oppenheimer, adiabatic, relativistic, quantum electrody-
namical, and residual retardation terms) and the terms V′(R), gr(R)
and gv(R) account for non-adiabatic effects. The so-called vibra-
tional, gv(R), and rotational, gr(R), g-factors are assumed to acquire
their ab initio values and the effective potential energy function
Veff(R) = Vad(R) + V′(R) is assumed to be determinable by fitting
to the available experimental data. As the non-adiabatic functions
gv(R) and gr(R) are not available for all the studied states, and also
because the spectral data pertaining the excited states are too lim-
ited to allow for their detailed fitting, we have decided to simplify
the above Hamiltonian by assuming that these functions can be
approximated in the following way:

gx(R)
.=g0

x Mred
(R−Re)

R2
(x = v, r), (5)

where the constants g0
x are fitting parameters.

To respect the fact that the available experimental data are rather
scarce, especially for the excited electronic states, we have decided
to perform our fittings in the framework of the Jenč Reduced Poten-
tial Curve approach (Jenč 1983; Jenč et al. 1993), which appears as
a suitable tool for a quantitative morphing of accurate ab initio po-
tential energy curves in terms of only very few morphing parameters
(Patkowski, Špirko & Szalewicz 2009).

In the case of H+
2 , the reduced potential curves were con-

structed using the Born–Oppenheimer potential curves of Bishop &
Wetmore (1973) and Peek (1965) and the adiabatic corrections of
Bishop & Wetmore (1973) and Fabri et al. (2009). The potentials
were interpolated using the cubic splines and extrapolated in the
same way as in Schwenke (2001). In the case of He+

2 , the reduced
potential curves were constructed using the Born–Oppenheimer
potential curves V4 of Carrington et al. (1995b) and the adiabatic
corrections of Xie, Poirier & Gellene (2005). The potentials were
interpolated using the cubic splines and extrapolated using the ex-
pressions given in Xie et al. (2005). The corresponding transition
dipole moments published very recently by Augustovičová et al.
(2013) were used.

3 R ESULTS AND DI SCUSSI ON

In order to get an insight on the effects induced by the approximation
defined by equation (5), we have first performed test calculations
for HD, for which there are all needed data available in the liter-
ature (Ulivi, Natale & Inguscio 1991; Piszczatowski et al. 2009;
Pachucki & Komasa 2010; Kassi & Campargue 2011; Dickenson
et al. 2013). The results show practically quantitative agreement be-
tween the experimental data and their fitted counterparts (see online
Supplementary Information).

The first step of the actual calculations consisted in the fitting
of the theoretical ro-vibrational energies of Hilico et al. (2000) and
Moss (1993), the experimental microwave data of Carrington et al.
(1995b), and vibronic data of Raunhardt et al. (2008) for H+

2 (D+
2 )

and He+
2 , respectively. The resulting potentials were in turn used to

evaluate the sought sensitivities Kμ defined via

�ν

ν
= Kμ

�μ

μ
, (6)

where �ν is the frequency shift of the probed transition induced by
the variation of μ.

For a transition with frequency ν = (Ev′N ′ − Ev′′N ′′ )/h, we also
calculated its line strength

Sv′N ′, v′′N ′′ = SN ′, N ′′ |〈ψv′N ′ |dz|ψv′′N ′′ 〉|2 (7)

and the corresponding Einstein coefficient

Av′N ′, v′′N ′′ = 64π4 ν3
v′N ′, v′′N ′′ Sv′N ′, v′′N ′′

(4πε0) 3h c3 (2N ′ + 1)
, (8)

where the only non-zero Hönl–London coefficients are SN ′,N ′+1 =
N ′ + 1 and SN ′,N ′−1 = N ′ and c is the speed of light in vac-
uum. For these calculations, we used our radiative-association code
(Augustovičová et al. 2012) modified to accommodate bound–
bound transitions.

Not surprisingly, as it can be surmised from the theoretical anal-
ysis of DeMille et al. (2008), the calculated sensitivities acquire
magnitudes, which are comparable with their ‘record-breaking-
methanol’ counterparts (see Tables 1–4 and their complete versions
in the online Supplementary Information). Interestingly, the largest
sensitivity constant evaluated in this study, K = −407, was obtained
for the (vA = 0, NA = 3 ← vX = 26, NX = 4) transition of D+

2 .

4 C O N C L U S I O N

The predicted sensitivities are obtained here with positive or neg-
ative values which allows single molecular analyses without any
reference molecules. Since the corresponding transitions have also
fairly large line strengths, they could be promising candidates for
astrophysical observations. On the other hand, although the H+

2 , D+
2 ,

and He+
2 cations are assumed to play central roles in the primordial

chemistry (Lepp, Stancil & Dalgarno 2002), they have not yet been
detected in extraterrestrial environments and it has actually been ar-
gued that their detection would be a very difficult task (Shuter et al.
1986; Howells & Kennedy 1991). However, the radiative lifetimes
of the H+

2 states involved in the microwave transitions (with an up-
per radiative lifetime limit of 1000 s) are shorter than the time-scale
estimated for the destructions of H+

2 by collisional reactions with
H2 or H (Shuter et al. 1986; Howells & Kennedy 1991). H+

2 ions
formed in the upper levels of the discussed transitions may thus be
expected to undergo spontaneous emission before being destroyed
by chemical reactions, especially in low-density plasmas. It has
further been reported that the Cassini–Huygens facility provided a
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Variation of proton-to-electron mass ratio 3

Table 1. The A ↔ X microwave transitions of H+
2 .

v′, N′ v′ ′, N′ ′ νfit νexp S A Kμ

A → X

0, 0 18, 1 514 956.6 3.073 2.038 × 10−1 31.669
0, 1 18, 0 645 722.3 2.484 1.083 × 10−1 26.982
0, 1 18, 2 352 014.8 7.493 5.293 × 10−2 39.683
0, 2 18, 1 593 778.1 4.452 9.055 × 10−2 27.400
0, 2 18, 3 156 614.7 156 633 15.406 5.751 × 10−3 65.568

X → A

19, 0 0, 1 52 907.5 52 895 8.884 6.400 × 10−4 −17.594
19, 1 0, 0 96 431.6 96 432 5.268 7.659 × 10−4 −5.739
19, 1 0, 2 17 610.2 17 610 24.113 2.135 × 10−5 −29.230

Note. Frequencies ν are in MHz, line strengths S in D2, and Einstein coefficients A
in s−1; the νexp column contains data from Carrington et al. (1995a).

Table 2. Forbidden electric dipole X → X microwave transitions of H+
2 .

v′, N′ v′ ′, N′ ′ νfit νtheor S A Kμ

19, 1 19, 0 15 664.4 15 679.0 4.80 × 10−3 0.3 × 10−8 25.220
19, 1 18, 2 420 586.7 420 536.4 3.90 × 10−4 4.7 × 10−6 31.939
19, 0 18, 1 595 723.9 595 616.8 1.12 × 10−4 1.15 × 10−5 25.783
19, 1 18, 0 714 294.2 714 183.7 1.63 × 10−4 9.6 × 10−6 23.642

Note. Frequencies ν are in MHz, line strengths S in D2, and Einstein coefficients A in
s−1; the νtheor, S, and A columns contain data from Bunker & Moss (2000).

Table 3. The A ↔ X microwave transitions of D+
2 .

v′, N′ v′ ′, N′ ′ νfit νexp S A Kμ

A → X

0, 0 26, 1 162 124.4 162 165.2 5.918 1.225 × 10−2 59.209
0, 1 26, 0 215 438.7 215 484 5.595 9.060 × 10−3 46.855
0, 1 26, 2 109 628.6 109 672.8 12.859 2.744 × 10−3 78.142
0, 2 26, 1 211 802.5 211 847 11.477 1.060 × 10−2 45.139
0, 2 26, 3 48 013.2 48 064.3 21.876 2.353 × 10−4 145.883
0, 3 26, 2 189 639.2 189 681 18.329 8.676 × 10−3 44.871
0, 4 26, 3 152 839.8 152 896.5 26.819 5.169 × 10−3 45.453
1, 0 27, 1 11 117.9 11 138.1 22.896 1.529 × 10−5 97.619
1, 1 27, 0 25 783.0 25 755.4 16.676 4.629 × 10−5 50.245

X → A

26, 4 0, 3 11 978.9 11 928.0 35.183 3.265 × 10−6 −406.966
27, 0 0, 1 118 294.6 118 296.7 2.291 1.843 × 10−3 −10.337
27, 1 0, 2 95 215.2 95 222.5 4.826 6.746 × 10−4 −10.400

Note. Frequencies ν are in MHz, line strengths S in D2, and Einstein coefficients A in
s−1; the νexp column contains data from Carrington et al. (1995a).

strong evidence that H+
2 is present in the Saturn’s magnetosphere

(Thomsen et al. 2010). Besides these arguments the unprecedented
detection potential of the ALMA installation is finally decisive for
the observation of the proposed microwave transitions.

Apart from the homonuclear diatomics H+
2 , D+

2 , and He+
2 other

primordial species could in principle also been chosen for the pur-
pose of this study. For instance the deuterated species HD, H2D+, or
HD+

2 could be promising candidates for astronomical observations
due to the fact that they have actually been detected in extraterres-
trial sources (see Caselli et al. 2003). Also HeH+, which has recently
tentatively been identified in one of the highest redshift quasars with
z = 6.4 (Zinchenko, Dubrovich & Henkel 2011) and which has
always been expected to be abundant in interstellar environments,
could be thought of in this context. It has to be stressed however that

the corresponding sensitivity coefficients Kμ of the ro-vibrational
transitions between low-lying vibrational levels of a single elec-
tronic state (e.g. X → X) of these ions are by orders of magnitude
smaller than the sensitivity coefficients of the ro-vibronic A ↔ X
transitions, which are accessible for the homonuclear diatomics
selected here.
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Table 4. The A ↔ X microwave transitions of He+
2 .

v′, N′ v′ ′, N′ ′ νfit νexp S A Kμ

A → X

0, 0 22, 1 384 695.5 2.083 5.761 × 10−2 33.071
0, 2 22, 1 438 939.4 3.984 3.271 × 10−2 28.883
0, 2 22, 3 264 152.2 7.020 1.255 × 10−2 42.473
0, 4 22, 3 382 670.8 8.177 2.473 × 10−2 29.102
0, 4 22, 5 101 406.5 101 460 14.770 8.275 × 10−4 81.484
1, 0 22, 1 603 065.1 0.095 1.016 × 10−2 21.176
1, 0 23, 1 49 649.4 49 646 4.689 2.765 × 10−4 44.371
1, 2 22, 1 622 318.2 0.142 3.309 × 10−3 20.528
1, 2 22, 3 447 531.0 0.164 1.421 × 10−3 25.287
1, 2 23, 1 68 902.5 68 924 6.261 1.946 × 10−4 32.036
1, 2 23, 3 8926.8 8949 25.107 1.577 × 10−6 144.214

X → A

23, 1 0, 0 168 720.1 168 709 1.628 1.265 × 10−3 −12.770
23, 1 0, 2 114 476.3 114 539 3.932 9.562 × 10−4 −18.432
23, 3 0, 2 174 452.0 3.577 1.314 × 10−3 −6.822
23, 3 0, 4 55 933.4 55 880 9.287 1.108 × 10−4 −19.792

Note. Frequencies ν are in MHz, line strengths S in D2, and Einstein coefficients A
in s−1; the νexp column contains data from Carrington et al. (1995b).
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Reduced Potential Curve Framework

The actual determination of the sought potential func-
tion is performed in two steps. In the first, a ’reference’
ab initio potential energy function V (R) is used to gen-
erate its reduced form u(ρ), which is defined as follows
(for details see Refs. [1, 2])

u(ρ) = V (R)/De, (1)

where De is the depth of V (R), and the reduced variable
ρ is related to R via the expression

ρ(R) =
R − ρij [1 − exp (−R/ρij)]

Re − ρij [1 − exp (−R/ρij)]
. (2)

Here Re is the position of the potential minimum and ρij

satisfies the transcendental equation

ρij =
Re −

√
κDe/ke

1 − exp (−Re/ρij)
, (3)

where

κ = (d2V/dR2)R=Re (4)

is the so-called ‘universal’ reduced force constant (it is
recommendable to fix it at the value which provides
ρij ≈1).

In the second step, the reducing procedure is reverted
by expressing V (R) as the function of u(ρ), namely

V (R) = Deu(ρ), (5)

with ρ ≡ ρ(R) defined, for instance, by

ρ(R) =
R − ρij [1 − α exp (−β(1 + γR)R/ρij)]

Re − ρij [1 − α exp (−β(1 + γR)R/ρij)]
, (6)

and assuming De, Re, ρij , α, β, and γ as fitting param-
eters. Apparently, the proposed reduced potential is a
six-parameter empirical potential.

Comparisons

To get an insight on the effects induced by the approx-
imation defined by Eq. (2), we have firstly performed our
calculations for HD, for which there are all needed data
available in the literature. It can be seen in TABLES S.I
and S.II that the role of the non-adiabatic functions gv

and gr in the given context is rather negligible.
A practically quantitative agreement between the ex-

act values of the relative sensitivities of the v → v tran-
sitions and their approximate (RPC) counterparts eval-
uated in this study for the ground electronic state of H+

2

is illustrated in FIG. S.1.
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FIG. S.1. Dependence of the relative sensitivity, Kv,v+1, of the
v → v+1 transition frequencies on the proton-to-electron mass
ratio. Kv,v+1(fit) and Kv,v+1(exact) were obtained from the
present (RPC) fitting and numerically exact (non-adiabatic)
calculations [8], respectively.
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TABLE S.I. The RPC parameters of HD in its ground electronic state.a

Method Re, Å ρij , Å De, cm−1 α β γ

M1b 0.74164855 0.018107093 38295.7535(36405.4974) 1 1 0

M2c 0.74161292 0.018136730 38292.7059(36402.4450) 1 1 0

aThe appropriate reduced potential curve was constructed using Veff , gv and gr taken from Refs. [3, 4] and the ’correcting’
RPC parameters α, β and γ were fixed at their reference values. The fitted data were taken from Refs. [5–7]. The values

given in parentheses are the D0 dissociation energies (the best literature value [3] reads 36405.7828(10)). bCalulated using ab
initio g-factor functions. cCalculated using approximation given by Eq.(5) of the main part of the paper.

TABLE S.II. Comparison of the calculated and experimental frequencies (in cm−1) and sensitivity constants of HD in its ground
electronic state.a

v′, J ′ v′′, J ′′ νexp νM2 KM2 νM1 KM1

0, 0 0, 1 89.227950(5)b 89.2280 -.9878 89.2280 -.9878

0, 1 0, 2 177.84172(16)b 177.8413 -.9843 177.8414 -.9844

0, 2 0, 3 265.24116(17)b 265.2398 -.9787 265.2399 -.9787

0, 3 0, 4 350.85295(12)b 350.8520 -.9708 350.8523 -.9708

0, 4 0, 5 434.1472 -.9609 434.1478 -.9609

0, 5 0, 6 514.656(1)b 514.6456 -.9491 514.6466 -.9491

0, 6 0, 7 591.9327(3)b 591.9260 -.9355 591.9275 -.9355

0, 0 1, 0 3632.16054(24)c 3632.1602 -.4752 3632.1632 -.4752

0, 5 2, 4 6576.8960 6576.9049 -.4179 6576.9037 -.4179

0, 2 2, 1 6901.4014 6901.4001 -.4479 6901.4004 -.4479

0, 1 2, 0 6997.6494 6997.6476 -.4558 6997.6480 -.4558

0, 0 2, 1 7168.4697 7168.4695 -.4679 7168.4698 -.4679

0, 1 2, 2 7241.8497 7241.8491 -.4721 7241.8492 -.4721

0, 2 2, 3 7306.4839 7306.4836 -.4749 7306.4835 -.4749

0, 3 2, 4 7361.9037 7361.9041 -.4763 7361.9037 -.4763

0, 4 2, 5 7407.7134 7407.7142 -.4762 7407.7138 -.4762

0, 5 2, 6 7443.5983 7443.5988 -.4748 7443.5986 -.4748

0, 6 2, 7 7469.3298 7469.3283 -.4718 7469.3287 -.4718

0, 7 2, 8 7484.7654 7484.7612 -.4675 7484.7625 -.4675

0, 8 2, 9 7489.8463 7489.8416 -.4618 7489.8445 -.4618

0, 1 2, 1 7079.2422 7079.2414 -.4614 7079.2417 -.4614

0, 2 2, 2 7064.0077 7064.0078 -.4592 7064.0078 -.4592

0, 3 2, 3 7041.2418 7041.2438 -.4559 7041.2435 -.4559

0, 4 2, 4 7011.0492 7011.0521 -.4515 7011.0514 -.4515

0, 0 2, 2 7331.0778 7331.0771 -.4784 7331.0772 -.4784

0, 1 2, 3 7484.3246 7484.3250 -.4870 7484.3248 -.4870

0, 2 2, 4 7627.1438 7627.1439 -.4937 7627.1437 -.4937

0, 3 2, 5 7758.5671 7758.5662 -.4986 7758.5661 -.4986

0, 4 2, 6 7877.7461 7877.7460 -.5015 7877.7464 -.5015

aIf not stated otherwise, the data taken from Ref. [7]. bData taken from Ref. [5]. cData taken from Ref. [6].
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TABLE S.III. The RPC parameters and effective g-factors of the X2Σ+
g (electronic ground) and A2Σ+

u (electronic excited)

states of the H+
2 cation.a

Parameter X: Theory X: Fit A: Theory A: Fit

Re, Å 1.05715607 1.05681836 6.63763395 6.64513879

ρij , Å 0.66345346 0.66315624 1.39447240 1.3175b

De, cm−1 22528.5492 22528.5827 13.4395560 13.1983036

α 1.0 1.0 1.0 1.0

β 1.0 0.99958534 1.0 1.0

γ 0.0 0.00023b 0.0 0.0

g0
v 0.0 0.0 0.0 0.0

g0
r 0.0 0.03442562 0.0 0.0

aThe reduced potential curves were constructed using the Born-Oppenheimer potential curves of Bishop and Wetmore [9] and
Peek [10] and the adiabatic corrections of Bishop and Wetmore [9] and Fabri [11]. The potentials were interpolated using the

cubic splines and extrapolated in the same way as in Ref. [12]. bFixed after a preliminary determination.

TABLE S.IV. The RPC parameters and effective g-factors of the X2Σ+
u (electronic ground) and A2Σ+

g (electronic excited)

states of the He+
2 cation.a

Parameter X: Theory X: Fit A: Theory A: Fit

Re, Å 1.081110 1.08052729 4.6173980 4.60238672

ρij , Å 0.43384369 0.43868588 2.8246201 2.78684500

De, cm−1 19943.6597 19955.3963 17.304780 17.3460289

α 1.0 1.0 1.0 1.0

β 1.0 1.0 1.0 1.0

γ 0.0 0.0 0.0 0.0

g0
v 0.0 0.0 0.0 0.0

g0
r 0.0 -0.01156515 0.0 -0.993b

aThe reduced potential curves were constructed using the Born-Oppenheimer potential curves V4 of Carrington et al. [13] and
the adiabatic corrections of Xie et al. [14]. The potentials were interpolated using the cubic splines and extrapolated using

the expressions given in Ref. [14]. bFixed after a preliminary determination.
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TABLE S.V. The A ↔ X microwave transitions of H+
2 (frequencies ν in MHz, line strengths S in D2, Einstein coefficients A in

s−1).

v′, N ′ v′′, N ′′ νfit νexp [15] S A Kµ

A → X

0, 0 13, 1 61470120.8 4.784×10−8 5.398×10−3 2.431

0, 0 14, 1 41267834.8 1.483×10−6 5.065×10−2 3.232

0, 0 15, 1 24874948.6 4.727×10−5 3.534×10−1 4.510

0, 0 16, 1 12486722.9 1.634×10−3 1.546×10+0 6.835

0, 0 17, 1 4325672.3 6.667×10−2 2.621×10+0 12.129

0, 0 18, 1 514956.6 3.073×10+0 2.038×10−1 31.669

0, 1 13, 0 62155663.8 3.616×10−8 1.406×10−3 2.403

0, 1 13, 2 60191799.8 9.029×10−8 3.188×10−3 2.484

0, 1 14, 0 41860683.7 1.125×10−6 1.337×10−2 3.188

0, 1 14, 2 40174991.3 2.831×10−6 2.974×10−2 3.312

0, 1 15, 0 25368649.6 3.601×10−5 9.520×10−2 4.435

0, 1 15, 2 23980708.3 9.182×10−5 2.050×10−1 4.649

0, 1 16, 0 12872357.8 1.251×10−3 4.321×10−1 6.674

0, 1 16, 2 11809314.2 3.269×10−3 8.718×10−1 7.125

0, 1 17, 0 4590756.5 5.147×10−2 8.064×10−1 11.618

0, 1 17, 2 3890901.9 1.415×10−1 1.350×10+0 13.013

0, 1 18, 0 645722.3 2.484×10+0 1.083×10−1 26.982

0, 1 18, 2 352014.8 7.493×10+0 5.293×10−2 39.683

0, 2 13, 1 61548942.2 4.636×10−8 1.051×10−3 2.427

0, 2 13, 3 58306282.2 1.009×10−7 1.943×10−3 2.565

0, 2 14, 1 41346656.3 1.465×10−6 1.006×10−2 3.224

0, 2 14, 3 38567946.6 3.232×10−6 1.802×10−2 3.437

0, 2 15, 1 24953770.0 4.792×10−5 7.235×10−2 4.494

0, 2 15, 3 22672393.5 1.083×10−4 1.226×10−1 4.868

0, 2 16, 1 12565544.3 1.724×10−3 3.322×10−1 6.789

0, 2 16, 3 10828109.6 4.077×10−3 5.029×10−1 7.597

0, 2 17, 1 4404493.8 7.592×10−2 6.303×10−1 11.903

0, 2 17, 3 3277836.2 1.987×10−1 6.800×10−1 14.574

0, 2 18, 1 593778.1 4.452×10+0 9.055×10−2 27.400

0, 2 18, 3 156614.7 156632.8 1.541×10+1 5.751×10−3 65.568

X → A

19, 0 0, 1 -52907.5 -52894.6 8.884×10+0 6.400×10−4 -17.594

19, 1 0, 0 -96431.6 -96431.8 5.268×10+0 7.659×10−4 -5.739

19, 1 0, 2 -17610.2 -17610.4 2.411×10+1 2.135×10−5 -29.230
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TABLE S.VI. Forbidden electric dipole X → X microwave transitions of H+
2 (ν in MHz, S in D2, A in s−1).

v′, N ′ v′′, N ′′ νfit νtheor [16] S [16] A [16] Kµ

19, 0 18, 1 595723.9 595616.8 1.12×10−04 1.15×10−05 25.783

19, 0 17, 1 4406439.6 4405914.7 3.94×10−06 1.637×10−04 11.691

19, 0 16, 1 12567490.1 12566813.1 1.03×10−07 9.89×10−05 6.716

19, 0 15, 1 24955715.8 24955065.2 3.07×10−09 2.32×10−05 4.458

19, 0 14, 1 41348602.1 41348038.1 9.61×10−11 3.3×10−06 3.202

19, 1 19, 0 15664.4 15679.0 4.80×10−03 0.3×10−08 25.220

19, 1 18, 0 714294.2 714183.7 1.63×10−04 9.6×10−06 23.642

19, 1 17, 0 4659328.4 4658814.5 4.73×10−06 7.75×10−05 11.332

19, 1 16, 0 12940929.7 12940285.5 1.23×10−07 4.30×10−05 6.597

19, 1 15, 0 25437221.5 25436617.9 3.56×10−09 9.5×10−06 4.402

19, 1 14, 0 41929255.6 41928749.3 1.09×10−10 1.3×10−06 3.171

19, 1 18, 2 420586.7 420536.4 3.90×10−04 4.7×10−06 31.939

19, 1 17, 2 3959473.8 3958972.8 1.31×10−05 1.312×10−04 12.652

19, 1 16, 2 11877886.1 11877197.1 3.37×10−07 9.15×10−05 7.039

19, 1 15, 2 24049280.2 24048590.2 9.28×10−09 2.09×10−05 4.613

19, 1 14, 2 40243563.2 40242940.2 2.94×10−10 3.1×10−06 3.293
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TABLE S.VII. The A ↔ X microwave transitions of He+
2 (ν in MHz, S in D2, A in s−1).

v′, N ′ v′′, N ′′ νfit νexp [13] S A Kµ

A → X

0, 0 14, 1 83057255.2 1.203×10−10 5.165×10−06 1.720

0, 0 15, 1 64504470.2 3.342×10−09 6.719×10−05 2.093

0, 0 16, 1 48248472.5 9.236×10−08 7.767×10−04 2.583

0, 0 17, 1 34321667.9 2.530×10−06 7.653×10−03 3.252

0, 0 18, 1 22757847.8 6.843×10−05 6.031×10−02 4.217

0, 0 19, 1 13589058.6 1.821×10−03 3.414×10−01 5.713

0, 0 20, 1 6837101.8 4.683×10−02 1.118×10+00 8.307

0, 0 21, 1 2487772.4 1.069×10+00 1.231×10+00 13.708

0, 0 22, 1 384695.5 1.346×10+01 5.761×10−02 33.071

0, 2 14, 1 83111499.0 1.865×10−10 1.605×10−06 1.718

0, 2 14, 3 82036181.3 3.124×10−10 2.585×10−06 1.746

0, 2 15, 1 64558714.1 5.220×10−09 2.104×10−05 2.091

0, 2 15, 3 63573232.2 8.784×10−09 3.381×10−05 2.127

0, 2 16, 1 48302716.3 1.454×10−07 2.454×10−04 2.579

0, 2 16, 3 47410973.4 2.461×10−07 3.926×10−04 2.630

0, 2 17, 1 34375911.7 4.023×10−06 2.445×10−03 3.246

0, 2 17, 3 33582640.1 6.850×10−06 3.882×10−03 3.320

0, 2 18, 1 22812091.6 1.102×10−04 1.956×10−02 4.205

0, 2 18, 3 22123146.3 1.891×10−04 3.062×10−02 4.322

0, 2 19, 1 13643302.4 2.981×10−03 1.131×10−01 5.687

0, 2 19, 3 13066110.3 5.172×10−03 1.723×10−01 5.896

0, 2 20, 1 6891345.6 7.858×10−02 3.841×10−01 8.235

0, 2 20, 3 6435634.1 1.384×10−01 5.508×10−01 8.686

0, 2 21, 1 2542016.2 1.870×10+00 4.594×10−01 13.398

0, 2 21, 3 2220712.6 3.359×10+00 5.501×10−01 14.791

0, 2 22, 1 438939.4 2.574×10+01 3.271×10−02 28.883

0, 2 22, 3 264152.2 4.535×10+01 1.255×10−02 42.473

0, 4 14, 3 82154699.9 2.082×10−10 9.614×10−07 1.743

0, 4 14, 5 80228422.5 3.179×10−10 1.367×10−06 1.794

0, 4 15, 3 63691750.8 5.956×10−09 1.281×10−05 2.122

0, 4 15, 5 61927618.8 9.175×10−09 1.813×10−05 2.190

0, 4 16, 3 47529492.0 1.702×10−07 1.520×10−04 2.621

0, 4 16, 5 45934677.2 2.649×10−07 2.135×10−04 2.716

0, 4 17, 3 33701158.7 4.851×10−06 1.543×10−03 3.305

0, 4 17, 5 32284392.0 7.643×10−06 2.138×10−03 3.444

0, 4 18, 3 22241664.9 1.380×10−04 1.262×10−02 4.295

0, 4 18, 5 21013816.0 2.209×10−04 1.703×10−02 4.517

0, 4 19, 3 13184628.9 3.933×10−03 7.482×10−02 5.837

0, 4 19, 5 12159622.2 6.435×10−03 9.599×10−02 6.242

0, 4 20, 3 6554152.8 1.120×10−01 2.615×10−01 8.516

0, 4 20, 5 5750563.8 1.894×10−01 2.986×10−01 9.426

0, 4 21, 3 2339231.2 3.033×10+00 3.226×10−01 14.006

0, 4 21, 5 1782792.0 5.408×10+00 2.545×10−01 17.086

0, 4 22, 3 382670.8 5.283×10+01 2.473×10−02 29.102

0, 4 22, 5 101406.5 101460 9.542×10+01 8.275×10−04 81.484
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TABLE S.VIII. The A ↔ X microwave transitions of He+
2 (ν in MHz, S in D2, A in s−1).

v′, N ′ v′′, N ′′ νfit νexp [13] S A Kµ

A → X

1, 0 14, 1 83275624.7 3.523×10−11 1.525×10−06 1.716

1, 0 15, 1 64722839.8 9.697×10−10 1.969×10−05 2.087

1, 0 16, 1 48466842.0 2.646×10−08 2.255×10−04 2.572

1, 0 17, 1 34540037.5 7.121×10−07 2.196×10−03 3.233

1, 0 18, 1 22976217.3 1.876×10−05 1.702×10−02 4.179

1, 0 19, 1 13807428.1 4.778×10−04 9.397×10−02 5.627

1, 0 20, 1 7055471.3 1.127×10−02 2.955×10−01 8.057

1, 0 21, 1 2706141.9 2.032×10−01 3.013×10−01 12.620

1, 0 22, 1 603065.1 6.167×10−01 1.016×10−02 21.176

1, 0 23, 1 49649.4 49646 3.029×10+01 2.765×10−04 44.371

1, 2 14, 1 83294877.8 3.060×10−11 2.650×10−07 1.716

1, 2 14, 3 82219560.1 5.122×10−11 4.267×10−07 1.744

1, 2 15, 1 64742092.9 8.493×10−10 3.453×10−06 2.086

1, 2 15, 3 63756611.0 1.429×10−09 5.547×10−06 2.123

1, 2 16, 1 48486095.1 2.341×10−08 3.996×10−05 2.571

1, 2 16, 3 47594352.2 3.960×10−08 6.392×10−05 2.622

1, 2 17, 1 34559290.6 6.382×10−07 3.942×10−04 3.231

1, 2 17, 3 33766018.9 1.086×10−06 6.255×10−04 3.304

1, 2 18, 1 22995470.5 1.710×10−05 3.109×10−03 4.175

1, 2 18, 3 22306525.1 2.931×10−05 4.864×10−03 4.290

1, 2 19, 1 13826681.3 4.458×10−04 1.761×10−02 5.619

1, 2 19, 3 13249489.2 7.716×10−04 2.681×10−02 5.822

1, 2 20, 1 7074724.5 1.092×10−02 5.777×10−02 8.035

1, 2 20, 3 6619013.0 1.913×10−02 8.281×10−02 8.460

1, 2 21, 1 2725395.0 2.133×10−01 6.459×10−02 12.532

1, 2 21, 3 2404091.5 3.740×10−01 7.771×10−02 13.704

1, 2 22, 1 622318.2 9.156×10−01 3.309×10−03 20.528

1, 2 22, 3 447531.0 1.059×10+00 1.421×10−03 25.287

1, 2 23, 1 68902.5 68924 4.045×10+01 1.946×10−04 32.036

1, 2 23, 3 8926.8 8949 1.622×10+02 1.577×10−06 144.214

X → A

23, 1 0, 0 168720.1 168709 1.052×10+01 1.265×10−03 -12.770

23, 1 0, 2 114476.3 114539 2.540×10+01 9.562×10−04 -18.432

23, 3 0, 2 174452.0 2.311×10+01 1.314×10−03 -6.822

23, 3 0, 4 55933.4 55880 6.000×10+01 1.108×10−04 -19.792
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TABLE S.IX. The A ↔ X microwave transitions of D+
2 (frequencies ν in MHz, line strengths S in D2, Einstein coefficients A

in s−1).

v′, N ′ v′′, N ′′ νfit νexp [15] S A Kµ

A → X

0, 0 26, 1 162124.4 162165.2 5.918 1.225×10−2 59.209

0, 1 26, 0 215438.7 215484 5.595 9.060×10−3 46.855

0, 1 26, 2 109628.6 109672.8 12.859 2.744×10−3 78.142

0, 2 26, 1 211802.5 211847 11.477 1.060×10−2 45.139

0, 2 26, 3 48013.2 48064.3 21.876 2.353×10−4 145.883

0, 3 26, 2 189639.2 189681 18.329 8.676×10−3 44.871

0, 4 26, 3 152839.8 152896.5 26.819 5.169×10−3 45.453

1, 0 27, 1 11117.9 11138.1 22.896 1.529×10−5 97.619

1, 1 27, 0 25783.0 25755.4 16.676 4.629×10−5 50.245

X → A

26, 4 0, 3 11978.9 11928.0 35.183 3.265×10−6 -406.966

27, 0 0, 1 118294.6 118296.7 2.291 1.843×10−3 -10.337

27, 1 0, 0 144893.3 144895.2 1.625 8.002×10−4 -7.101

27, 1 0, 2 95215.2 95222.5 4.826 6.746×10−4 -10.400

27, 2 0, 1 144290.0 144299.0 1.905 5.560×10−4 -3.922

27, 2 0, 3 64279.4 64290.9 6.790 1.752×10−4 -7.914



D E P O P U L AT I O N O F M E TA S TA B L E H E L I U M B Y
R A D I AT I V E A S S O C I AT I O N W I T H H Y D R O G E N A N D
L I T H I U M I O N S

Bibliographic record of the attached publication:
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ABSTRACT

Depopulation of metastable He(23S) by radiative association with hydrogen and lithium ions is investigated using
a fully quantal approach. Rate coefficients for spontaneous and stimulated radiative association of the HeH+,
HeD+, and LiHe+ molecular ions on the spin-triplet manifold are presented as functions of temperature considering
the association to rotational-vibrational states of the lowest triplet electronic states a3Σ+ and b3Σ+ from the
continuum states of the b3Σ+ electronic state. Evaluation of the rate coefficients is based on highly accurate
quantum calculations, taking into account all possible state-to-state transitions at thermal energies (for spontaneous
association) or at higher background energies (stimulated association). As expected, calculations show that the rate
coefficients for radiative association to the a state are several orders of magnitude larger than the one for the b state
formation. A noticeable effect by blackbody background radiation on the radiative association is only obtained
for the b → b process. Aspects of the formation and abundance of the metastable HeH+(a3Σ+) in astrophysical
environments are briefly discussed.

Key words: atomic data – atomic processes – molecular data – molecular processes
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1. INTRODUCTION

Metastable helium 23S with its electronic configuration
(1s2s) lying as much as 19.75 eV above the helium 11S0 ground
state has been found to have an unusually long lifetime of about
two hours (Drake 1971; Hodgman et al. 2009). This extreme
metastable life time arises from the fact that the direct pho-
ton decay to the ground state is doubly forbidden by quantum
mechanical selection rules.

In view of the relatively large abundance of helium in the
interstellar space, astrophysical consequences of the possible
formation of its metastable levels were discussed early (Struve
et al. 1939). It was then postulated that the excited (23S) state
can be populated either by recombination from the ionized
state or by collisional excitations from the neutral ground state
by thermal electrons (Zeldovich et al. 1966). These processes
can only produce a significant population of the metastable
state if the gas temperature is high enough—such as, for
instance, in planetary nebulae (Rees et al. 1968). Using a
simple reaction network in which cosmic ray ionized helium
recombines with electrons to form the metastable helium triplet
and relying on the fact that spontaneous emission to the
ground state level is forbidden, Scherb (1968) and Rees et al.
(1968) suggested that interstellar metastable helium should be
observable. However, whereas in these earlier studies two-
photon emission from the metastable triplet was thought to be
the dominant depopulation process (see also Robbins 1968),
depopulations through excitations to higher excited helium
levels are now considered to be most effective in energetic
environments.

Especially due to its long lifetime, the He(23S) can act as an
efficient base for the He i*λ10830 (2s → 2p) and He i*λ3889
(2s → 3p) absorption lines, which are suitable for measuring
the He+ fraction and column density in the outflows of active
galaxies (Indriolo et al. 2009; Leighly et al. 2012). Observations
of the λ10830 absorption line are reported for the Orion nebula
(Boyce & Ford 1966) and BALQSO (Leighly et al. 2011),

the λ3889 line toward ζ Ophiuchi (Galazutdinov & Krelowski
2012), and the λ3889 and λ3188 (due to 2s → 4p) lines from the
Scorpii SN 2007 (Naito et al. 2013). Apart from these excitations
to higher levels, depopulation of the 23S state in more dense
plasmas can occur via collisions in the photoionized gas.

In this context, the depopulation of He(23S) by collisions
with He+ ions was investigated in previous studies: via radiative
association (RA), these collisions can lead to the formation of
helium ion dimer either in its electronic ground state (X2Σ+

u;
Augustovičová et al. 2013a) or in the lowest excited quartet
state (b4Σ+

u; Augustovičová et al. 2013b). In the present study,
the corresponding RA processes of the He(23S) metastable
with highly abundant protons as well as with Li+ ions are
investigated. The corresponding processes induced by dipole-
moment continuum-bound transitions are described as

b3[He(23S) + A+] → HeA+(a3Σ+) + hν (b → a), (1)

b3[He(23S) + A+] → HeA+(b3Σ+) + hν (b → b), (2)

where 3[. . .] means a triplet submanifold of the corresponding
collisional continuum and A is H, D, or Li. According to this
scheme, reactions (1) and (2) start from collisions of helium
in the metastable state 23S with hydrogen or lithium ions, and
then proceed via resonance and continuum states of the b3Σ+

potential of the collisional complex to form (under spontaneous
photon emission) the molecular ion in the triplet states a3Σ+ or
b3Σ+. These processes are characterized as b → a and b → b
in the following text. Apart from spontaneous emission, the
corresponding processes stimulated by the background radiation
(Stancil & Dalgarno 1997; Zygelman et al. 1998) are also
considered.

2. METHODS

Our attempt to investigate RA is based on the approach
of Zygelman & Dalgarno (1990) and Stancil & Dalgarno

1



The Astrophysical Journal, 782:46 (7pp), 2014 February 10 Augustovičová, Kraemer, & Soldán

(1997) and has been used in our previous work (Augustovičová
et al. 2012, 2013a, 2013b). Including the possibility of dipole-
moment transitions in the presence of the blackbody radiation
field characterized by temperature Tb, the individual cross
section for the transition between a continuum state with a
positive energy E and orbital angular momentum J ′ to bound
rovibrational states with vibrational quantum number v′′ and
orbital angular momentum J ′′ can be expressed as

σJ ′;v,′′J ′′ (E; Tb) = 1

4πε0

64

3

π5

c3 k2
p ν3

E;v,′′J ′′ SJ ′,J ′′ M2
E,J ′;v,′′J ′′

×
[

1

1 − exp (−hνE;v,′′J ′′/kBTb)

]
, (3)

where c is the speed of light in a vacuum, k2 = 2μE/h̄2,
μ is the “charge-modified reduced mass” (Watson 1980) of
the molecular ion (μ = 1467.778424 a.u. for 4HeH+, μ =
2442.670838 a.u. for 4HeD+, and μ = 4646.087837 a.u. for
4He7Li+), p is the probability of approach in the initial electronic
state (p = 1 for both b → a and b → b), and νE;v,′′J ′′ is
the emitted photon frequency, hνE;v,′′J ′′ = E +�E − Ev,′′J ′′ ,
where �Eb→b = 0 eV, �Eb→a = 8.8306602 eV for HeH+

and HeD+, and �Eb→a = 0.62394103 eV for LiHe+ (Kramida
et al. 2011). ME,J ′;v,′′J ′′ is the matrix element of the transition
dipole moment function between the initial continuum radial
wave function and the final bound-state radial wave function. For
dipole moment transitions of a heteronuclear diatomic molecule
within the Hund’s case (a) spinless approximation (Hansson &
Watson 2005), the only non-zero Hönl-London coefficients are
SJ ′,J ′+1 = J ′ + 1 and SJ ′,J ′−1 = J ′.

The radial wave functions are determined by numerical
integration of the corresponding Schrödinger equations using
the Numerov–Cooley method (Numerov 1933; Cooley 1961).
Resonance positions and tunneling widths were calculated
employing the computer program LEVEL 7.7 (Le Roy 2005)
and making use of the Airy-function boundary condition at the
outermost classical turning point (Le Roy & Liu 1978) and the
uniform semiclassical method (Connor & Smith 1981; Huang
& Le Roy 2003).

For evaluation of the radial wave functions and the
dipole-moment matrix elements, the potential energy and
dipole-moment functions were represented numerically by a
one-dimensional reciprocal-power reproducing kernel Hilbert
space (RP-RKHS) interpolation method (Ho & Rabitz 1996),
which allows for qualitatively correct extrapolation in the long-
range region and it also allows for using predetermined values
of long-range coefficients Ho & Rabitz (2000). In the case of po-
tential energy curves, the interpolation was done with respect to
r2 (Soldán & Hutson 2000) using RP-RKHS parameters m = 1
and n = 2, and the coefficient D4, which is equal to αd (A)/2,
was kept fixed to the values given by static dipole polariz-
abilities (αd [He(23S)] = 315.631468 a.u., Yan & Babb 1998;
αd [H(12S)] = 4.5 a.u., Sewell 1949; and αd [Li(22S)] = 162.87
a.u., Wansbeek et al. 2008).

Ab initio interaction energies for the a3Σ+ and b3Σ+ electronic
states of HeH+, and the corresponding dipole-moment values
were calculated within the Born–Oppenheimer approximation.
The aug-cc-pV6Z basis sets augmented by sets of (1s,2p,1d,1f)
even-tempered diffuse functions were used for He and H; in
order to increase the basis-set flexibility, a set of (4s, 4p) mid-
bond functions was also added. A multi-reference configuration
interaction (MRCI) method with single and double excitations
(Werner & Knowles 1988; Knowles & Werner 1988), as

implemented in MOLPRO (Werner & Knowles 2010), was
employed with the active space formed by 14σ + and 5π
orbitals (the actual calculations were performed within the C2v

point-group symmetry using 14a1, 5b1, and 5b2 orbitals). The
MRCI calculations were preceded by complete active space
self-consistent field calculations (Werner & Knowles 1985;
Knowles & Werner 1985) with the active space formed by
11σ + and 3π orbitals (11a1, 4b1, and 4b2 orbitals in the C2v

point-group symmetry). All interaction energies were calculated
in the supermolecular manner and no counterpoise correction
was applied to the MRCI interaction energies. The transition
dipole-moment function was calculated with respect to the
center of mass of the molecular ion (the position of the center
of mass was determined using the standard atomic weights).
The same Born–Oppenheimer potential energy curves and
dipole moments were used for HeD+. In the case of LiHe+,
the corresponding highly accurate potential energy curves and
dipole moments obtained recently by Soldán & Kraemer (2012)
were used.

The rate coefficient for formation of a molecule by (sponta-
neous and stimulated) RA at temperature T is defined by

k(T ; Tb) =
(

8

μπ

)1/2( 1

kBT

)3/2∫ ∞

0
E σ (E; Tb) e−E/kBT dE,

(4)
where σ (E; Tb) is the total cross section for RA, i.e., the
sum of individual cross sections presented in Equation (3)
over all allowed transitions. When evaluating this integral,
we followed the approach of Augustovičová et al. (2012),
where contributions from wide and narrow resonances are
treated separately from the background contribution. It is often
convenient to use some simple analytical form to represent the
numerical values of the rate coefficients. In the present study,
we use the Arrhenius-type function

f (T ) = α

(
T

300

)β

e−γ /T , (5)

where α, β, and γ are the fitting parameters. In order to keep
the maximum relative error below 10%, the temperature range
is divided into several intervals.

3. RESULTS AND DISCUSSION

Potential energy curves for HeH+ calculated in this work
(shown together with the corresponding transition dipole mo-
ment in Figure 1) can be compared with the results obtained
previously by others. For the a3Σ+ state, our equilibrium dis-
tance Re = 4.452 a0 and dissociation energy relative to the po-
tential minimum De = 851.9 cm−1 compare very well with the
results of Kolos (1976; Re = 4.455 a0 and De = 850.0 cm−1)
and those of Kraemer et al. (1995; Re = 4.452 a0 and
De = 840.6 cm−1), whereas the much smaller dissociation
energy value obtained in the early calculations by Michels
(1966; De = 656.5 cm−1 at Re = 4.452 a0) turns out to be
close to the present D0 = 666.9 cm−1, i.e., the dissociation
energy relative to the ground vibrational level. For the b3Σ+

state, our equilibrium distance Re = 7.720 a0 and dissociation
energy De = 5848.1 cm−1 are in reasonable agreement with
the values obtained earlier by Michels (1966; Re = 7.754 a0
and De = 5907.2 cm−1). The numbers of vibrational and
rovibrational levels supported by these potentials are given in
Table 1 for the two isotopologues HeH+ and HeD+ as well as
for LiHe+. For HeH+ and HeD+ they are in perfect agreement
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Σ

Σ

→

Figure 1. Potential energy curves and the transition dipole moment of HeH+. The energy scale zero is set to the H+(11S) + He(11S) dissociation limit.

(A color version of this figure is available in the online journal.)

Table 1
Process Characteristics for Radiative Association of He(23S) with Hydrogen and Lithium Ions

System Process ntot nr nw nn D0 nv nrv

(cm−1)

HeH+ b → a 214 6 5 1 666.9 6 51
b → b 214 162 86 76 5652.4 35 1325

HeD+ b → a 353 7 7 0 706.4 8 85
b → b 353 266 122 144 5696.2 45 2209

LiHe+a b → a 214 214 122 92 8181.1 61 4172
b → b 214 168 92 76 829.5 33 1289

Notes. Using the formalism of Augustovičová et al. (2012), ntot is the total number of orbital resonances supported
by the initial electronic states, from which nr is the number of symmetry-allowed resonances, nw is the number of
wide resonances, and nn is the number of narrow resonances; D0 is the dissociation energy of the target electronic
state from the ground (v′′ = 0, J ′′ = 0) rovibrational state, nv is the number of bound vibrational (J ′′ = 0) states
of the target electronic state, and nrv is the total number of bound rovibrational states of the target electronic state.
a From Soldán & Kraemer (2012), the CCSD(T) potential energy curve is used for the a3Σ+ state and the MRCI
potential energy curve is used for the b3Σ+ state.

with results of Yousif et al. (1994) and Chibisov et al. (1996).
In the case of the a3Σ+ state, the last supported vibrational
levels are Ev=5 = 1.082 cm−1 and Ev=7 = 0.323 cm−1 for
HeH+ and HeD+, respectively. In the case of the much deeper
b3Σ+ state potential, the highest bound vibrational levels are
Ev=34 = 9.59 × 10−4 cm−1 and Ev=44 = 1.142 × 10−4 cm−1

for HeH+ and HeD+, respectively. Compared to HeH+ and HeD+,
the situation is reversed for LiHe+: the a3Σ+ electronic state is
much stronger bound than the b3Σ+ electronic state (Soldán &
Kraemer 2012).

Cross sections for spontaneous (Tb = 0 K) RA of the
b → a and b → b processes in the three dimer systems

3
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Figure 2. Cross sections for spontaneous (Tb = 0 K) radiative association process b → a. Only the contribution of resonances wider than 0.01 cm−1 is shown.
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Figure 3. Cross sections for spontaneous (Tb = 0 K) radiative association process b → b. Only the contribution of resonances wider than 0.01 cm−1 is shown.

(A color version of this figure is available in the online journal.)

considered here (HeH+, HeD+, LiHe+) are displayed in Figures 2
and 3, respectively. As expected the results obtained for the
associations of He(23S) with H+ or D+ differ only marginally
from each other. For the b → a processes, at least at lower
energies, the cross section curves of the three association
processes are very close to each other, whereas for b → b
there is a substantial difference of about one order of magnitude
between the cross section curve for the association with Li+

compared to the others. The drop-off of the cross section curves
for the b → a processes occurs at higher energies compared to
b → b.

The low-energy resonance structure of the RA cross sections,
which is created by the quasi-bound states trapped behind the
centrifugal barrier, is practically identical for the b → a and
b → b processes in each of the three dimers. It seems that
the fact that for each of the two processes the initial complex

formation takes place on their respective b-state potentials is
predominant for the cross section structure in this very low
energy region. For the Li+ association an obvious increase of
the density of resonance lines in the medium energy region is
observed. Especially for the b → a process, this should be
due to the deep potential well of the LiHe+(a3Σ+) state potential
with the larger number of bound rovibrational states in this target
electronic state (see Table 1). For comparison, the number of
the corresponding bound rovibrational states on the HeH+(a3Σ+)
state potential curve is substantially smaller. On the other hand,
as shown in Table 1, for the H+ and D+ associations the number
of the bound rovibrational states in the HeH+(b3Σ+) target state
potential is larger, leading to a denser resonance structure for
the b → b processes in the medium energy region in Figure 3.

The corresponding rate coefficients for the spontaneous (Tb =
0 K) RA b → a process are plotted in Figure 4, and numerical
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Figure 4. Rate coefficients for spontaneous (Tb = 0 K) radiative association b → a of He(23S) with hydrogen and lithium ions.

(A color version of this figure is available in the online journal.)

Table 2
Values of the Rate Coefficients (in cm3 s−1) for Radiative Association of He(23S) with Hydrogen and Lithium Ionsa

T HeH+ HeD+ LiHe+

(K) b → ab b → bb b → bc b → ab b → bb b → bc b → ab b → bb b → bc

10 1.69(−14) 3.71(−19) 1.94(−17) 1.61(−14) 1.64(−19) 1.03(−17) 1.22(−14) 1.45(−20) 1.36(−18)
20 1.22(−14) 3.54(−19) 1.67(−17) 1.15(−14) 1.43(−19) 8.28(−18) 1.13(−14) 1.30(−20) 1.13(−18)
30 1.00(−14) 3.30(−19) 1.47(−17) 9.39(−15) 1.31(−19) 7.19(−18) 1.08(−14) 1.19(−20) 9.83(−19)
50 7.79(−15) 2.87(−19) 1.19(−17) 7.29(−15) 1.14(−19) 5.81(−18) 1.00(−14) 9.93(−21) 7.65(−19)
100 5.53(−15) 2.18(−19) 8.10(−18) 5.16(−15) 8.56(−20) 3.90(−18) 8.84(−15) 6.60(−21) 4.63(−19)
200 3.92(−15) 1.43(−19) 4.76(−18) 3.65(−15) 5.41(−20) 2.21(−18) 7.50(−15) 3.54(−21) 2.32(−19)
500 2.48(−15) 6.21(−20) 1.85(−18) 2.31(−15) 2.22(−20) 8.14(−19) 5.94(−15) 1.21(−21) 7.49(−20)
1000 1.75(−15) 2.78(−20) 7.78(−19) 1.64(−15) 9.60(−21) 3.34(−19) 5.23(−15) 4.76(−22) 2.90(−20)
2000 1.22(−15) 1.13(−20) 3.03(−19) 1.16(−15) 3.82(−21) 1.28(−19) 5.03(−15) 1.78(−22) 1.07(−20)
2500 1.09(−15) 8.30(−21) 2.22(−19) 1.03(−15) 2.80(−21) 9.32(−20) 5.06(−15) 1.29(−22) 7.75(−21)
3000 9.85(−16) 6.44(−21) 1.71(−19) 9.36(−16) 2.17(−21) 7.17(−20) 5.10(−15) 9.88(−23) 5.93(−21)
4000 8.36(−16) 4.29(−21) 1.13(−19) 7.99(−16) 1.44(−21) 4.73(−20) 5.16(−15) 6.48(−23) 3.88(−21)
6000 6.49(−16) 2.40(−21) 6.26(−20) 6.24(−16) 8.09(−22) 2.61(−20) 5.10(−15) 3.56(−23) 2.13(−21)
8000 5.29(−16) 1.58(−21) 4.10(−20) 5.10(−16) 5.36(−22) 1.71(−20) 4.86(−15) 2.33(−23) 1.39(−21)
10000 4.43(−16) 1.14(−21) 2.95(−20) 4.29(−16) 3.90(−22) 1.23(−20) 4.54(−15) 1.67(−23) 9.97(−22)
16000 2.88(−16) 5.73(−22) 1.47(−20) 2.80(−16) 2.02(−22) 6.12(−21) 3.54(−15) 8.30(−24) 4.94(−22)
20000 2.28(−16) 4.13(−22) 1.06(−20) 2.23(−16) 1.49(−22) 4.40(−21) 3.00(−15) 5.95(−24) 3.54(−22)
25000 1.78(−16) 2.98(−22) 7.57(−21) 1.74(−16) 1.11(−22) 3.16(−21) 2.48(−15) 4.27(−24) 2.54(−22)
32000 1.33(−16) 2.07(−22) 5.24(−21) 1.30(−16) 8.09(−23) 2.19(−21) 1.95(−15) 2.95(−24) 1.75(−22)
50000 7.59(−17) 1.09(−22) 2.69(−21) 7.45(−17) 4.80(−23) 1.13(−21) 1.19(−15) 1.52(−24) 8.98(−23)
64000 5.47(−17) 7.63(−23) 1.86(−21) 5.38(−17) 3.69(−23) 7.84(−22) 8.79(−16) 1.05(−24) 6.21(−23)
100000 2.97(−17) 4.05(−23) 9.55(−22) 2.92(−17) 2.34(−23) 4.06(−22) 4.93(−16) 5.44(−25) 3.18(−23)
200000 1.11(−17) 1.53(−23) 3.39(−22) 1.09(−17) 1.12(−23) 1.47(−22) 1.90(−16) 1.95(−25) 1.13(−23)
500000 2.89(−18) 4.13(−24) 8.61(−23) 2.85(−18) 3.65(−24) 3.79(−23) 5.04(−17) 5.00(−26) 2.85(−24)

Notes.
a x(−y) ≡ x × 10−y .
b Spontaneous process (Tb = 0 K).
c Stimulated process (Tb = 10,000 K).

values for the b → a and b → b processes, evaluated at selected
temperatures, are provided in Table 2. In Table 3, the values of
the fitted parameters from the Arrhenius-type function (5) are
presented for the dominant b → a process. As expected, the
rate coefficients for the b → b RA processes are very small
because of �Eb→b = 0. For the b → a processes the rates at
very low temperatures between 10 and 100 K are rather similar

for the three dimer systems considered here (in the range of
10−14 cm3 s−1). However, whereas the rate curves for HeH+ and
HeD+ show the typical temperature fall off, the rate constant for
the LiHe+ association stays almost constant up to a temperature
of about T = 10,000 K. The difference between the HeH+ and
the LiHe+ curves at this temperature becomes about one order of
magnitude (4.4 × 10−16 cm3 s−1 versus 4.9 × 10−15 cm3 s−1).
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Table 3
Values of the Arrhenius-function Parameters Representing the Rate

Coefficients for the Spontaneous Radiative Association b → a of He(23S)
with Hydrogen and Lithium Ionsa

System Process T α β γ

(K) (cm3 s−1) (K)

HeH+ b → a 1–1000 3.1998(−15) −0.4994 0.2514
1000–15000 8.7121(−15) −0.8337 698.8793

15000–500000 1.7782(−13) −1.4829 8624.2387
HeD+ b → a 1–1000 2.9880(−15) −0.4993 0.1525

1000–15000 8.0080(−15) −0.8190 698.3095
15000–500000 1.7504(−13) −1.4826 8818.9643

LiHe+ b → a 1–200 7.2229(−15) −0.1733 0.2822
200–5000 4.2584(−15) 0.0581 −136.5920

5000–15000 1.7184(−13) −0.8943 5014.2119
15000–500000 3.0222(−12) −1.4771 14201.5149

Note. a x(−y) ≡ x × 10−y .

This higher LiHe+ association rate corresponds to the finding
that the cross sections for the b → a process for LiHe+ are
larger at higher energies.

Our results for the spontaneous RA b → a of HeH+ can be
compared with the very recent theoretical study dedicated to the
formation of HeH+ in the metastable triplet state a3Σ+ (Loreau
et al. 2013). At lower temperatures, our rate coefficients for
this process are almost an order of magnitude larger than those
of Loreau et al. (2013). Apart from using slightly different
potential energy curves for the a3Σ+ and b3Σ+ states and
different methods for the cross section calculations (the time-
dependent wave packet method in the diabatic representation in
Loreau et al. 2013 versus the time-independent method in the
Born–Oppenheimer approximation in the present study), which
leads overall to different cross sections in these two studies,
the discrepancy is also caused by the inclusion of the low-
energy RA cross sections into our rate-coefficient calculations.
Furthermore, several shape resonances in this low-energy region
(up to 10−3 eV, see Figure 2 and Table 1) contribute to the
corresponding rate coefficient at lower temperatures as well.

Stimulated RA is relevant only for processes with very small
�E, where it can lead to an increase of the rate coefficients
by up to two orders of magnitude (for moderate background
temperatures up to Tb = 10,000 K). That is why in our
study the stimulation of RA by background blackbody radiation
concerns only the b → b process. The calculated increase at
Tb = 10,000 K in the rate coefficients is indeed two orders
of magnitude (see Table 2), similar to He+

2 (Augustovičová
et al. 2013a, 2013b). Even then, it results in the values of the
corresponding rate coefficients of the order of (10−17 cm3 s−1)
at low temperatures. This is still much smaller than the rate
coefficients of the spontaneous b → a process.

In previous studies, the depopulation of He(23S) via RA
reactions with the He+ ions was investigated leading to the
formation of He+

2 either in its electronic ground state (X2Σ+
u;

Augustovičová et al. 2013a) or in the lowest excited quartet
state (b4Σ+

u; Augustovičová et al. 2013b). Comparison of the
rate coefficients obtained in these calculations with the present
results shows that at very low temperatures between 10 and
100 K only the rate for the He+

2 ground state formation has
a magnitude comparable to the present rates, whereas the rate
obtained for the quartet state formation is about two orders
of magnitude smaller. At high temperatures, T = 10,000 K,
magnitudes of the rates for the both helium-dimer ion formations

are similar to the HeH+ or HeD+ association rates (in the range
of 10−16 cm3 s−1) with LiHe+ association being about one order
of magnitude higher.

4. CONCLUSION

RA processes between the very long-lived He(23S)
metastable atom and the atomic ions H+, D+, and Li+ producing
the HeH+, HeD+, or LiHe+ dimers in their a3Σ+ and b3Σ+ excited
triplet states are investigated in this study. The dynamic calcu-
lations are based on highly accurate state-of-the-art ab initio
calculations of the a3Σ+ and b3Σ+ state interaction potentials of
HeH+ and LiHe+ and the associated transition dipole-moment
functions. Characteristics of these states such as equilibrium
bond distances Re and De are in the case of HeH+ in excellent
agreement with the benchmark calculations of Kolos (1976). In
the case of LiHe+, the corresponding highly accurate potential
energy curves and dipole moments obtained recently by Soldán
& Kraemer (2012) are used.

Cross sections for the spontaneous (Tb = 0 K) RA for the
b → a and b → b RA processes are calculated as functions of
collision energy. The corresponding rate coefficients character-
izing the efficiency of the formation of the dimer ions in their
a3Σ+ and b3Σ+ triplet states are obtained as functions over a wide
range of temperatures. Due to the large differences between the
ionization energies of He and Li or He and H, the two-state
b → a processes are as expected by far the most efficient ones
compared to the one-state b → b processes. With exception
for the LiHe+ formation reaction, the rates for the two other
formation reactions are steadily decreasing with increasing re-
action temperatures. The rate for the LiHe+ formation reaction,
however, remains more or less constant up to a temperature of
about T = 10,000 K. Compared to previously studied depop-
ulation reactions of the metastable He(23S) atom by collisions
with He+ ions the processes considered in the present study are
more efficient in the low temperature region, and in the case of
LiHe+ formation even over a wider temperature range.

Collisional reactions of He(23S) with ions provide significant
cooling in nebulae with low heavy-element abundances (Clegg
1987). The a3Σ+ state of HeH+ thus formed according to the
processes described here is metastable with a lifetime of 150 s
(Loreau et al. 2010) because the direct radiative transition to the
singlet ground state is spin-forbidden. In low density plasmas,
photodissociation processes are then the dominant depopulation
reactions rather than collisional destructions (Loreau et al.
2013). Assuming equilibrium conditions between radiative
associative formation and photodissociative destruction of the
HeH+(a3Σ+) and using information about the abundance of
metastable helium in nebulae as a function of the He+ and
electron densities (Clegg 1987), Loreau et al. (2013) derived
a number density for the metastable HeH+ triplet state n =
3 × 10−10 cm−3, a value which should be about an order of
magnitude larger using the association rates obtained in this
study. Although much less abundant than the ground state
singlet species, it has been argued that the RA process forming
the triplet could nonetheless be of importance in primordial
chemistry (Lepp et al. 2002).

In competition with the two-state b → a RA processes
studied here, radiative charge transfer (RCT) reactions become
an important alternative for the heteroatomic dimers. Using the
notation of the association processes listed above, the relevant
RCT reactions can be described as

b3[He(23S) + A+] → a3[He+(2S) + A(2S)], (6)
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where A substitutes for H, D, or Li. In contrast to RA, in the
RCT reaction, transitions under spontaneous photon emission
take place from the initial resonance/continuum levels on the
b-state potential to the resonance/continuum levels on the
target a-state potential leading to immediate dissociation. For
dimer systems the energy of the higher continuum levels is
simply converted into kinetic energy of the dissociation partners.
Previous accurate state-to-state calculations have shown that
the rate constants for these RCT reactions can be orders of
magnitude larger than the rates for the associated RA processes.
Work is in progress to investigate differences in the efficiencies
of the two reaction types.

L.A. and P.S. appreciate support from the Charles University
in Prague. L.A. acknowledges funding from the Grant Agency
of the Charles University in Prague (GAUK grant No. 550112).
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1. Introduction

In view of the relatively large abundance of helium in the interstellar space as-
trophysical consequences of the possible formation of its metastable levels were
discussed as early as in 1939 [1]. Whereas depopulation of atomic metastable
states was initially thought to occur entirely through collisions, absorption of ra-
diation, or perturbation by external fields, it was later found [2] that secondary
decay mechanisms (i.e., through second-order multipole radiation such as electric
quadrupole or magnetic dipole rather than only electric dipole radiation) could be
equally efficient depending on the lifetime of the metastable state and the reaction
conditions. In this context, the theory of multiple quanta radiation was outlined
by Goeppert-Mayer [3].

Radiation due to spontaneous as well as collisional depopulation is of high as-
trophysical interest because metastable states of atoms provide much of the light
emitted from planetary nebulae. Measurements of the intensity of the relevant
radiation lines yield information about densities, temperatures, chemical compo-
sitions, or other properties of these non-terrestrial features.

In the case of metastable He(21S) the key characteristic is its lifetime. The first
estimate by Dalgarno [4] of 22 msec was later corrected to 20 msec [5]. The most
reliable recent theoretical [6] and experimental [7, 8] lifetime values are τ (21S)
= 19.7 ± 0.1 msec. After the first estimate by Dalgarno, Breit and Teller [9]
have pointed out that the 21S state of helium should decay predominantly by two-
photon electric dipole emission. In their proposed scheme initial quenching of the
metastable helium occurs by resonant absorption to the intermediate 21P1-state
which almost immediately decays to the 11S ground state. At higher matter den-
sities this spontaneous process is in competition with depopulation via collisions
with positive ions, especially with protons.

In 1963 Allison and Dalgarno [10] have investigated deactivation of metastable
helium by proton impact at temperatures up to 16 000 K. The metastable state
considered there was He(21S), and its deactivation by proton impact leading to
the atomic ground state He(11S)

He(21S) + H+ → He(11S) + H+ + hν . (1)

was studied on a semiempirical level of theory. This reaction represents the direct
deactivation of metastable He(21S) to the He(11S) ground state via an inelastic
collision with a proton (the initial and final states are the continuum states sup-
ported by the corresponding potential curves).
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In the present study, collisional depopulations of the He(21S) metastable state
via radiative association with highly abundant protons as well as with Li+ ions are
investigated. The corresponding processes induced by dipole-moment continuum-
bound transitions are

B1 [He(21S) + A+(11S)] → HeA+(X1Σ+) + hν (B → X), (2)
B1 [He(21S) + A+(11S)] → HeA+(A1Σ+) + hν (B → A), (3)
B1 [He(21S) + A+(11S)] → HeA+(B1Σ+) + hν (B → B), (4)

where 1 [...] describes the singlet manifold of the corresponding collisional con-
tinuum and A stands for H or Li. According to this scheme the reactions start
from collisions of helium in the 21S metastable state with H+ or Li+ ions, and
proceed via resonance and continuum states of the B1Σ+ potential of the colli-
sional complex to form (under spontaneous photon emission) the molecular ions
in one of the X1Σ+, A1Σ+, and B1Σ+ electronic states. In the following text
these processes are denoted as B → X , B → A, and B → B, respectively. The
B → X process starts from the same reactant channel on the B1Σ+ state poten-
tial as the reaction (1), but proceeds under spontaneous photon emission to bound
rovibrational levels of the ground state.

Apart from the spontaneous emission, the corresponding radiative association
processes stimulated by background radiation are also considered [11, 12]. Since
this stimulated radiative association is relevant only for processes with very small
photon energies (see for instance Ref. [13]), the background radiation effect is
only determined for the B → B processes:

He(21S) + A+ + hνb → HeA+(B1Σ+) + hν + hνb. (5)

Background temperatures up to 104 K are taken into account.

2. Methods

The theory of formation of diatomic bound species via radiative association
has been reviewed by Dalgarno and coworkers [14, 11], and this approach has
been implemented in our computer program suite [15]. The radiative association
treatment is based on the calculations of cross-sections at various collision ener-
gies and rate coefficients over various temperatures.

The rate coefficients for formation of a molecule by (spontaneous or stimu-
lated) radiative association at a given temperature T are obtained by averaging
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the corresponding cross-sections σ over a Maxwellian velocity distribution of the
collisional continuum

α(T ;Tb) =

(
8

µπ

)1/2(
1

kB T

)3/2∫ ∞

0

E σ(E;Tb) e
−E/kBT dE, (6)

where Tb is the brightness temperature.
Given that the numbers of shape resonances in some studied processes (see

Table 2) are not negligible, they have to be taken into account in order to evaluate
this integral as accurately as possible. The contributions from wide and narrow
resonances to the radiative association rate coefficients are treated in a separate
calculation following the approach of Ref. [15]. They enhance the background
contribution to the rate coefficients up to 15%. It is also convenient to use a simple
analytical form to represent the numerical values of the rate coefficients. In the
present study, we use the Arrhenius-type function

f(T ) = α

(
T

300

)β

e−γ/T , (7)

where α, β, and γ are the fitting parameters. In order to keep the maximum relative
error below 10%, the temperature range is divided into several intervals.

The quantum-mechanical radiative association cross sections σ(E;Tb) in the
field of black-body radiation (characterized by Tb) is a sum of individual cross-
sections corresponding to allowed transitions from a continuum state (with a pos-
itive energy E and orbital angular momentum J ′) to bound rovibrational states
(with vibrational and rotational quantum numbers v′′ and J ′′, respectively)

σ(E;Tb) =
∑

J ′,v′′,J ′′

σJ ′;v′′,J ′′(E;Tb) . (8)

The individual cross-sections, in the case of dipole moment transitions, can be
expressed as

σJ ′;v′′,J ′′(E;Tb) =
1

4πϵ0

64

3

π5

c3 k2
p ν3

E;v′′,J ′′ SJ ′,J ′′ M2
E,J ′;v′′,J ′′ ×

×
[

1

1 − exp (−hνE;v′′,J ′′/kBTb)

]
, (9)

where c is the speed of light in vacuum, k2 = 2µE/~2, µ is the “charge-modified
reduced mass” [16] of the molecular ion (µ = 1467.778424 a.u. for 4HeH+ and
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µ = 4646.087837 a.u. for 4He7Li+), p is the probability of approach in the ini-
tial electronic state (p = 1 for all three processes) and νE;v′′,J ′′ is the emitted
photon frequency, hνE;v′′,J ′′ = E+ △ E − Ev′′,J ′′ , where △ EB→B = 0 eV
and △EB→X = 20.6153 eV for both species, △EB→A = 9.6266 eV for HeH+

and △EB→A = 1.4201 eV for HeLi+ [17]. For dipole moment transitions of a
heteronuclear diatomic molecule within the Hund’s case (a) spin-less approxima-
tion [18] the final rotational level J ′′ is governed by the rotational selection rule
△J = J ′ − J ′′ = ∓1. Thus there are only two branches and the only non-zero
Hönl-London coefficients are SJ ′,J ′+1 = J ′ + 1 and SJ ′,J ′−1 = J ′, respectively.
ME,J ′;v′′,J ′′ is the matrix element of the transition dipole moment function dz(R)
between the energy-normalized continuum radial wave function χJ ′(E,R) for the
partial wave J ′ and the normalized bound-state radial wave function ψv′′,J ′′(R).
The radial wave functions are determined by numerical integration of the corre-
sponding Schrödinger equations including a centrifugal term and potential energy
functions supporting the initial continuum state E, J ′ and the final bound state
v′′, J ′′, respectively [19, 20]. Positions and tunneling widths of resonances were
calculated employing the computer program LEVEL 7.7 [21] and making use of
the Airy-function boundary condition at the outermost classical turning point [22]
and the uniform semiclassical method [23, 24].

We choose numerical representation of the potential energy and dipole mo-
ment functions by one-dimensional reciprocal-power reproducing kernel Hilbert
space (RP-RKHS) interpolation method [25]. This method allows not only for
qualitatively correct extrapolation in the long-range region of the A + B+ interac-
tion potential but it also allows for the use of predetermined values of long-range
coefficients [26]. In the case of potential energy curves the interpolation was
done with respect to R2 [27] using RP-RKHS parameters m = 1 and n = 2 and
the leading long-range coefficient D4, which is equal to αd/2, was kept fixed to
the values given by static dipole polarizabilities (αd[He(11S)] = 1.383191 a.u.
[28], αd[H(12S)] = 4.5 a.u. [29], αd[He(21S)] = 800.31633 a.u. [30] and
αd[Li(22S)] = 162.87 a.u. [31]). Ab initio interaction energies for the X1Σ+,
A1Σ+, and B1Σ+ electronic states of HeH+ and the corresponding transition
dipole moment values were calculated by us employing multireference config-
uration interaction method (combined with a very large electron basis set) as im-
plemented in the quantum chemistry program suit MOLPRO [32]. In the case
of HeLi+, the corresponding highly accurate potential energy curves and dipole
moments obtained recently [33] were used.
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Figure 1: Born-Oppenheimer potential energy curves of the relevant singlet states of HeH+ with
their dissociation limits.

3. Results and discussion

Potential energy curves calculated in this study for the three lowest 1Σ+ states
of HeH+ and the corresponding transition dipole moment functions (for the B →
X and B → A processes) together with the electric dipole moment curve (for the
B → B process) are shown in Figures 1 and 2, respectively. A few molecular
characteristics of these potentials as well as of those calculated previously for the
corresponding lowest 1Σ+ states of HeLi+ [33] are summarized in Table 1.

For the HeH+ ion the results are in good agreement with the best literature
data: Position and well depth of the X1Σ+ potential agree within a few per mille
with previous highly accurate results of the benchmark calculations of Kołos and
Peek [34] or the calculations of Bishop and Cheung [35] in which adiabatic cor-
rections are also included. For the A1Σ+ excited state equilibrium bond distance
Re and potential minimum De also agree perfectly with the values calculated pre-
viously by Kołos [36] (Re = 5.522 a0, De = 380.802 cm−1). Early comprehensive
calculations by Michels [37] covering as many as 14 excited states of the HeH+

ion are in surprisingly reasonable agreement with the present results. It should
be noted however that the potential minimum energies in Ref. [37] appear to be
more close to the present D0 values, i.e. to the dissociation energies relative to the
ground vibrational level.
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Table 1: Molecular characteristics of the potential energy curves used in the cross-section calcula-
tions of the HeH+ and HeLi+ radiative association.
system state Re De D0 △Ea

(a0) (cm−1) (cm−1) (eV)
HeH+ X1Σ+ 1.463 16 463.147 14 887.390 0

A1Σ+ 5.520 382.999 270.567 10.9887
B1Σ+ 8.381 8 270.574 8 086.961 20.6153

HeLi+ X1Σ+ 3.579 653.566 523.831 0
A1Σ+ 6.907 5 384.068 5 261.331 19.1952
B1Σ+ 12.049 2 805.473 2 744.611 20.6153

aThe energy difference of the corresponding dissociation limits from the ground
state dissociation limit; experimental values from Ref. [17] were used for △E .
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Table 2: Resonance situation overview and target states characteristics for the three studied pro-
cesses of the HeH+ and HeLi+ radiative associations.a

system process ntot nr nw nn nv nrv △E (eV)
HeH+ B → X 410 15 12 3 12 162 20.6153

B → A 410 3 3 0 5 33 9.6266
B → B 410 308 135 173 50 2621 0

HeLi+ B → X 656 8 8 0 8 73 20.6153
B → A 656 332 143 189 51 2948 1.4201
B → B 656 504 190 314 61 4124 0

a Using formalism of Ref. [15]: ntot is the total number of orbital resonances
supported by the initial electronic state; nr is the number of symmetry-allowed
resonances, i.e. the number of resonances which have a bound partner in the cor-
responding target electronic state allowed by the dipole-moment selection rules;
nw is the number of symmetry-allowed wide resonances supported by the initial
electronic state; nn is the number of symmetry-allowed narrow resonances; nv is
the number of bound vibrational (J ′′ = 0) states of the target electronic state; nrv

is the number of bound rovibrational states of the target electronic state.

The numbers of vibrational and rovibrational levels supported by the different
HeH+ and HeLi+ potentials and participating in the radiative association pro-
cesses are collected in Table 2. In the case of the A1Σ+ state of HeH+ the number
of bound vibrational levels nv = 5 is slightly larger than the one given by Yousif
et al. [38]. This is due to the fact that the vibrational levels in their study were
determined from the potential calculations of Ref. [37]. The large difference be-
tween our nv values for the X1Σ+ and B1Σ+ states of HeH+ is due to the fact
that the narrow (although rather deep) ground state potential can hold much less
vibrational levels compared to the wide (less deep) potential of the B-state. The
nv values for the two excited states of HeLi+ are rather large for the same reason,
i.e. their potentials are fairly wide compared to the ground state.

Cross sections for spontaneous (Tb = 0) radiative associations of the three pro-
cesses for the HeH+ and HeLi+ dimers are displayed in the Figures 3 and 4,
respectively. The cross section curves are generally decreasing with increasing
collision energy and have a rapid drop-off in the energy range between 10−1 and
101 eV which is typical for radiative collision processes (e.g. [39, 40]). As ex-
pected, because of much smaller photon energies the cross sections for theB → B
single-state processes are orders of magnitude smaller compared to the two-state
processes. The absolute magnitudes of the cross sections for the B → X and
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B → A processes are very comparable for both molecular ions. In the case of
HeH+ the cross sections for both the B → X and B → A processes are almost
identical at low collision energies although the energy gain in B → X is twice
as big. However, the corresponding factor 8 (arising from the third power of the
emitted photon frequency in Eq. (8)) , by which the B → X cross sections should
be larger then the B → A cross sections, is easily compensated by much more
favorable Franck-Condon conditions for the B → A transitions. In the case of
HeLi+ the cross sections for the B → A process are even larger than those for the
B → X process at energies up to one eV despite of the fact that the energy gain in
B → X is much larger. In this case, the compensation is caused by much larger
B → A transition dipole moment (see Fig. 5) combined with greater number of
rovibrational states in the targetA1Σ+ electronic state (i.e. many more terms in the
sum in Eq. (8)) and more favourable Franck-Condon conditions for the B → A
transitions. Samples of radiative association spectra at selected off-resonance col-
lisional energies are depicted for two-state processes in Fig. 6 (only dominating
lines are shown). In the case of the B → X process for both molecular species
and also in the case of the HeH+ B → A process, the large values of △E have
caused the compression of spectral lines into relatively small ultraviolet intervals.
Dense visible/near-infrared spectrum of the HeLi+ B → A process reflects the
great number of target rovibrational bound states (see Table 2).

Low-energy resonance structure in the radiative association cross section curves,
which is created by quasi-bound states trapped behind centrifugal barriers in the
reactant channel, is practically missing for the B → X processes of the two ions
and is most pronounced for B → B in both cases. In our previous study, the de-
population of metastable He(23S) by radiative association with H+ and Li+ ions
leading to the formation of HeH+ and HeLi+ in their a3Σ+ or b3Σ+ electronic
states was investigated applying the same quantal approach used here [13]. The
gross character of the cross sections for spontaneous radiative association obtained
there appears to be very similar to the curves in Figures 3 and 4. The maximum
values of the cross sections at low collision energies are almost identical and the
energy-dependent decrease agrees very well with the present cross section curves.

Rate coefficients for spontaneous (Tb = 0) radiative association of HeH+ and
HeLi+ calculated from the cross sections are displayed in Figures 7 and 8 for
the temperature range between 10 and 106 K. Numerical values, evaluated at se-
lected temperatures, are collected in Table 3 and the parameter values of the fitted
Arrhenius-type function (see Eq. (7)) are given in Table 4. As in most radiative
inelastic collision processes the rate coefficients for the radiative association reac-
tions considered here reach their maximum values at very low temperatures and
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decrease steadily with increasing temperatures. As expected, they are very small
for the single-state B → B processes. For the B → X processes the HeH+ radia-
tive association rate coefficients are slightly larger compared to the corresponding
results for HeLi+ over the entire temperature range considered here. The situation
is reversed for radiative association via the B → A processes. In this case the
rate coefficients for the formation of HeLi+ in the A1Σ+ state are larger compared
to HeH+ formation, especially at higher temperatures the difference can be more
than one order of magnitude. Whereas maximum values for radiative-association
rate coefficients in single-state processes for weakly bound diatomics like HeH+

and HeLi+ are extremely small, of the order of roughly 10−20 cm3 s−1 and even
smaller, two-state processes have larger rate coefficients by orders of magnitudes
(depending on the size of the excitation energy △E). In previous studies of the
radiative associations (He+ + H) and (He+ + Li) (i.e., A → X two-state processes
according to the notation used here) maximum values for the rate coefficients at
very low temperatures were obtained, which are of the same order of magnitude
as the present B → X processes: about 5 × 10−15 cm3 s−1 [14, 41, 15].

Stimulated radiative association is relevant only for processes with very small
△E where it can lead to a considerable increase of the rate coefficients. A study
of the background blackbody radiation effect is therefore performed here only for
the B → B processes. For HeH+ the rate coefficients for the stimulated plus
spontaneous radiative association via the B → B process at different background
temperatures are plotted in Figure 9 and numerical values for both ions are pro-
vided in Table 3. The calculated increase at Tb = 104 K in the rate coefficients
is about one order of magnitude for HeH+ and slightly larger for HeLi+, and can
reach about two orders of magnitude at very low temperatures. But even with
this increase the rate coefficients for the stimulated radiative association are much
smaller than those for the two-state spontaneous processes.

4. Conclusion

Radiative association processes between the metastable He(21S) and the H+

and Li+ ions producing HeH+ and HeLi+ molecular ions in the X1Σ+ ground
states and theA1Σ+ andB1Σ+ lowest excited singlet states have been investigated
in this study. The quantum-dynamics calculations have been performed based on
highly accurate state-of-the-art quantum-chemistry ab initio calculations of the
relevant interaction potentials and transition moments.

Cross sections for the three spontaneous processes B → X , B → A and
B → B have been calculated. The corresponding rate coefficients characterizing
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Table 3: Values of the rate coefficients (in cm3 s−1) for radiative association of He(21S) with
hydrogen and lithium cationsa.

T HeH+ HeLi+

(K) B → Xb B → Ab B → Bb B → Bc B → Xb B → Ab B → Bb B → Bc

10 5.28(-15) 9.20(-15) 7.28(-19) 4.34(-17) 1.04(-15) 5.08(-14) 5.45(-20) 4.79(-18)
20 2.54(-15) 6.53(-15) 7.93(-19) 4.45(-17) 7.34(-16) 4.72(-14) 5.13(-20) 4.20(-18)
30 1.66(-15) 5.34(-15) 7.30(-19) 3.97(-17) 5.99(-16) 4.50(-14) 4.83(-20) 3.75(-18)
50 1.19(-15) 4.13(-15) 5.91(-19) 3.06(-17) 4.64(-16) 4.20(-14) 4.23(-20) 3.04(-18)

100 1.10(-15) 2.91(-15) 3.90(-19) 1.85(-17) 3.29(-16) 3.68(-14) 3.01(-20) 1.94(-18)
200 1.05(-15) 2.04(-15) 2.25(-19) 9.58(-18) 2.33(-16) 3.04(-14) 1.72(-20) 1.02(-18)
500 8.39(-16) 1.25(-15) 9.10(-20) 3.33(-18) 1.49(-16) 2.18(-14) 6.23(-21) 3.41(-19)

1000 6.51(-16) 8.39(-16) 4.20(-20) 1.36(-18) 1.07(-16) 1.65(-14) 2.53(-21) 1.34(-19)
2000 4.91(-16) 5.31(-16) 1.90(-20) 5.25(-19) 8.07(-17) 1.23(-14) 9.60(-22) 5.01(-20)
2500 4.48(-16) 4.50(-16) 1.48(-20) 3.84(-19) 7.55(-17) 1.11(-14) 6.98(-22) 3.62(-20)
3000 4.16(-16) 3.90(-16) 1.22(-20) 2.98(-19) 7.28(-17) 1.02(-14) 5.36(-22) 2.78(-20)
4000 3.69(-16) 3.05(-16) 9.15(-21) 1.98(-19) 7.23(-17) 8.74(-15) 3.53(-22) 1.82(-20)
6000 3.09(-16) 2.07(-16) 6.42(-21) 1.12(-19) 8.24(-17) 6.78(-15) 1.94(-22) 1.00(-20)
8000 2.72(-16) 1.53(-16) 5.21(-21) 7.48(-20) 9.83(-17) 5.45(-15) 1.27(-22) 6.53(-21)

10000 2.48(-16) 1.19(-16) 4.56(-21) 5.49(-20) 1.13(-16) 4.49(-15) 9.13(-23) 4.69(-21)
16000 2.31(-16) 6.76(-17) 3.70(-21) 2.90(-20) 1.38(-16) 2.81(-15) 4.54(-23) 2.33(-21)
20000 2.41(-16) 5.08(-17) 3.45(-21) 2.17(-20) 1.40(-16) 2.19(-15) 3.26(-23) 1.67(-21)
25000 2.59(-16) 3.79(-17) 3.26(-21) 1.64(-20) 1.35(-16) 1.68(-15) 2.33(-23) 1.19(-21)
32000 2.81(-16) 2.72(-17) 3.11(-21) 1.23(-20) 1.22(-16) 1.23(-15) 1.61(-23) 8.25(-22)
50000 2.96(-16) 1.46(-17) 2.89(-21) 7.62(-21) 8.95(-17) 6.87(-16) 8.28(-24) 4.23(-22)
64000 2.84(-16) 1.03(-17) 2.73(-21) 6.01(-21) 7.15(-17) 4.90(-16) 5.72(-24) 2.92(-22)

100000 2.31(-16) 5.40(-18) 2.29(-21) 3.98(-21) 4.43(-17) 2.62(-16) 2.93(-24) 1.50(-22)
200000 1.28(-16) 1.95(-18) 1.40(-21) 2.00(-21) 1.86(-17) 9.64(-17) 1.04(-24) 5.30(-23)
500000 4.31(-17) 5.01(-19) 5.14(-22) 6.67(-22) 5.22(-18) 2.50(-17) 2.63(-25) 1.34(-23)

a x(−y) ≡ x× 10−y.
bSpontaneous process (Tb = 0 K).
cStimulated process (Tb = 10 000 K).
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Table 4: Values of the Arrhenius-function parameters representing the rate coefficients for the
spontaneous radiative association of He(21S) with hydrogen and lithium cations.a

system process T (K) α (cm3s−1) β γ (K)
HeH+ B → X 10-55 3.9397(-16) -0.4918 -10.0215

55-15000 1.0974(-15) -0.4163 40.7415
15000-50000 2.3033(-16) 7.2942(-2) 4876.2037
50000-500000 1.4873(-12) -1.3867 71877.0270

B → A 10-1000 1.6271(-15) -0.5308 0.3098
1000-15000 8.7591(-15) -1.1994 994.5077
15000-500000 3.3244(-14) -1.4950 4083.6086

B → B 10-250 1.7205(-19) -0.8776 16.4225
250-15000 2.9494(-19) -1.4641 209.3461
15000-500000 3.0709(-19) -1.4785 99.6248

HeLi+ B → X 10-1500 1.9083(-16) -0.4762 -1.1647
1500-15000 3.8555(-18) 0.8789 -2701.5979
15000-50000 2.7231(-13) -1.4521 29491.0745

B → A 10-250 2.7828(-14) -0.2791 4.1283
250-5000 1.6304(-12) -1.4918 6987.5637
5000-15000 3.2678(-14) -0.5021 68.7217
15000-50000 5.3376(-13) -1.2638 3474.7564

B → B 10-100 1.8874(-20) -0.5296 8.0894
100-15000 1.7097(-20) -1.4886 117.1636
15000-500000 1.7836(-20) -1.4995 171.7953

a x(−y) ≡ x× 10−y.
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Figure 3: Cross sections for spontaneous (Tb = 0 K) radiative association of HeH+. Only the
contribution of resonances wider than 0.1 cm−1 is shown.
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Figure 4: Cross sections for spontaneous (Tb = 0 K) radiative association of HeLi+. Only the
contribution of resonances wider than 0.1 cm−1 is shown.

the efficiencies of the molecular-ion formation in the X1Σ+, A1Σ+ and B1Σ+

electronic states have been obtained as functions of temperature. Due to the large
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Figure 5: Dipole-moment and transition dipole-moment functions between the relevant HeLi+

singlet electronic states.

differences in the ionization energies of He and H or He and Li, the two-state
processes have been shown to be by far more efficient than the single-state ones.

Finally, a comparison of the results obtained here for the B → X process
in HeH+ with the radiative deactivation reaction (1) of Ref. [10] can be of in-
terest. It was pointed out previously that both reactions start from the same
initial conditions: the collision of He(21S) with H+ and the formation a tem-
porary collision complex on the B1Σ+ potential of HeH+. Whereas from there
in B → X radiative association via continuum-to-bound-state transitions takes
place, the deactivation process described in the form of reaction (1) proceeds via
radiative continuum-continuum transitions. Allison and Dalgarno [10] summa-
rized their results by the statement that within a wide temperature range up to
16 000 K their calculated rate coefficients are rather constant with values between
(2 − 4) × 10−11cm3s−1. Present results for the rate coefficients of the B → X
process in HeH+ show that the decrease in the temperature interval between 10 -
16 000 K is also fairly modest. The large difference in the absolute values of the
rate coefficients must be attributed to the different efficiencies of the respective ra-
diative transitions. However, a final definite conclusion of this aspect requires an
accurate quantum-mechanical state-to-state treatment of reaction (1) using state-
of-the-art ab initio data.
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Figure 8: Rate coefficients for spontaneous (Tb = 0 K) radiative association of HeLi+.

Apart from radiative association studied here, which is based on dipole-moment
induced continuum-bound transitions, radiative and non-radiative charge trans-
fer or deactivation processes taking place via continuum-continuum transitions
are known to play a major role in astrophysical environments [42]. Comparison
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Figure 9: Rate coefficients for the stimulated plus spontaneous radiative association of H+ and He
(B → B process) for different background temperatures.

of radiative association with radiative charge transfer shows that the continuum-
continuum processes are generally faster. For instance, in the simple two-atomic
Li(21S) + H+ system it was found that the rate coefficient for the radiative charge
transfer process is about two orders of magnitude larger compared to the cor-
responding radiative association over a wide temperature range up to 5000 K
[43, 44]. A similar finding applies for example to the three-atomic system He+ +
H2, where the difference is smaller, but it is still about one order of magnitude in
the low-temperature regime up to 100 K [45, 46]. Finally, comparing efficiencies
of radiative and non-radiative processes in this context, it was shown that radiative
charge transfer dominates over the non-radiative one at low collision energies and
vice-versa at high energies, where the non-radiative reaction is dominating. This
has important consequences for modeling stellar atmospheres. [39, 40].
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