
Charles University in Prague

Faculty of Mathematics and Physics

DOCTORAL THESIS

Mgr. Ondřej Šedivý
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Abstrakt: Náhodné uzavřené množiny a náhodné kótované uzavřené množiny
představuj́ı d̊uležitý obecný koncept pro popis náhodných objekt̊u v topolo-
gickém prostoru, speciálně v Euklidovském prostoru. Tato práce se zabývá dvěma
hlavńımi tématy. T́ım prvńım je problém redukce dimenze, kde je studována
závislost náhodné uzavřené množiny na doprovodných prostorových proměnných.
Řešeńı tohoto problému umožňuje nalézt nejvýznamněǰśı regresory, př́ıpadně iden-
tifikovat ty, které jsou naopak přebytečné. V práci byly doćıleny jednak teore-
tické výsledky, založené na rozš́ı̌reńı metod inverzńı regrese z klasické do pros-
torové statistiky, a také numerické ověřeńı těchto metod prostřednictv́ım simu-
lačńıch studíı. Druhým tématem je odhad charakteristik náhodných kótovaných
uzavřených množin, přičemž prvotńı motivaćı je aplikace v mikrostrukturńım
výzkumu. Náhodné kótované uzavřené množiny představuj́ı matematický model
pro teoretický popis jemnozrnných mikrostruktur kov̊u. V práci jsou vyvinuty
metody statistického odhadu jejich vybraných charakteristik. Správný kvantita-
tivńı popis mikrostruktury kov̊u umožňuje lepš́ı pochopeńı jejich makroskopických
vlastnost́ı.

Kĺıčová slova: redukce dimenze, mikrostrukturńı výzkum, model náhodného
pole, náhodná kótovaná uzavřená množina, charakteristiky druhého řádu
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1. Preface

Basics of stochastic geometry were formulated in the seventies of the last century
by E.F. Harding, D.G. Kendall (Harding and Kendall, 1974) and G. Matheron
(Matheron, 1975). Studying random geometric structures stands on the border-
line between probability theory and integral geometry. Over the past decades, the
role of stochastic geometry has become fundamental in many scientific fields, e.g.
biology, medicine, geography, meteorology, forestry and microstructural research
of both organic and anorganic materials.

The theory included in this work is built on the basic elements of stochastic
geometry - random sets and random measures (Section 2.1). We can start with a
fundamental example of these, point processes (Section 2.2). From one perspec-
tive, a point process in the Euclidean space can be seen as a random measure
whose realizations consist of locally finite point configurations. From a slightly
different point of view, it is considered as a locally finite random subset of the
space, i.e. support of the counting random measure. The latter approach allows
to define spatial structures of positive Hausdorff dimension, e.g. fibre or surface
processes in three-dimensional space, in a consistent way. After equipping the
space with a suitable topology, all of these processes are set within the general
framework of random closed sets (Section 2.3).

An important concept is obtained if an additional numerical information is
added to the spatial structure which is a procedure called marking. If we consi-
der a random closed set supplied by random marks, we get to another important
notion carried throughout this thesis, namely random marked closed sets. These
can be seen as random functions defined on a random domain. Their origins can
be found in Molchanov’s early work (Molchanov, 1984) where labels correspond
to nominal marks but over decades, the theory of marking has been greatly de-
veloped especially for point processes. In this thesis we come out from a recent
contribution (Ballani et al., 2012) where the definitions and characteristics of
random marked closed sets are precised. Commonly used second-order charac-
teristics for random fields on the one hand and for marked point processes on
the other hand are set into a common general framework. Estimation of second-
order characteristics for random marked closed sets is presented in a separate
Subsection 2.3.2 and a hypothesis of independence of the marks on the domain
is studied in Subsection 2.3.3.

It is often of researcher’s interest to know how the occurrence of studied ob-
jects in space depends on inhomogeneous environment which can be represented
by some observable spatial variables, so called covariates. These are typically
modeled with the use of random fields. This connection of a spatial stochastic
process with underlying information from covariates leads to the concept of ran-
dom marked closed sets mentioned above. Major part of this work is devoted to
studying dependence between these two elements. Following the notion common
from regression, we have a spatial response and the covariates play the role of
regressors. Obviously, the main difference from classical statistical background is
that the response is not a numerical variable but it is supposed to be a random
closed set in the Euclidean space. Chapter 3 is devoted to the dimension reduc-
tion problem which aims at reducing the set of regressors into a possibly small
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number of their linear combinations significantly influencing the response.
It was shown recently that the inverse regression techniques, used in classical

statistics for dimension reduction, can be generalized to spatial statistics, even
though a numerical response is missing here. It is based on the elementary idea
that any spatial process can be represented by a binary random field with value
1 in the points of the process and 0 elsewhere. A statement on convergence of
the estimated dimension reduction vectors to their theoretical counterparts was
achieved by Guan (2008); Guan and Wang (2010) for point processes and practical
achievement of this method was demonstrated with the use of simulations.

Our investigation of the dimension reduction problem starts from classical in-
verse regression methods which have been thoroughly explored for random vari-
ables (Section 3.1), we continue with recent Guan’s attempts to generalize these
methods to point processes (Subsection 3.2.1) and we especially present an ori-
ginal contribution to this area (Subsections 3.2.2 and 3.2.3) which was published
in (Šedivý et al., 2013b). In this article, Guan’s results for point processes were
further generalized to random structures with positive Hausdorff dimension. Be-
sides that, the previous achievements for point processes were extended to the
case where the dependence of the process on covariates cannot be handled on-
ly by means of its intensity (Theorem 3.2 in Subsection 3.2.2) but second order
moments must also be taken into account (Theorem 3.3 in Subsection 3.2.3).
Finally, a new idea in inverse regression methods, namely slicing based on geo-
metric marks, was implemented, see Algorithms 3.2 and 3.3 in Subsections 3.2.2
and 3.2.3, respectively. Thus the concept of random marked closed sets enters
the dimension reduction problem.

Another contribution is incorporated in the article (Šedivý and Penttinen,
2014), currently accepted for publication. It was written in cooperation with
Professor Antti Penttinen at the University of Jyväskylä. Here the main to-
pic is the estimation of the intensity function of a point process using various
approaches, either classical parametric ones based on likelihood maximization,
or nonparametric ones based on kernel smoothing. Guan’s innovative approach,
based on smoothing in the space of covariates, is applied to inhomogeneous Gibbs
point process with homogeneous pairwise interactions. This estimation is closely
related to the dimension reduction problem since an effective dimension reduction
can suppress the effect of redundant covariates and pick up the most significant
ones. Our main achievement is an extension of this method to the case where the
points interact (Section 4.3).

Extending classical statistical methods into a spatial domain often leads to
an undesirable effect since the events in space can rarely satisfy the condition of
independence. There are also various approaches to asymptotics which can lead to
various results for competitive estimation procedures. Furthermore, complexity
of mechanisms and models used for description of real spatial structures often
cause that theoretical results are difficult to obtain. That is why simulations are
nowadays an essential tool not only for forming the basic ideas and hypotheses
but also for their approving in spatial statistics. Extensive simulation studies
are an integral part of this thesis, too (Chapter 4). They allow to test accuracy
of suggested estimators for the dimension reduction problem and to solve other
related tasks.

An important feature of the developed theories is their potential to be applied
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in the solution of real problems. In Chapter 5 two such applications are presented.
The first one (Section 5.1) comes from the research of tropical rainforest where the
occurrence of selected species of trees is modeled via the inhomogeneous Gibbs
point process model. It is an alternative to the previously used models, especially
the Cox process and the inhomogeneous Neyman-Scott process. Our approach is
based on a presumption that the seed dispersion can be modeled via appropriate
homogeneous pairwise interactions while the abundance of trees in general can
be described by some observable covariates, especially the natural conditions like
soil composition or elevation.

The second application (Section 5.2) is related to microstructural research and
it comes from a long-term cooperation with the Institute of Physics of Materials,
Academy of Sciences of the Czech Republic, Brno. The task is to characterize
the granular structure of metals observed by a modern microscopical method,
electron backscatter diffraction (EBSD). It is obvious that the microstructure is
closely related to the macroscopical properties of the material. This brings a need
to describe the microstructure by a suitable mathematical model and pick up the
characteristics carrying the main information on a particular realization of the
model. To this end, the model of random marked closed sets is used to describe
the grain boundaries where the marks are related to the orientation of crystal
lattices in neighbouring grains. Results of this research are presented in (Šedivý
et al., 2013a).

Spatial distribution of grain boundaries has been recently subjected to tho-
rough investigation which goes hand in hand with considerable progress in met-
hods of scanning electron microscopy (SEM). Nowadays it is possible to observe a
great amount of individual grains in reasonable time and costs. However, most of
the work mainly focuses on marginal frequencies of various special types of grain
boundaries and less attention is paid to their spatial arrangement or connectivity
in the grain boundary network. There is a great potential of higher-order cha-
racteristics which can reveal important features of the microstructure. The main
results presented in Section 5.2 are related to the estimation of the second-order
characteristics, particularly the mark correlation function (Figure 5.10) and the
cross K-function (Figure 5.11). The results demonstrate remarkable differences
in these functions among various individual samples which can be interpreted
within the crystalographical context.

The text is divided into three levels. There are five chapters 1 - 5 at the
top level which are divided into sections (e.g. 3.1) and these can further involve
subsections (e.g. 3.2.1) at the bottom level. Chapters, sections and subsections
are referred to throughout the text. Definitions, theorems, etc. are numbered
sequentially within each chapter.
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2. Theoretical background

In this chapter the main theoretical concepts are introduced which allow to study
the spatial structures used throughout the rest of this thesis. In Section 2.1
random measures in the Euclidean space are defined and the point processes are
mentioned as their essential case in Section 2.2. Unbounded domain allows to
work e.g. with stationarity which can crucially simplify the analysis. Besides
that, an asymptotic behavior defined via increasing observation window can be
studied.

For real data examples, however, finite point processes represent another im-
portant concept which is often preferable for fitting point patterns that are na-
turally finite. Moreover, it allows to define an important class of point processes
with density including e.g. Gibbs processes dealing with interactions among the
points. Finite point processes are given a separate Subsection 2.2.1.

The next Subsection 2.2.2 focuses on the intensity estimation for finite point
processes which depend on covariates. An intensity estimator based on kerneling
in the space of covariates is introduced as a competitive method for the standard
local smoothing estimator. Further, some classical parametric approaches are
recalled. All of these estimators are later applied in both a simulation study in
Section 4.3 and a real data example in Section 5.1.

Section 2.3 sets the point processes into a more general framework of random
sets which form a cornerstone of stochastic geometry. Further extension consists
in marking where each element of the spatial structure is given an additional,
usually numerical information (Subsection 2.3.1). All the structures considered
in the applied part of this work, namely (marked) point processes, (marked) fibre
processes and (marked) surface processes, can be seen as a special case of random
marked closed sets.

Subsection 2.3.2 is devoted to estimation of characteristics in random marked
closed sets. The final Subsection 2.3.3 of the general theoretical background
contains testing the hypothesis of the random-field model which represents in-
dependence of the marks on the underlying random set. Such property is very
favourable for the consequent analysis.

The main sources for the theoretical background are (Stoyan et al., 1995;
Beneš and Rataj, 2004; Illian et al., 2008; Schneider and Weil, 2008) for Sections
2.1, 2.2, and (Schneider and Weil, 2008; Ballani et al., 2012; Staněk et al., 2013)
for Section 2.3.

2.1 Random measures

Let (Rd,Bd) be the d-dimensional Euclidean space with Borel σ-algebra, and Bd0
the subsystem of bounded Borel sets in Rd. For B ∈ Bd its Lebesgue measure is
denoted |B|. By Br(s) = {t ∈ Rd, ||s − t|| ≤ r} we denote the d−dimensional
ball with centre at s ∈ Rd and radius r > 0, where || · || is the Euclidean norm,
and ωd = |B1(0)| denotes the volume of the unit ball.

Definition 2.1. Consider a probability space (Ω,A,P). Let M be the set of all
locally finite measures on (Rd,Bd) equipped with the smallest σ-algebra M which
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makes the mappings µ 7→ µ(B), µ ∈ M, measurable for all B ∈ Bd. A random
measure on Rd is a measurable mapping

Ψ : (Ω,A,P)→ (M,M).

The distribution of Ψ is PΨ = PΨ−1 and the intensity measure of Ψ is

Λ(·) = EΨ(·) =

∫
M
ψ(·)PΨ(dψ).

It is often desirable to work with random measures having the distribution
invariant under translations. This property is precised in the following definition.

Definition 2.2. For z ∈ Rd, let tz denote the shift operator on M defined by

tzµ(B) = µ(B − z), B ∈ Bd.

The random measure Ψ is called stationary if tzΨ has the same distribution as
Ψ for any z ∈ Rd.

The intensity measure can be extended to moment measures of higher order.
These play an important role in statistical analysis of random measures similarly
as moments do for random variables or random vectors in classical statistics. For
the purpose of the following definition, let Ψl be the product random measure on
Rld, l ∈ N, defined by

Ψl(B1 × . . .×Bl) = Ψ(B1) · . . . ·Ψ(Bl), B1, . . . , Bl ∈ Bd,

and denote El
6= = {(s1, . . . , sl) ∈ Rld : si pairwise distinct for 1 ≤ i ≤ l}.

Definition 2.3. The l-th moment measure µ(l) of a random measure Ψ is
given by

µ(l)(B1 × · · · ×Bl) = E[Ψl(B1 × · · · ×Bl)] = E[Ψ(B1) · . . . ·Ψ(Bl)] (2.1)

and the l-th factorial moment measure µ(l)! is given by

µ(l)!(B1 × · · · ×Bl) = E[Ψl(B1 × · · · ×Bl ∩ El
6=)] (2.2)

for B1, . . . , Bl ∈ Bd. The l-th order intensity function λl is defined by

µ(l)!(ds1 × · · · × dsl) = λl(s1, . . . , sl) ds1 . . . dsl (2.3)

provided that it exists.

For the 1-st order intensity function, simply called intensity function, we use the
non-indexed symbol λ. For stationary random measure, λ is a constant called
intensity.

Further, it is possible to establish a measure on the product space Rd×M in
the following way.

Definition 2.4. The Campbell measure C corresponding to the random mea-
sure Ψ is a measure on Rd ×M defined by∫

Rd×M
f(u, ψ)C(du, dψ) =

∫
M

∫
Rd

f(u, ψ)ψ(du)PΨ(dψ)

for an arbitrary nonnegative measurable function f on Rd ×M.
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The Campbell measure can also be characterized by the property

C(B × U) = EΨ(B)1[Ψ∈U ]

for B ∈ Bd and measurable U ∈ M.

Theorem 2.1 (Campbell). Let Ψ be a random measure on Rd with locally finite
intensity measure Λ. Then

E
∫
Rd

f(u)Ψ(du) =

∫
M

∫
Rd

f(u)ψ(du)PΨ(dψ) =

∫
Rd

f(u)Λ(du)

for an arbitrary nonnegative measurable function f on Rd.

The Campbell theorem states that for a nonnegative measurable function, the
expectation of its integral with respect to Ψ is the same as its integral with
respect to the intensity measure of Ψ.

Another important perspective is obtained by conditioning that a given point
belongs to the support of the random measure. It leads to an important notion
of Palm distribution which is motivated by the following theorem.

Theorem 2.2. Let Ψ be a random measure on Rd with locally finite intensity
measure Λ. Then there exists a probability kernel1 u → Pu from (Rd,Bd) to
(M,M) such that∫

M

∫
Rd

f(u, ψ)ψ(du)PΨ(dψ) =

∫
Rd

∫
M
f(u, ψ)Pu(dψ)Λ(du),

for an arbitrary nonnegative measurable function f on Rd ×M.

Definition 2.5. The distribution Pu from Theorem 2.2 is called the Palm dis-
tribution of the random measure Ψ at point u.

Definitions 2.4 and 2.5 can be extended to the Campbell measure and the
Palm distribution of higher order.

Definition 2.6. The l-th order Campbell measure Cl corresponding to the
random measure Ψ is a measure on Rld ×M defined by∫

Rld×M
f(u1, . . . , ul, ψ)Cl(du1, . . . , dul, dψ)

=

∫
M

∫
Rd

· · ·
∫
Rd

f(u1, . . . , ul, ψ)ψ(du1) · · ·ψ(dul)PΨ(dψ) (2.4)

for an arbitrary nonnegative measurable function f on Rld ×M.

Definition 2.7. Assume that the l-th moment measure µ(l) of a random measure
Ψ is locally finite. The l-th order Palm distribution is defined as a probability
kernel Pu1,...,ul from (Rld,Bld, µ(l)) to (M,M) such that∫

Rld×M
f(u1, . . . , ul, ψ)Cl(du1, . . . , dul, dψ)

=

∫
Rld

f(u, ψ)Pu1,...,ul(dψ)µ(l)(du1, . . . , dul) (2.5)

for an arbitrary nonnegative measurable function f on Rld ×M.

1For measurable spaces (S,S) and (T, T ), probability kernel from (S,S) to (T, T ) is a map-
ping ρ : S × T → [0, 1] such that σ 7→ ρ(s, τ) is measurable for each τ ∈ T and τ 7→ ρ(s, τ) is a
probability measure for each s ∈ S.
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The rest of this section is devoted to reduced second-order characteristics of
random measures.

Definition 2.8. The reduced second moment measure K of a stationary
random measure Ψ can be defined by

K(B) =
1

λ2|A|
E
[∫

A

Ψ(B − u)Ψ(du)

]
, B ∈ Bd0 , (2.6)

where the value of the expression (2.6) does not depend on A ∈ Bd0, |A| > 0. The
K-function is defined as K(r) = K(Br(0)).

The concept of second-order intensity reweighted stationarity introduced for
point processes (Baddeley et al., 2000) can be generalized to random measures.
Let Ψ be a random measure in Rd with intensity function λ(u) > 0 for all u ∈ Rd.
Put

M(A,B) = E
[∫

A

Ψ(du)

λ(u)

∫
B

Ψ(du)

λ(u)

]
, A,B ∈ Bd0 .

Definition 2.9. We say that Ψ is second-order intensity reweighted sta-
tionary (SOIRS) if

M(A,B) = M(A+ v,B + v)

for all v ∈ Rd, A,B ∈ Bd0.

Further, analogously to point processes, the reduced second moment measure
(2.6) can be extended from the stationary case to the SOIRS random measures.

Definition 2.10. The inhomogeneous reduced second moment measure
of a SOIRS random measure Ψ is

Kinhom(B) =
1

|A|
E
[∫

A

∫
Rd

1[u−v∈B]

λ(u)λ(v)
Ψ(du)Ψ(dv)

]
, B ∈ Bd0 , (2.7)

where the value of (2.7) does not depend on A ∈ Bd0, |A| > 0. The inhomoge-
neous K-function is defined as Kinhom(r) = Kinhom(Br(0)).

2.2 Point processes

An important class of random measures is obtained if Definition 2.1 is applied
to a special class of measures, counting measures, that take values in N0 ∪ {∞}.
We will further assume that these measures are simple, i.e. µ({s}) ≤ 1 for all
s ∈ Rd.

Definition 2.11. Let

N = {µ ∈M : µ(B) ∈ N0 ∪∞, B ∈ Bd, µ({s}) ≤ 1, s ∈ Rd}

be the set of locally finite simple counting measures and N = {M ∩N : M ∈M}
the corresponding σ-algebra. A (simple) point process is a measurable mapping

Φ : (Ω,A,P)→ (N ,N).

The distribution of Φ is PΦ = PΦ−1 and the intensity measure of Φ is

Λ(·) = EΦ(·) =

∫
N
ϕ(·)PΦ(dϕ).
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Remark 2.1. In the previous definition a point process is considered as a random
measure. An equivalent approach uses the definition as a locally finite random
set. In the rest of this work we make no difference in notation between these
two approaches. Particularly, both of the following expressions can appear, either
Φ({s}) = 1 or s ∈ Φ for a point s ∈ Rd.

Similarly as in Definition 2.2, a point process is called stationary if its distri-
bution is invariant under translations.

While for many random measures, the moment measures and factorial moment
measures (cf. Definition 2.3) are equal, their difference in the special case of point
processes is obvious. A common expression via sums is used in the following
definition. Factorial moment measures of point processes are also important to
establish the intensity functions of higher order.

Definition 2.12. The l-th moment measure µ(l) and the l-th factorial mo-
ment measure µ(l)! of a point process Φ are given by

µ(l)(B1 × · · · ×Bl) = E
∑

s1,...,sl∈Φ

1[s1∈B1] · . . . · 1[sl∈Bl] (2.8)

µ(l)!(B1 × · · · ×Bl) = E
6=∑

s1,...,sl∈Φ

1[s1∈B1] · . . . · 1[sl∈Bl] (2.9)

for B1, . . . , Bl ∈ Bd0 where
6=∑

denotes summation over l-tuples of pairwise diffe-
rent points. The l-th order intensity function λl is defined by

µ(l)!(ds1 × · · · × dsl) = λl(s1, . . . , sl) ds1 . . . dsl (2.10)

provided that it exists.

For the 1-st order intensity function we use the non-indexed symbol λ(·) and the
term intensity function. For a stationary point process, the intensity function is
a constant called intensity and denoted by λ.

An important second-order characteristic of a point process is stated in the
following definition.

Definition 2.13. Pair correlation function of a point process Φ on Rd is
defined by

g(s, t) =
λ2(s, t)

λ(s)λ(t)
, s, t ∈ Rd : λ(s) > 0, λ(t) > 0 (2.11)

Unlike the usual correlation of random variables, the pair correlation function
takes values from the range [0,∞) and the value 1 corresponds to the case with
no correlation, or even independence, cf. Definition 2.18 later.

A similar reduction which leads to the definition of the factorial moment
measures (2.9) can also be applied to the Campbell measure (Definition 2.4) and
the Palm distribution (Definition 2.5).

Definition 2.14. The reduced Campbell measure C ! associated to the point
process Φ on Rd with the intensity measure Λ is a measure on Rd×N defined by∫

Rd×N
f(u, ϕ)C !(du, dϕ)) =

∫
N

∫
Rd

f(u, ϕ− δu)ϕ(du)PΦ(dϕ)

10



for an arbitrary nonnegative measurable function f on Rd × N , δu denotes the
Dirac measure at point u ∈ Rd. The reduced Palm distribution P!

u at point
u ∈ Rd satisfies

C !(B × U) =

∫
B

P!
u(U)Λ(du), B ∈ Bd, U ∈ N .

For a stationary point process Φ with intensity λ, an alternative second-order
characteristic to (2.11) can be defined with the use of the reduced Palm distri-
bution. The following definition is, of course, equivalent to general Definition 2.8
applied to stationary point process.

Definition 2.15. The reduced second moment measure K of a stationary
point process Φ is defined by

λK(B) =

∫
N
ϕ(B)P!

o(dϕ), B ∈ Bd. (2.12)

The reduced second moment measure applied to B = Br(0) is called the
K-function and it is denoted by K(r).

λK(r) can be interpreted as the expected number of points in Br(0), different
from the origin 0, given that the origin is a point of the process.

In (Baddeley et al., 2000) the concept of second-order intensity reweighted
stationary (SOIRS) processes was introduced and on this class of point processes,
an inhomogeneous version of the K-function can be defined (cf. Definitions 2.9
and 2.10 for random measures).

Definition 2.16. Point process Φ is second-order intensity reweighted sta-
tionary (SOIRS) if

M(A,B) = E
[∫

A

Φ(du)

λ(u)

∫
B

Φ(du)

λ(u)

]
= M(A+ v,B + v) (2.13)

for all v ∈ Rd, A,B ∈ Bd0.

SOIRS point processes can also be characterized by the property that the pair
correlation function (2.11), assuming it exists, depends on the difference s−t only.

Definition 2.17. We define the inhomogeneous K-function of a point pro-
cess Φ by

Kinhom(r) =
1

|B|
E
∑
s∈Φ∩B

∑
t∈Φ\{s}

1[||s−t||≤r]

λ(s)λ(t)
, r ≥ 0 (2.14)

for any B ∈ Bd0 , |B| > 0.

We end up this section with a fundamental example of a point process which
represents the concept of complete randomness of points in Rd.

Definition 2.18. A homogeneous Poisson point process Φ with intensity λ
on Rd is a point process which satisfies the following two conditions:

1. For every Borel set B ∈ Bd0 the distribution of Φ(B) is Poisson with para-
meter λ |B|.

2. The random variables Φ(B1), . . . ,Φ(Bn) are independent for all pairwise
disjoint Borel sets B1, . . . , Bn ∈ Bd0, n ∈ N.

Details can be found e.g. in (Illian et al., 2008).
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2.2.1 Finite point processes with density

From the practical point of view, it is often desirable to restrict the point process
to a bounded domain which implicitely allows only a finite number of points.
Since the concept of finite point processes differs fundamentally from the one
defined on the whole space Rd, their theory needed for the purpose of this thesis
is presented in this separate subsection.

Definition 2.19. Let NW be the set of all finite counting measures on a bounded
domain W ⊂ Bd0 and NW the corresponding σ-algebra. A finite point process
on W is a measurable mapping

Φ : (Ω,A,P)→ (NW ,NW ).

The distribution of Φ is PΦ = PΦ−1 and the intensity measure of Φ is

Λ(·) = EΦ(·) =

∫
NW

ϕ(·)PΦ(dϕ).

If Λ has a density with respect to the Lebesgue measure,

Λ(B) =

∫
B

λ(u) du, B ∈ Bd0 ∩W,

then λ : W → R+ is called the intensity function of Φ.

Restriction of the homogeneous Poisson point process (Definition 2.18) with
intensity λ to the bounded domain W is a finite point process with distribution

Π(U) = e−λ|W |

[
1[∅∈U ] +

∞∑
n=1

λn

n!

∫
W

. . .

∫
W

1[{s1,...,sn}∈U ]ds1 . . . dsn

]
(2.15)

for each U ∈ NW .
An important class of models is formed by finite point processes having a

density with respect to the homogeneous Poisson point process.

Definition 2.20. Suppose a finite point process Φ has an absolutely continuous
distribution with respect to (2.15), i.e.

P (Φ ∈ U) =

∫
U
p(ϕ) Π(dϕ)

holds for each U ∈ NW and for a measurable density p : W → R+ which satisfies∫
NW

p(ϕ) Π(dϕ) = 1. Then Φ is a finite point process with density with
respect to the homogeneous Poisson point process.

Aiming at an application in Section 4.3, we further deal with an important
subclass of finite point processes which takes into account interactions between
the points. The Gibbs point process model, which have thoroughly been studied
in statistical physics, is extended here to the inhomogeneous case where a depen-
dence on some observable underlying variables is expected. This model has been
applied e.g. in (Stoyan and Stoyan, 1998).
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Definition 2.21. An inhomogeneous Gibbs point process Φ on W ⊂ Rd

with homogeneous pairwise interactions is a point process whose density
with respect to the homogeneous Poisson point process of unit intensity has the
form

p(ϕ) =
1

C
exp

−
∑
u∈ϕ

α(u)−
∑∑
si,sj∈ϕ
i<j

Θ(||si − sj||)

 , ϕ ∈ NW , (2.16)

where α(u) is a chemical activity at point u, Θ is a pair potential function
and C is a normalizing factor assuring that p(·) is a probability density.

In what follows, we suppose that the pair potential function is known whilst
the chemical activity is unknown. To be more specific, we assume that the in-
homogeneity, involved in the chemical activity α(u), can be explained by some
observable spatial variables. In this context, we speak of the effect of covari-
ates which is a frequently used notion in spatial statistics. Formally, these are
usually supposed to be components of a p-dimensional random field X(u) =
(X1(u), . . . , Xp(u))>, u ∈ W. In practice, each Xi(u), i = 1, . . . , p, can represent
a measurable quantitative characteristics of the nature where the objects under
investigation appear, e.g. natural conditions for plants or animals. Covariates
bring another source of randomness into the model and in such situations, it is
often spoken of doubly stochastic models.

In our case we further suppose that the dependence on covariates follows the
linear model

α(u) = b0 + b1X1(u) + . . .+ bpXp(u) = (1,X(u)>)b (2.17)

with a vector of unknown parameters b = (b0, . . . , bp)
>. Such a model is common

in practice when the form of interaction among individuals can be achieved but
the occurrence of these individuals further depends on some observable spatial
variables in a way which is not explicitly known. The only assumption is that
contributions of these covariates follow the linear model (2.17). While the pa-
rameter b0 only influences the abundance of the points, the other elements of
b embody the effect of particular covariates and these make a difference from
the homogeneous version. Repulsive interactions are naturally present in situ-
ations where the points represent objects with positive dimension being worth
taking into account, i.e. the objects cannot appear within arbitrary small mutual
distances. A special case is the model of the centres of nonoverlapping balls.
Another example is contained in the following definition.

Definition 2.22. An inhomogeneous Strauss point process is the inhomo-
geneous Gibbs point process with the pair potential function

Θ(s, t) =

{
γ, ||s− t|| ≤ r
0, otherwise;

(2.18)

where r > 0 and γ > 0.2

2Another common reparametrization of Strauss process is p(ϕ) = αβϕ(W )γSr(ϕ) where α > 0,

β > 0, γ ∈ [0, 1] and Sr(ϕ) =
∑6=

s,t∈ϕ 1[||s−t||≤r].
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Since it is complicated to obtain the intensity of a Gibbs point process even
in the homogeneous case, see e.g. (Møller and Waagepetersen, 2004), it is more
convenient to use the conditional intensity (van Lieshout and Baddeley, 1996)
which is, loosely speaking, the conditional probability of having a point in an
infinitesimal neighbourhood of a point u given the realization of the point process
outside of this neighbourhood. With an additional assumption of hereditarity, the
conditional intensity can be defined as follows.

Definition 2.23. A finite point process Φ with density p(·) is hereditary if for
each ϕ ∈ NW

p(ϕ) > 0 ⇒ p(ψ) > 0 for all ψ ⊆ ϕ.

Papangelou conditional intensity of a hereditary finite point process Φ at
point u ∈ W is defined by

λ(u |ϕ) =
p(ϕ ∪ {u})
p(ϕ \ {u})

, ϕ ∈ NW , p(ϕ \ {u}) > 0 (2.19)

and λ(u |ϕ) = 0 if p(ϕ \ {u}) = 0.

Note that all the particular examples of Gibbs point processes, discussed in
this thesis, are hereditary. For non-hereditary Gibbs point processes, see e.g.
(Dereudre and Lavancier, 2007).

The Papangelou conditional intensity has a convenient form for the class of
Gibbs point processes, also useful for simulations. In the case of the inhomoge-
neous Gibbs point process Φ conditioned by X according to model (2.17), it can
be expressed as

λ(u |ϕ,x) = exp

{
−x(u)>b(−0) −

∑
s∈ϕ

Θ(||s− u||)

}
(2.20)

where b(−0) = (b1, . . . , bp).
To end up this subsection we recall the Georgii-Nguyen-Zessin formula (Georgii,

1976; Nguyen and Zessin, 1976).

Theorem 2.3 (Georgii, Nguyen, Zessin). Let Φ be a finite point process with
conditional intensity λ(·|Φ). Then

E
∑
s∈Φ

h(s,Φ\{s}) =

∫
W

E[h(u,Φ)λ(u |Φ)] du, (2.21)

holds for every measurable function h : W ×NW → R+.

A special case h(u,Φ) = 1[u∈B] applied to an arbitrary Borel set B ⊆ W links the
conditional intensity to the intensity function through the equality

λ(u) = Eλ(u |Φ), u ∈ W. (2.22)
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2.2.2 Intensity estimation for finite point
processes

In this subsection we focus on estimating the intensity function λ(u) of a finite
point process Φ in a bounded domain W ⊂ Rd. Two general approaches towards
this problem can be distinguished, the parametric and the nonparametric one.
Two nonparametric estimators are recalled in this subsection; these are based
on kerneling either in the spatial domain or in the space of covariates3. The
parametric methods proceed in two steps. Firstly, parameters of an appropri-
ate model suggested for the observed point pattern are estimated; two classical
methods derived from maximum likelihood are explained in this subsection. Se-
condly, Markov chain Monte Carlo (MCMC) simulations are used for generating
realizations of the point process which follows the assumed model with estima-
ted parameters and the intensity estimation is obtained by averaging over these
realizations, see Section 4.3.

At first we recall a general nonparametric kernel intensity estimator (Diggle,
1985).

Definition 2.24. Local smoothing intensity estimator (LSIE) for a finite
point process Φ on a bounded domain W is

λ̂L(u;W,h) =
1

c(u;W,h)

∑
v∈Φ∩W

k(||u− v||;h) (2.23)

at each point u ∈ W where the kernel function k(·;h) is a symmetric probability
density function with the mass concentrated around 0,

c(u;W,h) =

∫
W

k(||u− v||;h) dv

is a normalizing factor and h is the bandwidth parameter.

Among the most frequently used kernel functions there are the Gaussian kernel

k(x;h) =
1√
2πh

exp

(
− x2

2h2

)
(2.24)

and the Epanechnikov kernel

k(x;h) =
3

4

(
1− x2

h2

)
1[|x|≤h] . (2.25)

The bandwidth h controls the effective radius of the estimator, i.e. size of the
neighbourhood where the points still have a remarkable contribution to the esti-
mator. This parameter influences smoothness of the resulting estimator. The nor-
malizing term c(u;W,h) results in the edge effects correction at point u.

LSIE is most commonly used at the explanatory stage of data analysis with-
out any particular assumptions on the point process. Supposing, however, an

3Considering the covariates as components of a p-dimensional random field X, space of
covariates is a subset of Rp determined by the range of values of X.
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increasing domain asymptotics, LSIE is neither asymptotically unbiased nor con-
sistent since it does not utilize information on the intensity obtained outside the
kernel bandwidth.

For point processes dependent on covariates, the following kernel intensity
estimator was introduced in (Guan, 2008).

Definition 2.25. Covariates-based smoothing intensity estimator (CSIE)
for a finite point process Φ with the intensity function dependent on a random
field X on a bounded domain W is

λ̂C(u;W,h) =
1

c(u;W,h)

∑
v∈Φ∩W

k(||X(u)−X(v)||;h), (2.26)

at each point u ∈ W where k(·;h) is a kernel function as in (2.23) and

c(u;W,h) =

∫
W

k(||X(u)−X(v)||;h) dv

is a normalizing factor.

In order to apply the estimator λ̂C effectively, it is reasonable to work just
with those covariates which significantly influence the point process intensity.
This problem is further referred to as the dimension reduction of the space of
covariates. Inverse regression methods, originating from classical statistics (Li,
1991) and later applied to point processes which are dependent on covariates
(Guan, 2008; Guan and Wang, 2010), are recalled in Chapter 3 as a reliable
approach.

The rest of this subsection is devoted to parametric estimation. We suppose
that distribution of the studied point process depends on a vector b of unknown
parameters.

The classical parametric approach based on maximization of the likelihood
function is sometimes hard to apply or computationally demanding. An alterna-
tive approach, using the conditional intensity instead, was introduced in (Besag,
1978). It is popular for many point process models, e.g. for Gibbs processes,
where the conditional intensity has a simple expression. This method defines a
pseudo-likelihood function4 as an analogue of the likelihood function but using
the conditional intensities. These two functions are equal for the Poisson pro-
cess but the practice shows that the pseudo-likelihood usually provides a good
approximation for the likelihood function even for other point process models.

Definition 2.26. Maximum pseudo-likelihood estimator (MPLE) for a
finite point process Φ on a bounded domain W is a vector b̂ which maximizes
the pseudo-likelihood function

PL(Φ; b) =

(∏
s∈Φ

λ(s |Φ \ {s}; b)

)
exp

(
−
∫
W

λ(u |Φ; b) du

)
. (2.27)

While the first term of the pseudo-likelihood function (2.27) contains contribu-
tions of the observed points, the second term summarizes the empty space.

4An alternative term is a Poisson likelihood.
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The integral part of (2.27) and its derivatives are often not explicitly com-
putable. A method for maximization of the logarithmic pseudo-likelihood

logPL(Φ; b) =
∑
s∈Φ

log λ(s |Φ \ {s}; b)−
∫
W

λ(u |ϕ; b) du (2.28)

was introduced in (Baddeley et al., 2014). Denote the gradient of the conditional
intensity with respect to b by ∇λ(·; b) assuming it exists a.s. For estimation of
the scores

S(b) =
∑
s∈Φ

∇λ(s |Φ \ {s}; b)

λ(s |Φ \ {s}; b)
−
∫
W

∇λ(u |Φ; b) du, (2.29)

the idea of Monte Carlo approximation based on additional sampling points is
followed. Consider a ”dummy” point process D with intensity ρ(·) which is in-
dependent of Φ. This process should be easy to simulate and mathematically
tractable, for instance a Poisson, binomial, or stratified binomial point process.
Then we have an unbiased estimator of the integral from (2.29) using the expres-
sion

E
∫
W

∇λ(u |Φ; b) du = E
∑

s∈Φ∪D

∇λ(s |Φ \ {s}; b)

λ(s |Φ \ {s}; b) + ρ(s)
, (2.30)

cf. the last equation in § 4 in (Baddeley et al., 2014) setting t(s,Φ \ {s}) =
(∇λ(s |Φ\{s}; b))/(λ(s |Φ\{s}; b)). This result follows from the Georgii-Nguyen-
Zessin formula (2.21). Further, a close relation to the logistic regression is shown
therein which allows an easy computation of the scores (2.29).

In (Huang and Ogata, 1999) a method was introduced which improves the
MPLE (2.27) in a way which brings it closer to the maximum likelihood esti-
mator. Instead of maximization of the likelihood function (2.31) over the whole
parameter space, sufficiently accurate initial values of the parameters given by
better tractable MPLE are used and just a few iterations of the Newton-Raphson
algorithm are then needed to achieve a good approximation for the maximum
likelihood.

Definition 2.27. Denote by U(Φ; b) the total energy, i.e. argument of the expo-
nential in (2.16) with positive sign. Assume that the likelihood function

L(Φ; b) =
1

C(b)
exp{−U(Φ; b)} (2.31)

is twice differentiable with respect to b a.s. Starting with initial values of the
vector of parameters b̂ given by the pseudo-likelihood estimator, innovated value
is obtained in each step by

b̂new = b̂− (∇2 log L(Φ; b̂))−1∇ log L(Φ; b̂). (2.32)

Huang-Ogata’s estimator (HOE) is given by the value of b̂new obtained after
a positive number of iterations of the algorithm.
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The gradient ∇ and Hessian ∇2 of the likelihood function for the inhomoge-
neous Gibbs point process (2.16) are

∇ logL(Φ; b) = −∇U(Φ; b)−∇ log(C(b)),

∇2 logL(Φ; b) = −∇2U(Φ; b)−∇2 log(C(b)).

While ∇U(Φ; b) is evaluated from the observed point pattern, estimation of
∇ log(C(b)) and ∇2 log(C(b)) is possible with the use of MCMC simulations
(Huang and Ogata, 1999).

2.3 Random closed sets

In this section we deal with random sets in a space E which are defined as mea-
surable mappings from some abstract probability space into a system of subsets
of E, endowed with a suitable σ-algebra. Further, we assume that E is a local-
ly compact topological space with a countable base. We denote by F ,G, C the
system of the closed, open and compact subsets of E, respectively.

Definition of a random closed set is based on a hit-or-miss topology. For a
random set A ⊂ E we denote

FA = {F ∈ F : F ∩ A 6= ∅} and FA = {F ∈ F : F ∩ A = ∅}

the subsystems of F containing subsets hitting or missing A, respectively.

Definition 2.28. The topology of closed convergence5 on F is the topology
generated by the set system

{FC : C ∈ C} ∪ {FG : G ∈ G}.

We further equip the system F of closed subsets of E with Borel σ-algebra
which is characterized in the following lemma (Schneider and Weil, 2008).

Lemma 2.1. The σ-algebra B(F) of Borel sets of F is generated by either of the
systems

{FC : C ∈ C} and {FG : G ∈ G}.

Definition 2.29. A random closed set in E is a measurable mapping

Z : (Ω,A,P)→ (F ,B(F)).

The capacity functional TZ of Z is defined by

TZ(C) = P(Z ∩ C 6= ∅) for C ∈ C.

Basic properties of the capacity functional are

a) 0 ≤ T ≤ 1, T (∅) = 0,

b) if Ci, C ∈ C and Ci ↓ C, then T (Ci)→ T (C),

c) Sk(C0;C1, . . . , Ck) ≥ 0 for C0, C1, . . . , Ck ∈ C and k ∈ N0

5It is also known as the Fell topology.
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where Sk is defined recurrently by

S0(C) = 1− T (C)

Sk(C0;C1, . . . , Ck) = Sk−1(C0;C1, . . . , Ck−1)− Sk−1(C0 ∪ Ck;C1, . . . , Ck−1).

The following theorem states that the above properties are also sufficient for T
to be the capacity functional of a random closed set.

Theorem 2.4 (Choquet). Let T : C → R be a function with the properties a) -
c) defined above. Then there exists a uniquely determined probability measure P
on F with

T (C) = P(FC)

for all C ∈ C.

In what follows we will work with the Hausdorff measure Hk of order k in Rd,
k ∈ {0, 1, . . . , d− 1}, which is defined for A ⊂ Rd by

Hk(A) = lim
δ→0+

inf
A⊂∪iGi

diamGi≤δ

∑
i

ωk

(
diamGi

2

)k
(2.33)

where diamGi denotes the diameter of Gi. Recall that a mapping f is Lipschitz
if there exists a constant M such that ||f(x) − f(y)|| ≤ M ||x − y|| for any x, y
from the domain of f .

Definition 2.30. We call a subset A ⊂ Rd k-rectifiable if it is a Lipschitz image
of a bounded subset of Rk. Furthermore, A is Hk-rectifiable if for any compact
set K ⊂ Rd, A∩K is Hk-measurable with Hk(A∩K) <∞ and A∪K = ∪∞i=0Wi

with Hk(W0) = 0 and Wi k-rectifiable for i ≥ 1.

Let further Hk be the Hausdorff measure of order k in Rd. In (Zähle, 1982)
the concept of random Hk-sets in Rd was introduced as random closed sets which
are Hk-rectifiable.

Definition 2.31. A Hk-rectifiable (random) closed set is called a (random) Hk-
set. A random Hk-set Y such that ΨY (·) = Hk(Y ∩ ·) is a locally finite random
measure in Rd will be called a point, fibre, or surface process for k = 0, 1, d−1,
respectively.

Finally, we define a special system of random closed sets which represents a
division of the whole space into closed subsets intersecting only in their bounda-
ries.

Definition 2.32. A random tessellation6 in Rd is a random countable locally
finite system T of nonempty closed subsets covering the whole space, i.e.⋃

T∈T

T = Rd,

and having disjoint interiors, i.e.

T, T ′ ∈ T , T 6= T ′ =⇒ intT ∩ intT ′ = ∅.

The elements of a random tessellation T are called cells and the non-empty
intersections of cells are called faces.

6The terms mosaic or diagram are also frequently used in literature, the latter especially for
the deterministic case.

19



Assuming that the faces are Hk-rectifiable, they can be seen as Hk-sets for
k = 0, 1, . . . , d− 1.

2.3.1 Random marked closed sets

In what follows a notation will be used for conditional expectation of a random
function Γ given points lying in a random Hk-set Y . This can be precised as

E[Γ(s) | s ∈ Y ] =
1

Hk(Y )

∫
Y

Γ(u)Hk(du). (2.34)

Recall that a function f : X → R, X ⊂ Rd, is upper semi-continuous at
point u0 if lim supu→u0f(u) ≤ f(u0) and it is upper semi-continuous if this pro-
perty holds for all u0 ∈ X.

Following Ballani et al. (2012) define

Φusc = {(X, f) : X ⊂ Rd is closed, f : X → R is upper semi-continuous},
Ucl = {A ⊂ Rd × R is closed, for all s ∈ Rd and for all t ∈ R :

(s, t) ∈ A =⇒ {s} × [−∞, t] ⊂ A}.

Then
τ : Φusc → Ucl, (X, f) 7→ {(s, t) ∈ X × R : t ≤ f(s)} (2.35)

is a bijection. Thanks to the upper semi-continuity assumption on f , the subgraph
τ(X, f) is a closed set.

Definition 2.33. Let (Y,Γ) : Ω→ Φusc be a mapping such that

{ω ∈ Ω : τ(Y,Γ) ∩B 6= ∅} ∈ F

for each compact B ∈ Rd × R. Then (Y,Γ) is called a random marked closed
set (RMCS).

Simply spoken, a random marked closed set can be seen as a random function Γ
defined on a random domain Y. Further we define the basic notions of stationarity
and isotropy.

Definition 2.34. A RMCS is called stationary if

P(τ(Y,Γ) + (u, 0) ∈ ·) = P(τ(Y,Γ) ∈ ·)

for all u ∈ Rd. It is isotropic if

P(θτ(Y,Γ) ∈ ·) = P(τ(Y,Γ) ∈ ·)

for all θ ∈ SOd+1 (group of rotations on Rd+1) with θ(Rd × {0}) = Rd × {0}.

A class of second-order characteristics of a RMCS (Y,Γ), for u, v ∈ Rd, is
introduced as follows (Ballani et al. (2012)). For ε > 0 define the random field
{Zε(u), u ∈ Rd} by

Zε(u) =


max

v∈Y ∩Bε(u)
Γ(v) if u ∈ Y⊕ε

0 else
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Definition 2.35. For a right-continuous function f : R2 7→ R define the second-
order characteristics of a RMCS (Y,Γ) by

κf (u, v) = lim
ε↓0

E[f(Zε(u), Zε(v)) |u, v ∈ Y⊕ε] (2.36)

whenever P(u, v ∈ Y⊕ε) > 0 for all ε > 0. Otherwise κf is undefined. Here

Y⊕ε = Y ⊕Bε(0)

for Minkowski addition ⊕. In the case when Γ is a restriction of a random
field Γ′(u), u ∈ Rd, then we do not use Zε and put f(Γ′(u),Γ′(v)) instead of
f(Zε(u), Zε(v)) in (2.36).

Common choices of f are

e (x, y) = x,

c (x, y) = xy,

ν (x, y) = x2.

Definition 2.36. The conditional mean mark and the mark covariance
function are defined by

E(u) = κe(u, v) (2.37)

cov(u, v) = κc(u, v)− κe(u, v)κe(v, u). (2.38)

Further the mark correlation function is given by

cor(u, v) =
κc(u, v)− κe(u, v)κe(v, u)

(κν(u, v)− κe(u, v)2)1/2(κν(v, u)− κe(v, u)2)1/2
(2.39)

and the mark variogram by

γ(u, v) =
1

2
(κν(u, v) + κν(v, u))− κc(u, v). (2.40)

Another characteristics is Stoyan’s kmm-function given by

kmm(u, v) = m̄−2κc(u, v), m̄ = E[Γ(u) |u ∈ Y ].

Stationarity and isotropy obviously yield the following property.

Proposition 2.1. For a stationary and isotropic RMCS (Y,Γ) the second-order
characteristics (2.36) depend on the scalar r = ||u − v|| only, for any pair
(u, v) ∈ R2d.

A concept closely related to RMCSs is that of a weighted random measure, see
(Stoyan et al., 1995). Let Ψ be a random measure in Rd, C its Campbell measure,
W a locally compact space and w a measurable mapping (weight function)

w : suppC →W

(consider the product σ-algebra on the support suppC ⊂ Rd ×M).
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Definition 2.37. The tuple (Ψ, w) is called a weighted random measure
(WRM) in Rd with weight space W.

A weighted random measure induces a random measure Ψ̃ on Rd ×W which
is given by

Ψ̃(A×B) = Ψ{u ∈ A : w(u,Ψ) ∈ B}, A ∈ Bd, B ∈ B(W).

Definition 2.38. We say that WRM (Ψ, w) is stationary if Ψ is stationary and
w(u, µ) = w(u+ z, tzµ) for any (u, µ) ∈ suppC and z ∈ Rd.

The relation between RMCS and WRM for a Hk-set y ⊂ Rd is expressed by
the following diagram

Φusc = {(y, f)}
↑ ↘

(Ω,F) → ξ = {(ψy, w)}

which commutes for ψy(·) = Hk(y ∩ ·) and w(u, ψy) = f(u) on y. Thus for a
random marked Hk-set (Y,Γ), k = 0, 1, d − 1, we have the notions of a marked
point, fibre or surface process, respectively.

Definition 2.39. The two-point weight distribution Qr of a stationary WRM
(Ψ, w) is defined by

Qr(B1, B2) =

∫
M

1[w(0,Ψ)∈B1]1[w(r,Ψ)∈B2]P0,r(dψ), B1, B2 ∈ B(W), (2.41)

for any r > 0. Here P0,r stands for the second-order Palm distribution (2.5) of
Ψ for two points in distance r.

Definition 2.40. A random field X(u; ·) : (Ω,A,P)→ (R,B), u ∈ Rd, is upper
semi-continuous if its trajectories X(·;ω) are upper semi-continuous for each
ω ∈ Ω.

An important concept is a random-field model which is related to a special
class of RMCSs.

Definition 2.41. Consider an upper semi-continuous random field Γ′ on Rd and
a RMCS (Y,Γ) such that Γ = Γ′ on Y . If Y and Γ′ are stochastically independent
then RMCS (Y,Γ) is called a random-field model.

Γ and Γ′ from the previous definition are often denoted by the same letter. If
a given RMCS follows the random-field model then separate investigation of Y
and Γ is possible which crucially simplifies the statistical inference.
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2.3.2 Estimation of characteristics of random
marked closed sets

In order to estimate the second-order characteristics from Definition 2.36 in a
bounded observation window W ⊂ Rd, consider the extension (Y⊕ε,Γ) for ε > 0,
and let U ⊂ W be a finite test set (e.g. a fixed grid of points). Let r > 0 be such
that

Nε,U(r) = {(s, t) ∈ (Y⊕ε ∩ U)2 : ||s− t|| = r} (2.42)

is nonempty. Under the assumptions of stationarity and isotropy, we suggest an
estimator of κf (s, t) = κf (r) in the following form.

Definition 2.42. A natural estimator of the second-order characteristics
(2.36) is given by

κ̂f (r) =
1

cardNε,U(r)

∑
(s,t)∈Nε,U (r)

f(Γ(s),Γ(t)). (2.43)

A kind of unbiasedness (for a fixed ε > 0) can be derived under an additional
assumption of a random-field model.

Proposition 2.2. For a stationary and isotropic random-field model (Y,Γ) and
for real numbers r, ε > 0 such that P(Nε,U(r) 6= ∅) > 0 we have

Eκ̂f (r) = E[f(Γ(s),Γ(t)) | s, t ∈ Y⊕ε, ||s− t|| = r].

Proof. It holds that

Eκ̂f (r) = E
1

cardNε,U(r)

∑
(s,t)∈Nε,U (r)

f(Γ(s),Γ(t))

= E[E[
1

cardNε,U(r)

∑
(si,ti)∈Nε,U (r)

f(Γ(si),Γ(ti)) |

Nε,U(r) = {(s1, t1) . . . , (sk, tk)}]]

= E[
1

k

k∑
i=1

f(Γ(si),Γ(ti))]

=

∫
f(m1,m2)Qε

r(dm1, dm2)

= E[ f(Γ(s),Γ(t)) | s, t ∈ Y⊕ε, ||s− t|| = r],

where Qε
r is the two-point weight distribution (2.41) of the WRM (Ψε,Γ) and

Ψε = | · ∩ Y⊕ε| is the random volume measure associated with Y⊕ε.

For κe(r) and κv(r) we prefer the estimator

κ̂f (r) =
1

cardN 6=ε,U(r)

∑
(s,t)∈N 6=ε,U (r)

f(Γ(s),Γ(t)) (2.44)

based on the estimation set

N 6=ε,U(r) = {(si, ti) ∈ Nε,U(r) : si pairwise distinct, i = 1, . . . , K}. (2.45)
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where K = card(Y⊕ε∩U). This estimator avoids multiple inclusion of points, i.e.
a point si ∈ Y⊕ε ∩ U is included to the estimator if a point ti ∈ Y⊕ε ∩ U exists
such that ||si − ti|| = r but number of these ti’s does not enter the estimator as
a weighting constant and an arbitrary of them can be chosen to the pair (si, ti)
in (2.45). The statement of Proposition 2.2 remains true since the proof can be
followed analogously with summations over pairwise distinct points si.

2.3.3 Random-field model test

In this subsection we deal with a random-field model test (see Definition 2.41).
Consider statistical testing of the null-hypothesis

H0 : (Y,Γ) is a random-field model (2.46)

against the alternative

HA : (Y,Γ) is not a random-field model .

In Schlather et al. (2004) such tests are developed for stationary marked point
processes. The test based on the mark-weighted K-function KΓ is generalized
here to RMCS (Y,Γ) with random Hk-set Y, 0 ≤ k < d, nonnegative mark Γ
and the corresponding random measure ΨY being SOIRS (Definition 2.9) with
intensity function λ(·).

Definition 2.43. The inhomogeneous mark-weighted K-function KΓ of a
RMCS (Y,Γ) as described above is defined by

KΓ(r;A) =
1

|A|
E
∫
A

Γ(s)

Γ̄(A)

[∫
Rd

1[||s−t||<r]

λ(s)λ(t)
ΨY (dt)

]
ΨY (ds) (2.47)

for A ∈ Bd, |A| > 0, where Γ̄(A) = E[(
∫
A

Γ(u)ΨY (du))(ΨY (A))−1] is the mean
mark on A.

Under the null hypothesis (2.46) the inhomogeneous mark-weightedK-function
coincides with the inhomogeneous K-function (Definition 2.10) and it does not
depend on the choice of the set A.7 In a special case the marks are constant which
corresponds to the unmarked point process. However, unlike the stationary case
the independence on the choice of A does not hold in general. Thus, the inhomo-
geneous mark-weighted K-function can be applied for testing the random-field
hypothesis (2.46) in a fixed window W . The following algorithm based on KΓ can
be suggested for a single realization (y, γ) of (Y,Γ) in a bounded window W . It
is based on evaluating the empirical version of (2.47) for a user-defined discrete
set of values of r within the range [rmin, rmax]. This interval is usually chosen as
a small right-hand neighbourhood of 0 in order to capture the correlations within
small interpoint distances.

7The test can be applied even for processes which are not SOIRS. However, in that case
the invariance to the choice of A is missing even under the null hypothesis and there is no
correspondence with the inhomogeneous K-function from Definition 2.10.
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Algorithm 2.1.

1. choose n test points si ∈ y ∩W, evaluate γ(si), i = 1, . . . , n,

2. evaluate an estimate λ̂(·) of the intensity λ(·), e.g. using a kernel estimator
(Subsection 2.2.2),

3. evaluate

K̂0(r;W ) =
1

n|W |

n∑
i=1

γ(si)

γ̄(W )

∫
y

1[||si−u||<r]

λ̂(si)λ̂(u)
Hk(du) (2.48)

where γ̄(W ) = 1
n

n∑
i=1

γ(si)

4. random reallocation: in step 3 make q random permutations of the marks
{Γ(si), i = 1, . . . , n}, evaluate (2.48) for each permutation to obtain
K̂1(r;W ), . . . , K̂q(r;W ),

5. transform K̂j(r;W ) to L-function: L̂j(r;W ) =
(
K̂j(r;W )

ωd

) 1
d
, j = 0, . . . , q,

for each r denote

L̂min(r;W ) = min
1≤j≤q

L̂j(r;W ) and L̂max(r;W ) = max
1≤j≤q

L̂j(r;W ),

draw envelopes

L̂min(r;W )− L̂0(r;W ) and L̂max(r;W )− L̂0(r;W ). (2.49)

The null hypothesis is not rejected if the horizontal axis lies between the envelopes.

Denote s number of those permutations for which an r exists such that
L̂min(r;W ) = Lj(r;W ) or L̂max(r;W ) = Lj(r;W ), j = 1, . . . , q. The signifi-
cance level of the test can be estimated a posteriori as s

q
(Grabarnik et al., 2011).

To achieve a desirable significance level, a sufficient number of permutations q
must be provided, see the simulation study in Subsection 4.2.2.

If the integral from (2.48) is hard to estimate from data, the estimation of KΓ

can be further refined as follows.

Definition 2.44. Consider a partition of y ∩W into disjoint subsets Bj, points
zj ∈ Bj, j = 1, 2, . . . ,m (typically m > n) and let Hk(Bj) = 4k

zj
. Then a refined

empirical estimator
ˆ̂
KΓ(r;W ) of (2.47) is given by

ˆ̂
KΓ(r;W ) =

1

n|W |

n∑
i=1

γ(si)

γ̄(W )

m∑
j=1

4k
zj

1[||si−zj ||<r]

λ̂(si)λ̂(zj)
. (2.50)

An advantage of this approach is that it suffices to estimate λ(·) at the points
si, i = 1, . . . , n, and zj, j = 1, . . . ,m. The random-field model test described in
Algorithm 2.1 with the refined estimator (2.50) is applied to simulated data in
Subsection 4.2.2.
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3. Dimension reduction

Consider a classical regression problem with a random variable Y which depends
on a p-dimensional vector X which is, to our purpose, supposed to be random.
The particular components of X are called covariates. The dimension reduction
means that the dependence can be reduced in such a way that Y depends only
on several linear combinations of the covariates. A particular effect is that only
those covariates which significantly influence the response are revealed.

A fundamental method for the dimension reduction problem was established
in (Li, 1991). It is based on the idea to regress X on Y inversely instead of the
direct regression of Y on X. An immediate benefit of this approach is that in such
a way we obtain p univariate regressions instead of a multivariate one. Basics of
the inverse regression are explained in Section 3.1. Further methods of dimension
reduction can be found e.g. in (Cook and Weisberg, 1991; Li, 2000; Li and Wang,
2007).

In (Guan, 2008) the dimension reduction problem was formulated for the
situation where the response is a point process and the covariates are given by
a p-dimensional random field in plane. We further extend this framework to an
Hk-rectifiable random set Y which is a random point, fibre or surface process in
Rd for k = 0, 1, d − 1, respectively, and a set of regressors X represented by a
p-dimensional random field in Rd, d = 2, 3.

The whole Sections 3.2 and 3.3 deal with this spatial context. At first the
basic definitions are extended to this framework at the beginning of Section 3.2.
Then the methods of dimension reduction, applied to point processes in (Guan,
2008), are reviewed in Subsection 3.2.1. These are further applied to random
marked closed sets and improved by slicing based on geometric properties in
Subsection 3.2.2. Refined analysis for the point processes based on second-order
properties is introduced in Subsection 3.2.3. Section 3.3 explains how to use
the theoretical achievements for statistical estimation and hypotheses testing.
Content of Subsections 3.2.2 - 3.3.2 is based on original research whose results
were published in (Šedivý et al., 2013b).

3.1 Basic definitions and methods

Consider the classical regression problem of dependence of a random variable Y
on a p-dimensional random vector X. We denote by S(B) the linear subspace
spanned by the columns of a real-valued matrix B.

Definition 3.1. Let Y be conditionally independent of X given B>X for a p × c
matrix B, c ≤ p. Then S(B) is called a sufficient dimension reduction sub-
space. Let SY |X be the intersection of all such subspaces. Assuming that SY |X is
also a sufficient dimension reduction subspace, it is called the central subspace
(CS).

The above definition formalizes our requirement to find a matrix B such that
B>X contains all the information about the response Y which is carried by the
vector of regressors X. Such a matrix always exists, it can be e.g. the unit
matrix which does not provide any reduction of the original regression model.
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It is obvious that the subspace generated by the columns of this matrix, not its
particular elements, is the determining factor for the dimension reduction. This
leads to the notion of sufficient dimension reduction subspaces. Central subspace
is the smallest one in that sense that it is contained in all sufficient dimension
reduction subspaces.

The simplest inverse regression technique for estimation of the central sub-
space is the sliced inverse regression (SIR) (Li, 1991). It is based on estimation
of the inverse regression curve E[X|Y ]. The following theorem (Li, 1991) states
that under the well known linearity condition, centered inverse regression curve
lies in the central subspace.

Theorem 3.1. Let c < p be a fixed natural number and b, β1, . . . , βc ∈ Rp be
arbitrary deterministic vectors. Assume that the conditional expectation
E[b>X | β>1 X, . . . , β>c X] is linear in β>1 X, . . . , β>c X, i.e.

E[b>X | β>1 X, . . . , β>c X] = a0 + a1β
>
1 X + . . .+ acβ

>
c X (3.1)

for some constants a0, a1, . . . , ac ∈ R. Then

E[X |Y ]− E[X] ⊆ SY |X. (3.2)

The linearity condition is easily satisfied if the distribution of X is elliptically
symmetric, e.g. if it is multivariate normal. From now on we assume that the
normality of X holds. To estimate the inverse regression curve, the idea of slicing
is followed.

Definition 3.2. Any pairwise disjoint Borel sets A1, A2, . . . , AH ∈ B1, H ∈ N,
covering the whole range of a random variable Y , i.e. A1∪A2∪ . . .∪AH = Y (Ω),
are called slices for random variable Y .

In practice, the slices are usually defined on the basis of a realization of Y
dividing the response values into disjoint subsets e.g. according to sample quan-
tiles. It is then not necessary to define the slices for all possible values of Y , just
for the observed ones.

The central subspace is estimated by conducting principal component analysis
(PCA) on the means of the regressors within particular slices. This method is
based on the presumption that these means are concentrated close to the inverse
regression curve. Using this property, PCA aims at finding the minimal subspace
which contains the inverse regression curve. The whole procedure for the data
(yi,xi), i = 1, . . . , n, can be described in the following steps:

Algorithm 3.1.

1. standardize x by an affine transformation

x̃i = Σ̂−1/2
xx (xi − x̄)

where Σ̂xx and x̄ are the sample covariance matrix and the sample mean of
x, respectively,

2. divide the range of y into H slices A1, . . . , AH , denote

nh = card ({i : yi ∈ Ah}),
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3. compute the slice means

mh =
1

nh

∑
i:yi∈Ah

x̃i,

4. conduct a principal component analysis on the slice means weighted by the
cardinalities of the slices, i.e. find the eigenvalues and the eigenvectors of

V̂ =
H∑
h=1

nh
n

mhm
>
h ,

5. let η1, . . . , ηc be the eigenvectors corresponding to the c largest eigenvalues,
then retransformed vectors Σ̂

−1/2
xx η1, . . . , Σ̂

−1/2
xx ηc estimate the central sub-

space.

It is necessary to mention that SIR has several important limitations which
are to be kept in mind. Particularly, it works satisfactorily just for monotonic
trends of dependence. It is not difficult to think of a counterexample where SIR
fails because the slice means are not concentrated along the inverse regression
curve satisfactorily, see e.g. (Cook, 1998). An important theoretical assumption
for E[X|Y ] lying in the central subspace is the linearity condition (3.1). This
condition is satisfied if the multivariate distribution of predictors is elliptically
symmetric which is clearly the case of normal distribution used in the simulation
experiments in Chapter 4. However, it can be a problematic assumption for real
data which are often far from Gaussianity. Nevertheless, in (Hall and Li, 1993) it
was established that this condition usually holds approximately for models with
high number of predictors. For further discussion about reasonable assumptions
and asymptotic properties of SIR, see (Cook and Weisberg, 1991; Guan and Wang,
2010; Li, 1991).

3.2 Generalization to random closed sets

The Definition 3.1 can be extended to the case where Y is an Hk-rectifiable
random set and X is a p-dimensional random field.

Definition 3.3. Let Y be a random Hk-set and X a p-dimensional random field
on Rd. If Y is conditionally independent of X given B>X = {B>X(s), s ∈ Rd}
for a p × c matrix B, c ≤ p, then S(B) is called a sufficient dimension reduc-
tion subspace. Let SY |X be the intersection of all such subspaces. Assuming
that SY |X is also a sufficient dimension reduction subspace, it is called the central
subspace (CS).

A refined analysis of dimension reduction defined within our framework is
based on the following definition, cf. (Guan and Wang, 2010) for point processes.
Assume that the l−th order intensity functions (2.3) of Y exist up to order
L ∈ N ∪ {∞}. These functions are random and they depend on covariates
represented by a p-dimensional random field X(s), s ∈ Rd. That means, given a
realization x(s) of X(s) we have a realization of λl. This is a doubly stochastic
model in similar sense to the well known Cox point process.
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Definition 3.4. Let l ∈ {1, . . . , L}, L ∈ N ∪ {∞}, and assume that the relation

λl(s1, . . . , sl) = fl(B
>X(s1), . . . , B>X(sl)), (3.3)

holds for some nonnegative measurable function fl and a p× c matrix B, c ≤ p.
Then Sl(B) is called the l−th order sufficient intensity dimension reduc-
tion subspace. Assuming that the intersection of all such subspaces Sl =
∩BSl(B) is also an l−th order sufficient intensity dimension reduction subspace,
it is called the l−th order central intensity subspace (l-CIS).

Analysis of the first- and second-order central intensity subspaces is included
in Subsection 3.2.2 and 3.2.3, respectively.

3.2.1 Dimension reduction methods for point processes

This subsection is a review of dimension reduction methods applied to point pro-
cesses in (Guan and Wang, 2010). Even though a numerical response is missing
in the point processes context, the idea can be simply applied by defining a bi-
nary variable Y (s) with value 1 in the points of the process and 0 elsewhere.
It corresponds to partitioning the response into two slices. Assume that X is
a standardized p-dimensional Gaussian random field.

Sliced inverse regression

Sliced inverse regression is based on the presumption that

BSIR = E[X(s) |Y (s) = 1] = E[X(s) | s ∈ Φ] (3.4)

lies in the central subspace SY |X. Since for the standardized random field we have
E[X(s)|Y (s) = 0] = 0, only the slice corresponding to Y (s) = 1 is actually used.
The linearity condition (3.1) in this context requires that

E[X(s)>b1 |X(s)>b2] = aX(s)>b2 (3.5)

for any s ∈ Rd, any constant vectors b1,b2 ∈ Rp and for some a ∈ R.
For estimation of the central subspace, we assume that the point process is

observed in a bounded window W ⊂ Rd which leads to the context of finite point
processes described in Subsection 2.2.1. The empirical version of BSIR is

B̂SIR =
1

Φ(W )

∑
s∈Φ∩W

X(s). (3.6)

Sliced average variance estimation

While the sliced inverse regression uses information on the first conditional mo-
ment only, the sliced average variance estimation (SAVE) (Cook and Weisberg,
1991) is based on estimation of the second conditional moment. Denoting the
unit matrix of order p by Ip, the kernel matrix for SAVE is

BSAVE = (cov[X(s) | s ∈ Φ]− Ip)2 (3.7)

where the elements of the conditional covariance matrix are given by

cov[X(s) | s ∈ Φ](i,j) = E[Xi(s)Xj(s) | s ∈ Φ].
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The empirical version of BSAVE is

B̂SAVE =
1

Φ(W )

∑
s∈Φ∩W

X(s)X(s)> − B̂SIRB̂
>
SIR . (3.8)

In order for BSAVE to lie in the central subspace, an additional assumption for
second moment is needed. It requires that

cov[X(s) |X(s)>b] does not depend on s (3.9)

for any b ∈ Rp. This is, again, true for the standardized Gaussian random field
but in practice, heteroskedasticity is a common undesirable effect.

Directional regression

The directional regression (DR) was suggested in (Li and Wang, 2007) combining
advantages of the previously defined ones including SIR or SAVE. In contrast
with SIR, under mild conditions it can estimate the central subspace exhaus-
tively, i.e. S(BDR) = SY |X, and it is efficient even for non-monotonic trends of

dependence. Working with an independent copy (X̃, Ỹ ) of (X, Y ), it is based on
regressing the direction X− X̃ onto the space of squared integrable functions of
(Y, Ỹ ). In (Li and Wang, 2007) it is shown that for the matrix

A(Y, Ỹ ) = E[(X− X̃)(X− X̃)> |Y, Ỹ ],

column vectors of 2Ip − A(Y, Ỹ ) lie in the central subspace.
Availability of the directional regression in point processes was studied in

(Guan and Wang, 2010). The kernel matrix E[2Ip − A(Y, Ỹ )]2, expressed in the
settings of a point process Φ depending on a p-dimensional random field X, can
be rewritten as

BDR = 2EY EY> − 8EY + 8EX EX> − 4E[YX ]EX> − 4EX E[X>Y ] +

+2EY2 + 2E[XX>]E[X>X ] + 2E[X>X ]E[XX>] + 4 Ip (3.10)

where X = E[X(s) | s ∈ Φ] and Y = E[X(s)X(s)> | s ∈ Φ]. Under an assumption
that X is standardized, it can be further simplified to

B̃DR = 2(E[Y2] + E[XX>]E[X>X ] + E[X>X ]E[XX>]− Ip) (3.11)

because the first row in (3.10) is equal to −6Ip. The central subspace can be
estimated conducting the principal component analysis on B̃DR.

3.2.2 Extension to random marked closed sets with slicing
based on marks

In this subsection the previous methods are extended from point processes to ran-
dom closed sets and improved in the way that slicing, as described in Section 3.1
for vector data, is established on the basis of appropriate geometric marks. To
this end, we consider a random marked closed set (Y,Γ) in Rd where Y is an
Hk-rectifiable random set and Γ is a random numerical mark defined on Y . We
start with a preliminary lemma.
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Lemma 3.1. Consider a Borel set A ∈ Bd.

a) Assume that (3.3) holds for l = 1. Then∫
A

E[X(s)λ(s)]ds = E[

∫
Y ∩A

X(s)Hk(ds)]

if the expressions exist.

b) Assume that (3.3) holds for l = 2. Then∫
A

∫
A

E[X(s)X(t)>λ2(s, t)]ds dt = E[

∫ ∫
Y ∩A

X(s)X(t)THk(ds)Hk(dt)]

if the expressions exist.

Proof. Assertion a) follows from the Campbell theorem (2.1). Given X(s) = x(s),
λ(s) = f1(B>x(s)), we have

E
∫
Y ∩A

x(s)Hk(ds) =

∫
A

x(s)λ(s)ds

and unconditionally, taking expectations we obtain the result. Similarly, assertion
b) follows from the second-order Campbell theorem, see e.g. (Schneider and Weil,
2008).

Specially for k = 0 and a point process Y , we have

E
∑
s∈Y ∩A

X(s) and E
6=∑

s,t∈Y ∩A

X(s)X(t)>

on the right hand sides of the formulae of Lemma 3.1a) and b), respectively.
To study the availability of slicing, we extend the Definition 3.2 to the context

of RMCSs. We further assume that Γ is continuous.

Definition 3.5. Consider a RMCS (Y,Γ). Any pairwise disjoint Borel sets
A1, A2, . . . , AH ∈ Bd, H ∈ N, covering the whole range of Γ, i.e. A1 ∪ A2 ∪ . . . ∪
AH = (τ(Y,Γ)(Ω))d+1 for τ defined in (2.35) (Subsection 2.3.1) and index d + 1
denoting the last coordinate (corresponding to Γ) of the image for the whole Ω,
are called slices for RMCS (Y,Γ).

Slices induce a partition of Y into disjoint subsets Y 1, . . . , Y H . Alternatively,
we may consider closures Ȳ h as processes with first-order intensities λ(h),∫

A

λ(h)(s) ds = EΨȲ h(A), A ∈ Bd, h = 1, . . . , H, (3.12)

respectively, corresponding to each slice, so that λ =
∑H

h=1 λ
(h).

In the rest of this subsection we assume that for each s ∈ Rd,

λ(s) = f(B>X(s)) (3.13)

holds for a matrix B of size p× c, c ≤ p, and a nonnegative measurable function
f . Within the framework of Definition 3.4, we focus on investigation of 1-CIS.
The property (3.13) can be related to the particular slices as follows.
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Lemma 3.2. Let the mark Γ(s) = g(B>X(s)) for a measurable function g. Then

λ(h)(s) = fh(B>X(s))

for some nonnegative measurable functions fh, h = 1, . . . , H.

Proof. For |ds| ↓ 0 we have

λ(h)(s) | ds| = E[Y h(ds) |X(s)]

= E[Hk({y ∈ Y ∩ ds; Γ(y) ∈ Ah}) |X(s)]

= E[Hk({y ∈ Y ∩ ds; Γ(y) ∈ Ah}) |B>X(s)]

= fh(B>X(s))|ds|.

Consider a convex compact window W ⊂ Rd and a statistic

V̂1 =
1

ΨY (W )

H∑
h=1

1

ΨY h(W )

∫
Y h∩W

X(s)Hk(ds)

[∫
Y h∩W

X(s)Hk(ds)

]>
. (3.14)

Assume that Y and {X(s), s ∈ Y } are ergodic. In fact we need an assumption
which guarantees that the limits in probability

lim
W↑Rd

1

|W |

∫
Y h∩W

X(s)Hk(ds) and lim
W↑Rd

1

|W |
ΨY h(W )

are constant vectors, h = 1, . . . , H. Then from Lemma 1 for each h it holds

1

ΨY h(W )

∫
Y h∩W

X(s)Hk(ds) −→
∫
Rd E[λ(h)(s)X(s)]ds∫

Rd E[λ(h)(s)]ds
(3.15)

in probability when W ↑ Rd where this limit is defined as a ratio of limits

lim
W↑Rd

1

|W |

∫
W

E[λ(h)(s)X(s)]ds,

lim
W↑Rd

1

|W |

∫
W

E[λ(h)(s)]ds.

Their finiteness can be verified e.g. in the case when X(·) is a stationary random
field since then the limit (3.15) is equal to

E[λ(h)(·)X(·)]
E[λ(h)(·)]

. (3.16)

Thus the theoretical counterpart of (3.14) is

V1 =
1∫

Rd E[λ(s)]ds

H∑
h=1

∫
Rd E[λ(h)(s)X(s)]ds

∫
Rd E[λ(h)(s)X(s)]>ds∫

Rd E[λ(h)(s)]ds
. (3.17)
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Theorem 3.2. Assume that for a RMCS (Y,Γ) and a p-dimensional Gaussian
random field X,

λ(s) = f(B>X(s)) and Γ(s) = g(B>X(s))

for some nonnegative measurable function f and measurable function g. Assume
further that Y and {X(s), s ∈ Y } are ergodic. Then S(V1) ⊂ S1.

Proof. Let B be a matrix satisfying S(B) = S1 and h ∈ {1, . . . , H}. From Lem-
ma 3.2 we have that λ(h)(s) = fh(B>X(s)) for a nonnegative measurable function
fh. It is enough to show that

S
(∫

E[fh(B>X(s))X(s)]ds

∫
E[fh(B>X(s))X(s)]>ds

)
⊂ S1.

For the projection matrices PB = B(B>B)−1B> and QB = Ip − PB we have∫
E[fh(B>X(s))X(s)]ds =

∫
E[fh(B>X(s))(PB +QB)X(s)]ds

= PB

∫
E[fh(B>X(s))X(s)]ds+

∫
E[fh(B>X(s))E[QBX(s) |PBX(s)]]ds .

Because X(s) is a Gaussian random field, PBX(s) and QBX(s) are mutually
independent and E[QBX(s) |PBX(s)] = 0. This implies∫

E[fh(B>X(s))X(s)]ds

∫
E[fh(B>X(s))X(s)]>ds

= PB

∫
E[fh(B>X(s))X(s)]ds

∫
E[fh(B>X(s))X(s)]>dsPB.

Since this holds for each h = 1, . . . , H, we have S(V1) ⊂ S(B) = S1. This com-
pletes the proof.

Theorem 3.2 justifies using principal component analysis on slice means ana-
logously as described for vector data in Section 3.1. Consider a single realization
(y, γ) of a RMCS and a realization x(s), s ∈ W , of a stationary p-dimensional
Gaussian random field.

Algorithm 3.2.

1. standardize x by an affine transformation

x̃(s) = Σ̂−1/2
xx (x(s)− x̄), s ∈ W

where x̄ = 1
|W |

∫
W

x(s)ds and Σ̂xx = 1
|W |

∫
W

[x(s)− x̄][x(s)− x̄]>ds,

2. divide the range of γ into H slices A1, . . . , AH , and make the partition
y = y1 ∪ . . . ∪ yh, accordingly, denote

µh = Hk(yh ∩W ) and µ = Hk(y ∩W ),

3. compute the slice means

mh =
1

µh

∫
yh∩W

x̃(s)Hk(ds),
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4. conduct a principal component analysis on the slice means weighted by the
cardinalities of the slices, i.e. find the eigenvalues and the eigenvectors of

V̂ =
H∑
h=1

µh
µ

mhm
>
h ,

5. find the eigenvectors ξ1, . . . , ξc corresponding to the c largest eigenvalues,
retransformed vectors Σ̂

−1/2
xx ξ1, . . . , Σ̂

−1/2
xx ξc estimate the central subspace.

Numerical standardization of the random field and approximation of the slice
means are provided in Section 3.3.

3.2.3 Investigation of the second-order central intensity
subspace

In this subsection we assume that for each s, t ∈ Rd,

λ2(s, t) = f2(B>X(s), B>X(t)) (3.18)

holds for a matrix B of size p× c, c ≤ p, and a nonnegative measurable function
f2. Within the framework of Definition 3.4, we focus on investigation of 2-CIS.

Assume that Y and {X(s)X(t)>, s, t ∈ Y } are ergodic, W ⊂ Rd is a convex
compact window. Then from Lemma 3.1

M̂2 =

∫ ∫
s,t∈Y ∩W X(s)X(t)>Hk(ds)Hk(dt)

ΨY (W )2

−→
∫ ∫

E[λ2(s, t)X(s)X(t)>]dsdt∫ ∫
E[λ2(s, t)]dsdt

= M2 (3.19)

in probability when W ↑ Rd, where the limit (3.19) is defined as a ratio of two
limits

lim
W↑Rd

1

|W |2

∫
W

∫
W

E[λ2(s, t)X(s)X(t)>]dsdt,

lim
W↑Rd

1

|W |2

∫
W

∫
W

E[λ2(s, t)]dsdt.

Their finiteness can be verified e.g. in the case when X(·) is a stationary (sta-
tionary and isotropic) random field, when the integrands depend only on the
difference of variables (modulus of the difference of variables).

For a point process (k = 0) we consider

M̂2 =

∑6=
s,t∈Y ∩W X(s)X(t)>

ΨY (W )(ΨY (W )− 1)
.

Theorem 3.3. The matrix M2 defined in (3.19) can be decomposed as

M2 = MP
2 +MQ

2

=
PB
∫ ∫

E[f2(B>X(s), B>X(t))X(s)X(t)>]dsdtPB∫ ∫
E[f2(B>X(s), B>X(t))]dsdt

+

∫ ∫
E[f2(B>X(s), B>X(t))]E[QBX(s)X(t)>QB]dsdt∫ ∫

E[f2(B>X(s), B>X(t))]dsdt
(3.20)

where PB and QB are defined in the proof of Theorem 3.2.
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Proof. Write X(s) = PBX(s) +QBX(s). Then

E[λ2(s, t)X(s)X(t)>]

= E[E[f2(B>X(s), B>X(t))[PBX(s)X(t)>PB + PBX(s)X(t)>QB

+QBX(s)X(t)>PB +QBX(s)X(t)>QB]|PBX(s), PBX(t)]]

= PBE[f2(B>X(s), B>X(t))X(s)X(t)>]PB

+E[f2(B>X(s), B>X(t))PBX(s)E[X(t)>QB|PBX(s), PBX(t)]]

+E[f2(B>X(s), B>X(t))E[QBX(s)|PBX(s), PBX(t)]X(t)>PB]

+E[f2(B>X(s), B>X(t))E[QBX(s)X(t)>QB|PBX(s), PBX(t)]].

The inner expectation in the second and third term is equal to 0 from the as-
sumptions, and

E[QBX(s)X(t)>QB|PBX(s), PBX(t)] = E[QBX(s)X(t)>QB],

thus, the assertion follows.

If the second term MQ
2 on the right-hand side of the formula for M2 were 0

then
S(M2M

>
2 ) ⊂ S(M2) ⊂ S2. (3.21)

We are interested in situations where MQ
2 is negligible with respect to MP

2 , i.e.

||MQ
2 || << ||MP

2 ||, (3.22)

e.g. for the Euclidean matrix norm. This means that S2 can be approximately
estimated by the SIR method applied to M2M

>
2 . Typically,

E[QBX(s)X(t)>QB]

is negligible for ||s−t|| → ∞, while in some models (e.g. repulsive point processes)
λ2(s, t) is around 0 for small ||s−t||. Moreover, when there is a positive correlation
between PBX(s)X(t)>PB and λ2(s, t) then, intuitively, (3.22) may hold.

We make this reasoning precise in the following two examples, where we consi-
der the standardized Gaussian random field X = (X1, X2) in R2 with independent
components with correlation functions

cor(s, t) = E[X(s)X(t)>] = exp(−||s− t||2),

B = (1, 0)>, so that λ2(s, t) = f2(X1(s), X1(t)). The 2× 2 matrix functions

PBE[λ2(s, t)X(s)X(t)>]PB (3.23)

and
E[λ2(s, t)]E[QBX(s)X(t)>QB], (3.24)

are the integrands in the numerators of (3.20). Nonzero elements of these matrices
are in the upper left or lower right corner, respectively. These elements are
evaluated as functions of variable z = ||s − t||. The expectations are evaluated
with respect to the bivariate Gaussian probability density

g(x, y) =
1

2π
√

1− cor(s, t)
exp

[
− 1

2(1− cor(s, t))
(x2 + y2 − 2xy

√
cor(s, t))

]
,

x, y ∈ R.
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Example 3.1. Consider a stationary Poisson point process Φ with intensity ρ.
Let Y be a simple inhibition point process such that each pair of points s, t ∈ Φ
satisfying

max(Z(s), Z(t)) ≥ ||s− t|| (3.25)

is removed, where Z(s) = g(X1(s)) is a nonnegative function of X1. The process
Y has second-order intensity (cf. (Diggle, 2003))

λ2(s, t) =


ρ2 exp(−ρU(Z(s), Z(t))), max(Z(s), Z(t)) ≤ ||s− t||

0, else.

where U(Z(s), Z(t)) is the area of the union of balls centered in s, t with radii
Z(s), Z(t), respectively. In this case the assumption (3.18) holds with B = (1, 0)>.
Put

Z(s) = a+ b1[X1(s)<0], a, b > 0. (3.26)

It holds λ2(s, t) = 0 if either [X1(s) < 0 ∨X1(t) < 0] ∧ ||s− t|| < a+ b or
[X1(s) ≥ 0 ∧X1(t) ≥ 0] ∧ ||s− t|| < a. In the opposite case there are variants

X1(s) ≥ 0, X1(t) ≥ 0, ||s− t|| ≥ a, λ2(s, t) = ρ2e−ρU2(s,t,a,a),
X1(s) ≥ 0, X1(t) < 0, ||s− t|| ≥ a+ b, λ2(s, t) = ρ2e−ρU2(s,t,a,a+b),
X1(s) < 0, X1(t) ≥ 0, ||s− t|| ≥ a+ b, λ2(s, t) = ρ2e−ρU2(s,t,a+b,a),
X1(s) < 0, X1(t) < 0, ||s− t|| ≥ a+ b, λ2(s, t) = ρ2e−ρU2(s,t,a+b,a+b).

The results are depicted in Figure 3.1(a).

Example 3.2. The stationary determinantal point process Y (Lavancier et al.,
2013) has second order intensity equal to the determinant

λ2(s, t) =
C0(0) C0(s− t)
C0(t− s) C0(0)

where C0 is a covariance function. For parameters α, ρ > 0 we use the covariance
function with finite range α

C0(x) =
2ρ

π

arccos
||x||
α
− ||x||

α

√
1−

(
||x||
α

)2
1[||x||<α].

The parameter ρ is randomized, it depends on the first component of X :

ρ =
4

π2α2
(arctan(X1(s)X1(t)) +

π

2
).

Under this scaling, given X the determinantal process always exists. The results
are depicted in Figure 3.1(b).

Theorem 3.3 also enables us to understand the availability of a slicing proce-
dure in the analysis of S2. In this case, the Cartesian product Y × Y should be
emphasized. Let

Y = Y × Y, ΨY(W ) = [ΨY (W )]2, k > 0,
Y = {(s, t) ∈ Y × Y, s 6= t}, ΨY(W ) = ΨY (W )(ΨY (W )− 1), k = 0.

(3.27)
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Figure 3.1: Comparison of functions of variable z = ||s − t||, nonzero elements of
matrices (3.23) dashed line and (3.24) full line; (a) Example 1 (simple inhibition process)
for a = b = ρ = 1, (b) Example 2 (determinantal process) for α = 1. The dashed graph
values are much higher than the solid graph values in both cases, which means that S2

can be approximately estimated using the suggested SIR method.

Consider a mark Γ : Y → R which is a measurable symmetric function, i.e.
Γ(s, t) = Γ(t, s) for each (s, t) ∈ Y .

Denote by (y, γ) a single realization of (Y ,Γ). The following algorithm for
estimating S2 can be suggested.

Algorithm 3.3.

1. standardize x by an affine transformation

x̃(s) = Σ̂−1/2
xx (x(s)− x̄), s ∈ W

where x̄ = 1
|W |

∫
W

x(s)ds and Σ̂xx = 1
|W |

∫
W

[x(s)− x̄][x(s)− x̄]>ds,

2. divide the range of γ into H slices A1, . . . , AH , and make the partition
y = y1 ∪ . . . ∪ yh, accordingly, denote

νh =

∫ ∫
yh∩W 2

Hk(ds)Hk(dt) and ν =

∫ ∫
y∩W 2

Hk(ds)Hk(dt),

3. compute the slice means

oh =
1

νh

∫ ∫
yh∩W 2

x̃(s)x̃(t)>Hk(ds)Hk(dt),

4. conduct a principal component analysis on the slice means weighted by the
cardinalities of the slices, i.e. find the eigenvalues and the eigenvectors of

Û =
H∑
h=1

νh
ν

oho
>
h , (3.28)

5. find the eigenvectors η1, . . . , ηc corresponding to the c largest eigenvalues,
retransformed vectors Σ̂

−1/2
xx η1, . . . , Σ̂

−1/2
xx ηc estimate the central subspace.
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3.3 Statistical methods

3.3.1 Estimation

When we deal with simulated or real data, the theoretical quantities from Sub-
sections 3.2.2 and 3.2.3 are estimated by their sampling analogues. Generally,
for a stationary Gaussian p−dimensional random field X observed in a bounded
window W ⊂ Rd put

x̄ =
1

|W |

∫
W

x(s)ds, Σxx =
1

|W |

∫
W

[x(s)− x̄][x(s)− x̄]>ds.

Then the standardized p−dimensional random field is

x̃(s) = Σ−1/2
xx [x(s)− x̄].

Based on observation of the random field on a set of grid points G ⊂ W , the
sampling analogues of x̄ and Σxx are

̂̄x =
1

cardG

∑
s∈G

x(s)ds, Σ̂xx =
1

cardG

∑
s∈G

[x(s)− ̂̄x][x(s)− ̂̄x]>ds

and the empirical standardized random field at arbitrary point s ∈ W is given by

x̂(s) = Σ̂xx

−1/2
[x(sG)− ̂̄x]

where sG ∈ G is the nearest grid point to s.
Characteristics of a realization y of a random Hk−set Y can be estimated by

choosing a finite set
T = {ti}ni=1 ⊂ y ∩W (3.29)

of random test points. Generally, probes Tp of complementary dimension d − k
are used to get test points as intersections T = Tp ∩ y ∩W, cf. (Stoyan et al.,
1995). Let

Th = T ∩ yh, nh = card Th

for a sliced realization y = y1 ∪ . . . ∪ yH of Y and

T = {(s, t) ∈ T × T, s 6= t}, Th = T ∩ yh, nh = card Th

for a sliced realization y = y1 ∪ . . .∪ yH of Y = Y × Y as in (3.27), h = 1, . . . , H.
Sums of cardinalities of the slices are

H∑
h=1

nh = n,
H∑
h=1

nh = n(n− 1).

Using the estimators

m̂h =
1

nh

∑
s∈Th

x(s), ôh =
1

nh

∑
(s,t)∈Th

x(s)x(t)>, (3.30)

we obtain

V̂ =
H∑
h=1

nh
n
m̂jm̂

>
j , Û =

H∑
h=1

nh
n(n− 1)

ôhô
>
h . (3.31)

38



The eigenvectors ξ̂l, η̂l corresponding to the c largest eigenvalues of the matrices
V̂ , Û , respectively, are evaluated and transformed to

β̂l = Σ̂xx

−1/2
ξ̂l, δ̂l = Σ̂xx

−1/2
η̂l, l = 1, . . . , c. (3.32)

Vectors β̂l, δ̂l form columns of an estimator B̂ of matrix B for the dimension
reduction problem of (X, Y ) under the assumptions (3.13), (3.18), respectively.
Further we proceed with the vectors β̂l but the same reasoning can be followed
with δ̂l.

Guan and Wang (2010) suggest the following estimation error

4(B, B̂) = ||B(B>B)−1B> − B̂(B̂>B̂)−1B̂>||max (3.33)

to compare the estimated and the true matrix of the central subspace. ||A||max

denotes the maximum of the absolute singular value of a matrix A.
Having n data sets and getting β̂il , i = 1, .., n, from (3.32) we want to obtain

an estimator of βl, l = 1, . . . , c, from this information. In fact the directions of
the vectors are crucial. In Rd consider an arbitrary unit vector w, let β̂1, ..., β̂n

be i.i.d. unit random vectors and 〈·, ·〉 be the inner product, then

β̂ = arg max
v:||v||=1,〈w,v〉≥0

n∑
i=1

|〈β̂i, v〉|. (3.34)

Obviously, different choices of the vector w do not affect the direction of the
estimator β̂ but they can affect its orientation, i.e. if β̂1 and β̂2 are estimators
with the choice w = w1 and w = w2, respectively, where w1 and w2 are arbitrary
units vectors in Rd, then β̂1 = β̂2 or β̂1 = −β̂2.

This estimator is unbiased in the following sense (Šedivý et al., 2013b).

Proposition 3.1. Let the distribution of β̂i be symmetric with respect to the axis
given by β̃, i.e. β̂i has the same distribution as −β̂i+2β̃〈β̃, β̂i〉 and choose w = β̃.
Then there exists an a ∈ [0, 1] such that

Eβ̂ = aβ̃.

Proof. Without loss of generality, consider β̃ = (1, 0, .., 0). Further, let

sv = (v1,−v2, ...,−vd), sβ̂ = (β̂1,−β̂2, ...,−β̂d), sβ̂i = (β̂i1,−β̂i2, ...,−β̂id)

for all i = 1, ..., n. Then β̂i and sβ̂i have the same distribution. Obviously,

|sv| = |v| = 1, 〈sv, β̃〉 = 〈v, β̃〉, and 〈sv,s β̂i〉 = 〈v, β̂i〉.

Therefore β̂ and sβ̂ have the same distribution, and hence Eβ̂ = aβ̃ for some
a ∈ [0, 1].

3.3.2 Statistical testing

Generally, the dimension c of the central subspace is not known. A starting point
would be the test of the null hypothesis

H0 : c = 0 against A0 : c > 0 (3.35)
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where by c = 0 we mean the independence of X and Y. Consider the coefficient
(Li, 1991)

R2 = R2(β̂1) = max
β∈SY |X

(β̂>1 β)2

β̂>1 β̂1β>β
, (3.36)

where β̂1 comes from (3.32). From the independence of X and Y it follows that
R2 = 0. Therefore, if we reject the null hypothesis of orthogonality

H1 : R2 = 0 against A1 : R2 > 0, (3.37)

then (3.35) also has to be rejected. The test of orthogonality for the known
distribution of X can proceed via the following steps:

Algorithm 3.4.

1. calculate R2 from observed data Y and X,

2. calculate R2 from observed Y and each of the n independently simulated
realizations of X; thus we have R2

j , j = 1, . . . , n,

3. the p-value1 of the test is
card{R2

j≥R2}+1

n+1
.

In practice, we cannot simulate independent realizations of X since its dis-
tribution is unknown. On a planar rectangular or circular region W we can use
this testing algorithm with the assumption that, under H0, the joint distribution
of Y and X is invariant with respect to translation or rotation of Y, respectively.
Then instead of independent realizations of X we use n systematic translations or
rotations, respectively, of X with respect to fixed Y. For translations, the window
is wrapped on a cylinder.

An alternative test of independence of X and Y , when X is one dimensional
(not necessarily Gaussian), can be based on the mark-weighted K-function (2.47),
see Algorithm 2.1 in Subsection 2.3.3 and a simulation in Subsection 4.2.2.

For complete estimation of the dimension c, the statistics

Λ̂c = n

p∑
i=c+1

ξi (3.38)

might be of use, where ξ1 ≥ ξ2 ≥ .. ≥ ξp are eigenvalues of the weighted covariance

matrix V̂ given by (3.31). The number of slices H must be chosen greater than
c+ 1. To estimate c, we start with c0 = 0. If the hypothesis (3.35) is rejected, we
increase c0 = c0 + 1 and repeat the same procedure sequentially until

H2 : c = c0 against A2 : c > c0

is not rejected or c0 = p. Under the validity of H2, Li (1991) and Cook (1998)
proved that Λ̂c has asymptotically chi-square distribution with (p−c0)(m−c0−1)
degrees of freedom when X(ti), i = 1, . . . , n are i.i.d. This assumption is not valid
for the Gaussian random field, so the test is approximate here and it can be jus-
tified only if the ti’s are rather sparse. An analogous reasoning is necessary when
thinking of other sampling properties of SIR (consistency, etc.) as summarized
in (Li, 2000) for i.i.d. observations of a random vector X.

1p-value is the minimum significance level for which the hypotheses still can be refused.
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4. Simulations

Three extensive simulation studies present an integral part of this thesis. They
aim at verifying the methods developed in previous chapters on simulated spatial
data. Section 4.1 is devoted to the methods for dimension reduction introduced
in Chapter 3, especially the methods from Subsection 3.3.1. Section 4.2 de-
scribes implementation of the estimation of characteristics of RMCSs introduced
in Subsection 2.3.2 and testing the hypothesis of random-field model from Sub-
section 2.3.3. Finally, Section 4.3 focuses on estimation of the intensity function
for the inhomogeneous Gibbs point process dependent on covariates, see basic
definitions in Subsection 2.2.1 and methods in Subsection 2.2.2.

In the simulations, the role of covariates is played by a p-dimensional Gaussian
random field (GRF) X(s) = (X1(s), . . . , Xp(s)) in W = [0, 1]d, d = 2, 3, with
components having zero mean, unit variance and correlation function

cor(s, t) = exp(−γ||s− t||α), s, t ∈ Rd, 1 ≤ α ≤ 2, γ > 0. (4.1)

To generate realizations of X, the method GaussRF of the RandomFields library
(Schlather, 2012) in R (R Core Team, 2013) was used.

4.1 Dimension reduction in Voronoi tessellations

This simulation study focuses on the dimension reduction methods applied to
RMCS (Y,Γ) which is derived from a Voronoi tessellation, see e.g. (Okabe et al.,
1992). Formal definition of Voronoi tessellation is recalled below.

Definition 4.1. Let Φ be a point process on Rd. The Voronoi cell Rs, associated
with the point (germ) s ∈ Φ, is the set of all points in Rd whose distance to s is
not greater than their distance to the other points t ∈ Φ \ {s}, i.e.

Rs = {u ∈ Rd : ||u− s|| ≤ ||u− t|| for all t ∈ Φ \ {s}} (4.2)

where || · || stands for the Euclidean distance. The Voronoi tessellation V is
the random tessellation consisting of the set of Voronoi cells V = {Rs, s ∈ Φ}.
Voronoi tessellation generated by the Poisson point process is called the Poisson-
Voronoi tessellation.

Non-empty intersections of Voronoi cells in R2 or R3 can be points, line seg-
ments or planar faces. Definition 4.1 can be easily modified for a finite point
process on a bounded domain W ⊂ Rd where the Voronoi cells are restricted to
W , i.e. Rd is substituted by W .

Primary aim of the simulation is to verify the usefulness of the slicing proce-
dure for (Y,Γ) based on appropriate geometric properties, as described in Subsec-
tion 3.2.2. Here Y is a random closed set given by germs or by faces of the Voronoi
cells and Γ is e.g. the nearest neighbour distance of the germs or length/area of
the faces. The Voronoi tessellation is generated such that it depends on a p-
dimensional Gaussian random field playing the role of covariates. The task is to
apply the dimension reduction methods in order to reveal this dependence and
find the most significant covariates.
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4.1.1 Simulation design

Consider a three-dimensional GRF X(s) = (X1(s), X2(s), X3(s)) in Wd, d = 2
or 3, as described in introduction to Chapter 4, and suppose the components of
X are independent. A random set Y is simulated so that it depends on a linear
combination LX of components of X as follows. Firstly, given the GRF X, we
construct an inhomogeneous Poisson point process Φ with intensity

λ(s) = a exp(LX(s)), s ∈ Wd, a > 0, d = 2 or 3. (4.3)

Unconditionally, Φ is the log-Gaussian Cox process (Møller and Waagepetersen,
2004). Further, a Poisson-Voronoi tessellation is simulated in Wd with germs
corresponding to events of Φ, see Figure 4.1(a) for d = 2. The system of edges
forms a random fibre process and in R3, the system of faces forms a random
surface process.
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Figure 4.1: A Poisson-Voronoi tessellation in W2 = [0, 1]2 generated by a log-Gaussian
Cox process with intensity λ(s) = a exp(X1(s)), where X1 is a GRF coloured from red
(low values) over yellow to white (high values), γ = 1, α = 1. (a) A single realization
of random tessellation edges Y is plotted with a realization of X1. High values of X1

(white) imply higher intensity of cells which implies shorter length of edges. (b) Y is
plotted with X2. There is no dependence of the tessellation on the underlying random
field. (c) Dilation of tessellation edges Y⊕ε for ε > 0 is plotted with X1. (d) Dilation
Y⊕ε for ε > 0 is plotted with X2.

For the dimension reduction problem, we consider the RMCS (Y,Γ) where
Y is the point process of germs, fibre process of edges or surface process of
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faces, respectively, and Γ is a geometric mark given by the nearest neighbour
distance for points (H0-almost surely unique), length of the corresponding edge
(H1-almost surely unique) or area of the corresponding face (H2-almost surely
unique), respectively. Denote the intensity function of Y by λ(·). Obviously, for
LX =

∑3
i=1 eiXi, ei ∈ R, we have (cf. (3.13))

λ(s) = f(B>X(s)), B = (e1, e2, e3)>

and the dimension of the central subspace is c = 1.
To apply the SIR method, the steps of Algorithm 3.2 from Subsection 3.2.2

are followed using the empirical versions of the quantities described in Subsec-
tion 3.3.1. For the estimation, test points T are centroids of edges or faces
randomly sampled with probability proportional to the length of the edge or the
surface area of the face, respectively. Besides the basic dependent case as in Fi-
gure 4.1(a) we consider n independent cases where the same realization of Y is
independent of each component of X. The whole procedure is repeated in order
to get a number q of simulated sets of data.

4.1.2 Results

Simulation results for the point process of tessellation germs and for the fibre
process of tessellation edges in R2 are depicted in Figure 4.2. The degree of fit is
evaluated using the correlation coefficient R2 (3.36).

Repeating the simulation with independent realizations of the random field
allows to evaluate the p-value of the test of orthogonality hypothesis (3.37) as
described in Algorithm 3.4 in Subsection 3.3.2. Histograms of p-values obtained
from the total number of 100 simulations, i.e. with n = 99 independent cases,
are displayed in the first two rows. With increasing number of slices, most of the
p-values are concentrated close to zero.

Each vertical line of marks in Figure 4.2(g-i) stands for the coefficients R2

obtained from the application of SIR to the data (Y,X(1)), . . . , (Y,X(20)), con-
secutively. For better illustration, just the first 20 from the total number of 100
simulations are figured. Red triangle, representing the dependent case (Y,X(1)),
is expected to have the highest value of R2. The results also reveal considerable
refinement with increasing number of slices.

Simulation results for the point process of tessellation germs, for the fibre
process of tessellation edges and for the surface process of tessellation faces in R3

are depicted in Figure 4.3. Refinement with increasing number of slices is evident
also in this case. Power of the orthogonality test (3.37) differs as expected:
the best results are achieved for the tessellation germs since these depend on X
directly according to (4.3). For tessellation edges the test is less powerful than
for tessellation faces because of their higher distance from the germs which yields
weaker dependence on X.

When studying the efficiency of the slicing procedure, a question of an optimal
number of slices naturally arises. It was investigated by means of the estimation
error criterion4(B, B̂) (3.33). Table 4.1 summarizes the results for the models of
random marked closed sets derived from Voronoi tessellations as discussed above.
We denote B1 = (1, 0, 0)> and B2 = (1, 1, 0)>. In each case, q = 100 simulations

were realized and the sample means of 4(Bi, B̂i), i = 1, 2, with different numbers
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Figure 4.2: Results for tessellation germs (first row) and edges (second and third
row) in W2 for the number of slices 1 (first column), 2 (second column) or 4 (third
column). Based on 1000 germs. (a-f) Histograms of p-values for H0 (3.37), based on
100 simulations. (g-i) The coefficients R2 from each simulation. Red triangle stands for
the dependent case, black circles for the independent cases. Based on 20 simulations.

44



p−value

F
re
q
u
en
c
y

0.0 0.4 0.8

0
2
0

4
0

p−value

F
re
q
u
en
c
y

0.0 0.4 0.8

0
2
0

4
0

p−value

F
re
q
u
en
c
y

0.0 0.4 0.8

0
2
0

4
0

(a) (b) (c)

p−value

F
re
q
u
en
cy

0.0 0.4 0.8

0
2
0

4
0

p−value

F
re
q
u
en
cy

0.0 0.4 0.8

0
2
0

4
0

p−value

F
re
q
u
en
cy

0.0 0.4 0.8

0
2
0

4
0

(d) (e) (f)

p−value

F
re
q
u
en
cy

0.0 0.4 0.8

0
2
0

4
0

p−value

F
re
q
u
en
cy

0.0 0.4 0.8

0
2
0

4
0

p−value

F
re
q
u
en
cy

0.0 0.4 0.8

0
2
0

4
0

(g) (h) (i)

0 5 10 15 20

0
.0

0
.4

0
.8

simulation

R
2

0 5 10 15 20

0
.0

0
.4

0
.8

simulation

R
2

0 5 10 15 20

0
.0

0
.4

0
.8

simulation

R
2

(j) (k) (l)

Figure 4.3: Results for tessellation germs (first row), edges (second row) and faces
(third and fourth row) in W3 for the number of slices 1 (first column), 2 (second
column) or 4 (third column). Based on 10000 germs. (a-i) Histograms of p-values for
H0 (3.37), based on 100 simulations. (j-l) The coefficients R2 from each simulation.
Red triangle stands for the dependent case, circles for the independent cases. Based on
20 simulations.
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H
points in R2 edges in R2 points in R3 edges in R3 faces in R3

B1 B2 B1 B2 B1 B2 B1 B2 B1 B2

1 0.255 0.252 0.330 0.292 0.453 0.364 0.539 0.438 0.594 0.535
2 0.245 0.250 0.240 0.252 0.312 0.274 0.473 0.389 0.356 0.325
3 0.246 0.251 0.233 0.248 0.294 0.262 0.463 0.380 0.321 0.302
4 0.247 0.251 0.234 0.246 0.290 0.256 0.456 0.379 0.311 0.293
5 0.244 0.251 0.231 0.244 0.286 0.257 0.456 0.375 0.301 0.288
6 0.244 0.252 0.232 0.244 0.287 0.255 0.454 0.376 0.300 0.287
7 0.245 0.252 0.231 0.243 0.285 0.256 0.454 0.377 0.298 0.284
8 0.245 0.251 0.233 0.244 0.284 0.254 0.450 0.376 0.298 0.284
9 0.245 0.252 0.232 0.245 0.286 0.256 0.458 0.378 0.296 0.284
10 0.245 0.252 0.233 0.245 0.286 0.256 0.456 0.377 0.293 0.284
11 0.246 0.252 0.232 0.244 0.287 0.256 0.453 0.377 0.297 0.284
12 0.246 0.252 0.232 0.246 0.285 0.256 0.453 0.375 0.297 0.285
13 0.245 0.252 0.232 0.245 0.286 0.257 0.455 0.377 0.297 0.283
14 0.247 0.253 0.232 0.246 0.286 0.258 0.452 0.379 0.295 0.284
15 0.246 0.253 0.233 0.246 0.287 0.258 0.456 0.378 0.297 0.286
16 0.247 0.253 0.234 0.245 0.287 0.256 0.452 0.376 0.299 0.285

Table 4.1: Estimation error criterion 4(B, B̂) for RMCSs derived from Voronoi tes-
sellations in R2 or R3 when the number of slices H varies from 1 to 16.

of slices were computed. The minimum values seem to be mostly in the range 5
- 8 slices.

4.2 Statistical inference in Voronoi tessellations

This next simulation study focuses on estimation of the characteristics of RMCS
described in Subsection 2.3.1 and testing the hypothesis of independent marking,
i.e. the random-field model from Subsection 2.3.3. To this end, we use RMCSs
derived from Voronoi tessellations; general framework for this simulation is similar
to that one explained in Subsection 4.1.1. The results included in this section
were also presented in (Staněk et al., 2013).

4.2.1 Estimation of characteristics

Consider a stationary two-dimensional Gaussian random field

X(s) = (X1(s), X2(s)), s ∈ W2 = [0, 1]2,

with independent components of zero mean, unit variance and correlation function
given by (4.1). Let

λ(s) = a exp(X1(s)), a > 0,

be the driving intensity function of a log-Gaussian Cox point process Φ ∈ W2 and
Y be the union of edges of two-dimensional Voronoi tessellation generated by Φ.

For estimation of characteristics of the RMCSs (Y,Xi), i = 1, 2, we consider
the dilation (Y⊕ε, Xi) for ε > 0 used in Definition 2.35 in Subsection 2.3.1. Si-
mulated realizations of RMCSs (Y,Xi), i = 1, 2, are depicted in Figure 4.1(a-b),
and RMCSs (Y⊕ε, Xi) are depicted in Figure 4.1(c-d). Since Y depends on X1

we observe shorter edges in the areas of higher values of X1 and vice versa in
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Figure 4.4: Tessellation models: Graphs of estimated RMCS characteristics for (Y,Γ1)
full line, (Y,Γ2) dotted line. (a) Conditional mean mark E(x) defined in (2.37) (b) mark
covariance function cov(x, y) defined in (2.38). The zero levels are drawn.

Figure 4.1(a). This is not the case in Figure 4.1(b) where Y does not depend on
X2.

Further, we consider a nonnegative mark

Γi(s) = expXi(s), s ∈ W2, i = 1, 2,

which transforms the GRF to positive values. Estimation is based on the statis-
tical procedure described in Subsection 2.3.2. The testing set U is given by the
grid of 101× 101 points where X is generated. The ε > 0 must be fixed and well
balanced in the way that it should be as small as possible while still providing a
sufficient number of grid points for the estimator (2.43). We use ε = 0.005 for
estimation in the unit square.

Graphical results of the estimation of characteristics for a single realization of
RMCSs (Y,Γi), i = 1, 2, are plotted in Figure 4.4. We observe a higher conditional
expectation and a more rapid decrease of the covariance function in the dependent
case.

4.2.2 Random-field model test

We continue with the simulated example from Subsection 4.2.1 by testing the
hypothesis of random-field model described in Subsection 2.3.3. Results are ob-
tained by application of the envelope test based on mark-weighted K-function
consecutively transformed to L-function, see Algorithm 2.1 in Subsection 2.3.3.
Figure 4.5 reveals the results as expected. The hypothesis H0 (2.46) is rejected
in the dependent case (i = 1) since the null axis lies partly outside the envelopes.
This is not the case in the independent case (i = 2) where we do not see any
evidence to reject the null hypothesis.

As mentioned in Subsection 2.3.3, the significance level of the test can be
estimated a posteriori as s/q. The number of extreme-valued permutations s
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Figure 4.5: Results of the random-field model test for (Y,Γi), i = 1, 2, with unit 10−2

on horizontal axis and 10−6 on vertical axis, based on n = 20 test points and q = 1500
permutations. (a) (i = 1) Horizontal axis lies partly outside the envelopes (2.49), H0

in (2.46) is rejected. (b) (i = 2) Horizontal axis lies between the envelopes, therefore
we do not reject H0. The significance level is about 0.065.

depends on the number of values of the radius r where the L-function is evaluated.
To achieve an appropriate significance level, it is desirable to choose a sufficiently
high total number of permutations q. In our example with 50 values of r, the
choice of q = 1500 permutations leads to the significance level ∼ 0.065.

4.3 Intensity estimation for inhomogeneous

Gibbs point process

In this section a simulation study is provided which aims at comparison of various
methods for estimation of the intensity function of the inhomogeneous Gibbs point
process (2.16). Definitions of the estimators used can be found in Subsection 2.2.2.
Computational aspects are discussed further.

Guan (2008) reported that the covariates-based smoothing intensity estimator
(2.26) supersedes the spatial kernel estimator (2.23) for inhomogeneous Poisson
process satisfying some reasonable assumptions on the form of dependence of the
intensity function on covariates and on the covariates themselves. Our simula-
tion experiments try to examine empirically whether this is true even in the case
where points interact. These two estimators are compared with intensity estima-
tors obtained by two parametric methods, namely maximum pseudo-likelihood
estimator and Huang-Ogata’s refinement. Parametric modeling is expected to be
more efficient if the intensity model is correct. A complementary study aims at
the estimation of the range of interactions using the profile pseudo-likelihood.
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4.3.1 Methods and computational aspects

The nonparametric estimators LSIE (2.23) and CSIE (2.26) use smoothing via
a kernel function k(·;h) with the effective radius controlled by the bandwidth
parameter h > 0. In general, selection of the kernel function has minor effect for
the results and its common choice is the Gaussian kernel (2.24). To select a rea-
sonable bandwidth, data-driven procedures are known which result in minimizing
the mean squared error of λ̂L. In our simulations, Gaussian kernel function is used
and the bandwidth is selected following the cross-validation procedure described
in (Diggle, 2003), p. 116-118. These choices agree with the ones used in (Guan,
2008).

The question of unbiasedness and consistency of the covariates-based intensity
estimator is discussed in (Guan, 2008). It is not difficult to check the asymptotic
unbiasedness of this estimator for the inhomogeneous Gibbs process under some
reasonable assumptions on the increasing observation window and the bandwidth
converging to 0. For consistency in the sense of the increasing domain asymp-
totics, further conditions are required. These can be verified e.g. for log-Gaussian
Cox process models or for inhomogeneous Neyman-Scott process models. How-
ever, the condition related to the pair correlation function (2.11)

sup
u,v∈Rd

∫
Rd

|g(u, v)− 1| dv < c

for a constant c ∈ R+ is hard to verify and intuitively it can fail for the inhomoge-
neous Gibbs point processes with high packing densities. Approximations of the
pair correlation function accordingly to the pair potential function, or vice versa,
are known from the statistical mechanics and they are based on the Percus-Yevick
equation or the hypernetted-chain equation (McQuarrie, 2000).

In order to apply CSIE effectively, the dimension reduction methods (Chap-
ter 3) can be applied to pick up the most significant linear combinations of covari-
ates. In the context of Definitions 3.3 and 3.4, we would like to find the central
subspace or, more specifically, the central intensity subspaces, if these exist. In
the particular case of the Gibbs point process with chemical activity being depen-
dent on covariates, the Georgii-Nguyen-Zessin equation (2.21) can be rewritten
as

λ(u) = exp
{
−x(u)>b(−0)

}
E

[∏
s∈Φ

exp {−Θ(||s− u||)}

]
= f̃1(x(u)>B)E g(Θ, u) (4.4)

where B is a matrix consisting of the only column vector b. This expression is in
agreement with the Definition 3.4 for k = 1 with a function f1 decomposed into
a known function f̃1 and an intractable term E g(Θ, u) containing interactions.

It was shown in (Guan and Wang, 2010) that the central subspace is a union
of the central intensity subspaces of all orders. However, it is often sufficient
to estimate only 1-CIS or 2-CIS. In particular, a sufficient condition for CS and
1-CIS to be equal is

λk(u1, . . . , uk) = λ(u1) · . . . · λ(uk) gk(u1, . . . , uk), u1, . . . , uk ∈ Rd, (4.5)
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where gk(u1, . . . , uk) is free of covariates for all k ≥ 2, cf. equation (2.5) in (Guan
and Wang, 2010) and the following example therein.

Example 4.1. Conditionally on an unobserved Gaussian random field ε(u),
u ∈ Rd, a log-Gaussian Cox process (Møller and Waagepetersen, 2004) is an in-
homogeneous Poisson point process. Assuming that ε(u) is stationary with mean
0, variance σ2 and a correlation function τ(·), and that the intensity function of
the process conditional on ε(u) is λε(u) = exp{B>Z(u)+ε(u)}, the unconditional
intensity function is

λ(u) = E
[
exp{B>Z(u) + ε(u)}

]
= exp{B>Z(u) + σ2/2},

and the k-th order intensity function for k ≥ 2 is

λk(u1, . . . , uk) = E

[
k∏
i=1

exp{B>Z(ui) + ε(ui)}

]

= λ(u1) · . . . · λ(uk) exp

{
σ2

k−1∑
i=1

k∑
j=i+1

τ(ui − uj)

}

which satisfies (4.5). Here the expectation is taken with respect to the distribution
of ε(u).

The statement (4.5) holds for many other point processes, e.g. for the wide
class of SOIRS processes (cf. Definition 2.16 in Section 2.2). However, it is not
true for the inhomogeneous Gibbs point process from Definition 2.21.

Example 4.2. For the inhomogeneous Gibbs point process (2.16) with chemical
activity given by (2.17), the intensity functions for k ≥ 1 are

λk(u1, . . . , uk) = E [λ(u1|Φ) · . . . · λ(uk|Φ)]

= E

[
k∏
i=1

exp{−X(ui)
>b(−0) −

∑
s∈Φ

Θ(||s− ui||}

]

which cannot be decomposed into the form (4.5). Here the expectation is taken
with respect to the distribution of Φ.

It is an open problem how close 1-CIS is to CS for the inhomogeneous Gibbs
point process. In what follows, we will actually focus on estimating 1-CIS.

The estimated matrix B̂ of 1-CIScan be immediately used in the covariates-
based smoothing estimator: replacing ||X(u) −X(v)|| by ||X(u)>B̂ −X(v)>B̂||
in (2.26) leads to an efficient dimension reduction since the kernel estimator uses
only those linear combinations of covariates which have a significant effect on the
intensity function.

Further we pay our attention to parametric estimation. In the pseudo-likelihood
estimator (2.27), a general vector of parameters b is used. For the inhomogeneous
Gibbs point process model (2.16) it represents the vector of parameters from the
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linear model (2.17) but it can further contain other regular parameters coming
from the interaction term Θ(·).

To avoid the edge effects when applying the pseudo-likelihood estimator, we
use a simple border correction (Ripley, 1988). The computations are applied on
the points lying inside the subregion

W	r = {u ∈ W : Br(u) ⊂ W}

for given range of interactions r.
Consistency of the maximum pseudo-likelihood estimator under increasing

domain was studied in (Jensen and Møller, 1991) for the exponential class of point
processes and these results were later refined for Gibbs point processes in (Billiot
et al., 2008). Consistency results therein are applicable to the inhomogeneous
Gibbs point process studied here.

In the estimation of the interaction radius difficulties arise because this para-
meter is irregular. We further focus only on models with a fixed finite range of
interactions r > 0 such that

Θ(s, t) = 0 if ||s− t|| > r. (4.6)

The simplest way how to estimate r is to find the minimum nearest neighbour
distance in the point pattern. It can be a suitable estimator e.g. for the hard-
core model (4.9) in Section 4.3. However, a different attitude is required in other
models.

Several approaches towards estimation, which are based on second-order cha-
racteristics, appear in the literature. In particular, different behaviour of the
J-function inside and outside the interaction range was applied in (van Lieshout
and Baddeley, 1996) in homogeneous case and a generalization of the J-function
to a special class of inhomogeneous point processes, which is denoted as intensity-
reweighted moment stationary, was suggested in (van Lieshout, 2011). Similar-
ly, the inhomogeneous K-function was introduced in (Baddeley et al., 2000) for
a slightly wider class of SOIRS processes, see Definitions 2.16 and 2.17 in Sec-
tion 2.2. However, none of these classes includes our model (2.16) which cannot
be obtained by an independent thinning of a stationary point process. Moreover,
inference on the interaction radius based on the inhomogeneous versions of the
J-function or the K-function, respectively, does not seem to be very straightfor-
ward.

A more classical but computationally demanding approach is based on the pro-
file likelihood. Searching through a reasonable range of the radius, the particular
value which maximizes the likelihood function (2.31) is taken as the estimator.
When working with pseudo-likelihood estimators, it is reasonable to base this
method on the profile pseudo-likelihood (Baddeley and Turner, 2000) instead of
the profile likelihood.

Definition 4.2. Let Φ be a finite point process with interactions on a bounded
domain W which depends on a vector of unknown parameters b and has an un-
known range of interactions r > 0. Let r1, . . . , rk be a user-defined division of
the range of interactions where the true value of r is expected to lie. For each ri
denote the corresponding pseudo-likelihood estimator by b̂i. The profile pseudo-
likelihood estimator of r is given by the value ri which maximizes PL(Φ; b̂i, ri),
cf. (2.27).
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In order to maximize the logarithmic pseudo-likelihood (2.28), we deal with a
problem of estimation of the integral

∫
W
λ(u |Φ; b) du. This task can be processed

in a similar way as explained in the statement on pseudo-likelihood estimator
for its derivative, cf. (2.30). An alternative approach uses dummy points in a
quadrature scheme and the integral is approximated by the sum over tiles of this
scheme (Berman and Turner, 1992).

4.3.2 Algorithm for simulation of the point process

To simulate the realizations of an inhomogeneous Gibbs point process with ran-
dom number of points, a well known Metropolis-Hastings algorithm (Metropolis
et al., 1953; Hastings, 1970; Geyer and Møller, 1994) is used. Its application to
homogeneous Gibbs point processes is described e.g. in (Illian et al., 2008). It is
based on the idea that in each step, a random proposal is made whether a new
point is added to, or one of the points is removed from the current configuration.
This proposal is accepted or not, depending on the chances given by the probabil-
ity density of the process. In our case, this density (2.16) depends on covariates
given by a p-dimensional GRF.
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Figure 4.6: Inhomogeneous Gibbs point process on W = [0, 1]2 with hard core pair
potential function and chemical activity being dependent on a Gaussian random field
X = X1. The number of points is fixed to n = 100, the only free parameter in the
linear model (2.17) is b1 = 1 and the hard core radius is (a) r = 0.01, (b) r = 0.02.

In order to have comparable results in the following simulation study, we use a
birth and death algorithm for simulation of the inhomogeneous Gibbs process with
fixed number of points. Two such realizations are shown in Figure 4.6. In each
step of the algorithm, a proposal is made whether to change the configuration by
replacing one of the current points sk by a new point uk, which means a transition
from the current state ϕ = {s1, . . . , sn} to a new state ϕnew = ϕ\{sk}∪{uk}. This
proposal is based on the Hastings ratio

ρ(ϕ→ϕnew) =
p(ϕnew) p(ϕnew→ϕ)(uk, sk)

p(ϕ) p(ϕ→ϕnew)(sk, uk)
(4.7)

where p(ϕ→ϕnew) is the probability density of the transition to the new state and
p(ϕnew→ϕ) its analogue for the reverse transition. Deleting a uniformly chosen
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point and selecting a new one proportionally to the observed covariates x leads
to

p(ϕ→ϕnew)(sk, uk) ∝
1

n
exp{−x(uk)

>b(−0)}

p(ϕnew→ϕ)(uk, sk) ∝
1

n
exp{−x(sk)

>b(−0)}

up to the same normalizing constant. Then the Hastings ratio is of the form

ρ(ϕ→ϕnew) = exp{−
∑

si∈ϕ\{sk}

[ Θ(||si − uk||)−Θ(||si − sk||) ]}. (4.8)

The proposal is accepted with probability min{1, ρ(ϕ→ϕnew)}, otherwise the con-
figuration remains unchanged.

An essential part of the simulation algorithm described above is the generation
of a random point with density exp{−x(uk)

>b(−0)} which depends on covariates.
This issue can be handled with an acceptance-rejection algorithm where a point is
generated with uniform distribution in W and its acceptance follows the proba-
bility density of the point process. However, this approach can be very inefficient
when dealing with the exponential form of the density due to a large number of
rejected points.

An improvement is suggested further which allows to avoid this naive proce-
dure. Suppose the covariates are given on a grid of points

{pi ∈ W, i = 1, . . . , I}.

In a two-step procedure, firstly a pixel pk is generated proportional to

exp{−x(pk)
>b(−0)}/

I∑
i=1

exp{−x(pi)
>b(−0)}

and then, a random point is generated within this pixel. The proposal is finally
accepted or not according to (4.8). This is consistent with the approach where the
covariates are discretized according to the image pixellation, which means that
the covariate value in an arbitrary point follows the covariate value in the nearest
grid point. A more precise approach could take into account the neighboring grid
points using e.g. interpolation.

The simulation of a point process with interactions on a bounded domain
leads to an edge effect known as shifting to the edge. The absence of points out-
side the window causes that points tend to appear more likely near the boundary
of the observation window. To suppress this effect, we make simulation in an
extended window whose extension rate exceeds the highest generated hard core
radius several times. The birth and death algorithm for fixed number of points
is then conditioned by a fixed number of points inside the original window W .
In case where a point is removed from W , a new one is also generated inside W .
Otherwise it is generated in the extension area.
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4.3.3 Simulation design and results

The primary aim of this simulation experiment is to compare different methods
for the intensity estimation introduced above. To this purpose, several choices
for the number of covariates and the form of dependence are considered. In
each simulation, the covariates X1, . . . , Xp are standardized stationary Gaussian
random fields in a unit square W with the exponential correlation function (4.1)
with α = 1 and γ = 1. Each pair of covariates is further correlated according to
the covariance function

cov(Xi(s), Xj(s)) = exp(−0.4 · |i− j|) , s ∈ W, i, j ∈ {1, . . . , p}.

This is achieved by generating the covariates as appropriate planar sections of a
three-dimensional Gaussian random field with the same correlation function as
in (4.1). All the simulations consist of generating n = 100 points in a unit square.
We consider the following types of interactions:

1. hard-core interactions with radius r > 0

Θ1(s, t) =

{
∞, ||s− t|| ≤ r
0, otherwise;

(4.9)

2. Strauss type interactions with radius r > 0 and parameter γ > 0 (cf.
Definition 2.22 in Subsection 2.2.1)

Θ2(s, t) =

{
γ, ||s− t|| ≤ r
0, otherwise;

(4.10)

3. soft-core interactions with radius r > 0 and parameter δ > 0

Θ3(s, t) =

{
δ log

(
r

||s−t||

)
, ||s− t|| ≤ r

0, otherwise.
(4.11)

The soft-core interactions here differ from the soft-core model used e.g. in (Bad-
deley and Turner, 2000) which is the exponential form of Θ3(·). Exponentials
exp{−Θk(d)}, k ∈ {1, 2, 3}, called interaction functions, are plotted in Figure 4.7
as functions of mutual distance of the points d = ||s− t||.

Before we proceed to the main results, a particular simulation aims at the
estimation of the range of interactions with the profile pseudo-likelihood method.
Our experience shows that accuracy of this method improves along the increase
in the strength of the interactions. Figure 4.8 demonstrates the Strauss model
case with increasing parameter γ. Especially for weaker interactions, the method
rarely provides better results than a naive estimator obtained by the minimum
nearest neighbour distance.

Another important aspect is the size of data which is illustrated by the plots
in Figure 4.9. In order to obtain comparable results, the interaction radius
is changed correspondingly with square root of the size of data, starting with
r = 0.01 for n = 100 and ending with r = 0.01/

√
5 for n = 500. It is obvious

that the estimator is getting crucially better along the increase in the size of data.
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Figure 4.7: Interaction functions exp{−Θk(d)}, k ∈ {1, 2, 3} for a pair of points with
distance d in three models used in the simulation study: (a) hard-core interactions Θ1,
(b) Strauss-type interactions Θ2 with γ = 1, (c) soft-core interactions Θ3 with δ = 3.
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Figure 4.8: Estimation of the range of interactions based on the profile logarithmic
pseudo-likelihood in the Strauss process with number of points n = 100 and parameters
b(−0) = (1, 1, 1)> and (a) γ = 0.5, (b) γ = 1, (c) γ = 2. Dashed vertical line stands
for the true value of the interaction radius r = 0.01 and dotted vertical line for the
minimum nearest neighbour distance.

In general, lack of data or lower strength of interactions bring the estimator closer
to the minimum nearest neighbour distance.

After this preliminary reasoning we proceed to the main part of the simula-
tion experiment which consists of the intensity estimation for the selected Gibbs
processes using the methods described in the previous chapters. In the pseudo-
likelihood based estimation the range of interactions is assumed to be known
while an additional parameter γ or δ of the model (4.10) or (4.11), respectively,
is also a subject for estimation. To compare the estimated intensity with the
theoretical one, an integrated mean squared error (IMSE)

∆(λ̂, λ) = E
∫
W

[λ̂(u)− λ(u)]2 du (4.12)

is used which is approximated by a discrete sum over all the grid points. Results
are summarized in Table 4.2.
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Figure 4.9: Estimation of the range of interactions based on the profile logarithmic
pseudo-likelihood in the Strauss process with parameters b(−0) = (1, 1, 1)> and γ = 1
with number of points (a) n = 100, (b) n = 300, (c) n = 500. Dashed vertical line
stands for the true value of the interaction radius r = 0.01 and dotted vertical line for
the minimum nearest neighbour distance.

local
smoothing

covariates-based
smoothing

pseudo-
likelihood
estimator

Huang-
Ogata’s
methodmodel b(−0)

SIR DR

hard-core b1 4672.4 1488.0 2310.4 3028.1 2906.2
radius b2 12799.7 4015.6 6295.9 5993.4 5714.7
r = 0.01 b3 15357.9 7575.9 8230.5 4717.2 3977.9

Strauss b1 5768.9 2322.3 2381.3 3095.0 2794.8
process b2 13400.6 6535.0 4916.8 3618.6 2980.9

r = 0.01, γ = 1 b3 16878.1 5812.9 6653.9 2985.2 2820.1

soft-core b1 4534.9 1679.3 2061.7 2355.7 2293.9
interactions b2 12855.7 4722.9 8341.1 3273.8 3658.3

r = 0.01, δ = 3 b3 16343.4 6590.4 7850.4 3589.0 3321.0

Table 4.2: Integrated mean squared error of the particular estimators in various
models of dependence with b1 = 0.6 · (1, 1, 0, 0)T , b2 = 0.6 · (1, 1, 1, 1, 0, 0, 0, 0)T and
b3 = 0.6 · (1, 1, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0)T .

For the given parameter settings, CSIE yields better results than LSIE and
it is a competitive method to the parametric approaches. Our experience with
other models and parameter settings shows that the accuracy of local smoothing is
usually worse if a dependence on covariates is present. Figure 4.10(a) reveals that
the accuracy of both smoothing estimators is getting better along the increasing
radius of interactions. It is in accordance with the intuition that smoothing
is more efficient for more regular patterns. Despite the fact that the pseudo-
likelihood function is identical with the likelihood function just in case of the
Poisson point process, which can be considered as a special case of the Gibbs
point process (2.16) with r = 0, it yields sufficiently good results for the whole
range of interactions studied here.

Figure 4.10(b) shows that the results crucially depend on the effect of the
covariates, i.e. the absolute values of the parameters b(−0). In the case of weak
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covariate effect on the intensity function, nonparametric estimation is a competi-
tive method for MPLE and it can yield even better results. Note that these weak
effects are most common in practice. This observation can be interpreted in the
sense that the smoothing estimators often underestimate the intensity function
in peaks which most likely occur in models with higher parameter values. The
same effect can explain a decrease in accuracy of the smoothing estimators with
increasing length of b(−0) in Table 4.2.

When inspecting the results, a question arises about the robustness of the
pseudo-likelihood estimator with respect to violations of the basic model (2.16).
In the next simulation experiment, this model is violated by an element q ∈ (0, 1)
in

λ∗(u |Φ,X) = exp

{
−[X(u)>b(−0)]1−q −

∑
s∈Φ

Θ(||s− u||)

}
(4.13)

where q = 0 corresponds to the correct model. Results for the violated model
are shown in Figure 4.10(c). With the parameters used, CSIE beats MPLE if q
exceeds the value ∼ 0.2.

To summarize, there are several important findings empirically achieved via
the simulation study. Firstly, for a reasonable estimate of the irregular parame-
ter r a sufficient size of data is needed and the accuracy is also getting better
along the increase in the strength of interactions. Secondly, the accuracy of the
nonparametric smoothing estimators increases along the increase in the radius of
interactions while the accuracy of the parametric methods remains around the
same level for the whole range of interactions examined in the simulation study.
Further, the accuracy is strongly related to the effect of covariates. While in the
case of strong effects the parametric methods beat the nonparametric ones, the
covariates-based smoothing can be the most accurate method for weak effects. In
the last simulation study, our expectation is confirmed that this nonparametric
approach is also more efficient if the basic model assumption is violated.
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Figure 4.10: Integrated mean squared error for the local smoothing intensity estimator
(LSIE), covariates-based smoothing intensity estimator (CSIE) with preceeding SIR or
DR dimension reduction, maximum pseudo-likelihood estimator (MPLE) and Huang-
Ogata’s estimator (HOE) in the Strauss point process with parameters p = 3 and (a)
b(−0) = (1, 1, 1)>, γ = 1 with r varying in (0, 0.02], (b) b(−0) = θ · (1, 1, 1)>, γ = 1 with
θ varying in (0, 1.2], (c) b(−0) = (1, 1, 1)>, γ = 1 in the violated model (4.13) with q
varying in (0, 0.9].
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5. Applications

The theory included in this thesis has a good potential to be applied in practice.
Two such applications are shown in this chapter. The first one deals with inten-
sity estimation for inhomogeneous Gibbs point process, see Subsection 2.2.2 and
simulation study in Section 4.3. This model is used for fitting the locations of a
species of trees in a tropical rainforest. For the intensity estimation, an additio-
nal information on covariates, related to natural conditions, can be used. Results
from this study are presented in (Šedivý and Penttinen, 2014).

The second application comes from microstructural research of metals done in
cooperation with Institute of Physics of Materials, Brno. The main achievement
is the quantitative characterization of the granular microstructure with the use
of second-order characteristics. The results of this joint work can be found e.g.
in (Šedivý et al., 2013a).

5.1 Intensity estimation for tropical rainforest

data

Fitting tropical rainforest data is a popular task from spatial statistics. Data men-
tioned in Subsection 5.1.1 were previously used in (Guan and Loh, 2007; Guan,
2008, 2009; Guan and Wang, 2010; Rue et al., 2009; Møller and Waagepetersen,
2007; Myllymäki, 2009; Waagepetersen, 2007; Waagepetersen and Guan, 2009)
and numerous other articles. In modeling point patterns like these, two effects
must be taken into account; inhomogeneity caused by heterogeneous environment
and clustering or repulsion influenced by seed dispersal or competition among in-
dividuals, respectively. Inhomogeneous Gibbs point process has a potential to
satisfy both of these. While the former effect is modeled via inhomogeneous
chemical activity dependent on covariates, the latter can be described by an ap-
propriate choice of the pair potential function.

5.1.1 Data set

We use a data set collected in the tropical rainforest of Barro Colorado Island
(BCI). The data set includes the positions of n = 1564 trees Pterocarpus rohrii in
a 1000× 500m rectangular sampling region. It is a part of a much larger dataset
containing more than 300 species of plants (Condit, 1998; Hubbell et al., 2005,
1999). Census from 2005 is used. As complementary information, concentrations
of 12 chemical composites and pH of the soil are known, whose values in sampling
locations were fitted to a polynomial trend surface resulting in a 50×25 grid with
20 × 20m large cells. Similarly, elevation and slope are known on a 201 × 101
grid. Positions of the trees with one of the covariates, namely pH of the soil, are
plotted in Figure 5.2(a).

5.1.2 Results

All 15 covariates were adapted to a 200×100 grid with 5×5m large cells and stan-
dardized before the computations. The estimation of the central subspace based
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Figure 5.1: (a) Plot of the estimated intensity values (covariates-based estimation)
against the transformed covariates X(u)>B. (b) Profile logarithmic pseudo-likelihood
estimation of the interaction radius for three interaction models: hard-core model (solid
line), Strauss model (dashed line) and soft-core model (dotted line). (c) Maximum
pseudo-likelihood estimator of the parameter γ in Strauss model (dashed line) and
δ/100 in soft-core model (dotted line) used in the profile pseudo-likelihood. Maximum
values of both, the profile logarithmic pseudo-likelihood and the parameter estimators,
are very close to the minimum nearest neighbour distance r = 0.64m (dotted vertical
line).
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on sliced inverse regression and directional regression, respectively, can be found
in the first two data columns of Table 5.1. For better interpretation, Figure 5.1(a)
plots the values of the covariates-based intensity estimator against X(u)>B, as
estimated by SIR, evaluated in each grid point. There is a clear increasing trend
indicating that higher values in the matrix B imply higher intensity of the point
process. In our approach, dissimilarity in comparison with exponential trend is
explained by the unknown term containing interactions in (4.4). From the first
data column in Table 5.1 we can conclude that the most important factors influ-
encing the intensity are concentrations of Ca, B and mineralized N in the soil,
and the role of elevation or slope is generally less important than the chemical
composition of the soil.

central subspace −10·(stand. b(−0))
SIR DR MPLE HOE

Al -2.546 -0.717 -2.508 -2.432
B -4.221 -4.183 -4.197 -4.298
Ca -5.186 -4.701 -5.424 -5.357
Cu 1.472 1.281 1.405 1.549
Fe -1.721 -0.970 -1.585 -1.531
K -1.415 -2.881 -1.136 -1.096
Mg -1.549 -1.206 -1.694 -1.667
Mn 1.477 1.164 1.370 1.389
P -2.798 -3.681 -2.781 -2.778
Zn -2.753 -1.532 -3.005 -2.974
N -1.947 -2.858 -1.348 -1.507
mineralized N -3.902 -4.308 -3.721 -3.751
pH -1.302 -1.879 -1.114 -1.126
elevation -0.900 -0.180 -1.472 -1.362
slope -0.397 -0.139 -0.561 -0.486

Table 5.1: Estimated vector of the central subspace based on sliced inverse regression
(SIR) and directional regression (DR) and estimates of the parameter vector b(−0)

obtained by the maximum pseudo-likelihood estimator (MPLE) and Huang-Ogata’s
estimator (HOE) for the hard-core interaction model (4.9). For better comparison, all
the vectors are standardized, multiplied by 10 and the parameter estimates are listed
with reversed sign. In this settings, positive values indicate an increasing trend of the
intensity depending on a given covariate.

The estimation obtained by DR differs remarkably from the results of the
other estimation techniques. We suppose, taking into account various natures of
the covariates, that this discrepancy can be caused by violation of the constant
variance assumption (3.9). High correlations of predictors also negatively affect
the computational tasks related e.g. to standardization. For this reason, the
non-standardized version (3.10) is used. To omit the difficulties with second
order moment based methods, the use of SIR can be recommended.

For fitting the inhomogeneous Gibbs point process to the point pattern, we
use the hard-core model with the interaction radius estimated by the minimum
nearest neighbour distance present in the point pattern, r = 0.64m. The resul-
ting parameter estimation included in Table 5.1 yields a strong similarity to the
estimator of the central subspace obtained by the dimension reduction methods.
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An important difference, however, should be recalled in these estimated quanti-
ties. While the central subspace only describes the relation between the intensity
function and the covariates assuming λ(u) = f(X(u)>B), estimation of b(−0)

by the maximum pseudo-likelihood uses the concrete models (2.16) and (2.17).
The estimates of b(−0) are standardized and multiplied by −10 in Table 5.1 to
be comparable with the accordingly rescaled central subspace. The maximum
parameter value is 0.18 in their original scale.

An excursion to the profile logarithmic pseudo-likelihood for the other two
interaction models discussed before pointed out the optimum value to be very
close to the minimum nearest neighbour distance (Figure 5.1(b)). High values
of estimated parameters γ or δ in the Strauss model or in the soft-core model
(Figure 5.1(c)), respectively, yield similarity to the hard-core model being a limit
case of both models. This justifies using the hard-core model as an appropriate
one among the three candidates. However, there still is a potential for another
type of interactions to describe the local effects in a better way since there are
two contradicting factors; local competition of trees as an inhibitive force and
seed dispersal as an attractive one.
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Figure 5.2: Intensity estimation of the rainforest data. Positions of 1564 trees Pte-
rocarpus rohrii are plotted against (a) one of the covariates (pH of the soil), (b) local
smoothing estimator, (c) covariates-based smoothing estimator, (d) intensity estima-
tion based on Gibbs model and pseudo-likelihood.

Finally, the intensity estimators obtained by different methods are depicted in
Figure 5.2(b-d). While the local smoothing estimator, achieving maximum values
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in the upper left part of the area, takes into account only the locations of points,
the other two estimators are based on the relation with covariates. An expected
effect the images also reveal is that the smoothing estimators yield lower peaks
than the maximum pseudo-likelihood estimator.

An interesting feature is that the final estimators obtained by CSIE and MPLE
look very similar, even though these two methods differ substantially. It is worth
reminding that these are both already initiated by well comparable estimators of
the central subspace and the parameter estimation, respectively (Table 5.1). The
final estimation procedure using kerneling in the former and MCMC simulations
in the latter approach only yields differences hardly recognizable by the eye but
still well identifiable numerically. It is further important to note that the anal-
ysis is based on the given set of covariates. Other effects can exist dominantly
influencing the intensity which did not enter the analysis.

5.2 Materials research

In microstructural research of metallic materials, methods allowing direct evalu-
ation of the grain structure are often limited to investigation of two-dimensional
(2D) sections. Planar quantities are used to estimate parameters of the original
three-dimensional (3D) structure with usual stereological methods. One general
limitation is that the estimators of the structural parameters are highly influenced
by the resolution given, for instance, by the grid step of the subsample where the
measurements are provided. On the other hand, given the experimental setting,
one has comprehensive information about the orientations in grains and disorien-
tations in grain boundaries which can be further analysed using various methods.

To describe the structure of polycrystalline materials, modern attitude con-
sists in the characterization of different types of boundaries present in the material
and their connectivity in the grain boundary network (Rohrer, 2011). With data
from the 3D electron backscatter diffraction (EBSD) (Calcagnotto et al., 2010;
Wilkinson and Britton, 2012) it is possible to explore the entire five-parametrical
distribution of the grain boundaries where three parameters are related to the
disorientation of crystal lattices and the other two represent the orientation of
the interface plane. Despite of limitations of 2D observations, it still provides
great potential for statistical analysis and it allows to process greater amount of
observations than space- and time- consuming 3D methods. It is also possible
to estimate the 3D microstructure on the basis of statistical analyses of the data
obtained from the 2D EBSD.

Electron backscatter diffraction is a scanning electron microscope (SEM) based
technique which has become well known as a powerful and versatile experimental
tool for materials scientists, physicists, geologists and other scientists and engi-
neers (Randle, 2009). It allows the measurement of microtexture (Jiang et al.,
2008), microstructure quantification (Bastos et al., 2006), grain and phase boun-
dary characterization (Randle et al., 2008), phase identification (Perez et al.,
2006) and strain determination (Britton and Wilkinson, 2012) in crystalline mul-
tiphase materials of any crystal structure.

The aim of the presented study is a systematic characterization of Cu pro-
cessed by equal-channel angular pressing (ECAP, see Figure 5.3) before creep
testing. The creep tests were performed at higher temperatures than the proces-
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sing temperature of severe plastic deformation (SPD) technique. The systematic
characterization of microstructure in Cu specimens processed by ECAP before
loading can be important for better understanding of the unusual creep behaviour
of ECAPed Cu (Dvořák et al., 2010).

Figure 5.3: Scheme of equal-channel angular pressing (ECAP) facility with definitions
of the directions X, Y and Z. A sample of metallic material is pressed through an L-
shaped channel.

To describe the microstructure, statistical methods characterizing spatial dis-
tribution of the boundaries marked by their disorientations are introduced. They
basically work with a single mark determined by the disorientation angle θ but
even more complex information about the disorientation can be used by distin-
guishing different types of ”special” boundaries. The methods are applied on
samples of copper processed by ECAP followed by annealing with different times
and temperatures. The effect of different number of passes on the grain structure
was examined in previous studies (Ilucová et al., 2007; Král et al., 2011).

The rest of this application part is organized as follows. Basic principles of
processing data from 2D scanning electron microscopy are presented in Subsec-
tion 5.2.1, methods of quantitative characterization of the observed microstructu-
re based on second-order analysis of random marked sets are described in Subsec-
tion 5.2.2, and finally, these methods are demonstrated on particular samples in
Subsection 5.2.3. Experimental background for this study is explained in (Šedivý
et al., 2013a).

5.2.1 Processing data from scanning electron microscopy

The main information measured by EBSD are Euler angles ϕ1,Φ, ϕ2 representing
the crystal orientation in each grid point (Figure 5.4). These three parameters
are sufficient to describe the mutual position of a reference coordinate system and
orientation of the crystal lattice.
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Figure 5.4: Definition of the Euler angles ϕ1,Φ, ϕ2. The crystal coordinate system
(red) can be superimposed onto the sample system (blue) by three rotations: 1) rotation
by ϕ1 around the Z axis of the crystal coordinate system, 2) rotation by Φ around the
new X axis and 3) rotation by ϕ2 around the new Z-axis. The dotted lines show the
positions of the axes before the last rotation.

Figure 5.5(a) describes the definition of a crystal direction [uvw]. Further, it is
common to denote 〈uvw〉 all crystalographically-related directions, i.e. the direc-
tions coincident with [uvw] with respect to all symmetries of the crystal lattice.
Supposing the difference in orientations between two neighbouring points which
is called their misorientation, it is common to use an angle-axis representation
θ〈uvw〉 based on the fact that one orientation can be matched to another using
rotation by an angle θ around an axis 〈uvw〉. Because of non-uniqueness of this
transformation especially in highly symmetric systems, only the solution with
the minimum angle θ is considered and such a transformation θ〈uvw〉 is called
disorientation. Results presented in this study come from a research of metals
with cubic crystal systems where the upper limit for the angle θ is about 62.8◦.
Details of conversion among Euler angles, transformation matrices and angle-axis
representation can be found in (Engler and Randle, 2010).

(a) (b)

Figure 5.5: (a) Meaning of a crystal direction [uvw] in a crystal lattice with length
parameters a, b, c of a unit cell. The direction shown here is [422]. (b) Inverse pole
figure as a colour scheme for orientation imaging.

Data obtained from EBSD can be immediately displayed in a pixel image
where each pixel corresponds to one grid point and its colour is related to the
crystal orientation (Figure 5.8 in Subsection 5.2.3). To represent each orientation
by a single colour, an inverse pole figure shown in Figure 5.5(b) is used as a colour
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scheme. Every orientation is located there according to the direction of one chosen
axis of a reference coordinate system with respect to the crystal coordinate system
in the given point. For instance, pure blue (vertex [111]) reveals that the chosen
reference axis is parallel to the body diagonal of a unit cubic crystal cell. Because
of invariance under rotations around the reference axis, this representation is
not sufficient but still very illustrative for recognizing differences in orientations.
Grain boundaries with the disorientation angle exceeding a limit value ∆, which
is equal to 15◦ in Figure 5.8, are coloured white. Another possibility often used
is colouring the grains with random colours in order to distinguish them easily
(Figure 5.7(a)).

(a) (b)

Figure 5.6: Grain and subgrain boundaries in a sample of Cu after 8 ECAP passes.
(a) Darkness of a boundary corresponds to its disorientation angle θ. Pure white for
θ ≤ 5◦ changes linearly to pure black for θ = 62.8◦. (b) Boundaries are divided into two
types - green low angle boundaries (θ ≤ 15◦) and red high angle boundaries (θ > 15◦).

When focusing just on the grain boundaries, we can draw them dependently
on the disorientation angle θ. In Figure 5.6(a) the darkness of each boundary is
related to the disorientation angle; pure black colour corresponds to the maximum
angle 62.8◦. In Figure 5.6(b) two types of boundaries are distinguished – green
low angle boundaries with θ ≤ 15◦ and red high angle boundaries with θ > 15◦.
In a similar way it is also possible to visualize some special boundaries according
to their coincidence site lattice (CSL) type.

5.2.2 Quantitative analysis of grain boundaries

To specify a grain boundary, five parameters are needed in general. Three of
them are related to its misorientation (e.g. Euler angles) and the other two
describe the orientation of the interface plane (e.g. spherical angles of the plane
normal). However, characterizing the whole five-parameter distribution requires
a large population of observable grain boundaries. In that case it is possible to use
statistical methods developed for estimating the distribution density. For better
insight, only changes in several parameters fixing the other ones are actually
investigated which usually leads to some discretization of the parametrical space.

In what follows, we will focus just on the misorientations of grain boundaries,
especially the disorientation angle. This quantity represents a real-valued mark
of the grain boundary network which allows to characterize it by the means of
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random marked closed sets described in Subsection 2.3.1. The granular structure
is supposed to be a tessellation in R3 with cells determined by the grains.

Definition 5.1. Consider a random tessellation in Rd with Hd−1-rectifiable faces
Yj, j ∈ N, marked by a measurable function Γj : Yj → R such that (Yj,Γj) is a
RMCS for each j ∈ N. Then

(Y,Γ) = ∪j∈N(Yj,Γj) (5.1)

is a tessellation-induced random marked closed set.

Within the microstructural framework, faces Yj of the tessellation in R3 cor-
respond to the boundaries between neighbouring grains and Γj corresponds to
the angle of disorientation. Fluctuation of the crystal lattice orientation inside a
particular grain is usually small which implies that Γj is nearly constant. Neigh-
bouring faces intersect in a curve which is called triple grain junction.

Images obtained by 2D EBSD allow to observe the granular structure in a
planar section. In this case we deal with a tessellation-induced RMCS in R2 with
cells determined by planar profiles of the grains and edges by planar profiles of
the grain boundaries.

Remark 5.1. In real images, an effect of dead-end boundaries can appear. One
endpoint of such boundary, or both, lies inside a grain and does not have a con-
nection to other boundaries from the grain boundary network. The tessellation
structure can be disrupted in this way. Observation of dead-end boundaries can be
caused, for instance, by scanning errors, imperfect algorithm for identification of
the grains, or simply by insufficient resolution since such boundary may indicate
a very thin grain. Resolution is an important parameter which crucially influ-
ences the observed structure. There are different ways how to handle dead-end
boundaries; an option is to omit them completely or, vice versa, process them as
usual boundaries. In what follows we speak of a tessellation-induced RMCS even
though it contains dead-end boundaries which are also considered as edges in our
approach. Another effect which may disrupt the tessellation structure occurs if a
grain is completely contained inside a larger grain.

When dealing with an estimation of the characteristics (2.36) for a tessellation-
induced RMCS in R2, it is reasonable to consider whether a given pair of points
lies on the same edge or not. An important feature of the estimators (2.43) and
(2.44) is that marks in a small distance are highly correlated simply because of the
fact that the pair of points often belongs to the same edge. However, correlations
just among different edges can give us more valuable information on the second-
order structure. In what follows, we denote by s ∼ t the relation that the points
s, t ∈ R2 belong to ε-neighbourhood of one edge and by s 6∼ t the opposite case,
i.e.

s ∼ t ⇔ (∃ j ∈ N : s ∈ (Yj)⊕ε, t ∈ (Yj)⊕ε ) .

Definition 5.2. For a right-continuous function f : R2 7→ R define the modified
second-order characteristics of a tessellation-induced RMCS (Y,Γ) by

κ̃f (s, t) = lim
ε↓0

E[f(Zε(s), Zε(t)) | s, t ∈ Y⊕ε, s 6∼ t] (5.2)

for Zε(·) defined in (2.36), whenever P(s, t ∈ Y⊕ε) > 0 for all ε > 0. Otherwise
κ̃f is undefined.
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Then the estimation set (2.42) is modified as follows.

Ñε,U(r) = {(s, t) ∈ (Y⊕ε ∩ U)2 : ||s− t|| = r, s 6∼ t}.

Let r > 0 be such that Ñε,U(r) is nonempty. Under the assumptions of stationa-
rity and isotropy, the following modification of κf (r) can be suggested.

Definition 5.3. A natural estimator of the modified second-order cha-
racteristics of a tessellation-induced RMCS (5.2) is given by

̂̃κf (r) =
1

cardÑε,U(r)

∑
(s,t)∈Ñε,U (r)

f(Γ(s),Γ(t)). (5.3)

The benefit of this estimator is that it suppresses the effect of high correlation of
pairs of points belonging to the same edge.

Proposition 5.1. Assuming that the tessellation-induced RMCS (Y,Γ) is a sta-
tionary and isotropic random-field model, then for real numbers r, ε > 0 such that
P(Nε,U(r) 6= ∅) > 0 we have

Ễκf (r) = E[f(Γ(s),Γ(t)) | s, t ∈ Y⊕ε, ||s− t|| = r, s 6∼ t].

Proof. We proceed analogously to the proof of Proposition 2.2; Qε
r is now the

two-point mark distribution given ||s− t|| = r, s 6∼ t.

In our application, however, the random-field model assumption is violated. For
κ̃e(r) and κ̃v(r) we prefer the estimator

̂̃κf (r) =
1

cardÑ 6=ε,U(r)

∑
(s,t)∈Ñ 6=ε,U (r)

f(Γ(s),Γ(t))

based on the estimation set

Ñ 6=ε,U(r) = {(si, ti) ∈ Ñε,U(r) : si pairwise distinct, i = 1, . . . , K} (5.4)

where K = card(Y⊕ε ∩ U), cf. (2.45) and the comment below.
Another approach to characterizing the grain boundary structure as a marked

fibre process consists in investigating several types of special boundaries domi-
nantly influencing properties of the material. Let us suppose that each point
s ∈ R2 of the grain boundary network is given a categorical mark Z(s) ∈ Z,
Z = {1, 2, . . . ,m},m ∈ N, which is constant for points belonging to the same
edge.

Definition 5.4. For a stationary tessellation-induced RMCS (Y, Z) with cate-
gorical marks Z(s) ∈ Z we define the cross K-function

Ki,j(r) =
1

λiλj|A|
E
[ ∫

Y

∫
Y ∩A

1[||s−t||≤r] ds dt |Z(s) = i, Z(t) = j

]
(5.5)

for each i, j ∈ Z where λi is the length intensity of a fibre subprocess of edges
with the mark i ∈ Z and A ∈ Bd0 is an arbitrary bounded Borel set with positive
Lebesgue measure |A| > 0.
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(a) (b)

Figure 5.7: (a) Crystal orientation map of Cu after 8 ECAP passes with randomly
coloured grains. Window size 40× 30µm, grid step 0.07µm. (b) Histogram of disorien-
tation angles of Cu after 8 ECAP passes.

The cross K-function can be useful for interpretation of clustering of different
types of grain boundaries. For instance, higher values ofKi,j(r) indicate clustering
of the edges with the mark j around the edges with the mark i. To estimate (5.5),
we firstly define a simple intensity estimator of λi

λ̂i =
1

|W |

∫
Y

1[Z(u)=i]H1(du) .

Based on a finite set of test points Vi ⊂ {s ∈ Y : Z(s) = i}, an estimator of
(5.5) can be established as follows.

Definition 5.5. An estimator of the cross K-function (5.5) is given by

K̂i,j(r) =

∑
s∈Vi,	r

∫
Y

1[||s−u||≤r, Z(u)=j] du

λ̂iλ̂j |W	r| cardVi,	r
, (5.6)

where W	r = W 	 Br(0) is eroded window providing the edge effects correction
and Vi,	r = Vi ∩W	r.

The estimator (5.6) is a ratio estimator and therefore it is not unbiased.
Practical implementation of the estimation usually involves segmentation of

pixellated grain boundaries (Arnould et al., 2001; Jeulin and Moreaud, 2008).
During this smoothing procedure, the grain boundaries are identified as lines or
curves separating different phases in the image. The estimators are finally applied
to the segmented structure.

5.2.3 Numerical results

The methods were applied to data obtained from EBSD of copper processed
by equal-channel angular pressing. After 8 passes through the die, the samples
were annealed for 10 hours at different temperatures: 373 K, 423 K, 473 K and
573 K (Figure 5.8). It is obvious that the temperature of annealing influences the
microstructure.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.8: First column: Crystal orientation maps of Cu after 8 ECAP passes
annealed for 10 hours at (a) 373 K, (c) 423 K, (e) 473 K or (g) 573 K. Window size 128×
96µm, grid step 0.5µm. Second column: Corresponding histograms of disorientation
angles.
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To indicate changes in the average grain size, Table 5.2 summarizes the mean
areas of grain profiles and their variation coefficients, i.e. ratio of the standard
deviation and the mean area, in observed cross section.

no annealing 373 K 423 K 473 K 573 K
mean area 0.97 4.90 3.21 7.01 10.57
variation coefficient 0.01 0.20 0.26 0.29 0.12

Table 5.2: Mean profile areas in µm2 and their variation coefficients in the specimens
of pure copper processed by ECAP and subsequent annealing at different temperatures
for 10h.

The increasing tendency in the average grain size is also related to the lengths
of the edges of the grain boundaries observed in the cross sections. Figure 5.9
shows that the majority of them lies below 2µm (edges shorter than 0.5µm were
excluded during the segmentation) but especially in the last sample even several
times longer edges are present.
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Figure 5.9: Box plots of lengths of the grain boundaries of four examined samples.
The plots show the median, the first and the third quartile and 1.5 multiple of the
interquartile range. Outliers are not figured.

Histograms of disorientation angles in Figure 5.8 indicate among others a high
fraction of Σ 3 boundaries with θ = 60◦, mostly being so called twin boundaries
with axis of rotation 〈1, 1, 1〉, and Σ 9 boundaries with θ

.
= 39◦. However, in

the microstructure of copper processed by 8 ECAP passes rather low-angle grain
boundaries (LAGBs) and random high-angle grain boundaries (HAGBs) predomi-
nated. From Table 5.3 it is apparent that frequency of random HAGBs remains
about 40-50% while frequency of twin boundaries rapidly increases when the ma-
terial is annealed.

With the characteristics introduced in Subsection 5.2.2, we aim at characteri-
zing the microstructure in a more complex view. The following results show that
even though the marginal distribution of disorientation angles and the fraction
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no annealing 373 K 423 K 473 K 573 K
LAGBs 57.92 2.50 2.10 2.89 3.08

Σ 3 2.57 35.83 54.30 41.43 40.13
Σ 9 0.25 6.75 7.42 6.15 5.09

HAGBs 39.26 54.92 36.18 49.53 51.70

Table 5.3: Frequency of selected boundaries in microstructure of pure copper pro-
cessed by ECAP and subsequent annealing at different temperatures for 10h.

of special boundaries can be similar, their arrangement in the grain boundary
network can differ crucially. The second-order characteristics describe these as-
pects on the basis of correlations and clustering of different grain boundary types
measured in a small distance radius. The quantities defined in (5.2) are estimated
using a set of test points U given by all the grid points of the EBSD measure-
ment and a fixed ε > 0 given by the grid step. The cross K-function (5.5) is
estimated using a set of test points Vi given by midpoints of the i-th type boun-
daries, i ∈ Z = {3, 9, L,H}, where the marks correspond to Σ 3, Σ 9, LAGBs and
random HAGBs.
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Figure 5.10: Estimators of (a) the mark expectation Êκ(r) = ̂̃κe(r) and (b) the mark
correlation function ĉorκ(r) = ̂̃κc(r)− ̂̃κe(r)2 of four examined samples.

Figure 5.10 shows the estimators of the mark expectation Êκ(r) = ̂̃κe(r)
and the mark correlation function ĉorκ(r) = ̂̃κc(r) − ̂̃κe(r)2 of four examined
samples. The first estimator is almost constant because for every step distance
r plotted there, the set Ñ 6=ε,U(r) contains almost every point s ∈ Y⊕ε ∩ U and in
this case the estimator equals to the unconditional mean mark with respect to U .
With increasing annealing temperature, we can observe increasing trend of the
mark expectation and decreasing trend of the mark correlation function. In other
words, increase in the annealing temperature leads to more random arrangements
of edges within the distance r in the sense of their disorientation angles.

In the next we aim at localization of the dominant Σ 3 boundaries near the
other boundary types. Figure 5.11 shows the estimators of the cross K-functions

K̂3,3(r), K̂9,3(r), K̂L,3(r) and K̂H,3(r), which help to interpret the occurrence of
Σ 3 boundaries in neighbourhoods of Σ 3, Σ 9, LAGBs or random HAGBs. While
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Table 5.3 shows the marginal proportions of different boundary types, the cross
K-function brings an additional information about their mutual positions in the
structure. We see that in the samples with higher annealing temperature, values
K̂3,3(r) and K̂9,3(r) are generally lower which indicates higher regularity of Σ3
boundaries with respect to themselves or Σ 9 boundaries. On the other hand, the
situation is different in the neighbourhood of less dominant boundary types where
these functions are minimal for the low-temperature annealed 423 K sample but
any clearly interpretable trend is missing here.
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Figure 5.11: Estimators of the cross K-functions (a) K̂3,3(r), (b) K̂9,3(r), (c) K̂L,3(r)

and (d) K̂H,3(r) of four examined samples where the indices 3, 9, L,H represent Σ 3,
Σ 9, LAGBs and random HAGBs.

5.2.4 Conclusions

We define the grain boundary structure as a random marked closed set which
is observable in a planar section with the use of orientation imaging microscopy.
To characterize its spatial distribution, it is useful to extend the common at-
titude based on marginal distributions to the second-order analysis. Methods
of estimation of the second-order characteristics are provided and their use on
particular specimens of metallic material is shown. To reveal the dependency
between disorientations as a function of distance in a stationary and isotropic
structure, appropriate estimators of second-order characteristics of the marks are
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defined which suppress the effect of high correlation of the marks along particular
edges.

The methods are demonstrated on grain boundary structures marked by the
disorientation angle or equipped with categorical marks indicating the specialness
of boundaries according to their CSL type. The subsequent annealing of the mic-
rostructure of pure copper processed by 8 ECAP passes led to the formation of
the bimodal microstructure containing high fraction of low-Σ coincidence boun-
daries. The second-order characteristics provide an additional information about
arrangements of different boundary types in the structure. Our results show that
increasing temperature of annealing leads to decreasing tendency of Σ 3 bounda-
ries to form clusters but more likely to be placed regularly or create longer paths
in the microstructure. For comprehensive discussion on physical interpretation
of the results, see (Šedivý et al., 2013a).
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