
Charles University in Prague

Faculty of Social Sciences
Institute of Economic Studies

BACHELOR THESIS

Financial earthquakes: Are volatility
correlations related to Omori’s law?

Author: Vlastimil Bureš
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Academic Year: 2013/2014

http://www.cuni.cz/UKENG-1.html
http://fsveng.fsv.cuni.cz/FSVENG-1.html
http://ies.fsv.cuni.cz/index.php?module=board&action=board&lng=en_GB
mailto:vlastimil.bures@gmail.com
mailto:kristoufek@gmail.com


Declaration of Authorship

The author hereby declares that he compiled this thesis independently, using

only the listed resources and literature. This thesis was not used to obtain

another academic degree.

The author grants to Charles University permission to reproduce and to dis-

tribute copies of this thesis document in whole or in part.

Prague, May 16, 2014
Signature



Acknowledgments

I would like to express my deepest gratitude to PhDr. Ladislav Krǐstoufek
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Abstract

The purpose of this thesis is to analyze the market dynamics in periods fol-

lowing a large financial shock. In order to do so, we compute the cumulative

number of times the volatility is greater than a given threshold. Such a method

is analogous to Omori’s law from geophysics. We draw statistical evidence from

three different events. The first one is concerned with the death of Steve Jobs

and how it affected the evolution of Apple’s share price. The second one focuses

on the Flash Crash of 2010 when the Dow Jones Industrial Average experienced

the largest drop of 900 points. And the last one is when IBM announced its

2013Q1 earnings which were significantly below expectations. By employing

two different approaches to volatility calculation, we are able to compare the

obtained results and thus draw a more definite conclusion. Our findings sug-

gest that the decay rate of after-shocks for the considered earthquakes is well

described by a power-law which is analogous to Omori’s law.
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Abstrakt

Ćılem této práce je analýza dynamiky akciových trh̊u v periodách po významných

finančńıch zemětřeseńıch pomoćı souhrného počtu př́ıpad̊u, ve kterých volatilita

převyšuje danou hranici. Tento souhrný počet př́ıpad̊u vetš́ıch než tato mez je

analogický Omoriho zákonu z geofyziky. V této práci zkoumáme tři události.

Prvńı sleduje vývoj cen akcíı společnosti Apple po smrti Steva Jobse. Ve druhé

se zaměřujeme na Flash Crash v roce 2010, kdy se Dow Jones Industrial Av-

erage během pár minut propadl o 900 bod̊u. Posledńı se zabývá oznámeńım

neočekávané výše zisk̊u společnosti IBM za prvńı čtvrtlet́ı 2013, které mělo

zavažný vliv na cenu akcíı. Použit́ım dvou metod výpočtu volatility můžeme

výsledky porovnat, a tak doj́ıt k přesněǰśım závěr̊um. Zjǐstěné údaje naznačuj́ı,

že se mı́ra úbytku následných otřes̊u (šok̊u) pro naše uvažovaná zemětřeseńı dá

dobře charakterizovat mocninným zákonem, který je obdobný Omoriho zákonu.

JEL klasifikace C510, C580

Kĺıčová slova Omoriho zákon, finančńı zemětřeseńı, moc-

ninný zákon, stock volatility correlations,
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Chapter 1

Introduction

A power-law is defined as a polynomial relationship in which one variable is

dependent on a power of the other. Power-law relationships and the distribu-

tions state that rare events (shocks) appear with a finite and non-negligible

probability.

There are many complex systems which can be described by power-law rela-

tionships. For instance, aftershock periods of earthquakes (Omori, 1894; Utsu,

1961; Utsu et al., 1995), periods after major financial crashes (Lillo et al., 2003;

Lillo and Mantegna, 2004; Selçuk, 2004; Weber et al., 2007) and many more.

It is, therefore, necessary to understand the dynamics of such systems when

and after they undergo a critical shock.

There are several power-laws that are used to explain those aftershock pe-

riods, namely the Gutenberg-Richter’s law, the Productivity law, Bath’s law

and Omori’s law. The Gutenberg-Richter’s law is defined as the relationship

between the magnitude of an earthquake and the total number of earthquakes

in a given region of a greater magnitude during a certain time period. The

Productivity law provides an insight into the power-law relationship between

the number of pre and after-shocks that are either preceding or following a ma-

jor crash of a certain magnitude. Bath’s law states that the difference between

the magnitude of a main shock and its largest aftershock is roughly constant.

Hence concluded that this difference does not depend on the magnitude of the

main shock. And finally, the Omori’s law which characterizes the decay rate of

aftershocks following a main shock. This paper focuses on Omori’s law, partic-

ularly the modified form and its application to major financial earthquakes as
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it has been recently applied to other financial events with a great success.

It has been found that volatility, which is a measure of variation in prices

or stock returns, increases rapidly immediately at and after a financial crash

(Chen et al., 1995). It is therefore important to be able to understand and

model the volatility correlations of the stock returns before, at and after such

events. This is particularly applicable for finance where one is often interested

in a risk estimation.

The thesis is organized in the following way. In Chapter 2 we list and dis-

cuss what has been done by other researches on the application of Omori’s

law to financial crashes until today. After that Chapter 3 provides with ba-

sic information concerning the three chosen events. Chapter 4 states all the

mathematical methods and approaches used in order to successfully apply the

Omori’s law. Chapter 5 contains detailed review of the data sets including

the sources, descriptive statistics and graphs. The subsequent Chapter 6 goes

through all the obtained results and their significance. Additionally, we do a

comparison with other author’s estimates, which were, however, based on dif-

ferent events. An overall conclusion, commentary and suggestions for further

research are provided in Chapter 7.



Chapter 2

Literature review

This chapter focuses on the literature that has been done so far. Starting with

the papers that defined Omori’s law for geophysics and those that documented

its evolution up until today. We then continue with presenting papers that

introduced the application of this law to financial crashes, the obtained results

and the methods that has been found useful for this kind of research.

Omori’s law was originally proposed by F. Omori over a century ago in

1894 (Omori, 1894) and since then it has been extensively used as one of a few

empirical laws in seismology. It is a law describing the aftershock period right

after a significant earthquake, more specifically, it states that the frequency

of aftershocks decays (decreases) in time approximately by the reciprocal of

time following the main shock. In his paper, he showed that the original law

held well for the 1891 Nobi (Mino-Owari) earthquake. The formula was then

successfully applied to other earthquakes. A comprehensive list as well as a

thorough summary can be found in Utsu et al. (1995).

The original formulation of this law implies a long-living activity of the

aftershock period. However, in the real world, especially in physics, the decay

rates tend to be more of a logarithmic nature. That led to a further develop-

ment of the formula by Hirano (1924) who introduced the decay-rate modifying

parameter. Utsu (1957) pointed out that the decay rate of aftershock activity

was somewhat faster than suggested by the original Omori’s formula. Conse-

quently a modified version of the Omori’s law was presented by Utsu (1961).

Lately, there has been an interesting development in application of the
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Omori’s law. Ever since this law was defined, it has been widely used to exam-

ine the aftershock sequences for geological earthquakes. Perhaps surprisingly, it

has also been applied for other disciplines such as finance. Based on similar un-

derlying principles, economists have employed Omori’s law in order to analyze

market’s aftershock characteristics. A similar kind of research of aftershocks

has been popularly done in the last two decades.

Sornette et al. (1996) explored the volatility patterns in the Standard &

Poor’s 500 (S&P 500) market index before and after the Black Monday (Octo-

ber 19th, 1987) financial crash. Their early work on this topic suggests that

the implied volatility in the S&P 500 index after the previously mentioned crash

has a power-law log-periodic decay rate behavior.

Lillo et al. (2003) investigated the decaying patterns of volatility of New

York Stock Exchange (NYSE) index returns during the period of 60 trading

days after the Black Monday (October 19th, 1987) crash when the S&P 500 in-

dex dropped down by 20.4%. They found that the number of index returns

rising above a given threshold (certain number of standard deviations) can be

described by a power-law which is equivalent to the modified Omori’s law men-

tioned above.

Following year Lillo and Mantegna (2004) published a paper in which they

explored the dynamics of a market index returns after a major crash. They

suggested that after a crash the market volatility is represented by a stochastic

process characterized by a slow decay rate. They covered the same market

index crash as in the previous paper, but additionally tried to do a comparison

with a GARCH(1,1) model. In order to account for the non-stationary period

just after the crash, they divided the 60 trading days into six non-overlapping

periods of 10 trading days and applied the mentioned GARCH(1,1) model in-

dividually. They concluded that the simulated GARCH(1,1) model was unable

to capture the non-linear behavior of volatility in the aftershock period and

that the widely used GARCH(1,1) model converged to its stationary phase

rather quickly. They continued with a Value at Risk (VAR) estimation because

of the direct relevance for risk management and found that the VAR of a port-

folio measured after a financial crash is characterized by a power-law evolution

of a non-typical scale. They summarized that the time periods after a major

financial market crash are specific in every case and are not well explained by



2. Literature review 5

models which present a stochastic evolution with a typical time scale.

Selçuk (2004) explored financial crashes and aftershock periods in emerging

stock markets. The paper covered stock market data from Argentina, Brazil,

Hong Kong, Indonesia, Korea, Mexico, Philippines, Singapore, Taiwan and

Turkey from as far back as 1973 until 2000. He firstly identified the two largest

one-day drops in the stock market for every country during the sample pe-

riod and labeled those as the financial earthquakes. The characteristic decay

rate parameter was ranging from 0.52 to 1.41, however the concentration was

mainly between 0.52 and 0.7. The findings suggested that after a major crash,

the stock market volatility in the emerging markets decays as a power-law char-

acterized by Omori’s law.

Selçuk and Gencay (2006) continued their research into the intraday dy-

namics of Dow Jones Industrial Average (DJIA) using 5 minute return series

during the sample period from September 19th, 1994 to October 16th, 2002.

There are together two shocks, the first one happened on October 8th, 1998

when the DJIA went down by 2.9% within 5 minutes without the trades being

suspended. The other one took place on January 3rd, 2001 when the DJIA went

up by 2.6% in 5 minutes without the trades being suspended, it was the largest

positive shock within the sample period. Based on the empirical analysis the

concluded that the return and volatility distribution changed non-linearly and

that in fact can be characterized by the Omori’s law.

Weber et al. (2007) studied 1 minute return time series during the after-

shock periods in three different data sets. The first one contains the Black

Monday crash, a very popular topic covered in historical literature, and also

a smaller crash that happened on September 11th, 1986. The second covers

Trade & Quotes of the year 1997 and focuses on the crash that happened on

October 27th, 1997. The last one is an example of an external event crash - the

return series of General Electric during the three month period after September

11th, 2001. They also noticed that smaller sub-crashes were present and each

of those was also following the Omori’s process, but on a smaller scale. They

also investigated the memory in volatility of return series, the findings suggest

that a major part of the memory is caused by the main crash as well as the

sub-crashes and that a large share of the memory in volatility might be actually

induced not only by the Omori’s process on large scale (main crash), but also
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a smaller scale (sub-crashes).

Mu and Zhou (2008) examined the volatility dynamics of the Shanghai

Stock Exchange Composite (SSEC) after certain large volatility shocks. They

considered daily and minutely volatility and found that for the SSEC the decay

rate parameter was often higher than 1, implying a faster pace of convergence

towards the normal state. Furthermore, they elaborated on the threshold selec-

tion for the volatility and concluded that it is essential select the right thresh-

old. Too large of a threshold led to the constancy of the cumulative number

of aftershocks larger than the threshold shortly after the shock and too small

gave a straight lines, or in other words a linear relationship. Their findings

suggest that the cumulative number of aftershocks with a magnitude exceeding

given threshold increases as a power-law, more specifically Omori’s law, with

the power-law exponent (the characteristic decay rate parameter) being higher

than 1. This is different from the findings in other papers where it was often

found to be around or below one. In the very end they discussed the fact that

they used a different formula to compute the volatility, however, after employ-

ing the formula used in Weber et al. (2007) - the absolute value of the return

series; they obtained very similar results for both the thresholds and exponents.

Petersen et al. (2010b) explored whether the common announcements of

Federal Reserve concerning interest-rate changes cause shocks that decay via

power-law relaxations of volatility analogous to Omori’s law. In order to do

so they analyzed all 66 Federal Open Market Commission meeting happening

during the years 2000 - 2008. They found that the rate of aftershock following

an interest-rate change decays as a power-law and is consistent with the struc-

ture of various financial earthquake aftershocks, which have been observed on

different scales. In addition to that, they found similar behavior for the rate of

”preshocks” before the interest-rate change.

Petersen et al. (2010a) studied the dynamics before and after 219 shocks to

the market. They analyzed 531 most traded United States (U.S.) stocks during

2001 - 2002 using 1 minute records. They found the quantitative relationship

between the size of the shock and the parameters quantifying the decay rate

of volatility of aftershocks as well as preshocks. Moreover, the more the stock

is being traded the more and quicker it reacts to the market shock. This pa-

per covered not only Omori’s law, but also the Productivity and Bath’s law
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and concluded that the Omori’s law gives an insight on how long the after-

shock period will be, the productivity law provides a quantitative number of

aftershocks and finally the Bath’s law covers the conditional expectation of the

largest aftershock and preshock given the magnitude of the main shock.

Siokis (2012) made use of the Gutenberg-Richter law to describe the volatil-

ity distribution before and after the 1929, 1987, 1997 and 1998 crashes. Those

belong to the category of largest crashes in the history of DJIA. Furthermore,

as Lillo et al. (2003) and Weber et al. (2007) did, they applied the Omori’s law

to those crashes by selecting the 100 day periods after them and defining the

aftershock again as the absolute return being greater than a given threshold

(specifically k · σ, where k = 1, 2, 3). Based on the empirical results, they con-

cluded that the aftershock periods were well described by the power-law, more

specifically Omori’s law.



Chapter 3

The main events

In this thesis we will explore three events that led to major financial crashes.

The three events examined are as follows:

1. The death of a former Chief Executive Officer (CEO) of Apple, Steve Jobs,

in 2011.

2. The Flash Crash that took place in 2010 when the DJIA experienced a

huge crash.

3. When International Business Machines Corporation (IBM) published its

quarterly earnings in May 2013 leading to a significant drop in the share

price the next day.

3.1 The death of Steve Jobs for Apple

Apple Inc. is an American company with headquarters in Cupertino, Califor-

nia. It designs, develops and sells consumer electronics and software all over the

world. Apple was founded in 1976 by Steve Jobs, Steve Wozniak and Ronald

Wayne and during the first years experienced a great growth and success with

its Macintosh computer. However, after that a period of a decline came and

Steve Jobs was forced to leave Apple, resigning in 1985. He returned in 1996

as a CEO and began with restructuring of the company which lead to the rise

of one of the largest companies in the world. In 2001 they introduced iPod,

the famous music player. Over 100 million units have been sold until today

(Apple, 2007). They followed with iPhone, iPad and MacBook which had a

huge success (Isaacson, 2011).
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Currently, Apple Inc. is the largest company in the world by market capital-

ization, with Exxon Mobile hanging right behind and occasionally surpassing

it. Table 3.1 shows the market capitalization of Apple, Exxon Mobile and IBM

in the last quarter of 2013.

Table 3.1: Apple’s market capitalization

Company 2013Q4 rank Market capitalization

Apple 1. 504,770.8 b $

Exxon Mobil 2. 442,142.8 b $

IBM 21. 203,673.8 b $

Source: Financial Times Global 500.

Steve Jobs died on October 5th, 2011 as a result of his long battle with

pancreatic cancer, which was officially announced by both the family and Apple

on that day. Figure 3.1 depicts the closing share price starting on the day of

Jobs’ death. The arrow highlights the exact time of his death.

Figure 3.1: Closing share price of Apple
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Source: Author’s computations.

3.2 The 2010 Flash Crash

The Flash Crash took place on May 6th, 2010 when the DJIA experienced the

worst intraday point-drop during its 115 years of existence. At approximately
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2:42 pm on that day the DJIA dropped by more than 300 points and within

next 5 minutes by additional 600 leading to the largest intraday point-drop of

998.5 at 2:47 pm. Roughly 20 minutes later the market regained majority of

the 600 point loss (Lauricella and Mckey, 2010; Menkveld and Yueshen, 2013).

It took several months of investigation to find at least partial explanations

of why this happened. The Commodity Futures Trading Commission (CFTC)

and the U.S. Securities and Exchange Commission (SEC) published a joint re-

port named ”Findings Regarding the Market Events of May 6th, 2010”. This

report elaborates on the flow of events that led to the crash. It says that ”May

6th started as an unusually turbulent day for the markers”. Furthermore, the

report explains that such a fragile and unstable market could cause the stocks

to plunge just by a single large transaction and that is what actually happened.

A mutual fund started selling 75 000 E-Mini S&P 500 contracts which were val-

ued at roughly 4.1 billion dollars (CFTC and SEC, 2010).

Figure 3.2 shows the closing price of DJIA in the period specified above.

The arrow highlights the Flash Crash itself in the very beginning of the graph.

Figure 3.2: Closing share price of DJIA
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3.3 IBM’s Low Earnings Announcement

International Business Machines Corporation, more frequently known as IBM,

is an American technology corporation, headquartered in Armonk, New York,

United States. IBM develops, builds, markets and sells computer hardware and

software. Furthermore, it provides infrastructure and additional services to

other companies via its strategic consulting division which is focused on vari-

ous fields concerning computing, supercomputing, mainframe computers, cloud

services and even nano-technology and nano-medicine (IBM-Staff, 2007).

IBM was founded in 1911 under the name Computing Tabulating Recording

Company which was a merger of three companies - the Tabulating Machine

Company, the Computing Scale Company and the International Time Record-

ing Company. The name IBM was adopted later in 1924 (IBM-Staff, 2007).

Nowadays, IBM belongs to the world’s largest companies. In fact, in 2012 IBM

ranked number two U.S. company in terms of the number of employees and

number four by market capitalization (Fortune, 2012).

Figure 3.3: Closing share price of IBM
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On Friday, April 19th, 2013 IBM announced its first quarter 2013 earnings.

Even though the earnings rose by 8% in the first quarter, the investors were

expecting a double digit number. There were several reasons why they missed

the double digit target, namely because of the slowdown of the economy in
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China and the weakening yen. The announcement led to the biggest one-day

drop in IBM’s share price in 8 years. The stock price dropped by over 8%,

roughly 17 dollars per share (Stahl and FitzGerald, 2013; IBM-Staff, 2013).

Figure 3.3 shows a reaction of the closing price to the low earnings an-

nouncement for the first quarter 2013, the arrow highlights the 8% drop which

is clearly visible in the very beginning of the graph, we again consider that as

the main crash.



Chapter 4

Methodology

This section provides an insight into the methods and procedures that are used

to obtain and analyze the data needed. We will also state why the below ex-

plained methods were chosen, furthermore we also go through the assumptions

and issues that might occur.

4.1 Return, Volatility & Standard deviation

In order to be able to apply Omori’s law to the three above mentioned financial

earthquakes, the stock or index returns need to be first calculated. The return

in time t is computed as the logarithm of the first difference of the closing share

prices, which is defined by Equation 4.1.

r(t) = log

(
i(t)

i(t− δ)

)
= log i(t)− log i(t− δ) (4.1)

where i(t) represents the closing price of a stock or an index at time t and t−δ,
respectively. δ is the ”step” or in other words the difference in minutes (for the

purposes of this thesis) between each record.

After having computed the return series, we move on to the volatility se-

ries. Volatility refers to certain fluctuations in a phenomenon observed through

time, specifically in econometrics and finance it describes some movements or

variability of a random component in a time series.
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The volatility in time t is computed as described by the following Equa-

tion 4.1.

v(t) = |r(t)| (4.2)

where r(t) is the return of the series in time t. We use the absolute value of

a return series as it has been frequently used when applying the Omori’s law

with great results. In addition, it is generally used in the literature focused on

the Omori’s law (Lillo et al., 2003; Selçuk, 2004; Weber et al., 2007). There

are, however, several other methods of estimating volatility (Andersen, 2001;

Bollen and Inder, 2002). Furthermore, when Mu and Zhou (2008) used a

different formula in the form of Equation 4.3.

v(t) =

[
1

m(t)

∑
t−∆t<τ≤t

r2(τ)

] 1
2

(4.3)

where m(t) is the number of points on the interval (t−∆t, t]. They concluded

that the results using both formulas yielded very similar results. We employ

the same formula to see whether we get to the same conclusion as they did. In

order to do so, we use a second data set consisting of 1 minute records which

we use to compute a 5 minute volatility series. The reason for this is to have a

decent number of records for volatility series.

The next step is to compute the sample standard deviation of the return

series over the entire investigated period, the sample standard deviation (σ) is

defined by Equation 4.4.

σ =

√√√√ 1

n− 1
·

n∑
i=1

(r(i)− µ)2 (4.4)

where µ is the mean value of the return series, n is the number of observations

and r(i) is the ith return of the series.
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4.2 Threshold selection & Omori’s law

The standard deviation is then used to compute the threshold ` which is used

to identify significant after-shocks, it is computed using Equation 4.5.

` = k · σ (4.5)

where k is an integer typically ranging from 2 to 5 and σ is the standard devi-

ation of the return series. The selection of the threshold ` is a crucial step in

our analysis. Mu and Zhou (2008) found that using a small threshold yields a

linear relationship of the cumulative number of aftershocks exceeding the given

threshold N(t) ≈ t. Whereas using too large threshold results in the constancy

of N(t). This implies that a great deal of consideration needs to be taken to

get valid result.

The next step is to compute how many times on a given day the volatil-

ity is greater than the threshold of a certain number of standard deviations,

specifically ` = 2σ, . . . , 5σ. Having done that, we have created a new series

called n(t) which is a series describing the amount of significant after-shocks

exceeding a given threshold on each of the trading days in the sample period.

The original Omori’s law is defined by Equation 4.6.

n(t) = K · (t+ τ)−1 (4.6)

where K is the size or magnitude of an earthquake, t is time in trading days

and τ is a constant in order to avoid divergence at time t = 0. It is important

to emphasize that the first trading day is when t = 0 and the 30th is when

t = 29. However, as we have already mentioned in Literature review, the

original formulation of this law implies the long-living activity of the aftershock

period. In the real world and especially in physics the decay rates tend to be

more of an logarithmic or square-root nature, hence a modified version of the

Omori’s law was presented by Utsu (1961) and Utsu et al. (1995). The modified

version is defined by Equation 4.7.

n(t) = K · (t+ τ)−p (4.7)

where p is a parameter modifying the decay rate. For earthquakes, it has been
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usually found to be in a range between 0.9 and 1.5, however, for financial

crashes it varies. Lillo et al. (2003) estimates of p ranged from 0.7 to 0.99.

Selçuk (2004) estimated p to be ranging from 0.52 to 1.41, however, most of

the estimates were less than 1 for the emerging markets.

Nevertheless, for many cases, it is more convenient, especially for compar-

ison with the real data, to use the cumulative number of aftershocks between

time t = 0 and t which can be obtained by integrating Equation 4.7 between

t = 0 and t. The cumulative number of aftershocks is defined by Equation 4.8.

N(t) =


K·[(t+τ)1−p−τ1−p]

1−p for p 6= 1,

K · log t
τ+1

for p = 1.
(4.8)

N(t) is related to n(t) by a summation, hence it reduces the fluctuations of

N(t) when compared to those of n(t), therefore it provides a better and more

reliable characterization of the aftershock period.

Thus the next essential step is to compute a series N(t) which is a cumu-

lative number of significant aftershocks exceeding a given threshold ` = k · σ
until trading day t. Having done that, we can employ a non-linear regression

to get the best fit of Equation 4.8 to estimate parameters K, τ and p for each

threshold value l.

4.3 Non-linear Least Squares

The Non-linear Least Squares (NLS) in the form of α+βxω is in a way similar to

Ordinary Least Squares (OLS) in the form of α+βx, but offers greater flexibility

as it offers a wider range of functional forms (Amemiya, 1985). Especially since

many economic relationships are, in fact, non-linear. Certain difficulties arise

when using NLS as it is often challenging to pick an appropriate non-linear func-

tion. Furthermore, one may face various problems when estimating non-linear

specifications and consequently assessing the estimated values, those issues are

present because of the way NLS works. For further information regarding NLS,

please refer to Gallant (1987); Davidson et al. (1988, 1995).

A NLS regression model is defined as a model for which the first-order con-

ditions for least squares are non-linear functions of the parameters. Formally,



4. Methodology 17

the NLS regression model is defined by Equation 4.9.

y = f(x;β) + e(β) (4.9)

where f : R` × Θ → R is a given function with ` × 1 vector x of explanatory

variables and with k×1 vector β of parameters. Θ denotes the parameter space

which is a subspace of Rk. e(β) is the error of specification (disturbances). One

could add that for non-linear specification ` does not need to equal k.

Given N observations of y and x, let

y =


y1

...

yN

 , f(x1, · · · ,xN ;β) =


f(x1;β)

...

f(xN ;β)

 . (4.10)

Having done that, the non-linear specification can be rewritten as:

y = f(x1, . . . ,xN ;β) + e(β) (4.11)

where e(β) is a vector of errors (disturbances).

As with the OLS, the NLS regression model has certain assumptions which

are stated bellow.

Assumption 1: Functional form

The conditional mean function for yt given xt is

E[yt|xt] = f(xt;β) for t = 1, . . . , N (4.12)

Assumption 2: Identifiability of the model parameters

The parameter vector in the model is identified (estimable) if there is no

non-zero parameter β0 6= β such that f(xt;β
0) = f(xt;β) for all xt.

Assumption 3: Zero mean of the disturbance

It follows from the first assumption that we may write

yt = f(xt;β) + εt (4.13)

where E[εt|f(xt;β)] = 0. This states that the disturbance at observa-



4. Methodology 18

tion in time t is uncorrelated with the conditional mean function for all

observations in the sample.

Assumption 4: Homoscedasticity and no-autocorrelation

We assume conditional homoscedasticity to be constant and finite

E[ε2
t |f(xs;β), s = 1, . . . , N ] = σ2, (4.14)

and no-autocorrelation

E[εtεs|f(xt;β), f(xs;β), s = 1, . . . , N ] = 0 for all t 6= s. (4.15)

Source: Greene (2012).

Similarly as with the method of OLS, the method of NLS tries to minimize the

NLS residual function SN(β), which is defined by Equation 4.16, with respect

to β in order to achieve the best fit of data (yt,xt) for t = 1, . . . , N .

minimize
β

SN(β) =
1

N
[y − f(x1, . . . ,xN ;β)]T [y − f(x1, . . . ,xN ;β)] (4.16)

minimize
β

SN(β) =
1

N

N∑
t=1

[yt − f(xt;β)]2 (4.17)

The first order conditions for the minimization of residuals of NLS is set of

k non-linear equations with the same amount of k unknown variables

5βSN(β) = − 2

N
5β f(x1, . . . ,xN ;β)[y − f(x1, . . . ,xN ;β)] = 0, (4.18)

where

5βf(x1, . . . ,xN ;β) = (5βf(x1;β), . . . ,5βf(xN ;β)) , (4.19)

is a k ×N matrix. The solution that optimizes our non-linear problem β̂ ∈ Θ

satisfies the first order conditions

5βSN(β̂) = 0. (4.20)
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Furthermore, it also satisfies the following second order conditions in which

52
βSN(β̂) is a positive definite matrix. (4.21)

This means that the non-linear function f must be twice continuously differ-

entiable on Θ. For further information regarding the minimization procedure,

please refer to advanced mathematics courses and the papers on NLS estimation

method listed above.

However, this function may have multiple local minima and finding the

global minimum is usually very difficult. Often the solution of the NLS mini-

mization cannot be derived analytically, therefore a numerical approach must

be employed. The optimization uses iterative approach in order to arrive at the

correct results. This iterative process starts at some initial values and continues

repeatedly using the previous results and certain rules to reach the approxi-

mate optimum. The main issue here is when the minimization problem has

multiple local minima then the iterative algorithm might not be able to reach

the global one as it may find a local one and reach that local minimum. In such

cases it is necessary to adjust the initial values and run the iterative process

once again. There are several iterative algorithms, namely Newtons method,

Gauss-Newtons method for solving non-linear least squares and several other,

a nice summary has been done by Professor Chung-Ming Kuan (Kuan, 2007).

There has been done a lot of research regarding consistency and asymptotic

normality. One cannot be really sure whether the NLS estimator is truly the

most efficient one apart from the case when the normality of disturbances is

obtained. That may not happen in all cases, therefore certain assumption about

the regressors need to be done, however those are far from the scope of this

thesis, therefore we will restrain from stating them here and rather refer you to

Mittelhammer et al. (2000), Amemiya (1985) and Davidson and MacKinnon

(2004).



Chapter 5

Data

In this section, basic information concerning the data sets will be provided in-

cluding the source of the data, the frequency and the period considered as well

as the descriptive statistics of the return series for each event.

The data were obtained from a Russian website www.finam.ru. We used

Google Translator to eliminate the language barrier and download the data.

They offer free tick as well as minutely, hourly and daily data for various stocks

and indices. Unlike other free databases, the series go way back in time.

5.1 Apple

We analyze the high-frequency data set of the closing share price records of

Apple Inc. at 5 minute sampling frequency during the period of 30 trading

days immediately after the death of Steve Jobs in order to calculate the stock

returns.

This time period is chosen to be relevant for the Omori’s law and we believe

that 30 days is an appropriate amount for the relaxation process of the complex

system to reach its typical state. The time horizon to reach the typical state

does not exist (Lillo et al., 2003). As implied by Weber et al. (2007), the longer

the period analyzed the higher chance of the presence of smaller sub-shock that

behave according to Omori’s process, but on a smaller scale. Our goal is to

limit the influence of those sub-shock as much as possible.

The data set begins on October 6th, 2011 and ends on November 16th, 2011.

http://www.finam.ru/analysis/profile041CA00007/default.asp
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That is 2311 records. The stock returns are calculated as the logarithm of the

first difference of the closing share prices recorded at 5 minute sampling fre-

quency. Even though Steve Jobs died on October 5th, 2011, the starting point

is October 6th, 2011, so the next day following his death. The reason for that

is that according to his death certificate, Jobs passed at roughly 3 pm, however

the information has not reached the public until later that day (Gullo, 2011).

We then study the 5 minute returns in the same period of 30 trading days.

Figure 5.1 shows the return and volatility series of Apple’s closing share prices.

Figure 5.1: Return & Volatility series of Apple’s closing share price
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Source: Author’s computations.

Table 5.1 shows the descriptive statistics of our return series, it shows the

number of observations, mean value and the standard deviation (σ) which is

essential for our analysis. Moreover, it presents the skewness and kurtosis so

that one can say something about the distribution of the returns. It also dis-

plays the minimal and maximal return in the considered period.
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Table 5.1: Descriptive statistics of Apple’s 5 minute return series

n mean σ Kurtosis Skewness min max

2310 3.652 ·10−6 9.219 ·10−4 108.511 -2.190 -0.0189 0.0113

Source: Author’s computations.

Based on the skewness and kurtosis it is obvious that the returns seem not

to be normally distributed, the kurtosis of 108.511 implies that the distribution

is leptokurtic and the skewness of -2.190 suggests that the distribution is asym-

metric and has long tail to the left. The highest intra-day negative return is

1.89%, which is approximately 20.5 standard deviations away from the mean,

and the highest positive is 1.13% which is roughly 12.3 standard deviations

away from the mean.

It would also be interesting to see how many returns, either positive or

negative, are larger than one, two and three standard deviations. Table 5.2

provides additional information regarding the returns.

Table 5.2: Apple’s 5 minute return series - additional information

# of r(t) > σ > 2σ > 3σ # of +r(t) # of -r(t)
∑
r(t)

285 55 18 1172 1138 0.0084

Source: Author’s computations.

There are 285 absolute returns greater than one standard deviation, 55

absolute returns greater than two standard deviations and 18 absolute returns

greater than three. Out of the whole return series, 1172 returns are positive

(including zero) and 1138 are negative. The cumulative return over the sample

period is 0.84%.

5.1.1 1 minute series for alternative volatility

In order to use the alternative volatility formula, we needed to download a sec-

ond data set consisting of 1 minute closing price records for the same number of

trading days as with the original data set. We then compute the return series

the same way as we did before. See Figure A.1 for the return series as well as

the volatility series.
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As with the preceding data set, we provide basic descriptive statistics, please

see Table 5.3.

Table 5.3: Descriptive statistics of Apple’s 1 minute return series

n mean σ Kurtosis Skewness min max

11469 9.863 ·10−7 4.337 ·10−4 663.190 -9.601 -0.0218 0.0110

Source: Author’s computations.

Out of the 11469 observations in the return series, 5914 are positive (includ-

ing zero) and 5555 are negative. The highest negative return is 2.18% which

is 50.20 standard deviations from the mean and the highest positive is 1.10%

being 25.29 standard deviations from the mean. The cumulative return over

the sample period is 1.13%.

Looking at the kurtosis of 663.190, the distribution is highly leptokurtic,

meaning that the distribution is sharper than a normal distribution and the

values are concentrated around the mean with thicker tails. Skewness of -9.601

implies that the distribution is highly asymmetrical with a long tail to the left.

The volatility series has 2294 records. There are 281 records greater than

one standard deviation, 37 records greater than two standard deviations and

15 records greater than three.

5.2 Dow Jones Industrial Average

We analyze the high-frequency data set of closing share price records of the

DJIA at 5 minute sampling frequency again during the period of 30 trading

days right after the Flash Crash. It is crucial to choose the right starting

point, or in other words time t = 0. The Flash Crash took place on May 6th,

2010 when the DJIA started steadily dropping to the lowest point recorded at

2:45 pm, we assume this as time zero. Therefore the data set begins on May

6th, 2010 at 2:45 pm and end on June 17th, 2010 at 4 pm. That is 2309 records.

We then investigate the 5 minute return series covering the 30 day period

which was again chosen to avoid the influence of various sub-crashes as was

explained above. Figure 5.2 shows the return and volatility series of DJIA’s

closing share prices.
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Figure 5.2: Return & Volatility series of DJIA’s closing share price
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Source: Author’s computations.

Table 5.4 shows the descriptive statistics of our return series, it shows the

number of observations, mean value and the standard deviation (σ) which is

essential for our analysis. Moreover, it presents the skewness and kurtosis

so that one can say something about the distribution of the returns. It also

displays the minimal and maximal return in the considered period.

Table 5.4: Descriptive statistics of DJIA’s 5 minute return series

n mean σ Kurtosis Skewness min max

2308 4.102 ·10−6 8.467 ·10−4 56.762 1.641 -0.0096 0.0144

Source: Author’s computations.

Based on the skewness and kurtosis the returns seem not to be normally

distributed, the kurtosis of 56.762 suggests that the distribution is leptokurtic

and the skewness of 1.641 implies asymmetrical distribution with a long tail

to the right. The highest intra-day negative return is 0.96%, which is roughly

11.4 standard deviations away from the mean, and the highest positive is 1.44%
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which is approximately 17.0 standard deviations away from the mean.

The following Table 5.5 provides additional information regarding the re-

turns.

Table 5.5: DJIA’s 5 minute return series - additional information

# of r(t) > σ > 2σ > 3σ # of +r(t) # of -r(t)
∑
r(t)

377 64 27 1145 1163 0.0095

Source: Author’s computations.

There are 377 absolute returns greater than one standard deviation, 64

absolute returns greater than two standard deviations and 27 absolute returns

greater than three. Out of the whole return series, 1145 returns are positive

(including zero) and 1163 are negative. The cumulative return over the sample

period is 0.95%.

5.2.1 1 minute series for alternative volatility

In order to use the alternative volatility formula, we needed to download a sec-

ond data set consisting of 1 minute closing price records for the same number of

trading days as with the original data set. We then compute the return series

the same way as we did before. See Figure B.1 for the return series as well as

the volatility series.

As with the preceding data set, we provide basic descriptive statistics, see

Table 5.6.

Table 5.6: Descriptive statistics of DJIA’s 1 minute return series

n mean σ Kurtosis Skewness min max

11477 1.252 ·10−6 3.630 ·10−4 120.838 2.339 -0.0080 0.0097

Source: Author’s computations.

Out of the 11477 observations in the return series, 5773 are positive (includ-

ing zero) and 5704 are negative. The highest negative return is 0.80% which

is 22.11 standard deviations from the mean and the highest positive is 0.97%

being 26.69 standard deviations from the mean. The cumulative return over
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the entire sample period is 1.44%.

Looking at the kurtosis of 120.838, the distribution is highly leptokurtic,

meaning that the distribution is sharper than a normal distribution and the

values are concentrated around the mean with thicker tails. Skewness of 2.339

implies that the distribution is asymmetrical with a long tail to the right.

The volatility series has 2296 records. There are 388 records greater than

one standard deviation, 58 records greater than two standard deviations and

21 records greater than three.

5.3 IBM

We analyze the high-frequency data set of the closing share price records of

IBM at 5 minute sampling frequency during the period of 30 trading days im-

mediately after the first quarter 2013 low earnings announcement to calculate

the stock returns. The returns are again computed as the logarithm of the

first difference of the closing share prices. The sample begins on Friday, April

19th, 2013 at 9:30 am and ends on May 31st, 2013 at 3:55 pm. That is 2267

observations.

Table 5.7 shows the descriptive statistics of our return series, it shows the

number of observations, mean value and the standard deviation (σ) which is

essential for our analysis. Moreover, it presents the skewness and kurtosis

so that one can say something about the distribution of the returns. It also

displays the minimal and maximal return in the considered period.

Table 5.7: Descriptive statistics of IBM’s 5 minute return series

n mean σ Kurtosis Skewness min max

2266 1.399 ·10−5 4.681 ·10−4 13.161 0.509 -0.0035 0.0042

Source: Author’s computations.

Judging from the values of kurtosis and skewness the returns seem not to

be normally distributed. Kurtosis of 13.161 implies that the distribution is lep-

tocurtic and skewness of 0.509 suggests slightly asymmetrical distribution with

a minor tail to the right. The highest intra-day negative return is 0.35%, which
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is approximately 7.5 standard deviations away from the mean, and the highest

positive is 0.42% which is roughly 8.7 standard deviations away from the mean.

Figure 5.3 displays the return and volatility series of IBM’s closing share

prices during the sample period.

Figure 5.3: Return & Volatility series of IBM’s closing share price
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Source: Author’s computations.

The following table provides additional information regarding the returns.

Table 5.8: IBM’s 5 minute return series - additional information

# of r(t) > σ > 2σ > 3σ # of +r(t) # of -r(t)
∑
r(t)

449 92 34 1202 1064 0.0317

Source: Author’s computations.

There are 449 absolute returns greater than one standard deviation, 92 ab-

solute returns greater than two standard deviations and 34 absolute returns

greater than three. This suggests that the return series is more volatile com-

pared to the one of Apple and DJIA. Out of the whole return series, 1202
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returns are positive (including zero) and 1064 are negative. The cumulative

return over the sample period is 3.17%. This is also different from the other

two series, which were both below 1%.

5.3.1 1 minute series for alternative volatility

In order to use the alternative volatility formula, we needed to download a sec-

ond data set consisting of 1 minute closing price records for the same number of

trading days as with the original data set. We then compute the return series

the same way as we did before. See Figure C.1 for the return series as well as

the volatility series.

As with the preceding data set, we provide basic descriptive statistics, see

Table 5.9.

Table 5.9: Descriptive statistics of IBM’s 1 minute return series

n mean σ Kurtosis Skewness min max

9204 3.090 ·10−6 2.488 ·10−4 40.621 -0.146 -0.0040 0.0037

Source: Author’s computations.

Out of the 9204 observations in the return series, 5014 are positive (includ-

ing zero) and 4190 are negative. The highest negative return is 0.40% which

is 16.29 standard deviations from the mean and the highest positive is 0.37%

being 14.93 standard deviations from the mean. The cumulative return over

the sample period is 2.84%.

Looking at the kurtosis of 40.621, the distribution is highly leptokurtic,

meaning that the distribution is sharper than a normal distribution and the

values are concentrated around the mean with thicker tails. Skewness of -0.146

implies that the distribution is more or less symmetrical.

The volatility series has 1841 records. There are 362 records greater than

one standard deviation, 68 records greater than two standard deviations and

23 records greater than three.
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Empirical results

This chapter analyzes and discusses the obtained results. It is divided into

three parts, each covering one of the three events. For each earthquake, we will

cover the two data sets, or in other words, the two approaches to volatility. In

the end we will compare the results obtained using both approaches to volatility

as well as the estimates of decay rate parameter p with those from other papers

and financial earthquakes.

6.1 Apple

6.1.1 First data set - 5 minute absolute volatility

Thresholds

Let us first go through the thresholds which determine the significant shocks.

The computed threshold values ` are summarized in Table 6.1.

Table 6.1: Threshold values of Apple’s 5 minute return series

` = 2 · σ 3 · σ 4 · σ 5 · σ

1.844 ·10−3 2.766 ·10−3 3.688 ·10−3 4.610 ·10−3

Source: Author’s computations.

As stated in the methodology section, it is crucial to choose the right thresh-

old. The literature suggests using from 2σ to 7σ as the thresholds, but anything

above ` = 5σ did not yield any results as the cumulative number of after-

shock was nearly constant. The cumulative series of after-shocks for thresholds
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` = 2, 3, 4 and 5σ may be seen on Figure A.2(a). One may notice that N(t)

decreases significantly with higher threshold values.

Estimated values

After employing the NLS we got the results that are summarized in Table 6.2

and 6.3. The tables contain estimated values of K, τ and p as well as the 95%

Confidence Intervals (CI) for threshold values ` = 2σ and ` = 3σ.

Table 6.2: Regression output
for ` = 2 · σ

Variable Coeff. CI

K 4.735 (1.217; 8.253)
τ < 0.001 (−0.019; 0.0187)
p 0.506 (0.192; 0.820)

Table 6.3: Regression output
for ` = 3 · σ

Variable Coeff. CI

K 1.376 (0.821; 1.932)
τ 0.001 (−0.164; 0.166)
p 0.349 (0.187; 0.511)

Source: Author’s computations.

The obtained estimates of p were significant for ` = 2, 3σ, meaning that

the 95% CIs do not contain zero and therefore the estimates are statistically

different from it. Additionally, this means that the non-linear function with

exponents p explain the data well. The lower the value of the decay rate ex-

ponent the more we are approaching the linear behavior of N(t). This was

found by Lillo et al. (2003) when he detected approximate linear behavior of

the cumulative number of after-shocks during the periods of roughly constant

volatility. In terms of Equation 4.8 this means that p is equal to zero. With

higher values of the decay rate parameter the relaxation process is fast in the

first days following the crash and later on slowing down. In other words, the

cumulative number increases at a fast pace in the first days after the shock and

then quite quickly slows down whereas with lower values of p we see a slow

decay rate which is similar to the above mentioned linear behavior of N(t).

Meaning that the cumulative number increases gradually. Furthermore, this is

in line with the findings of Weber et al. (2007) that the decay rate exponents

are often smaller after smaller crashes. Larger thresholds led to insignificant

estimates of the decay rate parameter p and/or constancy of N(t). Further

regression outputs can be seen on Figure A.4.

We have also plotted the best fits of Equation 4.8 for each considered thresh-

old, the best fits can be seen on Figure A.3. One is able to see that non-linear
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functions with above mentioned parameters fit the data well.

It should be also stated that when p > 1 the cumulative number of after-

shocks N(t) converges to a constant level as t → ∞ and for p ≤ 1 N(t) goes

to infinity as t→∞.

6.1.2 Second data set - 5 minute alternative volatility

We have also tried a different approach using a 1 minute closing share price

records to compute the 1 minute return series and then compute the 5 minute

volatility series by an alternative formula defined in Methodology section.

Thresholds

Consequently, we had to compute the standard deviation for this different

data set, therefore the threshold values are different from the ones in previous

section. Table 6.4 summarizes the threshold values.

Table 6.4: Threshold values of Apple’s 1 minute return series

` = 2 · σ 3 · σ 4 · σ 5 · σ

8.673 ·10−4 1.301 ·10−3 1.735 ·10−3 2.168 ·10−3

Source: Author’s computations.

Again, anything above ` = 5σ led to insignificant estimates of p and/or

constancy of N(t) of after-shocks. The cumulative series of after-shocks for

thresholds ` = 2, 3, 4 and 5σ may be seen on Figure A.2(b). Again, N(t)

decreases significantly with higher threshold values.

Estimated values

We then employed the NLS regression and obtained the results that are shown

on Tables 6.5, 6.6, 6.7 and 6.8. We do not provide only the estimated values of

the parameters, but also 95% CIs, so that the significance can be determined.

The obtained estimates of the decay rate parameter p were strongly signifi-

cant for the thresholds ` = 2σ and ` = 3σ. We obtained insignificant results for

` = 4σ, however for ` = 5σ the p was significant, but slowly approaching the 5%

significance level. It is interesting to note that the same values were obtained
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Table 6.5: Regression output
for ` = 2 · σ

Variable Coeff. CI

K 3.064 (1.724; 4.404)
τ < 0.001 (−0.006; 0.006)
p 0.484 (0.300; 0.668)

Table 6.6: Regression output
for ` = 3 · σ

Variable Coeff. CI

K 1.249 (0.649; 1.850)
τ < 0.001 (−0.001; 0.001)
p 0.383 (0.185; 0.580)

Table 6.7: Regression output
for ` = 4 · σ

Variable Coeff. CI

K 6.099 (−22.268; 34.467)
τ 5.725 (−9.299; 20.750)
p 1.063 (−0.219; 2.346)

Table 6.8: Regression output
for ` = 5 · σ

Variable Coeff. CI

K 1.019 (−0.796; 2.835)
τ 1.395 (−4.387; 7.176)
p 0.590 (0.017; 1.164)

Source: Author’s computations.

for both ` = 6σ and ` = 7σ, this follows from the fact that the cumulative

series N(t) of after-shocks are the same for those threshold levels. Again the

non-linear function with exponents p explains the data well. We need to note

the the lower the values of the decay rate exponent the more we are advancing

to the linear behavior of N(t) as found by Lillo et al. (2003). Higher values

of the decay rate exponent lead to a fast relaxation in the first trading days

following the crash and after that it slows down considerably. In other words,

the cumulative number of aftershocks increases rapidly right after the shock

and thereafter increases at a lower pace. However, as with the preceding data

set, the statistically significant estimates are all well below one. Lower values of

p which imply slow and gradual decay. For complete regression outputs please

refer to Figure A.6.

We have also plotted the best fits of Equation 4.8 for each considered thresh-

old, the best fits can be seen on Figure A.5. One is able to see that non-linear

functions with above mentioned parameters fit the data well.

6.1.3 Comparison and conclusion

Looking at the values of decay rate parameter p for both data sets, it seems

that for thresholds ` = 2, 3σ are the values fairly similar. Higher thresholds led
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to insignificant estimates of p except for ` = 5σ in the second data set. The

estimated values of p ranged from 0.349 to 0.590. Unlike Lillo et al. (2003) and

Selçuk (2004) we have not found enough evidence that the estimates of p are

increasing when the thresholds are increasing.

Furthermore, we would like to point out that the death of Steve Jobs might

not have had a large influence as his death was anticipated, therefore this

shock is probably of a smaller scale. Nevertheless, the non-liner behavior is

detected and we conclude that the statistical properties of Apple’s share returns

following a crash may be modeled by a power-law equivalent to Omori’s law.

6.2 Dow Jones Industrial Average

6.2.1 First data set - 5 minute absolute volatility

Thresholds

Let us first go through the thresholds which determine the significant after-

shocks. The computed threshold values ` are summarized in Table 6.9.

Table 6.9: Threshold values of DJIA’s 5 minute return series

` = 2 · σ 3 · σ 4 · σ 5 · σ

1.693 ·10−3 2.540 ·10−3 3.387 ·10−3 4.233 ·10−3

Source: Author’s computations.

Again, we considered thresholds ` ranging from 2σ to 7σ, but values above

` = 5σ were giving invalid results for the same reasons as before. The cumu-

lative series of after-shocks for thresholds ` = 2, 3, 4 and 5σ may be seen on

Figure B.2(a). One may notice that N(t) decreases significantly with higher

threshold values. One may notice that for ` = 4σ and 5σ the cumulative series

are getting fairly similar.

Estimated values

After employing the NLS we got the results that are summarized in Tables 6.10,

6.11, 6.12 and 6.13. The tables contain estimated values of K, τ and p as well

as the 95% CIs for thresholds ` = 2, 3, 4, 5σ.
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Table 6.10: Regression output
for ` = 2 · σ

Variable Coeff. CI

K 6.102 (2.954; 9.249)
τ < 0.001 (−0.012; 0.012)
p 0.503 (0.285; 0.721)

Table 6.11: Regression output
for ` = 3 · σ

Variable Coeff. CI

K 2.573 (0.991; 4.154)
τ < 0.001 (−0.020; 0.020)
p 0.502 (0.243; 0.762)

Table 6.12: Regression output
for ` = 4 · σ

Variable Coeff. CI

K 0.709 (0.211; 1.206)
τ < 0.001 (−0.040; 0.040)
p 0.267 (−0.015; 0.548)

Table 6.13: Regression output
for ` = 5 · σ

Variable Coeff. CI

K 0.701 (0.214; 1.206)
τ < 0.001 (−0.080; 0.080)
p 0.366 (0.081; 0.651)

Source: Author’s computations.

The results for p are significant for ` = 2, 3 and 5σ. In addition, for ` = 4σ

is the decay rate parameter insignificant, but right after the 5% significance

level. Again, anything above ` = 5σ proved to be strongly insignificant. The

same findings for the decay rate exponents apply here. The lower the p the

more N(t) exhibits a linear behavior. High values imply fast relaxation process

whereas the lower ones gradual. The statistically significant estimates of p are

once again well below one. For the complete regressions outputs please see

Figure B.4.

The best fits of Equation 4.8 for each considered threshold were also plotted,

they can be seen on Figure B.3. One is able to see that non-linear functions

with above mentioned parameters fit the data well.

6.2.2 Second data set - 5 minute alternative volatility

We have also tried a different approach using a 1 minute closing share price

records to first compute the 1 minute return series which we subsequently used

to compute the 5 minute volatility using the alternative formula defined in

Methodology section.
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Thresholds

Consequently, we had to compute the standard deviation for this data set,

therefore the threshold values are different from the ones computed using the

other data set. Table 6.14 summarizes the threshold values.

Table 6.14: Threshold values of DJIA’s 1 minute return series

` = 2 · σ 3 · σ 4 · σ 5 · σ

7.261 ·10−4 1.089 ·10−3 1.452 ·10−3 1.815 ·10−3

Source: Author’s computations.

Thresholds larger than ` = 5σ were not considered as they led to a low num-

ber of significant shocks and thus sub-constancy of N(t) which consequently

caused the estimates of p to be insignificant. The cumulative series of after-

shocks for thresholds ` = 2, 3, 4 and 5σ may be seen on Figure B.2(b). Again,

N(t) decreases significantly with higher threshold values.

Estimated values

We then again employed the NLS regression to get the results that are sum-

marized in Tables 6.15, 6.16, 6.17 and 6.18. The tables summarize estimated

values of K, τ and p as well as the 95% CIs for thresholds ` = 2, 3, 4, 5σ.

Table 6.15: Regression output
for ` = 2 · σ

Variable Coeff. CI

K 6.097 (2.627; 9.565)
τ < 0.001 (> −0.001;< 0.001)
p 0.638 (0.388; 0.887)

Table 6.16: Regression output
for ` = 3 · σ

Variable Coeff. CI

K 2.211 (0.620; 3.802)
τ < 0.001 (> −0.001;< 0.001)
p 0.672 (0.353; 0.991)

Table 6.17: Regression output
for ` = 4 · σ

Variable Coeff. CI

K 0.944 (0.171; 1.716)
τ < 0.001 (−0.004; 0.004)
p 0.483 (0.138; 0.828)

Table 6.18: Regression output
for ` = 5 · σ

Variable Coeff. CI

K 0.685 (0.139; 1.232)
τ < 0.001 (−0.017; 0.017)
p 0.426 (0.095; 0.757)

Source: Author’s computations.
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Looking at the confidence intervals for decay rate parameters p, all esti-

mates seem to be significantly different from zero for thresholds ` = 2, 3, 4, 5σ.

We also note that for ` = 6σ we got the same results as with ` = 5σ as the cu-

mulative series were identical. We see higher values for the first two thresholds

and relatively lower for the other two, but all of them are again well below one.

In contrast with the first data set, the overall increase in values of p imply a

faster relaxation process right after the crash and thereafter the effect dimin-

ishes. For complete regression outputs please refer to Figure B.6.

We have also plotted the best fits of Equation 4.8 for each considered thresh-

old, the best fits can be seen on Figure B.5. One is able to see that non-linear

functions with above mentioned parameters fit the data well.

6.2.3 Comparison and conclusion

The estimates of the decay rate parameter p are slightly different for each data

set. The estimates of p using the first data set for ` = 2, 3σ seem to be the

same. For ` = 4σ we get slightly insignificant estimate of p, but for 5σ it is

again significant and substantially lower than those for lower thresholds. The

decay rate exponents range from 0.366 to 0.503.

In contrast to the first data set, all estimates of p are significantly different

from zero and seem to be larger. The estimates range from 0.426 for ` = 5σ

to 0.672 for 3σ. We are again unable to state that for increasing threshold are

the estimates also increasing. However, this works in the second data set for

` = 2, 3σ and with larger threshold the estimate drops significantly. This might

be because of the limited number of trading days and low number of significant

aftershocks for those thresholds, or simply using too larger thresholds.

We have to note that the values for the Flash Crash seem to be higher than

those for the death of Steve Jobs. This is in line with Weber et al. (2007)’s find-

ings that the larger the shock the larger the decay rate exponent and vice versa.

The non-linear behavior is well detected for this financial earthquake and it

seems that the aftershock period may be quite well modeled using a power-law

similar to Omori’s law.
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6.3 IBM

6.3.1 First data set - 5 minute absolute volatility

Thresholds

Let us first go through the thresholds which determine the significant shocks.

The computed threshold values ` are summarized in Table 6.19.

Table 6.19: Threshold values of IBM’s 5 minute return series

` = 2 · σ 3 · σ 4 · σ 5 · σ

9.362 ·10−4 1.404 ·10−3 1.872 ·10−3 2.340 ·10−3

Source: Author’s computations.

Again, the used thresholds are ranging from 2σ to 5σ as anything above

gave the same results and we faced the issues connected with the constancy

of N(t) and the insignificance of parameters p. The cumulative series of after-

shocks for thresholds ` = 2, 3, 4 and 5σ may be seen on Figure C.2(a). Again,

N(t) decreases significantly with higher threshold values.

Estimated values

After employing the NLS we got the results that are summarized in Tables 6.20,

6.21, 6.22 and 6.23. The tables contain estimated values of K, τ and p as well

as the 95% CIs so that the reader may know which estimates are significant

and which are not.

The results are significant for all thresholds ` = 2, 3, 4, 5σ. One may no-

tice that for ` = 3σ we get much greater estimate of p which is above 1. This

leads to a rapid relaxation process in the first days following the announcement

and thereafter diminishes. Meaning that the cumulative number N(t) increases

rapidly at first and then quickly slows down. The next interesting fact is that it

goes back down when a higher threshold of 4σ and 5σ is used. Again, anything

above ` = 5σ proved to be strongly insignificant possibly as a consequence of

low number of significant after-shocks. For the complete regressions outputs,

please see Figure C.4.
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Table 6.20: Regression output
for ` = 2 · σ

Variable Coeff. CI

K 6.347 (4.392; 8.303)
τ < 0.001 (−0.023; 0.023)
p 0.348 (0.222; 0.473)

Table 6.21: Regression output
for ` = 3 · σ

Variable Coeff. CI

K 19.769 (−50.360; 89.899)
τ 3.273 (−4.693; 11.239)
p 1.147 (0.076; 2.218)

Table 6.22: Regression output
for ` = 4 · σ

Variable Coeff. CI

K 1.790 (0.270; 3.310)
τ 0.218 (−1.037; 1.473)
p 0.582 (0.262; 0.902)

Table 6.23: Regression output
for ` = 5 · σ

Variable Coeff. CI

K 1.210 (0.591; 1.829)
τ < 0.001 (−0.002; 0.002)
p 0.551 (0.332; 0.770)

Source: Author’s computations.

We have also plotted the best fits of Equation 4.8 for each considered thresh-

old, the best fits can be seen on Figure C.3. One is able to see that non-linear

functions with above mentioned parameters fit the data well.

6.3.2 Second data set - 5 minute alternative volatility

Again, we have also tried a different approach using a 1 minute closing share

price records to first compute the 1 minute return series which we subsequently

used to compute the 5 minute volatility series using the alternative formula

defined in Methodology section.

Thresholds

As a consequence of using a different data set, we had to compute the standard

deviation again, therefore the threshold values differ from the ones used with

the other data set. Table 6.24 summarizes the new threshold values.

Table 6.24: Threshold values of IBM’s 1 minute return series

` = 2 · σ 3 · σ 4 · σ 5 · σ

4.976 ·10−4 7.464 ·10−4 9.952 ·10−4 1.244 ·10−3

Source: Author’s computations.
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The considered thresholds are ranging from 2σ to 5σ as anything above

gives insignificant results, this may be as a consequence of the low number

of after-shocks in the cumulative number of after-shocks N(t) and we might

face the issues connected with the constancy of N(t). The cumulative series

of after-shocks for thresholds ` = 2, 3, 4 and 5σ may be seen on Figure C.2(b).

Again, N(t) decreases significantly with higher threshold values.

Estimated values

Having employed the NLS we got the results that are summarized in Tables 6.25

and 6.26. The table contains estimated values of K, τ and p as well as the 95%

CIs so that the reader may know which estimates are significant and which are

not.

Table 6.25: Regression output
for ` = 2 · σ

Variable Coeff. CI

K 5.466 (2.960; 7.972)
τ < 0.001 (−0.005; 0.005)
p 0.433 (0.242; 0.623)

Table 6.26: Regression output
for ` = 3 · σ

Variable Coeff. CI

K 1.645 (0.557; 2.734)
τ < 0.001 (−0.015; 0.015)
p 0.411 (0.138; 0.685)

Source: Author’s computations.

The estimates of the decay rate exponents are significantly different from

zero only for thresholds ` = 2, 3σ. In addition to that, they are fairly low mean-

ing the gradual relaxation similar to the linear behavior of N(t) in the periods

with roughly constant volatility as found by Lillo et al. (2003). Anything above

` = 3σ proved to be strongly insignificant. For the complete regressions out-

puts, please see Figure C.6.

We have also plotted the best fits of Equation 4.8 for each considered thresh-

old, the best fits can be seen on Figure C.5. One is able to see that non-linear

functions with above mentioned parameters fit the data well.

6.3.3 Comparison and conclusion

The decay rate parameter p seems to be fairly similar for threshold ` = 2σ

when estimated using the two different volatility approaches, the results for

that threshold are also strongly significant. However, when we look at ` = 3σ,
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both methods give completely different estimates. The first data set which is

used for the absolute volatility leads to p of 1.147 whereas the second one gives

0.411. The values of p range from 0.348 to 1.147 for the first data set and from

0.411 to 0.433 for the second one. We do not observe increasing estimates when

the threshold values are increasing.

Even though we obtained quite different results using the two methods, we

believe that the non-linear behavior is present and that the statistical properties

of IBM’s returns in the period after the low earnings announcement might be

characterized by a power-law which is similar to Omori’s law. The reasons

for getting different estimates might be that the 1 minute series might include

shocks that are not present in the 5 minute one. Furthermore, the alternative

methods for computing volatility might affect the results as well, because it may

reduce the number of significant shocks greater than some threshold simply as

a consequence of how the volatility is computed.
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Conclusion

The empirical findings suggest that the aftershocks during the 30 trading days

period following a major financial shocks may be modeled by a power-law. The

cumulative number of share or index returns higher than a given threshold may

well be described by such power-law which is equivalent to Omori’s law.

We have found evidence that during the 30 days trading period following

Steve Jobs’ dead the cumulative number of returns, greater than a given thresh-

old, seems to be characterized by Omori’s law. We have obtained valid results

for both data sets. For thresholds ` = 2, 3σ the estimated decay rate exponents

are similar regardless of a method of volatility calculation. Furthermore, we do

not observe the proposed relationship of increasing values of p with increasing

threshold values. We believe that Jobs’ death was not as large of a shock as

his passing away was somehow expected ever since he announced to the board

that he was no longer able to execute his duties in the company. This might be

the reason why we were only able to fit the Omori’s law using lower thresholds

with one exception of ` = 5σ for the second data set.

We were able to find evidence that in the 30 trading days period after the

2010 Flash Crash the returns greater than a given threshold are well character-

ized by a power-law function analogous to Omori’s law from geophysics. The

obtained results are significant for all thresholds apart from one case in the

first data set using ` = 4σ. The obtained values are higher for the second data

set and it seems that the values are increasing at first, but when the threshold

of ` = 4σ is reached they start to decrease. The increasing relationships of p

with ` could therefore be partly identified for the first two thresholds in the
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second data set, however, we believe this is hardly conclusive. In conclusion,

the non-linear behavior is well detected and we believe that the after-shock

sequences may be well modeled by Omori’s law.

The empirical evidence found suggests that the 30 days trading period fol-

lowing the IBM’s first quarter 2013 announcement of considerably low earn-

ings the returns greater than a given threshold are behaving according to the

Omori’s law. All decay rate exponents are significant for the first data set and

for the second one, the decay rate parameters are significant only for ` = 2, 3σ.

Furthermore, for ` = 2σ the obtained results seem fairly similar, however, for

larger thresholds we get completely different estimates. It is also interesting

to note that we have obtained only one significant estimate of the decay rate

parameter greater than 1. Again, we do not observe the increasing relationship.

It needs to be stated that the carried out NLS regressions were highly de-

pendent on the initial values as was mentioned in the Methodology section. In

some cases it was fairly difficult to specify the right starting points to converge

to the values that seemed plausible. Nevertheless, we cannot be sure that the

global minima were reached in all cases. Even though we believe in the cor-

rectness of our results, there is still a slight chance of them being affected by

the issues of NLS estimation.

Our results were ranging from 0.3 to 0.7 with the exception of one result

being greater than 1. In addition, we have to note that only in some cases

the results seemed to be similar for both data sets and methods, however, this

might flow from the fact that both each data set uses a different sampling

frequency. This means that the standard deviations are different and conse-

quently the thresholds as well. Furthermore, we use two different approaches

to computing volatility, so this might also explain the varying results.

It would be interesting for further research to test different threshold values

such as 1.5, 2.5 and 3.5 · σ. As was stated numerous times, choosing the right

threshold is essential to get the best results. We have confirmed the findings

of many other researchers that choosing too high threshold leads to the con-

stancy of the cumulative number of aftershocks and thus to insignificant fits of

the Omori’s law.
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Another subject for additional research would be to try to fit the Omori’s

law to individual aftershocks and see whether those have their own aftershock

sequence characterized by the Omori’s law as well. In addition, it would be

interesting to compare the values of the decay rate exponents for various shocks

and their aftershock sequence during the period following the main shocks.

Some work on this topic has already been done by Weber et al. (2007), but for

other financial earthquakes.
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Appendix A

Apple

Figure A.1: Return & Volatility series of Apple’s second data set
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Source: Author’s computations.



A. Apple II
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Figure A.2: Cumulative series for:
(a) Apple’s first data set for thresholds ` = 2, 3, 4, 5σ;
and,
(b) Apple’s second data set for thresholds ` = 2, 3, 4, 5σ.

Source: Author’s computations.
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Figure A.3: Apple’s first data set - Best fits for Equation 4.8 and
residual series for thresholds: (a) ` = 2σ; and, (b) ` = 3σ.

Source: Author’s computations.



A. Apple III

Dependent Variable: _2STD
Method: Least Squares
Date: 04/23/14   Time: 11:09
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_2STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 4.736239 1.715883 2.760234 0.0103
C(2) 3.58E-05 0.010491 0.003409 0.9973
C(3) 0.506002 0.153176 3.303399 0.0027

R-squared 0.907079     Mean dependent var 33.90000
Adjusted R-squared 0.900196     S.D. dependent var 11.98375
S.E. of regression 3.785879     Akaike info criterion 5.595073
Sum squared resid 386.9877     Schwarz criterion 5.735192
Log likelihood -80.92609     Hannan-Quinn criter. 5.639898
Durbin-Watson stat 0.230263

(a)

Dependent Variable: _3STD
Method: Least Squares
Date: 04/23/14   Time: 11:12
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_3STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 1.376342 0.270691 5.084549 0.0000
C(2) 0.001039 0.080636 0.012885 0.9898
C(3) 0.349006 0.078986 4.418556 0.0001

R-squared 0.981595     Mean dependent var 11.43333
Adjusted R-squared 0.980232     S.D. dependent var 5.157407
S.E. of regression 0.725132     Akaike info criterion 2.289713
Sum squared resid 14.19703     Schwarz criterion 2.429832
Log likelihood -31.34569     Hannan-Quinn criter. 2.334538
Durbin-Watson stat 0.972092

(b)

Dependent Variable: _4STD
Method: Least Squares
Date: 04/23/14   Time: 11:18
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_4STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 104986.1 8886888. 0.011814 0.9907
C(2) 68.05799 447.4717 0.152095 0.8802
C(3) 2.783501 15.75092 0.176720 0.8610

R-squared 0.977944     Mean dependent var 8.666667
Adjusted R-squared 0.976310     S.D. dependent var 4.381256
S.E. of regression 0.674344     Akaike info criterion 2.144485
Sum squared resid 12.27796     Schwarz criterion 2.284605
Log likelihood -29.16728     Hannan-Quinn criter. 2.189311
Durbin-Watson stat 0.557688

(c)

Dependent Variable: _5STD
Method: Least Squares
Date: 04/23/14   Time: 11:19
Sample: 1 30
Included observations: 30
Convergence achieved after 2 iterations
_5STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 107151.3 3010588. 0.035591 0.9719
C(2) 40.31903 88.80891 0.453998 0.6535
C(3) 3.217513 5.709223 0.563564 0.5777

R-squared 0.986728     Mean dependent var 5.900000
Adjusted R-squared 0.985744     S.D. dependent var 2.795933
S.E. of regression 0.333825     Akaike info criterion 0.738241
Sum squared resid 3.008860     Schwarz criterion 0.878361
Log likelihood -8.073613     Hannan-Quinn criter. 0.783066
Durbin-Watson stat 1.788776

(d)

Figure A.4: Apple’s first data set - Regression outputs for thresholds:
(a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.



A. Apple IV
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Figure A.5: Apple’s second data set - Best fits for Equation 4.8 and
residual series for thresholds:
(a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.



A. Apple V

Dependent Variable: _2STD
Method: Least Squares
Date: 04/23/14   Time: 11:23
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_2STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 3.063631 0.653332 4.689240 0.0001
C(2) 4.66E-06 0.002802 0.001661 0.9987
C(3) 0.484049 0.089780 5.391499 0.0000

R-squared 0.969863     Mean dependent var 22.23333
Adjusted R-squared 0.967631     S.D. dependent var 8.328113
S.E. of regression 1.498354     Akaike info criterion 3.741250
Sum squared resid 60.61671     Schwarz criterion 3.881370
Log likelihood -53.11875     Hannan-Quinn criter. 3.786076
Durbin-Watson stat 0.667391

(a)

Dependent Variable: _3STD
Method: Least Squares
Date: 04/23/14   Time: 11:25
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_3STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 1.249681 0.292722 4.269168 0.0002
C(2) 4.14E-07 0.003771 0.000110 0.9999
C(3) 0.382536 0.096345 3.970477 0.0005

R-squared 0.969156     Mean dependent var 10.00000
Adjusted R-squared 0.966872     S.D. dependent var 4.347016
S.E. of regression 0.791208     Akaike info criterion 2.464127
Sum squared resid 16.90226     Schwarz criterion 2.604247
Log likelihood -33.96190     Hannan-Quinn criter. 2.508952
Durbin-Watson stat 0.693549

(b)

Dependent Variable: _4STD
Method: Least Squares
Date: 04/23/14   Time: 11:26
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_4STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 6.099439 13.82555 0.441172 0.6626
C(2) 5.725429 7.322417 0.781904 0.4411
C(3) 1.063079 0.625076 1.700719 0.1005

R-squared 0.979185     Mean dependent var 6.000000
Adjusted R-squared 0.977644     S.D. dependent var 2.703765
S.E. of regression 0.404268     Akaike info criterion 1.121163
Sum squared resid 4.412686     Schwarz criterion 1.261283
Log likelihood -13.81745     Hannan-Quinn criter. 1.165989
Durbin-Watson stat 1.642787

(c)

Dependent Variable: _5STD
Method: Least Squares
Date: 04/23/14   Time: 11:27
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_5STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 1.019454 0.884756 1.152244 0.2593
C(2) 1.394833 2.817791 0.495009 0.6246
C(3) 0.590382 0.279558 2.111840 0.0441

R-squared 0.970676     Mean dependent var 4.500000
Adjusted R-squared 0.968503     S.D. dependent var 2.080285
S.E. of regression 0.369194     Akaike info criterion 0.939653
Sum squared resid 3.680223     Schwarz criterion 1.079773
Log likelihood -11.09480     Hannan-Quinn criter. 0.984479
Durbin-Watson stat 1.346367

(d)

Figure A.6: Apple’s second data set - Regression outputs for thresh-
olds: (a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.



Appendix B

DJIA

Figure B.1 shows the return and volatility series of DJIA’s closing share prices

for the second data set.

Figure B.1: Return & Volatility series of DJIA’s second data set
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Source: Author’s computations.



B. DJIA VII
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Figure B.2: Cumulative series for:
(a) DJIA’s first data set for thresholds ` = 2, 3, 4, 5σ; and,
(b) DJIA’s second data set for thresholds ` = 2, 3, 4, 5σ.

Source: Author’s computations.
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Figure B.3: DJIA’s first data set - Best fits for Equation 4.8 and resid-
ual series for thresholds:
(a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.



B. DJIA VIII

Dependent Variable: _2STD
Method: Least Squares
Date: 04/23/14   Time: 11:34
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_2STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 6.101676 1.534174 3.977172 0.0005
C(2) 2.40E-05 0.006128 0.003922 0.9969
C(3) 0.503056 0.106264 4.734020 0.0001

R-squared 0.959695     Mean dependent var 43.43333
Adjusted R-squared 0.956709     S.D. dependent var 16.36372
S.E. of regression 3.404713     Akaike info criterion 5.382838
Sum squared resid 312.9859     Schwarz criterion 5.522957
Log likelihood -77.74257     Hannan-Quinn criter. 5.427663
Durbin-Watson stat 0.247547

(a)

Dependent Variable: _3STD
Method: Least Squares
Date: 04/23/14   Time: 11:36
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_3STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 2.572120 0.769653 3.341922 0.0024
C(2) 2.66E-05 0.007718 0.003453 0.9973
C(3) 0.502494 0.126434 3.974369 0.0005

R-squared 0.944324     Mean dependent var 18.30000
Adjusted R-squared 0.940199     S.D. dependent var 6.988414
S.E. of regression 1.708957     Akaike info criterion 4.004283
Sum squared resid 78.85439     Schwarz criterion 4.144402
Log likelihood -57.06424     Hannan-Quinn criter. 4.049108
Durbin-Watson stat 0.277469

(b)

Dependent Variable: _4STD
Method: Least Squares
Date: 04/23/14   Time: 11:37
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_4STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 0.708894 0.242628 2.921729 0.0070
C(2) 1.53E-07 0.022076 6.92E-06 1.0000
C(3) 0.266506 0.137306 1.940964 0.0628

R-squared 0.944157     Mean dependent var 6.600000
Adjusted R-squared 0.940020     S.D. dependent var 3.244093
S.E. of regression 0.794505     Akaike info criterion 2.472444
Sum squared resid 17.04341     Schwarz criterion 2.612563
Log likelihood -34.08665     Hannan-Quinn criter. 2.517269
Durbin-Watson stat 0.484486

(c)

Dependent Variable: _5STD
Method: Least Squares
Date: 04/23/14   Time: 11:39
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_5STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 0.711768 0.243016 2.928888 0.0068
C(2) 6.63E-05 0.044596 0.001486 0.9988
C(3) 0.366718 0.139241 2.633704 0.0138

R-squared 0.938754     Mean dependent var 5.800000
Adjusted R-squared 0.934217     S.D. dependent var 2.578425
S.E. of regression 0.661319     Akaike info criterion 2.105480
Sum squared resid 11.80827     Schwarz criterion 2.245600
Log likelihood -28.58220     Hannan-Quinn criter. 2.150305
Durbin-Watson stat 0.447733

(d)

Figure B.4: DJIA’s first data set - Regression outputs for thresholds:
(a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.
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Figure B.5: DJIA’s second data set - Best fits for Equation 4.8 and
residual series for thresholds:
(a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.



B. DJIA X

Dependent Variable: _2STD
Method: Least Squares
Date: 04/23/14   Time: 11:45
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_2STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 6.096254 1.689051 3.609277 0.0012
C(2) 1.74E-06 0.000428 0.004062 0.9968
C(3) 0.635688 0.121492 5.232366 0.0000

R-squared 0.942886     Mean dependent var 41.56667
Adjusted R-squared 0.938656     S.D. dependent var 12.44210
S.E. of regression 3.081627     Akaike info criterion 5.183432
Sum squared resid 256.4035     Schwarz criterion 5.323552
Log likelihood -74.75148     Hannan-Quinn criter. 5.228258
Durbin-Watson stat 0.198071

(a)

Dependent Variable: _3STD
Method: Least Squares
Date: 04/23/14   Time: 11:47
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_3STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 2.212906 0.775980 2.851758 0.0082
C(2) 7.80E-07 0.000224 0.003488 0.9972
C(3) 0.672295 0.155424 4.325554 0.0002

R-squared 0.899628     Mean dependent var 15.20000
Adjusted R-squared 0.892193     S.D. dependent var 4.088672
S.E. of regression 1.342474     Akaike info criterion 3.521544
Sum squared resid 48.66035     Schwarz criterion 3.661664
Log likelihood -49.82316     Hannan-Quinn criter. 3.566370
Durbin-Watson stat 0.314332

(b)

Dependent Variable: _4STD
Method: Least Squares
Date: 04/23/14   Time: 12:18
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_4STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 0.944133 0.376239 2.509398 0.0184
C(2) 1.43E-07 0.000992 0.000144 0.9999
C(3) 0.482945 0.167839 2.877438 0.0077

R-squared 0.890225     Mean dependent var 6.900000
Adjusted R-squared 0.882093     S.D. dependent var 2.523681
S.E. of regression 0.866570     Akaike info criterion 2.646091
Sum squared resid 20.27547     Schwarz criterion 2.786211
Log likelihood -36.69137     Hannan-Quinn criter. 2.690917
Durbin-Watson stat 0.429372

(c)

Dependent Variable: _5STD
Method: Least Squares
Date: 04/23/14   Time: 12:19
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_5STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 0.684025 0.264436 2.586736 0.0154
C(2) 1.03E-09 0.000274 3.77E-06 1.0000
C(3) 0.424559 0.160620 2.643251 0.0135

R-squared 0.905481     Mean dependent var 5.266667
Adjusted R-squared 0.898479     S.D. dependent var 2.099808
S.E. of regression 0.669048     Akaike info criterion 2.128718
Sum squared resid 12.08589     Schwarz criterion 2.268838
Log likelihood -28.93077     Hannan-Quinn criter. 2.173544
Durbin-Watson stat 0.503516

(d)

Figure B.6: DJIA’s second data set - Regression outputs for thresh-
olds: (a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.



Appendix C

IBM

Figure C.1 shows the return and volatility series of IBM’s closing share prices

for the second data set.

Figure C.1: Return & Volatility series of IBM’s second data set
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Source: Author’s computations.



C. IBM XII
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Figure C.2: Cumulative series for:
(a) IBM’s first data set for thresholds ` = 2, 3, 4, 5σ; and,
(b) IBM’s second data set for thresholds ` = 2, 3, 4, 5σ.

Source: Author’s computations.
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Figure C.3: IBM’s first data set - Best fits for Equation 4.8 and resid-
ual series for thresholds:
(a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.



C. IBM XIII

Dependent Variable: _2STD
Method: Least Squares
Date: 04/23/14   Time: 12:33
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_2STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 6.346324 0.953151 6.658257 0.0000
C(2) 9.41E-06 0.011740 0.000801 0.9994
C(3) 0.347750 0.061163 5.685663 0.0000

R-squared 0.988150     Mean dependent var 52.80000
Adjusted R-squared 0.987272     S.D. dependent var 23.96607
S.E. of regression 2.703804     Akaike info criterion 4.921836
Sum squared resid 197.3850     Schwarz criterion 5.061955
Log likelihood -70.82753     Hannan-Quinn criter. 4.966661
Durbin-Watson stat 0.696195

(a)

Dependent Variable: _3STD
Method: Least Squares
Date: 04/23/14   Time: 12:35
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_3STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 19.76949 34.17922 0.578407 0.5678
C(2) 3.273263 3.882288 0.843127 0.4066
C(3) 1.147166 0.521850 2.198266 0.0367

R-squared 0.959066     Mean dependent var 22.56667
Adjusted R-squared 0.956034     S.D. dependent var 8.398207
S.E. of regression 1.760947     Akaike info criterion 4.064220
Sum squared resid 83.72519     Schwarz criterion 4.204339
Log likelihood -57.96329     Hannan-Quinn criter. 4.109045
Durbin-Watson stat 0.696451

(b)

Dependent Variable: _4STD
Method: Least Squares
Date: 04/23/14   Time: 12:36
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_4STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 1.789950 0.740827 2.416150 0.0227
C(2) 0.218117 0.611545 0.356665 0.7241
C(3) 0.581814 0.155976 3.730161 0.0009

R-squared 0.962264     Mean dependent var 10.13333
Adjusted R-squared 0.959469     S.D. dependent var 4.023494
S.E. of regression 0.810021     Akaike info criterion 2.511125
Sum squared resid 17.71560     Schwarz criterion 2.651245
Log likelihood -34.66688     Hannan-Quinn criter. 2.555951
Durbin-Watson stat 1.033795

(c)

Dependent Variable: _5STD
Method: Least Squares
Date: 04/23/14   Time: 12:38
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_5STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 1.209546 0.301222 4.015460 0.0004
C(2) 1.31E-07 0.000235 0.000559 0.9996
C(3) 0.550785 0.106703 5.161827 0.0000

R-squared 0.960262     Mean dependent var 8.366667
Adjusted R-squared 0.957318     S.D. dependent var 3.022711
S.E. of regression 0.624479     Akaike info criterion 1.990840
Sum squared resid 10.52928     Schwarz criterion 2.130960
Log likelihood -26.86260     Hannan-Quinn criter. 2.035665
Durbin-Watson stat 1.213626

(d)

Figure C.4: IBM’s first data set - Regression outputs for thresholds:
(a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.



C. IBM XIV
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Figure C.5: IBM’s second data set - Best fits for Equation 4.8 and
residual series for thresholds:
(a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.



C. IBM XV

Dependent Variable: _2STD
Method: Least Squares
Date: 04/23/14   Time: 12:53
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_2STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 5.465758 1.221299 4.475365 0.0001
C(2) 8.20E-07 0.002430 0.000337 0.9997
C(3) 0.432713 0.092959 4.654898 0.0001

R-squared 0.969867     Mean dependent var 41.46667
Adjusted R-squared 0.967635     S.D. dependent var 16.91507
S.E. of regression 3.043061     Akaike info criterion 5.158244
Sum squared resid 250.0260     Schwarz criterion 5.298364
Log likelihood -74.37367     Hannan-Quinn criter. 5.203070
Durbin-Watson stat 0.567831

(a)

Dependent Variable: _3STD
Method: Least Squares
Date: 04/23/14   Time: 12:55
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_3STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 1.645587 0.531441 3.096463 0.0045
C(2) 5.26E-06 0.009931 0.000529 0.9996
C(3) 0.411595 0.133578 3.081303 0.0047

R-squared 0.943347     Mean dependent var 12.70000
Adjusted R-squared 0.939150     S.D. dependent var 5.534531
S.E. of regression 1.365244     Akaike info criterion 3.555182
Sum squared resid 50.32503     Schwarz criterion 3.695302
Log likelihood -50.32773     Hannan-Quinn criter. 3.600008
Durbin-Watson stat 0.407895

(b)

Dependent Variable: _4STD
Method: Least Squares
Date: 04/23/14   Time: 12:56
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_4STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 0.928975 0.500559 1.855877 0.0744
C(2) 6.71E-07 0.010810 6.21E-05 1.0000
C(3) 0.381667 0.221544 1.722759 0.0964

R-squared 0.851522     Mean dependent var 7.433333
Adjusted R-squared 0.840524     S.D. dependent var 3.390487
S.E. of regression 1.353972     Akaike info criterion 3.538601
Sum squared resid 49.49745     Schwarz criterion 3.678721
Log likelihood -50.07901     Hannan-Quinn criter. 3.583426
Durbin-Watson stat 0.219341

(c)

Dependent Variable: _5STD
Method: Least Squares
Date: 04/23/14   Time: 12:58
Sample: 1 30
Included observations: 30
Convergence achieved after 1 iteration
_5STD = C(1)*((DAYS + C(2))^(1-C(3))-C(2)^(1-C(3)))/(1-C(3))

Coefficient Std. Error t-Statistic Prob.  

C(1) 0.591649 0.318853 1.855555 0.0745
C(2) 4.49E-06 0.047004 9.56E-05 0.9999
C(3) 0.319062 0.218168 1.462462 0.1552

R-squared 0.859745     Mean dependent var 5.133333
Adjusted R-squared 0.849356     S.D. dependent var 2.445733
S.E. of regression 0.949260     Akaike info criterion 2.828371
Sum squared resid 24.32954     Schwarz criterion 2.968491
Log likelihood -39.42556     Hannan-Quinn criter. 2.873196
Durbin-Watson stat 0.356068

(d)

Figure C.6: IBM’s second data set - Regression outputs for thresholds:
(a) ` = 2σ; (b) ` = 3σ; (c) ` = 4σ; and, (d) ` = 5σ.

Source: Author’s computations.
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