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Abstract
In this thesis, we strive to build on the fractal market hypothesis and to develop
two methods which aim to reveal whether the fractal dimension, as a property of
the short memory, can be applied for forecasting of financial time series. In the
first one, we use ten world market indices and repeatedly estimate the fractal
dimension by boxcount, Hall-Wood, and Genton estimators on fixed number of
returns and make one step ahead forecasts by AR(1) and ARMA(1,1) models;
then, we look whether forecast errors from realized returns are lower when the
fractal dimension is estimated lower. The second method incorporates only
the fractal dimension and studies, if the sign of return persists in next period
more likely with lower fractal dimension. The results indicate that the short
memory is truly present in the markets and the fractal dimension may be
potentially useful for prediction and increased profit for investors. However,
the significance of our results is not strong. We recommend more sophisticated
methods and models for further research.
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Abstrakt
V této práci usilujeme o navázánı́ na fraktálnı́ teorii trhu̇ a vytvořenı́ dvou
metod, které by měly odhalit, zda fraktálnı́ dimenze, jakožto vlastnost krátké
paměti, mu̇že být použitelná k předpovı́dánı́ finančnı́ch časových řad. V prvnı́
z nich použijeme deset světových indexu̇ a opakovaně odhadneme fraktálnı́ dimenzi pomocı́ boxcount, Hall-Wood a Genton odhady na pevném počtu výnosu̇
a uděláme předpovědi na jedno obdobı́ dopředu pomocı́ AR(1) a ARMA(1,1)
modelu̇. Potom se podı́váme, zda chyby odhadu̇ od skutečných výnosu̇ jsou
nižšı́ právě, když je nižšı́ odhadnutá fraktálnı́ dimenze. Druhá metoda využı́vá
pouze fraktálnı́ dimenzi a zkoumá, jestli znaménko výnosu přetrvá v následujı́cı́m
obdobı́ spı́še s nižšı́ fraktálnı́ dimenzı́. Výsledky naznačujı́, že krátká pamět’ je
na trzı́ch skutečně přı́tomna a fraktálnı́ dimenze mu̇že být přı́padně použitelná
k predikci a zvýšenı́ zisku̇ investoru̇. Nicméně významnost našich výsledku̇ nenı́
vysoká. Doporučujeme pokročilejšı́ metody a modely k dalšı́mu výzkumu.
Klasifikace JEL
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krátká
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Chapter 1
Introduction
Mankind has always tried to handle the time. Linear perception of time makes
up a very important aspect of our lives, especially for western culture. We look
back, learn from the past, apply for the present and prepare for the future,
which lies ahead. As George Orwell said, ”Who controls the past controls the
future. Who controls the present controls the past.” Right now, we will focus
on predicting the future. Even though it is one of the challenges people have
not and may never master, it still remains our desire. This desire leads us to
writing this thesis, which focuses on forecasting and predicting the movement
of financial time series.
Probably the most influential movement of last fifty years regarding the
financial forecasting has been the efficient market hypothesis (EMH). It states
that all available information about the market is already reflected in the prices,
and therefore, in a long run, one can only achieve returns as high as the average
market returns. The EMH has been under criticism since its introduction by
Fama (1965), and despite the wave of attacks provoked by the recent crises, it
still has not been rejected among broad public. The evidence against the EMH
is twofold: the first group refuses the EMH because of the psychological features
and the sentimentality of the markets, and the second points at the statistical
properties of the markets, which are not in accordance with classical probability
calculus. It is Peters (1991; 1994), who provides the theoretical cornerstones for
this thesis by a thorough examination of statistical characteristics of market
returns, and proposes the fractal market hypothesis. His empirical studies
support the claim that the returns exhibit higher peak and fatter tails than
normal distribution, and Gaussian statistics can no longer be applied, which is
in concordance with Officer (1972); Peiro (1994); Gopikrishnan et al. (2000).
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Both groups of skeptics arrive at a conclusion that the returns do not follow
random walk, but are correlated, which opens the gate for potential successful
predictions.
The largest group of people who are interested in the correlation structure
of financial series are investors and traders. They have been long searching for
new and better methods which could predict the future movements of stock
prices and help them beat the market. Among other empirical evidence in
favor of , Man Lui & Chong (2013) provide an empirical evidence that skilled
analysts outperform the beginning traders significantly, which means that such
methods already exist.
The motivation for this thesis is that, if markets truly possess memory,
there must be a way how to develop a method and make use of this memory
for investors’ profit. Particularly, the aim of this study is to find out whether
the short term memory, captured by the fractal dimension (Peters 1994), can
be applicable in short-term forecasting. For unknown reason, the short range
memory and fractal dimension have not been in the center of interest of academics; there are only few studies regarding the fractal dimension compared to
those about long memory.
Many researchers have recently studied the correlation structure of the markets to receive an insight into their behavior. Peters (1994); Granger & Ding
(1996); Baillie (1996); Baillie & Chung (2002) find that the markets possess
long memory property. Absolute returns of the daily S&P 500 index according
to Ding et al. (1993) have, in most cases, positive autocorrelation lasting over
ten years. Lo (1991), on the other hand, advocates that the returns show short
term dependence, and when taken into account, long range correlation becomes
insignificant.
In other fields of mathematics, new theories and methods, which were found
to be applicable in economics and finance, were developed. The chaos theory,
fractals, and fractal dimension belong among them. We will focus on the fractal
dimension and its application in short-term forecasting. The FD characterizes
the roughness of a time series in a sense that differentiable curve has the FD=1,
random walk series has the FD=1.5, and when the series has the FD → 2, it
approaches the plane in limit. According to the theory, we would like to obtain more precise forecasts when the FD of our series is low. Since the fractal
dimension itself has not been used for predictions before, we were forced to
develop this method ourselves. We used ten stock market indices for our purposes, as it does not matter what financial time series would we take. First, we
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estimated the fractal dimension by boxcount (Gneiting et al. 2012), Hall-Wood
(Hall & Wood 1993), and Genton (Genton 1998) estimators on the windows
of 250 and 500 one-day returns and apply AR(1) and ARMA(1,1) models to
out-of-sample forecast one step ahead. The correlation of the obtained pairs of
estimated FD and forecasted error is then analyzed. As a second method, we
decided to study the relation between the FD and the persistence of a sign of
returns. This is based on an idea that the lower is the FD, the probability of
the same sign of a subsequent return should be higher. In the end, applicability
of the FD for forecasting is then demonstrated on a trading strategy based on
the second method.
The presentation of this work is divided into the following chapters. Chapter 2 presents the theoretical background, literature regarding the conflict between the EMH and the FMH, the long memory, fractal property, and forecasting of financial time series, all the terms used in the empirical part and
the procedure as such. The data description and the empirical results are analyzed in Chapter 3. Chapter 4 discusses the results, methodological weaknesses,
possible extensions, and concludes.1

1
All analyses, modeling and programming are done in software RStudio, Stata, and Excel.
All files used during the work are available upon request.

Chapter 2
Theoretical Framework
2.1

Literature Review

The world is a complex system and I restrict myself to its small part, which
are financial markets. Yet, this little fraction is so intricate that we struggle
to understand it. Many theories have been developed to explain how markets
behave, but none have been faultless. I will discuss some of them later in
the text. There exist different approaches to market price forecasting. It is
generally believed that financial market prices are influenced by these factors:
fundamental value, economic cycles, herding behavior, and sentiment.
In the following paragraphs I would like to present the literature about
investment analytical models, such as fundamental, technical, and behavioral
analysis, weaknesses of EMH and the reasons for the rise of FMH, long memory
property, and forecasting of time series.

2.1.1

Investment analytical models

All three approaches of fundamental, technical and behavioral analysis are
able to generate profit in a short run by mere chance, but I am interested in
consistency, or a long run perspective. I am looking for a method that would
be consistently successful under certain conditions, in more than half of the
cases. Once we develop such methods it is wise to use all three approaches
and combine them into a system of independent predictors, as some investors
already do.
Many different methods of technical analysis exist, and I have chosen to
look at the chaos theory, particularly fractal dimension and its application
in forecasting time series. Chaos theory and fractals were not developed for
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finance, but there seems to be a strong potential for its application. In fact,
chaos theory has become more and more popular in other sciences as well. As
an outline for this work, I will take the historical prices, estimate the fractal
dimension, or a roughness, of a series, and based on the estimate there is a
potential for predicting the future movement of a price. Before I get deeper
into the details of methodology I will present the efficient market theory, fractal
market theory, and the idea behind it.
Fundamental analysis
Fundamental analysts evaluate a company based on factors such as, the quality of the company’s management, outlook for the industry, and the economy.
The analysis consists of three parts economic, industry, and company valuation. Considering various statistics, ratios, and market characteristics, they
try to find an intrinsic value of a company and its stocks. If meticulously done
and if the price differs from the intrinsic value, they predict that the price of
the company’s stock will most likely move towards the intrinsic value. The
theory behind this approach is more or less closed, and fundamental analysis
is regarded as the solid cornerstone of the investor’s decision making process.
Behavorial analysis
The second group of investors are behaviorists. They trade based on the mood
of the economy, news and even weather (Hirshleifer & Shumway 2003). This can
be done simply as betting on particular stocks and markets (speculators) or as
a thorough, in-depth analysis of different signals, with the belief that markets
are driven by emotions, sentiment. Behavioral economists view investors as
individual subjects. Striking findings show that people may react to the same
information in very different manners. One example for all would be that, even
though the winning strategy is known, people may not select it, just because
they had a bad day. The most influential insights on irrational behavior, loss
aversion, heuristics, and biases are presented by Kahneman & Tversky (1979).
Technical analysis
Technical analysts use economic cycles, volume traded, volatility, and sentiment
for forecasting historical prices. By analyzing the data, they look for cycles
and patterns that repeat themselves, and making use of these patterns may
generate profit. Lo et al. (2000) aptly criticized the technical analysis: ”...One
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of the main obstacles is the highly subjective nature of technical analysis-the
presence of geometric shapes in historical price charts is often in the eyes of
the beholder...”. However, he himself does not reject the potential of technical
analysis. In fact, technical analysis is a disputable topic, which is one of the
motivations for writing this thesis.
Here is a definition from a prominent analyst Pring (2002): ”The technical
approach to investment is essentially a reflection of the idea that prices move
in trends that are determined by the changing attitudes of investors toward a
variety of economic, monetary, political, and psychological forces. The art of
technical analysis, for it is an art, is to identify a trend reversal at a relatively
early stage and ride on that trend until the weight of evidence shows or proves
that the trend has reversed.” Technical analysis is often regarded with skepticism among scholars, due to the acceptance of efficient market hypothesis,
which implies that all the information is already included in a current price
and no prediction based on previous prices is possible. However, Park & Irwin (2007), as well as Clyde & Osler (1997), found that in theoretical models,
technical analysis may prove profitable due to market frictions, such as noise
in the prices, herding, sentiments, or market power or chaos. The former pair
supports the benefits of technical analysis by reviewing the 56 supporting, 20
negative and 19 inconclusive studies out of 95 studies examined. Recently,
empirical studies in support of technical analysis have become predominant.
Taylor & Allen (1992) surveyed chief foreign exchange dealers about whether
they consider technical analysis in their work. The results showed that at least
90 percent of them put some weight on the technical analysis. They also found
that reliance on technical analysis is higher in short horizons and reverses to
higher reliance on fundamental analysis when horizon increases. According
to them, a high proportion of chief dealers view technical and fundamental
analysis as complementary forms of analysis. Today, it is widely known that
the more we decrease the invesment horizon, the more we must focus on the
technical analysis.
Man Lui & Chong (2013) compares experienced technical analysts with
novice traders and discovers that the first group significantly outperforms the
latter. This is another indication that markets do not behave randomly, but
patterns exist.
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Clash of hypotheses

Efficient market hypothesis
By introducing the efficient market hypothesis, Fama (1965) came up with the
idea that, since the information needed for both fundamental and technical
analysis are publicly accessible anyone can perform such analyses. Therefore,
all the information that should be reflected in the prices and the potential profit
is neutralized by the large number of analysts. A natural argument would be
to ask, what will happen when a new information affecting the stock’s intrinsic
value is released? Fama answers that experts and people with the fastest access
to such information can make use of it and therefore benefit from investing just
before others reevaluate the information, but: ”on the average competition will
cause the full effects of new information on intrinsic value to be reflected instantaneously in actual prices.” He defines an efficient market as ”a market where
there are large numbers of rational profit-maximizers actively competing, with
each trying to predict future market values of individual securities, and where
important current information is almost freely available to all participants.”
Fama (1970) reviewed existing literature and proposed the efficient market
theory. It stands on three satisfying assumptions i) there are zero transaction
costs in market trading, ii) there are zero costs in accessing available information, and iii) all participants agree on implications of current information for
the market price and its future value. Fama claims that these are truly only
satisfying conditions, not necessary, and that they can slightly deviate with
no harm to the theory. However, as I will show further, these conditions are
not met in reality, and recent studies show that markets are inefficient to an
extent. Fama admitted that the statistical methods used are simple, and may
be challenged and rejected in time.
However, even though EMH was increasingly challenged and shown to be
flawed, Park & Irwin (2007), Fama (1991) published a recapitulation of EMH,
where he seemed to nearly ignore the criticism and held his position.
Fractal market hypothesis
Let me now provide the criticism showing that EMH is not errorless. Apart
from numerous alternative market hypotheses, the important source for this
work, which provides a bridge between EMH and fractal market hypothesis, are
two books by Edgar E. Peters Chaos and Order in the Capital Markets (1991)
and Fractal Market Analysis (1994). Peters (1989) started applying chaos
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theory on financial markets and found that markets follow a biased random
walk, which implies that an arbitrage might be possible. ”A biased random
process means that there is a long-term dependence, or a memory between
observations.” Previous returns influence future ones.
In his first book, Peters (1991) loosens unrealistic assumptions of EMH,
generalizes the view of market behavior, and defines capital markets as nonlinear dynamic systems, which are characterized by i) long-term correlations and
trends (feedback effects), ii) erratic behavior at certain times and under certain
conditions, iii) self-similarity, a time series of returns looks the same at smaller
increments of time and has similar statistical characteristics (fractal structure),
and iv) less reliable forecasts, the further out in time we look (sensitive dependence on initial condition). Peters argues that EMH assumes investors to be
rational, orderly, and homogeneous, which leads to simple linear differential
equations with one solution. However, markets are not orderly or simple, and
investors are heterogeneous. There is a complexity and mess in the markets.
In addition, Peters (1991; 1994) shows that one cannot use Gaussian statistics when market returns are not normally distributed. In fact, they are
leptokurtic, characterized by high peak and fatter tails than if normally distributed. Weron & Weron (2000) criticize the supporters of EMH for downplaying this fact as well.
Weron & Weron (2000) well reformulated the assumptions of FMH in the
following: i) The market is made up of many individuals with a large number of
different investment horizons (heterogeneous investors), ii) Information has a
different impact on different investment horizons, iii) The stability of a market
is largely a matter of liquidity (balancing of supply and demand). Liquidity is
available when the market is composed of many investors with many different
investment horizons, iv) Prices reflect a combination of short-term technical
trading and long-term fundamental valuation, v) If a security has no tie to the
economic cycle, then there will be no long-term trend. Trading, liquidity, and
short term information will dominate.
Krištoufek & Vošvrda (2013) studied the efficiency of markets by applying
the fractal dimension, Hurst exponent and found that they are in fact globally
not far from efficient, but locally very inefficient.
Since local inefficiency is characterized by the fractal dimension, I will pick
up the thread in this work and examine application of the fractal dimension on
the real data. Fractal dimension attains values between 1 and 2 for time series.
The fractal dimension of random walk is 1.5, sometimes also called Brownian
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motion. If 1.5 < F D < 2, then a time series is more jagged, it reverses more
often than random walk. It is an anti-persistent process, and if 1 < F D < 1.5,
then a time series is characterized by long memory process; it is persistent.
All events in the past impact all events in the future. In chaos theory, such
characteristic is called sensitive dependence on initial conditions. In nature,
persistent time series is the most common type, and as I will show later, fractal
dimension of financial time series should lie between 1 and 1.5, as they exhibit
long memory characteristic and correlations in time. (Peters 1994; Krištoufek
& Vošvrda 2013)
Fractal dimension is related to the Hurst exponent, which is a characteristic parameter of long-term memory. It ranges from 0 to 1, where a value of
0.5 signifies no long term memory, lower than 0.5 means anti-persistence and
higher than 0.5 means that the process is correlated across time, it is persistent. Since long memory is a global characterstic and fractal dimension is local
characteristic, these two are independent. However, self-affine dynamic price
processes are characterized by reflection of local structure, as herding and fear,
into the global structure and relation F D+H = 2 holds, although not perfectly
for financial series. It implies that fractal dimension and Hurst exponent give
different insights into the behavior of the series. (Peters 1994; Samorodnitsky
2007; Krištoufek & Vošvrda 2013)
Fractal market hypothesis is a reconciliatory approach between randomness
and determinism. There are market analysts who believe that market is perfectly random, and those who believe that it is perfectly deterministic. It shows
that neither are wrong, but to a limited extent. (Peters 1994)
The question I would like to resolve in this thesis is whether an application
of the fractal dimension as a feature of short memory may be useful for the
forecasting of financial time series. The truth is that only a few academicians
showed an interest in studying short term memory, because many study long
memory instead. For the lack of previous work related to this topic, I will
attempt to develop a method, which could indicate an answer to my question.
If the empirical results support the theory, I will run a simple trading strategy
on past prices to see whether the fractal dimension can be used in practice.

2.1.3

Long memory and correlation

In literature, academics examine, apply, and make conclusions based on long
range dependence, yet today there is not a single definition of this property
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used prevalently. I would recommend reading Samorodnitsky (2007), who deals
with the issue of different definitions and elaborates on related terms. For our
purposes, we will understand long memory as a property of a time series with
high order correlations.
Lo (1991) studied both long range and short term dependence. The results
of his work show that once short term dependence is taken into account no
evidence of long-range dependence is found by applying an extended version of
Hurst/Mandelbrot R/S statistic to daily and monthly stock returns indexes in
any time period or sub-period. According to him, stochastic models capturing
short term dependence are sufficient for modelling financial time series.
In contrary, Ding et al. (1993) investigated long memory property of stock
market returns and found that the absolute returns are more correlated than
returns themselves. They conclude that autocorrelations of daily S&P 500
closing price index decrease fast in the first month and then decrease very
slowly. Absolute returns have, in most cases, positive autocorrelation over ten
years.
Later Granger & Ding (1996) studied long memory models. They defined
long memory as a series having a slowly declining correlogram. In this paper
they show that not only fractional integrated processes have this property, but
some other processes may have long memory as well. Granger and Ding concluded that many classes of processes need further inquiry for the importance
of long memory property.
Crato & Ray (1996) study the issues of model selection and forecasting by
ARFIMA model. They show that selection of the right ARFIMA model is a
difficult task. Simple ARMA model can be used, as it produces forecasts of a
very similar quality.
Another renowned econometrician, Baillie (1996), surveyed and reviewed
the major econometric work on long memory processes, fractional integration,
and their applications in economics and finance. He affirmed that long memory
processes have become frequently applied. He concludes that the widely used
ARFIMA model is sensitive to parameterization of high frequency components
and some other models may be superior to ARFIMA, but we have not studied
them closely. Baillie points out that academicians have been ignorant to long
run, low frequency properties of data.
Baillie & Chung (2002) continued to deal with long memory property and
published a paper about modelling and forecasting from trend stationary long
memory models with application in meteorology. In this study, where he es-
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timated uni- and multivariate trend stationary ARFIMA models, which generate long memory auto correlated process around a deterministic trend, he
found that forecasts of ARFIMA are generally superior to AR models. Only
when the substantial weight was placed on observations in the remote past was
the forecast worse than that of AR model. In this particular work, the overparametrized AR(17) model was selected as the best AR model; its forecast
was comparable to ARFIMA, yet still worse.
Man (2003) study ARMA forecasts for the long memory time series with
ARFIMA(0,d,0) underlying structure. He confirms a hypothesis that using the
simple ARMA(2,2) model one step ahead predictions for short-term forecasting
does not differ significantly from the ARFIMA model predictions. ARMA
forecasts produce only 0.6% higher variance than those of the true model. He
argues that finding the right ARFIMA model has been of low success rate and
therefore low order ARMA model is a good approximation of ARFIMA (0,d,0)
when the right underlying model cannot be found.
Baillie et al. (2004) further investigated high frequency European exchange
rates. He measured nonlinearity, long memory and self-similarity. He combined
the analysis of deterministic nonlinear dynamics and stochastic models of long
memory volatility processes. The results show that high-frequency currency returns volatility is well represented by a FIGARCH model. The estimates of the
long memory parameter are remarkably consistent across time aggregations and
currencies and are suggestive of self-similarity. The MA(1)-FIGARCH(1,d,1)
shows to represent the high frequency currency data very well.
Baillie & Kapetanios (2008) attempted to model financial time series with
nonlinear and long memory characteristics. They use semi-parametric Local
Whittle estimator, but find time domain maximum likelihood estimator to fit
the data better. The paper provides new theoretical results for the latter.
To summarize, from pioneers trying to show its existence, long range dependence has become widely used in financial time series analysis as it provides an
important insight into the behavior of markets. From the existing literature,
we can infer that the relevant information impacts the movement of a price
of an index for a long period of time and it is not immediately reflected in
it. A speculative opinion for further study would be, whether the impact does
not last only until people remember that information. There is quite a lot of
studies about long memory, but only few look at the fractal dimension.
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Methodology

Let me further elaborate on fractal dimension, define the estimators, introduce applied stochastic processes, discuss measures of forecasting quality and
the sign hit rate that I will measure. I will be using Box-count, Hall-Wood
and Genton estimators of the fractal dimension; for forecasting I will employ
autoregressive (AR) and autoregressive moving average (ARMA) models.

2.2.1

Fractal dimension

There is not a unitary definiton of fractals neither the fractal dimension. Possibly, the most frequently used definition of the FD is the Hausdorff-Besicovitch
dimension; I refer the reader to the rigorous explanation of Billingsley et al.
(1960). The FD captures the information about the shape of an object, about
its irregularity; it describes the degree, to which the object differs from the
euclidean object with integer topological dimension.
The fractal dimension is most commonly described on a crumpled piece of
paper. Imagine we have a paper and its width is zero. The paper is a two
dimensional plane. Now if we crumple the paper into the ball, what do we
have? Reason tells us that we a obtain three dimensional object, even though
its dimension is somewhere between two and three, it is a fractal dimension, due
to its gaps and holes, or creases. In order for an object to be three dimensional,
it would have to be solid and have no holes. Therefore, if we think about it,
most of the objects are not three dimensional, their dimension is less than that.
(Peters 1994)
Now, a very similar process applies to a line. Its fractal dimension ranges
from one to two. A differentiable curve has a fractal dimension of one. If
we wanted to predict the future value of a differentiable function, we would
simply look at its tangent in the last point of time and see its value in the
neighborhood. However, time series are not differentiable functions. They are
sequences, or discrete functions. The values jump up and down, so tangents lose
their meaning. Now, if we imagine a line that is very close to be differentiable,
but is not, it would have had a fractal dimension just slightly above one. How
so? Imagine a time series, and we are at the point t, the value is f (t) and we
would like to know the future value f (t + 1). In a differentiable case, we would
use the tangent, but now, we can infer that if the fractal dimension is close to
one, the movement should stay the same as it was in the last time period, so if
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f (t) = f (t−1)+d, then f (t+1) = f (t)+d would be our best prediction. As we
increase fractal dimension, things get more complicated. We eventually attain
fractal dimension of 1.5, where we cannot say whether the next value will be
higher or lower, the probability is fifty percent in both direction, but we still
know that the future value will be somewhere around. That is a random walk.
So, our prediction is that the value will be the same as it was, f (t + 1) = f (t),
since it is the mean value. However, it gets more complicated. What would it
look like if we had a fractal dimension higher than 1.5? That is an abstract
mathematical construction, which should not be observable, because no matter
how close we get to the point t from the right, the prediction does not improve;
in the case of F D = 2 the series may jump from negative to positive infinity,
but the price of a financial time series is definitely bounded by zero below and
some finite value above. Therefore F D > 1.5 should not happen.
Again, we can see that fractal dimension reconciles determinism and randomness. We expect fractal dimension to take values between 1 and 1.5, which
would indicate that time series is not random and some prediction should be
possible. If F D = 1.5, then random walk theory is valid and we cannot make
any reasonable prediction.

2.2.2

Box-count estimator

The Box-count estimator is the simplest and probably the most popular of
them. Its idea is that we close the time series into the bounded box, which is
then divided into four quadrants, and count the number of quadrants needed
to cover the time series. We iterate this process dividing quadrants into subquadrants until the width of boxes is the same as the resolution of the data. If
we have daily prices, we divide the boxes until the width of one is one day. We
keep track of number of boxes required to cover the curve at scale k , denote
it N (k ), k = 0, 1, ...K, where K is a number of iterations we need to decrease
the width of boxes to the resolution of the data. The scale k = 2k−K decreases
as we decrease k, while N (k ) increases. We estimate the fractal dimension by
ordinary least squares regression:

b BC = −
D

K
X
k=0

!
(sk − s̄)logN (k )

K
X

!−1
(sk − s̄)2

,

k=0

where sk = log(k ) and s is the mean of s0 , s1 , ..., sK . This estimator suffers
some problems, such as discarding of elements with the largest and the smallest

2. Theoretical Framework

14

scale. Therefore another two more sophisticated estimators will be used as well.
(Gneiting et al. 2012)

2.2.3

Hall-Wood estimator

Hall & Wood (1993) proposed another box-counting estimator, which takes into
consideration the smallest scales. They use the area of the boxes covering the
curve instead of just their sum. Let us have a scale l = l/n, where l = 1, 2, ...n.
The area is:
bn/lc
X
l
b
|Xil/n − X(i−1)/n |,
A(l/n)
=
n i=1
where bn/lc is the integer part of n/l. And the Hall-Wood estimator is:

b HW = 2 −
D

! L
!−1
L
X
X
b
,
(sl − s̄)log(A(l/n))
(sl − s̄)2
l=1

l=1

P
where L ≥ 2, sl = log(l/n) and s̄ = L1 Ll=1 sl . But I will use L = 2 as
recommended by Hall and Wood (1993) to avoid bias, therefore we obtain:
b
b
b HW = 2 − log A(2/n) − log A(l/n) .
D
log 2

2.2.4

Genton estimator

And the last one to be used is a highly robust variogram estimator proposed
by Genton (1998), which is based on a method of moments estimator of scale
presented by Rousseeuw & Croux (1992). Method of moments estimators are
not robust, therefore, one single observation can destroy them, make them
non-informative. Since such an obstacle is a common trait of real data, Genton
developed an estimator that works well in simulations. A structure function or
a variogram is:
n

Vb2 (l/n) =

X
2
1
Xi/n − X(i−l)/n ,
2(l − n) i=l

Similarly to Hall and Wood, we obtain Genton estimator of fractal dimension
as:
! L
!−1
L
X
X
1
bG = 2 −
D
(sl − s̄)log(Vb2 (l/n))
(sl − s̄)2
,
2 l=1
l=1
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1
L

PL

l=1

sl . Minimizing the bias, we

b
b
b G = 2 − log V2 (2/n) − log V2 (l/n) .
D
2 log 2

2.2.5

Stochastic models

I would like to shortly describe the models I will use for forecasting. Those
will be AR(1) and ARMA(1,1) models. The most suitable would be to apply
ARFIMA(1,d,0) or FIGARCH models, which have been empirically shown as
the most precise, but it is beyond the scope of this work. I will compare
predicting accuracy of these two between each other.
Autoregressive model describes a linear dependence of a variable on its past
values. Specifically for AR(1): Xt = c+ρXt−1 +t , where ρ is estimated by simple regression of current values on previous ones. Since AR model captures only
partially linear dependence, rather generalized versions are employed. However,
Peters (1994), in Chapter 9 of his book, demonstrated that AR(1) model was
sufficient in the detection of a short memory in S&P 500 index.
In combination with moving average model, we obtain ARMA model, which
I will apply with one autoregressive and one moving average term, such that:
Xt = c + ρXt−1 + γt−1 + t , where t−1 and t are white noise error terms.

2.2.6

Measures of forecasting quality

I will compare the forecasts made by the stochastic models with the realized
value and use the mean squared error (MSE) and the mean absolute error
(MAE) for comparison.
The MSE is widely used to represent the difference between the predicted
and the actual values. The forecaster’s goal is obviously to minimize MSE,
which signifies the good quality of the forecasting method. However, since I
am not developing any new methods, I will focus on the relation between MSE
P
2
and fractal dimension only. The MSE is given as: M SE = N1 N
i=1 (R̂i − Ri ) ,
where R is the real and R̂ is the forecasted return. The weak spot of the MSE
is that it squares the errors and therefore puts more weight on larger errors,
which emphasizes the outliers. For that reason I will use the MAE as well. The
P
MAE is defined as: M AE = N1 N
i=1 |R̂i − Ri |.
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The procedure

Let me clarify here the whole procedure and what I expect the results to be.
First, I will take the logarithmic returns of an index, let denote their number
as N . I will set a window of length W , such that W < N . I will take the
first W returns and estimate the fractal dimension of this series by all three
di , HW
ci , where
[i and G
estimators described above. Let me denote them BC
i = 1, 2, .., N − W . At the same time I will use AR and ARMA models to
c1 andR
c2 respectively. Then I will shift
predict the i-th return, denote them R
i
i
the window by one and make the estimations and forecasts again. I repeat
the process i times until I obtain N − W estimates of FD for each estimator
paired with N − W predicted values for each model. I calculate the error of
each forecast. Then, I create bins of these errors based on their paired fractal
dimension estimate. For example, bins for Boxcount FD estimates and AR
model will be:
c1 − Ri : BC
di ∈ [I1 , I2 ]}
BINj = {R
i
+j BCmax
, j = 1, 2, ..J
, where I1 = (J−j+1)BCminJ+(j−1)BCmax and I2 = (J−j)BCmin
J
and J will be chosen arbitrarily depending on the nature of the results. I
calculate MSE and MAE in each bin and plot them on the bins’ average FD.
Assuming that fractal dimension is applicable, estimating methods are good
enough and the stochastic models describe the real data well, I expect a positive
relationship between MSE or MAE and fractal dimension. In other words, the
lower is the fractal dimension the better predictions can be made, thus lowering
the errors.
\

2.2.8

\

\

\

Sign hit rate

In addition to the described method, I will look at the sign of the return at
the time t and t + 1, where t = W, .., N − 1. If markets are persistent, their
fractal dimension is lower than 1.5, a positive return should be rather followed
by another positive return and a negative should be followed by another negative. Therefore, if I make the same bins as in the first procedure, the lower
fractal dimension should be associated with a higher probability of the same
consecutive sign, which again, could provide useful information for traders.
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Strategy testing

Now, if the data will support this hypothesis, I will try to develop a simple
strategy built on this idea. I will set a threshold at which I will believe in
fractal dimension estimate and its prediction. Every time FD will be estimated
under this threshold. If the last return would be positive I would decide to buy,
and I would sell if the last return would be negative. If the FD will be above
the threshold I will stay at my position. This trading strategy utilizes shortmemory characteristic of the stock prices and with a margin of threshold counts
with imperfection of estimators. Depending on the threshold, this strategy can
be made fairly defensive, and only few trades can be realized.
I will let this strategy compete with two others. The first competitor will
be the simple buy and hold strategy for the whole time period. And the second
one will bet on bear and bull market trends. Whenever price increases I buy,
if it decreases I sell, in case of no change, I keep my position. This bets on the
minimum number of changes in trend. In fact, it is quite similar to the strategy
proposed, but it does not consider the fractal dimension, therefore the trade
is made every time the trend reverses. It already assumes persistent markets,
but does not regard the fractal dimension itself.

Chapter 3
Empirical Study
For the nature of this work I could use any type of indicators, from bonds,
stocks, options, swaps to commodities. See Meese & Rogoff (1983), who show
that currency exchange rates would not be viable and potential reasons for
that. All others would be applicable. However, I decided to use ten selected
stock market indices from around the world, which could be divided into three
groups. The first is represented by developed markets of the US, UK and
Germany, particularly SPX 500, FTSE 100, and DAX. The second are Central
Europe indices, as this thesis is written in the Czech Republic and hence it is
relevant to see the results in this region. I use Czech PX 50, Polish WIG 30,
and Hungarian BUX. The emerging markets of BRIC countries stand for the
third group. Those are Brazilian Bovespa, Russian DJ RusIndex Titans 10,
Indian BSE 30, and Chinese Shanghai Comp.
All the data is obtained from the www.stocktrading.cz website. Closing
daily price one-day log returns will be used. See Table 3.1 for the length of the
series.

3.1

Results

Since this method has not been used before, there was a high degree of uncertainty about the possible outcome. In accordance, there were variables subjected to change, such as the window size, or number of bins. Therefore, I
tried to estimate the fractal dimension for the windows of 1500,1000, 500 and
250 returns. The variance of estimated FD for a window of more than 1000
observations was so small that the estimated FD differed by percentage points,
which would not be useful for our goal. Hence, to gain values approximately
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Index
SPX 500
FTSE 100
DAX
PX 50
WIG 30
BUX
BUSP
RU10D
BSE 30
SSEC

From
4/6/1970
4/2/1984
11/26/1990
7/1/1997
10/19/2001
7/26/2001
4/27/1993
10/23/2006
7/1/1997
7/2/1997

To

n

4/23/2014 11126
4/23/2014 7587
4/23/2014 5913
4/23/2014 4194
4/26/2011 2072
4/23/2014 3153
4/23/2014 5205
8/3/2013
1827
4/23/2014 4120
4/23/2014 4039

Table 3.1: Overview of market indices

from 1 to 1.7 and thus to be able to utilize such variable FD for predictions, I
am using only 250 and 500 window size. I chose the number of bins individually for each index and window size in order to obtain approximately 20 bins.
Those with less than five observations were discarded.
Since I have created six graphs for each index, let me present the results
only for SPX 500 index here and let me refer the reader to the appendix for
the results with the MAE. I strongly recommend examination of the appendix,
as the results vary significantly.

3.1.1

General remarks

First, I would like to comment on the estimators of the fractal dimension,
beginning with the boxcount method. There has definitely not been any correlation found between boxcount estimates and the MSE or MAE of any of the
stochastic models. The boxcount estimator, to which Gneiting et al. (2012)
refers as the ”naive” estimator, has, in most cases, shown no relation, partially
negative and partially positive relation. Its variance was the highest of the
three. For this reason I will include its results only for the sign hit rate in the
appendix. Boxcount estimates are seemingly random and I would recommend
not using it in any further studies of this nature. I recommend Theiler (1990)
for an elaborative explanation of the poorness of the boxcounting method.
Before I get to the Hall-Wood and Genton estimators, I have to make an
important note. The fractal dimension of a time series cannot exceed the
value of 1.5, because that would mean that the price could reach infinity or
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fall down to negative infinity. It basically becomes so wild that we lose any
predictive ability. We cannot even apply the knowledge that we have about the
random walk, where we know that the future value will be relatively near to
the last value. Unfortunately, estimators are providing only ”estimates” and
not the true values. They are not errorless. During the process, I obtained
many estimates of FD above 1.5 and some even below 1. My expectations were
that in the case of F D > 1.5 the errors would increase. However, that can
be somewhat seen with the Hall-Wood estimator, but with Genton estimator
errors usually decrease when F D > 1.5. The only explanation I can think of
is the nature of the estimators themselves. The Hall-Wood estimator uses the
boxes around the time series, whereas the Genton estimator uses the squared
distance between the adjacent values. Further research could be done on this
issue. I admit that I use only the basic estimators as the more sophisticated
are beyond the scope of this thesis.
The method proposed by Hall and Wood provides much more meaningful
results than the boxcounting method. The positive relationship can be seen.
The positive correlation between the Hall-Wood FD and the errors is slightly
more apparent when 500 window size was used.
The clearest results are given by the Genton estimator, which is based on
a different method than the other two. The Genton estimator is the more
robust version of a variogram estimator. However, only 13 out of 20 graphs
show apparent positive relation between the FD and the errors. It would be
impetuous to make any conclusions out of these results though.

3.1.2

The model forecasts

When I compared stochastic models and their ability to describe the data,
AR(1) and ARMA(1,1) are about the same quality; they differ marginally.
Therefore, the conclusions apply for both models. In order not to overload
the reader with similar graphs, I have decided to include only the results for
ARMA model.
Now, I would like to present the actual results. As I have written above,
three groups of markets were made in order to capture some possible differences.
However, such differences were not really observed. The least supportive were
the results for Brazil Bovespa, Indian BSE, and Hungarian BUX. Some relation
is observable with SPX 500, FTSE 100, DAX, PX 50, WIG 30, RU10D, and
SSEC indices. I have not included the values for F D > 1.5 in order to keep the
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results clear. For the SPX 500 results, see Figure 3.1, Figure 3.2, Figure 3.3,
and Figure 3.4.
It is important to realize that AR and ARMA models are not as good in
explaining the data as the well specified ARFIMA model would be. I leave
the application of ARFIMA for further study. Overall, I would say that some
relationships can be seen, but the imperfection of the models, and estimators
make it debatable. The fact that I used only closing prices and not the tick
data has also played its part. However, I believe that we have opened the door
for a research in the new area.

3.1.3

Sign hit rate results

Contrary to the inevident results obtained from the prediction of the stochastic
models, the second attempt to reveal a potential of the fractal dimension for
forecasting has proven to be much more successful. I constructed a binary
variable which takes the value of zero when a nonzero return is followed by a
return of a same sign and zero when followed by a return of an opposite sign.
Then I put these into the same bins as in the previous example, divided by their
count and obtained a ratio of how many were followed by the same sign over all
of those with the similar FD. I graphed these ratios on the fractal dimension
to display whether the fractal dimension captures the short term memory with
regard to sign. Here are the results for the US index including the boxcount
estimates, which I really discourage for application. Each bin for the SPX 500
includes at least 60 observations and hence the results are quite robust. When
I checked for SPX 500 data by regressing the binary variable on the Genton
estimates of the fractal dimension, strongly significant results were obtained
indicating that a decrease in the FD by 0.1 increases the profitability by 0.03
for 250 window size and by 0.044 for 500 window on the average. I consider
these results very important in the study of short memory in the financial time
series.
Even though very significant results were obtained for SPX 500, this is not
so for all. I do not want to simplify the short-term memory into the sign of
a return, but with regard to this work a significant correlation was found for
SPX 500, FTSE 100, equivocal relation for the DAX, PX 50, BUX, and no
correlation for the WIG 30, SSEC, BSE 30, RU10D, and BUSP indices. I must
stress again that I used Genton estimates for the fractal dimension. These
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Figure 3.1: SPX 500 - MSE with 500 window size The graph
captures ARMA model forecast errors binned according
to the corresponding fractal dimension. Each point represents the MSE of the bin. Both the fractal dimension
and ARMA forecast were estimated on 500 returns window size.

Figure 3.2: SPX 500 - MAE with 500 window size The graph
captures ARMA model forecast errors binned according
to the corresponding fractal dimension. Each point represents the MAE of the bin. Both the fractal dimension
and ARMA forecast were estimated on 500 returns window size.
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Figure 3.3: SPX 500 - MSE with 250 window size The graph
captures ARMA model forecast errors binned according
to the corresponding fractal dimension. Each point represents the MSE of the bin. Both the fractal dimension
and ARMA forecast were estimated on 250 returns window size.

Figure 3.4: SPX 500 - MAE with 250 window size The graph
captures ARMA model forecast errors binned according
to the corresponding fractal dimension. Each point represents the MSE of the bin. Both the fractal dimension
and ARMA forecast were estimated on 250 returns window size.
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results send a first signal that some division of markets is valid. Developed
SPX 500 and FTSE 100 are significant whereas others show no relation. For
the SPX 500 results, please, see Figure 3.5 and Figure 3.6.

Figure 3.5: SPX 500 - Sign hit rate with 250 window size The
graph displays the frequency rate of positive (resp. negative) return being followed by another positive (resp.
negative) return within each bin. The fractal dimension
was estimated on 250 returns window size.

Figure 3.6: SPX 500 - Sign hit rate with 500 window size The
graph displays the frequency rate of positive (resp. negative) return being followed by another positive (resp.
negative) return within each bin. The fractal dimension
was estimated on 500 returns window size.
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Strategy testing

Even if positive returns are followed by positive ones again and vice versa, it
does not mean that utilizing this information for trading is profitable. Large
crisis on financial markets are the ideal counterexample. Markets can rise
steadily by a few percentage points for weeks but a large dropdown can wipe
all of it in a day. However, fractal dimension still carries some information that
can be turned to profit.
I tried to apply only the fact about the signs of returns to demonstrate for
traders whether it is truly worth examining the fractal dimension. Based on
the FD estimates I set the threshold to be 1.4 universally for all the indices,
which means that I traded only when the FD was estimated below this value.
Otherwise, I ignored any signals. This is rather simplifying filter, because it
may simply not be wise to hold an investment during a few days’ dropdown
just because the FD estimates are around 1.5. But the value of 1.4 seems
justifiable as it is far enough from 1.5 and the number of estimates below this
value still requires active day-to-day or week-to-week trading. Threshold value
could be increased to make the strategy more aggressive or lowered to play
rather defensively. I believe that the threshold value should be determined
from the nature of the market, but should not deviate from 1.4 too much to
retain profitability of the strategy. Aside from setting the threshold, I reiterate
that I used only Genton estimates for this part.
When comparing the above explained strategy with the simple Buy and
hold, I must say that it surpassed it in the cases of SPX 500, FTSE 100, SSEC,
RU10D, and PX 50 index when using both window sizes and lost in the cases
of BUX, BSE 30, and BUSP when both window sizes were used. In Table 3.2,
there is a current value of one dollar invested according to the strategy 250 or
500 days after the beginning of a time series. The dates are given in Table 3.1.
The window affects primarily the strategy built on the FD estimates, others
are affected only by additional 250 returns in the first case. For the trading
strategy results see Table 3.2 on the next page.

3.1.5

Summary of results

What have we found out in this work? Even though, we have not received
as evident results as was expected from the theoretical background, there are
definitely numerous implications to think about.
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FD strategy

Bet on trend

Buy and hold

SPX 500
FTSE 100
DAX
PX 50
WIG 30
BUX
BUSP
RU10D
BSE 30
SSEC

4.0046
2.1211
2.0100
1.3234
0.9245
0.9753
1.4825
0.9542
1.7594
1.8164

4.7996
1.9107
1.9832
2.6581
-0.3236
1.8176
5.6017
1.3546
3.0966
1.7640

3.1700
1.8838
1.9652
1.2711
-0.3337
1.3585
3.5243
0.7735
2.0875
1.0972

SPX 500
FTSE 100
DAX
PX 50
WIG 30
BUX
BUSP
RU10D
BSE 30
SSEC

4.3117
1.8877
1.8303
1.7019
1.0097
1.0000
1.5921
1.1188
1.4805
1.5282

4.3187
1.7661
1.9525
2.3830
1.1399
1.8936
3.5536
1.2911
2.5649
1.5571

3.0788
1.6800
1.9809
1.2736
1.1738
1.2519
2.4863
0.7792
1.8167
1.0266

Table 3.2: Strategy comparison A current value of a dollar invested 250 (resp. 500) days after the beginning of the
series.
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The first important finding is that the boxcount estimator does not produce
applicable estimates. Neither the stochastic models nor the persistence of a
sign showed any relationships that the fractal dimension should maintain. The
estimates seem to be random, and the estimator useful only for the educative
purposes related to the fractality of time series.
I cannot make any conclusions about the Genton, neither about the HallWood, estimator, because they definitely allow to exhibit some relationship
between the short-term memory and predictability, but not universally. In my
opinion, this may be caused by various reasons, which I will talk about in a
while.
The important outcome is that the short-term memory of the markets differs
geographically and temporarily. It has been anticipated that not all indices will
have the same short memory and that it will change in time. Evidently, SPX
500, FTSE 100, SSEC, DAX and PX 50 indices manifest more short-term
memory than the other five.
To discuss potential causes of insignificant results, especially in the first
part, I would say that using the daily closing prices may be one of them.
Others include the stochastic models’ lack of ability to describe the data and
then forecast them precisely and insufficiency of the FD estimators. If the
same methodology was run on high frequency data using more sophisticated
FD estimators and well specified ARFIMA model forecasts, I expect the results
to be much more in favor of the fractal market hypothesis. That may be an
option for future study.
From the second part of the results, it is more obvious that the fractal
dimension carries an information about the markets and that it can even be
used practically as shown by the simple trading strategy.
Overall, the results rather support the thesis that the fractal dimension can
be efficiently used in forecasting financial time series. Still, I see the results as
a broad starting point for more sophisticated studies with deeper insight and
higher ambitions.

Chapter 4
Conclusion
This thesis aimed to find out whether the fractal dimension can be used for the
forecasting of financial time series. The answer to this problem is of a great
importance to academics, as well as to technical analysts. It provides another
evidence for or against the EMH and could be used for trading purposes. Based
on the theoretical background established by Peters (1991; 1994), we posed a
hypothesis that with decreasing FD the forecasts will be more precise. We
created a method, which allowed us to observe this relationship between the
FD and forecasts. The first obstacle we faced was the variation of the FD
estimates among the methods. After consideration of the obtained results
we decided to ignore the simple boxcounting method and to look only at the
other two. We do not recommend using the Boxcount estimator in any further
research as its estimates do not capture any sign of short memory, but seem
to be random. The AR(1) and ARMA(1,1) models performed similarly with
negligible difference in errors. When we consider 1 < F D < 1.5 the errors
between the forecasted and realized value seem to increase as the FD increases
for SPX 500, FTSE 100, DAX, PX 50, WIG 30, RU10D, and SSEC. However,
the results are not very significant and the BUSP, BSE 30, and BUX indices
did not support our hypothesis.
The second part of our work excluded the stochastic models and employed
the FD only. Thus we were able to study less noisy procedure. The hypothesis
for this method was that, with lower fractal dimension the returns are more
likely to be followed by the returns of a same sign. The hypothesis was strongly
favored by SPX 500 and FTSE 100 indices, rather in concord with DAX, PX
50, and BUX and rejected by WIG 30, SSEC, BSE 30, RU10D, and BUSP
indices. The results of this part are more in favor of our claim that the FD is
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applicable for forecasting, but not resolute.
At the end we performed a trading strategy on historical data to practically
demonstrate how the FD could be used. The idea behind this was rather naive
as the persistence of a sign does not imply profitability, but it still contains some
information. We set the threshold of F D = 1.4, which conditioned our decision
whether to trade or not. When the FD was estimated below the threshold and
the last return was positive, we bought the index, when it was negative we
sold, otherwise we held our position. The results of the strategy testing are
rather ambiguous in general, much like previous results, but the dependence of
the sign is well seen for SPX 500 and FTSE 100 indices. An important note is
that the short-term memory feature of the markets differs geographically and
temporally, which is another reason for irresolute results.
Regarding the differences in the FD among the indices, the SPX 500 and
FTSE 100 demonstrate the presence of short-term memory, whereas BSE 30
and BUSP seem to lack it. Based on the diversity of results obtained, we refrain
ourselves from commenting on other indices.
If we were to comment on the overall results and make some inference,
we would carefully conclude that the fractal dimension can be applicable in
predicting the markets. This stands on the assumptions that the following
corrections are made. First, it is important to use more sophisticated, robust
estimators of the fractal dimension than those used here. Second, usage of
ARFIMA class models or some adaptive models as suggested by Chen et al.
(1995) could lead to more significant results. Third, the closing daily prices
may not be satisfactory for two reasons, closing price suffers from specific characteristics, which may bias the roughness of the series, and using high frequency
data would probably also lead to more supportive results.
We must conclude that more extensive research is necessary for rejection or
confirmation of our statements. Now, it would be satisfactory, if we provoked
further research on this topic as we indicate that the potential important results
may be revealed.
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