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je slabě obázovaná, právě když plat́ı CH. Dále se zabýváme okruhy, nad kterými
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List of Symbols

ℵα, ωα The α-th infinite cardinal number

AnnR(M) The R-annihilator of module M

AnnR(x) The R-annihilator of element x

card(X) The cardinality of set X

codimk(W ) The codimension of vector subspace over division ring k

dimk(V ) The dimension of vector space V over division ring k

Ext1
R(M,N) See [Rot08, p. 186 and §7]

gen(A) The minimum cardinality of a generating set of algebra A

HomR(M,N) The Hom-bifunctor over R applied to R-modules M and N

Ker(ϕ) The kernel of module homomorphism ϕ

len(S) The length of semisimple module S

N The set {1, 2, 3, . . .}

Q The abelian group of rational numbers

Zn The abelian group quotient Z/nZ

Z(p) Localization of Z at pZ

Zp∞ The Prüfer p-group

Mod-R The category of left modules over ring R

m-Spec(R) The maximal spectrum of a commutative ring R

ω The smallest infinite ordinal number

⊕ Direct sum of modules

⊗R Tensor product of modules over ring R

φM The torsion-free quotient M/τM

Soc(R) The left socle of ring R

Socα(R) The α-th left socle of ring R
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Span(X) The smallest subalgebra containing set X

Spec(M,<) See Chapter 3

Spec(M,=) See Chapter 3

Spec(M,x) See Chapter 3

Spec(R) The (Zariski) spectrum of commutative ring R

τM The maximal torsion submodule of M

f [A] The f -image of set A

f−1[B] The f -preimage of set B

L(R) The left Loewy length of semiartinian ring R

MA Direct product of A copies of module M

M (A) Direct sum of A copies of module M

MP Localization of module M at prime ideal P
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Chapter 1

Introduction

Given a universal algebra A, we can ask whether there is a set of generators X
of A such that any proper subset of X no longer generates A. Let us call such
generating set a minimal generating set (the minimality is meant with respect to
the set-theoretic inclusion). It is then a natural task to find out which algebras
possess a minimal generating set. Of course, we can always find a generating set
of minimal cardinality. This already shows that any algebra admitting a finite
set of generators has a minimal generating set. On the other hand, the Prüfer
p-group is an example of an abelian group which has no minimal generating sets
(see Example 3.3), while any free basis of a free abelian group of any rank is a
minimal generating set.

In this thesis we confine ourselves to the case of modules over rings. For
these algebras, the notion of a minimal generating set is connected to a certain
generalization of linear independence, which we call weak independence. This
concept gives an alternative description of minimal generating sets of modules
and it is treated, together with presenting our notation, terminology, and some
basic observations, in Chapter 2. In the rest of the Introduction, we shall prefer
to address minimal generating sets of modules as weak bases instead.

Minimal generating sets of groups, rings and fields were studied in [HR07].
More detailed study of abelian groups having a minimal generating set was done
by the advisor in [Rů10]; this paper was the ground motivation for our research.
In many cases, determining whether some module (abelian group in particular)
has a weak basis is not trivial, at least until one develops some tools for this
task. To give some motivational examples: the direct sum of

⊕
n∈N Zpn and

the Prüfer p-group;
∏

n∈N Zpn , Zω, and infinite products in general; torsion-free
abelian groups of rank 1; and others. For this reason, we tried to interlace the
text with a reasonable amount of examples. Another thing we found motivational
was the study of the closure properties of the class of weakly based modules over
some ring. Two questions arose - is any extension of weakly based modules also
weakly based ? And can the direct sum of two non-weakly based module be
weakly based ? The answers (“No, but yes if the extension is pure” and “Yes”,
respectively) turned out to be the converses of what we anticipated; we were not
able to find counterexamples until we had (large parts of) the characterization of
weakly based abelian groups.

In Chapter 3, we present some basic results concerning weak bases of modules,
and mainly, we prove several sufficient (Lemma 3.11) and necessary (Lemma 3.17,
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Corollaries 3.18, 3.20, and 3.22) criteria for a module to possess a weak basis
(we call such modules weakly based). Those will readily give a module-theoretic
characterization of weakly based modules over a simple ring (Theorem 3.23).

Chapter 4 concerns weakly based modules over Dedekind domains. We present
a complete and usable characterization of such modules (Theorem 4.44). We show
some applications of this result, namely we (dis)prove several closure properties of
the class of weakly based modules (Theorem 4.52), and we provide an example of
an abelian group such that the existence of its weak basis is undecidable in ZFC
(Example 4.46). Chapters 3 and 4 consist mainly of joint work from preprints
[HRa], [HRb].

In the fifth Chapter we define a strongly weakly based module as a module
such that any generating set contains a weak basis. We comment strongly weakly
based modules over Dedekind domains and characterize them in the local case
(Theorem 5.27). Also, we show that a free module of infinite rank over a non-
perfect ring is not strongly weakly based (Proposition 5.22). The main topic of
this Chapter are rings, such that all modules are weakly based or even strongly
weakly based (we say that such ring has the left (strong) weak basis property).
In treating the first task, we reprove the known fact that all (left) perfect rings
have the (left) weak basis property, generalize the example of a non-perfect ring
with this property from [NN91a], and show that a Baer regular ring has the weak
basis property if and only if it is semisimple (Proposition 5.18). We also prove
that any ℵ0-noetherian commutative regular semiartinian ring has the weak basis
property (Corollary 5.13), showing an example of such ring of an infinite Loewy
length. Concerning the strong weak basis property, we present the question of
Nashier and Nichols - do the rings with the strong weak basis property coincide
with perfect rings ? We provide a positive answer only to a very special case.

The last Chapter is reserved for a short list of open problems.
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Chapter 2

Preliminaries

2.1 Notation and terminology

Any ordinal number (including the natural numbers) will be viewed as a set of
smaller ordinals. By ℵα or ωα we denote the α-th infinite cardinal. Instead of
ω0 we write just ω. Each ordinal number α can be written in a unique way as
α = λ + n where λ is a limit ordinal and n ∈ ω. We say that α is even if n is
even.

Let X, Y be sets and f : X → Y a function. If A is a subset of X, we write
f [A] for the f -image of A in Y . Similarly, if B is a subset of Y , we denote by
f−1[B] the f -preimage of B in X.

Let A be a (universal) algebra and X a non-empty subset of A. We denote
by Span(X) the smallest subalgebra of A containing set X, i.e. the intersection
of all subalgebras B of A such that X ⊆ B. We denote by gen(A) the minimum
of the set {card(X) | X ⊆ A, Span(X) = A}, i.e. the smallest cardinality among
the generating sets of A. We say that A is κ-generated if gen(A) ≤ κ and that
A is finitely generated if gen(A) < ℵ0.

Any ring considered is always associative and unital (but not necessarily com-
mutative). By R-module (or just module) we mean a left unital module over ring
R. Given a set A and an R-module M , we use the symbol MA for the product
module

∏
a∈AM and M (A) for the direct sum

⊕
a∈AM .

Let M,N be R-modules and ϕ : M → N a homomorphism. We say that a
subset X of M lifts a subset Y of N via ϕ if ϕ�X is a bijection of X onto Y . If
K is a submodule of M and Z is a subset of M/K, we say that X lifts Z over
K if X lifts Z via the canonical projection of M onto M/K.

Let R be an integral domain and M an R-module. We denote by τM the
maximal torsion submodule of M and by φM the torsion-free quotient M/τM .
By Zn, for some n ∈ N, we mean the abelian group quotient Z/nZ.

Let R be a commutative ring and I an ideal. Module M is I-divisible provided
that M = IM . If R is an integral domain and M = rM for any non-zero r ∈ R,
then we say that M is divisible.

Let R be a commutative ring and P a prime ideal. We denote by RP the
localization of R at P . To avoid confusion, we will denote the localization of Z at
pZ by Z(p). Furthermore, if M is an R-module, we denote by MP the localization
of M at P , that is, MP = M ⊗R RP .
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2.2 Basic concept

Definition. Let A be an algebra and X a non-empty subset of A. We say that:

• X is a generating set of A (X generates A) provided that Span(X) = A,

• X is S-independent in A provided that for each x ∈ X, x 6∈ Span(X \ {x})
(following [Grä68, pages 26 and 46]),

• X is a minimal generating set of A provided that X is S-independent in A
and X generates A.

It is easily seen that minimal generating sets of an algebra are exactly the
generating sets minimal with respect to the ordering by set inclusion. In other
words, a generating set is a minimal generating set if and only if any of its proper
subset no longer generates the algebra.

The notions of a minimal generating set and of a generating set of minimal
cardinality should not be confused. While any algebra has a generating set of
minimal cardinality, existence of a minimal generating set is not guaranteed in
general (which will be demonstrated throughout this thesis for modules over
rings). Also, a minimal generating set of an algebra A can be of cardinality
greater than gen(A) (the set {2, 3} is a minimal generating set of the abelian
group Z, but gen(Z) = 1).

For finitely generated algebras the question of existence of a minimal gener-
ating sets is trivial:

Lemma 2.1. Any finitely generated algebra possesses a minimal generating set.

Proof. Let A be a finitely generated algebra and X a generating subset of A of
cardinality gen(A). Since gen(A) < ℵ0, any proper subset of X has cardinality
strictly smaller than gen(A). Hence, any proper subset of A is not a generating
set of A, and thus X is a minimal generating set of A.

From now on we confine ourselves to the case of modules over rings. We
characterize the notion of S-independent subset of an R-module as a weakened
version of the standard R-linear independence.

Definition. Let R be a ring, M a left R-module and X a subset of M . We say
that:

• X is R-linearly independent if for any n ∈ ω, any choice of pairwise distinct
elements x0, . . . , xn ∈ X, and any r0, . . . , rn ∈ R the relation

r0x0 + · · ·+ rnxn = 0

implies that ri = 0 for each i = 0, . . . , n.

• X is a (free) basis of M if X is R-linearly independent and generates M .

• X is weakly independent if for any n ∈ ω, any choice of pairwise distinct
elements x0, . . . , xn ∈ X, and any r0, . . . , rn ∈ R the relation

r0x0 + · · ·+ rnxn = 0

implies that ri is a non-unit (i.e. not invertible in R) for each i = 0, . . . , n.
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• X is a weak basis of M if X is weakly independent and generates M . We
say that an R-module M is weakly based if M possesses some weak basis.

Note that any R-linearly independent subset of a module is a fortiori weakly
independent. If R is a division ring, then the notions of weak independence and
R-linear independence coincide because any non-zero element of R is a unit.

In case of modules a span of an empty set makes good sense (Span(∅) = 0)
and we can thus extend the definition of S-independence and minimal generating
set to all subsets of a module.

Lemma 2.2. Let R be a ring and M an (left) R-module. A subset of M is
S-independent if and only if it is weakly independent.

Proof. (⇒) Let X be an S-independent subset of M . Suppose for a contradiction
that there are n ∈ ω, pairwise distinct x0, . . . , xn ∈ X, and r0, . . . , rn such that

r0x0 + · · ·+ rnxn = 0 (2.1)

and r0 is a unit. Let s be an element of R such that sr0 = 1. Multiplying
(2.1) by s we get that x0 ∈ Span({x1, · · · , xn}). But this is a contradiction with
S-independence of X.

(⇐) Let X be a weakly independent subset of M . Towards a contradiction,
suppose that there is x ∈ X such that x0 ∈ Span(X \ {x}). It follows that
there are n ∈ ω, x1, . . . , xn ∈ X pairwise distinct, and r1, . . . , rn ∈ R such that
x0 = r0x0 + · · · + rnxn. This is a contradiction with weak independence of X
because 1 is, of course, a unit of R.

In the rest of this thesis we will prefer the terminology of weak independence
(weak bases) over S-independence (minimal generating sets). The following very
simple observations will be used throughout this thesis.

Lemma 2.3. Let M,N be R-modules and ϕ : M → N a homomorphism. Then
any subset X of M which lifts a weakly independent subset of N via ϕ is itself
weakly independent.

Proof. Towards a contradiction, suppose that there is a vanishing linear com-
bination x0 + r1x1 + · · · + rnxn = 0 of pairwise distinct elements x0, . . . , xn of
X witnessing the weak dependency of X. Applying ϕ on this equality, we get
ϕ(x0) + r1ϕ(x1) + · · · + rnϕ(xn) = 0. Since ϕ|X is a bijection, we arrived to a
contradiction with ϕ[X] being a weakly independent set.

Lemma 2.4. Let R be a ring and M an R-module. Suppose that we have a
collection {Xi, i ∈ I} of subsets of M such that for each i ∈ I the set Xi lifts a
weakly independent set over Span(

⋃
j∈I\{i}Xj). Then X =

⋃
i∈I Xi is a weakly

independent subset of M .

Proof. Towards a contradiction, suppose that there is x ∈ X such that x ∈
Span(X \ {x}). Let i ∈ I be such that x ∈ Xi. Denote by X̄i the image of Xi

in the canonical projection onto M/ Span(
⋃
j∈I\{i}Xj). Denoting x̄ the image of

x under the same projection, we infer that x̄ ∈ Span(X̄i \ {x̄}), a contradiction
with X̄i being weakly independent.
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Chapter 3

General rings

In the first part of this Chapter, we gather several simple facts about weak bases
of modules valid for general rings. Then we prove some general sufficient and
necessary conditions for a module to be weakly based. Those will not provide
a complete characterization, but will serve as a basis for investigation of weakly
based modules over Dedekind domains. We also prove a full characterization
of weakly based modules for a certain class of mostly non-commutative rings,
including simple rings.

We start with a basic necessary condition which will provide us with many
examples of modules that are not weakly based:

Lemma 3.1. Let R be a ring and M a non-zero R-module. If M is weakly based,
then M has a maximal submodule.

Proof. Suppose that X is a weak basis of M . Since M is non-zero, we have that
X is non-empty. Pick an element x of X and put Cx = M/ Span(X \ {x}). It
follows from the weak independence of X that Cx is a non-zero cyclic module.
We have that M has a projection onto a non-zero cyclic R-module. Standard
evocation of Zorn’s lemma shows that Cx has a maximal submodule, and thus
also M has a maximal submodule.

Corollary 3.2. Let R be a non-field integral domain and M a non-zero divisible
R-module. Then M is not weakly based.

Proof. By Lemma 3.1, it suffices to show that M does not have a maximal sub-
module. Suppose that there is a maximal submodule of M . Then there is a
projection of M onto a simple module V . It is easily seen that a factor of a
divisible module is also divisible, thus V is divisible. On the other hand, V is
isomorphic to R/P for some maximal ideal P of R. Since R is not a field, P is
non-zero. It follows that there is non-zero p ∈ P such that pV = 0, a contradiction
with V being divisible and non-zero.

Example 3.3. Corollary 3.2 shows that both the abelian group of rational num-
bers Q and the Prüfer group Zp∞ are examples of Z-modules which are not weakly
based.

Next we prove that the class of weakly based modules is always closed under
arbitrary direct sums (many other closure properties of the class of weakly based
modules do not hold in general, see Theorem 4.52).

9



Lemma 3.4. Let R be a ring, I be a set and Mι be a weakly based R-module for
each ι ∈ I. Then

⊕
ι∈IMι is a weakly based R-module.

Proof. Pick a weak basis Xι of Mι for each ι ∈ I. Then X =
⋃
ι∈I Xι is obviously

a weak basis of
⊕

ι∈IMι.

Lemma 3.5. (Nakayama) Let R be a ring and denote by J the (Jacobson) radical
of R. Let M be a weakly based R-module. Then M = JM implies that M = 0.

Proof. Since M is weakly based, there is a weak basis X of M . Suppose that
M = JM and choose an element x ∈ X. We know that x ∈ JM = J Span(X),
and thus there are j0, . . . , jn ∈ J and x0, . . . , xn ∈ X pairwise distinct such that
x = j0x0 + · · · + jnxn. If x 6∈ {x0, . . . , xn}, we have a contradiction with the
weak independence of X, therefore x = xi for some i = 0, . . . , n. But then
(1 − ji)xi = j0x0 + · · · + ji−1xi−1 + ji+1xi+1 + · · · + jnxn where x0, . . . , xn are
pairwise distinct. Since ji lies in the radical, we have that (1 − ji) is a unit of
R and we again obtain a contradiction with weak independence of X. It follows
that X does not contain any non-zero element, and thus M = 0.

Lemma 3.6. Let R be a ring and M an R-module. If X is weakly independent
subset of M , then X lifts a weakly independent set over JM where J is the
(Jacobson) radical of R.

Proof. Towards a contradiction, suppose that there is x ∈ X such that x ∈
Span(X \ {x}) + JM . Putting Cx = M/ Span(X \ {x}), we have that Cx = JCx.
The module Cx is finitely generated, and thus weakly based. It follows from
Lemma 3.5 that Cx = 0. But then x ∈ Span(X \ {x}) which is a contradiction
with X being weakly independent.

Example 3.7. There is a projective module which is not weakly based.

Proof. It is shown in [GS84] that there exists (necessarily non-commutative) ring
R such that there is an infinitely generated projective module P with P/JP being
finitely generated (where J is the radical of R). It follows from Lemma 3.6 that P
is not weakly based, since a finitely generated module does not admit an infinite
weak basis (by similar argumentation as in the proof of Lemma 3.8).

Lemma 3.8. Let R be a ring and M an infinitely generated R-module. Then
any weak basis of M has cardinality gen(M).

Proof. Let X be a weak basis of M and Y some generating set of M of cardinality
gen(M). Since Span(X) = M , there is for each y ∈ Y a finite subset Fy of
X such that y ∈ Span(Fy). Put X ′ =

⋃
y∈Y Fy. We have M = Span(Y ) ⊂

Span(X ′), and thus X = X ′. Indeed, otherwise, for any x ∈ X \ X ′ we would
have x ∈ M = Span(X ′), a contradiction with weak independence of X. Hence,
card(X) = card(

⋃
y∈Y Fy) ≤ ℵ0 · card(Y ) = card(Y ) = gen(M).

Lemma 3.8 does not in general apply to finitely generated modules. For
example, the abelian group Z possesses weak bases {1} and {2, 3}1. However, if
the ring is local, then the cardinality of minimal generating sets becomes invariant
even for finitely generated modules:

1More generally, as shown in [HR07, p. 4], there is a weak basis of Z of cardinality n for any
n ∈ N.
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Lemma 3.9. A ring R is local if and only if for each R-module M all weak bases
of M have cardinality gen(M).

Proof. (⇒) Let R be a local ring, M an R-module and X a weak basis of M .
Denote by J the radical ofR. By [AF93, Proposition 15.15], R/J is a division ring.
It follows from Lemma 3.6 that X lifts a weak basis over JM . Denote by X̄ the
image of X in projection of M onto M/JM . We have that card(X) = card(X̄).
Since X̄ is a weak basis of the R/J-module M/JM and R/J is a division ring,
we have that X̄ is a basis of the vector space M/JM , and we are done by linear
algebra (or alternatively, it is well known that all modules over a division ring
are free and that division rings satisfy the invariant basis property).

(⇐) Suppose that R is not local and choose two distinct left maximal ideals
P,Q of R. Pick p ∈ P and q ∈ Q such that p+q = 1. We have that Span({p, q}) =
R and no proper subset of {p, q} generates R, so {p, q} is a weak basis of R. But
R is a cyclic module, thus gen(R) = 1.

Lemma 3.10. Let R be a local ring, F a free R-module and X a subset of F .
Then X is a weak basis if and only if X is a free basis.

Proof. (⇒) Denote by J the maximal ideal of R. Let G = R(X) be a free R-
module on set X and let π : G → F be the projection extending identity on X.
Since F is projective, π splits, and thus G = F ⊕K where K = Ker(π). Let k
be an element of K ⊆ G. Because G = Span(X), there are (unique) elements
x0, . . . , xn ∈ X pairwise distinct and r0, . . . , rn ∈ R such that k = r0x0+· · ·+rnxn.
Then we have 0 = π(k) = r0x0 + · · ·+rnxn in F , and therefore ri is a non-unit for
all i = 0, . . . , n by the weak independence of X. It follows that K ⊆ JG = JR(X).
Since K is a direct summand of G, we have K = JK. On the other hand, K is a
direct summand of G, thus a projective module, and by [Pas04, Theorem 10.8],
K is a free module. Together we have that K = 0, π is an isomorphism, and
therefore X is a free basis of F .

(⇐) Obvious.

Lemma 3.1 says that a non-zero weakly based module has a projection onto a
simple module. We strengthen this necessary condition significantly by showing
that any weakly based module has a projection onto a direct sum of gen(M)
simple modules. Before that we introduce some convenient notation and termi-
nology.

Definition. Let R be a ring and S an R-module. We say that S is semisimple if
S is isomorphic to a direct sum of simple R-modules. We define the length of S,
len(S), to be the count of simple modules in some decomposition of S as a direct
sum of simple modules (this is an invariant of S by [Bou58, §3 Théorème 2]).

Definition. Let R be a commutative ring.

• We denote by m-Spec(R) the set of all maximal ideals of R.

• Suppose that X is a weak basis of an R-module M and let

Cx = M/ Span(X \ {x})

11



for each x ∈ X. We define

Spec(M,x) = {P ∈ m-Spec(R) | PCx 6= Cx}.

Note that since Cx is a non-zero cyclic module, there is a projection of Cx
onto a simple module V . Because R is commutative, Ann(V ) is a maximal
ideal, and we have that Ann(V ) ∈ Spec(M,x). In particular, Spec(M,x) is
non-empty for any x ∈ X.

The following lemma provides quite a strong necessary condition for a module
to be weakly based. The second part of the lemma will play an important role in
characterizing weakly based modules over Dedekind domains.

Lemma 3.11. Let R be a ring and M an R-module. Suppose that M has a weak
basis X. Then:

1. There is a projection of M onto a semisimple R-module S with len(S) =
card(X).

2. Suppose that R is commutative and choose a maximal ideal Px ∈ Spec(M,x)
for each x ∈ X. Then there is a projection of M onto S =

⊕
x∈X R/Px.

Proof. Again we set Cx = M/ Span(X \ {x}) for each x ∈ X. We denote the
canonical projection of M onto Cx by ϕx. Let ϕ : M →

∏
x∈X Cx be a product

of maps ϕx over X. It follows directly from the definition of ϕx and from weak
independence of set X that ϕx(y) = 0 for any distinct elements x, y ∈ X. Also,
Span({ϕ(x)}) = Cx for each x ∈ X. From this we infer that

ϕ[M ] = ϕ[Span(X)] = Span(ϕ[X]) =
∑
x∈X

Span({ϕ(x)}) =
⊕
x∈X

Cx.

We found a projection of M onto a direct sum of card(X) cyclic modules, and
hence there is a projection of M onto a direct sum of card(X) simple modules.

The second part follows from the fact that Cx/PxCx ' R/Px if R is commu-
tative.

Remark 3.12. LetR be a commutative ring, M anR-module and P ∈ m-Spec(R).
Then M/PM is naturally an R/P -module, and thus a vector space over R/P .
We denote the dimension of M/PM over R/P by dimR/P (M/PM), or even
dim(M/PM) if no confusion can arise.

Let S be a semisimple R-module. Since R is commutative, any simple R-
module is of form R/P for some P ∈ m-Spec(R). In particular, any simple
R-module V is isomorphic to R/Ann(V ). It follows that S '

⊕
P∈m-SpecR S/PS.

Notably, len(S) =
∑

P∈m-Spec(R) dim(S/PS). Note that this does not hold for
general rings. Indeed, if P is a left maximal ideal which is not two-sided, then
there is a projection R→ R/P , while R/PR = 0.

Definition. Let R be a commutative ring and M an R-module. In the spirit of
Remark 3.12, we define:

Spec(M,=) = {P ∈ m-Spec(R) | dim(M/PM) = gen(M)},

12



Spec(M,<) = {P ∈ m-Spec(R) | 0 < dim(M/PM) < gen(M)}.

We infer that if a module over a commutative ring is weakly based, it is in
some sense not “too divisible”.

Corollary 3.13. Let R be a commutative ring and M a weakly based R-module.
Then ∑

P∈m-Spec(R)

dimR/P (M/PM) ≥ gen(M). (3.1)

Proof. Since M is weakly based, Lemma 3.11 provides us with a projection of M
onto a semisimple module S with len(S) ≥ gen(M). For each P ∈ m-Spec(R)
the projection from M onto S/PS factors through M/PM . It follows that
S/PS is isomorphic to an R/P -subspace of M/PM , and thus dim(M/PM) ≥
dim(S/PS). Since any simple R-module is isomorphic to R/P for some P ∈
m-Spec(R), we infer that∑

P∈m-Spec(R)

dim(M/PM) ≥
∑

P∈m-SpecR

dim(S/PS) = len(S) = gen(M).

The following set-theoretic concept will be useful in our examples.

Definition. Let X be an infinite set. We say that a system A of subsets of X is
almost disjoint if for each Y ∈ A we have that card(Y ) = card(X) and for any
Y ′ ∈ A different than Y the cardinality of the intersection of Y with Y ′ is strictly
smaller than card(X).

Lemma 3.14. Let X be an infinite set of regular cardinality. Then there is an
almost disjoint system A of subsets of X such that card(A) > card(X).

Proof. Let P be a partition of X into card(X) disjoint sets of cardinality card(X).
It is easy to see that the set of all almost disjoint systems on X containing P is
inductive, therefore we can call forth Zorn’s Lemma in order to get a maximal
almost disjoint system A on X containing P . Suppose that card(A) = card(X).
Let A = {Yα | α < card(X)} be a well-ordering of A. We can construct by
induction a sequence of elements Y = {yα | α < card(X)} such that yα ∈
Yα \

⋃
β<α Yβ. Indeed, regularity of card(X) ensures that

card(
⋃
β<α

(Yα ∩ Yβ)) < card(X) = card(Yα).

It follows that Y is not found inA, butA∪{Y } is almost disjoint. This contradicts
the maximality of A.

Example 3.15. Let R be a commutative noetherian ring such that m-Spec(R) is
a of some infinite regular cardinality. Then the R-module H =

∏
P∈m-Spec(R) R/P

is not weakly based.
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Proof. Let us identify elements ofH with sequences of form x = (xP+P )P∈m-Spec(R)

where xP ∈ R.

Claim 3.16. Let Q be a maximal ideal of R. We claim that dim(H/QH) = 1.

Proof of Claim 3.16. It is enough to show that

QH = {x = (xP + P )P∈m-Spec(R) | xP ∈ Q}.

The inclusion of QH to the right hand side set is clear. Suppose that x =
(xP + P )P∈m-Spec(R) is an element of H such that xP ∈ Q for all P ∈ m-Spec(R).
We need to show that x ∈ QM .

Assume that we are able to find an element q ∈ Q such that q 6∈ P for any
P ∈ m-Spec(R), P 6= Q. Then for each P ∈ m-Spec(R) \ {Q}, there is yP ∈ R
such that qyP +P = xP . Put yQ = 0 and y = (yP +P )P∈m-Spec(R). It follows that
qy = x, and thus x ∈ QH.

It remains to show that Q\
⋃
{m-Spec(R)\{Q}} is non-empty. Suppose for a

contradiction that there is J ⊆ m-Spec(R)\{Q} such that Q ⊆
⋃
J . Because R

is noetherian, Q is finitely generated, and thus there is a finite subset F of J such
that Q ⊆

⋃
F . Applying [AM69, Proposition 1.11], we get that there is P ∈ F

such that Q ⊆ P , a contradiction to Q being a maximal ideal. �Claim 3.16

Put κ = card(m-Spec(R)). It follows from Claim 3.16 that∑
P∈m-Spec(R)

H/PH = κ.

We claim that gen(H) > κ. Since R is noetherian, it is enough to find a
submodule of H which cannot be generated by κ elements. Let A be an al-
most disjoint system of subsets of κ such that card(A) > κ, which exists by
Lemma 3.14. To each A ∈ A we assign an element xA ∈ H by setting xAP = 1+P
for P ∈ A and xAP = 0 + P for P 6∈ A. Put X = {xA | A ∈ A} and
G = Span(X) ⊆ H. It can be easily seen that X is a weak basis of G.
Lemma 3.8 shows that gen(G) = card(X) = card(A) > κ. We proved that
gen(H) > κ = card(m-Spec(R)).

Thus we can apply Corollary 3.13 to infer that H is not weakly based.

The following lemma shows that a projection of a module onto a large enough
semisimple module of a certain form can be used to construct a weak basis,
providing a kind of converse to Lemma 3.11.

Lemma 3.17. Let R be a ring, let M be an R-module and let Y a subset of
M . Suppose that there is a projection of M onto a semisimple module S =⊕

α<σ(R/Pα)(λα) where σ is an even ordinal, (Pα | α < σ) a sequence of pairwise
distinct left maximal ideals of R and (λα | α < σ) a sequence of cardinal numbers
such that λα ≤ λα+1 for each α < σ even and card(Y ) ≤

∑
α<σ even λα. Then

there is a subset X of M lifting a weak basis of S such that Y ⊆ Span(X).

Proof. Let π : M → S be the given projection, let K stand for Kerπ and put
κ = card(Y ). For each α < σ denote by Sα the given submodule of S of form
(R/Pα)(λα) (in particular, S =

⊕
α<σ Sα). Let Wα ⊆ Sα denote the weak basis

of Sα consisting of projections of 1 to each R/Pα in the decomposition Sα =
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(R/Pα)(λα). Note that the cardinality of Wα is λα. Let Uα = {u(α,γ) | γ < λα}
be (a well-ordering of) a subset of M lifting Wα via π for each α < σ. By the
choice of Wα, the annihilator of the image of u(α,γ) in S is Pα for each α < σ
and γ < λα. For brevity we put u(α,γ) = 0 for every α < σ and γ ≥ λα. Since
for each even α < σ the maximal ideals Pα and Pα+1 are distinct, there are
pα+i ∈ Pα+i for each i ∈ 2 such that pα + pα+1 = 1. Now for each α < σ even
and γ < λα+1 we define z(α,γ) = u(α,γ) + u(α+1,γ) and for each α < σ even put
Zα = {z(α,γ) | γ < λα+1}. Note that π(pα+1−iz(α,γ)) = π(pα+1−iu(α+i,γ)) 6= 0 for
each α < σ even, i ∈ 2, and γ < λα. Thus {pα+1−iz(α,γ) | γ < λα+i} lifts a weak
basis of Sα+i via π for each α < σ even and i ∈ 2. It follows that both Zα and
the set {pαz(α,γ), pα+1z(α,γ) | γ < λα} ∪ {z(α,γ) | λα ≤ γ < λα+1} lift a weak basis
of Sα ⊕ Sα+1 via π for each α < σ even.

Put Z =
⋃
α<σ even Zα. Then Z lifts a weak basis of S via π. Let Y ′ be

a subset of K of cardinality κ such that Y ⊆ Span(Y ′) + Span(Z). By the
assumption, there is a system of maps {fα : λα → Y ′ | α < σ even} such that
Y ′ ⊆

⋃
α<σ even fα[λα]. For each even α < σ let us define Xα = {pα+1z(α,γ)+fα(γ) |

γ < λα} and Xα+1 = {pαz(α,γ) − fα(γ) | γ < λα} ∪ {z(α,γ) | λα ≤ γ < λα+1}.
Now we set X =

⋃
α<σ even Xα. Since fα(γ) is an element of K for each α < σ

even and γ < λα, we have that X lifts a weak basis of S via π. Also, because
z(α,γ) = (pα+1z(α,γ) + fα(γ)) + (pαz(α,γ) − fα(γ)) for each even α < σ and γ < λα
and z(α,γ) ∈ Xα+1 for each λα ≤ γ < λα+1, we have that Z ⊆ Span(X). Thus
also fα[λα] ⊆ Span(X) for each even α < σ, and so Y ′ ⊆ Span(X). Therefore,
since Y ⊆ Span(Y ′) + Span(Z), also Y ⊆ Span(X).

Corollary 3.18. Let R be a ring and M an R-module such that there are two
distinct left maximal ideals P0, P1 of R and a projection of M onto a module
isomorphic to (R/P0)(κ) ⊕ (R/P1)(κ) where κ = gen(M). Then M is weakly
based.

In particular, if R is commutative, then M is weakly based provided that
card(Spec(M,=)) ≥ 2.

Proof. Let Y be a set of generators of M of cardinality κ. Then, putting σ = 2
and S = (R/P0)(κ)⊕ (R/P1)(κ), Lemma 3.17 gives us a subset X of M which lifts
a weak basis of S via the given projection such that Y ⊆ Span(X). It follows
that X is a weak basis of M .

For the last part of this corollary, it is enough to discuss the definition of
Spec(M,=) and Remark 3.12.

Example 3.19. Let R be a countable non-local ring and κ a cardinal. Then Rκ

is weakly based.

Proof. If κ is finite, then Rκ is finitely generated, and thus weakly based. Suppose
further that κ ≥ ℵ0. Since R is non-local, there are two distinct left maximal
ideals P0, P1. Because P0 + P1 = R, we have a projection R → R/(P0 ∩ P1) '
R/P0 ⊕R/P1. It follows that there is a projection

Rκ → (R/P0 ⊕R/P1)κ ' (R/P0)κ ⊕ (R/P1)κ.

Now (R/Pi)
κ is a semisimple R-module, with all simple submodules isomorphic to

R/Pi, for each i ∈ 2. Therefore, it is enough to show that len((R/Pi)
κ) = gen(Rκ)

15



for both i ∈ 2 and use Corollary 3.18. Indeed, we have, using [Jec06, Lemma 5.6]
and our hypothesis that card(R) ≤ ℵ0, that

len((R/Pi)
κ) = card((R/Pi)

κ) ≥ 2κ = card(R)κ = gen(Rκ)

and we are done.

Corollary 3.20. Let R be a non-local ring, M an R-module and F a free R-
module on set of cardinality at least gen(M). Then M ⊕ F is weakly based.

Proof. If M is finitely generated, then M is weakly based and the result follows.
Put κ = gen(M) and suppose further that κ ≥ ℵ0. We can, without loss of
generality, assume that F = R(κ). Since R is non-local, there are two distinct left
maximal ideals P,Q of R. Because P +Q = 1, we have

R/(P ∩Q) ' R/P ⊕R/Q,

and thus there is a sequence of projections

M ⊕ F → F = R(κ) → (R/P )(κ) ⊕ (R/Q)(κ).

From infinitude of κ it follows that gen(M ⊕ F ) = κ, and we can apply Corol-
lary 3.18 to conclude that M ⊕ F is weakly based.

Corollary 3.20 does not in general hold for local rings (see Example 4.30).

Example 3.21. There is a module which is not weakly based such that its infinite
direct power is weakly based.

Proof. The abelian group Q ⊕ Z is not weakly based by Corollary 3.13. If κ is
an infinite cardinal, then Corollary 3.20 shows that

(Q⊕ Z)(κ) ' Q(κ) ⊕ Z(κ)

is weakly based.

Corollary 3.22. Let R be a ring and M be an R-module such that there is
a projection onto a semisimple module S isomorphic to

⊕
α<σ(R/Pα)(λα) where

λα < gen(M) for each α < σ and
∑

α<σ λσ = gen(M). Then M is weakly based.

Proof. Put κ = gen(M). If κ < ℵ0, then the statement is obviously true. Sup-
pose that κ is an infinite cardinal. Then necessarily σ is infinite and we can sup-
pose that σ is a limit ordinal and that the sequence λα, α < σ is non-decreasing.
Let Y be a generating set of M of cardinality κ. Note that since σ is limit ordinal,
supα<σ even λα = κ. Then we are in a situation where Lemma 3.17 applies and
provides us with a subset X of M lifting a basis of S via the given projection
such that Y ⊆ Span(X). Then X is a weak basis of M .

We can readily characterize weakly based modules over a class of rings includ-
ing simple rings and endomorphism rings of vector spaces.

Theorem 3.23. Let R be a ring such that no quotient of R is a division ring and
let M be an R-module. Then M is weakly based if and only if there is a projection
of M onto a semisimple R-module S with len(S) = gen(M).
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Proof. (⇒) Follows directly from Lemma 3.11.
(⇐) If M is finitely generated, then this implication is trivially true; further

assume that κ = gen(M) ≥ ℵ0. Suppose first that there is a left maximal ideal
P of R such that there is a submodule of S isomorphic to (R/P )(κ). Since R has
no quotient which is a division ring, P is not a two sided ideal, and necessarily
Ann(R/P ) 6= P , and therefore there is x ∈ R/P with Ann(x) 6= P . It follows
that there is a left maximal ideal Q such that Q 6= P and R/Q ' R/P . Because
κ is infinite, we have that (R/P )(κ) ' (R/P )(κ) ⊕ (R/Q)(κ) and Corollary 3.18
applies.

Now suppose otherwise, that is for each left maximal ideal P there is no
submodule of S isomorphic to (R/P )(κ). Since len(S) = κ, it follows that the
assumptions of Corollary 3.22 are fulfilled for the semisimple module S and again,
we have that M is weakly based.

Let us summarize the criteria we proved for modules over general rings:

Proposition 3.24. Let R be a ring and M a (left) R-module with κ = gen(M).
If M is weakly based, then there is a projection of M onto a semisimple R-module
S which is isomorphic to one of the following:

1. (R/P )(κ) ⊕ (R/Q)(κ) for two distinct left maximal ideals P,Q;

2.
⊕

α<σ(R/Pα)(λα) for pairwise distinct left maximal ideals Pα, α < σ and
cardinals λα < κ with

∑
α<σ λα = κ;

3. (R/P )(κ) for some left maximal ideal P .

The module S being of form as stated in 1 or 2 is a sufficient condition for M to
be weakly based.

If M is infinitely generated and has a projection onto a module described in
condition 3, but there is no projection onto a module described in conditions 1 or
2 of Proposition 3.24, then necessarily the ideal P is two-sided. Condition 3 is in
general not sufficient for M to be weakly based. We will see in the next Chapter
that over a Dedekind domain, condition 3 is sufficient for torsion modules but in
general insufficient for torsion-free modules.

Remark 3.25. If R is commutative, then conditions 1 and 3 can be reformulated
as follows:

1. dim(M/PM) = dim(M/QM) = gen(M) for some P,Q ∈ m-Spec(R) dis-
tinct.

3. dim(M/PM) = gen(M) for some P ∈ m-Spec(R).

The following Proposition shows that if R is commutative and has only count-
ably many maximal ideals, then condition 2 can be simplified in a similar fashion
as the other two conditions are in Remark 3.25. Proposition 3.26 cannot be
generalized to rings with uncountable spectra, as shown in Example 4.45.

Proposition 3.26. Let R be a commutative ring and M an infinitely generated
R-module. Suppose that card(m-Spec(R)) = ℵ0. Then the following properties
are equivalent:
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1. There is a projection of M onto a module
⊕

P∈Spec(M,<) VP where VP is a vec-

tor space over R/P for each P ∈ Spec(M,<) and
∑

P∈Spec(M,<) dim(VP ) =

gen(M).

2.
∑

P∈Spec(M,<) dim(M/(PM + N)) = gen(M) for each submodule N of M

with gen(N) < gen(M).

Proof. (1 ⇒ 2) Easy to see.
(2 ⇒ 1) Put κ = genM and let Y = {yα | α < κ} be some generating

set of M . Write Y =
⋃
n∈ω Yn as follows: if κ = ℵ0, put Yn = {yi | i < n},

while if κ > ℵ0, (but note that the cofinality of κ must be countable) put
Yn = {yα | α < λn} where 0 = λ0 < λ1 < · · · is some increasing countable
sequence of infinite cardinals (except λ0 = 0) whose supremum is κ. If κ = ℵ0,
then put λn = 1 for all n ∈ ω.

We will construct inductively a sequence {Pn | n ∈ ω} of maximal ideals
from Spec(M,<) and a sequence {Xn | n ∈ ω} of subsets of M such that,
defining recursively Q0 = R, Qn = Pn−1Qn−1 and, similarly, N0 = 0, Nn =
Nn−1 + Span(Xn−1), for all n ∈ ω, the following properties are satisfied:

(a) Xn ⊆ QnM ;

(b) M/Nn is Qn-divisible;

(c) card(Xn) < κ;

(d) Yn ⊆ Nn+1;

(e) dim(M/(PnM +Nn)) ≥ λn.

Initially, let P0 be an arbitrary maximal ideal from Spec(M,<) and Z0 a
subset of M which lifts a basis of M/P0M over P0M . Put X0 = Z0 ∪ Y0. In this
case, properties (a) and (b) are vacuous, while (c), (d), and (e) are easily verified.

Let 0 < n and suppose that we have picked P0, . . . , Pn−1 ∈ Spec(M,<) and
X0, . . . , Xn−1 so that the properties (a-e) hold. By (c) we have that gen(Nn) <
κ, and thus by (2) there is a maximal ideal Pn from Spec(M,<) such that
dimM/(PnM + Nn) ≥ λn. Let Zn be a subset of QnM which lifts a basis of
M/(PnM +Nn). Since M/Nn is Qn-divisible by (b), there is a subset Y ′n of QnM
with card(Y ′n) = card(Yn) such that Yn ⊆ Y ′n + Nn. Put Xn = Zn ∪ Y ′n. It is
straightforward to verify (a–e).

Put X =
⋃
n<ωXn and note that, since Y ⊆ Span(X) by (d), X is a generating

set of M . Let φ : M →
∏

n∈ωM/(PnM + Nn) be the product of the canonical
projections φn : M → M/(PnM + Nn), n < ω. It follows from the construction
that if n < m, then Xn ⊆ Nm, while if n > m, then Xn ⊆ PmM by (a). We
conclude that φm[Xn] = 0 for each m 6= n. Since φ[X] generates φ[M ], we have
that φ[M ] =

⊕
n<ωM/(PnM + Nn). By (e),

∑
n<ω dim(M/(PnM + Nn)) = κ,

and hence the implication holds.

The unimportance of finitely generated modules in investigation of weakly
based modules is further illustrated by the following lemma.
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Lemma 3.27. [Rů10, Lemma 5.1] Let R be a ring, M an R-module and N a
finitely generated submodule of M . Then M is weakly based if and only if M/N
is weakly based.

Proof. We make a heavy use of Lemma 2.4 in this proof.
(⇒) Let X be a weak basis of M . Since N is finitely generated, there is a

finite subset X0 of X such that N ⊆ Span(X0). Put X1 = X \ X0. Since X1

lifts a weakly independent set over X0, we have that the image of X1 in M/N is
weakly independent. Denote by X̄i the image of Xi in M/N for each i ∈ 2. We
have that M/(N + Span(X1)) is a finitely generated module (generated by the
image of X̄0), thus we can pick its weak basis Ȳ . Pick a subset Y of M/N lifting
Ȳ over Span(X̄1) such that Y is contained in Span(X̄0) ⊆M/N . We have that Y
lifts a weakly independent set over Span(X̄1) and X̄1 lifts a weakly independent
set over Span(X̄0) ⊇ Y . Since M/N = Span(X̄1)+Span(Y ), we have that X̄1∪Y
is a weak basis of M/N .

(⇐) Let X̄ be a weak basis of M/N and pick a subset X of M lifting X̄ over
N . Then M/ Span(X) ' N/N ∩ Span(X) is a finitely generated module, and
hence we can find its weak basis Ȳ . Therefore, there is a subset Y of N ⊆ M
lifting Ȳ over Span(X). Again, we have that X lifts a weakly independent set
over N ⊇ Y and Y lifts a weakly independent set over Span(X). It follows that
X ∪ Y is a weak basis of M .
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Chapter 4

Dedekind domains

In this chapter we restrict our study of weakly based modules to the case of
modules over a Dedekind domain. Because Dedekind domains are the central
topic of this thesis, let us give for convenience several equivalent definitions of
them which we will use the most.

Definition. We say that a ring R is a discrete valuation ring (DVR) if R is a
local principal ideal domain which is not a field. By a prime p of R we mean a
generator of the maximal ideal of R.

Let R be an integral domain which is not a field. The following conditions for
R are equivalent (see [Bou72, VII §2.1, Theorem 1]):

• The ring R is hereditary (i.e., any submodule of a projective R-module is
projective).

• Every non-zero ideal I of R factors into a product of prime ideals. This
factorization is unique up to the order of factors.

• Every fractional ideal of R is invertible.

• R is noetherian and the localization of R at each maximal ideal is a discrete
valuation ring.

• R is integrally closed, noetherian, and has Krull dimension one (i.e., every
non-zero prime ideal is maximal).

If R is a non-field integral domain fulfilling any of those conditions, we say
that R is a Dedekind domain.

Example of a Dedekind domain is any principal ideal domain (in particular,
Z and rings of polynomials over a field) and the ring of algebraic integers of any
number field (see [Rib01, p. 128]).

Let R be a Dedekind domain. We denote by Spec(R) the set of non-zero
prime ideals of R. Note that since R is not a field and non-zero prime ideals
coincide with maximal ideals of R, we have that m-Spec(R) = Spec(R) and we
will prefer the latter symbol. Note that an R-module M is divisible if and only
if it is P -divisible for any P ∈ Spec(R).

We begin with a result concerning direct sums of modules, a stronger version
of Corollary 3.20 for Dedekind domains. First we prove the following auxiliary
lemma.
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Lemma 4.1. Let R be a ring and let M and N be R-modules. Let ϕ, ψ : M → N
be two homomorphisms such that Ker(ϕ) + Ker(ψ) = M . Then (ϕ + ψ)[M ] =
ϕ[M ] + ψ[M ].

Proof. This lemma is proved by the following computation:
(ϕ+ψ)[M ] = (ϕ+ψ)(Ker(ϕ)+Ker(ψ)) = (ϕ+ψ)(Ker(ϕ))+(ϕ+ψ)(Ker(ψ)) =

ψ(Ker(ϕ)) + ϕ(Ker(ψ)) = ψ(Ker(ϕ) + Ker(ψ)) + ϕ(Ker(ϕ) + Ker(ψ)) = ψ[M ] +
ϕ[M ].

Lemma 4.2. ([Rů10, Proposition 1.5]) Let R be a Dedekind domain and let M,N
be R-modules such that M is weakly based, gen(N) ≤ gen(M) and Ext1

R(M,N) =
0. Then:

1. If R is non-local, then M ⊕N is weakly based.

2. If M is not finitely generated and it does not have a free direct summand of
rank gen(M), then M ⊕ N has a weak basis which lifts a weak basis of M
over N .

Proof. The statement is obvious if M is finitely generated; we further assume that
gen(M) ≥ ℵ0. Let X be a weak basis of M , put F = R(X) and let π : F →M be
the projection extending identity on X. Denote by K the kernel of π. Suppose
first that M has a free direct summand of rank gen(M). If R is non-local, then
M ⊕ N is weakly based by Corollary 3.20. Now suppose that M does not have
a free direct summand of rank gen(M), thus gen(K) = gen(M). Since R is
Dedekind, K is an infinitely generated projective module. By [Pas04, Theorem
7.7], K is a free module of rank gen(M), so there is a projection ϕ of K onto N .
Since Ext1

R(M,N) = 0, we can extend ϕ : K → N to a projection ψ : F → N .

0 // K
⊆ //
ϕ

  

F π //

ψ
��

N // 0

N

Figure 4.1

We have that ψ[K] = ψ[F ], and hence F = K + Kerψ = Kerπ + Kerψ. By
Lemma 4.1, it follows that (π + ψ)[F ] = π[F ] + ψ[F ] = M ⊕ N . Since X is the
free basis of F , we have that (π + ψ)[X] generates M ⊕N . Because it lifts X in
M over N , the set (π + ψ)[X] is weakly independent, and therefore it is a weak
basis of M ⊕N .

Remark 4.3. The typical application of Lemma 4.2 will be in a situation where
M is a torsion R-module and N is a divisible R-module. Since R is Dedekind
domain, divisible and injectives modules coincide (see [Lam99, Corollary 3.24]),
and thus Ext1

R(M,D) = 0. The module M being torsion ensures that M does not
contain any non-trivial free direct summand, and we can thus apply Lemma 4.2
to conclude that M ⊕D has a weak basis whenever gen(M) ≥ gen(D).

Example 4.4. The abelian group
⊕

n>0 Zpn ⊕ Zp∞ is weakly based.

21



Lemma 4.2 indicates a kind of dichotomy between the local Dedekind domains
(i.e., discrete valuation rings) and non-local ones. That is indeed the case, and
therefore we will treat discrete valuation rings separately. We start with the
characterization of torsion weakly based modules where the general Dedekind
domain case can actually be easily derived from the special case of modules over
a DVR via localization.

4.1 Torsion modules over a discrete valuation

ring

In this section, let R always denote a discrete valuation ring and let us fix a prime
p (a generator of the maximal ideal of R). Lemma 3.6 translates immediately as:

Lemma 4.5. Let M be an R-module and suppose that X is a weak basis of M .
Then X lifts a basis of M/pM (viewed as a vector space over R/pR) over pM .
In particular, dim(M/pM) = gen(M).

The aim of this section is to show that for torsion R-modules the condition
dim(M/pM) = gen(M) actually characterizes weakly based modules. It turns
out that, at least in our approach, it is needed to treat countably generated
modules separately.

4.1.1 Countably generated modules

As in the case of abelian groups in [Rů10], we have to treat the case of countably
generated modules over discrete valuation rings on their own, using the knowledge
of their structure. The proof of [Rů10, Lemma 4.3] made use of the classical
classification of countable abelian p-groups by their Ulm invariants (see [Kur60,
Chapter 7]). Similar classification exists for a class of reduced (a module is said
to be reduced if its only divisible submodule is zero) torsion R-modules called
totally projective modules (see [TK08, pp. 243-244], [Wal73]). This class contains
all countably generated reduced torsion modules and can be characterized by the
following property.

Definition. We say that an R-module M is simply presented if there is a pre-
sentation of M with defining relations only of form px = 0 or px = y. To be
more explicit, we require that there is a free R-module F on set X such that
M ' F/K, where K is a submodule of F generated by some elements of form px
or px− y for distinct x, y ∈ X.

Remark 4.6. It is easy to see that a simply presented module can be equivalently
defined as a module having a presentation such that all defining relations use at
most two variables. On the other hand, any R-module has a presentation where
any defining relation use at most three variables. Indeed, we can take M as a set
of generators, and defining relation will consist of all equations of form x = y+ z
valid for some x, y, z ∈M .

Fact 4.7. ([TK08, Theorem 30.4]) The classes of totally projective and reduced
torsion simply presented R-modules coincide.
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Lemma 4.8. A reduced simply presented R-module is weakly based.

Proof. Let M be a reduced simply presented R-module. By definition, there is
a set X of generators of M such that the kernel K of the projection R(X) → M
extending the identity on X is generated by elements of form px or y− px where
x, y ∈ X. We define a binary relation ≤ on X by setting

x ≤ y ⇔ pny = x for some positive integer n

for all x, y ∈ X. Observe that ≤ is a partial order. Indeed, its reflexivity and
transitivity is clear and if pnx = y and pmy = x for some x, y ∈ X and some
positive integers m,n, then pm+nx = x, and so (1 − pm+n)x = 0. Observe that
either m = n = 0, or 1− pm+n is invertible (recall that p is a prime of a discrete
valuation ring R, in particular p is quasi-regular). Then either x = y or x = y = 0,
proving that ≤ is antisymmetric, and therefore an order.

Since the module M is reduced, there is not any infinite strictly increasing
chain with respect to the above defined partial order ≤ in X. (Otherwise the
elements of a strictly increasing chain would generate a non-trivial divisible sub-
module of M .)

We claim that the set Y of maximal elements (with respect to ≤) of X forms a
weak basis of M . Suppose that there is y ∈ Y such that y ∈ Span(Y \{y}). Then
the projection of K onto the y-th (recall that K ⊆ R(X)) coordinate necessarily
contains y. Because K can be generated just by elements of form px and y− px,
there is x ∈ X such that y−px ∈ K. This is a contradiction to y being a maximal
element with respect to ≤, therefore Y is weakly independent. Since X does not
contain an infinite strictly increasing chain (with respect to ≤), for every x ∈ X
there is some y ∈ Y such that x ≤ y, that is, x = pny for some positive integer
n. It follows that Span(Y ) = M .

Corollary 4.9. A countably generated reduced torsion R-module is weakly based.

Remark 4.10. A classical example of a reduced torsion abelian group which is
not totally projective is the torsion subgroup of

∏
n∈ω Zpn . In Example 4.23, we

show that this abelian group is not weakly based.

Lemma 4.11. Let M be a torsion R-module with gen(M) = ℵ0. Then M is
weakly based if and only if dim(M/pM) = ℵ0.

Proof. (⇐) Since a divisible R-module is injective (see [Lam99, Corollary 3.24]),
we can write M as D ⊕ S where D is divisible and S reduced. Observe that

gen(S) ≥ dim(S/pS) = dim(M/pM) = ℵ0.

By Corollary 4.9, the module S has a weak basis of cardinality ℵ0. Then D ⊕ S
is weakly based by Lemma 4.2.

(⇒) Follows from Lemma 4.5.

4.1.2 Uncountably generated and general torsion modules

Before proving a version of Lemma 4.11 for uncountably generated R-modules,
we need the following auxiliary set-theoretic lemmata.
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Lemma 4.12. Let λ ≤ κ be infinite cardinals and let X be a subset of κ of
cardinality κ. Then there is a map h : X → κ such that h(α) ≤ α and
card(h−1[{α}]) = λ for each α ∈ X.

Proof. Let X =
⋃
α<κXα be a partition of X such that card(Xα) = λ for each

α < κ. We define a bijection f : κ → κ by induction on κ. For the first step,
put f(0) = 0. Suppose that we have already defined f(α) for all α < β for some
β < κ. Suppose first that β ∈ X and let γ < κ be such that β ∈ Xγ. If γ 6∈ f [β],
we put f(β) = γ. Otherwise, or if β 6∈ X, we put f(β) = min{δ < κ | δ 6∈ f [β]}.
Note that f is indeed a bijection κ → κ. We claim that for any α < κ we have
that α ≤ β for any β ∈ Xf(α). Towards a contradiction, suppose that there is
α < κ and β ∈ Xf(α) such that α > β. By the construction, we have f(α) 6∈ f [β].
But β ∈ Xf(α), and thus f(β) = f(α), a contradiction with f being a bijection.

The desired function h is obtained by setting h[Xα] = f−1(α) for each α <
κ.

Lemma 4.13. Let λ < κ be infinite cardinals, let Y be a set of cardinality κ,
and let f : Y → κ be a map such that card(f−1[{α}]) ≤ λ for every α < κ.
Then there is a map g : Y → κ such that g ≤ f and card(g−1[{α}]) = λ for each
α < κ.

Proof. Set X = f [Y ] ⊆ κ. We have that Y =
⋃
α∈X f

−1[{α}], and therefore
κ ≤ card(X) · λ. Since λ < κ, we have that card(X) = κ. Let h : X → κ
be a map given by Lemma 4.12. We then obtain the desired map g by putting
g = h ◦ f .

The following lemma generalizes and corrects [Rů10, Lemma 4.4], which in
general does not hold for torsion-free abelian groups. The idea of the proof
is basically the same, the important ingredients being decomposing of divisible
modules to a direct sum of countable divisible modules and Lemma 4.2. The
reason why the proof of Lemma 4.14 does not work for countably generated
modules is the unremovable hypothesis “λ < κ” in the wording of Lemma 4.13.

Lemma 4.14. Let κ be an uncountable cardinal and let M be a κ-generated
torsion R-module. If dim(M/pM) = κ, then M is weakly based.

Proof. Let X be a subset of M lifting a basis of M/pM over pM . By our hypoth-
esis, card(X) = κ; fix an enumeration X = {xα | α < κ}. Put N = Span(X).
Since R is a DVR, we have that D = M/N is a divisible module, and by [TK08,
Theorem 6.3], there is a decomposition D '

⊕
γ<κDγ such that Dγ is an at

most countably generated divisible module for each γ < κ. There are at most
countably generated submodules Cγ, γ < κ, of M such that Dγ = (Cγ + N)/N .
Since the ring R is noetherian, there are for all γ < κ at most countable Jγ ⊆ κ
such that Cγ ∩N ⊆ Span({xα | α ∈ Jγ}).

Claim 4.15. There is a map g : κ → κ such that card(g−1[{γ}]) = ℵ0 and
Jγ ⊆ g−1[γ + 1] for all γ < κ.

Proof of Claim 4.15. Define a map f : κ → κ by putting

f(γ) =

{
min {α | γ ∈ Jα} if γ ∈ Jα for some α < κ,

γ otherwise.
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Note that f−1[{γ}] ⊆ Jγ ∪ {γ}, hence f−1[{γ}] has cardinality at most ℵ0 for
each γ < κ. Since κ > ℵ0, we can use Lemma 4.13 in order to obtain a map
g : κ → κ such that g(γ) ≤ f(γ) for each γ < κ, and card(g−1[{γ}]) = ℵ0 for all
γ < κ. Observe that whenever γ ∈ Jα, then f(γ) ≤ α. Thus Jγ ⊆ g−1[γ + 1] for
all γ < κ. �Claim 4.15

For every γ < κ put Xγ = {xα | α ∈ g−1[{γ}]} and X<γ = {xα | α ∈ g−1[γ]}.
Further, set Nγ = Span(Xγ), N<γ = Span(X<γ), and define Bγ = N<γ+1/N<γ.
Since Jγ ⊆ g−1[γ + 1] by Claim 4.15, we have that {xα | α ∈ Jγ} ⊆ X<γ+1, hence
Cγ ∩N ⊆ N<γ+1 for all γ < κ. It follows that

Dγ = (Cγ +N)/N ' Cγ/(Cγ ∩N)Cγ/(Cγ ∩N<γ+1) ' (Cγ +N<γ+1)/N<γ+1

and, consequently,

Dγ ⊕Bγ+1 ' ((Cγ +N<γ+1)/N<γ+1)⊕ (N<γ+2/N<γ+1) ' (Cγ +N<γ+2)/N<γ+1

for all γ < κ.
Since X lifts a basis of M/pM over pM , it is weakly independent. It readily

follows that Xγ+1 lifts a weakly independent subset, say Vγ+1, of Bγ+1 over N<γ+1

for all γ < κ. Since card(Xγ+1) = card(g−1[{γ + 1}]) = ℵ0, we infer that
gen(Bγ+1) = ℵ0. Applying Lemma 4.2, we get that the factor module Dγ ⊕
Bγ+1 ' (Cγ + N<γ+2)/N<γ+1 has a weak basis, say Wγ+1, which lifts Vγ+1 over
Dγ ' (Cγ + N<γ+1)/N<γ+1. Since Dγ is divisible, there are elements cα ∈ Cγ,
α ∈ g−1[{γ + 1}] such that Wγ+1 = {xα + pcα +N<γ+1 | α ∈ g−1[{γ + 1}]} for all
γ < κ.

For each γ < κ and every α ∈ g−1[{γ}], put

yα =

{
xα if γ is a limit ordinal,

xα + pcα otherwise,

and set Y = {yα | α < κ}. We claim that Y is a weak basis of M .
It is obvious that Y lifts a basis of M/pM over pM . Thus Y is a weakly

independent subset of M . It remains to verify that M = Span(Y ). To do so, put
Yγ = {yα | α ∈ g−1[{γ}]} and Y<γ = {yα | α ∈ g−1[γ]}, and set Mγ = Span(Yγ)
and M<γ = Span(Y<γ) for each γ < κ. We will prove by induction that N<γ ⊆
M<γ for each γ < κ and Cα ⊆M<γ whenever γ = α + 2 < κ.

For the initial step, observe that N<0 = M<0 = 0. Let 0 < γ < κ and suppose
that the claim holds for all β < γ. First assume that γ is a limit ordinal. Then,
by the induction hypothesis, N<γ =

⋃
β<γ Nβ ⊆

⋃
β<γMβ = M<γ. If γ = α + 1,

where α < κ, then N<α ⊆ M<α by the induction hypothesis. Suppose that
α is a limit ordinal. Then Yα = Xα by definition, hence Mα = Nα, whence
N<γ = N<α +Nα ⊆M<α +Mα = M<γ. Finally, suppose that γ = α+ 2 for some
α < κ. Then N<α+1 ⊆ M<α+1 by the induction hypothesis, and Yα+1 lifts Wα+1

over N<α+1 by definition. Since Wα+1 is a weak basis of (Cα + N<α+2)/N<α+1,
we conclude that Cα +N<α+2 ⊆M<α+2.

Now we are ready to characterize torsion weakly bases R-modules.

Theorem 4.16. Let R be a discrete valuation ring with prime p. Let κ be a
cardinal and M a torsion R-module such that gen(M) = κ. Then M is weakly
based if and only if dim(M/pM) = κ.
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Proof. (⇒) Follows from Lemma 4.5.
(⇐) It is obvious for M finitely generated. The rest follows from Lemma 4.14

if M is uncountably generated and from Lemma 4.11 if M is countably generated.

4.2 Torsion modules over a Dedekind domain

In this section we extend the characterization of weakly based torsion modules to
all Dedekind domains. It is well known that the standard decomposition of torsion
abelian groups into a direct sum of their p-primary components generalizes to
torsion modules over Dedekind domains. Explicitly, each torsion module M over
a Dedekind domain can be written as a direct sum of its P -primary components
MP , P ∈ Spec(R), where MP is a submodule of M which can be naturally
identified with M ⊗R RP , where RP is the localization of R at P . We show that
for P -primary modules, localization preserves weakly independent sets (which is
not the case for torsion-free modules; for example the localization of Z at p is not
a weakly based abelian group by Proposition 4.40, but it is of course a weakly
based Z(p)-module).

Following [Mat89], we say that a prime ideal P of a commutative ring R is an
associated prime ideal of an R-module M provided that P = AnnR(m) for some
m ∈M . An R-module M is said to be P -primary if P is the only associated ideal
of M . If R is a Dedekind domain, then a torsion R-module M is P -primary (for a
prime ideal P ) if and only if for every non-zero m ∈M there is a positive integer
k such that AnnR(m) = P k. Let M be a torsion module over a Dedekind domain
R. We denote by MP the P -primary component of M , i.e. the submodule of M
consisting of elements m ∈M such that AnnR(m) = P k for some positive integer
k. Then M decomposes into a direct sum of all of its P -primary components.

Up to the end of this section let R be a Dedekind domain.

Lemma 4.17. Let P be a prime ideal of R and let M be a P -primary R-module.
Then for every m ∈M and every s ∈ R \ P there is r ∈ R such that m = rsm.

Proof. If m = 0 then it is obviously true, hence suppose that m is non-zero.
Since R is a Dedekind domain and M a P -primary R-module, we have that
Ann(m) = P k for some k > 0, i.e. Rm ' R/P k. Since s 6∈ P , and P is
prime (hence a maximal ideal of R), we have that R = Rs + P . It follows that
R = Rk = (Rs + P )k ⊆ Rs + P k, therefore 1 − rs ∈ P k = Ann(m) for some
r ∈ R. We showed that m = rsm.

It follows readily from Lemma 4.17 that M ' M ⊗R RP for a P -primary
module M . This allows us to view the module M as a module over the ring RP .

Given a torsion module M over a Dedekind domain R, and a prime ideal P
of R, a P -primary component of M correspond naturally with the localization
MP 'M ⊗RRP of the module M . It justifies our use of the notation MP for the
P -primary component of the module M .

Lemma 4.18. Let P be a prime ideal of R and let M be a P -primary R-module.
Given a subset X of M :

1. If X generates M as an RP -module, then X generates M as an R-module.
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2. If X is weakly independent in M as an R-module, then X is a weakly
independent subset of M as an RP -module.

In particular, X is a weak basis of M as an R-module if and only if it is a weak
basis of M as an RP -module.

Proof.

1. Let m ∈M . Then m =
∑n

i=0 tixi where t0, . . . , tn ∈ RP and x0, . . . , xn ∈ X.
Then there is s ∈ R \ P such that sti ∈ R for all i ∈ n. By Lemma 4.17,
there is r ∈ R be such that rsm = m. Thus m =

∑n
i=0 rstixi, and so X

generates M as an R-module.

2. Suppose for a contradiction that x0 =
∑n

i=1 tixi for t1, . . . , tn ∈ RP and
pairwise distinct x0, . . . , xn ∈ X. Let s ∈ R \ P satisfy sti ∈ R for each
i = 1, . . . , n. By Lemma 4.17, there is r ∈ R such that rsx0 = x0. Then
x0 =

∑n
i=1 rstixi, and thus X is not a weakly independent subset of an

R-module M . This is a contradiction.

Lemma 4.19. Let κ be an infinite cardinal and let M be a P -primary R-module
with gen(M) = κ. Then M is weakly based if and only if dimR/P (M/PM) = κ.
Furthermore, any weak basis of M lifts a basis of M/PM over PM .

Proof. According to Lemma 4.18, the R-module M is weakly based if and only
if M is weakly based as an RP -module. Applying [Mat89, Theorem 11.4], we
get that the localization RP is a discrete valuation ring. By Theorem 4.16, the
RP -module M is weakly based if and only if κ = dimRP /PP (M/PPM). Now
the statement of the lemma follows from R/P ' RP/PP and the following:
dimRP /PRP (M/PPM) = dimR/P (M/PM).

Lemma 4.20. Let κ be an infinite cardinal and M be a κ-generated torsion
R-module. If ∑

P∈Spec(M,<)

dim(M/PM) = κ, (4.1)

then M is weakly based.

Proof. For each P ∈ Spec(R) we denote by ψP : M → M/PM the canoni-
cal projection. Define ψ : M →

∏
P∈Spec(R) M/PM the product of maps ψP

over Spec(R). Observe that since M is torsion, ψ[M ] is also torsion, and thus
ψ[M ] ⊆ τ(

∏
P∈Spec(R) M/PM) =

⊕
P∈Spec(R) M/PM . Then, by the definition of

ψ, ψ[M ] '
⊕

P∈Spec(R) M/PM '
⊕

P∈Spec(R)(R/P )(dim(M/PM)), and we can use
Corollary 3.22 to conclude that M is weakly based.

Lemma 4.21. Let M be a torsion R-module and suppose that there is P ∈
Spec(R) such that dim(M/PM) = gen(M). Then M has a weak basis lifting a
basis of M/PM over PM .

Proof. Since the module M is torsion and R is Dedekind, it is an easy observation
that Ext1

R(MP ,M/MP ) = 0. By Lemma 4.19, MP has a weak basis, say X. The
set X lifts a basis of MP/PMP over PMP by Lemma 4.11 and Lemma 4.18.
Applying Lemma 4.2, we obtain a weak basis of M 'MP ⊕ (M/MP ) which lifts
X over M/MP .
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Let M be a P -primary R-module. We say that a submodule B of M is a basic
submodule if B is a pure submodule, it is isomorphic to a direct sum of cyclic
modules, and the quotient module M/B is divisible. Since all these properties
hold for M viewed as an R-module if and only if they hold if M is viewed as
an RP -module, and since RP is a discrete valuation ring, we have by [TK08,
Theorem 9.4] that every P -primary R-module has a basic submodule, unique up
to isomorphism. Let M be a torsion R-module, then we say that submodule B
of M is a basic submodule if BP is a basic submodule of MP for each prime ideal
P .

Theorem 4.22. Let R be a Dedekind domain. Let κ be an infinite cardinal and
let M be a torsion R-module with gen(M) = κ. Then the following conditions
are equivalent:

1. M is weakly based;

2. There is a projection of M onto a semisimple R-module S with gen(S) = κ;

3. Any basic submodule B of M has gen(B) = κ;

4.
∑

P∈Spec(R) dim(M/PM) = κ.

Proof. (1⇒ 2) See Lemma 3.11.
(2 ⇒ 3) Let B be a basic submodule of M . Suppose that gen(B) < κ and

denote by B̄ the image of B in the given projection of M onto S. Since M/B is
divisible, we have that S/B̄ is a divisible semisimple module. It follows that S/B̄
is zero. But this is a contradiction since gen(B̄) ≤ gen(B) < κ = gen(S).

(3⇒ 4) Let B be a basic submodule of M . Since B is weakly based, we have
that

∑
P∈Spec(R) B/PB = κ by Corollary 3.13. Since B is a pure submodule of

M , dim(B/PB) ≤ dim(M/PM) for all P ∈ Spec(R).
(4⇒ 1) If there is P ∈ Spec(R) such that dim(M/PM) = gen(M), we apply

Lemma 4.21. If dim(M/PM) < κ for every P ∈ Spec(R), then the implication
follows from Lemma 4.20.

Example 4.23. Let R be a Dedekind domain, P be a prime ideal and H =∏
n>0R/P

n. Then the module T = τH is not weakly based.

Proof. View B =
⊕

n>0R/p
nR as a submodule of T . We claim that B is a basic

submodule of T . It is easy to see that B is a pure submodule of T and, obviously,
it is a direct sum of cyclic R-modules. We need to show that T/B is divisible;
since T is P -primary, it is enough to show that T/B is P -divisible. Pick t ∈ T
and let n ∈ ω be such that Ann(t) = P n. Let t′ be an element of T given by
zeroing the first n+ 1 coordinates of t (viewed as an N-sequence). It follows that
t′ ∈ PT and that t− t′ ∈ B. Hence, t+B ∈ P (T/B) and T/B is divisible.

Since gen(B) = ℵ0 < gen(T ), Theorem 4.22 shows that T is not weakly
based.

Example 4.24. Let R be a Dedekind domain and M an infinitely generated
torsion-free R-module of finite rank. Then M is weakly based if and only if there
is a projection of M onto a semisimple R-module S with len(S) = gen(M).
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Proof. Let B be a maximal linearly independent subset of M . Since M has finite
rank, we have that card(B) < ℵ0. Put F = Span(B) and T = M/F . Then T
is a torsion R-module. Since F is finitely generated, Lemma 3.27 shows that M
is weakly based if and only if T is weakly based. By Theorem 4.22, T is weakly
based if and only if there is a projection of T onto a semisimple module S with
len(S) = gen(T ) = gen(M).

4.3 General modules over discrete valuation rings

Within this section let R stand for a discrete valuation ring with a prime p. In
the local case, the situation of torsion-free modules is very simple:

Lemma 4.25. A torsion-free R-module M is weakly based if and only if M is
free.

Proof. (⇐) Obvious.
(⇒) Let X be a weak basis of M . We claim that X is R-linearly independent.

Let x0, · · · , xn ∈ X be pairwise distinct and suppose that there are non-zero
r0, · · · , rn ∈ R such that

∑n
i=0 rixi = 0. Then there are units s0, · · · , sn ∈ R and

non-negative integers k0, · · · , kn such that ri = pkisi. Put k = min {k0, · · · , kn}.
Since M is torsion-free, we have that

∑n
i=0 p

ki−ksixi = 0. Since at least one of the
coefficients pki−ksi is a unit, we get a contradiction with X being a weak basis.
We conclude that X is R-linearly independent, and thus a free basis of M .

Example 4.26. Let R be a discrete valuation ring and κ an infinite cardinal.
The R-module Rκ is not weakly based.

Proof. By Lemma 4.25, it is enough to show that Rκ is not free. Let us quickly
prove this well-known fact. Suppose for a contradiction that Rκ is free. Since
Rω is naturally a submodule of Rκ and R being a principal ideal domain ensures
that Rω is itself free, it is enough to show that this leads to a contradiction in
the special case of κ = ω. Put H = Rω and view B = R(ω) as a submodule of H
in the obvious way. Since gen(B) = ℵ0, there is a free direct summand F of H of
rank ℵ0 such that B ⊆ F . Denote by C some complement of F in H. Note that
H is not countably generated (for example, by finding an uncountably generated
submodule by virtue of the proof of Example 3.15 and using the noetherian
property of R). It is then obvious that C is a free R-module of rank gen(H) > ℵ0.
Let p be a prime of R and put G =

∏
n∈ω p

nR ⊆
∏

n∈ω R = H, again viewed as
a submodule of H in the natural way. Also, we once more have that G is not
countably generated.

Put E = (F + G)/F . Since H = F ⊕ C, we can consider E as a submodule
of C. Now F is countably generated, while G is not, whence E is a non-zero
module. We claim that E ⊆ pkC for any k ∈ ω. Indeed, this follows quickly
from the definition of G and the fact that B ⊆ F . But C being free ensures that⋂
k∈ω p

kC = 0, a contradiction with E being non-zero.

Remark 4.27. The proof of [EM02, Theorem 2.8] shows that Rω is an example
of an almost free R-module which is not weakly based. By almost free R-module
in this context we mean that each countably generated submodule is free.

29



Lemma 4.28. Let N be a torsion-free R-module and M be an R-module such
that dim(M/pM) < gen(M). Then no extension of M by N has a weak basis.

Proof. Let C be an extension of M by N and let π : C → N be the projection
coming with this extension. Suppose that C has a weak basis, say X. Put
F = R(X), and let ϕ : F → C be the projection extending the identity on X.
Define a projection ψ : F → N by setting ψ = πϕ, and let K = Kerψ. Since R
is hereditary, K is a projective module, and hence K is free by [Pas04, Theorem
10.8]. Observe that K = ϕ−1[M ] and since ϕ is a projection, it follows that
ϕ[K] = M . (See Figure 4.2 below.)

0 0

0 //M
⊆ //

OO

C π //

OO

N // 0

0 // K
⊆∗ //

ϕ�K

OO

F
ψ //

ϕ

OO

N // 0

Figure 4.2

Claim 4.29. We claim that ϕ−1[pM ] = pK.

Proof of Claim 4.29. Clearly, pK ⊆ ϕ−1[pM ]. Assume that there is k ∈ K \ pK
with ϕ(k) ∈ pM . Since F/K ' N is torsion-free, K is a pure submodule of F ,
i.e. pK = K ∩ pF . It follows that k ∈ F \ pF , whence there are pairwise distinct
x0, x1, · · · , xn ∈ X such that k = ux0 +

∑n
i=1 rixi for some r1, · · · , rn ∈ R and a

unit u ∈ R. Hence ux0 +
∑n

i=1 rixi = ϕ(k) ∈ pM ⊆ pC which is a contradiction
with weak independence of X in C by Lemma 4.5. �Claim 4.29

It follows from Claim 4.29 that ϕ induces an injection of vector spacesK/pK →
M/pM ; in particular, dim(K/pK) ≤ dim(M/pM). Then we have that

gen(K) = dim(K/pK) ≤ dim(M/pM) < gen(M) ≤ gen(K).

The last inequality follows from the fact that ϕ�K is a projection onto M . This
establishes the contradiction.

Example 4.30. In particular, Lemma 4.28 shows that if D is a non-zero divisible
R-module then the module D⊕ F is not weakly based for any free R-module F ,
showing that Corollary 3.20 and Lemma 4.2 do in general fail for local rings.

Lemma 4.31. Let M be an R-module with a weak basis X. For any subset X0

of X, the span of X0 is a pure submodule of M .

Proof. Put N = Span(X0) and let y ∈ N ∩ pM . Let x0, . . . , xn ∈ X0 be pairwise
distinct such that y =

∑n
i=0 rixi for some r0, . . . , rn ∈ R. Since y ∈ pM , we

have that r0, . . . , rn ∈ pR. Indeed, otherwise X would not lift a basis of M/pM
over pM which would contradict Lemma 4.5. Hence, for each i ∈ {0, . . . , n}
we have that ri = pkisi for some si ∈ R and a positive integer ki. We put
y′ =

∑n
i=0 p

ki−1sixi, thus py′ = y and y′ ∈ Span(X0) = N , hence y ∈ pN . It
follows that N is a pure submodule of M .
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Lemma 4.32. Let M be an R-module such that gen(τM) < gen(M). If M is
weakly based, then M ' F ⊕N where F is a free module and N is a weakly based
R-module such that gen(N) = gen(τM).

Proof. Suppose that M has a weak basis, say X. If τM is finitely generated,
then M ' τM ⊕ φM by [TK08, Theorem 7.2], and the statement holds by
Lemma 4.25 and Lemma 3.27. Further, suppose that τM is infinitely generated.
There is a subset X0 of X such that card(X0) = gen(τM) and τM ⊆ Span(X0).
Put N = Span(X0) and observe that, by Lemma 4.31, N is a pure submodule of
M . Then, since τM ⊆ N , we get that M/N is torsion-free. Because the image
of X \X0 in M/N is a weak basis of M/N , we have by Lemma 4.25 that M/N
is free. Hence M ' F ⊕N , where F is a free module of rank gen(M) and N is a
module containing τM with a weak basis X0.

Before proceeding further we need to make a little detour. We would like to
know how Ext1

R(R/P,−) can be computed given a prime ideal P of a Dedekind
domain R. In the case of abelian groups (or more generally, modules over prin-
cipal ideal domains), it is easy to show that there is a natural isomorphism
Ext1

Z(Z/nZ, A) ' A/nA for any non-zero n ∈ Z and any abelian group A (see
[Rot08, Theorem 7.17]). This allows us to use Lemma 4.2 for modules of form
M ⊕ N where M is a vector space over R/P for some P ∈ Spec(R), and N
is P -divisible with gen(N) ≤ gen(M) whenever R is a principal ideal domain.
Proving that Ext1

R(R/I,M) 'M/IM for a general Dedekind domain R, for any
R-module M , and a non-zero ideal I is a bit more tricky. In what follows we
present some needed terminology and prove this fact in a quite elementary way
(also, while we are confident that this is a well-known result, we failed to find a
suitable reference).

Let R be an integral domain and let Q be its field of fractions. An R-
submodule of Q, say A, is called a fractional ideal of R if there is non-zero
r ∈ R such that rA ⊆ R. For any non-zero fractional ideal A of R we put
A−1 = {q ∈ Q | qA ⊆ R} which is indeed again a fractional ideal. Note that
R ⊆ I−1 for every non-zero ideal I of R. Every fractional ideal A of R is in fact
isomorphic to some ideal of R. Indeed, let r ∈ R be a non-zero element such that
rA ⊆ R. Then A ⊆ r−1R ' R.

It is well known that every ideal I of a Dedekind domain R is strongly 2-
generated, i.e. for every non-zero cyclic submodule C of I the quotient I/C is
also cyclic. Since every fractional ideal is as an R-module isomorphic to an ideal
of R, this strong 2-generator property holds for all fractional ideals of Dedekind
domains.

Lemma 4.33. Let R be a Dedekind domain and I a non-zero ideal. Then
I−1/R ' R/I.

Proof. By the discussion above, R ⊆ I−1 and I−1 is strongly 2-generated; it
follows that there is q ∈ I−1 such that I−1 = Span({1, q}). Let us define ϕ : R→
I−1/R by putting ϕ(r) = qr + R for each r ∈ R. Note that ϕ is surjective. It
is well known that if R is Dedekind domain, then (I−1)−1 = I. Thus rI−1 ⊆ R
if and only if r ∈ I for all r ∈ R. It follows that {r ∈ R | qr ∈ R} = I, and so
Kerϕ = I. We have proved that ϕ induces the desired isomorphism.
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Lemma 4.34. Let R be a Dedekind domain. Then

Ext1
R(R/I,M) 'M/IM

for every non-zero ideal I of R and every R-module M .

Proof. Let us first prove the lemma in the special case when M = R.

Claim 4.35. Let R be a Dedekind domain. Then Ext1
R(R/I,R) ' R/I for any

non-zero ideal I.

Proof of Claim 4.35. Since HomR(R/I,R) = 0, application of the contravariant
functor HomR(−, R) on exact sequence

0→ I
i−→ R→ R/I → 0 (4.2)

(where i represents the inclusion map) yields the following exact sequence:

0→ HomR(R,R)
HomR(i,R)−−−−−−→ HomR(I, R)→ Ext1

R(R/I,R)→ 0.

By [Pas04, Lemma 7.1], for each non-zero ideal J of R there is an isomor-
phism J−1 ' HomR(J,R) given by assigning to each q ∈ J−1 the element of
HomR(J,R) corresponding to a multiplication by q. Hence HomR(R,R) ' R and
HomR(I, R) ' I−1. The homomorphism HomR(i, R) sends 1R ∈ HomR(R,R) to
i ∈ HomR(I, R). Since both of these homomorphisms correspond to a multipli-
cation by 1, under the above described isomorphisms, we have that HomR(i, R)
is in fact the inclusion of R into I−1 and Ext1

R(R/I,R) ' I−1/R. Then the claim
holds by Lemma 4.33. �Claim 4.35

Now we will prove the general case using Claim 4.35. Applying HomR(−,M)
to exact sequence (4.2) yields an exact sequence

0→ HomR(R/I,M)→ HomR(R,M)
HomR(i,M)−−−−−−→ HomR(I,M)→

→ Ext1
R(R/I,M)→ 0, (4.3)

hence
Ext1

R(R/I,M) ' HomR(I,M)/HomR(i,M)[HomR(R,M)]. (4.4)

By [AF93, Proposition 20.10] and the fact that I is finitely generated and pro-
jective, the natural transformations

HomR(I, R)⊗M → HomR(I,M)

and
HomR(R,R)⊗M → HomR(R,M)

are isomorphisms. By their naturality, the following diagram commutes:

HomR(I, R)⊗M '−−−→ HomR(I,M)xHomR(i,R)⊗1M

xHomR(i,M)

HomR(R,R)⊗M '−−−→ HomR(R,M)
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Together with (4.4) and the right exactness of the tensor functor −⊗RM , we get
that Ext1

R(R/I,R)⊗M ' Ext1
R(R/I,M). The result follows by Claim 4.35 since

Ext1
R(R/I,R)⊗M ' R/I ⊗M 'M/IM.

The following is the last lemma we need to characterize weakly based modules
over a DVR. Using Lemma 4.34, we are able to prove this result for a general
Dedekind domain, which will be essential in finishing the characterization for all
Dedekind domains in the next section.

Lemma 4.36. Let R be a Dedekind domain and let M be an R-module. If there
is P ∈ Spec(R) with dim(τM/PτM) = gen(M), then the module M is weakly
based.

Proof. The statement is obvious if M is finitely generated. Suppose that M is
infinitely generated and put κ = gen(M), T = τM , N = φM ' M/T and N ′ =
M/PT . Since τN ′ = T/PT is a bounded module (meaning that Ann(N ′) ( R),
it is easy to see from [Kap84, Theorem 5] that N ′ ' τN ′⊕N . Pick a subset Z ′ of
N lifting a basis of N/PN over PN and put N ′′ = N/ Span(Z ′). By our initial
assumption, dim(T/PT ) = κ, and so we can pick an R/P -linearly independent
subset Y ′′ of T/PT such that dim(Span(Y ′′)) = codim(Span(Y ′′)) = κ. Since
Y ′′ ⊆ τN ′, the modules Span(Y ′′) and N ′′, viewed as submodules of τN ′⊕N ′′ '
N ′/ Span(Z ′), have a trivial intersection. Put M ′′ = Span(Y ′′) ⊕N ′′. Note that
since Z ′ lifts a basis of N/PN over PN , we have that N ′′ = PN ′′. By [Rot08,
Proposition 7.21] and Lemma 4.34, we have that

Ext1
R(Span(Y ′′), N ′′) ' Ext1

R((R/P )(κ), N ′′) '
∏
α<κ

Ext1
R(R/P,N ′′) '

'
∏
α<κ

N ′′/PN ′′ =
∏
α<κ

0 = 0.

It follows from Lemma 4.2 that M ′′ has a weak basis, say Y ′, lifting Y ′′ over
N ′′. View Z ′, defined as a subset of N , as a subset of N ′ = M/PT ' τN ′ ⊕ N
and let Z be a subset of M lifting Z ′ over PT . Now pick Y ⊆ M lifting Y ′

over Span(Z) + PT and put C = Span(Y ∪ Z). Observe that M = C + T , in
particular, T ′ = M/C is a torsion module. Since dim(T ′/PT ′) = codim(Y ′) = κ,
we have by Theorem 4.21 that T ′ has a weak basis X ′ which lifts a basis of
T ′/PT ′ over PT ′. Let X be a subset of M lifting X ′ over C. Since Y lifts a
linearly independent subset of M/(PM + Span(Z)) over (PM + Span(Z)), and
X lifts a linearly independent subset of M/(PM + Span(Y ∪ Z)), it follows that
X ∪ Y ∪ Z lifts a linearly independent subset of M/PM . Therefore, X ∪ Y ∪ Z
is weakly independent subset of M . Since M = Span(X) + C, we have that
X ∪ Y ∪ Z is a weak basis of M .

Now we are ready to give a full characterization of weakly based modules over
discrete valuation rings.

Theorem 4.37. Let R be a discrete valuation ring with a prime p. Let M be an
R-module. Then M is weakly based if and only if M ' F ⊕ N where F is free
and dim(τN/pτN) = gen(N).
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Proof. (⇐) By Lemma 4.36, N is weakly based. It readily follows that F ⊕N is
weakly based.

(⇒) Suppose that the module M is weakly based. It follows from Lemma 4.28
that dim(τM/pτM) = gen(τM), thus if gen(τM) = gen(M), the implication
follows from Lemma 4.36. If gen(τM) < gen(M), then M ' F ⊕ N where F is
free and gen(N) = gen(τM) by Lemma 4.31. We can pick N to be a submodule
of M and, observing that τN = τM , we get that

dim(τN/pτN) = dim(τM/pτM) = gen(τM) = gen(N).

This establishes the result.

4.4 Torsion-free modules over non-local Dedekind

domains

Within this section let R be a Dedekind domain.

Lemma 4.38. Let P ∈ Spec(R), let M be a torsion-free R-module and let X
be a subset of M which lifts a linearly independent subset of M/PM over PM .
Then the set X is R-linearly independent in M .

Proof. Since M is a flat R-module([GT06, Theorem 4.4.9]), the natural mapping
M →MP taking m to m

1
is an injection. Therefore, we can, without loss of gen-

erality, assume that M = MP and naturally view M as an RP -module. Suppose
for a contradiction that there are pairwise distinct x0, · · · , xn ∈ X and non-zero
r0, · · · , rn ∈ R such that

∑n
i=0 rixi = 0. Since R is assumed to be a Dedekind

domain, RP is a discrete valuation ring ([Mat89, Theorem 11.4]). Denote by p
some prime of RP . Then there are units u0, · · · , un ∈ RP and non-negative inte-
gers k0, · · · , kn such that ri = uip

ki for all i = 0, · · · , n. Put k = min {k0, · · · , kn}
and set si = uip

ki−k
i for all i = 0, · · · , n. Since the module M is torsion-free

(both as R-module and RP -module), we have that
∑n

i=0 sixi = 0. There is a unit
t ∈ RP such that tsi ∈ R for all i = 0, · · · , n (take a least common multiple of
denominators of s0, . . . , sn for t). It follows that

∑n
i=0(tsi)xi = 0 in R. This a

contradiction with X lifting a linearly independent subset of M/PM over PM
because there is i ∈ {1, · · · , n} such that si is a unit in RP , and, consequently,
tsi 6∈ P .

Recall that having fixed a weak basis X of an R-module M , we denoted by
Spec(M,x) the set of all prime ideals P of R such that M/(Span(X \{x})) is not
P -divisible.

Lemma 4.39. Suppose that R is non-local. Let M be an infinitely generated
R-module such that Spec(M,=) = {P} and dim(τM/PτM) < gen(M). If X is
a weak basis of M , then there is a subset X0 such that card(X0) = card(X), and
Spec(M,x) contains at least one prime ideal different from P for each x ∈ X0.

Proof. Towards a contradiction, suppose that there is a subset Y of X with
card(Y ) < card(X) such that Spec(M,x) = {P} for each x ∈ X ′ = X \ Y .
We claim that X ′ lifts a linearly independent set in M/PM over PM . Indeed,
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otherwise there would exist x ∈ X ′ such that x ∈ Span(X \{x}) +PM , and thus
Cx = PCx where Cx = M/ Span(X \ {x}), a contradiction to P ∈ Spec(M,x).
Since dim(τM/PτM) < gen(M), there is a submodule N of M with gen(N) <
gen(M) such that τM ⊆ N + PM . Let Y ′ ⊆ X be such that Y,N ⊆ Span(Y ′)
and card(Y ′) < card(X), and put X ′′ = X \ Y ′. Denote by Z the image of X ′′

in the projection of M onto φM . Then Z lifts a linearly independent subset of
φM/PφM , and thus, by Lemma 4.38, Z is linearly independent in φM . Since
φM = Span(Z)+L for some submodule L of φM such that gen(L) < gen(φM) =
gen(M), we have that φM necessarily contains a free direct summand of rank
gen(M). Then also M has a free direct summand of rank gen(M), and thus
Spec(M,=) = Spec(R). Since R is non-local, this is a contradiction to Spec(M,=
) having just one element.

The next proposition shows, that weakly based torsion-free modules are char-
acterized exactly by properties 1 and 2 from Proposition 3.24.

Proposition 4.40. Let R be a non-local Dedekind domain and M be an infinitely
generated torsion-free R-module. Then M is weakly based if and only if either

1. card(Spec(M,=)) ≥ 2;

2. There is a projection of M onto
⊕

P∈Spec(M,<) VP where VP is a vector space

over R/P for each P ∈ Spec(M,<) and
∑

P∈Spec(M,<) dim(VP ) = gen(M).

Proof. (⇐) Follows from Lemmas 3.18 and 3.22.
(⇒) If Spec(M,=) = ∅, then (2) holds by Lemma 3.11. Suppose that

Spec(M,=) = {P} for some P ∈ Spec(R) and that X is a weak basis of M .
Then since M is torsion-free, we have by Lemma 4.39 that there is a subset
X0 of X with card(X0) = card(X) such that for each x ∈ X0 we have that
Px ∈ Spec(M,x) for some Px ∈ Spec(R) \ {P}. Then property (2) follows from
the second part of Lemma 3.11.

Note that an R-module M is isomorphic to MP under the natural map if and
only if M = QM for all Q ∈ Spec(R) \ {P} if and only if M is an RP -module in
the natural way. In this case, the module M is sometimes called P -local.

Corollary 4.41. Let R be a non-local Dedekind domain and M a torsion-free
R-module. If M is P -local for some P ∈ Spec(R), then M is not weakly based.

Example 4.42. The abelian group of p-adic integers is not weakly based.

Proof. Let us recall that p-adic integers can be constructed by taking the inverse
limit of the following chain of abelian groups:

· · · → Zpn+1 → Zpn → · · · → Zp2 → Zp → 0

where each arrow is the projection such that its kernel is a simple group. Let
us denote this inverse limit by A. It follows that A is a torsion-free subgroup of∏

n∈N Zpn . It is enough to show that A = qA for any prime q distinct from p.
Indeed, then Corollary 4.41 shows that A is not weakly based.

Let q be a prime distinct from p and let x = (xn)n∈N be an element of A. By
Lemma 4.17, there is yn ∈ Zpn such that qyn = xn for each n ∈ N. Put y =
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(yn)n∈N. We want to show that y ∈ A. Since x ∈ A, we have that (xn − xm) ≡ 0
(mod pn) for any n ≤ m. Therefore, q(yn − ym) ≡ 0 (mod pn). Since q is a unit
of the ring Zpn , it follows that (yn − ym) ≡ 0 (mod pn) for any n ≤ m, and thus
y ∈ A.

4.5 General modules over (non-local) Dedekind

domains

Properties characterizing the existence of a weak basis in modules over a Dedekind
domain R depend fairly on the fact whether the domain R is local. Indeed, in
the local case, we cannot apply Lemma 3.20. Therefore, we shall treat the local
and non-local case separately. The local case was solved by Theorem 4.37. The
characterization in the non-local case follows:

Theorem 4.43. Let R be a non-local Dedekind domain and let M be an infinitely
generated R-module. Then M is weakly based if and only if at least one of the
following properties is satisfied:

1. card(Spec(M,=)) ≥ 2;

2. dim(τM/PτM) = gen(M) for some P ∈ Spec(R);

3. There is a projection of M onto a module
⊕

P∈Spec(M,<) VP where VP is a

vector space over R/P for each P ∈ Spec(R) and
∑

P∈Spec(M,<) dim(VP ) =

gen(M).

Proof. (⇐) If (1) holds, then the implication follows from Lemma 3.18. If (3)
holds, then we use Lemma 3.22. If (2) holds than the implication follows from
Lemma 4.36.

(⇒) Let X be a weak basis of M and suppose that (1) and (2) are false. Then
by Lemma 4.38 there is a subset X0 of X with card(X0) = card(X) such that for
each x ∈ X0 there is a prime ideal Px ∈ Spec(M,x) such that Px 6∈ Spec(M,=).
Applying the second part of Lemma 3.11, we infer that there is a projection of
M onto

⊕
x∈X0

R/Px and thus (3) holds.

Even though the next statement is quite clumsy, we combine the local and
non-local case to formulate the characterization of weakly based modules over
Dedekind domains. We also add several supplements which simplify the condi-
tions in some special cases.

Theorem 4.44. Let R be a Dedekind domain and let M be an R-module with
gen(M) = κ for some infinite cardinal κ. Then M is weakly based if and only if
at least one of the following conditions is satisfied:

1. There are two distinct prime ideals P,Q of R such that dimR/P (M/PM) =
dimR/Q(M/QM) = κ;

2. There is a prime ideal P of R and a decomposition M ' F ⊕ N where F
is a free module and dimR/P (τN/PτN) = gen(N);
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3. There is a projection of M onto an R-module
⊕

P∈Spec(R) VP where VP is

a vector space over R/P with dimR/P (VP ) < κ for each P ∈ Spec(R) and∑
P∈Spec(R) dimR/P (VP ) = κ.

Moreover, the following should be noted:

• If cf(gen(M)) > card(Spec(R)), then M is weakly based if and only if at
least one of properties (1) and (2) holds;

• If the ring R is local, the M is weakly based if and only if property (2) holds;

• If the ring R is non-local, then property (2) can be simplified to

(2’) dimR/P (τM/PτM) = gen(M) for some prime ideal P of R;

• If the spectrum of R is countable, then we can simplify condition (3) to

(3’)
∑

P∈Spec(M,<) dim(M/(PM + N)) = gen(M) for each submodule N of M

with gen(N) < gen(M);

• If the spectrum of R is countable and furthermore M is uncountably gener-
ated, then condition (3′) is simplified to

(3”)
∑

P∈Spec(M,<) dim(M/PM) = gen(M).

Proof. Combine Theorems 4.37 and 4.43. If the spectrum of R is countable, then
the simplification of (3) to (3′) is provided by Proposition 3.26. Furthermore, if
M is uncountably generated, then the sum of cardinals in condition (3′) can be
rearranged to form a non-decreasing countable sequence of cardinals smaller, then
gen(M) with limit gen(M). Then any submodule N of M with gen(N) < gen(M)
fits somewhere in this sequence of cardinals, and it follows that (3′′) implies (3′)
in this case.

The following example, apart from serving as a non-trivial application of The-
orem 4.44, shows that Proposition 3.26 does not generalize to commutative rings
with uncountable spectra, and that condition (3′) in Theorem 4.44 is not sufficient
in general.

Example 4.45. Let R be a Dedekind domain with card(R) = card(Spec(R)) =
2ℵ01. Put

H =
∏

P∈Spec(R)

R/P

and let M be a submodule of H consisting of all sequences which are zero for all
but countably many prime ideals P . Then condition (3′) of Theorem 4.44 does
hold for M , but condition (3) does not. Furthermore, M is not weakly based.

1Given any uncountable cardinal κ, there is a PID R of cardinality κ such that its spectrum
has cardinality κ. It is well known that there is an algebraically closed field k of any given
uncountable cardinality (and any such two fields of some fixed characteristics p are isomorphic;
see [CK90, Chapter 7]). Setting R = k[x], we get the desired PID. Indeed, Spec(R) = {(x−a) |
a ∈ k}.
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Proof. Using the same argumentation as in the proof of Example 3.15, we infer
that dim(M/PM) = 1 for any P ∈ Spec(R) (alternatively, this can be obtained
by observing that M is a pure submodule of H and using the corresponding part
of the proof of Example 3.15 directly). Also, we have that gen(M) = 2ℵ0 . Indeed,
it is obvious that gen(M) ≥ 2ℵ0 , and the reversed inequality follows from the fact
that card(R) ≤ 2ℵ0 implies card(M) = 2ℵ0 . Therefore,∑

P∈Spec(R)

dim(M/PM) = card(Spec(R)) = 2ℵ0 = gen(M).

We claim that there is no projection from M onto a direct sum of 2ℵ0 simple
R-modules. Supposing otherwise yields that there is a subset J of Spec(R) of
cardinality 2ℵ0 and a projection π : M →

⊕
P∈J R/P . Observe that the kernel of

any projection of M onto R/P is exactly PM for any P ∈ Spec(R). It follows that
Ker(π) =

⋂
P∈J PM . But it is easy to see, using again a similar argumentation as

in the proof of Example 3.15, that the module N = M/(
⋂
P∈J PM) is isomorphic

to the submodule consisting of all sequences with countable support in the module∏
P∈J R/P . This is a contradiction, since N is manifestly not semisimple.
The fact that M is not weakly based follows by applying Theorem 4.44.

We provide an example of a module such that existence of its weak basis is
independent on ZFC (for brevity we confine ourselves to the abelian group case).

Example 4.46. Let κ be an infinite cardinal and let us define an abelian group
A =

∏
p∈P Z

(κ)
p . Then A has a weak basis if and only if κ = κℵ0 .

Proof. First we observe that dim(A/pA) = κ for all p ∈ P. It follows that∑
p∈P dim(A/pA) = ℵ0 · κ = κ. Since card(Z) = ℵ0, we have

gen(A) = card(A) = κℵ0 .

Using Theorem 4.44, we concur that A is weakly based if and only if κ = κℵ0 .

Putting κ = ℵ1 in Example 4.46, we obtain an abelian group A such that A
is weakly based if and only if ℵ1 = ℵℵ01 . By [Jec06, Formula 5.22] and [Jec06,
Lemma 5.6], we have that ℵℵ01 = ℵℵ00 · ℵ1 = 2ℵ0 . Therefore, the abelian group A
is weakly based if and only if the continuum hypothesis holds.

4.6 Closure properties

Let us sum up the already presented (counter)examples and make use of the char-
acterization obtained in the previous section to make several judgements about
the closure properties of the class of weakly based R-modules over a Dedekind
domain R.

Lemma 4.47. Let R be a Dedekind domain. There is an extension of weakly
based abelian groups which is not weakly based.
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Proof. We prove the Lemma separately for local and non-local Dedekind domains.
First, suppose that R is non-local. Let P be a prime ideal and ι : R → RP an
injection of R into the localization of R at P given by sending 1 ∈ R to p, a
prime in the DVR RP . Since the torsion-free rank of RP is one, we have that
RP/ι[R] is a torsion R-module, hence it has a primary decomposition. It is not
hard to see that the P -primary component is isomorphic to R/P and the Q-
primary component is divisible for all prime ideals Q other than P . It follows
that ι induces the following short exact sequence:

0→ R
ι−→ RP → (R/P )⊕D → 0, (4.5)

where D is a divisible R-module. Note that

gen(D) ≤ gen(RP ) ≤ max(ℵ0, card(Spec(R))).

Denote the latter cardinal by κ. Taking a direct sum of κ copies of 4.5, we obtain
a short exact sequence

0→ R(κ) ι(κ)

−−→ R
(κ)
P → (R/P )(κ) ⊕D(κ) → 0.

The leftmost module is free, and thus weakly based, while the weak basedness
of (R/P )(κ) ⊕D(κ) follows from Lemma 4.2. But the middle module is non-zero
torsion-free and divisible by all prime ideals except for P , and therefore it is not
weakly based by Corollary 4.41.

Suppose now that R is a local Dedekind domain (i.e. a DVR) and denote by
p a prime of R. Denote by QR the ring of quotients of R. Take into consideration
the short exact sequence

0→ R→ R⊕QR → (R/pR)⊕QR → 0 (4.6)

where the inclusion is given by sending 1 to p in the first direct summand R of
the middle module. Taking a direct sum of ℵ0 copies of 4.6, we obtain

0→ R(ℵ0) → R(ℵ0) ⊕Q(ℵ0)
R → (R/pR)(ℵ0) ⊕Q(ℵ0)

R → 0. (4.7)

Again, the leftmost module is free, and thus weakly based, while the weak based-
ness of the rightmost module follows from Lemma 4.2. But the middle module is
not weakly based by Lemma 4.28.

Lemma 4.48. Let A,B be weakly based modules over a Dedekind domain R and
let C be some extension of A over B. Then C is weakly based provided that A
and B are torsion or that the extension is pure.

Proof. Let
0→ A

ι−→ B
π−→ C → 0 (4.8)

be a short exact sequence in Mod-R with A and C being weakly based. If both A
and C are finitely generated, then so is B and we are done. Hence we can assume
that gen(B) = max(gen(A), gen(C)) ≥ ℵ0. By Theorem 4.44, both A and C
fulfill at least one of the conditions 1, 2, or 3 of Theorem 4.44. We will refer
to those conditions throughout the proof. Let us identify A with the submodule
ι[A] of B. We will make another assumption about C if condition 2 holds for
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it. In this case, C ' F ⊕ C ′, where C ′ has dim(τC ′/PτC ′) = gen(C ′) (for some
P ∈ Spec(R)) and F is free. Then we can remove the direct summand F from
both C and B. We can thus already assume that C = C ′, that is, that C satisfies
gen(C) = gen(τC).

Case I. gen(A) ≤ gen(C)

Proof of Case I. If C → S is a projection of C onto a semisimple module wit-
nessing the validity of condition 1 or 3 for module C, then we prove that B
is weakly based simply using the projection B

π−→ C → S and the fact that
gen(B) = gen(C). Suppose that C fulfills condition 2 of Theorem 4.44, which
by our additional assumption means that dim(τC/P (τC)) = gen(C) for some
P ∈ Spec(R). Pick a subset Ȳ of τC lifting a basis of τC/P (τC) over P (τC). It
is enough to show that there is a subset Y of τB lifting Ȳ over A. If A and C
are torsion, then so is B and we are done in this case. Suppose that ι is a pure
injection. Pick some subset Y ′ of B lifting Ȳ over A. For any y ∈ Y ′ we have
that y+A is torsion in C, and thus there is r ∈ R non-zero with ry ∈ A. By the
purity of ι, there is ay ∈ A with ry = ray. Then r(y − ay) = 0 and thus (y − ay)
is an element of τB. Putting Y = {y− ay | y ∈ Y ′}, we obtain the desired subset
of τB lifting Ȳ over A. �Case

Case II. gen(A) > gen(C)

Proof of Case II. Choose a subset Y of B lifting a generating subset of C lifting
with card(Y ) < gen(A). Suppose that A fulfills condition 1 or 3. Then there is a
projection of A onto a semisimple R-module S with gen(S) = gen(A) witnessing
the validity of one of these conditions. Since B = A+ Span(Y ), we have a series
of projections

B → B/ Span(Y ) = (A+ Span(Y ))/ Span(Y ) '
A/(A ∩ Span(Y ))→ S/(S ∩ Span(Ȳ ) = S ′ (4.9)

where Ȳ is the image of Y in S. Then S ′ is a semisimple R-module with gen(B) =
gen(S), since card(Y ) < gen(A) = gen(S). If S witnesses the validity of condition
1 or 3 of Theorem 4.44 for module A, then so does S ′ for module B. Suppose now
that A meets condition 2, i.e., A ' F ⊕ A′, where dim(τA′/P (τA′)) = gen(A′)
for some P ∈ Spec(R). We would like to assume that F = 0. If rank(F ) >
gen(A′), then B has a direct summand of rank rank(F ) because we assumed that
gen(C) < gen(A). Therefore, the exact sequence 4.8 splits into a direct sum of
trivial free exact sequence and exact sequence

0→ A′
ι−→ B′

π−→ C → 0 (4.10)

where B′ is a direct complement of the free direct summand in B. Note that if
the short exact sequence 4.8 is pure, then so is 4.10. If gen(A′) ≤ gen(C), then B′

is weakly based by Case I, and therefore B is weakly based. If gen(A′) > gen(C),
we redenote A = A′ and continue. We have a series of projections

τB → τ(B)/(Span(Y ) ∩ τB) = (τA+ Span(Y ) ∩ τB)/(Span(Y ) ∩ τB) '
τA/(τA ∩ Span(Y ))→ V/(Span(Ȳ ) = V ′ (4.11)
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where V is the vector space over R/P of dimension gen(A) together with the pro-
jection A→ V and Ȳ is the image of Y in V . It follows that dim(τB/P (τB)) =
gen(A) = gen(B) and B meets condition 2 of Theorem 4.44. �Case

This concludes the proof.

Lemma 4.49. Let R be a non-local Dedekind domain. Then there are modules
M,N which are not weakly based such that M ⊕N is weakly based.

Proof. Let P,Q be two distinct prime ideals of R. Let κ stand for the maxi-
mum of cardinals ℵ0 and card(Spec(R)). Put M = R

(κ)
P and N = R

(κ)
Q . Note

that M,N are both torsion-free R-modules and gen(M) = gen(N) = κ. Also,
dim(M/LM) = 0 for each L ∈ Spec(R) \ {P} and dim(M/PM) = κ by
Lemma 4.38 (the torsion-free rank of M is κ). The same statement holds mutatis
mutandis for N and Q.

It follows from Corollary 4.41 that M and N are not weakly based. On the
other hand, since dim((M ⊕N)/P (M ⊕N)) = dim((M ⊕N)/Q(M ⊕N)) = κ =
gen(M ⊕N), we have by Proposition 4.40 that M ⊕N is weakly based.

Lemma 4.50. Let R be a DVR and M,N two R-modules which are not weakly
based. Then M ⊕N is also not weakly based.

Proof. LetR be a DVR with a prime p and letM,N beR-module such thatM⊕N
is weakly based. It follows from Theorem 4.37 that M ⊕ N ' F ⊕ A where F
is free R-module and dim(τA/p(τA)) = gen(A). If A is finitely generated, then
M,N are obviously weakly based; we further assume that gen(A) ≥ ℵ0. Since
τA = τM ⊕ τN , it follows that we can, without loss of generality, assume that
dim(τM/p(τM)) = gen(A). We have

dim(τM/p(τM)) = gen(A) = gen(τA) = gen(τM).

If gen(M) = gen(τM), then M is weakly based by Theorem 4.37. Suppose that
gen(M) > gen(τM). Since M ⊆ A ⊕ F and gen(M) > gen(A), we have that
G = M/A∩M is isomorphic to a submodule of F . Since R is a PID, the module
G is free, and thus M ' G⊕(A∩M). Since τM ⊆ A∩M and gen(A∩M) = τM ,
we have that M is weakly based by Theorem 4.37.

Example 4.51. Let R be a Dedekind domain and P ∈ Spec(R). Put H =∏
n∈NR/P

n. Then H is not weakly based.

Proof. We showed in Example 4.23 that τH is not weakly based. If R is local,
then H is not weakly based by Lemma 4.28. If R is non-local then, since H = QH
for any Q ∈ Spec(R) \ {P}, it follows from Theorem 4.43 that H is not weakly
based.

Theorem 4.52. Let R be a Dedekind domain and denote respectively by W and
T W the class of all weakly based and all torsion weakly based R-modules. Then:

• W is not closed under direct summands, direct products, extensions, direct
limits, submodules, or quotients (for any Dedekind domain R),

• T W is closed under extensions,
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• W is closed under arbitrary direct sums and pure extensions,

• Mod-R \W is closed under finite direct sums if and only if R is local.

Proof. Let R be a Dedekind domain. For any torsion module T and non-zero
divisible module D with gen(T ) ≥ gen(D), we have by Lemma 4.2 that T ⊕D is
weakly based, but D is not weakly based by Corollary 3.2. The non-closedness un-
der extensions is shown by Lemma 4.47. By [GT06, Lemma 1.2.3], any module is
a direct limit of finitely presented, and thus weakly based modules. In particular,
a non-trivial divisible module is a direct limit of weakly based modules.

The counterexample toW being closed under direct products for any Dedekind
domain R is shown in Example 4.51. We note that if R is local, then even the
direct product of infinite number of copies of R is not weakly based by Exam-
ple 4.26. That W is not closed under submodules or quotients is clear.

Let R be a Dedekind domain. ThatW is closed under direct sums, is demon-
strated by Lemma 3.4. The closedness of W under pure extensions and of T W
under extensions is shown by Lemma 4.48.

The fact that for a non-local Dedekind domain a direct sum of two mod-
ules which are not weakly based can indeed be weakly based is demonstrated in
Lemma 4.49, while the closedness of Mod-R \ W under finite direct sums in the
local case is proved in Lemma 4.50.
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Chapter 5

Weak basis properties of rings

In this chapter we are going to investigate rings R such that all (left) modules
over R are weakly based, and an even more rare scenario in which any generating
set of any R-module contains a weak basis. The latter property of a module is
stronger than being just weakly based; we also give some attention to modules
over PIDs with this property and characterize them over a DVR.

Definition. Let R be a ring.

• We say that an R-module M is strongly weakly based1 if for any generating
set X of M there is a subset Y of X which is a weak basis of M .

• If any (left) R-module is (strongly) weakly based, then we say that R has
the (left) (strong) weak basis property.

Of course, any finitely generated module is strongly weakly based, and any
division ring has the strong weak basis property (Lemma 5.20).

It may be worth noting that in the literature both the class of rings with the
(left) weak basis property and with the strong weak basis property can be found
identified with the class of left perfect rings. A counterexample to the claim that
commutative rings with the weak basis property are perfect, found in [Ran77],
was shown in [NN91a]; we cite this example and show a variety of other ones in
the next section. On the other hand, the authors of [NN91a] proved that any ring
with the strong weak basis property is perfect, and asked whether the reversed
inclusion holds. A positive answer is given in [Zho95], but the proof is flawed (as
shown in the erratum of this paper) and the question remains open as far as we
know.

Remark 5.1. Neither the strong weak basis property nor the weak basis prop-
erty are left-right symmetric. Let us get slightly ahead of ourselves and show a
counterexample right away. A classical example of Bass (see [Lam01, Example
23.22]) of a left perfect ring which is not right perfect is local, and therefore has
the left strong weak basis property by Lemma 5.20. By the theorem of Bass, the
radical of this ring cannot be right T -nilpotent, and thus we can use Lemma 5.3
to infer that this ring does not have the right weak basis property.

Continuing in our convention of all modules being left, whenever referring to
a ring property, we have its left version in mind (unless said otherwise).

1The author would like to apologize for not being able to devise a less quaint term, albeit it
might evoke a fairy tale connotation.
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5.1 Weak basis property

First we give a very simple lower and upper bound for a class of rings with the
weak basis property.

Definition. Let R be a ring.

• We say that R is semisimple2 if it is semisimple as an R-module.

• We call R a (left) max ring provided that any non-zero (left) R-module has
a maximal submodule.

Lemma 5.2. Any semisimple ring has the weak basis property. All rings with
the weak basis property are max rings.

Proof. The first part follows from Lemma 3.4, and the second part is an immediate
consequence of Lemma 3.1.

In what follows we show that in order to study the class of rings with the
weak basis property it is enough to concern ourselves with rings with zero radical
(i.e. the semiprimitive rings).

Definition. Let R be a ring and I a left ideal of R. Following [Lam01, Theorem
23.16], we say that I is (left) T -nilpotent provided that for any left R-module M ,
IM = M implies M = 0.

We say that R is a (left) perfect ring if the radical J of R is left T -nilpotent
and the quotient ring R/J is semisimple.

Lemma 5.3. Let R be a ring and J its radical. Then R has the weak basis
property if and only if R/J has the weak basis property and J is T -nilpotent.

Proof. (⇒) Suppose that R has the weak basis property. By Lemma 3.6, any
weak basis lifts over the radical, and therefore the ring R/J has the weak basis
property. Let M be an R-module and suppose that JM = M . Since R has the
weak basis property, there is a weak basis X of M . Again, Lemma 3.6 shows that
X lifts a weak basis of M/JM = 0, and thus M = 0. Hence, by definition, J is
T -nilpotent.

(⇐) Let M be an R-module. The factor module M/JM is naturally an
R/J-module. By hypothesis, the ring R/J has the weak basis property, and thus
there is a weak basis X̄ of the R/J-module M/JM , which is of course also a weak
basis of the R-module M/JM . Denote by X some subset of M lifting X̄ over
JM . We claim that X is a weak basis of M . Clearly, X is weakly independent.
Furthermore, we have

M = JM + Span(X).

It follows that M/ Span(X) = J(M/ Span(X)). By the definition of T -nilpotence,
M/ Span(X) = 0, and therefore X is a weak basis of M . Hence, R has the weak
basis property.

Definition. The following conditions for the ring R are equivalent (see [Goo79,
Theorem 1.1]):

2This is a left-right symmetric property of a ring - see [Lam01, Corollary 3.7].
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1. For any x ∈ R there is y ∈ R such that xyx = x.

2. Any (left) principal ideal of R is generated by an idempotent.

3. Any (left) finitely generated ideal of R is generated by an idempotent.

If R fulfills any of those conditions, we say that R is (Von Neumann) regular.
Furthermore, R is an abelian regular 3 ring if all its left ideals of R are two-sided.

Fact 5.4. The following statements are true:

1. ([Goo79, Corollary 1.2]) Any regular ring is semiprimitive.

2. ([Fai95, Kaplansky’s Theorem, First Max Theorem]) For a commutative
semiprimitive ring, the notions of regular and max rings coincide.

Denote byW the class of rings with the (left) weak basis property, and byW ′
the subclass of W consisting of commutative and semiprimitive rings. Putting
Lemmas 5.2, 5.3, and Fact 5.4 together we obtain following bounds:

Perfect ⊆ W ⊆ Max,

Semisimple ⊆ W ′ ⊆ Regular,

Recall that by Lemma 5.3 it is enough to concern ourselves with semiprimitive
rings. Therefore, in order to investigate commutative rings with the weak basis
property, it is enough to treat the class W ′.

In the rest of this section we provide a variety of examples, proving in partic-
ular that all the inclusions above are proper.

5.1.1 Semiartinian rings

The following is an example of a non-perfect ring with the weak basis property
by Nashier and Nichols:

Example 5.5. ([NN91a]) Let k be a field, κ an infinite cardinal and R = kκ.
Put V = k(κ), viewed as a k-subspace of R. Let S be a k-span of V ∪{1R}. Then
S is a non-perfect commutative ring with the weak basis property.

Proof. It is easy to see that S is a k-subalgebra of R and that the ring S is
regular. In particular, S has zero radical. From κ being infinite it follows that
S is not artinian, and hence S is not semisimple. Therefore, S is a non-perfect
commutative ring. The weak basis property of S follows from Lemma 5.6.

We generalize the example of Nashier and Nichols in the following, fairly
straightforward, way.

Definition. Let R be a ring. We define the (left) socle of R, denoted Soc(R), to
be the left ideal of R generated by all the simple (minimal) left ideals of R. We
note that Soc(R) is always a two-sided ideal.

Lemma 5.6. Let R be a ring. If R/ Soc(R) has the weak basis property, then so
does R.

3Also referred to as strongly regular rings in literature.
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Proof. Let M be an R-module and put S = Soc(R). Then M/SM is naturally
an R/S-module, and thus there is a weak basis X̄ of the R-module M/SM .
Denote by X some subset of M lifting X̄ over SM and note that X is weakly
independent. Put C = Span(X) ∩ SM .

Because SM is an epimorphic image of some direct power of S and S is a
semisimple module, we have that SM is a semisimple module. Thus C is a direct
summand of SM and SM = C ⊕D for some complement D. It follows that

M = SM + Span(X) = (C ⊕D) + Span(X) = D ⊕ Span(X).

Hence, M is a direct sum of two weakly based modules, and whence M is weakly
based.

Definition. Let R be a ring. We put Soc0(R) = 0 and inductively define:

• If α is a successor ordinal, then Socα(R) is the ideal of R such that the
quotient Socα(R)/ Socα−1(R) is the socle of R/ Socα−1(R).

• If α is a limit ordinal, then Socα(R) =
⋃
β<α Socβ(R).

We say that R is a left semiartinian (or Loewy) ring if there is an ordinal σ such
that Socσ(R) = R. In this case we say that σ is the (left) Loewy length of R,
denoted by L(R) = σ. Note that since R is a finitely generated R-module, L(R)
is always a successor ordinal.

Corollary 5.7. A semiartinian ring of finite Loewy length has the weak basis
property.

Proof. Follows by a finite induction from Lemma 5.6.

Lemma 5.8. Let M be an R-module and X a subset of M . If there are pairwise
distinct elements xn ∈ X,n ∈ ω and elements y0, . . . , yn ∈ X such that {xn | n ∈
ω} ⊆ Span({y0, . . . , yn}), then X is not weakly independent.

Proof. Since card({xn | n ∈ ω}) = ℵ0, there is n ∈ ω such that xn 6∈ {y0, . . . , yn}.
Hence xn ∈ Span(X \ {xn}) and X is not weakly independent.

As shown in the following example, Corollary 5.7 does not hold for general
semiartinian rings.

Example 5.9. There is a commutative semiartinian ring which does not have
the weak basis property.

Proof. Inductively, we construct partitions Pα, α < ω1 of ℵ1 such that:

1. For each α < ω1 the partition Pα is a refinement of Pα+1, but no set from
Pα+1 is a finite union of sets from Pα.

2. For each α < ω1 we have card(Pα) = ℵ1 and for each P ∈ Pα we have
card(P ) ≤ ℵ0.

3. There is P 0
α ∈ Pα for α < ω1 such that P 0

α ⊆ P 0
α+1 for each α < ω1 and⋃

α<ω1
P 0
α = ℵ1.
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For the first step, we just let P0 to be the set of all singletons from ℵ1. Suppose
that we already constructed Pβ for all β < α for some α < ω1. For each β < α
we fix enumerations Pβ = {P γ

β | γ < ω1}. First, let α be a successor. We
put P 0

α =
⋃
γ<max(ω,α) P

γ
α−1. The rest of sets in Pα−1 can easily be divided to

ℵ1 disjoint subsets of cardinality ℵ0, and their unions will be enumerated by
P γ
α , 0 < γ < ω1. Putting Pα = {P γ

α | γ < ω1}, we fulfilled conditions (1) and (2).
Suppose now that α is limit. For each a ∈ ℵ1, we define a subset P a

α of ℵ1

by putting P a
α =

⋃
β<α{P ∈ Pβ|a ∈ P}. We set Pα = {P a

α | a ∈ ℵ1}. This is
easily verified to be a partition of ℵ1. Since α < ω1, it follows from (1) and (2)
that card(P a

α) ≤ ℵ0, and thus also card(Pα) = ℵ1. Note that P 0
α =

⋃
β<α P

0
β .

Finally, since α ⊆ P 0
α for each α < ω1, it follows that

⋃
α<ω1

P 0
α = ℵ1. We let

P =
⋃
α<ω1

Pα.
We construct a subring of Z2

ω1 by taking the Z2-linear span of P =
⋃
α<ω1

Pα
united with {1}, identifying subsets of ℵ1 with elements of Z2

ω1 in the obvious
way. This is easily seen to be a commutative regular ring. Also, we naturally
get a socle sequence for R of length ω1 + 1 (the (α + 1)-th socle is generated
by Pα for each α < ω1), hence R is semiartinian4. Take the ω1-th socle S =
Sω1 = SpanZ2

(P). We claim that S does not have a weak basis. Suppose that
X is a weak basis of S. Since S is obviously not finitely generated, there are
xn, n ∈ ω pairwise different elements in X. Then there are sets Pn ∈ P , n ∈ ω
such that {xn | n ∈ ω} ⊆ Span({Pn | n ∈ ω}). Since each Pn is a countable
subset of ℵ1, there is by (3) and (1) a set P ∈ P such that

⋃
n<ω Pn ⊆ P . But

P ∈ S = Span(X) and using Lemma 5.8, we conclude from {xn} ⊆ Span({P})
that X is not weakly independent.

The ring constructed in Example 5.9 is regular (this can be seen either directly
from the construction or noting that the ring has zero radical and using [NP68,
Théorème 3.1.]), and hence max by Fact 5.4. Therefore, we have already found
an example of a (commutative, semiprimitive) max ring without the weak basis
property. In the next subsection we provide a wide class of non-semiartinian
regular rings without the weak basis property.

Lemma 5.10. Let R be a regular ring and Y = {yn | n ∈ ω} a countable subset
of R. Then there is a countable set {xn ∈ n ∈ ω} of orthogonal idempotents
of R such that Span(Y ) =

⊕
n∈ω Rxn. Furthermore, we can require that yn ∈

Span({y0, . . . , yn−1, xn}) for each n ∈ ω.

Proof. Let In be a left ideal of R generated by {y0, . . . , yn} for each n ∈ ω. We
will inductively construct the desired elements xn, n ∈ ω. For the first step,
let x0 be an idempotent such that Rx0 = I0. Suppose that we have already
found orthogonal idempotents x0, . . . , xn such that In =

⊕n
i=0 Rxi. Put fn =

x0 + · · ·+xn; by the orthogonality of x0, . . . , xn we have that fn is an idempotent
with In = Rfn. Now In+1 = Rfn ⊕ In+1(1 − fn). Let xn+1 be an idempotent
such that Rxn+1 = In+1(1− fn). It follows easily that xn+1fn = fnxn+1 = 0, and
therefore x0, . . . , xn+1 are orthogonal. Also, we can see that In+1 =

⊕n+1
i=0 Rxi.

Together we have that Span(Y ) =
⊕

n∈ω Rxn. The furthermore part follows
from the fact that In = In−1 +Rxn for each n > 0.

4For more details we refer the reader to [CF74], where the authors used similar construction
to show that there is a semiartinian ring of length α+ 1 for any ordinal α.
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Corollary 5.11. Let R be a regular ring. Then any countably generated ideal of
R is weakly based.

So far all examples of rings with the weak basis property were semiartinian of
finite Loewy length. We show that there are examples of infinite Loewy length
as well.

Lemma 5.12. Let R be a commutative semiartinian ring such that any ideal of
R decomposes into a direct sum of principal ideals. Then R has the weak basis
property.

Proof. By [NP68, Théorème 3.1.] and Lemma 5.3, we can assume that R has
zero radical.

Let L(R) = λ and denote Sα = Socα(R) for each α ≤ λ. Observe that given
any R-module M , the socle sequence of R induces a natural filtration of M by
putting Mα = SαM for each α ≤ λ. In particular, Mα+1/Mα is semisimple for
each α < λ because it is a homomorphic image of a direct sum of Sα+1/Sα. We
define `(M) to be the smallest ordinal α ≤ λ such that M = Mα (i.e., M = SαM).

Now we show by induction on `(M) that each R-module M is weakly based.
If `(M) ≤ 1, then M is semisimple, and thus weakly based. Suppose that all
R-modules with `(M) < µ ≤ λ are weakly based. First we assume that µ is a
successor. Since Mµ/Mµ−1 is a semisimple module, there is a subset X of M = Mµ

lifting a weak basis of M/Mµ−1. The module M/ Span(X) is then divisible by
Sµ−1, and thus `(M/ Span(X)) < µ. Therefore, induction applies and there is
a weak basis Ȳ of M/ Span(X). Since M/ Span(X) = Sµ−1(M/ Span(X)), we
can choose a subset Y of Mµ−1 lifting Ȳ over Span(X). Since X lifts a weakly
independent set over Mµ−1 ⊇ Span(Y ) and Y lifts a weakly independent set over
Span(X), it follows that X ∪ Y is weakly independent by Lemma 2.4, and thus
is the desired weak basis of M .

Suppose now that µ is a limit ordinal. By hypothesis, Sµ is a direct sum of
principal ideals. Since R has zero radical, we have by [NP68, Théorème 3.1.]
that R is regular, and thus we can safely assume that Sµ =

⊕
i∈I eiR where ei

is an idempotent of R for each i from some index set I. Because M = SµM
and R is commutative, we have M =

∑
i∈I eiM . If i, j ∈ I are distinct and

m ∈ eiM ∩ ejM , we have by idempotency of ei, ej and the commutativity of R
that m = eim = ejeim = 0m = 0. Therefore eiM ∩ ejM = 0, and it follows that
M =

⊕
i∈I eiM . Hence it is enough to show that eiM is weakly based for each

i ∈ I. But ei is an element of Sµ =
⋃
α<µ Sα, and thus there is α < µ such that

ei ∈ Sα. We have Sα(eiM) = eiM which implies that `(eiM) ≤ α < µ, and the
induction hypothesis shows that eiM is indeed weakly based. This concludes the
proof.

Definition. Let κ be a cardinal number. We say that a ring R is κ-noetherian
if any ideal of R is at most κ-generated.

Corollary 5.13. An ℵ0-noetherian regular semiartinian commutative ring has
the weak basis property.

Proof. By Lemma 5.10, any countably generated ideal of R is a direct sum of
principal ideals. The rest is an application of Lemma 5.12.
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Example 5.14. • There is an ℵ0-noetherian regular semiartinian commuta-
tive ring with zero radical of infinite Loewy length. In particular, there is by
Corollary 5.13 a semiartinian ring with the weak basis property of infinite
Loewy length.

• There is a commutative semiartinian ring with the weak basis property with
an ideal which does not decompose into a direct sum of principal ideals.

Proof. • It is easy to construct a sequence Pn, n ∈ ω of subsequently refining
partitions of ω such that for each n > 0 there is no P ∈ Pn which can
be written as a finite union of sets from Pn−1. We view subsets of ω as
elements of Zω2 and define R to be the Z2-span of the set

⋃
n∈ω Pn ∪ {1}. It

is easy to check that R is a subalgebra of Zω2 and that R is a semiartinian
ring with L(R) = ω + 1 (the (n + 1)-th socle of R is generated by Pn for
every n ∈ ω). Also, R is obviously a regular ring and the ℵ0-noetherian
property follows from the fact that R is countable.

• We construct ring R with the desired properties in a similar fashion as
above, as a subring of Zω. Let A be a uncountable almost disjoint system
of subsets of ω (see Lemma 3.14 and the definition preceding it).

Defining R as a Z2-span of {{n} | n ∈ ω} ∪ A ∪ {1} in the Z2-algebra
Zω, we again obtain a ring. It is easy to check that R is semiartinian with
S1 generated by the singletons, S2 is generated by A and S3 = R. Thus
R is of finite Loewy length and Corollary 5.7 shows that R has the weak
basis property. On the other hand, S2 does not decompose into a direct
sum of principal ideals. Indeed, that would induce a partition of ω into
uncountable amount of non-empty disjoint sets, which is not possible.

5.1.2 Baer regular rings

Definition. A ring R is a Baer ring5 provided that for any subset X of R the
left annihilator {r ∈ R | rX = 0} of X is generated by an idempotent (as a left
ideal of R).

Fact 5.15. [Ber88, Corollary 1.22] Let R be a regular ring. Then R is Baer if
and only if the lattice of left principal ideals of R is complete.

Lemma 5.16. Let R be a regular Baer ring. Let A be a set and {Iα | α ∈ A}
a collection of pairwise disjoint left principal ideals of R. Then for any subset B
of A, there are left principal ideals J0, J1 of R such that J0 ∩ J1 = 0, Iα ⊆ J0 for
each α ∈ B and Iα ⊆ J1 for each α ∈ A \B.

Proof. Put B0 = B and B1 = A \ B. Let Ji be the intersection of all principal
ideals of R which contain all ideals Iα, α ∈ Bi for each i ∈ 2. By Fact 5.15, ideal
Ji is principal for each i ∈ 2. It suffices to show that J0 ∩ J1 = 0. Towards a
contradiction, suppose that j ∈ J0 ∩ J1 is non-zero. Since j ∈ J0, it follows from
the definition of J0 that there is α ∈ B0 such that Rj ∩ Iα 6= 0. Then J1∩ Iα 6= 0.
Because R is regular and Iα is principal, Iα is a direct summand of R. It follows

5This is a left-right symmetric property - see [Lam99, Proposition 7.46].
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that there is an ideal C such that Iα⊕C = R and Iβ ⊆ C for all β ∈ B1. We have
by the definition of J1 that J1 ⊆ C. This is a contradiction with J1 ∩ Iα 6= 0.

Lemma 5.17. Let R be a regular ring. Then Soc(R) is exactly the intersection
of left non-principal maximal ideals of R.

Proof. Let V be a left minimal ideal. Then R = V ⊕ M , where M is a left
maximal ideal such that V ' R/M , hence M is principal. It is easily seen that
V lies in the intersection of all left non-principal maximal ideals.

On the other hand, let m be an element contained in each left non-principal
maximal ideal. We can suppose that m is an idempotent. Then (1 −m) is not
contained in any left non-principal maximal ideal. Note that any left maximal
ideal containing Soc(R) is necessarily non-principal. Thus R(1−m) + Soc(R)) =
R, in particular, m ∈ Soc(R).

Proposition 5.18. Let R be a Baer regular ring. Then all the non-principal left
maximal ideals of R are not weakly based. In particular, R has the weak basis
property if and only if R is semisimple.

Proof. Let I be a left maximal ideal of R such that I is not principal. Then I is in-
finitely generated. Towards a contradiction, let Y be a weak basis of I. Pick pair-
wise distinct elements yn, n ∈ ω from Y . Let xn, n ∈ ω be orthogonal idempotents
as in Lemma 5.10, in particular Span({yn | n ∈ ω}) =

⊕
n∈ω Span({xn}). We

claim that X = (Y \ {yn | n ∈ ω})∪ {xn | n ∈ ω} is a weak basis of Y . Of course
I = Span(X). Suppose that X is not weakly independent, that is, there is x ∈ X
such that x ∈ Span(X \ {x}). If x 6= xm for any m ∈ ω, then x ∈ Span(Y \ {y}),
because Span({yn | n ∈ ω}) = Span({xn | n ∈ ω}), a contradiction with weak
independence of Y . Suppose that x = xm for some m ∈ ω. Because xn, n ∈ ω are
orthogonal idempotents, we infer that xm ∈ Span(Y \ {yn | n ∈ ω}). But then,
by Lemma 5.10, we have that ym ∈ Span({y0, . . . , ym−1, xm}) ⊆ Span(Y \ {yn |
n ≥ m}), a contradiction with weak independence of Y .

Let ω = A0 ∪ A1 be a partition of ω into two infinite sets and put Mi =
Span({xn | n ∈ Ai}) for each i ∈ 2. Since R is Baer regular, we can by
Lemma 5.16 find left principal ideals Ji ⊆ R, i ∈ 2 such that Ji contains Mi

for each i ∈ 2 and J0 ∩ J1 = 0. By [Goo79, Proposition 2.11], there are idempo-
tents ai, i ∈ 2 of R such that Ji = Rai, and a1a0 = 0.

Since X was assumed to be weakly independent, Lemma 5.8 shows that
ai 6∈ I for each i ∈ 2. Therefore, there are z0, . . . , zk ∈ X such that 1 ∈
Span({z0, . . . , zk, a0}). Hence, a1 ∈ Span({z0, . . . , zk}) ⊆ Span(X) which is a
contradiction.

To demonstrate the validity of the last claim of the Proposition, we refer to
Lemma 5.17, which shows that a regular ring has a non-principal maximal left
ideal if and only if it is semisimple.

Baer regular rings include products of division rings, endomorphism rings
of vector spaces, self-injective regular rings ([Lam99, Corollary 7.53]), and C∗-
algebras.
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5.2 Strong weak basis property

An analogy of Lemma 5.3 holds for the strong weak basis property. The proof is
basically the same.

Lemma 5.19. Let R be a ring and J its radical. Then R has the strong weak
basis property if and only if J is T -nilpotent and R/J has the strong weak basis
property.

Proof. (⇒) Because R has a fortiori the weak basis property, Lemma 5.3 shows
that J is T -nilpotent. The strong weak basis property of R/J is obvious.

(⇐) Let M be an R-module and X its generating set. Let X̄ denote the image
of X in the canonical projection of M onto M/JM . Since M/JM is naturally an
R/J-module and R/J has the strong weak basis property, there is a subset Ȳ of
X̄ which is a weak basis of M/JM . Let Y be a subset of X lifting Ȳ over JM .
We claim that Y is a weak basis of M/JM . The weak independence of Y is clear.
Note that M = JM + Span(Y ). It follows that M/ Span(Y ) = J(M/ Span(Y )),
and therefore, by the T -nilpotency of J , we have that M = Span(Y ). Hence, R
has the strong weak basis property.

Lemma 5.20. ([NN91b, Theorem 1.1]) Any local perfect ring has the strong weak
basis property.

Proof. Let R be a local perfect ring. By Lemma 5.19, we can, without loss of
generality, assume that R has zero radical. In this case R is a division ring. Let
M be an R-module. It is easy to see that the set of all weakly independent subsets
of M is inductive. Therefore, we can apply Zorn’s Lemma in order to obtain a
maximal weakly independent subset X of M . We claim that X is a weak basis
of M . Suppose that there is m ∈ M such that m 6∈ Span(X). By maximality of
X, there are x1, . . . , xn ∈ X and r0, . . . , rn ∈ R such that

r0m+ r1x1 + · · ·+ rnxn = 0

where at least one of the scalars ri is invertible in R (i.e., ri is non-zero). Since
X is weakly independent, r0 is non-zero, and thus invertible in R. It follows that
m ∈ Span(X), a contradiction.

In [NN91a], the authors proved that any ring with the left strong weak basis
property is left perfect. We present a simpler proof of this fact.

Lemma 5.21. Let R be a ring with the left strong weak basis property. Then R
is left perfect.

Proof. By Lemma 5.19, the radical J of R is left T -nilpotent and R/J has the
weak basis property. We can thus assume that R is already semiprimitive and
the goal is to show that R is semisimple. Suppose that R is not semisimple.
Then R contains an infinite amount of distinct left maximal ideals (otherwise R
would be semisimple by Chinese remainder theorem, because the radical is zero).
Let {Mn | n ∈ ω} be a collection of pairwise distinct left maximal ideals and
put S =

⊕
n∈ω R/Mn. Denote by en the projection of 1 to R/Mn for all n ∈ ω.

Define a subset X of S as follows: X = {e0 + · · · + en | n ∈ ω}. It is easy to
see that X generates S. Because Ann(en) = Mn for any n ∈ ω, we have that
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Span({e0 + · · · + en}) =
⊕

i≤nR/Mi. Then any pair of elements of X is weakly
dependent and it follows that X does not contain any weak basis of S. This is a
contradiction with R having the strong weak basis property.

We alter the original proof of Lemma 5.21 by Nashier and Nichols slightly
to show that the module witnessing that a non-perfect ring does not possess the
strong weak basis property can actually be always chosen as a free module of an
infinite rank.

Proposition 5.22. Let R be a (left) non-perfect ring. Then any free R-module
of an infinite rank is not strongly weakly based.

Proof. Let R be a left non-perfect ring. By [NN91a, Proposition 1 and Theorem
2], there is a sequence rn ∈ R, n ∈ ω such that for each i ∈ ω and n > i we
have that Rri+1 . . . an 6= Rriri+1 . . . rn. We can safely assume that rn is a non-
unit in R for any n ∈ ω. Let F = R(ω) be a free R-module of rank ω and let
B = {bn | n ∈ ω} be a free basis of F . Define for each n ∈ ω:

xn = bn + rnbn+1;

yn = rnbn+1

and put Z = {xn, yn | n ∈ ω}, X = {xn | n ∈ ω}. It is easy to see that
B ⊆ Span(Z), and thus Z generates F . We will show that Z does not contain
any weak basis of F . Suppose towards a contradiction that Z ′ ⊆ Z is a weak
basis of F . Since rn is a non-unit for each n ∈ ω, we conclude that necessarily
X ⊆ Z ′. Put Xk = X ∪ {yk} for each k ∈ ω. We claim that bk+1 6∈ Span(Xk)
for any k ∈ ω. Suppose towards a contradiction that bk+1 = syk +

∑
n∈ω snxn for

some s, sn ∈ R, n ∈ ω such that sn = 0 for all n > m for some m ∈ ω. Comparing
the coefficients in basis B, we obtain:

s0 = 0, s1 = 0, . . . , sk = 0;

1 = srk + sk+1, 0 = sk+1rk+1 + sk+2, . . . , 0 = sm−1rm−1 + sm, 0 = smrm.

Together we get (modulo a sign)

(1− srk)rk+1 . . . rm = 0,

and therefore
rk+1 . . . rm = srkrk+1 . . . rm.

But then Rrk+1 . . . rm = Rrkrk+1 . . . rm, a contradiction with our choice of ele-
ments rn, n ∈ ω. On the other hand, it can be easily seen that bn ∈ Span(Xk)
for any n < k. It follows that there are k < l ∈ ω (and in fact there is an infinite
number of such indices) such that Xk, Xl ⊆ Z ′. But since yk ∈ Span(Xl) and
yk 6∈ Xl, this contradicts Z ′ being weakly independent.
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5.2.1 Strongly weakly based modules over Dedekind do-
mains

At this point we address strongly weakly based torsion modules over Dedekind
domains. We do not provide a complete characterization. In fact, the gap left
in the following proposition can serve as a motivation to the main problem of
Nashier and Nichols presented in this section - do non-local perfect rings have
the strong weak basis property ?

Lemma 5.23. Let M be a strongly weakly based module over a ring R. Then
any direct summand of M is strongly weakly based.

Proof. Let N be a submodule of M such that M = N ⊕ C for some submodule
C. Let X be a generating set of N and Y be a generating set of C. Since M is
strongly weakly based, there is a subset Z of X ∪ Y which is a weak basis of M .
Then X ∩ Z is a weak basis of N . Therefore, N is strongly weakly based.

Lemma 5.24. Let R be a Dedekind domain, and M an R-module. Suppose that
either R is local or M is P -primary for some P ∈ Spec(R). If there is a projection
of M onto a non-zero divisible R-module, then M is not strongly weakly based.

Proof. Suppose that there is a projection π : M → D where D is a non-zero
divisible module. Since D is divisible, there is a subset X of PM (if R is local
let P be the radical of R) lifting some generating set of D via π. Let Y be some
generating set of Ker(π). We have M = Span(X ∪ Y ). Suppose that there is a
subset Z of X ∪ Y which is a weak basis of M . By Lemma 4.5 or Lemma 4.19,
the set Z lift a basis of M/PM over PM . Since X ⊆ PM , it follows that
Z ⊆ Y ⊆ Ker(π), a contradiction to M = Span(Z).

We say that anR-moduleM over a Dedekind domainR is bounded if Ann(M) (
R.

Proposition 5.25. Let R be a Dedekind domain and let M be a torsion R-
module. Then:

1. If M is strongly weakly based, then M is bounded.

2. Suppose that M is P -primary for some P ∈ Spec(R). Then M is strongly
weakly based if and only if M is bounded.

Proof. 1. Suppose that M is an unbounded torsion R-module and recall that
given P ∈ Spec(R) we denoted by MP the P -primary component of M .
Then either there is a P ∈ Spec(R) such that MP is unbounded or there
is an infinite number of distinct prime ideals Q such that MQ is non-zero.
Let us treat those two cases separately.

Suppose that MP is unbounded and let us show that M is not strongly
weakly based. Since MP is a direct summand of A, we can by Lemma 5.23
assume that already M = MP . We claim that there is a projection of M
onto a non-zero divisible R-module. Let B be a basic submodule of M
(for the definition see Chapter 4). If B is a proper submodule of M , then
we are done by the definition of basic submodule. If M = B, then M
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is a direct sum of cyclic P -primary modules of unbounded order, and the
standard construction of the Prüfer P -module as a direct limit of cyclic
P -modules provides us with the desired projection. In both cases, we have
a projection of M onto a non-zero divisible R-module. By Lemma 5.24, M
is not strongly weakly based.

Suppose that there is an infinite subset Φ of Spec(R) such that MQ is non-
zero for each Q ∈ Φ. By [Kap54, Theorem 9], there is either a divisible
or cyclic direct summand BQ of MQ for each Q ∈ Φ. If BQ is divisible,
then M is not strongly weakly based by Lemma 5.24 and Lemma 5.23.
Suppose that BQ is cyclic for all Q ∈ Φ. Put B =

⊕
Q∈Φ BQ. Since B is

a direct summand of M , it is by Lemma 5.23 enough to show that B is
not strongly weakly based. Let xQ be a generator of BQ for each Q ∈ Φ.
Enumerate Φ = {Qn | n ∈ ω} and put yn =

∑n
i=0 xQi . Observe that

B = Span({yn | n ∈ ω}). On the other hand, for each n > 0 we have
y0, . . . , yn−1 ∈ Span({yn}). This readily shows that we cannot choose a
subset of {yn | n ∈ ω} which is a weak basis of B.

2. It suffices to show that a bounded P -primary R-module M is strongly
weakly based. Let n ∈ ω be such that P nM = 0. Then M can be viewed
naturally as an R/P n-module. But R/P n is a local perfect ring, and there-
fore, by Lemma 5.20, a ring with the strong weak basis property. Hence,
M is strongly weakly based.

Example 5.26. There is a semisimple abelian group which is not strongly weakly
based.

Proof. Put A =
⊕

p∈P Zp. Then A is a semisimple abelian group. Since A is not
bounded, it is not strongly weakly based by Proposition 5.25.

Theorem 5.27. Let R be a DVR and M an R-module. Then M is strongly
weakly based if and only if M ' G ⊕ T where G is a free module of finite rank
and T is a bounded torsion module.

Proof. (⇐) Let X be a generating set of M = G ⊕ T where G is free of finite
rank and T is bounded torsion. Since G is finitely generated module, there is
a finite subset X0 of X such that G ⊆ Span(X0). Then T ′ = M/ Span(X0) is
a bounded torsion module. Denote by X̄ the image of X in T ′. By virtue of
Proposition 5.25, there is a weak basis X̄1 ⊆ X̄ of T ′. Let X1 be a subset of X
lifting X̄1 over Span(X0). Put N = M/ Span(X1). Then N is generated by the
image of X0. In particular, N is finitely generated, and therefore strongly weakly
based. It follows that there is a subset X2 of X0 lifting a weak basis of N over
Span(X1).

Put Y = X1 ∪ X2. We have that M = Span(Y ). Also, by Lemma 2.4, Y
is weakly independent. We found a weak basis in X, showing that M is indeed
strongly weakly based.

(⇒) Let p be a prime of R. Since M is a fortiori weakly based, we have by
Theorem 4.16 that M ' F ⊕N where F is a free module and dim(τN/pτN) =
gen(N). By Proposition 5.22, a free R-module is strongly weakly based if and
only if it has a finite rank. Therefore, F is necessarily of finite rank. Now it is
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enough to show that τN is bounded. Indeed, then (by [Kap84, Theorem 5]) we
have N ' τN ⊕φN , implying by Lemma 5.23 that φN is strongly weakly based,
from which follows by Lemma 4.25 and Proposition 5.22 that φN is free of finite
rank.

Suppose that τN is not bounded. We want to show that then N is not strongly
weakly based. By Lemma 5.24, it is enough to find a projection of N onto a non-
zero divisible R-module. Since τN is not bounded, there is a projection of τN
onto a p-primary divisible R-module D (by the same argument as in the proof of
Proposition 5.25). Let K be the kernel of this projection. Then N/K contains
an isomorphic copy of D. Because D is injective (see [Lam99, Corollary 3.24]),
we have that D is a direct summand of N/K, and we are done.

5.2.2 Perfect rings

The gap in Proposition 5.25 boils down to determining whether abelian groups
which are naturally modules over Z/nZ for some n ∈ N have the strong weak
basis property. This question generalizes to the question found in [NN91a] which
asks if the rings with the strong weak basis property are exactly the perfect rings.
By virtue of Lemma 5.19, this is equivalent to all semisimple rings having the
strong weak basis property. As far as we know, this is an open problem. The
difficulty behind this question is that “hungry” arguments using Zorn’s lemma
in a simple way do not work in this setting, even for finitely generated modules.
This is demonstrated in the following very simple example.

Example 5.28. Let p, q be two distinct primes and let us consider an abelian
group A = Z2

p ⊕ Z2
q. Let us define a generating set of A using the following

diagram.
Zp

x1←→ Zq
x2←→ Zp

x3←→ Zq
The vertices in this diagram are the simple subgroups of A forming some chosen
decomposition to simple groups. Each edge represent an element of A chosen
so that it generates the simple subgroups it connects. We put X = {x1, x2, x3};
it is easy to observe that A = Span(X). Then {x1, x2} is a maximal weakly
independent subset of X, but it does not generate A.

Since our effort to devise some more intricate way to choose weak bases came
to no avail, we tried to prove this or to find a counterexample in a special setting.
A natural thing to consider is the smallest non-division ring type - a semisimple
ring R = V1 ⊕ V2 where Vi are left simple R-modules. The second restriction we
imposed was on the properties of the generating set - we examined only those
sets of elements which can be represented by a similar diagram as used in Exam-
ple 5.28. We show that in this special setting there is no counterexample.

Definition. Let M be a module and I a set. For each i ∈ I let us denote by
M (i) the i-th copy of M as a submodule of M (I).

Let R be a semisimple ring such that R = V1 ⊕ V2 where V1, V2 are simple
R-modules and M an R-module. We say that a subset X of M is lucid provided
that there is a decomposition M = V

(I)
1 ⊕ V (J)

2 such that for each x ∈ X there is

i ∈ I and j ∈ J such that Span({x}) ∈ {V (i)
1 , V

(j)
2 , V

(i)
1 ⊕ V

(j)
2 }.
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Let M be a module over R = V1⊕V2 and let X be a lucid generating set of M .
Then we can describe this situation satisfactorily by a graph G in the following
way. The vertices V of G will be the copies of simple modules V1, V2 forming the
decomposition of M witnessing the lucidity of X. The (non-oriented) edges E of
G will correspond to elements x ∈ X; the edge corresponding to x will connect
exactly the simple modules from V it generates. If x ∈ X generates only one
simple module, we represent it as a loop. In this way, we defined a non-oriented
graph G with the possibility of multiple edges and loops.

The situation can be further simplified. Defining a pre-order≤ onX by setting
x ≤ y if and only if Span({x}) ⊆ Span({y}) for x, y ∈ X and taking the set X ′ of
representives of maximal elements in the factor-order, we get again a generating
set (because the lattice of cyclic submodules of M has bounded height). Taking
X ′ instead of X, the graph G now does not contain multiple edges. We can also
get rid of the loops. Any element x ∈ X ′ generating a simple module now fulfills
Span({x})∩Span(X ′\{x}) = 0. It follows that we can, without loss of generality,
assume that all elements x ∈ X generate a module isomorphic to V1 ⊕ V2 and
that G is a simple non-oriented graph without loops.

For any subset Y ⊆ X, let G(Y ) be the subgraph of G consisting from all
vertices V and a subset of edges E corresponding to elements from Y . It is easy
to see that Y generates M if and only if each vertex of G(Y ) has degree of at
least 1. On the other hand, Y is weakly independent if and only if G(Y ) does
not contain three distinct consecutive edges.

Lemma 5.29. Let G = (V,E) be a (simple, non-oriented) graph such that each
vertex has a degree of at least 1. Then there is a subset E ′ of E such that G′ =
(V,E ′) still has all vertices of a degree of at least 1 and such that G′ does not
contain three distinct consecutive edges.

Proof. We can, without loss of generality, suppose that G is connected. By Zorn’s
lemma, we can, again without loss of generality, suppose that G is already a tree
(by taking the spanning tree). Choose a root of G and let Vn be the set of vertices
on the n-th level for each n ∈ ω (V0 is a singleton containing the root). Let En
be the set of edges connecting vertices from Vn to vertices from Vn+1. Now let us
find E ′ by working out down the levels of the tree.

Begin with E ′ empty. For the 0-th level, do the following: If there are leaves
(i.e., vertices of degree one) in V1, put all the edges connecting the root with those
vertices to E ′ and continue to next level. If there are no leaves in V1, pick one
vertex from V1 and put the single edge connecting the root with this vertex to E ′,
then continue to next level. Now suppose we have worked out levels 0, . . . , n− 1.
For each vertex from v ∈ Vn do the following: if v is not connected to any vertex
from Vn−1, apply the procedure used for the root vertex. If v is connected to
some vertex in Vn−1, do the following: if there are leaves in Vn under v, put all
the edges connecting them with v to E ′, otherwise do nothing.

This procedure gives the desired set E ′ of edges.

Corollary 5.30. Let R be a semisimple ring which has a decomposition to two
simple R-modules and let M be an R-module. If X is a lucid generating set of
M , then there is a weak basis of M contained in X.

We conclude this Chapter with a certain generalization of the classical Steinitz
exchange lemma from linear algebra. Let R be a semisimple ring. Then there
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are orthogonal idempotents e0, . . . , en−1 ∈ R such that R = Re0 ⊕ · · · ⊕ Ren−1,
and each Rei is a simple left R-module (see [Goo79, Proposition 2.11]). It follows
that for each r ∈ R there is a unique subset A ⊆ n such that r = u

∑
i∈A ei for

some unit u ∈ R.

Lemma 5.31. Let M be a left R-module and X ⊆M a weakly independent subset.
Let m be an element of M such that m 6∈ Span(X). Then either X∪{m} is weakly
independent or there is a finite subset F ⊆ X such that X ′ = (X \ F ) ∪ {m} is
weakly independent and Span(X) ⊆ Span(X ′). Furthermore, card(F ) ≤ 2n−1−1.

Proof. Suppose that X ∪ {m} is not weakly independent. For each A ⊆ n put

XA = {x ∈ X | x =
k∑
i=1

rixi + u
∑
j∈A

ejm},

where k range over integers, ri over elements of R and u over units of R. Note
that since m 6∈ Span(X), there is j ∈ n such that XA = ∅ whenever j ∈ A.

Let Φ = {A ⊆ n | XA 6= ∅}. Now pick xA ∈ XA for each A ∈ Φ. We claim
that X ′′ = (X \ {xA | A ∈ Φ})∪ {m} is weakly independent. Suppose that there
is x ∈ X ′′ such that x ∈ Span(X ′′ \ {x}). Thus,

x =
k∑
i=1

rixi + u
∑
j∈A

ejm

for some xi ∈ X ′′ \ {x}, ri ∈ R, k ∈ ω and unit u of R. Since XA was non-empty,
we had

xA =
k′∑
i=1

r′ix
′
i + u′

∑
j∈A

ejm,

But noting that xA 6∈ {x, x1, . . . , xk} and that u, u′ are units, we quickly obtain
a contradiction with weak independence of X.

Since there are at most finitely many elements xA (indexed by subsets of
n− 1), which can possibly miss in Span(X ′′), we can easily remove the elements
xA from X ∪ {m} iteratively until we arrive to the desired weakly independent
set X ′ such that Span(X) ⊆ Span(X ′).

The bound card(F ) ≤ 2n−1− 1 comes from the number of non-empty subsets
of n− 1.

We tried, alas unsuccessfully, to employ this lemma in choosing weak bases
from generating sets of modules over a semisimple ring. One would like to use
some kind of “hungry” argument to the set of weakly independent subsets of some
generating set X ordered by inclusions of spans instead of the standard inclusion.
Lemma 5.31 shows that any maximal element of this order is necessarily a weak
basis. The problem is then to find a weakly independent upper bound of infinite
chains of form

Span(X0) ⊆ Span(X1) ⊆ Span(X2) ⊆ . . . ⊆ Span(Xα) ⊆ . . .

where Xα are weakly independent.
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Chapter 6

Open problems

In this chapter we gather several open problems concerning weak bases of mod-
ules.

Problem 6.1. Describe rings with the (left) weak basis property. In particular:

• Which commutative semiartinian rings have the weak basis property?

• Are all rings with the weak basis property semiartinian?

Problem 6.2. [NN91a] Do semisimple rings enjoy the strong weak basis prop-
erty? Particular problems:

• Let p, q be distinct prime numbers. Is the abelian group Z(ℵ0)
p ⊕Z(ℵ0)

q strongly
weakly based?

• Let V be an infinite dimensional vector space over some field. Let Vi, i ∈ I
be a system of subspaces of V such that dim(Vi) ≤ n for some n > 1 for
each i ∈ I such that V =

∑
i∈I Vi. Is there an inclusion-minimal subset

J ⊆ I such that
∑

j∈J Vj = V ?

Problem 6.3. Describe torsion-free modules over non-local Dedekind domains
(torsion-free abelian groups in particular) which are strongly weakly based. Are
they exactly the finitely generated ones ?

Problem 6.4. (Pavel Př́ıhoda) For which rings is every projective module weakly
based?

Example 3.7 shows that there are projective modules which are not weakly
based.
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