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Abstract

The thesis explores relationship between volatility and liquidity of ten selected

exchange rate pairs. Several volatility and liquidity measures are computed and

the relationship between volatility-liquidity pairs is tested for cointegration and

Granger causality; impulse response functions are computed as well. We find

that volatility measures provide similar information (are cointegrated), while

volatility measures differ to a large extent. A few cointegrating relationships

between volatility and liquidity are found, but they are specific to only some

currency pairs. Granger causality tests give different results for different cur-

rency pairs, but in general, the relationship between volatility and liquidity is

two-way (feedback). Shocks in volatility or liquidity have little impact on the

other and quickly fade away, usually within one or two days.
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Abstrakt

Bakalářská práce zkoumá vztah mezi volatilitou a likviditou deseti vybraných

měnových pár̊u. Spoč́ıtáme několik měr volatility a likvidity a následně vztah

mezi páry volatilita-likvidita testujeme pomoćı kointegračńıch test̊u, testujeme

Grangerovu kauzalitu a poč́ıtáme funkce impulzńıch odezev (IRF). Zjǐsťujeme,

že mı́ry volatility zachycuj́ı podobné informace (jsou kointegrované), zat́ımco

mı́ry likvidity se do velké mı́ry lǐśı. Nacháźıme několik kointegračńıch vztah̊u

mezi volatilitou a likviditou, ale pouze u některých měnových pár̊u. Testy

Grangerovy kauzality r̊uzných měnových pár̊u poskytuj́ı rozd́ılné výsledky, ale

obecně nacháźıme oboustranný vztah mezi volatilitou a likviditou (volatilita

ovlivňuje likviditu a obráceně). Šoky do volatility (likvidity) maj́ı malý efekt

na likviditu (volatilitu) a rychle odezńı, obvykle během jednoho až dvou dńı.

http://ideas.repec.org/j/F31.html
http://ideas.repec.org/j/G15.html
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Chapter 1

Introduction

Foreign exchange market is the largest market in the world, daily trading aver-

aged 5.3 trillion USD in April 2013, according to BIS (2013). Thus FX market

is generally considered to be very liquid at all times, but as recent studies

(Mancini et al. (2013) or Banti et al. (2012)) show, it is not always true. FX

market is less studied and understood than stock markets which is caused by

its size, complicated and unclear structure. First studies from 1980s studying

liquidity in FX markets predominantly used quoted bid-ask spread and focused

on its properties, see Glassman (1987) or Bollerslev & Melvin (1994).

Glassman (1987) study link between bid-ask spread and volatility on six

exchange rate pairs between years 1975 and 1983. The author finds volatility

as an important factor explaining bid-ask spread, nevertheless, volatility is not

the only factor influencing spread. Market makers are setting their spreads

with the use of other information – they predict long run and recent volatility

and also take into account non-normality (e.g. t-distribution which has fatter

tails than normal distribution) of exchange rate changes. Bollerslev & Melvin

(1994) reach similar conclusions – there is a strong positive relation between

bid-ask spread and volatility (estimated as MA(1) - GARCH(1,1)).

Behaviour of bid-ask spread is documented by Poskitt (2005) in NZD/USD

market. As was found in the previous studies, market makers offer either con-

stant spreads or time-varying spreads which increase with increasing volatility,

but which cluster around a few values. Poskitt (2005) finds strong evidence

of constant and clustered quoted bid-ask spreads, more than 40% of market

makers quote constant spread and those who quote time varying spreads usu-

ally prefer one particular value. Bollerslev & Melvin (1994) find that DM/USD

spreads quoted by Deutsche Bank and Morgan Guaranty were 10 basis points
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more than 50% of trading time and four spread values account for 97% of

trading time.

Even though there is evidence that quoted spreads do not differ much among

market makers (Bessembinder 1994), Grossman & Miller (1988) show that

bid-ask spread has several disadvantages as a liquidity proxy. Bid-ask spread

precisely measures the return to market maker only when buy and sell orders

are executed exactly at the same time. In that case, however, the market maker

does not provide liquidity, it only executes orders of two parties and charges

them a fee (spread). Two same buy and sell orders rarely appear at the same

time; if there is some time between the two orders, price may change and the

market maker earns more or less, depending on the move. Thus, even in this

case, bid-ask spread does not represent precise cost of liquidity provision.

Although the size of FX market increases every year and heterogeneity

of institutions and participants in the market remains high, electronic trading

platforms enhanced availability of data. It has had a positive impact on research

in FX market, because data for longer horizon or high-frequency data can be

employed. Except the positive effect on research, increasing data availability

is also changing the market. Ding & Hiltrop (2010) find that quoted bid-ask

spread narrowed as electronic platforms were introduced, thus reducing trading

costs and increasing liquidity. On the other hand, informed dealers (e.g. market

makers before release of news) quote wider spreads than they used to which

is probably result of lost informational advantage. In other words, increased

transparency may worsen spreads sometimes.

Liquidity was extensively studied in other markets, for example, common-

ality in liquidity was tested on NYSE stocks by Chordia et al. (2000), but liq-

uidity in FX markets has not been explored in details until recently. Majority

of liquidity proxies (Roll (1984), Corwin & Schultz (2012) and many others)

were developed for stock markets and tested there (see e.g. Goyenko et al.

(2009)), but their reliability in FX markets was not known. It has changed

lately, literature explores properties of FX liquidity, too, Banti et al. (2012)

and Mancini et al. (2013) construct several measures of liquidity in order to

assess impact of liquidity on carry trade returns and to test commonality of

liquidity across exchange rate pairs. Both studies discover strong commonality

in liquidity among exchange rates, which means that liquidity is influenced by

factors that have impact on the FX market as a whole. Moreover, liquidity in

other markets (equity and bonds) increases and drops at the same time as FX

liquidity. Liquidity risk on carry trade is also found.
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Microstructure literature relates volatility to liquidity in various ways, for

example, through inventory risk in Stoll (1978) or directly in Roll (1984). Locke

& Sarkar (1996) study how provision of liquidity changes with volatility in

futures market and find that supply of liquidity does change with volatility,

but net supply of liquidity does not decrease when volatility is high. Volatility

and liquidity risk is examined by Carlston (2012); the study concludes that

both volatility and liquidity might be proxies for a common uncertainty risk.

One of the liquidity measures used in Mancini et al. (2013) is price dispersion

(realized volatility), but it is not compared to other liquidity measures. Mancini

et al. (2013) note that estimation of realized volatility by standard formula in

presence of market frictions and microstructure noise (usual case with high-

frequency data) is not precise, as is shown in Aı̈t-Sahalia et al. (2005a). Aı̈t-

Sahalia et al. (2005b) derive volatility estimator which does not suffer from this

bias.

Recent study by Karnaukh et al. (2013) tests various high and low frequency

estimates of liquidity (including realized volatility computed from high as well

as low frequency data) and sheds more light on accuracy of these proxies in FX

market. High-frequency estimates (effective cost, bid-ask spread, price impact

and price dispersion) are highly correlated, correlation coefficient is always

above 0.89. Volatility computed from low-frequency data is found to be one of

the best low-frequency estimates, correlation with high-frequency measures is

above 0.76.

This thesis explores relationship between daily volatility and liquidity of ten

selected currency pairs from year 2007 to 2014. Our hypotheses are that 1) liq-

uidity is negatively related to volatility and 2) changes in volatility (Granger)

cause changes in liquidity. Two volatility and seven liquidity measures are com-

puted for each currency pair and relationships between volatility and liquidity

are tested. Cointegration is tested and VAR/VEC models are fitted which are

used for tests of Granger causality and computation of impulse response func-

tions. Evidence of cointegration between volatility and liquidity is weak with

a few exceptions and Granger causality is found to be generally two-way, i.e.

volatility influences liquidity and liquidity influences volatility. Positive shocks

in volatility temporarily decrease liquidity, but quickly fade away.

The thesis is organized as follows: Chapter 2 introduces theoretical back-

ground of used methods, description of exchange rate data is provided in Chap-

ter 3, results are presented and discussed in Chapter 4 and Chapter 5 concludes.



Chapter 2

Methodology

This chapter introduces theory behind methods used in empirical part. First,

several volatility and liquidity measures are presented and their properties dis-

cussed. Understanding of these measures is important, because they are the

time series which are the center of our interest. Then we outline basic econo-

metric techniques used in the subsequent time series analysis. We start with

(non)stationarity tests, outline concept of cointegration and introduce basic

framework of vector autoregression.

2.1 Volatility measures

In finance, volatility measures price variation of an asset or financial instru-

ment, therefore volatility can be computed as a function of returns (or prices).

Let us start with definition of return in time t, denoted by rt – simple returns

and continuously compounded returns are two most common definition of re-

turns used in empirical research. Using common notation, where pt, pt−1 is

price in time t and t − 1, respectively, simple return is computed as a price

difference between two periods: rt = ∆pt = pt − pt−1. Continuously com-

pounded return is computed similarly, as a difference between log prices, i.e.

rt = ∆ log(pt) = log(pt)−log(pt−1). Both simple and continuously compounded

returns produce similar results, when price difference between two periods is

small (as can be expected with intra-day data). Therefore, we will stick to con-

tinuously compounded returns, also referred to as log returns, in the following

definitions and computations.

Volatility might be computed as a standard deviation of returns (or prices),
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denoting mean return as r̄ and volatility by σ, the formula is given as:

σ =

√∑n
i=1 ri − r̄
n− 1

(2.1)

However, Poon & Granger (2003) note, that sample mean is not an accurate

estimate of the true mean in this case and using zero mean instead provides

better results. Nevertheless, this and similar definitions are rarely used and we

will not employ it in our research either.

2.1.1 Realized volatility

Widely used measure of volatility is historical realized volatility, especially be-

cause it can be easily computed from past price movements. Following Cheng

et al. (2013), realized variance RV is computed as a sum of squared returns

over a period of time, for example, daily RV is a sum of all intra-day returns:

RV =
N∑
i=1

r2
i (2.2)

where N is the number of returns within a period over which realized volatil-

ity is computed. Then, realized volatility is equal to square root of RV . This

definition of realized volatility is used in empirical section. Optimal sampling

frequency is not easy to determine and the choice will always be arbitrary,

because one optimal sampling frequency may not be optimal for other mea-

sures in the analysis, but it is crucial to use only one sampling frequency in

the whole analysis. Even though it is (computationally) possible to use dif-

ferent sampling for each measure, it would mainly introduce imprecisions and

errors. Aı̈t-Sahalia et al. (2005a) show that sampling as often as possible is not

optimal, because high-frequency data contain high amount of microstructure

noise and more advanced estimators of realized volatility has to be used in or-

der to recover the true price variation. Likewise, sampling a few values is not

optimal either. Aı̈t-Sahalia et al. (2005a) compute optimal sampling frequency

based on standard deviation of noise term, for example, EUR/USD should be

sampled every 23 minutes for computation of daily realized volatility. Cheng

et al. (2013) use five minute intervals, when computing daily realized volatility.

Generally, 5, 10, 15 or 30 minutes sampling are used by empirical researchers.
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2.1.2 Realized bi-power volatility

Realized volatility introduced in the previous subsection is neither consistent

estimator of volatility of high frequency data nor in the presence of jumps in

log-price series. The second problem is addressed by realized bi-power variance

estimator developed by Barndorff-Nielsen & Shephard (2004). It decomposes

quadratic variation obtained from two sources of variation – continuous price

movements and jumps in price. Realized volatility captures any price change

and thus jumps bias RV upwards, while realized bi-power volatility is robust

to rare jumps. Bi-power variation is computed as:

BPV =
π

2

N∑
i=2

|ri−1| · |ri| (2.3)

Realized bi-power volatility is obtained by taking square root of BPV .

Barndorff-Nielsen & Shephard (2004) show that BPV converges in probability

to the same limit as realized variance and that the result do not change in

presence of rare jumps. Realized bi-power volatility is used as another volatility

measure in empirical part.

Many other volatility estimators that are robust to high-frequency noise

and/or jumps were developed, for example, Aı̈t-Sahalia et al. (2005b) present

estimator robust to microstructure noise. However, such estimators are more

advanced from theoretical point of view and their usage in research also requires

much more computational power. Therefore, they will not be presented here

nor will be used in empirical part.

2.2 Liquidity measures

Liquidity of a market or asset commonly refers to its ability to facilitate quick

buy/sell order without changing the price. This broad and unclear definition

makes liquidity more difficult concept than volatility. Approaches to measure-

ment of liquidity are based on several properties of (il)liquid markets and thus

liquidity measures may be divided into three groups (Mancini et al. 2013) –

price impact, trading costs and sometimes also price dispersion (volatility).

Because the aim of this thesis is to explore relationship between volatility and

liquidity, we will not include volatility among liquidity proxies. Nevertheless,

we can use the other two categories in the analysis, trading costs and price

impact proxies. Several authors have proposed various liquidity proxies, com-
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prehensive comparison and benchmark of many is provided by Goyenko et al.

(2009). Karnaukh et al. (2013) test several liquidity measures directly on a few

selected exchange rate pairs. This section presents selected liquidity proxies,

starting with trading costs.

2.2.1 Trading cost and spread proxies

Effective cost

The idea behind effective cost is very simple – the best estimate of trading cost

is the actual cost of trade execution. Denoting mid-price by p (average of ask

and bid prices) and price at which the trade was executed by pT , the effective

cost (EC) is given as:

EC =

{
pT−p
p

for buy trades
p−pT
p

for sell trades
(2.4)

The higher the EC is, the lower liquidity. The main disadvantage of EC

is that orders, their direction and execution price is rarely known and publicly

available, especially in FX market. There are many similar versions relying on

actual trade data (see high-frequency measures in Goyenko et al. (2009)), but

none of them can be used in our analysis, because trade data are not available.

Karnaukh et al. (2013) use EC as a trading cost and liquidity benchmark

and find that proportional bid-ask (BA) spread computed from high-frequency

data is highly correlated with effective cost (correlation 0.985) and other high-

frequency liquidity estimates. Thus, proportional BA spread is the only high-

frequency trading cost estimator we can use.

Proportional bid-ask spread

Simple, yet widely used, liquidity proxy is (proportional) quoted bid-ask spread.

Research in FX markets in 1980s and 1990s focused on properties of quoted

spread, but no comprehensive study was published recently. Denoting ask, bid

and mid prices by pA, pB and p, respectively, proportional BA spread formula

is given as follows:

BA =
pA − pB

p
(2.5)

Daily BA is obtained by averaging intra-daily BAs. Moreover, BA’s ad-

vantage over other measures is that it does not require fixed time span between
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intra-daily observations. On contrary, the most precise result is obtained by

computation of BA as often as possible and then computing daily BA as a

time-weighted average. Denoting time by t (e.g. in (mili)seconds), this notion

is captured in the next formula:

BA =
1∑N−1

i=1 ti+1 − ti

N−1∑
i=1

pAi − pBi
pi

· (ti+1 − ti) (2.6)

Similarly to EC, low liquidity is characterized by high BA. We use time

weighted spread (spread in eq. 2.6 is not divided by mid price p) and propor-

tional time weighted spread (as defined in eq. 2.6) in empirical analysis. The

main advantage of BA spread its simplicity and accuracy if bid and ask prices

are available and are the same for all agents, however, bid and ask prices may

not be available in some markets or if they are available, bid-ask spread may

not be reliable estimate of general trading costs. This is also the case of foreign

exchange market, because each bank and market maker offers its spread that

may differ from spreads offered by other institutions. At the same time, liter-

ature suggests that spreads do not differ much among FX brokers and banks

(e.g. Poskitt (2005) documents so in NZD/USD market).

Roll

Estimator of effective bid-ask spread from past price movements is developed

by Roll (1984). Assuming that a stock is traded in informationally efficient

market, distribution of price changes is stationary and the true value of the

stock is exactly equal to average of bid and ask prices, Roll (1984) shows

that covariance of consecutive price changes Cov(∆pi,∆pi−1) = −s2/4, where

s is bid-ask spread. The result stems from bid-ask bounce, i.e. if no new

information arrive, price changes only from ask to bid and bid to ask price (it

depends on the direction of the last trade, whether it was buy or sell). Following

previous literature (e.g. Goyenko et al. (2009)), if Cov(ri, ri−1) is negative and

Roll is not defined, we set Roll = 0. Thus formula of Roll liquidity can be

summarized as

Roll =

{ √
−4Cov(ri, ri−1) if Cov(ri, ri−1) < 0

0 if Cov(ri, ri−1) ≥ 0
(2.7)

As Roll is a spread estimator, the higher Roll is, the lower liquidity. Roll

is also used in empirical part. It is important to note that periods of high
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liquidity characterized by Roll = 0 mean that efficient bid-ask spread is zero

and thus trading costs are zero as well. This is never true in reality, even the

most liquid currency pairs or stocks have positive spread between ask and bid

prices.

2.2.2 Price impact proxies

Second category of liquidity measures we use are price impact proxies, which

differ from trading cost proxies quantifying costs of executing a trade. Price

impact proxies, as the name suggests, measure impact of a transaction on

quoted price. Buying or selling of large volumes may change price (exchange

rate), because sell or buy orders are not large enough and thus price must

change in order to motivate other participants to sell (buy) additional quantity.

This measure is of little concern for people or small companies, because they

exchange (trade, hedge, etc.) only small quantities, but large banks and other

large participants in FX market may face such limitations. Therefore, small

price impact is associated with high liquidity.

Amihud

The notion of price impact measure introduced above is captured by a formula

proposed by Amihud (2002). As many other measures, it was originally devel-

oped for stock markets and tested there (Amihud 2002), but it should perform

well in FX market, too. Amihud is easy to understand and compute – absolute

value of return between two times is divided by traded volume within the pe-

riod, if volume is non-zero. Daily Amihud is then obtained by averaging intra

daily Amihuds, excluding zero volume periods:

Amihud =
1

N

N∑
i=1

|ri|
volumei

(2.8)

The higher Amihud, the lower liquidity. Computation of Amihud (and

also Amivest which is introduced below) requires traded volumes, but volumes

data are not available in FX market, since the structure of the FX market

is decentralized. Unlike volumes in stock markets, volume data provided by

banks and brokers differ from data provided by other banks and brokers. It

is possible to use such volume data, but it has to be noted that they are not

as representative as in stock markets and the results may be slightly different,

if volumes from other sources are used. Second option is to use number of



2. Methodology 10

ticks as a volume proxy – it is done by e.g. Karnaukh et al. (2013) who find

that Amihud in FX markets computed with the use of number-of-ticks proxy

perform quite well in comparison with other liquidity measures (correlation

with the best high-frequency liquidity is above 0.80). We compute Amihud

with both volume and volume proxy number-of-ticks; comparison of volumes

and number-of-ticks is presented in the following chapters.

Amivest

Similar price impact measure is Amivest liquidity ratio which was used e.g. by

Cooper et al. (1985) or is included in comparison of liquidity measures provided

by Goyenko et al. (2009). It is basically given as an inverse of Amihud (eq. 2.8)

– volume is divided by absolute value of return, unless return is zero in which

case Amivest is not defined. Daily Amivest is again obtained by averaging:

Amivest =
1

N

N∑
i=1

volumei
|ri|

(2.9)

Low Amivest indicates low liquidity. Amivest computed with volume and

number-of-ticks data is used in empirical part as well. The ratio is sensitive

to small values in denominator, i.e. Amivest is inflated (biased upwards), if

returns are close to zero. It also happens in our case, since we compute Amivest

from intra-day data and some price changes are very small. Thus we use median

of intra daily Amivests instead of arithmetic average, because median is robust

estimator of mean which allows us to compute unbiased (or less biased) daily

Amivest liquidity ratio.

2.3 Econometric methods and tests

This section introduces econometric methods used in analysis of volatility and

liquidity time series from the previous section. We start with introduction of

unit root and stationarity tests, because time series econometrics usually re-

quires stationarity and so it is crucial to test for stationarity first. Then we

proceed to concept of cointegration which is useful if time series are found to

be non-stationary. Both Engle-Granger and Johansen methods are presented,

because the former is suitable and easier to apply in our analysis, while the

latter serves mainly as an input into further econometric methods. In the end,

vector autoregression (VAR) and vector error correction model (VECM) are
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outlined, as they are used for testing Granger causality and computation of

impulse response functions. In this section we mainly use time series econo-

metrics textbooks Lütkepohl (2005) and Tsay & Wolters (2002) and Stata

reference manual by Stata Corp. (2013).

Stationarity

Many time series econometric methods require the series of our interest to be

stationary, thus we start this section with definition of stationarity. Stochastic

process yt is said to be stationary, if its joint probability distribution does

not change over time. More rigorously, (yt1, yt2, . . . , ytk) has the same joint

probability distribution function as (yt1+τ , yt2+τ , . . . , ytk+τ ), for any k and τ :

F (yt1, yt2, . . . , ytk) = F (yt1+τ , yt2+τ , . . . , ytk+τ ) (2.10)

This definition is quite strong (requires all moments to be constant) and

may not be always satisfied, but weaker form, covariance stationarity, is usually

satisfactory. Stochastic process yt is covariance stationary, if its first and second

moments do not change over time. That is, its mean E(yt) = µ is constant

and Cov(yt, yt+h) = γh depends only on h ≥ 0 for all t. In particular, second

condition implies that variance is constant.

Order of integration

This part introduces only terminology which is used in the following parts. We

say that weakly dependent stationary process is integrated of order zero I(0),

while nonstationary process which can be transformed into stationary process

by differencing it once is said to be integrated of order one I(1). Generally, a

stochastic process is said to be integrated of order d, I(d), if differencing the

process d-times yields stationary process. We will not use process integrated of

higher order than one or fractionally integrated processes, but some methods

may be generalized for general order of integration.

2.3.1 Unit root tests

Unit root and stationarity tests have to be performed at the very beginning

of any time series analysis, because if time series are not stationary (or at

least covariance stationary), inference from econometric analysis is generally

incorrect, mainly because of inflated t-statistics (and therefore lower p-values)
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and high R2. Moreover, many financial and economic time series have unit

roots.

Augmented Dickey-Fuller test (ADF)

Original unit root Dickey-Fuller test was developed by Dickey & Fuller (1979),

but augmented version of their test is used more often nowadays, because it al-

lows for more flexibility. We also employ augmented Dickey-Fuller test (ADF),

because we suspect that higher number of lags will have to be used. Let us

start with definition of autoregressive process yt of order q, AR(q):

yt = α0 +

q∑
i=1

αiyt−i + et (2.11)

AR(q) process has unit root if
∑q

i=1 αi = 1, thus equation 2.11 can be easily

transformed into equation which is used for ADF test of order q. Subtracting

yt−1 from both sides of the equation and reparametrization yields:

∆yt = α + βyt−1 +

q−1∑
i=1

γi∆yt−i + et (2.12)

Finally, ADF test statistics is obtained as t-statistics of coefficient β, i.e.

β̂/SE(β̂). This test statistics, however, does not have t-distribution nor asymp-

totically standard normal distribution. This is the reason why critical values

have to be obtained by simulations. If null hypothesis H0 : β = 0 is rejected in

favour of the alternative hypothesis H1 : β < 0, it means that the time series

does not have unit root, while if H0 is not rejected, the time series has unit

root (more precisely, there is not enough evidence that the time series does not

have unit root).

An important part of ADF test is selection of lag length q, because serial

correlation may bias the results if q is too low and test power decreases as lag

length q increases. Therefore, application of ADF test requires careful treat-

ment in terms of lag length selection. Schwert (1989) recommends maximum

number of lags q, which is given by the following formula:

qmax =

[
12 ·

(
T

100

)0.25
]

(2.13)

where T is a number of observations in a sample and [x] is integer part of

x. Furthermore, it is recommended to test down from the maximal lag.
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KPSS test

Besides ADF test we use stationarity KPSS test developed by Kwiatkowski

et al. (1992). Nature of ADF and KPSS tests significantly differ, ADF is a

unit root test (its null hypothesis is unit root), while KPSS is stationarity test

(null hypothesis is stationarity). This is important to keep in mind, because

rejection of null hypothesis draws opposite conclusion. The idea behind KPSS

test is following, let us assume that a time series of our interest yt can be

decomposed as:

yt = xt + βt+ et (2.14)

where xt is a random walk, t is a time trend and et is an error term which

is stationary. Random walk xt can be written as:

xt = xt−1 + ut (2.15)

where ut is error term with zero mean and variance σ2
u. Null hypothesis

(stationarity) of the test is σ2
u = 0 against the alternative σ2

u > 0. If σ2
u = 0,

then xt becomes a constant term (it is not a random walk anymore) and yt is

thus stationary around its time trend. On contrary, if variance of ut is positive,

xt is a random walk and yt is not stationary. Test statistic is computed from

model 2.14 in which xt is replaced by a constant and is estimated by OLS.

Denoting residuals from the regression by êt, estimate of error variance by σ̂e
2

and partial sum of residuals by St =
∑t

i=1 êi, for t = 1, 2, . . . , T , the LM test

statistic is computed as:

LM =
T∑
t=1

St

σ̂e
2 (2.16)

Critical values of the LM statistic can be found in Kwiatkowski et al. (1992).

2.3.2 Cointegration

Standard econometric analysis cannot be used whenever two or more time

series are integrated. Moreover, any linear combination of series which are

integrated of the same order is generally integrated and has the same order of

integration as individual series (Engle & Granger 1987). That is, if xt ∼ I(1)

and yt ∼ I(1), then generally xt + βyt ∼ I(1). However, it is possible that

both processes are driven by the same deterministic or stochastic trend, in
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other words they evolve in a similar way. In such a case, linear combination

xt + βyt is integrated of lower order than individual time series (in particular,

we are interested if the combination is I(0)), and we say that xt and yt are

cointegrated. We present cointegration tests, Engle-Granger two step method

and Johansen cointegration test.

Engle-Granger

Simple, but sufficient for our analysis is Engle-Granger two step method (Engle

& Granger 1987). The whole testing procedure actually consist of three steps;

first preliminary step is to test for unit roots in individual time series. We

use ADF and KPSS tests in our analysis. Engle-Granger test is performed by

estimating the following model by OLS:

yt = βxt + et (2.17)

Even though this regression may give spurious results, coefficient estimates

are consistent. The last step is to test unit root (or stationarity) of residuals êt

from the regression 2.17. ADF test is usually used – if null hypothesis of unit

root is not rejected for xt and yt and at the same time null is rejected for êt, then

xt and yt are cointegrated with cointegrating vector (β, 1). Cointegrating vector

is not unique, any multiple of the vector is equally good cointegrating vector,

but coefficient at one variable is usually normalized at one. Furthermore, the

method may be generalized to more than two variables, but its disadvantage is

that it can identify only one cointegrating relationship, as opposed to Johansen

method. We always test relationship between one volatility and one liquidity

measure, thus it is not a serious limitation in our case.

Johansen test

Johansen (1988) develops more advanced cointegration test, because Engle-

Granger method is not suitable in multivariate time series econometrics. The

test itself is not described in the thesis because of its difficulty, but it can be

found in Johansen (1988). We briefly present application of this test, mainly

because its result is used in estimation of vector error correction model. Jo-

hansen test is based on rank of Π matrix in VECM model (see equation 2.20)

which is described in the next sections. There are two versions of Johansen

cointegration test, trace test and maximum eigenvalue test. Both tests have

null hypothesis of cointegration rank equal to r, but alternative hypotheses
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differ. Alternative hypothesis of trace test is full cointegration rank k, while

maximum eigenvalue test has cointegration rank r + 1 as an alternative hy-

pothesis. Considering VECM with k variables, the following hypotheses are

considered and the test is applied sequentially:

H0 : rank(Π) = 0 vs H1 : rank(Π) > 0

H0 : rank(Π) = 1 vs H1 : rank(Π) > 1 (2.18)

...

H0 : rank(Π) = k − 1 vs H1 : rank(Π) = k

2.3.3 VAR and VEC models

Vector autoregression (VAR) and vector error correction (VEC) are two models

used for multivariate autoregressive processes. The difference between them is

in assumptions on input data, VAR is suitable for time series which are at

least covariance stationary, while VECM is used for cointegrated unit root

time series.

Vector autoregression

We start with introduction of a vector autoregression model which is a suitable

model for stationary data. It can be used for time series in levels which are

stationary and for first differenced unit-root series which are not cointegrated.

VAR is a model in which a set of k (endogeneous) variables is explained by their

own q lags as well as q lags of other k−1 endogenous explanatory variables and

optionally by other exogenous variables. VAR(q) without exogenous variables

is defined as:

yt = c + A1yt−1 + . . .+ Aqyt−q + et (2.19)

where yt = (y1t, . . . , ykt)
′

is a k × 1 vector of variables, A1 to Aq are k × k
matrices of parameters and c is a k×1 vector of constants to be estimated, et is a

k×1 vector of error terms. Errors are assumed to satisfy E(et) = 0, E(ete
′
t) = Ω

and E(ete
′
s) = 0, for t 6= s. In other words, since Ω is a covariance matrix of

squared residuals, et are independent vectors with distribution et ∼ N(0,Ω).
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Vector error correction model

Vector error correction model is a suitable model for unit-root time series which

are cointegrated. The model is derived from VAR, after subtracting yt−1 from

both sides of equation 2.19 and some algebraic manipulation we get:

∆yt = c + Πyt−1 + Γ1∆yt−1 + . . .+ Γq−1∆yt−q+1 + et (2.20)

where Π =
∑q

i=1 Ai − Ik, Γj = −
∑q

i=j+1 Ai; c and et are the same as

in equation 2.19. If matrix Π has a rank r and α and β are r × k matrices

with rank r, matrix Π can be rewrritten as Π = αβ
′
. There are five different

specifications of VECM which differ in trends that are allowed in the model.

Using some algebra, VECM can be rewritten as (Stata Corp. 2013):

∆yt = α(βyt−1+µ+ρt)+Γ1∆yt−1+. . .+Γq−1∆yt−q+1+γ+τ t+et (2.21)

We use model with unrestricted constant, that is ρ = 0 and τ = 0. This

specification is compatible with linear trend in level data and a constant in

cointegration relationship. Furthermore, estimation of VECM requires number

of cointegrating relationships, the number is determined based on results of

Johansen test. Whenever Π is found to have zero or full rank, we use VAR in

first differences.

Both VAR and VEC models require selection of appropriate lag length q.

The length is typically selected such that it equals the lag length in a model

whose information criteria are minimized, however, there may arise a conflict,

because information criteria give different results. The most used information

criteria are Akaike information criterion (AIC) by Akaike (1974), Bayesian

information criterion (BIC) or Hannan–Quinn information criterion (HQC).

In our analysis, information criteria give very different results concerning lag

length, therefore we stick to one information criterion, AIC, which is defined

as:

AIC = −2 log(likelihood) + 2k (2.22)

where k is a number of independently adjusted parameters in the model.
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Granger causality

Causality is defined as a relationship between two events where one event

(cause) causes something else (effect). It is important to distinguish causality

from (statistical) correlation, because correlation only measures whether and

how strongly two variables tend to move in the same (or opposite) direction; in

other words, none of the variables has to cause the other one. Therefore, corre-

lation is not a suitable method for assessment of causal relationships. Granger

(1969) proposed a definition of causality which is econometrically testable in

time series framework; we will refer to this definition as Granger causality,

because it differs from definition of causality introduced at the beginning of

this paragraph. The idea behind Granger causality is following – if variable y

causes x, past values of y should improve our prediction of x, because causal

relationships are assumed to be such that cause precede effect and has posi-

tive/negative impact on effect.

Following Granger (1969), let us give more precise definition. We start by

denoting the set of past values of xt−i, i = 1, 2, . . . ,∞ by xt and estimator of xt

with the use of past values of yt by Pt(x|y); variance of residuals et = xt−Pt(x|y)

is denoted by σ2(x|y) and zt is all available information collected from time

t− 1 (zt− yt means all information except yt). We say that variable y Granger

causes x, if σ2(x|z) < σ2(x|y − z), because y improves our prediction of x.

Furthermore, we speak about feedback if y Granger causes x and x Granger

causes y, that is σ2(x|z) < σ2(x|y − z) and σ2(y|z) < σ2(x|x− z). Granger

causality can be easily tested by F-test in VAR and VEC models. For example,

in two variable model in which we regress x on lagged values of x and y, we

run F-test on lagged variables y and if null hypothesis is rejected, we conclude

that y Granger causes x.

Impulse response functions

VAR and VEC models are usually difficult to interpret, because description of

individual variables and their lags is cumbersome and provides little insight in

the model. In addition to Granger causality, impulse response functions (IRF)

are another form of presentation of the models. IRF trace out how dependent

variable respond to a one unit shock (increase) to one of the errors in the model

(the others are kept zero), the shock appears only in one period and error return

to zero in the next period. IRFs are especially useful in our analysis, because
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we are interested whether and how liquidity is affected by shocks in volatility

and the other way round, how volatility responds to shocks in liquidity.



Chapter 3

Data

Data are one of the most important components of any empirical study, be-

cause results are directly dependent on the input, thus this chapter introduces

the data used in the thesis. We present reasons behind selection of individ-

ual currency pairs, compare high-frequency data (tick) with lower intra-day

frequencies and state advantages and disadvantages of both data types. Fur-

thermore, selection of the best time zone and filtering of the data is discussed.

Methods used to transform the data and compute volatility, liquidity and other

measures are outlined as well.

3.1 Selected exchange rate pairs

Exchange rate data are obtained from Swiss FX broker and bank Dukascopy

which offers data for wide range of exchange rate pairs and other financial

instruments. We decide to select ten currency pairs, because it is a sufficient

number for comparison and possible discovery of co-movements in volatilty

and/or liquidty. These ten selected currency pairs are chosen from the most

traded currency pairs in interbank market, as was reported by BIS (2013).

The two most traded currency pairs are EUR/USD and USD/JPY which are

likely to be a result of intense international trade and financial intermediation

between the US, EU and Japan. Combined share of the currency pairs is above

40% of total turnover in FX market; on average, more than 2 000 billion USD

is traded daily. The complete list of daily traded volume and shares of all

ten currency pairs is reported below, in Table 3.1. Combined share of the ten

currency pairs is 72.6%. Czech Crown (CZK) is not included in the analysis

in spite of its importance for domestic exporters and importers, because the
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data are not provided by Dukascopy. Other exotic currencies with high local

importance (Polish z loty or Hungarian forint) are not included either.

Table 3.1: Global FX market turnover, daily averages in April 2013

Currency pair billions USD % of total

AUD/USD 364 6.8
EUR/CHF 71 1.3
EUR/GBP 102 1.9
EUR/JPY 147 2.8
EUR/USD 1 289 24.1
GBP/USD 472 8.8
NZD/USD 82 1.5
USD/CAD 200 3.7
USD/CHF 184 3.4
USD/JPY 978 18.3

Source: BIS, Triennial central bank survey.

Dukascopy provides exchange rate data in frequencies ranging from very

low (monthly data) to high (tick data), but tick data are available for shorter

period of time than lower frequencies and only for the most traded pairs. The

highest and most detailed frequency is represented by tick data, since every

price change or volume traded is recorded. On contrary to lower frequencies,

time span between two entries is not fixed and may be as low as one millisecond.

Therefore, precision is the main advantage of tick data, because proportional

BA spread (2.6) can be computed more precisely than from lower frequencies.

Furthermore, any lower frequency (e.g. 621 seconds) can be easily and accu-

rately computed from the data and also the number of ticks within a given

time period can be computed. Obvious disadvantage is that tick data are more

difficult to work with – tick data have high storage demands and any transfor-

mation or computation involving the data require high computational power

and time. Lower than tick or second frequencies are much easier to work with,

because the amount of data is greatly reduced, but such data provide less pre-

cise results, especially when there are long gaps between price changes causing

that some quotes are missing. Missing quotes can be computed in the same

way as from tick data, but such estimates are less precise. Moreover, quotes

are offered without the number of ticks within periods between two consecutive

quotes. Given these advantages and disadvantages, we use tick data as input

data to our analysis.
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3.2 Data processing

In the analysis we use data from 30th March 2007 (the date since when tick data

are available) to 27th February 2014. Testing of relationship between volatility

and liquidity will be performed on daily data, therefore we are interested in

daily measures of liquidity and volatility which have to be computed from

intra-day data. We decide to compute 10 minute data from ticks and use such

data in a large part of the following analysis. 10 minute interval is chosen as an

optimal trade-off between higher and lower frequencies. 10 minute frequency

is sufficiently high, because it gives 144 quotes within one day, which is enough

for statistical analysis and it is expected to be a sufficiently low frequency to

avoid high-frequency noise (this assumption is based on simulations performed

by Aı̈t-Sahalia et al. (2005a)).

At the very beginning, the data have to be filtered and transformed. First,

we had to select optimal time zone, because FX market is a truly global market

– currencies are traded all over the world. Unlike stock exchanges which open

at some time in the morning and close in the afternoon, currencies are traded

24 hours a day, from Monday morning in east Asia to Friday evening in the US.

Using Greenwich mean time (GMT), trading in FX markets starts on Sunday

at roughly 10 PM GMT in Sydney and ends on Friday, roughly at 10 PM GMT.

Word ”roughly” is used, because opening and closing times change during a

year as countries switch between summer and winter time. To make it even

more complicated, countries do not switch time on the same day. It seems that

GMT time zone do not fit actual trading hours well enough and that it would

be better to use GMT+2 time zone for exchange rate date.

Figure 3.1: Daily traded volume, 10 minute data

0
20

00
40

00
60

00
V

ol
um

e 
[m

il.
 U

S
D

]

06:00 12:00 18:0000:00 00:00
Time [GMT]

EUR/USD daily traded volume

0
20

00
40

00
60

00
V

ol
um

e 
[m

il.
 U

S
D

]

06:00 12:00 18:0000:00 00:00
Time [GMT]

USD/JPY daily traded volume

Source: Author’s computations.

In order to support (or dismiss) such transformation of time stamps, distri-

butions of average traded volumes during one day are computed. We compute
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average volume traded in each 10 minute interval within a day and for each

currency pair and plot the volumes. We use median as an estimator of mean

volume, because days with high trading activity biased arithmetic mean up-

wards. Distribution of EUR/USD and USD/JPY daily volume is plotted in

Graph 3.1 above, volumes for all currencies are plotted in Appendix A.1. Sim-

ilar analysis was done with proxy for volume, number of ticks, and we find

that intra-day distributions of volumes and ticks are highly correlated, corre-

lation is above 0.99, with the exception of USD/JPY for which the correlation

is slightly below. Therefore we report only correlations in Table 3.2 and plots

for two currency pairs can be found in Appendix A.2.

Table 3.2: Volume and tick correlation

Currency pair Intra-day Daily

AUD/USD 0.9943 0.2054
EUR/CHF 0.9972 0.3283
EUR/GBP 0.9976 0.2266
EUR/JPY 0.9951 0.3803
EUR/USD 0.9914 0.5667
GBP/USD 0.9990 0.3111
NZD/USD 0.9986 0.5927
USD/CAD 0.9979 0.4481
USD/CHF 0.9943 0.3217
USD/JPY 0.9880 0.3330

Source: Author’s computations.

Volume as well as tick data reveal intra-day seasonality, trading increases

during day (GMT time) and decreases quite significantly at night. In some

cases, volume traded at night may drop to only one tenth of maximum daily

volumes, but usual drops in volume are not so dramatic. Even though it may

seem better to restrict the analysis to hours with high trading activity, we use

all 24 hours a day for further computations, because any restriction would be

arbitrary. It is not possible to separate trading only in e.g. Europe, because FX

market is a global market and market participants from other continents may

trade whenever they want. Based on these findings, we change time zone of the

data to GMT+2 and use all data available between Monday, 0:00 GMT+2 and

Friday, 11:59 PM GMT+2. Besides Saturdays and Sundays data, we also dis-

regard days with exceptionally low trading activity, such days are 1st January

and 25th December. Furthermore, data for days from 15th June, 2009 to 19th
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June, 2009 are missing for currency pairs AUD/USD, EUR/JPY, NZD/USD,

USD/JPY. We exclude this week without further assumptions and thus we have

1789 observations for these four currency pairs and 1794 for the rest. Resulting

time series are normal series of evolution of exchange rates, see two plots below.

Figure 3.2: Exchange rate, April 2007 - February 2014
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Correlation between daily volume and daily number of ticks is rather low

and varies significantly across currency pairs, as can be seen in Table 3.2. There-

fore, we use both volumes and ticks as estimates of traded volume. Transfor-

mation of data and computation of volatility and liquidity measures was done

with the use of Python (with NumPy library), all scripts programmed by the

author of the thesis are enclosed and their list is to be found in Appendix B.

Econometric tests, estimations and graph plots were done in Gretl and Stata.



Chapter 4

Empirical results

Relationship between volatility and liquidity of ten selected exchange rate pairs

is empirically tested and findings are presented and discussed in this chapter.

Our hypotheses are following: volatility and liquidity are negatively related, i.e.

periods of high volatility are accompanied with low liquidity and vice versa,

and second hypothesis is that increased volatility causes decrease in liquidity.

We also compare our findings with recent study by Karnaukh et al. (2013)

which tested liquidity (including volatility as an estimate of liquidity) in FX

market. The chapter begins with brief discussion of computed volatility and

liquidity time series and preliminary test. Then we proceed to the core of our

study, cointegration tests and estimation of VAR and VEC models which are

used for Granger causality tests and impulse response functions. We mainly

focus on EUR/USD and USD/JPY exchange rate pairs, because all volatility

and liquidity estimates of all ten currency pairs cannot be described in details

due to the high number of series (two volatility and seven liquidity estimates).

4.1 Volatility, liquidity and preliminary tests

Exchange rate data (tick and 10 minute data) as described in the previous

chapter are used for computation of two volatility and seven liquidity mea-

sures. Volatility measures are realized volatility denoted by rv in econometric

tests and models and realized bi-power volatility, bpv. Liquidity measures are

divided into two groups, spread and trading cost proxies and price impact esti-

mators. There are three measures in the former group, time weighted bid-ask

spread computed from tick data (batick), time and exchange rate weighted

bid-ask spread computed from tick data (also known as proportional bid-ask
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spread, bawtick) and Roll’s estimator of effective spread (roll). The latter

group is represented by Amihud and Amivest estimators computed with both

volume and number-of-ticks data; they are denoted by amihudvol, amihudtick,

amivestvol and amivesttick. Because of low daily correlation between volume

and number-of-ticks series, we use both approaches as we suspect them to give

different results. Logarithmic transformation (denoted by l, e.g. lrv) of these

series is used in the following analysis. First differenced series start with d.

Neither summary statistics nor plots of individual measures are provided,

because of limited space. Therefore, let us point out some important findings

before proceeding to unit root tests. All but one currency pairs in our sample

are always quoted with variable spread, the exception is EUR/USD which is

quoted with constant spread in two sub-periods. It is surprising to us, because

we expected the most traded pairs to have variable spreads, while the less

traded pairs to be offered with fixed spreads. This is important to keep in

mind, because batick and bawtick are heavily influenced by the fact and is

reasonable to expect them to have a different properties than spread estimates

of other currency pairs. Nevertheless, we keep EUR/USD batick and bawtick

and use them in further tests.

In methodology chapter, Amihud and Amivest measures were introduced

as an average of intra-day Amihuds or Amivests which is common practice in

applied research. As was noted, returns between 10 minute data points might

be very small, causing especially Amivest to be biased upwards. We do find that

some returns are very small and thus average of intra-day Amivests cannot be

used at all, because series whose data points are significantly upward biased and

sometimes less upward biased produce nothing else than a noise. We attempt

to filter the series by censoring them from above, but such attempts proved to

be unsuccessful and in the end, we opt for median of intra-day Amivests which

seem to be a better choice. Amihud series are not biased because of small

returns, but we also computed daily Amihud measures both as an average

and median of intra-day Amihuds and find that they are highly correlated

(above 0.9). Based on these findings, daily Amihud measures were obtained by

averaging.

Plots of time series reveal that they are likely to be non-stationary and some

series appear to be cointegrated (rigorous tests are performed and presented

later), otherwise all time series except roll do not reveal anything unexpected

at first sight. Plot of effective spread estimator roll is significantly different

from other liquidity as well as volatility measures, because of high number
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of zero values (around one half, but it varies among currency pairs) in the

series. This is caused by our definition of roll, because roll is substituted by

zero if Cov(ri, ri−1) ≥ 0. On the other hand, Roll (1984) does not expect

Cov(ri, ri−1) ≥ 0 to appear frequently and thus does not discuss such case in

details. This result was not expected, because it implies that spread is zero

(but spread is never zero in our data set). Furthermore, low roll means high

liquidity and therefore zero roll should mean that the FX market could not

be more liquid than it frequently is. Possible option how to deal with zero

values is to use modified roll measure used by Bao et al. (2011) who use only

−Cov(ri, ri−1) from roll without taking square root and multiplying it by two.

We do not apply this modification and use roll as defined in equation 2.7,

mainly because the theory behind roll and also because it is widely used.

The most important preliminary tests are unit root and stationarity tests,

because they directly influence selection of suitable models in subsequent anal-

ysis. We suspect volatility and liquidity series to be integrated, since many

financial time series have unit roots or are not stationary. Maximum lag length

for ADF and KPSS tests is selected according to Schwert criterion (2.13); each

time series in our analysis consist of nearly 1800 values, thus max lag length

q = 24.7 which we round down to 24. Optimum lag is then selected automat-

ically by Gretl, based on minimization of information criteria, so that tests of

time series are performed with different lag lengths. Because of importance

of the results, we report all ADF and KPSS test statistics and associated p-

values in Table 4.1. Let us be rather strict in interpretation of these tests and

focus on 1% significance level which is convenient for presentation as results

across currency pairs are similar. At 1% significance level, majority of volatility

and liquidity series of our currency pairs are integrated (more precisely, null

hypothesis of unit root cannot be rejected), with the exception of roll.

Unit root of volatility measures lrv and lbpv cannot be rejected for eight out

of ten currency pairs, the exceptions are EUR/JPY and USD/JPY. If we look

at 5% significance, null cannot be rejected for AUD/USD and NZD/USD (lrv

has p-value slightly above 0.05), too. However, stationarity of lrv and lbpv can

be rejected for all ER pairs at 1% level according to KPSS test. Results of the

tests at 1% level for liquidity measures can be easily summarized as well, null

hypothesis of unit root can be rejected only for lroll and USD/CAD lamihudvol

and lamivestvol. KPSS tests allows us to reject stationarity of all liquidity

series except lroll. 5% significance slightly changes results, null hypothesis of

unit root can be rejected for a few lamihud and lamivest measures, while it
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cannot be rejected for lbatick and lbawtick. Moreover, first differenced series do

not have unit root (null hypotheses of ADF tests are rejected at any convenient

level) and null hypothesis of KPSS stationarity tests cannot be rejected at 1%

or 5% level, see Table A.1.

4.2 Cointegration

Since many volatility and liquidity series are found to be integrated, testing

for cointegration is a natural step in the analysis. As we are interested in a

relationship between volatility and liquidity, we take one volatility measure

and one liquidity measure and test whether they are cointegrated or not. If

cointegrating relationship is discovered, it will mean that volatility and liquidity

is driven by the same stochastic trend and that volatility is a good proxy

for liquidity, as suggested by Karnaukh et al. (2013). We exclude lroll from

cointegration tests, because evidence against unit root in lroll is solid and thus

it should not be included in cointegration tests with I(1) variables. Engle-

Granger cointegration test is used in the following analysis; ADF test statistics

of residuals and associated p-values are reported in Table 4.2. ADF tests of

individual series are reported in the previous table, Table 4.1.

We start the cointegration tests with a special pair of variables – volatility

measures lrv and lbpv. This pair is tested along with volatility-liquidity pairs,

because realized volatility and bi-power volatility seem to be closely related. If

it is proved, analysis of VAR and VEC models can be greatly simplified, because

it will be sufficient to use either lrv or lbpv. Engle-Granger test reveals that

lrv and lbpv are indeed cointegrated, ADF test of residuals give much lower p-

values than unit root test performed on either lrv or lbpv. The highest p-value

among all currency pairs is about 10−7, therefore estimation of VAR and VEC

models with only lbpv should be sufficient.

Volatility-liquidity cointegration is less clear. We test pairs including lrv

or lbpv and one of liquidity measure lamihudvol, lamihudtick, lamivestvol,

lamivesttick, lbatick or lbawtick. In order to achieve some degree of con-

sistency, we focus on 1% significance level. At this significance level, few

pairs are found to be cointegrated – six currency pairs can be immediately left

out. Volatility measures of EUR/JPY and USD/JPY are not integrated and

none of EUR/GBP, EUR/CHF, EUR/USD and GBP/USD volatility-liquidity

pair is cointegrated. On contrary, AUD/USD and NZD/USD lamihudtick

and lamivesttick are cointegrated with lbpv. Also NZD/USD, USD/CAD and
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USD/CHF lbatick and lbawtick are cointegrated with lbpv at 1% significance

level. These are the only lbpv-liquidity cointegrating pairs we find, results

for lrv-liquidity cointegration are similar. Evidence of cointegration between

volatility and liquidity is thus weak – only four out of ten currency pairs show

some statistically significant cointegration relationships, but evidence for these

cointegrating relationships is not strong either. Even though 1% significance

level may seem to provide quite a strong evidence for and against hypotheses,

it is important to keep in mind that we slightly did not reject unit roots of

input series in the first step and then slightly rejected unit roots in residuals

from regression of one volatilty measure on another liquidity measure.

4.3 Granger causality

Vector autoregression or vector error correction models have to be fitted before

performing Granger causality tests. We estimate seven VAR/VEC models for

each currency pair, that is seventy models in total. Every model comprises of

two variables and their lags, one variable is lbpv and the other one is one of our

liquidity measures (amihudvol, amihudtick, amivestvol, amivestvol, lbatick,

lbawtick and lroll). First, optimal lag length for VAR/VEC model is selected

based on Akaike information criterion (2.22), with maximum lag set at 24.

Then number of cointegrating relationships is determined in Johansen model

(except lroll, because we have strong evidence that lroll is not integrated). In

our simple two variable case we are interested in one cointegrating relationship,

because there cannot be more relationships between two variables. VEC model

is fitted if rank(Π) = 1, if rank of Π matrix is zero or two, we use VAR model

in first differences or levels (lroll). Complete results of Johansen test can be

found in Table A.2.

Specification tests of fitted models are performed afterwards, we test residu-

als for heteroscedasticity (ARCH effect), autocorrelation (Ljung-box test) and

normality of residuals is tested as well. Null hypothesis of homoscedasticity

is rejected at 1% or 5% level in nearly all equations. Notable exception is re-

gression of lroll on its lagged values and lbpv from lbpv − lroll VAR model,

however, homoscedasticity assumption is rejected for the second equation from

that model. Because we find a strong evidence against homoscedasticity, het-

eroscedasticity robust standard errors are used. On contrary, autocorrelation is

not a problem in our models, since p-values of Ljung-box tests are above 0.98.

The last specification test, normality, does not give surprising results. Normal-
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ity is usually rejected and so it is in our case; p-values are well below 0.1%

significance level, indicating that hypothesis of normality is strongly rejected.

Complete results of these tests are found in Tables A.3, A.4 and A.5.

Let us proceed to Granger causality tests between volatility and liquidity.

The tests should tell us, whether volatility causes changes in liquidity or liquid-

ity causes changes in volatility or there is no obvious pattern. Unfortunately,

the results seem to be inconclusive and providing contradictory results. If we

take a look at EUR/CHF, we can see that volatility very likely Granger causes

changes in liquidity, joint F-test of lbpv lags in liquidity equations give lower

p-values than the other way round. It means that lbpv significantly improves

estimate of liquidity and according to definition of causality by Granger (1969),

volatility causes liquidity. Altogether, Granger causality direction volatility ⇒
liquidity is significant in 54 out of 70 cases at 5% level. However, EUR/GBP

give opposite results, liquidity is more important in explanation of volatility

than the other way round. Liquidity ⇒ volatility direction is significant in 42

cases at 5% level. Moreover, in case of EUR/GBP both volatility and liquid-

ity are significant in explaining the other variable, causing so called feedback.

Feedback can be found in many other relationships tested, it is found in 35

cases out of 70 at 5% significance level. Therefore, feedback seems to be the

best description of relationship between liquidity and volatility. In other words,

volatility influences liquidity and liquidity influences volatility. Even though

we can find evidence of causality in one way or the other way round, no pattern

of relationships which would hold across all currency pairs can be found in our

sample.

Taking a closer look at EUR/USD, we notice that there is a feedback be-

tween price impact proxies and volatility, while trading cost proxies lbatick and

lbawtick Granger cause volatility. This is likely to be a result of periods with

fixed spread. USD/JPY pair (and other pairs, too) is interesting, because we

expected that feedback between lamihudvol, lamihudtick and lbpv would occur

only when there is feedback between lamivestvol, lamivesttick and lbpv, since

Amivest is basically defined as 1/Amihud. This is, however, not true, because

volatility usually Granger cause Amivest, but not the other way round.

4.4 Impulse response functions

Impulse response functions allow us to asses impact of one-unit positive shock

in either volatility or liquidity, so that it can be discovered whether there is
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any impact and if the impact is positive or negative. IRFs are computed from

the same VAR/VEC models which were estimated in the previous section. The

most important is then to select appropriate ordering of variables in Cholesky

ordering (volatility is followed by liquidity or the other way round), because

results are sensitive to ordering. Granger causality tests can provide a guidance

how to order the variables. We have argued that there is very likely a feed-

back between volatility and liquidity, but this result cannot be used, as it says

that there is no ordering. If p-values of volatility ⇒ liquidity and liquidity ⇒
volatility directions are compared, we can see that volatility ⇒ liquidity direc-

tion has lower p-values in more cases than liquidity ⇒ volatility. The evidence

is weak, but it can be used as a general rule in Cholesky ordering. In case there

is evidence against volatility ⇒ liquidity direction, we use opposite ordering.

Plots of all IRF functions with 90% confidence band can be found in Ap-

pendix A.3 - A.12. IRF plots do not provide much evidence, either. Shocks in

liquidity fluctuate around zero, but their impact is indistinguishable from zero

at 90% significance in majority of cases. Notable exceptions are IRFs which

were computed with opposite ordering of variables (i.e. liquidity ⇒ volatility).

On contrary, shocks in volatility have statistically significant impact on liquid-

ity measures. The impact is positive on Amihud measures and trading cost

proxies (lbatick, lbawtick, lroll) – i.e. increase in volatility implies increase

in Amihud or trading costs which means decrease in liquidity. Also, shocks

in volatility have negative impact on Amivest measures; this is not surprising,

since Amivest is basically defined as an inverse of Amihud (low Amivest means

low liquidity). The effects are very short-term, usually appear only in the pe-

riod when shock occurs (period zero) and then fade away in the next period

(become insignificant at 10% level). In some cases, return to original value

takes a few more days, but such behaviour is rather rare – for example, posi-

tive shock in volatility of USD/JPY increases lbatick and lbawtick for four to

six days. We can find even more persistent impacts, positive shock in volatility

increases USD/CHF spread and proportional spread (lbatick and lbawtick) for

more than 14 days. To sum up, volatility and liquidity are negatively related,

but the evidence is weaker than was expected – positive shocks in volatility

have negative impact on liquidity, in other words, increased volatility is accom-

panied with lower liquidity. However, positive shocks in liquidity measures (i.e.

decrease of liquidity, except Amivest measures) generally do not have impact

on volatility.
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Conclusion

We compute several volatility and liquidity measures for ten currency pairs

between April 2007 and February 2014. Volatility measures, realized volatil-

ity and bi-power volatility are closely related and cointegrating relationship

between them is found. Liquidity measures are more diverse, spread proxies

significantly differ (batick and roll) and price impact proxies computed with

volume and number-of-ticks proxy differ, too. Almost all series except lroll

are found to be integrated, but only a few volatility-liquidity pairs are cointe-

grated which means that in general, volatility and liquidity evolve differently.

Volatility-liquidity cointegration is found in AUD/USD, NZD/USD, USD/CAD

and USD/CHF currency pairs, but the evidence is rather weak.

VAR and VEC models are fitted in order to examine causality and to find

out if volatility and liquidity are positively or negatively related. Granger

causality differs across liquidity measures and currency pairs, some pairs shows

stronger evidence for volatility ⇒ liquidity direction, while direction liquid-

ity ⇒ volatility is found to be more significant for other pairs. But in general,

both directions are statistically significant, implying that the causality between

volatility and liquidity is mutual, i.e. feedback (or equivalence). Impulse re-

sponse functions indicate that volatility and liquidity evolve in opposite direc-

tions – increase in volatility is consistent with decrease in liquidity. One-unit

shock in liquidity has generally small impact (insignificant) on volatility, while

increase in volatility causes liquidity to decrease. The fall is generally very

short term, liquidity returns to equilibrium value in the next period in most

cases.

Relationship between intra-day volatility and liquidity studied on high fre-

quency data could reveal more interesting and significant results, but it is
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much more difficult to perform. Moreover, such research may provide results

that would be useful for banks and institutions trading large amount of cur-

rencies, but it would be of little use for exporters and importers that are more

interested in long term relationships.
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Appendix A

Additional results

Figure A.1: Daily traded volume, 10 minute data
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Figure A.2: Daily number of ticks, 10 minute data
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Figure A.3: Impulse response functions AUD/USD
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Source: Author’s computations.

Figure A.4: Impulse response functions EUR/CHF
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Figure A.5: Impulse response functions EUR/GBP
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Source: Author’s computations.

Figure A.6: Impulse response functions EUR/JPY
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Figure A.7: Impulse response functions EUR/USD
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Source: Author’s computations.

Figure A.8: Impulse response functions GBP/USD
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Figure A.9: Impulse response functions NZD/USD
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Source: Author’s computations.

Figure A.10: Impulse response functions USD/CAD
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Figure A.11: Impulse response functions USD/CHF
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Source: Author’s computations.

Figure A.12: Impulse response functions USD/JPY
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Appendix B

List of enclosed scripts

This is a list of enclosed Python scripts which were used in processing of input

data and computation of volatility and liquidity measures.

� Amihud-tick.py (uses NumPy)

� Amihud-volume.py (uses NumPy)

� Amivest-tick-median.py (uses NumPy)

� Amivest-volume-median.py (uses NumPy)

� Bipower-volatility.py

� Delete-weekend-files.py

� Merge-daily-files.py

� Proportional-ba-spread-tick.py

� Realized-volatility.py

� Roll.py (uses NumPy)

� Split-to-daily-files.py

� Split-to-daily-files-tick-data.py

� Ticks.py

� Tick-to-any.py

� Volumes.py
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