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Abstrakt: Práce se zabývá kvantovou turbulencí vytvářenou tepelným protiproudem 
normální a supratekuté složky v He II, která je studována na délkovém měřítku srov-
natelném se vzdáleností mezi kvantovanými víry metodou sledování trasovacích čás-
tic pevného deuteria. Rozdělení podélných rychlostí vykazuje dvě maxima odpovídají-
cí dvěma rychlostním polím dvousložkového popisu He II. Rozdělení příčných rychlos-
tí trasovacích částic při nízkých hodnotách připomíná klasické přibližně Gaussovské 
rozdělení, zatímco pro vyšší rychlosti má tvar mocninného rozdělení, což potvrzuje 
přítomnost kvantovaných vírů a tedy kvantovou povahu supratekutého hélia. Rozdě-
lení zrychlení trasovacích částic se zdá být velmi podobné klasickému, alespoň ve 
studovaném rozsahu parametrů, avšak závislost velikosti zrychlení na teplotě a tepel-
ném toku vytvářejícím tepelný protiproud může být vysvětlena na kvalitativní úrovni 
kvantovou povahou supratekutého hélia, vezmeme-li v úvahu poměr mezi viskózní 
silou způsobenou normální složkou supratekutého hélia a tlakovou silou vycházející 
z Bernoulliovy rovnice a působící na částici v blízkosti kvantovaného víru. Vizuali-
zační metody se ukazují jako relevantní nástroj studia kvantové turbulence, k čemuž 
přispějí i připravované budoucí experimenty. V tomto smyslu jsou uvedeny také 
předběžné výsledky studia tepleného protiproudu v okolí válce. 

Klíčová slova: Tepelný protiproud v supratekutém héliu 4, kvantová turbulence 
v supratekutém héliu 4, sledování trasovacích částic, rozdělení rychlostí, rozdělení 
zrychlení. 
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Abstract: Quantum turbulence generated in thermal counterflow of He II is studied 
experimentally by visualization. The statistical properties of the motion of micron 
size solid deuterium particles are studied by using the particle tracking velocimetry 
technique at length scales comparable to the mean distance between quantized vorti-
ces. The probability density function (PDF) of the longitudinal velocity displays two 
peaks that correspond to two velocity fields of the two-fluid description of He II. The 
PDF of the transversal velocity displays a classical-like Gaussian core with non-
classical power-law tails, confirming the quantum nature of turbulence in counter-
flowing He II. The distribution of the particle acceleration is found to be similar in 
shape to the classical one, in the range of investigated parameters. The observed de-
pendencies of the average amplitude of the particle acceleration on the temperature 
and on the applied heat flux that generates the counterflow under study, are ex-
plained semi-quantitatively based on the quantum mechanical description of He II, by 
taking into account the ratio between viscous drag force of the normal component of 
He II and the Bernoulli pressure gradient force of superfluid component near the 
quantized vortices. Flow visualization is shown to be a valuable tool to study quan-
tum turbulence and further investigations are under way. To this end, preliminary 
results on thermal counterflow past a cylinder are also discussed. 

Keywords: Thermal counterflow in superfluid 4He, quantum turbulence in superfluid 
4He, particle tracking velocimetry, probability density function of velocity, probability 
density function of acceleration. 
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Preface 
 For humans the most important sense is sight. Thus in order to discover the 
principles of Nature we prefer using it. Flow visualization is a very old method in its 
principle, but until the present “electronic age” it was not possible to use it for quan-
titative measurements. A lot of experiments have been performed in water or in air 
by using the tracer particles, carried by the fluid thanks to the viscous drag force, to 
visualize the flow. Now, quite exotic quantum liquids – the superfluid phases of 4He 
or 3He – are studied by contemporary visualization techniques. 

 The superfluid helium is a quantum liquid, displaying macroscopic quantum 
effects, where the quantized vortices exist and where totally different type of convec-
tion – the thermal counterflow – can be established and studied experimentally. 
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1. Theoretical introduction 

1.1. Classical liquids  

Equations of motion  

 If we have a volume filled with a classical liquid, we can divide such a volume 
into infinitesimally small volumes, and call them particles of liquid. The dynamics of 
such fluid particles can be modelled by the Newton law, 

 ���
�� = ��, 1.1

where �� is the momentum per unit volume and �� denotes the force per unit of vol-
ume. As we implicitly assume that the considered fluid is a continuum, each quantity, 
A, which describes the properties of the liquid, is generally a function of space and 
time, that is, �(
�, �), where 
� is the distance from a generic point and � indicates the 
time. If A is a continuous quantity, it can be expressed in the form of a Taylor poly-
nomial, i. e. 
 ��
� + �
�����, � + ��� = �(
�, �) + �
����� · ������� �(
�, �) + �� · ��� �(
�, �) + �(�
�, ���). 
It is possible to rewrite the left-hand side of equation (1.1) as 

 ���
�� = �

�� �� + ���
�� · ������� �� = �

�� �� + (� · ∇)��, 1.2

where the momentum �� can also be expressed as 

 �� = � · ��, 
where � is the density of the liquid and �� indicates the velocity of a particle of liquid. 
These two quantities are related to each other by the equation of continuity, which is 
also called the law of mass-conservation. If, in a certain volume, the total amount of 
mass changes, it has to flow through the boundary � of the considered volume, i.e., 

 � ��
�� �� = � ��� · �!������ , 1.3

where � is the considered volume and !� denotes the corresponding surface. By using 
the Gauss-Ostrogratsky theorem, i. e., 

 � ��� · �!������ = � ∇ · (���)�� , 

it is possible to integrate the right-hand side of (1.3) and obtain 

 ��
�� = ∇ · (���) = �� · (∇�) + �∇ · ��. 

As � is a continuous quantity, its derivative can be expressed as 

 ��
�� = ��

�� + �� · (∇�). 
The equation of continuity can consequently be written as 

 ��
�� = ∇ ∙ (���) or ���� = �∇ ∙ ��. 1.4
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 The right-hand side of equation (1.1) depends on the physical situation under 
study. As a first step, the Hook law can be used to specify the force per unit of vol-
ume and (1.1) can be rewritten as 

 ���
�� = �� = ��#$$% + ��$�&'� = ∇ ∙ ( + ��$�&'�, 1.5

where ( is a 2nd order tensor called stress tensor, 

 ( = ) + )′, 1.6

where )′ accounts for the contribution of the viscosity to (, while ) is the pressure 
acting on the considered volume, 

 )+, = −��+,. 
In the case of Newtonian fluids, )′ is isotropic, homogenous and depends linearly on 
the velocity of deformation. For such a fluid it is possible to use the experimentally 
observed Newton’s law, 

 τ/01 = λδ/0 456476 + μ945:47; + 45;47:</=0, 1.7

where μ is the dynamic viscosity and λ indicates the second viscosity. This is possible 
as 

 ∇�� = ∇ ∙ �� + >?, 
where >?+, is the tensor of the velocity of deformation, defined as 

 >?+, = @
� 9�AB�CD + �AD�CB<+=,. 1.8

 Each movement of the liquid, in the vicinity of a chosen fixed point E, and at 
time �, can be decomposed into translation, deformation and rotation. The corre-
sponding velocities are written as 

 �+1�E, + �E,, �� = �+�E,, �� + >?+%(E%, �)�E% + F? +%�E,, ���E%. 1.9

where >?+, is the just mentioned tensor of the velocity of deformation, and F? +, denotes 
the tensor of the velocity of rotation, defined as 

 F? +, = @
� 9�AB�CD − �AD�CB<. 1.10

Equation (1.9) is called the first Helmholtz theorem and its proof can be found in [4]. 

 Using formulae (1.1), (1.5), (1.6) and (1.7) we can write the Navier-Stokes 
equation for classical liquids as 

 �AB�� = − @
�
��
�CB + @

� G �
�CB H �AD�CD + �

�CD GI 9�AB�CD + �AD�CB<J	J + @
� �+, 1.11

or, in a vector form, as 

 �A��
�� = − @

� ∇� + @
� �∇(H∇ ∙ ��) + ∇ ∙ (I∇��)� + @

� ��, 
where, similarly to equation (1.2), 

 �A��
�� = �A��

�� + �� ∙ ∇��. 1.12
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 In most cases it is possible to assume that the viscous coefficients λ and μ are 
space independent. Moreover, thanks to the equation of continuity (1.4), it is possible 
to neglect the term proportional to λ, if there is no way to change the density of the 
liquid or to generate mass (which can be opinable in the case of the normal compo-
nent of superfluid helium). The Navier-Stokes equation (1.11) can then be expressed 
in the well-known form 

 �A��
�� = − @

� ∇� + L
� ∇��� + @

� ��, 1.13

where the kinematic viscosity M = I �N . 

Reynolds number 

 It is possible to rewrite equation (1.13) by using the non-dimensional Reyn-
olds number, Re, defined as 

 O> = P∙Q
R , 1.14

where V and D are a typical velocity and dimension of the studied problem, respec-
tively. The other quantities in (1.13) can consequently be nondimensionalized as 

S�� = �� �N , E� = 
� TN , U = � ���N , ) = �� TN  and �1���� = Q
�PV ��. The Navier-Stokes equation 

can then be rewritten in a form that depends only on one parameter, the Reynolds 
number, as 

 �W���
�X + S�� ∙ ∇S�� = −∇U + @

Y' 	∇�S�� + �′����. 1.15

The Reynolds number can be seen as the ratio between inertial and viscous forces, 
i. e. 

 O> ≈ �[V\
L]V[]^V

≈ PQ
R . 

At small values of Re the viscous forces are dominant and the flow is generally lami-
nar; at large values of Re the inertia of the liquid prevails and the flow may be turbu-
lent. 

Limits 

 Neglecting the viscous term, the second one of the right-hand side of (1.15), 
we obtain the Euler equation for inviscid ideal fluids 

 �W���
�X = −∇U + �1����. 1.16

Equation (1.16) looks like the Navier-Stokes equation at infinitely high Reynolds 
number, but it is not so, because the flow of a liquid with viscosity equal to zero is in 
general different from that of a liquid with very small but non-zero viscosity. 

 For a flow governed by the Euler equation (1.16) the non-linear second term 
of (1.12) is responsible for the occurrence of chaotic behaviour, rising from the fact 
that a small disturbance in the initial conditions produces large disturbances in a rel-
atively short time. In general it is possible to write 
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 ��(�) ≈ >_� ∙ ��(0), 
where the parameter λ is called the Ljapunov exponent (in Cyrillic Ляпунов, other 
transcriptions are Lyapunov, Ljapunow or Liapunov) and is typical for any system 
with deterministic chaos. In the case of linear evolution of the flow λ = 0, instead for 
turbulent flows generally λ ≠ 0. 

 We obtain another interesting limit of the Navier-Stokes equation by neglect-
ing the advective non-linear term in (1.12) and the externally applied force. Equation 
(1.15) then becomes 

 �W���
aX = −∇U + @

Y' ∇�S��, 
and is called the diffusion equation, with a pressure gradient force, for the three-
dimensional variable S��; if we neglect the pressure gradient force, the equation has a 
simple solution of the form 

 S+ ≈ >bGXcdefg aBDCDJ. 
which shows the effect of the viscous force: it smooths each disturbance, instead of 
enhancing it. 

1.2. Classical vortices 

 As mentioned above, the first Helmholtz theorem (1.9) states that each 
movement of the fluid in an infinitesimal neighbourhood of a chosen point is separa-
ble into translation velocity �+, velocity of deformation >?+% and velocity of rotation F? +%, that is 

 �+1�E, + �E,, �� = �+�E,, �� + >?+%(E%, �)�E% + F? +%�E,, ���E%. 
The antisymmetric tensor F? +, can also be seen as a pseudovector of rotation, 

 F+ = h+,%F?,% = @
� h+,% 9�AD�Ci − �Ai�CD<, 

which is equal to the vector of vorticity, defined as 

 F+ = (∇ × ��)+ = h+,% �AD�Ci, 
and its divergence is identically equal to zero, 

 ∇ ∙ (∇ × ��) = �
�CB h+,% �AD�Ci = 0, 

because the derivation operator is symmetric to exchanges between i and k, while the 
Levi-Civita tensor is antisymmetric. 

 It is possible to derive the Navier-Stokes equation for the vorticity by using 
the vector identity, known as “BAC - CAB”, 

 S × (∇ × S) = ∇(S ∙ S) − (S ∙ ∇)S, 
and the advective term (S ∙ ∇)S of the Navier-Stokes equation can be rewritten as 

 (S ∙ ∇)S = @
�∇|S�| − S × F. 
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By applying the differential operator of rotation on the Navier-Stokes equation, we 
then obtain 

 �l
�X + ∇ × m@�∇|S�|n − ∇ × (S × F) = −∇ × (∇U) + @

Y' ∇�F, 

where the operators ��X and ∇� were exchanged with ∇ ×, because they are partial dif-

ferential operators. The terms containing the rotation of gradient are identically zero, 
because (as mentioned above) the Levi-Civita tensor is antisymmetric, while the par-
tial derivation operator is symmetric to exchange of indices. Using the identity 

 ∇ × (S × F) = (S(∇ ∙ F) − (S ∙ ∇)F) − (F(∇ ∙ S) − (F ∙ ∇)S) = = −(S ∙ ∇)F + (F ∙ ∇)S. 
we finally obtain the Navier-Stokes equation for the vorticity, i. e. 

 �l
�X + (S ∙ ∇)F − (F ∙ ∇)S = @

Y' ∇�F, 

or, similarly to equation (1.2), 

 �l
�X − (F ∙ ∇)S = @

Y' ∇�F. 

Second Helmholtz theorem 

 It is possible to express the vorticity ω as the limit of the circulation Γ along 
an infinitesimally short closed curve L, i. e.  

 F = opqr→�$+t� ur = opqr→�$+t� ∮ �� ∙ �o����r  , 

where, by using the Stokes theorem, 

 ur = ∮ �� ∙ �o����r = � (∇ × ��) ∙ �!�����w = � ω��� ∙ �!�����w = uw. 
Here S is any surface bordered by the curve L. 

 The Kelvin theorem for the time evolution of ΓL states that 

 �yz�� = ∮ �A���� ∙ �o���� + ∮�� ∙ �	�{������� , 

where, if the curve L bounds a simply connected region, 

 ∮�� ∙ �	�{������� = ∮�� ∙ ∇�� ∙ �o���� = @
�∮(∇��) ∙ �o���� = @

�∮m 447: ��n ∙ �E+ = @
�∮��� = 0, 

The time derivative of ΓL is then the line integral of the acceleration, i. e. 

 �yz�� = ∮ �A���� ∙ �o����. 
By using the Navier-Stokes equation (1.15) and considering that the additional forces 
have a potential U, 

 �yz�� = ∮ �A���� ∙ �o���� = ∮ m− @
� ∇� + L

� ∇��� + @
�∇|n ∙ �o����, 

and, by using the Stokes theorem, 

 �y}�� = �G− @
�∇ × (∇� − ∇|) + M∇�(∇ × ��)J ∙ �!����� = � M(∇�F���) ∙ �!����� . 
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The latter is equal to zero in the case of inviscid fluids (ν = 0). Applying the limit to 
a small surface we obtain the second Helmholtz theorem on the conservation of rota-
tion for inviscid fluids, i. e. 

 �l����
�� = 0. 1.17

This is very important for the properties of quantized vortices in a superfluid, because 
it predicts that, if a quantized vortex has in one point a certain value of circulation, 
it must have the same value along its entire length; see below. 

1.3. Helium 

 Helium was discovered in 1868 in the spectral decomposition of the sunlight 
as an element not previously known. It was called hélium from the word ό ἥλιος, 
which means the sun in Greek. 

 Although helium is the second most common element in the Universe (after 
hydrogen), it is rare on Earth, because, being inert, does not form any solid or liquid 
compounds, and, being the second lightest gas, it goes up to the upper atmosphere, 
where is blown away by the solar wind. 

 Helium exists in the form of 2 stable isotopes, 3He and 4He, containing in the 
core 2 protons and 1 neutron, 3He, and 2 neutrons, 4He, respectively. In the shell it 
has 2 electrons filling the orbital 1s, thus in this system there are 5, 3He, or 6 parti-
cles, 4He, with spin. The total absolute value of spin is then ½, 3He, or 0, 4He, (consid-
ering no excitations) and the system of helium atoms is consequently governed by the 
Fermi-Dirac statistic, 3He, or by the Bose-Einstein statistic, 4He, which are 

 �~Q(�, �) = @
'���i��	c@

, 1.18

and 

 ���(�, �) = @
'���i�� 	b@

, 1.19

respectively; where μ indicates the chemical potential and kB is the Boltzmann con-
stant. These different statistical distributions are responsible for the fact that 3He and 
4He have different properties at low temperatures, although at high temperatures 
they are very similar, because the high temperature limit of both statistics is the 
Boltzmann statistics. 

 Both isotopes do not form the solid state, at atmospheric pressure, until the 
temperature reaches the absolute zero; both become liquid at few Kelvin, 4,215 K for 
4He and 3,19 K for 3He, [1], and both have the superfluid phase, which is however 
generated by different mechanisms. The isotope 4He has the transition to the super-
fluid phase, called λ-transition, at the temperature Tλ = 2,1768 K, at the saturated 
vapour pressure [2], while 3He, being a fermion, must form Cooper pairs, which have 
an integer absolute value of spin (equal to one). Its superfluid transition temperature 
is 1000 times lower, 0,93 mK, at the saturated vapour pressure [1]. 
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 4He is obtained by the α-decay of heavy metals, such as uranium and thori-
um, or by the fractional distillation of natural gas (which usually contains CH4, C2H6, 
other hydrocarbonates and gases, such as N2, CO2 and He). 

 3He is instead the product of the decay of tritium, which mostly occurs in 
thermonuclear weapons, 

 �@� → �>c�� � >b � M', 
and, having a large cross section for trapping neutrons, is industrially used for neu-
tron detectors. 

 In this work only the 4He isotope will be studied. 

 

Figure 1.1 Equilibrium phase diagram of 4He with temperature on the horizontal axis and 
pressure on the vertical axis [1]. 

 In the helium’s phase diagram there is not the Triple point. The Critical 
point has temperature �� ≅ 5,2	� and pressure �� ≅ 226	�U� [1]. The transitions be-
tween liquid, gas and solid are phase transitions of first order. The transition between 
He I and He II is instead a transition of second order; there is no latent heat and con-
sequently He I and He II do not coexist. 

 He I is a classical liquid with very low and wide ranging values of the kine-
matic viscosity, at 2,25 K it has for example a viscosity ν equal to 1,96·10-4 cm2s-1 [1], 
which is about three orders of magnitude smaller than the kinematic viscosity of air. 

1.4. Superfluid helium 

 He II is a quantum liquid, described by various theories, such as the Bose-
Einstein condensation theory, Tizsa’s and Landau’s two-fluid-models, the latter based 
on phenomenological description of phonon dispersion relation, [1]. 

T [K] 

P
 [
kP

a]
 

λ-line 

He I 

He II 

Gas 

Solid 

T [K] 
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 The fact that He is a quantum liquid means that its de Broglie wavelength is 
comparable with the distance between atoms. Their wave functions consequently 
overlap and we can define a macroscopic wave function ψ and write the corresponding 
Schrödinger equation, 

 pℏ �
��� = − ℏV

��Δ�� + |�, 1.20

where we can ignore the fast changing microscopic contribution to the potential U 
and write it as a chemical potential μ. 

 The macroscopic wave function ψ has magnitude ψ0 and phase φ,  

 � = ��>+�, 1.21

where the square of ψ0 is proportional to the density of the superfluid component, 

�� = ���. It is also possible to consider the latter homogenous and stationary. By 
applying the impulse operator �̂ on � we obtain 

 �̂� = −pℏ∇���>+� = ℏ(∇�)���>+�, 

and, consequently 

 �� = ℏ∇� and �� = ℏ
�∇�. 1.22

The velocity field is potential and its circulation is zero in a simple connected fluid 
region, because the circulation operator is antisymmetric, while the gradient is sym-
metric. 

 Using (1.22) and (1.21) in the Schrödinger equation (1.20) we obtain 

 pℏ ∙ ���>p� ∙ p ���� = − ℏ2
2q ∙���>p� ∙ ((p∇�)2 + pΔ�) + | ∙ ���>p�, 

which, after dividing by ���>+�, is separable into real and imaginary parts, i. e. 

 −ℏ ���� = ℏ2
2q (∇�)2 + | and Δ� = 0. 1.23

The imaginary part of (1.23) is similar to the continuity equation (1.4), without the 
time derivative of the density, as assumed above. By applying the gradient operator 
to the real part of (1.23) we obtain 

 −ℏ �
�� ∇� = ℏ2

2q ∇(∇�)2 + ∇|, 

 −q �
�� � = q

2 ∇�2 + ∇| = q ∙ � ∙ ∇� + ∇|, 

which has the form of the Euler equation 

 ���� + � ∙ ∇� = − @
�∇|, 1.24

where the potential U has in this case, according to [8], gradient 

 ∇| = �
� ∇� − �∇� − ����∇(�t����� − ������)�, 

where T is the thermodynamical temperature, p indicates the pressure and s denotes 
the specific entropy, ρn and ρs are the densities of the superfluid and normal fluid 
components, respectively, and �t����� and ������ indicate the corresponding velocities. 
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 From (1.24) we then obtain the equation of motion for the superfluid compo-
nent of He II, that is 

 �� ����������+ �������� ∙ ������� � - ��
� �� � ����� � ����

�� �	�t����� - ������
�. 1.25

From the equation of continuity (1.4) we instead obtain the equation of motion for 
the normal component, i. e. 

 �t �
��� ������ � �t����� ∙ ��t����� � - ��

� �� - �t��� - ����
�� �	�t����� - ������
� � MΔ�t�����, 1.26

where the density of the liquid is the sum of the densities of the normal and superflu-
id components, 

 � � �� � �t, 1.27

the density of momentum per unit volume ¡� being defined as 

 ¡� � �������� � �t������, 1.28

and ν is the kinematic viscosity of the normal component. 

Quantized vortices 

 According to (1.22) the circulation of the superfluid velocity vs is zero, where 
the macroscopic wave function ψ exists. If there is any point inside the region filled 
by He II where the density of the superfluid component is zero, the circulation can 
there be non-zero and its value is restricted by the quantum nature of He II. 

 
Figure 1.2 Closed curve L around any region without the superfluid component; its initial 

point is called A and its final point B. 

 As the wave function ψ has to be unambiguous, it has the same value at the 
generic points A and B on Figure 1.2, if these points are identical, i. e. 

 �	�
 � �	¢
, 
where, according to (1.21), 

 �	�
 � ���>+�	£
 � �	¢
 � ���>+�	�
. 
As the exponential function of the imaginary argument is 2π-periodic, we obtain 

 �	�
 � �	¢
 � 2¤ , 
where   ∈ ¦ ∪ ¨0©. The circulation along curve L can then be rewritten as 

 ur � ∮ ������ ∙ �o����r � ∮ �
��� ∙ �o����r � 2¤  �

� �  ª, 1.29
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where ª is the quantum of circulation, 

 ª = &
� «f¬ ≈ 10b®q��b@ [1]. 1.30

 As the circulation is quantized, the vortex has the same circulation along its 
length. Besides, a vortex (as mentioned above) cannot begin free in the liquid but has 
to be attached to its boundaries, i. e., the free surface or the walls, or can form a 
closed loop (Figure 1.3). 

 

Figure 1.3 Quantized vortex can only be attached to the free surface or volume walls or can 
form a closed loop. 

 The phase φ of the wave function ψ can be seen as an angle, in polar coordi-
nates, in a plane perpendicular to the vortex. Equation (1.23) can consequently be 
rewritten as 

 Δ� � � ∙ �� � � ∙ G�	  ∙ �
¯�° mC±nJ �  	� ∙ m ±
CVc±V , - C

CVc±Vn � 0	  
for x ≠ 0 and y ≠ 0. The superfluid velocity vs in a plane perpendicular to the vortex 
line results 

 �������Q � �
��� �   �

� m ±
CVc±V , - C

CVc±Vn, 1.31

and its rotation is equal to zero everywhere except at the origin (0, 0) 

 � j �������Q �   �
�� j m ±

CVc±V , - C
CVc±Vn � 0. 

 The energy of a vortex line, per unit of length, can be calculated as the kinet-
ic energy of the orbiting superfluid component, i. e. 

 ��
�{ � ∮ � @

������² 
	�
	�³ � @
��� � �V

�V 	∮ � @
� �
	�³² �

¤�� � �V
�V ln m¶²n �  � ∙ ��·�{ , 

1.32

where a is the radius of the vortex core given by the coherence length and b indicates 
the upper limit of the integration that corresponds to the mean distance between vor-
tices. We can see that the energy of a vortex is proportional to n2. It is therefore en-
ergetically advantageous to split one multiply quantized vortex line into single vortex 
lines. 
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Thermal counterflow 

 By comparing equations (1.25) and (1.26) we see that the terms with thermal 
gradient have different signs for the normal and superfluid components of He II. The 
gradient of temperature drags consequently each component in opposite directions 
and this is the origin of the thermal counterflow. 

 In He II only the normal component carries the entropy because the superflu-
id component is in the ground state. The normal component can then be seen as the 
gas of thermal excitations [1]. The heat transfer q is obtained by the formula 

 ¸ = ����t, 1.33

where T is the temperature of the helium bath, s denotes the specific entropy and ρ 
indicates the fluid density. From the continuity equation it is possible to determine 
the velocity of the superfluid component as 

 �� = − ���� �t. 
 Thermal counterflow can generate quantum turbulence, because, according to 
[1] the mutual friction term Fsn, which was introduced for the first time by Vinen 
[13], is added to equations (1.25) and (1.26). The formula for Fsn was derived from 
experiments on the attenuation of second sound in a cryostat rotating with angular 
velocity Ω and can be written as 

 ¹�t = ¢ �����
@| |��� × m��� × (〈������〉 − 〈�t�����〉)n + ¢1 ����� ��� × (〈������〉 − 〈�t�����〉), 1.34

where B and B‘ are experimentally observed parameters; 〈������〉 and 〈�t�����〉 indicate the 
velocities of the normal and superfuid components averaged over an area where there 
are enough vortices. 
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1.5. Particle tracking velocimetry technique 

 Particle tracking velocimetry (PTV) is a visualization technique that can be 
seen as belonging to the larger set of PIV (particle imaging velocimetry) techniques. 
To visualize the motion of a fluid, which is typically transparent, a number of opaque 
particles, called tracers, are added to the fluid and follow thus its motion, making it 
visible. 

 
Figure 1.4 Sketch of a typical PIV apparatus. The moving particles are illuminated by a

laser and their time-dependent positions recorded by a camera, placed perpendic-
ularly to the light sheet. 

 More specifically, PIV methods are based on searching the local maximum in 
a pair distribution function with shift defined as 

 °£(��) = ∑ ½(
�, �
 ∙ ½	
� � ��, � � ¾�
��∈£ , 1.35

where I(r,t) is the light intensity of the considered images as a function of position r 

and time t. Purpose-made algorithms are then used to find the �£∗����� that satisfies 

°£��£∗������ � max¨°£	��
©. The velocity of a group of particles in a certain area A, subset 
of the whole image, is consequently obtained as 

 �£�����	�
 � �Ã∗������Ä�. 
Δt being the time between frames. This method, frequently used in classical fluid me-
chanics laboratories, corresponds to the Euler’s point of view and gives information 
about the entire flow field, with a space-resolution equal to the size of the mentioned 
subset A. In our case it is not suitable to use it, mostly because, as mentioned above, 
there are two flows and consequently two „types of behaviour“ of tracers, one carried 
the by normal component of the liquid and the other trapped into the quantized vor-
tex cores. 

camera laser 

cryostat 

system of lenses particles 
light sheet 



Daniel Duda  Visualization of selected flows of superfluid helium  
using solid hydrogen tracer particles 

20 

 
Figure 1.5 Sample images with tracers. Left: field of view of the size 6 × 4 cm. Right: zoom 

of one particle.  

 The PTV method is based on following individual particles. Purpose-made 
algorithms find in each image the particles, recorded as clusters of white pixels on a 
black background. Once this is done, other procedures connect the found particles to 
form trajectories. 

 This method corresponds to the Lagrange’s point of view and is deemed to 
give information on the motion of individual particles of fluid. It does not generally 
correspond to the Euler’s viewpoint, which instead looks at the fluid motion at specif-
ic locations. In the limit of steady flow this two points of view are equivalent. 

 The mentioned techniques are based on following particles carried by the flu-
id, and lay on the assumption that such particles follow closely the motion of the liq-
uid. 

 In the case of the normal component of He II, which is assumed to be a clas-
sical fluid, tracer particles follow the fluid flow as in classical fluids due to the fluid 
viscosity. In the case of the superfluid component of He II, which is defined as an in-
viscid fluid, the D’Alembert’s paradox applies. The latter states that 

 �� ∙ ¹� � 0, 
where ��. is the velocity of a moving body relative to the fluid and ¹� is the force act-
ing on the body. However, the force due to the gradient of pressure in the vicinity of 
vortex cores or other sharp boundaries still exists. 
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Figure 1.6 Particle near a vortex core. Not to scale – the quantized vortex core diameter is 

of the order of Å [1]; particle diameter is instead of few μm, see Figure 2.7 be-
low. 

 Figure 1.6 shows a particle near the vortex core. In the flow around the par-
ticle a gradient of the square of the velocity exists. The latter corresponds to the gra-
dient of pressure due to the law of energy conservation, which, for an incompressible 
inviscid fluid, is known as the Bernoulli equation, see for example [4], and [16], and 
generally reads 

 @
�S� + U + | = ÆÇ ��., 1.36

where u is the fluid velocity, P denotes the corresponding pressure, U represents the 
potential energy and Const. indicates an integration constant generally different for 
each streamline. 

 The detailed mechanism of particle trapping is not entirely understood due to 
number of effects affecting the interaction between vortices and particles. The trap-
ping depends in classical fluids on the density of particle [16]; the heavier particle is 
repulsed from the vortex due to inertia, while the lighter particle is attracted due to 
the just described mechanism. 

 The experiments in the He II, which use as tracers the positive or negative 
ions of helium atom, show that the trapping does not depend on the density of parti-
cles in He II, [31], as the positive ions have larger density than He II, while the nega-
tive ions have just the additional hydrodynamic mass and thus have smaller density. 

 The energy of quantized vortex line can be expressed as the kinetic energy of 
superfluid component of He II orbiting the quantized vortex core, see equation (1.32). 
The passing of the vortex core through the particle is energetically favourable and the 
particle can be trapped on the vortex core. The latter depends on the previous veloci-
ty of particle and on the drag force due to the normal component of He II acting on 
the particle. The dissipative mechanisms, reducing the kinetic energy of particle mov-
ing relatively to the vortex core and thus enabling the trapping, are not entirely un-
derstood [1]. In the experiment, it is not possible to determine, if one particle is 
trapped or not. 
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2. Experimental setup 
2.1. Cryostat 

 In order to keep helium in the liquid phase (see Figure 1.1) a cryostat, i. e. a 
good thermal insulating vessel, is needed. In our laboratory we use a cryostat with 5 
optical ports: it was designed at MFF UK and assembled by Precision Cryogenic Sys-
tems. This device is well described in the previous work of my colleagues [14]. 

 
Figure 2.1 Sketch of the optical tail of the cryostat, dimensions are in mm, [14]. 

 The cryostat can store more than 50 l of liquid helium, which is enough for 
an experimental run. It is usually not refilled during the experiment as this would 
most likely decrease the images quality by increasing the number of spurious parti-
cles. Care is indeed taken to ensure that the helium is as clean as possible, by flush-
ing the cryostat with purified helium gas, before each experiment. 

 The inner volume of the cryostat is thermally shielded by a cylindrical vol-
ume of liquid nitrogen, as this reduces the radiant component of heat flow according 
to the Stefan-Boltzmann law, U ≈ Δ�È. There is also another volume (not shown in 
Figure 2.1), which is evacuated and thus reduces thermal conduction. This volume is 
regularly pumped before each experiment, keeping the pressure in it typically be-
tween 1 and 3 · 10-5 Torr. 
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 There are 3 windows for each of the 5 optical ports (not only 2, as shown in 
Figure 2.1); the innermost windows are made of sapphire, while the others are made 
of quartz. 

 The cross-section of the optical tail is square with side of 50 mm (see Figure 
2.1), while the largest part of the cryostat has a cylindrical shape with inner diameter 
equal to 200 mm. The windows have circular cross-section with diameter equal to 
25 mm. 

2.2. Pumping system 

 After liquid helium is transferred into the cryostat the helium bath has a 
temperature of 4,2 K, which is the boiling temperature of helium at atmospheric pres-
sure. To decrease the temperature we decrease the bath pressure along the curve of 
saturated vapour pressure (see Figure 1.1), which is also used for measuring the tem-
perature, see my previous work [10]. 

 In order to do so we use two pumps connected in series: the first one is a 
Roots pump, with maximum pumping rate of 324 m3/h, while the other is a mechani-
cal rotary pump, with a maximum pumping rate of 36 m3/h. Between them is a but-
terfly valve with a bypass. The automatic electronic control unit at higher pressures 
switches on the rotary pump only, at lower pressures adds the Roots pump. 

 The pumping unit is connected to the cryostat via a bellows tube of 50 mm 
diameter. The vibrations produced by the pumps are also reduced by a purpose-made 
bellows T-piece. To avoid spurious electrical currents the bellows tube is insulated 
from the cryostat by a plastic o-ring. 

 The output of the pumps is led into the He return line or into the open air, 
depending on the situation (cooling down the helium bath, belongs to the first case, 
evacuating the cryostat, to the latter case). 

2.3. Thermometry 

 As the main thermometer in this experimental setup, as mentioned above, 
serves the saturated vapour pressure curve. The latter is used to define the tempera-
ture T between 1,25 K and 5,0 K, as reported by the norm ITS-90 [2], by using the 
formula 

 � = �� + ∑ �% mÉÊ�b�� n%Ë%Ì@ , 2.1

where p is the pressure, while Ak, B and C are coefficients defined in [2]. The saturat-
ed vapour pressure versus temperature dependence is shown in Figure 2.2. 
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Figure 2.2 Saturated vapour pressure of 4He as a function of temperature. Inset: saturated 

vapour pressure in the range of He II, i. e. below the λ-temperature.  

 The measurement of temperature was the topic of my Bachelor Thesis [10]. 
On the enclosed CD there is also a program I developed to calculate the temperature 
from the measured pressure. 

 As secondary thermometers a pair of semiconductor resistors is used. These 
are located inside the bath: the first one is on the flange placed just above the tail, 
the second one is placed closer to the main experimental volume, inside the tail. The 
resistance is measured by the 4-point method, see below, and converted to tempera-
ture by using relevant tabulated coefficients. 

2.4. Measurement of pressure 

 The temperature was obtained from equation (2.1) by using the measured 
saturated vapour pressure of the bath of liquid helium. The pressure was measured by 
a Baratron MKS 690A sensor connected to the cryostat by a capillary of 8 mm inner 
diameter. It is assumed that the measured pressure is not affected by the state of he-
lium gas in the tube. The difference in height between the sensor and level of liquid 
helium in the cryostat is around 80 cm. The level of liquid helium is however chang-
ing during the experiment, as the temperature is lowered by pumping the vapour, 
thus reducing the amount of liquid helium inside of cryostat. The difference in height 
of the level of liquid helium is deemed not to affect significantly the measured pres-
sure due to the low density of gaseous helium, which is about 1,2 kg/m3 [5]. 

 According to the manufacturer the used sensor measures the pressure abso-
lutely. It is connected to the signal conditioner MKS 670, which communicates with 
the computer via a GPIB bus. 

 The pressure is usually measured in Torr („millimetre of mercury column“, 
1 Torr = 133,322 Pa) and in these units it will be presented below. 
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2.5. Measurement of resistance 

 As mentioned above, two semiconductor resistors are also used for tempera-
ture measurements. One of them is the resistor III B used in my Bachelor thesis [10]. 
It is a RuO2 resistor and its room temperature resistance is around 1580 Ω. In order 
to obtain the temperature, the calibration discussed in [10] was used. The second one 
is a mass carbon TVO resistor with tabulated values of temperature and resistance. 
Its room temperature resistance is around 918 Ω. 

 For the measurements the 4-point method, sketched in Figure 2.3, is used. It 
reduces the effect of current leads on the measurement and consequently enables the 
use of manganine wires (alloy of Cu, Mn and Ni). This is advantageous to reduce the 
heat flux into the cryostat, as manganine has lower thermal conductivity than Cu but 
has also lower electrical conductivity. 

 
Figure 2.3 Scheme of the 4-point method. 

 The used power source was manufactured by Ing. František Soukup and is 
stable enough to avoid the need to measure the current. The used current is 1 mA 
but it is possible to switch the device to 0,1 mA or 10 mA, depending on what is 
needed, lower noise or lower overheating. The voltage is measured by the shielded 
unit NI SCB-68, which enables measurement of multiple signals and is connected to 
one of the computers used for the data collection and processing. 

2.6. Heater 

 As mentioned in section 1.4, thermal counterflow is generated by heating the 
helium bath and causes the two components of He II to flow in opposite directions, to 
conserve the liquid helium mass. To generate such a heat flux we used two plane 
square heaters, made of lead in a thin kapton layer. In the first experiments a heater 
of 50 mm sides was used and placed on the bottom of the cryostat tail. This was later 
replaced by a smaller heater, of 25 mm sides, placed on the bottom of a suitably sized 
channel, inserted in the tail. 

 A MOTECH programmable DC power supply is used for the heater. The 
electrical scheme is similar to that shown in Figure 2.3. To measure the current and 
voltage, two Keithley multimeters are used. The latter and the power supply are con-
nected to the computer by using a GPIB bus. 
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 The room temperature resistance of the heaters is around 73 Ω and; at low 
temperatures it is very similar, about 72 Ω.  

 The main reason that justifies the measurement of the applied power, instead 
of just setting the latter on the power supply, is that a sizeable portion of the sup-
plied power is dissipated in the circuit wires. 

 To connect the heaters to the power supply and to the multimeters copper 
wires are used, as they have larger electrical conductivity than manganine wires (the 
heat conductivity is larger too, according to the Wiedemann-Franz Law). 

2.7. Experimental cell 

 As mentioned above, in the tail of the cryostat, sketched in Figure 2.1, we 
have also inserted, in a number of experiments, a smaller experimental cell with inner 
square section of 25 mm sides and inner height of 95 mm, see Figure 2.4. The cell 
vertical sides are removable glass plates of suitable dimensions. The columns and ba-
ses were manufactured of brass and painted black to avoid reflections. 

 
Figure 2.4 Photograph of the experimental cell. The shown cylinder was used for a series of

experiments (see below) and can be removed. 

 The main reason that justifies the use of the just described cell is to increase 
the local density of particles and to contain the production of classical convection 
structures, which are, naturally, not prohibited in quantum liquids. 

2.8. Seeding system 

 As liquid helium is a colourless and transparent substance, to visualise its 
motion small flow tracers are added to it. For this purpose we use solid hydrogen and 
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deuterium particles, which are generally of sizes of few μm (see Figure 2.6). To obtain 
these particles we inject a mixture of helium, hydrogen and deuterium gases into the 
bath at a pressure larger than that of the bath. 

 

 

Figure 2.5 Seeding system; left: sketch; right: photograph. On the sketch the pressure regula-
tors between each gas bottle and first valve are not displayed. The last valve be-
fore the cryostat is computer-controllable and faster than the others. The big mix-
ing volume is approximately 50 times larger than the small one. The tubes have 
outer diameter of 7 mm. 

 As solid hydrogen has smaller density (88 kg·m-3 [35]) than that of liquid he-
lium (146 kg·m-3 at temperatures between 1,0 and 2,5 K) and solid deuterium has 
larger density (200 kg·m-3 [35]), the initial idea was to mix this two isotopes to obtain 
particles with the same density of liquid helium. It was found that this is not possible 
due to the fact that hydrogen isotopes have different crystallization temperatures: 
particles made of hydrogen and particles made of deuterium were observed, as they 
have different settling velocities, and it does not seem that in the ranges of used pa-
rameters buoyant particles of suitable size can be obtained. Most experiments were 
later performed by using deuterium particles, as they appeared more suitable for our 
visualisation purposes. 

 On the seeding system metallic support, which is also equipped with wheels, 
there are three high-pressure gas bottles: the first one is filled with helium gas, the 
second one with hydrogen gas and the third one with deuterium gas, see Figure 2.5. 
In the small mixing volume it is possible to mix hydrogen and deuterium gases at 
various ratios. The obtained gaseous mixture is then diluted into the big mixing vol-
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ume by using helium gas. This step is mainly needed to prevent the creation of a plug 
of solid mixture in the tube. The ratio of helium gas in the final mixture also affects 
the size of the obtained solid particles, together with other parameters, such as the 
mixture pressure and the injection velocity. Various combinations of these parameters 
were used and that yielding the most suitable sized particles used in the majority of 
experiments. 

 The size of the particles is calculated from their settlings velocities, assuming 
that the particles are spherical and that the gravitational force and buoyancy force 
are balanced by the Stokes drag force, due to the viscosity of the normal component 
of He II, i. e. 

 ¹w = ¹AÍ − ¹Î, 
 6¤ ∙ I ∙ O� ∙ � = È

�¤ ∙ O�� ∙ ��#' − ��� ∙ °, 

where μ is the dynamic viscosity of the normal component of He II, Rp indicates the 
radius of the particle and v denotes the settling velocity; ρHe is the density of helium, 
ρp denotes the density of the particle and g indicates the acceleration due to gravity. 
The radius of the particle is finally obtained as 

 O� = d Ë∙Ï∙A
�∙Î∙��«fb�Ð�. 2.2

An example of distribution of particles radii calculated in this way is shown in Figure 
2.6. 

 
Figure 2.6 Probability Density Function (PDF) of the radius of the particles. The relevant 

parameters are: temperature 2,09 K, camera frame rate 100 Hz, laser power 
0,3 W (pulse mode with pulse width 6000 μs). Colours correspond to the filter on 
minimal length of recorded trajectories consisting of number of points as indicat-
ed. 
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2.9. Illumination 

 To illuminate the experimental volume a continuous wave solid state laser 
with tuneable power Ray Power 5000, whose maximum power is 5 W, is used. Its 
wave length is 532 nm (green colour). The power employed in the experiments is 
usually between 1 and 1,5 W, if the laser operates in continuous mode. Larger power 
enables us to see smaller particles, but disturbs the results by generating thermal 
counterflow on the heated surface of the particles. This problem is a subject of inde-
pendent study and detailed quantitative results will be published elsewhere. 

 To prevent reflections from particles not in the focus plane of the camera, the 
laser sheet has to be obtained from the laser beam. To do so various lenses are used, 
see Figure 2.7. The laser sheet employed in most of the experiments reported here has 
usually a thickness of about 1 mm and its height is about 30 mm. 

 

Figure 2.7 Sketch of the laser sheet formation process. First the laser beam is focused by
using a Galileo telescope (converging and diverging lenses), it is then diverged by 
a cylindrical lens (f = -15 mm) and finally goes into the cryostat. The camera is
positioned perpendicularly to the laser sheet, see Figure 1.4. 

 The optical part of the apparatus is located on heavy stone tables to reduce 
vibrations. 

2.10. Camera 

 The used CMOS camera, Phantom v12.1, is very fast: its maximum frame 
rate at its maximum resolution 1 MP (i. e. 1280 × 800 pixels), is 6273 Hz (or fps – 
frames per second). Its maximum frame rate, 1 MHz, is achieved at the lowest resolu-
tion, 128 × 80 pixels. The camera is situated perpendicularly to the illuminated plane 
and focused on the latter by using an appropriate telemetrical macro lens. The field 
of view has dimensions of about 13 × 8,2 mm on the focus plane (these dimensions 
vary slightly, depending on the experiments). 

2.11. Software 

 Data collected during the experiments are processes in different ways. The 
data on pressure, resistance of thermometers and heater power are recorded by pro-
grams written in LabView, which also enables us to switch on and off the heater and 
the fast needle valve for the injection of particles. These programs were developed in 
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our laboratory by several people working here during the implementation of the ex-
perimental set-up, including myself. 

 The largest and most important data sets are collected by the camera and 
recorded by using the commercial software Dynamic Studio, developed by the com-
pany Dantec. The software controls the camera and laser, mainly when the latter 
works in pulse regime. This software also offers a set of various techniques for data 
analysis, but mostly we do not employ them, as we use for the implementation of the 
PTV (particle tracking velocimetry) technique other programs. One of them is an 
opensource add-on to the image analysis software ImageJ. This is called Mosaic and 
was developed mostly at ETH, Zurich, [17]. This algorithm finds particles on images 
and connects them to form trajectories, on the basis of a set of chosen parameters, 
and finally generates a table with the particle positions. 

 The latter table subsequently serves as the input of a program called Statisti-
ka 1 written by myself, which can smooth trajectories by using the Kolmogorov-
Zurbenko algorithm, which is 

 EÑ������ = @
�Lc@∑ EÒ����+cL,Ì+bL , if the point i is at least μ points away from the trajec-

tory final and initial points and 

EÑ������ = EÑ����, otherwise, 

where μ is a chosen parameter. The other chosen parameter is the number of repeti-
tions of this algorithm. The program Statistika 1 also calculates the velocity in Carte-
sian coordinates and in local polar coordinates (from the raw or smoothed data). It 
also computes particle accelerations, lengths of trajectories, percentage of particles 
moving up and down for each trajectory, mean particle distance from the axis of tra-
jectory, defined as the line passing from the first to the last point of each track, and 
the statistical errors of all these quantities, obtained from the mean value for each 
trajectory. For example, the algorithm that obtains the particle velocity from the po-
sitions is 

 �Ñ���� = CÓÔ·����������bCÓ�·����������
�BÔ·b�B�· , if the point i is not the first or the last of the trajectory, 

2.3�Ñ���� = CÓÔ·����������bCÓ�����BÔ·b�B , if the point i is the first of the trajectory, 

�Ñ���� = CÓ����bCÓ�·����������
�Bb�B�· , if the point i is the last of the trajectory, 

where xi is the position of particle i, at time ti, and vi indicates the calculated veloci-
ty. It can be said that this algorithm already contains a certain degree of smoothing, 
as we do not generally know how the particle moves between frames. Besides, this 
also means that it is not possible to calculate the velocity of a particle, whose trajec-
tory is represented by one point only. 

 The program produces as output histograms of selected quantities, which can 
be obtained by considering every point of a chosen data set or by choosing the corre-
sponding averages per trajectory. It can also calculate and plot correlations between 
any pair of these parameters, see Figure 2.8. 
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Figure 2.8 Print screen of typical windows of my program. Left: histogram of the vertical 
velocity obtained considering every point, for trajectories consisting of at least 5 
points, without smoothing. Right: correlation of the latter with the distribution of 
error of the absolute value of acceleration. The two peaks on the left panel corre-
spond to the fact that there are two types of particles, the firsts going with the 
normal component and the others with the superfluid component of He II. 

 It is also possible to filter the points to be included into the histograms. This 
can, for example, be done by using as filters the length of trajectories, the maximum 
optical first moment (to neglect too large particles) and the ratio of points moving up 
and down for each trajectory (to separate particles carried by the normal and super-
fluid components). Besides, it is possible to choose points that are inside or outside 
user-defined masks, to remove points that are not moving (which generally are bad 
pixels on the camera sensor or are due to other unphysical effects) and to select 
points that have a certain quantity lying in a chosen interval. 

 The program is written in the Delphi language, which is a modern object der-
ivation of the Pascal language and is attached on CD. 

 

Figure 2.9 Print screen of the graphical visualization of trajectories, as shown by my soft-
ware. On the 3rd axis is the time. Colours correspond to vertical velocities. There 
are only trajectories with at least 50 points. 
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3. Results and discussion 

3.1. Experimental protocol 

 The collected videos have typically 1000 frames. Some of them were taken in 
the absence of heat flux in order to estimate the settling velocities and dimensions of 
the particles, which have the density about 1,4 times larger than that of liquid heli-
um, if made of solid deuterium. In other movies the heater was switched on in order 
to study the quantum turbulence generated by the thermal counterflow. 

 The result obtained from movies collected at the same temperature and heat 
flux were combined, i. e., several movies were generally used to calculate the results 
shown below for each experimental set of parameters. 

3.2. Velocity PDF 

 The abbreviation PDF stands for the probability density function and indi-
cates the probability that a certain quantity has a given value. By using the comput-
er program Statistika 1 the PDF is obtained as the number of points that have a giv-
en property in a chosen subinterval and these points are plotted as a percentage of 
the number of all included points, i. e., the points that meet the filter chosen condi-
tions.  

 The PDF of the horizontal instaneous velocity u of solid deuterium particles 
in thermal counterflow is shown in Figure 3.1. (trajectories consisting of at least 5 
points were included in the calculations). 

 
Figure 3.1 The PDF. of the horizontal velocity of solid deuterium particles in thermal coun-

terflow at various conditions (temperature and heat flux) as indicated 
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 A more meaningful picture can be obtained by normalizing the data. This is 
done by subtracting from the experimentally obtained instaneous velocity u the cor-
responding average velocity U and by dividing such a difference by the standard devi-
ation usd of each dataset, as shown in Figure 3.2. The distributions obtained in differ-
ent experimental conditions can then be compared more easily. 

 
Figure 3.2 The normalized PDF of the horizontal velocity of solid deuterium particles in 

thermal counterflow at various conditions (temperature and heat flux) as indicat-
ed. Note especially the Gaussian core and non-Gaussian power-law tails. 

 The standard deviation of the horizontal velocity appears to be related to the 
calculated thermal counterflow velocity vn, see Figure 3.3. The latter velocity can be 
obtained from (1.33) as 

 �  = ¸���, 3.1

where q denotes the heat flux and T indicates the temperature. The density ρ and 
specific entropy s, which are tabulated quantities of He II are generally a function of 
temperature [5]. The relation between vn and usd is, however, not entirely understood. 
It may be linked to the average distance between vortex lines l, which can be calcu-
lated as 

 o = @
√r, 

where the vortex line density L [36] is 

 Ö = ×�(�t − ��)�, 3.2

and γ is an experimentally obtained parameter, which, as a first order approximation, 
can be assumed to increase linearly with increasing temperature; vn indicates the ve-
locity of the normal component, which can be calculated from (3.1), and vs denotes 
the velocity of the superfluid component and can be obtained from vn and the conti-
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nuity equation (1.28). It could therefore be said that, as vn increases, the average dis-
tance between quantized vortices decreases, leading consequently to an increase in the 
number of trapping events that may be indirectly observed as the velocity standard 
deviation increase. The relation between vn and usd may also be influenced by the 
parasitic flows apparent in Figure 3.1. 

 The intervortex distances l calculated by using (3.2) are in this set of param-
eters (see the legend of Figure 3.1) between 60 and 100 μm, which is comparable with 
the studied length scale (one pixel in collected images has size equal to 10,2 μm). It 
can be said that the intervortex distance is somewhat analogous to the Kolmogorov 
length scale in a classical turbulence [23]. The argument here is that in classical tur-

bulence the Kolmogorov length scale Ø = mh M�N n@ ÈN  based on the dimensional argu-

ments, where h = −�� ��N  is the energy decay rate. In superfluid component we can 

replace the kinematic viscosity ν by the circulation quantum ª. The corresponding 
length scale, called the quantum length scale, is thus of similar size, as by an order of 
magnitude M~ª. The experiments in quantum turbulence thus provide a unique pos-
sibility to study the statistical properties of turbulence at length scales smaller than 
the Kolmogorov – or quantum – length scale. 

 

Figure 3.3 The standard deviation of the distributions shown in Figure 3.1 as a function of 
the corresponding thermal counterflow velocity. 

 It seems that the velocities of particles in thermal counterflow have non-
classical distributions, which in classical turbulence are usually of a nearly Gaussian 
shape, see Figure 3.2. The velocity distributions display indeed a non-Gaussian form 
with power-law tails, which are, according to [19], due to the superfluid velocity be-
haviour around vortex filaments. This non-classical shape of the velocity distribution 
can be seen as a fundamental property of He II quantum turbulence, which can be 
described as resulting from the dynamical behaviour of a tangle of quantized vortices 
– the line singularities in the macroscopic wave function of the superfluid component 
of He II, as mentioned above. 
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 If we consider one straight quantized vortex running along the axis of cylin-
drical volume, the corresponding velocity field can be written, relatively to the quan-
tized vortex core and according to (1.31), as 

 ������ = &
�Ú	� m ±

CVc±V , − C
CVc±V , 0n, 

where ℎ q⁄  is the quantum of circulation ª. The velocity distribution per unit volume 
can be defined as 

 Ý(�) = ��(� − |��(E�)|)�E�. 
The latter, by assuming |��(E�)| = ℏ

�
@
� =: �∗, where 
 = |E�|, can finally be written as 

 Ý(�) = ��(� − �∗) bℏV�V @
A∗

@
A∗V ��∗ = ℏV

�V @Ag. 3.3

 This result, calculated in very special conditions, agrees with the shape of the 
tails of the probability density function of the horizontal velocity shown in Figure 3.2. 
The tails correspond to the largest velocities of the particles, those orbiting closer to 
the vortex lines. The core of the distribution of the particle velocities is more similar 
to the Gaussian distribution because the particles are here affected by more than one 
quantized vortex line, resulting in averaging and smoothing the large velocity depar-
tures. The quasi-classical behaviour dominates then at length scales larger than the 
intervortex distance. 

 The distribution of the vertical velocity has usually two peaks, see, for exam-
ple, Figure 3.4. These peaks are due to the fact that some particles follow the normal 
component of He II, while others are trapped into quantized vortices. 

 

Figure 3.4 The distribution of the vertical velocity at temperature 1,86 K and heat flux 
595 W/m2. The negative values of velocity correspond to the up direction, i. e., 
to the normal fluid direction. 

 

 The behaviour shown in Figure 3.4 has not a classical analogue; in other 
words the two peaks are not due to a convective flow, but are the consequence of the 
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quantum nature of He II. In the studied videos particles moving up can be seen to-
gether with homogenously located particles moving down. 

 The behaviour of standard deviation of vertical velocity is qualitatively simi-
lar to the one of horizontal velocity shown in Figure 3.3, but it is also influenced by 
the distance of the peaks in Figure 3.4 and the interpretation of its behaviour is more 
complex and poorly understood. 

3.3. Acceleration PDF 

 The accelerations are calculated numerically in a way similar to the veloci-
ties; see equation (2.3) and replace a, i. e. acceleration, with v and v with x. The 
probability density function of the particle acceleration in the vertical direction is dis-
played in Figure 3.5 and Figure 3.6 (results obtained from the same datasets used 
above are plotted). 

 

Figure 3.5 The PDF of the vertical acceleration at temperature equal to approximately
1,75 K and different heat fluxes (trajectories with at least 5 points) as indicated. 
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Figure 3.6 The PDF of the vertical acceleration at heat flux equal approximately 590 W/m2

and different temperatures as indicated. 

 It is possible to see that the tails of the distributions become wider as the 
temperature decreases and heat flux increases. The same was observed for the instan-
taneous horizontal acceleration ax. We can assume that the accelerations in horizontal 
planes, i. e. ax and ay, are equal, due to the symmetry of the vertical counterflow. An 
average acceleration amplitude A can then be defined as the ensemble average of the 
instantaneous accelerations, i. e. 

 � = 〈�2 ∙ �C� + �Í�〉. 
A also increases as temperature decreases and heat flux increases, see Figure 3.7 

 
Figure 3.7 Left panel: A as a function of temperature, at heat flux approximately equal to 

590 W/m2; right: A as a function of heat flux, at temperature around 1,75 K. 
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 The just mentioned result, shown in Figure 3.7, can also be displayed as the 
dependence of A on the calculated thermal counterflow velocity defined by (3.1), see 
Figure 3.8. 

 

Figure 3.8 The average of the acceleration amplitude as a function of vn, (3.1). 

 A more interesting picture of the vertical acceleration distributions can be 
obtained by dividing the accelerations by the corresponding standard deviation, that 
is, by normalizing the data. The distributions obtained in different experimental con-
ditions can then be compared more easily. 

 

Figure 3.9 The normalized PDF of the particles vertical acceleration at various conditions 
(i. e. temperature and heat flux as indicated); az

sd is the standard deviation of az. 
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 The normalized distribution of the particle vertical accelerations, shown in 
Figure 3.9, can be approximated by the exponential curve used to fit the data ob-
tained from classical turbulent flows in water, [20], i. e. 

 Ý(�) = Æ ∙ exp á b²V
9@câ³ã( âä<∙åV

æ, 3.4

where Ý(�) is the probability density function of the normalized acceleration, β = 0,513, 
σ = 0,563, γ = 1,600 [20] and C = 21,99, which is 30 times larger than that used in 
[20] as the PDF is normalized differently. It seems then that the observed particle 
accelerations in He II follow a classical-like behaviour, at the probed length-scales.  

 It is possible to use another fit, based on the log-normal distribution, shown 
in Figure 3.9, and also obtained for classical turbulent flows [21]. It is defined as 

 Ý(�) = ç ∙ è7éêg�
V
V ë

4√3 ∙ G1 − erf ðo â �√3â+2�2√2� ñJ, 3.5

where s = 1 [21] and N = 30, which is 30 times larger than the value used in [21], as 
the PDF is normalized differently. Besides, the flatness of the distribution is estimat-
ed to be around 20 but it was not possible to calculate it accurately, because the ob-
tained data sets are smaller than those used in classical turbulence studies. 

 The simple model, used above for the velocities, equation (3.3), leads, in the 
case of accelerations, by considering that the acceleration of a superfluid particle or-
biting a vortex filament is 

 �(
) = AV
� = @(�Ú)V

òV
�g, 

to the distribution of the form 

 Ý(�) = ���� − �(
)�
�
 = @
� m ℏ�n

È �N @
²ó gN , 3.6

which, at large enough accelerations, appears to be quite similar to the classical be-
haviour, see (3.4) and (3.5). It is however not possible to differentiate the shapes 
clearly, in the range of investigated parameters, as the used number of points in the 
statistics it is not sufficient to do so. 

 Another parameter, employed to describe the obtained results can be defined 
as the ratio between the viscous drag force, per unit of mass, due to the normal com-
ponent of He II, acting on the particle, and the pressure gradient force, per unit of 
mass, due to the superfluid component of He II, attracting the particle to a superfluid 
vortex filament, i. e. 

 ô =
ËL���õYÐV ��t − ��� �����õ

òV
öÚV ∇ m @�Vn÷ , 3.7

where Vn denotes the mean velocity of the normal component of He II, vp is the veloc-
ity of the particle, μn indicates the dynamic viscosity of the normal component of 
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He II and Rp is the radius of the particle; ª denotes the quantum of circulation, see 
(1.30), and the gradient of 1/r2 is derived from the Bernoulli equation (1.36) and from 
the fact that the velocity around a quantized vortex core depends on the distance r 
from it as 1/r, see (1.31). 

 Assuming, that the radius Rp of the particle is constant, the ratio Λ is pro-
portional to another parameter 

 ø = I �� −����� , 3.8

of dimension [m3/s2]. Note that the average velocity of the normal component of He II 
can be approximated by the calculated thermal counterflow velocity vn (3.1) while the 
particle velocity vp can be replaced by the experimentally obtained mean vertical ve-
locity. Other parameters, i. e., the dynamic viscosity μn and the density of the super-
fluid component ρs are functions of temperature and are tabulated. 

 As T decreases or q increases, ζ increases similarly to the acceleration magni-
tude A. Note that the dependence of A on ζ is similar to the dependence on vn, shown 
in Figure 3.8, as vn is linearly dependent on ζ, see (3.8). 

 The behaviour of A and ζ is shown in Table 3.1 and Table 3.2, as a function 
of applied heat flux and temperature, respectively. The qualitative dependence can be 
seen as the result of the fact that particles are less likely trapped into vortices, as 
temperature increases and heat flux decreases. This means that when a particle is 
trapped, it stays so for shorter time and this leads consequently to more frequent 
changes of particle velocity, i. e. to larger particle acceleration. 

Table 3.1 Qualitative dependence of the average acceleration magnitude A and parameter ζ 
on applied heat flux q, at temperature around 1,75 K. 

 A increases by ζ increases by 

q increases from 414 to 590 W/m2 31 % 23 % 

q increases from 590 to 691 W/m2 27 % 21 % 

q increases from 414 to 691 W/m2 66 % 50 % 

Table 3.2 Qualitative dependence of the average acceleration magnitude A and parameter ζ 
on the temperature, at applied heat flux around 588 W/m2. 

 A increases by ζ increases by 

T decreases from 1.86 to 1.75 K 25 % 25 % 

T decreases from 1.75 to 1.64 K 38 % 22 % 

T decreases from 1.86 to 1.64 K 73 % 52 % 
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 In other words, the pressure gradient force would affect the trajectories of the 
particles and consequently the corresponding velocities and accelerations, without 
leading to long-lasting particle trapping events [22]. The fact that the distribution of 
particle radii is not sharp, see, for example, Figure 2.6, can also affect the results. 
Moreover, the model of particle motion, used for the derivation of (3.7), is valid if the 
particle Reynolds numbers, defined below by equation (3.9), is lower than 1 and in 
the present case the particle Reynolds number is around 1. For a particle moving in 
He II the Reynolds number can be estimated as 

 O>� = ���I  O� ∙ (�  − ��), 3.9

which is obtained by only considering the normal component of He II. 

3.4. Future work 

 Future plans include the study flows past bluff bodies. As a first step, the 
thermal counterflow past a cylinder is being investigated and corresponding prelimi-
nary results are here reported. The experiments with a cylinder were performed by 
using the setup shown in Figure 2.4, which was designed and built also thanks to my 
contribution. The black painted cylinder was made from brass and has diameter of 
3 mm and length of 27 mm, spanning the cell width; it is fixed externally to the glass 
wall of the cell by a nut. The laser sheet is perpendicular to the axis of the cylinder 
and the camera is oriented accordingly. The establishing of the data-analysis-protocol 
is in progress. 

 One of the aims of the experiment is to verify that, as reported in the litera-
ture [12], macroscopic vortices are shed also in the superfluid flow direction and not 
just in the normal fluid flow direction, as in classical flows past bluff bodies. 

Thermal counterflow due to heated cylinder 

 During the first experiments thermal counterflow originating from the cylin-
der surface was observed, as the cylinder was heated by the laser light (the cylinder 
surface was painted in black to avoid reflections). 

 The used laser power was about 1,4 W. If we assume, for the sake of simplici-
ty, that the intensity profile of the obtained laser beam is a step function, instead of 
being Gaussian, the power reaching the cylinder can be estimated to be about 9 mW. 
This means that the thermal irradiation from the illuminated surface (π/2 times larg-
er than the cylinder diameter) is around 600 W/m2 in the vicinity of the cylinder sur-
face (note that, in cylindrical coordinates, the heat flux decreases as 1/r, where r is 
the distance from the cylinder axis, and that the thermal conductance of brass and 
black paint are negligible, if compared with the thermal conductance of He II due to 
the superfluid convection). We also assume that the surface absorbs all the incoming 
light, even though this is not entirely true due to the presence of deuterium particles 
in the proximity of the cylinder and due to non-zero reflexivity of the cylinder. 
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Figure 3.10 The PDF of the radial component of the normalized velocity near the cylinder is 

shown as open black squares; open red circles denote the PDF of the radial com-
ponent of the velocity normalized by taking into account the distance r from the
cylinder of radius Rp; open green triangles indicate the latter normalized velocity
in a selected area near the cylinder. Data are taken at temperature 1,9 K and 
laser power 1,4 W (heater switched off). 

 The thermal counterflow generated by the heated cylinder is studied in cylin-
drical coordinates and the corresponding velocities are obtained as 

 �p
 = �+C ∙ �B̂�B + �+± ∙ �B
ù
�B , 

where rx and ry are the components of the distance ri from the axis of the cylinder, 
respectively, in the Cartesian frame of reference. The distributions of the radial com-
ponent of the particle velocity are shown in Figure 3.10. 

 As it was mentioned above, the local heat flux decreases as the distance from 
the cylinder increases. We can therefore normalize the radial velocity w as 

 úp
 = �+� ∙ �BYû, 
where RC is the radius of the cylinder, i. e. 1,5 mm. The average velocity of the parti-
cles moving away from the cylinder is equal to 1,2 mm/s in the case shown in the 
Figure 3.10. By using equation (1.33) we can estimate the heat flux at the cylinder 
surface to be about 240 W/m2, which is 2/5 of the value obtained above. Data from a 
selected area in the proximity of the cylinder are also plotted in Figure 3.10 (green 
triangles) to neglect the effect of inhomogenous heating of the cylinder surface. The 
corresponding result is however similar, being around 250 W/m2. Note also that the 
outcome is consistent with the experimental observation, obtained in several counter-
flow experiments, that the measured particle velocity is generally smaller than the 
calculated one, see, for example, [14]. 
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 It can be said that the particle motion is indeed affected by the heated cylin-
der surfaceand for our future investigations we plan to use a transparent cylinder in 
order to reduce this effect. 

Classical vortices due to the residual flow 

 A number of large vortical structures were observed in the flow around the 
cylinder. These structures do not seem to be due to the applied heater power but 
might be the result of the residual flow in the bath generated during the injection of 
the particles. 

 In this case we can consider that the two components of He II move more or 
less together. It is then possible to use the algorithms developed for classical fluids 
based on equation (1.35) and implemented in the software Dynamic Studio. A corre-
sponding outcome is shown in Figure 3.11. 

 

Figure 3.11 The vector map of the particle velocity around the cylinder. The length and col-
our of the vectors correspond to the absolute value of velocity; the maximum ve-
locity, red colour, is 4 mm/s. The temperature is 2,16 K, there is not additional 
heat flux, the laser power is 1,1 W. Data in the shadow behind the cylinder are 
not relevant. 

 The study of the classical-like vortices is not the main topic of our work. 
Nevertheless we see that a macroscopic vortex can exist in He II, at least in the nor-
mal component. 

 The analysis of the current cylinder data is in progress, and a new transpar-
ent cylinder, made of plexiglass, will be used for the next experiments. 

  

shadow cylinder 
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4. Conclusion 
 Quantum turbulence in superfluid helium, generated by thermal counterflow, 
was studied by using the PTV (particle tracking velocimetry) technique. Micrometre-
sized particles were generated and injected into the He II bath inside a low-loss cryo-
stat with optical ports to enable flow visualisation measurements. The particles were 
illuminated by a solid state laser and their motion was observed by a digital camera. 
The collected images were processes by purpose-made computer programs (one of 
these was developed by me). Once particles were found in the images their velocities 
and accelerations were calculated numerically. 

 The distribution of longitudinal (vertical) velocities of particles, moving in 
thermal counterflow, reflects two fluid behaviour of He II, see Figure 3.4. Particles 
moving away from the heat source, carried by the normal component of He II, owing 
to the viscous drag force, and particles moving in opposite direction as being trapped 
into quantized vortices, were observed. These two flows – or types of behaviour of 
particles – were located homogenously in the studied volume. The result proves that 
thermal counterflow has no analogue in classical fluids and represents a unique type 
of convective flow possible only in quantum liquids. 

 The shape of the normalized probability density function of the velocity v of 
the particles serves as a clear indication of the quantum nature of thermal counter-
flow. The distribution core, which corresponds to small values of velocity, has a shape 
similar to that of the Gaussian distribution, which can be regarded as the form of the 
velocity distribution in classical turbulent flows. At larger values of velocity the be-
haviour is completely different and the distribution tails have a power-law form, pro-

portional to 1 ��N . The latter can be understood by considering the superfluid velocity 

around a quantized vortex, inversely proportional to the distance from the vortex 
core. 

 The normalized distribution of the particle acceleration appears to follow, in 
the range of investigated parameters, an unexpected classical-like behaviour, while 
the shapes of velocity distribution are clearly different. This problem should be ad-
dressed using larger data sets, obtained at larger frame rates. 

 The velocity and temperature dependence of the average amplitude of the 
acceleration can be qualitatively explained by exploiting the two fluid model of ther-
mal counterflow: by looking at the ratio between the viscous drag force, acting on the 
particles in the velocity field of the normal component of He II, and the Bernoulli 
gradient force, attracting the particles to quantized vortices in the velocity field of 
the superfluid component of He II. This, together with the power-law form of the ve-
locity distribution, can be regarded as a quantum signature of thermal counterflow, 
clearly distinguishing classical and quantum turbulence flows. 
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