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Abstract

The Efficient Market Theory that assumes the homogeneity of investors’ ex-

pectations has several shortcomings and has failed to predict development of fi-

nancial markets many times, recently. Previous research, therefore, has focused

more intensively on incorporation of some aspects from Behavioural Finance

to their models. This thesis implements another form of heterogeneity coming

from different investment horizon preferences, and investigates the impacts on

the selection of the efficient portfolios compared to the original Markowitz’s

framework. We employed the mean-variance model adjusted for the purpose

of the work, and, additionally, suggested extensions that assure robustness of

the model and the highest possible objectivity of the empirical results inde-

pendently on the choice of data sets. The findings from our research strongly

confirmed proposed hypotheses that the efficient portfolios do differ at the var-

ious investment horizons and that the efficient portfolios for long investment

horizons are less risky.
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Abstrakt

Teorie efektivńıch trh̊u předpokládaj́ıćı homogenńı očekáváńı investor̊u trṕı

několika nedostatky a v nedávné minulosti mnohokrát nedokázala předpov́ıdat

vývoj na finančńıch trźıch. Předchoźı výzkumy se proto stále intezivněji snaž́ı

do svých model̊u začleňovat poznatky z behaviorálńı ekonomie. Tato práce

http://ideas.repec.org/j/G10.html
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se zabývá zavedeńım nové formy heterogenity spoč́ıvaj́ıćı v rozd́ılných pre-

ferenćıch investor̊u s ohledem na investičńı horizonty a vyšetřuje dopady na

výběr efektivńıch portfolíı ve srovnáńı s p̊uvodńım př́ıstupem H. Markowitze.

Využ́ıváme mean-variance model přizp̊usobený pro účely této práce a navrhu-

jeme jeho daľśı rozš́ı̌reńı, abychom zajistili robustnost modelu a maximálńı ob-

jektivitu výsledk̊u nezávisle na výběru dat. Naše poznatky významně potvrdily

p̊uvodńı hypotézy, že se efektivńı portfolia v r̊uzných investičńıch horizontech

lǐśı a že pro deľśı investičńı horizonty jsou efektivńı portfolia méně riziková.

Klasifikace JEL G10, G11

Kĺıčová slova výběr portfolíı, mean-variance, optimal-

izace, investičńı horizonty, Dow Jones In-

dex
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Chapter 1

Introduction

Since Markowitz (1952) published his famous article “Portfolio Selection” in

The Journal of Finance, the Modern Portfolio Theory (MPT) has played an

important role in both economic research and practice and has been developed

significantly. The original framework of the mean-variance analysis has been a

central focus in financial economics, and served as a basis for development of

extended and better-suited portfolio selection models. In particular, variance as

a measure of portfolio risk proved to be one of the major shortcomings and was

widely replaced by more appropriate semi-variance (Markowitz 1959), Value-at-

Risk (VaR) or Conditional Value-at-Risk (CVaR) (Rockafellar & Uryasev (2000)

or Sarykalin et al. 2008). Also, robust versions of these portfolio selection

models have been designed in order to minimize estimation risk and to reduce

sensitivity of uncertain parameters on the resulting efficient frontiers (Fabozzi

et al. 2010b).

Majority of these advanced models are based on the assumption of market

efficiency and homogeneity of investors expectations, however, financial crises

and recent stock markets bubbles have shown that the Efficient Market Theory

(EMH) is not able to capture and interpret real development of financial markets

accurately. Therefore, with the advent of behavioural finance, many alternative

models implementing heterogeneity of agents have been introduced (several

extensions are provided by e.g. Brock & Hommes (1998), Vácha et al. (2012),

and Kukačka & Baruńık 2013) and proved to follow reality more precisely.

Our aim and the main objective of this mostly empirical thesis is to implement

and analyze a different form of heterogeneity. We eager to investigate how

the efficient portfolios differ in case when we assume heterogeneous investment
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horizon preferences. Moreover, we state two hypotheses: 1) the efficient port-

folios do differ at various investment horizons, and 2) the efficient portfolios

for longer investment horizons are less risky (less risky structure is optimal).

A comparison of both portfolios’ performances (meaning expected returns and

risks) and differences in compositions for selected criteria is our ambition.

For the purpose of the thesis, we employ the original mean-variance model with

adjustments that allow incorporation of various time horizons and we propose

the first step in the verification and development of this idea. In accordance

with the horizon, we analyze three data sets: the daily, weekly and monthly

returns of share prices of ten top components of the Dow Jones Industrial

Average Index (DJI) in the period from January 1, 2000 to April 1, 2015.

The structure of the thesis is as follows. Chapter 2 provides a review of relevant

literature and of the beginnings of the MPT. In Chapter 3 we present the

theoretical framework and methods being used later in the thesis: we define the

mean-variance optimization problem, including heterogeneity of time horizon

preferences, and summarize stationarity tests. In chapter Chapter 4 we describe

and analyze the data sets for the daily, weekly and monthly frequency of share

prices. Chapter 5 presents and compares the empirical results, mainly the

resulting mean-variance efficient frontiers for particular investment horizons.

Chapter 6 summarizes our findings and suggests possible directions of further

research.

Majority of the regressions, analyses and modelling are performed using the

softwares Wolfram Mathematica, Stata, and Excel, and graphs and figures are

also produced in Wolfram Mathematica software. All data sets, notebooks, do

files, and workbooks are available upon request.



Chapter 2

Literature Review

In this chapter, we present main relevant research papers and literature cover-

ing the field of interest of the thesis. For clarity, we subdivided the chapter into

three parts: starting with foundations of the MPT, moving to up-to-date re-

search, and closing the literature review with some modern thoughts on optimal

portfolio selection linked to heterogeneity of agents.

The MPT is a fairly young discipline in the field of economics and finance. It was

Markowitz (1952) with his famous article in The Journal of Finance who came

with a revolutionary idea on portfolio selection and who first ever proposed a

mean-variance model based on the trade-off between the expected return and

the variance of returns. With the hindsight of more than 60 years, we can

conclude that this was the moment of the birth of modern financial economics.

Markowitz (1952) devised that through the “right kind” of diversification of

the securities, an investor can eliminate portfolio risk, measured by standard

deviation (SD), profoundly, and he was able to formulate the framework using

mathematical techniques. The key contribution covered important findings

that an investor should not analyze the security’s risks individually, however,

the covariances with all other securities in the portfolio are of the primary focus,

i.e. he showed that the financial assets should be evaluated as a group and

that the combination of securities might perform better than any individual

one. These perspectives were definitely new and had not been covered by

the previously published literature on financial economics. Finally, Markowitz

called such a portfolio that maximizes the expected return for a given risk to

be efficient (Rubinstein 2002).

During the same year, Roy (1952) designed a similar framework for portfolio
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selection, which, however, stayed overshadowed by more popular Markowitz’s

mean-variance model. Despite the independence of the works of Roy and

Markowitz, both authors adopted exactly the same measures of portfolio risk

using equations related to variance and covariances of returns. Moreover, Roy

(1952) suggests to an investor, which portfolio along the efficient frontier is

the optimal, i.e. how to precisely allocate available capital among the selected

financial assets, based on a disaster level d of their returns.

The new findings in the portfolio theory motivated many economists to propose

further extensions of the current selection model. One decade later, Sharpe

(1963) introduced the diagonal model, in which the expected return and risk

associated with a set of securities is compared to a market index in order to

form the optimal portfolio. Additionally, the author replaced the assumption

about no short-selling by a more practical and realistic premise that an investor

is able to borrow or lend any amount of capital at a particular interest rate,

and analyzed impacts on the efficient set.

In Sharpe (1964), the author further developed his theory and presented the

widely-known Capital Asset Pricing Model. The framework is based on the the

crucial underlying assumptions: the existence of a so-called common pure rate

of interest, at which all investors have equal opportunities to borrow or lend

any amount of necessary money, and equally importantly the homogeneity of

investors’ expectations. Then, an investor can attain any portfolio along the

capital market line, which connects the efficient market portfolio with a point

where all money is invested into the risk-free asset. Therefore, the selected

portfolio based on this model might provide an investor with the same expected

return for a lower volatility compared to the non-existence of risk-free asset and

neither lending nor borrowing case.

With the increasing number of research and publications on the MPT and in the

related areas, some shortcomings of the original methods have emerged. For

instance, a critical weakness of Markowitz’s mean-variance analysis was the

use of variance as a measure of risk, because both positive and negative price

movements influence the calculation variance equally. However, the empirical

evidence shows that, on average, declines in prices are perceived more inten-

sively by investors (Fabozzi et al. 2010b). Already Markowitz (1959) himself

recommended to replace variance by a more reasonable measure of risk called

semi-variance that focuses solely on negative prices fluctuations. He concludes
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that an analysis based on semi-variance generates more appropriate efficient

portfolios since it concentrates mainly on reducing undesirable losses, whereas

an analysis based on variance aims to eliminate both extremely high and ex-

tremely low returns equally (for further comparison see e.g. Pla-Santamaria &

Bravo 2013).

Later on, a number of various and more suitable risk measures were proposed

in literature. To be concrete, primarily VaR and CVaR ranked among the most

popular and most widely used. By a definition, VaR measures the maximum

expected loss of a portfolio at a specified probability level α (usually 95% or

99%) during a certain period of time, and is frequently used mainly by financial

institutions (Fabozzi et al. 2010a). The differences between VaR and original

variance are revealed for instance by Alexander & Baptista (2002). In this

empirical study, the authors compare the efficiency and the economic implica-

tions for various scenarios and distributions of data. CVaR, as an alternative

percentile measure of risk, was defined by Rockafellar & Uryasev (2000) as the

expected value of losses that exceed the value of VaR. CVaR aims to solve some

shortcomings of previous risk measure and it has been shown that provides

better mathematical properties compared to VaR (summary of properties and

additional comparisons are provided by Pflug (2000) or Sarykalin et al. 2008).

Another problem arises from the practical applications of optimization meth-

ods even although the most appropriate risk measure might be used. All the

portfolio selection models are extremely sensitive to changes in the input pa-

rameters, which, however, need to be estimated and are never known for sure.

Fabozzi et al. (2010b) published an empirical paper dealing with the robust ver-

sions of the mean-variance, mean-VaR, and mean-CVaR models. He proposes

adjustment so that the efficient portfolios remain valid and objective despite

the uncertainty of the parameters. Nevertheless, these advanced mathematical

techniques are beyond the scope of the thesis.

DeMiguel et al. (2009) compares the efficiency among 14 investment strategies

that differs both in methodologies and in constraints across seven empirical

data sets, and comments on their advantages or disadvantages compared to

the naive distribution with weights of 1/N for every asset. Among others, the

author shows several Bayesian approaches to estimation errors, for instance

shrinkage estimators, however, these methods are theoretically as well as from

perspectives of computations extremely demanding.
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Until now, a vast majority of the approaches and techniques to portfolio se-

lection strongly depends on the assumptions that markets are efficient and

investors have homogeneous preferences. During recent history, financial crises

and major stock markets bubbles have shown that the EMH is not able to cap-

ture and interpret real behaviour on financial markets accurately. As an oppo-

site to the EMH, the field of behavioral finance has been developing markedly.

Behavioural finance attempts to combine traditional economic knowledge with

unconventional findings of other social sciences and helps explain why and how

the financial markets might be inefficient. Shiller (2003) presents many works

and publications related to behavioural finance, and challenges economists to

incorporate more realistic premises into their models.

Sewell (2007) defines behavioural finance similarly as, “the study of the influ-

ence of psychology on the behaviour of financial practitioners and the subse-

quent effect on markets.”

With the advent of behavioural finance, a vast number of heterogeneous agent

models (meaning that agents adopt heterogeneous investment strategies or

do have distinct expectations etc.) have been proposed. Brock & Hommes

(1998) emphasizes the role of different groups of investors (fundamentalists and

chartists) in financial markets having different expectations about future price

developments, and uses basically two parameters defining a trading strategy:

the trend and the bias. Brock & Hommes (1998) and an updated and extended

publication few years later Hommes (2006) proposed the asset pricing model

with heterogeneous beliefs which is actually influenced by the existence of two

types of traders based on rationality of their expectation: rational versus noise

traders.

Recently, Vácha et al. (2012) extended the original heterogeneous agent model

of Brock & Hommes (1998) by the concept of skilled traders which is a new

group of investors incorporated in the model besides the two existing types of

investors, i.e. fundamentalists and chartists. The skilled traders are able to es-

timate the parameters and evaluate the model more effectively based on the last

prices observations. The authors concluded that the presence of skilled traders

in the model had changed the behaviour of the simulated market significantly.

Kukačka & Baruńık (2013) propose additional advancements to previously pub-

lished models using Brock & Hommes (1998) framework. In this research paper,
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the authors examine the impact of three selected behavioral patterns that had

been documented in many studies before, namely herding, overconfidence, and

market sentiment, on the given model.

Herding describes common behaviour of a large group of people that is based on

few concrete intentions rather than on many other available information rele-

vant for their decisions, which, in the worst case, may lead into market bubbles

in the end. Overconfidence is connected with overestimation of own abilities

and skills and also with inability to appropriately estimate probabilities that

future events really occur. Finally, market sentiment leads to extreme beliefs

and perceptions of future development. The authors conclude that these be-

havioural breaks strongly impact traders and such similar findings may extend

the original heterogeneous agent model noticeably.



Chapter 3

Methodology

In this chapter, we provide the reader with the main theoretical concepts that

are being used in the thesis. First, we formulate portfolio selection model

including incorporation of various investment horizons, i.e. definition of het-

erogeneity problem. In the second section of the chapter, we introduce two

widely used ways how to test presence of stationarity: the Augmented Dickey-

Fuller (ADF) and the Kwiatkowski-Phillips-Schmidt-Shin (KPSS) tests.

3.1 Mean-Variance Model

Since Markowitz (1952) proposed his famous mean-variance portfolio selec-

tion model, this innovative technique has been the center of interest of many

economists and has been developed significantly in many aspects. The Chap-

ter 2 presents some of the recent research papers and findings in this field,

however, despite the existence of several more advanced techniques for port-

folio selection, we build our model on the basis of the original Markowitz’s

approach and we extend his method by an incorporation of heterogeneous time

preferences of investors.

3.1.1 Overview

The mean-variance model is an elegant framework for portfolio selection, which

proposed a new thoughts on the “right kind” of diversification of available funds

among various financial assets. Markowitz (1952) rejected the hypothesis that

all money should be invested into the most profitable, or vice versa into the

least risky securities. However, a covariance matrix is the key tool helping

an investor to assign quantities to available assets and to select the optimal
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portfolio. The idea behind is that by combining two or more securities that are

not perfectly correlated, an investor may reduce the total risk of the selected

portfolio. Moreover, the diversification depends not only on the number of

securities, however, dissimilarity of industries that securities came from is also

important and a portfolio should be composed from shares of companies across

industries with distinct economic characteristics. Generally, the share prices

of these companies tend to have lower covariances compared to firms coming

from the same or similar industries.

Markowitz (1952) was the first ever to describe the idea of diversification and

the precise selection process mathematically. Along with the diversification

process, the model assumes that investors are risk-averse, i.e. investors always

prefer portfolio with higher expected return for the same amount of risk, or

equivalently for the same expected return, investors select less risky portfolio

(Fabozzi et al. 2010a).

3.1.2 Return and risk of a portfolio

Initially, we need to define a feasible set that represents the set of all possible

portfolios that can be constructed, i.e. both the efficient and the inefficient.

Let us suppose that there are N risky assets that an investor can select from,

and let xi represent the relative amount of money invested in the i-th asset.

We do not include a risk-free asset in the model. Additionally, neither short-

selling, i.e. the situation when an investor can sell a security that he or she

does not own, nor borrowing of money is allowed, which means that for every

component there exists a lower bound constraint xi ≥ 0. Further, we assume

that all available capital is allocated among the securities. Then, the feasible

set can be formulated as

X =

{
x ∈ RN |

N∑
i=1

xi = 1, xi ≥ 0, i = 1, . . . , N

}
.

Following further Markowitz (1952) and Dupačová et al. (2002), we define the

expected return of a portfolio and variance and SD as the measures of portfolio

riskiness. Although a few additional measures of risk, namely for instance semi-

variance, VaR or CVaR, exist and are more commonly used in practice, we stay

with the original framework.
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Let us assume that ρ = (ρ1, . . . , ρN)T is a random vector of the returns of

the N selected risky assets, with the expected return r = Eρ = (r1, . . . , rN)T

and the variance-covariance matrix Σ = (σij) where σij = cov(ρi, ρj) for all

i, j = 1, . . . , N . Then, the expected return of the portfolio p with the weights

vector x is defined as

rp =
N∑
i=1

rixi = rTx.

The variance of the portfolio p with weights vector x is defined as

σ2
p

=
N∑
i=1

N∑
j=1

cov(ρi, ρj)xixj = xTΣx,

and the risk of the portfolio p with weights vector x, measured by its standard

deviation, is defined as

σp =

√√√√ N∑
i=1

N∑
j=1

cov(ρi, ρj)xixj =
√
xTΣx.

3.1.3 Optimization problem

Initially, we list several assumptions underlying the model that are based on

Markowitz (1952) and are summarized in Dupačová et al. (2002). It is essential

to adjust or reformulate some of the assumptions so that they hold for our

heterogeneous model. In particular, we do not basically assume that investors

have homogeneous expectations:

(i) The investors make decisions on their portfolios both on the information

based on the expected returns and covariance structure of returns, and

on their time horizon preferences (we have added the heterogeneity of

investment horizon preferences).

(ii) An investor chooses portfolios with the highest expected return among

those with the same risk.

(iii) An investor chooses portfolios with the smallest risk among those with

the same expected return.

(iv) The assets are infinitely divisible.
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(v) The investment horizon is one period in time.1

(vi) There are no transaction costs and taxes.

(vii) There exists no risk-free interest rate and the investors cannot borrow any

amount of necessary money at all (we have excluded a risk-free interest

rate and a possibility for all investors to lend or borrow any amount of

money at this rate).

(viii) All the assets in question are marketable.

(ix) Short-sales are not allowed (we stay with the original model where short-

sales are not allowed).

(x) No investor can affect the returns of the respective assets substantially.

(xi) All necessary information (about means and covariances) is equally avail-

able to all the investors at the same time.

Under these assumptions, let r be the estimated expected return vector of the

selected financial assets and let matrix Σ be the variance-covariance matrix

of these returns, and recall the definitions of portfolio expected return rp and

portfolio variance σ2
p
. According to (Scutellà & Recchia 2013), the mean-

variance model can be formulated in three distinct ways:

1. Maximize the expected return subject to an upper limit on the vari-

ance:
max rTx

s. t. xTΣx ≤ σ2

x ∈X;

(3.1)

2. Minimize the variance subject to a lower limit on the expected return:

min xTΣx

s. t. rTx ≥ R

x ∈X;

(3.2)

1This assumption does not mean that the investment horizons cannot be of different
length.
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3. Maximize the risk-adjusted expected return:

max rTx− λxTΣx

s. t. x ∈X
(3.3)

where λ ∈ R denotes a risk-aversion parameter and X is the feasible set.

These models can be adjusted by the parametrization of the variance threshold,

of the expected return threshold and the risk-aversion parameter respectively.

For the purpose of the thesis, we mainly use the model (3.2), in other words we

subsequently select all available expected portfolio returns for the given time

horizon and then we minimize the portfolio variance subject to the constraints.

As a result, we find a set of all mean-variance efficient portfolios and construct

the particular efficient frontier.

3.1.4 Heterogeneity in the model

The heterogeneity in the model comes from our beliefs that mean-variance in-

vestors need not necessarily be homogeneous and they might have different

preferences about time horizon. As a first step for the investigation in this

field, we take three various investment horizons, more concrete daily, weekly,

and monthly frequency data. For every time horizon, we consequently calculate

particular returns for all selected components and construct their covariance

matrices and, in order to be able to compare differences among horizons easily,

we present all the figures scaled to their annualized versions. The scaling pro-

cedure is described in the subsection 4.1.1, where we also define the particular

scaling factors more specifically.

Given the time horizon and corresponding three sets of inputs as explained

above, we can further use the classic Markowitz’s solution to find the optimal

strategy for heterogeneous mean-variance investors. First, we construct mean-

variance efficient frontiers for various time horizons, which graphically represent

the whole set of attainable efficient portfolios, and then compare these efficient

frontiers generally as well as in more detail for several specific conditions.



3. Methodology 13

3.2 Stationarity

Stationarity of our data is an important prerequisite that allows us to employ

the mean-variance model and analyze the empirical results without any need

for additional adjustments. Wooldridge (2008) states that, “the stochastic

process {xt : t = 1, 2, . . .} is stationary if for every collection of time indices

1 ≤ t1 ≤ t2 ≤ . . . ≤ tm, the joint distribution of (xt1 , xt2 , . . . , xtm) is the same

as the joint distribution of (xt1+h, xt2+h, . . . , xtm+h) for all integers h ≥ 1.” An

example of stationary and nonstationary times series is illustrated in the figure

3.1.

Figure 3.1: Stationary and Nonstationary Times Series.

We check whether our time series data sets are stationary by performing two

commonly used tests, i.e. ADF and KPSS. These tests have different null hy-

potheses and, therefore, they appropriately complement each other.

3.2.1 Augmented Dickey-Fuller Test

The ADF test was introduced by Dickey & Fuller (1979) and ranks among most

popular techniques for investigating a presence of stationarity in time series

data sets. To perform the ADF test, we firstly run the following Ordinary Least

Squares (OLS) regression:

∆yt = α + δt+ θyt−1 + ∆yt−1 + ∆yt−2 + . . .+ ∆yt−p + εt, (3.4)

where α is an intercept, δt is a time trend, the errors εt are independent and

identically distributed (i.i.d.) with zero mean and finite variance, and we have

added generally p lags of ∆yt to the equation in order to account for the dy-

namics in the process. The null hypothesis states that the time series {yt} has

a unit root
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H0 : θ = 0

against one-sided alternative hypothesis

HA : θ < 0.

Using the regression results, we calculate the t-test statistics as usual, i.e.

tADF = θ̂−θ
σ̂

, which need to be further compared to the critical values for ap-

propriate significance levels. If we are able to reject the H0, we conclude that

the series {yt} does not contain a unit root. Conversely, if we fail to reject the

H0, the series {yt} is, at the given significance level, stationary and has a unit

root (Wooldridge 2008).

In accordance with the length of the time horizon, we determined the optimal

number of lags to be 5 (for the daily returns), 4 (for the weekly returns), and

3 (for the monthly returns).

3.2.2 Kwiatkowski-Phillips-Schmidt-Shin Test

Kwiatkowski et al. (1992) proposed another approach to test whether the series

contains a unit root. The KPSS has the null hypothesis that an observable series

is stationary around its trend, and aims to solve some shortcomings of the older

ADF test which has the opposite null.

To perform the KPSS test, we firstly run the following OLS regression:

yt = α + δt+ k
t∑
i=1

ξi + εt, (3.5)

where α is an intercept, δt is a time trend, the errors εt are i.i.d. with zero mean

and finite variance, and ξi are i.i.d. with standard normal distribution. The null

hypothesis of stationarity of the series {yt} is

H0 : k = 0

against both-sided alternative hypothesis

HA : k 6= 0.
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Further, we can calculate the LM test statistics

LMKPSS =

∑T
t=1 S

2
t

σ̂2
ε

,

where St stands for the partial sum process of the residuals defined as follows:

St =
t∑
i=1

ε̂i, t = 1, 2, . . . , T.

Likewise for the ADF test, we set the optimal number of lags to be 5 at the

daily horizon, 4 at the weekly horizon, and 3 at the monthly horizon.



Chapter 4

Data and Preliminary Analyses

Portfolio is a set of financial assets that consists of money-market securi-

ties, bonds, equities, derivatives, real estate assets and other alternative assets

(Cipra 2005). For the purpose of the thesis, we have decided to construct and

to analyze portfolios composed solely of shares of selected large international

listed companies.

We restricted the selection procedure of suitable shares for those that are com-

ponents of the DJI. The DJI is a weighted index of the market prices of 30

major American companies that are publicly-traded on the New York Stock

Exchange (NYSE) and on the National Association of Securities Dealers Au-

tomated Quotations (NASDAQ). The companies represent key factors in the

particular industries and are often called blue-chips meaning that they have a

large market capitalization and a stable earnings history. Finally, we selected

10 top components of the DJI as of March 31, 2015 which are presented in the

table 4.1 including their weights at that time.

Figure 4.1: Share price developments of two selected companies.
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Table 4.1: Selected companies – top components of DJI.

Company name ISIN/Ticker Industry Weight

Goldman Sachs Group Inc GS Financial Services 7.06%
3M Co MMM Industrials 6.19%
Intl Business Machines Corp IBM Technology 6.02%
Boeing Co BA Industrials 5.63%
Apple Inc. AAPL Technology 4.67%
Unitedhealth Group Inc UNH Health Care 4.44%
United Technologies Corp UTX Industrials 4.40%
Home Depot Inc HD Retail 4.26%
Travelers Cos Inc TRV Insurance 4.06%
Chevron Corp CVX Oil & Gas 3.94%

Source: Dow Jones Industrial Average Fact Sheet.

Even more importantly, the DJI companies intentionally come from various in-

dustries and their share prices follow different trends,1 therefore, diversification

of the portfolio can work well. For the selected companies, we gathered three

sets of data according to the time horizon: we do have the daily, weekly and

monthly price observations. All the data sets are described and analyzed in

the later parts of this chapter.

4.1 Daily Horizon

4.1.1 Data Structure

The daily data range from January 1, 20002 to April 1, 2015 which provides

us with overall 3835 price observations for every company. All the data were

downloaded from the financial databases at Yahoo Finance, and throughout

the whole thesis, we use the adjusted close prices which refer to the close prices

adjusted for dividends and splits. The returns are calculated according to the

following formula:

ri,x =
PAC
i,x − PAC

i−1,x

PAC
i−1,x

, i = 1, . . . , N, x = 1, . . . , 10, (4.1)

1Figure 4.1 compares the development of shares prices of two companies: GS and IBM.
Graphs of all other selected components can be found in Appendix A.

2In fact, the first observation came from January 3, 2000 since it was the first trading day
in the given year.

http://finance.yahoo.com/
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where the acronym PAC
i,x represents the adjusted close price of the x-th company

at the end of the i-th trading day (or the end of the i-th week or the end of

the i-th month respectively according to the given time horizon).

Note that we need to have 1 extra observation of prices in order to compute

the reported number of returns. Therefore in the case of daily returns, we do

have totally 3834 scenarios throughout the selected time period.

Using the output from (4.1), we calculate the average returns for the x-th

component, and further these average returns need to be annualized which

allows us to easily compare the profitability at various horizons. Formally, we

proceed as follows:

rannualh,x = kh ·
1

N

N∑
i=1

ri,x, x = 1, . . . , 10, h ∈ {d, w,m}, (4.2)

where kh is a scaling factor based on the choice of the horizon h.3 If we

commence with the longest horizons, km equals to 12 since there are 12 month

in a year and, similarly, kw is equal to 52. However, a number of trading days

in a year may differ since National Days or holidays are celebrated at various

weekdays in consecutive years. Therefore, the scaling constant for the daily

returns was approximated to 252 which is based on the average number of

trading days in a year throughout the period.4 When scaling the SD of the

returns, we need to apply
√
kh.

The table 4.2 shows the summary statistics for the daily returns from January

1, 2000 to April 1, 2015. It is important to stress that mean and SD have been

annualized for the purpose of further comparison.

Taking the daily horizon, shares of Apple Inc. and of Unitedhealth Group

Inc were the most profitable bringing 33.2%, respectively 24.9% yearly to an

investor. On the other hand, the riskiest asset was actually a share of Apple

Inc. The least attractive and the worst performing company was IBM both in

percentage annual profit and in terms of a ratio defined as mean/SD. The most

massive one-day drop in share prices was observed on September 29, 2000 when

the value of Apple decreased by more than a half and its share price dropped

3To be specific, d stands for daily horizon, w stands for weekly horizon, and m stands for
monthly horizon.

4The precise daily scaling factor would be 251.533, rounded up to 252.
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from $26.75 to $13. In fact, this was the worst trading day in Apple’s history

ever.

Table 4.2: Summary statistics for daily returns.

Company Mean SD Min Max Skew Kurt N

AAPL 0.332 0.441 -0.519 0.139 -1.636 37.7 3834
BA 0.155 0.312 -0.176 0.155 -0.049 8.15 3834
CVX 0.128 0.261 -0.125 0.209 0.409 16.57 3834
GS 0.139 0.398 -0.19 0.265 0.803 16.37 3834
HD 0.111 0.332 -0.287 0.141 -0.353 16.57 3834
IBM 0.071 0.27 -0.155 0.12 0.141 10.5 3834
MMM 0.134 0.24 -0.09 0.111 0.209 8.24 3834
TRV 0.152 0.311 -0.182 0.256 0.839 20.41 3834
UNH 0.249 0.336 -0.186 0.348 1.014 29.64 3834
UTX 0.145 0.28 -0.261 0.136 -0.632 19.98 3834

Further, we performed the Jarque-Bera (JB) test of normality that was proposed

by Jarque & Bera (1980). The null hypothesis for JB test states that the

selected data set is normally distributed meaning both skewness and kurtosis

are following a normal distribution, i.e. skewness equals to zero and kurtosis

equals to three. For the daily returns, the test statistics were significantly high

resulting in p-values of positive zero, therefore, the null hypothesis of normality

was rejected at any reasonable significance level for all of our time series. For

this reason, the test statistics for JB test are not reported in the table 4.2.

4.1.2 Data Dynamics

Next, we tested whether an important assumption of stationarity hold by per-

forming the ADF and the KPSS tests as described in the subsection 3.2. For the

daily returns, we included 5 lags in both of the models, i.e. returns from the

whole preceding week influence the output of the tests.

We are able to strongly reject the ADF null hypothesis of the presence of unit

root for all companies even at the 1% significance level, since the critical value

equals to −3.43. The KPSS test further strengthened the conclusions, we are
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not able to reject the null of stationarity even at 10% significance level for 8

out of ten companies.5

Table 4.3: ADF and KPSS tests for daily returns.

Company ADF p-value KPSS p-value

AAPL -24.298 <0.01 0.133 >0.05
BA -26.167 <0.01 0.05 >0.10
CVX -26.001 <0.01 0.044 >0.10
GS -28.719 <0.01 0.023 >0.10
HD -27.336 <0.01 0.025 >0.10
IBM -25.619 <0.01 0.046 >0.10
MMM -26.475 <0.01 0.055 >0.10
TRV -27.031 <0.01 0.021 >0.10
UNH -27.157 <0.01 0.128 >0.05
UTX -27.885 <0.01 0.017 >0.10

4.2 Weekly Horizon

4.2.1 Data Structure

The weekly data range from January 1, 2000 to April 1, 2015 and we do have

overall 795 price observations for every company. Again, all the data were

downloaded from the financial portal Yahoo Finance. First, we calculated the

returns of the adjusted close prices using (4.1), where i represents the end of the

first trading day in a particular week, and then these returns were converted to

their average annual forms according to (4.2) with the scaling factor kw = 52.

The table 4.4 presents the summary statistics for weekly returns from January

1, 2000 to April 1, 2015. Note that we again report annual means and annual

SD for the purpose of comparison across various horizons.

Generally, there has been a slight decline in the annualized weekly returns com-

pared to yearly returns at the daily horizon. On the other hand, the decrease

in returns was complemented and compensated by exposition to a lower risk

measured by SD. The shares of Apple Inc. and of Unitedhealth Group Inc

remained to be the most profitable out of the total set yielding 32.8%, respec-

tively 24% annually. Recalling the performance ratio defined as mean/SD, 3M

5Critical values for KPSS test are 0.119, 0.146 and 0.216 for the 10%, 5% and 1% signifi-
cance levels respectively.

http://finance.yahoo.com/
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Co was the top company bringing the relatively high return compared to the

lowest risk profile. Therefore, we can naturally expect that 3M Co shares will

be significantly represented in the optimal portfolios.

Table 4.4: Summary statistics for weekly returns.

Company Mean SD Min Max Skew Kurt N

AAPL 0.328 0.415 -0.507 0.266 -0.918 11.84 794
BA 0.154 0.327 -0.334 0.185 -0.534 8.83 794
CVX 0.117 0.238 -0.271 0.167 -0.706 9.67 794
GS 0.138 0.387 -0.306 0.482 1.045 15.17 794
HD 0.114 0.337 -0.289 0.274 -0.021 9.05 794
IBM 0.07 0.263 -0.152 0.194 0.141 7.07 794
MMM 0.125 0.226 -0.16 0.174 0.062 6.57 794
TRV 0.142 0.288 -0.214 0.227 0.441 8.04 794
UNH 0.24 0.336 -0.298 0.406 0.59 15.48 794
UTX 0.139 0.262 -0.356 0.162 -1.196 16.22 794

Again, we ran the JB test and the resulting p-values for all times series were

virtually zero. Despite the fact that the normality of distribution was thus

strongly rejected, the table 4.4 reveals a noticeable movement towards nor-

mality expressed by the values of skewness and kurtosis in the comparison to

the same statistics for the daily returns. For instance, the highest coefficient of

kurtosis at the daily horizon was 37.7 with the overall average of 18.41, whereas

at the weekly horizon the highest kurtosis equales to 16.22 and the average for

the selected companies is 10.79.

4.2.2 Data Dynamics

For the weekly returns, we ran the ADF and the KPSS tests with 4 lags included

in the models, i.e. returns from the whole preceding month influence the output

of the tests. Likewise in the previous analysis, we are able to convincingly

prove that our series are stationary, however, the ADF test statistics increased

markedly compared to the daily returns. The ADF and the KPSS test statistics

with corresponding p-values intervals for all companies are depicted in the figure

4.5.
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Table 4.5: ADF and KPSS tests for weekly returns.

Company ADF p-value KPSS p-value

AAPL -12.917 <0.01 0.13 >0.05
BA -12.661 <0.01 0.048 >0.10
CVX -15.094 <0.01 0.057 >0.10
GS -12.736 <0.01 0.026 >0.10
HD -13.184 <0.01 0.029 >0.10
IBM -14.344 <0.01 0.05 >0.10
MMM -14.29 <0.01 0.051 >0.10
TRV -14.375 <0.01 0.024 >0.10
UNH -14.283 <0.01 0.132 >0.05
UTX -14.333 <0.01 0.02 >0.10

4.3 Monthly Horizon

4.3.1 Data Structure

The monthly data came again from January 1, 2000 to April 1, 2015, which

provides us with overall 184 price observations for every company. All the data

are available at the financial portal Yahoo Finance. First, we calculated the

returns of the adjusted close prices using (4.1), where i represents the end of the

first trading day in a particular month, and then these returns were converted

to their average annual forms according to (4.2) with the scaling factor km = 12.

Totally, we gathered 183 consecutive scenarios for the monthly returns, there-

fore, the times series are still sufficiently long in order to avoid the results being

biased. The table 4.6 shows the summary statistics for the monthly returns

with annual means and SD. We can immediately observe that the trend of

declines in returns and in risks still continues, as well as the structure of the

most and the least profitable shares remains unchanged. The evidence of sub-

stantial drop in riskiness, when shifting from daily to monthly horizon, can be

demonstrated on the shares of Home Depot Inc (a decrease in SD by 6.9 p.p.

to 26.3%) or Unitedhealth Group Inc (a decrease in SD by 7.7 p.p. to 25.9%).

We also performed the JB test of normality and the corresponding test statistics

are, for the first time, reported in the table 4.6 with the summary statistics.

The average coefficient of kurtosis is 6.14 and approaches its value for normally

distributed data.6 As a result, we are not able to reject the null hypothesis of

6Recall that kurtosis for normally distributed data equals to 3.

http://finance.yahoo.com/
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Table 4.6: Summary statistics for monthly returns.

Company Mean SD Min Max Skew Kurt JB N

AAPL 0.34 0.437 -0.577 0.454 -0.668 6.08 85.76∗∗∗ 183
BA 0.142 0.285 -0.346 0.202 -0.691 4.44 30.41∗∗∗ 183
CVX 0.115 0.206 -0.153 0.238 0.077 3.98 7.56∗ 183
GS 0.113 0.333 -0.275 0.312 0.145 3.78 5.23 183
HD 0.099 0.263 -0.206 0.222 -0.131 3.14 0.67 183
IBM 0.069 0.257 -0.226 0.354 0.622 7.15 143.4∗∗∗ 183
MMM 0.126 0.203 -0.146 0.207 0.073 3.84 5.56 183
TRV 0.142 0.264 -0.259 0.539 1.724 16.09 1396∗∗∗ 183
UNH 0.23 0.259 -0.306 0.266 -0.833 5.9 85.15∗∗∗ 183
UTX 0.141 0.22 -0.32 0.24 -0.644 6.98 133.6∗∗∗ 183
∗ p < 0.05, ∗∗ p < 0.01, ∗∗∗ p < 0.001

normality for monthly returns of Goldman Sachs Group Inc, Home Depot Inc

and 3M Co even at 5% significance level.

4.3.2 Data Dynamics

In order to test stationarity of the series we ran the ADF and the KPSS tests with

3 lags included in the regressions, i.e. returns from the whole preceding quarter

influence the output of the tests. Based on the ADF test, we can persuasively

reject the null at 1% significance level, however, the p-value for Unitedhealth

Group Inc resulting from the KPSS test is below 0.01, i.e. for this one series we

would not conclude stationarity if we did not have the opposite evidence from

the ADF test.

Table 4.7: ADF and KPSS tests for monthly returns.

Company ADF p-value KPSS p-value

AAPL -7.468 <0.01 0.109 >0.10
BA -6.178 <0.01 0.048 >0.10
CVX -6.876 <0.01 0.075 >0.10
GS -7.174 <0.01 0.032 >0.10
HD -6.332 <0.01 0.047 >0.10
IBM -8.062 <0.01 0.058 >0.10
MMM -7.094 <0.01 0.073 >0.10
TRV -6.949 <0.01 0.073 >0.10
UNH -6.181 <0.01 0.223 <0.01
UTX -6.595 <0.01 0.034 >0.10



Chapter 5

Empirical Results

In this chapter, we present the empirical results using the methodology and

the data sets described in the previous parts. First, we construct the effi-

cient frontiers for various investment horizons. An extension of the models for

the weekly and monthly data is subsequently investigated, which brings us a

higher degree of certainty that the results are objective. Finally, we compare

compositions of three different specific efficient portfolios: the Global Mini-

mum Variance (GMV) portfolios, portfolios with a minimal required return,

and portfolios with a maximal allowed risk.

5.1 Daily Horizon

5.1.1 Mean-Variance Efficient Frontier

The main objective for the following sections is to find the appropriate efficient

frontiers for our three time horizons and to describe the main differences. Ini-

tially, we recall a general definition of a mean-variance efficient portfolio. Any

portfolio X is said to be efficient if the following conditions are met simultane-

ously: 1) the portfolio X is attainable, i.e. fits into the constrains, 2) any other

attainable portfolio with a greater projected return than the portfolio X must

also have a greater variance, 3) any other attainable portfolio with a smaller

variance of returns than the portfolio X must also have a smaller projected

return (Markowitz 1959).

Then, the efficient frontier might be defined as the set of all mean-variance effi-

cient portfolios for different desired levels of available projected return (Fabozzi

et al. 2010a). It means that any portfolio lying on the efficient frontier offers
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the highest expected return for a given level of risk, or equivalently, minimizes

the level of risk for a minimal required expected return. Therefore, the effi-

cient frontier represents all combinations of legitimate portfolios that provide

investor with the most favorable trade-off between projected return and asso-

ciated risk.

Figure 5.1: Efficient frontier for daily horizon.
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Solving the optimization problem defined in (3.2) for the daily returns we con-

structed the efficient frontier that is graphically presented in the figure 5.1. On

the x-axis, there is captured a risk of the portfolios measured by SD, and on

the y-axis, an expected return corresponding to the selected level of risk can be

determined, and both expected return and risk are annualized. The inner space

of the efficient frontier forms the feasible set of portfolios, while the left-hand

side to this hyperbolic curve shows a set of portfolios that are unattainable, i.e.

an investor cannot reach so high return for a given risk, or vice versa he or she

cannot decrease risk so significantly for a desired return.

Moreover, we added 10000 randomly selected portfolios for given data sets

that are marked by little blue dots in the graph, and stressed the red point at

which the GMV portfolio can be reached. The GMV portfolio is, by a definition,

the portfolio lying on the efficient frontier with the smallest variance possible

(Fabozzi et al. 2010a).
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5.2 Weekly Horizon

5.2.1 Mean-Variance Efficient Frontier

The figure 5.2 presents the appropriate efficient frontier for the weekly returns

resulting from a solution of the model (3.2) for all attainable desired returns,

again with a large set of randomly selected portfolios and with a position of

the GMV portfolio emphasized by the red point.

Figure 5.2: Efficient frontier for weekly horizon.
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The essential objective of the thesis is to find differences among these efficient

frontiers across various horizons which is in more detail performed and analyzed

in the section 5.4. As a first step, we might compare the GMV portfolios: for

daily returns the GMV portfolio is achieved at the point [19.55%;13.25%], and

for weekly returns the position at [18.31%;12.67%] in the graph is signalizing

the GMV portfolio, which would be preferred by a more conservative investor

for its lower risk profile.

The optimization problem for weekly horizon was based only on the adjusted

close prices from the end of the first trading day in a week (not necessarily

Monday), however, in order to be able to derive strong conclusions we should

extend the model also for data coming from the other days in a week. In

addition, we aim to investigate, whether the day of the week effect on market

volatility influences somehow our model (see e.g. Berument & Kiymaz 2001),

one of the feasible solutions is proposed in the next subsection.
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5.2.2 Robust Model – 5-day period horizon

In order to assure the highest possible objectivity of the results, we invented a

robust extension of the model for the weekly data. Since a week not always need

to have five trading days, which would allow us to calculate weekly returns for

different weekdays, we have decided to approximate a week by a 5-day period

and to call such period a quasi-week.

First, we downloaded the daily adjusted close prices from Yahoo Finance and

then selected five subsets for every company by taking subsequently all possible

values for d as follows:

Sd,x =
{
PAC
i,x | i = 5p+ d, p = 0, 1, . . . , P, d ∈ {1, 2, 3, 4, 5}

}
where the acronym PAC

i,x represents the adjusted close price of the x-th company

at the end of the i-th trading day. For the selected subsets, we applied the mean-

variance selection procedure as described in previous chapters. Note that the

scaling factor for the 5-day period need to be adjusted and equals to kqw = 50.41

in order to calculate proper annualized average returns.

In the figure 5.3, the efficient frontiers for all five distinct 5-day period subsets

are shown as well as the original efficient frontiers for the daily and the weekly

horizons are included.

Figure 5.3: Efficient frontier for 5-day period horizon.
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1The average number of trading days is equal to 252, therefore kqw = 252
5 = 50.4.

http://finance.yahoo.com/
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The figure 5.3 clearly shows that, independently on the choice of a weekday in

the quasi-week, the efficient portfolios for longer time horizon are on average

less risky for the same level of desired annual return compared to the daily

horizon. Since we do not allow neither short-selling nor borrowing of money,

an investor can choose the minimal required annual return between 7.1% (IBM)

and 33.2% (Apple) at the daily horizon, and comparably, the minimal required

annual return between 7% (IBM) and 32.8% (Apple) at the weekly horizon.

There might be constructed other robust extensions testing whether the model

is independent on the choice of a weekday. If problems with non-trading week-

days were solved (e.g. align zero return or a return from previous week to a

non-trading weekday), we could select subsets of adjusted close prices in ac-

cordance to particular weekdays.2 Moreover, the five mean-variance efficient

frontiers might be horizontally merged into one resulting efficient frontier with

corresponding confidence intervals. To conclude, however, the efficient fron-

tier for the weekly horizon (the black one in the figure 5.3) is a sufficiently

well-suited representative for the middle-length horizon efficient frontier.

5.3 Monthly Horizon

5.3.1 Mean-Variance Efficient Frontier

The efficient frontier for monthly returns is depicted in the figure 5.4, including

a set of 10000 randomly chosen portfolios and a marker of the GMV portfolio

emphasized by the red point. This is the only horizon at which the risk of

the GMV portfolio keeps below 15% annually, precisely 14.83%, and despite the

exposition to the lowest risk, the GMV offers the highest return of 13.47%. A

similar pattern with return-risk profiles is observable along the whole efficient

frontier, i.e. for the same return, the efficient portfolios are less risky compared

to those at the daily or the weekly horizon.

On the other hand a potential bias in results may be even more likely in contrast

to the weekly returns, since in this case we observe share prices from the first

trading day in a month only. Therefore, we similarly extend our model to assure

the robustness of the process and to be able to derive convincing conclusions.

2i.e. calculate weekly returns from Monday to Monday, from Tuesday to Tuesday, etc.
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Figure 5.4: Efficient frontier for monthly horizon.
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5.3.2 Robust model – 21-day period horizon

In order to achieve the highest possible objectivity of the results, we invented

a robust extension also for the model at the monthly horizon. Since a month

includes on average 252
12

= 21 trading days, we have decided to approximate a

month by a 21-day period and to call such period a quasi-month. In this case,

the scaling factor km = 12 may remain unchanged.

Again, we downloaded the daily adjusted close prices from Yahoo Finance and

then selected 21 subsets for every company by taking subsequently all possible

values for d as follows:

Sd,x =
{
PAC
i,x | i = 21q + d, q = 0, 1, . . . , Q, d ∈ {1, . . . , 21}

}
where the acronym PAC

i,x represents the adjusted close price of the x-th company

at the end of the i-th trading day.

In the figure 5.5, the efficient frontiers for all 21-day period subsets are shown

as well as the original efficient frontiers for weekly and monthly horizons are

included. This graph reveals that the share prices at the beginning of month

yield more stable returns than those in the later phase of month do, however

based on the output, we can treat the efficient frontier for the original monthly

horizon (the black one in the figure 5.5) as an objective representative of the

longest investigated investment horizon.

Finally, based on the empirical results we can persuasively accept both of the

http://finance.yahoo.com/
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Figure 5.5: Efficient frontier for 21-day period horizon.
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stated hypotheses for this thesis. First, the efficient frontiers do actually differ

at various investment horizons, having analyzed the data with daily, weekly,

and monthly frequency. Second, the efficient portfolios for long investment

horizons are less risky for the desired annual return, i.e. less risky structure is

optimal.

5.4 Specific Efficient Portfolios Comparison

In this section, we focus primarily on the weights of the selected companies and

the differences among these weights in the compositions of three specific efficient

portfolios lying on the efficient frontiers from the previous section. Obviously,

we compare these values across the daily, the weekly and the monthly horizons.

The graphical distributions of capital among available components for the given

portfolios are depicted in the Appendix B.

5.4.1 Global Minimum Variance Portfolio

The GMV portfolio, independently of the time horizon preferences, identifies

the least risky efficient portfolio. For this reason, a conservative investor must

expect that the GMV offers a relatively modest projected return. In this case,

the most favorable trade-off between the expected portfolio return and the

corresponding risk provides GMV portfolio at the monthly horizon. A rational

investor would select the monthly portfolio for any of both possible trading
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strategies, i.e. profit maximization with the expected return of 13.47% or risk

minimization (SD equals to 14.83%).

The compositions of the GMV portfolio differs markedly across various time

horizon. While at the monthly horizon, 19.66% of money would be invested in

the shares of Unitedhealth Group Inc and 13.97% would represent the weight

of IBM in the portfolio, at the daily horizon the same shares would account for

9.83% and 24.53% respectively.

Table 5.1: Global Minimum Variance portfolio summary.

Horizon Return Risk AAPL BA CVX GS HD

Daily 13.25% 19.55% 1.47% 6.31% 21.76% 0.0% 3.27%
Weekly 12.67% 18.31% 2.48% 0.05% 25.24% 0.0% 0.26%
Monthly 13.47% 14.83% 0.04% 2.64% 25.54% 0.09% 7.94%

Horizon Return Risk IBM MMM TRV UNH UTX

Daily 13.25% 19.55% 24.53% 28.83% 3.51% 9.83% 0.49%
Weekly 12.67% 18.31% 22.75% 29.82% 8.57% 8.02% 2.81%
Monthly 13.47% 14.83% 13.97% 24.77% 3.79% 19.66% 1.56%

The shares of Chevron Corp and of 3M Co belong to the most stable and

attractive ones since they represent at least one fifth of all portfolios. It is

given mail due to their great individual performance ratio mean/SD. Although

Apple Inc. offers the maximal returns, its shares create a marginal proportion

of the GMV portfolios because of the high-risk profile.

5.4.2 Portfolio with Minimal Required Return

As opposed to the GMV portfolio, in this case the optimization problem is

constrained by a minimal desired return. Initially, we wanted to use an average

annualized daily return of the DJI in the period from 2000 to the first quarter of

2015, however, this return is insufficiently low and it is not reasonable to take

a required return below the return of the GMV. Therefore, as a benchmark we

take the average annualized return of 1/N portfolio, in which each component

represent exactly the same weight (10% for in the case with ten companies),

and we found that it has yielded 16.15% throughout the given period.
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The corresponding risk of 1/N portfolio equals to 21.37%, however, solving

the mean-variance optimization problem we are able to detect the efficient

portfolios with SD of only 19.92%, 18.84% and 15.3% respectively (from the

shortest to the longest horizon).

Table 5.2: Portfolio with minimal required return of 16.15%.

Horizon Risk AAPL BA CVX GS HD

Daily 19.92% 8.79% 7.51% 19.12% 0.0% 0.98%
Weekly 18.84% 12.09% 0.27% 20.32% 0.0% 0.01%
Monthly 15.3% 6.06% 1.64% 21.19% 0.04% 5.29%

Horizon Risk IBM MMM TRV UNH UTX

Daily 19.92% 15.04% 27.66% 3.91% 16.27% 0.72%
Weekly 18.84% 10.72% 27.17% 10.55% 14.82% 4.05%
Monthly 15.3% 5.19% 24.7% 6.58% 26.49% 2.82%

In contrast to the GMV portfolio, the expected return of 16.15% allows us

to invest more in the shares of Apple Inc., the shares of Unitedhealth Group

Inc has increased their weights significantly as well, and the proportions of

IBM dropped noticeably. Otherwise, the compositions of portfolios differs only

slightly for the same horizons.

5.4.3 Portfolio with Maximal Allowed Risk

The third case covers the mean-variance optimization constrained by a maximal

allowed risk, i.e. the model (3.1) need to be employed. Again, we calculated

the average annualized daily risk of 1/N portfolio that equals to 21.37% (with

the corresponding return of 16.15%) and that is used as the value of the highest

possible risk.

The table 5.3 reports the structures of the efficient portfolios for the given risk

as well as the expected annual returns. First, the projected annual returns are

well above the benchmark value of 16.15%, with the maximum of 24.61% at the

monthly horizon. Moreover, the compositions of the given efficient portfolios

do differ substantially for the various investment horizons.

A rational investor would invest mainly into the shares of Apple Inc. and of

Unitedhealth Group Inc, and this proportion increases in time. At the monthly



5. Empirical Results 33

Table 5.3: Portfolio with maximal allowed risk of 21.37%.

Horizon Return AAPL BA CVX GS HD

Daily 19.75% 17.97% 8.89% 15.74% 0.0% 0.0%
Weekly 21.23% 26.72% 2.28% 9.39% 0.0% 0.0%
Monthly 24.61% 30.3% 0.0% 0.0% 0.0% 0.0%

Horizon Return IBM MMM TRV UNH UTX

Daily 19.75% 2.72% 25.79% 4.17% 24.3% 0.42%
Weekly 21.23% 0.0% 19.55% 12.63% 26.55% 2.88%
Monthly 24.61% 0.0% 8.31% 9.75% 51.64% 0.0%

horizon, more than 80% of all money would be invested into the shares of these

two most profitable companies. The opposite trend, i.e. lowering of weights

in time, is observed for the shares of Chevron Corp and of 3M Co since the

investor cannot afford riskier assets at the shorter investment horizon.

To conclude, we have shown that for all three specific efficient portfolios the

most attractive trade-off between the expected return and associated risk is

provided at the monthly horizon. This evidence has further strengthened our

acceptance of both main hypotheses.



Chapter 6

Conclusion

The main objective of the thesis is to conclude whether and how the efficient

frontiers, or equivalently the sets of the efficient portfolios, differ at various

investment horizons, and subsequently to evaluate the proposed hypotheses.

First, we introduced the methods being used throughout the thesis. The orig-

inal Markowitz’s mean-variance model was formulated in three different ways

as: 1) the maximization of the expected return subject to the upper limit of

variance, 2) the minimization of the variance subject to the desired expected

return, and 3) the maximization of the risk-adjusted expected return. Besides,

we presented the ADF and KPSS tests that are widely used for testing presence

of stationarity in the series data. Since we have three different frequency of

data we determined the optimal number of lags in these model to be 5 for the

daily returns, 4 for the weekly returns, and 3 for the monthly returns.

In chapter 4 we selected the set of components and analyzed the data separately

according to the length of time horizon. In order to have the comparable

figures, we transformed the average arithmetic returns into their annualized

forms defining the scaling factors equal to 252 for the daily frequency, 52 for

the weekly frequency, and 12 for the monthly frequency. Generally, the annual

average return did not differed markedly across the various horizons and ranged

approximately from 7% (IBM) to 33% (Apple Inc). Moreover, we ran the

JB test of normality and the ADF and KPSS tests for every single data set.

As a result, we confirmed that an important assumption that the series are

stationary holds with high degree of certainty.

In the main chapter we revealed the empirical results. For the particular hori-

zons, the efficient frontiers employing the given methodology and data sets
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were constructed. Additionally, we suggested the extended robust models for

the weekly and monthly data introducing 5-day and 21-day period horizons

respectively in order to eliminate possible bias in the results coming from the

choice of a particular day in week or month respectively. Nevertheless, we

showed that the results remained similar independently on the day of week or

day of month. The results simultaneously proved that the longer the horizon is,

the less risky portfolio structure for the equal desired expected return is needed.

Lastly, we compared performances and compositions of three specifically de-

fined efficient portfolios. Again, the evidence was that the efficient portfolios

at the monthly horizon provide significantly more favourable trade-off between

the expected return and risk compared to those at the shorter horizons. For in-

stance the GMV at the monthly horizon provides the highest return of 13.47%

and the lowest volatility of 14.83% at the same time. Generally, shares of

Chevron Corp, 3M Co, and Unitedhealth Group Inc were the most popular.

Based on the empirical results we are able to strongly confirm both of the

hypotheses, however, since we performed the first step connected to this form

of heterogeneity there is room for possible improvements and further research.

First, an extension of the current model that solves a problem of non-trading

days (e.g. zero returns or returns from the previous period might be assigned

to such days) or an aggregation of five weekly efficient frontiers into one rep-

resentative efficient frontier based on computations of “horizontal” confidence

intervals might be interesting issues. Obviously, further research should be

challenged to employ some more advanced and recent portfolio selection tech-

niques as well as more appropriate risk measures than variance and standard

deviations are.
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A. Development of share prices of selected companies II

Figure A.1: Development of share prices of selected companies in the
period from January 1, 2000 to April 1, 2015.
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A. Development of share prices of selected companies III
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Figure B.1: Global Minimum Variance Portfolio.
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Figure B.2: Portfolio with minimal required return of 16.15%.
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Figure B.3: Portfolio with maximal allowed risk of 21.37%.
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3. Baruńık, J. & M. Baruńıková (2012): “Revisiting the fractional cointegrating dy-

namics of implied-realized volatility relation with wavelet band spectrum regression.”

http://arxiv.org/pdf/1208.4831

4. Detemple, J. (2014): “Portfolio Selection: A Review.” Journal of Optimization

Theory and Applications 161(1): pp. 1–21.

5. Gencay, R.,Selcuk, F. & B. Whitcher (2002): “An Introduction to Wavelets and

Other filtering Methods in Finance and Economics.” Academic Press.

Author Supervisor


	Abstract
	Contents
	List of Tables
	List of Figures
	Acronyms
	1 Introduction
	2 Literature Review
	3 Methodology
	3.1 Mean-Variance Model
	3.1.1 Overview
	3.1.2 Return and risk of a portfolio
	3.1.3 Optimization problem
	3.1.4 Heterogeneity in the model

	3.2 Stationarity
	3.2.1 Augmented Dickey-Fuller Test
	3.2.2 Kwiatkowski-Phillips-Schmidt-Shin Test


	4 Data and Preliminary Analyses
	4.1 Daily Horizon
	4.1.1 Data Structure
	4.1.2 Data Dynamics

	4.2 Weekly Horizon
	4.2.1 Data Structure
	4.2.2 Data Dynamics

	4.3 Monthly Horizon
	4.3.1 Data Structure
	4.3.2 Data Dynamics


	5 Empirical Results
	5.1 Daily Horizon
	5.1.1 Mean-Variance Efficient Frontier

	5.2 Weekly Horizon
	5.2.1 Mean-Variance Efficient Frontier
	5.2.2 Robust Model – 5-day period horizon

	5.3 Monthly Horizon
	5.3.1 Mean-Variance Efficient Frontier
	5.3.2 Robust model – 21-day period horizon

	5.4 Specific Efficient Portfolios Comparison
	5.4.1 Global Minimum Variance Portfolio
	5.4.2 Portfolio with Minimal Required Return
	5.4.3 Portfolio with Maximal Allowed Risk


	6 Conclusion
	Bibliography
	A Development of share prices of selected companies
	B Compositions of Specific Efficient Portfolios
	Thesis Proposal

