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Introduction

“Thermodynamics is a funny subject. The first time you go through it, you don’t
understand it at all. The second time you go through it, you think you understand
it, except for one or two small points. The third time you go through it, you know
you don’t understand it, but by that time you are so used to it, it doesn’t bother
you anymore.”

— A. Sommerfeld [4]

Fortunately, this still holds true for non-equilibrium thermodynamics, which
makes it a fruitful land to explore. And it is the goal of this thesis to explore
non-equilibrium thermodynamics and to apply it in real world problems like fuel
cell modeling.

Consider a system consisting of a box filled with interacting gases. One can,
in principle, see the individual molecules, motion of which is governed by New-
ton laws, Hamilton canonical equations or Liouville equation. Or one can regard
only the one-particle distribution functions, evolution of which is described by
Boltzmann equation. Or one can even see only a few moments of the one-particle
distribution function, for example density, momentum density and energy (or
entropy) density, evolution of which is governed by Navier-Stokes equation of
classical hydrodynamics. Finally, one can regard only energy, volume and mass
of the gases, which are studied within equilibrium thermodynamics. These dif-
ferently detailed descriptions, each of which is defined by a different set of state
variables, are referred to as particular levels of description of the system.

On each level of description evolution equations are prescribed which govern
time-evolution of the state variables on the level. The evolution equations should
be compatible with experimental observations made on the level. For example,
one should be able to measure density, momentum density and energy density
of a system when describing the system by classical hydrodynamics, and the
experiments should be compatible with solutions to the Navier-Stokes equations.
Therefore, none of the levels of description is better than another in general
because each level is appropriate for describing experimental observations with
different degree of detail. An advantage of non-equilibrium thermodynamics is
that systems can be described on several levels of description consistently.

The concept of different levels of description is central in this work, and the
chapters are structured accordingly. In Chap. 1 the framework of the General
Equation for the Non-Equilibrium Reversible-Irreversible Coupling (GENERIC)
is reviewed and further developed. Classical Irreversible Thermodynamics (CIT),
which is formulated in which Chap. 2, is the highest (most detailed) level used
in fuel cell modeling. However, perhaps the most practical level is the level of
mechanical equilibrium, described in Chap. 3. Finally, Chap. 4 contains results
on fuel cell and battery modeling on the level of description of thermodynamic
equilibrium. Moreover, Appendix A contains results formulated on yet different
levels of description, which are not usually considered in fuel cell modeling.

The following problems are addressed in this thesis:

• Which processes are reversible and which irreversible? And how does non-
equilibrium thermodynamics describe these two kinds of processes?
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• Can Onsager-Casimir reciprocal relations (OCRR) be derived from non-
equilibrium thermodynamics?

• Once reversible dynamics on a more detailed level of description is known,
is it possible to derive reversible dynamics on a lower level?

• How to describe processes in electrochemistry within thermodynamics effi-
ciently?

• Absorption of water into Nafion membranes is much slower than desorption
from the membranes. What is the reason?

• How does the coupling between water and proton transport in fuel cells
affect the resulting I/V curve?

• Consider a device producing electricity, e.g. a fuel cell. When having a
continuous thermodynamic model of the device, is it possible to show where
and how much efficiency is being lost?

• What is the open circuit voltage of a vanadium redox flow battery at dif-
ferent states of charge?

• What is the meaning of partial pressures in a mixture of non-ideal fluids?

In Chap. 4.2.5 these problems are recalled and it is shown how this work con-
tributes to solving them.

This work is based on our papers [80, 81, 79, 78, 82], all of which but the
last one have been published in peer-reviewed journals. The last one had been
submitted to the Journal of Power Sources and was under review at the time of
writing. Paper [80] introduces a new concept of thermodynamic optimization.
This concept is then clarified and further developed in article [79], various parts
of which are included in Chap. 3. In paper [81] a new theory of mixtures is
derived which takes into account the notion of multiple levels of description and
(ir)reversiblity. Although this paper is not directly related to fuel cell modeling, it
provides theoretical background for many results of this thesis. The main results
of the paper are summarized in Sec. A.3. Paper [78], a large part of which is
included in Chap. 1, brings new insight into GENERIC and into Onsager-Casimir
reciprocal relations. Finally, in paper [82] the open-circuit voltage of vanadium
redox flow batteries is derived from equilibrium thermodynamics, and the paper
is included in Sec. 4.2 with only minor adjustments to the submitted version.
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1. Non-equilibrium
thermodynamics

Various forms of non-equilibrium thermodynamics have been developed, see [55]
for a comprehensive review, and perhaps the most recent widely recognized theory
is the General Equation for the Nonequilibrium Reversible-Irreversible Coupling
(GENERIC), which represents a unifying framework for example for equilibrium
thermodynamics, Classical Irreversible thermodynamics (CIT) and Extended Ir-
reversible Thermodynamics (EIT). Besides these theories there are the Rational
Thermodynamics and the Rational Extended Thermodynamics, which however,
are very similar in results with EIT, [68]. Therefore, GENERIC is taken as the
most general theory in this work, and EIT, CIT and other forms of thermody-
namics are regarded as particular realizations of GENERIC.

GENERIC differs from the other theories because instead of starting with
balance equations, one has to specify state variables (level of description) at
first and, subsequently, four building blocks, namely energy, entropy, a Poisson
bracket and a dissipation potential, are required. Evolution equations of the
state variables then consist of a reversible part, given by the Poisson bracket and
energy, and an irreversible part, given by the dissipation potential and entropy.
But what is the precise meaning of reversibility and irreversibility in this theory?
It is a goal of this chapter to investigate that.

Such investigation can also be seen as an investigation of the Onsager-Casimir
reciprocal relations[72, 73, 20] (OCRR) in the context of far-from-equilibrium
nonlinear mesoscopic dynamics possessing the structure of GENERIC (General
Equation of Non-Equilibrium Reversible and Irreversible Coupling [38, 77]). In
particular, it is shown that the Poisson bracket is responsible for the antisymmet-
ric coupling (discovered originally by Casimir[20]) while the dissipation potential
is responsible for the symmetric coupling. GENERIC enriched with some as-
sumptions on its behavior with respect to time-reversal transformation (TRT) is
then the far-from-equilibrium structure which yields OCRR near equilibrium.

1.1 Structure of non-equilibrium thermodynam-

ics

1.1.1 Time-reversal transformation

Let us at first recall the notion of time-reversal transformation [72, 57]. Imagine a
movie depicting motion of particles in an isolated box. Suppose that the particles
behave classically, i.e. their motion is described by Newton’s law

ṗi = Fi, (1.1)

where pi is momentum of the i-th particle and Fi is force exerted on the i-th
particle by other particles and walls of the box. If the movie is played backwards,
one can see that velocities of the particles are reversed1 and that the time-stamp

1For quantum-mechanical interpretation our paper [78].
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goes in the opposite direction. This thought experiment constitutes physical
motivation for introducing time-reversal transformation (TRT), which is to be
denoted by I.

Definition 1 (Time-reversal transformation (TRT)). TRT transforms any phys-
ical quantity exactly in the same way as if velocities of all particles were reversed.
Moreover, the time-stamp goes in the opposite direction.

Let us now study properties of the transformation. Consider a state variable
xi, where i can be a discrete or a continuous index. If velocities of all particles were
reversed, the state variable xi would change to I(xi). If, however, the velocities
were reversed once more, the variable must return to the original value, i.e.

I(I(xi)) = xi. (1.2)

Hence, operation I is idempotent.
If TRT does not alter the state variable or if it only changes sign of the

variable, we say that the variable has even or odd parity, respectively. Parity of
state variable xi is denoted by P (xi) and we say that

P (xi) = 1 forxi even, (1.3)

P (xi) = −1 forxi odd. (1.4)

For example, momenta of particles in the box are odd as I(pi) = −pi. On the
other hand, positions of the particles are even. It should be borne in mind that
not all state variables have parity. For example, if we choose probability density
of position and momentum (as in Boltzmann equation in Sec. A.1) as the state
variable, we have

I(f(r,v)) = f(r,−v), (1.5)

and this state variable has clearly no parity. In summary, parity can then be
defined as follows

Definition 2 (Parity). A physical quantity has parity equal to 1 if TRT does not
alter the quantity, i.e. the quantity is even under TRT. A physical quantity has
parity equal to -1 if TRT inverts sign of the quantity, i.e. the quantity is odd
under TRT.

TRT can be also applied to time derivative of a state variable. Since time
stamp of the inverted movie goes backwards, TRT acts on time derivative as
follows

I

(
dxi
dt

)
= − d

dτ
I(xi) (1.6)

where the backward going time step was denoted by dτ . Note that if the state
variable is a field variable, for example momentum density u(r, t), the time deriva-
tive in the preceding formula stands for partial time derivative.

So far we have talked about TRT acting on state variables. Let us now have
a look on how TRT transforms evolution equations. Consider for example the
incompressible Navier-Stokes equations [28]

∂ρ

∂t
= −u

ρ
· ∇ρ (1.7)

∂u

∂t
= −div

(
1

ρ
u⊗ u

)
−∇p+ µ∆

(
u

ρ

)
(1.8)
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where ρ is density field and u is momentum density field. The former equation
expresses evolution of density while the latter evolution of momentum density.
Application of TRT then gives

−∂ρ
∂τ

= +
u

ρ
· ∇ρ (1.9)

∂u

∂τ
= −div

(
1

ρ
u⊗ u

)
−∇p− µ∆

(
u

ρ

)
. (1.10)

Here we used that density and pressure are even variables while momentum den-
sity is odd under TRT. Obviously, evolution equation for density is not altered by
TRT. On the other hand, the sign of the viscous part of the evolution equation
for momentum density is changed. This means that if there were no viscosity,
evolution equations (1.7) and (1.8) would describe motion of the fluid even if the
movie were played backwards. With non-zero viscosity, this would not be true
anymore.

Based on this motivation, let us now define the reversible and the irreversible
part of an evolution equation.

Definition 3 (Reversibility based on TRT). Assume that the evolution equation
is solved with respect to time derivative, i.e. is in the form where on the l.h.s.
there is only time derivative of the state variable evolution of which the equation
describes. Moreover, assume that there are no time derivatives on the r.h.s. of
the equation. The reversible part of the evolution equation is then defined as the
part of the r.h.s. which is transformed by TRT in the same way as the l.h.s. of
the equation. The irreversible part is then the rest of the r.h.s. of the evolution
equation.

For example, the r.h.s. of Eq. (1.7) transforms in the same way as the l.h.s.
of the equation. Indeed, equation (1.9) has the same form as equation (1.7).
Gradient of pressure on the r.h.s. of Eq. (1.8) is even as well as the l.h.s. of
the equation. On the other hand, the viscous part is odd. Therefore, gradient
of pressure generates reversible evolution while the viscous part irreversible. The
case where state variables have no parity is commented in Sec. A.1, where Boltz-
mann equation is analysed. This definition of reversibility can be expressed more
rigorously within differential geometrically, see section 1.1.5.
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1.1.2 Structure of GENERIC

Within the GENERIC[38, 77, 37] framework the evolution equation of a state
variable xi is expressed in the following form2

dxi
dt

=
∑
j

LijExj +
δΞ

δSxi
(1.11)

where Lij represents a Poisson bivector field, Ξ is a dissipation potential, E is
energy and S entropy of the system under consideration. Poisson bracket between
any two functionals A and B may be constructed from the Poisson bivector as

{A,B} = 〈A,LB〉 (1.12)

where 〈•, •〉 represents scalar product in an appropriate space of state variables
[37]. The Poisson bracket is antisymmetric and fulfills Jacobi identity, see [32].
The dissipation potential is supposed to be a convex function of thermodynamic
force Sxi near Sxi equal to 0, it is zero for the force equal to zero and it reaches
minimum for Sxi equal to 0, see [37] for more details.

Note that in general the irreversible part of the evolution equation is given by

δΞ

δx?i

∣∣∣
x?i= δS

δxi

(1.13)

The quantity x?i is referred to as the conjugate variable to variable xi, which is
naturally defined within the geometric formulation of GENERIC [37]. The more
explicit form (1.11) is used only for brevity.

Approximating the dissipation potential by a quadratic function in forces
(here denoted by X), i.e. exploiting convexity of the dissipation potential near
equilibrium,

Ξ =
1

2
〈X,MX〉 (1.14)

where M is the positive semidefinite matrix of second derivatives of Ξ, leads to
formulation of a dissipative bracket

[A,B] = 〈Ax,M ·Bx〉. (1.15)

This way evolution equation (1.11) may be approximated by evolution equation

dxi
dt

=
∑
j

LijExj +
∑
j

MijSxj (1.16)

2Subscripts often denote derivatives in this work. Moreover, derivative of a functional with
respect to a field xi is denoted by subscript, by ∂

∂xi
or by δ

δxi
. This derivative is calculated as

dA(x+ λδx)

dx

∣∣∣∣∣
λ=0

=

〈
δA

δx
, δx

〉
where the duality is often interpreted as an integral. This derivative is referred to as functional
or Volterra derivative, see [75] for physical motivation or [60] for more precise mathematical
definition. Moreover, Einstein’s summation convention is often used, and positions of the
summation indexes then match as usually in the convention.
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where Mij is the dissipative matrix, which is symmetric and positive semidefinite.
Moreover, both matrices are assumed to fulfill the following degeneracy conditions∑

j

LijSxj = 0 =
∑
j

MijExj , (1.17)

that guarantee the separation of antisymmetric (reversible, see below) and sym-
metric (irreversible, see below) part of a given evolution equation. Similar de-
generacies are usually required to hold for the dissipation potential as well, see
[37].

Note that if i and j are continuous indices, e.g. position vectors r and r′,
respectively, matrix multiplication in (1.16) also consists of integration with re-
spect to r′. We also suppose that the system, which is to be described, is isolated,
infinite or periodic, so that boundary terms disappear when integrating by parts.

In the whole manuscript we use the following assumption:

Assumption 1. We assume that evolution equations of any physical system can
be written in the GENERIC form. Therefore, we limit ourselves to such time
evolution that, from the physical point of view, describes systems approaching a
reduced description (e.g. the description used in the classical thermodynamics).

Evolution equation (1.16) can be equivalently expressed in terms of the ther-
modynamic potential

Φ(x)
def
= −S(x) +

1

T 0
E(x)− µ0

T 0
N(x) (1.18)

where T 0 is equilibrium temperature, µ0 is equilibrium chemical potential and N
is amount of mass in the system. Note that neither the Poisson bracket nor the
dissipative bracket (or dissipation potential) alter the amount of mass N(x) (and
also energy E(x) as we have seen above). Equation (1.16) then becomes

dxi
dt

= (T 0Lij −Mij)Φxj . (1.19)

Both equations (1.16) and (1.19) are equivalent because of the degeneracies of
the brackets.

From the degeneracies and the positive semidefiniteness of the matrix M it
follows that the thermodynamic potential decreases in time, i.e.

dΦ

dt
≤ 0, (1.20)

and that it decreases until equilibrium is reached [66]. We thus see that, from the
physical point of view, the GENERIC equation (1.11) represents a passage from
the mesoscopic level on which x plays the role of state variables to the level of
equilibrium thermodynamics on which (V,E,N), where E = E(xth), N = N(xth)
or alternatively (T0, µ0) serve as state variables.

1.1.3 On equivalence of notions of reversibility

In the GENERIC framework the notion of reversibility is such that[38, 77]
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Definition 4 (Reversibility within GENERIC). The Poisson bracket generates
reversible evolution while the dissipation potential (or the dissipative bracket) gen-
erates irreversible evolution.

On the other hand, reversible processes in an isolated system are often iden-
tified [53] via entropic arguments:

Definition 5 (Entropic reversibility). Reversible evolution of an isolated system
does not raise entropy, i.e. Ṡ = 0, while irreversible evolution raises entropy.

Are these two notions of reversibility/irreversibility compatible? And are they
compatible with Definition 3 of reversibility based on TRT?

Evolution equation of an arbitrary functional A of the state variables can be
formulated using a Poisson and a dissipative bracket (in the approximation of
quadratic dissipation potential) as

dA

dt
= {A,E}+ [A, S], (1.21)

which follows from equation (1.16) and definitions of Poisson bracket and dissipa-
tive bracket. In particular, consider A being entropy, evolution equation of which
is the following (due to the degeneracy conditions (1.17))

dS

dt
= {S,E}+ [S, S] = [S, S] ≥ 0, (1.22)

and where
dS

dt
= 0⇐⇒ [S, S] = 0. (1.23)

Therefore, if the dissipative matrix/bracket is not present in the evolution equa-
tion of state variable xi, equation (1.16), the evolution equation describes some
reversible processes within the system in the sense of Definition 5 of entropic
reversibility. Thus, reversible processes in the sense of Definition 4 do not raise
entropy of an isolated system, and these two notions or reversibility/irreversibility
are in agreement. The same conclusion holds if dissipation potential is used in-
stead of the dissipative bracket. Thus we have just proven the following lemma

Lemma 1. Definition 4 of reversibility/irreversibility within GENERIC and the
entropic Definition 5 are equivalent.

Are these two notions of reversibility compatible with definition 3 of TRT
based reversibility/irreversibility?

Assume that all state variables have definite parities, which means that

I(xi) = P (xi)xi = ±xi. (1.24)

What is the parity of the functionals generating the evolution, E and S? In the
whole manuscript we use the following assumption:

Assumption 2 (Parity of E, S, Φ and Ξ). Energy, entropy, thermodynamic
potential and dissipation potential are assumed to be even under TRT.

12



For energy the assumption is quite natural because if energy (or Hamiltonian)
were not even, Hamilton equations would not be reversible, see e.g. [54]. For
entropy, the assumption also seems to be quite natural because the author is not
aware of any particular example of non-even entropy, and for example if entropy
is constructed as S = −k

∑
i pi ln pi as is usual in statistical mechanics[98], the

entropy is obviously even. Moreover, non-equilibrium statistical physics also leads
to the same conclusion[57]. The statement that entropy is even should, however,
be taken as an assumption. The thermodynamic potential is even because it is
formed from energy and entropy, which are supposed to be even. The assumption
that the dissipation potential be even is also natural - see Sec. 1.1.5, where it is
shown that this property of dissipation potential is needed to make all the three
definitions of irreversibility equivalent. This property of the dissipation potential
is fulfilled for all dissipation potentials used in this manuscript, and the author
is not aware of any non-even dissipation potential describing real systems.

Application of TRT on Eq. (1.16) then yields

−P (xi)
dxi
dτ

=
∑
j

P (Lij)LijP (xj)Exj +
∑
j

P (Mij)MijP (xj)Sxj , (1.25)

since functionals E and S are assumed to be even. This last equation can be
rewritten as

dxi
dτ

= −
∑
j

P (Lij)P (xi)P (xj)LijExj−

−
∑
j

P (Mij)P (xi)P (xj)MijSxj . (1.26)

The first term on the r.h.s. of equation (1.16) causes reversible evolution in
the sense of Definition 4 while the second term causes irreversible evolution. For
the two definitions 3 and 4 to be compatible, it is necessary that after application
of TRT the first term does not alter structure of the equation while the second
does. In other words, the first term on the r.h.s. of equation (1.26) must be the
same as the first term on the r.h.s. of equation (1.16) while the second term must
have opposite sign than the second term on the r.h.s. of equation (1.16), i.e.

P (Lij) = −P (xi)P (xj) (1.27a)

P (Mij) = P (xi)P (xj) . (1.27b)

These two equations are the necessary and sufficient conditions for the notion of
reversibility within GENERIC, Definition 4, to be equivalent to the definition of
reversibility in the sense of Definition 3. This conclusion may be formulated as
the following theorem

Theorem 1 (Equivalence of definitions of reversibility). Under these assump-
tions:

1. All variables have definite parities.

2. Assumption 2 holds true.

3. Relations (1.27) are fulfilled.
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the three definitions of reversibility/irreversibility 3, 4 and 5 are equivalent.

Note that the second relation (1.27b) can be seen as a consequence of that the
dissipation potential is even. Indeed, parity of the quadratic dissipation potential
(1.14) can be written as

1 = P
(
SxiMijSxj

)
= P (xi)P (xj)P (Mij) , (1.28)

which is equivalent to the second relation of (1.27).
In section 1.1.5 the Definition 3 is formulated geometrically and Theorem 1 is

generalized. Moreover, it is shown that Assumption 2 is sufficient to replace the
second relation from (1.27) not only in case of dissipative bracket. In other words,
dissipation potential generates only irreversible evolution automatically, and the
second relation in (1.27) is redundant if we work with dissipation potential instead
of dissipative bracket.

1.1.4 Onsager-Casimir reciprocal relations (OCRR)

In this section we show that OCRR are implied by GENERIC with conditions
(1.27) near equilibrium. Near equilibrium the general evolution equation (1.19)
becomes, see [38],

ξ̇i =
∑
j

∑
k

(TLij(xth)−Mij(xth))
δ2Φ

δxjδxk
(xth)ξk (1.29)

where the thermodynamic potential is approximated by quadratic terms and both
brackets are evaluated at equilibrium. Symbol ξi denotes the deviation of variable
xi from the equilibrium value of the variable. This equation can be rewritten in
the standard form of near-equilibrium evolution

ξ̇i =
∑
j

KijXj (1.30)

where matrix of phenomenological coefficients K is defined as

Kij = TLij(xth)−Mij(xth) (1.31)

and thermodynamic force X as

Xj =
∑
k

δ2Φ

δxjδxk
(xth)ξk. (1.32)

The matrix K depends only on equilibrium values of state variables (hence
not evolving with time). Usually, the equilibrium values are even under TRT
because odd variables, e.g. momentum, vanish at equilibrium. Therefore, each
element of the matrix is even as well

P (K) = 1. (1.33)

Analogously, the same is true for matrices L and M evaluated at equilibrium, i.e.

P (Lij(xth)) = P (Mij(xth)) = 1. (1.34)
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Comparing to parities indicated in relations (1.27), it follows that all terms
corresponding to state variables with P (xi)P (xj) = 1, i.e. with the same par-
ities, vanish in Lij(xth) while all terms corresponding to state variables with
P (xi)P (xj) = −1, i.e. with opposite parities, vanish in Mij(xth).

Therefore, we have derived that Lij(xth) is responsible for coupling between
state variables of different parities only while Mij(xth) is responsible for coupling
only between state variables with the same parities. Now from the antisymmetry
of L and symmetry of M we obtain Onsager-Casimir reciprocal relations, which
say that state variables with the same parities are coupled through an symmetric
matrix while state variables with opposite parities are coupled through an anti-
symmetric matrix. OCRR can be thus regarded as a consequence of GENERIC
and the behavior of GENERIC with respect to TRT. Let us now formulate these
conclusions as a theorem:

Theorem 2. Let us assume that

1. Assumption 1 holds.

2. Parity may be assigned to each state variable xi, i.e. P (xi) is well defined
for each xi.

3. Both matrices Lij and Mij are even with respect to TRT if evaluated at
equilibrium. This is true, for example, if the matrices are constructed from
spatial gradients and state variables.

4. Relations (1.27) are valid.

5. Assumption 2 holds and thus definitions of reversibility 3, 4 and 5 are equiv-
alent according to Theorem 1.

Then state variables with opposite parities are coupled through the antisymmetric
part of matrix Kij in Eq. (1.30) while state variables with the same parity are
coupled through the symmetric part in the near-equilibrium regime. This is the
statement of Onsager-Casimir reciprocal relations, which are thus proved for any
system near equilibrium.

Corollary 1. Since the symmetric part is given by the dissipative bracket and the
antisymmetric by the Poisson bracket, it follows that state variables with opposite
parities are coupled only through the Poisson bracket while state variables with the
same parities are coupled only through the dissipative bracket near equilibrium.

We have, therefore, shown that the structure of GENERIC and its behavior
with respect to TRT implies OCRR near equilibrium. This means that we have
identified the general structure which contains OCRR and which is valid far from
equilibrium. In this sense, GENERIC intrinsically contains OCRR and thus can
be considered as a generalization of OCRR into the far-from-equilibrium regime.
Note that other thermodynamic theories like CIT or EIT do not posses this
property, and OCRR have to be supplied to them.
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1.1.5 Geometrical interpretation of reversibility and irre-
versibility

The hitherto derived results can be formulated more rigorously within differential
geometry. Generally, an evolution equation is an equality between time derivative
of state variables and a vector field on tangent bundle of the manifold[32] of state
variables M, i.e.

dx

dt
= V i(x)

∂

∂xi
= V(x) (1.35)

where state variables were denoted as coordinates x. Note that we use Einstein’s
summation convention in this section. Time-reversal transformation I provides
a diffeomorphism of manifold M to itself. This diffeomorphism then induces a
push-forward of the vector field on the r.h.s. of equation (1.35)

I?

(
V i ∂

∂xi

)
=
∂Ii

∂xj
(x)V j(x)

∂

∂I(x)i
. (1.36)

This push-forward then acts on equation (1.35) as follows

dI(x)

dτ
= −I?V|I(x) (1.37)

where dt was replaced by − dτ as in Definition 3. Definition 3 can be then
reformulated as follows

Definition 6. Vector field V is called reversible if and only if the push-forward
only adds a minus sign in front of the vector field

I?V = −V|I(x). (1.38)

Roughly speaking, it means that all ”arrows” along integral curves of the
vector field are inverted if TRT is applied to the state variables. Recall that in
the sense of Definition 3 the reversible part of the r.h.s of the evolution equation
keeps the same form as the l.h.s with respect to TRT and that a minus sign is
added in front of the l.h.s. due to transformation of dt to dτ . This is the minus
sign which appears on r.h.s. of equation (1.38). Therefore, both definitions of
reversibility 3 and 6 are equivalent.

Lemma 2. Definitions of reversibility 3 and 6 are equivalent.

Definition 6 is, however, more rigorous since it is formulated as a differentially
geometric identity.

Let us now formulate conditions (1.27), which ensured that the Poisson and
the dissipative bracket generate only reversible and irreversible evolution in the
sense of Definition 3, geometrically. Assume, therefore, as well as in the derivation
of the conditions, that all state variables have definite parities. That means that
TRT acts on state variables as follows

I(x)i = P (xi)xi. (1.39)

Jacobi matrix of this transformation is then

∂I(x)i

∂xj
= P (xi)δij (1.40)
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where δ is Kronecker delta. The Poisson vector field, which generates the re-
versible evolution, can be expressed as

V = Lij(x)
∂E

∂xj
∂

∂xi
(1.41)

where summation stands generally for scalar product and indices i and j may
be also continuous as within the Boltzmann equation in section A.1. Condition
(1.38) can be then rewritten as

Lij|I(x) = −P (xi)P (xj)Lij|x, (1.42)

which is the geometrical interpretation of relation (1.27a).
But does any Poisson bracket satisfy this relation? To author’s best knowledge

this is an open problem. All the examples of Poisson brackets formulated in
this manuscript satisfy the relation. To proof general validity of the relation,
one would have to formulate how a Poisson bracket on a level of description
can generally be inherited from Poisson bracket on the most microscopic level
of description, e.g. from the Hamiltonian dynamics, because TRT on the more
macroscopic level is inherited from TRT on the most microscopic level and Poisson
bracket on the most microscopic level is reversible (Hamiltonian dynamics and its
dual formulation A.2.2 are reversible). A method how to obtain a Poisson bracket
on the more macroscopic level from a Poisson bracket of Hamiltonian dynamics
by projection operators was formulated by H. C. Öttinger[75], and it is easy to
show that any Poisson bracket obtained by this method fulfills relation (1.42)
and thus is reversible. Nevertheless, validity of Jacobi identity for the Poisson
bracket has not been derived in general and hence one can not regard the method
as generally valid yet.

On the other hand, a very similar method for constructing Poisson brackets is
proposed in this work, see A.2, where Poisson brackets on lower levels of descrip-
tion are derived from the Poisson bracket of Liouville equation, which is equivalent
to the standard Poisson bracket of Hamiltonian dynamics, by geometrical means.
Jacobi identity is fulfilled automatically, and the condition of reversibility of the
constructed Poisson bracket is inherited from reversibility of the Poisson bracket
on the Liouville level of description.

In summary, it is still an open problem to show that any Poisson bracket on
any level of description fulfills relation (1.38), and it is still necessary to prove that
any Poisson bracket generates only reversible evolution. However, if the method
of construction of Poisson brackets developed in A.2 turns out to be generally
valid, the problem will be solved because Poisson brackets constructed by the
method automatically satisfy condition (1.42). Moreover, it can be shown by
means of quantum master equation that condition (1.42) is satisfied at least at
equilibrium, see our paper [78].

Analogically to the reversible evolution, irreversible evolution is generated by
a vector field which is invariant to the push-forward I? induced by TRT. This
leads to the following definition

Definition 7. A vector field generates irreversible evolution if the push-forward
induced by TRT acts on the field as follows

I?V = V|I(x) (1.43)
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Therefore, if all state variables have definite parities, a condition analogical
to (1.42) holds also for the M matrix

M ij|I(x) = +P (xi)P (xj)M ij|x, (1.44)

which is the geometrical interpretation of relation (1.27b).
In the more general setting where irreversible evolution is described by dissi-

pation potential instead of dissipative matrix, the irreversible part of evolution
equations transforms as follows

I?

(
∂Ξ

∂ ∂S
∂xi

∂

∂xi

)
=

∂Ii

∂xj
∂Ξ

∂ ∂S
∂xj

∣∣∣
x

∂

∂Ii(x)
=
∂Ii

∂xj
∂Ξ

∂ ∂S
∂Ik

∂Ik

∂xj

∣∣∣∣∣
x

∂

∂Ii(x)
=

=
∂Ii

∂xj
∂Ξ

∂ ∂S
∂Il

∂ ∂S
∂Il

∂ ∂S
∂Ik

∂Ik

∂xj

∣∣∣∣∣
x

∂

∂Ii(x)
=
∂Ii

∂xj
∂Ξ

∂ ∂S
∂Il

∂xj

∂Ik
δkl

∣∣∣∣∣
x

∂

∂Ii(x)
=

=
∂Ξ

∂ ∂S
∂Ii(x)

∂

∂Ii(x)
(1.45)

because both dissipation potential and entropy are even under TRT in accordance
to Assumption 2. We have thus proven the following lemma

Lemma 3. Any even dissipation potential satisfies relation (1.38) and thus gen-
erates only irreversible evolution.

Note that dissipation potential (as a function on manifold M) is even if it is
not altered by the push-forward induced by TRT.

1.2 Discussion

The purpose of this section is to give a brief overview in the development of
OCRR. More detailed discussion can be found in our paper [78].

The Onsager–Casimir reciprocal relations were originally formulated by Onsager[72,
73] and Casimir[20]. Later, they have been derived within quantum mechanics
by van Kampen[47], and a very detailed derivation was given by de Groot and
Mazur[28]. These reciprocity relations have been typically derived from the mi-
croscopic time reversibility and the hypothesis that equilibrium fluctuations and
macroscopic state variables close to equilibrium follow the same time evolution.
Moreover, only scalar state variables are usually admitted [28] in the derivation.

Despite these rather restrictive assumptions in the derivation, OCRR are often
employed in phenomenological non-equilibrium thermodynamics. That is why
much effort has been spent on a more general derivation of the relations. There are
two classes of such derivations, one starting from statistical physics while the other
being purely phenomenological. The statistical derivations, see e.g. [43], however,
usually suffer from a hidden assumption of being close to global equilibrium, see
the discussion in our paper [78]. The phenomenological derivations, e.g. [69],
usually suffer from requiring an independent identification of thermodynamic
forces and fluxes. An attempt to distinguish between forces and fluxes in general
was given for example by Bothe and Dryer in [16], but the method is not invariant
to change of physical units. For example, if one decides to divide a diffusion flux
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by speed of light, one changes the resulting Onsager-Casimir coupling between
the diffusion flux and other diffusion fluxes from symmetric to antisymmetric.

The advantage of our derivation of OCRR within GENERIC, the original
idea of which comes from [35], is that no identification of forces and fluxes is
required, and that it clearly indicates the range of validity of OCRR. OCRR in
the original sense are only valid near global equilibrium as shown in Sec. 1.1.4.
But since they are just an implication of GENERIC near equilibrium, GENERIC
far from equilibrium can be considered a generalization of the OCRR into the
far-from-equilibrium regime.

1.3 Conclusion

In Sec. 1.1.1 we introduce the concept of time-reversal transformation (TRT),
which is specified rigorously in Sec. 1.1.5. Reversible evolution is identified as the
part of evolution which is not altered by TRT while irreversible evolution changes
its sign after applying TRT, see Def. 3. This concept of reversibility based on TRT
is equivalent to the entropic definition of reversibility, Def. 4, where irreversible
evolution is identified as the part of evolution which raises entropy. Yet another
definition comes from GENERIC, where reversible evolution is identified as the
evolution generated by a Poisson bracket while irreversible evolution is generated
by a dissipation potential or dissipative bracket, see Def. 5. While it can be
shown that under certain assumptions all these definitions of irreversible evolution
coincide, see Sec. 1.1.5, it is not clear how to prove the analogical statement for
the reversible evolution in full generality. To author’s best knowledge this is an
open problem although it is quite likely that the definitions coincide as well as for
the irreversible evolution, since the author is not aware of any counterexample and
because the proposed hierarchy of Poisson brackets in Sec. A.2 indeed generates
only reversible evolution.

After introducing time-reversal transformation (TRT) properly, Onsager-Casimir
reciprocal relations (OCRR) are shown to be implied by the structure of GENER-
IC in the near-equilibrium regime without limitations to finite-dimensional dy-
namics or continuum thermodynamics. The symmetric part of the relations is
given by the dissipative bracket (or dissipation potential) while the antisymmet-
ric part is given by the Poisson bracket. This way, OCRR can be regarded as
a near-equilibrium consequence of the structure of GENERIC. OCRR are gener-
alized into far-from-equilibrium regime in the sense that a far-from-equilibrium
structure (GENERIC) which implies them is identified.
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2. Classical Irreversible
Thermodynamics

2.1 General theory

Classical irreversible thermodynamics (CIT) is one of the simplest forms of con-
tinuum non-equilibrium thermodynamics. The theory was first developed by
Onsager [72, 73] and subsequently generalized by Meixner [64] and Prigogine
[83], Meixner and Reik [65] and finally by de Groot and Mazur [28]. The last
mentioned book can be regarded as perhaps the most complete treatment of CIT.
For recent developments one should refer to a book by Signe Kjelstrup and Dick
Bedeaux [48], where numerous application within chemistry and engineering are
demonstrated, and a book by Lebon et al. [55], where also another theories of
non-equilibrium thermodynamics are reviewed. Interesting applications can al-
so be found in [61]. CIT has become one of the most frequently used forms of
non-equilibrium thermodynamics due to its relative simplicity and due to the
possibility to describe experiments efficiently.

State variables of CIT are densities of all species, overall momentum (or
barycentric velocity) and energy (or entropy) density, and so CIT can be re-
garded as a particular level of description of a mixture of fluids. It can also be
formulated within GENERIC, see [76]. A generalization of CIT, where also dif-
fusion fluxes are among state variables, was proposed in our paper [81]. To avoid
repetition, some details of the derivation which can be found in [28] or [81] are
omitted in this work.

2.1.1 Balance equations

The starting point of CIT are continuum balance equations, which become evo-
lution equations of the state variables after supplying all necessary constitutive
relations. Balance equation of density of species α is

∂ρα
∂t

= −div(ραvα) + ρ̂α (2.1)

where ρα is density of the species and vα is its velocity. ρ̂α denotes density of
production of species α in chemical reactions. Total density is given by

ρ =
∑
α

ρα, (2.2)

and barycentric velocity is defined as

ρv =
∑
α

ραvα. (2.3)

Diffusion flux of species α, jα, can be then defined as

jα = ρα(vα − v). (2.4)
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Balance equation of momentum is

∂ρv

∂t
= −div(ρv ⊗ v)−∇p+ divtirr +

∑
α

ραfα (2.5)

where p is pressure, tirr is the irreversible part of total Cauchy stress tensor, which
is defined as being odd with respect to TRT, and fα is external force density acting
on species α. We suppose that there are potentials satisfying

fα = −∇ϕα (2.6)

for each force fα.

Balance equation of total energy density is

∂

∂t

(
1

2
ρv2 + ρε+

∑
α

ραϕα

)
=

= −div

(
j̃q + ρvε+

∑
α

ραvαϕα − t · v

)
+
∑
α

ρα
∂ϕα
∂t

(2.7)

where ε is the internal energy density. Note that heat flux j̃q consists of certain
amount of energy carried by diffusion of particles and of conductive heat flux, e.g.
carried by phonons. It can be shown that energy carried by diffusion of particles
is equal to diffusion of enthalpy, see for example [81]. Hence we introduce the
conductive heat flux1

jq = j̃q −
∑
α

jαhα (2.8)

where hα is partial specific enthalpy given by

hα = Tsα + µα. (2.9)

This last formula follows from equilibrium thermodynamics, see e.g. [81].

Using (2.5) and (2.1), balance of total energy can be rewritten in the form of
balance equation of internal energy

∂ρε

∂t
= −div(̃jq + ρvε) + t : ∇v −

∑
α

jα · ∇ϕα −
∑
α

ϕαρ̂α. (2.10)

General balance of entropy can be written as

∂ρs

∂t
= −div(ρsv + js) + σs (2.11)

where entropy density per kilogram s is equal to
∑

α
ρα
ρ
sα.

1In [28] the conductive heat flux is referred to as reduced heat flux, and it can be related to
the measurable heat flux from [48], see section 3.1.1 for details.
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2.1.2 Gibbs relation

Hitherto, we have formulated balance equations for densities, momentum densi-
ty and energy density, and the balance equations can be regarded as evolution
equations for the corresponding state variables. Therefore, state variables are ρα,
v and ε. Entropy can, in general, depend on all the state variables, but since it
should be Galilean invariant, it should not depend on v. Therefore, entropy is a
function of ρα and ε only, and we can write Gibbs relations as follows

∂ρs

∂t
= T−1∂ρε

∂t
−
∑
α

µα
T

∂ρα
∂t

(2.12)

where temperature T and chemical potentials µα were identified as the corre-
sponding partial derivatives. This equation can be rewritten with ∇ substited for
the partial time-derivatives as shown in [81]. Besides this relation we also recall
the Euler relation, see [19] or [81],

Tρs = ρε+ p−
∑
α

µαρα (2.13)

and the Gibbs-Duhem relation, which follows from the Euler relation and from
the Gibbs relation,

0 = s∇T − 1

ρ
∇p+

∑
α

ρα∇µα. (2.14)

Alternatively, the Gibbs relation may be rewritten as

0 =
∑
α

ραsα∇T −∇p+
∑
α

ρα∇µα = −∇p+
∑
α

ρα∇(µα)T (2.15)

where (∇µ̃α)T is gradient of electrochemical potential of species α at constant
temperature,

(∇µ̃α)T = ∇µ̃α −
(
∂µα
∂T

)
p,mβ

∇T = ∇µ̃α + sα∇T, (2.16)

with sα being partial specific entropy,

sα =

(
∂S

∂mα

)
T,p,mβ 6=α

= −
(
∂µα
∂T

)
p,mβ

(2.17)

where S is the total entropy of the system, see [81].

2.1.3 Entropy production and entropy flux

Plugging balance equation of energy (2.10) and balance of mass (2.1) into the
Gibbs relation (2.12) and using (2.12) and (2.14), we obtain balance equation of
entropy in the form (2.11), where entropy production is

σs = jq · ∇
1

T
− 1

T

∑
α

jα · (∇µ̃α)T +
1

T
tirr : ∇v +

1

T

∑
r

Ãrξ̇r (2.18)
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and entropy flux is

js =
jq
T

+
∑
α

jαsα. (2.19)

In these two last equations, jq is the conductive heat flux, and µ̃α is electrochem-
ical potential of species α defined as

µ̃α = µα + ϕα. (2.20)

Electrochemical affinity Ãr, which constitutes the driving force for electrochemi-
cal reactions, is defined as

Ãr = −
∑
α

νrαµ̃α (2.21)

where νrα is the stoichiometric coefficient of species α in chemical reaction r.
Rate of reaction r is denoted by ξ̇r.

Entropy production (2.18) can be rewritten alternatively as

σs = − 1

T
js · ∇T −

1

T

∑
α

jα · ∇µ̃α +
1

T
tirr : ∇v +

1

T

∑
r

Ãrξ̇r. (2.22)

2.1.4 Force-flux relations

The formula for entropy production rate (2.18) usually serves for suggesting ther-
modynamically consistent constitutive relations between the unknown quantities
(jq, jα, tirr and ξ̇r) and the state variables. The formula is regarded as a sum
of products of thermodynamic forces and fluxes, and the fluxes are assumed to
be proportional to the forces (assuming that they are identified correctly, see the
Sec. 1.2). Moreover, from the Curie-Prigogine principle, see [55], it follows that
only forces and fluxes of the same tensorial character are coupled in an isotropic
medium, and we assume that the systems under consideration are isotropic.

Force-flux relations between scalar forces and fluxes are then expressed by
assuming the reaction rates be proportional to the electrochemical affinities and
(after splitting the tirr term into its isotropic and deviatoric part) to divergence
of velocity. Bulk viscosity and reaction rate constants come into play this way.
However, proportionality between reaction rates and electrochemical affinities is
too restrictive for usual chemical reactions, which are often described the law of
mass action, see for example [36]. The linear dependence is thus often replaced
by a nonlinear relation as in Sec. 3.2.

Force-flux relations between vectorial quantities are given by

jα = Lqα∇
1

T
− 1

T

∑
β

Lαβ(∇µ̃β)T (2.23a)

jq = Lqq∇
1

T
− 1

T

∑
α

Lqα(∇µ̃α)T (2.23b)

with Lαq = Lqα according to OCRR. Strictly speaking, one should use OCRR only
in the near-global-equilibrium regime while CIT works in the local equilibrium
regime, which may be relatively far from the global equilibrium. We suppose,
however, that this symmetry, that holds near global equilibrium, also holds near
local equilibrium. More details on this topic are given in Sec. 2.2.
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Finally, force-flux relations between tensors of second order express that the
deviatoric part of the irreversible Cauchy stress tensor is proportional to the
deviatoric part of gradient of velocity, the proportionality coefficient being the
shear viscosity. This way the classical hydrodynamics is derived within CIT, see
[28]. Let us now illustrate the derivation of OCRR from Sec. 1.1.4 on classical
hydrodynamics.

2.2 Classical hydrodynamics

The purpose of this section is to illustrate the derivation of OCRR from Sec. 1.1.4
on classical hydrodynamics. Classical hydrodynamics, where state variables are2

density field ρ(r), field of momentum density u(r) and field of internal energy
density ε(r), was formulated within GENERIC in [77].

Energy of the whole system is specified as3

E =

∫
V

u(r)2

2ρ(r)
+ ε(r) dr. (2.24)

Entropy of the whole system is given by

S =

∫
V

s(ε(r), ρ(r)) dr. (2.25)

Poisson bivector is[77]

L(r, r′) =

 0 ρ(r′) ∂δ
∂r′

0
−ρ(r)∂δ

∂r
u(r′) ∂δ

∂r′
− ∂δ

∂r
u(r) −ε(r)∂δ

∂r
+ ∂δ

∂r′
p(r′)

0 ε(r′) ∂δ
∂r′
− ∂δ

∂r
p(r) 0

 (2.26)

where δ = δ(r− r′) and δ denotes Dirac distribution4. The dissipative bracket is
specified as[77]

M(r, r′) =


0 0 0

0
(
∂
∂r′

∂
∂r

+ 1 ∂
∂r′
· ∂
∂r

)
ηTδ+ ∂

∂r
· ηT γ̇δ + ∂

∂r
k̂T trγ̇δ

+2 ∂
∂r

∂
∂r′
k̂T δ

0 ∂
∂r′
· ηT γ̇δ + ∂

∂r′
k̂T trγ̇δ 1

2
ηT γ̇ : γ̇δ + ∂

∂r
· ∂
∂r′
λT 2δ+

+1
2
k̂T trγ̇2δ

 (2.27)

where γ̇ is the symmetric gradient of velocity field, η is shear viscosity, k̂ is bulk
viscosity and λ is thermal conductivity.

Poisson matrix (2.26) is obviously antisymmetric with respect to simultaneous
transposition and swapping arguments r and r′. Hydrodynamic state variables
have the following parities

P (ρ) = 1, P (u) = −1, P (ε) = 1. (2.28)

2For compactness of notation, time dependence of state variables is not indicated explicitly.
3The variable with respect to which a function is integrated either follows directly the inte-

gral sign, or it follows the integrand. Moreover, instead of indicating the action of the delta-
distribution on a function by duality, see [84], the action is expressed in a form of an integral,
as usual in physics. Since function spaces are often unspecified, most calculations in this work
have to be taken as formal or valid for sufficiently regular functions.

4Gradient of δ-distribution ∂δ
∂r′ can be expressed as ∂δr(r

′)
∂r′ more rigorously.
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It can be easily checked that parities of the Poisson matrix are

P (L) =

0 1 0
1 −1 1
0 1 0

 , (2.29)

which is in agreement with result (1.27a), and the Poisson bracket generates
reversible evolution, consequently.

Dissipative matrix is obviously symmetric with respect to transposition and
swapping arguments r and r′. The matrix has the following parities

P (M) =

0 0 0
0 1 −1
0 −1 1

 , (2.30)

which is in agreement with result (1.27b) as well, and thus the dissipative bracket
generates irreversible evolution.

Hitherto, we have shown that classical hydrodynamics is consistent with rela-
tions (1.27). Let us now show how the results of the near-equilibrium treatment
apply to classical hydrodynamics. To do so we substitute equilibrium values of
state variables (ρth, 0, εth) into both the matrices. Since the system is consid-
ered isolated, equilibrium value of momentum is zero everywhere. This way the
Poisson matrix simplifies to

L(xth)(r, r
′) =

 0 ρth
∂δ
∂r′

0
−ρth ∂δ∂r 0 −εth ∂δ∂r + ∂δ

∂r′
pth

0 εth
∂δ
∂r′
− ∂δ

∂r
pth 0

 , (2.31)

and the dissipative matrix simplifies to

M(xth)(r, r
′) =

0 0 0

0
(
∂
∂r′

∂
∂r

+ 1 ∂
∂r′
· ∂
∂r

)
ηTδ + 2 ∂

∂r
∂
∂r′
k̂T δ 0

0 0 ∂
∂r
· ∂
∂r′
λT 2δ

 .(2.32)

It can be easily checked that the terms corresponding to state variables with
the same parities have vanished in the Poisson matrix while terms corresponding
to state variables with different parities have vanished in the dissipative ma-
trix. Therefore, OCRR are fulfilled for near-equilibrium classical hydrodynamics,
which is the result of Theorem 2, proof of which we have just retraced. Explicit
form of the near-equilibrium evolution equations can be found in our paper [78].

We have thus shown validity of OCRR near global equilibrium. But classical
hydrodynamics (and the whole CIT) is based on the assumption of local equilib-
rium only. Are OCRR valid for local equilibrium as well? To answer the question
one would at first have to specify the meaning of OCRR in a regime not near
global equilibrium. If the meaning were that coupling of state variables with the
same parities is symmetric while coupling of state variables with different parities
is antisymmetric, then OCRR are clearly violated in the regime. Indeed, dissipa-
tive matrix (2.27) provides symmetric coupling between momentum and energy,
which have opposite parities. On the other hand, if the coupling coefficients (e.g.
coefficient of thermodiffusion in CIT[28, 76]) are constant, that is the same as in
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equilibrium, coupling keeps its symmetricity or antisymmetricity also out of the
near global equilibrium regime. In summary, one should bear in mind that OCRR
are valid near global equilibrium and that GENERIC is the far-from-equilibrium
extension of OCRR, which may have the same symmetry/antisymmetry as near
global equilibrium also far from equilibrium.
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3. Mechanical Equilibrium

Mechanical equilibrium is the level of description, where state variables consist
of densities of all species and overall energy (or entropy) while momentum is no
more among the state variables because it already has relaxed to a value constant
through space. This level of description is of enormous importance in description
of real systems. Indeed, for example the whole book [48] is formulated on this
level. The phenomena that prevail on this level consist of heat flux, diffusion,
and (electro)chemical reactions.

As the level of mechanical equilibrium is more macroscopic than the level
of CIT, evolution equations on the former level can be derived from evolution
equations on the latter level by letting the overall momentum relax. In particular,
there is no Poisson bracket on the level of mechanical equilibrium as shown in
Sec. A.2.9. The requirement of relaxed overall momentum is typically fulfilled
in porous media. Let us, therefore, have a look at formulation of porous media
within mechanical equilibrium at first.

3.1 Transport through porous media

When describing diffusion through a porous medium, the diffusing species gen-
erally interact with the medium, and concentration of the medium, therefore,
affects electrochemical potential of the species. Hence, the medium should be
treated as one component of the mixture, let us say the zeroth component as
already suggested in [28].

Let us suppose that the whole mixture is in mechanical equilibrium, i.e.
barycentric velocity is constant in time and space. This means that Eq. (2.5)
becomes

0 = −∇p+
∑
α

ραfα. (3.1)

Then from Gibbs-Duhem relation (2.15) it follows that∑
α

ρα(∇µ̃α)T = 0. (3.2)

Therefore, if we expand diffusion fluxes according to their definition, the term
with barycentric velocity in the diffusion part of entropy production disappears.
Moreover, we can add any constant velocity to the actual velocities vα. This
means that we can even set v = 0 without loss of generality.

Let us further suppose that the porous medium is static, i.e. its velocity is
zero everywhere, and that it is in equilibrium, i.e. (∇µ̃0)T = 0. Diffusion fluxes
can be then expressed with respect to the medium, velocity of which is zero,

jα = ραvα. (3.3)

Let us also suppose that L0q = 0, which means that gradient of temperature does
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not cause diffusion of the medium. Finally, force-flux relations (2.23) become

jα = Lαq∇
1

T
− 1

T

∑
β 6=0

Lαβ(∇µ̃β)T ∀α 6= 0 (3.4a)

jq = Lqq∇
1

T
− 1

T

∑
α 6=0

Lqα(∇µ̃α)T , (3.4b)

and diffusion can be, therefore, described effectively without explicitly concerning
the porous medium.

3.1.1 Electrochemistry

Flux of total energy, which is represented by the term inside the divergence in
Eq. (2.7), becomes

jen = jq +
∑
α

jα(hα + ϕα) (3.5)

on the level of mechanical equilibrium (by setting the barycentric velocity equal
to zero). Using relation (2.9), the formula for energy flux can be rewritten as

jen = j′q +
∑
α∈n

jαhα +
∑
α∈c

jαzαFΦα (3.6)

where measurable heat flux1 was defined as

j′q = jq + T
∑
α∈c

jαsα (3.7)

and where
∑

α∈n denotes sum over all neutral species (except for the porous
medium),

∑
α∈c sum over all charged species, zα denotes amount of elementary

charge per particle and Φα is electric potential closely related to electrochemical
potential through

µ̃α
def
= zαFΦα ∀α ∈ c. (3.8)

This definition of electric potential is free of any inconsistencies mentioned in
[70]. Note that we assumed that potential energy of neutral species is negligible
in Eq. (3.6). The electrochemical potential can be further specified as

µ̃α = µ◦α +RT ln

(
γα
bα
b◦

)
︸ ︷︷ ︸

aα

+zαFϕ (3.9)

where µ◦α is the standard chemical potential of the species (for example in an
aqueous solution in Sec. 4.2), bα is its molality, i.e. number of moles of the
species per 1kg of water in the solution, γα is activity coefficient, see [5], aα is
activity, zα is charge number and ϕ is the Maxwell potential, see [48].

Finally, from Eqs. (2.19) and (3.7) it follows by setting v = 0 that the total
entropy flux is given by

js,tot =
j′q
T

+
∑
α∈n

jαsα. (3.10)

1These terminology and notation are compatible with [48].
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Exploiting these new definitions, entropy production in the porous medium
becomes

σs = j′q · ∇
1

T
− 1

T

∑
α∈n

jα · (∇µα)T −
1

T

∑
α∈c

jαzαF · ∇Φα +
1

T

∑
r

Ãrξ̇r. (3.11)

This form of entropy production is particularly favorable because of the presence
of the measurable heat flux and electric potentials, which can be measured by
voltmeter (more details are given in the next section), and also due to the presence
of electrochemical affinities, which drive electrochemical reactions. Formula (3.11)
can be rewritten in an equivalent form similar to Eq. (2.22)

σs = −js,tot · ∇T −
1

T

∑
α∈n

jα · ∇µα −
1

T

∑
α∈c

jαzαF · ∇Φα +
1

T

∑
r

Ãrξ̇r, (3.12)

where Eq. (3.10) was used.

3.1.2 Steady state

Finally, real electrochemical devices, e.g. fuel cells, are often studied in a state
such that no property of the device changes with time, i.e. the device is in a
steady state. Let us now have a look at steady balance equations.

Steady balance of total energy and steady balance of entropy in mechanical
equilibrium can be written as

0 = −
∫
∂V

jen · dS (3.13)

0 = −
∫
∂V

js,tot · dS +

∫
V

σsdV, (3.14)

respectively, where the total energy flux jen is given by Eq. (3.6) and the total
entropy flux by Eq. (3.10).

By introducing partial currents

Iα =
zαF

Mα

jα, (3.15)

the total energy flux can be rewritten as

jen = j′q +
∑
α∈n

hαjα +
∑
α∈c

IαΦα. (3.16)

Note that potentials of neutral species, e.g. gravity, have been neglected. The
total current is then given by

I =
∑
α∈c

Iα. (3.17)

Let us now return to the question which potential is measured by a voltmeter.
Consider balance of total energy (3.13). Electrical work is the flux of energy due
to electrons leaving and entering a device, i.e. passing to and from an external
circuit. Electrical work is thus given by

∆Wel =

∫
∂V

(he + ϕe)je · dS. (3.18)
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From equilibrium thermodynamics, see for example [53], it follows that partial
specific enthalpy of electrons, as well as of any other species, can be expressed as

he = Tse + µe (3.19)

with se being partial specific entropy of electrons and µe chemical potential of
electrons. Formula for electrical work (3.18) can be then rewritten as

∆Wel =

∫
∂V

Tseje · dS + I(Φc − Φa), (3.20)

where definition (3.8) was used. Total electric current leaving and entering the
device was denoted by I and it was supposed that electrons leave the device at
electric potential Φa (denoting the anode) and re-enter the device at potential Φc

(denoting the cathode). The last term on r.h.s. of this equation is the standard
expression for electrical work. But how to understand the first term? Firstly,
the term is incorporated into the measurable heat flux, j′q. Secondly, the term is
negligible compared with the last term as discussed in our paper [80]. Therefore,
we can use electrical work in the standard form

∆W ′
el = I(Φc − Φa). (3.21)

Hence, a voltmeter indeed measures difference between electric potentials of elec-
trons, which is proportional to difference between electrochemical potentials of
electrons.

Let us put this differently. The voltmeter measures, in fact, the small elec-
tric current passing through it. Indeed, the current then moves the coil in the
voltmeter. Regarding force-flux stemming from (3.11), the electric current is
proportional to the difference between electrochemical potentials of the charged
species, and thus the voltmeter measures this difference.

It should be borne in mind, however, that if the first term on r.h.s. of equation
(3.20) were not negligible or if one wished to exploit the term to produce useful
work, one should perhaps prefer formula (3.20). In this work, we use formula
(3.21) since the first term on r.h.s. of equation (3.20) is negligible.

Defining the total measurable heat flux into the device and the total flux of
enthalpy into the device as

∆Q′ =

∫
∂V

−j′q · dS (3.22)

∆H =

∫
∂V

−
∑
α∈n

jαhα · dS, (3.23)

respectively, allows to rewrite balance of energy (3.13) as

∆W ′
el = ∆Q′ + ∆H. (3.24)

This formula is quite useful in concrete applications, see Sec. 3.7. Note that it
is supposed that electrons are the only charged species leaving and entering the
device.
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3.2 Butler-Volmer equation

3.2.1 Thermodynamic formulation

In the standard CIT from [28] thermodynamic fluxes are supposed to be pro-
portional to thermodynamic forces. In particular, rates of a chemical reactions
are supposed to be proportional to chemical affinities of the reactions. On the
other hand, electrochemical reactions are often well described by Butler-Volmer
equation, see [18, 30, 5, 8, 70], where rate of an electrochemical reaction is given
by

j = j0

(
e(1−α)η̃F/RT − e−αη̃F/RT

)
(3.25)

where j0 is called exchange current, α is transfer coefficient, F is Faraday constant,
R is universal gas constant and η̃ is overpotential, which represents the driving
force of the electrochemical reaction. Overpotential η̃ has the property that if
positive, the reaction proceeds in the direction of oxidation while if negative the
direction proceeds in the direction of reduction. In particular, the net reaction
does not proceed in any direction if and only if the overpotential is zero. But this
is exactly the behavior of electrochemical affinity and so we can conclude that
overpotential is proportional to electrochemical affinity, i.e.

η̃ =
Ã
nF

(3.26)

where n is number of electrons involved in the electrochemical reaction. See [15]
for a survey on Butler-Volmer equation.

The purpose of this section is to formulate the Butler-Volmer equation within
non-equilibrium thermodynamics, in particular in the GENERIC framework. The
advantage of such formulation is that the equation can then be combined with
other results of non-equilibrium thermodynamics consistently. Consider therefore
the following assumptions

1. Entropy is the same as in CIT [28].

2. Dissipation potential is specified as

Ξ =
j0acR

nF

(
e(1−α)Ã/RT

1− α
+
e−αÃ/RT

α
− 1

α(1− α)

)
(3.27)

where Ã is electrochemical affinity of the reaction introduced in [28] and
[81], which is minus the reaction Gibbs energy. It can be also expressed as

Ã = T
∂S

∂ξ
(3.28)

where ξ is extent of the reaction in the direction of oxidation. A concrete
example of electrochemical affinity is given below. Phenomenological con-
stant α, which is referred to as a charge transfer coefficient and which is
between 0 and 1, is usually near to 0.5, see [33]. Active area density, i.e.
the area of active reaction surface per m3 of the electrode, is denoted by ac.

Note that although construction of the dissipation potential (3.27) might
seem rather artificial at first sight, it is quite natural. Indeed, the dissipation
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potential in CIT is just a quadratic function of the affinity since the reac-
tion rate is then proportional to the affinity. How to extend the quadratic
function into the far-from-equilibrium regime described by Butler-Volmer
equation? Hyperbolic cosine seems to be a natural choice. More generally,
any convex combination of the two exponentials present in the hyperbolic
cosine can be considered, which leads to the presence of parameters α in
arguments of the exponentials. When expanding the dissipation potential
near equilibrium up to the second order in affinities, however, the result
must be compatible with CIT, i.e. the dissipation potential must become
a quadratic function without any linear contribution. This leads to the
presence of parameters α in the denominators. Moreover, arguments of
the exponentials must be dimensionless which leads to the presence of RT .
Finally, the dissipation potential has to be zero for affinity equal to zero
without any loss of generality, and it can be multiplied by a constant with
proper physical dimension. This concludes the construction of dissipation
potential (3.27).

According to the GENERIC framework [38], reaction rate in the direction of
oxidation is then given by

ξ̇ =
∂Ξ

∂ ∂S
∂ξ

=
ac
n

j

F
(3.29)

where current density due to the electrochemical reaction is defined as

j = j0

(
e(1−α)Ã/RT − e−αÃ/RT

)
(3.30a)

or equivalently as

j = j0

(
e(1−α)nη̃ F

RT − e−αnη̃
F
RT

)
(3.30b)

when using Eq. (3.26). Formulas (3.29) and (3.30a) or (3.30b) represent the
non-equilibrium thermodynamic form of Butler-Volmer equation2.

3.2.2 Solid oxide fuel cells

Let us now specify the electrochemical affinity for hydrogen oxidation reaction
(HOR) and oxygen reduction reaction (ORR) within SOFC. For HOR

H2 +O2− → H2O + 2e− (3.31)

the electrochemical affinity can be expressed as

Ã = µH2 + µ̃O2− − µH2O − 2µ̃e− . (3.32)

Note that electrochemical potentials of hydrogen and water are equal to the corre-
sponding chemical potentials, since neither hydrogen nor water are charged. The

2Butler-Volmer equation was derived within Mesoscopic Non-Equilibrium Thermodynamics
[85], but the derivation seems to be consistent only for α = 0.5. Equation (44) in the paper
implies that sign of reaction rate is inverted if the reaction itself is inverted (electrochemical
potentials at both ends of the reaction coordinate are swapped). This symmetric behavior is,
however, only consistent with the symmetric Butler-Volmer equation, i.e. α = 0.5.
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reaction proceeds in the direction depicted by the arrow in equation (3.31) if and
only if affinity (3.32) is positive, i.e. Gibbs energy decreases as the reaction pro-
ceeds. According to definition (3.8), the electrochemical affinity can be expressed
in terms of electric potential of oxygen ions in the ion-conductive phase, Φi, and
electric potential of electrons in the electron-conductive phase, Φe. Expressing
electrochemical affinity in terms of the overpotential, according to (3.26), then
leads to

η̃a = (Φe − Φi) +
µH2 − µH2O

2F
. (3.33)

Chemical potential of water vapor and hydrogen can be approximated by chemical
potentials of ideal gases

µH2 = µ◦H2
(T ) +RT ln

pH2

p◦
(3.34)

µH2O = µ◦H2O
(T ) +RT ln

pH2O

p◦
(3.35)

where µ◦ denotes standard chemical potential at given temperature and standard
pressure, p◦ denotes the standard pressure and where pH2 and pH2O denote partial
pressures of hydrogen and water, respectively. This way, the electrochemical
affinity becomes

η̃a = Φe − Φi − E◦,a(T ) +
RT

2F
ln

(
pH2

p◦
p◦

pH2O

)
(3.36)

with

E◦,a(T ) =
µ◦H2O

(T )− µ◦H2
(T )

2F
. (3.37)

Rate of HOR is then given by

ja = ja0

((
pH2

p◦

) 1
2
(
pH2O

p◦

)− 1
2

e(Φe−Φi−E◦,a(T )) F
RT−

−
(
pH2O

p◦

) 1
2
(
pH2

p◦

)− 1
2

e−(Φe−Φi−E◦,a(T )) F
RT

)
(3.38)

where charge transfer coefficient was approximated by 0.5 in accordance with
[33].

ORR at the cathode in the direction of oxidation, i.e. the opposite direction
than in fuel cells,

O2− → 1

2
O2 + 2e− (3.39)

can be treated analogously. Cathode overpotential is then

η̃c =
1

2F

(
µ̃O2− − 1

2
µO2 − 2µ̃e−

)
= Φe−Φi−E◦,c(T ) +

RT

2F
ln

(
pO2

p◦

)− 1
2

(3.40)

where E◦,c is equal to
µ◦O2

(T )

4F
. Rate of ORR in the direction of reduction, i.e.

opposite than in (3.39), is then

−jc = jc0

((
pO2

p◦

) 1
4

e−(Φe−Φi−E◦,c(T )) F
RT−

−
(
pO2

p◦

)− 1
4

e(Φe−Φi−E◦,c(T )) F
RT

)
. (3.41)
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Note that in equilibrium or in a steady isothermal state with disconnected
external circuit, when reaction rates are zero, electric potential of ions has no
gradient and equations (3.38) and (3.41) lead to the standard Nernst relation,
see for example [101],

Φc
e − Φa

e = −
µ◦H2O

− µ◦H2
− 1

2
µ◦O2

2F
+
RT

2F
ln

pH2

p◦

(
pO2

p◦

) 1
2

pH2O

p◦

. (3.42)

Entropy production can be expressed in terms of overpotentials easily. Indeed,
the last term in formula (3.11) can be rewritten as

1

T
aajaη̃a in the anode and as

1

T
acjcη̃c in the cathode. (3.43)

Note also that equations (3.38) and (3.41) are not completely equivalent with
the form of Butler-Volmer equation in literature, for example [71] or [3], which
are, however, not completely equivalent with each other either. From the ther-
modynamic point of view, equation (3.30a) seems to be the simplest equation
leading to a Butler-Volmer-like constitutive relation for reaction rate. Moreover,
equation (3.30a) is guaranteed to be compatible with thermodynamics since it is
a realization of GENERIC.

Equations (3.38) and (3.41) represent constitutive relations for reaction rates
of electrochemical reactions in SOFC. These equations are compatible with non-
equilibrium thermodynamics and, therefore, can be used in the preceding consid-
erations. Completing the dissipation potential with quadratic terms correspond-
ing to the standard linear force-flux relations between diffusion, heat flux and
shear rate, see [76], then yields the full set of constitutive relations which are to
be supplemented to balance equations of CIT.

3.2.3 PEM fuel cells

As with SOFC, electrochemical reactions in a PEM fuel cell can also be described
by a Butler-Volmer equation. Hydrogen oxidation reaction (HOR)

H2 → 2H+ + 2e− (3.44)

takes place in the anode catalyst layer (ACL) while oxygen reduction reaction
(ORR)

1

2
O2 + 2H+ + 2e− → H2O(l) (3.45)

takes place in the cathode catalyst layer (CCL) of the PEM fuel cell.

The transfer coefficient is taken as equal to 0.5 for both the reactions and the
number of electrons participating in the reactions is 2 in accordance with [101].
Flux of protons in the anode is then equal, in accordance with Eq. (3.30b), to

jp|ACL = jHOR0 aCLC

(
eη

a F
RT − e−ηa

F
RT

)
(3.46)
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where ηa is the overpotential in the ACL, which is defined as

ηa =
Ã
2F

=
1

2F

(
µaH2
− 2µ̃aH+ − 2µ̃ae−

)
=

=
1

2F

µ−	−H2︸︷︷︸
0

+RT ln
paH2

p◦
− 2FΦa + 2FΦa

e

 =

=
RT

2F
ln
paH2

p◦
− Φa + Φa

e (3.47)

where Φa
e is the electric potential of electrons in the ACL, i.e. the potential of

electrons at the anode side of the external circuit, and Φa is the electric potential
of protons at the anode side of the membrane. Constants jHOR0 = 7.21 · 10−3 A

cm2 ,

aC = 1000 cm2

mgPt
and LC = 0.5mgPt

cm2 represent exchange current of HOR (the value

is taken from [101]), active surface per amount of platinum (a typical value taken
from [7]) and platinum loading per area of the catalyst layer (a typical value
taken from [7] as well). Note that cm2 in aC stand for the active area, where the
reaction takes place, while in the expression for LC it stands for total catalyst
layer cross section. The standard chemical potential of hydrogen is equal to zero
because hydrogen is an element.

Similarly, proton flux in the CCL is given by

jp|CCL = −jORR0 aCLC

(
eη

c F
RT − e−ηc

F
RT

)
(3.48)

where the overpotential in the CCL is given by

ηc =
Ãc

2F
=

1

2F

(
µcH2O(l) −

1

2
µcO2
− 2µ̃cH+ − 2µ̃ce

)
=

=
1

2F

µ•w +RT ln acw −
1

2
µ−	−O2︸︷︷︸

0

−RT ln

(
pcO2

p◦

) 1
2

− 2FΦc + 2FΦc
e

 =

=
µ•w
2F

+
RT

2F
ln

(
acw

√
p◦

pcO2

)
+ Φc

e − Φc (3.49)

where Φc
e is the electric potential of electrons in the CCL, i.e. the electric potential

at the cathode side of the external circuit. The difference Φc
e − Φa

e is the voltage
of the external circuit. Constants aC and LC can be taken the same as in the case
of HOR and the exchange current is equal to jORR0 = 2.8 · 10−7 A

cm2 in accordance
with [101].

3.3 Transport of water and protons in Nafion

membranes

On the level of mechanical equilibrium, total fluxes of protons and water in a
membrane are proportional to the corresponding thermodynamic forces (gradi-
ents of electrochemical potentials at constant temperature). For an isothermal
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membrane, force-flux relations (3.4a) for flux of water and flux of protons are
given by

jp = LppXp + LpwXw (3.50a)

jw = LwpXp + LwwXw (3.50b)

where Xp = − 1
T
F∇Φ and Xw = − 1

T
∇µw.

Moreover, Onsager-Casimir reciprocity relations yield that

Lpw = Lwp. (3.51)

Finally, to fulfill the second law of thermodynamics for arbitrary fluxes it is
necessary that Lpp and Lww are nonnegative and that

LppLww − LpwLwp ≥ 0. (3.52)

Expressing Xp in equation (3.50b) by means of equation (3.50a) and Xw in
(3.50a) by means of (3.50b), yields

jw =
LwwLpp − LwpLpw

Lpp
Xw +

Lwp
Lpp

jp (3.53a)

jp =
LwwLpp − LwpLpw

Lww
Xp +

Lwp
Lww

jw. (3.53b)

Usually, the cross coefficient Lpw is expressed in terms of a drag coefficient defined
as

ξ =

(
jw
jp

)
Xw=0

=
Lwp
Lpp

, (3.54)

where the second equality follows from equation (3.53a). From the concept that
protons and water molecules drag each other it follows that the drag coefficient
should be nonnegative. Therefore, it follows from the second law of thermody-
namics (3.52) that

ξ ∈

[
0,

√
Lww
Lpp

]
. (3.55)

Let us, moreover, introduce the coupling coefficient q

q =

√
LwpLpw
LwwLpp

. (3.56)

Due to the restrictions imposed by the second law of thermodynamics and On-
sager reciprocal relations, (3.51) and (3.52), the coupling coefficient is always
between 0 and 1.

3.3.1 Proton conductivity

Proton conductivity is defined as

σp = F 2

(
jp
Xp

)
Xw=0

=
F 2Lpp
T

. (3.57)
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Experimental proton conductivity can be found for example in paper [13],
where the data can be fitted by

σp = σ0
pa

2
w (3.58)

with

σ0
p = 0.1 exp

(
−3500

(
1

T
− 1

273.15 + 20

))
S

cm
(3.59)

where T is temperature in K. This fit was approved by author of paper [13] in
our private communication.

3.3.2 Proton diffusivity

Proton diffusivity is defined as

Dpcp
R

=

(
jp
Xp

)
jw=0

= Lpp −
LpwLwp
Lww

(3.60)

where cp is concentration of protons. It is necessary to distinguish between proton
diffusivity and proton conductivity because the former is measured at jw = 0
while the latter at Xw = 0.

Proton diffusivity was theoretically estimated by Choi in [25] from Grothuss
mechanism of proton hopping as

Dp = 7 · 10−5 cm
2

s
. (3.61)

As proton transport was estimated in the frame of reference of water, i.e. water
not moving, the diffusivity was estimated rather than conductivity. It should be
borne in mind, however, that to the best of the author’s knowledge, no experi-
mental data on proton diffusivity are available in the literature.

3.3.3 Water diffusivity

Diffusivity expresses how gradient of concentration affects diffusion flux, and it
is defined as

Dwcw
R

=

(
jw
Xw

)
jp=0

= Lww −
LpwLwp
Lpp

. (3.62)

Using Eq. (3.56), it can also be rewritten as

Dw
cw
R

= Lww
(
1− q2

)
. (3.63)

Self-diffusivity of water in Nafion was determined in [13] and [102] by pulse
gradient spin-echo nuclear magnetic resonance (PGSE-NMR), where the experi-
mental data were fitted by the curve

Dself
w = D0

∞a
2
w (3.64)

with

D0
∞ = 0.265 exp

(
−3343K

T

)
cm2

s
. (3.65)
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But self-diffusivity can not be used as the macroscopic (thermodynamic) diffu-
sivity Dw in general, since the thermodynamic diffusivity also takes into account
correlations between water molecules in contrast to self-diffusivity as demonstrat-
ed in [58]. Several theories have been proposed to convert self-diffusivity into the
thermodynamic diffusivity, see [9, 95, 96]. A mutual diffusion coefficient defined
as

jw = − Dmutual

1− cwvw
∂cw
∂x

(3.66)

was introduced in [9], where cw and vw are concentration [mol/cm3] of water in
the polymer and partial molar volume of water in the polymer, respectively. The
mutual diffusion coefficient was estimated by Vrentas and Duda in [95, 96] by

Dmutual =
Dself
w cNvNcw
RT

(
∂µw
∂cw

)
T,p

(3.67)

where cN and vN are concentration and partial molar volume of the polymer.
Using the general thermodynamic relation, see e.g. [81],

1 = cwvw + cNvN , (3.68)

flux of water becomes

jw = −D
self
w

RT
cw

(
∂µw
∂cw

)
T,p

∂cw
∂x

= −D
self
w cw
RT

(
∂µw
∂x

)
T,p

. (3.69)

If there is no electric current (no flux of protons), formula (3.53a) can be rewritten
as follows

jw|jp=0 = Lww(1− q2)

(
− 1

T

(
∂µw
∂x

)
T

)
= −Dwcw

RT

(
∂µw
∂x

)
T

. (3.70)

By comparison with Eq. (3.69) it follows, assuming no pressure gradient, that in
the approximation proposed by Vrentas and Duda, the thermodynamic diffusivity
is equal to the self-diffusivity of water in Nafion, i.e.

Dw = Dself
w . (3.71)

Finally, using the experimental formula (3.64) and the general formula for
chemical potential of water in the membrane (4.3), water flux can be written (in
case of zero electric current) explicitly as

jw = −D0
∞ · cwaw

∂aw
∂x

. (3.72)

It will be shown later that concentration cw can be expressed as a function of aw,
see formula (4.8).

When introducing the diffusivity coefficient in formula (3.66), it was assumed
that no other species moves. Therefore, this diffusion coefficient indeed represents
the thermodynamic diffusivity (3.62).
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Figure 3.1: Coupling coefficient q as a function of water activity while ξ equal to
2. Eq. (3.55) is solved for each value of aw, and the above dependencies of the
phenomenological coefficients on q and aw are used.

3.3.4 Drag coefficient

By combining proton conductivity, proton diffusivity and water diffusivity, one
could determine the drag coefficient ξ. Conversely, by taking proton conductivity,
water diffusivity and the drag coefficient, one can calculate proton diffusivity. The
drag coefficient was determined experimentally many times, but the experimental
data are rather inconsistent as the coefficient varies between approximately 1 and
3. A comprehensive review of experimental measurements of the drag coefficient
is given in [22]. Therefore, we do not consider any particular value of the drag
coefficient in this work, but we rather explore implications of various values of
the coefficient (or of the coupling coefficient q), see Sec. 3.5.

However, for example for the drag coefficient equal to 2, Eq. (3.55) can be
solved (with the above specified data for Dw and σ) which yields Fig. 3.1, where
the dependence of the coupling coefficient on water activity for that particular
value of the drag coefficient is demonstrated. The coupling coefficient is between 0
and 1, which means that the ξ being equal to 2 is thermodynamically admissible.
Interestingly, this typical value of the drag coefficient leads to coupling coefficient
higher than 0.9 for all activities.

3.3.5 Explicit expressions for fluxes

The above presented definitions and experimental data can be now summarized
in the final explicit form of water and proton fluxes. Having water diffusivity
Dw, proton conductivity σp and the coupling coefficient q, the phenomenological
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coefficients become

Lww = Dw
cw
R

1

1− q2
(3.73a)

Lpp =
T

F 2
σp (3.73b)

Lpw = Lwp = q
√
LwwLpp =

√
TcwDwσp
RF 2

q√
1− q2

, (3.73c)

where formulas (3.56), (3.57) and (3.63) were used.
Force-flux relations (3.50a) and (3.50b) then become, after plugging formulas

(3.58) and (3.71) into the coefficients (3.73),

jw = −D
0
∞cwaw

1− q2
∇aw −

√
cwD0

∞σ
0
p

RT

q√
1− q2

a2
w∇Φ (3.74a)

jp = −
√
RTcwD0

∞σ
0
p

F

q√
1− q2

aw∇aw −
σ0
p

F
a2
w∇Φ. (3.74b)

3.4 Time-dependent sorption

It has been observed experimentally [88] that when a dry Nafion membrane is
immersed into saturated water vapor, absorption takes much longer than when
a fully hydrated membrane is immersed into dry nitrogen. Attempts to explain
such asymmetry include for example formation of a hydration front [88]. The
purpose of this section is to explain the asymmetry by a model as simple as
possible while being thermodynamically consistent.

Note that Sec. 4.1 is referenced many times in this section, and thus could be
favorable to read it first.

3.4.1 Balance of mass

General balance of mass of water in the membrane reads, in accordance with Eq.
(2.1),

∂cw
∂t

= −divjw (3.75)

where concentration cw is expressed in mol/cm3 and water flux jw in mol/cm2s.
Assuming no electric current in the membrane, the water flux is given by formula
(3.72).

Boundary conditions are prescribed as

jw|0 = kw(RHL − aw|0) (3.76a)

jw|xm = kw(aw|xm −RHR) (3.76b)

where kw represents a phenomenological constant which is to be determined by
comparing the resulting sorption curves to experiments. Constants RHL and
RHR denote relative humidities of vapor on the left and right side of the mem-
brane, respectively. Note that in the thermodynamic sense these boundary con-
ditions can be constructed from an exponential dissipation potential similarly to
the Bulter-Volmer equation in Sec. 3.2 or as in case of Boltzmann equation, see
Sec. A.1.
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3.4.2 Lagrangian coordinates

Let us now restrict to one-dimensional calculations, i.e. the membrane is supposed
to be a very thin rectangular parallelepiped, which is, however, always the case
for Nafion membranes, and it is homogeneous in the longer directions, let us say
y and z, so that aw or any other physical quantity only vary in the x direction
(in which the membrane is thin).

The membrane is swelling when absorbing water. For the sake of simplicity of
numerical simulation, it is advantageous to transform the spatial (Eulerian) coor-
dinates to Lagrangian coordinates attached to the dry membrane. The physical
spatial (Eulerian) coordinates have already been denoted by x, y and z, and let
us denote by xm(t), ym(x, t) and zm(x, t) boundaries of the membrane. In other
words,

x ∈ [0, xm(t)], y ∈ [0, ym(x, t)] and z ∈ [0, zm(x, t)]. (3.77)

The Lagrangian coordinates

X ∈ [0, Xm], Y ∈ [0, Ym] and Z ∈ [0, Zm] (3.78)

which are attached to the membrane in the dry state are related to the Eulerian
coordinates as follows, see Eq. (4.10),

x(X, Y, Z, t) =

∫ X

0

(1 + ε(Aw(X ′, t))) dX ′ (3.79)

y(X, Y, Z, t) =

∫ Y

0

(1 + ε(Aw(X, t))) dY ′ = (1 + ε(Aw(X, t)))Y (3.80)

z(X, Y, Z, t) =

∫ Z

0

(1 + ε(Aw(X, t))) dZ ′ = (1 + ε(Aw(X, t)))Z (3.81)

(3.82)

where Lagrangian activity of water is defined as

Aw(X, t) = aw(x(X, t), t). (3.83)

Jacobi matrix of the transformation from Eulerian to Lagrangian coordinates is
then

∂x
∂X

= 1 + ε(Aw(X, t)) ∂x
∂Y

= 0 ∂x
∂Z

= 0
∂y
∂X

= ε′(Aw(X, t))∂Aw(X,t)
∂X

Y ∂y
∂Y

= 1 + ε(Aw(X, t)) ∂y
∂Z

= 0
∂z
∂X

= ε′(Aw(X, t))∂Aw(X,t)
∂X

Z ∂z
∂Y

= 0 ∂z
∂Z

= 1 + ε(Aw(X, t)).
(3.84)

3.4.3 Lagrangian concentration

Lagrangian concentration of water in the slice of the membrane with Lagrangian
coordinate X at time t is equal to

C(X, t) =

∫ ym(x(X,t),t)

0

∫ zm(x(X,t),t)

0

cw(x(X, t), y, z, t) dy dz (3.85)

= cw(x(X, t), t)(1 + ε(Aw(X, t)))2 Y · Z︸ ︷︷ ︸
∆A

(3.86)
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where area of the dry membrane ∆A was introduced. Lagrangian area concen-
tration of water is then defined as

Cs(X, t) =
C(X, t)

∆A
= cw(x(X, t), t)(1 + ε(Aw(X, t)))2. (3.87)

Concentration cw(x, y, z, t) can be expressed in terms of water activity aw.
Indeed, as cw(x, y, z, t) gives the number of moles of water per cm3 of the swollen
membrane, it can be related to water uptake λ by Eq. (4.8), and water uptake
λ can be expressed in terms of activity according to Eq. (4.2). Converting also
density of the polymer into density of the dry Nafion by using Eqs. (4.8) and
(4.19) then leads to the Lagrangian expression for concentration

cw(x(X, t), t) =
λ(Aw(X, t))

(1 + ε(Aw(X, t)))3

ρdry
EW

. (3.88)

Comparing this formula with Eq. (3.87) yields a relation between the Lagrangian
area concentration and the Lagrangian activity

Cs(X, t) =
λ(Aw(X, t))

1 + ε(Aw(X, t))

ρdry
EW

. (3.89)

Finally, the total amount (in moles) of water in the membrane can be calculated
as follows

nw =

∫ xm(t)

0

∫ ym(x,t)

0

∫ zm(x,t)

0

cw(x, y, z, t) dx dy dz =

∫ xm(t)

0

C(X(x, t), t) dx =

=

∫ Xm

0

C(X, t)
∂x

∂X
dX =

∫ Xm

0

C(X, t)(1 + ε(Aw(X, t))) dX =

=
ρdry
EW

∫ Xm

0

λ(Aw(X, t)) dX ·∆A. (3.90)

3.4.4 Lagrangian evolution equation

Let us now rewrite the evolution equation (3.75) in the Lagrangian coordinates.
Plugging relations (3.72) and (3.88) into Eq. (3.75), the evolution equation be-
comes

∂

∂t

(
λ(aw(X, t))

(1 + ε(Aw(X, t)))3

ρdry
EW

)
=

=
1

1 + ε(Aw(X, t))

∂

∂X

(
D0
∞
λ(Aw(X, t))Aw(X, t)

(1 + ε(Aw(X, t)))4

ρdry
EW

∂Aw(X, t)

∂X

)
(3.91)

where derivatives with respect to x were replaced with derivatives with respect
to X by formula

∂

∂x
=
∂X

∂x

∂

∂X
=

1

1 + ε

∂

∂X
. (3.92)

It is, moreover, convenient to introduce a dimensionless coordinate

X̂ =
X

Xm

. (3.93)
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Activity can be then expressed in the dimensionless coordinate

Âw(X̂, t) = Aw(X(X̂), t), (3.94)

and derivatives with respect to X̂ are given by

∂

∂X
=

1

Xm

∂

∂X̂
. (3.95)

This way Eq. (3.91) becomes

∂

∂t

(
λ(Âw(X̂, t))

(1 + ε(Âw(X̂, t)))3

ρdry
EW

)
=

=
1

Xm(1 + ε(Âw(X̂, t)))

∂

∂X̂

(
D0
∞
ρdry
EW

λ(Âw(X̂, t))Âw(X̂, t)

Xm(1 + ε(Âw(X̂, t)))4

∂Âw(X̂, t)

∂X̂

)
.

(3.96)

Note that this equation can be simplified by neglecting the swelling, i.e.
putting ε = 0, so that it becomes

∂

∂t

(
λ(Âw(X̂, t))

)
=

1

X2
m

∂

∂X̂

(
D0
∞λ(Âw(X̂, t))Âw(X̂, t)

∂Âw(X̂, t)

∂X̂

)
. (3.97)

Numerical calculations then demonstrate that solutions to this simplified equation
are qualitatively the same as solutions to the full Eq. (3.91), e.g. desorption is
still faster than absorption (see the results). On the other hand, the solutions
are not completely the same, and quantitative agreement between experimental
data and theoretical prediction requires using the full Eq. (3.91). In Sec. 3.4.9
Eq. (3.97) is further approximated by an ordinary differential equation giving
also qualitatively the same results as the full Eq. (3.91).

3.4.5 Time-discretization

Eq. (3.96) can be solved numerically. The time derivative is discretized using the
backward Euler scheme. This yields the following equation(

λ(Âkw)

(1 + ε(Âkw))3
− λ(Âk−1

w )

(1 + ε(Âk−1
w ))3

)
ρdry
EW

=

= dt
1

Xm(1 + ε(Âkw))

∂

∂X̂

(
D0
∞

λ(Âkw)Âkw

Xm(1 + ε(Âkw))4

ρdry
EW

∂Âkw

∂X̂

)
(3.98)

where Âkw = Âw(X̂, tk), tk = t0 + k · dt, and dt is the time-step.

3.4.6 Weak formulation

Eq. (3.98) is then multiplied by a test-function ϕ(X̂) from the H1(0, 1) Sobolev
space, see e.g. [31]. After integrating by parts, one obtains the weak formulation:

Find Âkw ∈ H1(0, 1) such that:

S(Âkw, Â
k−1
w , ϕ) = 0 ∀ϕ ∈ H1(0, 1) (3.99)
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where the functional S is defined as

S(Âkw, Â
k−1
w , ϕ) =

∫ 1

0

(
λ(Âkw)

(1 + ε(Âkw))3
− λ(Âk−1

w )

(1 + ε(Âk−1
w ))3

)
ρdry
EW

ϕ dX̂ +

+

∫ 1

0

dt

X2
m

D0
∞
ρdry
EW

λ(Âkw)Âkw

(1 + ε(Âkw))4

∂Âkw

∂X̂

∂

∂X̂

ϕ

1 + ε(Âkw)
dX̂ +

+
dt

Xm

ϕ(1)

1 + ε(Âkw(1))
kw

(
Âkw(1)−RHR

)
−

− dt

Xm

ϕ(0)

1 + ε(Âkw(0))
kw

(
RHL − Âkw(0)

)
. (3.100)

This problem is then solved by finite element method using Lagrangian elements
of second order implemented within the FEniCS environment [56]. The algebraic
equations stemming from the space discretization are solved by the standard
Newton solver implemented within FEniCS. Note that the values at the boundary
are interpreted in the sense of traces in accordance with [31]. Time step was set
to 0.1s and the mesh consisted of 100 equal elements.

3.4.7 Results

Let us now demonstrate results of the simulations obtained by solving problem
(3.99). Absorption started with a membrane equilibrated with water vapor at
RH = 18.3%. RH of the surrounding water vapor was equal to 96.0%. After
equilibrium had been reached3, relative humidity of the surrounding vapor was
suddenly changed to 13.3% and the desorption started. These values were taken
from paper [88] and from the datasets used in the paper, which were kindly
provided by J. Benziger in our personal communication.

The state of sorption is defined as follows

s(t) =
nw(t)− nw(0)

nw(∞)− nw(0)
(3.101)

where nw(t) is the number of moles of water in the membrane at time t. A sorption
curve is then the curve s(t). The absorption and desorption curves for N115 and
N1110 membranes obtained by the numerical simulation of processes described
in the preceding paragraph are shown in Fig. 3.2 and Fig. 3.3, respectively. The
numerical results are compared to experimental data from [88] in the figures with
only one fitted constant, namely the constant kw introduced in Eqs. (3.76). The
constant was equal to

kw = 3.0 · 10−7 mol

cm2s
(3.102)

for all membranes and for both absorption and desorption.

3.4.8 Discussion of the results

It has been demonstrated that Eq. (3.96) describes the sorption experiments
well. The only fitting parameter was the kw constant, which was taken the same

3the amount of water in the membrane less than 1% lower than the amount of water corre-
sponding to a membrane in equilibrium with RH = 96%
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Figure 3.2: Absorption and desorption in a N115 membrane. Absorption (curve
Absorption-model) started at RH = 18.3% and finished at RH = 96.0%, where
desorption (curve Desorption-model) started. Desorption finished at RH =
13.3%. The resulting sorption curves, which are solutions to Eq. 3.98 are com-
pared to experimental data from [88] (curves Absorption-data and Desorption-
data). Quantitative agreement between the theory and the data is obvious. The
desorption curve is clearly faster than the absorption curve.
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Figure 3.3: Absorption and desorption in a N1110 membrane. Absorption (curve
Absorption-model) started at RH = 18.3% and finished at RH = 96.0%,
where desorption (curve Desorption-model) started. Desorption finished at
RH = 13.3%. These parameter are the same as in case of the N115 mem-
brane in Fig. 3.2. The resulting sorption curves, which are solutions to Eq.
3.98 are compared to experimental data from [88] (curves Absorption-data and
Desorption-data). Quantitative agreement between the theory and the data is
obvious. The desorption curve is clearly faster than the absorption curve.
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for all membranes and all simulated processes. An interesting observation is that
desorption is faster than absorption. Several explanations of this asymmetry were
suggested in the literature. Evolution equation (3.96), which is just a transfor-
mation of balance of mass (3.75), is, however, the simplest possible evolution
equation describing the sorption respecting swelling and the dependence of wa-
ter uptake on water activity. No additional phenomena like case-II diffusion [88]
or special boundary conditions [67] need to be incorporated to reconstruct the
asymmetry.

The reason for the asymmetry is simply the nonlinear dependence of water
uptake on activity in Eq. (4.2). Indeed, if the dependence of λ on aw were
taken linear, the asymmetry would disappear because (when neglecting swelling
and neglecting the cwaw prefactor in jw) Eq. (3.75) would describe the standard
Fick’s diffusion, which does not exhibit the asymmetry as shown in [27]. Note
that neither neglecting swelling nor dropping the term cwaw in the formula for
jw leads to disappearance of the asymmetry if Eq. (4.2) is taken into account.
The effect of the dependence of λ on aw on the asymmetry is further elucidated
in Sec. 3.4.9.
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3.4.9 A simplified sorption modeling

The purpose of this section is to elucidate the origin of the asymmetry in ab-
sorption and desorption (absorption being much slower than desorption). Let us,
therefore, simplify the evolution equation (3.96) as much as possible. Firstly, the
swelling is to be neglected by putting ε = 0, which leads to Eq. (3.97). Secondly,
integrating the equation with respect to space yields an evolution equation for
the total amount of water in the membrane

d

dt

∫ 1

0

λ(Âw(X̂, t))
ρdry
EW

dX̂ =
1

Xm

(jw|0 − jw|Xm) =

=
kw
Xm

(
RHL − Âw|0 +RHR − Âw|1

)
, (3.103)

where boundary conditions (3.76) were used. Assuming that RHL = RHR = RH
and that diffusion is fast enough so that activity can be considered equal to a
constant in space function Âw(t), equation (3.103) becomes

d

dt
Âw(t) =

2kwEW

ρdryXm

RH − Âw(t)

λ′(Âw(t))
, (3.104)

which is just an ordinary differential equation. Once the dependence λ(aw) is
known, as for example in the experimental formula (4.2), this equation can be
solved. Let us now have a look at solution to this simple differential equation.

Consider the same setting as in the preceding section, i.e. EW = 1100, kw =
3.0 · 10−7 mol

cm2s
and Xm = tN115,dry. Initial and final activities during absorption

and desorption are also taken the same as in the preceding section. Eq. (3.104)
with the dependence of λ on aw given by (4.2) can be then solved numerically.
The solution was acquired by the NDSolve solver in Wolfram Mathematica 10,
and it is plotted plotted in Fig. (3.4).

Desorption is clearly much faster than absorption in Fig. 3.4. This means
that Eq. (3.104) is sufficient to recover the asymmetry, and thus the cause of the
asymmetry is identified as the nonlinear dependence of λ on aw. Indeed, if we
replace this dependence in Eq. (3.104) by the linear dependence

λlinear = λ(1)aw, (3.105)

Eq. (3.104) can be solved analytically. Let us, for simplicity, assume that the
absorption starts with a dry membrane and that the desorption starts with a
membrane in equilibrium with saturated water vapor. Sorption curves then be-
come

sabs(t) =
λ(Âw(t))

λ(1)
(3.106)

for absorption and

sdes(t) = 1− λ(Âw(t))

λ(1)
(3.107)

for desorption. The solution to Eq. (3.104) is then

Âw(t) = RH − (RH − Âw(0)) exp

(
− 2kwEW

ρdryXmλ(1)
t

)
, (3.108)
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Figure 3.4: Numerical solution to Eq. (3.104) for absorption and desorp-
tion. Absorption curve (3.106) and desorption curve (3.107) are plotted (curves
Absorption-ODE and Desorption-ODE). The solution to the ordinary differen-
tial equation (ODE) is compared with the solution of problem (3.99) from Fig.
3.2 (curves Absorption-PDE and Desorption-PDE). The two sets of solutions are
similar and so Eq. (3.104) represents a good approximation of the full PDE
(3.91).

and the absorption and desorption curves (3.106) and (3.107) become identical.

sabs(t) = sdes(t) = 1− exp

(
− 2kwEW

ρdryXmλ(1)
t

)
. (3.109)

Therefore, the absorption is as fast as the desorption if the nonlinear dependence
of λ on aw is replaced by a linear dependence.

In summary, the simplified sorption equation (3.104), where diffusion is ne-
glected completely, is sufficient to recover the asymmetry between absorption
and desorption, and the asymmetry is caused by the nonlinear dependence λ(aw)
because if the dependence were linear, the asymmetry would disappear.

3.4.10 Conclusion

A simple thermodynamically consistent model of sorption in Nafion membranes
has been developed. The model is able to reproduce experimental data, and it
predicts that desorption is much faster than absorption in Nafion membranes in
accordance with experimental observations.

ODE (3.104) approximates the original PDE (3.91) well (including the asym-
metry), and if λ were a linear function of aw, the asymmetry would disappear
in solutions to the ODE4. Therefore, the asymmetry is caused by the nonlinear
dependence (4.2).

4Numerical experiments show that the asymmetry disappers also from the solutions to the
full PDE if the dependence of λ on aw is taken linear.

50



3.5 STR PEM Fuel Cell

3.5.1 Description of the fuel cell

In this section a stirred tank reactor (STR) polymer-electrolyte membrane (PEM)
fuel cell (FC), which consists of three basic parts: anode gas diffusion layer
(AGDL), membrane-electrode assembly (MEA) and cathode gas diffusion lay-
er (CGDL), see [14] for details, is modeled. The AGDL is in contact with the
anode channel (AC), which provides the hydrogen feed, while CGDL is in con-
tact with the cathode channel (CC), which provides the oxygen feed. Besides
hydrogen and oxygen, water vapor is transported into and out of the fuel cell also
through the channels. Each of the channels is constructed as an open plenum,
which simplifies the experimental observation (this leads to the name STR). The
MEA, moreover, consists of a thin membrane and two even thinner catalyst layers
on each side of the membrane. The fuel cell is taken as one-dimensional, station-
ary, isothermal and isobaric. Moreover, swelling of the membrane is neglected
because the membrane is typically fixed from both sides by solid parts of the fuel
cell.

The advantage of such simplified fuel cells is that the number of unknown
parameters is lower than when modeling the whole “real life” fuel cell5, where
the for example serpentine flow channels are used instead of the open plenum.
An even simpler experimental fuel cell has recently been investigated by Cheah et
al. [22], where only hydrogen, nitrogen and water vapor are present in both the
channels (thus the fuel cell working effectively as a hydrogen pump). Such ex-
periments are of great importance because the simpler they are, the more precise
knowledge of the MEA can be gained from them. Therefore, it is important to
develop thermodynamically correct models of such simple fuel cells. The purpose
of this section is to develop a thermodynamically consistent model of such fuel
cell. The model, however, should be referred to as a “toy model” as it has not
been compared to experiments.

The MEA consists of a Nafion membrane, the anode catalyst layer (ACL),
which is a thin layer at the left boundary of the membrane, and the cathode
catalyst layer (CCL), which is formed by a thin layer at the right boundary of
the membrane. ACL is in contact with the AGDL, where a mixture of hydrogen
and water vapor is present. Transport resistance of the gases through the AGDL
is neglected, in accordance with [14], so that the AC contains mixture of vapor and
hydrogen of the same composition as AGDL. CCL is in contact with the CGDL,
that contains a mixture of oxygen, nitrogen and water vapor. The CGDL is in
contact with the CC. While it is assumed that water vapor has the same partial
pressure in both CGDL and CC, the amount of oxygen in the CC is different
than in the CGDL in accordance with [14]. Finally, electrons can leave the MEA
from the ACL and re-enter the MEA in the CCL while performing useful work
in an external circuit.

The fuel cell works as follows: Hydrogen is transported from the AC to the
ACL through the AGDL. It splits into protons and electrons at the ACL. Elec-
trons pass to the CCL through the external circuit, and protons pass to the CCL
through the membrane. Oxygen is transported from the CC to the CCL through

5Book [7] is a good reference for the actually used fuel cells.

51



the CGDL. It is reduced by the electrons (from the external circuit) in the CCL
and reacts with the protons (from the membrane) while forming condensed water
at boundary of the membrane. Besides these processes, water is transported from
CC to AC and vice versa through the AGDL, the membrane and the CGDL.

3.5.2 Thermodynamic modeling

Transport of protons through the membrane is prescribed by Eq. (3.74b) while
transport of water by Eq. (3.74a).

Transport of water from the channels to the MEA is described by boundary
conditions (3.76) but with the constant kw equal to 3.6·10−5mol cm−2s−1, which is
more appropriate when the gases are flowing around the MEA, see [59]. Transport
of oxygen to the CCL is prescribed by a boundary condition analogical to Eqs.
(3.76)

jO2 =
kO2

4F

(
aCCLO2

− aCCO2

)
(3.110)

where aCCLO2
and aCCO2

are the thermodynamic activities, see Eq. (4.6), of oxygen
in the CCL and in the CC, respectively, i.e. equal to

aCCLO2
=
pcO2

p◦
, and aCCO2

=
pCCO2

p◦
(3.111)

with pcO2
and pCCO2

being partial pressure oxygen in the CCL and in the CC, respec-
tively. The constant kO2 is equal to 6.3 ·10−5 A

cm2 in accordance with experimental
results from [14].

Finally, there are electrochemical reactions taking place in the catalyst layers.
These electrochemical reactions are described by the Butler-Volmer equation in
Sec. 3.2.3.

3.5.3 Weak formulation

Applying derivative with respect to x to Eqs. (3.74b) and (3.74a), that describe
transport of protons and water through the membrane, multiplying the resulting
equations by test functions ϕp(x) and ϕw(x), and integrating with respect to x,
leads to

0 =

∫ Xm

0

∂jw(x)

∂x
ϕp(x) dx (3.112a)

0 =

∫ Xm

0

∂jp(x)

∂x
ϕw(x) dx. (3.112b)

By integrating by parts it follows that

0 = −
∫ Xm

0

jw(x)
∂ϕp(x)

∂x
dx+ [jpϕp]

Xm
0 (3.113a)

0 = −
∫ Xm

0

jp(x)
∂ϕw(x)

∂x
dx+ [jwϕw]Xm0 . (3.113b)

Eq. (3.74b) and Eq. (3.74a) are then substituted for proton flux jp(x) and water
flux jw(x) under the integration signs, respectively. Boundary conditions (3.46)
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Parameters of the simulations

Φa
e 0V

Φc
e ∈ [0V, 1.23V ]

RHL 50%
RHR 50%
pCCO2

∈ [0.2bar, 1.0bar]
T 50◦C

Table 3.1: Parameters used in the numerical simulations. Other parameters, e.g.
diffusivity and proton conductivity, have already been specified in Section 3.3. In
the experiments [14] the feeds were dry while both the effluents were saturated
with water vapor. RH in the channels is thus taken as average between the inputs
and outputs, i.e. equal to 50%. Partial pressure of oxygen was varied between
0.2bar and 1.0bar.

and (3.48) are substituted for proton fluxes jp at the boundaries. Since water is
not only created in the CCL but also transported to the CC, balance of water in
the CCL,

jw|Xm + ξ̇ORR = jw|CCL, (3.114)

has to be taken into account. Flux jw|Xm in this last equation stands for water
flux at the cathode edge of the membrane, ξ̇ORR = jp/2 is the rate of reaction
(3.45) and jw|CCL is the water flux given by (3.76). Water flux jw|Xm is then
substituted for the water flux at Xm in Eq. (3.113a). The test functions are
from the H1(0, Xm) Sobolev space, and the solution consists of functions Φ(x)
and aw(x) which also belong to that Sobolev space [31]. The weak formulation
of the problem follows:

Find Φ(x) and aw(x) from H1(0, Xm) such that:

Eqs. (3.113) hold for each ϕp(x) and ϕw(x) from H1(0, Xm). (3.115)

3.5.4 Numerical solution

To solve the problem (3.115), it is necessary to specify all the constants from
the boundary conditions explicitly. Boundary condition (3.46) requires specifying
electric potential at the anode end of the external circuit, Φa

e , and partial pressure
of hydrogen in the ACL, paH2

, on the anode side. Similarly, boundary condition
(3.48) requires electric potential at the cathode side of the external circuit, Φc

e,
and partial pressure of oxygen in the CCL, pcO2

. Finally, Eq. (3.110) has to be
solved at the boundary to obtain pcO2

from the oxygen partial pressure in the CC,
pCCO2

. This means that instead of prescribing pcO2
, pressure pCCO2

is set. Values of
these parameters used in the numerical simulations can be found in Table 3.1.
Besides these pressures, partial pressure of nitrogen in the CC was chosen so that
the total pressure is equal to 1bar in the channel. The fuel cell was considered
isothermal and temperature was set to 50◦C.

Problem (3.115) is then solved by finite element method implemented in the
FEniCS [56] environment with Lagrange elements of second order. The algebraic
equations resulting from the approximation of the Sobolev space are solved by a
Newton solver.
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Figure 3.5: I/V (or polarization) curves of the fuel cell for different coupling
coefficients. Partial pressure of oxygen in the CC was 0.2bar. The coupling
coefficients does not affect the limiting current (except for q = 0.99, where no
limiting current appears), but it alters slope of the curve.

Problem (3.115) needs the value of pcO2
to be given. But this pressure is

determined by solving Eq. (3.110) from partial pressure of oxygen in the CC. If
solution to this equation were substituted for pcO2

in boundary condition (3.48),
one would obtain an algebraic equation of third order in proton flux. Instead of
carrying on such substitution and solving the equation, the solution is obtained
numerically by a fixed-point iteration as follows.

The numerical solution is obtained so that pcO2
starts at an initial value (pCCO2

or pcO2
of a previous iteration). Problem (3.115) is then solved and proton flux is

calculated according to (3.74b). If the value is near enough to the value of the
flux calculated from Eq. (3.110), the solution has been reached. If not, pressure
pcO2

is altered as follows

pcO2,new
= pcO2,old

+ kO2(jCCp − jMEA
p ) (3.116)

where pcO2,new
is the new value of the pressure, pcO2,old

is the previous value, jCCp
is the proton flux given by Eq. (3.110) and jMEA

p is the proton flux determined
by solving problem (3.115).

3.5.5 Results

Problem (3.115) is solved as described in the preceding section for different values
of the coupling coefficient q. The resulting I/V curves are plotted in Fig. 3.5.

The I/V curve of a PEM fuel cell also depends on the oxygen partial pressure
(or molar fraction) in the CC, see Fig. 3.6.

Eventually, let us demonstrate how the electric potential of protons in the
membrane, Φ, varies through the fuel cell. In Fig. 3.7 the electric potential is
plotted for different values of the applied voltage. The potential is nearly zero
(indicated) near the anode edge of the membrane, and it decreases through the
membrane. At the cathode edge of the membrane, there is a wide gap between the
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Figure 3.6: I/V curves of the MEA for zero coupling coefficient, i.e. q = 0, and
varying mole fraction of oxygen in CC equal to 0.2, 0.5, and 1.0. The limiting
current is not present in the case of pure oxygen (or it appears for unrealistically
high currents) while it appears for lower mole fractions. The limiting current is
thus given by partial pressure of oxygen in the CC.

value of the electric potential in the membrane (proportional to the electrochem-
ical potential of protons in the membrane) and the value of the electric potential
in the electron-conductive part of the CCL (proportional to the electrochemical
potential of electrons therein). When there is no electric current passing through
the fuel cell, i.e. the cathode overpotential from Eq. (3.49) is zero, the gap is
given by Gibbs energy of formation of liquid water (assuming aw equal to unity).

Note that the model has to be regarded as a “toy model” for two reasons.
Firstly, it has not been compared with experiments. Secondly, several processes
were neglected. For example, creation of liquid water in the CCL and its evapo-
ration to the CCL was not assumed. To overcome this simplification, one should
consider for example the model from [86]. Moreover, the fuel cell was considered
isothermal although non-uniform temperature can also be treated on the level
of mechanical equilibrium efficiently as in [50]. Finally, as the gases are passing
through the fuel cell, their composition is varying, which is not included in the
1D approximation. All these drawbacks have to be solved at first before trying
to compare the model with experiments. The purpose of the model is to provide
means how to demonstrate the analysis of efficiency developed in the following
section.

3.5.6 Conclusion

A one-dimensional stationary non-equilibrium thermodynamic model of STR
PEM fuel cells has been developed. The model contains transport of oxygen
from the cathode channel (CC) to the cathode catalyst layer (CCL), which caus-
es that the fuel cell exhibits a limiting current. The model also contains coupling
between transport of water and protons inside the membrane, and the effect of
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this coupling is demonstrated.

56



3.6 Analysis of efficiency

Consider a device producing useful work, e.g. a fuel cell, that produces electricity.
Suppose that the device is in a steady state, i.e. its thermodynamic state is not
varying in time. It is difficult to overestimate importance of the two following
questions:

1. What is the maximum work possibly produced by the device?

2. The actual work is lower than the maximum work. Where exactly in the
device is the work being lost and how much exactly at each point of the
device?

An answer to the first question provides a measure of how efficient the device is.
An answer to the second question identifies parts of the device that should be
enhanced.

Answers to those two questions may seem to be provided by standard exergy
analysis presented for example in [10, 6, 11, 44], which has become a widely used
tool among engineers. See our paper [79] for review of applications of exergy
analysis. The total exergy destruction, which is proportional to the total entropy
production inside the device, is, according to the theory, the measure of lost work.
In particular, local entropy production rate indicates how much useful work is
being lost at each point of the device. Entropy production can be then minimized
by altering some parameters of the device, which leads to the minimum entropy
production method of optimization, see [49].

However, we show that the standard exergy analysis relies on an inherently
present assumption that resticts the range of validity of the theory. For example,
the theory ceases to apply in fuel cells with non-isothermal boundary. Therefore,
we develop a more general theory which covers also the cases where the standard
theory fails, and so provides answers to those two questions.

3.6.1 Standard exergy analysis

Let us at first briefly review some results of standard exergy analysis which can be
found for example in the following works: [10], [12], [6], [49] and [53]. Although
this section mainly reviews known facts, it is important to include it so that we
are able to compare the new theory with the standard theory efficiently.

Steady state

Let us consider a device in a steady state. The device is in contact with reservoirs
of both heat and matter and the device produces useful work (e.g. electricity).
Exergy analysis provides answers to the questions what is the maximum possible
useful work and where exactly the useful work is being lost. There is, however, an
assumption inherently incorporated into exergy analysis which restricts validity
of the theory to some extent. The assumption is identified later in this section
and a generalization of exergy analysis free of the assumption is then proposed
in Sec. 3.7.

A very precise formulation of exergy analysis was given by Adrian Bejan [10],
where also the enormous importance of exergy analysis was discussed. Let us
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briefly recapitulate the main results. Consider a device in thermal contact with
environments 0 . . . n, see our paper [79] for an illustration, and assume that the
device is in a steady state. Besides heat transfer also mass transfer occurs at
boundaries of the device.

Balance equations of energy and entropy of the device in a steady state can
be written as

0 =
dE

dt
=

n∑
i=0

∆Qi −∆W −
∫
∂V

∑
α

(hα + ϕα)jα · dS + ∆KE (3.117)

0 =
dS

dt
=

n∑
i=0

∆Qi

T i
−
∫
∂V

∑
α

sαjα · dS + dirrS (3.118)

where ∆W denotes steady state useful work being produced by the device, i.e.
energy leaving the device per unit of time. Symbol ϕα denotes potential energy
of species α, jα is mass flux of species α and ∆Qi denotes conductive heat flux
from the i-th environment into the device, e.g. transmitted by phonons. Symbol
∆KE denotes flux of kinetic energy into the device. Finally, sα denotes partial
specific entropy of species α, hα stands for partial specific enthalpy of the species,
see also (2.9), and dirrS is total entropy production in the device, i.e.

dirrS =

∫
V

σsdV (3.119)

with σs being entropy production, which can be evaluated at each point of the
device. Eliminating ∆Q0 from balance of energy (3.117) and balance of entropy
(3.118), a formula for useful work is obtained

∆W =
∑
i

(
1− T 0

T i

)
∆Qi

︸ ︷︷ ︸
heat exergy

−
∫
∂V

∑
α

(hα + ϕα − T 0sα)jα · dS + ∆KE︸ ︷︷ ︸
flow exergy

−T 0dirrS︸ ︷︷ ︸
exergy destruction

.

(3.120)
From the second law of thermodynamics, which can be formulated in the

sense that entropy production is non-negative, it follows that the maximum work
one can obtain from the device is given by this last equation with dirrS equal to
zero. That means that the maximum useful work is a function of the following
quantities

∆Wmax(∆Q
1, . . . ,∆Qn, jα|∂V , (hα + ϕα − T 0sα)|∂V ,∆KE). (3.121)

Thus, it is a function of all energy fluxes through the boundary except for ∆Q0.
Therefore, we can draw the conclusion that exergy analysis gives the maximum
useful work one can obtain from a device when heat flux from the environment
with temperature T 0 is not well controlled and when it is simultaneously the only
not well controlled energy flux through the boundary of the device. Indeed, heat
flux ∆Q0 is the only energy flux through the boundary of the device which is not
present in the final formula for maximum work (3.121).

The assumption that only ∆Q0 is not known is important because it restricts
validity of exergy analysis for example in fuel cells with non-isothermal boundary,
which is shown in the next section.
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On the other hand, if exergy analysis is applicable to the device, entropy
production σs evaluated at a point gives the amount of useful work which is
being lost at the point. This means that plotting σs at each point of the device
provides a map of losses which tells where exactly the useful work is being lost
and thus identifies places where optimization can be done. This provides a very
useful tool for efficient design of industrial devices, see for example [12, 49].

Note that if the boundary of the device is isothermal, i.e. there is only the
heat reservoir with temperature T 0, the formula for useful work (3.120) simplifies
to

∆W = ∆G− T 0

∫
V

σsdV (3.122)

if kinetic and potential energies can be neglected. ∆G denotes steady flux of
Gibbs energy of neutral species into the device

∆G = −
∫
∂V

∑
α∈n

µαjα · dS. (3.123)

Only neutral species have been incorporated into ∆G since Gibbs energy of the
charged species is supposed to be incorporated into the useful (electrical) work.
See Sec. 3.1 for more details. Therefore, exergy analysis implies that flux of Gibbs
energy into a device with isothermal boundary gives the maximum useful work
one can obtain from the device. This is a common point with the generalized
version of the theory formulated below.

Restriction of standard exergy analysis

In the context of standard exergy analysis, the maximum useful work was given
by a function of energy fluxes through the boundary except for heat flux from
environment at temperature T 0 and losses of the work were given by entropy
production, see formulas (3.121) and (3.120).

Consider now a device which has non-isothermal boundary (similarly to Sec.
3.6.1). What if one does not wish to express the maximum useful work in terms
of heat fluxes ∆Q1 . . .∆Qn because neither those fluxes nor ∆Q0 are known
a priori? In other words, expressing the maximum useful work in terms of heat
fluxes restricts validity of formula (3.121) because one may wish to seek a formula
for maximum useful work in a form where no heat fluxes are present. See Sec.
3.7.1 for an example where one does not wish to keep heat fluxes fixed.

In summary, there is an assumption inherently incorporated into exergy anal-
ysis which says that heat flux ∆Q0 is the only energy flux through boundary of
the device which is not well controlled. Consequently, this is the only energy
flux not present in the final formula for maximum useful work, (3.121), and if
one wishes to let also some other energy fluxes to be not well controlled, one can
not use the results of standard exergy analysis. In particular, entropy production
ceases to be the functional which should be minimized in order to maximize the
useful work as shown later in section 3.7.1. Similarly, if mass fluxes are not well
controlled, e.g. phase transitions, reactions occurring at the interface or when
leakages cannot be prevented, one could generalize the above idea with uncon-
trolled heat fluxes to take care of all uncontrolled fluxes accordingly. As the
procedure is analogous, we shall limit the analysis hereafter to the most typical
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case, i.e. uncontrollable heat fluxes through the boundary, and we propose a gen-
eralization of exergy analysis in the next section. Eventually, a general algorithm
of thermodynamic optimization is proposed in Sec. 3.7.3.

3.7 Generalization of exergy analysis

In the preceding section we recalled the standard results of exergy analysis on
maximum useful work that one can obtain from a device in a steady state. The
maximum work was a function of all energy fluxes through the boundary of the
device except for heat flux from the environment at temperature T 0. But what
if one does not wish to express the maximum work in terms of all those fluxes?

3.7.1 PEM fuel cells

Consider polymer-electrolyte membrane (PEM) fuel cells, which are very well
presented for example in book [7]. Fuel cell is a device which converts chemical
energy into electrical work. For example, hydrogen fuel cells convert chemical
energy of the reaction (3.38) into electrical energy. That is also why fuel cell
efficiency is usually expressed as6

η =
∆W ′

el

∆H
(3.124)

where flux of enthalpy into the fuel cell, i.e. enthalpy flux of the fuel (hydrogen,
oxygen and water flowing into the fuel cell) diminished by enthalpy flux of the
exhausts (water and unconsumed gases leaving the fuel cell), is calculated by
formula (3.23). Consequently, maximum useful work is the maximum electrical
work the fuel cell can produce from chemical energy of the fuel. In other words,
the maximum useful work should be expressed as a function of enthalpy flux into
the fuel cell

∆Wmax(∆H) (3.125)

letting heat fluxes between the fuel cell and its surroundings uncontrolled. There-
fore, formula (3.121), which follows from exergy analysis, is not consistent with
the notion of useful work in fuel cells because the maximum useful work of a fuel
cell should not depend, besides kinetic energy, on heat flux through the boundary.
As mentioned above, if the boundary is not isothermal, exergy analysis is thus
not compatible with the notion of useful work in fuel cells and a more general
theory should be used instead. Let us now proceed to the more general theory,
which was first noticed in [80] and which is re-derived here in a slightly more
convenient way7.

It has been shown that exergy analysis does not apply for fuel cells with non-
isothermal boundary. Let us, therefore, analyze a steady state fuel cell within
classical irreversible thermodynamics (CIT), which reviewed in Sec. 3.1 briefly.
The analysis proceeds in agreement with Sec. 3.7.3, where a general algorithm of
thermodynamic optimization is proposed.

6An alternative definition with enthalpy replaced by Gibbs energy is discussed later.
7as in our recent paper [79]
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1. Boundary of the fuel cell ∂V is defined to enclose both backings8, gas diffu-
sion layers and membrane-electrode assembly, see [7] or [50] for terminology.
It means that there are two electric contacts at the boundary, one at the
anode and one at the cathode, with the external circuit. Moreover, hydro-
gen, oxygen and water enter and leave the fuel cell through the boundary
of the backings.

2. Consequently, there are the following energy fluxes through the boundary,
see Fig. 3.8: energy flux due to flux of electrons from the anode contact to
the external circuit, energy flux due to electrons moving from the external
circuit to the cathode contact, energy flux due to flux of hydrogen into the
anode backing and possibly also out of the cathode backing (in case of fuel
crossover), energy flux due to flux of oxygen into the cathode backing and
possibly from the anode backing and energy flux due to flux of water in or
out of the anode or cathode backings. Besides all these fluxes, there is flux
of conductive heat, i.e. heat flux not accompanied by transport of matter9,
through the whole boundary. All these energy fluxes are incorporated in-
to balance of total energy (3.13), where they are also defined within the
framework of CIT.

Figure 3.8: An illustration of energy fluxes through the boundary of a PEM fuel
cell. The inner parts represent MEA with anode (left) catalyst layer, membrane
and cathode (right) catalyst layer. The outer parts represent backings through
which gases and liquids flow.

3. Efficiency is defined in the standard way (3.124).

4. We suppose that CIT is precise enough in order to describe all experi-
mental results in fuel cells. Note that it is straightforward to generalize
linear force-flux relations to incorporate also Butler-Volmer equation, see
Sec. 3.2. This is the only generalization of CIT we use here. It should be
borne in mind, however, that for high diffusion velocities, one should go
beyond the level of mechanical equilibrium or CIT using for example the
extended irreversible thermodynamics, see [46] and [81], or even GENERIC
if another phenomena become important, see [38] and [77]. Nevertheless,
no matter how detailed theory of non-equilibrium thermodynamics is used,
the procedure of thermodynamic optimization remains the same.

8AC and CC in the STR PEM FC
9except for electrons, entropy of which is incorporated into the measurable heat flux, see

Sec. 3.1 for more details
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5. According to equation (3.24), electrical work can be expressed as

∆W ′
el = ∆H −

∫
V

divj′qdV. (3.126)

This means that electrical work is given by enthalpy flux into the fuel cell
and by a functional (the second term on r.h.s.) which gives the map of
losses. Note that the map of losses is in fact given by heat sources inside
the fuel cell.

6. The map of losses may now be evaluated for a given set of boundary con-
ditions consistent with given value of ∆H. Note that it is not necessary to
set Dirichlet boundary conditions for fluxes of matter but one can use any
boundary conditions leading to the same value of ∆H.

7. To conclude the thermodynamic analysis, an iterative procedure should
follow now. Within the procedure only ∆H is kept fixed while material
parameters and boundary conditions of the fuel cell are varied. This way
the maximum electrical work may be found together with the map of losses
elucidating where exactly the useful work is being lost. Note, however, that
it is not necessary to find the global maximum of useful work, since it de-
pends on the possible ranges of material parameters, like heat conductivity,
or boundary conditions which may be varied. Anyway, if the useful work
is raised, the optimization serves its purpose. Note also that if a change
of boundary conditions or material parameters leads to a change in ∆H,
some information may still be gained as the new set of parameters (leading
to the new value of ∆H) may be compared with a different set leading to
the same value of ∆H.

We have shown that the standard definition of efficiency leads to a functional
quite different from entropy production, compare formulas (3.126) and (3.120),
and thus the proposed theory leads to different results than exergy analysis.

Instead of definition (3.124) it is possible to use an alternative definition with
flux of enthalpy replaced by flux of Gibbs energy, i.e.

η =
∆W ′

el

∆G
(3.127)

where ∆G is flux of Gibbs energy into the fuel cell calculated according to formula
(3.123). Stationary balance of entropy (3.14) can be written as

0 = −div

(
j′q
T

+
∑
α∈n

sαjα

)
︸ ︷︷ ︸

js,tot

+σs (3.128)

for fuel cells. Note that the terms inside divergence represent the total entropy
flux js,tot. Using this equation, the total measurable heat flux into the fuel cell
can be expressed as follows

∆Q′ = −
∫
∂V

(
T js,tot −

∑
α∈n

Tsαjα

)
· dS

=

∫
∂V

∑
α∈n

Tsαjα · dS−
∫
V

Tσs + js,tot · ∇TdV. (3.129)
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Using this last equation and equation (2.9), the measurable heat flux can be
eliminated from formula for electrical work (3.24), which gives

∆W ′
el = ∆G−

∫
V

Tσs + js,tot · ∇TdV. (3.130)

Both σs and js,tot in equation (3.130) can be easily evaluated in terms of heat flux,
diffusion fluxes and reaction rates, see Eq. (3.12). The integrand in Eq. (3.130)
is the sought map of losses if one wishes to keep ∆G constant.

Formula (3.130) might seem similar to the formula developed within exergy
analysis, (3.122), but there are some substantial differences. Indeed, the last
term in Eq. (3.130), js,tot · ∇T , is not negligible if high gradient of temperature
is present, see Sec. 3.7.2. Moreover, it is not σs but Tσs which is integrated over
volume of the fuel cell. Thus, the two formulas (3.122) and (3.130) are different,
and the difference is important if high gradients of temperature are present in
the fuel cell.

Note, however, that if the boundary of the fuel cell is isothermal, i.e. T∂V =
T 0, the expression for work developed using CIT, (3.130), becomes

∆W ′
el = ∆G− T 0

∫
V

σsdV (3.131)

which is identical to formula (3.122). Therefore, if the boundary of the fuel
cell is isothermal and Gibbs energy is to be kept constant at the boundary, the
proposed analysis of efficiency is equivalent to exergy analysis, which says that
the maximum work one can obtain from a fuel cell is equal to flux of Gibbs energy
into the fuel cell and that the work is being lost due to entropy production.

Moreover, using equation (3.12), one can discover that the functional in for-
mula (3.130) contains only entropy production due to diffusion, electric current
and electrochemical reactions, i.e.

∆W ′
el = ∆G−

∫
V

−
∑
α∈n

jα · ∇µα −
∑
α∈c

Iα · ∇Φα +
∑
r

ξ̇rÃrdV. (3.132)

Note that in the case of non-isothermal boundary, formula (3.130) does not
provide any a priori bound for the useful work. Indeed, even if entropy production
is equal to zero, the second term in the integral remains. Physically, it means
that even if we know the flux of Gibbs energy into the fuel cell and if no entropy is
being produced, heat fluxes through the fuel cell (between parts of the boundary
with different temperatures) may raise or reduce the useful work. The maximum
useful work is then obtained by some iterative procedure sketched above. In case
of isothermal boundary, however, the bound exists, see equation (3.131), where
the maximum useful work is obtained if entropy production is zero.

Since neither the optimization where ∆H is kept fixed at the boundary nor the
optimization where ∆G is kept fixed at the boundary provide an a priori bound
of useful work if the fuel cell has non-isothermal boundary, it is just a matter of
convenience whether one chooses the former or the latter approach. The former
has the advantage that it can be easily compared to work provided by heat engines
while the latter has the advantage that if the fuel cell works isothermally, it is
easily related to the experimental measurements, since the resulting voltage is
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then given by Gibbs energy flux into the fuel cell. Note also that if and only if
the boundary is isothermal, the latter approach gives the same results as exergy
analysis.

An isothermal STR PEM fuel cell

Let us now apply the foregoing analysis to the STR PEM fuel cell model developed
in Sec. 3.5. Since the fuel cell is considered isothermal, its boundary is isothermal
as well, and the standard exergy analysis may be used. In particular, the map of
losses is given by T 0σs with T 0 being the temperature of the fuel cell.

The lost work, T 0
∫ Xm

0
σs dx, in the fuel cell consists, in accordance with Eq.

(3.132), of the following contributions:

• Proton flux passing through the membrane:∫ Xm

0

−Fjp · ∇Φ dx (3.133a)

• Water flux passing through the membrane:∫ Xm

0

−jw · ∇µw dx =

∫ Xm

0

−RT
aw

jw · ∇aw dx (3.133b)

• HOR in the ACL:
jpF η̃

a (3.133c)

with η̃a given by Eq. (3.47)

• ORR in the CCL:
−jpF η̃c (3.133d)

with η̃c given by Eq. (3.49)

• Water flux between the ACL and the membrane:

−jw|ACL
(
µ•w +RT ln aw(0)− µ−	−w −RT ln

pACLw

p◦

)
= −Rjw|ACL ln

aw(0)

RHL

(3.133e)

• Water flux between the CCL and the membrane:

−Rjw|CCL ln
RHR

aw(Xm)
(3.133f)

The contributions are demonstrated in Fig. 3.9 for the coupling coefficient
equal to zero, oxygen pressure in the CC 0.2bar and various values of voltage.
The highest amount of useful work is clearly lost due to ORR in the CCL. The
next greatest source of losses is proton conduction in the membrane. All the
other sources are negligible compared with those two sources in that case.

For coupling coefficient q = 0.99 the situation is different as shown in Fig.
3.10. The loss due to proton conduction is highest due to the high drag caused by
water activity being lower at the anode side than at the cathode side (while pro-
tons moving in the opposite direction). The loss due to water transport through
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Figure 3.9: Map of losses (MoL) in the fuel cell with q = 0.0 and partial pressure
of oxygen in the CC equal to 0.2bar. Curves HOR and ORR represent the losses
due to HOR in the ACL, described by formula (3.133c), and the losses due to
ORR in the CCL, described by formula (3.133d), respectively. Curves H2OACL
and H2OCCL represent losses due to water transport between the membrane
and the ACL, given by Eq. (3.133e), and the CCL, given by Eq. (3.133f),
respectively. Finally, curves H2Omembrane and H+membrane represent losses
due to transport of water and protons through the membrane, given by Eq.
(3.133b) and (3.133a), respectively. Highest loss of useful work is caused by
ORR, followed by transport of protons through the membrane. Note that the
plateau is caused by the limiting current.
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Figure 3.10: Map of losses in the fuel cell with q = 0.99 and partial pressure of
oxygen in the CC equal to 0.2bar. The curves are specified in the caption of Fig.
3.9. In this case, transport of protons causes highest losses, followed by ORR.
The losses by water transport through the membrane are even negative since
water is transported to regions with higher chemical potential (to the cathode).

the membrane is even negative, which means that water moves in the direction
with higher chemical potential of water, i.e. to the cathode side10. The next high-
est loss of useful work is caused by ORR in the CCL. The coupling coefficient
can thus affect the sources of useful work losses to great extent.

Finally, formula (3.132) is checked. In Fig. 3.11 the useful work, flux of
Gibbs energy into the fuel cell, the total amount of losses, and the r.h.s. of Eq.
(3.132) are plotted for q = 0.0 and oxygen pressure 0.2bar. The curves ∆W
and ∆G −MoL, which represent the r.h.s. of Eq. (3.132), coincide, and so the
equation is verified. Useful work is thus equal to the flux of Gibbs energy into
the fuel cell diminished by the total amount of losses, which are given by Eq.
(3.132).

In summary, all sources of losses in the fuel cell were demonstrated for q = 0.0
and q = 0.99. It could be now a matter optimization to alter some parameters of
the fuel cell so that the losses are reduced, keeping ∆G constant. For example,
Fig. 3.9 indicates that the optimization should be targeted on the ORR for
q = 0.0. Finally, Eq. (3.132) was checked, which means that the useful work
delivered by the fuel cell is equal to the flux of Gibbs energy into the fuel cell
diminished by the total amount of losses given by the terms (3.133). Standard
exergy analysis, which works with Eq. (3.131), thus applies to isothermal fuel
cells.

3.7.2 A toy model of SOFC

In this section we illustrate the foregoing analysis on a 1D steady state toy model
of SOFC (solid oxide fuel cell). The map of losses is found and compared with

10This is inconsistent with the observations made in [14], where water always flows to the
anode. This inconsistency demonstrates the limitations of the 1D approximation.
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Figure 3.11: Total losses in the fuel cell with q = 0.0 and partial pressure of
oxygen in the CC equal to 0.2bar. Curve MoL denotes the total amount of losses
for given applied voltage (integral of the map of losses, i.e. the integral in Eq.
(3.132)). Curve ∆G represents the flux of Gibbs energy into the fuel cell. Curve
∆W represents the electrical work delivered by the fuel cell, i.e. voltage multiplied
by electrical current, per cm2. Finally, curve ∆G −MoL shows the difference
between the curve ∆G and curve MoL, which is the r.h.s. of Eq. (3.132). This
curve coincides with the curve ∆W , the l.h.s. of the equation. Eq. (3.132), which
has thus been verified.
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entropy production so that the difference between the generalized and standard
exergy analysis is revealed, and the above theoretical considerations are validated.

The model is a simplification of a SOFC model presented11 in master’s thesis
[94], and it has to be regarded as a toy model as it has not been validated by
experiments and because transport of gases is oversimplified so that it is easy to
formulate it on the level of mechanical equilibrium. As the goal of this section
is not to present the model but rather to elucidate the foregoing analysis, we
introduce the model very briefly. We refer the interested reader to the mentioned
master thesis for detailed formulation of the model.

The fuel cell consists of an anode (left), an electrolyte (middle) and a cathode
(right) as well as the fuel cell illustrated in Fig. 3.8 without the backings. The
main difference between the PEM fuel cell in Fig. 3.8 and the solid oxide fuel
cell described by this toy model of SOFC is that water is created in the anode
according to reaction (3.31) and that oxygen is consumed by reaction (3.39).
Moreover, we do not consider any crossover effects, which means that hydrogen
and water vapor are present only in the anode while oxygen is present only in the
cathode. Oxygen anions are transported to the left through all parts of the fuel
cell while electrons are transported only in the anode and in the cathode (also to
the left). Electrons from an external circuit enter the fuel cell at the boundary of
the cathode and they leave the fuel cell from the boundary of the anode. Besides
these fluxes of matter, measurable heat flows through the whole fuel cell. These
are all physical processes that are taken into account in the model.

The processes are modeled on the level of mechanical equilibrium, rates of the
electrochemical reactions are modeled in Sec. 3.2. All fluxes are proportional to
the corresponding forces as in the force-flux relations (3.4). In particular, fluxes of
the gases are proportional to gradients of corresponding chemical potentials, and
the chemical potentials are approximated by ideal gas chemical potentials, see [5].
Fluxes of ions and electrons are proportional to gradients of electric potentials of
ions and electrons, respectively. Finally, measurable heat flux is proportional to
gradient of temperature. This way, balance equations of hydrogen, oxygen and
water concentration and balance of total energy form a closed set of 1D partial
differential equations. These equations were solved within the FEniCS simulation
package [56] by the finite element method.

Let us now take a look at results of the simulation. At first we chose the
following boundary conditions: Electric potential drop V across the fuel cell
was 0.8V . At the boundary of the anode partial pressures of hydrogen and water
vapor were 0.5bar, and at the other boundary partial pressure of oxygen was 1bar.
Temperature at both boundaries was set equal to 1073K, i.e. the boundary was
isothermal and formula (3.131) applied. Indeed, we obtained from the simulation
that electric current I was equal to 503 A

m2 , which implies electric power

W ′
el = V · I = 402.3

W

m2
. (3.134)

Moreover, flux of Gibbs energy into the fuel cell, ∆G, was 492.0 W
m2 and the lost

11The model from the thesis was altered a little as follows. The dusty-gas model was approx-
imated by simple Fickian law for diffusion, i.e. only gradients of partial pressures were taken
into account. Moreover, formula for enthalpy was corrected so that it is consistent with formula
(2.9).
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work,

T 0

∫
V

σsdV, (3.135)

was equal to 89.7 W
m2 , which is equal to the difference between ∆G and W ′

el. The
only assumptions that were used to obtain W ′

el, ∆G and the map of losses, which
altogether satisfy relation (3.131), were that electrical work is defined as (3.21)
and that mechanical equilibrium can be used.

Where exactly did the useful work get lost in the fuel cell? The answer to this
question is given by map of losses, which is proportional to entropy production in
this case (bear in mind that the boundary is isothermal). Entropy production is
plotted in Fig. 3.12. The useful work is clearly lost mainly due to electrochemical
reactions, which take place mostly in the electrodes near the electrolyte. This
conclusion can be verified by plotting entropy production due to the reactions
directly.
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Figure 3.12: Entropy production in a fuel cell with isothermal boundary. Most
entropy is being produced by electrochemical reactions in the electrodes. Since
for isothermal boundary the map of losses is proportional to entropy production,
most useful work is being lost due to the reactions.

Temperature at the boundary of the anode was then decreased by 5K, and
the equations were solved with this new boundary condition. The boundary was
not isothermal any more, and so the more precise formula (3.130) had to be used.
Electrical work became W ′

el = 397.5 W
m2 and flux of Gibbs energy ∆G = 485.3 W

m2 .
The lost work, ∫

V

Tσs + js,tot · ∇TdV, (3.136)

was equal to 87.8 W
m2 , which is exactly the difference between ∆G and W ′

el as
expected. The map of losses given by equation (3.130) thus predicts the lost
useful work precisely unlike exergy destruction (see below). As well as in the
isothermal case, the only assumptions necessary for this verification were that
electrical work is given by (3.21) and that mechanical equilibrium can be applied.

As well as in the case of isothermal boundary, we can ask where exactly in the
fuel cell the useful work gets lost, and the answer is again provided the map of
losses, i.e. the integrand of formula (3.136). One can see in Fig. 3.13 that curves
for exergy destruction, T 0σs, and for Tσs coincide. The term js,tot ·∇T is negative
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and similar in magnitude to Tσs, and this term causes the big difference between
the actual map of losses (MoL) and exergy destruction. Indeed, although most
entropy is now being produced by heat flux in the electrolyte, most useful work
is still lost due to the electrochemical reactions.

Figure 3.13: Analysis of map of losses for non-isothermal boundary. The curves
for T 0σs and Tσs coincide. The term js,tot · ∇T is negative and similar in magni-
tude to Tσs. This term is quite important because it is responsible for the huge
difference between the actual map of losses (MoL) and exergy destruction, T 0σs.
Most entropy is now being produced by heat flux in the electrolyte. In other
words, most exergy is being destroyed in the electrolyte. However, the map of
losses indicates that most useful work is being lost by the electrochemical reac-
tions in the electrodes as well as in the isothermal case. The standard exergy
analysis is thus inapplicable in this case.

In summary, the generalization of exergy analysis has been illustrated on a
toy model of 1D steady state SOFC. For isothermal boundary, both standard
and generalized exergy analyses coincide as they should because they predict the
same maps of losses (formula (3.131)). On the other hand, for non-isothermal
boundary there is a significant difference between exergy destruction and the map
of losses predicted by the generalized exergy analysis, see Fig. 3.13 as most useful
work is lost due to electrochemical reactions in the electrodes (as well as in the
case of isothermal boundary) while most exergy is destroyed (or most entropy is
produced) by heat flux through the electrolyte. Therefore, the standard exergy
analysis should not be used in case of non-isothermal boundary, and it is vital to
adopt the generalized analysis.

3.7.3 General algorithm of thermodynamic optimization

Let us now summarize the above analysis of efficiency and suggest an algorithm
of thermodynamic optimization based on the map of losses:

1. Define the system and its boundary ∂V .
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2. Identify energy fluxes through ∂V . All steady state energy fluxes have to
sum up to zero in order to fulfill the law of conservation of energy.

3. Define efficiency. Based on this definition, identify which energy fluxes
through the boundary of the device should be kept fixed during the opti-
mization.

4. Choose a level of description within non-equilibrium thermodynamics. In
this step the set of state variables has to be chosen. The set of state variables
then corresponds to an appropriate non-equilibrium thermodynamic theory.
For examples, for densities, temperature and barycentric velocity one should
use CIT [28]. In mechanical equilibrium, where barycentric velocity is no
longer among state variables, one would prefer the theory presented in book
[48]. If, however, diffusion velocities are large enough, extended irreversible
thermodynamics [81] is the appropriate theory. The level of description has
to be also compatible with the energy fluxes chosen in step 2 in the sense
that energy fluxes should be formulated within the chosen thermodynamic
theory.

5. Express useful work in terms of the energy fluxes present in definition of
efficiency from step 3, which are kept constant, and in terms of a map of
losses. This is the crucial and the most difficult step, since non-equilibrium
theory of mixtures has to be employed. For example, in fuel cells this step
leads to formula (3.130), from which it follows that the map of losses is the
integrand in the second term on r.h.s. of the formula.

6. Evaluate the map of losses. This reveals where exactly useful work is being
lost.

7. Modify boundary conditions or parameters, e.g. material parameters, of
the device so that the energy fluxes through the boundary which are to be
kept constant remain fixed, and reevaluate the useful work and the map of
losses. If the new useful work is higher than the preceding, the new choice of
boundary conditions and parameters should be preferred to the preceding.
The new map of losses suggests at which place of the device an another
iteration of the optimization should be focused.

Note that information is gained even if the new set of boundary conditions
and parameters leads to different values of the energy fluxes through the
boundary which are to be kept constant. Indeed, if yet another set of
boundary conditions or parameters leads to the same value of the energy
fluxes, those two sets may also be compared. This way, one would optimize
the device for different values of the energy fluxes.

3.7.4 Importance in engineering

Exergy analysis or its generalization are very useful tools for any engineer working
with a continuous thermodynamic model of an industrial device. For example, in
case of fuel cells, efficiency is usually evaluated from voltage produced by the fuel
cell. This is perfectly consistent with the definition of fuel cell efficiency (3.124),
but it does not provide the local map of losses. In other words, when one calculates
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what the voltage will be using a continuous model, one knows the efficiency but
one does not know where exactly the efficiency will be lost. To find out such
information rigorously, one should evaluate the map of losses, which is given by
entropy production in the standard exergy analysis or by a similar functional in
the generalized theory. If the continuous model is thermodynamically consistent,
e.g. fulfills condition (3.14) in steady state, the map of losses may be evaluated
straightforwardly without any modification of the model.

With the map of losses, one can reveal where exactly in the device some
enhancements are needed so that the total efficiency raises.

3.7.5 Conclusion

Results of exergy analysis were reviewed in Sec. 3.6.1, and all assumptions behind
the theory were identified. It was shown that for fuel cells with non-isothermal
boundary one of the assumptions is not fulfilled in general. Consequently, a
general algorithm of thermodynamic optimization not relying on the assumption
any more was formulated in Sec. 3.7.3 and illustrated in sections 3.7.1 and 3.7.2.
Moreover, it was demonstrated on saline power plants and heat engines in our
paper [79]. The generalization of exergy analysis is shown to be essential for
non-isothermal fuel cell as shown in Sec. 3.7.2.

It should be stressed that whichever method (standard exergy analysis or the
newly proposed method) is used, the outcome is of crucial importance for any
engineer who predicts behavior of an energy producing device using a continu-
ous thermodynamic model because, besides calculating the maximum work, it is
possible to reveal where exactly in the device useful energy is being lost.
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4. Equilibrium Thermodynamics

Equilibrium thermodynamics, very well described for example in classical text-
books [53] and [19], is the most macroscopic level of description, where no more
evolution is present. The state variables are total energy (or entropy), volume
and mass (or number of moles) of each species. Since this level is the oldest part
of thermodynamics [55], it is also the most developed part of the theory. Results
of equilibrium thermodynamics have been used implicitly or explicitly at many
occasions in this work. Refer to our paper [81] for terminology and derivation of
those results, which are not derived in this work.

This section consists of two parts. In Sec. 4.1 equilibrium properties of Nafion
membranes are studied, which were necessary in Sec. 3.4. In Sec. 4.2 open circuit
voltage (OCV) of vanadium redox flow batteries (VRFB) is derived, and that
section constitutes more or less our paper [82], which has been submitted to the
Journal of Power Sources but has not been reviewed at the time of writing yet.

4.1 Equilibrium water sorption in Nafion mem-

branes

4.1.1 Water uptake

The amount of water in a Nafion membrane is usually expressed in terms of water
uptake λ, which is defined as the ratio of the number of moles of water in the
membrane to the number of moles of SO3 groups in the membrane

λ =
molH2O

mol SO3

. (4.1)

The dependence of water uptake on relative humidity of the environment in which
the membrane is immersed has been measured many times. However, not all
experimentally obtained dependencies are equivalent. There are two basic groups
of the experimental results, one where λ ≈ 14 for saturated water vapor, i.e.
RH = 100%, see e.g. [89], the other where λ ≈ 21, see e.g. [45]. These two groups
are clearly inconsistent with each other. Water uptake of a Nafion membrane
equilibrated with liquid water is approximately 22, see [100], which is compatible
with the latter group, while the former group thus exhibits the so called Schröder’s
paradox.

Let us now explain the paradox. Consider two Nafion membranes, one equi-
librated with liquid water and the other with saturated water vapor at the same
pressure and temperature. Chemical potential of pure liquid water is equal to
chemical potential of the saturated water vapor, and chemical potential of water
in the membrane is equal to chemical potential of water in the surroundings after
equilibrium has been reached. Therefore, chemical potential of water in the mem-
brane equilibrated with liquid water is the same as chemical potential of water
in the membrane equilibrated with saturated water vapor.

Conditions of thermodynamic stability require the second derivative of Gibbs
energy of the membrane with respect to water content to be positive, see for
example [53]. Since chemical potential of water in the membrane is the first
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Figure 4.1: Water uptake as a function of water activity (or RH).

derivative, it has to be a monotonous function of water content. Hence, water
uptake is a monotonous function of chemical potential and water uptakes in the
two membranes also have to be equal as well, which contradicts the observation
that λ = 14 for membranes equilibrated with saturated water vapor. This is a
reason why the experiments without Schröder’s paradox, i.e. with λ ≈ 21 for
saturated water vapor, are preferred in this work.

It should be borne in mind, however, that there are also theories supporting
Schröder’s paradox, where either surface effects play a role [25, 34] or where
chemical potential of water is a non-monotonous function of water uptake [29].
The former works, however, often suffer from the impossibility to describe a
membrane equilibrated on one side with liquid water and with saturated water
vapor on the other side as they often predict non-zero water flux in such case.
The latter works indicate an instability, e.g. phase transition taking place in the
membrane, see [19].

In this work water uptake is taken from [45] for high RH and from [89] for low
RH. As Jeck et al. [45] pointed out, a substantial part of water uptake from vapor
appears for very high RH, which is the reason for such combination of sorption
curves, see figure 4.1 for the data. According to that paper, Schröder’s paradox
is just an experimental artifact caused by not reaching sufficiently high RH. On
the figure there is also a fitted function λ(aw) of the form

λ(aw) = −180402 + 194743eaw −
−15265e2aw + 924e3aw −
−166977aw − 70904a2

w −
−16833a3

w − 0.0185816. (4.2)

This function is implemented in the time-dependent simulation in Section 3.4.

Activity of water and relative humidity are often taken as equivalent in this
section. Is this equivalence consistent with thermodynamics? Indeed, it is as
will be shown right away. Consider a membrane filled with water which is in
equilibrium with water vapor in which the membrane is immersed, and suppose
that the vapor can be treated as an ideal gas. The equilibrium between water
in the membrane and water in the vapor is expressed as equality of chemical
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potentials of the two kinds of water

µ•w +RT ln aw = µ−	− +RT ln
pw
p◦

(4.3)

where on the l.h.s. the standard state is the chemical potential of pure liquid
water while on the r.h.s. the standard state is the chemical potential of pure
water vapor at standard pressure and given temperature. Equilibrium of pure
liquid water and pure water vapor is then expressed as

µ•w = µ−	−w +RT ln
psatw

p◦
(4.4)

where psatw is the saturated water vapor pressure at given temperature. Equality
(4.3) can be then rewritten as

aw =
pw
psatw

≡ RH, (4.5)

where the definition of relative humidity was employed. Therefore, activity of wa-
ter in the membrane equilibrated with water vapor with certain relative humidity
is equal to the relative humidity.

Note however, that RH is equal to activity of condensed water in the mem-
brane and not to the activity of water vapor defined in the standard thermody-
namic sense as

µgw = µ−	− +RT ln agw = µ−	− +RT ln
pw
p◦

(4.6)

with µgw being chemical potential of the vapor.
Water uptake can be converted to concentration of water (with unitsmol cm−3).

Dimension of the concentration is

[c] =
molH2O

cm3
=
molH2O

mol SO3

mol SO3

gNafion

gNafion
cm3

, (4.7)

and thus

c = λ · 1

EW
· ρNafion (4.8)

where EW is the equivalent weight, which expresses weight of the Nafion polymer
per 1mol of SO3 groups, see [63], and ρNafion is density of the Nafion polymer
in the swollen membrane.

4.1.2 Swelling

Besides the dependence of water uptake on water activity one also needs to know
how shape of the membrane varies during the sorption in order to be able to take
swelling into account properly. Strain of the membrane is defined as

ε =
dx− dX

dX
, (4.9)

dx being a short segment of the swollen membrane and dX a short segment of
the dry membrane. This equation can be rewritten as

dx = (1 + ε) dX. (4.10)
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Figure 4.2: Strain of EW 1100 Nafion membrane at 30◦C taken from [102].

Assuming isotropic swelling, the experimental dependence of strain on relative
humidity was published in [102]. The experimental data can be fitted, see figure
4.2, as

ε(aw) = 0.168426aw − 0.314683a2
w + 0.287563a3

w. (4.11)

4.1.3 Thickness and density

Having the swelling and water uptake as functions of water activity (or relative hu-
midity) it is now easy to calculate thickness and density of dry Nafion membranes.
Such calculation is needed because thicknesses and densities of the membranes
are usually measured at RH = 50%. For example in [1] thickness and density of
Nafion 115 were determined at RH = 50% and 23◦C to be ρN115 = 1.969gcm−3

and tN115 = 127µm. Nafion N1110 has the same density as N115 and its thickness
is tN1110 = 254µm. Using formula (4.11), thickness of dry Nafion N115 is given
by

tN115,dry =
tN115

1 + ε(0.5)
= 121.6µm, (4.12)

and thickness of dry Nafion N1110 is

tN1110,dry =
tN1110

1 + ε(0.5)
= 243.3µm. (4.13)

To find density of dry Nafion, one can start with realizing that mass of water
in the swollen Nafion can be expressed as

mw = Mw
λ

EW
mmembrane,dry = Mw

λ

EW
ρdryVdry (4.14)

where ρdry and Vdry are density and volume of the dry Nafion, respectively, and
Mw is the molar mass of water. Vdry is related to volume of the membrane at
RH = 50% by

VRH=50% = (1 + ε(0.5))3Vdry. (4.15)

Mass of the swollen Nafion is then equal to the sum of mass of the polymer and
mass of water swollen in the polymer

ρRH=50%VRH=50% = ρdry
VRH=50%

(1 + ε(0.5))3

(
1 +

Mwλ(0.5)

EW

)
(4.16)
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so that density of the dry Nafion is

ρdry =
(1 + ε(0.5))3ρRH=50%

1 + Mwλ(0.5)
EW

. (4.17)

Density of dry Nafion N115 is equal to

ρN115,dry = ρN1110,dry = 2.12
g

cm3
, (4.18)

which is also equal to density of dry Nafion N1110 as these two types of Nafion
only differ by thickness, see [63] for the naming conventions. Finally, note that
density of the polymer itself, i.e. without water, can be calculated from the dry
density as

ρNafion =
ρdry

(1 + ε)3
. (4.19)

4.2 Thermodynamic derivation of open circuit

voltage in vanadium redox flow batteries

4.2.1 Introduction

Vanadium redox flow batteries [92, 91] (VRFB) represent a promising way for
storing electrical energy. In many aspects they are similar to fuel cells, where
electric energy can also be stored into or produced from fuel (e.g. hydrogen).
In VRFB, however, the energy is stored in the electrolytes. A VRFB single-cell
consists of a positive half-cell, where V IV ions are oxidized to V V when charging,
and of a negative half-cell, where V III is reduced to V II when charging. The two
half-cells are separated by a membrane through which either cations or anions
are transported. The former kind of membrane is referred to as cation-exchange
(catex) membrane while the latter as anion-exchange (anex) membrane. The
half-cells are also connected through an external circuit, which enables the flow
of electrons (i.e., electric current).

The battery voltage, i.e. difference of the electrochemical potentials of elec-
trons in the positive and the negative half-cell, is measured on the clamps of the
cell. How does the voltage depend on the state of charge (SOC) of the battery
in a steady state when no current is passing through the circuit? In other words,
how does the open circuit voltage (OCV) depend on SOC? Although this fun-
damental question has been addressed many times due to its high importance,
it seems that the precise quantitative description for the dependence of OCV on
SOC has not been found so far, and this is the goal of this work.

Usually, the dependence of OCV on SOC is derived from Nernst relation
[5, 51]. Probably the most frequently used dependence in literature is

Eusual = E◦ +
RT

F
ln
cP
V O+

2

cNV 2+(cPH+)2

cPV O2+cNV 3+

(4.20)

where cPα stands for concentration of species α in the positive electrolyte (N stands
for negative). However, several possible dependencies have been suggested in the
literature. For example, Al-Fetlawi et al. suggest a simple form where only
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concentrations of vanadium ions are present. Corcuera and Skyllas-Kazacos [26],
Heintz and Illenberger [39] and Hudak [42] include also concentration of protons
in the positive half-cell (as in formula (4.20)) as well as Knehr and Kumbur [51],
who moreover suggest the inclusion of Donnan potential due to different proton
concentrations in both electrolytes. In all these works it was assumed that activity
coefficients of all species taken into account can be neglected (i.e. be equal to
unity). Is it possible to derive any even more accurate formula describing the
OCV as a function of SOC?

This question is answered by equilibrium thermodynamics. Indeed, the Nernst
relation itself [5, 70] is derived from thermodynamics. So what if we do not start
with any form of Nernst relation but rather with thermodynamic equality of elec-
trochemical potentials? This is the way followed in this manuscript. At first,
conditions for the steady state where OCV is measured are carefully stated and
complete electrochemical potentials of all species participating on the electro-
chemical reactions are written down. Consequently, a Nernst relation for VRFB
is derived. In the derivation careful attention is paid to the definition of stan-
dard states so that thermodynamic data are used consistently. The here derived
Nernst relation is different from the Nernst relations mentioned above, and it is
free of any possible inconsistencies (at least in the form with activities), since it
is derived directly from thermodynamics. Therefore, thermodynamics yields the
final form of Nernst relation.

The thermodynamic Nernst relation is compared to our own experimental
data1and good agreement is demonstrated. It is also shown how non-ideality
affects the Nernst relation considerably, and a formula for the activity coefficients
is proposed based on the Debye-Hückel theory [5]. Finally, it is shown that VRFB
with an anex membrane follows a different Nernst relation than a battery with
a catex membrane since bisulphates are equilibrated in the former case while
protons are equilibrated in the latter case. To the best of author’s knowledge this
behavior has not been yet presented.

In summary, Sec. 4.2 provides careful thermodynamic derivation of Nernst
relations for VRFB with both anex and catex membranes. Interestingly, these
two Nernst relations are different since different species are equilibrated in both
cases. The forms of the Nernst relations in terms of activities are free of any
possible inconsistencies as there is no way how to enhance them (at least in
the steady state), since otherwise they would not agree with thermodynamics.
Uncertainties are introduced when rewriting activities in terms of concentrations
or molalities and activity coefficients, since activity coefficients for the considered
electrolytes are not available in general. However, a first approximation of the
activity coefficients based on the Debye-Hückel theory is proposed. The here
derived Nernst relations show good agreement with experimental data.

1Experiments were carried out at the New Technologies Research Centre, University of West
Bohemia by Petr Mazur, co-author of paper [82], and at Fraunhofer ICT, Pfinztal by Frank
Wandschneider, an another co-author of the paper. Author of this work did not assist with the
experiments.
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4.2.2 OCV for catex membranes

This section provides a thermodynamic calculation of OCV in all-vanadium VRFB
with cation exchange membrane at standard temperature and pressure. The OCV
is calculated in two ways differing in definition of the reference voltage. Both
ways, however, are equivalent as they give the same dependence of OCV on SOC.

General Nernst relation

During discharging the following electrochemical reactions take place in the bat-
tery, see e.g. [51],

• Positive half-cell:

V O+
2 + e− + 2H+ → V O2+ +H2O (4.21)

• Negative half-cell:

V 2+ → V 3+ + e− (4.22)

As shown in Sec. 2.1.3, electrochemical reactions are driven by their elec-
trochemical affinities, which are negatives of the corresponding reaction Gibbs
energies. An electrochemical reaction then proceeds in the direction from left
to right if and only if its electrochemical affinity is positive, and in the opposite
direction if the affinity is negative. In particular, it does not proceed in any di-
rection (or it proceeds in both directions with the same rates) if and only if the
affinity is zero.

Electrochemical affinity in the positive half-cell, which is equal to minus the
corresponding reaction Gibbs energy written with electrochemical potentials, is
defined as

AP = µ̃P
V O+

2
+ µ̃Pe− + 2µ̃PH+ − µ̃PV O2+ − µ̃PH2O

(4.23)

where µ̃α is electrochemical potential of species α, see for example [28], [5] or
[79]. Superscripts P denote that the species are present in the positive half-
cell. Note that this affinity is positive during discharging while negative during
charging. Let us now have a closer look at the electrochemical potentials. Firstly,
electrochemical potential of water is equal to chemical potential of water as water
is not charged. Secondly, electrochemical potential of electrons can be identified
with electric potential Φ as follows

µ̃H2O = µH2O and µ̃e− = −FΦ. (4.24)

See 3.1.1 for more details on the relation between electric and electrochemical
potentials. Altogether, electrochemical affinity in the positive half-cell becomes

AP = µ̃P
V O+

2
− FΦP + 2µ̃PH+ − µ̃PV O2+ − µPH2O

. (4.25)

Analogically, the electrochemical affinity in the negative half-cell reads

AN = µ̃NV 2+ − µ̃NV 3+ + FΦN . (4.26)
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Voltage of the battery can be then expressed as

E = ΦP−ΦN =
1

F

(
µ̃P
V O+

2
+ 2µ̃PH+ − µ̃PV O2+ − µPH2O

+ µ̃NV 2+ − µ̃NV 3+

)
− 1

F

(
AP +AN

)
.

(4.27)
Note that during discharging both the electrochemical affinities are positive which
reduces the voltage provided by the battery. When the external circuit is dis-
connected and if we assume steady state, the electrochemical reactions do not
proceed and, therefore, the electrochemical affinities are zero and the formula for
OCV reads

E =
1

F

(
µ̃P
V O+

2
+ 2µ̃PH+ − µ̃PV O2+ − µPH2O

+ µ̃NV 2+ − µ̃NV 3+

)
. (4.28)

Moreover, protons can not move through the membrane because otherwise they
would violate the steady state. Hence, electrochemical potential of protons has
to be the same in both half-cells

µ̃PH+ = µ̃NH+ . (4.29)

This equation expresses equilibrium between the half-cells separated by a catex
membrane. Equation (4.28) represents the general form of Nernst relation in
VRFB, where the electrochemical potentials still have to be specified. But let us
at first have a look at standard electrode potentials in VRFB.

Positive half-cell with reference electrode

Consider the positive half-cell connected with a reference hydrogen electrode,
where the following reaction proceeds

H2 → 2H+ + 2e−. (4.30)

Electrochemical affinities are then

AP = µ̃P
V O+

2
− FΦP + 2µ̃PH+ − µ̃PV O2+ − µPH2O

(4.31)

for the positive half-cell and

AH = µH2 + 2FΦH − 2µ̃HH+ (4.32)

for the hydrogen electrode. OCV of such cell is then given by

EP,H = ΦP −ΦH =
1

F

(
µ̃P
V O+

2
+ 2µ̃PH+ − µ̃PV O2+ − µPH2O

+
1

2
µH2 − µ̃HH+

)
. (4.33)

Condition (4.29) also applies in the steady state, i.e.

µ̃PH+ = µ̃HH+ . (4.34)

Moreover, from chemical equilibrium between water and protons and hydroxyl
anions, we obtain

µH2O = µ̃H+ + µ̃OH− . (4.35)
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Finally, chemical potential of hydrogen is zero in the standard state by definition
as well as the standard chemical potential of protons, see for example [5],

µ◦H2
= 0 and µ◦H+ = 0. (4.36)

Therefore, OCV becomes

EP,H =
1

F

(
µ̃P
V O+

2
− µ̃PV O2+ − µ̃POH−

)
. (4.37)

Expressing electrochemical potentials with respect to (3.9) then leads to

EP,H = EP,◦ +
RT

F
ln

aP
V O+

2

aPV O2+aPOH−
(4.38)

where standard electrode potential of the positive half-cell is defined as

EP,◦ =
1

F

(
µ◦
V O+

2
− µ◦V O2+ − µ◦OH−

)
. (4.39)

Note that EP,◦ is independent of composition, since it is measured in the limit of
zero molality, see for example [5].

Using standard chemical potentials from [97], the standard electrode potential
of the positive half-cell becomes

EP,◦ = 0.17V (4.40)

where the following values were used that

∆fG
◦
V O+

2
= −587kJ/mol and ∆fG

◦
V O2+ = −446.4kJ/mol. (4.41)

Standard chemical potential of hydroxyl anions is given in formula (B.17).
The value of standard electrode potential (4.40) differs from the standard

electrode potential for the positive electrode given for example in [17]. The reason
is that chemical potential of water is replaced by chemical potential of protons
and hydroxyl anions according to formula (4.35). Indeed, if we do not make this
replacement, we obtain by the same procedure as above a different but equivalent
form of the Nernst relation

EP,H
H2O

= EP,◦
H2O

+
RT

F
ln

aP
V O+

2

aPH+

aPV O2+aPH2O

(4.42)

with standard electrode potential

EP,◦
H2O

=
1

F

(
µ◦
V O+

2
− µ◦V O2+ − µ◦H2O

)
= 1.000V. (4.43)

This value is calculated from the corresponding Gibbs energies of formation and
it is equal to the commonly used standard electrode potential of the positive
electrode from [17], see for example [51, 26, 39]. Note that it is important to
realize from which standard chemical potentials standard electrode potentials are
constructed before using them. The form (4.38) has the advantage to (4.42) that
it contains less activities and so less activity coefficients have to be determined.
Nevertheless, both forms (4.38) with (4.40) and (4.42) with (4.43) are equivalent
and consistent.
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Negative half-cell with reference electrode

Consider now the negative half-cell connected with a reference hydrogen electrode.
The calculation is analogical to the preceding section. OCV can be expressed as

EN,H = ΦN − ΦH = EN,◦ +
RT

F
ln

aNV 3+

aHH+aNV 2+

(4.44)

with standard electrode potential equal to

EN,◦ =
1

F
(µ◦V 3+ − µ◦V 2+) = −0.256V (4.45)

because
∆fGV 3+ = −242kJ/mol and ∆fGV 2+ = −218kJ/mol (4.46)

according to [40]. This value of standard electrode potential is compatible with
the commonly used standard electrode potential of the negative electrode from
[17]. Note that activity of protons in the negative half-cell is present in the
formula (4.44) instead of activity in the positive half-cell because the condition

µ̃NH+ = µ̃HH+ (4.47)

was used in order to get rid of the Maxwell potential difference, see 3.1.1.

Final form of Nernst relation

Now we are in a position to write down the final form of Nernst relation for the
whole VRFB

E = ΦP − ΦN = EP,H − EN,H = EP,◦ − EN,◦ +
RT

F
ln

aP
V O+

2

aNV 2+aNH+

aPV O2+aNV 3+aPOH−
. (4.48)

Assuming all activity coefficients equal to 1, this formula becomes

E = EP,◦ − EN,◦ +
RT

F
ln

bP
V O+

2

bNV 2+bNH+

bPV O2+bNV 3+bPOH−
(4.49)

where bα is molality of species α, see formula (3.9). Formula (4.49) can be easily
plotted against SOC and compared with experimental data.

Using equation (4.42) instead of equation (4.38), the formula for OCV becomes

E = E◦H2O
+
RT

F
ln
aP
V O+

2

aNV 2+aPH+aNH+

aPV O2+aNV 3+aPH2O

(4.50)

where the reference electrode potential is defined as

E◦H2O
= EP,◦

H2O
− EN,◦. (4.51)

Formula (4.50) is close to the commonly used Nernst relations, e.g. [51], but it
still differs. Firstly, it contains activity of water in the positive half-cell, which
has not been considered to best of author’s knowledge in the literature so far.
However, the activity does not vary much during charging the battery as can
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be easily calculated (when approximating the activity coefficients by unity), and
this term does not affect the resulting dependence of OCV on SOC appreciably.
Secondly, instead of square of proton activity in the positive half-cell, see [51], the
Nernst relation contains activity of protons in the positive half-cell and negative
half-cell, which already makes appreciable difference as shown in Section 4.2.2.
Finally, assuming all activity coefficients equal to one, formula (4.50) becomes

E = E◦H2O
+
RT

F
ln
bP
V O+

2

bNV 2+bPH+bNH+

bPV O2+bNV 3+bPH2O
b◦
. (4.52)

Both equations (4.48) and (4.50) are precise in the sense that they hold exactly
for steady state VRFB with disconnected external circuit. In particular, there
is no way how to incorporate any other activities into the equations because
otherwise the formulas would not be consistent with thermodynamics. The only
thing that can and has to be tuned now are expressions for the activity coefficients.
In other words, all discrepancies between plots of formulas (4.48) or (4.50) and
experimental data should be caused only by using imperfect expressions for the
activity coefficients or inaccurate experimental measurements. Note also that
both formulas (4.48) and (4.50) are equivalent. Note also that formula (4.50) can
be derived straightforwardly by setting affinities of reactions (4.21) and (4.22)
equal to zero and by using condition (B.15). This more direct approach is followed
in Section 4.2.3.

What makes the difference?

In this section the differences between the usual Nernst relation (4.20) and the
relation implied by thermodynamics (4.50) are discussed and Eq. (4.50) is derived
in a shorter way than in the preceding sections.

Let us start with the shorter derivation. Eq. (4.28) simply expresses that the
steady state where no reactions take place has been reached. At first glance it

may seem that there should be a term with
(
aPH+

)2
in the final form of the Nernst

relation because that is what comes from the term 2µ̃PH+ after expansion (3.9).
But let us expand the other terms in the equation as well. After expanding all
terms in Eq. (4.28) according to (3.9), the equation becomes

E = E◦H2O
+
RT

F
ln

(
aP
V O+

2

aNV 2+

aPV O2+aNV 3+

(
aPH+

)2

aPH2O

)
+ ϕP − ϕN . (4.53)

Except for the last term this equation provides a relation between OCV and
activities of the species in the electrolytes. Let us, therefore, have a look at the
last term. Using the condition of equilibrium (4.29), one obtains that

ϕP − ϕN =
RT

F
ln
aNH+

aPH+

, (4.54)

and thus Eq. (4.53) transforms to Eq. (4.50).
In summary, the final form of the Nernst relation (4.48) or (4.50) can be

derived directly from the steady state condition (4.28), and the difference between
the usual Nernst relation and the relation implied by thermodynamics stems from
taking into account the Maxwell potentials in both electrolytes properly.
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Debye-Hückel

In Eq. (4.52) all activity coefficients were neglected. One can ask the question
whether this assumption is correct or not. Let us, for simplicity, assess the in-
fluence of the assumption by approximating activity of protons in the positive
electrolyte by Debye-Hückel theory with ionic strength calculated from molalities
of protons, hydroxyl anions and bisulphates in the positive half-cell. Following
[70], the OCV is equal to

ED.−H. = E + Ecorr (4.55)

where E is the ideal OCV, given by (4.48), and the correction term is equal to

Ecorr =
RT

F
A
√
I (4.56)

where A = 1.17 for aqueous solutions and ionic strength I is calculated as

I =
1

2

(bPOH−
b◦

)2

+

(
bPH+

b◦

)2

+

(
bP
HSO−4

b◦

)2
 . (4.57)

Formula (4.55) is compared with formula (4.49) in figure 4.4. Note that this
correction only picks a part of the correction predicted by the Debye-Hückel
theory. The problem is that it is assumed in the theory that neutral molecules
dissociate to one cation and one anion, which is not true for example for V2(SO4)3.
Therefore, only a piece of the theory was used in order to show that corrections
to the activity coefficients may indeed improve the agreement with experimental
data considerably.

Comparison with experimental data

In this section formula (4.52) is compared with our experimental results, see
figure 4.3. In order to accomplish this, molalities present in the formula have
to be expressed as function of SOC as indicated in Section B.1.1. Deviations of

Figure 4.3: Comparison of the thermodynamic formula (4.52) (the curve
thermodynamics), the usual formula (4.20) from [51] (with concentrations re-
placed by molalities) and our experimental data. Both the formulas clearly coin-
cide while underestimating the OCV.

the theoretical curve from the experimental results are caused by neglecting the

84



activity coefficients. Indeed, including activity coefficients obtained by Debye-
Hückel theory significantly improves agreement between formula (4.48) and the
experimental data as shown in figure 4.4 below. It should be borne in mind that
formula (4.50) is completely equivalent to formula (4.48). Since the latter formula
contains less activity coefficients, we prefer to include the activity coefficients into
the latter formula.

OCV with the Debye-Hückel correction, Eq. (4.55), is compared with the
original formula (4.49) and experimental data in figure 4.4.

Figure 4.4: Comparison of formula (4.49), where all activity coefficients are ne-
glected (lower curve) and formula (4.55), where activity coefficient of protons in
the positive electrolyte was estimated by the Debye-Hückel theory.

Correction (4.55) obviously improves agreement with the experiment. Knehr
and Kumbur [51] suggest improving the formula for OCV by adding a term re-
ferred to as the Donnan potential. This term, however, provides only a rather
minute correction to the OCV in our case since it affects the final OCV by less
than 0.02V .

In summary, the thermodynamic formula for OCV without activity coeffi-
cients, Eq. (4.49) or Eq. (4.52), describes the experimental data as well as for
example the formula proposed in [51] (either with the Donnan potential or with-
out). It is shown, however, that activity coefficients can improve agreement with
experiments considerably which emphasizes the importance of evaluation of the
activity coefficients for more precise quantification of OCV as a function of SOC.
In fact, the activity coefficients may be calculated by fitting formula (4.50) to the
experimental OCV curves. The advantage of formula (4.49) is that the devia-
tion between OCV predicted by this formula and experimental data can only be
caused by neglecting the activity coefficients, which should be included according
to formula (4.48) or (4.50).

4.2.3 Anex membranes

Nernst relation

In this section we calculate OCV of a VRFB with an anex membrane. The
difference between the analysis for catex membranes is that instead of condition
(4.29), one has

µ̃P
HSO−4

= µ̃N
HSO−4

, (4.58)
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which can be rewritten, using (3.9), as

ϕP − ϕN =
RT

F
ln
aP
HSO−4

aN
HSO−4

. (4.59)

OCV from formula (4.28) then becomes

E = E◦H2O
+
RT

F
ln
aP
V O+

2

(aPH+)2aNV 2+aPHSO−4
aPV O2+aPH2O

aNV 3+aNHSO−4

, (4.60)

which is different from formula (4.50) for catex membranes in general.

Comparison with catex membranes

Let us now compare formula (4.60) with formula (4.50), which gives OCV for
a battery with a catex membrane. To do so, one has to find composition of
electrolytes as a function of SOC. This function will be different than in the case
of catex membrane because bisulphates pass through the membrane instead of
protons, see Sec. B.1.1. Assuming activity coefficients equal to unity, the two
formulas for OCV can now be compared quantitatively, see figure 4.5. In order to
validate the comparison, we have conducted our own experimental measurement
of OCV of a VRFB with an anex membrane [99] (dots on figure 4.5), see Appendix
B.1.1 for details. The experimental results are represented by dots in figure 4.5.

Figure 4.5: Comparison of OCV during charging VRFB with an anex membrane
and with an catex membrane, formulas (4.50) and (4.60) and our experimental
results. Both batteries start with the same composition specified above. Both
curves are clearly different. Formula (4.60) clearly desribes the experimental data
(dots) better.

In summary, VRFBs with anex membranes exhibit neither the same depen-
dence of OCV on SOC nor the same composition of electrolytes during the
charging process as VRFBs with catex membranes, and the formula for anex
membranes (4.60) describes experiments with anex membranes better than the
corresponding formula for batteries with catex membranes (4.50). It is, therefore,
important to distinguish between the formulas for OCV for anex membranes and
catex membranes.
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4.2.4 Discussion

OCV of VRFBs as a function of SOC has been calculated many times any many
different Nernst relations have been proposed. To our best knowledge, none of
the forms of Nernst relation is compatible with formulas (4.48), (4.50) and (4.60)
and so none of the preceding Nernst relations known from the literature can be
considered compatible with thermodynamics.

Knehr and Kumbur [51] propose a formula, which differs from (4.50) in the
terms expressing molalities of protons, and thus is not consistent with thermo-
dynamics. Moreover, they did not take into account activity of water (which
is, however, near to unity for experimental setup from [39]). To obtain better
agreement with experimental data they also proposed that sulphuric acid almost
completely dissociates into protons and SO2−

4 ions, which is unlikely since gra-
dients of electric potential in VRFB are not high enough. Indeed, intensity of
electric field has to be of order of 106V/m in order to alter dissociation appreci-
ately, see [74]. Moreover, neither the Donnan potential suggested therein makes
the Nernst relation compatible with thermodynamics.

Corcuera and Skyllas-Kazacos [26] also presented a Nernst relation, where as
well as in the previous case concentrations of hydrogen were not treated properly.
Indeed, the relation should contain a product of concentration of protons in the
positive half-cell and concentration of protons in the negative half-cell instead of
just square of concentration of protons in the positive half-cell. The same is true
for [90, 42, 23].

4.2.5 Conclusion

Open circuit voltage in VRFB was calculated as a function of states-of-charge
by means of equilibrium thermodynamics. The result was compared with our
experiments showing good agreement between the theory and experimental data.
The advantage of this thermodynamic calculation is that there is no uncertainty
in formula for OCV (4.48), which is written in terms of activities, and all devia-
tions from experimental data are then caused by imperfect expressions of activity
coefficients. An approximation of activity coefficients by Debye-Hückel theory is
shown to provide better agreement with experimental data.

Moreover, it is shown that batteries with catex membranes follow different
Nernst relation than batteries with anex membranes. This difference is caused
by different conditions for equilibrium of the species transported through the
membranes (protons or bisulphates). These two forms of Nernst relation are
compared, and it is showed that indeed the anex form describes experiments with
anex membranes better than the corresponding formula for catex membranes.
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Conclusion

Let us now recall the problems stated in the introduction and how the thesis
contributes to solving the problems.

• Which processes are reversible and which irreversible? And how does non-
equilibrium thermodynamics describe these two kinds of processes?

A method for splitting evolution equations into reversible and irreversible
parts is developed in Chap. 1. The splitting is based on behavior of the
evolution equations with respect to the time-reversal transformation (TRT).
Reversible evolution is such that it is not altered by TRT while direction of
the irreversible evolution is reversed.

Dissipation potential is shown to generate only irreversible evolution, see
Lemma 3, while a hierarchy of Poisson brackets is identified in Sec. A.2,
which generates only reversible evolution. However, an open problem re-
mains whether any Poisson bracket describing a real system is part of the
hierarchy.

• Can Onsager-Casimir reciprocal relations (OCRR) be derived from non-
equilibrium thermodynamics?

OCRR are shown to be a near-global equilibrium implication of GENERIC,
see Sec. 1.1.4, and GENERIC itself can be then considered as the far from
equilibrium generalization of OCRR.

• Once reversible dynamics on a more detailed level of description is known,
is it possible to derive reversible dynamics on a lower level?

The hierarchy of Poisson brackets identified in Sec. A.2 provides a means
how to derive the reversible evolution on the lower level of description.

• How to describe processes in electrochemistry within thermodynamics effi-
ciently?

Electrochemical reactions and diffusion processes can be described on the
level of mechanical equilibrium. Sec. 3.1 contains a thermodynamic for-
mulation of transport processes in porous media, and Sec. 3.2 contains a
thermodynamic formulation of electrochemical reactions. The level of me-
chanical equilibrium provides a unifying framework where all these processes
are incorporated within non-equilibrium thermodynamics.

• Absorption of water into Nafion membranes is much slower than desorption
from the membranes. What is the reason?

This asymmetry is explained in Sec. 3.4, where experimental sorption re-
sults are predicted quantitatively. The reason for the asymmetry is the
nonlinear dependence of water uptake on water activity as elucidated in
Sec. 3.4.9. It is worth noting that the only physics involved in the sorption
model is balance of mass of water accompanied with experimental depen-
dencies of equilibrium water uptake and swelling strain on water activity.
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• How does the coupling between water and proton transport in fuel cells affect
the resulting I/V curve?

As shown in Fig. 3.5, the coupling affects the slope of the I/V curve while
it does not affect the limiting current.

• Consider a device producing electricity, e.g. a fuel cell. When having a
continuous thermodynamic model of the device, is it possible to show where
and how much of efficiency is being lost?

Although the standard exergy analysis, which identifies the losses of use-
ful work with entropy production rate, might seem to be answering that
question, it is shown in Sec. 3.6 that there is an assumption inherently
incorporated into the standard exergy analysis, which restricts validity of
the theory if boundary of the device is not isothermal. Subsequently, in Sec.
3.7 a generalization of exergy analysis is proposed within non-equilibrium
thermodynamics on the level of mechanical equilibrium. The generalized
theory is equivalent with the standard exergy analysis when boundary of the
device is isothermal. If not, however, the difference between the generalized
theory and the standard theory is demonstrated on a toy model of non-
isothermal solid oxide fuel cells in Sec. 3.7.2. Moreover, various losses of
useful work are demonstrated in isothermal polymer-electrolyte membrane
fuel cells in Sec. 3.7.1. Finally, it is shown in our paper [79] that both
theories are equivalent when describing heat engines while the generalized
theory provides new insight into efficiency analysis of saline power plants.

The outcome of the generalized theory is a map of losses indicating where
exactly and how much useful work is lost. This method could has the
potential to become crucial in optimization of power generating devices.

• What is the open circuit voltage (OCV) of a vanadium redox flow battery
(VRFB) at different states of charge?

The formulation of electrochemical processes within non-equilibrium ther-
modynamics in Sec. 3.1 provides theoretical background for derivation of
the open circuit voltage in Sec. 4.2. Although the dependence of OCV on
the state of charge has been published many times in various non-equivalent
forms, our result seems to be the first thermodynamically consistent deriva-
tion.

• What is the meaning of partial pressures in a mixture of non-ideal fluids?

In our paper [81], which is reviewed in Sec. A.3 briefly, a formula for partial
pressure is derived, which is equivalent to a formula suggested by Samohýl
et al. [87].

In summary, the non-equilibrium thermodynamic framework used and par-
tially developed in this thesis provides means of efficient description of processes
in electricity producing devices. The generalization of exergy analysis may be-
come a very useful method in optimization of such devices. It is our future goal
to apply the theory to real fuel cells and to compare results of the theory with ex-
periments. To this end it is necessary to develop precise enough thermodynamic
models of the devices, and that is the reason why effort is spent on the general
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theory of non-equilibrium thermodynamics. The theory of non-equilibrium ther-
modynamics thus stands side by side with optimization of industrial electricity
producing devices this way.
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A. Another levels of description

A.1 Boltzmann equation

Boltzmann equation, which describes evolution of dilute gases, can be regarded as
a prototype of an evolution equation combining both reversible and irreversible
processes. Therefore, it is illustrative to formulate it within non-equilibrium
thermodynamics. The purpose of this section is to demonstrate the notion of
reversibility and irreversibility on the Boltzmann equation and to elucidate how
the irreversible part may be formulated by means of a dissipation potential.

Boltzmann equation is an evolution equation for the field of probability density
f(r,v), and the field constitutes the state variables on the Boltzmann level of
description. In accordance with [38], Boltzmann equation can be written as

∂f(r,v)

∂t
=

∫
dr′ dv′L(r,v, r′,v′)

δE

δf(r′,v′)
+

δΞ

δ δS
δf(r,v)

(A.1)

within the GENERIC framework. The Poisson bivector, the dissipation potential,
energy and entropy are specified in the two following sections.

A.1.1 Reversible evolution

In accordance with [38], the Poisson bivector field is given by

L(r,v, r′,v′) =
1

m

(
∂δv
∂v′γ

∂δrf(r′,v′)

∂r′γ
− ∂δrf(r,v)

∂rγ

∂δv
∂vγ

)
(A.2)

where δv = δ(v− v′), δr = δ(r− r′) and m is mass of a particle of the gass. The
corresponding Poisson bracket then reads

{A,B} =

∫
dr

∫
dv

∫
dr′
∫

dv′
δA

δf(r,v)
L(r,v, r′,v′)

δB

δf(r′,v′)
=

=

∫
dr

∫
dv

f

m

(
∂Af
∂rγ

∂Bf

∂vγ
− ∂Bf

∂rγ

∂Af
∂vγ

)
. (A.3)

This Poisson bivector field can be derived from Liouville equation as shown later
in Sec. A.2.3.

Energy on the Boltzmann level is given by

E =

∫
dr

∫
dv

(
1

2
mv2 + ϕ(r)

)
f(r,v) (A.4)

where ϕ is an external force field potential. Note also that instead of velocity, all
the expressions can be expressed in terms of momentum p = mv equivalently,
and we often switch between these two options without notice.

A.1.2 Irreversible evolution

Entropy on the Boltzmann level is given by

S = −kB
∫

dr

∫
dpf(r,p) ln f(r,p). (A.5)
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The irreversible evolution of the Boltzmann equation is prescribed by consid-
ering the following dissipation potential

Ξ(X(f ?)) =

∫
d1

∫
d1′
∫

d2

∫
d2′W (f,1,1′,2,2′)

(
e
X(1,2,1′,2′)

2 + e−
X(1,2,1′,2′)

2 − 2
)

(A.6)
where thermodynamic force1 X is defined as

X(1,2,1′,2′) =
1

kB
(f ?(1) + f ?(2)− f ?(1′)− f ?(2′)) . (A.7)

Note that for example 1 stands for position and momentum (r1,p1). The con-
jugate variable to the distribution function f was denoted by f ?. What is the
physical motivation for such expression? The irreversible part of the Boltzmann
equation is associated with collisions of particles, see e.g. [28], and a collision can
be regarded as a chemical reaction. Since derivative of entropy with respect to
the distribution function is to be substituted for the conjugate variable, the con-
jugate variable represents chemical potential on the Boltzmann level. Therefore,
the thermodynamic force (A.7) can be regarded as a chemical affinity similarly to
Sec. 3.2, where the same form of dissipation potential was proposed to describe
the Butler-Volmer equation. W stands for a function of the distribution function
evaluated at the indicated points.

Let us denote the thermodynamic force (A.7) also by X(f ?). The force has
the following symmetries

X(1,2,1′,2′) = X(2,1,1′,2′) = X(1,2,2′,1′) = −X(1′,2′,1,2). (A.8)

From these symmetries and the definition of the disipation potential (A.6), it
follows that the following symmetries can be required without loss of generality.

W (1,2,1′,2′) = W (2,1,1′,2′) = W (1,2,2′,1′) = W (1′,2′,1,2). (A.9)

Let us now calculate the irreversible part of the Boltzmann equation generated

1The association of the quantity X with a thermodynamic force serves only for the purpose
of interpretation, and has no physical consequences.
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by dissipation potential (A.6) explicitly.

d

dλ

∣∣∣
λ=0

Ξ(f ? + λδf ?) =

=
d

dλ

∣∣∣
λ=0

∫
d1

∫
d1′
∫

d2

∫
d2′W (f,1,1′,2,2′)(

e
X(f?+λδf?)

2 + e−
X(f?+λδf?)

2 − 2
)

=

∫
d1

∫
d1′
∫

d2

∫
d2′

W (f,1,1′,2,2′)

2kB

(
e
X(f?)

2 − e−
X(f?)

2

)
(δf ?(1) + δf ?(2)− δf ?(1′)− δf ?(2′))

=

∫
d3

∫
d1

∫
d1′
∫

d2

∫
d2′

W

kB
sh

(
X(f ?)

2

)
(δ(3− 1) + δ(3− 2)− δ(3− 1′)− δ(3− 2′)) δf ?(3)

=

∫
d3

(
∫

d2

∫
d1′
∫

d2′
W (3,2,1′,2′)

kB
sh
X(3,2,1′,2′)

2
+

+

∫
d1

∫
d1′
∫

d2′
W (1,3,1′,2′)

kB
sh
X(1,3,1′,2′)

2
−

−
∫

d1

∫
d2

∫
d2′

W (1,2,3,2′)

kB
sh
X(1,2,3,2′)

2
−

−
∫

d1

∫
d2

∫
d1′

W (1,2,1′,3)

kB
sh
X(1,2,1′,3)

2)
δf ?(3). (A.10)

Now by considering the symmetries (A.8) and (A.9) and by relabeling 1 to 2 in
the second summand and 1′ to 2′ in the fourth summand, the first summand
becomes equal to the second and the third summand becomes equal the fourth.
Finally, swapping the first two arguments in all the forces with two last two
arguments of the forces and using the antisymmetry of X with respect to such
swapping, all the summands become equal and the derivative of the dissipation
potential becomes

d

dλ

∣∣∣
λ=0

Ξ(f ? + λδf ?) =

=

∫
d3

∫
d2

∫
d1′
∫

d2′
4W (3,2,1′,2′)

kB
sh

(
X(3,2,1′,2′)

2

)
︸ ︷︷ ︸

∂Ξ
∂f?(3)

δf ?(3). (A.11)

Now the explicit expression for f ? (1.13) has to be employed, and

f ?(3) =
∂S

∂f(3)
= −kB ln f(3)− kB (A.12)
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in accordance with Eq. (A.5). It follows that

sh

(
X(1,2,1′,2′)

2

)
=

= sh

(
1

2
(− ln f(1)− 1− ln f(2)− 1 + ln f(1′) + 1 + ln f(2′) + 1)

)
=

= sh

(√
f(1′)f(2′)√
f1f(2)

)
=

1

2

(√
f(1′)f(2′)√
f1f(2)

−
√
f(1)f(2)√
f1′f(2′)

)
=

=
1

2
√
f(1)f(2)f(1′)f(2′)

(f(1′)f(2′)− f(1)f(2)) . (A.13)

Therefore, the irreversible part of the Boltzmann equation can be writen down
as

∂Ξ

∂ ∂S
∂f(1)

=

∫
d2

∫
d1′
∫

d2′
2W (1,2,1′,2′)

kB
√
f(1)f(2)f(1′)f(2′)

(f(1′)f(2′)− f(1)f(2)) .

(A.14)
Finally, for concrete calculations, the function W has to be supplied, see e.g. [28]
or [41].

Note also that the thermodynamic potential (1.18) is equal to

Φ = −S +
1

T0

∫
dr

∫
dp

p2

2m
f(r,p)− µ0

T0

∫
dr

∫
dpmf(r,p), (A.15)

and that the function W (1,2,1 2′), which represents differential cross-section of
a collision, is zero if p2

1 + p2
2 6= p2

1′ + p2
2′ . Therefore, Eq. (A.13) gives the same

result with f ? = ∂Φ
∂f

.

The dissipation potential (A.6) is clearly symmetric with respect to TRT since
after replacing p with −p the change of variables from p to −p yields the original
dissipation potential.

In summary, the Boltzmann equation with a general differential cross-section
has been specifiec within GENERIC completely.

A.1.3 Time-reversal transformation

Does the Poisson bivector really generate only reversible evolution and does the
dissipation potential only generate irreversible evolution? This is indeed so as
it has already been shown that any even dissipation potential generates only
irreversible evolution in Lemma 3. Moreover, in Sec. A.2.4 it is shown that the
Poisson bivector generates reversible evolution. But let us check these properties
explicitly at first.

TRT applied on probability distribution inverts velocities, i.e.

If(r,v) = f(r,−v). (A.16)

Let us now formulate the notion of reversibility/irreversibility geometrically. The
manifold of state variables is given by probability density at each place of phase
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space f(r,v). TRT is given by (A.16) and Jacobi matrix of the transformation
is thus given by

∂I(f(r,v))

∂f(r′,v′)
=
∂
∫

dr
∫

dvδ(v + v′)δ(r− r′)f(r′,v′)

∂f(r′,v′)
= δ(r−r′)δ(v+v′). (A.17)

The vector field generating reversible evolution in Boltzmann equation is equal
to

V =

∫
dr

∫
dv

∫
dr′
∫

dv′L(r,v, r′,v′)
δE

δf(r′,v′)

∂

∂f(r,v)
(A.18)

where L(r,v, r′,v′) is specified by formula (A.2). After some algebra, the push-
forward induced by TRT transforms the field to

I?V = −
∫

dr

∫
dv

1

m

(
∂δ(v′ − v)

∂v′γ

∂δ(r′ − r)f(r′,−v′)

∂r′γ

−∂δ(v
′ − v)

∂vγ

∂δ(r′ − r)f(r,−v)

∂rγ

)
·

· δE

δf(r′,−v′)

∂

∂f(r,−v)
,

which indeed has only different sign compared with the original field, and thus
the Poisson bracket indeed generates reversible evolution.

Applying TRT on dissipation potential means applying the push-forward I?
as

I?Ξ = Ξ(I(f)) = Ξ(f), (A.19)

where the last equality follows from simple substitution −v → v, etc., in the
expression for Ξ(I(f)). The dissipation potential is thus even with respect to TRT
and according to Lemma 3 it only generates irreversible evolution. In summary,
we have shown that the Poisson bracket generates reversible evolution while the
dissipation potential generates irreversible evolution.

Although the distribution function has no parity and so Theorem 2 can not be
applied directly, new state variables which already have definite parities can be
introduced. For example the distribution function f(r,v) is fully characterized
by its moments with respect to velocity, and the moments have clear physical
interpretation. The zeroth moment,

ρ(r) = m

∫
f(r,v) dr, (A.20)

is just density, which is even under TRT. The first moment,

u(r) = m

∫
f(r,v)v dr, (A.21)

is momentum of the fluid (an odd variable), and higher moments may be con-
structed. Evolution equations for the moments follow from the Boltzmann equa-
tion straightforwardly. In particular, for the two first moments we obtain evolu-
tion equations of classical hydrodynamics from Section 2.2, where it already has
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been shown that Theorem 2 applies. Hence, OCRR appear when parity can be
assigned to the state variables.

In summary, Theorem 2 does not apply to the Boltzmann equation directly
since distribution function itself has no parity. OCRR can be revealed, however,
when considering moments of the distribution function, which already have pari-
ties, as state variables instead of the distribution function itself. The assumption
that relations (1.27) are valid is fulfilled since the Poisson bivector from Boltz-
mann equation has already been shown to generate only reversible evolution and
the dissipation potential is even with respect to TRT. Theorem 2 then applies
to these new variables, and the statement that variables of the same parity are
coupled through the dissipative bracket while variables with opposite parities
are coupled through the Poisson bracket near equilibrium is valid for Boltzmann
equation as well.
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A.2 A hierarchy of Poisson brackets

A.2.1 Introduction

Is it possible to construct Poisson bracket on a level of description if dynamics
on a more detailed level is known? The answer is positive and it is the goal of
this chapter to show the construction of various Poisson brackets in detail.

One can start on the level where state variables are N-particle distribution
functions, the Liouville level. Evolution on this level is given by Liouville equa-
tion, see e.g. [103], which is completely reversible2. Then by simply defining
projection from the N-particle distributions to a lower (less detailed) level of de-
scription, Poisson bracket on the lower level can be calculated straightforwardly.
For example, Poisson bracket from the Boltzmann equation follows by projec-
tion from the Liouville Poisson bracket, and the hydrodynamic Poisson bracket
follows from the Boltzmann Poisson bracket (the Poisson bracket generating the
reversible part of the Boltzmann equation). One can also consider mixtures of
fluids easily, obtaining Boltzmann Poisson bracket for a binary mixture and,
consequently, hydrodynamic Poisson brackets of mixtures on various levels of
description (EIT, CIT, mechanical equilibrium).

The projection, moreover, ensures that the constructed Poisson bracket gener-
ates only reversible evolution and that it really is a Poisson bracket, i.e. it fulfills
the Jacobi identity.

A.2.2 Liouville equation

Consider an isolated system containing N interacting particles. The correspond-
ing phase space consists of positions and momenta of all particles. Position and
momentum of the first particle is denoted by r1 and p1, respectively, etc. The
couple (r1,p

1) is denoted by 1 for convenience and analogically for the other par-
ticles. Evolution equation for the N-particle phase space density fN(1, . . . ,N, t),
or distribution function, is the standard Liouville equation, see e.g. [103],

∂fN
∂t

= −∂E
N

∂pji

∂fN
∂rij

+
∂EN

∂rij

∂fN

∂pji
(A.22)

where EN(1, . . . ,N) is energy of the system which depends on positions and
momenta of the particles. Liouville equation is usually derived within non-
equilibrium statistical physics, e.g. [103], from the requirement that probability
density behaves as an incompressible fluid. Note, however, that it is possible to
derive Liouville equation by geometric means. Indeed, following [60] step by step
in the N-particle phase space instead of the one-particle phase space leads to the
equation. Introducing energy in terms of the distribution function

E =

∫
d1 . . .

∫
NEN , (A.23)

derivative of which with respect to fN is clearly

∂E

∂fN
= EN , (A.24)

2The reversibility can be checked the same way as for the reversible part of Boltzmann
equation in Sec. A.1.
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Eq. (A.22) implies that an arbitrary functional of the distribution function A(fN)
evolves as

dA

dt
=

∫
d1 . . .

∫
dN

∂A

∂fN

∂fN
∂t

= {A,E}(L) (A.25)

where the Poisson bracket on the Liouville level (or the Liouville Poisson bracket)
is equal to

{A,B}(L) =

∫
d1 . . .

∫
dNfN

(
∂AfN
∂rij

∂BfN

∂pji
− ∂BfN

∂rij

∂AfN
∂pji

)
. (A.26)

Integration with respect to for example d1 stands for
∫

dr1

∫
dp1, etc. This

Poisson bracket can be also rewritten in terms of the Poisson bracket of classical
mechanics as

{A,B}(L) =

∫
d1 . . .

∫
dNfN {AfN , BfN}

(CM) (A.27)

where the Poisson bracket of classical mechanics is the standard canonical Poisson
bracket, see e.g. [32],

{C,D}(CM) =
∂C

∂rij

∂D

∂pji
− ∂D

∂rij

∂C

∂pji
(A.28)

for any two functions C(1, . . . ,N) and D(1, . . . ,N). The derivative AfN stands
for ∂A

∂fN
.

Later in this chapter it is shown that Poisson bracket (A.26) can be used
to derive Poisson brackets on lower levels of description. In particular, Poisson
bracket for the Boltzmann equation, for classical hydrodynamics or for mixtures
of fluids can be obtained by a straightforward geometric projection of the Liouville
Poisson bracket, see Sec. A.2.4.

A.2.3 From Liouville to Boltzmann

Boltzmann equation, see Sec. A.1, consists of both reversible and irreversible
dynamics. Let us now derive the reversible part from the Liouville Poisson bracket
(A.26). One-particle distribution function (or one-particle phase space density)
f(r,p), evolution of which is described by Boltzmann equation, can be defined
as a projection of the N-particle distribution function. Indeed when denoting
(ra,p

a) by a, the one-particle distribution function can be introduced as

f(a) =

∫
d1 . . .

∫
dN

N∑
i=1

δ(a− i) (A.29)

where 1 denotes position and momentum of the first particle, (r1,p1), and i
analogically for the i-th particle. Delta distribution δ(a − i) stands for δ(ra −
ri)δ(p

a − pi). Derivative of f with respect to fN is

∂f(a)

∂fN(1, . . . ,N)
=

N∑
i=1

δ(a− i). (A.30)
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Consider now two arbitrary functionals of the one-particle distribution func-
tion, A(f) and B(f). Let us now evaluate the Liouville Poisson bracket, (A.26),
of these two functionals.

{A,B}(L) =

∫
d1 . . .

∫
dN

∫
da

∫
dbfN

∂A

∂f(a)

{
f(a)

∂fN
,
∂f(b)

∂fN

}(CM)
∂B

∂f(b)
.(A.31)

Now using the definition (A.28) this last equation becomes

=
∑
ia

∑
ib

∫
d1 . . .

∫
dN

∫
da

∫
db

∂A

∂f(a)

∂B

∂f(b)

(
∂δ(a− ia)

∂rαi

∂δ(b− ib)

∂piα
− . . .

)
fN

(A.32)
where . . . stand for the same term as already present in the bracket but with a
swapped with b. Since for example the delta distribution δ(ra−ria) only depends
on ria among positions of all particles, the two sums over ia and ib disappear and
the last equality can be rewritten as

=

∫
d1 . . .

∫
dN

∫
dra

∫
dpbfN

∂A

∂f(ra,pi)

∂B

∂f(ri,pb)

∂δ(ra − ri)

∂rαi

∂δ(pb − pi)

∂piα
− . . .

(A.33)
Now by integrating by parts with respect to ri and, subsequently, applying the
δ(ra − ri) term, the last equality becomes

= −
∫

d1 . . .

∫
dN

∫
dpb

∂A

∂f(ri,pi)

∂

∂rαi

(
∂B

∂f(ri,pb)
fN

)
∂δ(pb − pi)

∂piα
. (A.34)

Similarly, integrating by parts with respect to pi and applying the corresponding
delta-destribution yields

=

∫
d1 . . .

∫
dN

∂

∂piα

(
∂A

∂f(ri,pi)
fN

)
∂

∂rαi

∂B

∂f(ri,pi)
+

+
∂

∂piα

(
∂A

∂f(ri,pi)

∂fN
∂rαi

)
∂B

∂f(ri,pi)
− . . . (A.35)

Now by using integration by parts so that derivatives of fN disappear and ex-
pressing the . . . explicitly leads to the following equality

=

∫
d1 . . .

∫
dNfN

(
∂

∂rαi

∂A

∂f(i)

∂

∂piα

∂B

∂f(i)
− ∂

∂rαi

∂B

∂f(i)

∂

∂piα

∂A

∂f(i)

)
. (A.36)

Adding the term
∫

dr
∫

dpδ(r − ri)δ(p − pi) in front of this expression, which
clearly does not alter the expression, and using the projection (A.29), this last
equation becomes

=

∫
dr

∫
dpf(r,p)

(
∂Af
∂rα

∂Bf

∂pα
− ∂Bf

∂rα
∂Af
∂pα

)
(A.37)

= {A,B}(B) (A.38)

where Af stands for ∂A
∂f(r,p)

. This last equation is exactly the Poisson bracket
that generates the reversible part of the Boltzmann equation, referred to as the
Boltzmann Poisson bracket. We have thus obtained that

{A,B}(L) = {A,B}(B) (A.39)
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for functionals A, B dependent only3 on the one-particle distribution function f .
In summary, starting with functionals dependent only on the one-particle

distribution function, f , the Liouville Poisson bracket becomes the Boltzmann
Poisson bracket. In other words, the reversible part of Boltzmann equation is
just a “projection” of the reversible evolution governed by the Liouville equation.
Let us make this statement more rigorous.

A.2.4 Geometric interpretation

In Appendix A.2.3 the Boltzmann Poisson bracket was derived by evaluating
the Liouville Poisson bracket on functionals dependent only on the one-particle
distribution function. Each Poisson bracket can be interpreted in terms of the
corresponding Poisson bivector field, see [32]. What is the relation between the
Poisson bivector on the Liouville level of description and the Poisson bivector on
the Boltzmann level?

The Boltzmann Poisson bracket can be expressed in terms of its Poisson bivec-
tor as follows

{A,B}(B) =

∫
da

∫
db

∂A

∂f(a)
La,b
B

∂B

∂f(b)
, (A.40)

and analogically the Poisson bivector generating the Liouville Poisson bracket is
defined as

{A,B}(L) =

∫
d1 . . .

∫
dN

∫
d1′ . . .

∫
dN′

∫
da

∫
db

∂A

∂f(a)

∂f(a)

∂fN
LfN ,fN

′

L

∂B

∂f(b)

∂f(b)

∂fN
′ (A.41)

where fN
′ = fN(1′, . . . ,N′) and LfN ,fN

′

L is the component of the Liouville Poisson
bivector that provides coupling between 1, . . . ,N and 1′, . . . ,N′. Now from Eq.
(A.39) it follows that

La,b
B =

∫
d1 . . .

∫
dN

∫
d1′ . . .

∫
dN′

∂f(a)

∂fN
LfN ,fN

′

L

∂f(b)

∂fN
′ . (A.42)

Let us now have a look at the relation (A.42) geometrically. Consider the
manifold of state variables on a higher level of description (e.g. Liouville), and
denote the state variables by xi. On a lower level of description the state variables
(denoted by ya) are obtained by a projection

π : x→ y(x). (A.43)

Poisson bivectors are twice contravariant tensors and thus the projection trans-
forms them as follows, see e.g. [32],

Lablower =
∂πa

∂xi
Lijhigher

∂πb

xj
=
{
πa, πb

}(higher)
. (A.44)

But this is exactly how formula (A.42) works. The only problem is that projection
π is typically no diffeomorphism and thus it may not induce the mapping between
the bivectors. Let us return to this problem later in this section.

3The functionals, of course, also depend on fN but only through the function f .
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In summary, obtaining the Poisson bracket on a lower level of description by
evaluating the Poisson bracket on a higher level on functionals dependent only on
state variables of the lower level is equivalent to projecting the Poisson bivector
from the higher level of description to the lower level. Moreover, components of
the Poisson bivector on the lower level of description are given by Poisson bracket
on the higher level applied on components of the projector.

Consider now state variables with definite parities and suppose that a Poisson
bracket on the higher level of description generates reversible evolution, which
means that

Lijhigher|I(x) = −P (xi)P (xj)Lijhigher|x (A.45)

in accordance with Eq. 1.42. The Poisson bivector at the lower level evaluated
at inverted coordinates becomes

Lablower|I(y) =
∑
i,j

∂I ◦ πa

∂xi
|I(x)L

ij
higher|I(x)

∂I ◦ πb

xj
|I(x) (A.46)

=
∑
i,j

P (ya)P (yb)P (xi)P (xj)
∂πa

∂xi
Lijhigher|I(x)

∂πb

xj
(A.47)

=
∑
i,j

−P (ya)P (yb)
∂πa

∂xi
Lijhigher

∂πb

∂xj
(A.48)

= −P (ya)P (yb)Lablower, (A.49)

which means that any Poisson bivector obtained as the projection of a Poisson
bivector generating reversible evolution generates only reversible evolution as well.
Since the Poisson bivector of classical mechanics or Liouville equation generates
reversible evolution, all the Poisson bivectors (or Poisson brackets) derived by the
projection from the Liouville Poisson bivector generate only reversible evolution.

Let us now return to the problem that the projector π is no diffeomorphism,
and thus the push-forward mapping bivectors on the manifold of state variables
on a higher level, M , to bivectors on the manifold on a lower level, N , does not
exist in general, see [32], and without providing any additional knowledge about
the system under consideration there is no a priori guarantee that the result of the
projection is well defined. An example of the additional knowledge that ensures
possibility of the projection is a symmetry permitting a symplectic or Poisson
reduction, see [32] or [2]. If, on the other hand, the result of the projection given
by Eq. (A.44) only depends on state variables of the lower level, x, the projection
is well defined, and one may use the result as the Poisson bivector on the lower
level.

But is the Jacobi identity guaranteed for the result of the projection? Firstly,
consider smooth functions on M , F(M), which are also referred to as the algebra
of observables on M . Functions from F(M) indeed form an (associative) alge-
bra since they form a linear space and the standard pointwise multiplication is
the bilinear operation necessary for F(M) being an algebra. Moreover, Poisson
bracket of two functions from F(M) stays in F(M) and so F(M) is even a Lie
algebra, referred to as an algebra of observables.

Secondly, consider functions on M that are projectable onto N , i.e.

Fπ(M) = {A ∈ F(M) : π(x1) = π(x2)⇒ A(x1) = A(x2)}. (A.50)
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Functions Fπ(M) form an algebra isomorphic to the algebra of functions on N ,
F(N). Indeed, there is a bijective mapping between Fπ(M) and F(N) which
respects the bilinear operation (pointwise multiplication) given by AH ∼ AL ◦ π,
where AH ∈ Fπ(M) and AL ∈ F(N).

So far we have shown that Fπ(M) is an algebra isomorphic with F(N). Let us
now introduce a Poisson structure inherited from the algebra of observables F(M)
so that Fπ(M) also becomes an algebra of observables. Consider two functions
AL and BL from Fπ(M) and define their Poisson bracket as

{AL, BL}L def
= {AL, BL}H = LijH

∂AL

∂xi
∂BL

∂xj
=

= LijH
∂πa

∂xi
∂πb

∂xj︸ ︷︷ ︸
LabL

∂AL

∂ya
∂BL

∂yb
. (A.51)

Does this expression give a function from Fπ(M)? Not in general since one has
to check that the Poisson bivector on the lower level of description LabL does not
depend on x but only on y. Note, however, that such calculation has to be carried
out anyway when one wishes to express the tensor explicitly.

But when the resulting bivector field depends only on state variables y, the
expression {AL, BL}L indeed is in Fπ(M), and due to the properties of the Poisson
bracket {•, •}H (antisymmetry, Jacobi identity) the {•, •}L is indeed a Poisson
bracket. Since Fπ(M) and F(N) are isomorphic, the Poisson bracket works on
F(N) as well, and we have thus obtained an algebra of observables F(N) with
the Poisson bracket {•, •}L inherited from F(M). The expression for the Poisson
bracket on the lower level of description and the expression for the new Poisson
bivector are exactly the same as in the illustrations demonstrated in this chapter,
and so one does not need to check whether the in this chapter derived Poisson
brackets really are Poisson brackets (antisymmetry, Jacobi identity) since that is
satisfied automatically.

In summary, it has been shown that when starting with a Poisson bracket
generating reversible evolution on a higher level of description, there is a natural
way to construct a Poisson bracket on a lower level of description. The new Pois-
son bracket indeed satisfies all the properties of Poisson brackets and it generates
only reversible evolution. The passage to the lower level is generated by defining
a projection from state variables on the higher level to state variables on the
lower level. During the passage one has to check whether the constructed Pois-
son bivector depends only on the state variables of the lower level of description.
If this is true, the passage is complete and the dynamics on the lower level of
description has been derived from the reversible dynamics on the higher level, it
is reversible and the Poisson bracket indeed fulfills all the necessary properties
(antisymmetry, Jacobi identity).

A.2.5 From Boltzmann to classical hydrodynamics

Having derived the Boltzmann Poisson bracket, we are able to derive the hydro-
dynamic Poisson bracket in a convenient way. One could, of course, start with the
Liouville Poisson bracket and go directly to hydrodynamics, but the calculation
would be longer than when starting from the Boltzmann Poisson bracket. Let
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us, therefore, introduce the projection from the Boltzmann level of description to
the level of classical hydrodynamics. The hydrodynamic state variables are

ρ(ra) =

∫
dr

∫
dpmf(r,p)δ(r− ra) (A.52)

ui(ra) =

∫
dr

∫
dppif(r,p)δ(r− ra) (A.53)

s(ra) =

∫
dr

∫
dpsf (f(r,p))δ(r− ra) (A.54)

where m is mass of one particle and sf is a real-valued function. Therefore,
derivatives of the hydrodynamic state variables with respect to f(r,p) are

∂ρ(ra)

∂f(r,p)
= mδ(r− ra) (A.55a)

∂ui(ra)

∂f(r,p)
= piδ(r− ra) (A.55b)

∂s(ra)

∂f(r,p)
= s′f (f(r,p))δ(r− ra). (A.55c)

To obtain the hydrodynamic Poisson bracket, it is advantageous, in contrast to
the Section A.2.3, to construct the Poisson bivector directly. Therefore, one has to
calculate how the Boltzmann Poisson bracket acts on some arbitrary functionals
of the hydrodynamic state variables, A and B, in accordance with formula (A.44).

L
ρ(ra),ρ(rb)
CH = {ρ(ra), ρ(rb)}(B) = (A.56a)

=

∫
dr

∫
dpf(r,p)

(
∂

∂rk
∂ρ(ra)

∂f(r,p)

∂

∂pk

∂ρ(rb)

∂f(r,p)
− . . .

)
(A.56b)

where . . . stand for the same term as already present in the bracket but with a
and b swapped. Using relations (A.55), this last equality becomes

=

∫
dr

∫
dpf(r,p)

∂mδ(ra − r)

∂rk
∂mδ(rb − r)

∂pk︸ ︷︷ ︸
=0

− . . .

 = 0. (A.56c)

Therefore, this component of the hydrodynamic Poisson bivector, coupling den-
sity with density, disappears. The component coupling density with momentum
can be obtained analogically.

L
ρ(ra),uj(rb)
CH = {ρ(ra), uj(rb)}(B) = (A.57a)

=

∫
dr

∫
dpf(r,p)

(
∂mδ(ra − r)

∂rk
∂pjδ(rb − r)

∂pk
− 0

)
(A.57b)

= ρ(rb)
∂δ(ra − rb)

∂rjb
. (A.57c)
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Coupling between density and entropy is given by

{ρ(ra), s(rb)}(B) =

∫
dr

∫
dpf(r,p)(

∂mδ(ra − r)

∂rk
∂s′f (f(r,p))δ(rb − r)

∂pk

)
(A.58a)

= −m ∂

∂rka

∫
dpf(ra,p)

∂s′f (f(rb,p))

∂pk
δ(rb − ra)(A.58b)

= m
∂

∂rka

δ(rb − ra)

∫
dp
∂sf (f(ra,p))

∂pk︸ ︷︷ ︸
=0

 (A.58c)

= 0. (A.58d)

Note that it was used in the last equality that all boundary terms simply disap-
pear. This equation means that

L
ρ(ra),s(rb)
CH = 0. (A.59)

Coupling between momenta is given by

L
ui(ra),uj(rb)
CH = {ui(ra), uj(rb)}(B) . (A.60a)

Plugging relation (A.55b) into this expression, the expression becomes

=

∫
dr

∫
dpf(r,p)

(
∂piδ(ra − r)

∂rk
∂pjδ(rb − r)

∂pk

−∂piδ(ra − r)

∂pk

∂pjδ(rb − r)

∂rk

)
. (A.60b)

Applying the delta-distributions then leads to

= ui(rb)
∂δ(rb − ra)

∂rjb
− uj(ra)

∂δ(rb − ra)

∂ria
. (A.60c)

Coupling between momentum and entropy is given by

L
ui(ra),s(rb)
CH = {ui(ra), s(rb)}(B) =

∫
dr

∫
dpf(r,p)·

·
(
∂piδ(ra − r)

∂rk
∂s′f (f(r,p))δ(rb − r)

∂pk

−
∂s′f (f(r,p))δ(rb − r)

∂rk
∂pkδ(ra − r)

∂pk

)
. (A.61a)

Integrating by parts with respect to r and applying the delta-distributions δ(ra−
r), this last expression becomes

=

∫
dp− pi

∂

∂rka

(
f(ra,p)

∂s′f (f(ra,p))

∂pk
δ(rb − ra)

)
−
∫

dpf(ra,p)δki
∂s′f (f(ra,p))δ(rb − ra)

∂rka
. (A.61b)
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Integrating by parts in the first term leads to

=
∂

∂rka

(∫
dpδ(rb − ra)

(
δki f(ra,p) + pi

∂f(ra,p)

∂pk

)
s′f (f(ra,p))

)
−
∫

dpf(ra,p)δki
∂s′f (f(ra,p))δ(rb − ra)

∂rka
. (A.61c)

Part of the first term cancels with the last term, and what remains can be rewrit-
ten as

=

∫
dpδ(rb − ra)

∂sf (f(ra,p))

∂ria
+

∂

∂rka

∫
dpδ(rb − ra)pi

∂sf (f(ra,p)

∂pk
. (A.61d)

Using the definition (A.54), this last equality becomes

= δ(rb − ra)
∂s(ra)

∂ria
+

∂

∂rka

(
δ(rb − ra)

∫
dp− δki sf (f(ra,p))

)
. (A.61e)

Finally, using the projection (A.54) again, one obtains

= δ(rb − ra)
∂s(ra)

∂ria
+

+
∂δ(rb − ra)

∂rka

(
−δki s(ra)

)
+ δ(rb − ra)

∂(−s(ra))
∂ria

= −s(ra)
∂δ(rb − ra)

∂ria
. (A.61f)

The last part of the hydrodynamic Poisson bivector that remains to be calcu-
lated is component providing coupling between entropy and entropy.

{s(ra), s(rb)}(B) =

∫
dr

∫
dpf(r,p) · (A.62a)

·
(
∂s′f (f(r,p))δ(ra − r)

∂rk
∂s′f (f(r,p))δ(rb − r)

∂pk
− . . .

)
where . . . stand for the same term as already present in the bracket but with a
and b swapped. Integrating by parts in the terms containing δ(ra − r) yields

=

∫
dr

∫
dp− ∂sf (f(r,p))

∂rk
δ(ra − r)

∂s′f (f(r,p))δ(rb − r)

∂pk
+

+

∫
dr

∫
dp− s′f (f(r,p))δ(ra − r)f(r,p)

∂2s′f (f(r,p))δ(rb − r)

∂rk∂pk
+

+

∫
dr

∫
dp
∂sf (f(r,p))

∂pk
δ(ra − r)

∂s′f (f(r,p))δ(rb − r)

∂rk
+

+

∫
dr

∫
dpf(r,p)s′f (f(r,p))δ(ra − r)

∂2s′f (f(r,p))δ(rb − r)

∂rk∂pk
. (A.62b)

The second term cancels with the last term and thus the equality becomes, after
aplying the δ(ra − r) distribution,

=

∫
dp
∂sf (f(ra,p))

∂pk

∂s′f (f(ra,p))δ(rb − ra)

∂rka
−

−
∫

dp
∂sf (f(ra,p))

∂rka

∂s′f (f(ra,p))δ(rb − ra)

∂pk
. (A.62c)
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Integrating by parts in the first term and differentiating with respect to parameter
in the second term then leads to

=

∫
dp− sf (f(ra,p))

(
∂2s′f (f(ra,p))

∂pk∂rka
δ(rb − ra) +

∂s′f (f(ra,p))

∂pk

∂δ(rb − ra)

∂rka

)
+

+

∫
dpsf (f(ra,p))

(
∂2s′f (f(ra,p))

∂pk∂rka
δ(rb − ra) +

∂s′f (f(ra,p))

∂pk

∂δ(rb − ra)

∂rka

)
−

− ∂

∂rka

δ(rb − ra)

∫
dp sf (f(ra,p))s′′f (f(ra,p))︸ ︷︷ ︸

α′(f(ra,p))

∂f(ra,p)

∂pk

 . (A.62d)

The first two terms clearly cancel out with each other. Let a primitive function
of function α′ be denoted by α. The last term can be then rewritten as

= − ∂

∂rka

(
δ(rb − ra)

∫
dp
∂α(f(ra,p))

∂pk

)
. (A.62e)

But integral of divergence of a function is zero as boundary terms vanish and so
we have obtained that

L
s(ra),s(rb)
CH = 0. (A.62f)

Comparing the components of the LCH tensor with the hydrodynamic Poisson
bivector4 (2.26), we can conclude that the projection indeed gives exactly the
Poisson bracket of classical hydrodynamics.

A.2.6 From Liouville to binary Boltzmann

Consider now that there are particles of two different species in the isolated
system. Their positions and momenta are denoted by 1, . . . ,N and 1̃, . . . , Ñ.
The overall 2N -particle distribution function, which evolves according to Liou-
ville equation, is denoted by fNÑ . One-particle distribution functions of the two
species are then defined by the following projections.

f(a) =

∫
d1 . . .

∫
dNfNÑ

N∑
i=1

δ(i− a)⇒ ∂f(a)

∂fNÑ
=

N∑
i=1

δ(i− a) (A.63)

f̃(a) =

∫
d1 . . .

∫
dNfNÑ

N∑
ĩ=1

δ(̃i− a)⇒ ∂f̃(a)

∂fNÑ
=

N∑
ĩ=1

δ(̃i− a). (A.64)

Let us now calculate the Liouville Poisson bracket applied to functionals de-

4after transforming it to the (ρ,u, s) variables, see [75]
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pendent only on f and f̃ .

{A,B}(L) =

∫
d1 . . .

∫
dN

∫
d1̃ . . .

∫
dÑfNÑ

∫
da

∫
dã

∫
db

∫
db̃

(
∂A

∂f(a)

{
∂f(a)

∂fNÑ
,
∂f(b)

∂fNÑ

}(CM)
∂B

∂f(b)
+

+
∂A

∂f̃(ã)

{
∂f̃(ã)

∂fNÑ
,
∂f(b)

∂fNÑ

}(CM)
∂B

∂f(b)
+

+
∂A

∂f(a)

{
∂f(a)

∂fNÑ
,
∂f̃(b̃)

∂fNÑ

}(CM)
∂B

∂f̃(b̃)
+

+
∂A

∂f̃(ã)

{
∂f̃(ã)

∂fNÑ
,
∂f̃(b̃)

∂fNÑ

}(CM)
∂B

∂f̃(b̃)

)
. (A.65a)

Since the Poisson bracket of classical mechanics only couples positions and mo-
menta of the same particles, the terms that contain derivatives with respect to
both f and f̃ , i.e. the second and the third line, disappear. IntroducingN -particle
distribution functions

fN(1, . . . ,N) =

∫
d1̃ . . .

∫
dÑfNÑ (A.66)

f̃N(1̃, . . . , Ñ) =

∫
d1 . . .

∫
dNfNÑ . (A.67)

Poisson bracket (A.65a) can be rewritten as

{A,B}(L) = {A,B}(L(N)) + {A,B}(L(Ñ)) (A.68)

where {A,B}(L(N)) is the Liouville Poisson bracket of the two functionals con-

structed from the N -particle distribution function fN , and {A,B}(L(Ñ)) the Liou-
ville Poisson bracket constructed from f̃N . But as we have already seen in Section
A.2.3, these two Poisson brackets are equal to the Boltzmann Poisson brackets
constructed from fN and f̃N , respectively.

In summary, the Poisson bracket governing reversible evolution of two one-
particle distribution functions is

{A,B}(B×B̃) = {A,B}(B) + {A,B}(B̃) (A.69)

where the latter bracket is the Boltzmann Poisson bracket with f̃ instead of f
inside.

A.2.7 From binary Boltzmann to binary hydrodynamics

Poisson bracket of binary hydrodynamics, where each of the fluids is described
by its density, momentum density and entropy density, can be obtained from the
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binary Boltzmann Poisson bracket straightforwardly. The projection follows:

ρ(ρα) =

∫
dr

∫
dpf(r,p)mδ(ra − r) (A.70a)

ui(ρα) =

∫
dr

∫
dpf(r,p)piδ(ra − r) (A.70b)

s(ρα) =

∫
dr

∫
dpsf (f(r,p))δ(ra − r) (A.70c)

ρ̃(ρα) =

∫
dr̃

∫
dp̃f̃(r̃,p)mδ(ra − r̃) (A.70d)

ũi(ρα) =

∫
dr̃

∫
dp̃f̃(r̃, p̃)p̃iδ(ra − r̃) (A.70e)

s̃(ρα) =

∫
dr̃

∫
dp̃s̃f (f̃(r̃, p̃))δ(ra − r̃). (A.70f)

Consider now two functionals dependent only on these state variables. Pois-
son bracket (A.69) does not provide coupling between the two different species.
Therefore, the bracket applied to the two functionals consists of two parts, each
of which is obtained in the same way as the hydrodynamic Poisson bracket was
obtained from the Boltzmann Poisson bracket. Therefore, the Poisson bracket
describing evolution of state variables (A.70) is

{A,B}(CH×C̃H) = {A,B}(CH) + {A,B}(C̃H) (A.71)

where the latter Poisson bracket is the standard hydrodynamic Poisson bracket
constructed from state variables (A.70d)-(A.70f).

In summary, a binary mixture with state variables (A.70) evolves according
to Poisson bracket (A.71), which is simply the sum of hydrodynamic Poisson
brackets for each species. Note that this description of binary mixtures typical-
ly represents mixtures with multiple temperatures (like in cold plasma, where
electrons have different temperature than ions, see [24]). Indeed, as there are
two entropies, there are also two temperatures (derivatives of the entropies with
respect to energy).

A.2.8 From binary hydrodynamics to mixtures with total
entropy

What if one does not wish to handle multi-temperature mixtures? A lower level
of description can be introduced where densities and momentum densities of both
species are still among the state variables, but where only the total entropy

sT (r) = sT (ρ(r), ρ̃(r),u(r), ũ(r), s(r), s̃(r)) (A.72)

remains among the state variables instead of the two entropies.

The Poisson bivector on this level of description can be obtained from the
Poisson bracket (A.71) by the projection introduced in the preceding paragraph.
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For example, for coupling between ρ and ui one obtains

L
ρ(ra),ui(rb)

CH×C̃H(sT )
= {ρ(ra), ui(rb)}(CH×C̃H) (A.73)

=

∫
dr

∫
dr′

∂ρ(ra)

∂ρ(r)
L
ρ(r),uj(r

′)

CH×C̃H

∂ui(rb)

∂uj(r′)
(A.74)

= L
ρ(ra),ui(rb)

CH×C̃H
. (A.75)

Similar calculations for ρ, ρ̃, u and ũ imply that the part of the Poisson bivector
that provides coupling between these state variables is the same as on the higher
level of description.

But how does the total entropy (A.72) evolve? A proper projection to sT

has to be defined at first so that the resulting Poisson bivector only depends
on sT instead of entropies s and s̃. We conjecture that the way how entropy
is introduced in our paper [81] is such projection, but the calculation has not
been carried out yet as the theory from the paper has been reformulated within
GENERIC only in the isothermal case.

A.2.9 From binary hydrodynamics to CIT

Let us approach an even lower level of description, where only densities, total mo-
mentum, and total entropy density constitute the state variables. The projection
is then given by

ρ(r) = ρ(r) (A.76)

ρ̃(r) = ρ̃(r) (A.77)

uTi (r) = ui(r) + ũi(r) (A.78)

sT (r) = s(r) + s̃(r). (A.79)

This level of description is quite important since it is the level where CIT takes
place. Indeed, the state variables are the same as within CIT.

Components of the Poisson bivector on this level of description that are cou-
pling the total momentum with the densities are clearly the same as Sec. A.2.8.
What about the component coupling the total momentum with itself?{

uTi (ra), u
T
j (rb)

}(CH×C̃H)
=
{
uTi (ra), u

T
j (rb)

}(CH)
+
{
uTi (ra), u

T
j (rb)

}(C̃H)
(A.80)

= ui(rb)
∂δ(rb − ra)

∂rjb
− uj(ra)

∂δ(rb − ra)

∂ria
+

+ũi(rb)
∂δ(rb − ra)

∂rjb
− ũj(ra)

∂δ(rb − ra)

∂ria
(A.81)

= uTi (rb)
∂δ(rb − ra)

∂rjb
− uTj (ra)

∂δ(rb − ra)

∂ria
(A.82)

which is the component of the hydrodynamic Poisson bivector L
ui(ra),uj(rb)
CH with

u replaced by uT .
Coupling between momentum and entropy is given by{
uTi (ra), s

T (rb)
}(CH×C̃H)

= {ui(ra, s(rb)}(CH) + {ũi(ra), s̃(rb)}(C̃H) =

= −sT (ra)
∂δ(rb − ra)

∂ria
. (A.83)
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Coupling between density and entropy and between entropy and entropy van-
ishes since it vanishes in classical hydrodynamics in Sec. A.2.5.

In summary, a mixture where densities, total momentum and total entropy
constitute the state variables has the following Poisson bivector

L
ρ(ra),uTj (rb)

CIT = ρ(rb)
∂δ(rb − ra)

∂rjb
(A.84a)

L
ρ̃(ra),uTj (rb)

CIT = ρ̃(rb)
∂δ(rb − ra)

∂rjb
(A.84b)

L
uTi (ra),uTj (rb)

CIT = uTi (rb)
∂δ(rb − ra)

∂rjb
− uTj (ra)

∂δ(rb − ra)

∂ria
(A.84c)

L
sT (ra),uTj (rb)

CIT = sT (rb)
∂δ(rb − ra)

∂rjb
(A.84d)

where all other components are zero, and it has been thus shown how the re-
versible part of evolution within CIT can be derived by projection from the Li-
ouville equation without the necessity to introduce Dirac structures as in [76].

One could also continue in the reduction to a lower level, where only the total
density

ρT = ρ+ ρ̃, (A.85)

total momentum uT and total entropy sT are present. This is an alternative (and
longer) way to obtain the classical hydrodynamic Poisson bracket.

Furthermore, one could project the total momentum to a constant. This is
the passage to the level of mechanical equilibrium. The Poisson bracket, however,
completely disappears during the passage since the CIT Poisson bivector does not
provide coupling between densities and total entropy, which are the only state
variables that remain on the level of mechanical equilibrium, studied in Chap. 3.
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A.3 Theory of mixtures within EIT

The theory of mixtures developed within CIT has certain physical drawbacks.
For example, the Fourier’s law of heat conduction, which is derived within the
theory, implies the standard heat equation. But the heat equation is a parabolic
partial differential equation predicting infinite propagation of signals, [31]. This
problem is solved by replacing the Fourier’s law and the resulting heat equa-
tion by the Maxwell-Cattaneo equation, which is already hyperbolic, see [46].
This equation can be derived within non-equilibrium thermodynamics easily. In-
deed, the only new step in comparison with CIT is promoting the heat flux to
state variable. The evolution equation of the heat flux, which follows from non-
equilibrium thermodynamics, can be then plugged into balance of energy, yielding
the Maxwell-Cattaneo equation [46]. The same problem appears when modeling
diffusion processes, and an analogical solution to the problem can be found, as
shown in our paper [81].

Besides the problem of infinite signal propagation, it is common knowledge
that partial pressures can be assigned to species of a gas mixture, see e.g. [5].
But usually, the partial pressures are only prescribed for a mixture of ideal (i.e.
non-interacting) gases. How to define the partial pressures for a mixture of real
(i.e. interacting) gases or, in general, for a mixture of real fluids? As well as total
pressure is the part of the total Cauchy stress tensor causing reversible evolution,
partial pressure is also the part of a partial Cauchy stress tensor that causes
reversible evolution, and this definition is sufficient to derive an explicit expression
for partial pressures in a real mixture within EIT, see [81]. Interestingly, the
expression is the same as suggested by Samohýl et al. [87], namely

pα = pραvα (A.86)

where pα, p, ρα and vα are partial pressure of species α in the mixture, total
pressure of the mixture, density of the species and partial molar volume of the
species, respectively.

Moreover, the question whether kinetic energy of diffusion should be part of
the internal energy or not is clarified in the paper, and closed evolution equations
of a mixture where state variables of CIT are enriched with diffusion fluxes are
presented in the paper.

Can the new EIT theory of mixtures from paper [81] contribute to the un-
derstanding processes in fuel cells? Transport of gases through a porous medium
is often described by the dusty-gas model, which has been compared to exper-
iments extensively, see [62]. In [52] the dusty-gas model is derived from the
Maxwell-Stefan diffusion equations, and these equations can be derived within
the framework of CIT as shown in [48]. Therefore, the dusty-gas model can
be derived within CIT. Nevertheless, when having a closer look at the resulting
dusty-gas model, there is a term proportional to

∇p− ρf (A.87)

missing in the model derived from CIT5 when comparing with the model from
[62]. Recent (yet unpublished) calculations indicate that this term appears when

5f is the total force exerted on the mixture.
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starting from the EIT theory of mixtures [81] instead of CIT. Indeed, when plug-
ging Eqs. (65) and (91) of the paper into force-flux relation (69) of the paper leads
to appearance of the missing term in the final equation governing the diffusion.

In summary, the EIT theory of mixtures [81] provides a simple expression for
partial pressures, which are identified as the reversible parts of partial Cauchy
stress tensors. The theory explains whether kinetic energy of diffusion should be
considered part of internal energy or not, and closed EIT evolution equations for
mixtures are formulated. The theory could also serve as the starting point for
the thermodynamic derivation of the complete dusty-gas model from [62]. Such
thermodynamic derivation would be useful for calculating the efficiency losses by
diffusion in fuel cells since once having the thermodynamic formulation of the
model, the map of losses (see Section 3.7) can be plotted. The explicit derivation
of the dusty-gas model from the EIT theory of mixtures is, however, out of scope
of this work.
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B. Additional calculations
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B.1 Supporting calculations for Sec. 4.2

This section contains certain calculations that are used in Sec. 4.2. Terminology
is also explained in that section.

B.1.1 Molalities as functions of SOC

Catex membranes

One liter of the positive electrolyte at SOC equal to 0 in the experiment1 with
catex membrane consists of 779g H2O, 2mol V OSO4 and 3mol H2SO4. One
liter of the negative electrolyte consists of 806g H2O, 1mol V2(SO4)3 and 2mol
H2SO4. Apart from these values molalities of hydroxyl anions in both half-
cells are needed as well. These are calculated from the condition of equilibrium
between water, protons and hydroxyl anions, see B.1.2, for any SOC. When
calculating dissociation of water with added H+ ions according to B.1.2, we use
the approximation of ideal solution and, consequently, it is necessary to assume
how sulphuric acid dissociates. We suppose that it dissociates into H+ and HSO−4
in accordance with [26].

The electrochemical reaction in the positive half-cell is assumed to have the
following form

2V OSO4 + 2H2O → (V O2)2SO4 +H2SO4 + 2e− + 2H+ (B.1)

in the direction of charging. Electrons leave the half-cell to the external circuit
while the protons leave through the membrane, thus they do not remain part of
the electrolyte. Assuming that sulphuric acid dissociates completely to protons
and bisulphates and that salts of sulphuric acid are completely dissociated as
well, this last equation may be rewritten as

2V O2+ + 2SO2−
4 + 2H2O → 2V O+

2 + SO2−
4 +H+ +HSO−4 + 2e− + 2H+. (B.2)

The two protons at the end of the right hand side of this equation are transported
to the negative half-cell. This chemical reaction is compatible with reaction
mechanisms proposed in [51].

The electrochemical reaction in the negative half-cell is assumed to have the
following form

V2(SO4)3 + 2e− + 2H+ → 2V SO4 +H2SO4, (B.3)

where the two protons on the left hand side come from the positive half-cell
through the membrane. Using the same assumptions as in the case of the positive
half-cell, the electrochemical reaction in the negative half-cell can be rewritten as

2V 3+ + 3SO2−
4 + 2e− + 2H+ → 2V 2+ + 2SO2−

4 +H+ +HSO−4 . (B.4)

State-of-charge (SOC) is defined as

SOC =
bP
V O+

2

bP
V O+

2

+ bPV O2+

. (B.5)

1Carried out by Petr Mazur, co-author of the submitted paper.
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It follows that at SOC equal to zero, the electrolyte in the positive half-cell
contains only V O2+ ions. Since the number of vanadium ions is conserved in
the electrochemical reactions, the denominator of formula (B.5) is constant and
equal to bP,0V O2+ , i.e. molality of V O2+ ions in the positive half-cell at SOC equal
to zero. Therefore, if q moles of electrons pass through the circuit, the state of
charge is equal to

SOC =
q

nP,0V O2+

(B.6)

where nP,0V O2+ is number of moles of V O2+ in the positive half-cell at SOC = 0.
The amount of water in the positive half-cell changes when charging, and it

can be expressed as

mP
H2O

= mP,0
H2O
−MH2Oq = mP,0

H2O

(
1−MH2Ob

P,0
V O2+SOC

)
(B.7)

where MH2O is molar mass of water and mP,0
H2O

is mass of water in the positive
half-cell at SOC = 0. Indeed, one molecule of water disappears in the positive
half-cell when one proton passes through the membrane, according to formula
(B.2). Transport of water through the membrane is neglected in accordance with
[93]. No water is created or consumed by reaction (B.4), and so the amount of
water in the negative half-cell is constant during charging. The ratio of weight
of water in the positive-half cell at SOC = 0 and weight of water in the negative
half-cell is denoted by k.

Consequently, molalities of all the other species can be expressed as

bPV O2+ =
nP,0V O2+ − q
mP
H2O

=
bP,0V O2+(1− SOC)

1−MH2Ob
P,0
V O2+SOC

(B.8a)

bP
V O+

2
=

q

mP
H2O

=
bP,0V O2+SOC

1−MH2Ob
P,0
V O2+SOC

(B.8b)

bNV 2+ =
q

mN
H2O

= k · SOC · bP,0V O2+ (B.8c)

bNV 3+ =
nN,0V 3+ − q
mN
H2O

= bN,0V 3+ − k · SOC · bP,0V O2+ (B.8d)

bP
HSO−4

=
nP,0H2SO4

+ 1
2
q

mP
H2O

=
bP,0H2SO4

+ 1
2
bP,0V O2+SOC

1−MH2Ob
P,0
V O2+SOC

(B.8e)

bN
HSO−4

=
nN,0H2SO4

+ 1
2
q

mN
H2O

= bN,0H2SO4
+

1

2
bP,0V O2+kSOC (B.8f)

bP
SO2−

4
= bPV O2+ +

1

2
bP
V O+

2
(B.8g)

bN
SO2−

4
=

3

2
bNV 3+ + bNV 2+ (B.8h)

where bP,0V O2+ is molality of V O2+ ions in the positive half-cell at SOC = 0, bN,0V 3+ is

molality of V 3+ ions in the negative half-cell at SOC = 0 and bP,0H2SO4
and bN,0H2SO4

are molality of sulphuric acid in the positive and negative half-cell, respectively,
at SOC = 0.
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Molalities of hydroxyl anions in the positive half-cell and in the negative half-
cell can be determined by solving equation (B.24) when assuming that all protons
in the electrolytes have been created by dissociation of sulphuric acid and water,
i.e.

bH+ = bOH− + bHSO−4 . (B.9)

Values of bOH− obtained as solutions to equation (B.24) can be then plugged into
this last equation to obtain molalities of protons in both electrolytes. Note that we
assume that sulphuric acid dissociates completely into protons and bisulphates.
Note also that denominators in equations (B.8a)-(B.8f) are caused by variation
of the amount of water in the positive electrode.

Anex membranes

Charging of a VRFB with an anex membrane can be described by the same elec-
trochemical reactions as in the previous section, i.e. (B.2) and (B.4). But since
bisulphates are transferred through the membrane instead of protons, the two
protons in reaction (B.4) are not supplied from the positive half-cell. Therefore,
it is advantageous to rewrite the reaction in the following form

2V 3+ + 3SO2−
4 + 2e− +H+ +HSO−4 → 2V 2+ + 2SO2−

4 + 2HSO−4 , (B.10)

where the two bisulphates at the end of the right hand side are transferred into
the positive half-cell through the membrane, where they form sulphuric acid with
the two protons produced therein, see Eq. (B.2).

Formulas for molalities in terms of SOC and initial composition will be the
same as in the case of catex membrane except for molalities of bisulphates, which
become

bP
HSO−4

=
bP,0H2SO4

+ 1.5bP,0V O2+SOC

1−MH2Ob
P,0
V O2+SOC

(B.11a)

bN
HSO−4

= bN,0H2SO4
− 0.5bP,0V O2+kSOC. (B.11b)

Molalities bPH+ and bNH+ are then calculated from molalities of hydroxyl anions as
in the case of catex membranes. Molalities of hydroxyl anions are calculated from
Eq. (B.24) with molalities of added protons equal to molalities of bisulphates.

The electrolytes at SOC = 0 were prepared2 from a basic solution one liter
of which consists of 0.4mol V2(SO4)3, 0.8mol V OSO4, 2.0mol H2SO4, 0.05mol
H3PO4 and water, see [99]. The phosphoric acid is neglected hereafter. Density
of the solution was 1.34g cm−3. The amount of water can be calculated from the
density. Initially, both half-cells were filled with the basic solution and, subse-
quently, the battery was charged to SOC = 0 by the following reactions:

2H2SO4 + 0.8V OSO4 + 0.8e− → (B.12)

→ 0.4V2(SO4)3 + 0.8H2O + 0.8H2SO4 + 0.8HSO−4 (B.13)

0.4V2(SO4)3 + 1H2O + 0.8HSO−4 → 0.8V OSO4 + 1.2H2SO4 + 0.8e−, (B.14)

2by Frank Wandschneider, a co-author of the submitted paper [82]

132



where the former reaction takes place in the negative half-cell while the latter in
the positive half-cell. Bisulphates created in the negative half-cell are transferred
to the positive half-cell through the membrane. Similarly, electrons created in the
positive half-cell are transferred through external circuit and participate in the
reaction inside the negative half-cell. This way, one obtains electrolyte composed
of 0.8mol V2(SO4)3, 0.8mol H2SO4 and 48.2mol H2O per liter in the negative
half-cell and electrolyte composed of 1.6mol V OSO4, 3.2mol H2SO4 and 46.4mol
H2O per liter in the positive half-cell at SOC = 0. Molalities of all the species
at SOC = 0 can be then calculated from these two compositions.

B.1.2 Dissociation of water

In this section dissociation of pure water at standard conditions and dissociation
of water with added H+ ions at standard pressure and temperature are deter-
mined.

In thermodynamic equilibrium chemical potential of water is equal to sum of
chemical potential of protons and chemical potential of hydroxyl anions, which is
expressed in condition (4.35). Chemical potentials of both ions can be expressed,
according to formula (3.9), as

µH+ = µ◦H+ +RT ln

(
γH+

bH+

b◦

)
(B.15)

µOH− = µ◦OH− +RT ln

(
γOH−

bOH−

b◦

)
(B.16)

where molalities express number of moles of ions per kilogram of the whole amount
of water (mass of both dissociated and non-dissociated water molecules). Stan-
dard chemical potentials are, see [97],

µ◦H+ = 0 and µ◦OH− = −157244J/mol. (B.17)

Chemical potential of water can be then determined from Gibbs-Duhem rela-
tion, see for example [5, 70, 81] or Eq. (2.14),

(dµH2O)T,p = −
∑
α

MH2Obα d(µα)T,P , α = H+, OH− (B.18)

where (d•)T,p means differentiation at constant temperature and pressure.

B.1.3 Pure water

For pure water at standard conditions chemical potential of water is equal to the
standard Gibbs free energy of formation

µ◦H2O
= −237129J/mol, (B.19)

see [21]. Activity coefficients of protons and hydroxyl anions can be estimated by
Debye-Hückel limiting law, very well presented for example in [70],

ln γH+ = ln γOH− = −1.17

√
bH+

b◦
. (B.20)
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Plugging the last two equations into condition (4.35) yields the equilibrium mo-
lalities of protons and hydroxyl anions, which are equal to each other,

b◦H+ = b◦OH− = 9.97 · 10−8mol/kg. (B.21)

Water with additional H+

What are the molalities of protons and hydroxyl anions in water at standard
temperature and pressure if some amount bAH+ of protons is added (e.g. by dis-
sociation of sulphuric acid)? Assume that activity coefficients of protons and
hydroxyl anions are equal to 1. Formula (B.18) can be then integrated to

µH2O = µ◦H2O
−MH2ORT (bH+ − b◦H+ + bOH− − b◦OH−). (B.22)

Plugging this equation and equations (B.15) and (B.16) into condition (4.35) then
gives, considering that

bH+ = bOH− + bAH+ , (B.23)

an equation for equilibrium concentration of hydroxyl anions in terms of molality
of the added protons bAH+

Kw =
(bOH− + bAH+)bOH−

(b◦)2 eMH2O
(2bOH−+bA

H+−2b◦
OH−

) (B.24)

where

Kw = exp

(
µ◦H2O

− µ◦H+ − µ◦OH−
RT

)
= 9.94 · 10−15 (B.25)

is the equilibrium constant of water. This equation can be easily solved for any
bAH+ to obtain the sought molality of hydroxyl anions bOH− and consequently also
the molality of protons according to formula (B.23).
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