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Abstract

In this thesis we take the Bayesian persuasion model, impose a limitation on

the signal space and subsequently derive the first order conditions for the equi-

librium. Then we enhance the model for several different constraints. We find

that the analysis is greatly facilitated if such constraints do not relax when

more signals are added to the model. The first type of constraint is imposed to

eliminate the perfectly informative persuasion mechanisms. The second type

of constraint limits the total uncertainty reduction caused by the persuasion.

Finally the third type of constraint is a participation constraint. It ensures a

certain level of reservation utility for the persuaded party.

JEL Classification C72, D82, D83,

Keywords Strategic Communication, Persuasion Game,

Imperfect Information, Verifiable Evidence
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Abstrakt

Tato práce se zabývá modelem Bayesovského přesvědčováńı, který charakter-

izuje optimálńı přesvědčovaćı signál. Nejprve ukážeme, že se v tomto mod-

elu lze omezit na signály s konečným počtem realizaćı. Poté model rozš́ı̌ŕıme

o několik r̊uzných realistických omezeńı pro konstrukci signál̊u a ukážeme, že

analýza rozš́ı̌reného modelu je výrazně jednodušš́ı, pokud se př́ıpustná množina

maximalizačńıho problému nezvětšuje při přidáváńı daľśıch signál̊u. Prvńı

omezeńı, které do modelu zavád́ıme, odstraňuje možnost předat přesvědčováńım

úplné informace a limituje přesnost signál̊u. Druhé omezeńı, které zavád́ıme,

limituje množstv́ı informaćı, které lze přesvědčováńım předat. Třet́ı a také

posledńı omezeńı, které do tohoto modelu zavád́ıme, dává přesvědčovanému

minimálńı úroveň užitku źıskaného přesvědčováńım.
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of literature on game theory. Whereas the so called cheap talk models, where

the communication is costless and players can communicate virtually anything,

has been extensively discussed, these models don?t suit some application by

their essence. To provide an example in certain kinds of lobbies, the lobbyist

will not get any attention, unless he provides some verifiable evidence of his

claims. A good example of these applications could be a court, where judges

decide based on provided verifiable evidence. However even if the evidence is

verifiable, it can be manipulated. As shown by the example of prosecution

in Kamenica and Gentzkow (2011), the prosecutor can effectively control the

information available to the judge and consequently influence his decisions.

However in this paper, the results shown are actually a special case, in which

the manipulator is unconstrained in his selection of the posterior distribution

for the decision maker. One could think of certain cases where manipulators

optimization is constrained. For example in research about climate change, or-

dered by a policy maker, it is hard to imagine, that the report provided by the

researcher is completely fabricated. One could also think of modeling a cost of

such manipulation. Research influenced, to suit the taste of the decision maker

provides a whole field of applications of these constrained models. In these

models the results from Kamenica and Gentzkow (2011) are not directly appli-

cable. One has to ask, how the constraint will influence the model. This will

be the focus of this thesis. First, the constraint will be chosen and motivated
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the solution of the new model and implications of the constraint will be derived.

Finally, the results will be compared to the original model.

Hypotheses

1. Existence and uniqueness/multiplicity of equilibria will not exhibit major

changes from augmentation of the model for pre-play.

2. If augmenting the model has any effect on player?s payoffs, it will benefit

the player, who gets the extra move in the pre-play.

3. The type of the constraint influences the effect on equilibrium prediction

qualitatively.

Methodology Selected models will be augmented for pre-play, in which one of

the players manipulates information available in the rest of the game (so called

endogenous persuasion). However the possibility to manipulate the evidence

will be limited. In the enhanced model, the player can manipulate information

only to extent of certain constraint. This constraint will be chosen appropri-

ately to follow underlying logic, implied by the application of the model. After

construction of the model and definition of the constraint, the model will be

solved analytically, using Perfect Bayesian Equilibria or Sequential Equilbria

concepts. Finally, the results will be discussed and compared with the results

of original models.

Expected Contribution I will show robustness of some models to possibility,

that the information attained during the game was manipulated by one of the

players in advance. Otherwise it will be shown, that possible manipulation

changes the predicted results dramatically. Types of the constraints will be

linked with implications on the model. One can use these results directly.

If certain type of constraint can be justified in a specific model of endogenous

persuasion, then the modeler faces a decision, whether to include this constraint

into the model. This thesis should provide some help with such decision.

Outline

1. Introduction, specification of models selected from literature, selection of

models:
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Chapter 1

Introduction

Strategic communication has been a developing field in the informational eco-

nomics literature for a long time. Most of the models of strategic communi-

cation share the following structure. There is a player called the sender (an

informed party) and a player called the receiver (an uninformed party). Based

on a message from the sender to the receiver, the receiver takes an action which

subsequently affects the payoffs of both players. Both players maximize their

expected payoff. Often the action that is the best for the receiver is not the

best one for the sender. This introduces a wedge between the players which

usually results in the sender using the communication to influence the receivers

action to his benefit.

While some papers assume the transferred information to be ex post veri-

fiable like Milgrom & Roberts (1986) (especially his third application to per-

suasion game) or Grossman (1981), other models relax this verifiability as-

sumption. The well known extreme case is the cheap talk model, when the

information cannot be verified at all, is developed in Crawford & Sobel (1982).

Relaxing verifiability often leads to existence of so called babbling equilibrium,

in which the sender sends an arbitrary message and the receiver does not be-

lieve anything. The verifiability assumption often prevents the existence of this

type of equilibrium.

All of the above mentioned papers originated their own branches of litera-

ture. The former (Milgrom & Roberts (1986) and Grossman (1981)) is referred

to as the literature of verifiable evidence, the latter (Crawford & Sobel (1982))

is referred to as cheap talk model. Both models can be seen as a special case
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of a general model with lying cost. This model has been introduced by Kartik

(2009). The idea is that if the lying cost is close to zero the model approaches

the cheap talk models while if the lying cost goes to infinity the model ap-

proaches the model of verifiable evidence. This is driven by the fact that if the

lying costs are sufficiently high, the only remaining reasonable option is to be

truthful.

In all these papers, the receiver is influenced by means of manipulating the

message sent by the sender. The focus of the results is thus on disclosure of in-

formation and incentives to give incomplete message in equilibrium. Kamenica

& Gentzkow (2011) have shown a different approach to the communication

problem in their Bayesian persuasion model. Instead of control over his or her

message, the sender has control over the production of evidence (i.e. the shape

of experiments). This is achieved by giving power to the sender to manipulate

the distribution under which the message is generated. Nevertheless the dis-

tribution cannot be manipulated arbitrarily. The new information has to be

consistent with the prior knowledge of both players. In their model Kamenica

& Gentzkow (2011) assume that the message is directly observed by everyone.

However as they argue in their online appendix Kamenica & Gentzkow (2010),

no deviation from the solution of the original model is caused by relaxation of

this assumption to a set of verifiable messages. That is the sender can withhold

information but he cannot lie. This suggests that if the sender has the power

over the information set, he can afford full disclosure and has no incentive to

hold back information from the receiver.

We have found that the original model from Kamenica & Gentzkow (2011)

has some interesting properties. In the original model, the sender has the ability

to provide perfectly informative signals. After the receiver observes a perfectly

informative signal, he is sure of the true state of the world. The authors in

Kamenica & Gentzkow (2011) provide us with a motivating example about

a judge (receiver) and a prosecutor (sender). In the example, the prosecutor

conducts an investigation on a defendant, which is then either acquitted or

convicted by the judge. The solution to the motivating example demonstrates,

that while the prosecutor proves innocence to some of the defendants who are

truly innocent, he brands some of the innocent defendants as guilty and mixes

them with the remaining population of guilty defendants. The surprising re-

sult is, that more of the people are convicted than the fraction that is actually
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guilty. That is how this mechanism improves the payoff of the prosecutor, who

gets paid for every successful conviction. There are two main aspects of this

model, that can be well demonstrated on this example.

First, as mentioned above, the sender is able to prove innocence of some

innocent defendants. By proving innocence we mean, that when the defendant

is branded as innocent, there is a zero percent chance that the defendant is

guilty. In case the precision of the investigation is imperfect. Such solution

cannot be attained.

Second, the judges payoff is positive for every just decision. That is, the

judge wants to convict as much guilty, and acquit as much innocent defendants

as possible.

However in the motivating example, the judge is actually indifferent be-

tween listening to the prosecutors arguments and judging naively based solely

on his prior belief. This indifference can be further described by the fact, that

if the judge judges under the influence of the prosecutor, he makes on average

the same amount of errors as if he judged naively.

The main purpose of this thesis is to introduce enhancements to this Bayesian

persuasion model, which handle the above discussed properties. We do this by

introducing further constraints on sender’s investigation. In chapter 2 we re-

view the baseline model of Bayesian persuasion from Kamenica & Gentzkow

(2011) and draw some interesting consequences which facilitate analysis in the

following chapters. In chapter 3 we introduce a constraint that forbids the

perfectly informative signals. In chapter 4 we impose similar but different con-

straint, which limits the amount of information that is transferred through the

persuasion mechanism. In chapter 5 we enhance the model for a constraint

that improves the receivers position in the model and eliminates the zero pay-

off from persuasion for the receiver. Finally chapter 6 concludes the thesis.



Chapter 2

Bayesian Persuasion Model and

it’s Properties

In this chapter we first present the original model and then discuss it’s prop-

erties. There are two main consequences which make the analysis tractable.

The first consequence is the fact that a finite number of signals is always suf-

ficient for sender to achieve the maximum value. The second consequence is

no incentive for the sender to withhold information. The first section of the

chapter presents the original model. The second section deals with the first

consequence of the original model on which we build throughout this paper. In

the third section we discuss the incentive to report truthfully. It turns out that

these consequences will be crucial in augmenting the model for the constraint in

chapters that follow. While we do not follow the notation and the structure of

the original paper strictly, all of the results presented in the next section are ei-

ther taken directly from the original paper or they are straightforward to derive.

2.1 Bayesian Persuasion Model

The original model, as it is presented in Kamenica & Gentzkow (2011), is a

model of persuasion. There are two agents, one called the sender, the other

called the receiver. At the end of the game the receiver takes an action which

influences both players. Both players live in a stochastic world, with a finite

number of states |Ω|. The players share a prior belief µ0, which is a proba-

bilistic distribution on Ω. We will denote the whole distribution by µ0 and the

prior probability that the state of the world is ω by µ0(ω). The most important



2. Bayesian Persuasion Model and it’s Properties 5

aspect of the model is that the sender has an ability to conduct a research on

the true state of the world and thus influence the receiver’s information set.

The sender’s utility function v(a, ω) depends on the state of the world ω

and the receiver’s action a. The receiver’s utility function u(a, ω) depends on

the same variables. The action space A is compact and it consists of at least

two actions. The sender chooses a set of (|Ω|) signal functions, each of which

is a distribution function π(.|ω). He decides not only on shape of each of these

functions, but also on the number of realizations each distribution function

has. Each signal function is a probabilistic distribution with support on signal

space S. The signal results in a single realization s ∈ S. Both players observe

the signal upon its realization and the receiver forms posterior beliefs µs, s ∈ S
about the true state of the world. Again this posterior belief, which will be

denoted as µs, is a whole distribution across the state space. By µs(ω) we will

denote the probability that a state of the world ω occurs upon observing signal

s and forming a belief µs. To form his beliefs, the receiver utilizes not only

the signal realization, but also the knowledge how the signals were constructed

before the realization. The receiver does so, using the Bayes rule. After form-

ing his beliefs the receiver takes an action a∗(µs) ∈ A which maximizes his

utility under these beliefs. The action space A is such that each action a ∈ A
is induced by some posterior beliefs. Then for each such induced action, the

senders expected utility can be written as v̂(µs) =
∑

Ω v(a∗(µs), µs(ω))µs(ω) or

more generally as v̂(µ) =
∑

Ω v(a∗(µ), µ(ω))µ(ω). This concludes the setup of

the model as it is in the Kamenica & Gentzkow (2011).

The authors solve this model using the sender preferred equilibrium con-

cept. This is possible thanks to the fact that the signal realization is a public

information. The senders maximization problem can then be written as:

max
{π(s|ω):ω∈Ω,s∈S}

∑
S

τ(µs)v̂(µs)

subject to: µs(ω) =
π(s|ω)µ0(ω)∑
Ω π(s|ω)µ0(ω)

, (2.1a)

τ(µs) =
∑

Ω

π(s|ω)µ0(ω), (2.1b)

where τ(µs) can be interpreted as the likelihood in which the players ob-

serve realization s, given the signal structure. Observe that this likelihood is
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bound to the specific signal and does not depend directly on the state of the

world, that is ∀ω ∈ Ω : τ(µs) is the same.

This maximization problem is clearly difficult to solve. The difficulty lies

mainly in the fact that the sender can choose any number of signal realizations.

Without further assumptions or a technique how to determine the optimal num-

ber of signals, one cannot solve it for optimal signal structure. This is why the

authors in Kamenica & Gentzkow (2011) chose a different approach. They

characterize the value function of the sender and it turns out that the value

function also directly reveals some optimal signal structures.

To facilitate the problem, the authors first establish the fact that the sender

can restrict himself to so called straightforward signals. The straightforward

signals are such that each signal produces a recommended action for the re-

ceiver. This effectively means, that we can restrict our attention to solutions

with bounded number of signals by the number of actions. However the action

space can still be infinite, which results to an infinite signal space.

Then the authors show, that given the constraint in the maximization prob-

lem, the sender can achieve any combination of posterior beliefs µs and their

likelihoods τ(µs) iff he satisfies the so called Bayes plausibility constraint, that

is:

∑
S

µsτ(µs) = µ0

or equivalently:

∑
S

µs(ω)τ(µs) = µ0(ω)∀ω ∈ Ω

We include the proposition from Kamenica & Gentzkow (2011) below for

further reference:

Proposition 2.1. (Kamenica & Gentzkow (2011)) The following are equivalent:

1. There exists a signal with value V ∗.

2. There exists a straightforward signal with value V ∗.
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3. There exists a Bayes-plausible distribution of posteriors τ such that Eτ v̂(µ) =

v∗

To show some intuition behind this, recall that the receiver is following the

Bayes rule:

µs(ω) =
π(s|ω)µ0(ω)

τ(µs)
(2.2)

the sender can induce the beliefs µs when he chooses the signals such that:

π(s|ω) =
µs(ω)τ(µs)

µ0(ω)
(2.3)

It turns out that if the sender follows this rule the constraints in the max-

imization problem 2.1a are satisfied while the Bayes plausibility constraint re-

mains the only constraint on the posterior beliefs that needs to be satisfied.

The problem can then be written as:

max
{µs,τ(µs)}s∈S

∑
S

τ(µs)v̂(µs) (2.4)

subject to :
∑
S

µsτ(µs) = µ0

This new formulation allows us to effectively optimize on the space of

{µs, τ(µs)}, which is much easier than the previous optimization problem. How-

ever the number of these posteriors can still be infinite as it depends directly

on the number of signals |S|.

Nevertheless this formulation allows to characterize the value function of the

sender in a nice way. The authors show, that for the induced utility function

v̂(µ), the maximum value the sender can attain in this problem is given by the

concave closure of function v̂(µ). The concave closure is the upper boundary

of the convex hull of the graph of v̂. This function will be denoted in the rest

of this paper as V (µ). Figure 2.1 illustrates the concave closure for a case of

|Ω| = 2. That is for a given prior belief µ0, the maximum value the sender can

attain is V (µ0).

Let us now show what is the concave closure of a function on an example.

Doing this we will work with the function v̂(µ) depicted on 2.1. First consider
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Figure 2.1: Illustration of Concave Closure (source: Kamenica &
Gentzkow (2011))

a convex hull of the graph {µ, v̂(µ)}. The convex hull of a set X is the smallest

convex set Y such that X ∈ Y , it is usually denoted as co(X). The set co(X)

can be alternatively defined as the set that comprises of all convex combinations

of points that belong to the original set X. For a closed and bounded set

X ∈ Rn the set co(X) is also closed and bounded (see Bot et al. (2009)). The

concave closure is then the supremum of this set, that is:

V (µ) = sup
{
z|(µ, z) ∈ co({µ, v̂(µ)})

}
One can quickly notice from the depicted example, that once the value

function is found, the posterior beliefs are also easily found. This may be the

case for |Ω| = 2, but the graphical analysis cannot be carried out for higher

|Ω| than 3. Moreover as we show later this observed solution may be misleading.

Finally, there is another problem to this analysis. Let us say, that we have

found the desired points µs, then the likelihoods τ(µs) are just weights on these

posterior beliefs. Given the posterior beliefs, the inducing signal structure can

be found by the inverted Bayes rule in equation 2.3. However the naively ob-

served solution is not the only solution and in fact there are infinitely many

solutions to the depicted problem. To see this, consider another solution to the

given example.

For construction of another solution it simply suffices to construct another
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Figure 2.2: Example of Multiplicity of Solutions

signal with corresponding belief µm = µh. For this solution to be Bayes plau-

sible it suffices to keep the weight τ(µl) and have τ(µm) + τ(µh) = 1− τ(µl).

One can immediately see, that this solution gives the same utility to the

sender while it has more signals. It is also apparent that more solutions to the

problem can be constructed following the same logic but the solutions found

this way are somewhat degenerate. Nevertheless for a different function v̂(µ)

there is another possibility in which there are more solutions none of which

can be considered degenerate. Such function is depicted in figure 2.2. One of

the solutions could be attained by constructing signals with beliefs µ1 and µ2,

clearly another feasible solution can be formed by signals with beliefs µ1 and µ′2.

It becomes apparent that one cannot easily escape the multiplicity of solutions.

2.2 Restriction to Finite Number of Signals

Although there is a multiplicity of solutions in the model, the example demon-

strated at figure 2.1 exhibits one solution which appears to be the most rea-

sonable. In the example the most reasonable solution is the one with just two

signals and consequently two posterior beliefs. The point of this section is to

show, that in a situation, where |Ω| = n, n signals are sufficient for the sender

to achieve the value of a concave closure. Showing this, one can disregard the

other solutions to the model as the sender has nothing to gain from introducing
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more signals.

To show this let us first discuss why the concave closure is the desired value

function. The sender can only construct such combinations of belief points

µs and their likelihoods τ(µs) that the combination satisfies the Bayes plau-

sibility constraint. In fact the constraint can be interpreted in the following

way. If the sender picks any set of posterior belief points such that µ0 lies

somewhat between them, then there exists a weighing scheme {τ(µs)}s∈S, that

in combination with the points satisfies the constraint. For example in a case

with |Ω| = 2 both posterior beliefs are each a distribution with two possible

values, one for each ω. At the same time the probability has to sum up to

one, so both distributions can be characterized each by a single value µs(ω).

The same holds for the prior distribution µ0. What is necessary to find such

weighing scheme, is that at least for one ω ∈ Ω the following inequalities are

satisfied µs1(ω) < µ0(ω) < µs2(ω). This implies that for the other ω′ ∈ Ω

the reverse inequalities hold µs1(ω
′) < µ0(ω′) < µs2(ω

′). Alternatively for

|Ω| = 2 the space of beliefs can be regarded as an interval [0, 1], in which the

beliefs are single points. Then the necessary requirement can be restated as

µ0 ∈ co({mus1 , µs2}). It turns out that this second formulation can be easily

generalized to the situation when |Ω| = n. The line segment then generalizes to

an n-dimensional simplex in which all the belief points lie. The first important

observation can be then formalized as:

Lemma 2.1. If {µs}s∈S : are such that: µ0 ∈ co({µs}s∈S),

Then ∃{τ(µs)}s∈S such that: µ0 =
∑
S

τ(µs)µs

The second important observation is, that the resulting utility of the sender

is the convex combination of the values of the selected points. Moreover such

convex combination always lies right above the prior in the graph of function

v̂(µ).

Putting the two observations together we reach the fact that all convex com-

binations of the graph {µ, v̂(µ)} are feasible. Thus the set of attainable values

is the convex hull of this graph. Considering, that the sender wants to maxi-

mize among these values for a given µ0, the concave closure is the supremum
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of this graph and it thus defines the maximum value the sender can attain. For

a given prior belief µ0 the optimal point is V (µ0).

Now that we know, that the concave closure is attainable and how it looks

like we can stretch this analysis a bit further. We can see, that all the points

{µs, v̂(µs)} (with a positive weight τ(µs)) that are derived from the optimal

construction of the signals have to be in the hyperplane that is tangent to the

concave closure in the point {µ0, V (µ0)}. Otherwise the optimal solution is

not reached. A positive weight is put on a point µs with sub-optimal value

v̂(µs) and consequently the sum
∑

s∈S µsτ(µs) cannot add up to the value of

the concave closure V (µ0).

Lemma 2.2. Let {µs, τ(µs)}s∈S be a solution to the unconstrained problem 2.4,

then all the corresponding points on the graph {µs, v̂(µs)} lie on a hyperplane,

that is tangent to the concave closure function V (µ) at point µ0.

We can now consider just the points {µs, v̂(µs)} that are in the hyperplane.

There can be an infinite number of such points. In fact using the lemma 2.1,

any number of these points with the property that their convex hull contains

the point {µ0, V (µ0)} can be used to construct the optimal signal. Moreover

all of these combinations have the same value V (µ0) for the sender.

Recall that we want to show that for a problem with |Ω| = n, there always

exists a combination of just n points with a property that their convex hull

contains the point {µ0, V (µ0)}. That is in the tangent hyperplane, which is

n− 1− dimensional, there are n such points. Then for these points the likeli-

hood weights can be easily derived. How are these n points found is illustrated

in the following examples.

Consider first the example depicted in figure 2.2. As |Ω| = 2, the hyper-

plane is just a line and the points {µs, v̂(µs)}, that lie on this line and are

candidate for the solution can be seen in figure 2.2 as the line segment defined

by points µ2 and µ′2. One can clearly choose any number of any points that are

to the right from µ0, however to construct a feasible solution the point to the

left has to be included. In fact any two points can be selected, such that the

line segment constructed between these two points contains the point V (µ0).

Clearly just one point on the right is sufficient to construct the solution. That
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Figure 2.3: Finding Three Supporting Beliefs for |Ω| = 3

is the total number of points that are sufficient is n = 2.

Now consider an example where |Ω| = 3 as depicted in figure 2.3. The hy-

perplane is now a plane. There are 4 candidate points for an optimal solution.

While all four points can form a solution with respective weights it is not true

that any subset of these points can be used to form a solution. For example

points A,B,D cannot be used. It turns out that any three points which form a

triangle, such that the point {µ0, V (µ0)} lies inside, can be used.

We can generalize this a bit further and see, that for |Ω| = 4 among the

candidate points, 4 points such that they form a tetrahedron, which contains

µ0 have to be selected. It turns out, this property generalizes to |Ω| = n. In

such case there exists a solution which consists of n points which form a hyper-

polyhedron with n vertices. These n points again have to contain the point
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{µ0, V (µ0)}.

However it is crucial that this hyper-polyhedron with n vertices always

exists. This is shown by the following argument. Let us for simplicity assume,

that in a case with |Ω| = n the hyperplane contains a finite number of k ≥ n

candidate points. (If it would contain less or equal than n points, then these

points can be automatically used as the solution). Let us denote the set of

these candidate points as X. Let xi be a set of n points from X and Xk be a

set of all such sets. By construction, the convex hull of the set co(X) contains

the point {µ0, V (µ0)} and it can be written as:

co(X) = ∪(k
n)
i co(xi) : xi ∈ Xk

Now we can use, that all of these sets are bounded and closed (convex hull of

a finite number of points is a bounded and closed set). This immediately leads

to the fact, that at least one of the sets co(xi) contains the point {µ0, V (µ0)}.
This set has by definition n points and can be used to construct the solution.

We summarize the discussion by the following proposition:

Proposition 2.2. Whenever there exists a solution to the maximization problem

2.4, there exists a solution with just n signal realizations.

Note that as in the example illustrated in figure 2.2 there can always be an

infinite number of candidate points. Nevertheless the argument easily general-

izes to this case as long as all of these sets xi are again bounded and closed.

We believe, that this can be established by imposing an additional assumption

(which is in fact present in the original model), that whenever the receiver is

indifferent he decides in favor of the sender.

Using this property permits us to look just for n signals whenever we have

a problem with |Ω| = n states. This greatly simplifies the problem and makes

it in fact an easy problem of function optimization with 2n real variables (n

signals with beliefs µs and n weights τ(µs)) and two constraints (one Bayes

plausibility constraint and one constraint that ensures that τ(µs) sums up to

1).

It turns out that this property of the solution will be crucial in the later
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chapters when we want to build another constraint into the model. In the next

subsection we first present the first order conditions for the two dimensional

case, then we generalize it to the n-dimensional case.

2.2.1 Solution for Finite Number of Signals

In this subsection we demonstrate how can we use the proposition 2.2 to derive

the solutions algebraically. Let us start with the easiest problem characterized

by |Ω| = 2. Using the proposition 2.2, we can now write the problem as:

max
µ1,µ2,τ(µ1),τ(µ2)

v̂(µ1)τ(µ1) + v̂(µ2)τ(µ2)

subject to: ∀ω : τ(µ1)µ1(ω) + τ(µ2)µ2(ω) = µ0(ω)

τ(µ1) + τ(µ2) = 1

It is immediately clear that Bayes plausibility constraint for one ω implies

the Bayes plausibility constraint for the other ω, because there are only two

states, which leads to µ0(ω1) = 1 − µ0(ω2) and µs(ω1) = 1 − µs(ω2). This

way we can get rid of one of the constraints. Combining the two remaining

constraints one can express τ(µs) in the following form:

τ(µ1) =
µ2(ω1)− µ0(ω1)

µ2(ω1)− µ1(ω1)
=
µ2(ω2)− µ0(ω2)

µ2(ω2)− µ1(ω2)

τ(µ2) =
µ0(ω1)− µ1(ω1)

µ2(ω1)− µ1(ω1)
=
µ0(ω2)− µ1(ω2)

µ2(ω2)− µ1(ω2)

Let us now fix ω and drop it from the notation. That way we can think

of µ1, µ2 as numbers between [0, 1] and we can plug the τ(µs) back into the

objective function. Doing so we reach the maximization problem:

max
µ1,µ2

v̂(µ1)
µ2 − µ0

µ2 − µ1

+ v̂(µ2)
µ0 − µ1

µ2 − µ1

This is still a constrained maximization problem, because as noted above

∀s ∈ S, 0 ≤ µs ≤ 1. This implies that when the function v̂(µ) is continuous

this problem always has a solution. The solution can then be either an interior
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Figure 2.4: The Concave Closure is not Necessarily Constructed by
Points of Local Maxima

solution or a boundary one. For an interior solution, the first order conditions

are:

∂v̂(µ1)

∂µ1

=
∂v̂(µ2)

∂µ2

=
v̂(µ2)− v̂(µ1)

µ2 − µ1

= 0 (2.5)

Let us now compare these first order conditions to the graphical solution

given in the example 2.1. At a first glance the graphical solution suggested that

the posterior beliefs are below the local maxima of the function v̂(µ). We can

now see from the first order conditions, that this is not the case. In this way

the graphical analysis may be a bit misleading. In fact the exact position of

the points is difficult to derive graphically. To see how misleading the graphical

analysis can be consider another example depicted in figure 2.4. The points

µ1, µ2 are the naive solutions below the local maxima of function v̂(µ). The

points µ1′ , µ2′ are the true solutions found by the first order conditions.

To further describe the boundary solution let us fix ω = ω1 and name the

belief points in this dimension from lower to higher µ1 and µ2. That is the

following inequality holds µ1(ω1) < µ0(ω1) < µ2(ω1). This can be violated only

when both posterior beliefs coincide. The solution where both signals coincide

is possible only when there are no gains from persuasion. In such case the

posterior beliefs also have to coincide with the prior µ0(ω1).
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If the solution is not interior but boundary, then one of the following equal-

ities have to be satisfied:

µ1(ω1) = 0

µ2(ω1) = 1

If both of these equalities are satisfied then the solution exhibits complete

revelation of information. The sender selects two signals in such a way, that

when one of the signals realizes and the receiver observes the signal, he knows

with certainty, what is the true state of the world. As argued in Kamenica &

Gentzkow (2011) sufficient condition for such result is when v̂(µ) is convex.

When only one of these equalities is satisfied it fixes one of the belief points

and the remaining problem is to find the second belief point. This is now

a one dimensional maximization problem. For example for µ2(ω1) = 1, the

corresponding weights are: τ(µ1) = 1−µ0
1−µ1 , τ(µ2) = µ0−µ1

1−µ1 , the problem is then

simplified to:

max
µ1

v̂(µ1)
1− µ0

1− µ1

+ v̂(1)
µ0 − µ1

1− µ1

and the solution is found using the first order condition:

∂v̂(µ1)

∂µ1

=
v̂(1)− v̂(µ1)

1− µ1

= 0

For example such a boundary condition is attained when the function v̂ is

convex on one of the intervals [0, µ0(ω1)], [µ0(ω1), 1].

Now let us turn to the general problem with |Ω| = n. Thanks to Proposition

2.2 we can look for a solution with |S| = n. The maximization problem can

then be written as:

max
{µs,τ(µs)}s∈S

n∑
s

τ(µs)v̂(µs)

subject to:
n∑
s

µs(ω)τ(µs) = µ0(ω)∀ω,
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and
n∑
s

τ(µs) = 1

Here the Bayes plausibility constraint has to hold for each ω, but if it holds

for n-1 ω, then using that
∑

ω µ0(ω) = 1 and ∀s ∈ S :
∑

ω µs(ω) = 1 we can see

that it will hold for the n-th ω. This way we can see that we in fact have just

n−1 constraints coming from Bayes plausibility and one constraint imposed on

τ . However we can regard these constraints as a system of n linear equations

with n unknowns and solve for each τ(µs).

τM = M0 (2.6)

where τ = (τ(µ1), . . . , τ(µn)),M0 = (µ0(ω1), . . . , µ0(ωn−1, 1) and:

M =


µ1(ω1) · · · µ1(ωn−1) 1

...
. . .

...
...

µn(ω1) · · · µn(ωn−1) 1


let us call the solution to this system τ ∗(µ1, . . . , µn) = (τ1(µ1, . . . , µn), . . . , τn(µ1, . . . , µn)).

Then if we call v̂(µ1, . . . , µn) = (v̂(µ1), . . . , v̂(µn)), τ ∗(µ1, . . . , µn) can be plugged

back into the maximization and we reach the form:

max
{µs}s∈S

τ ∗(µ1, . . . , µn)v̂(µ1, . . . , µn),

It is important to hold in mind, that ∀s ∈ S :
∑

ω∈Ω µs(ω) = 1. Using this

final equation we can rewrite the sender’s value for each posterior belief as:

v̂(µ1) = v̂(µ1(ω1), . . . , µ1(ωn)) = v̂(µ1(ω1), . . . , µ1(ωn−1), 1−
∑

ω∈Ω\{ωn}

µs(ω)),

or: v̂(µ1) = v̂(µ1(ω), . . . , µ1(ωn−1))

Finally we can rewrite the maximization problem as:

max
{(µs(ω),...,µs(ωn−1)}s∈S

τ ∗(µ1, . . . , µn)v̂((µ1(ω1), . . . , µ1(ωn−1)), . . . , (µn(ω1), . . . , µn(ωn−1)),
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We have reached a function optimization problem with n(n− 1) variables.

The solution can be decomposed to interior and boundary. For the interior

solution the derivative of the objective function with respect to µs(ωi) yields:

∂v̂(µs)

∂µs(ωi)
τs(µ1, . . . , µn) + v̂(µ1)

∂τ1

∂µ1(ωi)
+ · · ·+ v̂(µn)

∂τn
∂µn(ωi)

The system of first order conditions can then be written as:

∂v̂(µs)

∂µs(ωi)
= −

v̂(µ1, . . . , µn)∂τ
∗(µ1,...,µn)
∂µ1(ω)

τs(µ1, . . . , µn)
,∀s ∈ S, ω ∈ Ω (2.7)

The generalization of boundary solutions is straightforward. A boundary

solution occurs, whenever the following condition is satisfied:

∃ω ∈ Ω, s ∈ S : µs(ω) = 0

The first order condition for this µs is dropped and the problem can be

solved analogically.

2.3 Withholding Information

There is a second property of the model, which is hiden in the assumption that

both the sender and the receiver observe the realization of the signals simul-

taneously. This assumption effectively removes strategic reporting from the

model. While this may seem very restrictive, the authors of the original paper

discuss this assumption and they show, that it can be relaxed. In this section

we briefly discuss this result.

To be specific the authors show, that if we drop the assumption and instead

introduce a slightly different model where the sender can withhold information,

the solution will coincide with the solution in the original model. First the

authors modify the timing in the following way:

1. The sender chooses the signals functions and the message space.

2. The signal is realized and the sender observes it’s realization privately.

3. The sender decides on sending a message about the signal to the receiver.

4. The receiver observes the message and decides on his action.
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To briefly describe the difference between this timing structure and the one

presented in Kamenica & Gentzkow (2011) consider a restriction under which

the message sent to the receiver has to be exactly the same as the realization of

the signal. Then the timing collapses to the one in the original paper. However

in the extended model the sender can decide on sending a message to the re-

ceiver that is ex post verifiable. That means that upon observing the message

the receiver is able to tell, whether the true signal is included in the message.

The message can then be any m ∈ P (S) as long as s ∈ m, where P (S) is the

set of all subsets of the set S. That is the sender can withhold any amount of

information as long as he does not lie.

Interestingly if we relax the assumption in a way, that we allow the sender

to send any subset the realization space the resulting equilibrium will be for

the sender to report the whole truth and resulting equilibria coincide with the

original game. This is so, because as discussed in the previous section and pre-

sented in Kamenica & Gentzkow (2011), the sender cannot improve his payoff

by withholding information. If he optimally manipulates the distribution in

the first stage of the game it is in his best interest to send the realization in the

following sub-game. In that case he attains the maximum payoff. The formal

proof of this is available online Kamenica & Gentzkow (2010) as an appendix

to the original paper Kamenica & Gentzkow (2011).

However there is still the possibility to remove the assumption s ∈ m and

allow the sender to send any message. The possibility to lie would introduce

the so called babbling equilibria well known from Crawford & Sobel (1982).

Moreover there would be an extra stage with an extra decision for the sender.

Another possibility would be to restrict the message space conditionally on the

signal realization in a different way.



Chapter 3

Technical Constraint

3.1 Introduction to the Constrained Problems

In the model introduced by Kamenica & Gentzkow (2011), which we have

discussed extensively in the previous chapter, the only constraints imposed on

the persuasion mechanism are Bayes plausibility constraint and constraints im-

posed by general properties of distribution functions. In this chapter and the

next chapters we impose additional constraints on the sender’s choice of the op-

timal signal. We find three ways how to impose such constraints. Specifically,

we distinguish three different aspects of the persuasion mechanism. First the

sender constructs the signal functions. Second, by construction of the signal

functions the sender effectively chooses how much information will be trans-

ferred to the receiver. Third, after the receiver observes the realization of the

signal, he decides upon his action to maximize his utility. That is the receiver

has a utility improvement from the persuasion mechanism. These aspects are

not independent, but they closely relate to one another. The three types of

constraints are imposed on each of these aspects separately.

The first type of constraint will be called a technical constraint. It is im-

posed directly on the construction of the sender’s signal functions. In the

original model it was possible to construct such signal functions that induce

beliefs, which completely rule out some states of the world. Throughout the

text we will call these signal functions perfectly informative. We believe that

investigation which utilizes these perfectly informative signal functions is often

not feasible for the sender to perform. This is why we impose the first con-

straint to eliminate the perfectly informative signals.
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The second type of constraint will be called uncertainty reduction con-

straint. It is imposed on the amount of information that the sender is able to

transfer to the receiver. It may seem, that this is very similar to the technical

constraint, because when there are no states of the world ruled out by the inves-

tigation, the uncertainty is higher. They are actually very different. While the

technical constraint is imposed directly on the signal functions, the uncertainty

reduction constraint is imposed on the posterior beliefs. In fact the technical

constraint is imposed on each of the signal functions separately, but the un-

certainty reduction constraint is imposed on the beliefs on the aggregate level.

This corresponds to the fact that while the technical constraint eliminates the

perfectly informative signals, under the uncertainty reduction constraint the

perfectly informative signals are allowed. Nevertheless in section 4.4 we show

how these constraints are related algebraically.

The third type of constraint will be called reservation utility constraint. It

is imposed on the improvement of receiver’s utility. The persuasion mechanism

must be such that it brings in new information. Clearly the receiver should not

be harmed by obtaining new information. We show that this is ensured by the

risk aversion assumption imposed on the receivers utility function. Moreover

in some cases the receiver might have power to enforce positive gains from per-

suasion. For example if he is able to make a credible threat of not participating

in the persuasion game whenever he does not get certain reservation utility.

We discuss each type of constraint in a separate chapter. The remainder

of this chapter deals with the technical constraint. Chapter four discusses the

uncertainty reduction constraint. Finally chapter five deals with the reserva-

tion utility constraint.

3.2 Technical Constraint

As discussed above, the main motivation for this type of constraint is to elim-

inate the possibility to form perfectly informative signals. Clearly we want to

impose such constraint directly on the set of signal functions among which the

sender optimizes. In section 3.2.1 we define the technical constraint and dis-

cuss the motivation behind this specific definition. In section 3.2.2 we impose
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this type of constraint on the motivating example from Kamenica & Gentzkow

(2011) to show, that such definition is reasonable. In section 3.2.3 we derive

the first order conditions for the constrained problem with |Ω| = 2. Finally in

section 3.2.4 we generalize the result to |Ω| = n.

3.2.1 Setup

We would like to impose a restriction on each of the signal functions. Recall

that the signal functions π(s|ω) are distribution functions with support on the

signal space S. As discussed above, we want to eliminate such functions, that

have for some s ∈ S : π(s|ω) = 0 or π(s|ω) = 1. The technical constraint can

then be captured by the following assumption:

Assumption 3.1. Let α be a parameter such that 0 ≤ α ≤ 0.5, then:

∀ω ∈ Ω, s ∈ S : α ≤ π(s|ω) ≤ 1− α

At a first glance this might seem too restrictive. At first we wanted to get

rid of perfectly informative signals. This is consistent with the idea that we

would like each distribution function π(s|ω) to have a certain level of uncer-

tainty. One might also consider an alternative assumption:

Assumption 3.2. Let H(.) be an uncertainty measure, and κ be a corresponding

parameter, then:

H(π(s|ω)) ≥ κ,∀ω

Several possibilities for the specification of H(.) appear natural. One of

them is the entropy measure, which is heavily used in the recent rational

inattention literature, such as Wiederholt (2010) or Mackowiak & Wieder-

holt (2009). The entropy function is defined on a finite distribution function

f(x) as: H(f(x)) = −
∑

x f(x) log(f(x)), where the summation is over all

non-degenerate (with positive probability) states x ∈ X. Another intuitive

specification of the uncertainty measure H(.), which we have borrowed from

Gentzkow & Kamenica (2014), would be having H(f(x)) =
∑

x f(x)(1−f(x)).

Indeed there are many possibilities for function H(.), nevertheless it should be

strictly concave with a peak at the point where the uncertainty is the highest.
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Figure 3.1: Example of Equivalence of Assumption 3.1 and Assump-
tion 3.2

That would be a uniform distribution function π(s|ω) for a given number of

signals. Moreover it is reasonable to restrict H(.) to functions that are sym-

metrical around the peak. But then if we fix the number of signals and assume

these properties the assumption 3.2 is equivalent to the assumption 3.1. Figure

3.1 illustrates this idea for |S| = 2.

It should be noted, that different functions H(.) will have different rea-

sonable values for their corresponding parameter κ. For example we can con-

sider function H(.) and its parameter κ, then consider a different function

G(.) = 2H(.). While the second function keeps all desired properties, so it

is also a valid uncertainty measure, if we want to keep the restriction we also

have to impose a new value for the parameter which is now equal to 2κ. The

parameter is by definition interconnected with the functional form of H(.).

The question remains why don’t we assume assumption 3.2 instead of as-

sumption 3.1. Throughout the comparison of the two assumptions we have

assumed a fixed number of signals. This is not necessarily the case as the

sender is allowed to select any number of signals in the general model. The

trouble lies in the fact, that at least for certain uncertainty measures H(.), the

sender can effectively increase the value of H(π(s|ω) by providing an additional

signal. He can thus escape the constraint by constructing a slightly different set

of signal functions. As shown in chapter 2, the sender can form a signal struc-
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ture with more signals that induces completely the same beliefs. This means

that by introducing an additional signal to the previously unattainable set of

beliefs (which corresponds to the set of feasible signal functions), the sender

can make this set of beliefs feasible. This is definitely not consistent with the

motivation for the technical constraint. Thus the alternative assumption 3.2

provides pathological solutions to the sender’s optimization problem. We will

illustrate this further by an example at the end of the next subsection.

3.2.2 Example from Kamenica & Gentzkow (2011)

In this subsection we show on an example that the constraint defined by as-

sumption 3.1 is binding for certain functions v̂(µ) in combination with certain

0 < α < 1/2. This illustrates the fact, that the motivation for this type of con-

straint is justified. We will show this on an example borrowed from Kamenica

& Gentzkow (2011). There is a judge and a prosecutor. The prosecutor con-

ducts an investigation to incriminate a defendant. Ultimately the judge decides,

whether the defendant is convicted or not. Both the judge and the prosecutor

share a prior, a probability that the defendant is guilty µ0(guilty) = 0.3. While

the prosecutor gets a payoff of 1 from every conviction and 0 otherwise, the

judge gets a payoff of 1 from every just decision, that is convicting a guilty de-

fendant or not convicting an innocent one. Clearly without any investigation,

the judge will set everyone free as the probability that the defendant is innocent

exceeds the probability that he is guilty. Kamenica & Gentzkow (2011) show,

that given the prior µ0(guilty) = 0.3, persuasion is utility improving for the

prosecutor and his optimal signal is:

π(i|innocent) = 4/7, π(g|innocent) = 3/7

π(i|guilty) = 0, π(g|guilty) = 1

However if the constraint 3.1 is imposed, this signal construction may not

be feasible. In fact it is clear, that it will not be feasible for any positive α.

This result is driven by the fact, that when the defendant is guilty, the signal

is perfectly informative. As noted above, construction of such signal is often

impossible to reach in reality.
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To be specific, the authors Kamenica & Gentzkow (2011) show, that this

signal structure leads to the following structure of beliefs:

µi(guilty) = 0, µi(innocent) = 1

µg(guilty) = 1/2, µg(innocent) = 1/2

Let us now abandon assumption 3.1 and instead impose assumption 3.2.

We will demonstrate how, following the alternative assumption 3.2, the sender

can escape this constraint. To illustrate this, let us for a moment adopt a mea-

sure of entropy as a specification for the function H(.). For the two signals the

unconstrained solution has an entropy of 0.683. Thus the solution will not be

feasible for κ > 0.683.

However by introducing a third signal, the sender will is able to escape

the constraint. Let us call the third signal m. This will lead to the following

structure of signals:

π(i|innocent) = 4/7, π(g|innocent) = 3/14, π(m|innocent) = 3/14

π(i|guilty) = 0, π(g|guilty) = 1/2, π(m|guilty) = 1/2

We can immediately see, that the resulting structure of beliefs is identical

to the one in case of just two signals. Moreover it is also clearly visible, that

this signal structure no longer contains a perfectly informative signal. However

the perfect information is still there, hidden in the fact that the posterior be-

liefs for the signal g and m perfectly coincide. Thus obtaining either m or g

brings exactly the same information to the receiver. Nevertheless if we evalu-

ate the entropy of this new signal structure it is as high as 1.673. The entropy

has risen for two reasons. First generally the entropy of a higher number of

non-degenerative states is higher. For example a uniform distribution among

three states has a higher entropy than a uniform distribution among two states.

Second and more importantly the signal for the guilty state of the world, which

was at first degenerative now contributes to the constraint as if it was a two

state uniform distribution. This reveals the fact that this alternative assump-

tion is in fact not suitable.

One could blame the entropy measure itself for this behavior and argue
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that a different measure H(.) will be suitable. However this is not the case

unless the function H(.) is robust to such additions of another signal. Then

this function H(.) would provide us with a situation that is again equivalent

to assumption 3.1. However such function H(.) may not even exist.

Finally if we settle with assumption 3.1 the question then becomes, what

is the optimal signal in the case when α is positive. That is, when perfectly

informative signals are not allowed. As it turns out, this question is not easily

answered.

3.2.3 Analytical Solution of the Case with Binary State Space

In this section we provide an analytical solution of the problems that have a

binary state space |Ω| = 2. This solution will be generalized to the case with

finite state space |Ω| = n in the next section. In the general solution to the

unconstrained model presented in Kamenica & Gentzkow (2011), the authors

use the fact that every τ(µs) (the resulting distribution on posterior beliefs) can

be induced by a certain combination of π(s|ω) (signals). As illustrated in the

previous section, the constraint effectively breaks this result by restricting the

set of feasible π(s|ω). Recall that the signal functions π(s|ω) fully determine

not only the belief points µs, but also their likelihoods τ(µs). Given the con-

straint 3.1 the set {π(s|ω)} maps into a set of feasible {µs τ(µs)}. Ultimately

some combinations of the latter set cannot be reached due to the high required

precision of the signal which would induce them. We will start by deriving the

feasible set.

First let us restrict to such solutions in which the signal space has just two

signals |S| = 2. We will justify this restriction at the end of this section. For

|S| = 2, we can describe the senders maximization problem as:

max
{π(s|ω):ω∈Ω,s∈S}

v̂(µ1)τ(µ1) + v̂(µ2)τ(µ2)

subject to: ∀s ∈ S, ω ∈ Ω : α ≤ π(s|ω) ≤ 1− α,

µ1τ(µ1) + µ2τ(µ2) = µ0,

τ(µ1) + τ(µ2) = 1,
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and: µs(ω) =
π(s|ω)µ0(ω)

τ(µs)

where the first constraint is just assumption 3.1, the second constraint is the

Bayes plausibility constraint, the third constraint is that probability weights

τ(µs) sum up to 1 and the fourth constraint is just the Bayes rule.

Now to simplify the problem we use that |Ω| = |S| = 2. If we name the two

states as x and y, the first constraint can be written as:

α ≤ π(s1|x) ≤ 1− α

α ≤ π(s2|x) ≤ 1− α

α ≤ π(s1|y) ≤ 1− α

α ≤ π(s2|y) ≤ 1− α

now clearly π(s|ω) are probabilities so π(s1|ω) + π(s2|ω) = 1. This allows

us to drop the second and the fourth inequality.

α ≤ π(s1|x) ≤ 1− α

α ≤ π(s1|y) ≤ 1− α

now we can employ the Bayes rule:

α ≤ µ1(x)τ(µ1)

µ0(x)
≤ 1− α

α ≤ µ1(y)τ(µ1)

µ0(y)
≤ 1− α

Furthermore we can assume without loss of generality that µ1(x) < µ0(x) <

µ2(x). No generality is lost because equality between any of these two would

mean, that value is v̂(µ0) and there is no gain from persuasion. If either both

µ1 and µ2 were higher than µ0 or if both were lower than µ0, all cases would

lead to violation of the Bayes plausibility constraint. Now as in the previous

chapter we can combine the second and the third constraint and express the

τ(µ1), τ(µ2) as:

τ(µ1) =
µ2(x)− µ0(x)

µ2(x)− µ1(x)
=
µ2 − µ0

µ2 − µ1
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Figure 3.2: Set B - The Set of Feasible µ1, µ2.

τ(µ2) =
µ0(x)− µ1(x)

µ2(x)− µ1(x)
=
µ0 − µ1

µ2 − µ1

substituting τ(µ1) to the previous system yields:

α ≤ µ1(x)

µ0(x)

µ2(x)− µ0(x)

µ2(x)− µ1(x)
≤ 1− α

α ≤ µ1(y)

µ0(y)

µ2(y)− µ0(y)

µ2(y)− µ1(y)
≤ 1− α

as µ1(x) = 1− µ1(y) and µ0(x) = 1− µ0(y) we can write this as:

α ≤ µ1(x)

µ0(x)

µ2(x)− µ0(x)

µ2(x)− µ1(x)
≤ 1− α

α ≤ 1− µ1(x)

1− µ0(x)

µ2(x)− µ0(x)

µ2(x)− µ1(x)
≤ 1− α

Now we can use the fact that µ1(x) < µ0(x). This immediately leads to the

following simplification:

α ≤ µ1(x)

µ0(x)

µ2(x)− µ0(x)

µ2(x)− µ1(x)
<

1− µ1(x)

1− µ0(x)

µ2(x)− µ0(x)

µ2(x)− µ1(x)
≤ 1− α

We will call the set defined by these inequalities B. The set B is illustrated

in figure 3.2. The maximization problem then simplifies to:

max
{µ1,µ2}∈B

v̂(µ1)
µ2 − µ0

µ2 − µ1

+ v̂(µ2)
µ0 − µ1

µ2 − µ1

Now recall, that although µ1 and µ2 are distributions, we can think of them
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as a single number, because we have just two states and µs(x) = 1 − µs(y).

This means that we have an easy two dimensional real function maximization

problem. It is clear from the figure, that the set B is bounded and closed. This

means that sufficient for existence of the solution is when the function v̂(µ) is

continuous.

As in the last chapter, we can decompose the solution to interior and bound-

ary. For the interior solution, if the function v̂(µ) is continuously differentiable,

the necessary conditions for maximum are:

∂v̂(µ1)

∂µ1

=
∂v̂(µ2)

∂µ2

=
v̂(µ2)− v̂(µ1)

µ2 − µ1

which are not surprisingly the same as equation 2.5 in the previous chapter.

Before the boundary case was characterized by µs = 0 or µs = 1. Now as it is

clear from figure 3.2 these are no longer feasible for α > 0. The boundary case

is characterized by one of the following equations:

α =
µ1

µ0

µ2 − µ0

µ2 − µ1

or

1− α =
1− µ1

1− µ0

µ2 − µ0

µ2 − µ1

For α > 0 from both of these equations we can express µ2(µ1) and subse-

quently solve a one dimensional maximization problem. Such implicit functions

are for the equations respectively:

µ2 =
µ1µ0(1− α)

µ1 − αµ0

µ2 =
µ1 − µ0 + αµ1µ0

µ1 − µ0 + αµ0 − α
If we solve these two together we get the bounds for µ1:

µ1 =
αµ0

α2µ0 + α(µ0 − 1)− µ0 + 1

µ1 = µ0

The maximization problem for both boundary problems can then be written

as:
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max
µ1∈<µ1,µ1>

v̂(µ1)
µ2(µ1)− µ0

µ2(µ1)− µ1

+ v̂(µ2(µ1))
µ0 − µ1

µ2(µ1)− µ1

with the corresponding first order condition:

∂v̂(µ1)

∂µ1

(µ2(µ1)− µ0) +
∂v̂(µ2(µ1))

∂µ2

∂µ2(µ1)

∂µ1

(µ0 − µ1)

+
(
v̂(µ1)− v̂(µ2(µ1))

)µ2 − µ0 + ∂µ2(µ1)
∂µ1

(µ0 − µ1)

(µ2(µ1)− µ1)
= 0 (3.1)

Proposition 3.1. In the constrained model characterized by assumption 3.1 with

|Ω| = 2 the sender has nothing to gain from having more than |S| = 2 signals.

At this moment it is important to justify our assumption of the sender

choosing just two signals. Clearly if the sender chooses more signals his value

is captured as:

∑
s

v̂(µs)τ(µs)

Consider a situation where the sender has solved the maximization for

two signals, call them l and h, and he is considering adding a third signal

m. As signals l, h were chosen optimally, the introduction of a third sig-

nal m cannot make him better off and it will make him worse off, whenever

v̂(µ(m)) < min{v̂(µ2), v̂(µ1)}. Thus an introduction of a third signal is of no

use to the sender unless it makes somehow possible for the sender to choose

the first two signals l and h differently. In fact our assumption 1 ensures that

this does not happen. The formal proof follows:

Without loss of generality we restrict attention to ω = x for 3 signals:

α ≤ π(l|x) ≤ 1− α

α ≤ π(h|x) ≤ 1− α

α ≤ π(m|x) ≤ 1− α

Now we can employ
∑

s π(s|ω) = 1. That is each function π(s|ω) has 3

realizations and can be represented as a choice of each from a two dimensional
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Figure 3.3: Choice of Function π(s|ω) Can Be Represented as a
Choice in a Two-Dimensional Simplex.

simplex. Figure 3.3 shows, that we can drop the second inequality in each of

the lines. This leads to:

α ≤ π(l3|x) =
µl3(x)τ3(µl3)

µ0(x)
(3.2a)

α ≤ π(h3|x) =
µh3(x)τ3(µh3)

µ0(x)
(3.2b)

α ≤ π(m3|x) =
µm3(x)τ3(µm3)

µ0(x)
(3.2c)

where the subscript 3 denotes that we are in the three-signal situation.

That is we drop the third inequality and replace the subscripts from 3 to 2,

the inequalities correspond to the two-signal situation depicted in 3.2. Now let

µl2(x), µh2(x) denote a pair of the lowest and the highest signals, such that the

first inequality binds in a two-signal situation

α = π(l2|x) =
µl2(x)τ2(µl2)

µ0(x)
(3.3)

Furthermore we can assume µl3(x) < µm3(x) < µh3(x) to preserve notation.

Moreover the Bayes plausibility constraint and the probability constraint can

be written for a three-signal situation as:

τ3(µl3)µl3(x) + τ3(µh3)µh3(x) + τ3(µm3)µm3(x) = µ0(x)

τ3(µl3) + τ3(µh3) + τ3(µm3) = 1
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if we combine these two equations together we can express τ3(µ1) as:

τ3(µl) =
µh3(x)− µ0(x)

µh3(x)− µl3(x)
+
τ3(µm3)(µm3(x)− µh3(x))

µh3(x)− µl3(x)

Clearly the second term in this equation is negative, because τ3(µm) >

0, µh3(x)− µl3(x) > 0, and (µm3(x)− µh3(x)) < 0. Now consider, that we have

µh3 = µh2 and µl3 < µl2 , then:

µh3(x)− µ0(x)

µh3(x)− µl3(x)
<
µh2(x)− µ0(x)

µh2(x)− µl2(x)

which means that:

τ2(µl) =
µh2(x)− µ0(x)

µh2(x)− µl2(x)
≥ τ3(µl)

but at the same time, by construction of µl2 (see equation 3.3) it has to be

the case that either τl3 ≥ τl2 or µl3 ≥ µl2 for the inequality 3.2a to hold. Clearly

both of these are violated, which leads to the conclusion that µl3 ≥ µl2.

Following similar steps we can establish that µh3 > µh2 also violates one of

the constraints.

3.2.4 Solution for Finite State Space

In a situation where |Ω| = n > 2 we can no longer restrict attention to two

signals. This is because even in the unconstrained case, as we have shown in

the previous chapter, a minimum of n signals is required to reach the concave

closure. However now we have an extra constraint and in fact this causes a

problem. One has to show that the constraint is not relaxed by including an

extra signal.

In proposition 3.1 we restricted our attention to a single ω = x. The fact

that |Ω| = 2 was not used in the proof. This permits us to use this theo-

rem for the multidimensional case. Doing this, we establish that n signals are

sufficient to reach any constrained solution. We can then solve the multidimen-

sional (|Ω| = n) problem in a similar manner as the one dimensional problem

(|Ω| = 2). Assuming just n signals are chosen, the maximization problem can
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be written formally as:

max
{π(s|ω)}s∈S

n∑
s

τ(µs)v̂(µs(ω))

subject to : ∀s ∈ S, ω ∈ Ω :
n∑
s

µsτ(µs) = µ0,

n∑
s

τ(µs) = 1

α ≤ π(s|ω) ≤ 1− α

µs =
π(s|ω)µ0(ω)

τ(µs)

First as the argument in the proof of proposition 3.1 shows, we can freely

drop the second inequality in the third constraint. Second the likelihood

weights τ(µs) can be computed from the first and the second constraint as

it was done in the unconstrained case (see equation 2.6). That way we reach

a weighing τs(µ1, . . . , µn) for each belief point µs. Third plugging this into the

inverted Bayes rule 2.3 and then to the technical constraint yields a system of

inequalities. Going through all these steps, one can rewrite the problem as:

max
{µs}s∈S

n∑
s

τs(µ1, . . . , µn)v̂(µs)

subject to : ∀s ∈ S, ω ∈ Ω : α ≤ µs(ω)τs(µ1, . . . , µn)

µ0(ω)
(3.4)

Now this constraint is as many as |S||Ω| inequalities, but as in the one

dimensional case the number of inequalities, that can be effective is smaller.

Before in case with |Ω| = 2, we derived that for the Bayes plausibility to hold,

one of the signals has to be below the prior and the other signal above the

prior for a fixed ω. This property to some degree generalizes to the case with

|Ω| = n. Now the situation is more complicated. Before the solution had to

be in the interior of the line segment constructed by the two signals. As we

have discussed in chapter two this line segment generalizes to a hyperpolyhe-

dron with n vertices in |Ω| = n. However it is also possible, that the optimal

solution is such, that some of the posterior beliefs coincide, that is the hyper-

polyhedron may have less than n vertices. Then the sender would be able to

use less than n signals to reach such solution. Moreover it may be the case,
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that the sender is able to attain the optimal solution with several combinations

of signals, each using a different number of signals. This makes ruling out the

ineffective inequalities in inequalities 3.4 effectively impossible. Nevertheless to

show how it could be done consider the following discussion.

Let us for a moment fix ω = x. Because of the Bayes plausibility constraint,

two situations are possible. Either all of the used signals are exactly equal to

the prior (which is clearly an uninteresting case) in the dimension of x or at

least one of the signals lie below the prior, that is: ∃µs such that µs(x) < µ0(x).

But then for the Bayes plausibility constraint to hold it has to be the case that

there exists another signal inducing belief µs′ which lies above, thus we have:

µs(x) < µ0(x) < µs′(x)

but then we can see that:

µs(x)

µ0(x)
< 1 <

µs′(x)

µ0(x)

Now we can see, that this suggests eliminating inequality with µs′ from the

set of inequalities 3.4. The problem is, that we cannot determine the influ-

ence of τs(µ1, . . . , µn) and τs′(µ1, . . . , µn). Which of the two inequalities binds

depends only on the ratio of these two likelihood weights. That is whenever

τs(µs) is small enough relatively to τs′(µ
′
s), the second constraint cannot bind

and vice versa.

Nevertheless the inequalities 3.4 clearly define a generalized counter part to

set B depicted in figure 3.2. This generalized set is now in R2(n−1), it is closed

and bounded. The solution can again be decomposed to interior and boundary.

The necessary conditions for the interior solution are given by equation 2.7, the

same as in the unconstrained case.

There are many boundary solutions possible. Whenever a boundary solu-

tion occurs, it is characterized by one of the equalities which correspond to

inequalities 3.4. The dimensionality of the remaining problem can then be re-

duced.



Chapter 4

Uncertainty Reduction Constraint

Relatively to the unconstrained model in the chapter 2 it may be more realistic,

if providing additional information to the receiver is a costly. The more the

information is transferred, the higher the cost for the sender. Such a model has

already been discussed in Gentzkow & Kamenica (2014). The authors explored

this possibility by introducing a cost on information added to the signal. They

assume a class of concave uncertainty measures H(.) and cost functions c(.)

which are proportional to the expected reduction in measured uncertainty. The

class of such functions is captured by the following assumption:

Assumption 4.1. Gentzkow & Kamenica (2014)

c(π) = E<π|µ>[H(µ)−H(µs)]

The authors have found that with this assumption it is possible to capture

the cost in the sender’s payoff function and subsequently solve the uncon-

strained model with this modified function. This again leads to the value of

persuasion lying on the concave closure of this new modified payoff function.

4.1 Setup

Having such cost function is certainly one way to make the model more re-

alistic. Another possibility is to have a cap on the amount of information

transferred. We model this possibility by introducing a constraint, which will

be in the remainder of this paper called the uncertainty reduction constraint.

This constraint can be formally captured by the following assumption:
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Assumption 4.2.

Eτ [H(µ0)−H(µs)] ≤ κ

. where H(.) is a measure of uncertainty.

This constraint can be interpreted in the following way. Given the uncer-

tainty of the prior (H(µ0)), the sender can choose such signals π(s|ω) (sub-

sequently posterior beliefs µs and a likelihoods on these beliefs τ(µs)), which

provide the receiver with an uncertainty reduction of less than κ. This uncer-

tainty reduction is intuitively the volume of transferred information.

There are many possibilities for the specification of function H(.), few of

which we have already discussed in chapter 3. Throughout the rest of this

section we will mainly use the entropy function, which is defined on a finite

distribution function f(x) as: H(f(x)) = −
∑

x f(x) log(f(x)), where the sum-

mation is over all non-degenerate (with positive probability) states x ∈ X.

Again, as in chapter 3, the parameter κ is inherently bound to the uncertainty

measure H(.). Different function specifications H(.) provide us with different

reasonable values for κ. However for any reasonable function H(.) parameter

κ = 0 means that persuasion is impossible as the sender can transfer no infor-

mation.

To link our model further to the costly persuasion, consider the following.

In Gentzkow & Kamenica (2014), the authors effectively impose a cost function,

which is proportional to the amount of information transferred. In our model,

the transfer is costless up to a point, from which the costs become two heavy

to incur. Therefore our model can be interpreted in the following way. The

sender is endowed with a budget to conduct his research. This budget cannot

be used for anything else then the research and it does not have an intrinsic

value. Then the cost of research is proportional as in Gentzkow & Kamenica

(2014) and the budget cannot be exceeded in any way.
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4.2 Example from Kamenica & Gentzkow (2011)

Revisited

In this section we are going to show on an example that for certain κ, this con-

straint is binding. This illustrates the fact, that the motivation for this type

of constraint is justified. We will show this on the judge-prosecutor example,

that is the same example as in section 3.2.2. For the function H(.) we use the

measure of entropy. Let us remind, that for the unconstrained solution the

optimal signals are:

π(i|innocent) = 4/7, π(g|innocent) = 3/7

π(i|guilty) = 0, π(g|guilty) = 1

If the constraint 4.2 is imposed, this signal construction may not be feasible.

Given the measure of entropy, the feasibility depends on parameter κ. We can

compute the uncertainty of the prior as H(µ0) = 0.61084. As it is shown in in

Kamenica & Gentzkow (2011) or in section 3.2.2, the corresponding beliefs to

this signal structure are µi(guilty) = 0 and µg(guilty) = 1/2 with likelihood

weights τ(µi) = 2/5 and τ(µg) = 3/5. and EτH(µs) = 0.41588. Thus the solu-

tion is not feasible whenever κ < 0.19496. The question then becomes, what is

the optimal signal in this case? Again this question is not easily answered.

4.3 Analytical Derivation of the Set of Correspond-

ing Signals

First let us link the constraint 4.2 to the constraint 3.1 from the previous

chapter by deriving the set of the signals that can be used under the former

constraint. As mentioned earlier, the solution to the unconstrained model pre-

sented in Kamenica & Gentzkow (2011) assumes a mapping from π(s|ω) to

{µs, τ(µs)}. By restricting the set of {µs, τ(µs)}, we effectively restrict the im-

age of this mapping. Only the signals π(s|ω), that induce a feasible {µst, τ(µs)}
can be used.
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We can derive the restriction on the signal space from the constraint as

follows. Starting from the formulation

Eτ [H(µ0)−H(µs)] ≤ κ

we can take out the prior H(µ0) out of the expectation and rearrange

Eτ [−H(µs)] ≤ κ−H(µ0)

Eτ [H(µs)] ≥ H(µ0)− κ = α

This equation can be directly compared to set of equations 3.4 the one we

derived in the last section. One can immediately see that these constraints are

very different. If we go with the derivation further, we can rewrite the last

inequality as:

∑
s

[H(µs)τ(µs)] ≥ H(µ0)− κ

.

Now we can plug in equations 2.1a and 2.1b and obtain:

∑
s

[H(
π(s|ω)µ0(ω)∑
Ω π(s|ω)µ0(ω)

)
∑

Ω

π(s|ω)µ0(ω)] ≥ H(µ0)− κ

Finally this inequality can be compared with inequality 3.1. Again it is

clearly visible that the two constraints are very different. Unlike constraint

3.1, this constraint on the signal functions depends directly on the prior dis-

tribution µ0. The situation is in fact more complicated then in the previous

section. Moreover we cannot continue with the analysis unless we specify the

uncertainty measurement H(.).

4.4 Preliminary

Compared to chapter 3 the constraint 4.2 we have here is more convenient,

because we can start from the sender’s maximization problem already on the

beliefs µs and their likelihoods τ(µs). The next step in the analysis is to make

us of proposition 2.2 and restrict attention to |Ω| = |S| = n. However there



4. Uncertainty Reduction Constraint 39

is an underling issue which does not permit us to employ the same analysis as

in chapter 3. In fact the issue lies in formulation of the constraint itself. In

chapter 3 we had to establish that the constraint is resistant to introduction of

additional signals. It turns out, that the constraint 4.2 fails in this requirement.

In this section we demonstrate this issue.

Let us start from the general sender’s maximization problem, which can be

formally written as:

max
{µs,τ(µs)}s∈S

∑
s

v̂(µs)τ(µs)

subject to: Eτ (H(µs)) ≥ α∑
s

µsτ(µs) = µ0

∑
s

τ(µs) = 1

To see why we cannot restrict attention to n signals consider a simplified

model with |Ω| = 2. Unfortunately, given the uncertainty reduction constraint,

we are not able to restrict attention to two signals. This is because for a wide

class of functions H(.), introduction of another signal may lead to relaxation

of the constraint. The following example illustrates this fact.

Consider µh, µl such that the constraint 4.2 binds

τ2(µl)(H(µl)) + τ2(µh)(H(µh)) = α.

Now a third signal µm is introduced and the constraint becomes

τ3(µl)(H(µl)) + τ3(µm)(H(µm)) + τ3(µh)(H(µh)) ≥ α.

Clearly if (H(µm)) > H(µs), s ∈ {l, h}, the constraint no longer binds (for

τ(µm) > 0). This is because τ(µs) can be regarded as a weighing scheme and in

the situation with three signals some weight have been shifted towards an un-

informative signal. This causes the relaxation of the constraint. Consequently

beliefs µl and µh can be more informative if there is a third less informative

signal which captures some weight from these two. Figure 4.1 illustrates a func-

tion v̂(µ) which can motivate the sender to introduce a third signal. In figure
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Figure 4.1: A Third Signal May Improve Sender’s Value.

4.1 the dotted line represents the situation with two signal realizations, the

dashed line represents the situation with three signal realizations. The value

from the two signal realizations lies on the doted line above the point µ0. The

value of the three signal realizations lies in the dashed triangle above the point

µ0. Thus the value of having three signal realizations may be higher than the

value of having just two signal realizations.

As we are unable to restrict attention to two signals the problem cannot

be solved generally. One way to escape this result unless is that we impose

further assumptions on function v̂(µ). In the following section we introduce an

assumption, which greatly facilitates the analysis.

4.5 Solution for Finite Action Space with Binary

State Space

We have shown in the previous section that the general problem is difficult

to handle. However, there is a class of problems, which can be solved using

the analysis employed in the previous chapters. The class of such problems is

characterized by the following assumption:

Assumption 4.3.

|A| = m ∈ N

Assumption 4.3 effectively implies, that one can restrict attention to |S| =
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|A| = m signals. These signals are called straightforward and they represent a

recommended action for the receiver. This has been established by Kamenica

& Gentzkow (2011) and we have reviewed it in chapter 2 proposition 2.1. This

proposition enables us to restrict attention just to such signal space that is a

subset of the action space S ∈ A. This assumption has two consequences for

our analysis. First it allows us to solve our problem easily as there is no longer

the issue with infinite signal space. But second it is restrictive. We are now

solving a much smaller class of problems than before. However the class of the

problems that have a finite action space is still quite big, that is why we are

considering it separately.

Let us star with an example, where we have just two states, that is: |Ω| = 2.

In such case we start with considering |A| = 2 and then we turn to the case

where |A| > 2. For the action space with just two actions it is straightforward

that there will be two signals and the problem can now be reformulated as:

max
{µs,τ(µs)}

v̂(µl)τ(µl) + v̂(µh)τ(µh)

subject to: Eτ (H(µs)) ≥ α,

µlτ(µl) + µhτ(µh) = µ0,

and τ(µl) + τ(µh) = 1

Same as in chapter 2 we can express τ(µs) from the second and the third

constraint as:

τ(µl) =
µh − µ0

µh − µl

τ(µh) =
µ0 − µl
µh − µl

Plugging this into the objective function and the first constraint yields:

max
µl,µh

v̂(µl)
µh − µ0

µh − µl
+ v̂(µh)

µ0 − µl
µh − µl

subject to:
µh − µ0

µh − µl
H(µl) +

µ0 − µl
µh − µl

H(µh) ≥ α

Not surprisingly the interior solution is characterized by first order condi-

tions 2.5, the same as in the unconstrained problem. The boundary solution is
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then characterized by equation:

µh − µ0

µh − µl
H(µl) +

µ0 − µl
µh − µl

H(µh) = α

Without further specification of the uncertainty measurement H(.) we can-

not derive anything further. Now let us consider the case with |A| = m. In

such case we can restrict the signal space to |S| = |A| = m and the problem

can be reformulated as:

max
{µs,τ(µs}s∈S

∑
S

v̂(µs)τ(µs)

subject to: Eτ (H(µs)) ≥ α∑
S

µsτ(µs) = µ0

∑
S

τ(µs) = 1

Recall, that the next step we made in chapter 2 was to solve for each τ(µs) by

combining the second and the third constraint. Unfortunately here we cannot

solve for each τ(µs) as before. This is because if we try to combine the second

and the third constraint we obtain the following problem:

τM = M0

where τ = (τ(µ1), . . . , τ(µm)),M0 = (µ0(ω1), µ0(ω2)) and:

M =


µ1(ω1) 1

...
...

µm(ω1) 1


This is a slightly different system than the one we had in chapter 2. Here

the matrix M is not a n × n matrix, but a m × 2 matrix. Consequently we

no longer have a unique solution for each τ(µs) and we cannot use the same

method to solve the problem as before.

In fact there is now a whole space of τ(.) which satisfies this system and

this space of solutions can have as many dimensions as m − n. This property
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transfers to the solution of the whole maximization problem, which is why we

cannot solve this maximization problem explicitly.

4.6 Generalization to Finite State Space

In the generalization to |Ω| ≥ 2 we can distinguish two cases as before |A| =

m > n and |A| = m = n. However there is now also a third case |A| = m < n.

Let us start with the easiest case |A| = m = n. The problem can be then

written as:

max
{µs,τ(µs)}sinS

∑
S

v̂(µs)τ(µs)

subject to: Eτ (H(µs)) ≥ α∑
S

µsτ(µs) = µ0

∑
S

τ(µs) = 1

Thanks to the fact that the number of signals is the same as the number

of states we can easily solve for each τ(µs) by combining the second and the

third constraint.

τM = M0

where τ = (τ(µ1), . . . , τ(µm)),M0 = (µ0(ω1), µ0(ω2) and:

M =


µ1(ω1) . . . µ1(ωn−1) 1

...
. . .

...
...

µn(ω1) . . . µ1(ωn−1) 1


Plugging the solution to this system τ ∗(µ1, . . . , µn) = (τ1(µ1, . . . , µn), . . . , τn(µ1, . . . , µn))

back to the original problem and denoting v̂(µ1, . . . , µn) = (v̂(µ1), . . . , v̂(µn))

yields:
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max
{µs}s∈S

v̂(µ1, . . . µn)τ ∗(µ1, . . . , µn)

subject to:
∑
S

τ(µs)(H(µs)) ≥ α

The interior solution for this problem is then solved in tha same way as in

chapter 2 and characterized by the first order conditions.

The boundary solution is captured by the equation:

∑
S

τ(µs)(H(µs)) = α

If we attempt to solve a problem with |A| > m we encounter the same

problem as we had with |Ω| = 2, that is there will be multiple solutions for

weights τ ∗(µ1, . . . , µn).

However we can solve the situation with |A| = m < n. In chapter 2 we

have argued, that finite number of signals are sufficient to reach the concave

closure in the unconstrained case. If we would now take |S| = m < n we

would not be able to use this result. The important observation that helps us

solve this case is that we can still take |S| = n and have a finite number of

signals and solve the problem using the same steps as for |A| = m = n. That is

the solution we have derived for |A| = m = n can be generalized to |A| = m ≤ n



Chapter 5

Reservation Utility Constraint

In this chapter we enhance the model from Kamenica & Gentzkow (2011), that

we have discussed extensively in chapter 2, for a reservation utility constraint.

This constraint improves the position of the receiver in the model. The un-

constrained model permits such persuasion mechanism that leaves the receiver

with zero gains from participation in the game. We impose this type of con-

straint to better model situations in which the receiver has an outside option

for his attention. The outside option is captured by a participation constraint

of the receiver. In the basic model, the value of the outside option was zero

and by nature of the problem, participation constraint was always met. We

introduce a non-zero participation constraint to better reflect a situation when

receiver has a positive bargaining power. For example the receiver is able to

credibly claim, that he will disregard an investigation, conducted by the sender,

that does not improve the receiver’s position.

5.1 Setup

To impose a constraint of this type we have to dig deeper into a so far unex-

plored part of the model, that is the receiver’s utility gain from the persuasion.

This was irrelevant before, because the equilibrium has been effectively picked

by the sender. Recall, that the receiver’s utility denoted as u(a, ω) depends on

his action and the realized state of the world. That is upon observing a signal

s, the receiver forms his beliefs µs and decides upon his action. To decide which

action to take the receiver maximizes his expected utility:

max
a

∑
ω

u(a, µs(ω))µs(ω)
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This maximization yields what we have called before an induced action

a∗(µs). If we plug this back into the objective function, we get receiver’s value

of having a belief µs upon observing a signal s. We will call this the receiver’s

conditional value and denote it as:

L(µs) =
∑
ω

u(a∗(µs(ω)), µs(ω))µs(ω) (5.1)

However what really interests us is the value of the signal structure. That is

the expected value the signal functions have before there is a signal realization.

Given that the signal µs yields utility captured by function L(µs), we can

capture the expected utility derived from the signal structure as:

U({µs, τ(µs)}s∈S) =
∑
s

τ(µs)L(µs)

To keep things consistent we also need to show how we can apply this

notation to a case of no persuasion. That is for the prior belief point µ0 there

is a default action which maximizes the utility of the receiver in the case of no

persuasion that is a(µ0). The prior can be seen as a degenerate distribution of

signals with:

τ(µ0(ω)) = 1

Then the expected utility function U(.) can be also evaluated for the case

of no persuasion.

The utility after the default action and realization of ω is u(a(µ0), ω) and

the conditional expected utility from having the prior as a belief is:

L(a(µ0), µ0) =
∑
ω

u(a(µ0), ω)µ0(ω)

Then we can define the receiver’s expected utility from no persuasion as:

U(µ0) = τ(µ0)L(µ0) = L(µ0)

This can be interpreted as the receiver’s outside option of the game of

persuasion. The receiver always has a chance of this utility gain, whenever

he refuses to participate in the persuasion game. Now if the receiver is only
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willing to participate when the signal structure improves his utility enough, we

can formalize this idea by the following assumption:

Assumption 5.1. for κ ≥ 0 :

U({µs, τ(µs)}s∈S)− U(µ0) ≥ κ

which can be rewritten as:

U({µs, τ(µs)}s∈S) ≥ κ+ U(µ0) = α

This final form will be our constraint for this chapter.

5.2 Risk Aversion

The constraint defined in the previous section has one important property.

While we would like the receiver’s utility to improve whenever uncertainty re-

duces (as defined in the last chapter) it is not necessarily the case. In fact

without an additional assumption of risk aversion, the receiver’s utility can

decrease after observing certain signal structure and its realization.

Consider for example that we are in a situation with |Ω| = 2, there are two

actions A = {l, r}, u(l, µ(ω)) = 1 − µ(ω)2 and u(r, µ(ω)) = 1 − (µ(ω) − 1)2,

the sender’s utility is given by v(r, ω) = 1, v(l, ω) = 0 and there are no ad-

ditional constraints imposed on the model. For the purpose of illustration

let the prior µ0(ω) = 1/3. Clearly there is a potential for persuasion to im-

prove the sender’s utility. The sender is constructing two signals which lead

to corresponding beliefs such that µl(ω1) < µ0(ω1) = 1/3 < µh(ω1). The

receiver’s optimizing action is to choose l, whenever he finds himself in a

situation µ < 1/2 and he will choose r otherwise. This construction ulti-

mately leads to µl(ω1) = 0, µh(ω1) = 1/2. The corresponding weighs are then

τ(µl) = 1/3, τ(µh) = 2/3. This combination of signals leads to improvement in

the sender’s utility. Using the signals as described above, there is a reduction

in uncertainty. To see this consider a measure of entropy (as defined in chapter

4). While the original entropy of the prior was −1/3 log(1/3), which is approx-

imately 0.37, the entropy of the signal structure is 1/3×0+2/3×1/2 log(1/2),



5. Reservation Utility Constraint 48

which is approximately 0.23. Nevertheless the sender’s utility decreased. This

can be clearly seen on figure 5.1. To demonstrate this further we can utilize the

same mechanism as we did for the construction of the sender’s value. Function

L(µs) defined in equation 5.1 can be regarded as the receiver’s counterpart to

the function v̂(µs). We can then define function generalize this function to L(µ)

in the same manner as we did with function v̂(µ). If we plot the function L(µ)

in the µ space, the values at µl(ω) and µh(ω) can be read as the receiver’s utility

from having the corresponding belief. The expected receiver’s utility before the

signal realization is then the convex combination of these beliefs. Moreover,

because the weights τ(µs) have to satisfy Bayes plausibility and we have just

two induced beliefs, the final receiver’s value can be found as the point on the

line segment that is directly above the prior. We can see, that whenever the

function L(µ) is concave between the two belief points, the receiver’s utility

has to decrease by persuasion. The function L(µ) is in our case indeed concave

on this interval, because we have assumed u(a, µ(ω)) = 1 − µ(ω)2, which is

concave on this interval in its second argument. In fact on the whole interval

< 0, 1/2 > the action l is a utility maximizing action. In the point 1/2 the

receiver is indifferent and chooses r, that is u(l, 1/2) = u(r, 1/2). This means

that on the interval < 0, 1/2 > u(l, µs(ω) = L(µ), which is then also concave

on this interval.

This example motivates us to impose the risk aversion assumption. In fact

we should have assumed this throughout the whole text, because without this

assumption even the unconstrained model would be meaningless, because there

would be no incentive for the receiver to participate in the persuasion. We can

formulate the risk aversion assumption as follows:

Assumption 5.2. Risk Aversion:

Utility function u(a, µ(ω)) is convex in µ(ω)

From this assumption we can derive that as L(µ) is also convex in µ. This

is because the maximum of convex functions is also convex as illustrated on

figure 5.2.

Finally U({µs, τ(µs)}s∈S) is a convex combination of L̂(µ). By the fact that

a convex combination of convex functions is again a convex function, this leads
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Figure 5.1: Persuasion May Decrease Utility for Receiver’s with Con-
cave u(a(µs), µs)

Figure 5.2: Maximum of Convex Functions is Also a Convex Function.
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to the fact that receiver’s utility weakly increases whenever uncertainty is re-

duced by the signal structure.

5.3 Example from Kamenica & Gentzkow (2011)

Revisited

To see that the constraint is reasonably defined consider again the motivation

example from Kamenica & Gentzkow (2011). We can see that without persua-

sion the judge decides upon his prior µ0(guilty) = 0.3 and acquits everyone. In

case these acquitted defendants are indeed innocent he receives utility 1. This

happens with probability 0.7. In case the acquitted people are guilty he receives

utility 0 with probability 0.3. That is his expected utility from optimal action

of acquitting everyone under belief µ0(guilty) = 1/2 is U(µ0) = L(µ0) = 0.7.

Now consider that the players are participating in the persuasion game and

the sender is constructing his unconstrained optimal signal structure, that is

|S| = 2, µi(guilty) = 0, µg(guilty) = 1/2, τ(µi) = 2/5, τ(µg) = 3/5. Whenever

the receiver finds himself receiving a signal i, he forms beliefs µi and acquits the

defendant. This leads to expected utility L(a(µi), µi) = u(a(µi), µi(guilty)) =

1. On the other hand whenever he sees signal g he convicts the defendant

and receives expected utility L(a(µg), µg) = u(a(µg), µg(guilty))µg(guilty) +

u(a(µg), µg(innocent))µg(innocent) = 1 × 1/2 + 0 × 1/2 = 1/2. Finally, to

see what is the receivers expected utility from participation we weigh these

conditional utilities L(µ) by the weights τ(µs), that is:

U(µs) = 2/5× 1 + 3/5× 1/2 = 0.7 = U(µ0)

Thus the receiver does not get anything from listening to the sender. The

receiver is indifferent between the prior outcome and the outcome of persua-

sion. This means that whenever we impose our constrained and set κ > 0 this

solution will not be feasible. Moreover one can see that this reveals a small

problem of the unconstrained solution. If there was even a small fixed partic-

ipation cost in the persuasion mechanism for the receiver, the receiver would

not want to participate in this persuasion.
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5.4 Geometric Interpretation of the Reservation

Utility Constraint

Using the argumentation we used in section 5.2 we can interpret the constraint

graphically. Consider that we are back in a situation with |Ω| = 2. In figure

5.3, one can see the function L(µ) and its value for µ0. As we have derived for

the prior this value is also the value of function U(µ0). We have established

that the potential values of persuasion U({µs, τ(µs)}) have to lie right above

the point µ0 due to Bayes plausibility. Moreover by the risk aversion assump-

tion we have ruled out such functions L(µ) that permit the potential value of

persuasion below the point U(µ0). The upper bound for this value can be also

established by constructing a concave closure to the function L(µ). Denoting

the concave closure Û(µ) we can denote the value at the prior µ0 as Û(µ0). Es-

tablishing this as an upper bound is a direct analogy to the value V (µ0) being

an upper bound for the sender’s value. Thus in the unconstrained model the

line segment defined by U(µ0) and Û(µ0) is the only space for possible values

of the receiver after persuasion. Now if we return to the constrained problem,

the receiver disregards such persuaders that do not offer him the reservation

utility of κ. By plotting this κ directly above the point U(µ0), we establish the

point U(µ0) + κ = α, which is the new utility minimum.

This is useful, because it sometimes permits us to graphically see some

solutions to such problem. For example consider, that we restrict ourselves by

assumption |S| = |Ω| = 2. Then the weights τ(µs) can be derived from the

constraints in the same manner as in chapter 2

τ(µ1) =
µ2 − µ0

µ2 − µ1

τ(µ2) =
µ0 − µ1

µ2 − µ1

.

Now let us choose µ1) as depicted in figure 5.3 then we can graphically

see the set of feasible µ2. Hypothetically we could do this for each µ1. If

we plot these µ1, µ2 together we can see the set of the feasible combinations

of the beliefs. This is the set of points among which the sender solves his

maximization problem:

max v̂(µ1)τ(µ1) + v̂(µ2)τ(µ2)



5. Reservation Utility Constraint 52

Figure 5.3: Graphical Analysis for Reservation Utility Constraint

subject to: µ1, µ2 ∈ B

Clearly the set is closed and bounded. The problem with this analysis is,

that we have assumed |S| = |Ω| = 2 and it turns out that this assumption

cannot be justified. The constraint is again, as the constraint in chapter 4, not

robust to addition of more signals. Consider a situation depicted in figure 5.4,

where Ω = {x, y}, A = a, b, c, d, and sender’s value is irrespective of the state

of the world: v(a) = v(c) = 1, v(b) = 0, v(d) = 3/4. The prior is µ0 = 1/3. The

receivers chooses to do a on µ ≤ 1/4, b on 1/4 < µ < 1/2, c on 1/2 ≤ µ ≤ 3/4

and d on 3/4 < µ. Moreover L(µ) is decreasing on the interval [0, 1/2] and in-

creasing on the interval [1/2, 1]. The sender constructs an unconstrained signal

structure and he reaches the value of concave closure µ1 = 0, µ2 = 3/4. Now

consider a κ such that this signal structure is not feasible due to the reservation

utility constraint 5.1. To satisfy the constraint the sender has to set µ2 = 1,

which gives him the value of 11/12. However if the constraint does not bind in

with these new beliefs, he can do better if he introduces a third signal µ3 = 3/4.

Now he can shift weight from τ(µ2) to τ(µ3) up to the point that the constraint
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Figure 5.4: Restricting to Two Signals Is Not Enough.

binds, where he reaches the true optimal solution.

5.5 Solution for Finite Action Space

Nevertheless we can again restrict attention to a subset of problems which are

defined by assumption |A| = m. Again we have to consider cases |A| = m ≤ n

and |A| = m > n separately, because having |A| = m > n raises the same

issues as in the previous chapter, that is there may be a whole space of solution

for weights τ(µs) in which all of these are attainable.

Starting with a simple case |Ω| = |A| = 2, we can write the maximization

problem as:

max
{µs,τ(µs)}s∈S

v̂(µ1)τ(µ1) + v̂(µ2)τ(µ2)

subject to: U({µs, τ(µs)}s∈S) ≥ α

µ1τ(µ1) + µ2τ(µ2) = µ0

τ(µ1) + τ(µ2) = 1

The first constraint can be rewritten as:

U({µs, τ(µs)}s∈S) =
∑
s

τ(µs)L(µs) = τ(µ1)L(µ1) + τ(µ2)L(µ2) ≥ α

From the second and the third constraint we can solve for the weighing

functions τ(µs):
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τ(µ1) =
µ2 − µ0

µ2 − µ1

τ(µ2) =
µ0 − µ1

µ2 − µ1

Plugging these back to the objective function and the constraint yields:

max
µ1,µ2

v̂(µ1)
µ2 − µ0

µ2 − µ1

+ v̂(µ2)
µ0 − µ1

µ2 − µ1

subject to:
µ2 − µ0

µ2 − µ1

L(µ1) +
µ0 − µ1

µ2 − µ1

L(µ2) ≥ α

The interior solution is characterized by the first order conditions 2.5 from

chapter 2. The boundary condition is characterized by equation:

µ2 − µ0

µ2 − µ1

L(µ1) +
µ0 − µ1

µ2 − µ1

L(µ2) = α

Unfortunately the function L(.) is not invertible in majority of cases. This

fact does not let us to pursue the analysis further.

Let us now turn to the general problem, where |Ω| = n = m we can write

the maximization as:

max
∑
S

v̂(µs)τ(µs)

subject to: U({µs, τ(µs)}s∈S) ≥ α∑
S

µsτ(µs) = µ0

∑
S

τ(µs) = 1

We can rewrite the first constraint as in the case with |Ω| = 2. Then we

can combine the second and the third constraint to form 2.6 and solve for

τ ∗(µ1, . . . , µn) the same way as in chapter 2. After solving for τ ∗(µ1, . . . , µn)

we denote v̂(µ1, . . . , µn) = (v̂(µ1), . . . , v̂(µn)) and plug both functions back into

the objective function and get:
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max
∑
S

v(µ1, . . . , µn)τ ∗(µ1, . . . , µn)

subject to:
∑
s

τ(µs)L(µs) ≥ α

The interior solution is again characterized by the first order conditions 2.7

from chapter 2.

The boundary solution is characeterized by the constraint holding with

equality:

∑
s

τ(µs)L(µs) = α

As in the case with |Ω| = 2 this is where the analysis ends, because the

function L(µ) cannot be inverted.

Finally we can make the same argument as in chapter 2 regarding the

situations when |A| = m < n and use the above described solution, because we

can take n signals to solve the optimization problem with m < n.



Chapter 6

Conclusion

In the original model of Bayesian persuasion, Kamenica & Gentzkow (2011)

identify the optimal sender’s signal as a solution to the sender’s maximiza-

tion problem. The sender chooses a set of distribution functions such that he

maximizes a functional. This maximization problem is a problem of functional

analysis. As problems in functional analysis are often not tractable, the au-

thors choose a different approach. Instead of finding a solution explicitly, they

identify the value function of the sender as the concave closure of the induced

sender’s utility function v̂(µ). In some cases this value function helps us find

the solution using a graphical analysis.

In chapter 2 we have reviewed the model from Kamenica & Gentzkow (2011)

and we have drawn an interesting consequence. For a persuasion model with n

states of the world, n realizations of signals are sufficient to reach the maximum

value for the sender. Restricting attention to equilibria with n signals, one can

transform the problem of functional analysis into a multivariate real function

maximization problem. Subsequently we derive the first order conditions to

the original problem.

In chapter 3 we extend the original model for a constraint which abolishes

perfectly informative signals. Upon observing a perfectly informative signal,

the receiver is sure of the state of the world. This constraint is imposed on

each of the signal functions separately. Thanks to this form, the constraint has

an important property. Introducing more signals than n into the model, the

sender cannot reach higher value than with just n optimally derived signals.

This property permits us to use the same analysis as in chapter 2 and derive
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the corresponding first order conditions for the problem.

In chapter 4 we impose a constraint on the amount of information which

is transferred by the persuasion mechanism. This constraint is imposed on be-

lieves of the receiver on the aggregate level. We show, that this constraint is

sometimes relaxed, when more signals are introduced by the sender. This leads

to the fact, that we cannot use the method from chapter 2 to solve for first

order conditions. Nevertheless we restrict to attention to problems with finite

action space. We show, that such problems can be solved using the method

from chapter 2 unless there are more actions then states in the model.

Finally in chapter 5 we enhance the original model for a reservation util-

ity constraint. In the original model by Kamenica & Gentzkow (2011) it was

possible for the receiver to have zero gain from participation in the persuasion

mechanism. The constraint we impose gives the receiver some minimum utility

gain. It reflects situations in which the receiver has some bargaining power and

can refuse to observe the signal. We have found that this constraint can again

be relaxed by introducing more than n signals to the model. Intuitively the

sender faces a trade-off between signals which are beneficial to the sender and

signals which are beneficial to the receiver. Doing so he can add a signal which

relaxes the constraint to reach a higher value for himself. Again we restrict

attention to problems with finite action space and find the first order condition

for a subclass of the original problems.

Taking the three constraints together, one can see that the constraints can

be distinguished base on an important property. That is whether the constraint

is more likely to bind with an inclusion of additional signals is an important

property. If this property is satisfied, one can solve the model by the method in

chapter 2. Otherwise additional assumptions are needed. Restricting attention

to finite action space may not be the best assumption. What matters for the

analysis is the shape of sender’s induced utility function v̂(µ). Specifically how

the constraint behaves for certain functions v̂(µ) with respect to an increase

in the number of signal realizations. While it is intuitive, that this function

is restricted by having the action space finite, we were unable to directly link

these two together. We suspect that the reservation utility constraint could be

solved without the additional assumption, in spirit of chapter 2, by as much as

2n signal realizations and corresponding probabilistic weights between them, n
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realizations that are optimizing for the sender and n other realizations that are

optimizing for the receiver. Last but not least one can find different constraints

that are reasonable in the persuasion model, or formulate the constraints we

introduced differently. We find these questions to be open for further research.
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