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Generalized (Navier-) Stokes equations in Orlicz
spaces

1.1 Derivation of the model

This thesis is concerned with the qualitative properties of weak solutions to the
system of nonlinear partial differential equations describing incompressible flow
of a certain class of generalized Newtonian fluids.

In this introductory chapter we mention shortly physical background of the
equations. We precisely formulate the problem after a few historical remarks in-
cluding commentary about constitutive relations and optimal choice of boundary
conditions.

We start with the derivation of the differential form of the continuity equation
and equation of motion. Let 2 C R" be a bounded domain and I = (0,7) a finite
time interval. We fix a control volume V(0) C €2 and define V(t) as a volume
occupied by this fluid at the time ¢ € I. We assume V(t) C V(t) C Q.

The continuity equation represents a mass balance which says that the mass
m of any control volume of fluid V(t) is independent of the time ¢. Let o denote
the density and u stands for the velocity of the fluid. In this chapter we suppose
that all quantities are sufficiently smooth such that all equations are well defined
(for instance o,u € C1(I x Q)).

The mass conservation can be formulated as follows

d d
G =g [ e nar=o (1)

We would like to derive the differential form of (1.1)). Since V(t) depends on
t, we can’t use the theorem about the differentiation of the integral with respect
to the parameter. Instead so called transport theorem can be used. Precise
formulation can be found for example in [40, Chapter I11.10]. Thus,

Oro + div(ou) = 0. (1.2)

If we consider incompressible flows of a homogeneous fluid, the density g is con-
stant and (1.2)) reduces to
divu = 0. (1.3)

The equations of motion are derived from the balance of linear momentum
which asserts that the total force on the control volume V(t) is equal to the rate

3



4 Generalized (Navier-) Stokes equations in Orlicz spaces

which the linear momentum of the fluid in V(¢) is increasing plus the rate of
outflow of momentum across 0V(t), c.f. [40, Chapter V.15]. In symbols,

d

In order to derive the differential form of ((1.4]) we split the force F into a
body force and a surface force

(ov)(x,t)de = F(V(¢),1). (1.4)

F(V(t),t) = /V(t) of (z,t)dx +/ s(x,t,v(z)) do, (1.5)

V(t)

where f is the density of a body force, v a unit outward normal and s is the
stress vector expressing action of the fluid outside of V(¢) at the time ¢ on the
control volume V(t). Cauchy theorem, one of the central results of the continuum
mechanics states that s(v) is linear in v:

Theorem 1.1.1 (Cauchy) If s(z,v) is continuous in x, then there is a spatial
tensor field T (called the Cauchy stress) such that s(z,v) = T(x)v(z) for all

x €V and arbitrary v.

Sometimes the Cauchy theorem contains the claim that the Cauchy stress 7
is symmetric if and only if the balance of angular momentum is satisfied. The
proof can be found in [40, Chapter V.14].

Using the transport theorem, Cauchy and Green theorems we obtain from
and the equation of motion in the following form

Oi(ou) +div(ou ® u) = of +divT. (1.6)

The equation (1.6) can be further specified. The relations between the Cauchy
stress and other quantities describing the flows are characterized by so called
rheological equations. We can consider the rheological equation of the form

T =-pl+T,

where p is the pressure, I a unit tensor and 7' represents friction forces which
are consequence of viscosity. If we consider homogeneous incompressible fluids, o
is constant. Defining 7 = p/p and S = %T’ we obtain

Ou+diviu @ u) = of — Vr +divS. (1.7)
This formulation of equation of motion and its simplification is crucial for us
in this thesis.
1.2 Constitutive relations

In the previous section we briefly mentioned the derivation of equations under
interest. Now we would like to discuss how the stress tensor § can depend on
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other quantities. Generally we can expect the dependence between the stress
tensor &, the pressure 7 and the shear rate, which is represented by a symmetric
part of the velocity gradient Du. These relations are called constitutive ones. We
start with the linear dependence between S and Du and observe the historical
evolution of the mathematical description of fluid mechanics with the emphasis
on the constitutive relations. Information of this section were put together from
[76, Section 1.2] and [I5], where the interested reader can find more details.

I. Newton stated in [74]: ”The resistance arising from the want of lubricity in
parts of the fluid is, other things being equal, proportional to the velocity with
which the parts of the fluid are separated from one another.” It can be interpreted
as to give rise to the linear relationship between the stress tensor S and the shear
rate Du, in which the constant of the proportionality is the viscosity. In symbols,

S =2upDu, pp € (0,00). (1.8)

The mathematical description of the fluid motion came relatively late. In the
year 1822 the French engineer C.M.L.H. Navier suggested a certain system of
partial differential equations as a model describing flows of viscous incompress-
ible fluids. However, his assumptions, under which he deduced the system from
molecular physics, appeared to be unrealistic. Surprisingly, G. G. Stokes obtained
in 1945 exactly the same system by more rigorous approach, i.e. the system
and with the linear relation between & and Du ([.8]).

Modern mathematical attempts to study this system go back to the twenties
of the last century. Swedish mathematician and physicist C. W. Oseen [73] stud-
ied mostly the system with linearised convective term, but he was also the first
one who proposed a weaker version of the formulation to the problem. French
mathematician J. Leray followed Oseen’s ideas and proved existence and unique-
ness of a classical solution in the case when Q = R? in [63]. However, he failed
in the case when 2 = R3 and therefore he proposed another approach, which is
nowadays known as a weak formulation. J. Leray proved in [64] existence of such
solutions for Q = R3. He was not able to decide, whether these solutions are
unique and whether they are smooth if data are so.

After the second world war J. Leray didn’t continue in work in mathematical
fluid mechanics. A new generation represented by E. Hopf [45], O. A. Ladyzhen-
skaya [62] or J.-L. Lions [65] appeared. Previous results were extended to many
other boundary value problems with similar results as for the Cauchy problem.
In particular, in two space dimensions regularity and uniqueness was proven, in
three space dimensions only the existence of weak solutions with partial results
in the direction of regularity and uniqueness.

Up to this time we have mentioned only the linear relation between the stress
tensor § and the shear rate Du. Fluids characterized by the linear dependence
are called Newtonian. In case of nonlinear relations we talk about non-
Newtonian or generalized Newtonian fluids. O. A. Ladyzhenskaya was one of
the first ones who suggested to study fluids described by the power-law relation
instead of the linear one. On her lecture at International Mathematical Congress
in 1966 she suggested among others to study the system described by the
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power-law relation
S = 2:“0(1 + |Du|p_2>Du7 Ho € (07 00)7 pE []‘a OO) (19)

with the growth p = 4. Later she extended this first results and presented in [59],
[60], [61] and [62]. Similar system was considered by J.-L. Lions in [65]. Whereas
O. A. Ladyzhenskaya derived non-linear dependence of S on Du with the help of
kinetic theory, J.-L. Lions used p-Laplace operator. By combination of monotone
operator theory together with compactness they showed existence of the weak
solution of power-law model for certain values of p.

Lots of excellent mathematicians extended these results in many directions.
Power-law model can be considered as simplest generalization of classical New-
tonian fluid and various generalizations such as

S = 2uo(k+ |Dul®)" T, po, k€ (0,00), p € R, (1.10)

were studied in recent years.

Many results about existence of the weak solutions of and with
some variant of and their qualitative properties have been proven. To
mention only a few of them, we can refer for example to [8, 9, [10, 1T, 12} 31, B2,
341, 148, 1491 (50|, 511, 52 [67) 68, 69], [89].

Power-law model can be generalized by using the framework of N—function
® as follows: &/(|Dul)

u
S = WDU (1.11)
for given N—function ®. One of the advantage of this approach is that the
constitutive relation allows to describe fluids with non-polynomial growth
such as

S = po(1+ |Du|?)™= In(1 + |Du|)Du, po € (0, 00). (1.12)

Note that the choice ®(s) = %s” describes the power law model. When we
are dealing with 7 sometimes the different approach for p > 2 and p < 2
is needed. The setting enables to work in a unified way in some cases.
Nevertheless, sometimes we still need to distinguish between the case when ®” is
almost increasing and almost increasing, which corresponds to p > 2 and p < 2.
For more details, see Chapter 2]

The relation can be slightly modified in order to catch fluids in which the
experimental data are reflected by a convex function ® with different polynomial
upper and lower growth.

All the cases and examples of the constitutive relations mentioned above can
be covered by the model of fluid with shear-dependent viscosity:

S = u(|Du|)Du, p:RY - R". (1.13)

The dominant departure from the Newtonian behaviour, captured by the con-
stitutive relation ([1.13)), are effects such as shear thickening and shear thinning.
It seems to be useful to describe by this model for example the behaviour of very
dilute polymeric liquids or low molecular weights biological liquids.
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Although we don’t study more general constitutive relation than in this
thesis, for a sake of completeness we point out that recently there was developed
theory for implicitly constituted incompressible fluid with response described by
the implicit relation

G(S, Du,m) =0. (1.14)

For more details and some consequences that come from this general viewpoint
we refer to the original work [77, [78, [79]. In comparison with traditional models,
in which S is a function of Du, the implicit equation is capable of capturing
several non-Newtonian phenomena, except shear thinning and shear thickening
mentioned above also pressure thickening or various activation and deactivation
criteria. A simple example that falls to the class given by is following

G(S, Du) = p(|Dul)(7 + (IS] = 7)")D — (IS| = 7)*S, (1.15)

where t = max{0,z}. One can easily observe that (1.15]) is equivalent to the
traditional description of fluid of Bingham or Herschel-Bulkley type:

TDu

< Du = e
IS|<T< Du=0, |S|>7<S Dul

+ wu(|Dul) Du.

For the existence theory of implicitly constituted fluids and some further infor-
mation about the model see [14, [15] [16].

1.3 Boundary conditions

Although the system with together with the boundedness of the do-
main €2 represents a boundary value problem, up to now we haven’t been spoken
about boundary conditions. We discuss briefly the influence of the boundary and
appropriate choice of the boundary conditions. This section was inspired by [70,
Section 4], where interested reader can find more details.

We start with the simplest case when we don’t need to deal with the influence
of the boundary. Sometimes we are interested in the behaviour of fluid in the
interior of the domain €2 and it is convenient to eliminate completely the presence
of the boundary. It can be realized in two ways. First, assume that the fluid
occupies the whole space, i.e. 2 = R", and velocity vanishes at |x| — 4+00. Then
we are interested in knowing the properties of the velocity u and pressure m of
the governing equations at any instant of the time ¢ > 0 and any position z € R".
Second, assume that for a positive constant L the velocity u and pressure 7 are
L—periodic at each direction x; with zero mean values. Here Q@ = (0,L)" is a
periodic cell. Advantage of this second case consist in working on a domain with
a compact closure.

In most cases we can’t neglect the presence of the boundary. Boundary condi-
tions require an understanding of the nature of the bodies that are divided by the
boundary. A variety of suggestions were put forward by the pioneers of the field,
Bernoulli, DuBuat, Navier, Poisson, Grad, Stokes and others, as to the condition
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that ought to be applied on the boundary between an impervious solid and a
liquid.

G. G. Stokes [84] knew from DuBuat’s experiment with water flowing through
a pipe that for small velocities the water near the inner surface of the pipe is at
rest. In this case no-slip boundary conditions,

u =0 at 09, (1.16)

seems to be suitable. Nevertheless, Stokes believed that for the higher velocities
the fluid is slipping at the boundary. The determination of appropriate boundary
conditions was an open problem for him.

C. L. M. H. Navier [7I] derived a slip boundary conditions which can be
generalized to the condition

(I1—=XNu-7+ASv]-7=0, Xe€0,1] at Q. (1.17)

If the boundary is impermeable, the normal component of the velocity is equal

to zero and therefore we add to (1.17)) the relation
u-v =0 at 0. (1.18)

The above mentioned boundary conditions with (L.18), when A € (0,1)
are referred to as the slip boundary conditions or Navier boundary conditions.
If A = 0 we obtain classical no-slip boundary condition . If A =1 we talk
about perfect slip boundary conditions. We point out that in this thesis we are
mostly interested in perfect slip boundary conditions.

The parameter A is usually assumed to be a constant but it could however be
a function of the normal stresses and the shear rate. Then the Navier’s boundary
conditions can be generalized to

w-7 4+ MNSv-v,|Dul)[Sv]-T=0 at 9.

Another boundary conditions that are sometimes used, especially when deal-
ing with non-Newtonian fluids, are the threshold-slip conditions, which can be
expressed as follows:

u-v
|Sv-7| < alSvv| = uT =0, |Sv7|>alSvv|=ut#0, —”yw =
where « is a positive constant and v = y(Sv-v,u -7, |Du|). The above mentioned
conditions implies that fluid will not slip until the ration of the magnitude of shear
stress and the magnitude of the normal stress exceeds a certain value. When it
does exceed that value, it will slip and the slip velocity will depend on both the
shear and normal stresses.

Sv-r,

1.4 Formulation of the problem

After physical motivation and a few historical remarks we state the problem that
is studied in following chapters. Let 2 C R", n € N, n > 2 be a bounded domain,
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I =(0,T) a finite time interval and I x € a time space cylinder. We investigate
qualitative properties of weak solutions to equations of flows of the incompressible

generalized Newtonian fluids described by (1.7) and (1.3) complemented with
perfect slip boundary conditions, i.e.

Ou —divS(Du) +diviu @ u) + Vr = f in I xQ, (1.19)
divu =0 in I x €, (1.20)

u(0,-) = ug in €, (1.21)

u-v=0, [S(Du)v]-7=0 on I x 0f. (1.22)

Recall that u is the velocity, 7 represents the pressure, f stands for the density
of volume forces and S denotes the extra stress tensor. Du is the symmetric part
of the velocity gradient, i.e. Du = [Vu+ (Vu)']. . By v we denote an outward
normal vector and 7 stands for any tangent vector to 0.

Some chapters are devoted to the stationary variant of (1.19)—(1.22)) without

convective term:

—divS(Du) + Vr = f in (1.23)
divu =0 in €, (1.24)
u-v=0, [S(Du)]-7=0 on I x 0f. (1.25)

To formulate the assumptions on the stress tensor § precisely we state some
basic facts about N-functions. More information about N —functions can be found
in Section[A.2] We refer also to [55] or [80)].

Definition 1.4.1 A real function ® : Rt — R is called N-function if the
derivative ®'(s) exists and is right continuous for s > 0, positive for s > 0,
non-decreasing, ®'(0) = 0 and lim;_,oP'(s) = oc.

Definition 1.4.2 N-function ® is said to satisfy the As—condition, denoted ® €
Ao, if there exists a positive constant C, such that ®(2s) < CP(s) for s > 0. By
Ao (D) we denote the smallest such constant C.

By (@')~!: Rt — R we denote the function
(@) (s) ;= sup{t € RT : ®'(t) < s}.

The complementary function of ® (which is again N-function) is defined as

For a measurable function f we can define gauge norm as

1fllo := inf{)\ >0 /{I)(@) do < 1}.

The Orlicz space L®(Q) is defined as the set {f : || f]le.0 < oo}. We define
WEP(Q)" = {p; e WH(Q),i=1,...,n, ¢-v=00n0%, divy = 0}.
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We consider the constitutive relation for S of the form ({1.13))
S = u(|Dul) Du,

where p : [0,00) — [0,00) is generally non-constant function called generalized
viscosity. Construct a scalar potential ® : [0, 00) — [0, 00) to the stress tensor S
as follows:

Al

/
UAD gy ¢ g (1.26)

S5(A) = 0,;8(|A]) = @/(|A] A -

(| Al =
By f ~ g we mean that there are positive constants ¢ and C such that c¢f < g <

C'f. We require the following assumption to be fulfilled:

Assumption 1.4.3 Suppose that ® € C'1(0,00) N C0,00) is an N-function,
e Ay, & € Ay and for s >0

P'(s) ~ sP”(s) (1.27)

and ®"(s) is almost monotone, i.e. there exists C > 0 such that for all s € (0, ]
either ®"(s) < CP"(t) (almost increasing) or ®"(s) > CP"(t) (almost decreas-

ing).

Remark 1.4.4 Fvery N-function ® satisfying Ao— condition automatically satis-

fies
D(s) ~ sP'(s).

The relation (|1.26) and Assumption give us non-standard ®—growth
conditions, see [22], Lemma 21].

Corollary 1.4.5 There are constants Cy,Cy > 0 that for all A, B € R?*" holds

sym

(S(A) = 8(B)) - (A= B) = C12"(|A] + |B|)|A - BI*,

IS(A) — S(B)| < C,®"(|A| + | B|)|A — B. (1.28)

Example 1.4.6 Let us mention that growth conditions (1.28)) allow to consider
models with a great deal of disparity, for example, power-law models

) 1Dl .
S(Du) = po(1 + | Duf?) %2 Du, MWWIM/ (1453 s ds,
0
| Dl
S(Du) = po(1 + | Dul)** Du, mwwzm/ (14 5)2sds,
0
po € RY p e (1,00). Also the singular case
|Dul
S(Du) = o) DufP* D, wwwzm/ & ds
0

18 1ncluded.
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We define function V' and N-function ¥ which are very well suited for express-
ing differentiability properties of weak solutions. Definition of the function V' in
the framework of Orlicz spaces was first given in [22].

For given ® we define the N-function ¥ by

U'(s) := \/P'(s)s.

and we define V(A) such that W(|A]) is a scalar potential to V(A), i.e.

A
9 VAR

Vij(A) := 00 (|A]) = W'(|A]) ] sym-

It is shown in [22] Lemma 25| that

U(s) ~ /D(s). (1.29)

Example 1.4.7 In the case of power-law models from Ezample [1.4.6] we have

p—2 u)u\ p—2
V(DW= po(1 + D) F D, W(Du) =po [ (145 sds,
0

p— p—2

. Dyl
V(DW= o1+ D) D, W((Dul) =i [ (14 5)F s,
0
po € RT, p € (1,00). Also the singular case
p—2 Dl P
V(D) = ol Dul*5* Du. W(Dul) =y [ s s
0

18 1ncluded.

Some results demand to specify the shape of the domain €2, thus we give the
definition of axisymmetric domain in the same way as in [20, Definition-Lemma 1].

Definition 1.4.8 Let 2 be a smooth bounded open subset of R", n > 2. We
say that ) is azisymmetric if and only if there exists a nontrivial rigid motion R
which is tangent to 0S); or equivalently, which satisfies for all t € R e'RQ = Q.
Here e'® is the isometry defined via Le'f(x) = Re'f(z).

By rigid motions R we understand affine maps R : {2 — R™ whose linear part
is antisymmetric. If we consider the most common dimensions n = 2 and n = 3
we can use a simpler definition. A domain in R? is axisymmetric if it has a circular
symmetry around some point. A domain in R3 is axisymmetric if it admits an
axis of symmetry, i.e. the domain is preserved by a rotation of arbitrary angle
around this axis. If the domain admits two nonparallel axes of symmetry, then
it is spherically symmetric around some point.
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1.5 Structure of the thesis

In this thesis we present results which from papers [54, [66] [85]. Unlike the articles
we were able to bring forward more detailed proof in some parts. An example is
Section in Chapter 2| regarding difference quotient technique. In paper [54]
this section is reduced to the short paragraph. We would like to point out that
the notation from the three papers is unified.

We briefly describe the main result of each chapter and connection with the
other chapters. Chapter [2]is concerned with the steady generalized Stokes system
and complemented with perfect slip boundary conditions . The
nonlinear elliptic operator satisfies non-standard ®—growth conditions described
in Assumption [[.4.3] We show the existence of the second derivatives of the
velocity and their regularity up to the boundary of 2. These results can be also
found in the paper [54].

Together with Vaclav Macha we were able to extend the results from Chapter
and show higher integrability of the first gradient of weak solutions to the system
(1.23)—(1.25)). These results can be found in [66] and we bring them forward in
Chapter [3] At this point we would like to accentuate that Chapter [3| consist of a
joint work with Vaclav Macha.

In Chapter [5| we study evolutionary generalized Navier—Stokes system (|1.19))-
in two dimensions under perfect slip boundary conditions . The extra
stress tensor § is assumed to possess p—potential structure with p > 2, therefore
it is a special variant of more general setting of a framework of N-functions.
Results from Chapter [2| together with Chapter {4| (which provides L? theory for
classical evolutionary Stokes system under perfect slip boundary conditions) allow
us to show Holder continuity of velocity gradients and pressure. Chapters [4] and
consist of the results from [85].



Differentiability of weak solutions to equations of
steady flows

2.1 Main result

This chapter is concerned with steady flows of an incompressible fluid in a bound-
ed domain Q C R", n € N, n > 2 described by the system ((1.23)—(1.25)):

—divS(Du) +Vr = f in Q,

divu =0 in 2,

u-v=0, [S(Du)v]-7=0 on I x 0f).
Standard notation is used for Lebesgue spaces (LP(2),]| - ||,), Sobolev spaces

(WHRP(Q), || - [lkp), 1 < p < 00, k € N, Orlicz spaces (L*(Q2),]| - ||#) and Orlicz-
Sobolev spaces (W1®(Q), | - [|1.a),  is a domain with C* boundary.
We begin with the definition of the weak solution of the problem ([1.23])—(1.25]).

Definition 2.1.1 We say that the function u is the weak solution to the problem

) -(Z) if u € WH(Q)" and
/S(Du):Dgpdx:/f-godm
Q Q

holddl] for all o € WE2(Q)".

It is well known that the weak solution exists and is unique. It could be easily
proven using the monotone operator theory.
Now we are ready to state the main theorem of this chapter.

Theorem 2.1.2 Let 2 C R” be a bounded non-azisymmetric C* domain,

f e WhH(Q)" and suppose Assumption is fulfilled. Let u be a weak
solution to (L.23)~(1.25)). Then there exists constant C' independent of u such
that

/Q|VV(DU)\2dxg(J(/ch*(|f|)dx+/Q<1>*(|Vf|)dx).

1 As we use the notation W1-®(Q)" for vector-valued functions with components in the func-
tion space W1 ®(Q), we use analogically the notation W1®(Q)"*" for tensor-valued functions.

13
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If moreover f = divg and g € L®)*, ¢ € [1,%] forn >3, q € [1,00) for
n = 2, then the corresponding pressure w satisfies

/Q(CID*(|7T — (mql))tdx < C/Q(@*(\g\))q dx

RNCRY
—i—C’(/ﬂ@*ﬂVngx+/Q<1>*(|V2g|)dx) .

Remark 2.1.3 (Assumptions on f and the domain Q) For a special choice of ®,
assumption on f could be weakened. For example if we would consider ® such
that " is bounded and decreasing (which corresponds to the power-law model with
p < 2 and non-singular case), it is sufficient to take f € LT (Q)", cf. [52).

The assumption on the shape of € is related to the boundary condition u-v =0
on 0N). In several parts of the proof we use a stronger version of Korn’s inequality,
see Lemma which is valid if the domain S is not azisymmetric (if we
considered homogeneous Dirichlet boundary conditions, then an arbitrary shape
of the domain would be admissible in the formulation of Korn’s inequality).

In this part we would like to mention the paper [29], where the author obtains,
with a different method, result very similar to our results. C. Ebmeyer studies
the problem — where the equation of motion contains the convective
term div(u ® u) and Q C R3. He supposes that the tensor S has the p-potential
structure and is interested in the case p < 2. The author obtains the regularity
results in Sobolev spaces with fractional derivatives and in Nikolskii’s spaces.
Among others, he shows [,,(k+|Dul)P 2|V Du|? dz < oo, k € {0,1} for p € (£,2)
in the case of power-law Navier-Stokes system and for p € (1,2) in the case of
power-law Stokes system. He uses the fact that perfect slip boundary conditions
allow to extend the solution beyond the flat boundary. Results are formulated for
the flat boundary and, by the local change of coordinates for the general shape
of the boundary.

In [I2] the authors are concerned with the system (1.23)) and (1.24) equipped
with homogeneous Dirichlet boundary conditions. The extra stress tensor is
given by a power-law ansatz with exponent p > 2. Among others they show
that V(Du) € W a2 (Q)"™" for ¢ = ™22 if n > 3 and for all ¢ < oo, if
n = 2. In tangential directions they are able to improve regularity properties to
Jq 1070V (Du)|? dz < oo, but in the normal direction there is a loss of regularity
due to the absence of some special weighted version of Korn’s inequality and the
presence of pressure.

In [50, Theorem 3] the authors show a regularity result for non-circular domain
in 2D and with an additional assumption in [50, Theorem 4] the same result is
established for a circle.

The proof of Theorem is divided into three main parts. In the first
part, Section we show that for the quadratic potential, i.e. ®” is bounded
from below and from above (which corresponds to the case p = 2 in the power-
law models), the solution u belongs to the space W2%(Q)". In the second part,
Section 2.3 we introduce the regularized problem where instead of the generalized
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viscosity p we consider truncated viscosity ¢ = min (max(p(|Du®|), e %) for

€ (0,1). Using the fact that for the regularized problem u® € W”(Q , We
show that the term [, u*(|Du|)|9, Du®|* dz can be estimated by lower order
terms and small same order terms, see Lemma [2.3.2] The main idea is to test the
regularized version of by second normal derivatives (up to some correction),
which is possible due to perfect slip boundary conditions. Further we obtain
similar result for the term [, p*(|Du|)|0nDu|*dz, o € {1,...,n — 1}, see
Lemma [2.3.6] It can be done by taking tangent derivative of regularized version
of (]E and testing by suitable function. We finish Section by putting
together estimates from Lemma and Lemma [2.3.6 estimating lower order
terms and absorbing small same order terms into the left hand side. Although
we are using the function pf in Section 2.3 due to the Assumption and
constitutive relation ((1.13) we have pu(s) ~ ®”(s) and due to (1.29) we easily
obtain the result in the terms of the function V. In the third part, Section [2.4],
we pass from the regularized problem to the original one.

2.2 Quadratic potential

In this section we will confine ourselves to the case ®” is bounded from below
and from above. In the definition of the weak solution, Definition [2.1.1], the space
WL (Q)" reduces to WL2(Q)".

Lemma 2.2.1 Let Q C R, Q € C3, f € L*(Q)". Let Assumption be
fulfilled and ®" € [c3,c4] C (0,00). Then for every weak solution to the problem

(.23) -(L.23) holds

w e W2(Q)", 7 e W Q).

Proof. We will follow the proof in [68, Section 3] where the authors are dealing
with the evolutionary case in 3D under homogeneous Dirichlet boundary condi-
tion. The authors are interested in the power-law model for case p > 2. The proof
is supposed to be divided to the interior regularity and the boundary regularity.
We will focus only on the boundary regularity, because the interior regularity can
be easily proved by the simple modification of the computation below. The proof
consist of three steps. At first we focus on boundary regularity of u in tangent
direction, later we obtain similar estimate for u in normal direction and at the
end we reconstruct pressure 7.

Step 1 Boundary regularity in tangent direction

In this step we work in the local system of coordinates. We suppose that in a
neighborhood of P € 02 we can describe the boundary as a graph of a suitably
smooth function. By (g, we understand an intersection of the domain {2 with
a ball with radius Ry and center P. Let 0 < r < R < %. T, : Qr — Qg,
denotes the shift operator in tangent direction. ¢ stands for the differences, i.e.
0tg(y) = g(Tay) — g(y). For properties of differences and precise description of

the boundary see Section [A.1]
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We start with the weak formulation

| su): D) s = [ )0t do (2.2)

which is fulfilled for ¢ € W22(Q)", supp v C Qpg.

The goal is to derive the identity which contains differences of each term of
the equation (2.2). To reach this, we need to test by (T, 'y) instead ¥ (y).
This function doesn’t belong to W1?(Q2)" because nor div (T 'y) # 0 neither
o(Tty) - v # 0 on 9. That’s why we introduce the following correction:

Peor(y) 1= 0(T'y) = (0(T ) - 5, v(W))v(y) + 2e(y),

where z.(y) is the solution to the problem

div ze(y) = div[—p(T™'y) + (p(T™1y) - 6, v(y))v(y)] in Q,
ze(y) =0 on 01,

supp z. C Q. On 09 it holds

/8 AT ) + (T ) 8w ) )] vl dy = .

Because of z.(y) we have div¢e,(y) = 0 and we can also easily see that
Yeor(y) - v(y) = 0 on 0. It means that p.r(y) is good test function. Putting

1/1(3/) = @cor(@/) in we obtain
| sDu0@:Dr ) ay
/ S(Dw)(y):[(D(e(T9))6v(y) @ v(o)] dy

/S (Du)(y): D(2.(y dy—/f
~ [ AT ) St d -+ / F(9)2:(y) dy

In the first term of (2.3 there is the derivative of the composite function
D(o(T7(y))), but we need Dp(T;'y). To reach this we apply Lemma

which provides:

D(e(T;'y)) = Do(Ty'y) + Onp(T, 'y) ®s (6, Va).

In some terms we use the substitution y = T,,x. From Section we know that
dy = dz, because the Jacobian of the mapping T, and T, ! is equal to 1. In (2.2)
we put ¥ (y) := ¢(z) and subtract (2.2)) from the resulting equation ([2.3)). We get
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~ [ 8:8(Du)@): D) do

+ /Q S(Du)(Tuz) : [Pup(z) 5 (6-Va)] da
- [ SDW) AT W) @ v dy
- [ SDW) AT YD) © v dy 2.4
— [ S (AT ) - 5200 D) dy

+ [ SDw) Dy~ [ 3 i@l da

[T ) @) dy = [ Fwz) =30 A

valid for the test function ¢ € W12(Q)", supp ¢ C Qg.
We choose ¢ = ¢, + ¢ + ¢, such that

1

Pa + b = ﬁéi u(z)E? (x)+ﬁuu(x)§2(x), (2.5)

where v, (z) := (u(Tz) - 0 v(z))v(z), h € (0,22) and the cut-off function {(z) €
C>*(Bg(P)) is defined as follows:

ol

We can easily see that condition (¢, + ¢3) - ¥ = 0 on 92 holds and supp(¢, +
vp) C Qr. But generally it doesn’t hold that div(e, + ¢p) = 0. That’s why the
correction ¢, € Wh2(Q)™ with supp ¢. C Qg is included in the test function ¢.
It is defined as a solution to the problem

x € B.(P),

1
(0,1) x € Br(P)\ B,.(P), (2.6)
0  z€R"\ Bg(P).

IImII

div . = div(—p, — ¢p) in €,
v =10 on Of).

The compatibility condition is fulfilled, since

0:/ gpc-uda:/divgpcdxz/div(—gaa—gpb)dx:
09 Q Q

:—/ (pa + @p) -vdo = 0.
o9

Bogovskii’s Lemma provides following estimate of z. and ¢.:
zelli, < CR" el

ecllt, < O div(wa + wp)|l;-
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Using the definition of ¢, + ¢, and the incompressibility conditions divu = 0,
(2.8) can be rewritten as

C
ol (T +VENS)- (2.9)

With the knowledge (2.5) and ([2.9) we get the estimate of z.:

lell1, <

Votu
h

ol < O (| 22|+ lull 1+ 19¢l1) ). (2.10)

Let’s estimate:
1
A = / / 0:; Sk (Du + N6t Du)df DijuDy dX de.
arJo
Using Lemma we get

1

Ay :/ / 1Sk (Du + N6 Du)[D;;0, u
QrJo

— ((Onu)(T) ®s 5+Va) D dXdx

//@jSkl (Du + AN Du)D;; (61 u) Dy dX da

_ / / 935Sk (Du + A8, Du) ((9,u)(Tx) @s 5:{Va)ijDkl<p d\dz
QrJo

= A — A1.27

-All = —/ / GUSM Du—i—)\(ﬁDu)Dwé;r [Dk15+u£ ( )
Qr

5
+ 200 Ul 6 + D + 2[vule€0€ + Do dz] dhdz =: Y~ By,

=1

Due to growth conditions from Corollary and Lemma we can estimate
the term B;:

20
15’1>h—21 | D6 )¢ da
Vétu St
> 20,0, / Vot gn a0y / Y(IVER +€2) da
Qr Qr

On the second term B, we apply (1.28), and Cauchy inequality with € > 0

B, < 2 / V5 ule]0 ] [VE] de < 2C2 /

h? Qr Qr
Sefverar < oe [ [ e e s poul + 9.

6"1‘
QR

Votu2
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In the third term Bs the following is used:

Dij(vu()) = Oi{w(Tx) [0 v]wvi(x)} =
= Ojuk(Tx) 05 vIkvi(x) + uk(Tx)0;[05 v]vi(x) + un(T)[65 v|0vi(x).

We use Lemma to estimate the modulus of gradient of the normal vector
or the modulus of the difference of gradient gradient of the normal vector by the
constant C,.

B3| < g;/ | Dyt uDijv, &2 da

§C2/
Qr

Votu

(IVulCo + Ul + [l C2)E? da

Voiu
<cfs [ [t ot ulk,)
Qr
2C:
B < 7 || 19atullulelve]da

V&*u’

< 0225/
Qr

Vitwu2
<ofe [ | e+ ult+ 10,
Qg h

Edr+C [ |Juf|VEPda
R

+ 2 Vé;ru 2 2 2
’B5| S C2 |Dij5a UDijQOC‘ dz S 802 ‘ dx + C h ‘V()OC|
2r 2r 2z 2.11)
V5;ru 2 2 4 4 ( '
<o [ |5 o llullts + VeI,
Qr

Corollary and similar steps as before allow us to estimate the term A; 5.

1
| Ao = | / / 0;Ski(Du + A(SiDu)((@nu) (Tr) ®g 5iVa)ijDklg0 dA\dz|
arJo

< 7z |((Opu)(Tx) ®s 5;“Va) [Dy6 ug® + 2[6 u);£0;¢
Qr

10
+ Dz’jyu£2 + 2[1,]i£0;€ + Djigoc} |dx =: Z B;.

=6

Applying Lemma and estimate (2.9) on correction ¢, leads to
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Votu

o0tu
Bal + B < G [ [Valcn (|55 e + 52 elvel) da
o h

< 0225/
Qr
aU|? 0 2 2
<= &dx+ C||VE||5 |Vu|* dz
Qr

5+
+C3C /
QR

sc(s/“)V&*\s o+ [Fully + Vel + VeI,
Qr

Vo7 u‘

f dx + C'||VU||2

h

Bs| + [By| < 02/ [Vu|Co[(|Vu|Cr, + [u|Cry + [u]CR)E? + [u] Cé| VE]] dar
Qr

< C(llullis + llulli 2 + 1VEIIS),
On the term By we use estimate (2.9)).
C? C3h?
Bul <Ca | VulCuhlViddn < 2 [ [VuPde+ 25 [ |9 da
Qg 2 Jag 2 Jag

< CIVull + lulliz + IVEIS),

[Aof = | [ Su(Du)(T)((0np)(7) @5 05 Va),, dal

Qg

= | /Q / az‘jSkZO\DU(TCL’))(Dz‘jU)(TJ})((ango)(l‘) ®s 5§Va)ij d\dz|

scz/ |Vu\‘V( Bz | §—|—h<pc>Cn

)
< CZ/QR IVu\()vi“

+ |u|C2€2 + |u|CL26VE + hwc) C, dz

<o(c [ [T e ar + uli + Jullt s + IVEIL),
Qr

€ +| 2 26 + [l + [ulC,E

Al < Co [ DUD [0 0T 1) 4 g T ) + e 05l dy
SC’(&/ Voiu
Qr

M4+Mﬂ§%/

Qg

< dy 4 Jully + ulld + VL),

(D)) 500 (T 1) + (T )T ) + o]

2
<|V(5;V)V| + |(5;V)VV|> dy < C<5/ ‘V(S u

‘ 52 dy + ||U||1 2
Qg

+ IVullts + IVEIL).
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In the next term we use the estimate (2.10)) on z.:

Al < G / Dul[D(z)| dy < C||Vul2 + C2¢]| V|
R
Vé*
<c(ivul+e [ X[ e dy+ el
o, | h

+ellul, + £ VENL).

We express A7 in an alternative way
A7:/ 6Ff-pdr = [0, pdz.
QR QR

After substitution of the test function and addition and subtraction of the
terms

o N N RI G
we get
Ar= g [ st b€ de s gy [ pis e - )] de
—% f@-[éivu]i@(le)dx—% Flnlle — (1) da
Qr

filbaedi = ZB

Qr i=11

By < c/ FPEde +a/
QR QR
1Bia| < C(If15 + [ Vulls + [[V€]|%),

+ +
| Bis| S/ |f|0n‘5a7u‘52§8/ )
Qr Qr

ul2
S G MR
Qr
Bul < CALSIE + ull + VeI,

Ot |2
Vhau’ € dx,

1 h?
[Bis| < SlIFI5 + F1Veells < CULIE + llullis + llullis + [VEI)-

Acs [ (5t £+ 00 Cudy

< O(||f||2 + ||U||12 + ||“||12 + ||V§||§o)

ME 2 2
—‘ £ dy + el|ull1 5

Ao < CI1E + ellell < O (1B + = [

Qr

e Vel + elullls).
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Putting all estimates together we obtain

+a,12 t2,12 ta,12
/ ]wa“) g2dxgeo/ w@“( §2dx+5C'/ wa“) do
ap! D ar! D ar! D

+C"(lulli s + llulli2 + 1£13) + C"IIVES-

(2.12)

We are able to choose € > 0 as small as we want, therefore we pick the one
in order to subsume the first term on the right hand side of into the left
hand side. We know from the first apriori estimate that ||ul[; 2 < C and from the
assumption || f||2 < C. This gives the boundedness of the third term on the right
hand side of .

We can see that the procedure fails because of the fact, that there is missing
cut-off function £(z) in the integral in the second term on right hand side in
(2.12]). But we can get rid of the uncomfortable term by virtue of the following
lemma which can be found in [35].

Lemma 2.2.2 Let [ : [a,b] — R is bounded. Suppose there exists constants
A, B,a> —1and e € (0,1), that

f(r)<ef(R)+AR—7)"*+B Va <r <R<hb.
Then there exists positive constant ¢ = ¢(a, ), that holds

fir) <clA(R—=r)“+B] Va<r<R<b.

Fix h € (0,7). The term V‘g“ has good sense on (1g,. The cut-off function &

satisfies C"||VE||, < A(R—r)~* for some A > 0 independent of r, R. We rewrite
the relation (2.12]) to a more convenient form:

/ Vo w2 / Votu
) dx <e ’
o ! h ar! D

We use Lemma 2.2.2] for

2

dz + A(R—7r)"*+ B.

h
As one can easily see, assumptions of the Lemma are fulfilled. We obtain

) = /Q ‘V(S(fu‘zdx’

+a 12
/‘V%“‘ de < cJA(R — )~ + B] VO<T<R§%,
Q’V‘

where the constants A, B depends only on the norm of f in L?(£2)" and on the
norm of w in WH2(Q)". As well the whole right hand side of (2.12)) now depends

only on || f|l2 a |lull2. Setting r := £ and R = £ we get
Votu2
|55 4o < ol ulo)
Q

20
4
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Due to (A.6) a (A.7) the previous estimate can be rewritten as
2
> [ 10l do < (I ulo) (2.13)
i=1 7R

Step 2 Boundary regularity in normal direction

We will follow [68], where the problem of normal direction is solved for the
evolutionary variant of our problem in  C R3. This computation for stationary
problem in  C R? is also done in articles [50] and [51].

In order to show boundedness of V2u we need an estimate of type in the
normal direction which is locally z,. After formal employment ﬂ of the operator
curl

curlg = 0,9, — 0;90 forg: Q—R", o <.

we get rid of the pressure from the equation ([1.23)). We obtain % (n — 1) equations
in W=12(Q)". Not all of them are useful for us. We put j = n and o < n, so

n

Z(aaakgnk — anaksak> - aafn + anfa = 07 = 17 N 1. (214)

k=1

Set Gy = 0,San for a € {1,...,n — 1}. It holds that
[€Gall-12 < C[|Sanll2 < C||[Dull2 < C.

Further, thanks to (1.28)) we have for k € {1,...,n — 1}

10k (€Ga)ll—12 < C + [|0kSanll2 < C + C Y~ [[0k0ull.

i=1
From the equation (2.14]) we obtain
n n—1
100 (6Ga) |12 S C+C" Y 0> || Okdsull2.
i=1 k=1

Now we can use the Necas’ theorem on negative norms, see Theorem to
get

n n—1

1€Gall2 < CI6Gall 12+ IV(€Ga)l-12) S C+C > ) " |0ssulla. (2.15)

i=1 k=1

Recalling the definition of G, we have n — 1 equations for o € {1,...,n —1}

Ga = Z &-jSm@nDiju. (216)

2,j=1

2The process is based on testing the equation ([1.23)) by function rotg. The result is the
same, i.e. we get the equation (2.14) in distributional sense.
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Symmetry of S and Du gives us Z;:ll OniSanOnDyju = Z?:_ll OinSanOnDinu and
therefore from ([2.16]) we obtain

n—1 n—1
2 Z aanomanDnju = Ga - Z aij‘S‘oman-l)iju - ann‘gomanDnnu (217)

j=1 i,j=1

In the first and third term of (2.17] - we use the definition of Du. Instead of
the last term of (2.17)) we can write Z" ! OnnSanOn0ju;, because Dyp,u = Opuy,

and the equation divu = 0 gives us d,u,, = — ijll O;uj. We have

n—1 n—1
1
Z 8nj3an85uj = Ga — 5 Z aijSoman(aiuj + 6]ul)

j=1 i,j=1

n—1 n—1 (218)
- Z anjﬁgcmanajun + Z 8nn«5anan3juj.
J=1 j=1

Thanks to the Corollary we know that the matrix A = (0,;Sa) is
regular. We can multiply (2.18) by £202u,, where the cut-off function &(x) is

defined as in (2.6)), sum over o and integrate over €. Using (2.15)) we conclude
that

n—1 n n—1
D N2l < C+C" Y 0> [|0i0kull3. (2.19)
7=1 i=1 k=1

From the relation (2.19) using the definition of the tangent derivative and
from relation ([2.13)) we derive

Z l605u;15 < C+C" ) Z |07 i3+

1,0=1 a=1

ror s Zyaa '>|Z||§aiuj|\§.
j=1

—Ro,Ro) ,—1

(2.20)

If we choose Ry in order to have

n—1

C"max  sup |0,a(z")| <
P x’e(—RO,RO);

l\DI»—

we can move the last term in ([2.20]) to the left hand side and together with tangent
direction and interior regularity we get u € W22(Q). O

Step 3 Reconstruction of the pressure

In virtue of Lemma we know that (1.23]) holds almost everywhere. It
helps us to reconstruct the pressure in a simple way. In the weak formulation
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in Definition there is no pressure 7, because we considered divergence-free
test function. Now we are interested in the question whether there is 7 € D'(Q)"
such that

/QS(DU) :Dpdx + (Vm, @) = (f, @)

holds for all ¢ € D(Q2)™.
From De Rham’s theorem, see Theorem [A.5.2] we know that the right hand

side of the equation
Vr=f+divS (2.21)

can be written in the gradient form. The equation (2.21)) holds almost everywhere
and it’s right hand side is in L*(2)". Thus, with the additional assumption
Jomdz =0 we get that there exists the pressure 7 € Wh2(Q)".

O
2.3 The regularized problem
In this section we are concerned with the regularized boundary value problem
—divS*(Du®) + Vr* = f¢ in €, (2.22)
divu® =0 in €, (2.23)
u“-v=0, [S(Du®)]-7*=0 on 052, (2.24)

where the regularization of f is chosen in order to have f¢ € C>®(Q)" and f¢ — f
in Wh®"(Q)" as e — 0 and

SE — ME(’DueE’)DueE’

p° = min (max(,uﬂDueeD, £), é), e € (0,1). (2.25)

Scalar potential ®¢ to S° is

O (s) := /OS pe ()t de.

As one can easily check, the Assumption and therefore also growth condi-
tions Corollary hold if we replace ® and S by ®° and S°.

Proposition 2.3.1 If & € Ay, ®* € Ay then also O € Ay, (P°)* € Ay and
Ao ({D%, (9°)*}) doesn’t depend od e.

Proof. At first we consider only truncation of p from below, i.e.

p(s) == max(p°(s),e), D°(s) = /OS pe(t)t dt.

It is enough to show u®(2s) < Cuf(s). We can distinguish four cases:
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(i) p(s) > e and p(2s) > e. Then p(s) = u(s), p°(2s) = p(2s) and the claim
holds, because ® € A,.

(i) p(s) > e and pu(2s) < e. Then uf(s) = u(s) > € and p(2s) = e. Trivially
pE(28) < ps(s).

(i) p(s) < € and wu(2s) > . Then p°(s) = € and p®(2s) = p(2s), pu(2s) <
Cu(s) < Ce < Cpf(s) and the claim holds.

(iv) u(s) < e and p(2s) < e. Then pf(s) = pf(2s) = ¢ and the claim trivially
holds.

The same is true for p truncated from above, i.e. p(s) := min(u(s), 1). Putting
these two considerations together we obtain the proof for the viscosity defined in
(3.2). In the case of the complementary function one proceeds similarly. n

The first apriori estimate, i.e. testing by the weak solution, gives us
/Se(DueE) s Dy dr < / fe-u™de. (2.26)
Q Q

Using Young’s inequality (A.8) and Korn’s inequality (A.20]) on the right hand
side, definition of function V¢ or the potential ®¢ on the left hand side, the
relation ([2.26)) can be rewritten in the form

o/ﬁ|v&(puea)| dr < /Qc1>€(|Due€|)dx < 0/9(@6)*(yf€|)dx M., (2.27)

Now we fix a point P and work in the local system of coordinates for which
P = 0. We work in QF | but as before, we will drop the index P. For sim-
plicity we denote r := Z2. The following lemma shows us that the integral
Jo, 15(ID(u)])|0, D(u)|* dz can be estimated by lower order terms and small
terms of the same order which can be subsumed into the left hand side at the
end.

Lemma 2.3.2 Let Q C R", Q € C3 be a bounded non-axisymmetric domain.

Let u® be the weak solution of the reqularized problem (2.22)), (2.23)) and (2.24)).
Then there exist positive constants C and ¢;, 1 = 1,...,4, independent of u such

that

/,ua(|DueE|)|8nDue‘5|2dx go(/ﬂ (@) (| f¢]) da

T 3r

v [ @ rvsar) + ZM”

(2.28)

where
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Mi=é Y | / SihougEédr], My=2& Y | / 0;S5uf € dl,
Q Q

irjokelm=1 irj, ke l=1
n
My =3 Z |/az SO Edzf, My —E4a0/ pe (| Du|) [ V2u 262 da.
igklm=1 78 Qs

Constants ¢;, 1 = 1,2,3, may depend on ag and ¢y defined in (A.1), but constant
¢4 18 an absolute one.

Remark 2.3.3 Terms M;, i =1,...,3, are of lower order. Instead of the cut-off
function & we should write £, where supp € C supp € and in € derivatives of € and
a are included. Since this difference is not important, we write only &.

The term My is of the same order as the left hand side of but it is also

multiplied by ag. We can pick this constant as small as we want what allows us

to subsume My later into the left hand side of ([2.28]).

Proof of Lemma [2.3.2, From results of Section [2.2] we know that u®* € W22(Q)",
S¢(Du*) € Wh2(Q)» " r¢ € WH2(Q). We can rewrite into components,
multiply by a suitable test function and integrate over {23,.. The test function has
to belong at least to L*(€)" in order the integrals had sense.

n

— Z 0,5y 01 Ao + Z/ Opm“ o dr = Z frorde, (2.29)
=1 sr

k=1 sr k=1 Stsr

where ¢ € L?(Q)". We would like to use the second normal derivatives of the
solution as a test function in (2.29). One can easily verify that this function is
not divergence free and does not fulfill boundary conditions, so we would have to
deal with terms containing the pressure. Instead we take as a test function

n—1

o= (001, . 0:001,— Y 0a00), (2.30)
a=1

where we denoted

O 1= 0, (u - 79 —u” - (0,7 + 0rar)E?, a=1,...,n— 1. (2.31)
The test function ¢ is constructed in order to fulfill div ¢ = 0. It also has a useful
property:
Proposition 2.3.4 6, = 0 for all « € {1,...,n — 1} on 00 in the sense of
traces.

Proof. We use two facts. First, Oy« (u® - v) = 0 on 0%, which is u® - O;av =
—0rau® - v. Second, boundary conditions (S°v) - 7 = 0 can be rewritten as
Orauf - v+ 0,u® - 7 = 0 which gives us d,u® - 7 = —0,au® - v. Thus
@a — ayueeTa£2 + uesalﬂ_a£2 _ U6€£28V7'a _ uengaTaV
= — 0, VE? — uFE2 00 = UF 0 vE? — UFE?Drar = 0.
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Proposition helps us to get rid of terms in (2.29) containing pressure. In
the case we are not on 0f2, it is useful to write out O,,.

n

0, = Z (O v — ui0u,T; NE? = —0,uE? — Opa0,utsE?

i,j=1

n—1 (232)
+ Z (8ga(8ﬁuf + Oqa0puy’) — 8a85au§€) £,

B=1

where we use only the definition of the normal, the normal derivative, the tangent
and the tangent derivative.

Proposition 2.3.5 Let ¢ be defined by (2.30) and (2.31). Then

Z O dz = 0.

QSr

Proof. Tf ¢ € W?2(Q), a straightforward computation gives us

n—1

i/ e @kde/ Dam<0,0, dx—/ 0n7 Y 0200 dz =0,
k=1 Y Q3r Q3 Q3 a=1

where we integrated by parts twice and use the fact that boundary integrals are
equal to zero because 0, = 0 on J2 due to Proposition For 7% € W3(Q)
the statement follows from density of W22(Q) in W12(Q). O

For simplicity let us denote

Ay = — oSherdr, kil=1,...,n,
QBr

k‘l_/ aSklaalu f2dCL’, j,k,l:17...,n

We put (2.30)) into (2.29) and estimate terms Ay, k, I =1,...,n. Our goal is
to obtain terms By, on the left hand side of (2.29). It will be done in four steps.
First we focus on A,s for fixed o, 8 € {1,...,n — 1}. Later we estimate A,
A,z and finally A,,,

In the first term we integrate by parts twice, use the fact that there are no

boundary terms and apply ([2.32]).

937- st- QSr
n—1
= | 0830 a0 = 3 (Ds0(D5us + duadusy) - aaaﬂaug)g?}
3r ﬁ=1

4
+/ OnS5p030nusE du > Bly — > M.
Q3 i=1
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In the second term A,, we use only ([2.32) to get BY,.

Aan = —/ OnS:, 00 dr = — OnSE,, 0,0, da
QS’V‘

Q3

an—-n o
Qs

4 4
> [ 0,85, 0mEde =Y M =B, - > M,
=1 =1

At the beginning of the extraction of the term By, from A,z we use (2.32)

and O,us" = — ZZ: O,ulf, which comes from the divergence-free constraint:
n—1
s = — | 058 pndu = / 05525 Y 0,0, dx
Qar Q3r a=1

n—1 4
> — / 05855 Y Oalpui®dz — Y M,
Q3r a=1 i=1
4

4
= / 65825(:)2%76552 dx — ZMZ = [;, — ZM’L
Qs i=1

1=1

If we integrate by parts twice B, we are done. At this moment there would
appear boundary integrals. To avoid them we add and subtract some small terms
(which could be included in My) in order to have (§°v) - 77 instead of S54 in B.

Writing out (S¢v) - 77 we get

n—1
ws = —(Sv) - P Z 0008, + 00a0paS;,, — 05asS,,,.
a=1
Therefore
) 4
B=[ 058,005 dr >~ [ 05((Sv)7°)0%u& de — > M,
Qs Q3 i=1

4
= / Onl(S71) 771050, uf S dw — >~ M,
QS’I‘

=1

4 4
> / OnS5p0n0guss & da =Y M; =By — > M.
Q37‘ =1 =1

In the last term A,,, we use only (2.32)) and the incompressibility condition
Opus® = — 371 Dauls.

n—1 4
A== [ OuSipnde = [ 0,855,300 dn = Y M,
Q3 Qs a=1 =1

4 4
_ / S Puss da — Y M, = B, — Y M.
Qs i=1 i=1
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n

> f,?gpkdxg/ IV £¢]|04 ]| dz
k=1 Qs Q3r (233)

gC(/QT(CIDE)*(er\)dx—l—/§2’T<I>E(|Dues|)d:c).

Collecting all estimates and using the first apriori estimate (2.27)) in (2.33)) we
obtain

/ p(| Du)) |0, Du’ da < ) / OnSy,0n O de = >~ By,
Qr

k=1 Sr =1
4
= C(/ (®)°(1f°]) da +/ (@) (V) dw) + > M,
QBr Qgr i=1
which concludes the proof. ]

Now we formulate lemma about boundedness of the term containing ”tangen-
tial parts” of the second gradient.

Lemma 2.3.6 Let Q C R", Q € C? be a bounded non-azisymmetric domain. Let

u® be the weak solution of the reqularized problem (2.22)), (2.23)) and (2.24). Then

there exist positive constants C' and ¢;, i = 1,...,5, independent of u®®, such that
for alla e {1,...,n— 1} holds

/ (| Du]) |, DurP dz < O / (@) (1)) da
Q. Q3

5 (2.34)
+ [ @) + 3 M.

where M; with ¢;, i = 1,...,4 are defined in Lemma[2.3.2] and the term My with
absolute constant ¢ and small § > 0 is defined as

Ms :655//f(]DueEMVQues\zdx.
Q

Remark 2.3.7 In contrary to Lemma i the estimate there appeared
the term Ms. It can be described as “small term of the same order as the left
hand side of ”. Ms comes from the usage of Bogovskii’s Lemma m
therefore it has bigger support than My. Hence, we work on the whole ) instead
of Q3. Smallness of Mj is provided by Young’s inequality with 6 > 0, not by the
presence of ag.

Proof. Let’s take ¢ € C>®(Q) such that supp ¢ C Q,, divpo =0 and ¢ -v =0 at
0. We test (2.22)) by —0,ap and obtain

/ div S (Du®) - Orapdx — / Vr“0rapdr = — féOrapdx.  (2.35)
Q3

Q3r QS’I‘
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In order to let the boundary term vanish while integrating by parts in the first
term of (2.35)), we add and subtract

/ div 8% (Du) - (gp - Orav y2> dz
Q3r ’ ’
in the equation (2.35)). We get

/ div S (Du®) - <8Ta<p + - 6?Ta1/| B ) de = — S°(Du®) : VOrapdr
Q3T Q3r

— SE(DUSE) . V((P‘a-ray

Qs

) de+ [ S(Du®): (W @v)do

v 003,

(2.36)
where 1) 1= Orap + @ - (‘97.11/#. We observe that ¢ - v = 0 on 02, because
Vv =0rnap v+ p- 0 = 0ra(p-v) =0 on d2. On 903, \ I it is clear.
Therefore due to the condition (S°v) - 7% = 0 at 02 we realize that the boundary

integral in ([2.36)) is equal to zero.

Now we would like to integrate by parts in tangent direction in the first term
on the right hand side of (2.36). The tangent derivative doesn’t commute with
the gradient, but it holds that

VOrap = 0;aVp + VO,a ® 0, p. (2.37)

With the help of this identity and Remark we obtain

— S°(Du®) : VOrapdx = 0-aS8°(Du) : Vo dz
Qs Qs (238)
- S (Du®) : VOpa ® Opp da.

Qs

We modify the term in (2.35) which contains the pressure. If 7 € W?22(Q),
we can integrate by parts in tangent direction, use the similar identity as (2.37)),
integrate by parts in spatial direction, use the divergence-free constraint and the

equation (22.22) to replace 9,7 by f, + [div S%(Du)],:

- V7r*0apdr = 0. Vcpdr = VOram“pda
Qar Q3r Qar (239)

_ V0,00, pdr = —/ Vona[fn + [div S*(Du®)],]p d.
Qgr QST’

For ¢ € W2(Q2) the statement follows from density of W22(Q2) in W12(Q).

Using modifications ([2.36)), (2.38]) and (2.39) in (2.35]) we obtain
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/ 07aS*(Du®) : Dpdx = / Ora f€ - dx
Qg Q3

+ S (Du®) : [V@aa ® Opp + V((p . (9TaVL)] dx

Q3'r‘ |V|2
+/ divS*(Du®) - (¢ - 87-041/)# dz + Vo,alfn + (div 8F(Du)),]e dx.
Qgr Q37‘
(2.40)
The identity (2.40) remains valid for ¢ € W12(Q)", suppp C Q3. As a test

function ¢ we take

v
@:aTau66§2—|—(uea'aTaV>W€2+Z:90a+(tDb+zv (241)

where z is the solution to
divz = div(—p, — ¢p) in Qj,, (2.42)
z2=0 on 013, (2.43)

The role of z is to ensure that divp = 0. One easily checks that ¢ - =0 on 0§2:
0 V=04 + ) V=1_0rau”) - VE* 4+ (U - 0ra)E* = Opa (U - V)E* = 0.

Therefore the compatibility condition holds

0:/ z-yda:/divzdx:/div(—cpa—gpb)dx: —/ (o +@p) - vdo =0
09 Q Q 09
and z solving ([5.31]) and (5.32)) exists by Bogovskii’s Lemma and has the

following properties:

/(I)(|z|)dx+/<I>(|Vz|)dx§0/<1>(|DueE|)dx, (2.44)
Q Q Q
[ aqvnas <o [ eqpuhae+ [ 092+ Va4 10 de)
Q Q Q
< C(/ ®(|Du|) de + / O(|V2u|) dx) (2.45)
Q Q
for arbitrary N-function ®. To derive these properties we used div u® = 0, Korn’s

inequality (A.20]), Ay—condition and convexity of N-function ®. Inserting ([2.41])

into (2.40)) and using Young’s inequality we obtain

| wipwplo.pefean+ <o [ @y (s de
Q3r

Qs

4
+/ @) (V) de+ T+ ) + DM,
Qap i=1
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where

jlz/ 0-8°(Du®) : Dz dx, jzz/ O (|2]) de,
Qs, 0

3r

Fi= [ 15 Du)(V4] + ) do
Q3

The terms of the form fﬂ?w div 8% (Du®).c(0na, 0n0za)z dx can be estimated
as Js after integration by parts and using facts that Q € C? and z = 0 at 9.
It remains to estimate terms containing Bogovskii’s correction z. The term 75 is
estimated directly by . The term J3 is handled by Young’s inequality and
(12.44]):

7 [ @yUDay(el + (v de <o [ as(pu)da

Q3

+/ fI)E(|z])dx+/ *(|Vz]) dz) < My,
QS’I‘ Q37‘

where M., is the constant from the first apriori estimate, see (2.27). To estimate
J1 the assumption on almost monotonicity of ®” is needed. For almost increasing
(®°)” we move J; to the right hand side and apply Young’s inequality:

Tl <6 / ()" (| Du )| V2uP da
QSr
+ 0(6)/ (<I>€)"(|Duea|)|Vz|2 de < My + J11.
QSr

In the term J;7.; we use the fact that (®°)” is almost increasing, the definition of
shifted N-function (A.11]),

/Q \VE(Du) — VE(Du®)) P do < c/ |VE(Du) — (VE(Du®))|* da,

Q3’I‘

see [23, Lemma 2.8|, shift change (A.12)) and (2.44)).

Tir < c/ (@) (| Du| + |V2|)| V22 d < 0/ D e (|V2]) dz
Q3’l‘

Q3

< C/ P puesy (IV2]) dz + C/ |VE(Du®) — VE(Du)) > de < My,
Q3’l‘

Q3r

If (®°)” is almost decreasing we integrate in J; by parts using Lemma
and get:

-J1 = / S°(Du®®) : OraDzdx.
Q37'
Using Young’s inequality with <I>|€Du55| and the fact that

(Pfpues)* ((B°) (| Du])) < C*(|Du)
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we obtain

e / (@°Y(|Du)) V22| dz < © / (B pee) ((0°) (| Du?])) da

QSr

+C/Q |€Du65|(|V22|) dz < M, + C'/ fDues|(|V22|) dz = Mg, + Jra-

3r

In the term 77 o we apply shift change (A.12)), (2.45)), again shift change (A.12))
and finally monotonicity of (®¢)".

Jio < 5/Q l¢f<Dues>|(|sz|) dz + 0(5)/ \VE(Du)|? dz

Qs

V2u|) dz + M,

S 5/{2 T(Dues>|(|V2U,|) dz + Map S (S/ TDues‘(

3r

IN

5/ (@5)//(|Duea|+ |v2uee|)|v2uea|2dx+Map

QS’!'

<5 [ (@) DUV d o+ My = My + Moy
QS’!'

O

The following lemma combines results from Lemma and Lemma [2.3.6
estimates terms M,, i = 1,2,3, by M,, and finally subsumes M;, i = 4,5, to
the left hand side.

Lemma 2.3.8 Let Q C R", Q € C3 be a bounded non-azisymmetric domain.

Let u® be the weak solution of the regularized problem (2.22)), (2.23) and (2.24)).

Then there exists a positive constant C' independent of u® such that
| roupivuas < o [ @) (rhdes [ (@) (vede). (240

Proof. We put together (2.28) and (2.34) and show that M;, i = 1,...,3 are
estimated by M,, and My. Let us start with M;:

M, < (5/ 1= (| Ducs)) [V |? dx+c(5)/ O (| Du]) de < My + Moy,
Qs Q

3r

where we used only Young’s inequality with § = ag. In My we integrate by parts

My < C/ |Se|(|Vue| + |u*]) de + (J/ |S¥||u| do = Moy + Mas.
QST‘

aQSr
To estimate My we use Young’s inequality (A.8)), relation (A.10) and Korn’s
inequality (A.20)).

Moy SC/ (IDE(]DuEE])dx—i—C/ <I>5(|Vu65\)dx+0/ O (Ju|) dz < Mo,.
Qs Q0

3r Q3r



The regularized problem 35

The boundary term My can be rewritten with the help of Young’s inequality

(A8)

Moy < C / (&) (| D) | do < C() / & (|u]) do
003, 0!

Q3

+5/ P°(|Du|)do = My s + M.
8QBT

To estimate My 3 we show that ®°([u®|) € W (Q) and therefore ®°(|u|) be-
longs to the space L'(9€2) by the trace theorem:

Mo :c/ o° (|u]) do < c/ |V<I>5(\u65])|da:—l—0/ O° (|u|) da
8Q3'r

937— Q3r

§C/ (@5)'(lues|)]Vu65]dx+C’/ O°(|u]) da
Qs Q

3r

< c/ @5(\Vu€5\)dx+20/ O (|u]) dr < Moy,
Q3 Q

3r

where we used Young’s inequality (A.8)) and Korn’s inequality (A.20]). To estimate
My, we start with ®°(|Vus|) € Wh(Q) and use the imbedding W'(Q) —
LY (09):

M2,4 == C/ CDS(|DU66D do
aQB'r

< c/ \V@E(\Dueg\)\derC/ (| Duc?|) da
Q3 Q

3r

SC/ (CDE)”(]DueE])]DueE]]Vzues\dx—i—C/ O°(|Du|) dz
Qs 0

3r

<5 / ()" (D) [V P da + Moy = My + Moy,
Q3’l‘

In the term M3 almost monotonicity of (®°)” has to be used. For almost increas-
ing (®°)” we use Young’s inequality at first:

MS S/ (@8)//(|Duea‘)|V2ue£’|vuea‘dx § (5/ (@g)//(|Duea|)|V2uea|2 dzx
Qgr Q3r

+ ¢(0) / (®°)"(| Du)) | Vu > do = My + M.
Q37‘
For M3, we use that (®)” is almost increasing and Korn’s inequality.

Mas < 0/ (@) (| V)| V|2 dar < c/ & (|Vu]) da < Mo,
QST

937"
In the case when (®¢)” is almost decreasing, we integrate by parts in Ms.
g

Ms<C [ |8V2ule dn + c/ 8[| Vue| da + 0/ 18|V do
Q3 003

Q3

= Mjzo+ Mss+ Ms,.
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We treat Ms 5 like M1, the term M3 3 is easily estimated with the help of Young’s
and Korn’s inequalities, M3 4 (after Young’s inequality) can be treated like My 4
where we moreover use the fact that for almost decreasing (®¢)” we can replace
(@)"([Vu]) by (©)(|D(u)]).

We put together ([2.28]) and ([2.34)), use estimates of M;, i = 1,2,3 and sum
over all points P. We recall that P are divided into k groups and in each group
the sets QF are mutually disjoint. We have

//f(]DueE])]VQueEdegk(é4a0+é55)/ue(\Duee\)\VQu“]de
@ @ (2.47)
~o( [@rusnaes [ @)(vra),

If we choose ag and 6 small enough, we can absorb the first integral on the right
hand side of (2.47)) into the left hand side. O

Remark 2.3.9 In two dimensions we can avoid the assumption on almost mono-

tonicity of ®”. Instead of Lemma we would test (2.22)) by
p = (=0a[0,(u* - )€, 0 [0 (u™ - v)E7)),

which is sufficient only in R? to obtain all information in tangent direction. In
M3 we would use the fact, that in boundary integral Msy (which comes after
integration by parts) we are able to replace full gradient by the symmetric one.
This works only in R2.

This technique concerning estimates in Orlicz setting was used first in [22),
where one of the main features is that it handles the case of p-Laplacean for
1 < p<ooin a unified way. It would be nice to avoid the assumption on almost
monotonicity of ®” in the case where we work with symmetric gradients of velocity
i n dimensions.

2.4 Limit passage

At first we fix e > 0. To pass with ¢ — 0 in equations (2.22)), (2.23) and
(2.24)) it is enough to have almost everywhere convergence of symmetric gradients,

Lemma [2.4.1] and uniform integrability, Lemma [2.4.2]

Lemma 2.4.1 Let -1 < <0< a, ¢> 0. We define m(s) = cs* for s € (0,1),
m(s) = cs® for s > 1. Let there exits C > 0 such that the sequence { A},
Ag - Q = R™" fulfills

/Qm2(|Ak|)(|Ak|2 VA dz < C. (2.48)

Then there exists a subsequence {Ax,}52, and A : Q — R™™ such that Ay, — A
a.e. in ) asl — oo.
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Proof. Let ¥ be an N-function such that m(|B|) = ¥”(|B|) for all B € R™". We
define

My(B) = 0,0 B)) = V(|B))

forB#0, M;;(B)=0 forB=0.

M is Lipschitz mapping and also homeomorphism of R™*™ onto R™*"™. From

A A Id  A,®A
Ak o Lk k® k>

Va, M(Ag) :m(|AkD|Ak| m A — AP

+ 0 (| 44

we easily see that

‘i’/(’AkD>

WMMmmgc@maw+,@y

Kt

) < Cm(s) for all s > 0, by simple computation we have

s —

Since

VM (Ar)| < Cm(|Ag|)|V Agl,
|M(Ag)| < Cm(|Ag|)| Axl-

The assumption ([2.48) gives M (Ay) € WH2(Q)™ ™ uniformly in k, so there exists
a subsequence k; such that
M(Ay,) — M*  in W2 Q)"
M(Ay,) — M* in L*(Q)™™,
Ay, — MY (M*) ae. inQ.
Putting M~1(M*) =: A we complete the proof. O

Now we use Lemma [2.4.1] where instead of the general A; we have Du®.
From Lemma we know that there exists a > 1,¢ > 0 such that for all
s € (0,1) holds u(s) > cs** and there exists 8 € (—3,0),¢ > 0 such that for
all s > 1 holds pu(s) > ¢/s?). It can be easily seen that function p° also fulfills
these conditions. So there exists function m(s) defined in Lemma satisfying
m?(s) < p(s) for all s € (0,00) and for all € € (0,1).

The first apriori estimate and Lemma m give

/ m(|Du®|)(|Du|* + |[VDu*|?*) dz < C,
Q

therefore Lemma provides existence of A : Q — R™ ™ such that
Du® — A a.e. in{.

Moreover, if we use the definition of the N-function ¥, using also Korn’s inequality
from the first apriori estimate ([2.27)) we have

/Qxi;(|u%|)+/nxif(|vue€|)dxgc.
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Thus, there exists u¢ € W5¥(9Q), such that (up to a subsequence)
Vu® = Vue in LY (Q)™",
u® —u® in L‘i’(Q)”

Clearly A = Du® and Du® — Du€ a.e.
The following lemma gives the uniform integrability.

Lemma 2.4.2 Let [, ®°(|Du*|)dx < C. Then there exists 6 > 0 such that for
all 0 € (0,1) and for all E C Q such that |E| < § holds
/ (®°)(|Du]) d < o
E
Proof. Let us denote ¢(s) := [, max(u(t), 1)t dt. Then for all s > 0, ¢ € (0,1)
holds ¢(s) > ®°(s). Therefore

11
(@)~H(s) ~ &7 (s)

We note that HXQH(I)E = W by " Therefore

1
Ixalle: < W

and ¢! is increasing function such that ¢~'(s) — oo as s — oo. Using Holder’s

inequality (A.9) we obtain

[E(@s)’(lDu%D dz < 2[xzlle[|(D) (| Du )| (@2
< ¢
o HIEIT)

The right hand side of (2.49) tends to zero as |E| — 0. The constant C' depends
on As({®%, (P°)*}), but as we saw before, Ay({®%, (P°)*}) doesn’t depend on
E. O]

- (2.49)
€\ * e\/ €eg C 3 u€€ T

Lemmata and allow us to pass to the limit ¢ — 0 in the weak

formulation of (2.22)), (2.23) and (2.24]). It remains to let £ — 0 in ([2.46)). Since
{Ve(Du)}. is bounded in WH2(Q)™*" it follows that up to a subsequence

Vs(Dues) — in I/Vl,2<Q)n><n7
VE(Du®) — x in L*(Q)™".
To identify x with V(Du®) we show VE(Du®) — V(Du) a.e. in §2. For that

we need (besides almost everywhere convergence of symmetric gradients) locally
uniform convergence of V¢, which is provided by the following lemma.
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Lemma 2.4.3 Let K CC R™", then Ve =V on K ase — 0.

Proof. We recall that ¢°(|A|) is a potential to V¢(A), i.e. V(A) = (V) (|A])%
and (Pe)’ \A| \/|A\ =) (|A]) = /A2 (JA]). Therefore, VE(A) = \/ps(|A])A
and [V(4) = VE(A)] = [y/u([A]) - v/ (AD|A]

We know that ®’(s) = u(s)s and since ®’(s) is bounded on (0, 1] we get that
there exists C' > 0 such that for all s € (0,1) and € € (0,1) holds u®(s) <
max(u(s),1) < % It follows that for any 0 > 0 we find ¢ > 0 such that for all
e € (0,1) holds |V(A) —Ve(A)| < § on B,(0). Since K \ B,(0) is compact, u(|A])
attains there its maximum and minimum. Consequently, there is gq such that for
e €(0,80): VeE=V on K\ B,(0). O

Using Lemma, we get x = V(Du®) and we can pass on the left hand side
of as € — 0 by weak lower semicontinuity of norms in W2 (£)"x",

Passing to the limit as e — 0 in equations (2.22)), (2.23)), (2.24) and in
is easy, because the right hand side f was approximated in order to have f¢ — f
in Whe"(Q)".

To conclude the proof of Theorem [2.1.2it remains to reconstruct the pressure
and show the inequality . Using De Rham’s theorem we know that
there exist pressure 7 such that

Vr=divS +divyg

holds in the sense of distributions. We add the assumption fQ mdx = 0. Since
g € L®)" and [®*(|S(Du)|)]? < C[®*(®'(|Du|))]? < C(®(|Dul))?, we obtain
([2-1) by application of Ne¢as’ Theorem (A.5.1]) and imbedding W'2(Q) < L3 (Q).
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Differentiability of weak solutions to equations of steady flows




Integrability of weak solutions to equations of
steady flows

3.1 Main theorem

In this chapter we show L? theory for the system ([1.23)—(1.25):

—divS(Du) +Vr = f in Q,
divu =0 in €2,
u-v=0, [S(Du)]-7=0 on I x 09,

where f = div F. Since some results don’t demand the assumption on almost
monotonicity of the function ®” we exclude it from Assumption |1.4.3}

Assumption 3.1.1 Suppose that ® € CH1(0,00) N C*0,00) is an N-function,
b € Ay, D* € Ay and P'(s) ~ sP”(s) holds for all s > 0.

We will use the space [[]

e W Q)" i={p; e W' i=1,....n; p-v=0o0n N}

Unlike Definition we consider the pressure in the definition of the weak
solution:

Definition 3.1.2 We say that the pair (u,7) € Wh*(Q)" x L*(Q) is a weak

solution to ([1.23)—(1.25)) if
/S(Du):Dgpd:z: — / mdivpdr = / F:Vopdx
Q Q )

holds for all p € W (Q)".

Before formulating the main result we would like to mention some previous
results which motivated us to our work. In [46] T. Iwaniec showed L7 theory result
for linear problem based on local comparison with the solution to the problem
with the zero right hand side. One year later in [47] he extended this result

1 As we use the notation W1-®(Q)" for vector-valued functions with components in the func-
tion space W1 ®(Q), we use analogically the notation W1®(Q)"*" for tensor-valued functions.
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42 Integrability of weak solutions to equations of steady flows

also for p—Laplace equations. Among lots of papers based on the comparison
technique we mention especially [I8]. The approach of L. Caffarelli and A. Peral
presented in [18] will be used to prove our main result. In connection with
Orlicz spaces we refer to [88], for results concerning the problem with growth
described with variable exponent c.f. [42]. Calderén-Zygmund estimates based
on the technique introduced by L. Caffarelli and I. Peral in [17] and [I8§] can be
also found in Section 7 of [56] and in [57] where J. Kristensen and G. Mingione
provided L? estimates up to the boundary for Dirichlet problems involving general
nonlinear elliptic systems. For local Calderén-Zygmund estimates for parabolic
p-Laplacean systems we refer to [2]. To our knowledge the first result about L4
regularity for Stokes type system with growth described by N-function was given
in [23]. L. Diening and P. Kaplicky showed interior L9 regularity of generalized
Stokes system in R* under Assumption [1.4.3] The key part of the proof was
Theorem 3.2, where for the problem with zero right hand side gradient of function
V(Du) is controlled by oscillations of V(Du). Unlike the previous chapter, a
different approach is used here. Instead of working on a general boundary from
the beginning, we use flattening the boundary and reflection the solution beyond
the boundary in a suitable way.

The main result of this paper concerns with higher integrability of the first
gradient of solutions to — (1.25). By B,(z) we denote a ball in R" with a

center o and a diameter r, we also use an abbreviation €2, = QN B,.(x).

Theorem 3.1.3 (Main Result) Let Q@ C R™ be a C*' domain and Assump-
tion be fulfilled. Then there exist X > 1 depending only on the dimension
and r > 0 such that for a weak solution u to f and for every xy € OS2
it holds

(®*(IF]) € L)) = (®(|Dul) € LU(,)),

provided q € (1,00) forn =2 and q € (1, %), resp. q € (1, 5+ 5) forn > 2
and some 0 > 0 in case ®” is almost monotone.
Moreover,

][T &(|Dul)? dz < ¢ (]{2 o*(|F|)? da +]{2M B (|ul)" dx)
+c(]{m¢>(|pu|)dx)q, (3.1)

Theorem [3.1.3] provides a local regularity of solution near boundary. However,
the interior regularity of solution was proven in [23] and thus one may easily derive
global regularity of solution as well as global estimates in case €2 is a bounded
domain.

The method of the proof is basically the same as in [23] and it is based on
the approach published in [I§]. The validity of two hypothesis (H1") and (H2)

where ¢ 1s independent of u, F, \,r and x.

2For the definition of almost monotonicity see Assumption
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from [I8] has to be shown. We formulated these hypothesis for our problem in
assumptions of Lemma [A.5.4]

At first we study homogeneous system near the flat boundary and verify the
hypothesis (H1%). Instead of working on the general smooth boundary like in
Chapter 1, we use the special structure of perfect slip boundary conditions in
order to extend the solution in a suitable way beyond the flat boundary. Finally,
we flatten the general C*!' boundary and we complete the proof of the main
theorem by showing the validity of hypothesis (H2).

3.2 Approximative system on a flat boundary

In this section we put some ideas in the case when the boundary 02 is flat. By
() we denote a cube in R"™ with center xg, sides parallel to the axis and one side
equal to 2R, i.e.

Q= Q(zo, R) = {x € R™; sup |z; — (20)] < R} .

For s > 0 the abbreviation s@) stands for a cube with the same center as () and
side 2sR, i.e. sQ = Q(xg,sR). By |Q| we mean the volume of Q. For f € L}(Q)

we define
1
(fe =]éf(a:> dr == @/Qf(x) dz.

Let @ = R := R" ! x R, and 29 € Q. We denote (2Q)" = 2Q NR% and

Lisgp = 9(2Q)" N{x;x, = 0}. By ¢; we denote the unit vector in the direction
x;, © = 1,...,n. Since the boundary is flat, 7 = e, for a = 1,...,n — 1 and
v=—e,, 0, =0, and O« = 0, for a = 1,...,n — 1. By 2/ we denote the first
n — 1 components of z, i.e. z = (', x,).

Fix ) and consider the homogeneous system

+
—divS(Dv) +Vp=20 in (EQ) ,

5 \° 3.2
Q) 7 (3.2)
E‘V - O, [S(DE)I/] 'T:O on F(%Q).}.

divt =0 in (

wl

Definition 3.2.1 The function v is said to be a local weak solution to (3.2), if
v e WH((2Q)N)™ and the weak formulation

/ S(Dv) : Dpdz =0
(3

holds for all o € WHP((2Q)M)™ with dive = 0 in (2Q)*, ¢ - v =0 on L)
supp ¢ CC (3Q).
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The aim of this section is to prove the following theorem.

Theorem 3.2.2 Let v € WH*((2Q)™)" be a local weak solution to (3.2). Then
there exists a constant C' independent of v and R such that

1
2

<][ |V(DE)|qdm>q gc(ﬁ |V(DE)|2dm> : (3.3)
(1Q)* Q)

3 3

for q € [2, %} provided n > 2 and q € [2,00) for n = 2. In case ®" is almost

monotone, n > 2, we can even allow q = - for some r > 2.

Proof. At first we extend the solution from (gQ)Jr to %Q. Fora=1,...,n—1
define v as follows

-, | (2! 2,)  for z, >0,

Ua(l’ ;l'n) - { @a(l'l, _:L,n) for T, < 07 (34)
- a2 x) for =, > 0,
Un(2', Tn) = { —U, (2, —x,) for z, <O0. (3.5)

Using (3.4) and (3.5 we compute components of the symmetric gradient of ¢ for
T, >0

Daaﬁ(xly _xn) - Daaﬁ(xla xn)a

Don(2', —,) = —Dgp0(2', x,), (3.6)

Dyn0(2', —2,) = Dppv (2, x,).

Note that for v € W}*((2Q)")" the extended solution ¢ belongs to W3*(2Q)"
since v is absolutely continuous on lines a.e. and the derivative of v is in
L?(2Q)™™ pointwisely. For a test function ¢ € Wr*(3Q)™ we define ¢+ by
components

b = %(gpa(x’,xn) + pa(@,—z,)), a=1,...,n—1,
o7 = 5 (oule!, 20) — (e’ ~20)),

and similarly
0, = %(cpa(x’,xn) — ol —x,)), a=1,...,n—1,
o = 3 (nle'2a) + 0ale!, —02)

One can easily check that dive™ = dive™ = 0 holds in gQ Thus,
/ S(Dv) : Dpdx = / S(Dv) : D" dz
30 3Q

5 n
+/ S(D?): Dy~ de =T+ Ty =0 Ve W(}"I’<§Q> . (3.7)
2Q

3
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where 7, is equal to zero due to the equation and Z, is equal to zero because
of the symmetry of ¢~

The proof of Theorem is based on the following lemma which will be
proven later.

Lemma 3.2.3 Let 0 € WH®(2Q)" satisfies (3.7). Then there exists a positive
constant C depending only on Ao({®, ®*}) and constants in (1.28|) such that

][ IVV(Do)]2 dz < %(J[ ]V(Dﬁ)\de). (3.8)
iQ Nz
Moreover, if ®" is almost monotone, the estimate (3.8]) can be improved to
~\ 12 C ~ ~ 2
V'V (D#)|? de < —2( V(DB) — (V(Di))s | dx). (3.9)
ke V350 ’

Application of Sobolev-Poincaré inequality (A.13]) to the left hand side of (3.8))
(after multiplication of R? and square root) leads to

1
2

(][ V(D#) - (V(D@)>§Q|qu) e <][ |V(D6)|2dx> (3.10)
3Q 3Q

3 3

for ¢ € [2,00) in case n =2 and g € [2, %} in case n > 2. For almost monotone
®” we can at first apply on (3.9) Sobolev-Poincaré inequality (A.13) and Reverse
Holder inequality (A.25)) to obtain for some r > 2

1
2

<ﬁ |VV(D6)|de>T§(%][gQNV(D@)—(VV(DT))>§Q|2dx> . (3.11)

BQ

Consequently,

(][ ]V(Dﬁ)|qu>q <C <][ \V(Dﬁ)y2dx)2 (3.12)
iQ §Q

3 3

where ¢ is the same as mentioned before. To conclude the proof it remains to go

from o to ¥ and from %Q, resp. ?Q to (%Q)*, resp. (%Q)f The integral on the
left hand side of inequality (3.12)) can be estimated from above by the integral
over the smaller set (3Q)". The integral on the right hand side of ([3.12) can be

split into a integral over (gQ)Jr and integral over gQ \ (gQ)Jr Then we can use
a fact that integral over gQ \ (g@)+ is proportional to the integral over (gQ)*,

where we moreover use that due to the definition of function V' and (3.6)) we have
\V(Dv(2, z,))| = |V (Do(2, z,))]. ]

Proof of Lemma |3.2.3. The extension beyond the flat boundary reduces the prob-
lem to the interior regularity which is covered in [23, Theorem 3.2] in case n = 3.
From this reason we would like to show only the generalization from n = 3 to
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higher dimensions. To underline the main idea of the proof we omit the technical
steps concerning the regularization of the solution. We suppose that the solution
is smooth enough to justify all calculations of this proof. At the end we briefly
discuss how one should proceed in case the solution is not regular enough.

The test function in [23, Lemma 3.5] is constructed to take advantage of the
operator curl, which is in R? defined by curl g = (9293 — 0392, O3g1 — 9193, 0192 —
O2g1). Since we are not aware of any straightforward generalization of the curl
operator to n dimensions, we use the language of exterior differential calculus to
construct the right test function.

At first we state some notation. Although we denoted by {e;,i = 1,...,n} the
orthonormal basis in R™ before, we need to distinguish vectors and forms now and
therefore we use {0;,7 = 1,...,n} to represent an orthonormal basis for vectors
in R", whereas {dz’,i = 1,...,n} denotes corresponding dual 1-form basis. In
order to follow the standard notation, we use in this section the upper indices for
components of vectors whereas the lower indices indicates components of form
of any order. In the next section we won’'t work with such forms, therefore all
indices will be the lower ones.

We will use so called musical isomorphisms # and b, where f raise the indices
of a 1-form B to give the vector 5% whereas b lowers the indices of a vector z to
produces a 1-form 2°, i.e.

B = iﬂidiﬁi> ﬁ = iﬁi@', z = iz’@, 2 = izld:ﬁ
i=1 i=1 i=1

i=1

By d we mean the exterior derivative and the symbol A denotes the wedge prod-
uct. Let us denote

dzt = det - AdaP A da™ A da”,
dri Adad =dz' - ANdrTPAdeT oA ded T N dad T A dae™

The Hodge map * is linear isomorphism between the vector spaces of differential
k— and (n — k)— forms. In Riemannian metric it holds

*(dx™ Ao Ada'™) = dzA - A dat

where (i1,...,1,) is any even permutation of (1,2,...,n). Let £ € C{)’O(gQ) be
a cut-off function with x1, < & < X3 and |Vi€||o < C/R? for j = 1,2. Let
q : R" — R be a linear function with Vg = (V@)s,. We test (3.7) by

5
3

o= (*d[€* xd(T — ¢)])". (3.13)

Note that the test function is well defined. b converts the vector field (0 — ¢) into
a 1-form (¢ — ¢)’. d computes something like a curl but expressed as a 2-form
d(D — q)°. % turns this 2-form into a (n — 2)-form. After multiplication by ¢2 and
application of the derivative d we obtain (n — 1)—form and Hodge star % create
1—form, which is by 4 converted to the vector.
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Moreover, one can easily see that div ¢ = 0, since div ¢ = *d* ¢’ and ddy = 0
for any differential form ~.

Let’s see how looks in components. For better lucidity we define z =
¥ — q. At first we compute derivative of 2° = S, zidx' and apply the Hodge
map:

dz’ = Z 0;zdx? N da' = Z(@izj — 0;z)dx" A da?

i,j=1 i<y
Exd2’ = Z{g(aizj — 0;2)(=1)"73dxi A dad,
i<j

where we used that dz’ A do/ = —da? A dz® for i # j and da’ A da' = 0. Further,

d(§2 * de) = 2[52(8323 - 81(%21) + 25816(8123 — 8j2¢)](—1)i+]’73dfﬂi A d:ﬁ//\\dmﬂ
1<j
-+ 2[52(@@-% — 8]221) -+ 25@5(@2] — 8jzi)](—1)i+j*3da:j A dm@'ﬂ
1<j
(3.14)

We can change the summation indices in the second sum in (3.14), move dz* to
the i** position in the product and finally put these two sums together.

d(E xd2") =Y _[6%(872; — 0iyz) + 260:E(Diz; — 0,20)) (=) d

i<j
+ Y (€3 (—022) + 0,0;2) + 260,E(— iz + 0;2)) (—1)H P2y
i>j
= [€2(022; — 0:0;2:) + 260(izy — 0;z))(— 1) da
i#]
(3.15)
Thus, applying the Hodge star and going back from forms to vectors
Rd(& + d2)F = [E2(0727 — 0,0;2") + 260:6(0;77 — 0;2")) (1)1
i
As one can easily check, z is divergence-free, therefore ) . 4 0052 = —0;0;z; and
we finally obtain
o= (- 22wy +260.£1-0,(5 — ) + 0,5 — 0)]) . (3.16)

7,7=1

where we moreover used that ¢ is a linear function, thus 9?¢ = 0. Inserting (3.16)
into (3.7) we get
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Q[S(Df)) —S(Dq)] : V(€2AD) dx

|

+ ﬁ Q[S(Dﬁ) —8(Dq)] : V(26VE(VD — V) — (VI — Vg)T) da

=J1+Jo=0. (3.17)

From this point we proceed almost in the same way as in [23], Proof of Lemma 3.5],
where the authors L. Diening and P. Kaplicky due to the regularization estimated
more terms. For the sake of completeness we reproduce the computation also here.

Lets start with proving . We proceed in a different way when ®” is
almost decreasing or almost increasing. At first let us assume that ®” is almost
decreasing. After some manipulation involving integrating by parts in the first
term we have

J1 = ][ VS(D?)E2V2 o dar — ][ [S(D?) — S(Dq)] div(VE? @ (Vi — Vq)) da
3Q %Q

-I—][ [S(D?) — S(Dq)|V[(VD — Vq)VE? da
2Q
=Ni1+ T2+ T3 (3.18)

Assumption [3.1.1] symmetry of S, the relation between ¥ and ®” (1.29)) and
the definition of the function V' (5.38)) are used to gain the following information
from Ji 1:

Ji1 > O][ ®"(|D?|)¢|VDo)* dw > C][ |VV (D9)|? dz. (3.19)
3Q 3Q

3

Notice that 779, J1.3 and the term J5 have similar structure and can be estimated
together as follows

1 1
Fial +17ia] +1761 < Of_[S(D5) = S(Da)|( 5195 - V) + €V73]) da

3

=Js+ T
(3.20)

In order to estimate J3 we use Young’s inequality (A.8) together with (A.10)),
Korn’s inequality (A.4.5) and Lemma [A.2.6]

c i i c i
7 < ﬁ][ ¥/ (1D7 — Dal)| Vo = Valde < 4 @, (1D5 — Do) d
10 59
c

C
+—1 Opy(|VD - Vq))dx < —+F |V(D?) — V(Dq)|* dz.
R2 %Q |Dgq| R2 %Q
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In estimates of the last integral J; the assumption on almost monotonicity of
®” will be needed. Using Assumption |3.1.1], the classical Young’s inequality and

Lemma we get

C
Ji < E][ ®"(|D3| + | Dq|)|D? — Dq|¢|V*0| dx
2Q

C(9) P N
< R2][5 P (\Dv|+\Dq|)\Dv—Dq|2dx
3Q
+ 5][ ®"(|D3| + | Dq|)|V?*0|?€% da

3

C

< gaf, VDD ~ V(DO s of a3V

JQ

where in the last term we used the fact that ®” is almost decreasing. Since § > 0
can be chosen arbitrarily small, this term can be subsumed into (3.19).
We use that Dg = (D7) 50 and apply Lemma to obtain

f VDD = VDI dr < f V(D) — V(D) gqf a,
3 3
Gathering estimates of J; — J, leads to the estimate provided ®” is almost
decreasing.
In case ®” is almost increasing, it suffices to estimate J1., J1.3 and J5 in a
different way, other estimates remains the same. We integrate by parts in J; o,

J15 and J5 and obtain
C e
|J12| + | Trs| + | To] < E][ |IVS(D)||Vv — Vg€ dx
3Q
3

ga][ ®"(|Do|)|V*0[2€? dx
3
C(9)

+R2

| e paIve - Vo de = i+ i
3Q
3

where we moreover used the classical Young’s inequality in the last step. The
term J5 can be subsumed into (3.19)). Since ®” is almost increasing, we can add
|V — Vq| to the argument of Jg, use the definition of shifted N-functions (A.11])

and apply Lemma [A.2.6]

C(5)
RQ

cw) ~ o
< T ., oon(V0 = V) dr < o f VDR - V(Do) ar

Jo < ][ (| D3| + |V — V)|V — Va)2 da
2Q

From this point we proceed in the same way like for almost decreasing ®”.
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To prove ([3.8)) it is enough to focus on estimates of J; o, J1.3 and Jo where the
assumption of almost monotonicity was used. Considering the same test function
and omitting the term S(Dgq) in (3.17) we have

1 1
Fial +171s] +1751 < OfSD0)|( 5195 - Vo)l + 1€V73]) do = T +
3Q

In J7 we proceed like in J3. The situation is easier since we don’t need to deal
with shifted N-functions.

J- < —][ "(|D0))|Vo — Vgl da < —][ (|Do]) dx

+ O(|Vo — Vq|)dz <

|V (D©)|? dz.
RJ30 2Q

R2

The term Jg can be handled in a similar way like J;:

C
Js < —][ (| Da])| Dol¢| V0| da

< ¢0)

<

< c |V(D@)|2dx+5][ ®"(|D3|)|V?*0|*€? da,
RJsq 50

][ (| Do) Do|? dx + 5][ (| D#])| V2522 da
2 20

where the last term can be subsumed to . Thus, after similar steps as
before, the estimate holds.

Now we comment very briefly how to proceed in case we don’t assume the
smoothness of the solution in order to do above mentioned computations. We
could consider the following truncation

(®°)"(s) = min (max (@"(s),¢), 1) , €€(0,1).

3

Except this ”quadratic” approximation, which corresponds to the case p = 2 for
power-law models, we should moreover mollify boundary conditions on 8(%@)Jr \
L' 5Q)+ We would proceed in a similar way as in Chaptelr7 including the limit
passage. For the solution ©¢ of corresponding approximated problem would show
0° € W*2((2Q)™) via the difference quotient technique. After uniform estimates
with respect to € we would show almost everywhere convergence of symmetric
velocity gradients and uniform integrability of (®°)’ to pass from the approximat-
ed problem to the original one by Vitali’s theorem. To pass with € — 0 in the
estimates we would moreover show the uniform integrability of V¢, where V¢ has
the same relation to ®° as V' to .
Another possibility would be the system of approximations considered in [23].
0
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3.3 Flattening

In order to handle a general C*! non-flat boundary, we present its following
description. Throughout this section, we assume that zy € 0€) is fixed. The
boundary can be understood on a neighborhood of the point x( as a graph of a
function a : R"! — R", a(0) = zq such that d,a(0) = e, for a =1,...,n— 1.
Using the function a we can describe the normal vector as [J|v(z') = di1a x ... x
On—1a(z"). We introduce a function H,, : R" — R™ which is defined as

H,(z) = a(z") — v(a')x,.

We work with a cube @ = Q(0, R), for which we denoted Q* = Q@ NR’. We also
consider restrictions H,, g of the function H,, on a rectangle Q7, i.e.:

HIO,R(x) = Hl“o ($)|Q+'

Since x is fixed, we use Hp, instead of H,, r throughout this chapter. It holds that
Hgr(0) = 29 and VHR(0) = I and smoothness of the boundary implies that Hg €
CH! and, consequently, VHg(z) — VHp(0) = Rw where w is a function bounded
independently of R. Similarly, also VHy'(z) — VHyL'(0) = Rw. Hereinafter, w
stands for a matrix valued function, w’ for a tensor of third order and w” for a
real-valued function which express a perturbation arising from a curvature of the
boundary. These functions may vary from line to line, however they are bounded
independently of R.

The function Hr maps Q7 into Q for all R € (0, Ry). Furthermore, we set
Y = HR(.%‘) and PR = HR(Q+) N o0fd.

For a general function f : Hp(Q") — R we state a function f : Q* — R
defined as f(z) = f(Hg(x)) = f(y). It holds that

Vof =V.fV.Hp' =V, f + RV, fw. (3.21)

In case [ : Hp(Q") — R™ it also holds
2D, f = (V. IV.HR') + (Vo V.Hz)) =2(D.f+ %),  (3.22)
div, f = Tr(V,.fV.Hp') =div, f + Te(V.f(V.Hz' — 1)) (3.23)

= leI?“‘RTr(vx?w)a
where
5 = %(vmva;—IH(va;—I>T<VJ>T> (3.24)
_ g(va(va)T). (3.25)

We consider a function 7, := m — 7, where a constant m. will be determined
later. From the Definition [5.1.1] we have

/ S(Du) : Do dy — / e divdy = / F:Dypdy, (3.26)
Hp(QT) Hp(QT) Hp(QT)

3Recall that by 2’ we denote the first n — 1 coordinates of z, ie. z = (2/,2,) =
(x17"'7xn—1’xn)




52 Integrability of weak solutions to equations of steady flows

whenever ¢ € WhH?(Q)", ¢ = 0 on 0HR(Q™) \ 9Q. The equation (3.26) can be

transformed using the function Hy into the following identity
/Q+ S(Du+ Zz) : (Dp+ Zz)det VHp dz
— /Q+ To(divp + Tr(VR(VHE' — 1)) det VHR dz
= /Q+ F:(Vp+Ve(VHR' —I))det VHrdx. (3.27)

which holds for all g € Wh®(QT)" satisfying

®» = 0ondQ"\ T+, (3.28)

p-v = 0on g+, (3.29)

where I'g+ = 0Q" N {z; 2, = 0}. On the flat boundary portion it is natural to
work with the outward normal v = —e,,. Using the function Hr we can describe

relation between 7 and —e,, as ¥ = —V Hge,,. Thus, (3.29) can be rewritten as
P-e, =0o0n g+,

where ¢(x) = (VHR) o(Hgrz) = (VHg)T®. In order to express (3.27) with the
help of the test function v instead of @ we need to rewrite (3.21)—(3.23)) for f = ¢:

Ve = (VaHR)") 'Vt (VolHg) ™ + Va(VoHr)") T (Vo He) ™

— V.1 + RoV,t + W', (3.30)
Dy = Dotp + Zy + /0, (3.31)
div, ¢ = div, ¢ + RTr(wV,¢) + Tr(w'y), (3.32)

where we used that second gradient of Hg is bounded independently of R. Denote
V.((V.Hg)T)™t by @'. Instead of @'iw we can write w'y) for some another
bounded third order tensor w’

Whereas in we expressed all terms using function Hg, after employment
of f@ for a better lucidity we prefer to write all terms of transformed
version of (3.27) with the help of general bounded functions w,w’ and w” with
bounds independent of R. We get:

S(Du+ Zz) : (DY + Zy + ') (1 + Rw") dz
Q+
— / To(dive) + RTr(wVe) 4+ Tr(w'y)) (1 + Rw"”) da
Q+

_ / F: (VY + RV +w'd)(1 + Rw")dz, (3.33)
Q+

where we used that det VHp = 1 + Rw”.

4In the same spirit we proceed in case of two bounded matrix functions w; and w,. Instead
of wi1Yws we write wi for some another bounded matrix w. The effect of this abbreviation is
negligible in further estimates. Nevertheless, it affects tremendously the lucidity of calculations.
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3.4 Comparison

In what follows, we verify that for a solution u there exists an approximative
function U, such that Du and Dv satisfy assumptions of Lemma [A.5.4]

Let Ry > 0 be fixed and sufficiently small. Precise size of Ry will be determined
later. We denote Qf = Qo N R, where Qo = Q(0, Ry). Let the cube @ satisfy
Q C Qo and iQ C Q. Denote Q' = QNR’. Side of such Q is equal to 2R’ with
R' € (0, Ry). In what follows we assume that I'g := 0Q' N {x;x, = 0} # 0. We
define a function s as a function which satisfies the system of equation

diviiy, = —R' Tr(Vuw) in @', (3.34)
Us-e, = R(wu)-e,onTlg. (3.35)

On the right hand side of (3.34]) and (3.35)) there appeared R’, because we will
apply flattening with the function Hz'. The boundary condition (3.35) comes
from the fact that we want

Uy ep=1-e,= (I —(VHp) )u-e,+ (VHp) 0 e, = R (wa) e, on Ty,

because it holds —(VHgr ) ¢, =u -7 =0 and (I — (VHr)") = Rw. Using
the fact that w € W*(Q'), Lemmata [A.3.3} |A.2.5| and |A.4.5| we obtain

/, B(|Va|) de < C </Q O(R|Vil) de + /Q o(R'[1]) dx)
< C(R’)“/

where o > 1 comes from Lemma |[A.2.5| We set 3 = u — Uy and from (3.36)) we
get

o(| D7) dz + c/ o (7)) dz, (3.36)

/ /

/,<I>(|Dﬂ1|)d:v < C/Q/<I>(\Dﬂ|)d:r+0/ @ (Ja]) da. (3.37)

/

We consider a solution T to (3.2]) in @' such that

U =1 on an \ FQ/, (338)
U-e, =0, [S(Dv)e,] - e, =0o0n Ly, (3.39)
where @ = 1,...,n — 1. Existence of such v can be shown by monotone

operator theory. It is worth emphasizing that u; - e,, = 0 on I'gy and divu; = 0
on @', therefore also (u; — ) - e, =0 on ' and div(w; —7) =0 on Q.

The integrability of approximative function was verified in Theorem m
The verification of and is presented in the following lemma.

Lemma 3.4.1 Let T be the function constructed in (3.38) and (3.39). Then there
exists a positive constant C independent of u, v and Q' such that

V(DD)? da < c/ V(DT)Pdz +C | @ ([a]) d, (3.40)
Q’ Q' Q'
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Furthermore, for all § there exists a positive constant Cs independent of U, u and
Q' such that for some o > 1 it holds

\V(Du) — V(Dv)|* dz < Cs / O*(|F|) dx

QI

!

+ (0+C(R)") ” |V(Du)|2dx+0/ P ([u]) do. (3.41)

Proof. We choose a constant 7. such that, using considerations presented in [23]
Section 4.2], we can derive that

// O*(|7a|) dz < C (/Q &(| D) da + / o*(|F)) do + / ® (|a)) dx) ,

(3.42)
where we moreover employed similar steps as in ((3.36)).

Following [23], we test the weak formulation of (3.2)) by a function w; — v and
obtain

S(Dv): Dvdz = | S(Dv): Du, da. (3.43)
/, [,

We point out that we decomposed w to u; + uy in order to u; - e, = 0 on I'gy
and diva; = 0 in Q" and due to the properties of the function T we also have
div(d; —7) =0in Q" and (u; —v) - e, = 0 on I'gy. Whereas the left hand side of
(3.43) can be estimated from below by fQ, |V (Dv)|* dz due to Lemma , we
estimate the right hand side of as follows

//S(D@) . Dy da < 6/,®(|Dﬂ|)dx+05/ o(|Dw|) de

/

< | [V(DD)Pde + Cs |V(Dﬂ)|2dx+0/ o (7)) d,
Q/ Q/ !

where we used Young's inequality (A.8), (3.37) and Lemma Thus, for

sufficiently small 6 > 0 we have

V(Do))*de < C | |V(Du)|* dz + 0/ @ (7)) de, (3.44)
Q/ Q/ /

which proves ((3.40)).
To conclude the proof of Lemma|3.4.1] it remains to prove (3.41)). The function
u; — U can be taken as a test function in (3.33)). With the knowledge

S(Dv) : (Da, — Do) dx = 0
Q/
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we derive
/ S(Du+ Zz) : (Duy — DU+ Zg, v+ W' (uy — 0))(1 + R'w”) da
—/ S(Dv) : (Duy — Dv)dx

7o ( Tr(Vy — VO)R'w + Tr(w'(u — 1)) (1 + R'w”) dx

/

|
S

/Q/ F:(Vu, — Vo + Rw(Vu, — V1)) (1 + Rw") dx
+ /,F: (w'(@, —0))(1+ Rw")dz = T, + L.
We can rewrite this identity as follows
// (S(Duy) — S(Dv)) : (Duy — Dv)dx =TI + I,

— / S(Du + Zz) : (Duy — Dv)R'W" do — / S(Du + Zy) : Zg, (1 + R'w")dx

/

_ // S(Du+ Zz) : (W(uy —0))(1 + R'w")dx
+ / (S(Du) — S(Du+ Zz)) : (Duy — Do) dz

+ / 7. Tr (Vi — VO)R'w) (1 + R'w”) dz + / 7o Tr(w' (wp — 0))(1 + R'w") dz

!

9

+ / (S(Dw) — S(Dw)) : (Duy — Dv)dz = Y _T;. (3.45)

i=1

The left hand side of (3.45)) can be estimated from below due to Lemma as

// (S(Dv) — S(Dwy)) : (Dv — Duy) da > C A \V(Dv) — V(Duy)|* da

>C | |V(Dv)—-V(Du)|*de —C [ |V(Du) -V (Du)]*dz
Q' Q'

=C [ |[V(Dv)—V(Du)l*dr — Typ. (3.46)
Ql

Lemmata and the relation (3.36)) yield
IlO = C |V(DE) — V(Dﬂ1>|2d$ S C/ (I)|DH\(|DE — Dﬂ1|) dl’
Q/ Q/
< a;/ ®(|Duy|) da + 5/ \V(Du))? da
! Q/

< (C5(R)* + ) /Q VDnaz+C [ @ () ax
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Further, using Lemmata [A.2.6] and (3.44)), we have

| < [ 1S(D7) — S(Dw)|| DT — Dy |de < 05/ & (| D) | DT — Dty |
Q' Q’

< Cs [ P @oallDmA) dr 6 | Do (107 - D) o
< Gy /Q B (| D))l + 5/@/(|V(DE)|2 + V(DT — D)) da
< Cy / & (| D) dz + 5/@ V(Du)|? dz + 5/@/ \V(Du,)|? da
+ 6 A \V(Dv)]?dz < (Cs(R)™ +9) /Q/ \V(Du)|* do + O// ® ([a|) dz.
The term Zg can be estimated in the same way as term Zy. Briefly
T4 < 05// PRI+ (VAW de 50 [ V(D) as

+6 [ |V(Dv))Pdz+46 [ |V(Duy)|*dx
Q' Q'
< (C(RY*+9) | |V(Du)fdx + 0/ ® ([a|) da.
QI

/

The term Z; can be estimated using Young’s inequality (A.8), Lemma
Korn’s inequality (A.24)), (3.37)), (3.44)), (3.42)) and Lemma as follows

|Z;| < C/ 17| | R (VU — V)| da
Q/

/

< 05/ <1>(R'|va1—vm)dx+5/ O (|7,|) da

/ /

<@+o®® [ vDn))Pde+ 5/

O*(|F|)dx+C | @ (|u|) dex.
i (F)dz+C [ ()

Terms Z3 and Z, can be estimated easily as follows

Ty + I, < C(R)™ | |V(Du)|*dz + 0/ ® ([a|) da.
QI !

In the same spirit as before
T < C | |F||[Vu, — Vo|de < 05/ ®*(|F)) dz +5/ (| Duy — Dv|) dw
Q’ Q’ Q’

gO(;/ O*(|F|)dz + 6 |V(Dﬂ)|2dx+0/ P ([u]) da.
/ Ql

/

It remains to estimate terms Z,, Z5 and Zg which can be estimated in the
same way using Young’s inequality (A.8) and Poincaré inequality together with
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Ay—condition and Lemma [A.2.5

Zy| + |Ta] + |Zs] < C/ O*(|F|) dz + (5/ O*(|7,|) dx
Q' Q'

+Co+(R)) | WDnParo | o) dx+C(R)a/l®( = ><dx.>
3.47

The term containing 7, can be estimated in the same spirit like in the term Z;.
The last term in (3.47), denoted by Z;i, is prepared for Poincaré inequality:

T, < C(R’)a/ (D7 — Dvl) < C(R)" ( [ WD +/

@ (ja) dx) |

! !

where we moreover used Korn’s inequality since u; — v € WH?(Q') and @
is not axisymmetric domain. The same steps like in Zy were also applied.

Putting these estimates into (3.46)) and (3.45)), we get (3.41])). O

3.5 Proof of the main theorem

Proof of Theorem [3.1.3] Recall that Q)" was defined as a rectangle @ N R’ with
Q C Q, %LQ C Qg and one side of Q is equal to 2R’. In order to obtain results for
a general C*! boundary, we are going to verify assumptions of Corollary [A.5.8]
Let xp € 09 be fixed and let H,, g,(Qd) C € be an image of QF under the
mapping H,, r,- Let Ry be so small, such that for every rectangle Q' C Qg there

exist cubes Q,, Qp, 1 € 02 and R’ € (0, Ry) such that

8 10
Q%Qa = §Qa n{c onﬂo(Q/) - ?Qa nQ = Q%OQE? (3.48)
1 4 + 5 +
on,Ro <§Ql) C Hgm,R/ <(§Qb> ) C HILR/ (<§Qb) ) C on,Ro(Ql)- (349)

This is possible, because VHp, — I = Row, where w is function bounded inde-
pendently of R,. ) ) R
Let Q. be a dyadic cube obtained from @, where Q C QF with 4Q C Q. If

ng,Ro<4@k) - on,Ro (QJ)? on,Ro (4Q~k) N oSl = (Z)a

we use interior regularity result from [23]. Otherwise we proceed in the same
spirit as in previous section where instead of Q' we consider H, ', (Hyy 5, (Q'))-

We point out that H;R,(on,Ro(Q’)) doesn’t need to be a rectangle, since in
general 1 # xy. What is important for us is that

FHZ_ll,R'(HIo,R()(Q/)) - {3: < Rn, T, = O},

therefore results from previous section can be applied. Now we verity assump-
tions of Corollary |A.5.8, i.e. the validity of inequalities (A.26]) - (A.28) after

transformation H, g,.
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From Theorem [3.2.2] we have

1
2

(][ ]V(D@)|qu>q gc*(][ |V(DU)|2dx> : (3.50)
Q)+ Gt

3

for q € [2, %} provided n > 2 and ¢q € [2,00) for n = 2. In case ®” is almost
monotone, n > 2, we can even allow ¢ = -= for some r > 2. After substitution

y=H, r(x) we getﬂ

2

1
][ V(Dv+ 2z dy | <C ][ V(Do + Z)[2dy | |
Hzl,R’((%Q)Jr) Hzl,R'((gQ)+)
(3.51)

Using ((3.49) we obtain from ([3.51)

: ;
(f V(Do + Zv)|‘1dy> <c (][ V(Do + Zv)|2dy> | (352)
HxO,R()(%QI) HxO,Ro(Q/)

which is the first of the three inequalities in Corollary where
lw, [P := |V (Dv + Zv)|? and 4Q; N O = Q'. First outcome of Lemma is

][ |V (Dv)|*dz < C’][ \V(Du)|* do
ot (Hag rg (@)

acll,R’ Hgll’R/(Hoco,Ro(Q/))

+ C][ ® ([u]) dz, (3.53)
H_ L (Hag,my (Q)

Application of the substitution y = H,, /() leads to

f Ww%+&W®sqf W@W%%M# @ (Jul) dy,
Hyy Ry (Q) Hyo Ry (Q) Hy ro(Q')
(3.54)

where we estimated Z, by Korn’s inequality. This provides the second inequality

in Corollary for |w[P = |V (Du)[®. The second outcome of Lemma is

][ |V (Du) — V(Dv)|* do < Cg][ O*(|F|) de
H_ ' (Hag ro (Q) H ' (e, ro (Q)
+ (6 + O(R’)a) / |V (Du)|? dz + C][ ® ([u]) dz.
Hgll’R/(HI(),RQ (Ql)) Hgll,R/(Hmo,Ro (Ql))
(3.55)

SUnlike in (3.24) we go from o to v, therefore we should consider VHp instead of VH];1 in
(3.24). Nevertheless, due to the properties of Hg, (3.25) remains true. We point out that Z,
is small due to R’, not Ry.
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After same steps as before we can estimate the left hand side of (3.55)) as

][ \V(Du+2,)—V (Dv+2Z,)|* dy 2][ |V (Du)—V (Dv+2Z,)|* dy
HxO,RO (Q/) H(EO,RO (Q/)

- ][ V(Za) — V(Do + Z,)|*dy. (3.56)
Hy ro (Q)

The second term on the right hand side of (3.56)) can be moved to the right hand
side of transformed variant of (3.55)) and estimated from above as

][ V(Z) = V(Du+ 2,)2dy < c][ V(D)2 dy
HJCO,R()(Q/)

HxO,Ro(Q/)
+ C][ O (|ul) dy.
HzO,RO (Q/)

where we used properties of function V', Korn’s inequality on Z, and (3.51).
Altogether we have

][ |V (Du) —V(Dv—i—Zv)|2 dy < C(;][ O*(|F|)dy
HIQ,RO (Ql) Hfl}o,RO (Q,)
+ (0+ O(R’)a)][ |V (Du)|* dy + (J][ ® (Ju]) dy, (3.57)
HxO,RO (QI) HxO,Ro(QI)

which provides the third assumption of Corollary in case 6 and R in (3.57)
are sufficiently small.

Let ®*(|F|) € L1(Q2). Since u € W1®(Q), it holds

/Q V(Juf)| dz = / &([uf) [V da
< C/QQD*QD’(|U|)dx+C’/Q<I>(|Vu|)dx <C. (3.58)

Thus, from Orlicz-Sobolev embedding we know that ®(|u|) € L71(Q). All
assumptions of Corollary[A.5.8are met (with g = ®(|ul) and f = &*(|F|)+®(|ul))
and therefore we get V(Du) € LI(Hy g, (Q))™ " for ¢ = min{2q, 2%} and @ C
QF with 4Q C Qu. Consequently, ®(|Du|) € LI?(H,, g, (Q)). If £ = ¢, we
are done, otherwise, we use on an N-function ¥ := ®»-1 in order to get

O (|ul) € L(#){Z(Q) We may again use Corollary [A.5.8 with the same setting in
order to get V(Du) € LI(H,, g,(Q))™" for § = min{2q, %} Again, if § = 2¢
we are done, otherwise we iterate this process till ¢ = 2q.

The estimate follows easily from ({A.29)). To avoid the formulation of
(3.1) with the mapping H,, r, we moreover use that there is some r > 0 and
A > 1 depending only on dimension such that for each zy € 92 it holds

Q, = BT(:CO) nQc on,Ro(Q> - H9007R0((4QA)+) - BA?"(:CO) NQ =: Q.
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L? theory for classical Stokes system

4.1 Introduction

In this chapter we collect facts about L9 theory for the Stokes system

ou—Au+Vr=f in I x €,
divu=0 in I x€Q, (4.1)
u(0, ) = up on ,

equipped with the perfect slip boundary conditions
u-v=0, [(Du)v]-T=0 onl x . (4.2)

Let E be a Banach space and « € (0,1), p,q € [1,00), s € R. Recall that we
use standard notationE] for Lebesgue spaces L9(f2), Sobolev-Slobodeckii spaces
W=4(Q), Bochner spaces L(I, E) and W*(I, E). By H;(2) we mean Bessel
potential spaces and By (§2) are Besov spaces. BUC' stands for bounded and
uniformly continuous functions. Since the domain 2 is in our case at least C*!,
we can define LZ(Q) and W14(Q) as follows:

LI(Q) ={p e LYQ), divp =0inQ, ¢ - v =00n 00N},
WH(Q) = {p e WH(Q), divp =0,inQ, ¢-v=00ndN}.
Set W LP'(Q) == (WLP(Q)).

Let P denote the projection operator from L4(€2) to LL(Q)) associated with
the Helmholtz decomposition. By Bu = 0 we mean that (4.2) holds in the
sense of traces. Using the projection P we shall define the Stokes operator A by
Au = —PAu for u € D(A), where

D(A) = LLUQ) NH] 5(Q), Hp(Q) :={uec H(Q), Bu=0, on 00}.

Applying the Helmholtz projection P to (4.1)) with (4.2), we eliminate the pres-
sure from equations and with the help of the newly established notation the Stokes
system reduces to

ou—+Au=Pf, divu=0 inl x Q,

4.3
u(0,-) =ug on€, Bu=0 onl x 9. (43)

'Tn this chapter we don’t use different notation for scalar, vector-valued or tensor-valued
functions.
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4.2 Dynamical systems

Before we study properties of the Stokes operator A we establish some notation.
Let E and F be reflexive Banach spaces. Although it is not necessary to have
reflexive spaces in all definitions, for convenience we assume it. By L(FE,F)
we mean the Banach space of all bounded linear operators from E to F and
L(E) := L(E,E). If FE is a linear subspace of ' and the natural injection
i:x+— x belongs to L(E, F), we write E < F. In the case F is also dense in F,

it will be denoted by F <i> F. Furthermore, Lis(FE, F) consists of all topological
linear isomorphisms from F onto F. We also write £ = F'if E — Fand F' — FE,
i.e. E equals F with equivalent norms. The bilinear map (-,-) : ' x E — R is
the duality pairing between E’ and E.

A Banach space F is said to be of class HT, if the Hilbert transform is bounded
on LP(R, E) for some (and then for all) p € (1,00). Here the Hilbert transform
H of a function f € S(R, E), the Schwartz space of rapidly decreasing E—valued
functions, is defined by Hf := %PV(%) x f. It is well known theorem that the
set of Banach spaces of class H7T coincides with the class of UM D spaces, where
the UM D stands for the property of unconditional martingale differences. Note
that all closed subspaces of L(Q2) are UMD spaces provided ¢ € (1, 00).

If A is a linear operator with domain, denoted by dom(A), in a locally convex
space X and range in a locally convex space Y, we write A : domA C X — Y.
If X and Y are normed vector spaces, D(A) := (dom(A), || - ||4), where [|z]/4 :=
|Az||y + ||z||y for x € dom(A), is the graph norm of A. If X and Y are Banach
spaces, D(A) is a Banach space if and only if A is closed.

We follow the dynamical-system-type approach where the basic idea is to
interpret the partial differential system as an ordinary differential equation in an
infinite-dimensional Banach space. Consider a linear operator A and a boundary
operator B which are general, but fixed. In order to reformulate initial-boundary
value problems of the form as an initial value problem for an ordinary
differential equation in Fjy:

U+ Au= f(t,u), t>0, u(0)=u,

we have to choose our basic space Fy in which we want to analyze the problem and
impose certain minimal requirements for the operator A. Ej will be embedded
to a Banach space of distributions and we define

dom(A) := {u € Fy, Au € Ey and Bu = 0}.

Observe that the distributions in dom(A) has to be regular enough to admit
traces. For the linear operator A, we request that

(i) A is closed and densely defined in Ej,
(ii) A has nonempty resolvent set.

Then, denoting by E; the domain of A, endowed with its graph norm, we see

that F; i) Ey, i.e. (Ey, F1) is a densely injected Banach couple. It can be shown
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that the resolvent set of —A consist of a half-plane {\ € C;Re\ > w} for some
w € R and that there exists a constant s such that

Mullg, < E&[|(A+ A)ullg,, u€ E;, Re\>w. (4.4)

The conditions (i) and (77) together with is equivalent to the assertion that
— A generates a strongly continuous analytic semigroup {e~4%:¢ > 0} on E;. By
H(E,, Ey) we denote the set of all A € L(E}, Ey) such that —A, considered as a
linear (possibly unbounded) operator in £y with a domain Ej, is the infinitesimal
generator of a strongly continuous analytic semigroup on Fy. It holds

H(EDEO) = U H(E17E07K7W)7
k>1,w>0
where A € H(E, Ey, k,w) if w+ A € Lis(Ey, Ey) and

o IO+ Ayl
= Wl +llulls, =

k, Re\>w, wue€kF.

By 0(A) we mean the spectrum of A and o(A) denotes the resolvent set. A
linear operator A in F is said to be of positive type if it belongs to
P(E) == Ugs1 Px(E). A€ Pg(E) if it is closed, densely defined, R* C o(—A)
and (14 s)||(s + A) Mz < K for s € RT, where K > 1.

We say that a linear operator A in F is of type (E, K1), denoted by
A e P(E,K,v),if it is densely defined and if

Yy = {Jarg 2| <IIU{0} C o(—A) and (1+[A])|[A+A) ewm < K, X € Dy,
Put P(E,9) == g, P(E, K, 7).

A linear operator A in E is said to have bounded imaginary powers, in symbols
A€ BIP(E),if A € P(F) and there exist ¢ > 0 and K > 1 such that A” € L(F)
and [|A®||zp) < K for s € (—¢,€). We write A € BIP(E,K,0), if A € BIP(E)
and if there are constants K > 1 and 6 > 0 such that || A*|| ;) < Kl for all
s € R. It holds that

BIP(E):= |J BIP(E K.0).

K>1,0>0

We introduce an interpolation-extrapolation scale which is essential in the proof
of Theorem [£.3.8] Let p,¢q € (1,00), 6 € (0,1) and [-,-]s denotes the complex
and (-,-)g, the real interpolation functor. Let A € H(E;, Ey). Then we denote
by [(Ea,As);a € R] the interpolation-extrapolation scale generated by (E, A)
and [, -]g or (+,-)a4, Where we set Ej := D(A*) for k € N with k£ > 2. Also set
E*:= F' and A* := A’, where A’ is the dual of A in F in the sense of unbounded
linear operators. Finally let Ef := D((A")*) for k € N. Then we define E_;, for
ke Nby E_; = (Eg)’ We put Eiig := [Ek, Exi1]e (and similarly for the real
interpolation functor). If @ > 0 we denote by A, the maximal restriction of A
to E, whose domain equals {u € E, N Ey; Au € E,}. If a < 0 then A, is the
closure of A in E,.
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For the dual interpolation functor (-, -)% (which is equal to [-, -]o for the complex
interpolation and (-, )y for real interpolation) we abbreviate the interpolation-
extrapolation scale generated by (E*, A*) and (-, -)b, by [(E%, AL); a € R] and call
it interpolation-extrapolation scale dual to [(E,, A, ); o € R].

It holds (E_,)" = E¥ and (A_,) = A". For more details see [3, Section V.2].

4.3 L% theory for Stokes system

Now we are ready to mention some basic properties of the Stokes operator A.
From [81] we know that A € H(L1(Q) N HZ 5(2), LL(Q)). This also tells us that
A € P(LL(Q),w) for some w € [0,7/2) (see [30, Theorem I1.4.6]). R. Shimada
later showed in [82] the L¢—maximal regularity for A. In [I, Theorem 1] H. Abels
and Y. Terasawa proved:

Proposition 4.3.1 Let ¢ € (1,00), n > 2, r € (n,00] such that q¢,q < r. Let
Q C R" be a domain with Wz_%”—boundary and O € (0,7). Then there is some
R > 0 such that (A + A)~! exists and

(L + DI+ A) leaey < €
for all X € ¥y with |\| > R. Moreover,

LA M=)+ A) " dA

for every h € H*>®(1¥), where I' = 0%y, 'r = ' \ Br(0) and H*®(¥) denotes
the Banach algebra of all bounded holomorphic functions h : X,y — C. In
particular, for every w € R and ¢ € (0,9] such that w+ Xy C o(—A) the shifted
Stokes operator w + A admits a bounded H — calculus with respect to V', i.e.,

hw+A) = —— [ h=2)(A +w+A) " dx

21 Jr

< CllAll (2,9
£(L(9)

1s a bounded operator satisfying
17(w + Al e(za) < CllAllL=s, )
for all h € H>®(V').

Note that the class of operators with a bounded H®—calculus is a subclass
of the operators which have BZP, therefore these operators admit all important
properties which have operators with bounded imaginary powers. For another
properties of a bounded H®—calculus we refer for example to [19, Section 2,
Subsection 2.4], [41] or [58].

From the result of Y. Shibata and R. Shimada in [81] follows that w + Xy C
o(—A) even for w = 0 provided the domain € is bounded and non-axisymmetric
(see Definition [1.4.8)). Thus, Proposition and [R1, Theorem 1.3] gives A €
BIP. Let E, be interpolation-extrapolation scale and A, be the realization of A
on E, for « > —1. From [83] Section 2.2] we know that A, € H(E,+1,E,) for
a > —1. Steiger in [83] provides the characterization of spaces E,:
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Proposition 4.3.2 [83, Corollary 2.6] Set

Sa ={-2+1/q,-14+1/q,1/q,1+1/q}

and F;(Q) := H,(2) for the complex interpolation functor and F;(S2) := B; (£2)
for the real interpolation functor. Define

{u € F;(Q), Bu=00n0Q}, €(1+1/q,2],
Fp(Q) == E%(%)]Tq (Q),u-v=0 onﬁQ}, E)/f,/(lz)—i— 1/q), (4.5)
(Fya()s €[-2,0)\ sq
and
‘ Fp(Q) N Lg(), s €10,2] \ sa,
FqBU { ( q7830 ) ) s € [_270) \ Sa- (46>
Then Eo, = F}% () for 2a € [=2,2] \ sq4.
This gives
Ag € H(E)E2(Q), F2% (), 20 € [-2,2]\ sq. (4.7)

Remark 4.3.3 [83, Remark 2.5c]/ The Helmholtz projection P enjoys following
continuity properties:

Pe L(Fjg(Q)NL(E;5(Q),Fp, (), se€(=1+1/¢,1+1/q)\ sa. (4.8)

We will use the fact, that the property of bounded imaginary powers can be
carried over the interpolation-extrapolation scales:

Proposition 4.3.4 [3, Proposition V.1.5.5] Let A € P(E) and let [(E., Aa);
a € (—n,00)] be the interpolation-extrapolation scale generated by (E, A) and an
exact functor. If A € BIP(E,M,o) then A, € BIP(E., M,0).

The reiteration property will be needed.

Proposition 4.3.5 [3, Theorem V.1.5.4] Suppose that A € BIP(FE). Then the
interpolation-eztrapolation scale [(Eq, Ay);a € [—n,00)] generated by (E, A) and
complex interpolation functor possesses the reiteration property

[Ea, Eﬁ]’] = E(lfﬂ)a+7157 —n<a<f<oo, ne€ (O, 1).

Let us define the maximal L%-regularity for an operator A (compare [3], Section
II1.1, Subsection 1.5 and Section III.4, Remark 4.10.9.c])

Definition 4.3.6 Let A € H(E4, Ey) and q € (1,00). We say that
(LU(1, Ep), L1, Ey) N\ Wh4(1, Ey))

is a pair of maximal reqularity for A (or A has maximal reqularity), if for
ug € (Ko, Er)1-1/q,q and f € LI(1, Ey) there exists a unique solution
we LI, Ey) NnWY(I, Ey) of (4.3), and

00l s,y + lallzacr oy + 1Al gy < C (1 locr) + Mol )
(4.9)
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Further we mention the relation between maximal regularity and negative
infinitesimal generators of a bounded analytic semigroup.

Proposition 4.3.7 [3, Theorem III.4.10.7] Suppose that Ey is a UMD space,
A € H(FE4, Ey) and there are constants M > 0, 9 € (0,7/2) such that
Yy Co(—A) and for N € ¥y and j = 0,1 holds

1Al 2(Er, ) + (1 + AN+ A) oy < M

and suppose that there exist constants N > 1 and 0 € [0,7/2) such that
A € BIP(Ey, N,0). Then A has mazimal reqularity and the estimate (4.9) holds

uniformly with respect to T

The main result of this section is the following theorem, in which we use the
abbreviation from Proposition 4.3.2, In particular, B;VE%?U(Q) = F;5,(Q) for
s =1—2/q and the real interpolation functor.

Theorem 4.3.8 Let Q C R™ be a bounded non-azisymmetric C>' domain, q €
2,00), f € LYI, W 14(Q)), ug € B’;%?U(Q) then there exists a constant C > 0
and the unique weak solution to (4.3)) satisfying

[VullLarxa) + ||U||BUC(LB§I;3§?J(Q)) < C(HfHLQ(I,W;l’q(Q)) + ||“0||B;;Z?g?o(9)>'

The constant C' is independent of T, u, f and uyg.

Proof. We consider the system instead of with . Since for UM D
space E, E' is one as well and for an interpolation couple of UM D spaces the inter-
polation spaces are also UM D (see [3, Theorem I11.4.5.2]), E_; 5 is a UM D space.
Proposition [4.3.4] gives us A_y/; has BIP. Together with (£.7), [3, Corollary
1.1.4.3] and [8I, Theorem 1.3] we can see that assumptions of Proposition [1.3.7
are fulfilled for A_; /. Therefore we obtain for A_yp and Ey = E_5:

[0cull Loty o) + NullLarE_, o) + 1A 20l Lo, )

(4.10)
S O(”fHLq(I’IE—l/Q) + ”uo|‘(E—1/27E1/2)1—1/q,q>'

It remains to determine the spaces in (4.10)). For the space of initial condition
uy we get by Proposition for the complex interpolation functor

Ug € (H_l (Q)aH;B,a(Q))l—l/q,q'

q,B,0

This space equals (with equivalent norms) to B;;?B{?J(Q) since for ¢ > 2

BIA(Q) = (LU(Q), H 5 o (0)1-2/04
= ([H, 5o (), HE g o ()12, HE 5 (9122700 (4.11)
= (Hq_,é,a Q)7H;,B,J<Q))l_l/%(ﬁ
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where we used Proposition [4.3.5] The similar interpolation of the solenoidal func-
tions in case of Dirichlet boundary conditions is done in [4, Proof of Lemma 9.1].
From the embedding [3, Theorem V.4.10.2]

LI, Ey) "W"(I, Ey) — BUC(I, (Eo, E1)1-1/44);

we obtain u € BUC(I, By, %% (). Due to |ulls,, = |A_ipulle ,, (which

follows from [3, Corollary V.1.3.9 and Theorem V.1.5.4]) and E; /5 = W-9(Q) we
have boundedness of Vu in LY(I x Q). It remains to find the space for f. By

Proposition [4.3.2]

fe LI, w (),

since H;(Q2) = W*9(Q) for s € Z.
0

Remark 4.3.9 In case of homogeneous Dirichlet boundary conditions we are able
to obtain the same result like in Theorem[4.3.8, We can omit the assumption on
the shape of the domain 2. The results needed in proof of Theorem are for
the homogeneous Dirichlet conditions more extended. It is well known that the
Stokes operator has bounded imaginary powers provided € is whole space, half-
space, bounded domain or exterior domain with sufficiently smooth boundary, c.f.
[36] and [38]. L% estimates based on the theory developed by G. Dore and A.
Venni in [28] can be found in [37] and [39].

4.4 Interpolation

Without loss of generality we may assume that there exists a symmetric tensor
G € L%(Q), such that the weak formulation of the right hand side of (4.1)) can be
written in the form

//G:Dgpdxdtz/(f,gp) dt Ve e L7 (I, Wh(Q)). (4.12)
1J9 I

To prove it, we proceed in the same way like in [52, Proof of Proposition 2.1,
Step 1] where the authors are dealing with periodic boundary conditions. Con-
sider the Stokes system which can be formulated in the weak form for a. a. t € 1
as follows

/ Dw(t) : Dpdz = (f(t),¢) Yo e Wh(Q). (4.13)

Q
As f € LY(I,W14(Q)), there exists a solution w(t) € W14(Q2) of (4.13)) enjoying
the estimate
(@) lwraey < Cllf oy

with the positive constant C' independent of t. Consequently, w can be construct-
ed such that w € LI(I,W}?(Q)) and

||w||Lq(I,W17f1(Q)) < CHfHLq(I,W;Lq(Q))'
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Defining G = Dw we conclude (4.12]) from (4.13]) by density arguments. Therefore
for all f € LI(I,W,;14(2)) there exists G € LI x Q) such that (4.12) and

following estimate
|Gl za(rxa) < C”fHLQ(I,WOTl’q(Q))

holds. We would like to point out that the perfect slip boundary conditions are
hidden in the weak formulation. If G is smooth enough then it holds

/I<f, @) dt = —/I/QdivG-goda:dH—/I/BQ(GU)T(¢~7) do dt Vo € LY (I, W' (Q)).

The Stokes system (4.1) with (4.2]) can be formulated in the weak form as follows

/(@u,@dt%—// Du:D<pdxdt://G:Dg0dxdt Vo € LY (I, W (Q)).
I rJo /o
(4.14)

Introducing the solution operator S : (G, ug) — Du, we conclude first from
the existence theory, that S is continuous from L?(Q) x L2(Q) to L*(I x ) with
the norm less or equal to 1. By Theorem we know that S is continuous
from L% (I x Q) x B, /% () to L#(I x Q) with norm estimated by C, > 1.
Since S(G,up) = S(G,0)+5(0, up), Riesz-Thorin theorem and the real interpola-
tion method implies following assertion, see for example [I3, Theorem 5.2.1 and

Theorem 6.4.5].

Lemma 4.4.1 Let Q be a bounded non-axisymmetric C>' domain and q; > 2.
There exist constant C' > 0 and K := Cgf/(ql_z) such that for every q € (2,q1),

arbitrary G € LY(I,L%(Q2)), up € B;j;%?a(ﬁ) there exists a unique solution u of
(4.14)) satisfying

_2
| Dul|Larxa) < K' 4 (HGHLq(IxQ) + C‘|UOHB;;2]§?G(Q)>'

4.5 L7 theory for generalized Stokes system

For ¢ > 2 small enough Lemma allows us to prove the LY theory for a
generalized Stokes system, where the Stokes operator is replaced by a general
elliptic operator with bounded measurable coefficients. More precisely, let
0 < 71 < 7 and suppose that the coefficient matrix Ml € L*(I x ) is symmetric
in the sense M} = M;J = Mjj for i,5,k,l = 1,2 and fulfils for all B € R*?,
reQandtel

1B < M(t,2): B® B < /Bl

We consider the following system

/(&u,gp}dt#—//l\\/ﬂzDu®D<,0dxdt://G:Dgpdajdt
I 1Jo 1Ja (4.15)
Vo € LY (I, Wh7(Q)).

Following lemma states the L? theory result.
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Lemma 4.5.1 Let Q be a bounded non-azisymmetric C*' domain and q > 2.
There exist constants K, L > 0 such that if ¢ € [2,2 + L%), G € LYQ) and

up € B9 (Q) then the unique weak solution u € LI, Wha(Q)) of (&.15)

4,9,B,0
satisfies

_1 K 1-1
1Dl + 2 “ Tl ey < - (16 ey + 2 ol )

Proof. We omit the proof. It can be found in [51l, Proposition 2.1] for peri-
odic boundary conditions or in [49] Proposition 2.1] for homogeneous Dirichlet
boundary conditions. The only generalization consists of including perfect slip
boundary conditions. L? theory result for classical Stokes system with perfect
slip boundary conditions is needed, but it is shown in Lemma |4.4.1}{ O

We also use the L7 theory for stationary variant of the system (4.15)). For
symmetric coefficient matrix M € L*°(Q) fulfilling for all B € R**? and = €
1|Bl? <M(x) : B® B < 7|B|% 0 < v <7, we investigate the problem

/M:Du@Dgpdx:/G:Dgodx Vo € Wh(Q). (4.16)
Q Q

It holds:

Lemma 4.5.2 Let Q be a bounded non-azisymmetric C*' domain. Then there
are constants K,L > 0 such that if ¢ € 2,2+ L) and G € LU(S2), then the

unique weak solution of (4.16) satisfies
K
[1Dul|za) < —lIGllza).
i1

Proof. See [51, Lemma 2.6] for no slip boundary conditions. For perfect slip
boundary conditions we would proceed analogically. O]
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Full regularity of weak solutions to equations of
evolutionary planar flows

5.1 Main theorem

In this chapter we investigate flows of incompressible shear-thickening fluids,
which in evolutionary case are governed by the system ((1.19))—(1.22)):

Owu —divS(Du) + diviu @ u) + Vr = f in I xQ,
divu =0 in I xQ,

u(0, ) = ug in €,

u-v=0, [S(Du)v]-7=0 on I x 0f.

We restrict ourselves to the case of planar flows, i.e. € C R2. Instead of the
general formulation in the framework of N-functions we assume that the extra
stress tensor S possess p—potential structure with p > 2. More precisely, we can
construct scalar potential @ : [0, 00) +— [0, 00) to the stress tensor S | i.e.

!/ A X
S(A) = 042(|A]) = @ (\AI)W VA € RT,

such that ® € C'((0,00)) N C([0,00)), ®(0) = 0 and there exist p € [2,00) and
0 < Cy < O such that for all A, B € RZ?

Ci(L+|AP)T |BP < 30(A) : Bo B < Co(1+ AP T B (5.1)

In analysis of equations of fluid motions the question of Holder continuity of
velocity gradients is an important issue. For instance, in optimal control prob-
lems, global regularity results that guarantee boundedness of velocity gradients
are needed in order to establish the existence of the weak solution for adjoint equa-
tion to the original problem and for linearised models. These results are closely
related to the regularity of the coefficients in the main part of the associated
differential operators and enable to derive corresponding optimality conditions,
as is done for example in [87]. For optimal control of flows with shear dependent
viscosities in the stationary case where the author is dealing with the lack of the
regularity result we refer to [6] and [7].

71
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Holder continuity of velocity gradients is also important when one studies
exponential attractors. With such a regularity it is possible to show the differ-
entiability of the solution operator with respect to the initial condition, which is
the key technical step in the method of Lyapunov exponents. Differentiability of
the solution is equivalent to the linearisation of the equation around particular
solution which is used to study infinitesimal volume elements and leads to sharp
dimension estimates of the global attractor. This is done for example in [53].

We closely follow [49], where P. Kaplicky shows Hélder continuity of velocity
gradients and pressure for f with p € [2,4) under no slip boundary
conditions. Based on the same structure of the proof and using the results from
[54] we extend the result to perfect slip boundary conditions and p € [2,00).
Although some steps of the proof in [49] can be easily modified, we have to
overcome a new difficulties connected to the another type of boundary conditions.
Particularly, the LP theory result for the Stokes problem equipped with perfect
slip boundary conditions has to be established (this is done in previous chapter).
Keeping at our disposal results from Chapter [2 we are able to cover the case
p > 4. From the point of application it would be very interesting to obtain
also the result for the case p € (1,2) for perfect slip or homogeneous Dirichlet
boundary condition.

The idea of the proof goes back to [72], where the authors show that every
weak solution u of dyu — div(S(Vu)) = 0 in @ has locally Holder continuous
gradient in case that  C R? and p = 2. This result was extended in [33] to the
case p € (1,2). Regularity of 0yu is shown first and after moving O,u to the right
hand side the stationary L? theory is applied.

In the case of generalized Newtonian fluids this method was modified in [52],
where the authors consider the shear-thinning fluid model with periodic boundary
conditions. In contrary to [72] the regularity of d,u and Vu had to be obtained
at once. The authors showed that velocity gradients are Holder continuous for
p € (4/3,2]. These results were extended to electro-rheological fluids and non-
zero initial condition in [21].

Among many works concerning regularity theory for generalized Newtonian
fluids we would like to mention two papers dealing with the stationary case. In [51]
the stationary version of (1.19)—(L.21)) under homogeneous Dirichlet boundary
conditions is considered. The same authors later in [50] studied the problem
equipped with non-homogeneous Dirichlet boundary conditions with two types
of restriction on boundary data and perfect slip boundary conditions.

We begin with the definition of the weak solution to the problem (1.19)—(1.22).

Definition 5.1.1 Let f € LY (I, W; " (Q)), p € [2,00) and uy € L*(Q). We say
that the function u : I x Q +— R? is a weak solution to the problem f,
if u € L®(I, L*(Q)) N LP(I,WrP(Q)), du € L' (I, W; 5 (Q)), u(0,-) = ug in
L3(Q2) and weak formulation

/I<8tu,go> dt—i—/I/QS(Du):Dgodxdt—i—/l/Q(u~V)ugpdxdt = /I(f,g0>dt
holds for all p € LP(I, W}P(Q)).
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If we studied also the case p € (1,2), we would have to consider only test
functions from the space of smooth functions which are regular enough. It is well
known that the weak solution exists and is unique. It could be easily proven
using the monotone operator theory. See for example [67, Chapter 5] for periodic
boundary conditions.

Now we formulate the main results of this paper.

Theorem 5.1.2 Let Q C R? be a bounded non-circular C* domain and
holds for some p € [2,00). Let ug € W?tP2(Q) for 3 € (0,1/4), divuy = 0,
f e L>(I,L*(Q)) and O,f € L’IO(I,W(;I’%(Q)) for some qo > 2. Then there
exists a unique solution (u,m) of f, such that for some a > 0

Vu,m € C™(I x Q).

Remark 5.1.3 It would be very interesting to obtain the same result as in The-
orem[5.1.2] also for the Navier’s boundary condition. In several parts of the proof
of Theorem we apply results from [54] that are formulated only for perfect
slip boundary conditions. We don’t know how to generalize these results also for
partial slip boundary conditions.

The proof of the main theorem is divided into two parts. At first, the main
theorem is proven in the case of quadratic growth, i.e. p = 2. Further we in-
troduce the quadratic approximation of the stress tensor S(Du) which is done
by the truncation of the generalized viscosity from above, i.e. p*(|Duf|) =
min{u(|Du|),1/e} for ¢ € (0,1). We prove the main result for the approxi-
mated problem and pass from the approximated problem to the original one at
the end.

5.2 Quadratic potential

In this section we prove Theorem for p = 2.
Step 1 recalls apriori estimates from the existence theory.
For f € Wh(I, W, 12(Q)) with f(0) € L*(Q) and ug € W*(Q) N W}2(Q)
we know the existence of a unique weak solution of ((1.19)—(|1.22)) fulfilling
w € L(1,L*(Q) N LA (1, W, (),
O € L°(1, L*()) N L* (I, W}12()), (5.2)
e L*(I,L*(Q)).
It can be shown using Galerkin approximation. Let {w*}2°, be the orthogonal

basis of L2(€) and W!?(Q) consisting of eigenvectors of the Stokes operator with
perfect slip boundary conditions. Such basis can be easily constructed provided

Q) is non-circular domain. Set H"™ = span{wy,...,w" } and define the continuous
projection PV : L2(Q) — HY as follows:
N

PNy = Z(u, W)Wk

k=1
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Define uN (t,2) = S0 | N (t)w* where ¢l (t) solves the Galerkin system

@ (1)) + [

S(Du™) : D(w*)dx + /(u" ®u") : Vwhda = (f,w"),
0

Q (5.3)
u™(0) = up = PMug, 1<k<N.

After multiplying the Galerkin system (5.3) by ¢ (¢), summing up, using
Gronwall’s and Korn’s inequalities we derive the following apriori estimate

sup [ O+ [ (7)|2,dr < C.
tel 1

Further we apply the time derivative to (5.3), multiply it by d,cy (t) and sum
up. Unlike the previous apriori estimates, before using Gronwall’s inequality,
the boundednes of ||9;u™ (0)||? needs to be shown. This can be done easily, since
PN W22(Q)NWLE2(Q) — HY is bounded uniformly with respect to N (c. f. [67,
Lemma 4.26] in case of periodic boundary conditions), we can use . Thus,
after Gronwall’s inequality we have

sup | O3 + [ 10 (7)] a7 < C
€ I

Passing to the limit with N — oo (where we use the Aubin-Lions’ lemma to
obtain the strong convergence of v in L*(I, L*(Q)) and Minty’s trick to identify
the limit of S(Du) with S(Du)) we get the first two relations in (5.2).

Since dyu, divS(Du), div(u ® u) and f lie in L*(1, W, 12(Q)), we can recon-
struct the pressure 7 at almost every time level via De Rham’s theorem (Theo-
rem and Necas’ theorem on negative norms (Theorem and obtain
7 € L*() for almost every ¢ € I.

Step 2 improves the reqularity in space.

If we additionally assume f € L>(I, L*(€2)) we are able to show that
u e LX(I,W*(Q)), e L®(I,W"(Q)). (5.4)

From Step 1 we know that O,u is regular enough in order to move it to the right
hand side of . At almost every time level ¢ € I we can use the stationary
theory. Boundary regularity in tangent direction is based on the difference quo-
tient technique. In normal direction near the boundary the main tools are the
operator curl and Necas’ theorem on negative norms. For details see Section
The information about the pressure comes from the fact that the right hand side
of Vi = f+divS — div(u ® u) — dyu is in L*(Q) for a. a. t € I. Adding the as-
sumption [, 7dz = 0 we get by Poincaré inequality the existence of m € W'?(Q)
at almost every time level t € I together with a bound independent of ¢.
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Step 3 improves the regularity in time using LP theory for Stokes system.

If we moreover suppose that f € L%(I, W, 1’qll(Q)) for some ¢; > 2 and
ug € WHH2(Q) for g € (0,1/4) we are able to prove the existence of g, > 2 such
that the unique weak solution satisfies for all ¢ € (2, ¢2)

duu € LI, WH9(Q)) N BUC(I, B %" (). (5.5)

,4,B,0

Denoting w := dyu and 7 := 0,7 in the sense of distributions, we observe from

that (w, ) solves
/(&w,gp) dt —l—/ 07, ®(|Du|) : Dw ® Dpdzdt = /<0t(f — (u-V)u),p)dt
I Q I

(5.6)

for all o € LI(I,W1(Q)). Tt is easy to see that Oy(u - Vu) € L*(I, W=1%(Q)) for
all s € [1,4].

In order to obtain as a result of application of Lemma for the system
(5.6) we need to ensure that ||8tu(0)]|B;;2éqa(Q) is bounded. Let g € (0,1/4) and

¢ € WP2(Q) with ||¢|lw-s2(q) < 1 be arbitrary. We recall that the Helmholtz
projection P enjoys the continuity properties as mentioned in Remark [4.3.3 Thus,

[{0ru(0), 9)| = [(Beu(0), Pp)| < [{div S(Duo) + (uo - V)ug — f(0), Pp)]

(5.7)
< C([uollwa+s20) + luolliaai) + 1 F(0)lws2) < C.

Since W#52(Q) — B;,QQ/Q(Q) if ¢ is close enough to 2 we obtain

[0ru(0) <c

gtz @

for all g € (2, ¢2) where g is sufficiently close to 2.
Moving second term on the left hand side of (5.6 to the right hand side and
taking supremum over ¢ € L7 (I, W} (Q)) with norm less or equal to 1 we obtain

Opu € LI, W;H9(Q)). (5.8)
Step 4 gives u € L>®°(I,W>4(Q)) due to the stationary theory.

Previous step shows us that du € L>(I, LY(Q2)) for some ¢ > 2. Therefore
we are able to move dyu to the right hand side of ((1.19)) and apply the stationary

result [50, Theorem 3] for p = 2 which tells us that there exists a positive ¢, such
that u € W2**¢(Q) and 7 € WH*t(Q) for a. a. t € I.

Step 5 improves the regularity of ™ in time.

There exists a ¢ > 2 such that for all s € (0, 3)

© € WHI(I, L(Q)). (5.9)



76 Full regularity of weak solutions to equations of evolutionary planar flows

We closely follow the proof of [49, Lemma 3.4]. For a function g(¢) defined on
the time interval I and (¢1,t2) C I set 6'g := g(t2) — g(t1). The idea of the proof
is based on subtracting the equation in the time ¢, from the same equation
in time ¢; which leads to

/5t7rdiv<,0dx = /[5t(8tu—f)gp—ét(u®u—S(Du))Dgp] dz fora.a. t1,ty €1,
Q 0

(5.10)
which holds for all ¢ € W2(Q) with ¢ - v = 0 on 9Q. From and (.8)
one may easily show by interpolation that for all s € (0,1/2) there ex1sts q> 2

such that u € W*4(I,Wh4(Q)) and dyu € W*I(I, L%())). Together with the
assumptions on the right hand side f we can notice that (5.10)) holds also for all
o € Wh'(Q) with ¢ = 0 at 9. Consider the problem

1
div ¢’ = ¢'z|6'x]"2 — 9] / Otmldr|* " du - in €, (5.11)
; .

©'=0 at 0.

The right hand side of (5.11)) has zero mean value over Q and belongs to L% ()
due to (5.4]), therefore Bogovskii’s Lemma guaranties the existence of ¢
satisfying the estimate [|¢'||1,y < C6'7||27". Taking ¢’ as a test function in

(5.10) leads to
16" )1d < ello" g + Co(N0° Dl + 16° FI1Ly 4 + 6" Vu]|2). (5.12)
Dividing (5.12)) by |ta — t1|*7%? and integrating twice over I gives

LI
I7lir o = | [ 7 s e < .

which concludes the proof of | .

Step 6 summarizes the result of this section and uses imbedding theorems to
complete the proof.

Up to now we have shown
u € L(L,WH(Q) N W(I, L1Q)), 7 L, WH(Q))NW1(I, L1(Q)).

As we are in two dimensions, ¢ > 2, s € (%, l) following imbeddings hold

LI, Wh(Q)) — L=(1,C%' "4 (Q)), (5.13)
Wha(1,LY(Q)) — c'u(T, L1(Q)), (5.14)
Wea(1, LYQ)) — C*u (T, LYQ)). (5.15)

Now we are ready to apply

Lemma 5.2.1 79, Lemma 2.6] Let @ C R* be a bounded C* domain. Let f €
L®(1,C%%(Q)) and f € C%P(I, LS( )) f0r some o, 3 € (0,1) and s > 1. Then
fecH(Ixn Q) with v = min{a, 775

Using (5.13) and (5.14) together with Lemma we obtain Vu € C%*(I x Q)
0.2.1

for certain o > 0. (5.13), (5.15) with Lemma gives us m € C*(I x Q) for
some « > 0, which concludes the proof of main results for p = 2. O
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5.3 Super-quadratic potential

In this section we prove Theorem for p > 2. The proof consists of several
steps.

Step 1 introduces quadratic approximations.

In a similar way like in Section [2.3] of Chapter 2] we are concerned with the
regularized problem

Ot —divS (Du) + (u” - V)u' + Vr® = f, divu® =01in I x Q,

5.16
u?(0,-) = ug in €, (5.16)

where we consider quadratic approximation S¢ of S defined for € € (0,1) by the
truncation of the viscosity p from above:

1£(| Du|) := min {,u(|Du|), é} S*(Duf) = p(|Duf|) Ders. (5.17)

Scalar potential ®° to S°(Duf) can be constructed in the following way

°(s) := /0 pE (t)t dt

and satisfies growth conditions (5.1)) for p = 2, i.e. there exists C; > 0 and C'(¢)
such that for all A, B € R?X2

sym
C1|B|? < 930°(|A|) : B® B < C(e)|BJ. (5.18)

The approximation (5.17) guarantees that for a fixed ¢ € (0,1) the results of
the previous section holds for u® and 7 solving ([5.16)) equipped with the perfect
slip boundary conditions.

Step 2 gives growth conditions dependent on e.

Due to the results of the previous section we are able to use techniques which
enable us to gain uniform estimates with respect to €. At first we need a growth
estimates of ¢ with precise dependence on . In other words, the constant C'(¢)
in the estimate ([5.18)) needs to be specified. To this purpose we define the function
9 by 9°(s) := min{(1 + s?)z, 1}. Now, there exist constants 0 < C5 < Cy such
that for all e € (0,1) and A, B € R2x?

sym

C3°(JA|)P~3|B)? < 039°(|4]) : B® B < C0°(|A|)P~2| BJ*. (5.19)

As a corollary of (5.19)) following estimates can be derived (see [68, Lemma 2.22]
for the proof.)

COe(JA|)P 2 AP < S°(A) : A, (5.20)

CIS*(A)| < o=(|A[)*|Al. (5.21)
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The lower estimate in (5.20)) can be done independent of ¢, since ([5.18]) holds:
Cs|AP? < 8°(A) : A (5.22)

At this point we would like to emphasize that from now all constants in following
steps are independent of €.

Step 3 provides L°°(I, L*(Q)) N L*(I, W12(Q)) estimates of u® and Oyu®.

We recall estimates from the previous section which hold also for the approx-
imated problem since the lower bound in (5.22)) is independent on €.

[l oo (r,p2@)) + VUl r2q) < C, (5.23)
||atu€||%°°(I,L2(Q)) + ||V8tu€||L2(Q) <C. (5.24)

The relation is an apriori estimate obtained by taking solution as a test
function (at the level of Galerkin approximation). Roughly speaking, the estimate
is performed by taking time derivative of the equation and testing
by time derivative of u®. More precisely, it is not applied directly to the equation
, but still to the Galerkin system. In order to estimate the time derivative
of the Galerkin approximation of u° at the time t = 0 we proceed in the same
way like in ((5.7)).
Note that and give u® € L=(1, Wh2(Q)):

IV () = 1900013 = | [ auvacte, P aeds
<2Vl 2axo) [|0:VUE || L2110y < C.
Step 4 describes the boundary OS2.

In order to discuss boundary regularity in following steps, we need a suitable
description of the boundary 9f2. Let us denote x = (z1,x2). We suppose that
Q € C3, therefore there exists ¢y > 0 such that for all ag > 0 there exists n, points
P € 09, r > 0 and open smooth set 0y CC €2 that we have

QcQul JB(P)
P

and for each point P € 0f) there exists local system of coordinates for which
P = 0 and the boundary 99 is locally described by C* mapping ap that for
x1 € (—3r,3r) fulfils

€00 < x5 =ap(ry), Bs(P)NQ={xc B.(P)andzy > ap(z,)} =: Q%
dhap(0) =0, [drap(z1)] < ag, |Fiap(x1)| + |0fap(z1)] < co.

Points P can be divided into k groups such that in each group £ are disjoint
and k depends only on dimension n. Let the cut-off function {p(x) € C*°(Bs,.(P))
and reaches values
1 x € B.(P),
(0,1) x € By.(P)\ B.(P),
0 r € R\ By, (P).

Ep(z)

Im
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Next, we assume that we work in the coordinate system corresponding to P.
Particularly, P = 0. Let us fix P and drop for simplicity the index P. The
tangent vector and the outer normal vector to 02 are defined as

T = (1,01a(x1)), v= (ﬁla(xl),—l),
tangent and normal derivatives as
Ora = 01 + O1a(x1)0y, 0y, = —09 + O1a(x1)0;.
Step 5 gives u® € L>=(I,W?%(Q)) uniformly in e € (0,1).

From Step 3 we obtained that dyu® € L>°(I, L*(2)), therefore we can fix t € I,
move Jy;uf to the right hand side of (5.16) and at almost every time level consider
the stationary problem

—divS*(Du®) + (v® - V)u* + Va® = h, dive® =01in ,

5.25
u® v =0, [S*(Du)v] -7 =0 at 09, (5.25)

where h := f — Ou® € L*(2). Section [5.2| provides u® € W22(Q),

S¢(Duf) € WhH(Q) and 7€ € W'2(2). Thus we can multiply by a suitable
test function which is at least in L*(2) and integrate over 2. We focus only on
the boundary regularity and work in the local system of coordinates. Following
[54, Lemma 4.2, Remark 4.9] we choose as a test function ¢ = (1, @2)

¢ = (00,-010),
O:=0,u -7 —u - (0,7 + Orav)E? — Opa(uf - 1)E2.

This test function is constructed in order to get rid of the pressure 7 and to
obtain optimal information from the elliptic term. These most difficult esti-
mates, in which we extract from — [, div S*(Du®) - ¢ dz boundedness of the term
Jo 15 (| Duf])|[V?uf|? dzr, are done in Chapter , Section , therefore we omit the
calculations. It remains to estimate the convective term and the right hand side

of (5.25)). We start with the convective term.
/[(uE -V)u' - pdr = / 020 (ujO uj + us0hui) — 01O (uj01us + uz0aus)| de
Q Q
= / O(—u§0p01u5 — us05us + u§oFus + u50,109u5) dr = Jh,
0

where we used the fact that there arise no boundary terms while integrating by
parts since © = 0 at 0€). Four terms in J; vanished due to du] = —dyu5. Now
we put together terms containing uj and integrate by parts in the direction zq,
in other terms we integrate by parts in direction x,. We get

jl = / @(81’&;:82’&;: — 81%?811&3 -+ 82u§82u§ — 82u§81u§) dx
Q

+ / (010 (u]0hu] — ujo1us) + O (usdu] — us0ius)] de = Jo + Js.
Q
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One can easily see that J5 = 0 since divu® = 0. Using
O = (—82u§ + 811/5 - 2a"u§)£2

we write out J3 in the following way

Fi = [ [(=010uu + 0F5) (w0 — wiovus)
+ (—05u§ + 010u3) (U500 — u50,u5)|E dx
+ /[(—2@’"1@' 2 20" 00u5E% + (—0hus + D1l — 2a"uS)2€0,€) (uSOous — usOyus)
+ (—Q2a”82u§£2 + (= 0gus + O1uf — 2a"u7)2£05€) (u500u] — u501u5)| doe = Ty + Js.
The term J; can be rewritten in the following way:

1
J4 = —5 /Q[ulc?l (81U§ — (‘92u§)2 + u§82(81u§ — 62u§)2]§2 dx

1
Q

Q

T / (W + 16) (Ord — D)€ da = T + To + To.
o0

One can see that J5 = 0, since divu® = 0 and Js = 0, because u® - v = 0 at 0f).
Thus,

Tl + || < C’/(\uEHVuE]z eVl da (5.26)
Q

Using Holder and Young inequalities, || - |3 < C| - |l12]| - |2 and the information
u® € L°°(I,W12(Q)) we continue estimating (5.20)):

Cllu Vs + [l Vutllz) < el V2|5 + Cllulli , + ClIVee|3 w3

The right hand side of is estimated easily:

| [hepda] < [ IOV 4 190+ ) do < AR + 2907 + Clal

Since pf(|Duf|) > 1 and € > 0 can be chosen arbitrarily small, we obtain
IVl < [ DV e < C. (5.27)

where C' doesn’t depend on ¢ and t € I, therefore we have

ut € L®(I,W*2(Q)). (5.28)
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Step 6 improves information about Oyu’.

In the same spirit as in Step 3 in Section [5.2| we denote w := d;u® and 7 :=
0y® in the sense of distributions, which solves where ® is replaced by ®°.
The right hand side of is bounded uniformly with respect to € € (0,1) in
LQO(I,WU_I’%(Q)) for some gy > 2, since from ([5.23), and we have
Oh[(u - V)u] € L*(I, W=15(Q)) for all s € [1,4].

Set V. 1= supg [0°(|Duf|)|. From (5.19) we have for all ¢ € I, z € Q, for all
e€(0,1) and A, B € R%*2

sym
c|B|* < 930°(|A]) : B® B < CVP*(|A))|B*.

From Lemma [£.5.1] we have the existence of positive constants K and L such that
for all ¢ € (2, qo], where ¢o := 2+ L/V?~2 holds

2-p
IVw||parxay + Ve ||7~UHBUC(1,B;;?§?[,(Q))

<K (Hf I agr w14 )y + Va(H)(lfl/q)Haf“OHBé,;?é‘?Am)' (5.29)

Without loss of generality we may assume that ¢o < qo. Thus, after estimating
last norm on the right hand side of (5.29)) in the same way like in Step 3 in
Section [5.2] we have

||5tu

p—
q

2
Nevewsy e < C(‘/E * VEH) = oV

Step 7 improves information about V*u’.
In this step we obtain better space regularity. Up to now we have v* €
L=(1,W2(Q)). We are going to show that ¥¢ € L>(I, W4(Q)) for some ¢ > 2.
We omit estimates of V2u¢ in the interior of 2 and we focus on estimates near
the boundary. We start with the tangential direction. Localizing the problem,
we work in QF | where the boundary is locally described by the C* mapping a,.
For simplicity we drop the index P.

We multiply (5.25) by —0.a&, integrate over {3, and after similar steps as
in [54, Lemma 4.6] we derive the identity

/ 07aS°(Du) : Dp& dx = —/ h - 0ra(p€) de + /(u‘E - V)ufO0rap€ do
Q3 Q3

Q

—|—/ S*(Duf) : [(’97@90 ® VE — Vpora€ + (02a,0) @ Oyl
Q37‘

+V (gp : (%W#f)} dx + /Q

+ Ofalhy + (div SF(Duf))y — (u - Vu)g]p1€ da

Q3'r

—|—/ [hl + 61ah2 + div SE(DUS)l + 81a div SE(D’LLE)Q
QST

div S (Dwf) - [(¢ afay)#g — 0,a€] do

3r

+(u® - Vu©)y + dra(u’ - Vu)s]pVEde
(5.30)
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for all ¢ € W' (Q), supp ¢ C Q3,. Terms on the right hand side of comes
at first from the fact that we add and subtract some lower order terms in order
to let the boundary term vanish while integrating by parts. Second, tangent
derivative doesn’t commute with the gradient and we use VO,ap = 0;aVy +
(0%2a,0) ® Oyp. Third, we use the equation and replace 0y by
hy + (div 8¢ (Duf))s + (u® - Vu®)y and similarly for 0 «me.

We denote w := draufé — (0, 07au$)€ + z, where z is the solution of

div z = —0rau - VE — OFaus0s¢ in Qs,, (5.31)
z2=0 on 08s,. (5.32)

The right hand side of (5.31) was obtained from div ( — 0raué + (0, 9fauf)§)
using the fact that divu® = 0. The role of z is to ensure that divw = 0. On 02
it holds w - v = 0 since

w v =[Ot - v+ Biaui)é + z - v = Ora(u° - V)€ = 0.

Thus, the compatibility condition holds

/ z-vdo = / divzdx = / div(—0rauté + (0, 02aus )€) da
0 Q Q
:—/ 8Ta(u€‘1/)£d0':0
Py

and z solving (5.31)) and (5.32)) exists by Bogovskii’s Lemma and enjoys the
estimate ||z||1, < C||Vu?|, for some C' > 0.
Using the definition of w we get from ([5.30))

/ OpueS*(Duf) : Dw ® Dpda = (g,¢) Ve € Wp7(9),
Q
with
(g9,) = RHS of (5.30) + / OpusS*(Du®) : [Dz 4 Orau® @ VE+
Q
(3%(1, 0) ®s 8271165 - D(<07 a12a7 0)5)]D90 dz.

Due to the assumption on f and results from Step 4 we have ||g| -y 4 < CVZ™>
and after application of Lemma [4.5.2| we obtain

|V OrauE|| pa) < CVP2. (5.33)

We recall that ¢ depends on € by the relation ¢ € (2,2 + L/V?72]. In order
to control whole V2u® we need an estimate of type in the normal direction
which is locally 2. Since d3u5 can be expressed from the condition div u® = 0, we
focus on d3u5. Following [51, Theorem 3.19] we can extract the desired estimate
from the equation ([5.25) after employment of the operator curl. Let us shorten
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S¢(Du®) to 8¢ and ¥°(|Duf|) to ¥°. Denoting G := 058§, we have due to (5.21])
and (519

1G] -1.4 < IS5 ]lg < ()P Dt
101(€G) -1, < CIW)P?Dulg + C' ()20 VUl |-

From the equation ([5.25)) after application of curl we have

< C{ll()y 2 Ducly + ()20 Vs |y + VIR 1} = H.

102(EG) |14 < CUIOUS51 + S0 = ST)llg + [ Fllg + [[w” - V& llg + (07 ly)

Necas’ theorem on negative norms gives
1€Glg < CUIEG 1.4 + IV(EG) [ -14) < H.

From definition of G and symmetry of Du we obtain

G

1 1
812818282Du§2 = E — 581185282DU§1 — 5(9228&821)1[;2.

Using 01285, > C9°P~% and the condition divu® = 0 we get that
lg (=) 203uill, < H.
Hence,

JE@E P2V, < ClIEG, + €072V 0,00,
+C sup |l [€ PV, (5.34)
)

z1€(—3r,3r

where C is absolute constant. Since we can choose r sufficiently small in order
to C'maxpesq SUD,, e(—3r3r) [O1a] < 1/2, the last term ([5.34) can be absorbed into
the left hand side. We have

lE@=)P 2V uf ||y, < CVET2VETE, (5.35)

From the boundedness of the term [, (| Duf|)|V?uf|* dz is obtained, in
other words ||(§E)%V2ua||2 < C. Interpolation of this result with gives
for ¢ € (2, ¢2)

()% V2ur]y < OV, (5.36)
where 1/q = B/q + (1 — 8)/2. Since it holds ||(9°)?2||,, < |95/, +
1(95)"2 Ve, we want to use the following lemma for f = (9°)7/2.

Lemma 5.3.1 Let Q C R? be a bounded C* domain and f € W(Q) for some
q > 2. Then f € C() and there is C > 0 independent of q such that

q—1\1-1/4
< —_— . .
wlfl <C(2=5) Il (5.37)
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Proof. Follows from the proof of [90, Theorem 2.4.1]. The result holds also for
Q2 C R™, with ¢ > n and ¢ — n instead of ¢ — 2 in the denominator of (5.37). [

1 _ .
Because b < CVP~2 we obtain

D
2

V2 < CV(P—Q)(l—é)VEﬁ?(p*Z)' (5.38)

Note that (p —2)(1 —1/q) — p/2 — 1 as ¢ — 2 and the exponent containing the
interpolation parameter S can be made arbitrarily small, therefore we can rewrite

(5.38) as V. < C for suitable C' > 0. This together with (5.36) gives

sup ||V2u5||q < C.
tel

Step 8 passes from the reqularized problem to the original one.

In the previous step we showed V. < C, where V. = sup;, ¢ [9-(|Duf|)|. Since
¥°(s) = min{(1 + s?)2, 1} <1, it is sufficient to choose € in order to have C< 1
Thus, u® = u is the solution of the original problem — and it holds
that sup;,q(1 + |Dul?)Y/? < C which leads to sup,.; ||V?ull, < C.

Since we passed from the regularized problem to the original one, the regu-
larity of pressure m which we proved in Section for quadratic potential holds
also for the super-quadratic case.

O



Conclusion

In presented work some results known for homogeneous Dirichlet boundary con-
ditions were extended also for perfect slip boundary conditions. In Chapter [2]
which is concerned with stationary generalized Stokes system, we were able to
obtain optimal regularity results which are not known in case of homogeneous
Dirichlet boundary conditions. Structure of the perfect slip boundary conditions
allowed us to gain the information about normal part of the gradient of the func-
tion V, in case of homogeneous Dirichlet conditions there is a loss of regularity
due to the absence of some special weighted version of Korn’s inequality and the
presence of pressure. The proof of the main theorem of Chapter [2| is more tech-
nical since we need to overcome new difficulties that bring perfect slip boundary
conditions.

In Chapter |3| we showed L? estimates up to the boundary. The proof is based
on the paper [23], where the interior estimates are obtained. Here we consider
different method than in Chapter 2] Instead of working directly on a general
boundary, we extended a solution beyond a flat boundary and then went from
the flat boundary to a general one.

In Chapter [4] we collect some known results about the classical Stokes operator
which allow us to get an L? theory result using the semigroup approach and
interpolation-extrapolation scales. These results together with the results from
Chapter [2| were applied in Chapter [5| to show Holder continuity of solutions to
the evolutionary generalized Navier-Stokes equations in R2.

Finally, let us mention some open problems which were mentioned only mar-
ginally or remained unsolved in spite of several attempts.

In particular, all the results obtained for perfect slip boundary conditions
would be more interesting in case of Navier’s slip boundary conditions that are
from the point of application more useful. Although some parts of the proofs can
be generalized easily, some technical steps relies on the structure of the perfect
slip boundary conditions. Up to now, we don’t know how to overcome these
difficulties.

Results of Chapters [2] and [3] can be considered as a starting point in achiev-
ing BMO estimates for generalized Stokes system. In [24] BMO estimates for
p—Laplace operator were obtained. These results were later extended in [25] for
generalized Stokes system in the interior of Q C R?. Keeping at our disposal
results from Chapters [2] and [3] we could try to extend these result up to the
boundary for perfect slip boundary conditions.
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86 Conclusion

The question of Holder continuity of velocity gradients and pressure in case
of evolutionary planar flow would be interesting from the point of application in
case of shear thinning fluids, i.e. the case p < 2.

Also for Dirichlet boundary conditions there is still space for new results. For
instance optimal regularity for generalized stationary Stokes problem (Chapter
would allow us to cover the case p € [4,00) in case of Holder continuity of
velocity gradients and pressure.



Appendix

A.1 Description of the boundary and differences

In the following we use the notation x = (2, z,). Supposeﬂ that Q € C3, therefore
there exists ¢ > 0 such that for all ag > 0 there exists ng points P € 92, Ry > 0
and open smooth set {2y CC () that we have

QC QU| B (P)
P

20
4

and for each point P € 0 there exists local system of coordinates for which
P = 0 and the boundary 99 is locally described by C*® mapping ap that for
' € (—Ry, Rp) and «, 5,y € {1,...,n — 1} fulfils

r € 0N &z, =ap(r)),
Qh, = Br,(P)NQ = {(2',z,) € B, (P)andz, > ap(z)},
Oaap(0) =0, |0sap(z)| < ag, [0a0sap(z)| + 0,050 ap(x")] < co. (A.1)

Points P can be divided into k£ groups such that in each group ng are dis-
joint and k depends only on dimension n. By Vap(z’) we denote the vector
(810,1:, c 8n_1ap, 0)

Let the cut-off function {p(x) € C*°(Bg,(P)) be defined via

Let us fix P and drop for simplicity the index P. Next, assume that we work in
the coordinate system anchored at P, i.e. P = 0. The tangent vector in the «
direction and the outer normal vector to 0f) are defined as

7 =(0,...,0,1,0,...,0,0,a(z")), a=1,...,n—1,

v=(a(@),...,0h1a(z"),—1), (A.2)

'Tn some parts of the thesis lower regularity of the boundary is required, but the description
would be analogical.
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tangent and normal derivatives as

Ora = Oy + Opa(2)0,, a=1,....,n—1,

ol A3
0, = g Dt (2")0s — Oy (4.3)
a=1

We need to work with 7¢, v, 0;« and 0, not only on 02, but on the whole
Qg,. We can notice that (A.2]) and (A.3]) actually define 7%, v, 0r« and 9, on Qg .
Next, we assume that u is sufficiently smooth. It is easy to see, that Ora(u-v) =0
on 0f).

Remark A.1.1 There arises no boundary term from the tangent integration by
parts, because if suppg C Br, or supp f C Br, then
2 2

/Q(aTaf)gdx = /Q(Vf)Tagd:c = —/QfV(Tag) —i—/m frgvdx
= —/Qf((%ag—l—gVTa) dz.

Let e® a =1,...,n — 1 be the basis of the coordinate system in R"~!. For
h € (0, %) we define the mapping T, : Qr, +— Qp,:
2

Ty : x> (2" + he*, z, + a(x’ + he®) — a(2") = (v, yn). (A.4)
Then the inverse mapping 7., ! is given by
T7 iy = (Y = he® g +aly' — he) —a(y)) = (2, 2).

One easily checks that both matrices (9 (Ta)i(m))?jzl
determinant equal to 1. Put

0ag(x) =g
6, 9(x) = g(x) — (T, x).

and (9;(T%); " (v)) ?j:l have

)

2

The following lemma describes the relation between difference and gradient,
respectively difference and the tangential derivative.

Lemma A.1.2 [68, Section 3, 3.17-3.20] Let p > 1. Then for all g € W} P(Q)"

it holds
I8

0
2

591 4 < e(a) W al? A5
9" 40 < ofa)| Vol (A5)
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If g € LP(Q) and if for all h € (0, 52) holds

I,

0
2

+
%Tg‘p de < C, (A.6)

then O,«q exists in the sense of distribution

/ |0rag|P dx < C. (A.7)
QR

0
2

Lemma A.1.3 [12, Lemma 2.1] Let suppu C supp&. Then
D(u(Tyz)) = (D(u))(Tox) + (0pu)(Thr) ®s 55 Va,

by the symbol u ®s v we understand 3 (u @ v+ (u @ v)T).

Lemma A.1.4 Let a(x') be a C® mapping locally describing O and x' € (—%, %)
Then there exists Cy, such that for all h € (0,52) it holds:
dFa(x’)
! oo “ < Cn7
la@)laoo + =5, _ <
Proof. Clear from ({A.5)) and properties of the function a(z'). ]

A.2 N-functions

In this section we focus on some basic properties of N —functions.

Definition A.2.1 A real function ® : R™ — RY is called N-function if the
derivative ®'(s) exists and is right continuous for s > 0, positive for s > 0,
non-decreasing, ' (0) = 0 and lim;_,.,P'(s) = occ.

Definition A.2.2 N-function ® is said to satisfy the Ay—condition, denoted €
Ao, if there exists a positive constant C, such that ®(2s) < CP(s) for s > 0. By
Ao (D) we denote the smallest such constant C.

By (®)7!: Rt — RT we denote the function
(@) (s) ;== sup{t € R : &'(t) < s}.

The complementary function of ® is defined as
B*(s) = / (@)1 (1) d.
0

It is again an N-function and for all § > 0 there exists ¢(d) > 0 such that for
all s,t > 0 holds so called Young’s inequality

st < 0D(s) + c(5)D*(L). (A.8)
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For a measurable function f we can define gauge norm as

|]f\|q>::inf{)\>0:/9 (|f<)\>|)d <1}.

The Orlicz space L®(12) is defined as the set {f : || f[la.0 < 0o} [
Let f € L*(Q), g € L* (Q). Then fg € L*(Q) and

/ gl de < 2 lollgllor-
Q

In particular, for f = yq where xq is the characteristic function of 2

lg| dx < <
/ |Q| Y

(@' (s)) ~ D(s). (A.10)

(A.9)

It holds

Lemma A.2.3 [80, Section 2.3, Corollary 5]. If ® € Ay is an N—function, then
O(s) < Cs*, s > 59 for some C' >0 and o > 1. Its complementary function ®*
satisfies ®*(t) > C'tP, t >ty > 0 for some C' >0 and 8 > 1.

For a > 0 we define shifted N-function &, by

s
a+s

P! (s) =D (a+ s) (A.11)

This basically states that c®”(s) < ®"(a + s) < CP(s) for some C,c > 0.
Moreover, &, € Ay and ¢ € Ay uniformly in a, see [22, Appendix].

Lemma A.2.4 (Shift change) [26, Lemma 5.15] Let ® fulfils Assumption [3.1.1]
Then for any § > 0 there exists c(§) > 1 such that for all A, B € R"" and s > 0

Dy (s) < c(6)Pi(s) + 3]V (A) — V(B)P. (A.12)

Lemma A.2.5 [22, Lemma 31] Let ® be an N-function with Ay({P*, P}) < oc.
Then there exist 6 > 0, ¢ > 0 which depend only on Aq({P*, ®}) such that for all
t >0 and all s € [0,1]

Do(st) < es'H0dy(t).

Lemma A.2.6 [23, Lemma 2.4] Let @ satisfy Assumption and V' be defined
as in (5.38)). Then for all P,Q € R™" we have

(A(P)=A(Q)) : (P=Q) ~ [V(P)=V(Q)I* ~ ®p (| P=QI) ~ ®"(IP|+|Q]) | P-QI*

and

|A(P) = A(Q)] < CPp((|P — Q).

2In our case ® always fulfils Ay —condition, therefore the following sets coincide:

{f;a/\>o;fﬂq>(@)dx<oo}, {f;V)\>0:fQ<I><‘f&””)‘)dx<oo} {: Jo ®(f]) dz < oo}
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By @ we denote a cube in R™ with center z(, sides parallel to the axis and
one side equal to 2R, i.e.

)

Q= Q(z0, R) = {x € R"; sup [z; — (20)i < R} :

For s > 0 the abbreviation s@) stands a cube with the same center as () and one
side 2sR, i.e. sQ = Q(xg,sR). By |Q| we mean the volume of Q. For f € L}(Q)

we define .
0 :]éf(x)dx = @/Qf(x)dm

Lemma A.2.7 [23, Lemma 2.7] For all A € L®(Q)™ " it holds

][ V(A QP dr ~ ][ V(4) = (V(A))ol da.

Lemma A.2.8 (Sobolev - Poincaré) [2Z, Lemma 7] Let ® be an N-function,
Ao ({®*,®}) < 00. Then there exist 0 € (0,1) and ¢ > 0 such that the following
holds. If Q C R™ is some cube and f € WH*(Q), therﬂ

]{2 <|fdlaélég |) dr <c (]é @e(lvf\)dx). (A.13)

A.3 Bogovskii-type lemmata

D=

Lemma A.3.1 (Bogovskii’'s Lemma for Sobolev spaces) [4, Lemma 3.3, Corol-
lary 3.4] Let Q C R" be a bounded C*' domain. Letr € (1,00) and g € W (Q)"
fulfils the compatibility condition

/ g-vdr=0.
o9

Then there exists u € Wy (Q)" solving

divu =divg in Q,
u=0 on Jf.

Moreover, there exists C' > 0 such that

[ull- < Cllgllr-

3If we have a cube @ with one side equal to 2R, the general definition diam Q = sup{|z —
yl, z,y € Q} leads to diam R = 2y/nR.
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Lemma A.3.2 (Bogovskii’s Lemma for Orlicz spaces, case 1) Let @ C R" be
a bounded C*' domain. Let ® be N-function with ® € Ay and ®* € A,
g € Ly(Q) = {g € L*(Q); [,9dz = 0}. Then there exists z € Wy Q)"
solving

divz=g 1inQQ, (A.14)
z=0 on . (A.15)

Moreover, there exists C' > 0 depending only on Ay(P) and Ay(P*) such that

| at:hds+ [ @(vahas <0 [ agl)as

Let Q € CY. There is a constant C' > 0 depending only on Ao({®, ®*}) such
that if additionally g € WH® (), then there is a solution z € W*®(Q)"NW,"*(Q)"

solving (A.17), (A.18)) and the following estimate holds

Z/Q(I’(|ij|)dx§ CZ/QCI)(|ng|)dx. (A.16)

If, moreover, for some r > 0, suppg C Q,, we can assume that supp z C Q..

Proof. The first part of the theorem follows from [27, Theorem 6.6]. Now we
proceed to the situation when g € Wh®(Q)". It consist of 5 steps.

Step 1

We notice that from the fact that ® and ®* satisfy A, condition follows the
existence of 1 < p < ¢ such that ®(t) = t?h(t9P) and h is pseudoconcave, i.e.
there is a C' > 0 such that h(At) < C'max(1, \)h(t), c.f. [75, Section 5]. Constants
p and ¢ are determined by Ay({®, ®*}).

According to [75], Section 5] a bounded linear operator 7" € L(LP(2), LP(2)) N
L(L4(2), LY(Q)) with norm bounded by M > 0 belongs to £(L®($2), L*(£2)) and
there is a C' > 0 depending only on p and ¢ such that the following modular

estimate holds: Ty
Tg
- <
/Q@)( % )dx C’/QCI)(|g|)dx

The proof of this estimate is based on L-functional and can be directly re-
peated also for T € L(LP(Q)" !, LP(Q))NL(LY(Q)" !, LI(Q)). The corresponding

estimate then looks as follows

12@(%) de < Cg;/gﬂb(!gmdx
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Step 2

Now, we define the canonical linear isometry of Sobolev spaces
T WE(Q) — L"(Q)", Tg=1(9,019,...,0.9).
If Q € C"! the subspace J (W' (Q)) of L™(Q)"*! is closed and complemented.

This is equivalent to the continuity of the solution operator for the problem
—Au+u=f+divF in

with homogeneous Neumann boundary condition from L™(Q)"*! to W' (Q). The
result can be found for » > 2 in [86, Theorem 3.16], for r < 2 it follows by the
duality argument. The required projection is then the solution operator.

The subspace W17 (Q) N Ly(€) is complemented in W (). The projection
is defined as P(g) = g — fQ gdx and it is continuous by embedding theorem.
Consequently, there is a projection Q : L™(Q)"+ % 7 (W (Q) N L1(Q)) which
is continuous for all » > 1, @) is independent of r.

Step 3

In [5, Corollary 3.8] it is possible to find that the problem (A.17)), (A.18) is
solvable if g € W1 (Q) N L5(Q2) for r > 1. In fact analyzing the proof itself it

is possible to construct a continuous solution operator R : W (Q) N Ly(Q) —
W2 (Q)" N W, (Q)". This operator is independent of r > 1.

Step 4

Next, we identify W7 (Q) N L5(2) with J(W(Q) N L(Q)) and fix « €
(NU{0})" with || < 2, k € {1,...,n}. We define S : L"(Q)"* — L"(Q) by
S(G) = D*[Ry0J-10P(G)]. This mapping is continuous for any > 1 by Step 2
and Step 3. It is possible to interpolate it by Step 1. Restricting the operator S to
JWE2(Q)NLE(Q)) and defining g = J_;(G) we obtain for g € WH*(Q)N LT (Q)

the modular estimate

otz ar <o [ atahar+3 [ eoas).

Since o was arbitrary, the estimate (A.16)) follows by properties of ®.
Step 5

It remains to find z with suppz C Qo for g with suppg C Q,. We find a
solution to (A.17) and (A.18), take a smooth cut-off function 7 such that yq, <
n < Xq,,.. Compute div(zn) = (divz)n+2-Vn = gn+2z-Vn. It is enough to find
a correction v € W02 ’Q(er)", the solution of the problem divv = z - V7. Since
z-Vn € Wy (Qg) N LE(Qy,), this is possible by the same methods used to prove
(A16). The solution operator R from Step 3 satisfies R : W, (Qa,) N Lj(Qay) —
Wy (Qa,)", cf. [34, Theorem II1.3.2].

O
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Lemma A.3.3 (Bogovskii’s Lemma for Orlicz spaces, case 2) Let 2 C R" be
a rectangle. Let ® be an N-function with Ay({®*, ®}) < 0o, g € L*(Q), h €
Whe(Q)" and T be one side of Q2. Then there exists a linear mapping B : (g, h) —
z, where z € WL1®(Q)" solves

divz=g 1inQ, (A.17)
z-v=h-v onT, (A.18)

Moreover,

/Q@(\Vz\)dx§C’</Q<I>(]g])dx+/g<1)(|Vh])dx), (A.19)

where the positive constant C depends only on Ay({P, D*}).
Proof. Without loss of generality, we may assume that I is a part of a hyperplane
{z;z, = 0}. It is enough to consider equation
divz = g-— divh—][(g —divh)dz in Q,
Z = 0on 0. !
Furthermore, we define an affine function b : Q — R3 as follows

0 forie {1,...,n—1} and z € Q,
bi(x) = 0 fori=nandz el
Tnfo(g — divh)dz for i =n and z € Q.

Then z = Z + h + b solves (A.17) and (A.18). According to [27, Theorem 6.6]

there exists a positive constant ¢ independent of diam(2 such that

/Q<I>(|V2|)dx§c/ﬂ<1>(‘g—divh—]{z(g—divh)dx) dz.

The estimate (A.19) follows easily. O

A.4 Korn-type Inequalities

Lemma A.4.1 [68, Lemma 6.5] Let Q C R™ be a C' domain, u € WH(Q)" and
£ € D(Q). Then there are positive constants Cs and Cy such that

Cg/]Vu|2§2dx§/\Du|2§2dx+C’4/\u]Q(\Vf\z—i-fQ)dx.
Q Q Q

Lemma A.4.2 (Korn’s inequality for Orlicz spaces, case 1) Let Q@ C R"™ be a
bounded non-axisymmetric C>' domain. Let ® be N-function with Ay({®*, ®}) <
co. Then for all u € WE*(Q)™ it holds that

/QCI)(|u|)dx—|—/Q<P(|Vu])dxSC’/Q<I>(|Du|)dx, (A.20)

where C' = C(Q, Ay ({P*, D})).
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For the proof of this version of Korn’s inequality two propositions will be
needed.

Proposition A.4.3 Let ¢ € (1,1 + ¢) for some suitably small ¢ > 0. Then
1
s) 1=

function h(s) defined as h

1
(s4) is conver.

Proof.
11 ! 1. /1 1 2 1.1 /1 1
h"(s) = <(I>' st —55_1) = @"(sq <—55_1> + @'(s9 —(— — 1)85_2
(s) (s7) (), (1)
> C@”(si)(si—l)21<g - 1) >0
-_ q q )
where we used @"(s%)sé < OCDI(S%). O

Proposition A.4.4 [3], Fzercise 4.5] Let Q be a bounded C' domain, u €
Whi(), 1< qg<oc andu-v=0 at 9. Then

ullg < ClVully, € <d(Q)(lg—2[+n+1).

Proof of Lemma[A.4.2] Using Korn’s inequality [27, Theorem 6.13], which tells
us

/be(]Vu—<Vu)])da:§ c/q>(ypu—<Du>\)dx,

Q
and convexity of & we obtain

/Q(I>(|Vu|)da:§/QCI>(|VU—(Vu)|)dx—|—/(l>(|<Vu>|)dm

SC/QQJ(]Du—(Du)\)dx+/g<1>(\(Vu>|)dx (A.21)

§C/QCID(|Du|)dx—|—/Q(I>(|<Vu)|)dx.

We also used convexity of ®, As-condition and Jensen’s inequality in the last
estimate in (A.21). It remains to estimate the last term in (A.21)).

/QCID(\(VuH)de/Q<I><|—S12|/Q]Vu]dx) dz
< C(Q,A2(<I>))/Q<I><[/Q]Vuyqur> do

<c [ o[ [1purar] ) ar =g,

where we used Holder’s inequality, A, —condition and Korn’s inequality for Lebesgue
spaces (see cf. [43] and [44]).
To estimate the term J we use the definition of the function h(s), Jensen’s

1
inequaliy and the fact, that h(t) = ®(¢) and therefore ¢ = ®[h?(t)], which
follows from implication below

1

t =00 _(t) =h(®%, (1)) = h_1(t) = %, (t) = @[h°,(t)] = ¢.
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Thus,

Q
I
Q

KA
—

:hlh/Q]Du\qu};) dz

oo [ 1(Dul a2)]) o
_h_1</ (|Du|)dx)} )dx
0// (1Du]) dz dz < C(2 )/ (| Du|) dz

The first term on the left hand side of can be estimated after adding
and subtracting the average of u, Poincaré inequality [27, Theorem 6.5] and
Ay—condition. To estimate [, ®(|(u)|) we use Proposition and then follow
in the same way like in the estimate of [, ®(|(Vu)]). O

INA

Q
\D\g\,

LSy

This version of Korn’s inequality differs from more standard versions which
have an additional term on the right hand side. If we considered boundary con-
ditions © = 0 on 02, we could admit an arbitrary shape of the domain . Only
because of the boundary conditions u-v = 0 on 0f2 the restriction on the shape of
the domain (2 is necessary. We need to know that Du =0 a.e. in Q and u-v =0
on 0N together imply v = 0 a.e. in Q. It holds when € is not axisymmetric (see
for example [43] [44] if n = 3). The constant in could be used to quantify
the deviation of Q from axisymmetry. In [20, Theorem 3] the authors obtained
fully explicit upper bounds for the constant C' in terms of the geometrical infor-
mation about ) in the case when there is an L?-norm instead of the modular
norm in ({A.20)).

Lemma A.4.5 (Korn’s inequalities for Orlicz spaces, case 2) Let ® be an N— func-
tion with Ao ({®, ®*}) < 0o. There ezists a positive constant C' such that for any
cube Q@ C R™ and function uw € Wh®(Q)™ it holds that

/QCID(\Vu\)da:SC(/QCID(|Du|)dx+/Q<I> (%) dx), (A.22)

F (194 - (Vu)gl)d < €f 0,(|Du ~ (Dulgl) d, (A.23)
Q Q

where a is a positive constant or |Du|. Moreover, if u|spg = 0, it holds that

/(I)(|Vu])dx < c/ &(|Dul) de. (A.24)
Q Q

Proof. The inequality folows from [27]. Namely, one should focus on
Lemma 5.17, Proposition 6.1 and Theorem 6.13 given there. The inequality
A.23) for a = |Du| is proven in [23, Lemma 2.9] and in [27]. For the proof of
A.24) see Theorem 6.10 in [27]. O
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A.5 Miscellaneous

In the following two theorems we deal with the standard Sobolev space W™ ()
defined for m € N and r € (1, 00) as follows

Wmr(Q) = {f € L"(Q); Vk € N*, 1 < |k| <m, df € L'(Q)}.

By Wy (2) we mean the closure of Cg°(2) in W™ (). The dual space of
W (Q) is denoted by W~ (€2), and this extends the definition of W™ (Q) to
all negative integer values of m.

Theorem A.5.1 (Necas’ theorem on negative norms) [5, Theorem 2.53] Let ) C
R" be a bounded C*' domain, m € Z and r € (1,00). Then there exists a positive
constant C' depending only on 0, m and r such that for all f € W™ (Q)" it holds

£l < CUV v + 1 Fllmn-1r) -

Theorem A.5.2 (De Rham-type theorem) [5, Theorem 2.8] Let @ C R™ be
a bounded C™' domain, m a non-negative integer, and r € (1,00). Let f €

W= ()™ satisfy
(fip) =0, Voel(Q)" with dive =0.

Then there exists m € W="TL7(Q) such that f = V. If in addition the domain
1s connected, then w is defined uniquely, up to an additive constant, by f and there
exists a positive constant C' independent of f, such that the following estimate

holds:
|m — (m)allw-m+1r@n < C| fllw-mr@pn-

We would like to remark that classical De Rham’s theorem is usually formu-
lated for distributions, c.f. [5, Theorem 2.1]. Our version can be considered as a
combination of the classical version with Necas’ theorem.

Lemma A.5.3 (Reverse Holder inequality) [35, Proposition V.1.1] Let Qg be a
cube in R™. Suppose

p
fpdng(][ fdx) +6 fpd:r+][ ¢ dz
Q/ 2/ QQI 2/

holds for any Q' = Q(zo, R') C Qo withxy € Qp and R’ < min{% dist(xg, 0Q0), Ro},
where Ry > 0, K > 1, 6 € [0,1) are given constants. Then there exists ¢ > p
such that f € L (Qo) and

(fro) zo(f ra) ce(fra)  am

holds for 2¢) C Qy, where side of Q) is less than 2Ry and C, £ are positive constants
depending only on K,0,p,n.
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For a dyadic sub-cube Qy, of Q we denote its predecessor by Q.

Lemma A.5.4 Let O CR", 1 < p < q<s<oo, f€LYO), gc LY?(O)
and w € LP(O)". Further, let Q C O be a cube and Qy, be dyadic cubes obtained
from Q). Then there exists € > 0 independent of ) and O such that the following
implication holds:

If for every dyadic sub-cube Q) C Q there exists w, € LP(4Q, N O)" with
following properties:

<][ |wa|sdx>s < 9(][ |wa|pdx>p, (A.26)
2QxNO 2 \Vig,no

][ walPde < Cf  wPde+cf  lgldr,  (A27)
4(2;@(9 4Qkﬂ0 4(2;@(9

][ lw —w,|Pdx < e][ lw|P dx + C |f| dz, (A.28)
4@;@(’) 4QkﬁO 4Qkﬂ0

then w € L1(Q)". Positive constants C' and € are independent of Qy, w, and w.
Furthermore, there exists a positive constant ¢ independent of f, g and w such
that

][ |w|qu§c<][ |f]gdx+][ lg|? dz + (][ \w\pdx)p> . (A.29)
Q 4QN0O 4QN0O 4QN0O

The proof itself is based on nonlinear Calderén—Zygmund theory and the
considerations presented in [18]. L. A . Caffarelli and I. Peral proved Lemmal[A.5.4]
in [I8, Theorem A] in case f,g = 0. This lemma was later used by L. Diening
and P. Kaplicky in [23] for f # 0, however, authors did not provide any proof.

Throughout the proof we suppose that the functions w,, w, f and g are
extended by zero outside the domain @. Since volume of 4Q, N @ is proportional
to 4Qy, the estimates (A.26), (A.27) and (A.28) still hold true for slightly changed
constants when we replace 4Q; N O with 4Q; and 2Q; N O with 2Q.

We introduce Hardy-Littlewood maximal operator

M(f)(z) = sup {]é |f(y)| dy, P C 4Q) is a cube containing x

with sides parallel to axes},

which satisfies the weak type (1,1) inequality on 4@ and strong (r,r) estimate
on 4Q if r € (1,00). In order to prove Lemma we present the following
observation

Lemma A.5.5 There exists Ky > 2"P+D such that for all K > K, and for every
d € (0,1) there exists L € (0, %) and € > 0 such that for every A\ > 0, for A =
{z € Q, M(lw") > KX, M(|f]) + M(lg]) < LA} and B = {z € Q, M(Jw[’) > A}
it holds, that if , and hold with €, then following implication

18 true

QN Al > (6 4+ CsK™*/")|Qx] = Qi C B,
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where Cp is a constant coming from (A.26)), (A.27) and from strong type (r,r)

estimate for Hardy-Littlewood maximal operator.

Proof. We proceed in a similar way like in [I8]. We suppose, for contradiction,
that |Qr N A| > (6 + CyK~*/?)|Qy| and it is not true that Q, C B for K,
arbitrarily large and K > Ky, § € (0,1) and ¢, L arbitrarily small. Thus there
are points 2o € Qy and z; € (QeNA) C Qy such that

M(Jwl?) (o) < A and M(|f])(21) + M(|g])(21) < LA. (A.30)

Then f,5 Wl dz < CX due to (A.27) and (A.30). From (A.26), (A.28) and
(A.30) we get

][~ lw,|® dz < C'N/P, ][ |w — we|Pda < (e + L)CA. (A.31)

2Qk 4Qk

We define an operator M* as follows:

M*(f)(xz) = sup {]é f(y) dy, P is a cube containig x, P C QQk} ) (A.32)

Due to (A.30]), it holds for every x € @y that M (Jw|P)(z) < max {M*(|w|P), 2" \}.
For K > 2" it follows that

M(|w|P) > KX = M*(|w|’) > KA. (A.33)

We use ({A.31]), Tchebyshev inequality and a strong type (f}, ;;) estimate for M*
in order to obtain the following estimate

* p K * p\s/p K o
x 6 Qk?M (|w(l| ) > 2p+1)\ - T G Qk?M (’wa| ) > 2p+1)\
< 2s+s/p()\K)fs/pH|wa’szg _ 25“/”()\[()*5/1”\2@,6\ ) |w,|* dz < CBKiS/p’le-
2Qk
(A.34)
Using weak type (1, 1) estimate and (A.31)), we get

K

op+1

{x & Qu M* (1w — w,l?) > X, M(If]) + M(lgl) < “H

opr+1 op+1
<C—/ |w — w,|” de < C—— (e 4+ L) |Qx|- (A.35)
4Qx K

Due to (K33

[{z € Qr, M(|w?) > KX M([f]) + M(|g]) < LA} |
< [{z € Qi, M*(Jw]?) > KA, M(|f]) + M(|g]) < LA} |
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and, further, using (A.34)) and (A.35)
[ {w € Qu M (jwl?) > KA M(If]) + M(g]) < LA}

<|{ € @uaru - Py 3l > on a1 + 3o < 2

< [{e e Quar(u =) > oamarh + Mah < 0}

p+1

2
+ <C % (e + L) |Qx| + CaK~*/7|Q4).

. K
{vequaru 2 5

By a suitable choice of constants L and € we get the contradiction with the
very first assumption of this proof. ]

We will need the following consequence of Calderén-Zygmund decomposition
proved in [I8, Lemma 1.2]:

Lemma A.5.6 Let (Q be a bounded cube in R™. Assume that A and B are
measurable sets, A C B C @) and that there exists a 6 > 0 such that

(1) |A| < 0|Q| and

(ii) for each dyadic sub-cube Qy such that |AN Qx| > 6|Qx|, its predecessor Qy
15 contained 1n B.

Then |A| < §|B].

Corollary A.5.7 Let A and B be defined as in Lemma A58 Let K > 1 be
so large and § € (0,1) so small, that K»Cx < 1 where Cx = (0 + CpK ?),
moreover, let \g > 0 be so large that

2 [ ur=sal (.30
Ao Jo

where Cy depends only on the dimension. Then for all X > X\ holds |A| < Ck|B].
Proof. From (A.36) follows for all A > \g

C
A< [{z e M(jwP) > KA} < K—;/ wl? < 8(Q], (A.37)
Q
which provides the first assumption of Lemma[A.5.6] The second one is given by

Lemmal[A.5.5] Hence, we conclude the proof by application of Lemma[A.5.6] O
Proof of Lemma[A5.4 We set h = M(|f]) + M(|g]) and I = M (|w|P). By up we

denote the distribution function of a function h:

pn(s) = {z € Q- |h(x)] > s}, s =0.

Suppose that constants K, and \g are fixed as in Corollary [A.5.7] Therefore for
any A > )y one may derive

u(KA) = pn(LA) < Cgpu(A). (A.38)
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By arguments of a measure theory it is true that [ € L%/?(Q) if and only if

> K (KRN < 0.
k=1

Setting A = K*71)\; in (A.38) we get i (K*\g) < Cr(K* I X\g) + pun( LK 1))
for every k € N. Thus,

k—1
(K X0) < Clepu(ho) + ) Clepn(LE*179)).

J=0

Consequently,

o) 00 00 k—1
SR (K A) < u(ho) Y KFCR YK YT Chpn(LEF 1)

k=1 k=1 k=1 j=0
00 00 k—1
< (o) D ( (K9/2Ci)" + YUK Clopn(LEF ). (AL39)
k=1 k=1 j=0

We point out that  and K were chosen in order to K9/?Cy < 1. Thus,

S (R < e

k=1

It holds that

[e'S) k—1
S KN Chpn(LEF ) ZCJ Z K5 g (L1779 ))
k=1 §=0

k=j+1

=D (LK N) Y (K7 ) HiCy
j=0 =0
_ Z(Kq/p)j/lh<LKj)\o)K% Z (Kq/pCK)i
=0 i=0
Ka/p e . .
= —1 — K(]/PCK ZO(Kq/p)]Hh(K]L)\Q) < 00,
J:
provided h € L»(Q). Thus from (A.39) we have [ € L»(Q) and, consequently,
we L1Q)".
Further,
[ wlrds = [ Py < [ o ae= [ 965
Q Q Q o P

—_——
=:w(t)

= /KAO v(t)dt + /°° v(t)dt = 7+ J2. (A.40)

KXo
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To estimate J; we use weak 1-1 inequality for |w|P. We get

KXo KXo 1 a_
T :/ gt%_lm(t) dt < (]/ th—l_/ lwlP dz dt < CN\ 1/ |w|? dz.
o P o P t Jag 4Q

In J5 we use the substitution ¢t = Ks at first, further we increase the domain of

integration and apply (A.38).
Jo = / ]%(Ks)z_lm(Ks)K ds < K» / %sg_l (Crpu(s) + pn(Ls)) ds
Ao 0

< KvCg /OOO %sgl,ul(s) ds+C/Q (M(f)% +M(g)%) dz. (A.41)

The first term on the right hand side of (A.41) can be subsumed in the term
J, v(t)dt in (A.40), because K»Cyx < 1. We put estimates of J; and J3 into

(A.40) and, after application of a strong-type (1%’ 1%) estimate for the maximal
operator, we get

/|w|qu§ c/ (|f|%+|g|%> dm+C’)\§1/ lw|P d, (A.42)
Q 4Q 4Q

From (A.37) we know that Ay = §f,, [w[? dz. Dividing (A.42) by |Q| leads to

][]w]quSC' ][ |f|2dx+][ ygyidx+<][ |w|pdx>p :
Q 4Q 4Q 4Q

which concludes the proof. O]

We would like to apply the Calderén-Zygmund theory not only on cubes,
but on a image of diadic subdivision of () under sufficiently regular mapping 7.
Therefore we formulate following corollary.

Corollary A.5.8 Let Q C O be a cube and Q}, diadic subcubes obtained from Q.
Let T : Q — R™ be a bi-Lipschitz mapping and let assumptions of Lemma
hold on T(4Qx N O), resp. T'(2Q, N O) instead of 4Q, N O, resp. 2Qx N O. Then

the claim of Lemma holds for T'(Q), resp. T(4Q N O).

Proof. The corollary follows easily from the substitution y = Tz and properties
of the mapping 7. O]
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Wi (@)
Wi (@)

B, (9)
Hy(Q)
LY(I, E)
Wea(I, E)
()

IxQ

XQ

functions from Orlicz spaces which are divergence-free and have
zero normal component on 92 ......... .

functions from Orlicz spaces which have zero normal component

OM D) ot (4]
BeSOV SPACES . . .o\ttt
Bessel potential spaces. ...
Bochner spaces ....... ...
Bochner spaces ........ .o
duality pairing.......... .. . i
time space cylinder ......... ... ... ... ]
characteristic function of Q ............... ... ... ...
outward normal vector to O ........ ... . [l
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