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Abstrakt

Začlenění generátorů větrné energie do elektrické sítě vytváří speci-

fické náklady z důvodu nesouvislé povahy větru. Analýza rozdělení

rychlosti větru je zásadní pro přesnou krátkodobou predikci výs-

tupu větrné energie, aby se zabránilo nesouladu mezi nabídkou a

poptávkou na trzích s elektřinou. Tato práce teoreticky popisuje

analýzu rozdělení rychlosti větru a zdůrazňuje ekonometrické a

statistické koncepty vztahující se k perzistenci (modelování po-

mocí AR(1) procesu) a nezápornosti (použití ořezaného normál-

ního rozdělení) větrných dat. Náhodný vektor, popisující časový

vývoj rychlosti větru v jedné lokalitě v České republice, je odvozen

a jeho parametry jsou porovnány s výsledky prací jiných autorů.

Klíčová slova

střední rychlost větru, transformace do normality, ořezané nor-

mální rozdělení, autoregresní proces



Abstract

Integration of generators of wind power into the electricity grid in-

volves specific costs due to the intermittent nature of wind. Anal-

ysis of wind speed distribution is essential for accurate short-term

prediction of wind power output in order to avoid mismatch be-

tween supply and demand in electricity markets. This thesis the-

oretically describes the analysis of wind speed distribution, high-

lighting econometric and statistical concepts pertaining to the

high persistence (modelling by the means of an AR(1) process)

and the non-negativity (use of truncated normal distribution) of

wind speed data. A random vector describing the evolution of

wind speed in time for a location in the Czech Republic is de-

rived and its parameters are compared with those from the work

of other authors.

Keywords

mean wind speed, transformation to normality, truncated normal

distribution, autoregressive process
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Introduction

In the second decade of the twenty-first century, several devel-

oped countries try to achieve two seemingly incompatible targets:

greater security of energy supply and reduction of greenhouse gas

emissions. Some believe that both issues could be addressed by

a decreased reliance on fossil fuels and by a diversification of en-

ergy supply with cleaner and more sustainable renewable energy

sources such as wind, solar or hydro power.

This thesis focuses on one topic associated with wind energy:

the analysis of wind speed distribution. The motivation for such

research is as follows: due to the intermittency (unpredictability

and variability) of wind speed, integration of wind power into elec-

tricity generation systems is challenging. Better understanding of

the behavior of wind speed could help to facilitate more accurate

forecasts of production of wind energy which could contribute to

a greater overall stability of electricity grids.

The first part of the thesis presents various impacts of wind

power on electricity generation systems. Wind power possesses

certain favorable characteristics compared to energy from con-

ventional sources (zero fuel and low variable costs) which should

theoretically reduce electricity prices after the integration of gen-

erators of wind energy into a power grid [16]. There are, however,

also indirect costs of wind energy – a consequence of the inter-

mittency of wind speed – which are worth addressing in order to
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assess the potential of wind energy in an unbiased way [6].

The second section of the thesis offers a summary of an au-

toregressive process of order one, further denoted as AR(1), and

of a truncated normal distribution. These concepts pertain to

two characteristics of wind speed data – non-negativity and high

persistence – and are used in the analysis of the distribution of

wind speed. This thesis will explore validity of two hypotheses

using these concepts. First, the authors of [1] and [2] claim that

the distribution of wind speed, if raised to a suitable exponent,

can be approximated quite well by a truncated normal distri-

bution and they propose that the corresponding transformation

coefficient equals to 0.38585 and 0.73, respectively. It will be ex-

amined whether such values of the transformation coefficient are

suitable for the Czech wind speed data. Moreover, the authors

of [2] argue that using the AR(1) process it is possible to esti-

mate parameters of a multivariate Gaussian distribution of the

transformed wind speed. As the second hypothesis, it will be ex-

amined whether this approach is applicable to Czech wind speed

data, too – in other words, if the true data generating process

behind the transformed wind speed data is AR(1).

The third part of the thesis will present the theoretical analysis

of a distribution of wind speed and the connection between wind

speed and produced wind energy.

In the fourth section, the transformation coefficient for Czech

wind speed data will be estimated via a nonlinear optimization
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and its value will be compared with the results of the authors

of [2] for Germany and those of the authors of [1] for Turkey.

The value of the transformation coefficient will be then used for

the estimation of the parameters of an underlying AR(1) process.

Taking into consideration the truncation to non-negative values

of wind speed, the parameters of the AR(1) process will be in

turn utilized to specify parameters of a multivariate Gaussian

distribution of the transformed Czech wind speed.

5



1 Energy management in an electricity gener-

ation system including production of wind

energy

1.1 Current status of wind energy

The vast majority of energy is currently obtained from fossil fu-

els. Estimates show that it is about 80 % globally [16]. The

production of wind energy remains a minor player in the power

industry, covering only 2.5 % of global electricity demand and

around 1.3 % in the Czech Republic [16], [3]. According to the

International Energy Agency, the share of wind energy in the

global energy mix will rise only to around 5 % by 2035 [16].

The gradual advances in the global deployment of wind energy

are illustrated by the installment of around 190 gigawatts (GW)

of wind energy generating capacity between 2004 and 2011 [16].

For comparison with other renewable energy sources, wind was in

this period more popular than solar energy (66 GW) and did not

lag significantly behind hydro-power installment (250 GW). The

total global capacity of generation of wind energy was determined

at 290 GW as for the end of 2012 [16].

The competitive position of wind power vis-a-vis traditional

energy sources has improved over the last two decades [16]. This

has been facilitated by technological advances, as well as by favor-

able public policies [7]. Greater development of wind power is,
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however, hindered by numerous technological, institutional and

financial barriers [16]. In detail, factors such as the current in-

frastructure of a transmission system of electricity, political en-

vironment (lobbying, government policies) or price of substitutes

(fossil fuels, alternative renewable energy sources) crucially influ-

ence the viability of wind energy [16]. Prevailing public opinion

is also important. Although the implementation of renewable en-

ergy sources into power grids is generally costly, the conclusion

of a public debate may be renewable sources are preferred over

the conventional ones. One of the reasons for such an opinion

could be the energy security dimension, while another might be

associated with the desire to reduce greenhouse gas emissions in

order to avert the climate change. The EU for instance vowed to

consume 20 % of electricity from renewable sources by 2020 [16].

1.2 Costs of wind energy

When looking at the viability of wind power, one has to assume:

• its direct costs – depending on the costs of building and

maintaining a generator of wind power, as well as on its

performance and endurance [16],

• indirect costs – costs of adjustment of other generators of

electricity in the grid, costs of balancing power to address

imprecise schedules of wind energy [16], [7], [9],

• externalities – connected to its eco-friendliness [16].
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Direct costs of wind power can be approximated by the concept

of levelized costs of electricity [16]. The unit of this variable is

dollar per megawatt-hours ($/MWh) [16]. Generally, levelized

costs depend on costs required to build an electricity generation

facility, on a number of years it can operate, on capacity factor

of the facility (measuring how efficient it is), discount rate and

other factors [16]. This concept also offers a simple comparison

of direct costs of wind energy with those of other energy sources.

Minimum levelized costs of wind energy amount to 58 $/MWh (in

case of onshore generators) and 160 $/MWh (for offshore ones),

compared to 40 – 50 $/MWh for coal, at least 168 $/MWh for

solar energy and as low as 23 $/MWh for hydro-power [16].

Levelized costs of wind power are of special interest to investors

who decide to build a facility. In case of wind power, their return

is determined by the performance of a generator [16]. This in

turn depends on mean wind speed as well as the wind speed

distribution at the hub height of the wind generator [16].

One of the issues associated with wind power is, however, that

even if the place is favourably chosen, the facility remains quite

inefficient. Efficiency of any electricity generating site is captured

by a measure called capacity factor [15]. It is defined as the ratio

of a generating site’s actual output over time compared to its the-

oretical output if it was operating at the maximum efficiency [15].

Capacity factors of wind generators are typically around 30 %,

far below levels of conventional energy sources which usually do
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not fall under 80 % [16]. Lower capacity factor of wind genera-

tors means that more wind power generating capacity has to be

installed in order to obtain the same amount of energy as from

the traditional energy sources. The author of [18] even came to

a conclusion that incorporation of wind power lowers the aver-

age efficiency of an electricity generation system. Nevertheless,

based on the experience from other types of energy sources, ca-

pacity factors of wind power sites may increase gradually, thanks

to advances in research related to this technology [15].

The relatively higher costs and inefficiency of generators of

wind power may raise the question why they are installed at all. A

possible answer to that could be that the most notable externality

connected to wind power is its contribution to a climate change

mitigation at reasonable costs [16]. The authors of [16] calculated

that an increase in the share of the electricity output covered by

wind energy from zero to 10 % would cost 124 dollar per ton of

CO2 and would increase per MWh costs of electricity by 26 %.

Importantly, it was considered by the authors of [16] that prior

to the integration of wind into the grid, hydro-power covers 8.4 %

of electricity output, nuclear 22 %, coal 50 % and gas 21.6 %.

It may be even socially desirable to reflect the environmen-

tal impact of wind energy into electricity market rules [16]. To

exemplify, the EU legislation grants renewable energy sources a

priority of dispatch – energy from wind generators is preferred in

setting of output in a group of several generators [16].
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This rule, however, holds also for situations when the optimal

economic solution would be in fact to reduce wind power gen-

eration in favour of other energy sources [13]. In the short-run,

the preference of volatile wind power could typically induce more

frequent adjustments of conventional power generators, leading

to greater maintenance costs of those facilities [13].

Such costs are one of the examples of indirect costs of wind

power – which stem from the often uneasy integration of wind

power into electricity generation systems [16]. Other examples

of indirect costs are costs of short-term balancing power and ex-

penses for its transmission from often remote wind farms to places

where most electricity is demanded [6]. All these types of indirect

costs must be considered, along with direct costs, so that full eco-

nomic costs of wind power generation are captured; the omission

of integration costs could make any decision about the viability

of wind power profoundly biased [6].

The crucial drawback of wind energy – unreliability of its gen-

erators to deliver scheduled volumes of electricity – is a conse-

quence of the intermittent nature of wind [13]. It is argued that

variability of wind power would not bring much additional costs if

it was to a great degree predictable [13]. Forecasts of wind power

generation are, however, reliable only in terms of hours (the er-

ror is about 7 % [13]), in case of day-ahead forecasting – which

is commonly used for scheduling supply in electricity markets –

the error rises up to 20 % [13]. Hence, there may be deviations
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between scheduled values and actual supply of wind power and

their management can increase levelized costs of wind energy [15].

Intermittency of wind power also complicates decision-making

of grid operators [9]. Their primary task is to keep the electric-

ity generation system in balance, such that electricity supply and

demand are matched instantaneously [9] – which is more chal-

lenging with instable wind power. Grid operators, empowered by

states, are in charge of this task because the elasticity of elec-

tricity demand is typically lower than that of supply [9]. This

implies that the representatives of the latter market force have to

be more active in bringing the system into equilibrium [9].

Balancing power is one of the instruments used to solve the

mismatch between supply and demand of electricity [7]. If an

electricity generator is unable to deliver the amount it scheduled,

it has to typically buy some extra energy to balance the output.

Balancing power is provided either directly by power generators

or by large customers and is used in time intervals spanning over

from units of seconds to a few hours [9]. Wind power usually

requires, if any, balancing power in terms of hours, in order to

address potential shortcomings in fulfillment of production sched-

ules [9]. These are typically decided day-ahead, while it generally

holds that forecasts of wind energy generation improve as the

time horizon shortens [9].

The so called imbalance prices are charged for using balanc-

ing power [7]. Since they can be seen as a financial penalty for
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incorrect fulfillment of scheduled supply of energy, the authors of

[7] argue that a particular level of imbalance prices can make the

electricity generation system more stable and efficient, by provid-

ing an incentive for improvement of forecasts of supply of energy.

Moreover, the authors of [7] give a counterexample to the percep-

tion that increased deployment of wind power requires more more

balancing energy reserves. It is shown that in case of Germany,

where wind penetration rates are non-negligible, growing deploy-

ment of renewable energy sources (characterized by doubling of

the capacity of both solar and wind power generators) in fact led

to a drop in balancing reserves by 20 % [7]. As a reason for this

unexpected development, the authors of [7] note that forecasts of

electricity generators might have improved or that system oper-

ators in Germany might have cooperated in a more efficient way

than in the past. Either way, it is indicated that balancing power

may not be the most significant obstacle concerning wind power

integration into the power grid [7].

In fact, generators of wind power may as well engage in provid-

ing certain volumes of balancing power into the electricity gener-

ation system, making it more stable [7]. This objective could be

achieved by an integration of a large number of wind power fa-

cilities into a grid consisting of remote, but inter-connected sites

[16], [13], [15]. The United Kingdom is a pioneer in implementing

this idea [16]. It is noted that in such a constellation, variability

of wind power can be better mitigated [16]. Wind farms, dis-
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persed over a large area, possibly operate in different weather

conditions. Thus there is a higher chance that the grid of wind

farms would balance itself, since a bad performance of some farms

would be offset by greater production volumes from others, situ-

ated in another location. In the end, there would be a lesser need

for balancing power from outside the system [13].

The unreliability of wind power can be solved either by use

of balancing power, or alternatively by a direct coupling of wind

power generators with flexible back-up facilities, such as hydro-

power or gas plants [16], [2]. They can help wind power to become

more competitive by complementing its output suitably: adding

a significant share when little wind power is produced and reduce

their production when some wind energy is generated in times of

high electricity demand, and more importantly, high electricity

prices [9]. Apparently, the implementation of such a scheme is

motivated by a negative correlation between the availability of

wind and prices of energy [14] – wind generation can be maximal

in times when electricity market clearing price is quite low, such

as in the nighttime. Back-up generators, however, typically oper-

ate in the regime of higher variable costs which also adds to the

indirect costs of wind energy [9].
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1.3 Effect of wind energy on spot market prices

The general rule for dispatch of energy is that at every moment,

generators with lowest variable costs should produce [9]. Wind

energy has very low variable and zero fuel costs and it is, therefore,

preferred in dispatch over conventional energy producers – which

should lead in the short-term to a fall in marginal electricity costs

[16]. In three countries with non-negligible rates of wind power

penetration, Germany, Denmark and the United Kingdom, a drop

in electricity prices could have been indeed observed [9].

The authors of [13], however, pointed out that a decrease of

electricity prices in the short-run is not guaranteed. First, the

presence of cheaper wind energy in the grid is offset by costly

adjustments of conventional power generators [13]. And second,

the effect of wind power on electricity prices may not be signif-

icant if a market reshuffling of energy sources does not displace

generators with higher marginal costs (such as gas plants) from

the position of marginal electricity price-setter [13].

In the long-term, the priority dispatch of wind power might

harm the market position of conventional generators, lowering

their revenues, and possibly induce a shortage of finance for in-

vestment [13]. Consequently, storage capacities of those facilities

may decrease, causing imbalances in situations when temporarily

no wind power was produced [13]. In such a case, spot prices

could rise for a while due to the shortage of electricity [13]. But
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after wind energy started flowing into the grid again, electricity

prices would fall consequently. Integration of wind power into

power grids can thus lead to fluctuations in electricity prices [13].

Figure 1: Electricity market with and without wind power [16].

Volatility of electricity prices in the presence of wind power

is also depicted in Figure 1. Price of electricity (in dollar per

MWh) is measured on the vertical axis; the horizontal axis shows

the amount of electricity (in MW). Note that neither of the axes

shows any magnitudes of units; it is because Figure 1 does not

aim to capture precise magnitudes of price effects.

Supply and demand of electricity are marked by the letters S

and D. Electricity is supplied by generators of a different type

(gas, coal, hydro, thermal, nuclear) which announce in advance
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the amount of power they will produce in a given period and

make a price bid based on their marginal costs of production

[16]. Since marginal costs differ among generators, supply curve

can be approximated by a piecewise constant function.

The lowest price bid is submitted by base-load generators (e.g.

fossil-fuel, nuclear and hydro-power plants) which have high ca-

pacity factors and are able to cover electricity demand reliably at

any time [16]. They bid at the price of zero so that their output is

always accepted and they do not have to adjust their production

abruptly (which is costly) [16]. On the contrary, gas power plants

are more flexible to change their production levels but therefore

also bear higher marginal costs [16]. They are used to meet peak

demand, when prices are high [16]. In the Figure 1, gas power

generators are represented by the generators G1 to G9.

Figure 1 shows scenarios with and without wind power in the

system. If no wind power is produced, supply is denoted by S0

[16]. In case of high demand DP , gas power generators G1 to

G6 produce along with the base-load facilities and all receive the

price P 0 [16]. If demand is at lower levels DB, only base-load

generators supply electricity, the amount of which is given by q∗

[16].

If there is the amount of wind power q∗ − q0 in the grid and

it cannot be rejected (e.g. due to the market regulation) by the

system operator, the supply curve shifts to the right, as denoted

by SW [16]. In case of demand DP , the marginal producer is now
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G5 and the equilibrium price falls to PW [16]. As a consequence

of lower prices, consumption of electricity increases, as shown by

the rightward arrow in the right bottom corner of Figure 1 [16].

The amount q∗ − q0 of wind power, however, becomes redun-

dant if electricity demand decreases to DB [16]. Since wind power

cannot be rejected, one solution is to include it in the base-load

capacity [16]. This step, however, involves a risk that generators

of wind power will fail to produce enough electricity to comple-

ment the output of remaining base-load generators [16]. Should

this occur, costly adjustments of the system would have to be

conducted. They would shift the supply curve to the left and the

equilibrium price would rise [16]. But whenever there was some

wind energy produced, the price would fall again – incorporation

of instable wind power into the electricity generation system may

thus cause volatility of electricity prices [16].

1.4 Applications of analysis of wind speed distribution

in energy economics

Analysis of wind speed distribution can prove useful to several

players in electricity markets who may seek to mitigate various

negative impacts associated with the intermittent nature of wind.

Wind speed distribution determines direct costs of wind energy

and its analysis can be, therefore, of interest to investors who

consider financing a wind farm project [16].

17



Analysis of wind speed distribution can also help an owner of

a wind farm to uncover weather patterns and thus to minimize

forecasting errors such that they deliver to the grid an amount of

energy which they really scheduled.

Grid operators have to examine wind speed distribution as well

because they need to determine adequate reserve requirements of

electricity generation systems to ensure that the power system is

prepared to respond to contingencies with the largest probability

of occurrence [9]. Grid operators compare various scenarios of

the power system development, based on the knowledge of joint

probability distribution of system imbalances – which is estimated

using marginal densities of all random variables concerned (also

those imbalances caused by wind) and their correlations [7]. And

marginal densities are in turn obtained using historical data on

corresponding processes [7].

Finally, the energy mix that is able to meet electricity demand

in the optimal way is modelled by so called dispatch models [18].

They can be also used to estimate various the future behavior

of the grid, making them an ideal tool for the analysis of a po-

tential impact of energy policies [18]. In dispatch models, it is

assumed that conventional generators must adjust to satisfy the

difference between electricity demand and produced wind energy

which is considered as an exogenous random variable [18]. This

leaves room for the analysis of the connection between wind speed

distribution and produced wind energy.
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2 AR(1) process and truncated normal distri-

bution: a summary

In this section, an overview of an autoregressive process of order

one and of properties of truncated normal distribution shall be

presented. Both concepts will be essential during the analysis of

wind speed distribution.

2.1 Definition and basic properties of an AR(1) process

The authors of [5] define an AR(1) process with mean µ as:

yt − µ = φ · (yt−1 − µ) + εt,

where t = 0, 1, . . ., white noise innovations εt ∼ N(0, σ2) are

independent and identically distributed and |φ| < 1. The authors

of [5] also prove that normality of innovations εt implies that the

distribution yt is also normal, i.e. yt ∼ N(µ, σ2

1−φ2 ).

Stationarity of a process means that n-variate joint distribu-

tion of ys:s+n−1 = (ys, ys+1, ..., ys+n−1) does not depend on s, for

n ≥ 1, and specifically, for n = 1, that each yt, has the same dis-

tribution [17]. The condition for stationarity of an AR(1) process

is |φ| < 1, as noted by the authors of [17].

2.2 Truncated normal distribution and its properties

Truncated distribution is a conditional probability distribution

of a random variable for which values below or above a certain
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threshold are restricted [4]. The threshold value is called a trunca-

tion point and it can be any real number or even infinity (in such

cases, the notions of a truncated distribution and a non-truncated

distribution may not differ any more) [4].

The concept of a truncated distribution can be demonstrated

as follows. Let us consider a random variableX with a probability

density function f(x). A truncation from below means that only

realizations of the random variable greater than the value of the

truncation point (X = x > a) can occur and this fact is included

as a condition in the formula of the density function of the random

variable [4]. Thus, the density of a continuous random variable

X truncated from below by a truncation point a is given as [4]:

f(x|X > a) =
f(x)

P (X > a)
.

Alternatively, truncation from above (density conditioned byX <

b) or truncation from both above and below (a < X < b) can be

also introduced [4].

For the analysis of wind speed, a normal distribution truncated

from below will be of a special interest since wind speed cannot be

negative. A normal random variable X with mean µ and variance

σ2 truncated from below is also called a left truncated normal

random variable [8]. It has the probability density function in

form of [4]:
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f(x|X > a) =
f(x)

1− Φ(α)
=

1√
2πσ

exp[−(x−µ)
2

2σ2 ]

1− Φ(α)
=

1
σ · φ(x−µσ )

1− Φ(α)
,

where φ(·) is the standard normal probability density function,

Φ(·) the standard normal cumulative distribution function and

for a normal distribution it holds that:

P (X > a) = 1− Φ

(
a− µ
σ

)
= 1− Φ(α)

where α = a−µ
σ and a denotes the truncation point [4]. Φ(α) is

sometimes called a degree of truncation and captures the propor-

tion of occurrence of constrained outcomes [8].

The cumulative distribution function of a left-truncated nor-

mal random variable can be expressed by the formula [19]:

F (x) =
Φ(x−µσ )− Φ(α)

1− Φ(α)
.

An example of the probability density function of a left trun-

cated random variable is depicted in Figure 2. This truncated

variable has a truncation point at 0, zero mean and unit variance

(its density has a blue colour). For comparison, the density of a

standard normal random variable (in red) is plotted, too.

For the derivation of expected value and variance of a trun-

cated random variable, so called Inverse Mills ratio θ is required

[8]. This can be defined for a left-truncated normal distribution

as [8]:
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Figure 2: A left truncated normal random variable.

θ =
φ(α)

1− Φ(α)
.

Expected value and variance of a truncated normal random

variable X can be then derived as [8]:

E(X) = µ+ σ · θ,

V ar(X) = σ2 · (1− θ2 + θ · a).

These measures will be used in the numerical analysis of Czech

wind speed data.
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3 Modelling the distribution of wind speed,

relation between wind speed and produced

wind energy

In what follows, two topics will be described. First, the anal-

ysis of hourly mean wind speed data will be summarized. The

goal of this analysis is to provide parameters which can be used

to approximate a multivariate distribution of wind speed. And

second, the connection between wind speed and produced wind

energy shall be illustrated.

This section will rely heavily on the work of the authors of [2],

as well as on insights presented by the authors of [8] and [1].

3.1 Dynamic behavior of wind speed

The stochastic process describing the evolution of wind speed is

unknown [8], but the underlying distribution is unlikely to be

Gaussian, because it is of skewed structure [1], as can be seen in

Figure 3.

However, the original wind speed data can be transformed

to normality by raising them to a suitable power [2]. It is also

important to consider the non-negativity of wind speed. Since

negative outcomes can not occur, it is realistic to assume that

after the transformation to normality, wind speed distribution

will be truncated normal, rather than normal.
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Figure 3: A typical wind speed distribution [12].

As for the dynamic behavior of wind speed, it is noted that

hourly mean wind speed data are highly persistent, but stationary

[1], [2]. This thesis will verify the suitability of the approach of

the authors of [2] who assumed that dynamic behavior of hourly

mean wind speed data – which were transformed to normality –

can be described as a stationary AR(1) process with a normally

distributed error term.

The transformation to normality of wind speed data can be

formalized as:

ηt := vθt , t ∈ Z,

where θ is the transformation coefficient, vt is a vector of wind

speed and ηt is a stationary AR(1) process, truncated to non-

negative values, which captures the dynamic behavior of trans-

formed wind speed data [2]. It is assumed by the authors of [2]
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that ηt is the truncated version of a Gaussian process η̃t,

η̃t = (1− ρ) · µ+ ρ · η̃t−1 + σ · εt, t ∈ Z,

where εt ∼ N(0, 1) and it holds that corr(εt, εs) = 0 for s, t ∈ Z,

s 6= t and corr(εt, η̃s) = 0 for s, t ∈ Z, s < t. Note that the first

condition is the that of no serial correlation in the error term and

the second one describes strict exogeneity of the process.

From the properties of a stationary AR(1) process with a nor-

mally distributed error term it follows for all t ∈ Z that [2]:

η̃t ∼ N

(
µ,

σ2

1− ρ2

)
.

The covariance between any two times i, j ∈ Z can be ex-

pressed as [2]:

cov(η̃i, η̃j) = ρ|i−j| · σ2

1− ρ2
.

The goal of this thesis is to estimate, based on the historical

data of hourly mean wind speed from a location in the Czech

Republic, the transformation coefficient θ and the parameters µ

(mean value), σ (standard deviation of the error term) and ρ

(correlation coefficient) of the AR(1) process ηt. The estimated

parameters can be then used for a derivation of a multivariate

Gaussian distribution describing wind speed profile for a general

number of time periods [2].
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3.2 Estimation of the transformation coefficient

The estimation of the transformation coefficient θ will be con-

ducted by the means of minimal Kolmogorov distance which is

defined as:

dK(F,G) := sup
z∈R
|F (z)−G(z)|,

where F and G are two univariate cumulative distribution func-

tions [2]. In our case, the estimated parameter θ will be such that

the resulting fit between a theoretical normal cumulative distri-

bution function F and the empirical distribution function G of

the given sample of transformed wind speed data is the best in

the sense of minimizing the maximal distance between those two

functions.

Let us assume that we have a sample of hourly mean wind

speed data x(1), ..., x(n) and that the function F is continuous [2].

Let us order this sample from its smallest to the largest value and

denote this ordered sample as x̃(1), ..., x̃(n) [2]. Moreover, let us

assume that this sample consists of realizations of an independent

and identically distributed sequence χ1, ..., χn of random variables

which follow the same distribution as a random variable χ, for

which we define an empirical distribution as [2]:

G(z) =
#{i|x(i) ≤ z}

n
.

where # denotes the number of elements in the sample which are
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equal to or lower than the real number z. Then, we can replace

supremum in the definition of Kolmogorov distance with a finite

maximum [2]:

dK(F,G) = max
i=1,...,n

max{F (x̃(i))− i− 1

n
,
i

n
− F (x̃(i))}.

The Kolmogorov distance thus identifies the maximal differ-

ence among all possible differences between the theoretical and

the empirical distribution function.

The fact that we consider a sample of an i.i.d. sequence of ran-

dom variables can be addressed by picking a subsample of hourly

mean wind speed data for which the data points are sufficiently

distant in time [2]. For this thesis, it will be assumed that the

distance of 50 hours is sufficient to treat a sample as random, as

was considered in [2]. The practical consequence of the indepen-

dence of sampling is that the functions F and G will be based

only on the subsample from the time series of hourly mean wind

speed data and not on the whole data-set.

The actual estimation of best fitting parameters θ, µ, σ (the

latter two describe the theoretical normal cumulative distribution

function F ) is conducted via a non-linear optimization problem

in variables θ, µ, σ and d (representing the minimal Kolmogorov

distance) [2]. The problem can be formalized as:
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minimize d

subject to F ([x̃(i)]θ)−
(
i− 1

m

)
≤ d,

i

m
− F ([x̃(i)]θ) ≤ d, i = 1, . . . ,m,

where x̃(1), ..., x̃(m) is an ordered sequence created from the inde-

pendent subsample of the original sample of hourly mean wind

speed data x̃(1), ..., x̃(n) [2].

It is essential to realize, however, that the optimal parameters

θ, µ, σ and d, retrieved from the optimization, would differ with

a selection of another subsample from the time series of hourly

mean wind speed data. Hence, the authors of [2] suggested an

estimation of θ, µ, σ and d for all possible subsamples. In the end,

we should settle with such a θ for which the Kolmogorov distance

d is the smallest among all subsamples. Naturally, this θ will be

accompanied with particular values of µ and σ, all of which shall

be used in the further analysis.

3.3 Approximation of a multivariate Gaussian distribu-

tion of transformed hourly mean wind speed

Having the parameters µ, σ and the optimal coefficient θ, we still

require a correlation coefficient ρ to be able to approximate the

multivariate distribution of transformed wind speed. The param-

eter ρ can be estimated from the time series of transformed wind

speed data (vt)
θ – spanning over the entire data-set – which is
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assumed to be modelled as a stationary AR(1) process with nor-

mally distributed error term [2]:

vθt = (1− ρ) · µ+ ρ · (vt−1)θ + σ · εt.

Let us assume that there are T time periods altogether, i.e. t =

{1, ..., T}, and let us consider a T -dimensional Gaussian vector

η̃ that captures the evolution of hourly mean wind speed over

those T time periods [2]. Then, this vector follows a multivariate

distribution η̃ ∼ N (µ1,Σ), where 1 = (1, ..., 1) and Σij = ρ|i−j| ·
σ2

1−ρ2 for i, j = {1, ..., T} [2].

Finally, a random vector η following a truncated multivariate

Gaussian distribution can be derived. This was formalized by the

authors of [2] as:

P (η ∈ A) =
P (η̃ ∈ A ∩ RT

+)

P (η̃ ∈ RT
+)

,

where RT
+ denotes a set of non-negative T -dimensional real num-

bers and the expression holds for all measurable Borel sets A ⊆

RT
+.

The random vector η can be than used for forecasting of wind

speed and predictions of production of wind energy.

3.4 Wind energy distribution

Two things are needed to be known for modelling of wind power

distribution: wind speed distribution at a given location and
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wind-power function which shows, intuitively, how wind speed

is transformed into wind power. Transformation functions differ

for each wind turbine, but they possess some common character-

istics.

Figure 4: Transformation function between wind speed and wind power [20].

Figure 4 shows a typical transformation function as a non-

decreasing continuous function of wind speed. Wind power is

generated by the kinetic power of wind, but there is no output

until a certain wind speed is reached (cut-in speed), at which

the wind turbine starts rotating [20]. After wind speed over-

comes cut-in speed, wind power output increases with a rapid

pace which slows down only when so called rated output speed is

approached. Rated output power, which corresponds to the rated

output speed, shows maximal possible output a wind generator is

able to produce [20]. As for the exposure to very high wind speed

(cut-out speed), braking systems are installed to make sure that

the rotor of a wind generator is not mechanically damaged [20].
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The authors of [2] proposed that the transformation function

between wind speed v and wind energy ξ could be approximated

by the relation:

ξ = min{a, cv3}

where a > 0 represents rated output power and c > 0 determines

the slope of the wind-power function in its increasing part. Figure

5 shows that this approximation (thin line) fits some actual wind-

power curve (thick) quite well.

Figure 5: Approximation of wind-power function. [2].
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4 Numerical analysis on the Czech wind speed

data

The aim of this part is to present results of the estimation of

parameters of a distribution of wind speed in one particular lo-

cation in the Czech Republic. A comparison with the results of

the authors of [1] for Turkey and those of [2] for Germany shall

be drawn, too.

4.1 Description of the data-set

Wind speed data for this thesis come from the location Nová Ves

v Horách in the Ore Mountains (Krušné hory) in north-western

Bohemia. This location was picked due to its apparent suitability

for the presence of generators of wind power – there are two wind

turbines directly in Nová Ves and three other nearby [3].

The data have been acquired from the Czech Hydrometeoro-

logical Office (ČHMÚ) which runs a station in Nová Ves v Horách.

The period of interest spans from 2004 to 2013 and data points

were recorded in 15- or 10-minutes intervals. The data-set is not

balanced, i.e. some values are missing.

4.2 Addressing seasonality

Before the estimation itself, one has to deal with the possibility

of the presence of a seasonal pattern in the time series of wind

speed. Based on the literature, there are two ways how to handle
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this. The first one focuses on a construction of a scaling func-

tion which aims to remove the seasonal pattern of a given time

series [8]. This approach, however, is used with wind speed data

recorded in the interval of one minute, whereas this thesis works

with hourly mean wind speed data, similarly as the authors of [1]

and of [2]. Therefore, suggestions from these two sources are pre-

ferred. While the authors of [1] did not pay any attention to the

seasonality issue at all, the authors of [2] picked one particular

month (October) for which a time series spanning over 21 years

was studied.

This approach, clearly motivated by the possibility to disre-

gard seasonal influences, was also used for this thesis and wind

speed data from October, from the years 2005 to 2013, were an-

alyzed. From the time series of October hourly mean wind speed

data, 50 random samples were created, according to the sugges-

tions of the authors of [2], with each sample consisting of 133 data

points.

4.3 Test of normality

To determine if transformed wind speed data can be fitted well

by a normal distribution, the Kolmogorov-Smirnov test was used.

The decision about this hypothesis is based on the comparison of

the optimized value of the Kolmogorov distance d with the criti-

cal value of Kolmogorov distribution with the number of degrees
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of freedom equal to the number of observations in the sample,

at some level of significance [11]. The specification of the null

hypothesis claims that the sample of the transformed wind speed

consists of realizations of a normal random variable [11]. The

critical value of the Kolmogorov distribution at 5 percent level of

significance is determined as:

c =
1.36√
n
,

where n stands for the number of observations in the sample [11].

For the samples used in this thesis, the relevant critical value

at 5 percent level of significance is

c? =
1.36√

133
≈ 0.11793.

The resulting Kolmogorov distance from the optimization is

0.026346066. Therefore, the hypothesis that the transformed

wind speed data come from a normal distribution cannot be re-

jected.

4.4 Appropriateness of the use of an AR(1) process

The Box-Jenkins methodology was employed to find out if the

dynamic behavior of the transformed wind speed data can be

approximated by an AR(1) process.

The first step of the Box-Jenkins methodology suggests to visu-

ally inspect the sample autocorrelation function (ACF) and par-
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tial autocorrelation function (PACF) created from the data [10].

Note that if the sample ACF exhibits direct decay and at the

same time the value of the coefficient corresponding to the n-th

lag equals ρn, then it is likely that the data were generated by an

AR(1) process [10].

In case of the time series of the transformed wind speed data

from October 2005 – 2013, we can observe precisely this behavior,

as shown in Figure 6.

Figure 6: Sample ACF of the transformed wind speed data.

Moreover, if the pattern of the sample PACF is that the value

of the function at the first lag equals the correlation coefficient

ρ and values at other lags are not much different from zero, it

is another piece of evidence that the the true data generating

process may be AR(1) [10].

Figure 7 shows the PACF of the transformed wind speed data

from October 2005 – 2013. While the value at the first lag is close
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to one (approximately 0.9), values at the further lags are very low

and mostly statistically insignificant. Therefore, also the visual

analysis of the sample PACF provides some evidence that AR(1)

is the generating process behind the transformed wind speed data.

Figure 7: Sample PACF of the transformed wind speed data.

In the second step of the Box-Jenkins methodology the “sus-

pected” model – AR(1) in our case – is estimated [10]. If we

assume that the sequence of random errors εt in the specification

of a stationary AR(1) process

vθ − µ
σ

= ρ ·
(

(vt−1)
θ − µ
σ

)
+ εt,

is normally distributed with zero mean and unit variance and

its terms are serially uncorrelated, as considered by the authors

of [2], we can estimate the transformed wind speed data from

October 2005 – 2013 as an AR(1) process with the OLS technique
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[10]. Such estimation should provide a consistent estimate of the

correlation coefficient ρ [10].

Next, we should inspect the time series of residuals created by

the estimation in the second step of the Box-Jenkins methodology

[10]. If there is little evidence from the sample ACF and PACF

that there is any autocorrelation in the series and moreover if

the non-existence of autocorrelation is not rejected by so called

Q-test, we will be able to claim that we found an adequate data

generating process [10].

The sample ACF and PACF of the series of residuals hint at

a possibility of the presence of autocorrelation, since some terms

are different from zero, as depicted in Figure 8.

Figure 8: Sample ACF, PACF of the residuals from the AR(1) estimation.

The Q-test on the residuals also gives some evidence that the

series of the residuals is not white noise. Figure 9 shows that

the hypothesis of no serial correlation in the errors is likely to be

violated, because at the 5 percent level of significance we would

reject it. However, we would not be able to do the same at the 1

percent level which leaves us unsure about the decision.
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Figure 9: Q-test on the residuals.

The AR(1) is probably not the best model to fit the data, but

a correct one may be very cumbersome (note some significant

values at very distant lags in Figure 8). Thus, we conclude that

the dynamic behavior of the transformed wind speed data can be

described quite well by an AR(1) process, as was also found out

by the authors of [1] and of [2].

4.5 Results of the numerical analysis and their compar-

ison with other research findings

Following parameters were obtained from the analysis of wind

speed distribution:

• optimal transformation coefficient: 0.414799043,

• mean value: 1.70,

• standard deviation: 0.408,
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• minimal Kolmogorov distance: 0.026346066,

• correlation coefficient: 0.9100434.

The truncated Gaussian random vector describing the evolu-

tion of wind speed in Nová Ves v Horách can be specified as:

η̃ ∼ N (1.70 · 1,Σ),

Σij = 0.9100434|i−j| · 0.968822147, i, j ∈ {1, ..., T}.

The value of the optimized transformation coefficient differed

among the group of 50 samples from 0.25940166 to 0.78418928.

On the other hand, the authors of [1] – who analyzed wind speed

data from Turkey – considered the value 0.38 as suitable and the

authors of [2] – who worked with the German data – the value

0.73. Since we performed similar analysis as these authors, we

can conclude that we obtained estimates of the transformation

coefficient in a meaningful range.

Also the value of the correlation coefficient 0.9100434 from the

estimation of the Czech wind speed data does not differ much

from the value 0.96 considered by the authors of [2] for Ger-

many. However, the mean value and the standard deviation for

the vector describing German wind speed data, 4.23 and 1.54, are

significantly higher than their Czech counterparts, 1.7 and 0.408

[2]. This contrast is likely to be caused by the different values

of the transformation coefficient – the Czech one, 0.414799043, is

significantly lower than than of the authors of [2], 0.73.
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Conclusion

Wind power is on the rise nowadays, but it still has some limita-

tions. One of them is its unreliability which causes complications

when wind power is integrated into an electricity generation sys-

tem. To minimize uncertainty about the output from generators

of wind power, precise short-term forecasts of wind speed have

to be available. These can be obtained from the analysis of the

historical data of wind speed in a particular location. A similar

analysis was also conducted in this thesis.

The first section of the thesis focused on a concise overview of

motivations for the analysis of wind speed distribution in energy

economics. It has been noted that wind energy bears several

direct and indirect costs. On the other hand, it poses a favourable

externality connected to a reduction of air pollution. The impact

of wind energy on electricity spot prices is ambiguous – generally,

it can be claimed that it creates their volatility. Economic agents

who profit from the analysis of wind speed distribution are e.g.

investors, owners of wind farms. grid operators and policymakers.

In the second section, we concentrated on a theoretical review

of properties of an autoregressive process of order one and of a

truncated normal distribution. Both concepts were used in the

analysis of wind speed distribution.

The theory behind the analysis of wind speed distribution was

described in the third part of the thesis. The assumption that

40



wind speed data raised to a suitable exponent can be described

as a truncated normal random variable was presented and the pro-

cedure of obtaining this coefficient, via a non-linear optimization

using the minimal Kolmogorov distance, was shown. The aim of

this thesis was to derive a multivariate vector describing the evo-

lution of wind speed in a particular location in the Czech Republic

over a general number of time periods and for this, an assumption

about the dynamic behavior of wind speed was needed. With ref-

erence to the authors of [1] and of [2], wind speed, transformed

to normality, was modelled as an AR(1) process. A relationship

between wind speed and produced wind energy was also shown.

In the final, fourth section, the results of the analysis of distri-

bution of wind speed on the Czech wind speed data were given. It

was concluded that the value of the transformation coefficient for

Czech wind speed data is not much different from that for Turkey

and Germany and thus that we hopefully obtained meaningful re-

sults. Next, it was examined if the true data generating process

behind the transformed wind speed data is AR(1); the verdict

is that it cannot be rejected. Settling with the claim that the

dynamic behavior of wind speed can be fairly well described by

an AR(1) process, we were able to specify parameters of a multi-

variate truncated normal vector describing wind speed profile for

one particular location in the Czech Republic.
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