
External report on “Essays in Heterogeneous
Learning”

by Anna Bogomolova
Dissertation CERGE-EI, Prague

Krisztina Molnar
Norwegian School of Economics (NHH)

Monday 24th June, 2013

The dissertation contains three papers: “E-stability That Does Imply Learn-
ability”, “Heterogeneous Learning: Beyond The Aggregate Economy Sufficient
Conditions for Stability”, and “Optimal Monetary Policy Rules: The Problem of
Stability Under Heterogeneous Learning” (joint with Dmitri Kolyuzhnov).

All three papers belong to the class of learning models where private agents are
assumed to be equipped with less knowledge then a fully rational agent. Agents do
not know the true probability distributions of the stochastic shocks and forecast
with econometric methods. Having made these estimations agents follow the “an-
ticipated utility” assumption of Kreps and determine their program given their
current estimates of the unknown parameters. They treat the coefficients fixed
for making their forecast and choosing their control variables. This literature is
very interesting because it improves conceptually the assumption of rationality
and improves data-fit of standard economic models. The original motivation of
the literature was to examine whether rational expectation equilibria (REE) is
learnable when agents have less knowledge than rationals. This provides also a
tool for equilibrium selection: if there are multiple equilibria, which one is stable
under learning.

Recently the literature have expanded in several directions, some papers think
more carefully about what information and what degree of optimization capabil-
ity agents should be endowed with (see Evans and McGough (2013), Adam and
Marcet (2011)), how does heterogeneity of adaptive agents or interaction with a
rational agent change dynamics of an economy (Giannitsarou (2001), Honkapohja
and Mitra (2006), Molnar (2007)). The papers of Bogomolova belong to the second
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set of literature and examine stability conditions under complex heterogeneities.
The last paper in the thesis adds to the monetary policy literature, examining
convergence when private agents differ in their expectations.

1 General comments

I think the three papers make up a nice thesis. The proofs are thoroughly done and
the mathematics is elegant, which is nice to read. The value added of the papers
is sufficient for a PhD thesis. I do not think it is necessary to change anything
in the papers for the thesis. The papers could get a decent publication (top 50
journal), and I have some comments that the authors might want to incorporate
if they consider sending out these papers. I grouped my comments in two, Papers
1-2 and Paper 3 because of their different scope. I hope the author will find my
comments fruitful for reshaping the papers in the future.

My general comment is that mathematical complexity alone is not a guarantee
for a good publication, the motivation and value added of the papers should be
much better emphasized. These should be carefully written depending on which
journal the authors target. The text in general is dry and could be made more
reader friendly, I hope I provide some useful comments bellow for all these. In
particular the modeling choice of heterogeneity should be better defended, since
this is the core of the papers.

I liked how the authors compare heterogeneity assumptions considered in other
papers (like Giannitsarou (2001), Honkapohja and Mitra (2006)), and consider how
different heterogeneity assumptions modify stability criteria. I think a paper fo-
cusing on how should we model heterogeneity could be well published: comparing
how heterogeneity is modeled in the literature, and adding the more general sta-
bility criteria the authors derive in this thesis. For this to be the main motivation
of a paper, however one has to incorporate the findings of the empirical literature,
and argue which modeling choice is more realistic. My concern with the type of
“structurally homogeneous heterogeneity” for example is that it implies a persis-
tent individual bias in expectations: some agents will always think a shock has
big impact on the outcome while others will always think the opposite. This is
hard to defend, we do not observe such pattern in individual survey expectations.
I think writing a paper like this could be placed in a very good, top 10, journal.
However I understand that this would be a complete new paper, and the authors
might not want to invest so much.

Finally, even thought the English of the thesis is generally good, I suggest a
professional language check before sending out the papers.
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2 Paper 1 “E-stability That Does Imply Learn-

ability” and Paper 2 “Heterogeneous Learn-

ing: Beyond The Aggregate Economy Suffi-

cient Conditions for Stability”

Bogomolova extends the results of Honkapohja and Mitra (2006), who exam-
ine structural heterogeneity in self referential models. Honkapohja and Mitra
(2006)show that the representative agent stability conditions are not modified
when there is only transient heterogeneity in the model, i.e. when learning agents’
initial expectations differ. However when there is persistent heterogeneity, the
details of agents learning rules matter for stability conditions. There are cases
where learning instability can arise even if characteristics of all individual agents
and of the aggregate economy are conducive to stability. The general framework
of Honkapohja and Mitra (2006) is a forward-looking multivariate linear model
with a finite number of classes of agents Bogomolova extends this analysis with
models with lags of the endogenous variable and in addition she examines expec-
tations with different timing assumptions, time t and t − 1 dating. I think the
nicest result of these papers is that Bogomolova derives a sufficient conditions for
stability under mixed RLS/SG learning for the four classes of models considered
(with and without lags of the endogenous variable and expectations with time t
or time t− 1 dating). In the first paper she considers δ-stability (that is stability
that does not depend on such learning heterogeneity characteristics), while in the
second she derives necessary conditions that can be used as an easy quick test for
non-δ-stability.

My main comment is that the papers should have a clear and interesting mo-
tivation, it should be stated in what way the paper adds to the literature and
emphasized why do the authors consider this an important value added. Currently
the introduction is a technical summary of the analysis, instead of motivating the
research. Similarly the conclusion simply repeats the summary. The introduction
describes which models Bogomolova analyzes, that have not been examined be-
fore in the literature when agents are heterogeneous. Yet it is not clear why these
models are interesting. Why should the reader pay attention to these models? Are
these more empirically relevant, or do these models address substantially different
questions then the Honkapohja and Mitra (2006)paper? Does the main result of
Honkapohja and Mitra (2006) go through and heterogeneity alters stability condi-
tions, rendering it insufficient to examine individual stability conditions of different
agents? Non of these questions are addressed, the reader is left with only a list of
model types, without any reason why these are analyzed. Similarly, the conclusion
should be not only a list of cases and results, but instead it should be pointing out
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of the paper. What have we learned, why is it important and what questions do
the results raise, what is an important direction for future research...

Inside the main text of the papers,the flow of the text could be made better if
there were occasional examples showing the economic relevance of these models.
For example in the case of δ-stability results, can you illustrate with a simple
example how much do your results simplify stability tests? If possible you could
show how did the previous literature tested stability in this illustrative example
and then show your stability conditions.

I think if you could incorporate these comments, you would have a better
chance of getting a nice publication out of these paper. I would recommend to
send these papers to a top 50 journal. If well written, the Journal of Economic
Dynamics and Control would be a reasonable place to start.

In addition to my main comment I have a list of small comments that might help.

p18 too many repetitions.

p21 “Ãh
bf ’s are defined as describing how agents of type h respond to their forecast.”

Their own forecast? Are they responding to others’ forecast as well? What is index
b and f , you forgot to define it. It would also help if you would provide a simple
example.

Related to the above example, you should carefully read through the paper,
because I found other instances as well when some notation was not defined and
it was hard to understand. You should try to help the reader and make it as easy
as possible for them to read, and you should be very precise at the same time.
Otherwise you will get angry referees even though you have a nice paper.

p27 The assumptions you list seem to be the standard conditions that have to hold
such that the stochastic approximation can be used. State it if this is true. If you
have an extra assumption emphasize it and explain it in more detail.

p45 “It is also useful to consider an economy the bounds the above all possible
economies...” Why is it useful? The reader only understands a page later in
Remark 1.1. that you will use this boundary economy for your proofs. There are
similar mistakes in all the papers, look carefully through them before you submit
for publication.

In the same sentence “all the above economies” instead of “above all economies”.
Bad grammar should be corrected with a proofreader before you send out your pa-
pers for publication.
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3 Paper 3 “Optimal Monetary Policy Rules: The

Problem of Stability Under Heterogeneous Learn-

ing” (joint with Dmitri Kolyuzhnov).

The paper derives stability conditions in a New Keynesian model with heteroge-
neous learning agents with different Taylor type rules. They find that the stabil-
ity conditions of a representative agent economy are valid also for heterogeneous
agents.

My main comment is about the modeling, and I believe this might be a main
reason why referees would criticize your paper. The model Bogomolova and
Kolyuzhnova are using is not a standard New Keynesian model, and they seem to
have made some ad-hoc choices in modeling the shock processes. From the formu-
lation it seems that the IS and the Phillips curve has exactly the same shocks. I
find this hard to accept, given that one is derived from the demand and the other
from the supply side of the model. If this is only a typo, correct it, otherwise be
very careful in explaining why this assumption is made. It does seem to be an
assumption not a typo, because later the authors define all the stochastic shocks
to be a part of the active factors, and assume agents condition their expectations
of all endogenous variables on the full set of active factors. To avoid this criticism,
the authors might consider getting rid of shocks on the IS curve. You can do this
by explaining why these shocks are not real state variables.

In relation to this comment, footnote 4 should be in the main text. This is
a non-standard specification of the shocks, so the authors should place a lot of
emphasis on explaining it.

Make clear that the structural relations in equations 3.1 and 3.2 only hold
under rational expectations, and when private agents are learning these equations
will change as shown by Preston (2005). In the literature it is common to introduce
learning as Bogomolova and Kolyuzhnov did so this is generally fine, but the paper
reads as if the derivation is a general property of arbitrary beliefs.

You seem to assume that agents learn about all the structural parameters, ex-
cept those of the stochastic shocks. If you make such an assumption you have to
explain it. Why is it realistic that agents do not know the parameters of the mini-
mum state variable solution, but know the exact process of the stochastic shocks?
If it is not realistic, just admit that it is done for mathematical convenience, and
explain how your analysis would change if you would not assume it.

The abstract and the introduction should be much sharper, focusing on what
you do and explaining it clearly. Do not just write “we extend the analysis...” but
write exactly how, and motivate why should the reader find it interesting. This
is a general comment I made about Paper 1 and 2 as well, so I will not elaborate
further on this.
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Small comments:

Abstract: “we test these monetary policy rules...” up until now you did not
define which rules.

Abstract: Narrow down what you are contributing. There is no need to write
about the early stages of the literature.

p110. Equation 3.4 does not follow from 3.1-3.2. you need to define the interest
rate rule as well to be able to rewrite in the reduced form. You say “some interest
rate rule” which is too vague, there are many interest rate rules that do not allow
the reduced form you are writing.

References

Adam, K., and A. Marcet (2011): “Internal rationality, imperfect market
knowledge and asset prices,” Journal of Economic Theory, 146(3), 1224–1252.

Evans, G. W., and B. McGough (2013): “Learning to Optimize,” .

Giannitsarou, C. (2001): “Stability Analysis of Heterogeneous Learning in Self-
Referential Linear Stochastic Models,” Computing in economics and finance
2001, Society for Computational Economics.

Honkapohja, S., and K. Mitra (2006): “Learning Stability in Economies with
Heterogeneous Agents,” Review of Economic Dynamics, 9(2), 284–309.

Molnar, K. (2007): “Learning with Expert Advice,” Journal of the European
Economic Association, 5(2-3), 420–432.

Preston, B. (2005): “Learning about Monetary Policy Rules when Long-Horizon
Expectations Matter,” International Journal of Central Banking, 1(2).

6


	General comments
	Paper 1 ``E-stability That Does Imply Learnability'' and Paper 2 ``Heterogeneous Learning: Beyond The Aggregate Economy Sufficient Conditions for Stability''
	Paper 3 ``Optimal Monetary Policy Rules: The Problem of Stability Under Heterogeneous Learning" (joint with Dmitri Kolyuzhnov).

