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Abstrakt
V případě, že se v ekonometrické analýze setkáme s pozorováními, jejichž hodnoty
vybočují z hodnot většiny pozorování, pak klasické metody, jako například metoda
nejmenších čtverců, jsou náchylné k selhání. Problém odlehlých a vlivných pozorování může být překonán robustními metodami. Tato práce se zabývá použitím
robustních metod pro panelová data - konkrétně robustními verzemi metod pevných
a náhodných efektů, které jsou založeny na metodě nejmenších vážených čtverců.
Po představení teoretických základů jsou uvedeny výsledky numerické studie. Jedná
se o Monte Carlo studii, která ukazuje, jak se chovají klasické a robustní metody při
různých stupních kontaminace dat a také, jak výběr váhové funkce může ovlivnit
výsledek robustních metod založených na nejmenších vážených čtvercích.

Abstract
In case of some influential observations in an econometric analysis, the classical
methods, such as ordinary least squares, are likely to fail. The problem of outliers
and leverage points can be overcome by the robust methods. This thesis studies
the use of robust methods for panel data - specifically, the robustified versions of
the methods of fixed and random effects utilizing the least weighed squares are
studied. After introducing the theoretical background, results of a numerical study
are provided. This numerical study is a Monte Carlo study that shows, how the
classical and robust methods work under several levels of contamination and also,
how the choice of the weight function can influence the results of the methods that
utilize the least weighted squares.
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Introduction
In econometrics, one of the first and most important decisions one has to make,
when starting any analysis, is about the structure of the data that one should collect. Lately, the structure of panel data gains on the importance in the econometric
analysis and is used more and more often, especially in the field of economics. Some
of the most frequently used methods to deal with panel data then are the fixed and
random effects.
At the same time, it is important to keep in mind that there are several assumptions that need to be satisfied in order for the estimation methods to work properly.
One of the problems that can lead to misleading results, when the estimates are
obtained by the classical methods, is contamination of the data set caused by some
values being observed far away from the majority of data. These observations are
called outliers or leverage points and even due to only one such observation, the
estimates can indicate e.g. wrong sign of the effect of the explanatory variable.
Although the wrong sign might be caused by some relations between the explanatory variables that cannot be found by correlation analysis (such as one variable
being a linear combination of higher powers of the other variables), the influential
observations should be also controlled for. In fact, it is fairly common that in any
data set, there are at least some outlying values - caused for example by typing or
measurement errors.
The problem with influential values has been overcome by the robust methods.
The research on robustification started in the 1940s and since then, several approaches and methods have been introduced. When we suspect that the data are
somehow contaminated, it may be of the best interest to use also the robust methods - at least as a complement, so that we can compare the results to the results
obtained from classical methods. If the methods give very different results, it is
very likely that there is some contamination, which significantly affects the classical
estimates. Then we should try to find the reason, why the data are contaminated,
so that we can deal with this problem and obtain relevant results.
However, not much effort has been devoted to the research of robust methods
for panel data. The lack of the robust panel data methods then can be a reason
for many analyses to give poor results unnecessarily. The aim of this thesis is to
2

show that also for panel data, the robust methods work well under contamination
and therefore can be very useful in econometric analysis.

This thesis is structured into five sections. In the first section, we will recall the
basics of regression model. The second section discusses the use of panel data and
the methods of dealing with them. The third section then explains, why the use
of robust methods can be useful and provides an overview of the main approaches
and methods.
In the fourth section, the method of the least weighted squares (LWS) is introduced, as well as the idea of its generalization to the two main panel data
methods - fixed weighted effects (FWE) and random weighted effects (RWE). Also
the properties of these generalized models are discussed.
Finally, the fifth section presents the results of a numerical study that tries to
show that the robustified versions of the fixed and random effects methods give
better results than the classical methods, when the data are contaminated. Also
the importance of the right choice of the weight function is shown. We will compare
all the results also to the pooled OLS and pooled LWS methods to conclude, which
method should be used in various situations.
The numerical study is based on the Monte Carlo methods and was computed
in MATLAB. All the figures used in this thesis were constructed in R.

3

1

Introducing basics of regression analysis

Because not every reader of this thesis is expected to have a great knowledge of
econometrics, this section serves as an introduction to the general topic of regression
analysis - for more detailed information see e.g. Wooldridge (2009) or Greene
(2012). However, the basic statistical concepts (such as expected value, variance
etc.) will not be explained. You can complete your knowledge about these issues
in any statistical textbook, see for example Bartoszynski & Niewiadomska-Bugaj
(2008).
In the first subsection, we focus on the regression model for cross-sectional data,
introduce the basic notation and remind the ordinary least squares approach (OLS).
The second subsection is then devoted to short summary of regression analysis
for time series and independently pooled cross-sections, so that we get a basic
overview and can move on to panel data, which is the core issue of this thesis.
1.1

Basic model and OLS

We usually use regression models to estimate and predict the effect of some variables
on another variable. In the following multiple linear regression model, there are
k variables that we use to explain the variable of interest. The model looks as
follows:
y = Xβ + u,
where y ∈ Rn is the vector1 of individual observations of response variable and
X ∈ M(n × (k + 1)) is the matrix of explanatory variables with xi0 = 1, i = 1, ..., n.
β ∈ Rk+1 is the vector of coefficients to be estimated, with β0 being the intercept
and βj , j = 1, ..., k being the slope coefficients. There is also a disturbance term in
the model, u ∈ Rn , which represents unobserved effect on y.
The regression model, which we just described, can be used for cross-sectional
data - i.e. each observation i represents one unit (individual, firm etc.) and the
data are collected only in one time period (or with small differences in time that
can be ignored). If we want to take time into consideration, we have to use some
of the more advanced methods (see below).
1

All vectors in this thesis will be considered as column vectors, unless stated otherwise.
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Ordinary least squares
When trying to estimate the coefficients, the most common method is the ordinary least squares approach, as it is the only approach that is generally feasible
and computable only by hand. The least squares approach was first published by
Legendre in 1805, although Gauss later claimed that he was using it earlier - more
about this dispute can be found in Stigler (1981). The core idea of OLS is to find
the minimum of sum of squared residuals (SSR).
Definition 1. The ordinary least squares (OLS) estimator can be found as:
T

argmin rT r = argmin (y − Xβ̂) (y − Xβ̂),
β

β

where r, r(β) = (y − Xβ̂), are the residuals.2
The OLS estimator is then given by:
β̂

OLS

= (XT X)−1 XT y.

In fact, when using OLS, we deal with the common optimization task. We take
the derivative using these two facts:
∂bT a
∂aT b
=
= aT
∂b
∂b
∂bT Ab
= 2bT A,
∂b
where A is a symmetric matrix and a, b are column vectors. After setting the
derivative equal to 0, we arrive at the OLS estimator. The derivation step by step
can be found for example in Greene (2012).
Definition 2. An estimator β̂ of the parameter β is called unbiased, if E(β̂) = β.
Theorem 1. If a certain set of assumptions is met, the OLS estimators β̂

OLS

are

unbiased.
Assumptions required for unbiasedness of OLS estimators are linearity in parameters, random sampling, no perfect collinearity between the explanatory variables and zero conditional mean of the disturbances3 . If we add the assumption of
2

As compared to the unobserved disturbances, the residuals are the actual difference between the

observations and estimated regression line.
3
Conditional on the set of explanatory variables; in mathematical terms: E(u|X) = 0; this assumption
is often called the orthogonality condition.
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homoskedasticity to the four mentioned assumptions, we obtain the set of GaussMarkov assumptions.
Definition 3. The disturbances in a regression model are homoskedastic, if they
have constant variance, conditional on the set of explanatory variables; in mathematical terms: V ar(u|X) = σ 2 . If the homoskedasticity assumption is violated,
the disturbances are said to be heteroskedastic.
Theorem 2. Under the Gauss-Markov assumptions, the OLS estimators β̂

OLS

are

BLUE (best linear unbiased estimators4 ).
For proofs of Theorem 1 and Theorem 2, see e.g. Greene (2012).
We also often assume normality of disturbances - this assumption is required
for the usual statistical inference (t-statistics have an exact t-distribution and Fstatistics have an exact F-distribution). Without the assumption of normality, we
have to rely only on asymptotic properties.

The ordinary least squares approach is the most common method among the
classical estimation methods (classical as compared to robust methods). The requirements for classical estimators can be summarized as follows (Víšek, 2000):
• unbiasedness (or consistency)
• (asymptotic) efficiency
• asymptotic normality
If the unbiasedness of an estimator cannot be proven (which sometimes happens
with the modern estimators), the estimators should be at least consistent (ideally
√
n-consistent). The same applies to efficiency and asymptotic efficiency. Before
we move on, let us remind the definitions of consistent and efficient estimators. To
be able to define the efficient estimator, we will also recall the definition of the
Fisher information (here given for multidimensional case; for one-dimensional case,
the definition is analogical and can be found in any statistical textbook).

4

The OLS estimator is best among all linear unbiased estimators - i.e. it has the lowest variance.
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Definition 4. An estimator β̂ of the parameter β is called consistent, if it conp

verges in probability to the true value, as the sample size grows (to infinity); β̂ → β.
This is called weak consistency; the estimator is strongly consistent, if it converges
to the true value almost surely.
Definition 5. The Fisher information of parameter β is defined as follows:


T
,
I(β) = E lfder lfder
where lfder =

∂log(f )
∂βj

=

∂log(f (y,β))
∂βj

and f (y, β) is the density of disturbances.

Definition 6. An estimator β̂ of the parameter β is called efficient, if its variance
attains the Rao-Cramér lower bound. The ratio

1
I(β)

V ar(β̂)

, where I(β) is the Fisher

information of the parameter β, is called efficiency.
For the multidimensional case, the estimator β̂ is called efficient, if the covariance
matrix Cov(β̂) attains the Rao-Cramér bound, i.e. if Cov(β̂) = I −1 (β). As the
Rao-Cramér lower bound can be reached only in the exponential family of densities,
the estimator β̂ is often called efficient, if its covariance matrix is as small as
possible in the following sense: if for any estimator β̃, the difference Cov(β̃) −
Cov(β̂) is a positive semidefinite matrix, we say that Cov(β̂) is a smaller matrix
than Cov(β̃).
1.2

Brief overview of time series and pooled cross-sections

So far, we recalled the regression model for cross-sections. However, this model is
somewhat restrictive, as it does not account for the effect of time. For this purpose,
we need to use other methods - time series, independently pooled cross-sections or
panel data.
In the regression analysis for time series data, the main difference is the temporal
ordering. The model can be written the same as the one used before for crosssections, only the observations i are to be replaced by time periods t, t = 1, ..., T .
We can deal with static models, where we study only the immediate effect, or
finite distributed lag models, where also past values of the explanatory variables
can affect the response variable. While making the regression analysis, there is a
similar set of assumptions as for the cross sections but some of them are a little
stronger. One should also be aware of other obstacles such as trends or seasonality.
7

The pooled cross-section analysis can be used, if we have cross sectional data
from different time periods. The key assumption is that there is a different random
sample in each period. This method is often used to evaluate the effect of policy
changes but it also can be helpful, when we need to increase the sample size in a
cross-section analysis.

8

2

Panel data methods

In reality, we often do not meet with pure cross-sectional or time series data but
their combination - especially in economics. This type of data is called panel or
longitudinal data. We already mentioned the independently pooled cross-sections
that also form a combination of cross-sections and time series. However, in the
panel data the random samples are not independent - we study the same sample
in all time periods, which entails better conditions for studying the policy changes.
In this section, we learn the basics about panel data and the regression model
is introduced. After introducing the model, we will discuss the main methods
of dealing with panel data - fixed and random effects.5 For complexity, also the
method of first differencing will be mentioned.
In fact, the panel data methods have wider application. They can be used also
to treat other data structures than longitudinal data - it can be helpful for example to remove a bias caused by correlation between disturbances and explanatory
variables. But these cases will not be further discussed in this thesis.
The main sources for this section are Wooldridge (2009) and Greene (2012).
2.1

The regression model and more about panel data

First of all, let us list some of the reasons, why it is better to use panel data over
pure cross-sections or pure time series (Hsiao, 2003). As we already mentioned,
the most important advantage is that it allows us to study much more complicated
problems, such as the effect of a policy (or another) change - the fact that we study
the same sample over time guarantees that the discovered effect is very likely to be
caused by the policy change and not by other factors.
The two dimensions of panel data (time and individual dimension) are also very
helpful in controlling for the mismeasured, as well as missing or unobserved values
of the variables of interest. Moreover, using the longitudinal data gives us more
information about the sample and improves the efficiency of estimates, because the
large dataset (usually provided by panel data) increases the degrees of freedom and
5

The terminology on the topic of fixed and random effects is not completely united in all the literature.

In this thesis, the processes of finding the estimators of the coefficients in the models with the fixed and
random effects will be called fixed and random effects (methods), respectively.
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decreases multicollinearity among explanatory variables.
Of course, there are also several limitations to panel data (Baltagi, 2005), such
as difficulty of collecting the data, distortion of measurement error (due to the
same sample in all time periods - inconsistencies in statements of the same person
may appear), natural changes of the sample (people can die, firms can merge etc.)
and others. However, considering the advantages it is worth the effort of collecting
good data for panel data analysis.

With that being said, let us introduce the regression model for panel data.
According to the number of dimensions that appear in this model, for clarity we
will not use the matrix algebra as we did in the cross-sectional case. The model
can be written as follows:
yit = β0 +

k
X

βj xitj + ai + uit ,

j=1

where i = 1, ..., n represents the i-th individual, t = 1, ..., T the corresponding time
period and j = 1, ..., k stands for the j-th explanatory variable. The variables yit ,
xitj and the parameters have the same meaning as in cross-sectional case (except
for the additional time dimension).
The fundamental difference makes the variable ai - this term is of the key importance for the models with fixed and random effects. The variable ai is usually
called the unobserved effect, unobserved heterogeneity or the fixed effect and represents the unobserved effect on the response variable yit . The name fixed effect
indicates that the variable does not change over time (is time-invariant), which we
can also recognize from the missing time subscript. To give some examples, the
fixed effect includes usually dummy variables such as race, gender etc.
The variable uit represents the unobserved effect that changes over time, usually called the idiosyncratic error. The fixed effect and idiosyncratic error together
form the composite error - let us denote it vit , vit = ai + uit .

When studying panel data, we also need to keep an eye on the structure of the
data. We distinguish between fixed and rotating panel, as well as between balanced
and unbalanced panel.
10

The panel is said to be fixed, if the same set of individuals is observed during
the whole study without any changes. If we finish the study with another set of
individuals than we had at the beginning, the panel is said to be rotating.
We say that we have a balanced panel, if the data set contains observations from
the same number of time periods for each individual. If there is a missing time
period for any of the individuals, we deal with an unbalanced panel. Assuming
that we know the reason for the panel to be unbalanced and it is not correlated
with the idiosyncratic error uit , it does not cause any problems. But in case of
correlation, we need to be more careful, because it might cause the estimators to
be biased (for example in case of a merger of two studied companies).
In the numerical study in the last section of this thesis, we will deal with fixed
and balanced panel.

There are several methods, how to deal with panel data - the decision, which
one of them should be used, depends on the dataset. Before we get to the fixed
and random effects methods, let us mention the method of first differencing. As
the name hints, when we use first differencing, we subtract yi1 from yi2 (in case
that T = 2) and we obtain this equation:
∆yi =

k
X

βj ∆xij + ∆ui .

j=1

This method is sometimes classified to the fixed effects, as it is also to be used,
if ai is correlated with the explanatory variables. First differencing is one of the
possibilities, how to get rid of the unobserved heterogeneity (it can be enlarged to
more than two time periods - then we subtract the adjacent periods). More details,
for example why the correlation represents a problem, will be discussed in the next
subsection, devoted to the fixed effects method.6
2.2

Fixed effects

As we already indicated, while making a panel data analysis, we need to think about
the unobserved heterogeneity. If there is some correlation between the variable ai
6

In case of interest, more details about first differencing can be found in any econometric book, see

e.g. Greene (2012) or Wooldridge (2009).
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and any of the explanatory variables (i.e. Cov(ai , xitj ) 6= 0, for any t = 1, ..., T and
j = 1, ..., k), we cannot use pooled OLS7 , because it would result in a biased estimator. This resulting bias is called the heterogeneity bias. To obtain an unbiased
estimator, the fixed effect needs to be eliminated - that can be achieved e.g. by the
already mentioned first differencing. Another method is the so called fixed effects
transformation.
To be able to do this transformation, we have to define averages for the timevariant variables in the general panel data regression model:
PT
PT
PT
uit
t=1 xitj
t=1 yit
, x̄ij =
, ūi = t=1 .
ȳi =
T
T
T
Then we obtain the averaged equation:
ȳi = β0 +

k
X

βj x̄ij + ai + ūi .

j=1

In the fixed effects transformation, the averaged equation is subtracted from the
original regression model, which results in:
yit − ȳi =

k
X

βj (xitj − x̄ij ) + uit − ūi ,

j=1

or equivalently:
ÿit =

k
X

βj ẍitj + üit ,

j=1

where ÿit = yit − ȳi , ẍitj = xitj − x̄ij and üit = uit − ūi . The variables ÿit , ẍitj and
üit are called the time-demeaned data on y, x and u, respectively.
As we can see from either of these two equations, the unobserved heterogeneity
ai was eliminated, because it is time-invariant8 . The correlated part of the composite error has disappeared, therefore the pooled OLS can be used. The resulting
estimator is called the fixed effects estimator and if a certain set of further assumptions is met, this estimator is unbiased (the assumptions will be listed later).
But ai is not the only eliminated term - the intercept got "differenced away" as
well. Therefore the intercept can be omitted from the general model, if we assume
7

The pooled OLS method ignores the panel structure of the data and uses OLS for estimation of the

parameters.
8

For a time-invariant variable, the average equals to the original variable; āi =

12

PT

t=1

T

ai

=

T ai
T

= ai .

that it does not change over time. It also follows that there can be no constant
variables included into the fixed effects estimation process (such as gender, altitude
of a city etc.), because they would also disappear during the fixed effects transformation. However, there are ways, how we can include a time-invariant variable
in the fixed effects analysis. We can for example interact it with a time-variant
variable (e.g. interact a gender variable with a time dummy variable) and study,
how its effect on the response variable changes over time. In case that we want
to study the direct effect of a time-constant variable, we can use the fixed effects
vector decomposition proposed by Plümper & Troeger (2007).

While using this method of estimation, we need to be careful about other things
beside the correlation between the unobserved heterogeneity and the explanatory
variables. One of them are the degrees of freedom - we lose one degree of freedom
for each observation due to the fixed effects transformation. Therefore the final
number of degrees of freedom is nT − n − k instead of nT − k.
Due to the transformation, also the obtained R-squared does not have the usual
meaning. It does not tell us, how well the explanatory variables explain the response
variable, but how well the time variation in the explanatory variables explains the
time variation in the response variable.
It is important to mention that there is another method, how to estimate the
parameters, and it can be shown that the resulting estimates are equivalent to the
fixed effects estimates. This method is called dummy variable regression and it
consists in adding dummy variables for each individual to the model, which replaces the unobserved heterogeneity ai - i.e. the undesirable correlation disappears
and pooled OLS can be applied. This method has some benefits (such as directly
computing the degrees of freedom) but they are overshadowed by the high number
of explanatory variables that usually appear in this regression (because the longitudinal datasets are usually very large).

Let us now explicitly list the assumptions that are necessary for the fixed effects
estimation to work in the required way.

13

FE1 For each i, the model is
yit =

k
X

βj xitj + ai + uit ,

t = 1, ..., T.

j=1

Therefore the model is linear in parameters βj .
FE2 We have a sequence of i.i.d. (independent identically distributed) random

∞
variables {xitj , yit }Tt=1 i=1 , where j = 1, ..., k.
FE3 No perfect collinearity among the explanatory variables and no time-invariant
explanatory variables (every explanatory variable changes over time at least for
P
some i); xitj 6= kl=1 αl xitl , for any l 6= j, αl ∈ R and xitj 6= const.
FE4 Strict exogeneity; the expected value of the idiosyncratic error uit equals
0, given the explanatory variables in all time periods and the unobserved effect;
E(uit |xij , ai ) = 0, for all t = 1, ..., T .9
FE5 Homoskedasticity; the idiosyncratic error is homoskedastic, given the explanatory variables in all time periods and the unobserved effect; V ar(uit |xij , ai ) = σu2 ,
for all t = 1, ..., T .
FE6 No serial correlation; the idiosyncratic errors are uncorrelated, given the explanatory variables in all time periods and the fixed effect; Cov(uit , uis |xij , ai ) = 0,
for all t 6= s.
FE7 Conditional on the the explanatory variables in all time periods and the unobserved heterogeneity, the uit are i.i.d. as N (0, σu2 ).
If the assumptions FE1 through FE4 hold, the estimator is unbiased and consistent, with FE4 being the key assumption. Under FE1 through FE6, the fixed
effects estimator is BLUE and with the additional assumption FE7 we do not have
to rely on asymptotic properties any more, because if the idiosyncratic errors are
normally distributed, the t-statistics have an exact t-distribution and F-statistics
have an exact F-distribution. In fact, the properties follow from the properties of
OLS estimators, as we use pooled OLS after the fixed effects transformation.
If some of the assumptions are violated, the estimators no longer have the
desirable properties. In order to obtain an estimator as close to reality as possible,
9

If the expected value of the idiosyncratic error uit equals 0, given the explanatory variables

in the same time period and the unobserved effect, we speak about contemporaneous exogeneity;
E(uit |xitj , ai ) = 0. The contemporaneous exogeneity is a lot weaker assumption.
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robust methods have to be used, as we will study later. But before we do so, the
random effects method will be introduced.
2.3

Random effects

In this subsection we will learn, how to deal with panel data, if we assume that the
unobserved heterogeneity is not correlated with any of the explanatory variables;
Cov(ai , xitj ) = 0 for every t = 1, ..., T and j = 1, ..., k. At the first glance, it
might seem suitable to use the fixed effects transformation or even pooled OLS.
Both of these approaches would result in consistent estimators but they still do not
represent the best choice, because the resulting estimators would be inefficient.
In case of fixed effects transformation, the inefficiency would be caused by the
eliminated variable ai . There might be valuable information included in the unobserved heterogeneity and due to the transformation we would lose all of it, which is
now, when it is not correlated with the explanatory variables, not necessary. Therefore we should prefer a method that would allow for the unobserved heterogeneity
to stay in the regression model.
With that on mind, we might want to use pooled OLS. Assuming that the correlation between ai and the explanatory variables is is no longer a problem, we can
add the unobserved heterogeneity to the idiosyncratic error. But then we would be
ignoring violation of another assumption - the composite errors would be serially
correlated10 , as ai is constant across time and therefore is included in the error
term in every time period.

Because neither of the mentioned approaches is appropriate for this type of
data, we need another method of estimation - the random effects. Before we get
to the method itself, let us explicitly state the random effects model:
yit = β0 +

k
X

βj xitj + vit ,

j=1

where the only difference from the general panel data model is that the unobserved
heterogeneity and the idiosyncratic error are replaced by the composite error vit .

10

The composite errors are serially correlated, if for any t 6= s we have Cov(vit , vis ) 6= 0.
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But it is important to mention that as compared to the fixed effects model, it is
now relevant to include the intercept, as we will see later.
The random effects method is a way, how to get rid of the serial correlation using the generalized least squares (GLS)11 estimation. The GLS transformation is
in this case similar to the fixed effects transformation but now, only a proportion
of the mean is subtracted. To be more specific - it is the proportion that causes
the serial correlation.
To be able to explicitly define the serial correlation and explain the random
effects method, we have to reformulate some of the FE assumptions.

RE1 For each i, the model is
yit = β0 +

k
X

βj xitj + vit ,

t = 1, ..., T.

j=1

Therefore the model is linear in parameters βj .
RE3 No perfect collinearity among the explanatory variables; xitj 6=

Pk

l=1

αl xitl ,

for any l 6= j, αl ∈ R.12
RE4 Strict exogeneity; the expected value of the idiosyncratic error uit equals
0, given the explanatory variables in all time periods and the unobserved effect;
E(uit |xij , ai ) = 0, for all t = 1, ..., T . In addition, the expected value of ai , given
the explanatory variables in all time periods, is constant: E(ai |xij ) = β0 .13
RE5 Homoskedasticity; the idiosyncratic error is homoskedastic, given the explanatory variables in all time periods and the unobserved effect; V ar(uit |xij , ai ) = σu2 ,
for all t = 1, ..., T . In addition, the unobserved heterogeneity ai is also homoskedastic, given the explanatory variables in all time periods: V ar(ai |xij ) = σa2 .
The other assumptions remain the same.14
Using the assumptions RE5, RE6 and the fact that vit = ai + uit , we can now
11

GLS is a method of estimation used to estimate regression models, when autocorrelation or het-

eroskedasticity are present; for details and properties of GLS estimators, see Greene (2012).
12
As compared to FE3, we now allow for the explanatory variables to be constant across time.
13
In case of a model without an intercept, E(ai |xij ) = 0; in other words, the unobserved heterogeneity
is uncorrelated with the explanatory variables.
14
I.e. F E2 = RE2, F E6 = RE6, F E7 = RE7.

16

explicitly express the serial correlation between composite errors. For t 6= s:
σa2
σ2
Cov(vit , vis )
=p
= 2 a 2.
Corr(vit , vis ) = p
σa + σu
V ar(vit )V ar(vis )
(σa2 + σu2 )(σa2 + σu2 )
The proportion that needs to be subtracted in order to get rid of the autocorrelation
of the composite errors and therefore achieve efficiency is then defined as follows:
λ=1− p

σu
.
σu2 + T σa2

From the last equation it follows that in order to know the proportion λ, we need
to find the variances of uit and ai . But because these variables are unobserved (by
definition), the exact value of the parameter is in reality never known. Therefore
the random effects method works with an estimator λ̂, which can be found by
estimating the variances σu2 and σa2 . Then we can find the random effects estimators
by estimating following equation that we obtain by the GLS transformation:
yit − λ̂ȳi = β0 (1 − λ̂) +

k
X

βj (xitj − λ̂x̄ij ) + vit − λ̂v̄i ,

j=1

or equivalently:
ỹit = β˜0 +

k
X

βj x̃itj + ṽit ,

j=1

where we denote ỹit = yit − λ̂ȳi , β˜0 = β0 − λ̂β0 , x̃itj = xitj − λ̂x̄ij and ṽit = vit − λ̂v̄i .
These variables are called quasi-demeaned data. Under the set of assumptions RE1
√
through RE4, the random effects estimators are consistent (actually n-consistent)
but not unbiased, unless we know the exact value of λ.
Note that for the RE estimator to work in the required way, n should be rather
large and T relatively small. Properties of the estimator in the opposite case have
not been widely studied but with small n, already the estimators of σu2 and σa2 might
not be very accurate, which would cause further problems during the estimation of
λ and therefore of the β-parameters.
Looking at the parameter λ (or more precisely at the estimator λ̂), we can link
the random effects to the fixed effects and also to pooled OLS. It can be directly
seen from the transformed equation that if λ̂ → 1, the quasi-demeaned data become
the time-demeaned data and by estimating we obtain the fixed effects estimators
(asymptotically). On the other hand, in case that λ̂ → 0, the resulting estimators
are asymptotically equal to the pooled OLS estimators.
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2.4

Choosing the method

When making a panel data analysis, there naturally arises a question, which of the
methods should be used. In this subsection, we will discuss some of the factors and
tests that can help us decide.
First of all, we need to find out, whether there is some correlation between the
unobserved heterogeneity and explanatory variables. Should we be able to find the
correlation, the decision is quite straigtforward. In case of no correlation, both
random and fixed effects result in consistent estimators but only random effects
estimator is efficient - therefore random effects should be used. In case that we find
some (significant) correlation, random effects estimator becomes inconsistent and
we should use fixed effects.
However, we usually cannot be sure, whether there is or is not some correlation
present, because the fixed effect is unobserved. Therefore it might be for the best
to use all the methods and then compare the results and decide, which one of
them is most appropriate (sometimes it might be also useful to use pooled OLS for
comparison).
For the purpose of choosing between fixed and random effects, the Hausman´s
specification test is often used. This test was first proposed by Hausman (1978) and
its basis consists in deciding, whether the estimates obtained from fixed and random
effects differ systematically or not. The null hypothesis is that there is no systematic
difference and both estimators are consistent but only random effects estimator is
efficient. We test it against the alternative that the difference is systematic - in
that case Cov(xitj , ai ) 6= 0 and only the fixed effects estimators are consistent.
The Hausman test can be run in some statistical package and the conclusions
are then as follows: if we fail to reject the null hypothesis, random effects should be
implemented and if the null hypothesis can be rejected, we should use fixed effects
(unless it appears that first differencing would be better in the particular case).
Let us now compare first differencing and fixed effects. In case that T = 2, the
results of these two methods are equivalent. If T > 2, both resulting estimators are
still unbiased and consistent (under the corresponding first four assumptions) but
there can be differences in efficiency of the two estimators and we need to study
serial correlation in the idosyncratic errors uit . If there is no evidence that the
18

errors would be correlated, fixed effects should be used, as this method would be
more efficient. On the other hand, if the errors follow random walk15 , it is better
to use first differencing.
In practice, fixed effects is a more commonly used method, because no serial
correlation is often assumed. However, if we do not know for sure that there is
either no serial correlation in the idiosyncratic errors or that they follow random
walk, the best solution is again to use both methods and compare the efficiency of
obtained estimators.
Before we move on, let us realize that choosing the right method is important
for the efficiency and if we follow this decision making process, we find the method
that results in an efficient estimator. Of course, this is the case only when the
assumptions are fulfilled. As we will see in detail later in this thesis, only slight
deviations from normality could cause all the effort to achieve efficiency to be for
nothing. And that is, where the robust methods might be useful.

15

The errors follow random walk, if they are strongly and positively serially correlated; i.e.

Corr(uit , uis ) = 1 for t 6= s.
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3

Robust methods

From what we learned in the previous section, we should now be able to choose the
appropriate method for given data and therefore obtain an estimate that well represents the reality. However, one needs to be careful about the stated assumptions,
because deviations from these assumptions can cause the estimates to be completely misleading. And in that case, it might be desirable to use robust methods
as a complement to classical estimation in order to control for these deviations.
The beginnings of robust statistics go back to 1940s, when John Tukey started
to study the effects of contamination in the data. The progress in studying robust
methods is then connected particularly with the names Peter J. Huber and Frank
R. Hampel. In this section, the motivation for using robustness will be explained,
the consequences of not using robustness (when necessary) will be discussed, an
overview of the main approaches to robust statistics will be provided and the most
important methods will be introduced. The core literature used in this section is
Huber (1981), Hampel et al. (1986), Rousseeuw & Leroy (1987), Hampel (2000),
Víšek (2000), Víšek (2010) and Víšek (2012a).
For the aim of explaining the idea of robust methods, we will consider again
cross-sectional data for simplicity.
3.1

Why should we use robust methods?

The most basic idea is well expressed by a Tukey´s frequently cited statement:

"A tacit hope in ignoring deviations from ideal models was that they would not matter; that statistical procedures which were optimal under the strict model would still
be approximately optimal under the approximate model. Unfortunately, it turned
out that this hope was often drastically wrong; even mild deviations often have much
larger effects than were anticipated by most statisticians." (John Tukey, 1960)

It is not that difficult to imagine that the deviations from an ideal model can
indeed have a crucial effect on the estimates. For a simple regression, it can be also
shown graphically, as you can see in Figure 1 and Figure 2.
In the part (a) in both figures, there are the original observations and regression
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Figure 1: Outlier

Figure 2: Leverage point

lines (obtained from the method of ordinary least squares). In parts (b), you can
see what happens with the regression line under contamination. In Figure 1, there
is an outlier, which is an observation that has its value of explanatory variable in
the bulk of data but the value of the response variable differs a lot from the other
observations. In Figure 2, there is a leverage point, i.e. an observation that has
its value of response variable in the bulk of data but the value of the explanatory
variable is far away from the others.
We can see that in both cases only one change in the data can cause a contamination that influences the regression line quite a lot. But a situation, where the
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regression line would remain the same under contamination, could also occur. In
this situation, the value of response variable corresponds to the original estimated
regression line even under contamination in the explanatory variables and then we
can speak about a so called good leverage point. Although the good leverage points
do not influence the regression line, we still should be suspicious and try to find
the reason, why the values lie outside the bulk of the data.

There are several reasons for the deviations from the ideal model (in many
econometric methods, the assumed ideal underlying distribution is the normal distribution). The most common type of deviation are the gross errors. Contamination
due to gross errors up to 10% is not that unusual. The gross errors contain mistakes made by people - in measurement, computation or in recording and copying
the data. They can also cause the biggest changes in the estimates - these kinds
of deviations usually can be called outliers, because as a result of gross errors, the
contaminated observation mostly does not correspond to the others at all.
But to be clear, the terms gross errors and outliers are certainly not equivalent.
The result of a gross error can as well lie in the bulk of data. At the same time, it
is also important to mention that an outlier does not always have to be an error.
Before rejecting, we need to find out, whether the outlier actually is an error,
because otherwise we might lose valuable information.
Another problem might be caused by approximations. This includes an approximate fulfilment of the distributional assumptions as well as of the assumption of
independence. The models with only approximate desirable distribution may work
quite well (e.g. due to the central limit theorem) but it may also hide some of the
problems that should be controlled for (such as heteroskedasticity). The violation
of independence assumption is a more complicated issue, as there is no general
method, how to deal with these deviations and these deviations will not be further
treated in this thesis. But it can also pose a not negligible problem in the analysis,
see e.g. Hampel (2000) for some discussion.
Other kinds of deviations can arise from rounding and grouping of the data.
These are less dangerous for the accuracy of estimation but one should still keep
them in mind.
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With that all being said, it is then rather straightforward, what the goal of
robust methods is - to find the best estimates of regression coefficients, even under
certain percentage of contamination. To be able to do that, we need to understand
the structure of given data and be able to detect the outliers and leverage points.
Even with a larger dataset and more outliers than in Figures 1 and 2, it is still
quite a simple task, as long as we run only a simple regression. For illustration,
see Figure 3 (Hertzsprung-Russell diagram of the star cluster CYG OB1, used e.g.
in Rousseeuw & Leroy (1987)). First thing that is worth mentioning (although
unrelated to robust methods) is the description of the horizontal axis - the axis
is numbered from the right to the left. It is due to the origin of such diagrams they were constructed first by the Arab scientists and the later physicists kept this
pattern.

Figure 3: Hertzsprung-Russel diagram

As you can see, there are 4 obvious outlying observations in the upper right
corner and due to these outliers the OLS regression line does not represent the
majority of data. On the contrary, the other two lines fit the majority despite the
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outliers - they are results of robust estimation methods (least median of squares
(LMS) and least trimmed squares (LTS), see below).
However, nowadays we usually meet with a way lot more complicated dataset
structures and multiple regression with a large number of explanatory variables is
required for obtaining interesting and useful results. Then it is more difficult to
find the deviations and that is, why we need the theoretical framework (although
we should still use our common sense to evaluate the reasonableness of the results
and not rely strictly on theory, when possible). But before we get to the individual
approaches and methods, let us have a closer look at the consequences of ignoring
contamination.

Efficiency losses when deviating from normality
The contamination affects all different kinds of distributions. But as we already
mentioned, the assumed ideal underlying distribution for the estimation methods
usually is the normal distribution. That is, why we will further discuss the effects
of deviating from normality, specifically the decrease of efficiency.
Already Fisher (1922) showed the decrease of efficiency even under small contamination. He claimed that the classical estimation methods work well only within
a small system of Pearsonian curves16 . To see explicitly, how the efficiency declines,
we can compare the normal distribution to the Student´s t-distribution (with ν degrees of freedom).
The formulas for the asymptotic efficiency of the estimators of arithmetic mean
and of the variance are 1 −

6
ν(ν+1)

and 1 −

12
,
ν(ν+1)

respectively. It is then easy to

compute that both expressions (and therefore the asymptotic efficiency) decrease
with decreasing number of degrees of freedom. For ν = 3, the asymptotic efficiency
of the estimator of variance is then equal to 0 and for ν = 2, also the asymptotic
efficiency of the estimator of the mean becomes 0. And as you can see in Figure
4, it does not take that large deviations to get from the normal distribution to the
t-distribution with corresponding degrees of freedom.
Of course in reality, the deviations usually do not have the form of exactly t-

16

The system of Pearsonian curves uses additional parameters to accommodate deviations from a

desirable distribution, in our case from normality.
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Figure 4: Normal and t-distributions

distribution but the efficiency losses are still there. Already Jeffreys (1961/1939)
found out that the efficiency loss for real data may be up to 50% for the mean and
for the variance even more, when using the classical methods over the robust ones.
Also Tukey (1960), based on another experiment, came to the conclusion that the
efficiency losses are rather high - around 30% loss for the mean with only 10% of
contamination.
It is important to add that also the robust methods of estimation can result
in some efficiency loss, because even though we reject the outliers, it is not very
likely that the remaining data would follow an exact normal distribution. But there
definitely is some gain in efficiency when using the robust methods as compared
to using the classical methods, so it is still better to apply the robust methods, if
there is some evidence of contamination.17
3.2

Some history and main approaches

At the beginning of the development of robust methods, there was a research
about the difference in asymptotic efficiencies of the standard deviation and mean

17

In case of no contamination, the classical methods are more efficient, because by rejecting any of the

observations, we would lose valuable information.
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deviation. The standard and mean deviations are defined as follows:
v
u n
n
u1 X
π X
sn = t
(xi − x̄)2
&
dn =
|xi − x̄|,
n i=1
2n i=1
where sn stays for the standard deviation and dn for the mean deviation (when we
assume normal distribution).
While some astronomers used rather the mean deviation, because they thought
it is more efficient, Fisher (1920) showed in his paper that in case that the data
follow an exact normal distribution, the gain in efficiency is in favour of the standard
deviation. Specifically, there is a 12% difference in the asymptotic efficiencies.
However, this is not the case, when there is some contamination, as we can
find in Tukey (1960), see also Huber (1981). Tukey considered some contamination
in the data and therefore instead of the exact normal distribution, he took the
underlying distribution in a following way:
F (x) = (1 − ε)Φ(x) + εΦ

x
3

,

where Φ is the standard normal distribution function and ε is the percentage of
contamination, and he showed that already for ε = 0.18%, the mean deviation is
more efficient than the standard deviation (for ε = 0.5% even twice as efficient).
These results can be obtained from the formula of asymptotic relative efficiency:
V ar(sn ) E 2 (dn )
.
.
n→∞ V ar(dn ) E 2 (sn )

ARE(ε) = lim

From this Tukey´s model of contaminated distribution, the main approaches of
robust methods have been developed. The approaches include Huber´s minimax
approach using neighbourhoods (Huber, 1964), another Huber´s approach using
capacities (finalized in Huber & Strassen (1973)) and Hampel´s infinitesimal approach using influence function (Hampel, 1968).

Huber´s approaches
The Huber´s minimax approach considers a more generalized model than the
one proposed by Tukey. The neighbourhood of the underlying distribution has
following form:
F (x) = (1 − ε)Φ(x) + εH(x),
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where ε, 0 ≤ ε < 1, is again the percentage of contamination and H(x) can be any
distribution that is symmetric about 0. Huber also proposed the M-estimators.
M-estimators are generalized maximum likelihood estimators (MLE) - instead of
the logarithmic density, another suitable function ρ is used18 :
β̂

M

= argmin ρ(y − Xβ).
β

The obstacle in using the M-estimators is the fact that they are not scale and
regression equivariant - in order to achieve the equivariance of M-estimators, standardization is needed and therefore it is better to use estimators proposed later, as
these are equivariant right away.
Definition 7. Let X ∈ M(n × p) be the matrix of explanatory variables and
y ∈ Rn be the vector of response variable. Then the estimator β̂ of the parameter
β is called scale equivariant, if for any c ∈ R+ :
β̂(cy, X) = cβ̂(y, X)
and it is called regression equivariant, if for any d ∈ Rp :
β̂(y + Xd, X) = β̂(y, X) + d.
The name of the approach then came from the fact that it tries to minimize the
maximum asymptotic variance.
The Huber´s approach using capacities is not very common in practical applications, because there is no general method to apply it. It is also not that important
for further content of this thesis, so we will not further discuss this approach.
Let us now closer introduce the Hampel´s approach, as it was the most important one for the proposal of the least weighted squares.

Hampel´s infinitesimal approach
So that we can explain the Hampel´s approach, let us first introduce some new
notation. We have a probability space (Ω, A, P ) and a sequence of i.i.d. (independent identically distributed) random variables {Zi (ω)}ni=1 , where ω ∈ Ω, defined
on this probability space. Further, we will need an indicator IS (ω) of the set S,
18

For MLE, ρ = −log(f ), where f is the assumed density function.
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IS (ω) = 1 if ω ∈ S and IS (ω) = 0 if ω ∈
/ S. We can then define an empirical
distribution function (EDF) in following way:
n

1X
Fn,ω (z) =
I{Zi (ω)≤z} (ω).
n i=1
This approach is then based on the fact that we consider the EDF to be a statistic
and it is possible to interpret any required estimator as a functional of the EDF. For
example we can understand the empirical mean of the random variable Z as a funcP
tional T of the empirical distribution function: Z̄(ω) = n1 ni=1 Zi (ω) = T (Fn,ω (z)),
for details see Hampel et al. (1986).

Now we know enough to be able to define the influence function, which is one
of the most important tools of the Hampel´s approach. The definition of influence
function as well as of its properties, given below, can be found in Hampel et al.
(1986).
Definition 8. The influence function of T at F is given by:
T ((1 − t)F + t∆z ) − T (F )
,
t→0
t

IF (z; T, F ) = lim
in those z, where the limit exists.

It is constructed as a Gâteaux derivative and therefore it can be interpreted as
the influence of one additional observation on the estimate at the point z. But the
influence function has also a heuristic interpretation, which is very important for the
aim of robust methods: it measures the effect of infinitesimally small contamination
on the estimate at the point z (hence the name of the approach).
Using the influence function, we can also obtain the the asymptotic variance
of an estimator, which can be used e.g. for computing the asymptotic relative
efficiency (ARE) mentioned earlier. For i.i.d. Xi and n → ∞, we can find the
asymptotic variance from following formula
√

n

1 X
n(Tn − T (F )) ≈ √
IF (Xi ; T, F ),
n i=1

as Tn , an estimator obtained from an empirical distribution, is according to the
central limit theorem asymptotically normal (under some relatively weak technical
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conditions - remember that the influence function of a robust estimator is typically
bounded).
Due to the influence function, it was also possible to define new desirable properties of the robust estimators. First of these properties is the gross-error sensitivity.
Definition 9. The gross-error sensitivity of T at F is given by:
γ ∗ = sup|IF (z; T, F )|,
z∈R

for all z, where the influence function exists.
As the gross-error sensitivity is the supremum of the (absolute value of) influence function, it is quite straightforward from the definition that it measures the
maximal effect of some fixed (infinitesimal) contamination. In terms of properties
of robust estimators, the gross-error sensitivity is required to be finite and of course
the lower it is, the better.
The first property is focused mainly on the gross errors (the Hampel´s approach
assumes that the largest deviations have the largest effect on the estimate, so the
maximal effect is usually caused by the gross errors). But as we learned before,
there are also other types of deviations that usually do not cause that large change
of data - for example rounding and grouping. For the purpose of controlling also
these smaller changes, the local-shift sensitivity was defined.
Definition 10. The local-shift sensitivity is given by:
|IF (z; T, F ) − IF (y; T, F )|
,
|z − y|
z,y∈R

λ∗ = sup

for all z 6= y, where the influence functions exist.
As we already hinted, the local-shift sensitivity indicates the maximal effect of
small fluctuations in the data (fluctuations from z to y). It is important to realize
that unless the data are continuous, there will always be some deviations due to
rounding and the local-shift sensitivity helps us find out, whether the estimator
can cope with them.
One of the oldest robust ideas is the rejection of outliers. Of course at the beginnings, only a subjective rejection was applied. But also the subjective rejection,
as showed some later experiments, can bring up to 20% efficiency gain (Relles &
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Rogers, 1977). However, using the mathematical theory in rejecting outliers can
gain even more efficiency and it is also applicable, when no graphical visualization
is available. With the help of the influence function, we can then define a rejection
point as follows.
Definition 11. The rejection point is given by:
ρ∗ = inf {r > 0;
r∈R

IF (z; T, F ) = 0 when |z| > r},

for F symmetric about 0.
The interpretation of this definition is that after the influence function reaches
certain bound, the further points have no influence (the influence function equals to
0) and these points (outliers) can be rejected. If there is no such r that would meet
the conditions of the definition, ρ∗ = ∞ by definition of infimum. The desirable
property for the robust estimators is that the rejection point is finite.
Before we get to another feature of the Hampel´s approach, let us take a look
at Figure 5 to make the properties of influence function more imaginable.

Figure 5: Properties of influence function

The probably most discussed feature of this approach is the breakdown point.
Definition 12. The breakdown point ε∗ of an estimator Tn of the parameter θ ∈ Θ
is defined by:
ε∗ = sup {ε : ∃K(ε) ⊂ Θ, K(ε) compact :
0≤ε≤1

π(F, G) < ε ⇒ G(Tn ∈ K(ε)) → 1 f or n → ∞},
where π(F, G) is the Prokhorov distance of F and G.19
19

The definition is from Víšek (2000), for definition of Prokhorov distance, see e.g. Hampel et al.

(1986).
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The definition itself is rather complicated but the breakdown point has a quite
straightforward meaning. It is the minimal percentage of data contamination that
the estimator is not able to cope with and under this amount of contamination,
it breaks down. From this informal definition, it is then easy to imagine that the
maximal possible value of breakdown point is 50% (with higher contamination we
cannot even consider the assumed distribution as the underlying one) and it also
is the value, which the current robust methods look for.
Because for the understanding of Definition 12, a rather deep knowledge of somewhat complicated mathematical notions is required, also the definition of breakdown point for finite sample is often given along with this one.
Definition 13. The finite sample version of breakdown point of the estimator Tn
at the sample (x1 , ..., xn ) is given by:
ε∗n =

1
max{m; max sup|Tn (z1 , ..., zn )| < ∞},
iq
n
yq

q = 1, ..., m,

where m is the number of arbitrarily contaminated observations (outliers) and
(z1 , ..., zn ) are the contaminated data obtained by replacing (xi1 , ..., xim ) by (y1 , ..., ym ).
Because the breakdown point obtained from this definition might be a function of the point (z1 , ..., zn ), we often consider the asymptotic breakdown point,
where this dependence usually disappears. It means we look for a limit to get
a single number; ε̂∗ = limn→∞ ε∗n . With the finite sample definition, we also
need to be careful, when estimating parameters of scale - then we also require
min inf |Tn (z1 , ..., zn )| > 0, because the scale estimator could also break down, if it
iq

yq

was equal to 0 and not only if it was infinite. However, Definition 13 is equivalent
to Definition 12 for parameters of location.
As examples of estimators with low and high breakdown points, we can mention the arithmetic mean with ε∗ = 0% and the median with ε∗ = 50%. In other
words, only one change in the data can change the mean completely. On the other
hand, if almost half of the data was contaminated, the median would still retain a
reasonable value.

To sum up the desirable properties of robust estimators, we can use the overview
stated in Víšek (2000). Of course, these are added to the original required properties
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of the classical estimators, stated in the first section. The additional properties,
defined due to the influence function and breakdown point, then can be summarized
as follows:
• acceptably low gross-error sensitivity
• maximal attainable efficiency
• not very large local shift sensitivity
• preferably finite rejection point
• breakdown point assignable to the level of contamination
As compared to the original thought, the requirement for breakdown point has
changed from "as high as possible breakdown point". The reason is the improvement in speed and flexibility of the computational means and modern algorithms,
which now allow to adjust the level of robustness of many methods to the level of
data contamination, see Atkinson & Riani (2000) or Víšek (1999) for details about
the forward search.
3.3

Overview of the main methods

The fact that median has a high breakdown point led to the efforts to apply it into
the robust estimation methods. These trials began already in 1950s but the first
method with suitable properties was proposed by Siegel (1982). According to his
paper, the method of repeated median offers an estimator with 50% breakdown
point and under certain conditions, the estimator is unbiased, consistent and acceptably efficient. Especially the high breakdown point was a big success, because
with the M-estimators, one could achieve only ε∗ = p1 , where p is the dimension
of corresponding regression model. Even though the definition as well as the algorithm of this method is very complicated and therefore not very useful in practice,
it was important for the development of other methods.20
It was Rousseeuw (1984) and Hampel et al. (1986), who proposed other two,
later commonly used methods - the least median of squares and the least trimmed
20

In case of interest, a nice definition of the repeated median estimator can be found e.g. in Hampel

et al. (1986) or in Víšek (2012a).

32

squares. They were further studied in Rousseeuw & Leroy (1987). As these are
methods that least weighted squares are based on, let us introduce them a little
bit more in detail.

The original idea for the least median of squares was to make the OLS robust by
minimizing the median of squared residuals instead of the sum of squared residuals.
In fact, there were some efforts to make the OLS estimators more robust even earlier
but only by replacing the squared residuals (e.g. with absolute value). Rousseeuw
was the first one, who suggested to replace the sum. The original least median of
squares definition in mathematical terms then is:
β̂

(LM S,n)

= argmin
β∈Rp

med {ri2 (β)}.

i=1,...,n

Theorem 3. If p > 1 and the observations are in general position, then the
breakdown point of the LMS method is given by:
ε∗ =

n
2

−p+2
,
n

where p is the dimension of the vector of unknown parameters to estimate.
But already in the same paper, Rousseeuw started to use the order statistics
(of the squared residuals) for robust estimators. It did not take long and also the
least median of squares estimator was generalized with the use of order statistics.
2
(β), i.e.:
We will denote the order statistics of the i-th squared residual21 by r(i)
2
2
2
r(1)
(β) ≤ r(2)
(β) ≤ ... ≤ r(n)
(β).

Then we can arrive at the definition, which is nowadays known under least
median of squares. Note that although the median disappeared from the definition
and was replaced by the order statistics, the name remained unchanged.
Definition 14. The least median of squares (LMS) estimator is defined by:
β̂

(LM S,n,h)

2
= argmin r(h)
(β),
β∈Rp

where h ∈ R,
21

n
2

≤ h ≤ n.

Let us realize that the order of words is important - the residuals are first squared and then ordered.
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For this definition of LMS the highest possible breakdown point is achieved
for h =

n
2

+

p+1
,
2

namely ε∗ =

n−p
+1
2

n

. Therefore the LMS estimator satisfies the

requirement of 50% breakdown point but its efficiency is rather low due to the
√
slow convergence - it is only 3 n-consistent (under a certain set of assumptions).
√
I.e. as compared to the ideal n-consistency, we need more observations in order
√
to achieve the same efficiency. For proof of Theorem 3, as well as of the 3 nconsistency, existence of solution and other properties of LMS, see Rousseeuw &
Leroy (1987).
The lack of efficiency is not such a problem, as it can be overcome by a one√
step M-estimator. But to be able to obtain a n-consistent estimator right away,
Rousseeuw proposed the least trimmed squares estimator.
Definition 15. The least trimmed squares (LTS) estimator is defined by:
β̂

(LT S,n,h)

= argmin
β∈Rp

where h ∈ R,

n
2

h
X

2
r(i)
(β),

i=1

≤ h ≤ n.

From the definition one can immediately realize that the LTS estimator is very
similarly constructed as the OLS estimator. The difference is that only some number (h) of the smallest squared residuals is taken into consideration and therefore
the outliers, which might cause problems, are omitted.
Theorem 4. The breakdown point of the LTS method for h =
ε∗ =

n
2

+

p+1
2

equals:

n−p
2

+1
.
n

As we can see, the LTS method attains the same breakdown point as the LMS
method. The main advantage of LTS over LMS is the gain in efficiency, as it is
√
n-consistent (again under a certain set of assumptions). Another property that
is worth mentioning is the scale and regression equiavariance (of both LMS and
LTS), as it is an important improvement as compared to the M-estimators.
Theorem 5. The LMS and LTS estimators are scale and regression equivariant.
For other properties and proofs, see again Rousseeuw & Leroy (1987).
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4

Least weighted squares

From what we just learned it seems that the mentioned methods with 50% breakdown point should give a reliable result. However, it can be shown that in some
situations the LMS and LTS methods result in completely different estimates. This
fact is very upsetting, considering that the LMS and LTS estimators are both consistent. Moreover, in some cases, these methods might be very sensitive to a shift
of only one observation. In Figure 6 there is an academic example (Víšek, 2000)
showing, how only one shift can influence the regression lines. Although a situation

5

5

like this is almost impossible to occur in reality, it makes the idea very imaginable.
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Figure 6: High local shift sensitivity of LMS and LTS

These situations also can be illustrated with real data - specifically at the example of "Engine knock data", which is commonly used to show the need of robust
methods. As you can see in Víšek (1994), with only one wrong value among the
observations, the change in LTS estimates is quite large. On the other hand, the
LMS estimates do not change that much and so these two methods give rather
different results.
To overcome these difficulties, Víšek (2000) proposed the least weighted squares
(LWS) - a method, which does not completely delete the suspicious observations but
assigns them different weights. As compared to the weighted least squares (WLS),
this method assigns the weights to the order statistics instead of to the squared
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residuals directly and the weights then can be assigned implicitly according to a
weight function.
This method and corresponding estimators were further studied in many articles, we will use Víšek (2003), Víšek (2011), Víšek (2012a) and Víšek (2012b). This
section can be devided in two subsections - first, we learn about the LWS method
in general and then, we will discuss, how the method could be generalized to panel
data, specifically to FE and RE estimators.
4.1

Introducing LWS

Definition 16. The least weighted squares (LWS) estimator is defined by:


n
X
(LW S,n,w)
i−1 2
w
r(i) (β),
β̂
= argmin
n
β∈Rp
i=1
where w(i) is the weight function.
Definition 17. The weight function w : [0; 1] → [0; 1], w(0) = 1 is absolutely
continuous and nonincreasing and its derivative is bounded below by L ∈ R.
The least weighted squares actually are a generalization of the previous methods.
When we appropriately select the weights, we can arrive at OLS, LMS or LTS
estimators. At the OLS estimator by setting w(i) = 1 for any i = 1, ..., n, at the
LMS estimator by setting w(i) = 1 for

n
2

≤ i ≤ n and 0 otherwise and finally at the

LTS estimator by setting w(i) = 1 for i = 1, ..., h, where

n
2

≤ h ≤ n and 0 otherwise.

It also can be shown that under certain circumstances, the LWS estimator is equal
to the WLS estimators but it is not that straightforward as for the previous ones
(see e.g. Víšek (2011)).
From this follows that the LWS estimator can attain a 50% breakdown point
but at the same time, it can also attain high efficiency. It all depends on how
we select the weights, which can be done specifically for given data. The LWS
method also inherited other properties from the previous methods, such as scale
and regression equivariance.
Another desirable property is consistency. Prior to stating the theorem, let us
state the required conditions (Víšek, 2011).
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LWS1 The sequence (XiT , ui )T

∞
i=1

is a sequence of mutually independent random

variables with distribution functions FX (x) and Fui (r), FX,ui (x, r) = FX (x).Fui (r),
 
where Fui (r) = Fu σri is absolutely continuous and has a bounded density.
The disturbances ui are heteroskedastic, have zero mean and their standard deviations σi satisfy 0 < lim inf σi ≤ lim sup σi < ∞.
i→∞

i→∞

Finally, ∃ q ∈ R, q > 1 such that E(||X||2q ) < ∞.
LWS2 The weight function w : [0; 1] → [0; 1], w(0) = 1 is continuous and nonincreasing.
LWS3 There is a unique solution of


E w (Fβ (|r(β)|)) X1 (y − X1T β) = 0,
where Fβ (|r(β)|) = P (|r(β)| ≤ r). Moreover, limn→∞

1
n

Pn

i=1

σi = 1.

n (LW S,n,w) o∞
Theorem 6. Under the conditions LWS1-LWS3, any sequence β̂
n=1

of estimators defined in Definition 16 is weakly consistent.
The proof of consistency can be found in Víšek (2011) as well as the proof of
existence of a solution.
Before we move to the generalization of LWS for panel data, let us explain the
algorithm of obtaining the LWS estimates, so that we later understand, what exactly is happening during the numerical study.

Algorithm of LWS
Prior to starting the algorithm, let us recall the definition of the weighted least
squares estimator.
Definition 18. The weighted least squares (WLS) estimator is defined by:
β̂

(W LS,n,w)

= argmin
β∈Rp

n
X

2
w (i) r(i)
(β),

i=1

where w(i) are the assigned weights.
Let us now choose the weights and artificially assign the value of S(β̂present ) = ∞
(definition see below).
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1. Let us randomly select p+1 observations and find a plane through these observations. Further, we denote the evaluated estimates of regression coefficients
by βinitial and compute all squared residuals with respect to this βinitial .
2. We sort the squared residuals by size and sum the weighted order statistics
P
2
of squared residuals; ni=1 w(i)r(i)
(β), let us denote it S(β̂present ).22
3. We compare the obtained sum with a sum obtained from previous cycle.
• S(β̂present ) < S(β̂previous ) → go to 4
• S(β̂present ) ≥ S(β̂previous ) → go to 5
4. Put S(β̂previous ) = S(β̂present ) and compute β̂ (W LS,n,w) , evaluate squared residuals and go back to step 2.
5. The same estimates were already found s-times, s ∈ N → go to 7, if not →
go to 6.
6. The cycle was already repeated z-times, z ∈ N → go to 7, if not → go to 1.
7. We can consider the obtained estimator β̂present as β̂ (LW S,n,w) .
To make the estimator reliable, s should be at least around 20. For z, we choose
some large number, say 10000. The step 6 is necessary in case that even after a lot
of iterations, we cannot find s-times the same minimal value - without this step we
may get into a vicious circle and the process might never end.
4.2

Generalization of LWS to FE and RE estimators

Although the robust methods for panel data is not a widely studied topic, there
certainly have been some attempts to generalize the robust methods to panel data.
For example Bramati & Croux (2007) proposed robust estimators for the fixed
effects model, based on utilizing the LTS metod and the M-estimators. But due to
the advantages of the least weighted squares, discussed in the previous subsection,
this thesis will study the robust FE and RE estimators as a generalization to panel
data of the LWS estimator (Víšek, 2012b).
22

Let us realize that in the first step, the residuals are computed with respect to the βinitial , while in

the second step with respect to the βpresent .
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First of all, let us recall the general regression model for panel data:
yit = β0 +

k
X

βj xitj + ai + uit .

j=1

Further we need to realize that in panel data sets, there are altogether nT observations, not only n. Therefore we need to slightly adjust the order statistics and
the definition of the LWS estimator. There are nT order statistics of the squared
residuals
2
2
2
r(1)
(β) ≤ r(2)
(β) ≤ ... ≤ r(nT
) (β).

and the LWS estimator for panel data then looks as follows:
β̂

(LW S,n,T,w)

nT
X

= argmin
β∈Rp


w

i=1

i−1
nT



2
r(i)
(β),

where w(i) is again the weight function.
Just as the estimator for cross-sections, also the LWS estimator for panel data
has all the desirable properties, such as high breakdown point, high efficiency or
scale and regression equivariance. One of the most important properties is again
the consistency. We can adjust the conditions for consistency LWS1-LWS3 to panel
data as follows (Víšek, 2012b):

LWS1´ The sequence {xitj , uit }Tt=1

∞
,
i=1

where j = 1, ..., k, is a sequence T-tuples

of mutually independent random variables with distribution functions FX (x) and
 
Fuit (r), FX,uit (x, r) = FX (x).Fuit (r), where Fuit (r) = Fu σrit is absolutely continuous and has a bounded density.
The idiosyncratic errors uit are heteroskedastic, have zero mean and their standard
deviations σit satisfy 0 < lim inf
i→∞

min σit ≤ lim sup max σit < ∞.

1≤t≤T

i→∞

1≤t≤T

The sequence {ai }∞
i=1 is a sequence of i.i.d. random variables with distribution
function Fa (a). The fixed effects are homoskedastic with a finite variance and they
are independent from the idiosyncratic errors.
Finally, ∃ q ∈ R, q > 1 such that E(||X||2q ) < ∞.
LWS2´ As in the cross-sectional case, the weight function w : [0; 1] → [0; 1],
w(0) = 1 is continuous and nonincreasing.
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LWS3´ There is a unique solution of
( n T
)

i
X X h  (it)
E
w Fβ (|rit (β)|) Xit (yit − XitT β)
= 0,
i=1 t=1
(it)

where n ∈ N, Xit = (xit1 , ..., xitk )T and Fβ (|rit (β)|) = P (|rit (β)| ≤ r). Moreover,
Pn PT
1
limn→∞ nT
i=1
t=1 σit = 1.
n (LW S,n,T,w) o∞
Theorem 7. Under the conditions LWS1´-LWS3´, any sequence β̂
n=1

of the LWS estimators is weakly consistent.
The proof is in fact just a reformulation of the proof of Theorem 6 (consistency
of LWS estimators for cross-sections)23 .

So far, we learned that by the generalization to panel data, the LWS method
did not lose any of its desirable properties. Let us now explain the idea, how we
can apply the least weighted squares to fixed and random effects estimators.
For the fixed effects, we need to do again the fixed effects transformation, as
described in section 2. However, in order to obtain a robust estimator, we estimate
already the averages by the means of LWS. In other words, we sort the observations
by size, the value in the middle is assigned the largest weight and the weights then
decrease with getting further away from the middle observation. We can then
compute the average of the weighted observations and these robust mean values
are used in the transformation. Finally, we apply pooled LWS instead of pooled
OLS on the transformed data and arrive at the fixed weighted effects estimator,
β̂ F W E .
The process for robustification of the RE estimator is very similar. We need to
obtain a robust estimator of the parameter λ, which can be done by estimating σu2
and σa2 by the means of LWS. Then we can make the GLS transformation, described
in section 2, but using the robust estimator of λ. By applying pooled LWS to the
transformed data, we arrive at the random weighted effects estimator, β̂ RW E .
When applying the LWS method to the fixed and random effects, we only
utilized the consistent estimators by another method that results in a consistent
estimator. Therefore we can conclude that β̂ F W E and β̂ RW E are also consistent
estimators (and due to the same argument also retained other required properties).
23

Just to recall: this proof can be found in Víšek (2011).
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5

Numerical study

To find out empirically, whether FWE and RWE estimators are under contamination indeed better than FE and RE estimators, we can take a look at a numerical
study. First, we will compare the estimates obtained from the classical and robust
methods and according to the results, we will be able to conclude, which method
would be the best choice in given situation. In the second subsection, we will show
the importance of the right choice of the weight function.
This study was implemented in MATLAB and uses the Monte Carlo method i.e. we generate random numbers according to the desirable distribution in order to
simulate the problem of interest. Of course, the numbers are rather pseudo-random
than random, as they were generated by a computer algorithm.
The Monte Carlo method started to be widely used during the second world war
and even after more than 20 years Marsaglia (1968) proved that random numbers
obtained by the computer generators end up structured in planes. However, this
problem has been overcome (by deflecting the algorithm after a certain number,
say 100, of observations) and nowadays, computers can generate numbers that are
close enough to random numbers. And with that, we can move on to the simulation
itself.
5.1

Should we really use robust methods for panel data?

First of all, we need to generate the data - for now, we choose n = 100, T = 10 and
p = 5. Therefore we observe 100 units (say firms) in 10 time periods (say years), so
we have 1000 observations altogether. As p = 5, the response variable is explained
by 4 explanatory variables and by the intercept (in following tables, the intercept
is always in the first column). The vector of true values of the β-parameters is
chosen as β = (2, 6, 5, −3, 4)T .
The data are generated first according to the uniform distribution and then
transformed to the standard normal distribution. In this way, we generate the
design matrix Xit , the idiosyncratic errors uit (disturbances) and the fixed effects
ai . For the fixed effects model, it is then important to adjust the design matrix,
so that the explanatory variables are correlated with the fixed effects - we add a
proportion of the effects to the explanatory variables and obtain the correlated
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variables. However, the disturbances remain uncorrelated with the explanatory
variables during the whole study. But another assumption is broken - the disturbances are heteroskedastic (in the whole study).
Another important part is to select the weight function. The weights at this
point are selected so that 70% of observations with the lowest squared residuals are
assigned w = 1, 20% of observations with the largest squared residuals are assigned
w = 0 and the 10% of observations in the middle are assigned linearly decreasing
weights from 1 to 0.24
Before we get to the results, there remains to explain, how the contamination
is obtained. We basically define a threshold and all the observations behind this
threshold become contaminated.25 The level of contamination within each time
period T is also controlled for, so that all the contamination is not in one period
only. The outliers are obtained by the negative value of the response variable.
The leverage points are obtained as 15-multiple of the explanatory variables - to
ensure that we obtain a bad leverage point, in addition we take the negative value
of response variable as well.
The parameters are then estimated by the methods explained in the thesis:
pooled OLS, fixed effects and random effects and corresponding robust methods pooled LWS, fixed weighted effects and random weighted effects. For comparison,
we show the results of all these methods for all the models, so that we can choose
the best method overall.
Let us now take a look at the results. The results are provided in four tables
according to the model and to the type of contamination.

24

The weights used for the robust estimation of the mean and of the parameter λ, necessary for FWE

and RWE estimators, are constructed similarly, only for 70%, 25% and 5%, respectively.
25
Therefore the contamination affects the observations on the edge of the bulk of data. If we contaminated the data in the centre of the bulk of data, the effect of contamination would not be that
large.
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TABLE 1 - Fixed Effects Model - outliers
True value of β

2

6

5

-3

4

Contamination level is 0.5%.

β̂ OLS(var(β̂ OLS ))

1.95(0.799)

5.92(0.333)

4.90(0.304)

−3.02(0.256)

3.92(0.203)

β̂ F E (var(β̂ F E ))

0.00(4.000)

5.76(0.406)

4.65(0.490)

−3.33(0.509)

3.54(0.656)

β̂ RE (var(β̂ RE ))

1.28(1.113)

5.88(0.323)

4.84(0.314)

−3.08(0.259)

3.83(0.227)

β̂ LW S
(var(β̂ LW S ))

2.00(0.003)

6.07(0.009)

5.11(0.015)

−2.85(0.025)

4.18(0.035)

E
β̂ F W (var(
β̂ F W E ))

0.00(4.027)

5.93(0.014)

4.92(0.013)

−2.94(0.012)

3.93(0.014)

E
β̂ RW (var(
β̂ RW E ))

0.79(1.648)

6.05(0.008)

5.08(0.011)

−2.84(0.031)

4.16(0.030)

Contamination level is 1%.

β̂ OLS(var(β̂ OLS ))

1.98(1.196)

5.82(0.585)

4.75(0.540)

−3.11(0.376)

3.72(0.404)

β̂ F E (var(β̂ F E ))

0.00(4.000)

5.60(0.786)

4.39(0.995)

−3.57(0.898)

3.14(1.462)

β̂ RE (var(β̂ RE ))

1.22(1.378)

5.77(0.580)

4.66(0.573)

−3.20(0.390)

3.58(0.495)

β̂ LW S
(var(β̂ LW S ))

2.00(0.003)

6.07(0.009)

5.11(0.015)

−2.85(0.024)

4.18(0.035)

E
β̂ F W (var(
β̂ F W E ))

−0.01(4.057)

5.93(0.013)

4.93(0.012)

−2.94(0.010)

3.94(0.012)

E
β̂ RW (var(
β̂ RW E ))

0.63(1.929)

6.04(0.008)

5.08(0.012)

−2.84(0.031)

4.15(0.028)

Contamination level is 5%.

β̂ OLS(var(β̂ OLS ))

1.91(1.652)

5.14(1.909)

4.02(2.069)

−3.28(0.973)

2.93(1.884)

β̂ F E (var(β̂ F E ))

0.00(4.000)

4.69(3.093)

3.33(4.226)

−4.21(2.931)

1.80(6.600)

β̂ RE (var(β̂ RE ))

1.57(1.541)

5.09(1.986)

3.95(2.194)

−3.37(1.014)

2.82(2.106)

β̂ LW S
(var(β̂ LW S ))

2.00(0.003)

6.08(0.009)

5.11(0.015)

−2.85(0.024)

4.18(0.036)

E
β̂ F W (var(
β̂ F W E ))

−0.01(4.083)

5.93(0.009)

4.93(0.009)

−2.96(0.006)

3.94(0.008)

E
β̂ RW (var(
β̂ RW E ))

0.59(1.989)

6.05(0.006)

5.08(0.010)

−2.84(0.030)

4.16(0.029)
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Fixed Effects Model - outliers
Contamination level is 10%.

β̂ OLS(var(β̂ OLS ))

1.66(1.037)

4.40(4.175)

3.40(3.921)

−3.03(1.130)

2.33(3.734)

β̂ F E (var(β̂ F E ))

0.00(4.000)

3.84(6.805)

2.55(7.956)

−4.16(3.313)

0.90(11.843)

β̂ RE (var(β̂ RE ))

2.11(1.301)

4.47(3.879)

3.49(3.588)

−2.93(1.101)

2.47(3.229)

β̂ LW S
(var(β̂ LW S ))

2.00(0.003)

6.08(0.008)

5.11(0.014)

−2.85(0.023)

4.18(0.036)

E
β̂ F W (var(
β̂ F W E ))

−0.27(5.873)

5.90(0.097)

4.80(0.137)

−3.40(0.300)

3.57(0.357)

E
β̂ RW (var(
β̂ RW E ))

0.49(2.469)

6.41(0.233)

5.61(0.502)

−2.19(0.867)

5.02(1.348)

Contamination level is 15%.

β̂ OLS(var(β̂ OLS ))

1.41(0.818)

3.86(6.366)

2.97(5.632)

−2.66(1.292)

2.03(4.839)

β̂ F E (var(β̂ F E ))

0.00(4.000)

3.31(9.578)

2.13(10.466)

−3.78(2.711)

0.61(13.601)

β̂ RE (var(β̂ RE ))

2.98(2.298)

4.06(5.138)

3.24(4.276)

−2.46(1.232)

2.43(3.230)

β̂ LW S
(var(β̂ LW S ))

2.00(0.002)

6.07(0.008)

5.11(0.013)

−2.85(0.023)

4.18(0.035)

E
β̂ F W (var(
β̂ F W E ))

−0.09(6.767)

5.72(0.343)

4.52(0.498)

−3.65(0.673)

3.16(0.987)

E
β̂ RW (var(
β̂ RW E ))

0.71(1.932)

6.91(0.884)

6.40(2.035)

−1.05(3.871)

6.42(5.939)

Contamination level is 20%.

β̂ OLS(var(β̂ OLS ))

1.22(0.814)

3.28(9.099)

2.64(7.047)

−2.20(1.912)

1.86(5.508)

β̂ F E (var(β̂ F E ))

0.00(4.000)

2.78(12.630)

1.92(11.686)

−3.18(2.289)

0.67(13.382)

β̂ RE (var(β̂ RE ))

4.64(8.515)

3.78(5.744)

3.10(4.348)

−2.01(1.621)

2.42(2.984)

β̂ LW S
(var(β̂ LW S ))

2.00(0.002)

6.08(0.008)

5.11(0.014)

−2.86(0.022)

4.18(0.035)

E
β̂ F W (var(
β̂ F W E ))

0.31(5.824)

5.81(0.348)

4.57(0.483)

−3.93(1.231)

3.16(1.064)

E
β̂ RW (var(
β̂ RW E ))

0.83(1.495)

6.97(0.986)

6.54(2.404)

−0.80(4.868)

6.66(7.098)
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Fixed Effects Model - outliers
Contamination level is 25%.

β̂ OLS(var(β̂ OLS ))

1.05(1.667)

2.78(12.005)

2.32(8.631)

−1.27(4.244)

1.92(5.233)

β̂ F E (var(β̂ F E ))

0.00(4.000)

2.52(14.259)

1.92(11.517)

−1.78(3.569)

1.26(9.600)

β̂ RE (var(β̂ RE ))

1.99(1.733)

2.97(10.599)

2.54(7.268)

−1.18(4.435)

2.20(4.034)

β̂ LW S
(var(β̂ LW S ))

2.01(0.002)

6.10(0.012)

5.12(0.017)

−2.89(0.014)

4.19(0.036)

E
β̂ F W (var(
β̂ F W E ))

0.51(5.177)

5.64(0.616)

4.44(0.760)

−3.66(0.840)

3.11(1.277)

E
β̂ RW (var(
β̂ RW E ))

0.98(1.231)

6.93(0.906)

6.46(2.167)

−0.88(4.517)

6.53(6.451)

Contamination level is 30%.

β̂ OLS(var(β̂ OLS ))

0.82(1.464)

2.28(15.623)

1.90(11.200)

−1.01(5.306)

1.71(6.269)

β̂ F E (var(β̂ F E ))

0.00(4.000)

2.16(17.023)

1.72(13.034)

−1.26(5.412)

1.42(8.953)

β̂ RE (var(β̂ RE ))

6.06(19.224)

3.11(8.957)

2.66(6.007)

−1.10(4.021)

2.37(2.975)

β̂ LW S
(var(β̂ LW S ))

2.03(0.018)

6.06(0.017)

5.09(0.021)

−2.85(0.034)

4.16(0.035)

E
β̂ F W (var(
β̂ F W E ))

0.80(5.122)

5.11(1.547)

4.17(1.359)

−2.74(0.653)

3.26(1.173)

E
β̂ RW (var(
β̂ RW E ))

1.12(0.872)

6.91(0.875)

6.53(2.374)

−0.56(6.011)

6.73(7.504)

In Table 1, there are results of estimation of data, where the contamination was
created by outliers and the effects are correlated with the design matrix. Therefore
according to the theoretical framework, the fixed weighted effects method should
work the best.
As we can see, already for the level of contamination equal to 0.5%, all the robust
methods give better results than the classical ones - the estimates of coefficients are
more precise and also the variance is lower, so the robust methods are more efficient.
And indeed, the FWE estimators are the best among the robust estimators - but
only up to a certain contamination level, specifically 5%.
For the contamination equal to 10% or higher26 , we can observe that even
though the fixed weighted effects still give better results than random weighted
effects and a lot better results than classical fixed effects, it is not the best method
26

In fact, the boarder lies probably somewhere between 5 and 10%.
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any more. The most precise estimates gives the pooled LWS method and also the
variance is still quite low.
Although the pooled LWS method ignores the correlation of the effects and explanatory variables, it appears that for contamination level higher than cca 10%,
the contamination becomes a lot more serious problem than the correlation. Therefore the LWS method, which deals only with the contamination, would be the best
choice.
We can now compare Table 1 to the results in Table 2, obtained for the random
effects model.

TABLE 2 - Random Effects Model - outliers
True value of β

2

6

5

-3

4

Contamination level is 0.5%.

β̂ OLS(var(β̂ OLS ))

1.98(0.068)

5.71(0.133)

4.77(0.098)

−2.86(0.055)

3.81(0.076)

β̂ F E (var(β̂ F E ))

0.00(4.000)

5.71(0.129)

4.76(0.092)

−2.86(0.052)

3.81(0.069)

β̂ RE (var(β̂ RE ))

0.70(1.730)

5.68(0.146)

4.74(0.106)

−2.84(0.058)

3.79(0.080)

β̂ LW S
(var(β̂ LW S ))

2.00(0.127)

5.99(0.027)

5.00(0.024)

−3.00(0.024)

4.00(0.027)

E
β̂ F W (var(
β̂ F W E ))

0.00(4.014)

5.92(0.015)

4.93(0.014)

−2.95(0.011)

3.94(0.013)

E
β̂ RW (var(
β̂ RW E ))

0.40(2.572)

5.94(0.011)

4.95(0.010)

−2.97(0.009)

3.96(0.010)

Contamination level is 1%.

β̂ OLS(var(β̂ OLS ))

1.96(0.077)

5.56(0.262)

4.63(0.192)

−2.78(0.093)

3.71(0.130)

β̂ F E (var(β̂ F E ))

0.00(4.000)

5.56(0.259)

4.63(0.185)

−2.78(0.088)

3.71(0.127)

β̂ RE (var(β̂ RE ))

0.84(1.403)

5.53(0.284)

4.61(0.206)

−2.76(0.096)

3.69(0.140)

β̂ LW S
(var(β̂ LW S ))

1.99(0.138)

6.00(0.026)

5.00(0.025)

−3.00(0.023)

4.01(0.025)

E
β̂ F W (var(
β̂ F W E ))

0.01(3.992)

5.92(0.016)

4.92(0.015)

−2.95(0.011)

3.93(0.014)

E
β̂ RW (var(
β̂ RW E ))

0.40(2.581)

5.94(0.012)

4.95(0.010)

−2.97(0.008)

3.96(0.010)
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Random Effects Model - outliers
Contamination level is 5%.

β̂ OLS(var(β̂ OLS ))

1.81(0.132)

4.25(3.223)

3.53(2.305)

−2.13(0.864)

2.82(1.496)

β̂ F E (var(β̂ F E ))

0.00(4.000)

4.25(3.229)

3.53(2.297)

−2.13(0.872)

2.82(1.500)

β̂ RE (var(β̂ RE ))

1.24(0.640)

4.22(3.315)

3.51(2.365)

−2.11(0.892)

2.80(1.540)

β̂ LW S
(var(β̂ LW S ))

2.01(0.123)

6.00(0.025)

4.99(0.024)

−3.00(0.023)

3.99(0.025)

E
β̂ F W (var(
β̂ F W E ))

0.07(3.789)

5.87(0.026)

4.89(0.022)

−2.92(0.015)

3.90(0.018)

E
β̂ RW (var(
β̂ RW E ))

0.41(2.595)

5.90(0.018)

4.92(0.015)

−2.94(0.012)

3.93(0.013)

Contamination level is 10%.

β̂ OLS(var(β̂ OLS ))

1.61(0.259)

3.02(9.076)

2.51(6.363)

−1.51(2.355)

2.00(4.154)

β̂ F E (var(β̂ F E ))

0.00(4.000)

3.02(9.104)

2.51(6.355)

−1.51(2.364)

2.00(4.163)

β̂ RE (var(β̂ RE ))

1.27(0.616)

2.99(9.232)

2.49(6.465)

−1.50(2.396)

1.98(4.221)

β̂ LW S
(var(β̂ LW S ))

2.02(0.111)

6.00(0.023)

5.00(0.024)

−3.01(0.024)

3.99(0.024)

E
β̂ F W (var(
β̂ F W E ))

0.15(3.478)

5.78(0.061)

4.81(0.047)

−2.88(0.026)

3.84(0.038)

E
β̂ RW (var(
β̂ RW E ))

0.59(2.125)

5.86(0.032)

4.88(0.026)

−2.93(0.016)

3.90(0.022)

Contamination level is 15%.

β̂ OLS(var(β̂ OLS ))

1.42(0.456)

1.96(16.491)

1.64(11.480)

−0.97(4.267)

1.30(7.431)

β̂ F E (var(β̂ F E ))

0.00(4.000)

1.97(16.439)

1.64(11.473)

−0.96(4.293)

1.30(7.465)

β̂ RE (var(β̂ RE ))

1.21(0.725)

1.94(16.640)

1.62(11.589)

−0.96(4.312)

1.29(7.510)

β̂ LW S
(var(β̂ LW S ))

2.00(0.096)

5.98(0.023)

4.99(0.021)

−2.99(0.022)

3.99(0.023)

E
β̂ F W (var(
β̂ F W E ))

0.27(3.075)

5.65(0.146)

4.70(0.108)

−2.81(0.054)

3.76(0.077)

E
β̂ RW (var(
β̂ RW E ))

0.82(1.596)

5.80(0.060)

4.84(0.045)

−2.90(0.025)

3.87(0.035)
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Random Effects Model - outliers
Contamination level is 20%.

β̂ OLS(var(β̂ OLS ))

1.21(0.736)

1.16(23.622)

0.95(16.547)

−0.60(5.876)

0.78(10.488)

β̂ F E (var(β̂ F E ))

0.00(4.000)

1.15(23.678)

0.94(16.600)

−0.61(5.870)

0.78(10.510)

β̂ RE (var(β̂ RE ))

1.09(0.938)

1.14(23.771)

0.94(16.652)

−0.59(5.911)

0.77(10.554)

β̂ LW S
(var(β̂ LW S ))

1.98(0.090)

5.98(0.023)

4.99(0.023)

−3.00(0.023)

4.00(0.021)

E
β̂ F W (var(
β̂ F W E ))

0.42(2.607)

5.48(0.296)

4.56(0.221)

−2.74(0.092)

3.65(0.151)

E
β̂ RW (var(
β̂ RW E ))

1.05(1.091)

5.76(0.095)

4.80(0.070)

−2.89(0.034)

3.84(0.051)

Contamination level is 25%.

β̂ OLS(var(β̂ OLS ))

1.04(1.040)

1.20(23.194)

1.00(16.135)

−0.60(5.878)

0.79(10.422)

β̂ F E (var(β̂ F E ))

0.00(4.000)

1.20(23.177)

1.00(16.165)

−0.59(5.915)

0.79(10.455)

β̂ RE (var(β̂ RE ))

0.96(1.185)

1.19(23.272)

0.99(16.180)

−0.59(5.902)

0.78(10.455)

β̂ LW S
(var(β̂ LW S ))

2.00(0.079)

5.98(0.018)

4.98(0.020)

−2.99(0.019)

3.98(0.019)

E
β̂ F W (var(
β̂ F W E ))

0.57(2.183)

5.40(0.391)

4.50(0.286)

−2.69(0.124)

3.59(0.195)

E
β̂ RW (var(
β̂ RW E ))

1.18(0.848)

5.74(0.111)

4.78(0.084)

−2.87(0.040)

3.82(0.060)

Contamination level is 30%.

β̂ OLS(var(β̂ OLS ))

0.80(1.518)

1.52(20.204)

1.26(14.108)

−0.76(5.118)

1.02(9.015)

β̂ F E (var(β̂ F E ))

0.00(4.000)

1.52(20.240)

1.25(14.196)

−0.76(5.121)

1.01(9.035)

β̂ RE (var(β̂ RE ))

0.81(1.509)

1.52(20.200)

1.26(14.106)

−0.76(5.118)

1.02(9.009)

β̂ LW S
(var(β̂ LW S ))

2.00(0.064)

5.94(0.020)

4.94(0.019)

−2.97(0.016)

3.96(0.016)

E
β̂ F W (var(
β̂ F W E ))

1.01(1.115)

5.18(0.715)

4.32(0.511)

−2.59(0.208)

3.44(0.350)

E
β̂ RW (var(
β̂ RW E ))

1.56(0.289)

5.76(0.097)

4.79(0.076)

−2.88(0.036)

3.84(0.053)

The data used in Table 2 were again contaminated by outliers but this time,
the fixed effects and the explanatory variables are uncorrelated. Therefore the best
method should theoretically be the random weighted effects.
We can see similar patterns as in Table 1 - even for mild contamination, all the
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robust estimates are better than the classical ones and up to the contamination
level of 5%, the RWE estimators could be considered as the best ones. However,
without the problem of correlation of the effects and design matrix, the pooled
LWS give very good results as well. As the advantage of RWE over pooled LWS
could be considered lower variance. But around the contamination level of 10%, this
advantage disappears and again, for larger contamination, the pooled LWS method
gives the best results. It remains to add that under all the levels of contamination,
random weighted effects work better than fixed weighted effects.
The following two tables offer results for data conataminated by leverage points.
As the leverage points were created by the 15-multiple of the explanatory variables,
we can also observe, whether the estimators differ more, when the contaminated
observations are much further from the bulk of data than in the case of outliers.
TABLE 3 - Fixed Effects Model - leverage points
True value of β

2

6

5

-3

4

Contamination level is 0.5%.

β̂ OLS(var(β̂ OLS ))

0.49(230.685)

0.93(92.125)

0.19(79.294)

−3.08(47.186)

−0.94(60.069)

β̂ F E (var(β̂ F E ))

0.00(4.000)

0.54(40.332)

−0.30(36.074)

−3.31(7.777)

−1.78(39.704)

β̂ RE (var(β̂ RE ))

0.52(5.076)

0.41(42.645)

−0.71(41.467)

−3.82(8.637)

−2.67(52.880)

β̂ LW S
(var(β̂ LW S ))

2.00(0.004)

6.07(0.009)

5.11(0.015)

−2.85(0.024)

4.18(0.035)

E
β̂ F W (var(
β̂ F W E ))

−0.01(4.069)

5.92(0.015)

4.93(0.014)

−2.95(0.011)

3.93(0.013)

E
β̂ RW (var(
β̂ RW E ))

0.73(1.756)

6.04(0.007)

5.08(0.012)

−2.84(0.031)

4.16(0.029)

Contamination level is 1%.

β̂ OLS(var(β̂ OLS ))

0.33(134.120)

−1.46(86.742)

−1.92(75.174)

−1.08(27.343)

−2.50(58.597)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−1.73(66.581)

−1.91(52.788)

−1.20(9.822)

−2.68(47.301)

β̂ RE (var(β̂ RE ))

0.36(5.580)

−1.95(69.348)

−2.48(60.386)

−1.79(7.484)

−3.76(62.924)

β̂ LW S
(var(β̂ LW S ))

2.00(0.004)

6.07(0.009)

5.11(0.015)

−2.85(0.024)

4.18(0.036)

E
β̂ F W (var(
β̂ F W E ))

−0.01(4.051)

5.92(0.014)

4.93(0.013)

−2.94(0.010)

3.94(0.011)

E
β̂ RW (var(
β̂ RW E ))

0.63(1.927)

6.04(0.007)

5.08(0.011)

−2.84(0.030)

4.16(0.029)
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Fixed Effects Model - leverage points
Contamination level is 5%.

β̂ OLS(var(β̂ OLS ))

−1.60(13.643)

−5.05(122.738)

−4.37(88.222)

2.10(26.387)

−3.70(59.556)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−4.58(112.449)

−3.88(79.080)

2.10(26.360)

−3.19(51.880)

β̂ RE (var(β̂ RE ))

−0.29(9.291)

−4.96(120.396)

−4.52(90.799)

1.64(21.794)

−4.40(70.739)

β̂ LW S
(var(β̂ LW S ))

2.00(0.003)

6.07(0.009)

5.11(0.015)

−2.85(0.024)

4.18(0.035)

E
β̂ F W (var(
β̂ F W E ))

−0.00(4.044)

5.84(0.252)

4.78(0.521)

−3.15(0.832)

3.68(1.425)

E
β̂ RW (var(
β̂ RW E ))

0.62(2.027)

6.06(0.150)

5.01(0.341)

−2.95(0.396)

4.01(0.810)

Contamination level is 10%.

β̂ OLS(var(β̂ OLS ))

−1.83(14.721)

−5.58(134.074)

−4.70(94.201)

2.62(31.678)

−3.85(61.629)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.01(121.319)

−4.15(83.786)

2.63(31.812)

−3.26(52.792)

β̂ RE (var(β̂ RE ))

−1.23(15.561)

−5.46(131.351)

−4.81(96.251)

2.22(27.283)

−4.46(71.603)

β̂ LW S
(var(β̂ LW S ))

2.00(0.003)

6.07(0.008)

5.11(0.015)

−2.85(0.025)

4.18(0.035)

E
β̂ F W (var(
β̂ F W E ))

0.13(3.701)

2.77(12.153)

0.69(20.027)

−7.06(17.530)

−2.63(45.580)

E
β̂ RW (var(
β̂ RW E ))

1.31(7.633)

3.03(16.721)

0.57(26.259)

−7.26(20.869)

−3.74(66.922)

Contamination level is 15%.

β̂ OLS(var(β̂ OLS ))

−1.89(15.151)

−5.73(137.672)

−4.80(96.137)

2.78(33.479)

−3.89(62.229)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.12(123.652)

−4.23(85.165)

2.77(33.364)

−3.27(52.889)

β̂ RE (var(β̂ RE ))

−2.28(24.765)

−5.61(134.841)

−4.91(98.209)

2.39(29.102)

−4.45(71.474)

β̂ LW S
(var(β̂ LW S ))

2.00(0.002)

6.07(0.007)

5.11(0.014)

−2.85(0.023)

4.18(0.035)

E
β̂ F W (var(
β̂ F W E ))

0.79(2.053)

−0.00(38.887)

−1.23(40.662)

−4.60(5.411)

−3.42(55.942)

E
β̂ RW (var(
β̂ RW E ))

1.94(4.401)

0.38(34.077)

−1.50(44.426)

−6.51(13.931)

−5.25(86.627)
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Fixed Effects Model - leverage points
Contamination level is 20%.

β̂ OLS(var(β̂ OLS ))

−1.93(15.424)

−5.81(139.426)

−4.85(97.027)

2.86(34.351)

−3.90(62.471)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.19(125.330)

−4.27(85.878)

2.85(34.250)

−3.27(52.914)

β̂ RE (var(β̂ RE ))

−3.17(33.324)

−5.72(137.457)

−4.96(99.303)

2.48(30.068)

−4.44(71.184)

β̂ LW S
(var(β̂ LW S ))

2.08(0.434)

6.35(1.200)

5.28(0.849)

−3.20(1.617)

4.21(0.310)

E
β̂ F W (var(
β̂ F W E ))

1.87(1.134)

−2.91(81.887)

−3.09(67.028)

−1.34(5.554)

−3.96(63.882)

E
β̂ RW (var(
β̂ RW E ))

2.34(2.266)

−0.60(45.545)

−2.18(53.153)

−5.88(9.424)

−5.31(87.500)

Contamination level is 25%.

β̂ OLS(var(β̂ OLS ))

−1.94(15.563)

−5.85(140.424)

−4.88(97.577)

2.93(35.163)

−3.90(62.456)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.23(126.233)

−4.29(86.302)

2.90(34.870)

−3.28(53.046)

β̂ RE (var(β̂ RE ))

−4.30(45.909)

−5.83(139.902)

−5.03(100.667)

2.54(30.666)

−4.41(70.800)

β̂ LW S
(var(β̂ LW S ))

3.19(10.472)

8.25(14.457)

6.32(10.667)

−5.47(12.159)

4.18(6.917)

E
β̂ F W (var(
β̂ F W E ))

1.84(2.116)

−4.76(116.671)

−4.34(87.720)

0.82(15.562)

−4.23(67.921)

E
β̂ RW (var(
β̂ RW E ))

−0.65(73.926)

−2.21(74.127)

−3.29(72.366)

−3.17(10.806)

−5.27(87.454)

Contamination level is 30%.

β̂ OLS(var(β̂ OLS ))

−1.96(15.670)

−5.87(140.985)

−4.90(97.942)

2.94(35.288)

−3.92(62.661)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.25(126.555)

−4.29(86.388)

2.92(35.061)

−3.29(53.100)

β̂ RE (var(β̂ RE ))

−5.65(65.462)

−5.84(140.283)

−5.04(100.715)

2.57(30.980)

−4.41(70.770)

β̂ LW S
(var(β̂ LW S ))

−1.78(17.086)

−5.51(137.304)

−4.57(95.555)

2.82(35.440)

−3.63(60.982)

E
β̂ F W (var(
β̂ F W E ))

1.58(4.635)

−5.17(125.081)

−4.59(92.214)

1.31(18.909)

−4.31(69.299)

−4.70(118.850)

−4.42(90.551)

0.82(21.574)

−4.65(75.393)

E
β̂ RW (var(
β̂ RW E ))

−9.37(238.875)

Table 3 shows the estimates obtained from data contaminated by leverage
points, where there is correlation between the effects and the explanatory variables.
As says the theory, the best method in this case should be the fixed weighted effects.
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We can see that already for the contamination of 0.5%, the estimates obtained
by any of the classical methods are completely wrong - some even have a wrong sign.
However, the robust methods still give very good results and for low contamination
level, the fixed weighted effects are again the best as expected. But in this case,
the border, where the pooled LWS become better, is more around 5% than 10%.
With higher contamination, also the FWE and RWE methods give very poor
results and the pooled LWS is the only method that results in reasonable estimates.
But neither the pooled LWS work well under all contamination levels. For the
contamination level of 20%, the estimates are still quite good, for the level of 25%,
we already can see some larger deviations and for the level of 30%, also the LWS
estimates become completely wrong.
But this phenomenon has an obvious explanation - the weight function. Because
of how we chose the weights, only 20% of the "worst" observations are completely
omitted. Therefore with the contamination higher than 20%, the contaminated
data already influence the estimates. And as the leverage points are much further
away from the bulk of data than the outliers (see Table 1 and Table 2), the 10%
with decreasing weights have much larger effect.
We will study later, how the estimates can be influenced by a change of the
weight function. But before we do so, let us take a look at the random effects
model with leverage points.

TABLE 4 - Random Effects Model - leverage points
True value of β

2

6

5

-3

4

Contamination level is 0.5%.

β̂ OLS(var(β̂ OLS ))

0.64(7.158)

−1.99(73.783)

−1.54(51.203)

0.99(22.334)

−1.31(34.963)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−2.00(72.918)

−1.58(50.856)

0.98(21.520)

−1.32(34.439)

β̂ RE (var(β̂ RE ))

1.51(0.552)

−2.27(78.194)

−1.80(54.517)

1.12(23.152)

−1.50(37.012)

β̂ LW S
(var(β̂ LW S ))

2.00(0.129)

6.00(0.025)

5.01(0.025)

−3.00(0.024)

4.00(0.024)

E
β̂ F W (var(
β̂ F W E ))

0.00(4.021)

5.93(0.015)

4.92(0.016)

−2.95(0.010)

3.93(0.013)

E
β̂ RW (var(
β̂ RW E ))

0.57(2.134)

5.96(0.010)

4.96(0.010)

−2.97(0.009)

3.96(0.009)
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Random Effects Model - leverage points
Contamination level is 1%.

β̂ OLS(var(β̂ OLS ))

0.02(7.106)

−3.61(96.510)

−3.00(67.269)

1.82(25.681)

−2.48(44.481)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−3.46(92.894)

−2.89(64.900)

1.75(24.522)

−2.38(42.674)

β̂ RE (var(β̂ RE ))

1.54(0.501)

−3.80(99.988)

−3.18(69.917)

1.92(26.393)

−2.61(45.947)

β̂ LW S
(var(β̂ LW S ))

2.00(0.137)

6.00(0.026)

4.99(0.022)

−3.00(0.027)

3.99(0.023)

E
β̂ F W (var(
β̂ F W E ))

0.00(4.022)

5.92(0.016)

4.92(0.015)

−2.94(0.012)

3.93(0.013)

E
β̂ RW (var(
β̂ RW E ))

0.59(2.084)

5.96(0.010)

4.96(0.010)

−2.97(0.009)

3.96(0.009)

Contamination level is 5%.

β̂ OLS(var(β̂ OLS ))

−1.65(13.349)

−5.67(136.097)

−4.72(94.493)

2.83(34.014)

−3.77(60.411)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.19(125.169)

−4.32(86.868)

2.59(31.252)

−3.45(55.488)

β̂ RE (var(β̂ RE ))

0.16(3.616)

−5.68(136.500)

−4.74(94.858)

2.84(34.137)

−3.78(60.525)

β̂ LW S
(var(β̂ LW S ))

2.01(0.124)

6.00(0.025)

5.00(0.026)

−3.00(0.026)

4.00(0.026)

E
β̂ F W (var(
β̂ F W E ))

0.03(3.908)

5.87(0.027)

4.89(0.023)

−2.92(0.016)

3.90(0.020)

E
β̂ RW (var(
β̂ RW E ))

0.63(1.911)

5.93(0.013)

4.94(0.012)

−2.96(0.010)

3.94(0.013)

Contamination level is 10%.

β̂ OLS(var(β̂ OLS ))

−1.84(14.726)

−5.84(140.109)

−4.86(97.273)

2.92(35.014)

−3.89(62.258)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.33(128.419)

−4.44(89.152)

2.65(31.985)

−3.56(57.104)

β̂ RE (var(β̂ RE ))

−1.45(12.168)

−5.85(140.407)

−4.87(97.348)

2.91(34.967)

−3.90(62.400)

β̂ LW S
(var(β̂ LW S ))

1.99(0.109)

5.99(0.027)

5.00(0.028)

−3.00(0.029)

4.00(0.029)

E
β̂ F W (var(
β̂ F W E ))

0.09(3.709)

5.74(0.089)

4.77(0.072)

−2.85(0.042)

3.82(0.050)

E
β̂ RW (var(
β̂ RW E ))

0.67(1.812)

5.87(0.030)

4.88(0.027)

−2.92(0.018)

3.91(0.020)
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Random Effects Model - leverage points
Contamination level is 15%.

β̂ OLS(var(β̂ OLS ))

−1.90(15.199)

−5.89(141.439)

−4.91(98.213)

2.95(35.359)

−3.93(62.860)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.39(129.753)

−4.48(89.886)

2.69(32.403)

−3.59(57.568)

β̂ RE (var(β̂ RE ))

−2.98(25.029)

−5.90(141.717)

−4.91(98.315)

2.95(35.438)

−3.93(62.880)

β̂ LW S
(var(β̂ LW S ))

1.99(0.099)

5.99(0.026)

4.99(0.027)

−3.01(0.031)

4.00(0.028)

E
β̂ F W (var(
β̂ F W E ))

0.16(3.481)

5.52(0.289)

4.57(0.251)

−2.69(0.177)

3.64(0.210)

E
β̂ RW (var(
β̂ RW E ))

0.72(1.712)

5.76(0.083)

4.79(0.071)

−2.83(0.058)

3.81(0.064)

Contamination level is 20%.

β̂ OLS(var(β̂ OLS ))

−1.93(15.426)

−5.92(142.113)

−4.93(98.701)

2.96(35.531)

−3.95(63.159)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.40(130.063)

−4.50(90.309)

2.70(32.504)

−3.60(57.733)

β̂ RE (var(β̂ RE ))

−4.48(42.239)

−5.93(142.229)

−4.94(98.733)

2.96(35.572)

−3.95(63.166)

β̂ LW S
(var(β̂ LW S ))

2.00(0.079)

6.00(0.030)

4.99(0.035)

−2.99(0.036)

3.99(0.036)

E
β̂ F W (var(
β̂ F W E ))

0.22(3.311)

4.46(3.496)

3.58(3.210)

−2.01(1.978)

2.78(2.561)

E
β̂ RW (var(
β̂ RW E ))

0.77(1.627)

5.15(1.266)

4.24(1.099)

−2.45(0.848)

3.28(1.060)

Contamination level is 25%.

β̂ OLS(var(β̂ OLS ))

−1.94(15.554)

−5.92(142.066)

−4.93(98.662)

2.96(35.517)

−3.95(63.152)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.39(129.820)

−4.50(90.263)

2.71(32.561)

−3.61(57.851)

β̂ RE (var(β̂ RE ))

−5.76(60.364)

−5.92(142.084)

−4.93(98.616)

2.96(35.533)

−3.95(63.245)

β̂ LW S
(var(β̂ LW S ))

2.01(0.264)

5.70(0.679)

4.73(0.734)

−2.86(0.856)

3.79(0.770)

E
β̂ F W (var(
β̂ F W E ))

0.67(2.123)

1.68(20.874)

1.54(14.315)

−0.83(6.854)

1.16(10.164)

E
β̂ RW (var(
β̂ RW E ))

1.11(1.080)

3.26(9.369)

2.68(7.530)

−1.55(4.123)

2.01(6.121)
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Random Effects Model - leverage points
Contamination level is 30%.

β̂ OLS(var(β̂ OLS ))

−1.96(15.670)

−5.89(141.331)

−4.91(98.135)

2.94(35.322)

−3.93(62.808)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.38(129.413)

−4.48(89.830)

2.68(32.327)

−3.59(57.582)

β̂ RE (var(β̂ RE ))

−7.54(91.199)

−5.89(141.386)

−4.91(98.164)

2.94(35.340)

−3.93(62.850)

β̂ LW S
(var(β̂ LW S ))

−1.98(15.894)

−5.96(143.194)

−4.96(99.432)

2.98(35.815)

−3.97(63.645)

E
β̂ F W (var(
β̂ F W E ))

1.61(0.712)

−0.91(50.977)

−0.74(35.622)

0.35(12.992)

−0.51(22.410)

E
β̂ RW (var(
β̂ RW E ))

1.94(0.184)

1.66(21.162)

1.37(15.582)

−0.90(6.953)

1.16(10.621)

Table 4 shows the results for data contaminated by leverage points, where there
is no correlation between the effects and explanatory variables. It corresponds to
all the patterns that we found in previous tables.
Already for mild contamination, the classical methods break down and the RWE
estimates are the best ones. But also the LWS estimates are very good and around
5-10% they become better than the RWE estimates. As in the case of the fixed
effects model with leverage points, when the level of contamination is higher than
20%, also the LWS estimates worsen, because some of the contaminated data are
assigned weights different from 0.
5.2

Importance of an optimal shape of the weight function

As showed the study, discussed in previous subsection, also the robust methods
have problems, when the contamination reaches some level. It was already mentioned that we could overcome this problem by selecting different weights. In this
subsection, it will be shown that the choice of the weight function can really rapidly
influence the results.
Although the algorithm is pretty fast considering its complexity, it still takes
several hours to obtain the results of one cycle. As it was already shown, how the
estimators work, it will be sufficient for the purpose of showing the importance of
weight function, if we choose lower number of observations. Therefore we change
the number of units in this subsection to n = 30 (the other two parameters remain
unchanged, T = 10 and p = 5). This will make the algorithm considerably faster.
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We can again divide the results in four tables according to the correlation between the fixed effects and explanatory variables and to the type of contamination,
as indicate the headings of Table 5 through Table 8. The level of contamination
in all the following tables is approximately 20% and we will observe, how the estimates change with different weights. Let us recall that the contamination level is
only approximate due to the way of construction of the contamination, explained at
the beginning of subsection 5.1 - observations behind some threshold are contaminated and because of the random data generation, the number of contaminated
observations is not always the same.
To be able to simply describe the weights, let us define proportions h and g,
h, g ∈ R, h, g ∈ [0, 1], h ≤ g. From 0 to h, the observations are assigned weights
w = 1, from g to 1, the observations are assigned weights w = 0 and between h
and g, the weights decrease linearly from 1 to 0. Therefore e.g. for h = 0.7 and
g = 0.8 we arrive at the weights used in previous subsection.
As the patterns for fixed and random effects models are very similar, we can
discuss separately only the results for different types of contamination.

TABLE 5 - Fixed Effects Model with various weights - outliers
True value of β

2

6

5

-3

4

h = 0.5, g = 0.6

β̂ OLS(var(β̂ OLS ))

1.17(1.460)

3.37(12.182)

2.57(10.284)

−2.25(5.929)

1.91(8.325)

β̂ F E (var(β̂ F E ))

0.00(4.000)

2.87(17.021)

1.74(17.294)

−3.34(8.385)

0.60(19.853)

β̂ RE (var(β̂ RE ))

4.64(13.546)

3.75(7.990)

3.05(6.105)

−2.05(3.813)

2.50(4.217)

β̂ LW S
(var(β̂ LW S ))

2.00(0.020)

6.06(0.021)

5.12(0.031)

−2.85(0.034)

4.18(0.042)

E
β̂ F W (var(
β̂ F W E ))

−0.57(18.093)

5.85(2.323)

4.29(2.637)

−4.36(5.661)

2.84(4.904)

E
β̂ RW (var(
β̂ RW E ))

0.85(2.116)

6.89(1.209)

6.46(2.572)

−0.92(4.837)

6.51(6.853)
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Fixed Effects Model with various weights - outliers
h = 0.6, g = 0.7

β̂ OLS(var(β̂ OLS ))

1.21(1.318)

3.26(13.296)

2.66(10.558)

−2.06(4.992)

1.74(8.039)

β̂ F E (var(β̂ F E ))

0.00(4.000)

2.73(18.263)

1.92(16.465)

−3.09(7.814)

0.55(18.509)

β̂ RE (var(β̂ RE ))

4.73(13.828)

3.78(7.760)

3.10(6.242)

−1.80(3.542)

2.26(4.648)

β̂ LW S
(var(β̂ LW S ))

2.00(0.011)

6.09(0.020)

5.11(0.024)

−2.86(0.029)

4.18(0.038)

E
β̂ F W (var(
β̂ F W E ))

0.05(16.480)

5.81(2.404)

4.48(2.547)

−4.27(3.486)

2.77(3.928)

E
β̂ RW (var(
β̂ RW E ))

0.84(1.873)

6.97(1.184)

6.51(2.511)

−0.89(4.674)

6.71(7.511)

h = 0.7, g = 0.8

β̂ OLS(var(β̂ OLS ))

1.22(1.422)

3.37(12.299)

2.50(11.993)

−2.08(4.685)

1.82(7.826)

β̂ F E (var(β̂ F E ))

0.00(4.000)

2.94(16.387)

1.83(18.957)

−2.96(7.328)

0.78(17.949)

β̂ RE (var(β̂ RE ))

4.71(13.145)

3.87(7.006)

3.10(6.343)

−1.87(3.453)

2.28(4.760)

β̂ LW S
(var(β̂ LW S ))

2.01(0.008)

6.09(0.019)

5.13(0.024)

−2.89(0.023)

4.19(0.040)

E
β̂ F W (var(
β̂ F W E ))

0.31(11.475)

5.80(1.368)

4.52(1.478)

−3.97(2.267)

3.13(2.364)

E
β̂ RW (var(
β̂ RW E ))

0.85(1.807)

6.96(1.037)

6.52(2.439)

−0.88(4.629)

6.67(7.244)

h = 0.75, g = 0.85

β̂ OLS(var(β̂ OLS ))

1.24(1.356)

3.07(14.532)

2.69(11.482)

−2.03(5.277)

1.76(8.096)

β̂ F E (var(β̂ F E ))

0.00(4.000)

2.51(19.466)

1.94(18.413)

−3.05(6.588)

0.47(19.644)

β̂ RE (var(β̂ RE ))

4.85(14.471)

3.65(8.539)

3.15(6.355)

−1.99(3.311)

2.42(4.108)

β̂ LW S
(var(β̂ LW S ))

2.11(0.139)

6.35(0.234)

5.27(0.157)

−3.23(0.184)

4.20(0.084)

E
β̂ F W (var(
β̂ F W E ))

0.40(9.822)

5.91(0.937)

4.73(1.272)

−4.09(2.188)

3.15(1.711)

E
β̂ RW (var(
β̂ RW E ))

0.92(1.632)

7.26(1.802)

6.71(3.096)

−1.13(3.694)

6.64(7.116)
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Fixed Effects Model with various weights - outliers
h = 0.8, g = 0.9

β̂ OLS(var(β̂ OLS ))

1.25(1.291)

3.18(14.055)

2.52(11.551)

−1.96(6.124)

1.78(8.196)

β̂ F E (var(β̂ F E ))

0.00(4.000)

2.76(18.816)

1.89(18.098)

−2.75(8.701)

0.76(18.185)

β̂ RE (var(β̂ RE ))

4.96(15.253)

3.69(8.462)

3.11(6.174)

−1.96(3.698)

2.41(4.321)

β̂ LW S
(var(β̂ LW S ))

2.25(1.200)

6.77(1.229)

5.48(0.803)

−3.86(1.158)

4.09(0.332)

E
β̂ F W (var(
β̂ F W E ))

0.51(8.907)

5.97(1.662)

4.58(2.003)

−4.45(3.555)

2.79(3.157)

E
β̂ RW (var(
β̂ RW E ))

0.89(2.905)

7.67(3.843)

6.99(4.958)

−1.46(3.100)

6.76(8.256)

TABLE 6 - Random Effects Model with various weights - outliers
True value of β

2

6

5

-3

4

h = 0.5, g = 0.6

β̂ OLS(var(β̂ OLS ))

1.22(0.961)

1.13(24.280)

0.91(17.264)

−0.63(6.011)

0.76(10.921)

β̂ F E (var(β̂ F E ))

0.00(4.000)

1.13(24.308)

0.90(17.332)

−0.64(5.968)

0.76(10.968)

β̂ RE (var(β̂ RE ))

1.14(1.100)

1.12(24.323)

0.90(17.353)

−0.63(5.997)

0.75(10.956)

β̂ LW S
(var(β̂ LW S ))

2.00(0.461)

5.99(0.202)

5.01(0.217)

−2.99(0.197)

3.98(0.188)

E
β̂ F W (var(
β̂ F W E ))

0.43(2.989)

5.46(0.584)

4.55(0.461)

−2.74(0.307)

3.63(0.406)

E
β̂ RW (var(
β̂ RW E ))

0.95(1.487)

5.72(0.306)

4.71(0.289)

−2.84(0.190)

3.81(0.227)

h = 0.6, g = 0.7

β̂ OLS(var(β̂ OLS ))

1.18(1.024)

1.20(23.451)

0.96(16.773)

−0.60(6.157)

0.81(10.607)

β̂ F E (var(β̂ F E ))

0.00(4.000)

1.22(23.349)

0.96(16.802)

−0.61(6.146)

0.82(10.556)

β̂ RE (var(β̂ RE ))

1.12(1.146)

1.20(23.512)

0.96(16.815)

−0.60(6.199)

0.80(10.679)

β̂ LW S
(var(β̂ LW S ))

1.94(0.440)

5.97(0.133)

4.99(0.110)

−2.98(0.130)

3.97(0.141)

E
β̂ F W (var(
β̂ F W E ))

0.45(2.792)

5.47(0.474)

4.54(0.392)

−2.77(0.195)

3.64(0.277)

E
β̂ RW (var(
β̂ RW E ))

0.96(1.432)

5.73(0.220)

4.75(0.201)

−2.87(0.109)

3.83(0.136)
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Random Effects Model with various weights - outliers
h = 0.7, g = 0.8

β̂ OLS(var(β̂ OLS ))

1.22(0.961)

1.13(24.280)

0.91(17.264)

−0.63(6.011)

0.76(10.921)

β̂ F E (var(β̂ F E ))

0.00(4.000)

1.13(24.308)

0.90(17.332)

−0.64(5.968)

0.76(10.968)

β̂ RE (var(β̂ RE ))

1.14(1.100)

1.12(24.323)

0.90(17.353)

−0.63(5.997)

0.75(10.956)

β̂ LW S
(var(β̂ LW S ))

1.97(0.273)

5.97(0.078)

5.00(0.072)

−3.00(0.075)

3.99(0.069)

E
β̂ F W (var(
β̂ F W E ))

0.44(2.745)

5.46(0.395)

4.53(0.335)

−2.75(0.150)

3.60(0.244)

E
β̂ RW (var(
β̂ RW E ))

1.04(1.244)

5.75(0.138)

4.77(0.133)

−2.88(0.076)

3.83(0.100)

h = 0.75, g = 0.85

β̂ OLS(var(β̂ OLS ))

1.24(0.955)

1.15(24.082)

0.88(17.426)

−0.50(6.663)

0.76(10.872)

β̂ F E (var(β̂ F E ))

0.00(4.000)

1.15(24.175)

0.88(17.468)

−0.51(6.660)

0.75(10.958)

β̂ RE (var(β̂ RE ))

1.17(1.067)

1.14(24.175)

0.88(17.436)

−0.50(6.697)

0.76(10.880)

β̂ LW S
(var(β̂ LW S ))

2.01(0.280)

5.98(0.058)

4.97(0.067)

−2.96(0.073)

3.98(0.056)

E
β̂ F W (var(
β̂ F W E ))

0.45(2.682)

5.39(0.454)

4.51(0.321)

−2.72(0.153)

3.58(0.258)

E
β̂ RW (var(
β̂ RW E ))

1.09(1.104)

5.73(0.133)

4.78(0.104)

−2.85(0.071)

3.82(0.085)

h = 0.8, g = 0.9

β̂ OLS(var(β̂ OLS ))

1.15(1.198)

1.04(25.092)

0.88(17.454)

−0.54(6.509)

0.77(10.824)

β̂ F E (var(β̂ F E ))

0.00(4.000)

1.03(25.279)

0.88(17.509)

−0.54(6.523)

0.75(11.004)

β̂ RE (var(β̂ RE ))

1.09(1.316)

1.03(25.213)

0.88(17.480)

−0.54(6.531)

0.77(10.867)

β̂ LW S
(var(β̂ LW S ))

1.97(0.232)

5.82(0.120)

4.84(0.097)

−2.88(0.090)

3.87(0.107)

E
β̂ F W (var(
β̂ F W E ))

0.51(2.495)

5.28(0.632)

4.40(0.456)

−2.63(0.246)

3.52(0.320)

E
β̂ RW (var(
β̂ RW E ))

1.24(0.836)

5.65(0.220)

4.71(0.157)

−2.80(0.114)

3.75(0.137)

First thing that we can observe in Table 5 and Table 6 is that the classical
methods give very poor results due to the high contamination. Also the results for
the classical methods are quite consistent within each table, independently from
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the weights. Of course, this is expectable, as the weights are not included at all
into the classical estimation process. The small inconsistencies might be caused by
the lower number of observations.
The results of the robust methods are much more interesting. We can again
observe the same patterns as in the previous subsection in Tables 1 and 2 - the high
contamination causes that the best method overall is the pooled LWS. However,
according to the underlying model, the FWE and RWE methods work better than
the other as describes the theory. And we also can see the improvement of these
methods with the change of the weights.
For higher h and g, h = 0.8 and g = 0.9, the results are the worst of all
the possibilities. This is due to the fact that half of the contaminated data is
assigned non-zero weights. We can observe some improvement in the estimates
when changing the parameters to h = 0.75 and g = 0.85, where three quarters of
the contaminated data are omitted and only one quarter of the contaminated data
is assigned some positive weights.
The best results in both tables give the weights selected according to h = 0.7
and g = 0.8. This is a situation, where exactly the contaminated data (20%) are
completely deleted and all the clean data are assigned weights different from 0.
When we select h and g lower than 0.7 and 0.8 respectively, the values of
the estimates are still quite precise but the variances increase. The decrease in
efficiency is caused by the deletion of clean, non-contaminated observations, which
might have contributed with some additional information to the estimation process.
Finally, let us observe, whether some of these patterns change, when the contamination is caused by leverage points instead of outliers, as the leverage points
are again created by the 15-multiple of the design matrix. According to the results
in Víšek (2012b), the leverage points would have larger effect even if the contamination process corresponded to the outliers. But the difference (between leverage
points and outliers) is not that large and so we can assign a lot of the larger effect
in our case to the distance of the contaminated observations from the majority of
data.
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TABLE 7 - Fixed Effects Model with various weights - leverage points
True value of β

2

6

5

-3

4

h = 0.5, g = 0.6

β̂ OLS(var(β̂ OLS ))

−1.93(15.435)

−5.79(139.112)

−4.85(96.967)

2.86(34.382)

−3.91(62.545)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.21(125.785)

−4.28(86.204)

2.88(34.599)

−3.27(52.959)

β̂ RE (var(β̂ RE ))

−3.29(48.236)

−5.72(137.378)

−4.97(99.411)

2.47(30.004)

−4.43(71.090)

β̂ LW S
(var(β̂ LW S ))

2.01(0.017)

6.07(0.021)

5.13(0.032)

−2.85(0.035)

4.17(0.040)

E
β̂ F W (var(
β̂ F W E ))

1.15(6.422)

−1.28(64.529)

−1.75(52.346)

−3.20(9.489)

−3.48(59.116)

E
β̂ RW (var(
β̂ RW E ))

1.82(15.307)

0.19(46.188)

−1.77(54.681)

−5.92(16.470)

−5.08(87.560)

h = 0.6, g = 0.7

β̂ OLS(var(β̂ OLS ))

−1.92(15.345)

−5.80(139.297)

−4.85(97.051)

2.86(34.352)

−3.90(62.413)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.18(125.011)

−4.27(85.928)

2.83(34.065)

−3.26(52.738)

β̂ RE (var(β̂ RE ))

−3.25(47.949)

−5.71(137.115)

−4.99(99.845)

2.47(30.008)

−4.42(70.975)

β̂ LW S
(var(β̂ LW S ))

2.02(0.010)

6.07(0.016)

5.10(0.020)

−2.85(0.031)

4.19(0.040)

E
β̂ F W (var(
β̂ F W E ))

1.39(4.096)

−2.03(73.017)

−2.59(62.969)

−2.42(9.245)

−3.64(60.239)

E
β̂ RW (var(
β̂ RW E ))

2.33(9.791)

−0.19(46.756)

−2.10(56.344)

−6.20(15.353)

−5.07(85.643)

h = 0.7, g = 0.8

β̂ OLS(var(β̂ OLS ))

−1.92(15.393)

−5.82(139.666)

−4.84(96.833)

2.86(34.353)

−3.90(62.424)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.22(126.049)

−4.23(85.375)

2.87(34.520)

−3.29(53.165)

β̂ RE (var(β̂ RE ))

−3.11(48.503)

−5.72(137.395)

−4.95(99.068)

2.47(30.004)

−4.44(71.285)

β̂ LW S
(var(β̂ LW S ))

2.31(6.264)

7.22(12.880)

5.73(8.205)

−3.98(8.906)

4.07(2.822)

E
β̂ F W (var(
β̂ F W E ))

1.58(3.264)

−2.70(81.384)

−2.92(66.467)

−1.62(9.066)

−3.91(63.806)

E
β̂ RW (var(
β̂ RW E ))

1.98(16.198)

−0.16(43.500)

−1.80(51.414)

−6.02(14.325)

−5.28(88.924)
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Fixed Effects Model with various weights - leverage points
h = 0.75, g = 0.85

β̂ OLS(var(β̂ OLS ))

−1.92(15.366)

−5.80(139.358)

−4.84(96.868)

2.86(34.377)

−3.91(62.523)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.20(125.578)

−4.26(85.894)

2.86(34.415)

−3.28(53.011)

β̂ RE (var(β̂ RE ))

−2.92(49.781)

−5.72(137.440)

−4.97(99.361)

2.48(30.055)

−4.44(71.271)

β̂ LW S
(var(β̂ LW S ))

4.31(159.649)

7.72(98.054)

4.91(81.098)

−7.00(72.019)

2.99(39.820)

E
β̂ F W (var(
β̂ F W E ))

1.51(4.455)

−3.45(93.641)

−3.50(75.268)

−0.56(10.629)

−4.09(66.291)

E
β̂ RW (var(
β̂ RW E ))

1.26(28.465)

0.08(43.460)

−1.79(52.482)

−5.02(13.130)

−5.38(91.164)

h = 0.8, g = 0.9

β̂ OLS(var(β̂ OLS ))

−1.92(15.410)

−5.80(139.236)

−4.85(97.053)

2.86(34.417)

−3.90(62.509)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.22(126.049)

−4.27(86.066)

2.89(34.775)

−3.28(53.041)

β̂ RE (var(β̂ RE ))

−3.57(52.070)

−5.73(137.678)

−4.94(98.950)

2.48(30.105)

−4.44(71.319)

β̂ LW S
(var(β̂ LW S ))

−0.38(43.742)

−3.62(139.807)

−3.33(95.018)

1.66(40.706)

−3.60(62.550)

E
β̂ F W (var(
β̂ F W E ))

1.15(5.008)

−4.21(107.466)

−3.93(81.730)

0.32(14.797)

−4.23(68.483)

E
β̂ RW (var(
β̂ RW E ))

0.29(28.531)

−2.38(79.105)

−3.05(69.347)

−1.51(14.383)

−4.68(77.131)

TABLE 8 - Random Effects Model with various weights - leverage points
True value of β

2

6

5

-3

4

h = 0.5, g = 0.6

β̂ OLS(var(β̂ OLS ))

−1.92(15.404)

−5.92(141.980)

−4.93(98.617)

2.96(35.502)

−3.94(63.114)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.40(130.048)

−4.49(90.162)

2.70(32.556)

−3.62(58.039)

β̂ RE (var(β̂ RE ))

−4.36(41.276)

−5.92(142.050)

−4.93(98.729)

2.96(35.521)

−3.95(63.286)

β̂ LW S
(var(β̂ LW S ))

1.98(0.377)

5.97(0.181)

4.97(0.205)

−2.97(0.223)

4.01(0.188)

E
β̂ F W (var(
β̂ F W E ))

0.20(3.737)

5.13(2.142)

4.23(1.756)

−2.40(1.658)

3.26(1.762)

E
β̂ RW (var(
β̂ RW E ))

0.76(1.879)

5.56(0.739)

4.62(0.604)

−2.69(0.622)

3.55(0.801)
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Random Effects Model with various weights - leverage points
h = 0.6, g = 0.7

β̂ OLS(var(β̂ OLS ))

−1.92(15.375)

−5.92(142.000)

−4.93(98.648)

2.96(35.510)

−3.94(63.119)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.38(129.581)

−4.53(90.822)

2.72(32.773)

−3.57(57.362)

β̂ RE (var(β̂ RE ))

−4.27(40.192)

−5.90(141.716)

−4.95(98.992)

2.97(35.625)

−3.93(62.942)

β̂ LW S
(var(β̂ LW S ))

2.00(0.446)

5.97(0.129)

4.98(0.108)

−3.02(0.122)

4.01(0.121)

E
β̂ F W (var(
β̂ F W E ))

0.17(3.871)

5.01(2.424)

4.18(1.977)

−2.34(1.314)

3.16(2.089)

E
β̂ RW (var(
β̂ RW E ))

0.73(1.920)

5.51(0.533)

4.57(0.544)

−2.65(0.477)

3.63(0.475)

h = 0.7, g = 0.8

β̂ OLS(var(β̂ OLS ))

−1.92(15.369)

−5.92(142.017)

−4.93(98.569)

2.96(35.514)

−3.94(63.084)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.39(129.796)

−4.49(90.172)

2.70(32.505)

−3.57(57.398)

β̂ RE (var(β̂ RE ))

−4.30(40.501)

−5.90(141.752)

−4.93(98.694)

2.95(35.481)

−3.94(63.075)

β̂ LW S
(var(β̂ LW S ))

2.01(0.255)

5.97(0.112)

5.04(0.095)

−2.96(0.166)

3.96(0.170)

E
β̂ F W (var(
β̂ F W E ))

0.22(3.732)

4.31(5.028)

3.59(3.906)

−2.04(2.613)

2.59(3.878)

E
β̂ RW (var(
β̂ RW E ))

0.76(1.911)

5.06(2.006)

4.15(1.959)

−2.35(1.744)

3.17(1.899)

h = 0.75, g = 0.85

β̂ OLS(var(β̂ OLS ))

−1.92(15.401)

−5.92(141.978)

−4.93(98.571)

2.96(35.498)

−3.94(63.120)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.41(130.159)

−4.51(90.557)

2.69(32.441)

−3.63(58.189)

β̂ RE (var(β̂ RE ))

−4.27(40.227)

−5.93(142.313)

−4.94(98.782)

2.96(35.525)

−3.96(63.384)

β̂ LW S
(var(β̂ LW S ))

1.65(1.748)

4.73(8.723)

3.97(6.636)

−2.27(4.068)

3.07(5.260)

E
β̂ F W (var(
β̂ F W E ))

0.46(3.055)

2.55(18.153)

2.03(13.954)

−1.11(7.831)

1.85(8.903)

E
β̂ RW (var(
β̂ RW E ))

0.98(1.532)

3.45(10.795)

2.97(8.265)

−1.76(5.580)

2.41(6.097)
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Random Effects Model with various weights - leverage points
h = 0.8, g = 0.9

β̂ OLS(var(β̂ OLS ))

−1.92(15.388)

−5.92(142.038)

−4.93(98.644)

2.96(35.491)

−3.94(63.111)

β̂ F E (var(β̂ F E ))

0.00(4.000)

−5.41(130.184)

−4.48(89.947)

2.69(32.447)

−3.58(57.536)

β̂ RE (var(β̂ RE ))

−4.39(41.684)

−5.92(142.217)

−4.92(98.399)

2.96(35.525)

−3.92(62.814)

β̂ LW S
(var(β̂ LW S ))

−1.15(12.972)

−4.18(115.669)

−3.40(80.100)

2.01(29.452)

−2.77(51.941)

E
β̂ F W (var(
β̂ F W E ))

0.21(3.916)

−2.65(81.511)

−2.13(56.427)

1.31(21.860)

−1.85(37.999)

E
β̂ RW (var(
β̂ RW E ))

1.14(1.466)

−2.04(71.933)

−1.71(50.976)

1.00(19.489)

−1.48(34.399)

In Table 7 and Table 8, we can again notice that the classical methods give
completely wrong results but consistent within each table. The large effect of the
leverage points then causes the fixed weighted effects and random weighted effects
to be wrong as well - in case of the fixed effects model, neither the right selection
of weights can help.
Otherwise the patterns are very similar to the patterns found in the Table 5 and
Table 6. The best results are obtained, when all the contaminated observations are
deleted. As compared to the models with outliers, the best estimates are in some
cases obtained for h = 0.6 and g = 0.7. The reason could be the fact that the level
of contamination is only approximate - even if it is only slightly above 20% (say
20.1%), there might be few contaminated observations with non-zero weights for
h = 0.7 and g = 0.8 and due to the large effect of these leverage points, even these
few observations can worsen the estimates.
There remains to add that the fact that the decreasing weights are always for
10% of the observations is just due to the choice. The weights can be selected in
many different ways - an ideal situation would be to adapt the selection of weights
to particular data, according to our information about the contamination.
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Conclusion
The main purpose of this thesis was to show, whether the robustified estimation
methods for the models with the fixed and random effects work better under contamination than their classical equivalents. To understand the topic, we learned
about the panel data and fixed and random effects in general, as well as about the
robust estimation methods. Utilizing the method of least weighted squares it was
explained, how the fixed and random effects methods can be robustified. To find
out, how these robust methods can improve the results of an estimation process, a
simulation in MATLAB was implemented.
The contribution lies in the complexity of the thesis. Moreover, additional to
the research started in Víšek (2012b), the methods under higher contamination
were studied and it was shown that the choice of the weight function can be crucial
for the analysis, when we use the robust methods based on LWS.
Let us now summarize the results that we found out during the thesis. When
there is even a mild contamination, the classical methods break down - therefore if
the data are expected to be contaminated, it is of the best interest to use also the
robust methods.
If we do not know much about the level of contamination, the safest way is to
use the pooled LWS, because when the level of contamination is higher than around
5-10%, the accuracy of FWE and RWE methods decreases. On the contrary, pooled
LWS give satisfactory results for both, lower and higher contamination level. Of
course, the pooled LWS method also would be the best choice, if we were not sure,
whether the fixed effects are correlated with the explanatory variables or not. On
the other hand, if we expected some level of contamination but not higher than
the mentioned 5-10%, it would be better to use FWE or RWE (according to the
correlation), as in that case, these are more efficient.
But even pooled LWS can give us misleading results, if we are not careful
about the weights. If we select right weights, then even for higher contamination
the robust methods give nice results. On the other hand, if we select inappropriate
weights, even the robust methods break down and if we did not carefully control for
the weights, we might be under the false impression that the robust methods gave us
precise estimates. Assuming that we have an idea about the level of contamination,
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then according to the results, the best choice is to assign all the contaminated data
with zero weights. But to make the estimators as efficient as possible, not many
more observations than the contaminated ones should be deleted. The decreasing
weights might be useful, if the contamination level was not that obvious.
Although various situations have been discussed in this thesis, there still remain
lots of situations that may be very interesting to study. For example how the
estimates would change (possibly improve), if more than 10% of the observations
were assigned decreasing weights and we had less observations with the 0/1 weights.
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