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Chapter 1

Introduction and preliminaries

The topic of this thesis is studying algorithmic properties of the k-bend inter-
section graphs, especially optimization of the number of bends. This representa-
tion is connected to particular clique-cover problems.

So, this thesis deals with two clique-cover problems, which have interesting
applications regarding the k-bend intersection graph representation. Specifically,
we study the edge-clique-cover-degree problem and the edge-clique-layered-cover
problem.

In Chapter 2 we describe the studied problems in the context of other clique-
cover problems. We also show basic properties of studied problems and their
applications on the k-interval and especially the k-bend intersection graph repre-
sentations.

In Chapter 3 we investigate the complexity of the problems, we show that
both problems are as hard as the graph coloring problem.

Then, in Chapter 4, we convert the edge-clique-layered-cover problem to the hy-
pergraph coloring, and use this view to obtain some results on restricted graph
classes.

Chapter 5 deals with the edge-clique-cover-degree problem in relation to claw-
free graphs.

In Chapter 6 we investigate the edge-clique-layered-cover problem on graphs,
where the set of maximal cliques is edge-disjoint. We present 2-approximation al-
gorithm as well as some stronger upper bounds on subclass of this graph class.

Presented results in Chapters 3, 4, 5, 6 on the edge-clique-layered-cover prob-
lem are original, results on the edge-clique-cover-degree were finally recognized
as conclusions of published results.
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Figure 1.1: Claw and diamond graphs.

Let us now define basic terms of the graph theory.
We denote the set {1, . . . , n} by [n] for n ∈ N .
A graph G is a pair (V,E), where V is a finite set of vertices and E ⊆

(
V
2

)
is

a set E of edges. By V (G) we denote the set of vertices of the graph G, by E(G)
we denote the set of edges of the graph G. Size of the graph G is |V (G)|.

A graph G′ = (V ′, E ′) is a subgraph of a graph G = (V,E) if V ′ ⊆ V and
E ′ ⊆ E. A graph G′ = (V ′, E ′) is an induced subgraph of a graph G = (V,E)
if V ′ ⊆ V and E ′ = {{u, v} ∈ E | {u, v} ⊆ V ′}. By G(F), where G = (V,E) is
a graph and F ⊆ E is a set of edges, we denote the subgraph G′ = (V, F ); and
by G[W], where W ⊆ V is a set of vertices, we denote the induced subgraph
G′ = (W, {{u, v} ∈ E | {u, v} ⊆ W}).

We say that a graph G = (V,E) is isomorphic with a graph H = (V ′, E ′)
if there is a bijective function f : V → V ′, such that V ′ = {f(v) | v ∈ V } and
E ′ = {{f(u), f(v)} | {u, v} ∈ E}. The fact that G is isomorphic with H we
denote by G ' H.

We say that a graph G contains a graph H if H is an induced subgraph of G.
For a graph G = (V,E) and its subgraph H we say that a set of vertices W ⊆ V
forms the graph H in G if G[W ] ' H; and similarly we say that a set of edges
F ⊆ E forms the graph H in G if G[∪E] ' H.

Any set of graphs can be also called as graph class.
A complete graph is a graph Kn = (V,E) where E =

(
V
2

)
. Set of vertices

of some complete subgraph Kn is clique of size n. The clique is maximal, if there
is no bigger complete subgraph containing it. The maximum size of a clique
subgraph is denoted by ω(G). A set of vertices W ⊆ V (G) is called independent
set if E(G[W ]) = ∅. The maximum cardinality of an independent set in graph G
is denoted by α(G). A graph Ck = ({v1, . . . , vk}, {{vi, vi+1}|i ∈ [k−1]}∪{v1, vk})
is called cycle of length k. A graph G = (V,E) is complete bipartite graph,
if there are two independent sets A and B, such that A∪B = V,A∩B = ∅, and
E = {{u, v} | u ∈ A, v ∈ B}. Complete bipartite graphs are denoted as Km,n,
where m and n are the sizes of the partities.

For a graph G = (V,E) a sequence of disjoint vertices (v1, . . . , vk) is called
a path of length k if ∀i ∈ [k − 1] : {vi, vi+1} ∈ E. A graph G is connected
if for each pair of vertices u, v ∈ V (G), there is a path (u, . . . , v) in G. Connected
subgraph of graph G that is maximal is called component.

For a graph G = (V,E) and its vertex v ∈ V by N(v) = {w | {v, w} ∈ E}
we denote the set of neighbors of v. The degree of a vertex is the size of its
neighborhood, and is denoted by degG(v) = |N(v)|. By N′(v) = N(v) ∪ {v} we
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Figure 1.2: Plane grid graph.

denote the neighborhood of v with the vertex v. By ∆(G) = max
v∈ V

degG(v) we

denote the maximum degree of the graph G.
The complement of a graph G = (V,E) is the graph G = (V,E), where

E =
(
V
2

)
\ E.

By Forb(G1, . . . , Gk) we denote the graph class given by forbidden sub-
graphs G1, . . . , Gk; G ∈ Forb(G1, . . . , Gk) if G does not contain any of G1, . . . , Gk

as an induced subgraph. If G ∈ Forb(G1, . . . , Gk) we say that G is (G1, . . . ,Gk)-
free.

Bipartite graphs K1,n are called stars of size n. A graph K1,3 is called claw.
By G-{u, v} we denote graph G without edge {u, v}, by Kn-e we denote a clique
of size n without one arbitrary edge. A graph K4-e is called diamond. See Figure
1.1. The plane grid graph of size n×m,n ∈ N,m ∈ N is a graph G = (V,E),
where V = {(i, j), i ∈ [n], j ∈ [m]} and

{(i, j), (k, l)} ∈ E if (|i− k| = 1 ∧ j = l) ∨ (i = k ∧ |j − l| = 1,

see Figure 1.2.
Now we briefly define the terms used in the computational complexity theory,

for more detailed introduction see, e.g., [6].
A problem consists of a definition of correct inputs for the problem, and out-

puts (corresponding to the inputs) for the problem. A correct input I for the prob-
lem R is called instance of the problem, a correct output is called feasible
solution (or shortly solution). An optimization problem also defines an ob-
jective function mapping every possible feasible solution into a real value. The
value of the objective function on some solution is also called value of solution
and denoted by R(I). The goal of the minimizing problem is to find a feasible
solution which has the minimal value of the objective function. This solution is
called optimal solution. We assume that every instance can be coded as a string
x ∈ {0, 1}∗.

We say that problems R1 and R2 are equivalent if there is a bijective
function mapping instances of R1 onto instances of R2 and values of optimal
solutions for these instances are equal.

In the complexity theory we usually use decision problems. A decision prob-
lem is a problem whose output is “yes” or “no”. We can translate a minimizing
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problem to the decision problem of answering the question whether there is an op-
timal solution with the value less or equal than some number k.

The decision problem R can be equivalently viewed as the problem of recog-
nizing yes-instances of R, i.e., instances, for which the correct solution is “yes”.
By L(R) we denote the set of all yes-instances of problem R.

Nondeterministic Turing Machine (NTM) is a theoretical device formal-
izing an algorithm. NTM consists of a potentially infinite tape and a read/write
head on that tape. The tape can be viewed as a sequence of symbols, at any time
the head is on position on some of that symbols. NTM has a finite set of states
Q. A program for NTM consists of a starting state q0 ∈ Q, a set of end-states
QF , its subset of accepting end-states QY ⊆ QF and a transition function δ.
The transition function for the current state of the machine and the symbol
on the tape under the head defines a set of possible changes, where a change is
a triple containing a new state of the machine, a new symbol on the tape at the po-
sition of the head and whether the head will be moved (to left or to right). One
application of the transition function is called step. At the beginning, the NTM
is in the state q0, on the tape is an input string and the head is at the begining
of the input string. NTM iteratively applicates the transition function (select one
of possible changes) until some end-state is reached or the transition function is
not defined for the current state and symbol. NTM always selects such choices
that lead into an accepting end-state in the minimum number of steps, if such
choices exist.

Optionally, NTM can has an output tape, which is write-only, the head is
moving above both tapes simultaneously and the transition function also defines
a new symbol for the output tape.

Deterministic Turing Machine (DTM) is NTM, where transition func-
tion δ instead of set of changes has only one change.

By TM(I) we denote the number of steps that the machine M takes for input
instance I.

We say that a DTM or NTM M runs in polynomial time if there exists
a constant c ∈ R, such that ∀I : TM(I) ≤ |I|c. We say that a DTM or NTM
M runs in quasi-polynomial time if there exists a constant c ∈ R, such that
∀I : TM(I) ≤ |I|logc |I|.

We say that a DTM or NTM M accepts an instance I ∈ L(R) of a deci-
sion problem R if the machine ends in an accepting end-state.

We say that a DTM or NTM M rejects an instance I ∈ L(R) of deci-
sion problem R if the machine ends in an end-state that is not accepting.

A problem R is in the class P if there is a DTM M that runs in polynomial
time and ∀x ∈ L(R) accepts x.

A problem R is in the class NP if there is a NTM M that runs in polynomial
time and ∀x ∈ L(R) accepts x.

A problem R is in the class co-RP if there is a DTM M that runs in polynomial
time, ∀x ∈ L(R) accepts x and ∀x ∈ {0, 1}∗, x /∈ L(R) rejects x with probability
at least 1

2
.

Definition of co-RP̃ is exactly the same as co-RP, except that instead of poly-
nomial time, DTM can run in quasi-polynomial time.
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We say that there is a polynomial reduction from a problem R1 to a prob-
lem R2 if there is a DTM with an output tape which, given a string x ∈ {0, 1}∗,
outputs in polynomial time a string y such that x ∈ L(R1) if and only if y ∈ L(R2).

A problem R is NP-hard if for every problem R2 ∈ NP there is a polynomial
reduction from R2 to R. R is NP-complete if R is NP-hard and R ∈ NP.

We say that an algorithm A runs in polynomial-time if there is a DTM
which ends in polynomial time with the equal output as A.

An algorithm A for an optimization problem R is approximation algo-
rithm if A runs in polynomial time and returns some feasible solution for R.
By A(R) we denote the value of the solution returned by A. We say that A is
r-approximation algorithm if A(R) ≤ r ·OPT (R) for the minimizing problem,
A(R) ≤ 1

r
·OPT (R) for the maximizing problem.

We say that there is a approximation-preserving reduction from a prob-
lem R1 to a problem R2, if exist two polynomial-time algorithms f and g, with
following properties:
• for any instance I1 of R1, I2 = f(I1) is an instance of R2 such that
R2(I2) ≤ R1(I1),
• for any solution S2 of R2(I2), S2 = g(I1, S2) is a solution of R1(I1), such

that value of the solution S1 is less or equal than the value of solution S2.

Symbols and notations often used in the thesis are presented also in the fol-
lowing table:

G(F ) subgraph G′ = (V, F ), F ⊆ E.
G[W ] induced subgraph G′ = (W,E ′), W ⊆ V , E ′ = {e ∈ E | e ⊆ W}.
N(v) = {w | {v, w} ∈ E}, v ∈ V .
N ′(v) = {w | {v, w} ∈ E} ∪ {v}, v ∈ V .
G ' H graph G is isomorphic with graph H.
χ(G) =COL(G), chromatic number of G.
ω(G) maximum size of clique in G.
α(G) maximum size of independent set in G.
∆(G) maximum degree of graph G.
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Chapter 2

Problems of covering by cliques
and their properties

In this chapter we briefly describe the family of basic clique-cover problems
and connections between them. Then we define the two problems we study in this
work and show some observations about their relations. In the last section we
show applications of the problems regarding to intersection graphs.

2.1 Family of basic clique cover problems

By the term clique-cover is usually meant clique-partition, which is in fact
equivalent to coloring problem.

Definition. Given a graph G = (V,E), a clique-partition of G is a set of cliques
C such that:

∀v ∈ V : |{C ∈ C | {v} ⊆ C}| = 1.

The clique-partition problem (CP) for a graph G is the problem of finding
a clique-partition with the minimal number of cliques. By CP(G) we denote
the value of an optimal solution for CP on a graph G.

The coloring problem (COL) for a graph G is the problem of coloring vertices
of a graph with the minimal number of colors, such that vertices of all edges do
not have the same color. In other words we want to find a partitioning of vertices
into the minimal number of independent sets. The optimal value of COL problem
on a graph G we denote by χ(G).

Observation 2.1. CP problem is equivalent with COL problem.

Proof. Finding a clique is equivalent to finding an independent set in the comple-
ment graph. The coloring problem is the problem of finding the minimal number
of independent sets, such that these sets are partitioning of vertices. Clearly,
partitioning into independent sets in the complement of a graph G is equivalent
to partitioning into cliques in a graph G.

2
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A similar problem to the CP problem is the vertex-clique-cover problem, where
we admit that one vertex can be in more than one clique. It is easy to show that
in fact the vertex-clique-cover and the CP are equivalent problems.

Definition. Given a graph G = (V,E), a vertex-clique-cover of G is a set
of cliques C such that:

∀v ∈ V : ∃C ∈ C : {v} ⊆ C.

The vertex-clique-cover problem (VCC) for a graph G is the problem of finding
a vertex-clique-cover with the minimal number of cliques. By VCC(G) we denote
the value of an optimal solution for VCC on a graph G.

Observation 2.2. Every solution of CP problem on a graph G is also a so-
lution of VCC problem. From every solution of VCC problem we can simply
obtain a solution of CP problem with the same number of cliques. Thus, for all
graphs G: CP(G) =VCC(G).

Proof. The first statement follows directly from definitions. If in any solu-
tion of VCC problem is any vertex covered by more than one clique, we can arbi-
trary select one of that cliques and from others delete that vertex. The resulting
cover is still an optimal solution of VCC problem. By repeating this transforma-
tion on all vertices, we get an optimal VCC solution, that is also an optimal CP
solution.

2

The most similar problem to our problems is the edge-clique-cover problem,
which is a natural extension of VCC problem to edge covering. It is a known
result that the edge-clique-cover problem is as hard as VCC problem, see [11].

Definition. Given a graph G = (V,E), an edge-clique-cover of G is a set
of cliques C such that:

∀{v, w} ∈ E : ∃C ∈ C : {v, w} ⊆ C.

The edge-clique-cover problem (ECC) for a graph G is the problem of finding
an edge-clique-cover with the minimal number of cliques. By ECC(G) we denote
the value of an optimal solution for ECC on a graph G.

Let us now define the problems, that are studied in this work.

Definition. Given a graph G = (V,E) and its edge-clique-cover C, the edge-
clique-cover-degree of C is

max
v∈ V
|{C ∈ C | v ∈ C}|.

We assume that all edge-clique-covers do not contain any redundant clique, i.e,
cliques that are a subgraph of any other clique in the cover.

8



Figure 2.1: Solutions to ECCD problem (left) and ECLC problem (right) on
4-wheel.

The edge-clique-cover-degree problem (ECCD) for a graph G is
the problem of finding an edge-clique-cover with the minimal degree. By ECCD(G)
we denote the value of an optimal solution for ECCD on a graph G. An edge-
clique-cover on a graph G with degree d is denoted as d-cover.

The edge-clique-layered-cover problem (ECLC) for a graph G is
the problem of finding the minimal number of clique-partitions (layers), such that
each edge of G is covered at least in one partition. By ECLC(G) we denote
the value of an optimal solution for ECLC on a graph G. An edge-clique-cover
on a graph G divided into d clique-partitions is also denoted as d-layer-cover.

For one clique-partition in ECLC solution we use term layer. We also say
that an edge subset F ⊆ E(G) is a layer if G′ = (V (G), F ) is formed by vertex-
disjoint cliques.

As an example, consider 4-wheel graph. Solutions for the ECCD problem
and the ECLC problem on it are in Figure 2.1. The clique-cover is represented
by coloring the edges: Each color represents one clique in case of the ECCD
problem, and one color represents one layer in case of the ECLC problem. This
representation of clique-cover will be used also in all following examples.

Although the optimal solution to the ECCD problem consists in many cases
of maximal cliques, 4-wheel graph is not this case. We can see that the covering
by maximal cliques is 4-cover and 4-layer-cover.

Let us note that in studying of the ECCD and ECLC problems we can restrict
ourself to connected graphs. Optimal solutions of the problems on non-connected
graphs can be obtained from solutions on its components.

Note that each d-layer-cover is also d-cover, thus ECCD(G)≤ ECLC(G) for all
graphs G. The simplest example, where ECCD and ECLC are not equivalent is
C5. It is easy to see that ECCD(C5)= 2 and ECLC(C5)= 3.

Constructing the examples where differences between ECCD and ECLC are
bigger is not so simple, but it is possible by using the interesting family of John-
son graphs.

Definition. The vertices of the Johnson graph J(n, k) are all k-element sub-
sets of an n-element set; two vertices are adjacent when they have the intersec-
tion of the size at least (k − 1).

We use only Johnson graphs with k = 2.

9



Figure 2.2: Solutions to ECCD(J(4, 2)) = 2 and ECLC(J(4, 2)) = 3

Remark 2.3. We can observe that for such graphs ∀n ≥ 4 : ECCD(J(n, 2)) = 2.
The neighborhood of each vertex contains at least two vertices that are not
connected. For a vertex with the set {a, b} they are vertices with the sets
{a, c} and {b, d}, where c 6= d. Thus, J(n, 2) is not a partition of cliques, so
ECCD(J(n, 2)) > 1. For each k ∈ [n], the set of vertices that contains k in its
subsets forms a clique. Each vertex is common for exactly two of that cliques.
Thus, these cliques give 2-cover.

Proposition 2.4. ECLC(J(4, 2)) = 3.

Proof. By Remark 2.3, J(4, 2) is formed by four triangles (see Figure 2.2), each
vertex is common for exactly two of those triangles. Thus, at most one of those
triangles can be in each layer. The maximum number of edges that can be covered
by one layer is 4 (one triangle and one edge). But |E(J(4, 2))| = 12.

2

Proposition 2.5. ECLC(J(5, 2)) = 4.

Proof. By Remark 2.3, J(5, 2) is formed by five K4, at most one of those
cliques can be contained in each layer. Maximum number of edges that can be
covered by one layer is 10 (K4, triangle and one edge) and |E(J(5, 2))| = 30.
Thus, we know that each possible 3-layers solution must contain K4, a triangle
and an edge, and each edge must be covered exactly in one layer. But if we want
to cover K4 without duplicitous covering of some edge, we cannot use more than
one triangle. From this, we can see that with three triangles and three edges we
can uniquely cover only one K4 (by one triangle and three edges). Thus, there is
no 3-layer solution.

4-layer solution for ECLC(J(5, 2)) is in Figure 2.3.
2

By experiments we verified that a 4-layer solution exists for ECLC(J(n, 2))
problem when n ≤ 12. For n > 12 it remains as an open question.
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Figure 2.3: Solutions to ECCD(J(5, 2)) = 2 (upper) and ECLC(J(5, 2)) = 4
(bottom)
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2.2 Clique cover degree problems and

intersection graphs

This section provides some applications of studied problems regarding to in-
tersection graphs, especially k-bend, and also k-interval graphs. (That are also
defined in this section.)

Definition. We say that a graph G = (V,E), |V | = n has intersection-
representation if there exists a set system S = {S1, . . . , Sn}, such that
{vi, vj} ∈ E if and only if Si ∩ Sj 6= ∅.

The edge-clique-cover problems are closely related to intersection graphs.
From each edge-clique-cover C = {C1, . . . , Ck} of a graphG = ({v1, . . . , vn}, E) we
can obtain an intersection-representation S = {S1, . . . , Sn}, Si = {j | vi ∈ Cj}.
Similarly, from each intersection-representation on G we can obtain an edge-
clique-cover C = {C1, . . . , Ck}, Ci = {vj | i ∈ Sj}.

We can see that the size of the intersection-representation universe
U =

⋃
Si∈ S

Si is equal to the number of cliques in C. So, the ECC problem is

equivalent to finding an intersection-representation of a graph with the minimum
size of the universe. The value of an optimal solution to the ECC problem is also
called the intersection number.

Similarly, as showed in [17], the ECCD problem is equivalent to finding
an intersection-representation with minimizing max

Si∈ S
|Si|.

Also the ECLC problem can be viewed from this point. It is equivalent
to finding an intersection-representation with minimum number l, such that
the intersection-representation universe can be divided into l partitions P1, . . . , Pl,
such that ∀i ∈ [l],∀j ∈ [n] : |Pi ∩ Sj| ≤ 1.

Definition. We say that G has k-interval representation if there exists such
an intersection-representation, where each set Si = {(ai,1, bi,1), . . . , (ai,k, bi,k)} is
represented by k disjoint intervals on the real line and Si ∩ Sj 6= ∅ if there exists
a pair of intervals (a, b) ∈ Si, (c, d) ∈ Sj, such that (a, b) ∩ (c, d) 6= ∅. We say
that G is k-interval graph if it has k-interval representation.

We say that G has k-bend representation if there is such intersection-
representation, where individuals Si are paths on a plane grid graph, and each
path has at most k “bends” (changes of path direction). Si ∩ Sj 6= ∅ if these two
paths have a common edge. We say that G is a k-bend graph if it has k-bend
representation. In literature k-bend graphs are also denoted as Bk-EPG.

It is a known fact that 1-interval and 0-bend graphs can be recognized in poly-
nomial time. In fact 1-interval and 0-bend graphs are equivalent and are called
interval graphs. The problem of the k-interval graphs recognition for k ≥ 2 is
NP-complete, see [23]. It is proved that recognition of k-bend graphs for k = 1
is NP-complete, see [9]; also for k = 2 it is NP-complete [16]. For k > 2 it is
an open question, although it is expected that it is also NP-complete. Other
results concerning k-bend graphs can be found in [7].
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Proposition 2.6. Each graph G has an (ECCD(G))-interval representation and
an (ECLC(G))-interval representation.

Proof. Let C be an (ECCD(G))-cover. To each clique we assign an arbitrary
interval, such that these intervals are pairwise disjoint. Each vertex corresponds
to intervals that belong to cliques containing this vertex. Because the number
of such cliques is at most ECCD(G), we have an (ECCD(G))-interval represen-
tation.

Because r-layer-cover is also r-cover, we can get also an (ECLC(G))-interval
representation by the same approach.

2

By [3], d-interval graph representation can be used to obtain an approxima-
tion algorithms for several hard problems:

(2− 1
d
)-approximation algorithm for Minimum Vertex Cover problem,

(d2)-approximation algorithm for Minimum Dominating Set problem,
(d2 − d+ 1)-approximation algorithm for Maximum Clique problem.

Figure 2.4: 2-bend representations of 4-wheel obtained from solutions to ECCD
problem (left) and ECLC problem (right). Segments of parallel lines that are
close to each other means that the paths share an edge in the grid.

Proposition 2.7. Each graph G has:
(a) 2 · (ECCD(G)− 1)-bend representation,
(b) (ECLC(G)− 1)-bend representation.

Proof.
(a) To cliques of one layer assign independent horizontal parallel edges. These

edges can be connected by line with 2 bends, as in Figure 2.4. Each vertex
of a graph is represented by the path that goes through edges which are
assigned to cliques that contain the vertex. Also see [9], p. 14.
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(b) To cliques of one layer assign independent parallel edges. These representa-
tions of layers can be ”sticked” together by bends on staircase-like manner,
as in Figure 2.4. Each vertex of a graph is represented by the path that goes
through edges which are assigned to cliques that contain the vertex. Also see
[9], p. 13.

2

So, ECLC problem typically gives us a better k-bend representation than
a representation obtained from ECCD problem.
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Chapter 3

Complexity of clique cover
degree problems

Although ECCD and ECLC problems are similar to ECC problem, there is
no simple reduction between them. We show that ECCD and ECLC are equal
to ECC (and VCC) in terms of hardness, by approximation-preserving reduc-
tion from VCC problems to ECCD and ECLC problems.

Let us note, that recently we found an article [17], where the authors described
the approximation-preserving reduction from ECCD problem to COL problem
in the context with the set system intersection-representation of graphs.

Definition. For a graph G and a constant k ∈ N, we define the following
construction of the graph Fk(G) composed from k copies of G connected through
the new vertex u:

V (Fk(G)) = {vij | i ∈ [k], vj ∈ V (G)} ∪ {u}

E(Fk(G)) = {{vij, vij′}|i ∈ [k], {vj, vj′} ∈ E(G)}∪{{u, vij}|i ∈ [k], vj ∈ V (G)}
For an illustration, see Figure 3.1.

G1 ≃ G G1 ≃ GG2 ≃ G

u

Gk ≃ G

Figure 3.1: Graph Fk(G).

Definition. Clique-degree of any d-cover for a vertex v is the number of cliques,
where v is in some non-trivial clique. (Non-trivial means size at least 2.)

Layer-degree of any d-layer-cover for a vertex v is the number of layers,
where v is in some non-trivial clique.
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Lemma 3.1. Let G be a graph, k ∈ N, k ≥ |E(G)|. Then:
1. ECCD(Fk(G)) ≤ k· VCC(G),
2. ECLC(Fk(G)) ≤ k· VCC(G).

Proof.
1. Let C be an optimal solution of the VCC problem on the graph G. Let C ′ be

the solution to the CP problem on the graph G obtained from C by the way
described in Observation 2.2. Moreover, from C ′ delete all trivial cliques
of size 1. Thus, every vertex is contained in at most one clique, which
covers at least one edge. Therefore, by covering each uncovered edge in C ′
by the clique containing just vertices of that single edge, we get k′-cover
on G, where k′ ≤ |E(G)| ≤ k.
We can expand C ′ to a feasible solution of ECCD on the graph Fk(G): copy
C ′ k-times, and project each copy to the corresponding copy of G in Fk(G).
Then add the vertex u into each clique. Therefore, clique-degree of u is
equal to k· VCC(G).
Because VCC(G) ≥ 1, the maximum clique degree is acquired in the vertex
u. Therefore we get ECCD(Fk(G)) ≤ k· VCC(G).

2. Completely the same, instead of ECCD we use ECLC and instead of clique-
degree we consider layer-degree.

2

Theorem 3.2. There exist approximation-preserving reductions
1. from VCC to ECCD,
2. from VCC to ECLC.

Proof.
1. Existence of an approximation-preserving reduction from VCC to ECCD

means that there exists an approximation algorithm B for the VCC prob-
lem such that B(G) ≤ c ·VCC(G)+d′ for all graphs G using an approxima-
tion algorithm A for the ECCD problem such that A(G) ≤ c ·ECCD(G)+d
for all graphs G, where c ∈ R, d ∈ R, c ≥ 1, d ≥ 0. We construct such
an algorithm B.
Let k = |E(G)|. Let Gi = Fk(G)[{vij | vj ∈ V (G)} ∪ {u}] be a subgraph
containing i-th copy of the graph G in the graph Fk(G) and the vertex u.
Let C be the clique-cover for the problem ECCD(Fk(G)) given by algorithm
A, Ci = C[Gi] = {C ∈ C | C ⊆ V (Gi)} be the part of that cover on Gi.
Let C ′i = {C \ {u} | C ∈ Ci, u ∈ C}. C ′i is the set of cliques acquired
from cliques in Ci containing the vertex u by removing the vertex u from
them. Because C is an edge-clique-cover, and there are edges between u and
all other vertices in Gi, C ′i is a feasible solution for VCC(Gi \ {u}). And
thus also for VCC(G) (because Gi \ {u} is isomorphic with G). Thus, from
the solution of ECCD(Fk(G)), we can extract the solution for VCC(G).
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Because the clique-degree of the vertex u in C is
∑
i

|C ′i|, then

A(Fk(G)) ≥
∑
i

|C ′i|.

By the pigeon-hole principle and Lemma 3.1 we get:

min
i∈ [k]
|C ′i| ≤


∑
i

| C ′i|

k

 ≤ ⌊A(Fk(G))

k

⌋
≤
⌊
c · ECCD(Fk(G)) + d

k

⌋
≤

≤
⌊
c · (k · VCC(G)) + d

k

⌋
≤ c · VCC(G) +

⌊
d

k

⌋
.

The algorithm B on a graph G at first constructs the graph Fk(G), then
it runs the algorithm A on it and in the resulting cover it finds C ′i with
the minimum cardinality. The result of the algorithm B is this C ′i projected
on G.

2. Completely the same, instead of ECCD we use ECLC and instead of clique-
degree we consider layer-degree.

2

For ECCD and ECLC problems there is no algorithm with a constant approx-
imation factor, which is a conclusion of the following known theorem:

Theorem 3.3. If P 6= NP,NP * co-RP̃, co-RP 6= NP, then COL problem is

non-approximable within the factor |V (G)| 17 .

Proof. See [1].
2

Corollary 3.4. If P 6= NP,NP * co-RP̃, co-RP 6= NP, then
1. for each approximation algorithm A for the ECCD problem there exists

a graph G such that A(G) > |V (G)| 17 · ECCD(G).
2. for each approximation algorithm A for the ECLC problem there exists

a graph G such that A(G) > |V (G)| 17 · ECLC(G).

Proof. Directly from Observations 2.1, 2.2 and Theorems 3.2, 3.3.
2
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Chapter 4

Layered covering as hypergraph
coloring

We can reduct ECLC problem into a special case of edge coloring. Individ-
ual colors represent the layers and the color of an edge says which layer “takes
responsibility” for covering that edge. If this coloring obeys certain rules, then
from this coloring we can obtain correct layers for the ECLC problem. We show
that such edge coloring problem can be defined as hypergraph coloring (in case
of diamond-free graphs as simple graph coloring). We also show that from each
solution to the ECLC problem, we can obtain some correct coloring of edges.
Thus, this coloring problem is equivalent with the ECLC problem.

4.1 Hypergraph representation of layered

covering

Definition. The problem of hypergraph coloring for a hypergraph H is to find
a proper coloring with the minimal number of colors. A coloring is a function c :
V → {1, . . . , k}, where k is the number of colors. A proper coloring is a coloring
c, such that

∀e ∈ E : |{c(v) | v ∈ e}| ≥ 2.

I.e., no hyperedge is monochromatic.
For a graph G we define coloring hypergraph for ECLC problem HG

on which the coloring problem is equivalent with ECLC problem on G:
V (HG) = E(G);
Edges of each path P = (e1, . . . , el), ei ∈ E(G), l ≥ 2 form (hyper)edge in HG

if and only if vertices of the path {v0, . . . , vl} forms Kl-{v0, vl} in G.

For the three smallest cases of hyperedges see Figure 4.1. The bold edges
represent the path P , the dotted edge represents the missing edge.
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Figure 4.1: The three smallest cases of hyperedges for l = 2, 3, 4.

Lemma 4.1. For a graph G and its edge subset F ⊆ E the following statements
are equivalent:

1. F is a layer,
2. @ e, f ∈ F, e 6= f : e, f forms K1,2 in G(F ).

Proof. Every subset of edges that is not a layer must contain K1,2.
2

Definition. For an edge subset F ⊆ E we define a triangulation of F by iter-
ative adding X ⊆ E \ F to F , where

X = {{u, v} | {u, v} ∈ E \ F ∧ ∃w ∈ V : {u,w} ∈ F, {v, w} ∈ F}.

We set F := F ∪X and repeat while X is nonempty.

Lemma 4.2. Let G = (V,E) be a graph. Let F ⊆ E be a subset of edges that have
the same color in a proper coloring of the hypergraph HG. Then triangulation of F
is a layer.

Proof. Let F ′ be a triangulation of F , X = F ′ \ F . We show that F ′ satisfies
the condition (2) of Lemma 4.1.

Let P be a path in F with the sequence of vertices (w0, . . . , wl). Then from
the definition of triangulation we know that

∀i, j; 0 ≤ i < j ≤ l : {wi, wj} ∈ E ⇔ {wi, wj} ∈ X.

Thus, for each edge {u, v} ∈ F ′ there must exist a path from u to v in F .
Let e 6= f ∈ F ′ be edges with a common vertex. Let e = {u, v}, f = {u,w}.

Then there must exist a path P from v to w through u in F . From previous
paragraph, we know that all vertices along the path must be connected. Thus,
if {v, w} /∈ E(G), then there is Kl+1-{v0, vl} in G on the vertices of P and that
is a contradiction with the proper coloring of HG.

See Figure 4.2, where P1 and P2 are two parts of the path P .
2
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Figure 4.2: Situation in Lemma 4.2

Corollary 4.3. From each proper coloring of HG by l colors, we can construct
a l-layer-cover.

Proof. Each layer is formed by triangulation of edges with one color. By
Lemma 4.2 we get a l-layer-cover.

2

Lemma 4.4. Let G = (V,E) be a graph. Let E1, . . . El be a solution of ECLC(G)
problem. Then we can construct from this solution a proper coloring of the graph
HG with l colors.

Proof. If there exists an edge covered by two or more layers, we select one layer
arbitrarily and from the other layers we delete this edge. Layers after the dele-
tion are denoted by E ′1, . . . E

′
l. Each layer now represents one color in the proper

coloring of HG. As one color is obtained from the clique-partitioning by deleting
of edges, vertices of all paths in some E ′i form a clique in G, thus that path did
not form a hyperedge in HG.

2

Theorem 4.5. For each graph G: ECLC(G) = χ(HG).

Proof. Directly from Corollary 4.3 and Lemma 4.4.
2

Note, that if G contains a diamond, then the cardinality of edges of HG can
be exponentially large.

Remark 4.6 (ECLC problem as edge coloring). A coloring of a graph HG can
be viewed as a special coloring of edges of G. A set of edges F ⊆ E(G) cannot
be monochromatic if F ∈ E(HG).

For a special case of diamond-free G, two edges cannot be colored by the same
color if they form K1,2 in G.

An example is presented in Figure 4.3.
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Figure 4.3: Example of G (left), HG (right) and solution to coloring.

4.2 Upper bounds on some graph classes

For diamond-free graphs, we can use simple coloring bounds to get the same
upper bounds on the ECLC problem from properties of (HG)2.

Lemma 4.7. Let G be a diamond-free graph. Then HG has only edges of cardi-
nality 2 (thus it is a simple graph).

Proof. Forbidding diamonds, we forbid hyperedges of size 3. We need to prove
that we forbid also bigger hyperedges. It follows from the fact that each Kl-e
contains Kl−1-e as an induced subgraph for l ≥ 4.

2

Definition. (HG)2 is a 2-section subgraph of HG, i.e., a simple graph containing
only hyperedges of size 2.

We can observe that

∆((HG)2) = max
e={v,w}∈ E(G)

degG(v) + degG(w)− 2 · deg∆
G (e),

where deg∆
G (e) is the number of triangles in graph G that contains the edge e.

Definition. The greedy coloring algorithm is a simple polynomial-time
algorithm to obtain ∆(G) + 1 coloring of G: Iterate through vertices of G
in an arbitrary order. To each vertex assign the first possible color. It is ob-
vious that each vertex has at most ∆(G) forbidden colors, therefore the algorithm
always returns ∆(G) + 1 coloring.

By using the greedy coloring algorithm, we have a polynomial-time algorithm
to obtain a (∆((HG)2) + 1)-layer-cover.
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Definition. A graph G is perfect graph if for every induced subgraph H of G
holds ω(H) = χ(H).

There is a polynomial-time algorithm (see [8]), that either returns an optimal
coloring of G or declares that G is imperfect for any graph G. Therefore we can
state the following corollary:

Corollary 4.8. If G is a diamond-free graph and (HG)2 is perfect, then ECLC(G)
problem can be solved in polynomial time.

With relation to perfect graphs the following property between G and HG is
interesting:

Proposition 4.9. Let G be a K1,n-free graph, n ∈ N, n ≥ 2. Then (HG)2 is
Kn-free.

Proof. For the contradiction we suppose that (HG)2 contains Kn. Such a clique
corresponds to n edges in G, and every pair of these edges must form K1,2 in G.
The only possibility how to do this is by K1,n, a contradiction.

2

Thus, if G is a (diamond, K1,r+1)-free graph with an induced K1,r and (HG)2

is perfect, then ECLC(G) = r.

The definition of HG is similar to the definition of line-graphs:

Definition. Line-graph L(G) of a graph G is defined as:
V (L(G) = E(G),
{e, f} ∈ E(L(G)) if and only if e, f have a common vertex in G.

One can observe that (HG)2 is a subgraph of L(G), because two edges in G
corresponding to adjacent vertices in (HG)2 have a common vertex in G. So,
χ((HG)2) ≤ χ(L(G)).

Theorem 4.10 (Vizing). For any graph G:
1. ∆(G) ≤ χ(L(G)) ≤ ∆(G) + 1,
2. ∆(G) + 1 coloring of L(G) can be found in polynomial time.

Proof. See [15].
2

Corollary 4.11. If G is a diamond-free graph, then ECLC(G) ≤ ∆(G) + 1, and
there exists a polynomial-time algorithm finding (∆(G) + 1)-layer-cover.

Proof. Directly from Lemma 4.7 and Theorem 4.10.
2
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Observation 4.12. If G is triangle-free, then ECLC(G) = χ(L(G)).

Proof. We can observe that cases, where there is an edge in L(G) which is
not in (HG)2) are exactly cases of a triangle in G. Therefore if G is triangle-free,
then HG ' L(G). From another point of view, we can see, that for a triangle-free
graph ECLC problem is reducted to edge-coloring of a simple graph.

2

Corollary 4.13. ECLC problem is NP-complete for triangle-free graphs.

Proof. It follows from Observation 4.12 and the fact that it is NP-complete
to decide whether χ(L(G)) = ∆(G) or χ(L(G)) = ∆(G) + 1 even for triangle-free
graphs, see [12].

2

Figure 4.4: C5 in HG and its possible counterparts in G.

Let us note that it is not easy to project properties of the graph (HG)2

into properties of the graph G. For example if (HG)2 contains a C5 then G
contains a C5 or any of two other possibilities, see Figure 4.4. With bigger cycles,
the situation became even more complicated.
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We conclude this chapter by stating some interesting propositions.

Proposition 4.14. Let G be a diamond-free graph. Then:
1. If (HG)2 is odd-cycle-free then ECLC(G) ≤ 2.
2. If (HG)2 is planar then ECLC(G) ≤ 4.
3. If G is claw-free and (HG)2 is planar then ECLC(G) ≤ 3.

Proof.
1. If (HG)2 is odd-cycle-free then is bipartite, thus is 2-colorable.
2. From the four-color theorem, see [19].
3. From 4.9 (HG)2 is triangle-free and by Grötzch theorem (see [21], planar

triangle-free graphs can be colored by three colors).

2

24



Chapter 5

Edge clique cover degree problem
and claw-free graphs

If we want to find a graph class where ECCD or ECLC is bounded by a con-
stant, the claw-free graphs give a logical restriction. Star graphs K1,k are “bad”
for the clique-cover problem, we can see that ECCD(G) ≥ k if G contains K1,k

as an induced subgraph. By forbidding claws, i.e., K1,3, we can potentially reach
edge-clique-cover-degree of two.

A good source of results on claw-free graphs is [4].

5.1 ECCD problem on (claw, diamond)-free

graphs

After we determined some results on ECCD problem on (claw, diamond)-
free graph we found article [10], which give stronger results than ours (it yields
the same results on superclass of (claw,diamond)-free graphs). Because we use
a different approach than the article, we describe our results briefly.

We use the following theorem on claw-free graphs.

Theorem 5.1 (Fouquet). Let G be a connected claw-free graph with α(G) ≥ 3.
Then for each vertex v ∈ V (G) satisfies one and only one of the following
conditions:

1. N(v) can be covered by 2 cliques,
2. N(v) contains an induced C5.

Proof. See [5].
2
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Lemma 5.2. If G is (claw, diamond)-free graph, then the neighborhood of each
vertex N ′(v) forms the clique or can be covered by 2 unique edge-disjoint maximal
cliques.

Proof. If N ′(v) forms the clique, the lemma holds.
Because G is diamond-free, N(v) cannot contain an induced C5, so by Theo-

rem 5.1 there are cliques C1, C2 that cover N ′(v). (If α(G) = 2, then G can be
divided into 2 cliques.)

For the contradiction we suppose that there exists an edge e = {v, v2} con-
tained in both cliques C1, C2. Then there must be vertices v3, v4 such
that v3 ∈ C1, v4 ∈ C2, {v3, v4} /∈ E(G) (otherwise C1, C2 can be merged
into one clique). Therefore v, v2, v3, v4 form a diamond, a contradiction.

Cliques C1, C2 must be maximal, otherwise there is an uncovered vertex
in N(v).

As C1, C2 are maximal and edge disjoint, then there cannot be another max-
imal clique on N ′(v).

2

Theorem 5.3. Let G be a connected (claw, diamond)-free graph and let C be
the set of maximal cliques on G. Then:
(a) C is an optimal solution for ECCD(G) problem and ECCD(G) ≤ 2,
(b) |C| ≤ |V (G)|,

Proof. The algorithm for obtaining C:
1. For arbitrary v0 ∈ V get clique(s) covering N ′(v0).
2. v is an arbitrary vertex present in exactly one clique. If there is no such vertex,
then end.
3. Add the clique containing v and all neighbors of v that have an uncovered
edge containing v. (It is the clique by 5.2.)

By Lemma 5.2, for each v ∈ V (G), the cliques in C containing the vertex v
are exactly cliques covering N ′(v). Therefore C is the solution to ECCD problem
and ECCD(G) ≤ 2. If ECCD(G) = 1, then G is a clique (because G is connected)
and the algorithm returns this one clique. Thus, C is an optimal solution.

From edge-disjointness of cliques, each clique must contain a new vertex which
is not contained in cliques before it in the ordering. Thus, |C| ≤ |V (G)|.

2

5.2 ECCD and r-mino graphs

As stated above, results of the previous section are weaker than the result
found in [10]: “A graph G is domino if and only if it has no induced claw, gem or
4-wheel.” (See Figure 5.1.) A graph is called domino if every vertex is contained
in at most two maximal cliques. In article [14], the authors generalize the concept
of dominoes and introduce r-mino class.
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Figure 5.1: Claw, gem and 4-wheel graphs.

Definition. A graph G is r-mino if and only if every vertex of G is contained
in at most r maximal cliques.

A graph G is linear r-mino if and only if G is r-mino and every edge of G
is contained exactly in one maximal clique.

If G is r-mino, then ECCD(G) ≤ r. They prove that for each r there exist
some finite set of forbidden induced subgraphs characterizing r-mino class. Thus,
r-mino graph can be recognized in polynomial time. Note that the graph class
with the edge-clique-cover-degree at most r is not equivalent to r-mino class.
As an example we can observe that 4-wheel has the edge-clique-cover-degree 2.
The difference between these two classes is that an r-cover can use non-maximal
cliques.

Moreover, they prove that (K1,r+1,diamond)-free graphs are linear-r-mino and
their list of maximal cliques can be found in polynomial time. (For r = 2
that yields (claw,diamond)-free graphs and our previous results.) We use this
in the next chapter on ECLC problem.

Theorem 5.4. A graph G is (K1,r+1,diamond)-free if and only if G is linear-r-
mino. Moreover, the list of maximal cliques of G can be obtained in polynomial
time, and the cardinality of the set of maximal cliques is at most |V (G)|.

Proof. See [14], Theorem 5.1 and Theorem 5.2. The cardinality of the set
of maximal cliques C can be determined in the following way:

Order cliques in C arbitrarily. Because cliques are edge-disjoint, each clique
must contain some new vertex, that is not contained in cliques before it in the or-
dering.

2

Note, that if G is linear r-mino, then ECCD(G) ≤ r, and if G contains K1,r

as an induced subgraph, then ECCD(G) ≥ r. So, ECCD problem on diamond-
free graphs is equivalent to the problem of finding a maximal star subgraph, which
can be found in a process of creating set of maximal cliques (see [14]). Thus:

Corollary 5.5. ECCD problem is solvable in polynomial time for diamond-free
graphs.

Note that by Corollary 4.13 the ECLC problem is NP-complete even on triangle-
free graphs.
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Chapter 6

Layered covering problem
on linear r-mino graphs

In this chapter, we use the fact that for linear r-mino graphs the set of maximal
cliques is edge-disjoint and it can be efficiently constructed. This permits us
to develop an approximation algorithm for ECLC problem on a subclass of linear
r-mino, as well as to determine stronger upper bounds for values of optimal
solutions.

6.1 Coloring the clique-cover graph

Definition. Let G be a graph and C its edge-clique-cover. We define clique-
cover graph GC:
V (GC) = C
{C1, C2} ∈ E(GC)⇔ (C1 ∩ C2) 6= ∅.

Note that for diamond-free graphs, we can obtain the clique-cover graph
in polynomial time.

Proposition 6.1. Let G be a graph and C its edge-clique-cover. Then

ECLC(G) ≤ χ(GC).

Proof. Cliques from one color in a coloring of GC are vertex disjoint, so it forms
a proper layer for ECLC problem.

2

Theorem 6.2. Let r ∈ N, G be a (K1,r+1,diamond)-free graph and C be the set
of maximal cliques on G. Then ∀k ∈ N, and l ≥ max((2r − 1)k, 2r + k − 1) we
can construct from every l-coloring of GC a (l − k)-layer-cover.

The idea of the proof is following: We solve ECLC by coloring edges as in Re-
mark 4.6 by l − k colors. For cliques with the color at most l − k, we set colors
of all edges to colors of their cliques. Cliques with the color bigger than l − k
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Figure 6.1: 3-coloring of 4-colorable clique graph.

we call free-cliques, its edges we call free-edges, a vertex is a free-vertex if there
is more than one free-clique containing that vertex. We want to expand l − k
coloring into free-edges.

If no endpoint of a free-edge is a free-vertex, then such a free-edge has at least
(r−1)+(r−1) forbidden colors, (as every endpoint is a part of at most r cliques).
Hence 2r − 1 colors are sufficient to color such free-edges.

Edges incident to the free-vertex can be part of at most k free-cliques. We need
to color free-edges from these cliques by different colors. For each of k removed
colors we assign the set of colors that we used to color free-edges incident to it.
These set of colors must be pairwise disjunctive. A free-edge containing a free-
vertex has at most (r− 1) + (r− 2) = 2r− 3 forbidden colors, so the set of colors
need to have at least 2r− 2 colors. Hence k(2r− 2) colors is sufficient. Note that
for k = 1, there is no free-vertex.

Proof. Let Ci, i ∈ [l] be the set of cliques with the color i in a coloring of GC.
Let clE : E(G) → [l] be the function mapping edges into coloring classes

by the color of their cliques: clE(e) = i such that e ∈ Ci. (From 5.4 it follows
that each edge is exactly in one clique.)

Let clV : V (G)→ P([l]) be the function mapping vertices to the set of colors
by the color of their cliques: clV (v) = {i ∈ [l] | v ∈ Ci}. From 5.4 we know that
∀v ∈ V (G)|clV (v)| ≤ r. Let clV (u, v) := clV (u) ∪ clV (v).

Let f : {l − k + 1, l} → [l − k]2r−2, be the function which to each color
i ∈ {l − k + 1, l} assigns 2r − 2 arbitrary colors from {1, l − k}, such that

∀i 6= j ∈ {l − k + 1, l} : f(i) ∩ f(j) = ∅.

Such function exists because l − k ≥ (2r − 2)k.
We define the coloring function c : E(G)→ [l − k] on edges of G:
(1) c(e) = clE(e) if clE(e) ≤ l − k,
(2) c({u, v}) = min (f(clE(e)) \ clV (u, v)) if clV (u, v) ∩ {l − k + 1, l} 6= ∅,
(3) c({u, v}) = min ([l − k] \ clV (u, v)) otherwise.
Minimum in (2) is well-defined: Because clV (u, v) ∩ {l − k + 1, l} 6= ∅, then

|[l − k] \ clV (u, v)| ≤ 2r − 3, therefore f(clE(e)) \ clV (u, v) is nonempty (because
|f(clE(e))| = 2r − 2).
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Minimum in (3) is well-defined: Because ∀v ∈ V (G)|clV (v)| ≤ r, then
for u, v ∈ C ∈ Cl : |clV (u, v) ∩ [l − k]| ≤ 2r − 2, so [l − k] \ clV (u, v) is
nonempty (because l − k ≥ 2r − 1).

From the definition of linear r-mino, we know that two edges containing
the common vertex form K1,2 if and only if they are a part of different cliques
in C. From the definition of c it follows that such edges are colored by different
colors.

Example for r = 2, l = 4, k = 1 is in Figure 6.1.
2

6.2 Approximation algorithm for ECLC

problem on restricted class

In this section we show an application of a greedy coloring algorithm on clique-
cover graphs which is 2-approximation for a particular subclass of linear r-mino
graphs.

Lemma 6.3. Let G be a (diamond, K1,r+1)-free graph and let C be the set of max-
imal cliques on G. Then if two different cliques from C share a common vertex,
then there is no edge between vertices of these cliques. Specifically,

∀C1 6= C2 ∈ C, C1 ∩ C2 6= ∅ : ∀u ∈ C1∀v ∈ C2, u 6= v : {u, v} /∈ E(G).

Proof. For the contradiction let us suppose a converse, i.e., ∃u ∈ C1, v ∈ C2 :
{u, v} ∈ E(G). Then if G[{v} ∪ C1] does not contain a diamond it must form
a clique. But that is in contradiction with maximality of C1.

2

Definition. For n ∈ N, n > 1 we define the family of n-clique-star graphs. A
graph G is n-clique-star if and only if G has 2n vertices {w1, . . . , wn, y1, . . . , yn},
where {w1, . . . , wn} is a clique and {wi, yi} is an edge for all i ∈ [n], and there
is no edge between wi and yj for all i 6= j ∈ [n]. Edges among {y1, . . . , yn}
are neither permitted nor enforced. See Figure 6.2, dotted lines represent possible
edges.

Let Fr,q = Forb(diamond, K1,r+1, (q + 1)-clique-star).
Let F ′r,q = Fr,q\ Forb(K1,r), i.e., graphs without an induced diamond, K1,r+1

or (q + 1)-clique-star and containing K1, r. Note that if G ∈ F ′r,q then
ECCD(G)=r (see Section 5.2).
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Figure 6.2: 3-clique-star graph family.

Lemma 6.4. Let G ∈ Fr,q and C be the set of maximal cliques on G. Then

∆(GC) ≤ q(r − 1).

Proof. Let W = {v ∈ V (G) | dC(v) > 1} be the set of vertices in G that are
in more than one clique of C. Let C ∈ C be an arbitrary clique in C, qC = |W ∩C|
be the number of vertices in C which are contained in some other clique from C.
Because G is r-mino, degGC

(C) ≤ qC(r − 1).
For the contradiction we suppose that there exists C ∈ C, such that qC > q,

therefore there are q + 1 vertices {w1, . . . , wq+1} = W ∩C. For each wi we select
an arbitrary vertex yi ∈ N(wi) \ C. All yi must be different vertices in different
cliques, otherwise there is a clique C ′ ∈ C, C ′ 6= C, {yi, yj, xi, xj} ∈ C ′ for some
i 6= j ∈ [q + 1]. But then the edge {xi, xj} is in two maximal cliques, thus G
cannot be linear r-mino.

From Lemma 6.3, there is no edge between wi, yj for all i 6= j ∈ [q+1]. Thus,
{w1, . . . , wq+1, y1, . . . , yq+1} forms a (q + 1)-clique-star in G, a contradiction.

2

Note that the value q = max
C∈ C

qC from the previous proof gives us the size

of a maximal q-clique-star induced subgraph in G. So, to recognize whether
G contains (q + 1)-clique-star is a polynomially-solvable problem, if G is linear
r-mino.

With a greedy coloring algorithm we can color GC by ∆(GC) + 1 colors, there-
fore for a graph G ∈ Fr,q we can construct in polynomial time a q(r − 1) + 1
coloring of GC.

Corollary 6.5. If G ∈ Fr,2, then ECLC(G) ≤ 2r − 1 and such solution can be
found in polynomial time.

Proof. From Lemma 6.4 with q = 2: ∆(GC) ≤ 2r − 2.
2
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Because ECCD(G) ≤ ECLC(G), we have a 2-approximation algorithm for
ECLC problem on F ′r,2 graph class for all r ≥ 2.

Together with Theorem 6.2 we can construct the following x-layers-covers
on Fr,q graph classes in polynomial time:

r
2 3 4 5 6

q

2 3 5 7 9 11
3 3 6 9 12 15
4 4 8 12 16 20
5 4 9 14 19 24
6 5 11 17 23 29

From the table we can state the following Corollary:

Corollary 6.6. If G ∈ F2,3, then ECLC(G) ≤ 3 and such solution can be found
in polynomial time.

6.3 Upper bounds for ECLC problem

on restricted class

We can use the following upper bound on chromatic number proved by Reed,
to obtain better upper bound for ECLC problem, but without any polynomial-
time construction of a solution.

Theorem 6.7 (Reed). For any graph G: χ(G) ≤
⌈

∆(G) + ω(G) + 1

2

⌉
.

Proof. See [18].
2

Lemma 6.8. If G is a (diamond,K1,n)-free graph and C is the set of maximal
cliques on G, then GC is Kn-free.

Proof. We prove that C has Helly property, i.e., each set of pairwise intersecting
cliques have a nonempty intersection. Because G is linear r-mino, no two cliques
have an intersection of size 2 or bigger. Therefore we can see that Kn in GC
implies K1,n in G.

Let C1, C2, . . . , Cn form a clique in GC. Because G is linear r-mino
|Ci ∩ Cj| = 1, ∀i 6= j ∈ [n]. Let {v} = C1 ∩ C2. Suppose that there is
i ∈ {3, . . . , n} such that v /∈ Ci. Let {u} = C1 ∩ Ci, {w} = C2 ∩ Ci. Then
{u,w} ∈ E(G), but that is a contradiction with Lemma 6.3.

2
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Theorem 6.9. If G ∈ Fr,q, then χ(GC) ≤
⌈
q(r − 1) + r + 1

2

⌉
.

Proof. If G ∈ Fr,q then G is linear r-mino. Let C be the set of maximal cliques
on G. By Lemma 6.4 ∆(GC) ≤ q(r − 1), and by Lemma 6.8 ω(GC) = r. Thus,
with use of the coloring bound in 6.7 we have

χ(GC) ≤
⌈
q(r − 1) + r + 1

2

⌉
.

2

Corollary 6.10. If G ∈ Fr,3, then ECLC(G) ≤ 2r − 1.

Proof. We use Theorem 6.9 with q = 3. Then

χ(GC) ≤
⌈
q(r − 1) + r + 1

2

⌉
= 2r − 1.

2

Theorem 6.9 together with Theorem 6.2 gives us the following upper bounds
on ECLC problem on Fr,q graph classes:

r
2 3 4 5 6

q

2 3 4 6 7 9
3 3 5 7 9 11
4 3 5 8 10 13
5 3 6 9 12 15
6 4 7 11 14 18

From the table we can state the following Corollary:

Corollary 6.11. If G ∈ Fr,5, then ECLC(G) ≤ 3.

We can see that for each r, q ∈ N and each graph G ∈ Fr,q, ECLC(G) is
bounded by some constant. There is a natural question if that holds
for (K1,r+1,diamond)-free graphs. Although it is remaining as an open question,
we can observe that χ(GC) is not bounded for (claw,diamond)-free graphs.

By 6.8, we can see that GC is triangle-free, but it is a known result (see [13]),
that the chromatic number is not bounded on triangle-free graphs. If we can
construct from each triangle-free graph H (claw,diamond)-free graph G, such
that GC ' H, then χ(GC) is not bounded for (claw,diamond)-free graphs. One
can observe, that such construction gives the line-graph of H.
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We conclude this chapter by some interesting propositions.

Proposition 6.12. If G is (K1,r+1,diamond)-free, C is the set of maximal cliques
on G and

1. GC does not contain an odd cycle, then ECLC(G) ≤ 2,
2. GC is planar, then ECLC(G) ≤ 4;

moreover, if G is claw-free, then ECLC(G) ≤ 3.

Proof.
1. If GC does not contain an odd cycle, then GC can be colored by two colors.
2. By the four-color theorem (see [19]) and 6.2.

2
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Chapter 7

Conclusions and open problems

This thesis studied clique-covering problems which have applications in k-bend
and k-interval intersection graphs.

We showed that the edge-clique-layered-cover problem (ECLC) as well as
the edge-clique-cover-degree problem (ECCD) are NP-complete and as hard as
the graph coloring problem.

Our positive results are mainly on the diamond-free graph class. Although
it was not our intention to investigate ECLC problem on diamond-free graphs,
from our attempts to obtain some positive results on ECLC, diamond-free graphs
emerge as an useful restriction.

We observed that on diamond-free graphs ECCD problem is polynomially
solvable. On the other hand, ECLC is NP-complete even on triangle-free graphs.
In Chapter 6 we defined n-clique-star graph family and show that there is
2-approximation algorithm for ECLC on (diamond, 3-clique-star)-free graphs and
the upper bound with the same factor for (diamond, 4-clique-star)-free graphs.

Also we showed that for (diamond, claw, 4-clique-star)-free graphs we can
efficiently construct a 3-layer-cover, thus, a 2-bend representation. For (diamond,
claw, 6-clique-star)-free graphs we know that such solution exists.

Let us mention several open problems.

Problem: Is ECLC(J(n, 2)) bounded by some constant for n→ ∞ or not?

Problem: Is ECLC(G) bounded by a constant for (claw,diamond)-free graphs?

Problem: Is ECLC(G) approximable with some constant factor on diamond-free
graphs?
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