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Computer Science Institute of Charles University in Prague.

This thesis concerns the Loebl-Komlós-Sós Conjecture, which is an open problem in Extremal

Combinatorics regarding degree conditions for embedding trees in graphs. The conjecture states that

if G is an graph on n vertices with at least n/2 vertices of degree more than k − 2 then G contains

each tree of order k. To see that this is best possible when n = k is even, consider the graph obtained

from the complete graph by deleting all edges inside a set of size k/2 + 1, which does not contain the

path on k vertices; a disjoint union of such graphs and smaller cliques provides graphs achieving the

conjectured extremum for general n.

Several partial results have been obtained concerning this conjecture, notably a proof for large n

when k is linear in n, obtained by Hladký and Piguet and independently by Cooley. The main result

of this thesis (Theorem 1.3) is an approximate result for large k with no restriction on n: it states

that or every α > 0 there exists k0 such that for any k > k0 each graph on n vertices with at least

(1/2 + α)n vertices of degree at least (1 + α)k contains each tree of order k.

This is an impressive and difficult result: the proof occupies part II of the thesis, which forms the

bulk of its 188 pages. After an introduction and overview in chapter 1, the proof starts in chapter 2 with

some basic observations and a new regularity lemma for locally dense graphs (Lemma 2.13). Chapter

3 describes a general method to partition a tree into small pieces that will be suitable for embedding

in the structures found in later chapters. Chapters 4, 5 and 6 develop a general decomposition method

for sparse graphs. The main result of chapter 4 is a decomposition lemma (Lemma 4.13), stating

(informally) that any graph of bounded degree has a ‘bounded decomposition’ that captures most of

its edges. The bounded decomposition consists of (i) a collection of regular pairs in ‘dense spots’, (ii)

a ‘nowhere-dense’ graph with good expansion properties, and (iii) edges incident an ‘avoiding set’,

which is useful for extending partial embeddings. In combination with an augmenting path lemma

for ‘semi-regular matching’ in chapter 5, the decomposition lemma is used in chapter 6 to deduce a

structural result for those sparse graphs that need to be considered for the main result. The above

accounts for about half of the proof, and may be regarded as the theory that underlies the embedding

strategy. In fact, there are 10 embedding strategies, depending on which ‘configuration’ occurs in G:

the main result (Lemma 7.31) of chapter 7 classifies all possibilities for this. Chapter 8 implements

the embedding strategies for each configuration, and finally chapter 9 combines all the preceding

ingredients to prove the main result of the thesis.

The thesis is well-written and clearly structured. The exposition is aided by excellent diagrams

throughout that illustrate both the logical flow of the argument and the sea of notation that is an

unfortunate necessity. Various explanatory comments are valuable in giving intuition and indicating

why a simpler argument cannot be used in place of one that might seem excessively complicated.

A weakness of the thesis is an occasional tendency to sketchiness or unjustified claims. The main

instances are as follows.

1. For Lemma 2.13, only a sketch proof is given. Given that this is a new regularity lemma on

which the entire argument depends, there is no excuse for not giving the proof in full detail. I would

expect this even in a journal paper, but particularly because a PhD thesis is also an examination, in

which shortcuts are not normally acceptable. (The candidate refers to a similar lemma in work of
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Ajtai, Komlós, Simonovits and Szemerédi, but their paper has been in preparation for decades, so this

is not an acceptable reference.)

2. It is claimed that a version of Lemma 4.14 holds for any sparse graph, and that this is easy to

see from the proof. However, the proof uses Lemma 4.1, which in turn relies on the special properties

of ‘LKSmin’. No indication is given as to how the lemma could be proved without assuming these

properties.

3. In section 8.1.5, it is claimed that it is easy to see the conditions (H1’) and (H2’) are sufficient for

an embedding method given by Piguet and Stein. However, their paper is 27 pages long. One would

have to be familiar with their proof to know whether this claim is correct, so it cannot be described

as an easy task. The minimum required here would be a sketch of their proof and the modifications

needed to obtain the form in the thesis. There should also be a proper explanation of the relationship

to configurations 9 and 10.

4. In Theorem 10.1, it is claimed that the entire thesis can be improved to give a stronger result!

More precisely, the claim is that an appropriate modification to Lemma 6.1 allows the technical work in

the rest of the thesis to be used as is. However, no indication is given of how this can done. Moreover,

the proof of Theorem 1.3 also relies on Theorem 4.14, so this lemma would also have to be generalised

(see point 2).

A further weakness is that the main result is joint work with four others (Piguet, Simonovits,

Stein and Szemerédi), so the candidate has not demonstrated here his abilities to conduct independent

research (although this is demonstrated elsewhere by his strong publication record).

Overall, the contribution of this thesis meets and greatly exceeds the normal requirements for a

doctoral thesis, so the weaknesses listed above may be excused. However, the examiners should satisfy

themselves that the issues can be resolved, and perhaps recommend that the unjustified claims are

rephrased as being work-in-progress.
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