
A letter of evaluation of Jan Hladký’s PhD thesis
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Prof. Jan Kratochvil, Dean

Faculty of Mathematics and Physics

Charles University

Prague

Czech Republic

Dear Prof. Kratochvil,

Following your written request from Jan. 25, 2013, below is my evaluation letter for a PhD

thesis of Jan Hladký, entitled “Structural Graph Theory” and submitted to the Faculty of

Mathematics and Physics of Charles University in Prague, Czech Republic.

In one sentence, this thesis is a monumental work, joint with János Komlós, Diana Piguet,

Miklós Simonovits, Maya Jakobine Stein and Endre Szemerédi, resolving approximately the

so called Loebl-Komlós-Sós Conjecture on embedding trees.

Let me now elaborate on the thesis, its context and its contribution.

A major part of Extremal Graph Theory, one of the most important and striving branches of

modern Combinatorics, deals with embedding problems, where the goal typically is to find

conditions guaranteeing the existence of a copy of a single target graph H, or more generally

of every graph H in a target family H in a host graph G. These problems are frequently

very hard, and quite a few of them are inapproachable at present.

One of the most natural types of embedding problems is embedding trees, where the target

graph is a tree T , or a family of trees from some specified classes. Already problems of this

sort are challenging enough to draw the attention and the sustained research effort of the

combinatorial community over the years.

It is quite a trivial (yet very useful) statement that every graph G of minimum degree

δ(G) > k − 2 contains a copy of every tree T on k vertices. There are several natural ways

to proceed from here. One of them is so called Erdős-Sós conjecture, aiming to replace the



minimum degree in the above statement by the average degree; Erdős and Sós conjectured in

1963 that, for a positive integer k, every graph G with average degree d̄(G) exceeding k − 2

contains every k-vertex tree T . The solution of this important conjecture for large enough

k was announced by Ajtai, Komlós, Simonovits and Szemerédi in the nineties.

Another very attractive and very well known conjecture in this direction is due to Loebl,

Komlós and Sós from 1995. The Loebl-Komlós-Sós (or LKS, for brevity) Conjecture aims

to replace the minimum degree condition by a condition on the median degree of the host

graph G: if G is an n-vertex graph with at least n/2 vertices of degrees more than k − 2,

then G contains every tree T on k vertices. In this general form, the conjecture is tight: if

G has no vertices of degree more than k − 2, then one cannot embed a copy of the k-vertex

star Sk in G. Another extremal example for even n is the graph G obtained by deleting all

edges inside a subset of size n/2 + 1 in the complete graph Kn on n vertices; such G does

not contain a Hamilton path yet has n/2 − 1 vertices of degree n − 1, thus providing an

extremal example for the case n = k. The conjecture has been in the focus of attention for

many years already, with some partial results having been obtained and at least a couple of

dozens of papers devoted to it. In particular, it has been settled for the case where T is a

path (Bazgan, Li, Woźniak, 2000), when the diameter of T is at most 5 (Piguet and Stein,

2008). In the other direction, imposing additional restrictions on the host graph G can help

too: the LKS Conjecture has been established under the assumption that girth(G) ≥ 7

(Soffer, 2000), or when K2,3 6⊂ Ḡ (Dobson, 2002). Another notable success is the so called

n/2−n/2−n/2 conjecture of Loebl, which is the case k = n/2 of the LKS Conjecture – this

has been settled approximately by Ajtai, Komlós and Szemerédi in 1995 and then exactly

by Zhao in 2011 for large graphs.

When talking about approximate versions of the LKS Conjecture, the meaning is that the

conditions of the conjecture are relaxed somewhat, and the assumption is now that for some

positive α > 0 the host graph G on n vertices has at least (1/2 + α)n vertices of degree at

least (1 + α)k. Such an approximate version of the LKS Conjecture has been established

under the additional assumption that k is linear in n by Piguet and Stein in 2012; then,

using stability arguments, Hladký and Piguet and independently Cooley proved the exact

version for large graphs, again under the additional assumption that k = Θ(n).

The main result of this thesis is approximate resolution of the Loebl-Komlós-Sós Conjec-

ture. It is given in the following theorem.



Theorem. For every α > 0 there exists k0 such that for every k > k0 the following is true.

Let G be an n-vertex graph with at least (1/2 + α)n vertices of degrees at least (1 + α)k.

Then G contains a copy of every tree T on k vertices.

This is a truly remarkable achievement of major scale. It is certainly one of the most

important results obtained in Extremal Graph Theory in recent years, and I can only salute

Jan and his coauthors for this wonderful achievement.

The complexity of the arguments applied in the proof is faithfully reflected by the sheer

volume of the thesis (some 180 pages!). They utilize a very large variety of tools and

approaches. Some main tools to be mentioned are graph decomposition results, the classical

Regularity Lemma of Szemerédi and a version of the Regularity Lemma for locally dense

graphs (Lemma 2.13 of the thesis), pretty much different from the so called Sparse Regularity

Lemma of Kohayakawa and Rödl, and much more applicable for tree embedding problems.

I can state that I am extremely impressed as well by the technical quality of the thesis.

It is fairly obvious that the work presented in the thesis will have a sizable impact on the

development of the field, both through the result obtained, but also through the variety of

tools applied.

The thesis is very well written in general, its structure is well thought, the presentation is

very rigorous yet quite accessible.

In your letter you asked me to evaluate whether the thesis proves the author’s ability for

creative scientific work. Well, this is an easy question to answer: even when taking into con-

sideration the fact that the thesis presents a joint work of the team of six excellent researchers

(which is entirely appropriate for a project of this scale of magnitude and complexity), is is

absolutely clear that Jan Hladký is an excellent young mathematician with great potential

who is capable to conduct, alone or in cooperation, research of highest quality and to produce

very important results. My expectations of him are very high.

Altogether, this is a truly outstanding thesis, both in terms of the result presented and of

technical power and complexity. Jan certainly deserves praise for this wonderful scientific

achievement. The thesis obviously forms a fitting basis for granting him a PhD degree.



Respectfully,

Michael Krivelevich

Professor

School of Mathematical Sciences

Tel Aviv University, Tel Aviv 69978

Israel


