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Abstract:

In this work, we consider linear ill-posed problems Ax ≈ b, where b is polluted
by noise. These problems are di�cult to solve, a direct (for example, the least
squares) solution is usually useless. It is known, that combining the iterative
Golub-Kahan bidiagonalization procedure with some inner regularization of the
obtained bidiagonal problem forms a set of powerful regularization methods �
hybrid methods. In this work, we study these methods from computational point
of view. To do this we developed a Matlab software including a user-friendly
interface, and used it to run hybrid methods on various testing problems from
the Regularization Toolbox [33] with di�erent noise levels and noise colors. Noise
revealing iteration detection methods are used to determine in which iteration
the bidiagonalization problem becomes signi�cantly polluted by noise. Several
inner regularization and inner parameter �nding methods are considered.
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Abstrakt:

V této práci se zabýváme lineárními ill-posed problémy Ax ≈ b, kde vektor b
je zatíºený ²umem. Tyto problémy je komplikované °e²it, nebo´ p°ímé °e²ení
(nap°íklad ve smyslu nejmen²ích £tverc·) je zpravidla nepouºitelné. Je zná-
mo, ºe kombinací Golub-Kahanovy itera£ní bidiagonalizace s vnit°ní regularizací
získaného bidiagonálního problému obdrºíme efektivní regulariza£ní metody � hy-
bridní metody. V p°edloºené práci studujeme tyto metody z výpo£etního hlediska.
Proto jsme vyvinuli Matlabovskou aplikaci s uºivatelsky p°ív¥tivým rozhraním
a pouºili jsme ji k testování hybridních metod na r·zných testovacích problémech
z Regulariza£ního Toolboxu [33] s r·znými hladinami a barvami ²umu. K iden-
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regulariza£ního parametru.
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Notations List

Numbers and Sets

N the set of natural numbers
R the set of real numbers
R+ the set of nonnegative real numbers

Vectors

x column vector
xT ≡ (x1, . . . , xn) transposed vector
ei i-th column of the identity matrix
(·, ·) Euclidian scalar product of two vectors
xcomp computed solution vector of a problem
xexact exact solution vector of a problem
xλ regularized solution with reg. parameter λ
bexact exact data in the right-hand side
bnoise noise in the right-hand side

Matrices

A matrix
A ≡ [a1, . . . , am] representation of a matrix by columns
AT transposed matrix
A−1 inverted matrix
A+ pseudoinverse of a matrix
A# regularized inverse of a matrix
I identity matrix
rank(A) rank of a matrix
trace(A) trace of a matrix

Eigenvalues, Singular Values and Norms

λi, µi eigenvalues of a matrix
σi singular values of a matrix
‖x‖ norm of a vector

‖x‖2 ≡
√∑

x2i Euclidean norm of a vector
‖A‖ norm of a matrix
cond(A) ≡ max(σi)/min(σi) condition number of a matrix

Probability and Statistics

X random variable (or random vector)
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Xk random process
E(X) expected value of a random variable (vector)
σX variance of a random variable (vector)
RX(s, t) autocovariation function of a random process
rX(s, t) autocorrelation function of a random process
Sx(f) power spectral density of a process

Other Symbols

a ∝ b a is proportional to b
dist(u, v) ≡ ‖v − u‖2 Euclidean distance between 2 points u and v
Kk(A, b) ≡ span{b, Ab, . . . , Ak−1b} Krylov subspace
δnoise = ‖bnoise‖/‖bexact‖ noise level
knoise noise revealing iteration of GKB
kstag the next iteration after knoise in GKB
kaccepted the iteration number where GKB is stopped
g ≡ kaccepted − knoise number or extra GKB iterations
η ≡ ‖xcomp − xexact‖/‖xexact‖ relative approximation error
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Acronyms

CG conjugate gradient method
CGLS CGLS method
CGNE CGNE method
GCV generalized cross-validation
GKB Golub-Kahan iterative bidiagonalization
GSVD generalized SVD
LS least squares
LSQR LSQR method
PSD power spectral density
SVD singular value decomposition
TSVD truncated SVD
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Introduction

In many �elds of applications there is a need to solve linear approximation prob-
lems

Ax ≈ b, A ∈ Rn×m, x ∈ Rm, b ∈ Rn,

where A represents a (discretized) mathematical model of the problem, b stands
for the observed data and x is the original data to be found. These problems can
sometimes be ill-posed (e.g. inverse problems � problems of converting observed
measurements into information about a physical object or system) meaning that
small changes to the right-hand side b can dramatically change the solution vector
x. In real-world problems the right-hand side b contains except of the exact initial
data bexact also noise (errors) bnoise that can have di�erent character. It comes
from measurements errors of di�erent kind (limited measurement precision, lens
out of focus in an optical system etc.), errors in the model, discretization errors,
computers �nite arithmetics etc. Formally, we may assume

b = bexact + bnoise, b, bexact, bnoise ∈ Rn,

where only b is known. The di�culty lies in the fact that ill-posed problems
cannot be solved directly, for example, using a pseudoinverse [4, �1.2.5], [22,
�5.5.3]. Such a naive solution

x = A+bexact + A+bnoise

would be meaningless due to the fact that in ill-posed problems typically
‖A+bnoise‖ � ‖A+bexact‖. That can be seen by substituting the singular val-
ue decomposition (SVD) of A to the last equation giving

x =
r∑
j=1

uTj bexact

σj
vj +

r∑
j=1

uTj bnoise

σj
vj, uj,∈ Rn, vj ∈ Rm, σj ∈ R,

where r = rank(A), uj and vj are the left and the right singular vectors and σj
are the singular values of A. In many cases, the vector bexact satis�es the discrete
Picard condition (|uTj bexact| decreases faster than σj), but the vector bnoise does
not. For large indexes j, the value uTj bnoise in the second sum above is divid-
ed by a small singular value σj. Therefore the norm of the second term (that
equals to ‖A+bnoise‖) can be much larger than the norm of the �rst one (equal to
‖A+bexact‖).

As we can see, it is necessary to solve ill-posed problems in a di�erent way �
by so called regularization methods [4, 31]. These methods can be divided into
three categories:

• Direct methods usually use some decomposition of the initial problem, like
QR factorization or SVD. The computational e�ort of these algorithms
can be estimated a priori. Some widely-used methods from this category
are the Tikhonov regularization [14, 24, 28, 58, 65, 67], [31, Section 5.1],
TSVD [37, 68], [31, Section 3.2] etc.
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• Iterative methods produce a sequence of vectors using only matrix-vector
multiplications. These methods are preferable especially when decomposi-
tions of the problem should be avoided due to its computational cost. It-
erated Tikhonov [31, Section 6.2], CGLS [6, 38], LSQR [4, 57], Kaczmarz's
method [41] and others belong to this category.

• Hybrid methods [28], [31, Section 6.6] are a combination of the previous
ones.

All regularization methods require determination of regularization parameters,
which control the smoothness of the solution and how close the solution should
�t the original data. Among the most popular methods there are GCV [19, 71],
L-curve [29, 36], discrepancy principle [52] and others.

This thesis focuses on hybrid methods using the Golub-Kahan iterative bidi-
agonalization (GKB) as the outer regularization, and TSVD or Tikhonov as the
inner regularization method. Projection onto the Krylov subspace is known to be
a form of regularization with the regularization parameter k being the dimension
of the projection subspace. If k is too small, there is not enough information
to recreate a good approximation to the solution (over-regularization). On the
other hand, if k is too large, noise of high amplitude usually gets into the ap-
proximation (under-regularization). The iteration knoise, where noise starts to
signi�cantly contaminate the projection in GKB can be determined automatical-
ly using noise revealing iteration detection methods as described in [40, 69]. In
hybrid methods, the idea is to select k slightly larger than knoise and apply a
(usually direct) regularization to the projected problem.

The goal of this thesis is to study the behavior of regularization based on
GKB depending on the number of iterations k, the choice of di�erent inner regu-
larization and inner regularization parameter �nding methods and other factors,
for variety of the initial problems with di�erent noise levels and noise colors. We
concentrate especially on hybrid regularization and its speci�cs. For that pur-
pose an application in Matlab language has been developed. The included user
interface (UI) allows the user to pick a problem, its dimension, noise level, noise
color, and other parameters, and solve it using the selected hybrid regularization
method. The problem and settings of the regularization method can be speci�ed
using di�erent UI components on the left part of the application form (list-boxes,
edit-boxes and scroll-bars). The result is presented in the form of graphs on the
right part of the form as well as in the form of a PDF �le. Also a faster applica-
tion without UI has been developed to iterate over a set of parameters of interest
for various problems and produce a set of results in the PDF format.

By default, white noise in considered in this thesis, however, there are sections
where special colored noise is discussed. The precise arithmetic is used unless it
is speci�ed otherwise, and the computations are made in the set of real numbers
R. By default, Eucledian norms are used, although in many places this fact is
emphasized by an index (‖·‖2). The organization of this thesis is as the following.
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Chapter 1 is an introductory chapter to ill-posed problems. It brie�y describes
such problems and their properties. As a sample ill-posed problem the Fredholm
integral equation of the �rst kind is considered. Noise and its colors are also
reviewed.

Chapter 2 contains motivation for regularization methods. A naive solution
for two examples of ill-posed problems is studied. Direct, iterative and hybrid
regularization methods are summarized, focus is put on the regularization meth-
ods which are used in the computational part of this work: the GKB method,
and TSVD and Tikhonov regularization.

Chapter 3 summarizes the method which allows to determine the GKB it-
eration, where noise starts to severely contaminate the projected problem. The
Lanczos tridiagonalization algorithm is described as a starting point to further
mathematical inferences. Three techniques for automatic detection of the noise
revealing iteration are reviewed in this chapter, namely the stagnation-based, the
closest-to-origin and the minimum-point criteria.

Chapter 4 reviews well known regularization parameter choice methods (dis-
crepancy principle, GCV, L-curve), which are also used in numerical experiments
in the last chapter to �nd an inner regularization parameter of the selected hybrid
method.

Chapter 5 represents the computational part of this work. Our UI is described
in details. Numerical experiments to study the behavior of hybrid methods for
di�erent ill-posed problems are presented. E�ects of di�erent aspects are sur-
veyed: the choice of the number of GKB iterations (i.e. the outer regularization
parameter), the noise revealing iteration detection method, the inner regulariza-
tion method, the inner regularization parameter �nding method etc.

8



Chapter 1

Ill-Posed Problems

In linear algebra the problem of �nding the solution(s) of a linear system

Ax = b, A ∈ Rn×m, x ∈ Rm, b ∈ Rn (1.1)

is considered to be the basis and fundamental part of this �eld of mathematics. In
theory, we can always determine, when the system has one solution, when there
are in�nite number of them or when the system has no solution, by computing and
comparing rank(A) and rank([A|b]). The solutions themselves can also be found
using many well-known solution algorithms. However, when it comes to practical
applications di�culties may appear. One of them is that the problem (1.1) can
be ill-posed and the initial data can be contaminated by noise.

1.1 Introduction to Ill-Posed Problems

Consider the following linear approximation problem:

Ax ≈ b, A ∈ Rn×m, x ∈ Rm, b ∈ Rn. (1.2)

The problem is called well-posed if it has a solution, and that solution depends
on the initial data continuously [31, 60]. If the problem does not satisfy this
condition it is called ill-posed.

In numerical linear algebra (because the rank of a matrix can be computed
only approximately) the corresponding systems of equations are classi�ed as stable
or unstable respectively. Stability of the system signi�cantly depends on the
condition number [60]

cond(A) ≡

√
|µ1|
|µn|

, (1.3)

where µ1 and µn are the maximal and the minimal eigenvalues of the matrix
ATA. For symmetric matrices this formula can be simpli�ed to

cond(A) ≡ |λ1|
|λn|

, (1.4)

where λ1 and λn are the maximal and the minimal eigenvalues of the matrix A. If
the number cond(A) is "small" the matrix A is called well-conditioned, if cond(A)
is "large" the matrix A is called ill-conditioned. Ill conditioning of the problem
(1.2) can be caused by incorrect mathematical model that can be improved. This
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Figure 1.1: Two examples from the Regularization Toolbox [33]: (left) discrete
ill-posed problem Parallax, where singular values gradually decrease to zero,
(right) rank-de�cient problem Shaw with a well-determined numerical rank.

modi�ed system can then be solved by standard numerical techniques [4, 22].
However, this is not always possible.

Approaching these problems numerically, we should consider a numerical ε-
rank rε of the matrix A, which can be de�ned by [66]

rε = min
||A−B||≤ε

rank(B), (1.5)

for a given small tolerance ε. In other words, rε satis�es

σrε ≤ ε ≤ σrε+1 (1.6)

When looking at the set of singular values of the matrix A, we may distinguish
two classes of ill-conditioned problems [31]:

• Discrete ill-posed problems � numerical rank of the matrix A is not well-
de�ned, i.e. all singular values of A decay gradually to zero. Numerical
treatment of this kind of problems lies in �nding a balance between the
norm of the solution and the residual norm. This will be explained later.

• Rank-de�cient problems � problems with a well-de�ned numerical rank
rε characterized by a well-determined gap between large and small singular
values of the matrix A, or as per (1.6), between rε and rε+1. This implies the
existence of linearly dependent columns/rows of the matrix A and hence the
presence of redundant information in the matrix. Thus, linearly dependent
information needs to be extracted so that a problem with a well conditioned
matrix could be solved. However, note that rε needs to be insensitive to
small perturbations of ε and the singular values. Otherwise, the problem
should be dealt by the techniques aimed at the discrete ill-posed problems.

Figure 1.1 gives examples of these two classes of ill-posed problems: a discrete
ill-posed (left) and a rank-de�cient problem (right) [66].

1.2 Sample Ill-Posed Problem

As a classic example of ill-posed problem let us consider the problem examined
in [24, 31]. Consider the following integral equation

10



∫ 1

0

K(s, t) f(t) dt = g(s), 0 ≤ s ≤ 1, (1.7)

where the functions K(s, t) and g(s) are a priori known, the unknown function is
f(t). The integral is called Fredholm integral, and the equation is called Fredholm

integral equation of the �rst kind.

The function K(s, t) is de�ned by the mathematical model of the problem,
the function g(s) is known as the result of measurements in a �nite set of points
s1, . . . , sn. Thus discretization by the variable s turns the problem (1.7) into∫ 1

0

ki(t) f(t) dt = bi, i = 1, . . . , n, (1.8)

where the functions ki and the values bi are known. As a result, we got an inte-
gral equation, that is continuous in one variable t. In order to solve this equation
numerically it has to be discretized. Methods for integral equation discretization
can be found in [2, 10, 11] and [43, Chapter 3]. In general, there are two types of
discretization methods, quadrature methods and Galerkin methods.

In the quadrature method the integral (1.8) is approximated in the following
way: ∫ 1

0

ψ(t) dt ≈
m∑
j=1

wjψ(tj), (1.9)

where 0 ≤ t1 < . . . < tm ≤ 1 are discretization points with the corresponding
weights w1, . . . , wm. After applying this scheme on the problem (1.8) we obtain
the discrete problem Af̃ = b with an n ×m matrix A and a vector b of size n.
Their components are de�ned as the following:

aij = wjK(si, tj), bi = g(si). (1.10)

Solving the system we obtain the solution f̃ = (f̃(t1), . . . , f̃(tn))T that is an
(discrete) approximate solution of the problem (1.8) and, in turn, an (discrete)
approximation to the solution f of the initial integral equation (1.7). For more
detailed information about numerical quadrature methods and principles of their
construction we refer to [13, 45, 55].

In the Galerkin method (the name originated from the research [18]) we de�ne
two sets of basis functions φi and ψj. The components of the corresponding matrix
A and vector b have the following representations:

aij =

∫ 1

0

K(s, t)φi(s)ψj(t) ds dt, bi =

∫ 1

0

g(s)φi(s) ds. (1.11)

As a result we obtain the system of equations Ay ≈ b. The corresponding ap-
proximate solution of the initial integral equation (1.7) is

f(t) ≈ f̃(t) =
n∑
i=1

yiψi(t), y = (y1, . . . , yn)T . (1.12)

11



Broader and more detailed information about the Galerkin method and principles
of its application can be found in [16, 51, 70].

In both cases, the problem (1.7) leads to a linear approximation problem that
is, however, ill-posed. The di�culty lies in the fact, that the kernelK has smooth-
ing properties, meaning that after the integration all high-frequency "e�ects" �
jumps, cusps, shagginess � are "smoothed out". This di�culty will be explained
in details in Chapter 2, see also [44, Chapter 15].

1.3 Noise

In the real world in ill-posed problems we deal with additional di�culty � noisy
values. In the problem (1.2) noise can appear in the right-hand side b. It can
come from measurement inaccuracies, discretization errors, rounding errors etc.
However, in some cases also the mathematical model might not represent the
problem accurately, and therefore the matrix A may contain inaccurate data.
Here, in this section, we brie�y review basic kinds (colors) of noise, that can
appear in practice. Most of the information about noise is taken from [69, Chap-
ter 3] and [59].

1.3.1 Basic Concepts

In this section we review several de�nitions from statistics and signal processing,
which we use later.

The sequence of random values {Xt, t ∈ T} is called a random process. In the
theory of random processes t is considered to be time. This parameter, however,
might not represent physical time (t can be an index of a solution vector, for
example).

Let us de�ne EXt as a mean value of a random process at the time t. For
processes with E|Xt|2 <∞ we can de�ne the autocovariation function

RX(s, t) = E[(Xs − EXs)(Xt − EXy)]. (1.13)

The autocorrelation function is de�ned as

rX(s, t) =
R(s, t)√

RX(s, s)
√
RX(t, t)

, (1.14)

where σ2
X = RX(t, t) is variance of the random process at the time t.

A random process Xt is called uncorrelated if

RX(s, t) =

{
σ2
Xt
, t = s,

0, t 6= s,
or rX(s, t) =

{
1, t = s,
0, t 6= s.

(1.15)

For a random process we de�ne the power spectral density (PSD):

12



SX(f) =
∞∑

k=−∞

RX(k)e−2πifk, (1.16)

where f stands for a frequency. This spectral density determines the distribu-
tion of the signal by frequencies. The power of the signal can be computed by
integrating the spectral density over all frequencies. The PSD is used for classi�-
cation of noise by color. This way of classi�cation is widely used in such �elds as
acoustics, astronomy, electrical engineering etc. In the following subsections we
consider several noise colors based on the character of PSD that is described by
the relation

SX(f) ∝ 1/fα, (1.17)

where α determines the character of noise.

1.3.2 White Noise

White noise is a random process, that consists of uncorrelated random values
with zero mean and �nite variance σ2 (see Figure 1.2). For this kind of process
the PSD doesn't depend on frequency and can be written as the following:

SX(f) = σ2. (1.18)

0 100 200 300 400 500 600 700 800 900 1000

0

0 50 100 150 200 250 300 350 400 450 500

0
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1

Figure 1.2: Random white noise (left) and its Fourier coe�cients (right).

The graph of empirically computed PSD will have steady character (see Fig-
ure 1.3). This noise can be generated by the Matlab command randn that
creates Gaussian white noise with zero mean and unitary variance. The name
white is derived from the analogy of the white noise and white light spectra.

1.3.3 Blue Noise

Noise is called blue if its PSD is proportional to the frequency:

SX(f) ∝ f. (1.19)

In Figure 1.4 there is an illustration of a blue noise realization along with its
Fourier coe�cients. In Figure 1.5 we can see, that in average the PSD grows as
the frequency grows.
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Figure 1.3: The power spectral density of white noise and an example of the
expectation of the PSD.
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Figure 1.4: Blue noise (left) and its Fourier coe�cients (right).
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Figure 1.5: The power spectral density of blue noise and an example of the
increasing rate of the PSD.
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1.3.4 Violet Noise

For violet noise the PSD is proportional to the square of the frequency.

SX(f) ∝ f 2. (1.20)

An example of realization of violet noise and it's Fourier coe�cients are depicted
in Figure 1.6. These graphs show, that this process has larger Fourier coe�cients
for the higher frequencies. The PSD of this random process has growing character
as frequency grows (see Figure 1.7).
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Figure 1.6: Violet noise (left) and its Fourier coe�cients (right).
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Figure 1.7: The power spectral density of violet noise and an example of the
increasing rate of the PSD.

1.3.5 Pink Noise

A random process with PSD inversely proportional to the frequency is called pink

noise:

SX(f) ∝ 1

f
. (1.21)

In Figure 1.8 we can see a realization example of such a process and its Fourier
coe�cients. The PSD of this process is depicted in Figure 1.9. As we can see
in the �gures, as frequency grows the corresponding Fourier coe�cients become
smaller. Similarly, in average the PSD decreases as the frequency grows.
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Figure 1.8: Pink noise (left) and its Fourier coe�cients (right).

100 101 102 103
10−9

10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

PSD for pink noise
example of expectation

Figure 1.9: The power spectral density of pink noise and an example of the
decreasing rate of the PSD.

1.3.6 Brownian Noise

The name of this noise type is derived from the fact that Brownian motion pro-
duces this kind of noise, see Figure 1.10. This noise has other alternative names
as Brown noise, red noise or random walk noise. The PSD for this type of noise
can be described as the following:

SX(f) ∝ 1

f 2
. (1.22)
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Figure 1.10: Brownian noise (left) and its Fourier coe�cients (right).
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For Brownian noise as frequency grows the PSD decreases, see Figure 1.11. Sim-
ilarly Fourier coe�cients are larger in the smaller frequencies domain.
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Figure 1.11: The power spectral density of Brownian noise and an example
of the decreasing rate of the PSD.
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Chapter 2

Regularization Methods

Let us show, that ill-posed problems contaminated by noise cannot be solved
directly. One of the techniques how to deal with such problems is regulariza-

tion � a powerful tool for solving ill-posed problems. The name is derived from
the fact that regularization methods enforce regularity of the computed solution
making sure that the solution is "smooth enough". This helps to suppress some
noise components, leading usually to more stable approximate solutions (see [30,
Chapter 4]).

2.1 Naive Solution

Consider an example of an ill-posed problem taken from [35]: a digital optical
system of grayscale imaging with the size k× l pixels (see Figure 2.1). Each pixel
of an image can be represented as a number in some range, e.g. from 0 for black
to 255 for white. Vectorizing the k × l matrix of pixels (by placing the columns
of the matrix below each other) we get a right-hand side vector b ∈ Rkl of the
system (1.2).

Figure 2.1: Blurred grayscale image (left) and an attempt to obtain a (naive)
solution of the blurring problem using direct algebraic methods (right).

An optical system can be represented by an operator A: Rkl → Rkl that acting
upon a real image x produces an image b. If A is linear this action is formulated
by linear system (1.2) with n = m = kl. If the optical system is, for example,
out of focus, the matrix A has blurring properties (sharp edges of the image are
blurred) and produces a blurred image. As we will see below an attempt to solve
the system (1.2) directly using standard algebraic tools does not provide a satis-
factory result (see Figure 2.1 right part).
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Now we describe this problem mathematically (considering general dimensions
n, m in (1.2)). In equation (1.2) the matrix A ∈ Rn×m with rank(A) = r can be
presented in an SVD form:

A = UΣV T =
r∑
i=1

σjujv
T
j , (2.1)

where U ∈ Rm×m, V ∈ Rn×n, U−1 = UT , V −1 = V T are matrices, the columns of
which are the left and right singular vectors of the matrix A, and Σ is a diagonal
matrix with the corresponding singular values on the main diagonal:

σ1 ≥ σ2 ≥ . . . ≥ σr > 0. (2.2)

Using the psedoinverse the LS solution of the system (1.2) can be written in the
form:

x−1 = A+b = V Σ−1UT b =
r∑
i=1

uTi b

σi
vi. (2.3)

Consider b = bexact + bnoise, where bexact represents the exact data and bnoise
represents white noise in b, ‖bexact‖ � ‖bnoise‖. If we start solving the equation

Ax = bexact + bnoise, (2.4)

we obtain a naive solution

xnaive = A+(bexact + bnoise) =
r∑
i=1

uTi bexact
σi

+
r∑
i=1

uTi bnoise
σi

. (2.5)

Here xexact = A+bexact is the exact solution and xnoise = A+bnoise is the noise
component of the naive solution. Usually the vector bexact satis�es the discrete
Picard condition [31], i.e. as i grows uTi bexact decreases in average faster than
σi. On the other hand, the vector bnoise does not usually satisfy this condition,
because the components uTi bnoise are random values distributed around the same
mean level1, and for white noise it has PSD that does not depend on frequency.
As a result, for xnoise we obtain multipliers for vi, which grow in average as i
grows. Thus for very small σi the second sum in (2.5) starts to dominate over
the �rst one making the naive solution useless.

Now we return to the example in Figure 2.1. Here the vector bexact is dom-
inated by the low frequency components (see Figure 2.1 left). On the other
hand, bnoise is basically white noise, and therefore it has no dominating fre-
quencies. Application of the pseudoinverse A+ on the vector b = bexact + bnoise
yields ampli�cation of the high-frequency components of b, and that means that
‖A+bnoise‖ � ‖A+bexact‖. And this is the reason why the solution in Figure 2.1
on the right does not represent a good approximation of the original image.

1In the signal processing theory this set of random values is called mean ergodic random

process.
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Figure 2.2: Projections |uTi b| (black dots), |uTi b|/σi (green dots) and singular
values σi of A (red line).

Figure 2.2 shows that for this example the projections |uTi b| (black dots) de-
crease with the same rate as the singular values (red line) until they reach the noise
level δnoise, where they start stagnating. From this point on the noisy component
starts dominating in the solution, which conceals useful information completely.

Green dots in the �gure represent fractions
|uTi b|
σi

to depict their growth rate.

It is known that for ill-posed problems, the singular vectors ui and vi in (2.1)
have increasing number of sign change as i grows, i.e. as singular values σi
decrease the frequencies of both left and right singular vectors increase see Fig-
ure 2.3. Thus the naive solution in Figure 2.1 (right) is high-frequency dominated.
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Figure 2.3: The left ui (top) and right vi (bottom) singular vectors for the
problem Shaw of the dimension 100.

Now consider a di�erent problem � Shaw from the Regularization Toolbox [33].
This problem represents a discretization of the Fredholm integral equation exam-
ple described in Section 1.2. In Figure 2.4 the directly computed (naive) solution
of the discrete problem is shown. Again we see, that it is dominated by ampli�ed
noise (high frequencies).

20



0 50 100 150 200 250 300 350 400

0.5

1

1.5

2

Figure 2.4: The exact (blue solid line) and a directly computed (naive) solution
(green dashed line) of the problem Shaw of the dimension 400 with the noise
level 0.01. The variance of the naive solution is much larger than of the exact
solution, therefore the green lines appear vertical.

We see that an approximate solution of an ill-posed problem should be found
in a di�erent way. One of them is regularization � a modi�cation of the prob-
lem in order to make the solution more stable with respect to small perturbations
(noise) of the initial data. A regularized solution of the image deblurring problem
from Figure 2.1 is shown in Figure 2.6, and a regularized solution of the problem
Shaw from Figure 2.4 is depicted in Figure 2.5. Regularization methods can be
divided into two categories: direct and iterative.
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Figure 2.5: The exact (blue line) and a regularized solution (green line) of the
problem Shaw of the dimension 400 with the noise level 0.01.

2.2 Direct Regularization

Direct methods use some kind of decomposition of the original matrix such as the
QR factorization or SVD, they can use orthogonal transformations, matrix mul-
tiplications, bidiagonal reductions etc. Therefore computational costs for these
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Figure 2.6: A regularized TSVD solution of the problem in Figure 2.1 (right).

methods can be estimated a priori. E�cient implementations of the aforemen-
tioned procedures can be found in the basic linear algebra subprograms (BLAS)
and linear algebra package (LAPACK) libraries [1]. Moreover, parallel implemen-
tations of these methods exist [3, 12, 26].

2.2.1 TSVD

As it was mentioned before, extremely large errors in the naive solution are caused
by components, which correspond to small singular values. Assuming that the
discrete Picard condition is satis�ed we try to "chop o�" the SVD components
dominated by noise. In this way, we get the truncated SVD (TSVD) solution xk
retaining only the �rst k components of the naive solution:

xk ≡
k∑
i=1

uTi b

σi
vi, (2.6)

where k is the regularization parameter controlling the amount of noise in the
corresponding solution. The methods for choosing regularization parameters are
reviewed in Chapter 4.

Just for illustration we can view TSVD as replacing A by a regularized ma-
trix Ak:

Ak =

 | |
u1 . . . uk
| |


 σ1

. . .

σk


 − v1 −

...
− vk −


=

k∑
i=1

uiσiv
T
i , k ∈ N.

(2.7)

The condition number of this matrix is cond(Ak) = σ1/σk that is usually much
smaller than the condition number cond(Ak) = σ1/σn of the original matrix A.
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The disadvantage of the TSVD method is the requirement to compute (at least a
part of) the SVD of the matrix. This can be problematic for large-scale problems.
More detailed information about TSVD can be found in [30, Section 4.2] and [31,
Sections 3.2, 5.3].

2.2.2 Tikhonov Regularization

The idea of the Tikhonov regularization method is to introduce the regularity
requirement into the formulation of the problem. In other words, the modi�ed
formulation of the initial problem (1.2) is

min
x
{‖Ax− b‖22 + λ2‖x‖22}, λ ∈ R+, (2.8)

or in an equivalent form

min
x

∥∥∥∥[ A
λI

]
x−

[
b
0

]∥∥∥∥
2

, λ ∈ R+. (2.9)

Here λ is the regularization parameter, that controls the weighting of terms in
the sum (2.8). We comment on the components of the formula (2.8) in more detail:

• The �rst term ‖Ax− b‖22 de�nes the precision of the solution, i.e. how well
the computed solution x �ts the noisy data b. If this term is too big, then,
obviously, x does not solve the problem. On the other hand, if this norm
is too small it means that x solves the initial problem with noise almost
precisely, that should be avoided as well, because we do not want to �t
noise in the data (i.e. approximate the naive solution).

• The second term ‖x‖22 de�nes the regularity of the solution. The moti-
vation for using this norm is that the naive solution is dominated by the
high-frequency components with large amplitudes. Thereby, the idea is to
suppress the high-frequency components by controlling the norm ‖x‖22.

• The balance between the terms is controlled by the factor λ2. The larger λ
is the regularity of the solution becomes more important (however, x→ 0 as
λ→∞). On the other hand, the smaller λ is the more important becomes
how exactly the solution xλ solves the original system (1.2) (if λ = 0 we
obtain the original system and the naive solution).

The goal is to �nd some optimal λ for the solution xλ to be both regular
enough and at the same time to solve the original system (1.2) with a good
precision. The ways of choosing of this regularization parameter are reviewed in
Chapter 4.

2.3 Iterative Regularization

The main idea of iterative methods is reducing the problem of large dimension
n×m to a problem of much smaller dimension. This is achieved by projecting A
on speci�cally constructed (often Krylov) subspaces. Such methods avoid SVD
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(or GSVD) computations, creating the subspaces and the projections iteratively,
using only the matrix-vector product Av. Iterative methods generate a sequence
of vectors x(k), that usually converges to a solution of the initial problem (1.2).
Thus these methods are preferable especially in the case, when the matrix A
is too large and direct decomposition can be too time-consuming or memory-
demanding.

Consider iterative methods where every vector x(k) is a regularized solution
on the step k, where k plays the role of a regularization parameter. We are inter-
ested in iteration schemes, which initially approximate those SVD components
(uTi b/σi)vi, that correspond to the largest singular values. In the early iterations
the sequence x(k) approaches a regularized solution but (as SVD components are
approximated) in the last iterations it approaches the least squares (naive) solu-
tion xLS = A+b, see Section 2.1. This phenomenon is called semiconvergence [54,
p. 89]. Summary of many such iterative methods can be found in [31, Chapter
6]. Those are: Landweber iteration, iterated Tikhonov regularization, ν-method,
Kaczmar's method, regularizing CG iterations etc. We concentrate on iterative
methods based on the Golub-Kahan iterative bidiagonalization (GKB) [20].

Given a matrix A and a vector b this algorithm generates a matrix Lk (or
Lk+) with non-zero elements only on the main diagonal and on the diagonal line
directly below it. The algorithm can be written in the following form [64].

input A, b
w0 := 0
β1 := ‖b‖
s1 := b/β1
for k = 1, . . . ,min(m,n)

p := AT sk − βkwk−1
αk := ‖p‖
if αk = 0

return

wk = p/αk
q := Awk − αksk
βk+1 := ‖q‖
if βk+1 = 0

return

sk+1 := q/βk+1

end

The cycle iterates until αj = 0 or βj+1 = 0 or until the dimension of the problem
is reached. Let Sk ≡ [s1, . . . , sk] ∈ Rn×k, Wk ≡ [w1, . . . wk] ∈ Rm×k be matrices
with orthonormal columns and

Lk ≡


α1

β2 α2

. . . . . .

βk αk

, Lk+ ≡

α1

β2 α2

. . . . . .

βk αk
βk+1

 . (2.10)
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The �rst k steps of the bidiagonalization can be written in the matrix form

A∗Sk = WkL
T
k , (2.11)

AWk = Sk+1Lk+ (2.12)

(see [5, 7, 20, 40]).

Consider we seek an approximation to the solution of (1.2) in the Krylov
subspace Kk(ATA,AT b), i.e. we search yk such that AWkyk ≈ b, where xk =
Wkyk. If we wish to minimize the norm of the residual rk = b− AWkyk, then yk
has to satisfy

‖Lk+yk − e1β1‖ = min
y
‖Lk+y − e1β1||. (2.13)

In other words, yk is the least squares solution of the projected problem

Lk+yk ≈ β1e1, (2.14)

see [4, 22]. This corresponds to the LSQR [57, 56] or CGLS [38] methods that
are mathematically equivalent.

If the approximation of the solution is based on ensuring the orthogonality of
the residual rk to the Krylov subspace generated by the columns of Sk, then we
have

Lkyk = β1e1, (2.15)

which corresponds to the CGNE method [27]. Regularization properties of LSQR,
CGLS and CGNE methods have been widely studied, see [34, 40].
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Figure 2.7: Solution of the Baart problem with the noise level 10−10 for the
most optimal regularization parameter k = 8 in GKB � exactly before noise
contaminates the solution.

It is well known, that the projection onto the Krylov subspace with dimension
k represents by itself a form of regularization where k stands for the regulariza-
tion parameter. For small k there is not enough information in the projected
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problem to reconstruct the solution (over-regularization). If k gets larger, noise
may transfer to the projected problem (under-regularization). Thus it is often
reasonable to compute more iterations (use larger k) of GKB and then regularize
the projected problem (2.14) or (2.15) using some inner (usually direct) regular-
ization (see Section 2.4). Methods combining outer and inner regularizations are
called hybrid methods, see [5, 7, 17, 27, 42, 69].
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Figure 2.8: Solution of the Baart problem with the noise level 10−10 for too
small regularization parameter k (5 instead of 8) in GKB. The solution is over-
regularized.
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Figure 2.9: Solution of the Baart problem with the noise level 10−10 for too
large regularization parameter k (12 instead of 8) in GKB. The solution is
underregularized.

2.4 Hybrid Regularization

In this section we follow theoretical interpretation from [31]. More detailed in-
formation about hybrid methods and where this notion came from can also be
found in that source.
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Consider solving an ill-posed problem by GKB using (2.15) with and without
inner regularization. Figures 2.7 � 2.9 show for the problem Baart of the dimen-
sion 400 from the Regularization Toolbox [33], with the noise level 10−10 how
the solution without inner regularization di�ers from the exact one depending on
the selected regularization parameter k, that is the dimension of the matrix Lk.
Figure 2.7 represents the most desirable situation, when the iterative bidiagonal-
ization process is stopped for k = 8 exactly before it started using components
signi�cantly contaminated by noise. Figures 2.8 and 2.9 depict the situations,
when the process was stopped too early or too late. In the �rst case the solution
is called overregularized. We see that is it oversmoothed. In the second case the
solution is called underregularized and it is completely contaminated by noise. In
Figure 2.10 and 2.11 we can see how inner regularization can improve the solu-
tion in case we take one or two extra iterations in the GKB, i.e. k = 9, k = 10
respectively.
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Figure 2.10: Solution of the Baart problem with the noise level 10−10 com-
puted by GKB with 1 extra iteration (k = 9). Notice how the solution with
inner regularization by TSVD (solid green line) and the solution without inner
regularization (dotted red line) di�er and how close the �rst one is to the exact
one.

These numerical experiments illustrate that usage of inner regularization has
one more e�ect. When the iteration number k (the iteration when the bidiago-
nalization algorithm should be stopped) is "slightly too high" (that means that
not only large singular values were caught, but some smaller ones as well), the
vector x(k), ideally, does not deteriorate. This means, that for a hybrid method
the choice of correct stopping point k is not so critical as opposed to CGLS or
LSQR (see Section 2.3), for example.
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Figure 2.11: Solution of the Baart problem with the noise level 10−10 computed
by GKB with 2 extra iterations (k = 10). Notice that the amplitude of the
solution without inner regularization is too large to �t into the area of the graph.
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Chapter 3

Noise Level Revealing Methods

In the GKB (see Section 2.3) detecting the iteration where noise begins to signif-
icantly propagate into the projected problem is advantageous for the next step of
the solution improvement � inner regularization (see Section 2.4). This iteration
can be used to determine the appropriate dimension of the subsequent problem for
the inner regularization, and in�uences how much information from the original
problem is used. If we stop the bidiagonalization process too early the solution
is overregularized, because not enough information is used. On the other hand,
as it is discussed also in this work, for hybrid methods adding several extra iter-
ations does not degrade the solution. In most cases the opposite happens � the
solution gets improved, since we have more information in the projected problem
from the original problem. The noise that is necessarily present in the projection
is damped by the subsequent inner regularization. In this chapter we follow the
logical inferences from the papers [40, 69]. We summarize based on [40] how it
is possible to identify the GKB iteration where noise begins to contaminate the

projection.

3.1 Lanczos Tridiagonalization

The GKB (see Section 2.3) is closely related to the Lanczos tridiagonalization
algorithm [46, 47]. Based on the symmetric matrix AAT and the starting vector

s1 = b/β1, β1 = ‖b‖ (3.1)

this algorithm yields in k steps the symmetric tridiagonal matrix Tk such that

AATSk = SkTk + αkβk+1sk+1e
T
k (3.2)

and

Tk = LkL
T
k =


α2
1 α1β2

α1β2 α2
2 + β2

2
. . .

. . . . . . αk−1βk
αk−1βk α2

k + β2
k

 , (3.3)

where Lk is the matrix of the GKB. This relationship is described in more detail
in [39] and the references given there.
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The algorithm itself can be written as the following:
input A, b

s0 := 0
β1 := ‖b‖
s1 := b/β1
for k = 1, . . . ,m
v := Ask − βksk−1
αk := ωTk v
v := v − αkωk
βk+1 := ‖v‖
if βk+1 = 0

return

ωk+1 := v/βk+1

end

Consider the SVD of the bidiagonal matrix of the projected problem

Lk = PkΘkQ
T
k , (3.4)

where P−1k = P T
k , Q

−1
k = QT

k , and Θk is a diagonal matrix with singular values of
Lk on the diagonal ordered as

θ
(k)
1 < θ

(k)
2 < . . . < θ

(k)
k . (3.5)

From the Lanczos tridiagonalization we get the spectral decomposition of Tk:

Tk ≡ LkL
T
k = PkΘ

2
kP

T
k , (3.6)

where (θ
(k)
l )2 are its eigenvalues and p

(k)
l ≡ Pkel its eigenvectors, l = 1, . . . , k.

Furthermore, consider the SVD of A:

A = UΣV T =
n∑
j=1

σjujv
T
j , (3.7)

where U−1 = UT , V −1 = V T , and Σ is a diagonal matrix with

σ1 ≥ σ2 ≥ . . . ≥ σn > 0 (3.8)

on the diagonal. Then
AAT = UΣ2UT (3.9)

is the spectral decomposition of the matrix AAT , σ2
j are its nonzero eigenvalues

an uj the corresponding eigenvectors, j = 1, . . . , n.

3.2 Noise Level Determination

It has been shown in [38, 40, 47, 49, 63] that the Lanczos tridiagonalization (3.2)

in fact generates in the iteration k a distribution function ω(k) with nodes (θ
(k)
i )2

and weights |(p(k)i , e1)|, i = 1, . . . k, which approximates the distribution func-
tion ω with the nodes σ2

n, . . . , σ
2
1 and the corresponding weights |( b

‖b‖ , un)|2, . . . ,
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|( b
‖b‖ , u1)|

2. It has been analyzed in [40] that for smaller nodes of the distribution
function ω the weights are de�ned almost exclusively by noise, see Figure 3.1 for
sizes of (b, uj), j = 1, . . . , 400 for the problem Shaw and di�erent noise levels. In
other words, an index jnoise exists, that for all j ≥ jnoise the following formula
holds: ∣∣∣∣( b

‖b‖
, uj

)∣∣∣∣2 ≈ ∣∣∣∣(bnoise‖b‖
, uj

)∣∣∣∣2 . (3.10)

Moreover, since b is low frequency dominated usually jnoise � n, see [40]. Now
de�ne the combined weight for nodes with j ≥ jnoise:

δ2 ≡
n∑

j=jnoise

∣∣∣∣(bnoise‖b‖
, uj

)∣∣∣∣2 . (3.11)
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Figure 3.1: Problem Shaw of the dimension 400 with the noise levels:
10−14, 10−8, 10−4. Singular values and the sizes of projections (b, uj), j =
1, . . . , 400.

In Figure 3.2 (right) one can see that the weights for the iterations j ≥ jnoise
diminish very slowly. Taken into account that usually ‖bexact‖ � ‖bnoise‖ we can
approximate:

δ2noise =
‖bnoise‖2

‖bexact‖2
≈ ‖bnoise‖

2

‖b‖2
=

n∑
j=1

∣∣∣∣(bnoise‖b‖
, uj

)∣∣∣∣2 . (3.12)

For problems with white noise the following formula holds

δ2 ≈ n− jnoise
n

δ2noise ≈ δ2noise, (3.13)

see [40] for detailed explanation. In Figure 3.2 (left) the dependence of δ on jnoise
is shown.

The ill-posed problems usually satisfy the discrete Picard condition [32], which
states that the weights |( b

‖b‖ , uj)|
2 in average decrease faster than the correspond-

ing singular values σ2
i (see [64]). Because the weights |( b

‖b‖ , uj)|
2 for small indexes
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j correspond to the larger singular values σ2
1, σ

2
2, . . ., in early iterations (i.e. for

small k) the singular values of Lk (Ritz values) (θ
(k)
i )2, (θ

(k)
i−1)

2, . . . (large i) ap-
proximate σ2

1, σ
2
2, . . . (see [69, Section 1.4] and [38, 49, 63]).
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the values δ2 for jnoise = 1, . . . , 50 (right) for the problem Shaw of the dimen-
sion 400 with the noise level δnoise = 10−4.

As k grows the smallest Ritz value (θ
(k)
1 )2 ultimately approximates or becomes

less than σ2
jnoise

and since δ2 satis�es (3.11), the weight corresponding to (θ
(k)
1 )2

becomes ∣∣∣(p(k)1 , e1

)∣∣∣2 ≈ δ2 ≈ δ2noise. (3.14)

The weight δ2 starting from k = jnoise + 1 starts to almost stagnate (its values
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Figure 3.3: The absolute values of the �rst components of left singular vectors

of Lk � |(p(k)1 , e1)| � which correspond to the smallest singular value for the
problems Baart of the dimension 400 with the noise level 10−10 (left), and
Shaw of the dimension 400 with the noise level 10−4 (right). Here knoise = 7
in both examples.

remain almost the same), and therefore the corresponding weights |(p(k)1 , e1)|2 also
start to almost stagnate. The iteration where it happens is denoted as kstag, see
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Figure 3.3.

As a conclusion we can state, that by (3.13) for the noise level estimation

it is su�cient to monitor the norm of the �rst component |(p(k)1 , e1)| of the left
singular vector of the bidiagonal matrix Lk. The level of noise is estimated by
the value where that norm starts to stagnate.

δnoise ≈
∣∣∣(p(kstag)1 , e1

)∣∣∣ . (3.15)

The last iteration before this happens is called the noise revealing iteration

(knoise = kstag − 1). It was also shown in [40], that knoise is the iteration, where
noise begins to signi�cantly propagate to the projected problem in GKB. This iter-
ation can be detected automatically, as studied in [69]. Noise level determination
and noise revealing iteration detection can be used for building e�cient stopping
procedures.

3.3 Noise Level Revealing Techniques

In this section we review the techniques for knoise and kstag determination, which
are presented in [40, 69].

3.3.1 Stagnation-Based Criterion

This criterion [40, 69] determines the iteration kstag as the one, where the sequence

|(p(k)1 , e1)| starts to stagnate with small perturbations. This point is detected using
the following formula:

|(p(k+1)
1 , e1)|

|(p(k+1+step)
1 , e1)|

<

(
|(p(k)1 , e1)|
|(p(k+1)

1 , e1)|

)γ

, (3.16)

with the parameters step and γ that can be used to tune the accuracy of the
method.

3.3.2 Closest-to-Origin Criterion

This criterion [69] determines the stagnation point as the closest point to the
"virtual" origin (0, 0) in the logarithmic or semi-logarithmic scale (see Figure 3.5).
The point should satisfy the condition

min
k=1,...,kmax

dist
(

(0, 0),
(
k, |(p(k)1 , e1)|

))
. (3.17)

In the work [69] the following Matlab algorithm is suggested1:

1It is presented with a small modi�cation.
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Figure 3.4: The sequence |(p(k)1 , e1)| and the iteration kstag detected using the
Stagnation-Based Criterion for the problems Gravity of the dimension 400 (left)
and Baart of the same dimension (right) with the noise level δnoise = 10−8.
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% Input:

% P .......... first components of matrix P_k of left

% singular vectors

% y_center ... value close to origin, default = 0

%

% Output:

% knoise ..... corner point

%

% Variables:

% leng = max(size(P))

% minimal = 1000; default

for j = 1:leng,

check1 = abs(P(j));

check = [check,check1];

lev1 = log(check1 - y_center);

levels = [levels,lev1];

min_lev_part = norm([levels(j),j]);

min_lev = [min_lev,min_lev_part];

if min_lev_part < minimal,

minimal = min_lev;

knoise = j;

end;

end;

In this implementation there is one free parameter y_center, that is the coordi-
nate of the starting point where the distances are measured from. This parameter
is again used to tune the method.
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Figure 3.6: Sequence |(p(k)1 , e1)| and kstag computed using the Minimum-Point
criterion for the problems Shaw of the dimension 400 (left) and Inverse Laplace

of the dimension 100 (right). For both problems the noise level is δnoise = 10−8
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3.3.3 Minimum-Point Criterion

This approach [69] suggests minimizing the function:

ψβ(k) = k · |(p(k)1 , e1)|β, (3.18)

where β > 0 is a free real parameter, k = 1, 2, . . .. The minimum of the function
(3.18) determines kstag. Two examples of how this method works are shown in
Figure 3.6.

3.4 Noise Revealing in Action

In most of the cases we tested, noise iteration detection criteria give exactly the
same results. However, in some ill-posed problems the "corner" of the curve
cannot be easily detected. In Figure 3.7 the Closest-to-Origin criterion detected
the corner at the 11th iteration whereas the Minimum Point and Stagnation Based
criteria detected it at the 10th one. The di�erence can be much bigger when the
curve made of values |(p(k)1 , e1)| declines gradually with no "sharp enough" corner.
This case is depicted in Figure 3.8. The di�erence between the Closest-to-Origin
and the Minimum-Point criteria is 10 iterations whereas the Stagnation-Based
criterion gave a completely di�erent result. For a detailed comparison of these
criteria see [69] and Chapter 4 of this thesis.
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Figure 3.7: The components |(p(k)1 , e1)| of the Inverse Laplace problem with
the noise level 10−4, and the points detected by di�erent noise iteration detec-
tion criteria: Closest-to-Origin (left), Minimum-Point and Stagnation-Based
(right).
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level 10−5, and the points detected by di�erent noise iteration detection criteria:
Closest-to-Origin (top left), Minimum-Point (top right) and Stagnation-Based
(bottom).
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Chapter 4

Regularization Parameter Choice

Methods

For hybrid regularization it is important to choose also an appropriate inner reg-
ularization parameter for regularization of the projected problem obtained by
GKB. This parameter can be either discrete (k) or continuous (λ) depending on
the choice of the inner regularization method. From now on in this chapter we
consider only the continuous case unless it is speci�ed otherwise. For the discrete
case the results can be obtained similarly. This chapter is based on the materials
from [31], see also [66].

4.1 Discrepancy Principle

This principle is usually attributed to [52]. It is based on the a priori information
about the required residual norm ‖e‖2 = ‖Ax−b‖2. In ill-posed problems usually
‖e‖ = ‖bnoise‖, i.e. knowledge of the noise level is required. This noise level can
be approximated using the formula (3.15). We seek for such a regularization
parameter λ that for a de�ned top level of the residual norm δe it returns a
solution xλ satisfying:

‖Axλ − b‖2 = δe, where ‖e‖2 ≤ δe. (4.1)

This problem is solved using e.g. the LS method with quadratic constraint,
described in [9], [53, �26] etc. In the discrete case the smallest k should be found,
so that ‖Axλ − b‖2 ≤ δe.

4.2 GCV

Generalized cross-validation (GCV) [19, 71] is a method for regularization pa-
rameter choice that does not require a priori information about the noise level.
It is based on the assumption that if during regularization some right-hand side
entry bi is not included into the solution, then this element should be predicted
well by the regularized solution.

The method GCV minimizes the residual norm ‖Axλ − bexact‖2, but because
bexact is not known the following function is used:

G(λ) =
‖Axλ − b‖22

trace(Im − AA#)2
, (4.2)
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where A# is a regularized inverse of A, namely:

xλ = A#b. (4.3)

4.3 The L-Curve Criterion

Like for GCV, for this criterion information about the noise level is not required.
This method is based on the properties of the L-curve (see [31, Sections 4.6 and
7.5]). The L-function can be de�ned as a function of ‖Lxreg‖2, where L is a
regularization matrix (see [31, Section 1.3]) (usually we take L ≡ I), versus the
corresponding residual norm ‖Axreg − b‖2, see Figure 4.1. The corner of the L-
curve corresponds to the regularization parameters, which are close to optimal.
They are located in the equilibrium zone of regularization errors and perturbation
errors (see [31, Section 4.6] for details) in xreg.
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Figure 4.1: Di�erent forms of the L-curve in the log-log scale. The generic
and the easiest form to work with is shown in the top left �gure. On the top
right and bottom left �gures the corner is hard to determine because is is not
sharp enough. On the bottom right �gure there are several corners, that also
makes determination of the corner problematic.

The main idea of this method is the continuity of the dependency of ‖Lxreg‖2
and ‖Axreg − b‖2 on the regularization parameter λ. This kind of dependency
is typical for the Tikhonov and TSVD regularization methods. If the discrete
Picard condition is satis�ed, then usually L-curve consists of the vertical and
adjacent horizontal parts (see Figure 4.1 top left); generally the curve can have
other forms (see Figure 4.1 top right and bottom), but here we adhere to the
�rst and the most generic form. A point on the vertical line corresponds to an
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underregularized solution, i.e. a solution dominated by noise components. A
point on the horizontal line corresponds to an overregularized solution, i.e. a
solution with regularization errors or oversmoothed solution. Evidently, the op-
timal regularization parameter is located on a point of the transition curve from
the horizontal line to the vertical line. The idea of the L-curve method is to �nd
a point of equilibrium between these two error types. Note that that point is
detected better on the log-log scale graph (see [31, Subsection 7.5.1]).
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Chapter 5

Numerical Experiments

This chapter contains the results of numerical experiments run in the Matlab
environment v. 7.7.0 in the operating system Kubuntu 11.10, Linux kernel ver-
sion 3.0.0, KDE version 4.7.4. Hardware characteristics: Intel R© CoreTM 2 Duo
CPU T8300 @ 2.40 GHz, 4 GB of RAM, machine precision 2.2× 10−16.

In the program we used the iterative Golub-Kahan bidiagonalization algo-
rithm with custom modi�cations developed by Iveta Hn¥tynková and Martin
Ple²inger 2005 � 2009. For details see Section 2.3 and [20]. Matlab implemen-
tations of the test problems were taken from [69]. Colored noise was generated
using the spatial pattern algorithm described in [48]. In the current work inner
regularization methods (including inner regularization parameter �nding meth-
ods) were added. Moreover, we developed a convenient user interface (see Sec-
tion 5.1 for detailed description), that allows user to adjust parameters visually
and see the results of each experiment. As an advantage, it is possible to easily
extend this application by new testing problems and regularization approaches
in the future.

The goal of this chapter is to show how hybrid regularization methods work
depending on the choice of di�erent noise iteration methods, number of additional
GKB iterations g, inner regularization method and inner regularization parameter
�nding method. The experiments contain problems with a priori known solutions,
so the exact and computed solutions can be compared. In the experiments the
data tables contain levels of added noise in their rows, and numbers g of extra
GKB iterations computed after the iteration knoise used in hybrid regularization
(horizontal header). The iteration index, where the GKB is stopped is de�ned as
kaccepted. There are three important GKB iteration indexes k:

• knoise represents the last iteration before the weights |(p(k)1 , e1)|2 start to
almost stagnate (see Section 3.2);

• kstag is the �rst iteration where the weights |(p(k)1 , e1)|2 start to almost stag-
nate (see Section 3.2);

• kaccepted (or kaccpt in legends of �gures) the iteration number in a hybrid
regularization where the GKB is stopped.

The relations between these indexes are the following:

kstag = knoise + 1, (5.1)

kaccepted = knoise + g. (5.2)
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Figure 5.1: The user interface of the application

The data inside the cells represent relative approximation errors

η ≡ ‖xcomp − xexact‖/‖xexact‖, (5.3)

where xcomp and xexact are the computed and the exact solution vectors respective-
ly. In the �rst three experiments white noise is considered. The last experiment
shows the results for di�erent colors of noise.

The approximate solution cannot always be found, and in some cases the
results may change signi�cantly when repeating experiments, because of di�erent
noise components in b. Therefore the tables use the following markups.

• Red number (e.g. 1.7 × 10−1) indicates that the result is sometimes

overregularized or underregularized when repeating the experiment.

• Wide red dash (�). The result is often or always overregularized or

underregularized when the experiment is repeated.

• Blue number (e.g. 1.7× 10−1). The solution is found, but when repeating
the experiment the error changes signi�cantly. In this case the biggest error
(not the average) is put into the table.

Note that if the solution could not be found it was caused by one of two di�erent
reasons. One of them is that an incorrect inner regularization parameter was
found (using GCV, L-curve or Discrepancy, see Chapter 4), the other is that the
noise revealing iteration detection criterion failed (Closest-to-Origin, Minimum-
Point or Stagnation-Based, see Chapter 3).

5.1 User Interface

The user interface consists of the following regions, see Figure 5.1. For description
of main functions used in the application see Appendix.
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A. Descriptive problem and solution parameters.

(i) Selected problem. It can be Shaw, Inverse Laplace, Gravity, Baart,
Heat, Fox Good from the Regularization Toolbox [33].

(ii) Noise iteration detection method. The method to be used to �nd
the noise revealing iteration knoise: Closest-to-Origin, Minimum-Point
and Stagnation-Based, [40, 69].

(iii) Regularization parameter �nding method. This drop-down list de-
�nes which method is used to �nd the regularization parameter for the
inner regularization. Possible values are: GCV [19, 71], [30, Section 5.3],
[31, Section 7.4], L-curve [8, 29, 36, 61, 62], [30, Section 5.2] [31, Sec-
tion 7.5] and Discrepancy [52], [30, Section 5.1], [31, Section 7.2].

(iv) Regularization method. This control allows user to select one of
two available inner regularization methods: TSVD [37, 68] [31, Section
3.2] or Tikhonov [14, 24, 28, 58, 65, 67], [15, Chapter 5], [25, �5.1], [30,
Section 4.3], [31, Section 5.1].

B. Additional noise and problem parameters.

(i) General problem parameters. This section contains "native" pa-
rameters of the selected problem, the parameters, which are used for
generation of the matrix A and vectors b and x (1.2). The �rst pa-
rameter de�nes dimension of the problem. The second one is only the
Heat problem-speci�c parameter, that de�nes conditioning of the prob-
lem ranging from 1 (ill-conditioned) to 5 (well-conditioned).

(ii) Level of noise. The amount of noise to be added.

(iii) Noise gap. The number of additional GKB iterations g after knoise to
be taken, see Section 2.4 and 3.2.

C. Compute button. Performs computation and displays the results.

D. Auto-compute check-box. When checked, computation is performed au-
tomatically each time user changes some parameter. Very handy, when user
needs to see how some parameter a�ects the result. For time-consuming com-
putations this check-box slows the system down, when user wants to change
several parameters.

E. The results area. Contains 3 graphs.

(i) |(p(k)
1 , e1)| values. They are used for knoise determination, see Sec-

tion 3.2.

(ii) Regularization parameter �nding method and regularization

method-speci�c graph. This graph displays minimization informa-
tion, such as the functional used in GCV and its minimal point.

(iii) Graph of the exact and approximate solution vectors. Three
solutions are presented here: exact (known for the testing problems a
priori, when selecting one), computed with and without inner regular-
ization, denoted by "w/" and "w/o" in the graphs respectively.

43



F. Information section. Displays the dimension of the projected problem.

G. Noise color section. Allows to choose the color of noise added to the
problem using the parameter α. Here α = 1 gives pink noise, α = 2 �
Brownian noise, α = −1 � blue noise, α = −2 � violet noise, and α = 0
generates white noise, see Subsection 1.3.1.

5.2 Experiment 1. Comparison of the Noise Re-
vealing Iteration Detection Methods

This experiment shows how choice of the noise iteration detection method (see
Chapter 3) a�ects the results of computation. In this case the Shaw problem of
the dimension 400 was selected, the inner regularization method was TSVD with
GCV as the inner regularization parameter �nding method.
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Figure 5.2: The problem Shaw of the dimension 400 with δnoise = 0.1 and
g = 1, the noise iteration detection criterion is Closest-to-Origin.
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Closest-to-origin Minimum-point Stagnation-based
g 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1

0 0.0321 0.147 0.28 0.67 0.321 0.147 0.28 0.663 0.0321 0.147 0.28 0.668

1 0.0321 0.0476 0.17 0.28 0.321 0.0476 0.17 0.663 0.0321 0.0476 0.17 0.668

2 0.0321 0.0476 0.17 0.28 0.321 0.0476 0.17 0.668 0.0321 0.0476 0.17 0.28

3 0.0321 0.0476 0.17 0.28 0.321 0.0476 0.17 0.668 0.0321 0.0476 0.17 0.28

4 0.0194 0.0476 0.17 0.28 0.194 0.0476 0.17 0.281 0.0321 0.0476 0.17 0.28

5 0.0194 0.0476 0.17 0.28 0.194 0.0476 0.17 0.281 0.0194 0.0476 0.17 0.28

10 0.0194 0.0476 0.17 0.28 0.194 0.0476 0.17 0.28 0.0194 0.0476 0.17 0.28

20 0.0194 0.0476 0.17 0.17 0.194 0.0476 0.17 0.17 0.0194 0.0476 0.17 0.28

30 0.0194 0.0476 0.17 � 0.194 0.0476 0.17 � 0.0194 0.0476 0.17 �

Table 5.1: η values for the problem Shaw of the dimension 400 with TSVD
regularization method and GCV inner regularization parameter �nding method.
Here and in the other tables in this chapter sets of measurements with di�erent
descriptive parameters are separated with double vertical lines. Column headers
represent noise levels, row headers represent g.
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Figure 5.3: The problem Shaw of the dimension 400 with δnoise = 0.1 and
g = 1, the noise iteration detection criterion is Stagnation-Based.

As we can see from Table 5.1, the values in di�erent sets of measurements
are very similar. This means that noise iteration detection methods are almost
equally "good" in �nding the iteration knoise. It can also be seen that increasing g
can improve the result. Obviously, there is no universal rule to de�ne what exact
number g is the most optimal one. In many cases taking g = 1 improved the
solution, however, the other cases required several more iterations. The Table 5.1
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is a good depiction of "obvious" cases when the solution cannot be found: when
the noise level is very high and when g is relatively large. That can be seen in
the bottom-right corners of each table section. This is not surprising. Taking
too many additional GKB iterations (large g) causes the projected problem to be
signi�cantly contaminated by noise. In this case, inner regularization is often not
able to su�ciently regularize the solution. We will see this also in the following
experiments.

In Figures 5.2, 5.3 and 5.4 there is an example of the case with the noise level
0.1, where the noise iteration detection methods give di�erent results. In this
case the Closest-to-Origin method gave the most satisfactory result. Two other
solutions are overregularized because the detected noise revealing iterations are
too small.
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Figure 5.4: The problem Shaw of the dimension 400 with δnoise = 0.1 and
g = 1, the noise iteration detection criterion is Minimum-Point.

5.3 Experiment 2. The E�ect of Choosing Di�er-
ent Inner Regularization and Parameter Find-
ing Methods

Inner regularization methods and inner regularization parameter �nding methods
are strongly interrelated, so it is better to analyze them in combinations. In this
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experiment we tested the problem Shaw of the dimension 400 using �xed noise
iteration detection criterion Closest-to-Origin, to study inner regularization in
GKB separately from other parameters.
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Figure 5.5: The problem Shaw of the dimension 400 with δnoise = 0.1 and
g = 2, the TSVD inner regularization method is used.

GCV L-curve Discrepancy
g 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1

0 0.0321 0.147 0.28 0.67 0.1460 0.1470 0.17 � 0.039 0.0475 0.169 �

1 0.0321 0.0476 0.17 0.28 0.0321 0.1470 0.16 0.28 � � � �

2 0.0321 0.0476 0.17 0.28 0.0194 0.0476 0.17 0.28 0.02 0.047 0.14 0.4

3 0.0321 0.0476 0.17 0.28 0.1 0.0476 0.17 0.28 0.02 0.047 0.15 0.4

4 0.0194 0.0476 0.17 0.28 0.1 0.2 0.06 0.28 0.03 0.047 0.15 0.4

5 0.0194 0.0476 0.17 0.28 0.3 0.2 0.1 0.28 0.03 0.047 0.15 0.5

10 0.0194 0.0476 0.17 0.28 0.09 0.2 0.1 � 0.03 0.047 0.15 0.3

20 0.0194 0.0476 0.17 0.17 0.06 0.3 0.1 � 0.03 0.048 0.15 0.4

30 0.0194 0.0476 0.17 � 0.08 0.3 0.2 � 0.03 0.048 0.15 0.4

Table 5.2: η values for the problem Shaw of the dimension 400 with the
Closest-to-Origin noise iteration detection criterion and the TSVD inner reg-
ularization method. Di�erent inner regularization parameter �nding methods
(GCV, L-curve, discrepancy principle) are tested. For a description of the
headers see Table 5.1.
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GCV L-curve Discrepancy
g 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1

0 0.02 0.076 0.21 0.4 0.026 0.076 0.21 0.2 0.02 0.05 0.17 0.3

1 0.028 0.04 0.14 0.26 0.03 0.05 0.1 0.2 0.02 0.04 0.14 0.2

2 0.027 0.046 0.16 0.23 0.02 0.03 0.1 0.2 0.02 0.04 0.15 0.2

3 0.025 0.046 0.16 0.2 0.05 0.05 0.1 0.2 0.02 0.04 0.15 0.2

4 0.023 0.046 0.16 0.2 0.06 0.04 0.1 0.2 0.02 0.04 0.14 0.2

5 0.021 0.046 0.16 0.2 0.04 0.05 0.1 0.2 0.02 0.04 0.14 0.2

10 0.02 0.04 0.15 0.2 0.08 0.04 0.1 0.2 0.02 0.04 0.15 0.2

20 0.02 0.04 0.15 0.2 0.04 0.05 0.1 0.2 0.02 0.04 0.14 0.2

30 0.02 0.04 0.1 0.2 0.05 0.05 0.1 0.2 0.02 0.04 0.14 0.2

Table 5.3: η values for the problem Shaw of the dimension 400 with the
Closest-to-Origin noise iteration detection criterion and the Tikhonov inner
regularization method. Di�erent inner regularization parameter �nding methods
(GCV, L-curve, discrepancy principle) are tested. For a description of the
headers see Table 5.1.

Looking at Tables 5.2 and 5.3 we can conclude, that the Tikhonov inner regu-
larization gives more accurate results even with more noise added to the problem.
However it is worth to note, that in many cases it gives solutions that change
when repeating the experiment (i.e. taking di�erent noise vectors). Nevertheless,
the combination of Tikhonov regularization and GCV yields the best results in
this experiment.

In Figure 5.5 we can see that in some cases the TSVD method can give
overregularized results. Moreover, they change signi�cantly when repeating the
experiment. Figure 5.6 shows that if we change the regularization method to
Tikhonov the results become more accurate.

The combination of TSVD and the discrepancy principle showed unusual be-
havior. When adding one extra iteration the solution could not be found, but
adding more extra ones helped, see Table 5.2, Discrepancy.

In Table 5.2 for the L-curve and the discrepancy principle for δnoise = 0.1
the solution could not be found using TSVD inner regularization method for
g = 0. It con�rms what we expected, i.e. that using extra GKB iterations can
improve the result. We can see in all tables of this chapter, that applying inner
regularization for g = 0 (i.e. GKB is stopped before noise signi�cantly enters the
projected problem) usually does not give as satisfactory result as adding several
extra iterations to GKB (g > 0) and then applying inner regularization, see
Section 3.2 for explanation.

5.4 Experiment 3. Application on Other Ill-Posed
Problems

In this section we consider di�erent ill-posed problems using the same hybrid solu-
tion method: the Closest-to-Origin noise iteration detection criterion, the TSVD
inner regularization method and the GCV inner regularization parameter �nding
method. The goal is to study the behavior of the method for di�erent problems.
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Figure 5.6: The problem Shaw of the dimension 400 with δnoise = 0.1 and
g = 2, the Tikhonov inner regularization method is used.

Shaw (400) Inverse Laplace (100) Gravity (100)
g 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1

0 0.0321 0.147 0.28 0.67 0.5392 0.109 0.2 0.28 0.0031 0.0187 0.083 0.23

1 0.0321 0.0476 0.17 0.28 0.0534 0.109 0.2 0.28 0.0032 0.0193 0.088 0.25

2 0.0321 0.0476 0.17 0.28 0.042 0.094 0.2 0.28 0.0032 0.0136 0.088 0.25

3 0.0321 0.0476 0.17 0.28 0.042 0.094 0.2 0.28 0.0032 0.0136 0.088 0.25

4 0.0194 0.0476 0.17 0.28 0.042 0.094 0.2 0.28 0.0032 0.0136 0.088 0.25

5 0.0194 0.0476 0.17 0.28 0.042 0.094 0.2 0.28 0.0023 0.0136 0.061 0.17

10 0.0194 0.0476 0.17 0.28 0.042 0.09 0.2 0.23 0.0023 0.0136 0.061 0.17

20 0.0194 0.0476 0.17 0.17 0.031 0.09 0.2 0.23 0.0023 0.01 0.061 0.17

30 0.0194 0.0476 0.17 � � � � 0.23 0.0023 0.01 0.061 0.09

Table 5.4: Comparison of three problems with the Closest-to-Origin noise
iteration detection criterion, TSVD inner regularization method and GCV inner
regularization parameter �nding method. The problems are square with the
dimension given in parentheses. For the description of the headers see Table 5.1.
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Figure 5.7: The problem Fox Good of the dimension 200 with δnoise = 0.1
and g = 10.

Baart (100) Heat (100, 1) Fox Good (200)
g 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1

0 0.1146 0.1662 0.345 � 0.0213 0.047 0.29 � 0.0023 0.0311 � �

1 0.0524 0.115 0.345 � 0.0188 0.04 0.25 � 0.0023 0.0073 0.03 �

2 0.0524 0.115 0.345 � 0.0177 0.05 0.25 � 0.0023 0.0073 0.03 �

3 0.0524 0.115 0.17 � 0.0168 0.04 0.25 � 0.0023 0.0074 0.03 �

4 0.0524 0.115 0.17 � 0.0158 0.02 0.25 � 0.0023 0.0073 0.03 �

5 0.0524 0.115 0.18 � 0.0153 0.04 0.25 � 0.0023 0.0073 0.03 �

10 0.0524 0.115 0.17 � 0.015 0.02 0.25 � 0.0009 0.0073 0.03 �

20 0.0524 0.115 0.17 � 0.015 0.02 0.15 0.4 0.0009 0.0073 0.03 0.04

30 0.0524 0.115 0.17 � 0.015 0.02 0.15 0.3 0.0009 0.0074 0.03 0.05

Table 5.5: Comparison of three problems with the Closest-to-Origin noise
iteration detection criterion, TSVD inner regularization method and GCV inner
regularization parameter �nding method. The problem matrices are square with
the dimension given in parentheses. The second parameter for the Heat problem
in�uences the ill-posedness of the problem. For the description of the headers
see Table 5.1.

As we can see from Tables 5.4 and 5.5 the selected hybrid method worked
quite well for other problems too. Problems only appeared for the Inverse Laplace
problem for the larger values of g (see Table 5.4) and the Baart problem with
very high level of noise: 0.1 (see Table 5.5), see the explanation in Section 5.2.
For the Heat problem with the same level of noise adding more extra noisy com-
ponents even helped to �nd a solution with a good relative error η (5.3). For the
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Figure 5.8: The problem Fox Good of the dimension 200 with δnoise = 0.1
and g = 30.

Fox Good problem the situation was similar. This is depicted in Figures 5.7 and
5.8, showing the results for 10 and 30 additional iterations, respectively.

5.5 Experiment 4. Regularization for Problems
with Di�erent Colors of Noise

Consider the problem Baart of the dimension 100 with the Closest-to-Origin noise
iteration detection criterion, the TSVD inner regularization method and the GCV
inner regularization parameter �nding method. In this experiment we study the
behavior of the hybrid method for di�erent colors of noise present in the problem.
Di�erent levels of noise were tested.
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Brownian Noise, α = 2 Pink Noise, α = 1 White Noise, α = 0
g 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1

0 0.114 0.116 0.345 � 0.1146 0.116 0.345 � 0.1146 0.1662 0.345 �

1 0.167 0.12 0.345 � 0.0526 0.116 0.345 0.36 0.0524 0.115 0.345 �

2 0.997 0.3 � � 0.525 0.118 0.345 0.37 0.0524 0.115 0.345 �

3 0.079 0.592 � � 0.526 0.117 0.279 0.38 0.0524 0.115 0.17 �

4 0.136 0.521 � � 0.526 0.116 0.345 0.39 0.0524 0.115 0.17 �

5 0.077 � � � 0.525 0.116 0.26 0.39 0.0524 0.115 0.18 �

10 � � � � 0.525 0.115 0.238 � 0.0524 0.115 0.17 �

20 � � � � 0.1106 � � � 0.0524 0.115 0.17 �

30 � � � � � � � � 0.0524 0.115 0.17 �

Table 5.6: The e�ect of having various noise colors in the the problem Baart

of the dimension 100, the Closest-to-Origin noise iteration detection criterion,
TSVD inner regularization method and GCV inner regularization parameter
�nding method. Three di�erent colors of noise are considered (Brownian, pink
and white). For the description of the headers see Table 5.1.

White Noise, α = 0 Blue Noise, α = −1 Violet Noise, α = −2
g 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1 10−6 10−4 0.01 0.1

0 0.1146 0.166 0.345 � 0.1146 0.166 0.345 � 0.1146 0.166 0.345 �

1 0.0524 0.115 0.345 � 0.0524 0.115 0.345 � 0.0524 0.115 0.345 �

2 0.0524 0.115 0.345 � 0.0524 0.115 0.345 0.345 0.0524 0.115 0.345 0.345

3 0.0524 0.115 0.17 � 0.0524 0.115 0.166 0.345 0.0524 0.115 0.166 0.345

4 0.0524 0.115 0.17 � 0.0524 0.115 0.166 0.345 0.0524 0.115 0.166 0.345

5 0.0524 0.115 0.18 � 0.0524 0.115 0.166 0.345 0.0524 0.115 0.166 0.345

10 0.0524 0.115 0.17 � 0.0524 0.115 0.166 0.345 0.0524 0.115 0.166 0.345

20 0.0524 0.115 0.17 � 0.0524 0.115 0.166 0.345 0.0524 0.115 0.166 0.345

30 0.0524 0.115 0.17 � 0.0524 0.115 0.166 0.345 0.0524 0.115 0.166 0.345

Table 5.7: The e�ect of having various noise colors in the problem Baart of the
dimension 100, the Closest-to-Origin noise iteration detection criterion, TSVD
inner regularization method and GCV inner regularization parameter �nding
method. Three di�erent colors of noise are considered (white, blue and violet).
For the description of the headers see Table 5.1.

As we can see from Tables 5.6 and 5.7 noise color can play signi�cant role in
the solution process (compare the values in Table 5.6). However, in some cases it
may not have any impact (see Table 5.7, blue and violet noise colors). In general,
colored noise can be divided into two groups (see Subsection 1.3.1 and (1.17)):
with α > 0 (Pink and Brownian) and with α < 0 (Blue and Violet). For positive
α the PSD of noise has decreasing character. As it was examined in the work [69,

Section 3.4] and also [50] for α > 0 the sequence |(p(k)1 , e1)| starts to almost stag-
nate at the level that is lower than the level of noise. That means that extra noise
iterations can be used in the solution process. For negative α the results were very
similar to the results for the problems contaminated by white noise, even some
improvement was observed. Let us take a more detailed look at this phenomenon.

The reason of such behavior of this sequence is as follows. In [69, Section 1.5]
it is shown how the high-frequency part of noise is revealed in the vectors sk of
the GKB, see also Section 3.2 of this thesis. Since the Fourier coe�cients for
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noise with α < 0 are higher for higher frequencies, the high-frequency part is
ampli�ed even more than for white noise.

For noise with α > 0 low-level frequencies dominate, therefore the ampli�ca-
tion of the high frequencies is not signi�cant compared to white noise. Moreover,
the values of the �rst projections |( bnoise‖b‖ , uj)|

2 are important for noise level deter-
mination. As it was mentioned in Section 3.2 there exists an iteration jnoise so
that for all j ≥ jnoise the noisy part of the right-hand side b becomes dominant.
From (3.11) and (3.12) we obtain:

δ2noise ≈
jnoise−1∑
j=1

∣∣∣∣bnoise‖b‖
, uj

∣∣∣∣2 + δ2, (5.4)

where δnoise is the level of noise. In Figure 5.9 the behavior of δ2 as a function of
jnoise for noise of di�erent colors is shown for the problems Gravity and Shaw. As
we can see from Figure 5.9, for α < 0 the behavior of δ2 is similar to white noise.
For noise with α > 0 the function δ2 decreases for the small jnoise values and
then starts to stagnate. And therefore the information about the level of noise is
located in the �rst iterations of | bnoise‖b‖ , uj|

2. Thus if we use (3.13) in a direct way,
the noise level is underestimated and often that leads to underregularized solution.
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Figure 5.9: The value δ2 as a function of jnoise for the problem Gravity of
the dimension 400 (top) with the noise level 10−8 and Shaw of the dimension
400 (bottom) with the noise level 10−4, for various colors of noise (α).
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Conclusion

In this thesis, we studied hybrid regularization methods using GKB as the out-
er regularization algorithm with the inner regularization algorithms TSVD and
Tikhonov, respectively. Methods were tested on a number of ill-posed problems
from the Regularization Toolbox [33] with di�erent noise levels and noise colors.
The e�ects of choosing di�erent noise revealing iteration detection methods and
inner regularization parameter �nding methods were tested. The hybrid regu-
larization method proved its e�ectiveness. The most optimal values for g (the
number of extra GKB iterations after the noise revealing iteration knoise) were
roughly between 2 and 5, but the choice can sometimes be very problem-speci�c.
In some cases (like for the Heat and Fox Good problems for the noise level 0.1)
unusual behavior was observed. Here, large g (between 20 and 30) was required
to obtain a satisfactory approximate solution. Testing the method on di�erent
noise levels and colors showed the results similar to [69] and [50]. The method
worked quite well for white noise and high-frequency dominated noise, but often
failed for noise of low-frequency, because in that case noise level determination
methods underestimate the noise level.

In the future, the application can be easily extended, by more testing prob-
lems and modi�cations of the hybrid method. Especially, the core GKB algorithm
could allow choosing, except of the currently available full or no reorthogonaliza-
tion, more reorthogonalization approaches (partial, selective etc). Noise level
determination for low-frequency dominated noise can be further studied.
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Appendix

In this appendix description of the main functions of the application is summa-
rized.

main.m

function main()

% MAIN Entry point.

% Main file which runs the application that iterates through

% all combinations of problems, noise levels, GKB stopping

% methods, regularization methods and inner regularization

% parameter finding methods.

main_gui.m

function varargout = main_gui(varargin)

% MAIN_GUI M-file for main_gui.fig

% Contains the entry point to the graphical user interface

% version of the application.

do_regularize.m

function [sol_x, r] = do_regularize(with_ui, A, b, x, ...

noise_gap, reg_met, param_finding_method, ...

problem_name, noise_level, stopping_method, ...

eigen_axes, reg_axes, graph_axes)

% DO_REGULARIZE Regularizes the specified approximation problem

% Ax = b.

%

% with_ui - whether the UI-friendly program is run.

% A, b, x - the components of the problem Ax = b.

% noise_gap - number of extra iterations taken after the noise

% level revealing one.

% reg_met - inner regularization method. Possible value:

% - 'tsvd' - TSVD;

% - 'Tikh' - Tikhonov.

% param_finding_method - inner regularization parameter finding

% method. Possible values:

% - 'gcv' - GCV;

% - 'L-curve' - L-curve;

% - 'discrep' - discrepancy principle.

% problem_name - name of the problem to be displayed.

% noise_level - noise level to be displayed.

% stopping_method - noise level revealing (stopping) method.
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% Possible values:

% - cl2orig - closest-to-origin method;

% - minpt - minimum-point method;

% - stag - stagnation-based method.

% eigen_axes - the subgraph on the UI-friendly application with

% eigenvalues.

% reg_axes - the subgraph on the UI-friendly application with

% singular vector components.

% graph_axes - the subgraph on the UI-friendly application with the

% exact naive and comuted solutions.

solve_regularized.m

function [x] = solve_regularized(S, L, W, b, method, l)

% SOLVE_REGULARIZED Regularizes the system using the specified

% technique and solves the system.

%

% Input:

% S, L, W - the results of the GKB process, where S^T A W = L

% (or if we take into account iteration numbers

% S_k^T A W_k = L_k).

% b - initial vector. Typically it is the right-hand side.

% method - which inner regularization method should be used.

% Can be 'direct' - direct LSQR method is used, no

% regularization.

% 'tsvd' - truncated SVD or 'Tikh' - Tikhonov regularization

% method.

% l - inner regularization parameter.

%

% Output:

% x - the regularized solution.

bidiag_ex.m

function [U, L, V, p1, k_stag] = bidiag_ex(A, s, k, p, ...

tol, reort, refin, method, noise_gap)

% BIDIAG_EX An extended version of the Golub-Kahan iterative

% bidiagonalization (GKB) algorithm with the noise level

% revealing method and the noise gap (extra GKB iterations

% after the noise revealing one).

%

% Input:

% [U, L, V, p1] = bidiag_ex(A, s) or L = bidiag_gk(A, s) -

% mandatory inputs, it computes either all three factors or

% only the bidiagonal matrix

% [U, L, V, p1] = bidiag_ex(A, s, k) - number of iterations

% [U, L, V, p1] = bidiag_ex(A, s, k, p) - square/rectangular L
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% [U, L, V, p1] = bidiag_ex(A, s, k, p, tol) - warning threshold

% [U, L, V, p1] = bidiag_ex(A, s, k, p, tol, reort) -

% reorthogonalization

% [U, L, V, p1] = bidiag_ex(A, s, k, p, tol, reort, refin) -

% iterative refinement

% [U, L, V, p1] = bidiag_ex(A, s, k, p, tol, reort, refin, method) -

% noise level revealing (stopping) method.

% [U, L, V, p1] = bidiag_ex(A, s, k, p, tol, reort, refin, method, -

% noise_gap) - noise gap - the number of extra iterations taken

% after the noise level revealing one.

%

% A - matrix,

% s - starting nonzero vector (e.g. the right-hand side in Ax=b),

% k - number of iterations of the bidiagonalization process

% (each iteration consists of the left and right half-step),

% p - proces stops with square or rectangular bidiagonal matrix:

% if p == 0 or p == false (or p not present), then

%

% A^T * U_k = V_k * L_k^T, where U_k = U(:,1:k),

% V_k = V(:,1:k) and

%

% L_k = / a_1 0 \

% | b_2 a_2 |

% | ... ... |

% \ 0 b_k a_k /

%

% is square lower bidiagonal matrix, if p == 1 or p == true or

% p > 1, then

%

% A * V_k = U_{k+1} * L_{k+}, where

%

% L_{k+} = / a_1 0 \ = / L_k \

% | b_2 a_2 | \ b_{k+1} * e_k^T /

% | ... ... |

% | b_k a_k |

% \ 0 b_{k+1} /

%

% is rectangular lower bidiagonal matrix,

%

% tol - threshold/tolerance, default value is 2^-52 = 2.2204*10^-16

% (if a_j < tol or b_j < tol for some j, then algorithm warns).

% reort - reorthogonalization

% == 0 without reorthogononalization,

% == r > 0 reorthogonalization against last r vectors,

% == -1 full reorthogonalization (against all vectors,

% default),

% refin - iterative refinement (multiple reorthogonalization),

% == 0 without reortogonalization,
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% == 1 only one reorthogonalization, MGS-like,

% == 2 double reorthogonalization, IMGS-like (default),

% == t t-times reorth

% (reort and refin default values are recommended.)

%

% Output:

% L - the bidiagonal resulting matrix.

% U, V - the corresponding multiplication matrices, see the

% description of p.

%

% [Golub, Kahan: Calculating the singular values and pseudo-inverse

% of a matrix, SIAM J. Numer. Anal., Ser. B, 2 (1965), pp. 205--224]

add_noise.m

function b = add_noise(b, noise_level, beta)

% ADD_NOISE adds noise with the specified level and color to the

% vector b.

%

% Input:

% b - the vector, where noise should be added.

% noise_level - the level of the noise to be added.

% beta - defines the spectral distribution (color) of noise.

% Spectral density S(f) = N f^beta = N f^(-alpha)

% (f is the frequency, N is normalisation coeff).

% beta = 0 is random white noise.

% beta = -1 is pink noise

% beta = -2 is Brownian noise

% beta = 1 is blue noise

% beta = 2 is volet noise

%

% Output:

% b - the resulting vector with noise.

select_problem.m

function [A, b, x] = select_problem(problem, noise_level, param1, ...

param2, beta)

% SELECT_PROBLEM selects the problem using the problem number and

% the level of noise.

%

% Input:

% problem - the number of the problem:

% 1 - shaw(param1)

% 2 - ilaplace(param1)

% 3 - gravity(param1)

% 4 - baart(param1)
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% 5 - heat(param1, param2)

% 6 - foxgood(param1)

% noise_level - the level of noise added to b.

% param1 - the first parameter of the selected problem.

% param2 - the second parameter of the selected problem.

% beta - defines the spectral distribution (color) of noise.

% Spectral density S(f) = N f^beta = N f^(-alpha)

% (f is the frequency, N is normalisation coeff).

% beta = 0 is random white noise.

% beta = -1 is pink noise

% beta = -2 is Brownian noise

% beta = 1 is blue noise

% beta = 2 is volet noise

%

% Output:

% A - the matrix of the problem.

% b - right-hand side of the problem (with noise).

% x - exact solution of the problem.
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