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Abstrakt: Tato práce studuje výpočetní složitost několika základních problémů
algebraické topologie, které mají souvislost s otázkami v kombinatorice a výpočet-
ní geometrií.

Problém rozšiřitelnosti je zadán topologickými prostory X, Y, podprostorem A ⊆
X a (spojitým) zobrazením f : A → Y . A otázka je, zda f může být rozšířeno
na celý prostor X. Předpokládáme, že X, Y a A jsou zadány jako konečné sim-
pliciální komplexy a f jako simpliciální zobrazení. Výpočetní složitost budeme
zkoumat za předpokladu, že Y je d-souvislý pro nějaké d ≥ 1. Jinak je známo,
že z teorie grup plyne, že problém rozšiřitelnosti je nerozhodnutelný.

Zde dokážeme, že rozšiřitelnost je i při tomto předpokladu nerozhodnutelná,
pokud dimX dosáhne hodnoty 2d + 2. Na druhou stranu pro každou pevnou
hodnotu dimX ≤ 2d+ 1 nalezneme algoritmus, který řeší problém rozšiřitelnosti
v polynomiálním čase.

Ukážeme, že složitost výpočtu množiny všech homotopických tříd zobrazení X →
Y má podobnou charakteristiku.

Dále uvážíme problém homotopických grup πk(Y ) pro 1-souvislý prostor Y a di-
menzi k ≥ 2. První algoritmus na jejich výpočet našel Brown v roce 1957. My
ukážeme, že πk(Y ) lze vypočíst v polynomiálním čase pro každou pevnou dimenzi
k ≥ 2. Na druhou stranu dokážeme, že výpočet πk(Y ) je #P -těžký, pokud k je
součástí vstupu. Je to zesílení Anickova výsledku z 1989, ve kterém se předpok-
ládá, že Y je CW-komplex zakódováný jistým velmi kompaktním způsobem.
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Abstract: We consider several basic problems of algebraic topology, with con-
nections to combinatorial and geometric questions, from the point of view of
computational complexity.

The extension problem asks, given topological spaces X, Y , a subspace A ⊆ X,
and a (continuous) map f : A→ Y , whether f can be extended to a map X → Y .
For computational purposes, we assume that A,X, Y are represented as finite
simplicial complexes and f as a simplicial map. We study the problem under
the assumption that, for some d ≥ 1, Y is d-connected, otherwise the problem is
undecidable by uncomputability of the fundamental group;

We prove that, this problem is still undecidable for dimX = 2d+2. On the other
hand, for every fixed dimX ≤ 2d + 1, we obtain an algorithm that solves the
extension problem in polynomial time.

We obtain analogous complexity results for the problem of determining the set
of homotopy classes of maps X → Y .

We also consider the computation of the homotopy groups πk(Y ), k ≥ 2, for a
1-connected Y . Their computability was established by Brown in 1957; we show
that πk(Y ) can be computed in polynomial time for every fixed k ≥ 2. On the
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1. Introduction
Computational topology is a well established area which has found its applications
in scientific and engineering computations. It provided tools and solutions for
data analysis, dynamical systems, computational geometry and many other real-
world challenges.

This thesis presents some of the recent progress in a branch of computational
topology that focuses on a facet of topology where computational questions were
much less studied before—homotopy theory.

images of
homotopic maps
S1→holey disk

Homotopy theory viewed as robust geometry. Invari-
ants of algebraic topology perceive two continuous maps1
X → Y as equivalent when they are homotopic2, i.e., “con-
nected by a continuous deformation.” Topological spaces are
also classified accordingly, for instance the “holey disk” is ho-
motopy equivalent3 to the circle S1. The area of topology that
strives for understanding the “world up to homotopy” is called
homotopy theory. Informally, through the lenses of homotopy
theory we can observe and study “robust and global” prop-
erties of spaces and maps. A good example is the extension
problem. It is given by a map f : A → Y where A is a “reasonable” subspace4 of
X and we ask whether there is a map X → Y extending f . The answer depends
on the homotopy class of f only.

Let us illustrate somewhat surprising difference between points of view of
Euclidean geometry and homotopy theory in the simple example of the circle S1.

circle - S1

Geometry: It is a closed curve with the ratio between its
perimeter and diameter equal to 3.1415 . . ., it is uniquely
determined by every triple of distinct points, and so on.

Homotopy theory: There is one hole in there of dimension 1
and no other hole; formally, π1(S1) = Z and πi(S1) = 0 for
i = 0, 2, 3, . . .. It is needless to say more.

Classifying all maps up to homotopy. Before we explain the symbols πi
above, we introduce the key object of interest in homotopy theory—[X, Y ]—the
set of homotopy classes of maps X → Y and its structure for particular choices
of topological spaces X and Y . The simplest nontrivial example is [S1, S1], self-
maps of the unit circle. Up to homotopy, a map S1 → S1 is uniquely described
by its winding number , which is an integer (positive, negative, or zero) count-
ing how many times the image goes around the target S1. This is generalized
by a famous result of Hopf from the 1930s, asserting that the homotopy class

1Here the topological spaces X and Y are mostly closed subsets of an Euclidean space Rn and maps
will be continuous with respect to (topology induced by) the Euclidean metric. For computational
purposes they will be encoded in a discretized form, say, as simplicial complexes and maps.

2Two maps f, g : X → Y are homotopic, whenever there is a map H : [0, 1] × X → Y (called
homotopy) such that H(0, ·) = f and H(1, ·) = g. Homotopy is an equivalence relation on the set of
all maps X → Y .

3Spaces X and Y are homotopy equivalent whenever there are maps f : X → Y and g : Y → X that
are mutually “homotopically inverse”, i.e., both fg and gf are homotopic to the identities.

4For instance X is a simplicial complex and A is its subcomplex.
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degree 0

degree 2

of a map f : Sn → Sn, between two spheres of the same dimen-
sion, is in one-to-one correspondence with an integer parame-
ter, the degree of f , which counts how many times the image
“wraps around” the target. Another great discovery of Hopf,
with ramifications in modern physics and elsewhere, was a map
η : S3 → S2 (today called the Hopf map) that is not homotopic
to a constant map.

These are early results in the theory of higher homotopy
groups, which belong among the most important invariants
of a space. For our purposes the kth homotopy group πk(Y ) of Y for k ≥ 2
can be thought of as the set [Sk, Y ] equipped with suitable commutative group
operations.5

The Hopf map η : S3 → S2 is only a beginning of an important theme in
algebraic topology— theory of homotopy groups of spheres πk(S

d). They are
nontrivial for most k ≥ d ≥ 2 and belong among the most puzzling objects of
mathematics, where only limited understanding was achieved despite an enor-
mous effort [39, 24]. The only sphere where the situation is known (and trivial)
is the circle S1.

Eilenberg-MacLane spaces. Even when spaces Y and Y ′ have the same ho-
motopy groups, they need not be homotopy equivalent in general. A remarkable
exception is a family of spaces where the circle S1 belongs; when a space Y has
nontrivial πn(Y ) ' π for exactly one n ≥ 1, it is determined up to homotopy by
the dimension n and the Abelian group π. Such spaces Y—denoted by K(π, n)
and called Eilenberg-MacLane spaces—play a crucial role in homotopy theory.
They are simple as targets; the set [X, Y ] can be easily described and computed
for most spaces X via cohomology. In most cases, K(π, n) has a very compli-
cated geometric description and by far no obvious computationally manageable
representation. The exception of K(Z, 1) ' S1 plays a fundamental role in the
development of computational homotopy theory. In fact, Chapter 4 of this doc-
toral thesis is devoted to the case of the circle S1, namely, finding polynomial-time
computable maps relating S1 with a certain homotopy equivalent but geometri-
cally different infinite space.

This thesis and the collaboration behind. The condensed summary of this
thesis is as follows:

We study computational complexity of the extension problem and of the com-
putations of πk(Y ) and [X, Y ]. The considered spaces and maps are given
as simplicial complexes (or more generally, as simplicial sets) and simplicial
maps. We identify certain thresholds where the problems cease to be com-
putable in polynomial time (belong to the class P) and become undecidable
or NP-hard.

We carefully explain all the involved notions in Section 1.1 and then state the
results more explicitly in Section 1.2.

The original results of this dissertation (Theorems 3.1.1 (Deciding the exten-
sion problem), 3.1.2 (Computing [X, Y ]), 4.1.2, 2.1.1 (Undecidability) and 2.1.3
(#P-hardness)) are from four papers [6], [25], [9] and [8] except for Theorem 2.1.2

5The isomorphism πk(Y ) ∼= [Sk, Y ] needs some assumptions on Y ; in particular, it holds if Y is a
1-connected CW-complex.

4



(NP-hardness) (that was achieved by the author of this thesis). The coauthors
are Martin Čadek, Jiří Matoušek, Francis Sergeraert, Lukáš Vokřínek and Uli
Wagner and the results based on the joint work are used here with their kind
permission.

Computational topology—how do we fit within?

• It is of course impossible to summarize computational topology briefly. One
of its frequently reappearing themes involves applications of various sophis-
ticated extensions and variations of the concepts of homology and Morse
theory. These are, in many respects, polynomial-time computable and sig-
nificant amount of effort aims at making the computation fast enough for
practice.

On the contrary, the concepts of homotopy theory were mostly developed
in a non-constructive way and often have infinitary nature, and hence the
computability seemed to be beyond the reach. Thus our research was fo-
cused on pushing first the realm of algorithms beyond these obstacles. The
question of practical computations is left open from the great part.

• Those were the differences. As for the similarities, our algorithms also in-
volve computations of homology and cohomology. This is natural, since
(co)homology can be considered as a “first-order criterion” on various ques-
tions in homotopy theory. As such it has of course been used before; let
us name Conley index theory for instance [34]. Our algorithms can be
thought of as a hierarchy of “higher order criteria” that, under some natu-
ral conditions, give a complete answer. Thus our algorithms have potential
to strengthen the “homotopy theory oriented” solutions of computational
topology.

Bridges from algebraic topology. Making more existential mathematical the-
orems constructive was not the only goal of our effort. Our general ambition is
to contribute to bridging algebraic topology and other areas of mathematics. In
fact, our original motivation comes from topological combinatorics, namely, topo-
logical bounds on the chromatic number of a graph and deciding embeddability
of simplicial complexes into Euclidean spaces.

Before we explain these problems in more detail, let us put them in a wider
context. In the past decades, surprising applications of algebraic topology yielded
various new results and breakthroughs in (often seemingly unrelated) areas such
as

• let us repeat that—computational topology

• theoretical computer science (complexity lower bounds [2], evasiveness [15])

• fair divisions (their existence and sometimes construction [47] in various
settings)

• combinatorics (bounds on the chromatic number of various graphs [28])

• discrete and computational geometry (colored Tverberg’s theorem [3], algo-
rithmic embeddability of simplicial complexes in Rd [29])

5



The last three cases involve concepts from equivariant topology ; particularly
important are the Z/2-equivariant spaces and maps.

The equivariant setting. A Z/2-space can be defined as a pair (X, ν), where
ν : X → X is a homeomorphism satisfying ν2 = idX (which defines an action of
the group Z/2 on X—whence the name). A primary example of a Z/2-space is a
sphere Sk with the antipodal action x 7→ −x. An equivariant map between Z/2-
spaces (X, ν) and (Y, ω) is a continuous map f : X → Y such that f commutes
with the Z/2-actions, i.e., fν = ωf . We write X →Z/2 Y whenever X can be
equivariantly mapped to Y .

Our project on computational homotopy theory was actually started in order
to understand the question X →Z/2 Y for Y = Sd computationally . (In the
literature, one often finds a closely related notion of Z/2-index (or genus) ind(X)
of a Z/2-space X, which is the smallest k such that X →Z/2 S

k.)
The question of the existence of an equivariant map arises, among others, in

the problem of embeddability of topological spaces, which is a classical and much
studied area (see, e.g., the survey [48]). One of the basic questions here is, given
a k-dimensional finite simplicial complex K, can it be (topologically) embedded
in Rd? The celebrated Haefliger–Weber theorem from the 1960s asserts that,
in the metastable range of dimensions , i.e., for k ≤ 2

3
d − 1, the embeddability

is equivalent to K2
∆ →Z/2 Sd−1, where K2

∆ is a certain Z/2-space constructed
from K (the deleted product). See [29] for a study of algorithmic aspects of the
embedding problem, where the metastable range was left as one of the main open
problems.

The Z/2-index also appears as a fundamental quantity in combinatorial ap-
plications of topology. For example, the celebrated result of Lovász on Kneser’s
conjecture can nowadays be re-stated as “B(G) 6→Z/2 S

d implies χ(G) > d + 2”
where χ(G) is the chromatic number of a graphG, and B(G) is a certain simplicial
complex constructed from G (see, e.g., [28]).

The results of this thesis can be understood as intermediate achievements on
the way towards decidability of X →Z/2 Y for given Z/2-equivariant simplicial
complexes X and Y in the stable range. Indeed, the desired solution was obtained
recently and we explain it briefly in Section 1.2. These results are not presented
in this thesis but they will be published soon elsewhere [7].

1.1 Preliminaries

Because of less common interaction between computer science and algebraic
topology, we assume the reader to have only basic knowledge of topological and
computational concepts. Our strategy is to introduce the required preliminaries
gradually—in the relevant chapters, where they are needed.

1.1.1 Simplicial sets

In this section we want to introduce the essential language for computational ho-
motopy theory—simplicial sets. They are heavily employed in all the subsequent
chapters and they will be useful for giving an outline of the thesis in Section 1.2
as well. Most notably, simplicial sets provide a discrete way of specifying a topo-
logical spaces and maps as input of an algorithm. For public relation purposes,
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we actually mention less general simplicial complexes in our statements, since we
assume that most readers have heard about them.

Simplicial sets. A simplicial set is a way of specifying a topological space in
purely combinatorial terms; we can think of it as an instruction manual telling
us how the considered space should be assembled from simple building blocks.
Simplicial sets can be regarded as a generalization of simplicial complexes; they
are formally more complicated, but more powerful and flexible. We refer to
[17, 46] for a more comprehensive introduction.

Similar to a simplicial complex, a simplicial set is a space built of vertices,
edges, triangles, and higher-dimensional simplices, but simplices are allowed to
be glued to each other and to themselves in more general ways. For example, one
may have several 1-dimensional simplices connecting the same pair of vertices, a
1-simplex forming a loop, two edges of a 2-simplex identified to create a cone, or
the boundary of a 2-simplex all contracted to a single vertex, forming an S2.

Another new feature of a simplicial set, in comparison with a simplicial com-
plex, is the presence of degenerate simplices. For example, the edges of the triangle
with a contracted boundary (in the last example above) do not disappear, but
each of them becomes a degenerate 1-simplex.

A simplicial set X is a sequence (X0, X1, . . .) of mutually disjoint sets, where
the elements ofXk are called the k-simplices ofX (unlike for simplicial complexes,
there can be many simplices with the same vertex set). In addition, for every k ≥
1, there are mappings ∂0, . . . , ∂k : Xk → Xk−1 called face operators ; the intuitive
meaning is that for a simplex σ ∈ Xk, ∂iσ is the face of σ opposite to the ith
vertex. Moreover, for k ≥ 0 there are mappings s0, . . . , sk : Xk → Xk+1 (opposite
direction) called the degeneracy operators ; the approximate meaning of siσ is
the degenerate simplex which is geometrically identical to σ, but with the ith
vertex duplicated. A simplex is called degenerate if it lies in the image of some si;
otherwise, it is nondegenerate. There are natural axioms that the ∂i and the si
have to satisfy, but we will not list them here, since we will not really use them.

Examples. Here we sketch some basic examples of simplicial sets; again,
we won’t provide all details, referring to [17]. Let ∆n denote the standard n-
dimensional simplex regarded as a simplicial set. For n = 0, (∆0)m consists of a
single simplex, denoted by 0m, for everym = 0, 1, . . .; 00 is the only nondegenerate
simplex. The face and degeneracy operators are defined in the only possible way.
For n = 1, ∆1 has two 0-simplices (vertices), say 0 and 1, and in general there
are m + 2 simplices in (∆1)m; we can think of the ith one as containing i copies
of the vertex 0 and m + 1 − i copies of the vertex 1, i = 0, 1, . . . ,m + 1. For n
arbitrary, the m-simplices of ∆n can be thought of as all nondecreasing (m+ 1)-
term sequences with entries in {0, 1, . . . , n}; the ones with all terms distinct are
nondegenerate.

In a similar fashion, every simplicial complex K can be converted into a sim-
plicial set X in a canonical way; however, first we need to fix a linear ordering
of the vertices. The nondegenerate m-simplices of X are in one-to-one corre-
spondence with the m-simplices of K, but many degenerate simplices show up as
well.

7



Geometric realization. Every simplicial set X specifies a topological space
|X|, the geometric realization of X. It is obtained by assigning a geometric k-
dimensional simplex to each nondegenerate k-simplex of X, and then gluing these
simplices together according to the face operators; we refer to the literature for
the precise definition.

Simplicial maps. For simplicial sets X, Y , a simplicial map f : X → Y is a
sequence (fk)

∞
k=0 of maps fk : Xk → Yk (every k-simplex is mapped to a k-simplex)

that commute with the face and degeneracy operators, i.e., ∂ifk = fk−1∂i and
sifk = fk+1si. We let SMap(X, Y ) stand for the set of all simplicial maps X → Y .

Every simplicial map f : X → Y defines a continuous map ϕ : |X| → |Y | of
the geometric realizations. Of course, not all continuous maps are induced by
simplicial maps, but there is a very important class of Kan simplicial sets , with
the following crucial property: if Y is a Kan simplicial set and X is any simplicial
set, then every continuous map ϕ : |X| → |Y | is homotopic to (the geometric
realization of) some simplicial map f : X → Y . Homotopies of simplicial maps
into a Kan simplicial set can also be represented simplicially. Concretely, a sim-
plicial homotopy between two simplicial maps f, g : X → Y is a simplicial map
F : X ×∆1 → Y such that F |X×{0} = f and F |X×{1} = g; here, as we recall, ∆1

represents the geometric 1-simplex (segment) as a simplicial set, and, with some
abuse of notation, {0} and {1} are the simplicial subsets of ∆1 representing the
two vertices. Again, if Y is a Kan simplicial set, then two simplicial maps f, g
into Y are simplicially homotopic iff they are homotopic in the usual sense as
continuous maps.

Not surprisingly, there is a price to pay for the convenience of representing all
continuous maps and homotopies simplicially: a Kan simplicial set Y necessarily
has infinitely many simplices in every dimension (except for some trivial cases),
and thus we need nontrivial techniques for computing with it. Due to a regular
structure of the relevant Y ’s in our case, they can be handled locally, that is,
there are algorithms for evaluating the face and degeneracy operators (working
with some agreed-upon encoding of simplices); much less trivial is the task of
computing “global information” such as homology groups. Methods of effective
homology mentioned below are devoted to such tasks.

1.1.2 Computational complexity

In computational complexity theory, which is a branch of computer science that
focuses on classifying computational problems according to their inherent difficul-
ty, algorithms are usually represented as Turing machines, or some other models
of a general computing machine. Such an algorithm accepts an input u ∈ Σ∗,
where Σ is some fixed finite alphabet (e.g., Σ is the binary alphabet {0, 1}) and
where Σ∗ denotes the set of all strings (finite sequences) of symbols of Σ. Given
u ∈ Σ∗, the algorithm computes some output v ∈ Σ∗.

Polynomial-time maps. We say that a mapping f : Σ∗ → Σ∗ is a polynomial-
time mapping if there is an algorithm A and a polynomial p(x) such that, for
every input u ∈ Σ∗, the algorithm A outputs f(u) after at most p(|u|) steps,
where |u| denotes the length (number of symbols) of u.

It is easy to see that the composition of two polynomial-time mappings is
again a polynomial-time mapping. (Here we use that if the computation of f(u)
takes at most p(|u|) steps, then |f(u)| ≤ p(|u|), for otherwise, the algorithm for
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evaluating f would not have enough time to write f(u) down.) We will frequently
use this fact, often without mentioning it explicitly.

Encoding size. If we consider computational tasks such as the computation of
the Euler characteristic χ(K) or the set [K,Sd] for a given simplicial complex K,
then neither the input nor the output are a priori strings. In order to talk about
the computational complexity of such tasks, we first need to specify some encoding
of the input and output objects by strings. In order to encode a simplicial complex
K (a hereditary set system), we have to fix an encoding of its set of vertices, say,
by integers 1, 2, . . . , n encoded by binary strings of length k = dlog ne. In our
work, the encoding enc(K) of a simplicial complex K is defined as the list of all
its simplices where each simplex is encoded by a sequence its vertices ended by,
say, the string of k zeros 0k. With this encoding, it is rather easy to implement
a polynomial-time algorithm that computes χ(K) in time p(| enc(K)|) for some
polynomial p. However, if K is specified by listing only its maximal simplices,
and if we do not assume dim(K) fixed, then computing χ(K) is #P -hard [41]
(see the definition below), and thus extremely unlikely to be polynomial-time
solvable.

For discussing polynomial-time algorithms, we often do not need to specify the
encoding function enc completely. Usually we suffice with the encoding size, where
the size of an object a is size(a) = | enc(a)|, the number of bits in its encoding.
In the case of simplicial complexes, we have size(K) =

∑
σ∈K(|σ|+ 1)dlog2 ne.6

We note that changes in the encoding that transform the size by at most
a fixed polynomial, e.g., replacing size(a) with size′(a) = (37 size(a) + 100)26,
leave the notion of a polynomial-time mapping unchanged. Thus, for the purpose
of developing polynomial-time algorithms, we usually need not to describe the
encoding in much detail. Moreover, we often define size as simple functions that
are easy to work with. For instance, for the rest of this work, we will define
the size of a simplicial complex by size(K) := |K| although it does not reflect
the reality precisely. We postpone the matter of a precise encoding of a given
simplicial set X until the Chapter 2, but the outcome is that once the dimensions
is fixed, the size(X) can be put equal to the number of nondegenerate simplices
of X as well.

Encoding an isomorphism type of a finitely generated Abelian group. It
will also be sometimes relevant how the output of our polynomial-time functions
will be encoded. The essential example of such an output is the isomorphism
type of an Abelian group such as πk(Y ). A well-known structure theorem asserts
that each finitely generated Abelian group π can be represented as a direct sum
Zr ⊕ (Z/m1)⊕ (Z/m2)⊕ · · · ⊕ (Z/ms) of cyclic groups.7 We are going to encode
it by the (r + s)-tuple enc(π) = (0, 0, . . . , 0︸ ︷︷ ︸

r zeros

,m1, . . . ,ms), where m1, . . . ,ms are

encoded in binary. Thus, we may define

size(π) = r +
s∑

i=1

size(mi).

6It certainly holds that size(K) ≥ 2dimK where dimK is the dimension of K. This lower bound
does not hold when the encoding of K specifies the maximal simplices only. However, we stress again
that in our work we have the dimensions of all input objects fixed and thus, for our purposes, both
encodings would be equivalent.

7Moreover, we may assume that the mi satisfy the divisibility condition m1|m2| · · · |ms, in which
case these orders are determined uniquely from π and thus describe its isomorphism type.
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The reason why r is not encoded in binary is practical; This way better reflects
the “computational cost” both of identification of π (as a homotopy group, say)
and of operations related to π (such as solving a system of linear equations over
π). Concretely, this way of encoding imply polynomial bounds on the number of
cyclic summands for πk(Y ) and [X, Y ] for fixed k and for fixed dimension of X,
respectively.

We also need to encode arbitrary element a of such a group π in the canonical
representation, that is, as element (a1, . . . , ar, ar+1, . . . , ar+s) of Zr ⊕ (Z/m1) ⊕
· · · ⊕ (Z/ms) with each component encoded in binary and with each ar+t ∈
{0, . . . ,mt − 1}. Then size(a) = size(a1) + · · · + size(ar+1), and in particular,
the neutral element and each generator can be computed in time polynomial in
size(π). The maps (a, b) 7→ a+ b and a 7→ −a are clearly polynomial-time as well.

Later in Section 3.5 we specify more general representation of Abelian groups
that is suited for the groups of homotopy classes of maps but these considerations
are too early at this place.

Hardness. There are many important computational problems where any ef-
ficient algorithm would be highly appreciated. Despite an enormous effort of
hundreds of researchers for several decades, for many of them, no algorithm with
polynomial running-time guarantee has been found.

In the fundamental problem called 3-SAT we we have to decide, given boolean
formula ϕ in the form

∧
(`1,`2,`3)∈ϕ(`1 ∨ `2 ∨ `3) with three literals in each clause

(so-called 3-CNF form), whether ϕ has a satisfying assignment.8 Finding a
polynomial-time algorithm for 3-SAT (P = NP ) or proving that no such can
exist (P 6= NP ), is one of the $1 000 000 Millennium Prize Problems of the Clay
Mathematics Institute. Despite of huge volume of research, no promising progress
towards the expected negative answer was achieved. Actually, finding satisfying
lower bounds on the time complexity (the lowest possible running time) seems
to be extremely difficult in many interesting cases. To remedy the situation, the
complexity of computational problems is a least measured by comparison to other
problems. Thus we get the class of NP-hard problems containing those problems
that are at least as hard as 3-SAT, that is, if a polynomial-time algorithm for such
a problem exists, also 3-SAT can be solved in polynomial-time (and consequently,
hundreds of another important computational problems can be solved as well).
Similarly, we say that a function f : Σ∗ → Σ∗ is #P-hard whenever the existence
of a polynomial-time algorithm for f would imply that the number of satisfying
assignments of a given 3-CNF formula ϕ can be computed in polynomial time as
well. As we mentioned, such polynomial-time algorithms are very unlikely to be
found.

Undecidability. The battle field of the P versus NP problem is left wide open.
On the contrary, mathematicians triumphed over another great challenge of the
last century. One hundred years before Millenium Prize Problems, David Hilbert
asked for an algorithm that would decide whether a given polynomial Diphan-
tine equation has an integer solution or not. The negative answer was given by
Matijasevich [26], and in the core, it relies on the Turing’s undecidability of the
halting problem [52]. The halting problem is to decide, given a description of an
algorithm, whether the algorithm terminates or continues to run forever.

8Here we can define size(ϕ) as the number of clauses in ϕ.
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1.2 Outline of our results

In order to provide a global view on more than one hundred of the forthcoming
pages, we include an outline of the results and some of the main ideas. Because of
rather substantial volume of the material we postpone more detailed summaries
of particular results (including formal statements in some cases) and overviews
of the proof strategies to the respective chapters. Let us repeat the condensed
abstract.

We study computational complexity of the extension problem and of the
computations of πk(Y ) and [X, Y ]. The considered spaces and maps are given
as simplicial complexes (or simplicial sets) and simplicial maps. We identify
certain thresholds where the problems cease to be computable in polynomial
time (belong to the class P) and become undecidable or NP-hard.

We devote the following “extra” paragraph to effective homology, a topic only
marginally covered by this thesis. However, effective homology is one the main
ideas behind all our algorithms. Its polynomial-time version also motivates the
result of Chapter 4.

Effective homology: computational homotopy theory of spaces. One of
the pioneers in our direction is Francis Sergeraert, who, together with his collab-
orators, developed effective homology [43]—a method allowing arbitrary homo-
logical computations in various simplicial sets naturally appearing in homotopy
theory (such as Eilenberg–MacLane spaces, loop spaces or classifying spaces).
The simplicial sets typically consists of infinitely many simplices in every dimen-
sion and thus the classical method fails.

The machinery enables extracting intrinsic homotopy structure of a given
space Y—so-called Postnikov system of Y . It consists of a sequence of spaces
∗ = P1, P2, P3, . . . (called stages) and maps ϕk : Y → Pk. Each stage Pk “reflects
the homotopy structure of Y up to the dimension k” which is “witnessed by
the map ϕk”. Formally, that means that πj(Pk) = 0 for j > k and that ϕk
induces an isomorphism πj(Y ) → πj(Pk) for j ≤ k.9 Consequently, ϕk induces
an isomorphism [X, Y ]→ [X,Pk] for arbitrary X with dimX ≤ k.

All spaces and maps above can be represented as simplicial sets and maps10.
Moreover, stages Pk are constructed as Kan simplicial sets (Kan models), there-
fore [X,Pk] can be considered as the set of all simplicial homotopy classes of
simplicial maps X → Pk.

As for the construction, each stage Pi+1 and ϕi+1 is built inductively from
ϕi : Y → Pi in two steps; first, a group π ' πi+1(Y ) and a convenient simplicial
map ki : Pi → K(π, i + 2) (here the Eilenberg–MacLane spaces enter the stage)
is computed.11 Then Pi+1 is obtained as a so-called twisted Cartesian product
that is determined by Pi, K(π, i + 1) and ki. We provide a complete effective
homology–based algorithm that computes the Postnikov system up to the stage
Pk from a given Y and prove its correctness in a separate paper [8]. It is based
on Brown [5] and the know-how of Sergeraert and Rubio, see e.g., [42]. Our next

9The isomorphism induced by ϕk sends f : Si → Y to ϕkf : Si → Pk.
10Typically, Pk is an infinite simplicial set but each its simplex has an explicit and finite encoding,

thus ϕk also has a finite encoding.
11The map ki is defined on a simplicial set with typically infinitely many simplices and thus has to

be be represented by an algorithm. This and other intricacies are solved by the methods of effective
homology.
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contribution in this area is the polynomial-time version of effective homology
[25, 8]. In Chapter 4 we present a corner stone of polynomial-time homology,
namely, certain polynomially bounded vector field that reduces the Kan model
of K(Z, 1) to its simplicial subset isomorphic to the circle S1.

As the consequence of polynomial-time homology, we can compute the Post-
nikov system up to the kth stage Pk of a given simply connected simplicial complex
Y in polynomial time when k is fixed. Thus we can compute πk(Y ) in polyno-
mial time, but even more importantly, we got a necessary building piece for the
polynomial-time algorithm in the next paragraph.

Next step: from spaces to maps. To deal with maps from a space X to a
space Y , it is convenient when X has the structure of a simplicial set but Y has
to be replaced by one of its Postnikov stages Pk; recall that [X, Y ] ' [X,Pk] when
k ≥ dimX. Still, more ingredients are needed: among others it is the algorithmic
versions of group operations on [X,Pk]. These exist only for k ≤ 2d where d is
the connectivity of Y ,12 for instance Y is the (d + 1)-sphere Sd+1. This range
of values of k is called the stable range and here [X,Pk] has the structure of an
Abelian group and can be computed in polynomial time when k is fixed [6]. The
running time is polynomial in terms of the number of simplices of X and Y but
the degree of the polynomial depends on k. The computation of each [X,Pi]
is performed inductively from [X,Pi−1] and the evaluation of the Postnikov class
ki−1 (provided by polynomial-time homology) plays a crucial role here. The group
[X,Pi] is constructed from the kernel of a linear map on [X,Pi−1] induced by ki.
The “linearity” of ki−1 is an important aspect that could be used to equivalently
characterize the stable range.

Our computational topological framework reduces the problem down to linear
algebra over integers. Below we indicate that the assumption of the stable range
is essentially necessary.

The extension problem. A consequence of the [X, Y ] computability is the
algorithm for the extension problem: In addition to simplicial sets X and Y as
above, given a subset A of X and a simplicial map f : A→ Y , we ask if there is a
continuous extension |X| → |Y | of |f |. Again, the algorithm runs in polynomial
time when dimX is fixed.

The algorithm for the extension problem follows from the fact that taking
restrictions g|A of maps g : X → Y induces a homomorphism [X, Y ] → [A, Y ].
The algorithm needs only to decide whether the given map f : A→ Y lies in the
image of this homomorphism. The algorithm actually works even for dimX =
2d + 1. Both the algorithms for the extension problem and for the computation
of [X, Y ] are presented in Chapter 3.

Undecidability and hardness. To complement the above algorithmic results,
we showed the following [9]:

1. The extension problem is undecidable outside of the stable range, i.e., when
dimX ≥ 2d+ 2 where d is the connectivity of Y . Above this dimension, the
extendability condition (or equivalently, the Postnikov classes ki) cease to be
linear. Particularly, for a natural class of spaces X and Y the extendability
condition becomes quadratic in terms of the choice of a “partial solution”—
the extension on the (d+ 1)-skeleton.

12A space Y is d-connected whenever 0 = π0(Y ) = π1(Y ) = . . . = πd(Y ). Informally, Y “has no
holes” up to dimension d.
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The undecidability is shown by a reduction from the Hilbert’s tenth problem,
or more concretely, the solvability of quadratic Diophantine equations. The
core is a translation of the multiplicative structure of integers into certain
multiplicative structure of homotopy groups, namely theWhitehead product.

2. It is NP-hard to decide, given simplicial complexes X and Y , whether there
is a nontrivial map X → Y . The reduction is from the quadratic homoge-
neous Diophantine equations and is very similar the previous one.

3. It is #P-hard to compute the nth homotopy group πn(Y ) when both n and a
simply connected simplicial complex Y are given as input. It is an extension
of a result by Anick [1] who proved the hardness for the case where Y is a
4-dimensional cellular complex given in certain compact encoding.

We would like to point out the striking change in the computational com-
plexity between the cases of the extension problem with dimX = 2d + 1 and
dimX = 2d+ 2. This is unusual for a problem that can be stated via Euclidean
geometry. A part of the explanation is that by passing from continuous maps
to their homotopy classes (that determine the extendability) we get to a discrete
world often described by integers (recall that [Sd, Sd] ∼= Z). Then the distinction
between polynomial-time computable and undecidable comes from the computa-
tional complexities of linear Diophantine equations and quadratic ones. It is more
complicated to explain why there is the linear structure in the stable range and
how the quadratic structure for dimX = 2d + 2 comes up. This is one of the
main goals of this thesis.

The following three chapters. Because the overall output of our project on
computational homotopy theory extends over almost two hundred pages, we had
to avoid some of the material in this thesis. The author of the thesis preferred
those parts where he feels his contribution is more substantial than in other parts.
The division of the presentation into the chapters is as follows:

1. The undecidability and hardness results are presented first, i.e., in Chapter 2
because they require less background than the algorithmic results do.

2. In Chapter 3 we develop the polynomial-time algorithms for [X, Y ] and the
extension problem under the assumption that a polynomial-time Postnikov
system of Y is delivered (by the polynomial-time homology, for instance).

3. At last we provide the polynomially bounded vector field that reduces the
Eilenberg–MacLane space K(Z, 1) to the circle S1. This is an intricate ele-
ment on which the polynomial-time homology is based and that is necessary
for us to get the polynomial-time Postnikov systems.

An additional remark on the equivariant setting and fiber bundles. The
most recent progress made by our team solves the original problem that motivated
the whole project, that is, the question whether X can be equivariantly mapped
into Y for given Z/2-equivariant simplicial sets X and Y can be decided in the
stable range. The results are actually much more general and will be presented
elsewhere soon [7]. At this place we only state a simplified version of the result.
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Let G be a finite group. Let free G-equivariant simplicial sets and maps as in
the following commutative diagram be given as input:

A
f

//

ι

��

Y

ϕ

��

X g
// B

(Lifting-Extension Problem)

Then the lifting-extension problem is to decide whether there exists a (contin-
uous) diagonal ` : X → Y such that the diagram commutes up to homotopy,
that is, ` ◦ ι ∼ f and ϕ ◦ ` ∼ g. The main algorithmic result includes that the
lifting-extension problem can be solved in the stable range (the dimension of X
is bounded by certain connectivity parameter) and Y and B are 1-connected.

This includes the decidability of X →Z/2 Y in the stable range as well as
other problems regarding so-called fiber bundles. A concrete example along with
a corresponding open problem is presented in the next section.

1.3 Open problems

Practical algorithms. It is intricate to ask for a “practical algorithm” in the
form of a mathematical question. Two possible approximation are as follows:

Question 1.3.1 (When dimX is not fixed). Assume that X and Y are given
as simplicial complexes by listing all their simplices (and thus size(X) ≥ 2dimX)
but dimX is not fixed. Can we compute [X, Y ] in the stable range in polynomial
time? From the other side, can one prove any hardness of the computation of
[X, Y ] in the stable range when the dimensions is not fixed?

Question 1.3.2 (Polynomiality for fixed k − d). Is there an algorithm that,
given simplicial sets X of dimension k and d-connected Y with k ≤ 2d, computes
[X, Y ] in polynomial time for fixed k − d?

We believe that the bottleneck of the [X, Y ] algorithm is the evaluation of the
Postnikov classes ki on given simplices of Pi.

Question 1.3.3 (Careful analysis of polynomial-time homology). Is the
evaluation of the Postnikov class kd+i of a given d-connected simplicial set Y as
in [8] polynomial-time when i is fixed? The degree of the polynomial may depend
on i but the bound is uniform over all Y ? (Simplicial set Y is encoded as in
Section 2.3.2, and particularly, size(Y ) ≥ dimY ≥ d.)

Possibly equivalent question reads: are the algorithms of polynomial-time ho-
mology for K(π, d) in dimension d+ i polynomial even when only i is fixed? (See
[8] for the definition of polynomial-time homology.)

If the answer is negative, can polynomial-time homology be adapted to give
the polynomial bounds for k − d fixed?

Equally appealing are the alternative ways to evaluate the Postnikov classes.
In the special but very important case Y = Sd+1, there are explicit formulas
for kd+1 and kd+2—corresponding to the Steenrod and Adem’s operations whose
complexity depends only polynomially on d. The Steenrod and Adem’s operations
have natural continuation in so-called higher order cohomology operations [30]
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that can be specified by a certain finite piece of data that could be precomputed.
This operations could lead to efficient formulas for kd+i.

Geometric representation of [X,Y ]. The algorithm for [X, Y ] computes the
generators and relations of [X,Pk] for k = dimX (recall that [X, Y ] ' [X,Pk]
in that case) where the generators are represented by simplicial maps X → Pk.

Y ZZ

g′

ϕk // PkCC

g⇐=

X ′ ' X

Question 1.3.4 (Geometric representation of [X, Y ]).
Can we algorithmically convert g : X → Pk into a corre-
sponding continuous map |X| → |Y |? More formally, given
such g, can we find a subdivision X ′ of X and a simplicial
map g′ : X ′ → Y such that ϕkg′ ∼ g?

There is a simple brute-force procedure for obtaining g′,13 but can we get an
algorithm that outputs X ′ of complexity bounded by some function of the size of
X, Y and g? For instance, can X ′ be a polynomially iterated barycentric subdivi-
sion of X?

Impact of computational homotopy theory. We believe it is worthwhile to
carefully investigate the possibilities of connections and applications of computa-
tional homotopy theory. Probably very few people have seriously tried, mainly
because homotopy theory has not been considered as computationally manage-
able.

Due to the new algorithmic solution of the above mentioned lifting-extension
problem, there is even wider range of geometric problems that can be approached,
for instance, the existence of k linearly independent vector fields in an n-dimensional
vector bundle over a space. For comprising such a problem into the general scheme
of the lifting-extension problem of [7], we need to find a simplicial model of the
universal fiber bundle BO(n− k)→ BO(n) with finitely many simplices in each
dimension. We ask the question as simple form as possible.

Question 1.3.5 (Simplicial model for BO(n)). Is there an algorithm that,
given natural numbers k and n, constructs the k-skeleton of a simplicial model for
the Grassmannian BO(n) (the classifying space of the orthogonal group O(n))?

In a similar fashion, the following simplicial model could lead to algorithms
for the complex K-theory.

Question 1.3.6 (Simplicial model for BU(n)). Similarly, can a simplicial
model of BU(n) (the classifying space of the unitary group U(n)) be constructed?

13The procedure iterates all possible subdivisions X ′ of X and all simplicial maps g : X ′ → Y and
checks the condition g′ϕk ∼ g.
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2. Undecidability in non-stable
homotopy theory
2.1 Summary

Computational complexity of homotopy theory. In this chapter, we con-
sider the (theoretical) computational complexity of homotopy-theoretic questions
such as the extension problem, the homotopy classification of maps, and the com-
putation of homotopy groups. More precisely, we prove hardness and undecid-
ability results that complement positive algorithmic results presented in Chapters
4 and 3 and published in [6, 25, 8]. To put our results into context, we first give
more background.

By classical uncomputability results in topology (see, e.g., the survey [49]),
most of these problems are algorithmically unsolvable if we place no restriction on
the space Y . Indeed, by a result of Adjan and of Rabin, it is undecidable whether
the fundamental group π1(Y ) of a given finite simplicial complex Y is trivial,
even if Y is assumed to be 2-dimensional. The triviality of π1(Y ) is equivalent
to [S1, Y ] having only one element, represented by the constant map, and so
[S1, Y ] is uncomputable in general. Moreover, by the Boone–Novikov theorem,
it is undecidable whether a given pointed map f : S1 → Y is homotopic to a
constant map, and this homotopic triviality is equivalent to the extendability of
f to the 2-dimensional ball D2. Therefore, the extension problem is undecidable
as well.1

In these results, the difficulty stems from the intractability of the fundamental
group of Y . Thus, a reasonable restriction is to assume that π1(Y ) is trivial
(which in general cannot be tested, but in many cases of interest it is known), or
more generally, that Y is k-connected , meaning that πi(Y ) is trivial for all i ≤ k
(equivalently, every map Si → Y , i ≤ k, can be extended to Di+1). A basic and
important example of a (k − 1)-connected space is the sphere Sk.

New undecidability results. For the algorithms for [X, Y ] (the homotopy clas-
sification) and the extension problem, we have two types of assumptions: The
first is that the dimension of X is suitably bounded in terms of the connectivity of
Y (in the stable range or at most one more). This is essential for the algorithms to
work at all.2 The second assumption is that the relevant dimensional parameter
k is fixed, which guarantees that the algorithm runs in polynomial time.

Our main result is that for the extension problem, the first assumption is
necessary and sharp. Results take their strongest form in the case of the extension
problem, which turns out to be undecidable just outside the stable range, even if
we fix the dimension as well as either the target complex or the source complex:

Theorem 2.1.1 (Undecidability). Let k ≥ 2 be fixed.
1For undecidability results concerning numerous more loosely related topological problems we refer

to [49, 38, 37] and references therein.
2We remark that the stable range assumption guarantees that [X,Y ] has a canonical Abelian group

structure, which we exploit heavily (for instance, it means that [X,Y ] has a finite description even
when it is an infinite set). In the special case πk(Y ) ∼= [Sk, Y ], by contrast, the group structure has a
different origin and is available for all dimensions k.
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(a) (Fixed target) There is a fixed (k − 1)-connected finite simplicial complex
Y = Yk such that the following problem is algorithmically unsolvable: Given
finite simplicial complexes A ⊆ X with dimX = 2k and a simplicial map
f : A→ Y , decide whether there exists a continuous map X → Y extending
f . For k even, we can take Yk to be the sphere Sk.

(b) (Fixed source) There exist fixed finite simplicial complexes A = Ak and
X = Xk with A ⊆ X and dimX = 2k such that the following problem
is algorithmically unsolvable: Given a (k − 1)-connected finite simplicial
complex Y and a simplicial map f : A → Y , decide whether there exists a
continuous map X → Y extending f .

The theorem is stated in terms of simplicial complexes since these are a stan-
dard input model for topological spaces in computational topology that we assume
may be most familiar to most readers. For the purposes of our reductions, we ac-
tually work with simplicial sets (see Section 2.3.2), which offer a more flexible, but
still purely combinatorial, way of representing topological spaces. The simplicial
sets are then converted into simplicial complexes by a suitable subdivision.

When constructing A, X and Y as simplicial sets, we can furthermore ensure
that Y has a certain additional property, namely that it is (k− 1)-reduced, which
provides an immediate certificate that Y is (k − 1)-connected; this is proved in
[9, Appendix B]. Thus, in particular, the difficulty of the extension problem does
not lie in verifying the (k − 1)-connectedness of Y .

While most of the previous undecidability results in topology rely on the word
problem in groups and its relatives, our proof of Theorem 2.1.1 (Undecidability)
relies on undecidability of Hilbert’s tenth problem, which is the solvability of a
system of polynomial Diophantine equations, i.e., the existence of an integral
solution of a system of the form

pi(x1, . . . , xr) = 0, i = 1, 2, . . . , s, (P)

where p1, . . . , ps are r-variate polynomials with integer coefficients. This problem
is undecidable by a celebrated result of Matiyasevich [26], building on earlier work
by Davis, Putnam, and Robinson; also see [27, 33] for additional background and
further references.

The hardness of computing [X,Y ]. When Y is (k − 1)-connected and
dimX ≥ 2k, we can no longer equip [X, Y ] with the group structure of the stable
range. A natural computational problem regarding this set is to decide whether
|[X, Y ]| > 1 (i.e., whether there is a homotopically nontrivial map X → Y ) and
we proved the following hardness result.

Theorem 2.1.2 (NP-hardness). For each even k ≥ 2 it is NP-hard to decide,
given simplicial complexes X and Y, where Y is k-connected and dimX = 2k,
whether there is a nontrivial map X → Y .

More explicitly, there is a polynomial time reduction that, given a system of
form (P) where the polynomials pi are quadratic homogeneous, outputs simplicial
complexes X and Y as above such that |[X, Y ]| > 1 if and only if the system has
a nontrivial integer solution. Solvability of such a Diophantine system may well
be undecidable, but as far as we know, the best known lower bound is that of
NP-hardness.
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We remark that the reduction is very similar to that of Theorem 2.1.1 (Un-
decidability).

#P-hardness. Our third result concerns the problem of computing the higher
homotopy groups πn(Y ) ∼= [Sn, Y ] for a simply connected space Y , if n is not
considered fixed but part of the input (n is given in unary encoding).3 Anick
[1] proved that this problem is #P-hard,4 where Y can even be assumed to be a
4-dimensional space.5

However, Anick’s hardness result has the following caveat: it assumes that
the input space Y is given in a very concise form, as a cell complex with the
degrees of the attaching maps encoded in binary (see Section 2.5.4 for a review
of the construction). A straightforward way of converting this cell complex to a
simplicial complex yields a 4-dimensional simplicial complex with an exponential
number of simplices, which renders the hardness result meaningless for simplicial
complexes. In Section 2.6.3, we provide a different way of converting Anick’s
concise encoding of the input space Y into a homotopy equivalent6 simplicial
complex that can be constructed in polynomial time, and in particular, has only
polynomially many simplices. This yields the following result:

Theorem 2.1.3 (#P-hardness). It is #P-hard to compute the rank of πn(Y )
(i.e. the number of summands of πn(Y ) isomorphic to Z) for a given number
n ∈ N (encoded in unary) and a given simply connected 4-dimensional simplicial
complex Y .

Outline of the proof of Theorem 2.1.1 (Undecidability). We aim to
present our results in a way that makes the statements of the results and the
main steps and ideas accessible while assuming only a moderate knowledge of
topology on the side of the reader.

We thus review a number of basic topological concepts and provide proofs for
various assertions and facts that may be rather elementary for topologists. On
the other hand, some of the proofs assume a slightly stronger topological back-
ground, since reviewing every single notion and fact would make the exposition
too lengthy.

For proving Theorem 2.1.1 (Undecidability), we present an algorithm that
converts a given system of Diophantine equations into an instance of the extension
problem; i.e., it constructs simplicial complexes A, X and Y and a map f : A→ Y
such that there is an extension of f to all of X iff the given system of equations
is solvable. Moreover, as stated in the theorem, there are actually two versions
of the reduction: The first uses a fixed target space Y = Yk and encodes the
equations into A, X, and f . The second uses a fixed pair (Xk, Ak) of source
complexes and encodes the equations into f and Y .

3Note that with a unary encoding of n, the size of input is significantly larger than with a binary
(or decimal encoding), and hence the hardness result is correspondingly stronger.

4Somewhat informally, the class of #P-hard problems consists of computational problems that
should return a natural number (as opposed to YES/NO problems) and are at least as hard as counting
the number of all Hamiltonian cycles in a given graph, or counting the number of subsets with zero sum
for a given set of integers, etc. These problems are clearly at least as hard as NP-complete problems,
and most likely even less tractable.

5Actually, the hardness already applies to the potentially easier problem of computing the rational
homotopy groups πn(Y )⊗Q; practically speaking, one asks only for the rank of πn(Y ), i.e., the number
of direct summands isomorphic to Z.

6Spaces X and Y are homotopy equivalent if there are maps f : X → Y and g : Y → X such that
the compositions fg and gf are homotopic to identities. From the point of view of homotopy theory,
such X and Y are indistinguishable and, in particular, πk(X) = πk(Y ) for all k ≥ 0.
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We will actually work only with quadratic Diophantine equations of a slightly
special form (which is sufficient; see Section 2.2). The unknowns are represented
by the degrees of restrictions of the desired extension f̄ to suitable k-dimensional
spheres. The quadratic terms in the equations are obtained using the Whitehead
product, which is a binary operation that, for a space Z, assigns to elements
α ∈ πk(Z) and β ∈ π`(Z) an element [α, β] ∈ πk+`−1(Z); see Section 2.4.2.

Here is a rough outline of the proof strategy. First we focus on Theorem 2.1.1
(Undecidability) (a) (fixed target) with k even, which is the simplest among our
constructions.

• The spaces X and A are simplest to describe as cell complexes. The sub-
complex A is a union of r spheres S2k−1, which intersect only at a sin-
gle common point. This union is called a wedge sum and denoted by
A = S2k−1 ∨ · · · ∨ S2k−1. The space X is homotopy equivalent to another
wedge sum, of s spheres Sk; i.e., X ' Sk ∨ · · · ∨ Sk.

• The fixed (k − 1)-connected target space Y is the k-sphere Sk.

• Maps X → Sk can be described completely by their restrictions to the k-
spheres in the wedge sum. Each such restriction is characterized, uniquely
up to homotopy, by its degree—this can be an arbitrary integer. Thus,
a potential extension f̄ can be encoded into a vector x = (x1, . . . , xr) of
integers.

• Similarly, the map f : A → Sk can be described by its restrictions to the
(2k − 1)-spheres in the wedge sum. Crucially for our construction, the
homotopy group π2k−1(Sk) has an element of infinite order, namely the
Whitehead square [ι, ι], where ι is the identity Sk → Sk (we still assume
k even). We will work with maps f whose restriction to the qth sphere
is (homotopic to) an integral multiple bq[ι, ι], for some (unique) integer bq.
Thus, f is specified by the vector b = (b1, . . . , bs) of these integers.

• Given arbitrary integers a(q)
ij , 1 ≤ i < j ≤ r, q = 1, 2, . . . , s, we construct the

pair (X,A) in such a way that, taking f̄ : X → Y specified by x as above, the
restriction of f̄ to the qth sphere of A is homotopic to

∑
i<j a

(q)
ij xixj[ι, ι] (here

the addition and multiplication by integers are performed in π2k−1(Sk)).
Since [ι, ι] is an element of π2k−1(Sk) of infinite order, f̄ is an extension of
f iff

∑
i<j a

(q)
ij xixj = bq for all q = 1, 2, . . . , s.

• In this way, we can simulate an arbitrary system of quadratic equations by
an extension problem. Some more work is still needed to describe X and A
as finite simplicial complexes and f as a simplicial map.

• For Theorem 2.1.1 (Undecidability) (a) with k odd, the Whitehead square
[ι, ι] as above no longer has infinite order. Instead, we use Y = Sk ∨ Sk
and replace [ι, ι] by the Whitehead product [ι1, ι2] of the inclusions of the
two spheres into Y . This leads to skew-symmetric systems of quadratic
equations, and showing that these are still undecidable needs some work
(see Section 2.2).

In Theorem 2.1.1 (Undecidability) (b) with k even, the (fixed) source space X
is homotopy equivalent to Sk and A = S2k−1. Under the homotopy equivalence

20



X ' Sk, the inclusion A ↪→ X becomes the Whitehead square [ι, ι], and for k
odd it is replaced by [ι1, ι2]. In both cases, the system of quadratic equations is
encoded into the structure of the cell complex Y and the map f : A→ Y .

2.2 Diophantine equations, undecidability and NP-hardness

In this section we prove undecidability and NP-hardness of solvability of certain
kind of systems of quadratic Diophantine equations. These equations will turn
out to describe the topological extendability for a certain class of spaces X, Y
and maps f .

Undecidability. At first, we focus on quadratic Diophantine equations of two
special forms:

∑

1≤i<j≤r

a
(q)
ij xixj = bq, q = 1, 2, . . . , s, (Q-SYM)

where a(q)
ij , bq ∈ Z and x1, . . . , xr are the unknowns (i.e., the left-hand sides are

quadratic forms with no square terms), and
∑

1≤i<j≤r

a
(q)
ij (xiyj − xjyi) = bq, q = 1, 2, . . . , s, (Q-SKEW)

with a(q)
ij , bq ∈ Z and unknowns x1, . . . , xr, y1, . . . , yr (so here we deal with skew-

symmetric bilinear forms).

Lemma 2.2.1 (Undecidability of quadratic systems). The solvability of the
system (Q-SYM), as well as that of (Q-SKEW), in the integers are algorithmi-
cally undecidable.

Proof. First, it is well known and easy to see that the solvability of a general
quadratic system of Diophantine equations is no easier than the solvability of an
arbitrary Diophantine system (P), and thus undecidable.7

First we show undecidability for (Q-SYM); this system differs from a general
quadratic system only by the lack of linear terms and squares. Given a general
quadratic system

∑

1≤i,j≤r

a
(q)
ij xixj +

∑

1≤i≤r

b
(q)
i xi = cq, q = 1, . . . , s, (Q)

we add new variables x0, x′0 and x′1, . . . , x′r, and we replace the terms xixj with
xix
′
j and xi with xix′0. We also add the following equations

x0x
′
0 = 1; xix

′
0 − x0x

′
i = 0, i = 1, . . . , s.

The resulting system is of the form (Q-SYM) (assuming an indexing of the vari-
ables such that the xi precede the x′i) and it forces x0 = x′0 = ±1, and xi = x′i.
Thus, each of its solutions corresponds either to a solution of the original system

7 The idea is to represent higher-degree monomials in the general system using new variables; e.g.,
for the monomial x3y we can introduce new variables t1, t2, new quadratic equations t1 = x2 and
t2 = xy, and replace x3y by t1t2.
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(Q) (when x0 = x′0 = 1), or to a solution of the system obtained from (Q) by
changing the sign of all the linear terms (when x0 = x′0 = −1). Since there is an
obvious bijection xi 7→ −xi between the solutions of (Q) and those of the system
with negated linear terms, the solvability of the constructed system (Q-SYM) is
equivalent to the solvability of (Q).

Next, we show that (Q-SKEW) is no easier than (Q-SYM). Given a general
system (Q-SYM), we add new variables x0, y0, x′0, y′0 and, for each i = 1, . . . , r,
also x′i, yi and y′i. We replace each term xixj in the original system (Q-SYM) by
the antisymmetric expression xiy′j−x′jyi, and we add the following equations (for
i = 1, 2, . . . , r):

x0y
′
0−x′0y0 = 1, x0yi−xiy0 = 0, x′0y

′
i−x′iy′0 = 0, (x0y

′
i−x′iy0)−(xiy

′
0−x′0yi) = 0.

This gives a system of the form (Q-SKEW), which we call the new system.
It is clear that each solution of (Q-SYM) yields a solution of the new system.

Conversely, supposing that the new system has a solution, we claim that it also
has a solution with x0 = y′0 = 1 and y0 = x′0 = 0. Once we have a solution
satisfying these additional conditions, it is easy to check that x1, . . . , xr form a
solution of the original system.

To verify the claim, for notational convenience, let us index the x and y
variables in the new system by the set I = {0, 1, . . . , r, 0′, 1′, . . . , r′}, where xi′ = x′i
and yi′ = y′i. We suppose that (xi, yi : i ∈ I) form a solution of the new system.
Since x0y

′
0 − x′0y0 = 1, the 2 × 2 matrix

(
x0 x′0
y0 y′0

)
has determinant 1 and thus an

integral inverse matrix, which we denote by T .
Let us define new values (x̄i, ȳi : i ∈ I) by

(
x̄i
ȳi

)
= T · ( xiyi ), i ∈ I. We have

x̄0 = ȳ′0 = 1 and ȳ0 = x̄′0 = 0, and it remains to show that the x̄i and ȳi satisfy
the new system. This is because, for every i, j ∈ I, we have

x̄iȳj − x̄j ȳi = det


x̄i x̄j

ȳi ȳj


 = det


T ·


xi xj

yi yj






= detT · det


xi xj

yi yj


 = xiyj − xjyi.

NP-hardness. In the rest of the section, we turn our attention to the homoge-
neous version of (Q-SYM), that is, quadratic Diophantine systems of the following
form: ∑

1≤i≤j≤r

a
(q)
ij xixj = 0, q = 1, 2, . . . , s. (Q-HOM)

We aim at showing computational complexity of the existence of a nonzero
integer solution of (Q-HOM).

In the first step, we show that (Q-HOM) is no easier than the problem of the
solvability of a system of the form (P) over zi in [−1, 1] ∩Q for i = 1, . . . , r (we
renamed the variables for the sake of the exposition). Remarkably, the algorithmic
solvability of (P) over rational variables is an essential open problem. Again, we
need an auxiliary intermediate system of general quadratic equations—(Q).
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Observation 2.2.2. There is a polynomial-time reduction converting a given
system (P) into system of the form (Q) such that their solvability over variables
in [−1, 1] ∩Q is equivalent.

Proof. This reduction is the same as the one mentioned in the first paragraph of
the proof of Lemma 2.2.1 (Undecidability of quadratic systems). For instance, a
term of the form zhzizj is converted into the term zhzij where zij is a new variable
and, moreover, the equation zij = zizj is added to the new quadratic system. As
the interval [−1, 1] is closed under multiplication in Q, the reduction works in
this case as well.

It is not difficult to observe that the reduction makes the number of variables
and equations grow by a polynomial factor: for each occurrence of a variable in
(P) at most one new variable and one new equation is added into the quadratic
system. One can also check that the computation can be done in polynomial
time.

Now we design a reduction from a system (Q) over variables in [−1, 1]∩Q to
Diophantine systems of the form (Q-HOM).

Lemma 2.2.3. There is a polynomial-time algorithm that, given the coefficients
a

(q)
ij , b

(q)
i and cq, 1 ≤ i ≤ j ≤ r, 1 ≤ q ≤ s of (Q), outputs the coefficients of the

system (Q-HOM) such that (Q-HOM) has a nonzero solution in Z if and only if
(Q) has a solution in [−1, 1] ∩Q.

Proof. The reduction works as follows: each equation of (Q) is replaced by
∑

i≤j

a
(q)
ij xixj +

∑

i

b
(q)
i xiw + cqw

2 = 0, (INTEGRALIZED)

where w is a new variable. In addition, for each rational variable zi new variables
yi, y

′
i, y
′′
i , y
′′′
i are added and we include a new equation of the form

w2 = x2
i + y2

i + y′i
2

+ y′′i
2

+ y′′′i
2
. (LAGRANGE)

The above reduction can be clearly computed in polynomial time. To finish the
proof, we show that the map given by

(x,y,y′,y′′,y′′′, w) 7→ (x/w)

is a surjection from the nonzero integer solutions of (Q-HOM) to the [−1, 1]∩Q
solutions of (Q).

Due to the equations (LAGRANGE), once any of the integer variables is
nonzero, w is so as well and x/w is well defined. Obviously x/w is a solution of
(Q), and because of the equations (LAGRANGE), each xi/w ∈ [−1, 1].

To see the surjectivity, it is enough to express all the rationals zi ∈ [−1, 1] as
integer fractions xi/w with a common (nonzero) denominator w and x2

i ≤ w2.
Due to Lagrange’s theorem, we can find values yi, y′i, y′′i and y′′′i such that the
equations (LAGRANGE) are satisfied.

The above proposition puts the computational complexity of the solvability
of the (Q-HOM) into the context of rational polynomial equations. Let us repeat
that the algorithmic solvability of (P) over rationals without the restriction to
the [−1, 1] interval is a fundamental open problem.

In terms of standard complexity classes, we can prove the following lower
bound:
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Lemma 2.2.4 (NP-hardness). It is NP-hard to decide whether there is a nonze-
ro solution of a given system (Q-HOM).

Proof. We will show that there is a polynomial time algorithm that, given a 3-
CNF formula ϕ, outputs a system of the form (P) that is solvable over [−1, 1]∩Q
iff ϕ is satisfiable. (Then Observation 2.2.2 and Lemma 2.2.3 yield the proof.)

Let v1, . . . vr be variables of ϕ and let ϕ have the form
∧

(`1,`2,`3)∈ϕ

(`1 ∨ `2 ∨ `3),

where each ` of each (`1, `2, `3) is a literal over the variables, that is, each ` is
either vi or ¬vi for some variable vi.

For each literal ` we define the polynomial

p`(z1, . . . , zr) :=





(1− zi)/2 when ` is vi;

(1 + zi)/2 when ` is ¬vi.

Assume that zi ∈ {−1, 1}, where 1 corresponds to the truth assignment to vi
and vice versa. Then p`(z1, . . . , zr) equals 0 when zi “satisfy” ` and 1 otherwise.
Hence (p`1p`2p`3)(z1, . . . , zr) equals 0 when z1, . . . , zr “satisfy” `1 ∨ `2 ∨ `3 and
equals 1 otherwise.

Finally, the polynomial

pϕ :=
∑

(`1,`2,`3)∈ϕ

p`1p`2p`3

evaluates to 0 whenever the values z1, . . . , zr “satisfy” the formula ϕ. The require-
ment zi ∈ {−1, 1} is equivalent to z2

i = 1.
All the summands p`1p`2p`3 can be computed in polynomial time and thus pϕ

and the whole reduction is polynomial-time computable as well.

It is worth remarking that we may have used systems of cubic equations over
{−1, 1} variables8 instead of [−1, 1] rational systems (P) and thus get the NP-
hardness without the use of Lagrange’s theorem. But we prefer to reduce from
as strong system as possible. It is unclear to us if we can get rid of the restriction
to the [−1, 1] interval.

2.3 Cell complexes and simplicial sets

This section and the next one mostly present known material from topology; in
several cases we need to adapt results from the literature to our needs, which is
sometimes best done by re-proving them. Readers may want to skim these two
sections quickly and return to them later when needed.

Here we review two basic ways of building topological spaces from simple
pieces: cell complexes and simplicial sets. Cell complexes, also known as CW
complexes, are fairly standard in topology, and we will use them for a simple
description of the various spaces in our proofs. Simplicial sets are perhaps less
well known, and for us, they will mainly be a convenient device for converting cell

8Instead of equations of the form (LAGRANGE) we would have simply used x2
i = w2.
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complexes into simplicial complexes. Moreover, they are of crucial importance
in the algorithmic results mentioned in the introduction. For a thorough discus-
sion of simplicial complexes, simplicial sets, cell complexes, and the connections
between the three, we refer to [18].

2.3.1 Cell complexes

In the case of cell complexes, the building blocks are topological disks of various
dimensions, called cells, which can be thought of as being completely “flexible” and
which can be glued together in an almost arbitrary continuous fashion. Essentially
the only condition is that each n-dimensional cell has to be attached along its
boundary to the (n − 1)-skeleton of the space, i.e., to the part that has already
been built, inductively, from lower-dimensional cells. The formal definition is as
follows.

We recall that if X and Y are topological spaces and if f : A → Y is a map
defined on a subspace A ⊆ X, then the space X ∪f Y obtained by attaching
X to Y via f is defined as the quotient of the disjoint union X t Y under the
equivalence relation generated by the identifications a ∼ f(a), a ∈ A.

A closed or open n-cell is a space homeomorphic to the closed n-dimensional
unit disk Dn in n-dimensional Euclidean space or its interior D̊n, respectively; a
point is regarded as both a closed and an open 0-cell.

Anm-dimensional cell complex 9 X is the last term of an inductively construct-
ed sequence of spaces X(0) ⊆ X(1) ⊆ X(2) ⊆ . . . ⊆ X(m)= X, called the skeleta of
X:

1. X(0) is a discrete set of points (possibly infinite) which are regarded as
0-cells.

2. Inductively, the n-skeleton X(n) is formed by attaching closed n-cells Dn
i

(where i ranges over some arbitrary index set) to X(n−1) via attaching maps
ϕi : S

n−1
i = ∂Dn → X(n−1). Formally, we can consider all attaching maps

together as defining a map ϕ = tiϕi from the disjoint union
⊔
i S

n−1
i to

X(n−1) and form X(n) =
(⊔

iD
n
i

)
∪ϕ X(n−1).

For every closed cell Dn
i , one has a characteristic map Φi : D

n
i → X(n) ⊆ X,10

which restricts to an embedding on the interior D̊n
i . The image Φi(D̊

n
i ) is com-

monly called the open cell eni , and it follows from the construction that every
point of X is contained in a unique open cell (note that these are in general not
open subsets of X, however).

As a basic example, the n-sphere is a cell complex with one n-cell and one
0-cell, obtained by attaching Dn to a point e0 via the constant map that maps
all of Sn−1 to e0.

Subcomplexes. A subcomplex A ⊆ X is a subspace that is closed and a union
of open cells of X. In particular, for each cell in A, the image of its attachment
map is contained in A, so A is itself a cell complex (and its cell complex topology
agrees with the subspace topology inherited from X).

9Cell complexes can also be infinite-dimensional, in which case some care has to be taken in defining
their topology, but we will deal with cell complexes made of finitely many cells, and thus finite-
dimensional.

10The composition of the inclusion Dn
i ↪→

(⊔
iD

n
i

)
tX(n−1) with the quotient map.
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The homotopy extension property. An important fact is that cell complexes
have the so-called homotopy extension property : Suppose that X is a cell complex
and that A ⊆ X is a subcomplex. If we are given a map f0 : A→ Y into a some
space Y , an extension f̄0 : X → Y of f0 and a homotopy H : A × [0, 1] between
f0 and some other map f1 : A → Y , then H can be extended to a homotopy
H̄ : X × [0, 1]→ Y between f̄0 and some extension f̄1 : X → Y of f1. Here is an
immediate consequence:

Corollary 2.3.1 (Invariance of extendability). For a cell complex X, sub-
complex A ⊆ X, and a space Y , the extendability of a map f : A → Y to X
depends only on the homotopy class of f in [A, Y ]. Moreover, the map f : A→ Y
has an extension f̄ : X → Y iff there exists a map g : X → Y such that the
diagram

A
f
//

i
��

Y

X

g

>>

commutes up to homotopy, i.e., gi ∼ f .

Extending a map cell by cell. The cellular structure of a space X also allows
for a systematic enumeration of (homotopy classes of) maps X → Y . The maps
can be iteratively constructed skeleton by skeleton and cell by cell. Let us assume
the simplest situation where X = Dn ∪ϕ A and a map f : A→ Y is given. Then
the map f can be extended to X, if and only if, the composition fϕ : Sn−1 → Y
can be extended to Dn. And this holds exactly when fϕ is nullhomotopic, that
is, fϕ represents a zero element of πn−1(Y ).11

Cellular maps and cellular approximation. A map f : X → Y between cell
complexes is called cellular if it maps skeleta to skeleta, i.e., f(X(n)) ⊆ Y (n) for
every n.

The cellular approximation theorem (see [21, Thm. 4.8]) states that every
continuous map f : X → Y between cell complexes is homotopic to a cellular
one; moreover, if the given map f is already cellular on some subcomplex A ⊆ X,
then the homotopy can be taken to be stationary on A (i.e., the image of every
point in A remains fixed throughout).

2.3.2 Simplicial sets

As simplicial sets were introduced in the introduction, we only briefly recall the
basic notions and provide some additional material needed in this chapter.

A simplicial set X is given by a sequence (X0, X1, X2, . . .) of mutually dis-
joint sets (the elements of Xn are called the n-simplices of X) where each Xn

is equipped with mappings ∂0, . . . , ∂n : Xn → Xn−1 (called face operators) and
s0, . . . , sn : Xn → Xn+1 (called the degeneracy operators). A simplex is called de-
generate if it lies in the image of some si; otherwise, it is nondegenerate. We
write Xndg for the set of all nondegenerate simplices of X. A simplicial set is
called finite if it has only finitely many nondegenerate simplices.

11Also all the extensions of f can be classified up to homotopy by the group πn(Y ). In a nutshell,
classifying all homotopy classes in [Sn, Y ] is an important piece for understanding [X,Y ] for other more
general cell complexes X. This is what reader can usually find in the first paragraphs on obstruction
theory.
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Again, we do not list the axioms that the ∂i and the si have to satisfy, since
we won’t really use them. The axioms are for instance needed for the definition
of the geometric realization below (and there we refer to standard sources again)

If A and X are simplicial sets such that An ⊆ Xn for every n and the face and
degeneracy operators of A are the restrictions of the corresponding operators of
X, then we call A a simplicial subset of X.

Geometric realization. Like a simplicial complex, every simplicial setX defines
a topological space |X|, the geometric realization of X, which is unique up to
homeomorphism. More specifically, |X| is a cell complex with one n-cell for every
nondegenerate n-simplex of X, and the attaching maps are determined by the
face and degeneracy operators.

Simplicial maps. A simplicial map f : X → Y from a simplicial set X to Y
consists of maps fn : Xn → Yn, n = 0, 1, . . ., that commute with the face and
degeneracy operators. A simplicial map f : X → Y induces a continuous, in fact,
a cellular map |f | : |X| → |Y | of the geometric realizations in a natural way (we
again omit the precise definition). Often we will take the usual liberty of omitting
| · | and not distinguishing between simplicial sets and maps and their geometric
realizations.

Of course, not all continuous maps are induced by simplicial maps. However,
simplicial maps can be used to approximate arbitrary continuous maps up to
homotopy. The simplicial approximation theorem (which may be most familiar
in the context of simplicial complexes) says that for an arbitrary continuous map
ϕ : |X| → |Y | between the geometric realizations of simplicial sets, with X finite,
there exist a sufficiently fine subdivision X ′ of X and a simplicial map f : X ′ → Y
whose geometric realization is homotopic to ϕ; see Section 2.3.4 for more details.

Encoding finite simplicial sets. A finite simplicial complex can be encoded
in a straightforward way by listing the vertices of each simplex.

For simplicial sets, the situation is a bit more complicated, since the simplices
are no longer uniquely determined by their vertices, but if X is finite, then we can
encode X by the set Xndg of its nondegenerate simplices (which we assume to be
numbered from 1 to N , where N is the total number of nondegenerate simplices),
plus a little bit of additional information.

The simple but crucial fact (see, e.g. [18, Thm. 4.2.3]) we need is that every
simplex σ can be written uniquely as σ = sτ , where τ is nondegenerate and s
is a degeneracy , i.e., a composition s = sik . . . si1 of degeneracy operators where
k = dimσ − dim τ (in particular, σ is nondegenerate itself if σ = τ and s is
the identity). Thus, as mentioned above, degenerate simplices σ do not need
to be encoded explicitly but can be represented by sτ when needed, where the
degeneracy s can be encoded by the sequence (ik, . . . , i1) of indices of its compo-
nents.12 The extra information we need to encode X, in addition to the list of
its nondegenerate simplices, is how these fit together. Specifically, for σ ∈ Xndg

n

and 0 ≤ i ≤ n, the ith face can be written uniquely as ∂iσ ∈ Xn−1 = sτ with τ
nondegenerate, and for each σ, we record the (n+ 1)-tuple of pairs (τ, s).

Similarly, if f : X → Y is a simplicial map between finite simplicial sets,
then given the encodings of X and Y , we can encode f by expressing, for each
σ ∈ Xndg

n , the image f(σ) = sτ , with τ ∈ Y ndg
m and recording the list of triples

(σ, τ, s).
12Moreover, this sequence is unique, by the simplicial set axioms that we have not specified, if one

stipulates ik < . . . < i1.
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For a finite simplicial set X, we define size(X) as the number of nondegenerate
simplices. If the dimension of X is bounded by some number d, then the number
of bits in the encoding ofX described above is bounded by O(size(X) log size(X)),
with the constant of proportionality depending only on d.

The notion of size will be a convenient tool that allows us to indicate that
our reductions can be carried out in polynomial time, without analyzing the
running time in complete detail, which we feel would be cumbersome and not
very enlightening.

More specifically, our reductions will be composed of a sequence of various
basic constructions of simplicial sets, which will be described in the next subsec-
tion.

For each of these basic constructions, it is straightforward to check13 that
when we apply them to finite simplicial sets of bounded dimension, both the
running time of the construction (the number of steps needed to compute the
encoding of the output from the encoding of the input) as well as the size of the
output simplicial set are polynomial in the size of the input. Thus, to ensure
polynomiality of the overall reduction, it will be enough to take care that we
combine only a polynomial number of such basic constructions, that the size
of every intermediate simplicial set constructed during the reduction remains
polynomial in the initial input, and that the dimension remains bounded.

2.3.3 Basic constructions

In this subsection, we review several basic constructions for cell complexes and
simplicial sets. One advantage of simplicial sets over simplicial complexes is
that various operations on topological spaces, in particular Cartesian products
and quotients, have natural counterparts for simplicial sets. This is where the
degeneracy operators and degenerate simplices turn out to be necessary. For more
details, we refer to [21, 18].

Pointed and k-reduced simplicial sets and cell complexes. Several of
the constructions are defined for pointed spaces. We recall that a pointed space
(X, x0) is a topological space X with a choice of a distinguished point x0 ∈ X—
the basepoint). If X is a cell complex or a simplicial set then we will always
assume that the basepoint to be a vertex (i.e., a 0-cell or 0-simplex, respectively).
A pointed map (X, x0)→ (Y, y0) of pointed spaces (cell complexes, simplicial sets)
is a continuous (cellular, simplicial) map sending x0 to y0. Homotopies of pointed
maps are also meant to be pointed; i.e., they must keep the image of the basepoint
fixed. The reader may recall that, for example, the homotopy groups πk(Y ) are
defined as homotopy classes of pointed maps. The set of pointed homotopy classes
of pointed maps X → Y will be denoted by [X, Y ]∗.

A simplicial set X is called k-reduced , k ≥ 0, if it has a single vertex and no
nondegenerate simplices in dimensions 1 through k. Similarly, a cell complex X
is k-reduced if it has a single vertex and no cells of dimensions 1 up to k. It is
then necessarily k-connected.

If (Y, y0) is a 0-reduced cell complex (or simplicial set), then any cellular (or
simplicial) map from a pointed complex (X, x0) into Y is automatically pointed.
Moreover, if Y is 1-reduced, then every homotopy is pointed, too, and thus [X, Y ]
is canonically isomorphic to [X, Y ]∗.

13A notable exception are subdivisions, for which more detail is provided in [9, Appendix A].
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Products. If X and Y are cell complexes, then their Cartesian product X × Y
has a natural cell complex structure whose n-cells are products ep × eq, where
p+q = n and ep and ep range over the p-cells ofX and the q-cells of Y , respectively.

Furthermore, ifX and Y are simplicial sets then there is a formally very simple
way to define their product X × Y : one sets (X × Y )n := Xn × Yn for every n,
and the face and degeneracy operators work componentwise; e.g., ∂i(σ, τ) :=
(∂iσ, ∂iτ). As one would expect from a good definition, the product of simplicial
sets corresponds to the Cartesian product of their geometric realizations, i.e.,
|X × Y | ∼= |X| × |Y |.14 The apparent simplicity of the definition hides some
intricacies, though, as one can guess after observing that, for example, the product
of two 1-simplices is not a simplex—so the above definition has to imply some
canonical way of triangulating the product.

Remark. A pair (sσ, tτ) of degenerate simplices in the factors may yield a
nondegenerate simplex in the product, if the degeneracies s and t are composed
of different degeneracy operators si. However, dim(X × Y ) = dimX + dimY ,
so the product contains no nondegenerate simplices of dimension larger than
dimX + dimY , and hence size(X × Y ) is at most size(X) × size(Y ) times some
factor that depends only on the dimension15 dim(X × Y ).

Moreover, if the dimensions are bounded, the product can be constructed in
polynomial time.

Quotients and attachments. If X, Y and A are cell complexes with A ⊆ X
and if f : A→ Y is a cellular map, then the space X ∪f Y obtained by attaching
X to Y along f is also a cell complex in a natural way (see, e.g., [18, Sec. 2.3]).
In particular, for Y = ∗ being the single point, X/A= X ∪f ∗ is a cell complex,
with cells corresponding to the cells of X not contained in A, plus one additional
0-cell of Y = ∗ (identified with the subcomplex A).

Similarly, if X is a simplicial set and if ∼ is an equivalence relation on each
Xn that is compatible with the face and degeneracy operators, then the quotient
X/ ∼ is also a simplicial set. In particular, this includes simplicial attachments
X ∪f Y of simplicial sets along a simplicial map f : A→ Y defined on a simplicial
subset A ⊆ X, and quotients X/A by simplicial subsets. These constructions are
compatible with geometric realizations. i.e., e.g., |X ∪f Y | ∼= |X| ∪|f | |Y |.

Moreover, the size of X ∪f Y is at most the size of X plus the size of Y , and
in bounded dimension, the attachment can be constructed in polynomial time.

14To be more precise, the above equality holds literally, with the product topology on the right hand
side, only under suitable assumptions on X and Y , e.g., if both X and Y have only countably many
simplices. In the general case, one has to interpret the product |X| × |Y | differently, in the category of
so-called k-spaces, and the same subtlety arises for products of cell complexes, see, e.g., the discussion
in the respective appendices in [18, 21]. For the spaces we will encounter, however, this issue will not
arise and the product will be the same as the usual product of topological spaces.

15This follows from the fact about realizations mentioned above. Another way of seeing this is that if
dimσ = p, dim τ = q and dim(sσ) = dim(tτ) = n > p+q then s and t involve n−p and n−q degeneracy
operators si with i ≤ n, respectively, so there must be a repetition since n − p + n − q > n. Without
further reflection, this immediately implies that size(X × Y ) ≤ size(X) · size(Y ) · (dimX)!(dimY )!.
In fact, the factor is only singly exponential in the dimensions. For instance, for a product ∆p ×

∆q of two standard simplices, the vertices of ∆p × ∆q correspond to the grid points in {0, . . . , p} ×
{0, . . . , q}, and the non-degenerate k-simplices correspond to subsets of size k + 1 of the grid that
are weakly monotone in both coordinates (weakly monotone paths of length k). Thus, the number of
non-degenerate simplices of full dimension p + q equals

(
p+q
p

)
, and the number of all non degenerate

simplices is at most 4p+q, say. Thus, size(X × Y ) ≤ size(X) · size(Y )× 4dimX+dimY , say.
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Wedge sum (or wedge product). If X1, . . . , Xm are pointed spaces, then their
wedge sum X1 ∨ · · · ∨Xm is simply the disjoint union of the Xi with the base-
points identified (this is a very special type of attachment). If the Xi are cell
complexes or simplicial sets, then so is their wedge sum.

Later we will need the following bijection:

[X1 ∨X2 ∨ · · · ∨Xm, Y ]∗
∼=−→ [X1, Y ]∗ × [X2, Y ]∗ × · · · × [Xm, Y ]∗ (2.8)

where the components of this map are given by the restrictions to the respective
Xi.

Mapping cylinder and mapping cone. For a map f : X → Y , the mapping
cylinder of f is the space Cyl(f) defined as the quotient of (X × [0, 1])tY under
the identifications (x, 0) ∼ f(x) for each x ∈ X. The mapping cone Cone(f) is
defined as the quotient Cyl(f)/(X × {1}) of Cyl(f) with the subspace X × {1}
collapsed into a point.

X

Y

f(X)

f

Cyl(f)

By the discussion concerning attachments, if X and Y are cell complexes
and f is cellular then Cyl(f) and Cone(f) are cell complexes as well. Moreover,
if f is a simplicial map between simplicial sets, then by taking the analogous
simplicial attachments and quotients, we obtain simplicial sets, denoted by Cyl(f)
and Cone(f) as well, and called the simplicial mapping cylinder and simplicial
mapping cone, respectively. The simplicial constructions are compatible with
geometric realizations; i.e., for example, |Cyl(f)| ∼= Cyl(|f |). We will use the
mapping cylinder in our construction to replace an arbitrary map f : X → Y by
an inclusion X ↪→ Cyl(f), which has the same homotopy properties as f . A more
precise statement is given in the following lemma (see, e.g., [21, Corollary 0.21]).

Lemma 2.3.2 (Mapping cylinder). Let f : X → Y be a continuous map be-
tween topological spaces. We consider X ∼= X × {1} and Y as subspaces of
Cyl(f) and denote the corresponding inclusion maps16 by iX : X ↪→ Cyl(f) and
iY : Y ↪→ Cyl(f).

(a) Y is a strong deformation retract17 of Cyl(f).

(b) X (considered as a subspace via iX) is a strong deformation retract of Cyl(f)
iff f is a homotopy equivalence.

16More precisely, the inclusion maps are given as the composition of the respective inclusions X ∼=
X × {1} ⊆ X × [0, 1] t Y and Y ⊆ X × [0, 1] t Y with the quotient map X × [0, 1] t Y → Cyl(f).

17We recall that a deformation retraction of a space X onto a subspace A is a map H : X× [0, 1]→ X
such that H(x, 0) = x and H(x, 1) ∈ A for all x ∈ X and H(a, 1) = a for all a ∈ A. Thus, a deformation
retraction witnesses that the inclusion map iA : A ↪→ X is a homotopy equivalence with a homotopy
inverse r = H(·, 1) : X → A that is a retraction, i.e., that restricts to the identity on A.
A deformation retraction is called strong if it keeps A fixed pointwise throughout, i.e., if H(a, t) = a

for all a ∈ A and t ∈ [0, 1] (some authors include this directly in the definition of a deformation
retraction).
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(c) iX ∼ iY f are homotopic as maps X → Cyl(f).

(d) If f : X → Y is a homotopy equivalence and if g : Y → X is a homotopy
inverse for f , then iXg ∼ iY as well.

Reduced mapping cone and mapping cylinder. If X and Y and f are
pointed, with basepoints x0 and y0, it will be technically convenient, particularly
in Section 2.6, to consider the spaces C̃yl(f) and C̃one(f), called the reduced
mapping cylinder and the reduced mapping cone, respectively, that are obtained
from Cyl(f) and Cone(f) by collapsing the segment x0 × [0, 1] (whose lower end
is identified with y0) to a single point. We will apply this construction only to
cellular or simplicial mapping cylinders and cones, in which case contracting the
subcomplex x0 × [0, 1] is a homotopy equivalence.

Moreover, if f is a homotopy equivalence then we may assume that its homo-
topy inverse g is pointed as well and that the homotopies fg ' idY and gX ' idX
keep the basepoints fixed (see [21, Corollary 0.19]). It follows that Lemma 2.3.2
(Mapping cylinder) remains true if we take C = C̃yl(f) as the reduced mapping
cylinder (the inclusions are given as those into Cyl(f), followed by the quotient
map Cyl(f) → C̃yl(f), which does not make any identifications within X or
within Y ).

By the remarks concerning the size of simplicial products and attachments,
the size of the (reduced or unreduced) simplicial mapping cylinder or cone is at
most the size of X plus the size of Y , times a factor depending only on dimX.

2.3.4 Subdivisions and simplicial approximation

For simplicial complexes, there is the well-known notion of barycentric subdivision
(see, e.g., [36, §15]). An analogous notion of subdivision, called normal subdivi-
sion, can also be defined for simplicial sets. Informally speaking, the normal
subdivision Sd(X) of a simplicial set X is defined by barycentrically subdividing
each simplex of X and then gluing these subdivided simplices together according
to the identifications implied by the face and degeneracy operators of X. We
refer to [18, Section 4.6] for the precise formal definition and just state the facts
that we will need in what follows.

For the standard simplex ∆p, the nondegenerate k-simplices of Sd(∆p) cor-
respond to chains of proper inclusions of nondegenerate simplices (faces) of ∆p.
It follows that Sd(∆p) has (p + 1)! nondegenerate p-simplices and, in general,
at most 2p+1(p + 1)! nondegenerate simplices of any dimension. Consequent-
ly, for any simplicial set X, the size of Sd(X) is at most the size of X times
a factor that depends only on dimX and which can be bounded from above
by 2dimX+1(dimX + 1)!. Moreover, if the dimension is bounded, Sd(X) can be
constructed in time polynomial in size(X).

If f : X → Y is a simplicial map, then subdivision also induces a map
Sd(f) : Sd(X)→ Sd(Y ), and this is compatible with compositions; i.e., Sd(fg) =
Sd(f) Sd(g).

For each simplicial setX, there is a simplicial map lastvX : Sd(X)→ X, called
the last vertex map,18 which is a homotopy equivalence that is compatible with

18On the standard simplex ∆n, seen as a simplicial set, this map is defined by sending a chain
(σ0, . . . , σk) (a k-simplex of Sd(∆n)) to the simplex [v0, . . . , vk], where vi is the last vertex of the
simplex σi (recall that the vertices in each simplex are ordered).

31



simplicial maps f : X → Y , i.e., f lastvX = lastvY Sd(f).19 20

There is also a simplicial approximation theorem for simplicial sets, which
uses iterated normal subdivisions. Specifically, the t-fold iterated normal subdi-
vision of a simplicial set is defined inductively as Sdt(X):= Sd(Sdt−1(X)), where
Sd0(X):= X.

Proposition 2.3.3 (Simplicial approximation) ([18, Thm. 4. 6. 25]). Let
X and Y be simplicial sets such that X has only finitely many nondegenerate
simplices, and let f : |X| → |Y | be a continuous map. Then there exist a finite
integer t (which depends on f) and a simplicial map g : Sdt(X) → Y such that
|g| is homotopic to the composition f | lastvtX | of f with the iterated last vertex
map lastvtX : Sdt(X)→ Y .

To convert arbitrary simplicial sets into homotopy-equivalent (in fact, homeo-
morphic) simplicial complexes, another subdivision-like operation is needed, (see,
e.g., [23]). Given a simplicial set Z, one can define a simplicial complex B∗(Z) in-
ductively, by introducing a new vertex vσ for every nondegenerate simplex σ, and
then replacing σ by the cone with apex vσ over B∗(∂σ). If the simplicial set Z has
a certain regularity property—which is satisfied, for instance, if Z = Sd(X)—then
B∗(Z) and Z are homotopy equivalent (in fact, homeomorphic).21 We summarize
the properties that we need in the following proposition which is proved in [9,
Proposition 3.5].

Proposition 2.3.4 (Simp. set into simp. complex). If X is a simplicial
set, then the twofold subdivision B∗(Sd(X)) is a simplicial complex. Moreover,
there is a simplicial map γX : B∗(Sd(X))→ X, which is a homotopy equivalence.
For a simplicial subset A ⊆ X, B∗(Sd(A)) is a subcomplex of B∗(Sd(X)) and
γX |A = γA.22

If X is finite and of bounded dimension, there are algorithms that construct
the simplicial complex B∗(Sd(X)) and evaluate the map γX , both in polynomial
time.

2.4 Homotopy groups

We review some further facts about homotopy groups that we will need. For
more details see, e.g., [21, Section 4.1].

2.4.1 Basic facts

So far, we used the definition of the nth homotopy group πn(X, x0) of a pointed
space (X, x0) as the set of homotopy classes of pointed maps (Sn, p0)→ (X, x0),

19In the language of category theory, Sd is a functor and lastv is a natural transformation between
Sd and the identity functor on simplicial sets.

20In fact, it is true that X and Sd(X) are not only homotopy equivalent but homeomorphic (as one
might expect given the terminology “ subdivision”). However, for simplicial sets this is a decidedly
nontrivial result, see [18, Cor. 4.6.5]. The difficulty is related to the fact that there is no way of
defining this homeomorphism for all simplicial sets in such a way that it becomes compatible with
simplicial maps. For our purposes, the natural homotopy equivalence lastvX will be sufficient and
more convenient.

21As an illustration that this fails for general simplicial sets, consider the case where Z = Σp is the
simplicial set model of the d-sphere with only two nondegenerate simplices, one in dimension 0 and one
in dimension d. In this case, B∗(Σd) is a 1-dimensional simplex.

22In fact, the construction B∗ Sd is functorial and γ is a natural transformation (like the construction
Sd and the map lastv), but we will never use this stronger fact.
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where p0 ∈ Sn is an arbitrarily chosen basepoint, and the homotopies are required
to keep the basepoint fixed. Equivalently, the elements of πn(X, x0) can be viewed
as homotopy classes [f ] of maps f : (Dn, ∂Dn) → (X, x0) sending all of ∂Dn to
x0, modulo homotopies that keep the image of ∂Dn fixed (as before, we will often
drop the basepoint from the notation).23

In what follows, we will also need the Abelian group operation in πn(X, x0),
n ≥ 2, which can be defined as follows: Suppose f1, . . . , fm are maps (Dn, ∂Dn)→
(X, x0). Suppose we have a cellular decomposition of Dn as a cell complex Dn

m

with n-cells en1 , . . . , enm (in Section 2.6.1 below we will provide a concrete geometric
construction of Dn

m). Then we can define a map f from Dn ∼= Dn
m to (X, x0)

representing the homotopy class [f1] + . . .+ [fm] by sending the (n− 1)-skeleton
of Dn

m to x0, and by defining the restriction of f to each open cell eni to be fi.
A very important special case of homotopy groups are those of spheres. We

will use the following well-known facts:

• The sphere Sn is (n− 1)-connected.

• For all n ≥ 1, πn(Sn) is isomorphic to Z and generated by the homotopy
class ι of the identity. For each map ϕ : Sn → Sn, there is a unique integer
a ∈ Z such that [ϕ] = aι; it is called the degree of ϕ and denoted by degϕ.
The degree is obviously invariant under homotopy.

• We have π3(S2) ∼= Z. The group is generated by the famous Hopf map
η : S3 → S2.24

We will also need the following simple fact:

Lemma 2.4.1. Let g : Sn → Sn be a map of degree b ∈ Z. Then, for any map
f : Sn → X, we have [fg] = b · [f ] ∈ πn(X).

Proof. Consider the n-dimensional unit cube In ∼= Dn, where I = [0, 1] is the
unit interval. We identify Sn with the quotient In/∂In. From the map of sets
(In, ∂In) → (In, ∂In) given by (s1, . . . , sn−1, sn) 7→ (s1, . . . , sn−1, bsn mod 1) we
obtain g0 : Sn → Sn by passing to quotients. By the definition of the addition
of homotopy classes, on the one hand, [g0] is the b-fold sum of the identity, and
hence a particular example of a map of degree b. On the other hand, fg0 is a
representative of b · [f ], the b-fold sum of [f ]. Since [fg] depends only on the
homotopy class [g], which is uniquely determined by the degree of g, the lemma
follows.

Let X be a cell complex and A ⊆ X a subcomplex. Then the homotopy
groups of the spaces A, X and X/A in a certain range are connected by an exact
sequence.

Theorem 2.4.2 (LES). Let A ⊆ X be cell complexes. Let p, q ≥ 0 be integers,
q ≤ p+1. If A is p-connected and X is q connected, then X/A is also q-connected
and there is a long exact sequence

πp+q(A)→ · · · → πi(A)→ πi(X)→ πi(X/A)→ πi−1(A)→ · · · → πq+1(X/A).

Here the maps πi(A)→ πi(X) and πi(X)→ πi(X/A) are induced by the inclusion
and the projection, respectively, and the exactness means that the kernel of each
homomorphism equals the image of the preceding one.

23The claimed equivalence is obtained by identifying Sn with the quotient Dn/∂Dn of the n-disk by
its boundary and p0 with the image of ∂Dn under the quotient map.

24See [21, Ex. 4.45] for the definition (which is not difficult, but which we will not need).
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Proof. One can define homotopy groups of any pair (X,A), A ⊆ X, and these
homotopy groups fit into the following long exact sequence

· · · → πi(A)→ πi(X)→ πi(X,A)→ πi−1(A)→ . . . , i ≥ 1;

see [21], Section 4.1. From the exactness and the connectivity assumptions it
is easy to show that πi(X,A) = 0 for i ≤ q. Then, according to [21, Proposi-
tion 4.28], the map πi(X,A)→ πi(X/A) induced by the quotient map X → X/A
is an isomorphism for i ≤ p+q. Substituting πi(X/A) in this range into the exact
sequence above, we get the exact sequence from the statement of the theorem.

In the proof of Theorem 2.1.1 (Undecidability) we will need a description of
the nth homotopy group of a cell complex Y obtained from a cell complex T by
attaching (n+ 1)-cells e`, 1 ≤ ` ≤ m, by attaching maps ϕ` : Sn → T .

Proposition 2.4.3 (Add relations). Let n ≥ 2 be an integer. Suppose that T
is a 1-connected cell complex and Y is a cell complex obtained from T as described
above. Then

πn(Y ) ∼= πn(T )/〈[ϕ1], [ϕ2], . . . , [ϕm]〉,
where 〈[ϕ1], [ϕ2], . . . , [ϕm]〉 is the subgroup of πn(T ) generated by the homotopy
classes of ϕ`, 1 ≤ ` ≤ m.

Proof. It is sufficient to prove the statement for a single cell attached; then we
can proceed by induction. Consider the reduced mapping cylinder C̃ylϕ, together
with the inclusions of Sn and T into it and the projection onto C̃ylϕ/Sn =

C̃oneϕ = Y . The situation is summarized in the diagram

Sn

ϕ
""

// C̃ylϕ // C̃ylϕ/Sn = Y

T

∼

OO

which commutes up to homotopy. Applying Theorem 2.4.2 (LES) for A = Sn,
X = C̃ylϕ, p = n− 1 and q = 1, we obtain the exact sequence

πn(Sn)→ πn(C̃ylϕ)→ πn(Y )→ πn−1(Sn) = 0.

If we replace the inclusion Sn ↪→ C̃ylϕ by the map ϕ : Sn → T , we get

πn(Sn)
ϕ∗−→ πn(T )→ πn(Y )→ 0.

Hence πn(Y ) = πn(T )/〈ϕ∗(ι)〉, where ι is the homotopy class of the identity on
Sn, and thus ϕ∗(ι) is the homotopy class of ϕ.

2.4.2 Whitehead products and wedge sums of spheres

Whitehead products. There is another type of operation on elements of ho-
motopy groups that we will need. Consider two spheres Sk and S` with their
standard structures as cell complexes (one vertex and one cell of the top dimen-
sion). Then the product Sk × S` is also a cell complex, with one vertex, one
respective cell ek and e` in dimensions k and `, and one cell ek × e` in dimension
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k + `. In particular, the (k + ` − 1)-skeleton of the product is a wedge Sk ∨ S`,
to which the (k + `)-cell is attached via a map ϕ : Sk+`−1 ∼= ∂(Dk+`)→ Sk ∨ S`.

Now, if f : Sk → X and g : S` → X are (pointed) maps, we can combine
them to a map f ∨ g : Sk ∨ S` → X. If we compose this with the attachment
map ϕ discussed before, we get a map [f, g] : Sk+`−1 → X, called the White-
head product of f and g. The homotopy class of this product clearly depends
only on the homotopy classes of the factors, so we get a well-defined product
πk(X) × π`(X) → πk+`−1(X), again denoted by [·, ·]. As a quite trivial but
nonetheless useful example, if X = Sk × S`, then the attachment map ϕ itself
equals the Whitehead product [ιSk , ιS` ] of the two inclusions ιSk : Sk ↪→ Sk ∨ S`
and ιS` : S` ↪→ Sk ∨ S`.

In our proofs we will use that the Whitehead product is natural , graded com-
mutative and bilinear , i.e.

f∗[α, β] = [f∗α, f∗β],

[α, β] = (−1)k`[β, α],

[α + γ, β] = [α, β] + [γ, β],

[α, β + δ] = [α, β] + [α, δ]

where α, γ ∈ πk(X), β, δ ∈ π`(X) and f : X → Y . For the proof see [53],
Chapter X, 7.2, Corollaries 7.12 and 8.13.

In the proof of Theorem 2.1.1 (Undecidability) we will need some facts about
the homotopy groups of spheres and their wedge sums.

Theorem 2.4.4 (Hopf invariant) ([21, Cor. 4B.2],[53, XI, Thm. 2.5]). There
is a homomorphism (called the Hopf invariant) H : π2k−1(Sk) → Z such that for
d even H([ι, ι]) = ±2.

Let us note that for k odd the Whitehead product [ι, ι] ∈ π2k−1(Sk) is of order
two, i.e. 2[ι, ι] = 0. Whitehead products play a crucial role in Hilton’s theorem
which converts the computation of homotopy groups of a wedge of spheres to the
computations of homotopy groups of spheres. We do not need this theorem in its
full generality as it was proved in [22], and so we restrict ourselves to a special
case.

Let k ≥ 2 and r, s ≥ 1 be integers. Let

T = Sk1 ∨ · · · ∨ Skr ∨ S2k−1
1 ∨ · · · ∨ S2k−1

s (2.9)

be the wedge sums of r copies of Sk and s copies of S2k−1. Denote by νi and µq
the homotopy classes of the inclusions Sk ↪→ T and S2k−1 ↪→ T onto the ith copy
of Sk and the qth copy of S2k−1, respectively. Then the homotopy groups πk(T )
and π2k−1(T ) can be described by the following special case of Hilton’s theorem.

Theorem 2.4.5 (Hilton) ([22, Thm. A]). With the notation as above, there are
isomorphisms

πk(T ) ∼=
⊕

1≤i≤r

πk(S
k
i ),

π2k−1(T ) ∼=
⊕

1≤i≤r

π2k−1(Ski )⊕
⊕

1≤q≤s

π2k−1(S2k−1
q )⊕

⊕

1≤i<j≤r

π2k−1(S2k−1
ij ).

An element β ∈ π2k−1(Ski ) corresponds to the composition νiβ ∈ π2k−1(T ), an
element β ∈ π2k−1(S2d−1

q ) to the composition µqβ ∈ π2k−1(T ), and an element
β ∈ π2k−1(S2k−1

ij ) to the composition [νi, νj]β ∈ π2k−1(T ).
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We will say that some elements x1, . . . , xr of an Abelian group are integrally
independent if the only valid relation a1x1 + · · ·+arxr = 0 with coefficients ai ∈ Z
is that with all ai zero. The following statement is an immediate consequence of
Theorems 2.4.5 (Hilton) and 2.4.4 (Hopf invariant).

Corollary 2.4.6 (Hilton). If k ≥ 2 is odd, then the elements µq, 1 ≤ q ≤ s,
and [νi, νj], 1 ≤ i < j ≤ r are integrally independent in π2k−1(T ).

If k ≥ 2 is even, then the elements µq, 1 ≤ q ≤ s and [νi, νj], 1 ≤ i ≤ j ≤ r
are integrally independent in π2k−1(T ).

Proof. The reason is that every element in the list comes from a different direct
summand and is of infinite order.

In the case k = 2 and s = 0 we can say even more:

Corollary 2.4.7 (Two-dimensional Hilton) ([21, Ex. 4.52]). The homotopy
group π3(

∨r
i=1 S

2
i ) is a free Abelian group generated by the Whitehead products

[νi, νj], 1 ≤ i < j ≤ r, and homotopy classes νiη, where η : S3 → S2 is the Hopf
map.

2.5 The constructions for Theorem 2.1.1 (Undecidability)
presented as cell complexes

Here we present the essence of the proof of Theorem 2.1.1 (Undecidability).
Namely, for every system of quadratic Diophantine equations of the form (Q-SYM)
(for k even) or (Q-SKEW) (for k odd), we construct cell complexes A, X, Y , and
a continuous map f : A→ Y , where Y is (k−1)-connected and dimX = 2k, such
that f is extendable to X iff the Diophantine system has a solution. Moreover,
one of (X,A) and Y can be assumed to be fixed, as in Theorem 2.1.1 (Undecid-
ability) (a) and (b). We will also see the role of Whitehead products and Hilton’s
theorem in the proof.

What remains for the next section is to convert X, A, Y into finite simplicial
complexes and f into a simplicial map, so that the solvability of the extension
problem remains unchanged. Moreover, the construction has to be algorithmic.

While discussing the cellular constructions of X, A, Y , it is also natural to
describe

• the reduction from (Q-HOM) to cell complexesX and Y to eventually obtain
Theorem 2.1.2 (NP-hardness);

• cell complex used by Anick in the proof of his #P-hardness result. Indeed,
his construction uses tools very similar to those employed in our construc-
tions.

The generalized extension problem. In order to simplify the presentation,
it is convenient to remove the assumption in the extension problem that A is
a subspace of X, or in other words, that the map A → X is an inclusion. In-
stead, we consider three spaces A, W , Y and (arbitrary) maps g : A → W and
f : A→ Y , and we ask if there is a map h : W → Y making the following diagram
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commutative up to homotopy:

A
f
//

g

��

Y

W
h

>> (GEP)

For the generalized extension problem as above, we obtain an equivalent extension
problem by setting X = Cyl(g) (where A is considered as a subspace of the
cylinder in the usual way). This is easy to see, but we nonetheless briefly describe
a proof of this fact that only uses the homotopy extension property for pairs of cell
complexes and the properties of the mapping cylinder summarized in Lemma 2.3.2
(Mapping cylinder). This means that we can replace the mapping cylinder Cyl(g)
by any other cell complex that has these properties, and the same proof will still
apply. This will be useful for our simplicial constructions later on, for which
it will be convenient to work with so-called generalized mapping cylinders (see
Section 2.6.2).

Let iA and iW in the following diagram be the inclusions of A and W into
X = Cyl(g):

A
f
//

##
iA

##

g

��

Y

W //
iW // Cyl(g)

f̄

OO

On the one hand, given a solution f̄ : X → Y of the extension problem, i.e.,
f̄ iA = f , we can define h := f̄ iW as the restriction of f̄ to W . Then hg =
f̄ iWg ∼ f̄ iA = f , so h is a solution to the generalized extension problem (GEP).

On the other hand, given a solution h for the generalized extension problem
(GEP), let r : X → W be the retraction from X to W and define f̄ := hr. Then
f̄ iA = hriA ∼ hg ∼ f , so f̄ is an extension of a map homotopic to f , and since
the extendability depends only on the homotopy class of a map (Corollary 2.3.1
(Invariance of extendability)), f can be extended as well.

Thus, we are free to consider the generalized extension problem with dimW ≤
2k and dimA ≤ 2k − 1.

2.5.1 Fixed target

We describe an instance of the generalized extension problem for part (a) of
Theorem 2.1.1 (Undecidability), where the target Y is fixed. The system of
equations (Q-SYM) or (Q-SKEW) (for k even or odd) will be encoded into cell
complexes A, W and the maps g : A→ W , f : A→ Y .

Fixed target with k even. Here Y = Sk,

A = S2k−1
1 ∨ · · · ∨ S2k−1

s , W = Sk1 ∨ · · · ∨ Skr . (2.11)

Then the diagram (GEP) becomes

A = S2k−1
1 ∨ · · · ∨ S2k−1

s

f
//

g

��

Sk

W = Sk1 ∨ · · · ∨ Skr
h

77

37



According to (2.8) from the discussion of wedge sums in Section 2.3.3, the homo-
topy class of f : A → Sk is specified completely by the homotopy classes of its
restrictions to the spheres forming A. We will use f∗µq = [f ]µq ∈ π2k−1(Sk) to
denote these, where µq is the homotopy class of the inclusion of the qth sphere
S2k−1
q into A. Our particular choice is

f∗µq = bq[ι, ι] (2.12)

where bq are the right-hand side coefficients of (Q-SYM). Similarly, the homotopy
class of g : A→ W is given by its restrictions as

g∗µq =
∑

1≤i<j≤r

a
(q)
ij [νi, νj], (2.13)

where νi the homotopy class of the inclusion of the ith sphere Ski into W and
where aqij are the coefficients of (Q-SYM). Finally, let h : W → Sk be an arbitrary
map and write h∗νi = xiι ∈ πk(Sk) for some integers xi ∈ Z. According to (2.8)
again, the diagram (GEP) commutes up to homotopy iff (hg)∗µq = f∗µq, i.e. iff

h∗

( ∑

1≤i<j≤r

a
(q)
ij [νi, νj]

)
= bq[ι, ι] (2.14)

for all 1 ≤ q ≤ s. Using the naturality and bilinearity of the Whitehead product,
the left hand side equals

∑

1≤i<j≤r

a
(q)
ij [h∗νi, h∗νj] =

∑

1≤i<j≤r

a
(q)
ij [xiι, xjι] =

∑

1≤i<j≤r

a
(q)
ij xixj[ι, ι].

According to Theorem 2.4.6 (Hilton) the homotopy class [ι, ι] is of infinite order,
and so the system of equations (2.14) is equivalent to (Q-SYM). We get the
following:

Proposition 2.5.1. Let the maps f : A→ Sk and g : A→ W be as in (2.12) and
(2.13) above. Then f can be extended to X = Cyl(g) if and only if the system
(Q-SYM) has a solution.

Fixed target with k odd. The element [ι, ι] ∈ π2k−1(Sk) has order 2, so we
cannot use Y = Sk. However, leaving A, W and g : A → W as before, we can
take Y = Sk ∨ Sk and specify f by

f∗µq = bq[ι1, ι2], (2.15)

where ι1 and ι2 are inclusions of Sk onto the first and the second summand in
Sk ∨ Sk, respectively. Again, bq and a

(q)
ij denote the coefficients of the system

(Q-SKEW). Using Hilton’s theorem (Theorem 2.4.5 (Hilton)) for πk(Sk ∨ Sk),
the homotopy class of a general map h : W → Y satisfies

h∗νi = xiι1 + yiι2, xi, yi ∈ Z. (2.16)

Using the fact that [ι1, ι2] = −[ι2, ι1], it is easy to show that the commutativity of
the diagram (GEP) is equivalent to the system of s equations in π2k−1(Sk ∨ Sk),
(∑

i<j

a
(q)
ij (xiyj−xjyi)

)
[ι1, ι2]+

(∑

i,j

a
(q)
ij xixj

)
[ι1, ι1]+

(∑

i,j

a
(q)
ij yiyj

)
[ι2, ι2] = bq[ι1, ι2].
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By Corollary 2.4.6 (Hilton) of Hilton’s theorem the element [ι1, ι2] ∈ π2k−1(Sd ∨
Sd) is of infinite order, while [ι1, ι1] and [ι2, ι2] are of order 2. Multiplying all the
equations in (Q-SKEW) by 2, we get an equivalent system, in which all the a(q)

ij

are even. For this system, the above equation is exactly the one from (Q-SKEW).
We get the following:

Proposition 2.5.2. Let the maps f : A→ Sk∨Sk and g : A→ W be as in (2.15)
and (2.13) above. Then f can be extended to X = Cyl(g) if and only if the system
(Q-SKEW) has a solution.

2.5.2 Fixed source

The idea for the first step of the proof of Theorem 2.1.1 (Undecidability) (b)
is similar, only the constructions involve attaching cells and also the usage of
Hilton’s theorem is more substantial.

Fixed source with k even. We put

A = S2k−1, W = Sk

where the homotopy class of g : A→ W is [g] = [ι, ι]. A given system of equations
(Q-SYM) will be encoded in the target space Y and in the homotopy class of
f : A → Y . The target space Y is a cell complex obtained from the wedge of
spheres T defined in (2.9) by attaching (2k)-cells eij, 1 ≤ i < j ≤ r and eii,
1 ≤ i ≤ r, i.e.

Y = (Sk1 ∨ · · · ∨ Skr ∨ S2k−1
1 ∨ · · · ∨ S2k−1

s )︸ ︷︷ ︸
T

∪
⋃

1≤i<j≤r

eij ∪
⋃

1≤i≤r

eii. (2.17)

The attaching maps for the cells are the maps S2k−1 → T whose homotopy classes
are, respectively,

ϕij = [νi, νj]−
∑

1≤q≤s

a
(q)
ij µq, ϕii = [νi, νi].

Denote the images of the homotopy classes µq ∈ π2k−1(T ), 1 ≤ q ≤ s and
νi ∈ πk(T ), 1 ≤ i ≤ r, in Y by µ′q and ν ′i, respectively. Further, take a map
f : A→ Y of the homotopy class

[f ] = 2b1µ
′
1 + 2b2µ

′
2 + · · ·+ 2bsµ

′
s.

Since πk(Y ) ∼= πk(T ) ∼= πk(S
k
1 )⊕· · ·⊕πk(Skr ) by Theorem 2.4.5 (Hilton), a general

map h : W → Y has a homotopy class

[h] = x1ν
′
1 + x2ν

′
2 + · · ·+ xrν

′
r

with arbitrary integer coefficients xi. To show that the commutativity of the
diagram (GEP) (up to homotopy) is equivalent to the satisfaction of the system
(Q-SYM), we will need the following lemma.

Lemma 2.5.3 (Homotopy groups). Let Y be the cell complex as above. Then
the classes µ′q ∈ π2k−1(Y ), 1 ≤ q ≤ s, are integrally independent and

[ν ′i, ν
′
j] =

∑

1≤q≤s

a
(q)
ij µ

′
q, 1 ≤ i < j ≤ r,

[ν ′i, ν
′
i] = 0, 1 ≤ i ≤ r.
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Proof. The statement is a consequence of Proposition 2.4.3 (Add relations) and
Corollary 2.4.6 (Hilton).

Using this lemma and the bilinearity and graded commutativity of the White-
head product, we compute [hg] ∈ π2k−1(Y ) as

h∗[g] = h∗[ι, ι] = [h∗ι, h∗ι]

=
[ ∑

1≤i≤r

xiν
′
i,
∑

1≤j≤r

xjν
′
j

]
=

∑

1≤i,j≤r

xixj[ν
′
i, ν
′
j]

= 2
∑

1≤i<j≤r

xixj[ν
′
i, ν
′
j] +

∑

1≤i≤r

x2
i [ν
′
i, ν
′
i]

= 2
∑

1≤i<j≤r

xixj
( s∑

q=1

a
(q)
ij µ

′
q

)

= 2
∑

1≤q≤s

( ∑

1≤i<j≤r

a
(q)
ij xixj

)
µ′q

Comparing with [f ] and using the fact that µ′q are integrally independent, we
obtain the system (Q-SYM).

Fixed source with odd k. As in the fixed target case, we resolve the problem
of [ι, ι] being of order 2 by replacing it with [ι1, ι2]. In this case, it means that we
set A = S2k−1, W = Sk∨Sk. The target space Y remains the same as for k even.
We take f to be any map with

[f ] = b1µ
′
1 + b2µ

′
2 + · · ·+ bsµ

′
s

and g has the advertised homotopy class [g] = [ι1, ι2], where ι1 and ι2 are the
homotopy classes of the inclusions of the two copies of Sk into W = Sk∨Sk. The
homotopy class of a map h : W → Y is again determined by its restrictions along
ι1, ι2, namely

h∗ι1 = x1ν
′
1 + x2ν

′
2 + · · ·+ xrν

′
r, h∗ι2 = y1ν

′
1 + y2ν

′
2 + · · ·+ yrν

′
r,

where the xi and yi can be arbitrary integers. The composition [hg] ∈ π2k−1(Y )
equals

h∗[g] =
[ ∑

1≤i≤r

xiν
′
i,
∑

1≤j≤r

yjν
′
j

]
=

∑

1≤i,j≤r

xiyj[ν
′
i, ν
′
j]

=
∑

1≤i<j≤r

(xiyj − xjyi)[ν ′i, ν ′j] +
∑

1≤i≤r

xiyi[ν
′
i, ν
′
i]

=
∑

1≤i<j≤r

(xiyj − xjyi)
( ∑

1≤q≤s

a
(q)
ij µ

′
q

)

=
∑

1≤q≤s

( ∑

1≤i<j≤r

a
(q)
ij (xiyj − xjxi)

)
µ′q

(again using Lemma 2.5.3 (Homotopy groups)). Since the µ′q are integrally inde-
pendent, the comparison with [f ] leads to the system (Q-SKEW).

Summarizing our findings, for k both even and odd we get the following:

Proposition 2.5.4. For each k ≥ 2 let the maps f : A → Y and g : A → W be
as above. Then f can be extended to X = Cyl(g) if and only if there is a solution
to the system (Q-SYM) when k is even, or (Q-SKEW) when k is odd.
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2.5.3 The construction for Theorem 2.1.2 (NP-hardness).

We want to show that for every k even there is a complex Y and a polynomial-
time algorithm that, for a given homogeneous Diophantine system (Q-HOM),
constructs a cell complex X such that there is a nontrivial map X → Y iff the
system has a nonzero solution. The hardness proof here is a variation of the
reduction (in Section 2.5.1) of the system (Q-SYM) to the extension problem of
the form

A
f
//

##
iA

##

g

��

Sk

W //
iW // Cyl(g)

h

OO .

where A = S2k−1
1 ∨ . . . ∨ S2k−1

s , W = Sk1 ∨ . . . ∨ Skr and g : A → W is given
by the coefficients aqij as in (2.13). Indeed, once all bq equal 0, nonzero integer
solutions corresponds to extensions of a constant map A→ Sk that are nontrivial
on W . The simple idea is to replace the pair A ⊆ Cyl(g) by the mapping cone
Cone(g) = Cyl(g)/A and pass from characterizing extensions of a constant map to
characterizing maps X = Cyl(g)→ Y .25 We will need a well known fact that (in
a stronger form) is proved in Proposition 2.6.2 (Cells attachment): the mapping
cone Cone(g) as above is homotopy equivalent to the space obtained from W by
attaching (2k)-cells e2k

1 , . . . , e
2k
s along the restriction of g onto the (2k−1)-spheres

of A. Moreover, the homotopy equivalence restricts to the identity on W .
The only issue to solve is the non-uniqueness of extensions ofW → Sk to X →

Sk (a constant map W → Sk has both the constant and nontrivial extensions
X → Sk). This is due to the nontriviality of the homotopy group π2k(S

k). We
kill the group by attaching (2k + 1)-cells via generators of π2k(S

k) to the sphere
Sk.26 Let Y denote the resulting complex.

Proposition 2.5.5. For each k even let the complex Y be as above and for a
system of the form (Q-HOM), let A = S2k−1

1 ∨ . . .∨S2k−1
s , W = Sk1 ∨ . . .∨Skr and

let g : A → W be given by the coefficients aqij of (Q-HOM) as in (2.13). Then
for X = Cone(g) holds that there is a nontrivial map X → Y if and only if the
system (Q-HOM) has a nontrivial solution.

Proof. First, assume that h : X → Y is a nontrivial map and let us show that
(Q-HOM) has a nontrivial solution. Without loss of generality, we may assume
that h is cellular, that is, in particular, h(W ) ⊆ Sk (because X(k) = W ). The
homotopy class of h(k) : W → Sk is determined by integers x1, . . . , xr ∈ Z such
that h(k)

∗ νi = xiι. Then we observe that h(k) is a solution of the (GEP) of the
form

A
0 //

g

��

Sk

W
h(k)

>>

as h(k)gµq ∼ 0 for each q = 1, . . . , s because h(k) can be extended to each cell e2k
q of

X attached by the map gµq (see the paragraph after Corollary 2.3.1 (Invariance of
25For an arbitrary space Y and an arbitrary pair of spaces A ⊆ X, the quotient map X → X/A

induces a bijection between the set of maps X/A→ Y and the set of extensions X → Y of a constant
map A→ Y .

26As will be implicit in the proof of Proposition 2.5.5, gluing (2k+ 1)-cells to Sk (arbitrary complex)
does not change the homotopy classes of maps from W (any (2k − 1)-dimensional complex) to Sk.
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extendability)). Therefore, by Proposition 2.5.1, x1, . . . , xr is a solution (Q-SYM)
with all the right-hand sides bq equal to 0, i.e., (Q-HOM). We assert that x1 =
· · · = xr = 0 leads to h ∼ 0, a contradiction. Indeed, in that case h(k) is constant
(up to homotopy), but then h restricted to the closure of each of the cells e2k

q

defines an element of π2k(Y ) = 0 therefore there is a homotopy making h trivial
on each of the cells e2k

q .
Second, let x1, . . . , xr be a nonzero solution. Then by Proposition 2.5.1, h(k)

defined as above is a solution of (GEP) with f constant, and therefore h(k)gµq ∼ 0
for each q where gµq is identical to the attaching map of the cell e2k

q . Thus h(k)

can be extended to a map h : X → Y . Let H : [0, 1]×X → Y be a homotopy of
h and let us assume that H is cellular. Then H|[0,1]×W is a homotopy of h(k) with
the image in Sk, and thus by (2.8) and because (x1, . . . , xr) is nonzero, it is not
a nullhomotopy.

2.5.4 Anick’s 4-dimensional cell complexes

Here we introduce complexes constructed by Anick [1, p. 42] for his hardness
result. These are compact 4-dimensional cell complexes which arise from the
wedge W = S2

1 ∨ · · · ∨ S2
r of r copies of S2 by attaching s 4-cells. According

to Corollary 2.4.7 (Two-dimensional Hilton), the homotopy class of a general
attaching map has to be an integral combination of the homotopy classes νiη and
the Whitehead products [νi, νj], where η is the homotopy class of the Hopf map
S3 → S2 and νi is the homotopy class of the inclusion S2 → W on the ith copy
of S2.

Together with [21, Proposition 0.18] this implies that, up to homotopy equiva-
lence, a completely general way of attaching 4-cells to W is described by integers
a

(q)
ij for 1 ≤ i ≤ j ≤ r and q = 1, 2, . . . , s. Specifically, the qth 4-cell is attached

via a map S3
q → W representing the homotopy class in π3(W ) defined by

ϕq =
∑

1≤i≤r

a
(q)
ii ιiη +

∑

1≤i<j≤r

a
(q)
ij [ιi, ιj].

Therefore, the homotopy type of the resulting Anick complex , i.e., its class of
homotopy equivalence, which we denote by Y 4

a , is completely determined by the
vector a = (a

(q)
ij )1≤q≤s

1≤i≤j≤r of integer coefficients.
In Anick’s #P-hardness result, the input complex Y 4

a (whose higher homotopy
groups are to be computed) is encoded very concisely by the vector a of integers,
represented in binary:

Proposition 2.5.6 (#P-hardness) (Anick [1]). It is #P-hard to compute the
rank of πn(Y 4

a ) for a given integer n ≥ 2 (encoded in unary) and a given integer
vector a (represented in binary).

In Section 2.6, we will show that, given a, we can construct, in polynomi-
al time, a finite 4-dimensional simplicial complex homotopy equivalent to Y 4

a .
Together with Anick’s result, this will imply Theorem 2.1.3 (#P-hardness).

2.6 Simplicial constructions

In this section, we prove that the constructions of cell complexes and cellular maps
from the last section can be converted into homotopy equivalent finite simplicial
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complexes and simplicial maps. Moreover, we exhibit algorithms for constructing
such simplicial sets and maps that run in time polynomial in the encoding size of
the integer vector a(q)

ij (and possibly bq) represented in binary. The constructions
involve only simplicial products, attachments (in particular, mapping cylinders),
quotients, and subdivisions, which are all algorithmic.

The polynomial bound for the running time is needed only for Anick’s space,
where polynomial running time is important; for the undecidability results we
could use less efficient (and simpler) techniques. However, there is almost no
overall saving in constructing only Anick’s space with a polynomial bound and
doing the other constructions more wastefully, since all of the involved spaces are
similar. Moreover, we expect the tools developed here to be useful, e.g., for future
NP-hardness or #P-hardness results, where polynomiality of the constructions is
crucial, of course.

Let us denote by Σp a “model” of the sphere Sp as a simplicial set with only
two nondegenerate simplices, one in dimension 0 and the other in dimension p.

2.6.1 Constructing the sum of several maps Sp → Y .

In this short section we describe how, given simplicial maps f1, . . . , fm : Σp → Y ,
we can construct a simplicial representative of the sum [f1] + · · ·+ [fm] ∈ πp(Y ).
To this end, we have to change the domain to a simplicial set with a larger number
of simplices.

We define the simplicial set Dp
m, which is a union of m copies of ∆p, where

the ith copy is glued by its ∂1-face to the ∂0-face of the (i+ 1)st copy. The union
of the remaining faces (the ∂1-face of the first copy, the ∂0-face of the last copy
and all the ∂i-faces with i > 1) is denoted by ∂Dp

m. Here is a picture of D2
m:

•

•

::

•//

1

GG

•//

···
WW

•//

m

dd

with the double arrows denoting the boundary ∂D2
m. Another point of view is

that D1
m is a chain of m copies of the 1-simplex ∆1 and each Dp

m is a cone over
Dp−1

m.
There is a simplicial map Dp

m → ∆p that sends the first copy of ∆p in Dp
m

onto ∆p by the identity, while the rest is sent to the degeneracy of the ∂0-face of
∆p. It induces a simplicial map

q : Dp
m/∂D

p
m → Σp,

which is a homotopy equivalence (it is easy to see this, e.g., from homology).
There is another simplicial map that collapses the whole (p− 1)-skeleton of Dp

m.
The map factors through Dp

m/∂D
p
m as

Dp
m

// Dp
m/∂D

p
m

δ // Σp ∨ · · · ∨ Σp.

We specify a simplicial map f : Σp ∨ · · · ∨Σp by mapping the ith copy of Σp to Y
by fi.
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The maps q, δ, and f fit into a diagram

Dp
m/∂D

p
m

δ //

q ∼
��

Σp ∨ · · · ∨ Σp f
// Y

Σp

55

Since q has a continuous homotopy inverse, there is a unique homotopy class of
maps Σp → Y extending [fδ] up to homotopy, namely the homotopy class of
[f1] + · · ·+ [fm].

By the naturality of the subdivision, we have also maps

q : Sdt(Dp
m/∂D

p
m)→ Σp, δ : Sdt(Dp

m/∂D
p
m)→ Sdt(Σp) ∨ · · · ∨ Sdt(Σp)

(the map q is the composition of the subdivision of the original q with the it-
erated last vertex map Sdt(Σp) → Σp) that will serve to add representatives
f1, . . . , fm : Sdt(Σp)→ Y .

2.6.2 Generalized mapping cylinders

In the above approach, in order to construct simplicial maps Σp → Y , we replaced
the domain Σp by a homotopy equivalent simplicial set. This will be very useful
for the proof of part (a) of Theorem 2.1.1 (Undecidability). For part (b), the
domain has to be left unchanged, and thus a different construction has to be
used.27 It is roughly “dual” to the previous one: it replaces the target Y by a
homotopy equivalent simplicial set.

Thus, instead of subdividing the sphere Σp, we will replace the target space
Y by a “generalized mapping cylinder”. This solution also works for domains
other than Σp. Thus, for a map f : X → Y , we will be interested in diagrams,
commutative up to homotopy, of the following form.

Y

iY∼
��

X
iX
//

f
>>

M

Definition 2.6.1. Let M be a pointed simplicial set with two simplicial subsets
X, Y ⊆ M containing the basepoint of M . Let iX : X → M and iY : Y → M be
the corresponding inclusion maps, and let f : |X| → |Y | be a pointed continuous
map. We say that M is a generalized mapping cylinder (GMC) for f , with up-
per rim X and lower rim Y , if iY is a homotopy equivalence and iX ∼ iY f . We

denote this situation by M : X
f
//Y .

We remark that the above definition depends only on the homotopy class of
f ; we may thus say that M is a generalized mapping cylinder for the homotopy
class [f ].

By Lemma 2.3.2 (Mapping cylinder) and the remark following it, the reduced
mapping cylinder C̃yl(f) of f : X → Y is an example of such a generalized map-
ping cylinder with upper rim X and lower rim Y . Moreover, if f is a homotopy

27There is a further issue with the subdivision—it is not polynomial. The construction of a repre-
sentative of a multiple b[f ] of a map f : Σp → Y requires b simplices, and this number is exponential
in the number of bits of b.
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equivalence with a homotopy inverse g, one can easily see from the definition that
a generalized mapping cylinder M for f is also a generalized mapping cylinder
Mop for g with upper rim Y and lower rim X (i.e., the roles of upper and lower
rim are interchanged).28

The important property of generalized mapping cylinders, that we are going
to use heavily, is that they may be used for attaching cells.

Proposition 2.6.2 (Cells attachment). Let M : Σp
1∨· · ·∨Σp

m

f
//Y be a gener-

alized mapping cylinder for a pointed map f , whose restriction to the ith summand
is fi : |Σp

i | → |Y |. Then the composition Y iY−→M
proj−−→M/(Σp

1∨· · ·∨Σp
m) extends

to a homotopy equivalence

Y ∪ (ep+1
1 ∪ · · · ∪ ep+1

m )
∼−−→M/(Σp

1 ∨ · · · ∨ Σp
m)

where the cell ep+1
i on the left is attached to Y along the map fi.

Proof. Put X = Σp
1 ∨ · · · ∨ Σp

m. Then the space from the statement, obtained
from Y by attaching cells, is the mapping cone of f . By [4, Theorem I.14.19]
the mapping cone of f : X → Y is homotopy equivalent to that of iY f : X → M
(since iY is a homotopy equivalence). Further, by [4, Theorem I.14.18] it is also
homotopy equivalent to the mapping cone of iX : X → M (since iY f ∼ iX). By
[4, Theorem VII.1.6] the mapping cone of iX is homotopy equivalent to M/X.

All the involved maps respect Y (which is naturally a subspace of all the
mapping cones and also maps by proj iY to the quotient M/X), proving that
the resulting homotopy equivalence is indeed an extension of the composition
proj iY .

Generalized mapping cylinders can be composed in an obvious way:

Lemma 2.6.3 (Composition of GMCs). Let f : X → Y and g : Y → Z
be pointed continuous maps, and let M and N be generalized mapping cylinders
for f and g, respectively. Let NM := N ∪Y M be the simplicial set obtained
by identifying the lower rim of M with the upper rim of N . Then NM is a
generalized mapping cylinder for gf .

Proof. Consider the diagram

X

f
��

iX
''
M iM

&&
Y

g

��

iY 88

jY
&&

N ∪Y M
N iN

88

Z jZ

77

where iX , iY , jY , iZ , iM , iN are inclusions, both triangles commutes up to
homotopy and the square commutes strictly. Consequently, the triangle formed
by the spaces X, Z and N ∪Y M commutes up to homotopy, too. To show that
N ∪Y M is a generalized mapping cylinder for gf , it suffices to prove that the
inclusion iN is a homotopy equivalence.

It is well known (see [21, Theorem 4.5]) that to every inclusion iY : Y → M
which is a homotopy equivalence there is a deformation retraction r : M → Y .
Then the map h : N ∪Y M → N defined as jY r on M and as the identity on N
is a homotopy inverse to iN .

28When f is injective, one can use Y as a generalized mapping cylinder for f .
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We will also need simplicial maps representing (the homotopy classes of) a
constant number of specific maps, such as the Whitehead product [ι, ι] : S2d−1 →
Sd of the identity on Sd with itself, the Whitehead product [ι1, ι2] : S2d−1 →
Sd1 ∨ Sd2 of the inclusions Sdi → Sd1 ∨ Sd2 and the Hopf map η : S3 → S2. In
each case, it is possible to construct these explicitly, but we will use the following
general lemma:

Lemma 2.6.4 (GMC for a fixed map). Let X and Y be finite simplicial
sets and let f : |X| → |Y | be an arbitrary but fixed pointed continuous map.

Then there exists a generalized mapping cylinder X
f
//Y . It is of dimension

max{dimX + 1, dimY }.
The point here is that, in contrast with Theorem 2.3.3 (Simplicial approxi-

mation), we can prescribe the exact triangulations of the upper and lower rim,
which will make it easy to compose the resulting generalized mapping cylinders.

Proof. By the simplicial approximation theorem for simplicial sets (Theorem 2.3.3
(Simplicial approximation)), there exist an iterated barycentric subdivision X ′ =
Sdt(X) ofX and a simplicial map g : X ′ → Y homotopic to f |`|, where ` : X ′ → X
is the natural homotopy equivalence (the iterated last vertex map).

Let M := C̃yl(`) and N := C̃yl(g) be the corresponding reduced simplicial
mapping cylinders. Since ` is a homotopy equivalence, we can also view M as
a generalized mapping cylinder Mop for a homotopy inverse h : |X| → |X ′| of
|`|, with upper rim X and lower rim X ′. Thus, NMop is a generalized mapping
cylinder for |g|h ∼ f |`|h ∼ f .

The following proposition plays a crucial role in our simplicial constructions:

Proposition 2.6.5 (GMC from coefficients). Let Y be a finite simplicial set.
Then there is an algorithm that, given simplicial maps f1, . . . , fm : Sdt Σp → Y
and an integer vector c = (c1, . . . , cm) encoded in binary, constructs a generalized

mapping cylinder Σp f
//Y for the homotopy class

[f ] = c1[f1] + · · ·+ cm[fm] ∈ πp(Y ) = [Σp, Y ]∗,

in polynomial time.

For the proof of Proposition 2.6.5 (GMC from coefficients) we will need a
series of lemmas.

Lemma 2.6.6 (GMC for a power of two). There is an algorithm that, given
an integer of the form c = ±2d, d ∈ N, constructs a generalized mapping cylinder
Nc : Σp //Σp for the map of degree c. Moreover, if p is fixed then size(Nc) is
linear in d + 1 and the running time of the algorithm is polynomial in d + 1,
which is the encoding size of c.

Proof. Consider maps g−1, g2 : |Σp| → |Σp| of degrees −1 and 2, respectively, and
choose a generalized mapping cylinder Ni for each gi according to Lemma 2.6.4
(GMC for a fixed map). For p constant, these are fixed simplicial sets.

Thus, by Lemma 2.6.3 (Composition of GMCs),

N2d := N2 · · ·N2︸ ︷︷ ︸
d factors
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is a generalized mapping cylinder for (g2)d, a map of degree 2d. By further
composing this with N−1, if necessary, we obtain a generalized mapping cylinder
Nc for a map of degree c.

Moreover, if p is fixed then we can precompute the generalized mapping cylin-
ders N−1, N2, which leads to size(Nc) and running time as requested.

Lemma 2.6.7 (GMC for a wedge). Suppose that X1, . . . , Xm and Y are point-
ed simplicial sets and that Mi : Xi

//Y are generalized mapping cylinders for
pointed maps fi : |Xi| → |Y |, 1 ≤ i ≤ m. Then there is an algorithm that

constructs a generalized mapping cylinder M : X1 ∨ · · · ∨ Xm
f
//Y for the map

f : |X1 ∨ · · · ∨Xm| → |Y | with restrictions f ||Xi| = fi.
Moreover, if p is fixed then size(N) is linear in

∑
i size(Mi) and the running

time is polynomial.

Proof. The wedge sum M ′ = M1 ∨ · · · ∨Mm is a generalized mapping cylinder

M ′ : X1 ∨ · · · ∨Xm
f1∨···∨fm //Y ∨ · · · ∨ Y.

We attach to M ′ the mapping cylinder of the folding map ∇ : Y ∨ · · · ∨ Y → Y
to obtain the required generalized mapping cylinder M .

Lemma 2.6.8 (GMC for a sum). Let M1, . . . ,Mm : Σp //Y be generalized
mapping cylinders for [f1], . . . , [fm] ∈ πp(Y ). Then there is an algorithm that
constructs a generalized mapping cylinder M : Σp //Y for the homotopy class
[f1] + . . .+ [fm] ∈ πp(Y ), in polynomial time if p is fixed.

Proof. Let us consider the following chain of maps:

Σp q←− Dp
m/∂D

p
m

δ−→ Σp
1 ∨ · · · ∨ Σp

m

f−−→ Y,

where f restricts to fi on the ith summand. The first two maps are simplicial
and thus their mapping cylinders provide generalized mapping cylinders for any
homotopy inverse q of q and for δ, respectively. A generalized mapping cylinder
for f was constructed in Lemma 2.6.7 (GMC for a wedge). Composing these
cylinders gives the result, since fδq ∼ f1 + · · ·+ fm; see Section 2.6.1.

Proof of Proposition 2.6.5 (GMC from coefficients). LetMi : Σp fi //Y , i = 1, . . . ,m,
be mapping cylinders algorithmically constructed by the definition.

Using the binary expansion of an integer c, Lemma 2.6.8 (GMC for a sum),
and Lemma 2.6.6 (GMC for a power of two), we can construct the generalized
mapping cylinder Nc for every map Σp → Σp of degree c in time polynomial (at
most quadratic) in the bit length of c. The composition MiNci is a generalized
mapping cylinder for ci[fi] by Lemma 2.4.1. Lemma 2.6.8 (GMC for a sum) then
constructs a generalized mapping cylinder for the sum c1[f1] + · · ·+ cm[fm].

In the proofs of our main theorems, we will exclusively work with generalized
mapping cylinders of maps into a wedge of spheres.

Corollary 2.6.9 (GMC from coefficients). For each r, s ≥ 0 let T denote the
simplicial set as in Theorem 2.4.5 (Hilton), that is,

T = Σ2k−1
1 ∨ . . . ∨ Σ2k−1

s ∨ Σk
1 . . . ∨ Σk

r .
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Then there is an algorithm that, given integers r, s ≥ 0 and a map f : Σ2k−1
1 ∨· · ·∨

Σ2k−1
u → T given in terms of the generators of π2k−1(T ) and integer coefficients

encoded in binary, constructs a generalized mapping cylinder for f in polynomial
time.

Proof. We can assume that we have hardwired a simplicial representatives

w : Sdt Σ2k−1 → Σk ∨ Σk and h1, . . . , ho : Sdt Σ3 → Σ2

of the Whitehead product [ι1, ι2] and of the generators of π2k−1(Σk).29 Then by
using compositions of w and h1, . . . , ho with all the canonical inclusions νi : Σk

i ↪→
T and µq : Σ2k−1

q ↪→ T , we can construct all the generators of π2k−1(T ) as identified
in Theorem 2.4.5 (Hilton)—let us denote them by f1, . . . , fm.

Since each restriction of f is expressed as an integral combination of the fi, we
may use Proposition 2.6.5 (GMC from coefficients) together with Lemma 2.6.7
(GMC for a wedge) to construct a generalized mapping cylinder for f .

2.6.3 Proofs of the main results

In Section 2.5 we described the relevant spaces as cell complexes. It remains
to construct them as finite simplicial complexes and the map f : A → Y as a
simplicial map.

Proof of Theorem 2.1.1 (Undecidability) (a). We give the details only for
k even. Using the notation from Section 2.5.1, we triangulate the target sphere
Y = Sk in an arbitrary manner and fix simplicial maps

w+, w− : Sdt(Σ2k−1)→ Sk

that represent the homotopy classes of the Whitehead square and its negative,

[w±] = ±[ι, ι] ∈ π2k−1(Sk)

(by the simplicial approximation theorem, a sufficiently fine subdivision Sdt(Σ2k−1)
and the required simplicial maps exist, and they can be hard-wired into the al-
gorithm). Let now b be the vector of the right hand sides of an arbitrary system
of the form (Q-SYM) and let 1 ≤ q ≤ s. By adding |bq| times the map w±, we
obtain a simplicial map

A′q := Sdt
(
D2k−1

|bq |/∂D
2k−1

|bq |
) f ′q−−→ Sk

that represents bq[ι, ι].30 Finally, we take A′ = A′1∨ · · · ∨A′s and specify f ′ : A′ →
Sk by its restrictions to the A′q, namely, the maps f ′q.

We recall that the space X is constructed as the mapping cylinder of a map
g : A → W that was expressed in terms of the Whitehead products [νi, νj] and
the coefficients of the system (Q-SYM). We need no running time bounds for the
construction of X and rather straightforward procedure would finish the proof.
But because it is not completely trivial either, we will use generalized mapping
cylinders and our procedures for them instead. As explained during the discussion

29Such as the Hopf map η : S3 → S2 in the case k = 2. No other generators than the Hopf map and
the Whitehead square [ι, ι] : S2k−1 → Sk will be needed in our proofs.

30When bq = 0, we take A′q = Sdt(Σ2k−1) and f ′q : Sdt(Σ2k−1) → Sk the constant map onto the
basepoint.
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of the generalized extension problem in the beginning of Section 2.5, the exten-
sion problems are equivalent. Using Corollary 2.6.9 (GMC from coefficients) we
may construct the generalized mapping cylinder for the map g. Finally, we will
construct the generalized mapping cylinder X ′ : A′ //W of the composition

A′1 ∨ · · · ∨ A′s︸ ︷︷ ︸
A′

h−−→ Σ2k−1
1 ∨ · · · ∨ Σ2k−1

s︸ ︷︷ ︸
A

g−−→ Σk
1 ∨ · · · ∨ Σk

r︸ ︷︷ ︸
W

,

where h = q lastvt ∨ . . . ∨ q lastvt. This is done by constructing the mapping
cylinder for h and then composing it with the generalized mapping cylinder for
g by Lemma 2.6.3 (Composition of GMCs).

Thus, we have constructed an extension problem, given by simplicial sets
A′ ⊆ X ′ and f ′, and by Proposition 2.5.1, its solvability is equivalent to the
solvability of the system (Q-SYM) that we started with.

Finally, we replace the simplicial sets A′ and X ′ by the simplicial complexes
B∗(Sd(A′)) and B∗(Sd(X ′)) (see Proposition 2.3.4 (Simp. set into simp. com-
plex)). The map f ′ is replaced by the composition f ′γA′ in the diagram

B∗(Sd(A′))
γA′ //

� _

��

A′
f ′
//

� _

��

Sk

B∗(Sd(X ′))
γX′ // X ′

where the maps γA′ and γX′ were also defined in Proposition 2.3.4 (Simp. set
into simp. complex).

Since both γX′ and γA′ are homotopy equivalences, the extendability of |f ′| is
equivalent to that of |f ′γA′ | by Corollary 2.3.1 (Invariance of extendability). �

Proof of Theorem 2.1.1 (Undecidability) (b). Again, we work out the case
k even. Let A, X, Y , f and g be as in Proposition 2.5.1 and fix an arbitrary pair
of simplicial sets (X ′, A′) whose geometric realization is homotopy equivalent to
(X,A). Using generalized mapping cylinders for this purpose, we may assume
that A′ = Σ2k−1.

According to Proposition 2.6.2 (Cells attachment), the cell complex Y of (2.17)
is homotopy equivalent to the quotientM/S, whereM is an arbitrary generalized
mapping cylinder M : S

ϕ
//T for the map ϕ : |S| → |T | between the geometric

realizations of the simplicial sets

S =
∨

i<j
Σ2k−1
ij ∨

∨
i
Σ2k−1
ii , T =

∨
i
Σk
i ∨
∨

q
Σ2k−1
q ,

whose restrictions to the spheres of S are the attaching maps ϕij and ϕii for the
cells of Y defined in terms of the generators of π2k−1(T ) and the coefficients a(q)

ij

of the system (Q-SYM); see Section 2.5. The generalized mapping cylinder M is
constructed by Corollary 2.6.9 (GMC from coefficients).

Since the image of f : A→ Y lies in T , the replacement of Y by M/S results
in replacing f by the composition

f̃ : Σ2k−1 f
// T

iT //M
proj
//M/S.

(the homotopy equivalence Y 'M/S restricts to proj iT on T by Proposition 2.6.2
(Cells attachment)).
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It remains to replace f̃ by a simplicial map. But since f is a combination of
the Whitehead products and the remaining maps iT and proj are simplicial, we
may achieve this by replacing M/S further by the generalized mapping cylinder

Y ′ : Σ2k−1 f̃
//M/S as in Section 2.6.2. We denote the inclusion Σ2k−1 → Y ′ by f ′.

From the definition of the generalized mapping cylinder, iM/S f̃ ∼ f ′ and iM/S is
a homotopy equivalence, and therefore the extendability of f̃ is equivalent to that
of f ′. This finishes the construction of a simplicial replacement of the extension
problem.

To make everything into simplicial complexes, we apply B∗ Sd to all the in-
volved simplicial sets A′ = Σ2k−1, X ′, Y ′ and the simplicial map f ′. �

Proof of Theorem 2.1.3 (#P-hardness). We will present a polynomial-
time reduction of the instance of the Anick’s #P-hard problem (the system of
coefficients aqij, see Proposition 2.5.6 (#P-hardness)) into a simplicial complex
homotopy equivalent to Y 4

a (see Section 2.5.4). By Corollary 2.6.9 (GMC from
coefficients), we may then build the generalized mapping cylinder

M : Σ3
1 ∨ · · · ∨ Σ3

s

ϕa //Σ2
1 ∨ · · · ∨ Σ2

r,

for the map ϕa whose restriction to the qth summand Σ3
q is given by

ϕq =
∑

1≤i≤r

a
(q)
ii ιiη +

∑

1≤i<j≤r

a
(q)
ij [ιi, ιj].

We construct Anick’s simplicial complex Y 4
a as

Y 4
a = B∗ Sd

(
M/(Σ3

1 ∨ · · · ∨ Σ3
s)
)
.

By Proposition 2.6.2 (Cells attachment), it is homotopy equivalent to the cellular
complex obtained from the wedge Σ2

1 ∨ · · · ∨ Σ2
r by attaching 4-cells along the

maps with homotopy classes ϕq.
To get the statement of Theorem 2.1.3 (#P-hardness), it is now sufficient to

realize that the algorithmic construction above can be carried out in the time
polynomial in the binary encoding of the vector a(q)

ij , 1 ≤ i ≤ j ≤ r, 1 ≤ q ≤ s.
�

Proof of Theorem 2.1.2 (NP-hardness). The simplicial construction here is
just a higher-dimensional analog of the proof of Theorem 2.1.3 (#P-hardness).

We will present a polynomial-time reduction of the system of Diophantine
equations (Q-HOM) given by coefficients a(q)

ij (see Section 2.2) into a simplicial
complex X homotopy equivalent to Cone(g) where g : Σ2k−1

1 ∨ . . . ∨ Σ2k−1
s →

Σk
1 ∨ . . . ∨ Σk

r is determined by the coefficients a(q)
ij . Namely g is defined by its

restrictions to each qth sphere

g|Σ2k−1
q

=
∑

1≤i≤j≤r

a
(q)
ij [ιi, ιj]

We may build the generalized mapping cylinder

M : Σ2k−1
1 ∨ · · · ∨ Σ2k−1

s

g
//Σk

1 ∨ · · · ∨ Σk
r ,

by Corollary 2.6.9 (GMC from coefficients). And again, we output the simplicial
complex X = B∗ Sd

(
M/Σ2k−1

1 ∨ . . . ∨ Σ2k−1
s

)
. �

50



3. Polynomial-time algorithms for
stable homotopy theory
3.1 Summary

One of the central objects in the stable homotopy theory is the set of homotopy
classes of maps X → Y for a d-connected Y and at most 2d-dimensional X for
d ≥ 1. When, in addition, X is a cell complex and there is a subcomplex A of X
with a map f : A → Y , the question whether f : A → Y can be (continuously)
extended to X belongs among the subjects of homotopy theory.1 To pose the
extendability as an algorithmic problem, it is natural to assume that X, Y and
A as above are given as simplicial complexes (or more generally, simplicial sets)
and f as a simplicial map.

In previous chapter, we have shown that for d-connected Y the extension
problem, is undecidable when dimX ≥ 2d+ 2 where d is the connectivity of Y . 2

One of the main goals of this chapter is to show that the extension problem can
be solved in the stable range:

Theorem 3.1.1 (Deciding the extension problem). Let k ≥ 1 be fixed.
Then there is a polynomial-time algorithm that, given finite simplicial complexes
(or more generally, simplicial sets) X of dimension k, and a d-connected Y , with
k ≤ 2d + 1, and a simplicial map f : A → Y from a subcomplex A ⊆ X, decides
whether f admits an extension to a (not necessarily simplicial) map X → Y .

The main ingredient of the algorithmic solution is an Abelian group structure
in the set of homotopy classes [X, Y ] for arbitrary X and Y in the stable range.
We developed algorithmic techniques for its recognition and utilization:

Theorem 3.1.2 (Computing [X, Y ]) (based on [6]). For every fixed k ≥ 2,
there is a polynomial-time algorithm that, given finite simplicial complexes (or
more generally, simplicial sets) X of dimension k and a d-connected Y , where
k ≤ 2d, computes the isomorphism type of [X, Y ] as a finitely generated Abelian
group.3

When, in addition, a simplicial map f : X → Y is given, the algorithm ex-
presses [f ] as a linear combination of the generators.

In particular, we can decide whether given simplicial maps f, g : X → Y are
homotopic. A paper in preparation [13] removes the dimension restriction on the
complex X: it provides a homotopy-testing algorithm assuming only that Y is
simply connected.

1We recall that once A is a subcomplex of X, the extendability of two homotopic maps A → Y is
equivalent.

2Namely, for every d ≥ 1 there is a d-connected simplicial complex Y (where Y = Sd + 1 for d
odd and Y = Sd+1 ∨ Sd+1 for d even) and an algorithm that converts a given polynomial Diophantine
equation into a (2d+ 2)-dimensional simplicial complex X and a map f : A→ Y from a subcomplex A
of X such that f is extendable if and only if the equation has an integer solution.

3We recall that every finitely generated Abelian group π can be represented as a direct sum π ∼= Zr⊕
(Z/m1)⊕ (Z/m2)⊕· · ·⊕ (Z/ms) of cyclic groups and that with our encoding size(π) = r+

∑
t size(mt),

see Chapter 1.1.2. In particular, r + s (the number of summands in the expression for π above) is
bounded by a polynomial function of size(X) + size(Y ) (the number of nondegenerate simplices of X
and Y ).
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The algorithm outputs some concrete representation of generators of [X, Y ]
(as simplicial maps X → Pk into the Postnikov stage Pk, see below) but it is open
problem whether we can compute their geometric representatives (say, simplicial
maps from an iterated barycentric subdivision of X) efficiently. Precise statement
of the problem (and a simple and vastly inefficient solution) is presented in Section
1.3.

Theorem 3.1.1 (Deciding the extension problem) is essentially a consequence
of Theorem 3.1.2 (Computing [X, Y ]). We only need the simple additional fact
that by taking restrictions g|A of maps g : X → Y we obtain a polynomial-time
homomorphism [X, Y ] → [A, Y ], and additionally, we have that [f ] lies in its
image if and only if f is extendable. More precise explanation and a full proof
appears in Section 3.6.

3.1.1 Outline of the methods.

In the rest of this section, we sketch the main ideas and tools in the algorithm of
Theorem 3.1.2 (Computing [X, Y ]). Some topological notions are left undefined
here; we will introduce them later.

Obstruction theory. Conceptually, the basis of the algorithm is classical ob-
struction theory [11]. For a first encounter, it is probably easier to consider a
version of obstruction theory which proceeds by constructing maps X → Y in-
ductively on the i-dimensional skeleta4 X(i) of X, extending them one dimension
at a time. In a nutshell, at each stage, the extendability of a map X(i) → Y to
X(i+1) → Y is characterized by vanishing of a certain obstruction that can be
represented by labelings of (i + 1)-simplices of X by elements of πi(Y ). With-
out further enhancements, this geometrically intuitive approach lacks algorithmic
nature for the following reasons:

• It is not clear how the obstructions can be computed in general. Ad-hoc
methods were developed in the case of the sphere Sd+1 for i = d+2 (Steenrod
square) and i = d+ 3 (Adem operation) but we are aware of no general ap-
proach avoiding Postnikov systems (see below). Note that the obstructions
already employ the knowledge of the isomorphism type of homotopy groups
πi(Y )—a holy grail of homotopy theory per se—and so does the Postnikov
system.5

• The extension at each step is generally not unique, and the extendability
at higher stages may depend, in a nontrivial way, on the choices made
earlier. Thus, in principle, one needs to search an infinitely branching tree
of extensions.6

Postnikov systems. Both issues are handled by Postnikov systems. Here we
only recall the introduction of Postnikov system from Chapter 1. Postnikov sys-
tem of Y consists of stages P1, P2, P3, , . . . , which approximate Y increasingly well
(up to dimensions 1, 2, 3, . . ., respectively). Formally, for each k there is a map

4The i-skeleton X(i) of a simplicial complex X consists of all simplices of X of dimension at most i.
5Isomorphism types of stable homotopy groups πi(Sd+1) of sphere Sd+1 are known for the first

dozens of dimensions i = d + 1, . . . But for this geometric approach we would at least need to have
some representation of the generators and to be able to test triviality of a map Si → Y .

6The only previous algorithmic result on computing [X,Y ] that we know about is by Brown and is
based on a very strict assumption on the πk(Y ) being finite [5]. The algorithm is based on a complete
search of this tree, where the assumption guarantee the branching to be finite.
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ϕk : Y → Pk that induces isomorphisms7 πj(Y )→ πj(Pk) for j ≤ k and we have
πj(Pk) = 0 for j > k. Consequently, ϕk induces an isomorphism [X, Y ]→ [X,Pk]
for arbitrary X with dimX ≤ k. Thus our algorithm strives for nothing more
than the computation of [X,Pk]. (Since we do not have an “algorithmic inverse”
of ϕk we can only convert maps X → Y to X → Pk and not vice versa. Therefore
there is the open problem of an explicit geometric representation of generators of
[X, Y ].) The algorithm proceeds inductively and it obtains each [X,Pi+1] from
[X,Pi] for i = 0, . . . , k − 1.

Key ingredients. This approach is in the core equivalent to the geometric one
above: there is a bijective correspondence between homotopy classes in [X,Pi]
and the homotopy classes of maps X(i) → Y that can be extended to X(i+1).
What is the advantage of the replacement of Y by Pi then? Briefly, Postnikov
systems solve the issues of the geometric obstruction theory:

• They allow the computation of the obstructions (to extend a map to a
higher dimensional skeleton in the geometric setting). In the language of
Postnikov system, the obstruction for a map X → Pi to “transform” into a
map X → Pi+1 is obtained by composing it with the map ki : Pi → Ki+2—
the so-called Postnikov class.8

• The structure of the stage Pi allows to equip the possibly infinite set [X,Pi]
with an Abelian group structure. In turn, the obstructions are linear with
respect to this structure and thus despite the “problem of infinitely branching
tree” we can proceed one dimension up to [X,Pi+1]. Our main contribution
towards the computation of [X, Y ] on the technical level is the development
of the algorithmic version of the group operations.

Polynomial-time homology. In this chapter we assume that the Postnikov
systems are in some sense effectively available in polynomial-time, see Proposi-
tion 3.3.2 (Polynomial-time Postnikov system). It is very nontrivial assumption
that depends on a an involved technique called polynomial-time homology that
is a polynomial-time version of effective homology by Sergeraert and his collab-
orators. Polynomial-time homology as well as the construction of the Postnikov
systems is developed in [8, 25].

Polynomial-time Postnikov systems particularly enables the evaluation of Post-
nikov classes ki and the knowledge of the homotopy groups πk(Y ). Thus their
computability in polynomial-time for a fixed k is a trivial consequence of Propo-
sition 3.3.2 (Polynomial-time Postnikov system), see Corollary 3.3.3.

Language of simplicial sets. To represent spaces in our algorithm we use the
ingenious generalization of simplicial complexes—simplicial sets. All auxilliary
simplicial sets such as Postnikov stages Pi enjoy Kan extension property (such
simplicial sets are called Kan). This ensures that every continuous map X → Pi
is homotopic to a simplicial map (and no subdivision of X is needed). The price
to pay is that Pi has generally infinitely many simplices even in bounded dimen-
sions. Thus we need to use black box representation—the Kan simplicial sets are
represented by an agreed upon encoding of their simplices and a fixed algorithm
that can compute faces and degeneracies of a given simplex in polynomial time

7The isomorphism induced by ϕk sends f : Si → Y to ϕkf : Si → Pk.
8The space Ki+2 is so-called Eilenberg-Maclane space K(πi+1, i + 2) mentioned in Chapter 1 and

the maps X → Ki+2 can be characterized by labelings of the (i+ 2)-simplices of X.
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with dimensions fixed. Equally the maps such as the Postnikov class ki can only
be evaluated locally on a specified simplex of Pi. The corresponding notion of
polynomial-time simplicial sets and maps will be defined in Section 3.2.

Language of cohomology. All the maps of our interest are simplicial and thus
they can be discretely represented on a computer by a finite table or a black
box. Still, we will often use the language of cohomology to describe the maps
instead. This language is both much more compact and better suited to describe
and perform various operations we will need.

Computations with Abelian groups. Our computational topological ma-
chinery eventually reduces the iterative computation of [X,Pi] to the world of
finitely generated Abelian groups. If we were interested in the set of generators
of each [X,Pi] only, we would suffice with an iterative computation of kernels
of homomorphisms (induced by the above mentioned Postnikov classes ki). The
general situation with relations is more complex and it is encapsulated as a com-
putation of the middle term of a short exact sequence of Abelian groups from the
remaining data (including the knowledge of sections, i.e., a computable proof of
the exactness).

All our computations with Abelian groups can be reduced to “linear algebra
over integers”. For instance the equation 3x − y = 4 over Z5 is equivalent to
4x− y+ 5z = 4 over Z. The algorithm for the Smith normal form is an essential
tool here.

3.2 Preliminaries

In this chapter we use heavily the language of simplicial sets as was introduced in
Section 1.1.1. Particularly, we work with Kan simplicial sets, that is, simplicial
sets Y with the property that every continuous map |X| → |Y | is homotopic to a
simplicial map X → Y . We will also need the following two simple constructions.

Cone and suspension. Given a simplicial set X, the cone CX is a simplicial
set obtained by adding a new vertex ∗ to X, taking all simplices of X, and, for
every m-simplex σ ∈ Xm and every i ≥ 1, adding to CX the (m + i)-simplex
obtained from σ by adding i copies of ∗. We skip the definition of face and
degeneracy operators for CX as usual. The definitions are discussed, e.g., in [19,
Chapter III.5], although there they are given in a more abstract language, and
later (in Section 3.6.3 below) we will state the concrete properties of CX that we
will need.

We will also need the suspension SX; this is the simplicial set CX/X obtained
from CX by contracting all simplices of X into a single vertex. The following
picture illustrates both of the constructions for a 1-dimensional X:

X CX SX

Topologically, SX is the usual (unreduced) suspension of X, which is often pre-
sented as erecting a double cone over X (or a join with an S0). This would also
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be the “natural” way of defining the suspension for a simplicial complex, but the
above definition for simplicial sets is combinatorially different, although topolog-
ically equivalent. Even if X is a simplicial complex, SX is not. For us, the main
advantage is that the simplicial structure of SX is particularly simple; namely,
for m > 0, the m-simplices of SX are in one-to-one correspondence with the
(m− 1)-simplices of X.9

3.2.1 Black box representation.

As we already mentioned, the stages Pi = Pi(Y ) of a Postnikov system of Y can
be regarded as approximations of Y , which are in some sense easier to work with
than Y itself, particularly, they are Kan simplicial sets. The price to pay is that
even if Y is a finite simplicial set, the stages Pi are simplicial sets that usually
have infinitely many nondegenerate simplices even of bounded dimensions. Thus
we cannot use the encoding of finite simplicial sets defined in Section 2.3.2.

For the purposes of our algorithms it is sufficient to inspect Pi locally, e.g.,
for every fixed i and k, given any k-dimensional simplex σ of Pi, and an integer
` ∈ {0, 1, . . . k}, we should be able to compute the `th face ∂`σ, the `th degeneracy
s`σ, and also the value ki(σ) of the Postnikov class at σ. Because of the infinite
domains, the mappings ∂i, si, and ki cannot be given by a finite table. Instead,
each of them is going to be given as an algorithm. In computer science, this is
sometimes called a black box or oracle representation.

Polynomiality. However, we need the black box algorithms to have polynomial
running time. And the polynomial bound has to be uniform over all possible
input spaces Y . If uniformity were not required, there could well be a sequence of
simplicial sets Y (m),m = 1, 2, . . . of size polynomial inm such that each Postnikov
class k(m)

i (σ) evaluates in time size(σ)m. Such a black box representation would
not allow for a polynomial-time algorithm for [X, Y ] where the running time
should depend polynomially on size(Y ).

To get Y into the picture we will be working with whole families of simplicial
sets where each member P = P (I) of the family is described by a parameter I
from a set of parameters I (in our case I = Y is a finite simplicial set mostly).
And we require the black box algorithms to be uniform; for instance, there is one
algorithm that, given the parameter I, a simplex σ ∈ P (I) and i > 0, computes
∂i(σ) in time polynomial in terms of size(σ)+size(Y ). The requirement of uniform
polynomial-time representation is generally captured by the notion of polynomial-
time simplicial set.

Definition 3.2.1 (Polynomial-time simplicial sets and maps). Let I be a
set, on which an injective mapping enc : I → Σ∗ is defined, specifying an encoding
of each element of I by a string; we will refer to I as a parameter set. We define
a parameterized simplicial set as a mapping X that, for some parameter set I,
assigns to each I ∈ I a simplicial set X(I). Sometimes we will write such a
parameterized simplicial set as (X(I) : I ∈ I). We also assume that an encoding
of simplices by strings has been fixed for each of the simplicial sets X(I).

9Let us also remark that in homotopy-theoretic literature, one often works with reduced cone and
suspension, which are appropriate for the category of pointed spaces and maps. For example, the
reduced suspension ΣX is obtained from SX by collapsing the segment that connects the apex of CX
to the basepoint of X. For CW-complexes, ΣX and SX are homotopy equivalent, so the difference is
insignificant for our purposes.
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We say that such an X is a polynomial-time simplicial set if,there is an algo-
rithm that, given I ∈ I, a k-dimensional simplex σ ∈ X(I)k, and i ∈ {0, 1, . . . , k},
computes ∂iσ in time polynomial in size(I) + size(σ) (where the polynomial may
depend on k), and there is a similar algorithm for evaluating the degeneracy op-
erators siσ.

Let (X(I) : I ∈ I) and (Y (I) : I ∈ I) be parameterized simplicial sets with the
same parameter set, and for each I ∈ I, let fI be a simplicial map X(I)→ Y (I).
We say that f = (fI : I ∈ I) is a polynomial-time simplicial map X → Y if
there is an algorithm that, given I ∈ I and σ ∈ X(I)k, computes fI(σ) in time
polynomial in size(I) + size(σ), where again, the polynomial may depend on k.

Simplicial groups. A simplicial set X where each Xk is equipped with a group
structure such that the face and the degeneracy operators are homomorphisms
is called simplicial group. In other words, simplicial group is a simplicial set
X with a distinguished vertex 0 ∈ X and simplicial maps (σ, τ) 7→ σ + τ and
σ 7→ −σ that satisfy the usual group axioms. Note that in each group Xk the
corresponding degeneracy of 0 is the neutral element (as degeneracy operators
are homomorphisms).

Polynomial-time simplicial group is a polynomial-time simplicial set (X(I) :
I ∈ I) with a distinguished vertex10 0I ∈ X(I) and polynomial-time simplicial
maps (σ, τ) 7→ σ +I τ and σ 7→ −Iσ such that each tuple (X(I), 0I ,+I ,−I) is a
simplicial group.

3.2.2 Cohomology and Eilenberg–MacLane spaces

Cohomology. We need some terminology from (simplicial) cohomology, such
as cochains, cocycles, and cohomology groups. However, these will be mostly a
convenient bookkeeping device for us, and we will not need almost any properties
of cohomology.

For a simplicial complex X, an integer i ≥ 0, and an Abelian group π, an
i-dimensional cochain with values in π is an arbitrary mapping ci : Xi → π, i.e.,
a labeling of the i-dimensional simplices of X with elements of π. The set of all i-
dimensional cochains is (traditionally) denoted by Ci(X; π); with componentwise
addition and the zero element 0i (that assigns 0 to every simplex), it forms an
Abelian group.

For a simplicial set X, we define Ci(X; π) to consist only of cochains in which
all degenerate simplices receive value 0 (these are sometimes called normalized
cochains).

For us, it will be important that if X has infinitely many nondegenerate k-
simplices, then an i-cochain in Ci(X) is an infinite object. Thus, in algorithms,
we will need to use a black-box representation of individual cochains—the black
box supplies the value of the cochain on a given simplex.

Given an i-cochain ci, the coboundary of ci is the (i + 1)-cochain di+1 = δci

whose value on a τ ∈ Xi+1 is the sum of the values of ci over the i-faces of τ
(taking orientations into account); formally,

di+1(τ) =
i+1∑

j=0

(−1)jcn(∂jτ)

10The family of distinguished vertices can be formally represented by a polynomial-time simplicial
map 0: ∆0 → X(I).
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A cochain ci is a cocycle if δci = 0; Zi(X; π) ⊆ Ci(X; π) is the subgroup of all
cocycles (Z for koZyklus), i.e., the kernel of δ. The subgroup Bi(X; π) ⊆ Ci(X; π)
of all coboundaries is the image of δ; that is, ci is a coboundary if ci = δbi−1 for
some (i− 1)-cochain bi−1.

The nth (simplicial) cohomology group of X is the factor group

H i(X; π) := Zi(X; π)/Bi(X; π)

For this to make sense, of course, one needs the basic fact δδ = 0.
We remark that arbitrary sequence of Abelian groups C∗ = (Ci)∞i=−∞ connect-

ed by (coboundary) homomorphisms δ : Ci → Ci+1 for each i satisfying δδ = 0
is called cochain complex . The definition of cohomology is valid for arbitrary
cochain complex.

Homology. There is a dual notion of chain complex C∗ = (Ci)
∞
i=−∞ with (bound-

ary) homomorphism ∂ : Ci → Ci−1 of opposite direction also satisfying ∂∂ = 0.
For a simplicial set X, their chain groups Ci(X; π) forming a chain complex are
defined similarly to the cochain complex—the chains are formal π-linear combi-
nations of the nondegenerate simplices of X and ∂(g · σk) :=

∑k
i=0(−1)ig · ∂iσ.11.

Then the notion of homology groups Hi(X; π) := ker ∂/ im ∂ follows. We say that
a (co)chain complex is finitely generated when each of its (co)chain group is so.

Encoding of cochains. For a finite simplicial se X and a finitely generated π,
each cochain ci ∈ Ci(X; π) can be encoded in a straightforward way as a map
Xi → π, that is, a sequence of pairs (σ, ci(σ)). Then the operations ci + di and
−ci are polynomial-time. Similarly, the zero cochain 0i can be constructed in
time bounded by size(X) size(π).

A remark on computing (co)homology groups. The computation of an iso-
morphism type of a (co)homology group of a finite simplicial set X or of a finitely
generated (co)chain complex is a standard procedure that uses the Smith normal
form algorithms and can be found, e.g. in [10]. Infinite simplicial sets such as
loop space ΩY of a (finite) simplicial set Y or12 Eilenberg-MacLane spaces appear
naturally and the standard method cannot be applied there. Various (ad-hoc)
methods were developed by algebraic topologists to make the calculations in par-
ticular cases there. An algorithmic method called effective homology developed
by Sergeraert and his collaborators will be mentioned later in this section.

Eilenberg–MacLane spaces topologically. For an Abelian group π and an
integer i ≥ 1, the Eilenberg–MacLane space K(π, i) is defined as any topological
space T with πi(T ) ∼= π and πj(T ) = 0 for all j 6= i (actually, K(π, 1) is also
defined for an arbitrary group π, but we will consider solely the Abelian case).

It is known, and not too hard to prove, that a K(π, i) exists for all i ≥ 1 and
all π, and it is also known to be unique up to homotopy equivalence.13

On an intuitive level, Eilenberg–MacLane spaces are the simplest nontrivial
with respect to the structure of maps into them. Indeed, a basic topological result
says that

[X,K(π, i)] ∼= H i(X; π), (3.1)
11Chain complex is a dual notion to cochain complex, because the relations Ci(X;π) =

Hom(Ci(X;Z), π) and δc = c∂ hold.
12For readers familiar with the definition of the fundamental group π1(Y ), it suffices to say that ΩY

is like the fundamental group but without factoring the loops according to homotopy.
13Provided that we restrict to spaces that are homotopy equivalent to CW-complexes.
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for arbitrary cell complex X. In words, homotopy classes of maps X → K(π, i)
correspond to the elements of the ith cohomology group ofX with coefficients in π
(see proof of this fact in a simplicial setting [32, Lemma 24.4] or its explanation
below, and [6] for a geometric explanation).

A Kan simplicial model of K(π, i). There is a standard way of representing
K(π, i) as a Kan simplicial set , which is actually even a simplicial group. We will
work with this simplicial representation, and from now on, the notation K(π, i)
will be reserved for this particular simplicial representation, to be defined next.

Let ∆k denote the k-dimensional standard simplex, regarded as a simplicial
set (or a simplicial complex; the difference is purely formal in this case). That
is, the vertex set is {(0), (1), . . . , (k)} and the i-dimensional simplices are all
nondecreasing sequences of (i + 1) elements of {0, 1, . . . , k}. The nondegenerate
simplices are the increasing ones.

The set of k-simplices of K(π, i) is given by

K(π, i)k := Zi(∆k; π);

that is, each k-simplex is (represented by) an i-dimensional cocycle on ∆k. Thus,
it can be regarded as a labeling of the i-dimensional faces of ∆k by elements of
the group π; moreover, the labels must add up to 0 on the boundary of every
(i+ 1)-face.

It is also easy to define the face and degeneracy operators in K(π, i). Given
a k-simplex σ of K(π, i), the face ∂`σ is defined as the restriction of σ on the `th
(k − 1)-face of ∆k. More formally, the `th (k − 1)-face of ∆k is identified with
∆k−1 via the unique order-preserving bijection of the vertex sets ι` : ∆k−1 ↪→ ∆k,
i.e., ι` sends (0, 1, . . . , k − 1) to (0, . . . , ` − 1, ` + 1, . . . , k) and14 ∂`σ = σ(ι`)i.)
As for the degeneracy operators, s`σ is the labeling of i-faces of ∆k+1 defined by
s`σ := σ(η`)i where the simplicial map η` : ∆k+1 → ∆k sends (0, 1, . . . , k + 1) to
(0, 1, . . . , `, `, `+ 1, . . . , k).

Most importantly, for i ≥ 1, the single vertex of the simplicial set K(π, i) is
the zero (or, in other words, empty) i-cochain 00 on ∆0, i.e., K(π, i) is 0-reduced.
And zero i-cochain 0k on ∆k is the degeneracy of the single zero vertex.

We won’t prove that this is indeed a simplicial model of K(π, i). Let us just
note that K(π, i) is (i− 1)-reduced, and its i-simplices correspond to elements of
π (since an i-cocycle on ∆i is a labeling of the single nondegenerate i-simplex of
∆i by an element of π).15

The (elementwise) addition of cochains makes K(π, i) into a simplicial group,
and consequently, K(π, i) is a Kan simplicial set.

The simplicial sets E(π, i). In addition to the simplicial Eilenberg–MacLane
space K(π, i) we also need another simplicial set, denoted by E(π, i). While the
k-simplices of K(π, i) are all i-cocycles on ∆k, the k-simplices of E(π, i) are all
i-cochains:

E(π, i)k := Ci(∆k; π).

14Note that a simplicial map f : ∆k → Y is defined by the value f
(
(0, 1, . . . , k)

)
since everything else

is forced by the compatibility with the face and degeneracy operators.
15Thus, each i-simplex of K(π, i) “embodies” one of the possible ways of mapping the interior of ∆i

into the topological K(π, i), given that the boundary goes to the basepoint. The (i+ 1)-simplices then
“serve” to get the appropriate addition relations among the just mentioned maps, so that this addition
works as that in π, and the higher-dimensional simplices kill all the higher homotopy groups.
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The face and degeneracy operators are defined in exactly the same way as those
of K(π, i). Particularly, the zero cochain 0 on ∆0 (and on ∆k for k > 0) is the
single vertex of E(π, i) (and its degeneracies, respectively).

Polynomiality of the simplicial groupsK(π, i) and E(π, i). The black box
representation of our simplicial groups is straightforward: the parameter of the
family is the isomorphism type of π and the integer i (though we do not need that
the running time is polynomially dependent on i here but we do want to have a
single algorithm for all π and i). The encoding of simplices corresponds to that of
cochains and we only need to check that the maps ι` : ∆k−1 → ∆k and η` : ∆k+1 →
∆k are polynomial-time. But clearly, their value on every nondegenerate simplex
(j1 < j2 < . . . < jk) is can be computed from their values on the top simplex
(0, 1, . . . , k−1) and (0, 1, . . . , k+1), respectively, in the straightforward sense (as
a “restriction”).

Both K(π, i) and E(π, i) are polynomial-time simplicial groups because the
addition and inverse of cochains is polynomial-time and also the zero simplex
0 ∈ E(π, i)k can be written down in time polynomial in size(π) when k is fixed.

A useful fibration. As a topological space, E(π, i) is contractible, and thus not
particularly interesting topologically in itself, but it makes a useful companion
to K(π, i) as we will see next. Since a k-simplex σ ∈ E(π, i) is formally an
i-cochain, we can take its coboundary δσ. This is an (i + 1)-coboundary (and
thus also cocycle), which we can interpret as a k-simplex of K(π, i+ 1). It turns
out that this induces a simplicial map E(π, i)→ K(π, i+ 1), which is (with the
usual abuse of notation) also denoted by δ. This map is actually surjective, since
the relevant cohomology groups of ∆k are all zero and thus all cocycles are also
coboundaries.

As is well known, δ : E(π, i) → K(π, i + 1) is a so-called fibration with the
fiber (preimage δ−1(0) of the single zero vertex) equal to K(π, i) ⊆ E(π, i).

Simplicial maps into K(π, i) and E(π, i). In order to prove the simplicial
version of (3.1) we start with the following correspondence:

Lemma 3.2.2. There is a polynomial-time algorithm that, given a simplicial set
X and a cochain c ∈ Ci(X; π) for some π and i, computes a simplicial map
s : X → E(π, i). For every simplicial set X, Abelian group π and i ≥ 0 this
defines isomorphisms

Zi(X; π) ∼= SMap(X,K(π, i)) and Ci(X; π) ∼= SMap(X,E(π, i)).

Moreover, the inverse isomorphism s 7→ ci is polynomial-time as well.

Proof. Here we just describe the obviously polynomial-time maps ci 7→ s and
s 7→ ci and for the rest we refer to [31, Lemma 24.3].16

This definition of the maps is not hard to guess—there is just one way to make
things match formally. Namely, given a ci ∈ Ci(X; π), we want to construct the
corresponding simplicial map s = s(ci) : X → E(π, i). We consider an k-simplex
σ ∈ Xk. There is exactly one way of inserting the standard k-simplex ∆k to the
“place of σ” into X; more formally, there is a unique simplicial map ισ : ∆k → X
that sends the k-simplex of ∆k to σ (indeed, a simplicial map has to respect

16Both sets carry an Abelian group structure, and the bijection between them preserves these. For
the set Zi(X;π) of cocycles, the group structure is given by the usual addition of cocycles. For the set
SMap(X,K(π, i)) of simplicial maps, the group structure is given by the fact that K(π, i) is a simplicial
Abelian group, so simplicial maps into it can be added componentwise (simplexwise).
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the ordering of vertices, implicit in the face and degeneracy operators). Thus,
for every such σ, the cochain ci defines a cochain ci(ισ)i on ∆k (the labels of
the i-faces of σ are pulled back to ∆k), and that cochain is taken as the image
s(σ). The map ισ has to be constructed explicitly in dimension i. There are

(
k
i

)

nondegenerate i-simplices τ in ∆k and the value for each of them is found by
taking face ∂j1 . . . ∂jk−i of σ (where indices j1 < . . . < jk−i are those from the
difference σ \ τ). This computation can be clearly done in a constant time when
k is fixed and thus the computation of s is linear in size(X).

For the reverse direction, i.e., from a simplicial map s to a cochain, it suffices to
look at the images of the i-simplices under s: these are i-simplices of E(π, i) which,
as we have seen, can be regarded as elements of π—thus, they define the values of
the desired i-cochain. Here the polynomial running time is straightforward.

Simplicial homotopy in SMap(X,K(π, i)). Since now, we will often use
cochains to describe simplicial maps and refer to it as cochain representation.
With this representation, the composition

X // E(π, i) δ // K(π, i+ 1)

can be computed in the obvious way:

Lemma 3.2.3. Composing a map in SMap(X,E(π, i)) represented by ci−1 ∈
Ci−1(X; π) with the fibration δ : E(π, i− 1)→ K(π, i) results in a map in

SMap(X,K(π, i+ 1))

represented by zi = δci−1.
Moreover, two maps in SMap(X,K(π; i)) represented by cocycles zi1, z

i
2 ∈

Zi(X; π) are homotopic whenever zi := zi1−zi2 is nullhomotopic (i.e., homotopic to
a constant map) and this happens precisely when there is some ci−1 ∈ Ci−1(X; π)
such that zi = δci−1.

For zi such as above we will say that (the map represented by) zi lifts to
E(π, i− 1). We refer to [31, Theorem 24.4] for a proof.17 We also remark that
the simplicial version of (3.1) is now easily proved using Lemmas 3.2.2 and 3.2.3.

A pullback from a fibration of Eilenberg–MacLane spaces. For our con-
struction of Postnikov systems, we will need an operation called pullback in the
following situation. We are given a simplicial set P , plus a simplicial mapping
k : P → K(π, i+ 1), for some Abelian group π and a fixed i ≥ 1.

Now we define a simplicial set Q as the pullback according to the diagram

Q //

��

E(π, i)

δ
��

P k // K(π, i+ 1)

This means that Q is the simplicial subset of the Cartesian product P × E(π, i)
consisting of the pairs (σ, τ) of simplices σ ∈ P , τ ∈ E(π, i) with k(σ) = δ(τ).
The projection Q → P is also a fibration with fiber isomorphic to K(π, i). The
key property of the pullback Q is that each map X → Q is uniquely defined by
a pair of maps f : X → P and g : X → E(π, i) such that kf = gδ.

17Later in Lemma 3.6.3, we will establish an algorithmic correspondence SMap(X,E(π, i − 1)) ∼=
SMap(CX,K(π, i)) that will implicitly prove Lemma 3.2.3.
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3.3 Polynomial-time Postnikov systems

Let Y be a topological space given as a simplicial set. Moreover, we assume that
Y is 1-connected. This is needed for the proof of correctness of the algorithm
for constructing Postnikov system, and consequently, of the algorithm computing
[X, Y ]; the algorithm itself does not make use of any certificate of 1-connectedness,
and in particular, we do not assume that Y is 1-reduced.

We introduce the following convenient abbreviations for the groups and spaces
that appear in the Postnikov system:

abbreviation: πi Ei Ki+1

meaning: πi(Y ) E(πi, i) K(πi, i+ 1)

We remark that both Ei = Ei(Y ) and Ki = Ki(Y ) are simplicial sets param-
eterized by Y and i

Postnikov systems. We define a simplicial Postnikov system of Y as a collection
of simplicial sets and simplicial maps organized into the following commutative
diagram,

...

p3

��

P2

p2

��

P1

p1

��

Y

ϕ2

AA

ϕ1

88

ϕ0 // P0 = ∗
where P0 is a single point, and the following conditions hold:

(i) For each i ≥ 0, the map ϕi : Y → Pi induces an isomorphism ϕi∗ : πj(Y )→
πj(Pi) for each j ≤ i, while πj(Pi) = 0 for j ≥ i+ 1.

(ii) Each Pi, i ≥ 1, is the pullback according to the following diagram (as in the
previous section) for some map ki−1 : Pi−1 → Ki+1:

Pi //

pi
��

Ei

δ
��

Pi−1
ki−1
// Ki+1

(3.2)

The simplicial sets P0, P1, . . . are called stages of the Postnikov system, and
the mappings ki are called Postnikov classes (the terms Postnikov factors or
Postnikov invariants are also used in the literature).

In the simplicial Postnikov system as introduced above, each Pi is a simplicial
subset of the Cartesian product Pi−1 × Ei, and the map pi : Pi → Pi−1 is the
projection to the first component.

The beauty of the thing is that Pi, which conveys, in a sense, complete infor-
mation about the homotopy structure of Y up to dimension i, is determined by
discrete (though infinite) data, namely Pi = Pi(π2,k2, π3, k3, . . . ,ki−1, πi).

For our purposes, a key fact implied by the condition (i) above is the following:
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Proposition 3.3.1 (Replacing Y with Pk). If X is a CW-complex of dimen-
sion at most k, and Y is a 1-connected CW-complex, then there is a bijection
between [X, Y ] and [X,Pk] (which is induced by composition with the map ϕk).

Non-uniqueness. It is well known that Postnikov systems are not unique, name-
ly, there are multiple choices for the Postnikov classes ki that all give a valid
Postnikov system. Hence at this moment it does not make a good sense to write
Pi = Pi(Y ). However, the construction described below will make a determin-
istic choice of Pi for a given Y and thus this algorithmically chosen Pi(Y ) is a
parameterized simplicial set.

Polynomial-time Postnikov systems. The computation of [X, Y ] ' [X,Pk]
will be done inductively, i.e., the main step of the algorithm will to compute
[X,Pi] from [X,Pi−1], i ≤ k. Before approaching this goal, we need to be able to
“construct” a Postnikov system from a given simplicial set Y . Roughly speaking,
we want to have all the spaces and maps of the Postnikov system polynomial-
time, when parameterized by the simplicial set Y . (Actually, even when the
index i is a part of the parameter, the running times are polynomial for each
fixed dimension k, but we will not use this stronger fact.) The rigorous and
rather explicit statement follows.

Proposition 3.3.2 (Polynomial-time Postnikov system). For every 1-connected
simplicial set Y there is a Postnikov system of Y with stages Pi = Pi(Y ) such that
the following holds: there is a polynomial time algorithm that, given a 1-connected
simplicial set Y and k > 1, computes

• the isomorphism types of the homotopy groups πi = πi(Y ), i ≤ k and

• simplicial maps ϕi : Y → Pi for each i ≤ k.

• Moreover, given i ≤ k and σ ∈ Pi, the value ki(σ) ∈ K(πi+1, i + 2) can be
computed in time polynomial in size(σ) + size(Y ).

Any such system of parameterized simplicial sets Pi(Y ) and maps ϕi,ki and pi
will be referred to as polynomial-time Postnikov system.

We stress the following trivial consequence of the above proposition which is
an algorithmic counterpart to Theorem 2.1.3 (#P-hardness).

Corollary 3.3.3. For every fixed k > 1 the kth homotopy group πk(Y ) of a given
1-connected simplicial set Y can be computed in polynomial time.

Since each size(πi(Y )) is polynomial in size(Y ), each of the sets Ei = Ei(Y )
is polynomial-time when parameterized by Y . Consequently, the same holds for
each simplicial set E1 × · · · × Ei and thus for its subset Pi = Pi(Y ) claimed in
the previous proposition as well.18 We will call the parameterized simplicial sets
Pi(Y ) as the polynomial-time Postnikov stages of Y . Finally, we have that ki is
polynomial-time and also the projection pi : Pi → Pi−1 is obviously polynomial-
time as it simply forgets the last component: pi(σ, σi) = σ. From now on, we will
refer to the Postnikov system fom the above proposition as the polynomial-time
Postnikov system of Y .

18We remark that although maps k2, . . . ,ki−1 determine Pi, strictly speaking, their polynomiality is
not need for the polynomiality of Pi (since we do not require the decidability of a membership, that is,
whether a given σ ∈ E2 × · · · × Ei belongs to Pi).
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In the case with π2 through πk all finite, each Pi, i ≤ k, has finitely many
simplices in the relevant dimensions, and so Postnikov classes ki can be repre-
sented simply by a lookup tables. Brown [5] gave an algorithm for computing a
simplicial Postnikov system in this restricted setting.

To construct a Postnikov system in the general settings (only assuming Y
1-connected), some nontrivial technique to handle the involved infinite simpli-
cial sets are needed. We used a machinery of effective homology developed by
Sergeraert and his collaborators [43] that we further enhanced with polynomial
running-time guarantees for fixed dimensions (and use the name polynomial-time
homology thereafter) [8, 25].19 The development of polynomial-time homology as
well as the polynomial-time construction of the Postnikov system is not treated
in this thesis and we refer to [8, 25]; below we only sketch the main ideas and in
Chapter 4 we detail a particularly interesting piece that is fundamental from the
viewpoint of Postnikov systems.

Existence of Postnikov systems.20 As was already outlined in Section 1.2, the
construction is iterative, namely πi, ki−1 and ϕi are constructed from ϕi−1 : Y →
Pi−1 as follows.

• It turns out that πi is isomorphic to the homology group Hi+1(R;Z) of the
mapping cone R = Coneϕi−1. The Postnikov class ki−1 ∈ SMap(Pi−1, Ki+1)
' Zi+1(Pi−1; πi) is determined by the restriction z|Pi−1

of a cocycle z ∈
Zi+1(R; πi) representing certain distinguished cohomology class inH i+1(R; πi).21

• The stage Pi is constructed as the pullback in the diagram (3.2) and the
map ϕi (satisfying piϕi = ϕi−1) is constructed using the cocycle z as well.

Making the existential proof constructive. The essential nonconstructive
steps of the procedure above is the computation of homology groups and of a
cocycle representing the distinguished cohomology class on an infinite simplicial
set R. The strategy is to enhance all the considered infinite simplicial sets with
a “polynomial-time reduction” of the original infinite object (infinite-dimensional
chain complex on R) into a homologically equivalent object of finite nature (finite-
dimensional chain complex)—equip R with polynomial-time homology22. This en-
sures that, first, the “nonconstructive steps” can be solved in polynomial time, and
second, that various topological operations on spaces equipped with polynomial-
time homology again give simplicial sets with polynomial-time homology. More
concretely, the following operations play the main roles:

• Constructing the pullback Q in the diagram

Q //

��

Ei

δ
��

P k // Ki+1

19Another technique aiming for constructive topology was developed by Schön [44] but we have not
verified that it can address precisely our needs nor that polynomial running-time can be achieved there.

20The main idea of the proof is rather standard and can be found, e.g., in [50, 5].
21The cohomology class corresponds to id : Hi+1(R;Z) → Hi+1(R;Z) ∼= πi under the isomorphism

Hi+1(R;π) ' Hom(Hi+1(R;Z), πi) implied by the universal coefficient theorem.
22Since we will not need the precise definition, we only specify that the polynomial time homology of

R = R(Y ) includes a finite-dimensional chain complex Cef
∗ = Cef

∗ (Y ) and polynomial-time chain maps
fi,Y : Ci(R;Z)→ Cef

i that induce isomorphisms on the level of homology.
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with polynomial-time homology assuming that sets P and Li := K(πi, i)
are equipped with polynomial-time homology and that k is polynomial-time
computable. In fact, Q is constructed as a variant of the product P × Li
(so-called twisted product P ×k Li) where the face operators are perturbed
according to the map k.

• Constructing the simplicial set K(π, i) with polynomial-time homology as-
suming that K(π, i− 1) is equipped with polynomial-time homology and π
is a finitely generated Abelian group. In fact, K(π, i) is constructed as the
classifying space BG of a 0-reduced simplicial group G for the special case
G = K(π, i− 1).

• Constructing the simplicial set K(π, 1) with polynomial-time homology as-
suming that K(Z, 1) is equipped with polynomial homology and that π is a
finitely generated Abelian group.

The singular case of K(Z, 1) is actually the exception where the polynomial-
time homology has to be constructed from the scratch and where the original ef-
fective homology algorithms run in exponential time (the algorithms corresponds
to the exponentially bounded vector field VEML in Chapter 4). We will develop
a “reduction” of the infinite simplicial set K(Z, 1) to the finite simplicial set S1

via a vector field (the standard notion from Forman’s discrete Morse theory [16])
whose complexity is polynomially bounded in a sense defined in Chapter 4. Such
a vector field can be easily converted into polynomial-time homology for K(Z, 1)
[25].

3.4 Polynomial-time H-group operation on stable Postnikov
stages

For this section let Y be a d-connected simplicial set and let Pi = Pi(Y ) denote
the ith stage of the polynomial-time simplicial Postnikov system of Y , as in the
previous section. Since Y is d-connected, P0 through Pd are trivial (one-point),
and each Pi is d-reduced (we will occasionally refer to the corresponding Pi as
the stable stages of the Postnikov system.)

Now we aim at developing a polynomial-time algorithm for a convenient group
operation in [X,Pi] for each i ≤ 2d. This range of dimensions is sometimes called
the stable range and the corresponding Pi will be referred to as the stable stages .
The addition will be defined simplexwise on the level of representatives, that is,
for two maps f : X → Pi and g : X → Pi we define [f ] + [g] := [�(f, g)] for some
binary operation � : P × P → P . The inverse is defined similarly via a map
� : P → P . The necessary properties that the maps � and � have to satisfy are
captured by the notion of H-group.

H-groups. The following treatment could be cast more generally for topological
spaces, but it would bring no additional value for our purposes. Thus let P
be a Kan simplicial set and let � : P × P → P and � : P → P be simplicial
maps. Instead of rather cumbersome notation �(σ, τ) for the value of � on pair
of simplices (σ, τ) ∈ P ×P , we write p� q (infix notation). Later we will also use
the shortcut σ � τ for σ � (�τ).

The idea of H-groups is that the operations � and � satisfy the usual group
axioms but only up to homotopy.
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We thus say that

(HA) � is homotopy associative if the two maps P × P × P → P given by
(σ, τ, ρ) 7→ σ � (τ � ρ) and by (σ, τ, ρ) 7→ (σ � τ) � ρ are (simplicially)
homotopic;

(HN) a distinguished vertex o ∈ P is a homotopy neutral element if the maps
P → P given by p 7→ µ(o, p) and p 7→ µ(p, o) are both homotopic to the
identity idP ;

(HI) � is a homotopy inverse if the maps p 7→ (�σ) � σ and p 7→ σ � (�σ) are
both homotopic to the constant map σ 7→ o;

(HC) � is homotopy commutative if � is homotopic to �′ given by σ�′ τ := τ�σ.

An Abelian H-group thus consists of P , o, �, � as above satisfying (HA),
(HN), (HI), and (HC).

Of course, every Abelian topological group is also an Abelian H-group. A
basic example of an H-group that is typically not a group is the loop space ΩY
of a topological space Y (see, e.g. [21, Section 4.3]). For readers familiar with
the definition of the fundamental group π1(Y ), it suffices to say that ΩY is like
the fundamental group but without factoring the loops according to homotopy.

We also define an H-homomorphism of an H-group (P1, o1,�1,�1) into an
H-group (P2, o2,�2,�2) in a natural way, as a continuous map h : P1 → P2

with h(o1) = o2 and such that the two maps (σ, τ) 7→ h(σ �1 τ)) and (σ, τ) 7→
h(σ) �2 h(τ) are homotopic. We also say that h is additive up to homotopy .

H-group structure on stable Postnikov stage. In topological settings, it is
well known that the stable stages Pi (for i ≤ 2d) can be equipped with a (canon-
ical) H-group structure. (The core of the argument uses that Pi has nontrivial
homotopy groups in dimensions d+ 1, . . . , i ≤ 2d only.) But we need to have the
H-group structure simplicial, and most notably, algorithmic, since Pi is typically
infinite. Thus we seek for a polynomial-time algorithm for operations �i and �i

that define an Abelian H-group structure on Pi.
We recall that an m-simplex of Pi is encoded as (σ0, σ1, . . . , σi), with σi ∈

Ci(∆m; πi(Y )). We will denote the simplices of Pi by (σ, σi) where σ ∈ Pi−1,
σi ∈ Ei and it holds ki−1(σ) = δ(σi). Note that Pi is 0-reduced, i.e., it has
the single vertex 0i = (0i−1, 0

i) where 0i−1 and 0i are the single vertices of Pi−1

and Ei and has to be mapped by ki−1 and δ to the single vertex of Ki+1. Our
approach to define a suitable operation �i is inductive. Suppose that we have
already defined �i−1 on Pi−1.

A naive attempt for �i. The simplest way would be to define �i coordinate-
wise using �i−1 and the addition + (the addition of cochains) on Ei, namely

(σ, σi) �i (τ , τ i) := (σ �i−1 τ , σ
i + τ i). (wrong addition)

This approach fails because the Postnikov classes ki−1 are generally nonadditive
(nonlinear), that is, ki−1(σ �i−1 τ ) 6= ki−1(σ) + ki−1(τ ) = δ(σi) + δ(τ i), and
therefore the naive �i does not even give a simplex of Pi.

We have to employ the additivity up to homotopy of ki−1 and23 use this
homotopy to “correct” the addition in the last coordinate.

23The additivity up to homotopy of ki−1 will be proven carefully later. In a nutshell, proof is based
on the facts that the zero simplex 0—the single vertex of Pi−1—is strictly neutral, i.e., 0�i−1 σ = σ =
σ �i−1 0, that it is sent by ki−1 to zero vertex 0 of K(πi, i+ 1), and finally, that Pi−1 is d-connected.
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The main result on �i,�i. From now on, we will use another abbreviation
Li = Li(Y ) for a parameterized simplicial set K(πi, i)—the Eilenberg–MacLane
space obtained as the fiber of the fibration δ : Ei → Ki+1, i.e. Li = δ−1(0). We
recall that Li is also isomorphic the fiber of the fibration pi : Pi → Pi−1. We
will denote the inclusion σi 7→ (0, σi) by λi : Li ↪→ Pi. Obviously, both Li and
λi are polynomial-time. The following proposition states the polynomial-time
computability of �i,�i and their additional properties that we will need. Note
that the map 0i : ∆0 → Pi(Y ) that identifies the zero vertex (0i−1, 0

i) is obviously
polynomial-time.

We keep the notation Pi = Pi(Y ) for the ith polynomial-time Postnikov stage
of the fixed d-connected simplicial set Y .

Proposition 3.4.1 (H-group on Pi). There are polynomial-time simplicial
maps �i : Pi × Pi → Pi , �i : Pi → Pi parameterized by Y for each i = 1, . . . , 2d.
Explicitly, there is an algorithm that, given Y , an index i ≤ 2d and a simplex
(σ, τ) ∈ Pi × Pi, computes the values σ �i τ ∈ Pi , �iσ ∈ Pi such that for a
fixed dimension of (σ, τ) and a fixed i the running time is polynomial. Moreover,
for each Y we have that (Pi,0i,�i,�i) is an Abelian H-group with the following
additional properties:

(a) The inclusion λi : Li → Pi of the fiber of pi is a strict homomorphism, i.e.,
λi(σ + τ) = λi(σ) �i λi(τ) and λi(−σ) = �iλi(σ) for all σ, τ ∈ Li.

(b) The zero vertex (0, 0i) of Pi is a strictly neutral element

(c) The projection pi : Pi → Pi−1 is a strict homomorphism (i.e., pi(σ �i τ ) =
pi(σ) �i−1 pi(τ ) and pi(�iσ) = �i−1pi(σ) for all σ, τ ∈ Pi.).

(d) If, moreover, i < 2d, then the Postnikov class ki : Pi → Ki+2 is an H-
homomorphism (with respect to �i on Pi and the simplicial group operation
+, addition of cocycles, on Ki+2).

Proof of Proposition 3.4.1 (H-group on Pi). As was announced above, we pro-
ceed by induction on i. As an inductive hypothesis, we assume that, for some
i < 2d, polynomial-time simplicial maps �i,�i providing an H-group structure
on Pi have been defined satisfying (a)–(c) in the proposition.

This inductive hypothesis is satisfied in the base case i = d + 1: in this case
we have Pd+1 = Ld+1, and �d+1 and �d+1 are the addition and inverse of cocycles
(under which Ld+1 is even a simplicial Abelian group). Then (a) and (b) obviously
hold and (c) is void.

The heart of the inductive step from i to i + 1 is an explicit and algorithmic
version of (d). We have to prove that (σ, τ ) 7→ ki(σ �i τ ) is homotopic to
(σ, τ ) 7→ ki(σ)+ki(τ ) which is true exactly when the difference of those maps is
nullhomotopic. Therefore we establish the nonadditivity map ai : Pi×Pi → Ki+2

defined by
ai(σ, τ ) := ki(σ �i τ )− ki(σ)− ki(τ ).

We have that ai(0, τ ) = ai(τ ,0) = 0 as 0�i τ = τ �i 0 = τ and ki(0) = 0 (both
Pi and Ki+2 are 0-reduced hence every simplicial map sends 0 to 0). Hence we
may apply the following lemma.

Lemma 3.4.2 (Key Lemma). Let P be a polynomial-time d-reduced simpli-
cial set, i < 2d and let a : P × P → Ki+2 be a polynomial-time simplicial map
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that is zero on the wedge product, i.e. a(σ,0) = 0 = a(0,σ). Then there is a
polynomial-time simplicial map A : P × P → Ei+1 such that δA = a,24 (i.e., a is
nullhomotopic) and in addition, A(σ,0) = A(0,σ) = 0 for every σ ∈ P .

Therefore, the map Ai = A yielded by Lemma 3.4.2 (Key Lemma) for a = ai
is a “computable witness” for the nullhomotopy for ai and so it shows that ki is
an H-homomorphism. In other words,

ki(σ �i τ ) = ki(σ) + ki(τ ) + δAi(σ, τ ), (3.4)

for all σ, τ .
Next, using Ai, we define the operations �i+1,�i+1 on Pi+1. We set

(σ, σi+1) �i+1 (τ , τ i+1) := (σ�i τ , ω
i+1), where ωi+1 := σi+1 + τ i+1 +Ai(σ, τ ).

(3.5)
Why is �i+1 simplicial as a map Pi+1×Pi+1 → Pi×Ei+1? Since �i is simplicial,
it suffices to consider the last component, and this is a composition of simplicial
maps, namely of projections, Ai, and the operation + in the simplicial group Ei+1.
Clearly, �i+1 is also polynomial-time.

We also need to check that Pi+1 is closed under this �i+1. We recall that, for
σ ∈ Pi, the condition for (σ, σi+1) ∈ Pi+1 is ki(σ) = δσi+1. Using this condition
for (σ, σi+1), (τ , τ i+1) ∈ Pi+1, together with σ �i τ ∈ Pi (inductive assumption),
and the property 3.4 above, we calculate ki(σ�iτ ) = ki(σ)+ki(τ )+δAi(σ, τ ) =
δσi+1 + δτ i+1 + δAi(σ, τ ) = δωi+1, and thus (σ, σi+1) �i+1 (τ , τ i+1) ∈ Pi+1 as
needed.

For the proof of the homotopy commutativity (HC) and homotopy associativ-
ity (HA) of �i, we refer to [6, Lemma 4.2]. The topological core of the argument
is similar to that of Lemma 3.4.2 (Key Lemma) but here we do not need the
nullhomotopy to be algorithmic.

Next, we define the inverse operation �i+1 by

�i+1 (σ, σi+1) := (�iσ,−σi+1 − Ai(σ,�iσ)). (3.6)

It is simplicial for the same reason as that for �i+1, and by a computation similar
to the one for �i+1 above, we verify that Pi+1 is closed under �i+1.

To verify that this �i+1 indeed defines a homotopy inverse to �i+1, we check
that it actually is a strict inverse. Inductively, we assume σ�i σ = 0 for all σ ∈
Pi, and from the formulas defining �i+1 and �i+1, we check that (σ, σi+1) �i+1

(σ, σi+1) = (0, 0). The property (c) immediately follows from the definitions of
�i+1 and �i+1 in (3.5) and (3.6). To verify (a) and (b) we show the following:

• (σ, σi+1)�i+1 (0, τ i+1) = (σ, σi+1 + τ i+1) for all (σ, σi+1) ∈ Pi+1 and τ i+1 ∈
Li+1;

• �i+1(0, σi+1) = (0,−σi+1) for all σi+1 ∈ Li.
Both equalities follows from (3.5) and (3.6) and the property Ai(σ,0) = 0. This
finishes the induction step and proves the proposition.

Proof of Lemma 3.4.2 (Key Lemma). Here we use (“locally”) some terminology
concerning chain complexes (e.g., chain homotopy, homomorphism of chain com-
plexes), for which we refer to the literature (standard textbooks, say [21]).

24We recall that δ : Ei+1 → Ki+2 is the simplicial map induced by the coboundary operator and that
any map F : X → Ei+1 represents a nullhomotopy for the map δF , see Lemma 3.2.3.
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Let us remark that the existence of Ai can be proved in the topological setting
of cell complexes rather easily: indeed, P as a cell complex has only the single
vertex 0 (basepoint) and cells (simplices) of dimensions d+ 1 and greater. Then
product of cell complexes |P | × |P | has the single vertex (product of basepoints),
(d+1)-cells (product of a basepoint and a (d+1)-cell) and cells of dimension 2d+2
and greater. Therefore |a| is trivial in dimensions lesser than 2d + 2 (on every
point of form (0, x) and (x,0) for x ∈ |P |). All such maps |a| into a K(π, i + 2)
for 2d+ 2 > i+ 2 have to be nullhomotopic for elementary topological reasons.25

On the contrary, for simplicial sets the product is defined differently, and
if we consider P × P as a simplicial set, we do get simplices of “unpleasant”
intermediate dimensions there and a is nontrivial on them. We will get around
this using the Eilenberg–Zilber reduction (which is also one of the basic tools
in effective homology—but we will not need the overall framework of effective
homology here); here, we follow the exposition in [20] (see also [43, Sections 7.8
and 8.2]). Loosely speaking, it will allow us to convert the setting of the simplicial
set P ×P to a setting (of a tensor product of chain complexes) where only “cells”
of the “right” dimensions appear.

We note that A is defined on an infinite object, so we cannot compute it
globally—we need an algorithm for evaluating it, yet its answers have to be
globally consistent over the whole computation.

First we present the Eilenberg–Zilber reduction for an arbitrary simplicial set
P with basepoint (and single vertex) o. The reduction consists of three locally
effective maps26 AW, EML and SHI that fit into the following diagram:

C∗(P )⊗ C∗(P ) C∗(P × P ) SHI

EML

AW

Here C∗(·) denotes the (normalized) chain complex of a simplicial set, with
integer coefficients (so we omit the coefficient group in the notation). For brevity,
chains of all dimensions are collected into a single structure (whence the star sub-
script), and ⊗ is the tensor product. Thus, (C∗(P )⊗C∗(P ))n =

⊕
i+j=nCi(P )⊗

Cj(P ). The operators AW and EML are homomorphisms of chain complexes,
while SHI is a chain homotopy operator raising the degree by +1. Thus, for each
n, we have AWn : Cn(P × P )→ (C∗(P )⊗C∗(P ))n, EMLn : (C∗(P )⊗C∗(P ))n →
Cn(P × P ), and SHIn : Cn(P × P )→ Cn+1(P × P ).

We refer to [20, pp. 1212–1213] for explicit formulas for AW and EML in terms
of the face and degeneracy operators. We give only the formula for SHI, since Ai
will be defined using SHIi+1, and we summarize the properties of AW,EML, SHI
relevant for our purposes.

The operator SHIn operates on n-chains on P × P . The formula given below
specifies its values on the “basic” chains of the form (σn, τn); here σn, τn are n-

25When a is trivial on a boundary of a k-cell, then a restricted on the cell defines an element in
πk(K(π, i + 2))—a trivial group for k > i + 2—therefore the restriction is homotopic to a constant
map. Alternatively we can argue that a factors through P ∧P which has cells of dimensions 2d+ 2 and
greater. Therefore, its cohomology is trivial in dimensions less than 2d+ 2 and thus [P ∧P,K(π, i+ 2)]
is trivial for 2d+ 2 > i+ 2.

26The acronyms stand for the mathematicians Alexander and Whitney, Eilenberg and Mac Lane, and
Shih, respectively.
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simplices of P , but (σn, τn) is interpreted as the chain with coefficient 1 on (σn, τn)
and 0 elsewhere. The definition then extends to arbitrary chains by linearity.

Let p and q be non-negative integers. A (p, q)-shuffle (α, β) is a partition

{α1 < · · · < αp} ∪ {β1 < · · · < βq}

of the set {0, 1, . . . , p+ q − 1}. Put

sig(α, β) =

p∑

i=1

(αi − i+ 1).

Let γ = {γi, . . . , γr} be a set of integers. Then sγ denotes the compositions of the
degeneracy operators sγ1 . . . sγr (the sm are the degeneracy operators of P , and
∂m are its face operators). The operator SHI is defined by

SHI(σ0, τ 0) = 0,

SHI(σm, τm) =
∑

T (m)

(−1)ε(α,β)(sβ̄+m̄∂m−q+1 · · · ∂mσm, sα+m̄∂m̄ · · · ∂m−q−1τ
m),

where T (m) is the set of all (p+ 1, q)-shuffles such that 0 ≤ p+ q ≤ m− 1,

m̄ = m− p− q, ε(α, β) = m̄− 1 + sig(α, β),

α + m̄ = {α1 + m̄, . . . , αp+1 + m̄}, β̄ + m̄ = {m̄− 1, β1 + m̄, . . . , βq + m̄}.

Note that once the dimension m is fixed, the number of terms in the formula for
SHI is constant. Each of the terms involves constantly many face and degeneracy
operators. Hence once P is polynomial-time simplicial set, SHIn(σm, τm) can be
computed in polynomial time as well.

The first fact we will need is that for every n, the maps satisfy the following
identity (where ∂ denotes the boundary operator in C∗(P × P )):

idCn(P×P ) − EMLnAWn = SHIn−1∂ + ∂SHIn. (3.7)

This identity says that SHIn is a chain homotopy between EMLnAWn and the
identity on Cn(P × P ).

The second fact, which follows directly from the formulas in [20], is that the
operators EML and SHI behave well with respect to the basepoint o and its
degeneracies, in the following sense: For every n and for every (nondegenerate)
n-dimensional simplex τn of P (regarded as a chain),

EMLn(o⊗ τn) = ±(on, τn), EMLn(τn ⊗ o) = ±(τn, on), (3.8)

where on is the (unique) n-dimensional degenerate simplex obtained from o.
Moreover, the operator SHIn maps Cn(P ∨ P ) into Cn+1(P ∨ P ), i.e., the chains
SHI(on, τn) and SHI(τn, on) are linear combinations of simplices of the form
(on+1, σn+1) and (σn+1, on+1), respectively, where σn+1 ranges over certain (n+1)-
dimensional simplices of P .

We now apply this to our P with basepoint 0. We consider the nonadditivity
map a as an (i+2)-cocycle on P ×P , which can be regarded as a homomorphism
ai+2 : Ci+2(P × P ) → πi+1. If we compose this homomorphism ai+2 on the left
with both sides of the identity (3.7), for n = i+ 2, we get

ai+2idCi+2(P×P ) − ai+2EMLi+2AWi+2 = ai+2SHIi+1∂ + ai+2∂SHIi+2. (3.9)
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Now ai+2∂ = 0 since ai+2 is a cocycle. Moreover, every basis element of C∗(Pi)⊗
C∗(Pi) in degree i + 2 < 2d + 2 is of the form 0⊗ τ i+2 or τ i+2 ⊗ 0 (since Pi has
no nondegenerate simplices in dimensions 1, . . . , d). Such elements are taken by
EML into elements of form (0i+2, τ i+2) and (τ i+2,0i+2), on which ai+2 vanishes
by our hypothesis. Thus, ai+2EMLi+2 = 0 for i+ 2 < 2d+ 2.

Therefore, (3.9) simplifies to ai+2 = ai+2SHIi+1∂. Thus, if we set Ai+1 :=
ai+2SHIi+1, then Ai+1 can be evaluated in polynomial-time and ai+2 = δAi+1

(since applying δ to a cochain α corresponds to the composition α∂ on the level
of homomorphisms from chains into πi+1). Thus the simplicial map A : P ×P →
Ei+1 defined by the cochain Ai+1 is polynomial-time and a = δA. Finally, the
property A(0, ·) = A(·,0) = 0 follows because the corresponding property holds
for ai+2 and SHIi+1 maps Ci+1(Pi ∨ Pi) to Ci+2(Pi ∨ Pi).

3.5 Groups of homotopy classes of maps

Our algorithm works with Abelian groups of homotopy classes of maps. Each
element can be represented by a concrete simplicial map. Group operations are
induced by a (non-group) operations on representatives.

On the top level, we will need to perform some operations on the groups where
the particular nature of the representatives and of the equivalence plays no role.
The operations can be fully specified in the “language of groups on equivalence
classes”. We give abstract definitions of such groups and operations mainly to
make the distinction in our algorithm where topology ends and where algebra
begins. It also helps to break the whole machinery into simpler pieces.

Again, as our groups are infinite in general, we use a black box representation.
And again, we need to have the algorithms polynomial-time uniformly over whole
families of the groups.

3.5.1 Abstract Abelian groups of equivalence classes

In our setting, an Abelian group A is represented by a set A, whose elements are
called representatives ; we also assume that an encoding enc : A → Σ∗ is fixed.
For α ∈ A, let [α] denote the element of A represented by α. The representation
is generally non-unique; we may have [α] = [β] for α 6= β. Let o ∈ A and +,−
denote the neutral element and the group operations, respectively.

For a parameter set I (as in Section 3.2) and for each I ∈ I let A(I) be an
Abelian group represented by some A(I) in this way. We say that the parameter-
ized Abelian group (A(I) : I ∈ I) is semi-effective if polynomial-time algorithms
for the following three tasks are available:

(SE1) Given I, provide an element o ∈ A(I) representing the neutral element
0 ∈ A(I).

(SE2) Given I and α, β ∈ A(I), compute an element α� β ∈ A(I) with [α� β] =
[α] + [β].

(SE3) Given I and α ∈ A(I), compute an element �α ∈ A(I) with [�α] = −[α].

We stress that as a binary operation on A, � is not necessarily a group
operation; e.g., we may have α � (β � γ) 6= (α � β) � γ, although of course,
[α� (β � γ)] = [(α� β) � γ].
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For a semi-effective Abelian group, we are generally unable to decide, for
α, β ∈ A, whether [α] = [β] (and, in particular, to certify that some element is
nonzero).

Even if such an equality test is available, we still cannot infer much global
information about the structure of A. For example, without additional informa-
tion we cannot certify that A is infinite cyclic—it could always be large but finite
cyclic, no matter how many operations and tests we perform.

Example. The H-group structure on Pi = Pi(Y ) makes [X,Pi] into an Abelian
group represented by the set SMap(X,Pi). For instance, the addition [f ] + [g] is
defined as the homotopy class of the composition

Pi
(f,g)
// Pi × Pi �i // Pi ,

where �i is the H-group addition on Pi. Moreover, since the H-group structure
is polynomial-time when parameterized by Y , also the group [X,Pi] = [X,Pi(Y )]
parameterized by Y is semi-effective. We will give a detailed proof later.

Thus our algorithm starts with semi-effective groups [X,Pi] and the task is to
obtain the global information.

Fully effective groups. The semi-effective group (A(I) : I ∈ I) such that
each A(I) is finitely generated and has all the structural information effectively
available will be called fully effective. More precisely, we assume that the following
are explicitly available:

(FE1) A polynomial-time algorithm that, given I ∈ I, outputs a list of generators
a1, . . . , ak of A(I) (given by representatives α1, . . . , αk ∈ A(I)) and an m×
n integer matrix U specifying a complete set of relations for the ai; i.e.,∑n

i=1 zibi = 0 holds iff (z1, . . . , zn) is an integer linear combination of the
rows of U .

(FE2) A polynomial-time algorithm that, given I ∈ I and α ∈ A(I), computes a
representation of [α] in terms of the generators; that is, it returns (z1, . . . , zk) ∈
Zk such that [α] =

∑k
i=1 ziai.

First we observe that, once a group is fully effective, we can easily obtain its
isomorphism type. That means to express A as a direct sum of cyclic groups.

Lemma 3.5.1. There is a polynomial-time algorithm that, given an m×n matrix
U of relations in a group A, computes the isomorphism type of A. That is, it
computes numbers r ≥ 0 and m1, . . . ,ms ≥ 2 such that A ∼= Zr ⊕ Z/m1 ⊕ · · · ⊕
Z/ms.

Proof. This amounts to a computation of a Smith normal form, a standard step
in computing integral homology groups, for example. See [51] for an efficient
algorithm and references.

Concretely, the Smith normal form algorithm applied on U yields an expres-
sion D = SUT with D diagonal and S, T square and invertible (everything over
Z). Letting a = (a1, . . . , an) be the (column) vector of the given generators, we
define another vector b = (b1, . . . , bn) of generators by b := T−1a. Then Db = 0
gives a complete set of relations for the bi (since DT−1 = SU and the row spaces
of SU and of U are the same). We may further assume that D has the form

D = diag(0, . . . , 0︸ ︷︷ ︸
r zeros

,m1, . . . ,ms, 1, . . . , 1)
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for some r ≥ 0 and m1, . . . ,ms ≥ 2 for s ≥ 0. It follows that the Abelian group
with the generators b and the relations given by D is isomorphic to Zr⊕Z/m1⊕
· · · ⊕ Z/ms.

Cochain groups. A trivial example of a fully effective group is the ith cochain
group Ci(X; π) of a finite simplicial set X with coefficients in a finitely generated
Abelian group π. They are parameterized by X and (the isomorphism type of)
π and each of the groups coincide with the respective sets of representatives.

Each cochain ci ∈ Ci(X; π) can be encoded in a straightforward way as a
map Xi → π, that is, a sequence of pairs (σ, ci(σ)). Then the operations ci + di

and −ci are polynomial-time. Similarly, the zero cochain 0i as well as each of
the generators cσ,g (the cochain assigning a generator g ∈ π to a simplex σ
and 0 to all the remaining simplices) can be constructed in time bounded by
size(X) size(π). And finally, arbitrary cochain ci can be expressed as a linear
combination

∑
σ,g zσ,gcσ,g in polynomial time. In fact, the cochain ci is essentially

encoded in that way.

Polynomial-time mappings. Let A(I),B(I) be sets parameterized by I ∈ I.
We call family of mappings ϕI : A(I) → B(I) polynomial-time if there is an
algorithm that, given an arbitrary I ∈ I and α ∈ A, computes ϕI(α).

Next, for semi-effective Abelian groups (A(I) : I ∈ I), (B(I) : I ∈ I), with
sets A(I),B(I) of representatives, respectively, we call a mapping fI : A(I) →
B(I) polynomial-time if there is a polynomial-time mapping ϕI : A(I) → B(I)
such that [ϕI(α)] = fI([α]) for all α ∈ A. In particular, we speak of a polynomi-
al-time homomorphism if each fI is a group homomorphism.

3.5.2 Operations with effective Abelian groups

Lemma 3.5.2 (Kernel). Let f = fI : A(I) → B(I) be a polynomial-time homo-
morphism of fully effective Abelian groups. Then ker(fI) = {a ∈ A(I) : fI(a) =
0} can be represented as fully effective.

Proof. This essentially amounts to solving a homogeneous system of linear equa-
tions over the integers.

Let a1, . . . , am be a list of generators of A and U a matrix specifying a complete
set of relations among them, and similarly for B, b1, . . . , bn, and V . For every
i = 1, 2, . . . ,m, we express f(ai) =

∑n
j=1 zijbj; then the m × n matrix Z = (zji)

represents f in the sense that, for a =
∑m

i=1 xiai, we have f(a) =
∑n

j=1 yjbj
with y = xZ, where x = (x1, . . . , xm) and y = (y1, . . . , yn) are regarded as row
vectors.

Since V is the matrix of relations in B,
∑n

j=1 yjbj equals 0 in B iff y =

wV for an integer (row) vector w. So ker f = {∑i xiai : x ∈ Zm,xZ =
wV for some w ∈ Zn}.

Given a system of homogeneous linear equations over Z, we can use the Smith
normal form to find a system of generators for the set of all solutions (see, e.g.,
[45, Chapter 5]). In our case, dealing with the system xZ = wV , we can thus
compute integer vectors x(1), . . . ,x(`) such that the elements a′k :=

∑m
i=1 x

(k)
i ai,

k = 1, 2, . . . , `, generate ker f . By similar (and routine) considerations, which
we omit, we can then compute a complete set of relations for the generators a′k.
Finally, expressing an element [α] (given by α ∈ A) with f([α]) = 0 in terms of
a′k again reduces to solving a system of linear equations over Z.
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The next operation is the dual of taking a kernel, namely, factoring a given
Abelian group by the image of a polynomial-time homomorphism. For technical
reasons, when applying this lemma later on, we will need the resulting factor
group to be equipped with an additional algorithm that returns a “witness” for
an element being zero.

Lemma 3.5.3 (Cokernel). Let (A(I) : I ∈ I), (B(I) : I ∈ I) be fully effective
Abelian groups with sets of representatives A(I),B(I), respectively, and let f =
fI : A(I) → B(I) be a polynomial-time homomorphism. Then we can obtain a
fully effective representation of the factor group C(I) := coker(fI) = B(I)/ im(f),
again with the set B(I) of representatives. Moreover, there is a polynomial-time
algorithm that, given a representative β ∈ B(I), tests whether β represents 0 in
C, and if yes, returns a representative α ∈ A such that [f(α)] = [β] in B.

We remark that, as will become apparent from the proof, the assumption
that A is fully effective is not really necessary. Indeed, all that is needed is
that A be semi-effective and that we have an explicit list of (representatives
of) generators for A. In order to avoid burdening the reader with yet another
piece of of terminology, however, we refrain from defining a special name for such
representations.

Proof of Lemma 3.5.3. As a semi-effective representation for C, we we simply
reuse the one we already have for B. That is, we reuse B (and the same algorithms
for (SE1–3)) to represent the elements of C as well. To distinguish clearly between
elements in B and in C, for β ∈ B, we use the notation b = [β] in B and b = [β]
for the corresponding element b+ im(f) in C.

Obtaining the generators for C and the algorithm expressing an arbitrary
element of C (given as β ∈ B) as a linear combination of the generators is easy:
Suppose b1, . . . , bn (represented by β1, . . . , βn) generate B. Then b1, . . . , bn (with
the same representatives) generate C. Moreover, by assumption, we have an
algorithm that, given β ∈ B, computes integers zi such that [β] = z1b1 + . . . znbn
in B; then [β] = z1b1 + . . .+ znbn in C.

A complete set of relations among the generators of C is obtained as follows.
Let the matrix V specify a complete set of relations among the generators bj of B,
let a1, . . . , am be a complete list of generators for A, and let Z be an integer matrix
representing the homomorphism f with respect to the generators a1, . . . , am and
b1, . . . , bn as in the proof of Lemma 3.5.2. Then

U :=


 Z

V




specifies a complete set of relations among the bj in C. To see that this is the case,
consider an integer (row) vector y = (y1, . . . , yn) and b :=

∑n
j=1 yjbj. Then b = 0

in C iff b :=
∑n

j=1 yjbj ∈ im(f), i.e., iff there exists an element a =
∑m

i=1 xiai ∈ A
such that b− f(a) = 0 in B. By definition of Z and by assumption on V , this is
the case iff there are integer vectors x and x′ such that y = xZ+x′V , an integer
combination of rows of U .

It remains to prove the second part of Lemma 3.5.3, i.e., to provide an algo-
rithm that, given β ∈ B, tests whether [β] = 0 in C, or equivalently, whether
[β] ∈ im(f), and if so, computes a preimage. For this, we express [β] =

∑n
j=1 yjbj
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as an integer linear combination of generators of B and then solve the system
y = xZ+x′V of integer linear equations as above (where we rely again on Smith
normal form computations).

Example: cohomology groups. Computational problems with homology and
cohomology groups of finite simplicial sets (or complexes) are well understood and
all the basic primitives we will need are polynomial-time computable. However,
they present a nice example where the kernel and cokernel computations are
applied, so we include a sketch below.

We remind that the ith cohomology group H i(X; π) of a simplicial set X with
coefficients in an Abelian group π is defined as H i(X; π) = ker δi/ im δi−1 where
δi and δi−1 are the coboundary homomorphism from the cochain complex

Ci−1(X; π) δi−1
// Ci(X; π) δi // Ci+1(X; π)

of X with coefficients in π. Each cochain group, when parameterized by a finite
X and an isomorphism type of a finitely generated π, is fully effective. Moreover,
the coboundary homomorphisms are polynomial-time. It follows that

1. the group of cocycles Zi(X; π) := ker δi is fully effective by Lemma 3.5.2;

2. consequently, the cohomology group H i(X; π) := Zi(X; π)/ im δi−1 is fully
effective by Lemma 3.5.3 (we have that im δi−1 ⊆ Zi(X; π) as δiδi−1 = 0).
Additionally, Lemma 3.5.3 guarantees that for every coboundary bi we are
able to compute the “witness” for [bi] = 0 in H i(X; π), i.e. to compute the
(i− 1)-cochain ci−1 such that δci−1 = b.

By using the bijection [X,K(π, i)] ∼= H i(X; π) mentioned earlier in (3.1), we
immediately get that [X,K(π, i)] is fully effective.

Short exact sequence. The last operation is conveniently described using a
short exact sequence of Abelian groups:

0 // A
f
// B

g
// C // 0 (3.10)

(in other words, we assume that f : A → B is an injective homomorphism,
g : B → C is a surjective homomorphism, and im f = ker g). It is well known
that the middle group B is determined, up to isomorphism, by A,C, f , and g.
For computational purposes, though, we also need to assume that the injectivity
of f is “effective”, i.e., witnessed by a polynomial-time inverse mapping r, and
similarly for the surjectivity of g. This is formalized in the next lemma.

Lemma 3.5.4 (Short exact sequence). Let (3.10) be a short exact sequence of
Abelian groups, where A and C are fully effective, B is semi-effective, f : A→ B
and g : B → C are polynomial-time homomorphisms, and suppose that, moreover,
the following polynomial-time maps (typically not homomorphisms) are given:

(i) r : im f = ker g → A such that f(r(b)) = b for every b ∈ B with g(b) = 0.27

27The equality f(r(b)) = b is required on the level of group elements, and not necessarily on the level
of representatives; that is, it may happen that ϕ(ρ(β)) 6= β, although necessarily [ϕ(ρ(β))] = [β], where
ϕ represents f and ρ represents r.
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(ii) A map of representatives28 ξ : C → B (where B, C are the sets of represen-
tatives for B,C, respectively) that behaves as a section for g, i.e., such that
g([ξ(γ)]) = [γ] for all γ ∈ C.

Then we can obtain a fully effective representation of B.

Proof. Let a1, . . . , am be generators of A and c1, . . . , cn be generators of C, with
fixed representative γj ∈ C for each cj. We define bj := [ξ(γj)] for 1 ≤ j ≤ n.

Given an arbitrary element b ∈ B, we set c := g(b), express c =
∑n

j=1 zjcj,
and let b∗ := b −∑n

j=1 zjbj. Since g(b∗) = g(b) −∑n
j=1 zjg(bj) = 0, we have

b∗ ∈ ker g, and so a := r(b∗) is well defined. Then we can express a =
∑m

i=1 yiai,
and we finally get b =

∑m
i=1 yif(ai) +

∑n
j=1 zjbj.

Therefore, (f(a1), . . . , f(am), b1, . . . , bn) is a list of generators ofB, computable
in terms of representatives, and the above way of expressing b in terms of gener-
ators is algorithmic. Moreover, we have b = 0 iff g(b) = 0 and r(b) = 0, which
yields equality test in B.

It remains to determine a complete set of relations for the described generators
(and then apply Lemma 3.5.1). Let U be a matrix specifying a complete set of
relations among the generators a1, . . . , am in A, and V is an appropriate matrix
for c1, . . . , cn.

Let (vk1, . . . , vkn) be the kth row of V . Since
∑n

j=1 vkjcj = 0, we have b∗k :=∑n
j=1 vkjbj ∈ ker g, and so, as above, we can express b∗k =

∑m
i=1 yikf(ai). Thus,

we have the relation −∑m
i=1 yikf(ai) +

∑n
j=1 vkjbj = 0 for our generators of B.

Let Y = (yik) be the matrix of the coefficients yik constructed above. We
claim that the matrix 

 −Y V

U 0




specifies a complete set of relations among the generators f(a1), . . ., f(am), b1, . . .,
bn of B. Indeed, we have just seen that the rows in the upper part of this
matrix correspond to valid relations, and the relations given by the rows in the
bottom part are valid because U specifies relations among the ai in A and f is a
homomorphism.

Finally, let

x1f(a1) + · · ·+ xmf(am) + z1b1 + · · ·+ znbn = 0 (3.11)

be an arbitrary valid relation among the generators. Applying g and using gf = 0,
we get that

∑n
j=1 zjcj = 0 is a relation in C, and so (z1, . . . , zn) is a linear

combination of the rows of V .
Let (w1, . . . , wm) be the corresponding linear combination of the rows of −Y .

Then we have
∑m

i=1 wif(ai)+
∑n

j=1 zjbj = 0, and subtracting this from (3.11), we
arrive at

∑m
i=1(xi−wi)f(ai) = 0. Since f is an injective homomorphism, we have∑m

i=1(xi −wi)ai = 0 in A, and so (x1 −w1, . . . , xm −wm) is a linear combination
of the rows of U . This concludes the proof.

28For technical reasons, in the setting where we apply this lemma later, we do not get a well-defined
map s : C → B on the level of group elements, that is, we cannot guarantee that [γ1] = [γ2] implies
[ξ(γ1)] = [ξ(γ2)]. Because of the injectivity of f , this problem does not occur for the map r.
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3.5.3 A semi-effective representation of [X,Pi]

Now let X be a finite simplicial set (as we will see, the greater flexibility of-
fered by simplicial sets will be useful in our algorithm, even if we want to prove
Theorem 3.1.2 (Computing [X, Y ]) only for simplicial complexes X).

Having the polynomial-time H-group structure on the stable Postnikov stages
Pi as in Proposition 3.4.1 (H-group on Pi) we obtain the desired semi-effective
Abelian group structure on [X,Pi] immediately.

Fact 3.5.5 (Group of homotopy classes). Let (P, o,�,�) be an Abelian H-
group with the operations �,� and let X be a simplicial set. Let �∗, �∗ be
the operations defined on SMap(X,P ) by simplexwise composition with �, �,
respectively (i.e., (f �∗ g)(σ) := f(σ)�∗ g(σ), (�∗f)(σ) := �f(σ)). Then, [X,P ]
is an Abelian group with SMap(X,P ) as the set of representatives and with the
operations �∗, �∗ (the zero element is given by the homotopy class of the map
sending all of X to o).

If h : P1 → P2 is an H-homomorphism of Abelian H-groups, the induced
map h∗ : SM(X,P1)→ SMap(X,P2) defined by f 7→ hf yields a homomorphism
[h∗] : [X,P1]→ [X,P2].

The fact that the group properties (commutativity, associativity, etc.) of
[X,P ] follow from the corresponding H-group properties of P is standard in
topological setting. Replacing spaces, maps and homotopies by simplicial sets,
maps and homotopies makes no difference since the target P is a Kan simplicial
set. Note that this is necessary only to make sure that the simplicial homotopy
is an equivalence relation in SMap(X,P ).

Sketch of the proof. Mainly to give an idea of how the transition from anH-group
P to a group [X,P ] works, we prove the commutativity of �∗ in [X,P ]. Namely,
for two maps f, g ∈ SMap(X,P ) we want to get that f �∗ g is homotopic to
g �∗ f . The homotopy exists because � is homotopy commutative, and it is the
composition

∆1 ×X ∆1×(f,g)
// ∆1 × P × P H // P,

where H is the homotopy between (σ, τ) 7→ σ� τ and (σ, τ) 7→ τ � σ (homotopy
commutativity of �) and where

(
∆1 × (f, g)

)
(x, σ) := (x, f(σ), g(σ)).

The remaining group properties of [X,P ] follow by the same reasoning. The
compatibility of h∗ with the additions in [X,P1] and [X,P2] can also be obtained
easily.

The cochain representation. However, we can make the algorithm consid-
erably more efficient if we use the special structure of Pi and work with cochain
representatives of the simplicial maps in SMap(X,Pi).

We recall from Lemma 3.2.2 that simplicial maps into K(π, n) and E(π, n) are
canonically represented by cocycles and cochains, respectively. Simplicial maps
X → Pi are, in particular, maps into the product E1 × · · · ×Ei, and so they can
be represented by i-tuples of cochains c = (c1, . . . , ci), with cj ∈ Cj := Cj(X; πj).

Proposition 3.5.6 ([X,Pi] semi-effective). Let Pi = Pi(Y ) denote the polynomial-
time Postnikov stage of a d-connected simplicial set Y with i ≤ 2d. Then for every
simplicial set X the group of homotopy classes [X,Pi] obtained as in Fact 3.5.5
(Group of homotopy classes) is semi-effective when parameterized by X and Y.
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This holds true even when the simplicial maps are represented as the i-tuples of
cochains as above.

Proof. The polynomiality of the operations �i∗ and �i∗ on SMap(X,Pi) is obvi-
ous. To get the “cochain” version of �i∗ and �i∗, we first use the correspondence
of Lemma 3.2.2 to convert in polynomial-time the i-tuples of cochain (c1, . . . , ci)
to the simplicial maps in SMap(X,Pi) ⊆ SMap(X,E1×· · ·×Ei). Then we apply
the “simplicial” operation and then we convert back to the cochain representa-
tion. For reader’s convenience, we describe the result concretely for the unary
operation �i∗; the case of �i∗ is entirely analogous, it just would require more
notation.

Thus, to evaluate (d1, . . . , di) := �i∗c, we need to compute the value of dj
on each j-simplex ω of X, j = 1, 2, . . . , i. The restriction of (c1, . . . , ci) to ω
can be regarded as a j-simplex σ of Pi. More formally, we identify the standard
j-simplex ∆j with ω via the unique simplicial map ιω : ∆j → X and we put
σ := (c1(ιω)1, . . . , c

i(ιω)i). Then we compute τ := �jσ, again a j-simplex of Pi.
The component τ j of τ is a j-cochain on ∆j, i.e., a single element of πj, and this
value, finally, is the desired value of dj(ω). For �i∗ everything works similarly.

We also get that the constant map X → Pi is represented by the i-tuple
0 = (01, . . . , 0i) of the cochains and that it is a strictly neutral element under
�i∗.

We have made [X,Pi] into a semi-effective Abelian group with the set of the
i-tuples (c1, . . . , ci) of cochains as above as representatives. However, our state of
knowledge of [X,Pi] is rather poor at this point; for example, we have as yet no
equality test.

A substantial amount of work still lies ahead to make [X,Pi] fully effective.

3.6 The main algorithm

In order to prove our main result, Theorem 3.1.2 (Computing [X, Y ]), we will
prove the following statement by induction on i.

Theorem 3.6.1. Let P1(Y ), . . . , P2d(Y ) be first 2d stages of the polynomial-time
Postnikov system of a finite simplicial set Y as claimed in Proposition 3.3.2
(Polynomial-time Postnikov system). Then for every finite simplicial set X the
groups [X,Pi] (parameterized by X and Y ) with the cochain representation are
fully effective for i = 1, . . . , 2d.

Two comments on this theorem are in order. First, unlike in Theorem 3.1.2
(Computing [X, Y ]), there is no restriction on dimX (the assumption dimX ≤
2d− 2 in Theorem 3.1.2 (Computing [X, Y ]) is needed only for the isomorphism
[X, Y ] ∼= [X,P2d−2]). Second, as was already mentioned in Section 3.5.3, even if we
want our main theorems only for a simplicial complex X, we need Theorem 3.6.1
with simplicial sets X, because of recursion.

First we derive our main results from Theorem 3.6.1.

Proof of Theorem 3.1.2 (Computing [X, Y ]). Let k ≤ 2d denote the dimension
of X. Given a Y as in Theorem 3.1.2 (Computing [X, Y ]), we first construct
a polynomial-time Postnikov system for it with k stages using Proposition 3.3.2
(Polynomial-time Postnikov system). Then we compute a fully effective represen-
tation of [X,Pk] by Theorem 3.6.1. Since Y is d-connected and k = dimX ≤ 2d,
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there is a bijection between [X, Y ] and [X,Pk] by Proposition 3.3.1 (Replacing Y
with Pk). From the definition of fully effective groups and from Lemma 3.5.1 we
get that the isomorphism type of [X,Pk] ∼= [X, Y ] can be computed in polynomial
time. Moreover, the representatives of generators of [X,Pk] can be obtained as
well (both in the cochain representation or as simplicial maps).

How do we express a given simplicial map f : X → Y in terms of generators?
We use the simplicial map ϕk : Y → Pk (which can be computed in polynomial-
time as claimed in Proposition 3.3.2 (Polynomial-time Postnikov system)), and
we compute the cochain representations c of the corresponding simplicial maps
ϕkf : X → Pk. Then we can express [ϕkf ] as a linear combination of the gen-
erators of [X,Pk], using the fully effective representation of [X,Pk]. This yields
the promised linear combination for [f ] in terms of the “abstract” generators of
[X, Y ]—the ϕk-preimages of the generators of [X,Pk]—and concludes the proof
of Theorem 3.1.2 (Computing [X, Y ]).

Theorem 3.6.1 also gives Theorem 3.1.1 (Deciding the extension problem) with
only little additional effort.

Proof of Theorem 3.1.1 (Deciding the extension problem). We are given simpli-
cial sets A ⊆ X and Y and a simplicial map f : A → Y , where X is finite,
k = dimX ≤ 2d+ 1, and Y is d-connected.

First, by [50, Theorem 7.6.22], a continuous extension of f to X exists, under
these assumptions, if and only if the composition ϕk−1f : A → Pk−1 admits a
continuous extension to X, where ϕk−1 : Y → Pk−1 is the map in the Postnikov
system of Y . Because Pk−1 is a Kan simplicial set, there is a continuous extension
if and only if there is a simplicial one. By the homotopy extension property of
a simplicial pair A ⊆ X, this happens precisely when there exists a simplicial
map X → Pk−1, whose restriction to A is (simplicially) homotopic to ϕk−1f . In
terms of homotopy classes of maps, this is if and only [ϕk−1f ] lies in the image
of the polynomial-time map ρ : [X,Pk−1] → [A,Pk−1] given by g 7→ g|A. In
terms of the cochain representation, we obtain the image of ρ simply by taking
the restriction to A of each cochain in c = (c1, . . . , ck−1). The map is well-
defined as g ∼ g′ implies g|A ∼ g′|A. The map g 7→ g|A is compatible with any
simplexwise operation, particularly with �k−1∗ and �k−1∗ in SMap(X,Pk−1) and
SMap(A,Pk−1). Hence ρ is a group homomorphism.

Because k − 1 ≤ 2d, we can compute the fully effective representations of the
Abelian groups [X,Pk−1] and [A,Pk−1] in polynomial time. We can also compute
the image im ρ as a subgroup of [A,Pk−1] (generated by the ρ-images of the
generators of [X,Pk−1]).

Then, given a simplicial map f : A → Y , we compute the corresponding el-
ement [ϕk−1f ] ∈ [A,Pk−1] and test (in polynomial time) whether it lies in the
image of ρ. This concludes the proof.

The rest of this chapter is devoted to the proof of Theorem 3.6.1.

3.6.1 The inductive step: An exact sequence for [X,Pi]

Theorem 3.6.1 is proved by induction on i. The base case is i = d + 1 (since
P0, . . . , Pd are trivial for a d-connected Y ), which presents no problem: we have
Pd+1 = Ld+1 = K(πd+1, d+ 1), and so

[X,Pd+1] ∼= Hd+1(X; πd+1).
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This group is fully effective when parameterized by X and Y ; essentially, the
number of generators will be bounded by size(X) size(πi). (Alternatively, we
could start the algorithm with [X,Pi] = 0 at i = 0 or at i = d; then it would
obtain [X,Pd+1] at stage d+ 1 as well.)

So now we consider i > d + 1, and we assume that a fully effective represen-
tation of [X,Pi−1] is available, where the representatives of the homotopy classes
[f ] ∈ [X,Pi−1] are (cochain representations of) simplicial maps f : X → Pi−1. We
want to obtain a similar representation for [X,Pi].

Let us first describe on an intuitive level what this task means and how we
are going to approach it.

As we know, every map g ∈ SMap(X,Pi) yields a map f = pi∗(g) = pig ∈
SMap(X,Pi−1) by projection (forgetting the last coordinate in Pi). We first ask
the question of which maps f ∈ SMap(X,Pi−1) are obtained as such projections;
this is traditionally called the lifting problem (and g is called a lift of f). Here the
answer follows easily from the properties of the Postnikov system: liftability of a
map f depends only on its homotopy class [f ] ∈ [X,Pi−1], and the liftable maps
in [X,Pi−1] are obtained as the kernel of the homomorphism [k(i−1)∗] induced by
the Postnikov class. This is very similar to the one-step extension in the setting of
obstruction theory, as was mentioned in Section 3.1. This step will be discussed
in Section 3.6.2.

Next, a single map f ∈ SMap(X,Pi−1) may in general have many lifts g,
and we need to describe their structure. This is reasonably straightforward to
do on the level of simplicial maps. Namely, if c = (c0, . . . , ci−1) is the cochain
representation of f and g0 is a fixed lift of f , with cochain representation (c, ci0),
then it turns out that all possible lifts g of f are of the form (again in the cochain
representation) (c, ci0 + zi), zi ∈ Zi(X, πi) ∼= SMap(X,Li). Thus, all of these lifts
have a simple “coset structure”.

This allows us to compute a list of generators of [X,Pi]. We also need to
find all relations of these generators, and for this, we need to be able to test
whether two maps g1, g2 ∈ SMap(X,Pi) are homotopic. This is somewhat more
complicated, and we will develop a recursive algorithm for homotopy testing in
Section 3.6.4.

Using the group structure, it suffices to test whether a given g ∈ SMap(X,Pi)
is nullhomotopic. An obvious necessary condition for this is nullhomotopy of the
projection f = pig, which we test recursively. Then, if f ∼ 0, we �i∗-add a
suitable nullhomotopic map to g, and this reduces the nullhomotopy test to the
case where g has a cochain representation of the form (0, zi), zi ∈ Zi(X, πi) ∼=
SMap(X,Li).

Now (0, zi) can be nullhomotopic, as a map X → Pi, by an “obvious” nullho-
motopy, namely, one “moving” only the last coordinate, or in other words, induced
by a nullhomotopy in SMap(X,Li). But there may also be “less obvious” null-
homotopies, and it turns out that these correspond to maps SX → Pi−1, where
SX is the suspension of X defined in Section 3.2. Thus, in order to be able to
test homotopy of maps X → Pi, we also need to compute [SX,Pi−1] recursively,
using the inductive assumption, i.e., Theorem 3.6.1 for i− 1.

The exact sequence. We will organize the computation of [X,Pi] using an
exact sequence, a basic tool in algebraic topology and many other branches of
mathematics. First we write the sequence down, including some as yet undefined

79



symbols, and then we provide some explanations. It goes as follows:

[SX,Pi−1]
[µi]

// [X,Li]
[λi∗]

// [X,Pi]

[pi∗]
��

[X,Pi−1]
[k(i−1)∗]

// [X,Ki+1]

(3.12)

This is a sequence of Abelian groups and homomorphisms of these groups, and
exactness means that the image of each of the homomorphisms equals the kernel
of the successive one.

We have already met most of the objects in this exact sequence, but for
convenience, let us summarize them all.

• [SX,Pi−1] is the group of homotopy classes of maps from the suspension
into the one lower stage Pi−1; inductively, we may assume it to be fully
effective.

• [µi] is a homomorphism appearing here for the first time, which will be
discussed later.

• [X,Li] ∼= H i(X; πi) consists of the homotopy classes of maps into the
Eilenberg–Mac Lane space Li = K(πi, i), and it is fully effective.

• [λi∗] is the homomorphism induced by the mapping λi : Li → Pi, the “in-
sertion to the last component”; i.e., λi(σi) = (0, σi). In terms of cochain
representatives, λi∗ sends zi to (0, zi).

• [X,Pi] is what we want to compute, [pi∗] is the projection (on the level of
homotopy), and [X,Pi−1] has already been computed, as a fully effective
Abelian group.

• [k(i−1)∗] is the homomorphism induced by the composition with the Post-
nikov class ki−1 : Pi−1 → Ki+1 = K(πi, i+ 1).

• [X,Ki+1] ∼= H i+1(X, πi) are again maps into an Eilenberg–Mac Lane space.

Let us remark that the exact sequence (3.12), with some [µi], can be obtained
by standard topological considerations from the so-called fibration sequence for
the fibration Li → Pi → Pi−1; see, e.g., [35, Chap. 14].29 However, in order to

29Let us consider topological spaces E and B with basepoints and a pointed map p : E → B. If p
has the so-called homotopy lifting property (which is the case for our pi) it is called a fibration and the

preimage F of the base point in B is called the fibre of p. The sequence of maps F
i
↪→ E

p−→ B can be
prolonged into the fibration sequence

· · · → ΩF
Ωi−→ ΩE

Ωp−−→ ΩB
µ−→ F

i−→ E
p−→ B

of pointed maps, where, for a pointed space Y , ΩY is the space of loops starting at the base point. For
spaces X and Y with base points, let Map(X,Y )∗ denote the set of all continuous pointed maps, and
let [X,Y ]∗ be the set of (pointed) homotopy classes of these maps. Then the fibration sequence yields
the sequence

· · · → Map(X,ΩF )∗ → Map(X,ΩE)∗ → Map(X,ΩB)∗ → Map(X,F )∗ → Map(X,E)∗ → Map(X,B)∗.

As it turns out, on the level of homotopy classes we get even the long exact sequence

· · · → [X,ΩF ]∗ → [X,ΩE]∗ → [X,ΩB]∗ → [X,F ]∗ → [X,E]∗ → [X,B]∗.
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have all the homomorphisms polynomial-time and also to provide the polynomial-
time “inverses” (as required in Lemma 3.5.4), we will need to analyze the sequence
in some detail; then we will obtain a complete “pedestrian” proof of the exactness
with only a small extra effort. Thus, the fibration sequence serves just as a
background.

The algorithm for computing [X,Pi] goes as follows. We stress again that all
the Abelian groups and homomorphisms below are parameterized by simplicial
sets X and Y .

1. Compute [X,Pi−1] fully effective, recursively.
2. Compute Ni−1 := ker [k(i−1)∗] ⊆ [X,Pi−1] (so Ni−1 consists of all homotopy

classes of liftable maps), fully effective, using Lemma 3.5.2 and Proposi-
tion 3.3.2 (Polynomial-time Postnikov system).

3. Compute [SX,Pi−1] fully effective, recursively.
4. Compute the factor group Mi := coker [µi] = [X,Li]/ im [µi] using Lem-

ma 3.5.3, fully effective and including the possibility of computing “witnesses
for 0” as in the lemma.

5. The exact sequence (3.12) can now be transformed to the short exact se-
quence

0→Mi
`i−→ [X,Pi]

[pi∗]−−→ Ni−1 → 0

(where `i is induced by exactly the same mapping λi∗ of representatives as
[λi∗] in the original exact sequence (3.12)). LetNi−1 := {f ∈ SMap(X,Pi−1) :
[k(i−1)∗(f)] = 0} be the set of representatives of elements in Ni−1. Imple-
ment a polynomial-time “section” ξi : Ni−1 → SMap(X,Pi) with [pi∗ξi] = id
and a polynomial-time “inverse” ri : im [λi∗] → Mi with `iri = id, as in
Lemma 3.5.4, and compute [X,Pi] fully effective using that lemma.

We will now examine steps 2,4,5 in detail, and simultaneously establish the
exactness of (3.12).

Convention. It will be notationally convenient to let maps such as pi∗, k(i−1)∗,
λi∗, which send simplicial maps to simplicial maps, operate directly on the cochain
representations (and in such case, the result is also assumed to be a cochain
representation). Thus, for example, we can write pi∗(c, c) = c, λi∗(zi) = (0, zi),
etc. We also write [c] for the homotopy class of the map represented by c.

3.6.2 Computing the liftable maps

Here we will deal with the last part of the exact sequence (3.12), namely,

[X,Pi]
[pi∗]−−→ [X,Pi−1]

[k(i−1)∗]−−−−→ [X,Ki+1].

First we note that, since the projection map pi is an H-homomorphism by
Proposition 3.4.1 (H-group on Pi)(b), the map pi∗ : SMap(X,Pi)→ SMap(X,Pi−1)

There is a natural bijection between [ΣX,E]∗ and [X,ΩE]∗, where ΣX is the reduced suspension of X,
and so we get the long exact sequence

· · · → [ΣX,F ]∗ → [ΣX,E]∗ → [ΣX,B]∗ → [X,F ]∗ → [X,E]∗ → [X,B]∗.

For CW-complexes, the difference between SX and ΣX doesn’t matter, and for the sequence Pi →
Pi−1 → Ki+1, which can be considered as a fibration, we arrive at (3.12).
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indeed induces a well-defined group homomorphism [X,Pi]→ [X,Pi−1] (Fact 3.5.5
(Group of homotopy classes)) that is clearly polynomial-time. Similarly, the
H-homomorphism ki−1 claimed in Proposition 3.4.1 (H-group on Pi) (c) in-
duces a polynomial-time group homomorphism [k(i−1)∗] : [X,Pi−1]→ [X,Ki+1] ∼=
H i+1(X; πi).

Lemma 3.6.2 (Lifting). We have im [pi∗] = ker [k(i−1)∗]. Moreover, if we set
Ni−1 := {f ∈ SMap(X,Pi−1) : [k(i−1)∗(f)] = 0}, then there is a polynomial-time
mapping ξi : Ni−1 → SMap(X,Pi) such that pi∗ξi is the identity map (on the level
of simplicial maps).

Proof. Let us consider a map f ∈ SMap(X,Pi−1) with cochain representation
c. Every cochain (c, ci) with ci ∈ Ci(X; πi) represents a simplicial map X →
Pi−1 × Ei, and this map goes into Pi iff the condition

k(i−1)∗(c) = δci (3.13)

holds. Thus, f has a lift iff k(i−1)∗(c) is a coboundary, or in other words, iff
[k(i−1)∗(c)] = 0 in [X,Ki+1]. Hence im [pi∗] = ker [k(i−1)∗] indeed.

Moreover, if k(i−1)∗(c) is a coboundary, we can compute in polynomial time
some ci satisfying (3.13) and set ξi(f) := (c, ci). Indeed, the cohomology group
H i+1(X; πi) is the cokernel of the polynomial-time map δ : Ci(X; πi)→ Zi+1(X; πi)
and thus the test whether k(i−1)∗(c) is zero and the computation of the “witness”
cochain ci as in (3.13) can be done in polynomial time by Lemma 3.5.3. This
involves some arbitrary choice, but if we fix some (arbitrary) rule for choosing ci,
we obtain a polynomial-time ξi as needed. The lemma is proved.

We have thus proved exactness of the sequence (3.12) at [X,Pi−1]. Step 2 of
the algorithm can be implemented using Lemma 3.5.2. We have also prepared
the section ξi for Step 5.

3.6.3 Factoring by maps from SX

We now focus on the initial part

[SX,Pi−1]
[µi]−−→ [X,Li]

[λi∗]−−→ [X,Pi]

of the exact sequence (3.12), and explain how the suspension comes into the
picture. We remark that [λi∗] is a well-defined homomorphism, for the same rea-
son as [pi∗] and [k(i−1)∗]; namely, λi is an H-homomorphism by Proposition 3.4.1
(H-group on Pi)(a).

The kernel of [λi∗] describes all homotopy classes of maps X → Li that are
nullhomotopic as maps X → Pi. To understand how they arise as images of maps
SX → Pi−1, we first need to discuss a representation of nullhomotopies as maps
from the cone.

Maps from the cone. A map X → Y between two topological spaces is
nullhomotopic iff it can be extended to a map CX → Y on the cone over X;
this is a reformulation of the definition of nullhomotopy. The same is true in the
simplicial setting if the target is a Kan simplicial set, such as Pi.30

30Strictly speaking, a simplicial map X → Y is simplicially nullhomotopic iff it extends to the sim-
plicial set (∆1×X)/({1}×X). This simplicial set is not isomorphic to CX, although their realizations
are homeomorphic. The simplicial set can be substituted by CX only when Y is Kan.
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We recall that the n-dimensional nondegenerate simplices of CX are of two
kinds: the n-simplices of X and the cones over the (n− 1)-simplices of X. In the
language of cochains, this means that, for any coefficient group π, we have

Cn(CX; π) ∼= Cn−1(X; π)⊕ Cn(X; π),

and thus a cochain b ∈ Cn(CX; π) can be written as (e, c), with e ∈ Cn−1(X; π)
and c ∈ Cn(X; π). We also write c = b|X for the restriction of b to X. The
coboundary operator Cn(CX; π)→ Cn+1(CX, ; π) then acts as follows:

δ(e, c) = (−δe+ c, δc).

Therefore b represents a map CX → Li iff δ(e, c) = 0, that is c = δe. Thus
we have proven the following reformulation of Lemma 3.2.3:

Lemma 3.6.3. A map f ∈ SMap(X,Li), represented by a cocycle ci ∈ Zi(X; πi),
is nullhomotopic iff there is a cocycle b ∈ Zi(CX; π) ∼= SMap(CX,Li) such that
b|X = c, that is, there is e ∈ Cn−1(X; π) such that δe = c.

This describes the homotopies in SMap(X,Li), which induce the “obvious” ho-
motopies in imλi∗. Let us now consider an element in the image of λi∗, i.e., a map
g : X → Pi with a cochain representation (0, ci). By the above, a nullhomotopy of
g can be regarded as a simplicial map G : CX → Pi whose cochain representation
(b, bi) satisfies (b|X , bi|X) = (0, ci) (here b|X = (b0|X , . . . , bi−1|X) is the compo-
nentwise restriction to X). Thus, the projection F := pi∗G ∈ SMap(CX,Pi−1) is
represented by b with b|X = 0, and hence it maps all of the “base” X in CX to
0.

Recalling that SX is obtained from CX by identifying X to a single vertex,
we can see that such F exactly correspond to simplicial maps SX → Pi−1 (here
we use that Pi−1 has a single vertex 0). Thus, maps in SMap(SX,Pi−1) give rise
to nullhomotopies of maps in imλi∗.

After this introduction, we develop the definition of µi and prove the exactness
of our sequence (3.12) at [X,Li].

The homomorphism µi. Since the nondegenerate (i+ 1)-simplices of SX are
in one-to-one correspondence with the nondegenerate i-simplices of X, we have
the isomorphism of the cochain groups

Di : C
i+1(SX; πi)→ Ci(X; πi).

Moreover, this is compatible with the coboundary operator (up to sign):

δDi(c) = −Di(δc).

Alternatively, if we identify the (i+1)-cochains on SX with those (i+1)-cochains
b = (e, c) ∈ Ci+1(CX; πi) for which b|X = c = 0, then the isomorphism is given
by Di(e, 0) = e. The coboundary formula δ(e, c) = (−δe + c, δc) for CX indeed
gives Di(δ(e, 0)) = Di(−δe, 0) = −δe = −δDi(e, 0).

Because of the compatibility with δ,Di restricts to an isomorphism Zi+1(SX; πi)
→ Zi(X; πi) (which we also denote by Di). This induces an isomorphism

[Di] : H
i+1(SX; πi)→ H i(X; πi)

.
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Translating from cochains to simplicial maps, we can also regard Di as an
isomorphism SMap(SX,Ki+1) → SMap(X,Li), (where, as we recall, Ki+1 =
K(πi, i+1) and Li = K(πi, i)), and [Di] as an isomorphism [SX,Ki+1]→ [X,Li].

Now we define µi : SMap(SX,Pi−1)→ SMap(X,Li) by

µi := Dik(i−1)∗.

That is, given F ∈ SMap(SX,Pi−1), we first compose it with ki−1, which yields
a map in SMap(SX,Ki+1) represented by a cocycle in Zi+1(SX; πi). Applying
Di means re-interpreting this as a cocycle in Zi(X; πi) representing a map in
SMap(X,Li), which we declare to be µi(F ). This, clearly, is polynomial-time,
and [µi] is a well-defined homomorphism [SX,Pi−1] → [X,Li] (since [Di] and
[k(i−1)∗] are well-defined polynomial-time homomorphisms).

The connection of this definition of µi to the previous considerations on null-
homotopies may not be obvious at this point, but the lemma below shows that
µi works.

Lemma 3.6.4. The sequence (3.12) is exact at [X,Li], i.e., im [µi] = ker [λi∗].

Proof. First we want to prove the inclusion im [µi] ⊆ ker [λi∗]. To this end, we
consider F ∈ SMap(SX,Pi−1) arbitrary and want to show that [λi∗(µi(F ))] = 0
in [X,Pi].

As was discussed above, we can view F as a map F : CX → Pi−1 that is zero
on X. Let b be the cochain representation of F ; thus, b|X = 0.

Let zi ∈ Zi(X; πi) be the cocycle representing µi(F ). Then (0, zi) ∈ Ci−1(X; πi)⊕
Ci(X; πi) represents a map CX → Ei, and (b, (0, zi)) represents a map G : CX →
Pi−1 × Ei.

We claim that G actually goes into Pi, i.e., is a lift of F . For this, we just
need to verify the lifting condition (3.13), which reads k(i−1)∗(b) = δ(0, zi).

By the coboundary formula for the cone, we have δ(0, zi) = (zi, 0), while
k(i−1)∗(b) = (zi, 0) by the definition of µi(F ). So G ∈ SMap(CX,Pi) is indeed a
lift of F . At the same time, (b, (0, zi))|X = (0, zi), and so G is a nullhomotopy
for the map represented by (0, zi), which is just λi∗(µi(F )).

To prove the reverse inclusion im [µi] ⊇ ker [λi∗], we proceed similarly. Suppose
that zi ∈ Zi(X; πi) represents a map f ∈ SMap(X,Li) with [λi∗(f)] = 0 in [X,Pi].
Then λi∗(f) has the cochain representation (0, zi), and there is a nullhomotopy
G ∈ SMap(CX,Pi) for it, with a cochain representation (b, (ai−1, zi)), where
b|X = 0.

Since b|X = 0, b represents a map F ∈ SMap(CX,Pi−1) zero on X, which
can also be regarded as F ∈ SMap(SX,Pi−1). Let z̃i represent µi(F ). Since
G is a lift of F , the lifting condition k(i−1)∗(b) = δ(ai−1, zi) holds. We have
k(i−1)∗(b) = (z̃i, 0), again by the definition of µi, and δ(ai−1, zi) = (−δai−1+zi, δzi)
by the coboundary formula for the cone. Hence z̃i−zi = δai−1, which means that
[zi] = [z̃i]. Thus [f ] = [µi(F )] ∈ im [µi], and the lemma is proved.

Having [µi] defined as a polynomial-time homomorphism, we can employ Lem-
ma 3.5.3 and implement Step 4 of the algorithm.

3.6.4 Computing nullhomotopies

The next step is to prove the exactness of the sequence (3.12) at [X,Pi].
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Lemma 3.6.5. We have im [λi∗] = ker [pi∗].

Proof. The inclusion im [λi∗] ⊆ ker [pi∗] holds even on the level of simplicial maps,
i.e., imλi∗ ⊆ ker pi∗. Indeed, pi∗(λi∗(zi)) = pi∗(0, z

i) = 0.
For the reverse inclusion, consider (c, ci) ∈ SMap(X,Pi) and suppose that

[pi∗(c, c
i)] = [c] = 0 ∈ [X,Pi−1]. We need to find some zi ∈ Zi(X; πi) with

[(0, zi)] = [(c, ci)] in [X,Pi].
A suitable zi can be constructed by taking a nullhomotopy CX → Pi−1 for c

and lifting it. Namely, let b represent a nullhomotopy for c, i.e., b|X = c, and let
(b, bi) be a lift of b (it exists because CX is contractible and thus every map on
it can be lifted). We set

zi := ci − (bi|X).

We need to verify that zi is a cocycle. This follows from the lifting condi-
tions k(i−1)∗(c) = δci and k(i−1)∗(b) = δbi, and from the fact that k(i−1)∗(b)|X =
k(i−1)∗(b|X) = k(i−1)∗(c) (this is because applying k(i−1)∗ really means a com-
position of maps, and thus it commutes with restriction). Indeed, we have
δzi = δci − δ(bi|X) = k(i−1)∗(c)− k(i−1)∗(c) = 0.

It remains to to check that [(c, ci)] = [(0, zi)]. We calculate [(c, ci)]−[(0, zi)] =
[(c, ci) �i∗ (0, zi)] = [(c, ci − zi)] = [(c, bi|X)] = [(b|X , bi|X)] = 0, since (b, bi) is a
nullhomotopy for (b|X , bi|X).

Defining the inverse for λi∗. Now we consider the cokernelMi = [X,Li]/ im [µi]
as in Step 4 of the algorithm, and the (injective) homomorphism `i : Mi → [X,Pi]
induced by [λi∗].

The last thing we need for applying Lemma 3.5.4 in Step 5 is a polynomial-
time map ri : im `i →Mi with `iri = id.

Let Ri be the set of representatives of the elements in im `i = im [λi∗]; by the
above, we can write Ri = {(c, ci) ∈ SMap(X,Pi) : [c] = 0}.

For every (c, ci) ∈ Ri we set

ρi(c, c
i) := zi,

where zi is as in the above proof of Lemma 3.6.5 (i.e., zi = ci − (bi|X), where
(b, bi) is a lifting of some nullhomotopy b for c). This definition involves choice
of a particular b and bi, which we make arbitrarily for each (c, ci).

Lemma 3.6.6. The map ρi induces a map ri : im [λi∗]→ [X,Li] such that `iri =
id.

Proof. In the proof of Lemma 3.6.5 we have verified that [λi∗(ρi(c, c
i))] = [(c, ci)],

so λi∗ρi acts as the identity on the level of homotopy classes. It follows that ri
is well-defined, since `i is injective and thus the condition `iri = id determines ri
uniquely.

We note that, since we assume [X,Pi−1] fully effective, we can algorithmically
test whether [c] = 0, i.e., whether c represents a nullhomotopic map—the problem
is in computing a concrete nullhomotopy b for c.

We describe a recursive algorithm for doing that. For more convenient nota-
tion, we will formulate it for computing nullhomotopies for maps in SMap(X,Pi),
but we note that, when evaluating ρi, we actually use this algorithm with i − 1
instead of i. Actually, some of the ideas in the algorithm are very similar to those
in the proof of the exactness at [X,Pi] (Lemma 3.6.5 above), so we could have
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started with a presentation of the algorithm instead of Lemma 3.6.5, but we hope
that a more gradual development may be easier to follow.

The nullhomotopy algorithm. So now we formulate a recursive polynomial-
time algorithm NullHom(c, ci), which takes as input a cochain representation of
a nullhomotopic map in SMap(X,Pi) (i.e., such that [(c, ci)] = 0), and outputs a
nullhomotopy (b, bi) for (c, ci).

The required nullhomotopy (b, bi) will be �i∗-added together from several
nullhomotopies; this decomposition is guided by the left part of our exact sequence
(3.12). Namely, we recursively find a nullhomotopy for c and lift it, which reduces
the original problem to finding a nullhomotopy for a map in imλi∗, of the form
(0, zi) (as in the proof of Lemma 3.6.5). Then, using the fact that `i is an
isomorphism, we find nullhomotopies witnessing that [zi] = 0 inMi (here we need
the assumption that the representation of Mi allows for computing “witnesses of
zero” as in Lemma 3.5.3).

For this to work, we need the fact that if b1 is a nullhomotopy for c1 and b2

is a nullhomotopy for c2, then b1 �i∗ b2 is a nullhomotopy for c1 �i∗ c2. This is
because �i∗ operates on mappings by composition, and thus it commutes with
restrictions—we have already used the same observation for ki∗.

The base case of the algorithm is i = d. Here, as we recall, Pd = Ld = K(πd, d),
and a nullhomotopic cd means that cd ∈ Zd(X; πd) is a coboundary. We thus
compute in polynomial time e ∈ Zd−1(X; πd) with cd = δe, and the desired
nullhomotopy is (e, δe) (indeed, (e, δe) specifies a valid map CX → Ld since, by
the coboundary formula for the cone, it is a cocycle).

Now we can state the algorithm formally. It is rather straightforward that all
the steps are polynomial-time.

Algorithm NullHom(c, ci).

A. (Base case) If i = d, return (b, bd) = (0, (e, δe)) as above and stop.

B. (Recursion) Now i > d. Set b0 := NullHom(c), and let (b0, b
i
0) be an arbi-

trary lift of b0.

C. (Nullhomotopy coming from SX) Set zi := ci − (bi0|X), and use the rep-
resentation of Mi to find a “witness for [zi] = 0 in Mi”. That is, com-
pute F ∈ [SX,Pi−1] such that [zi] = [z̃i] in [X,Li], where z̃i is the co-
cycle representing µi(F ). Let a be the cochain representation of the map
F ∈ SMap(CX,Pi−1) corresponding to F .

D. (Nullhomotopy in [X,Li]) Compute e ∈ Zi−1(X; πi) with z̃i − zi = δe.
(Then, as in the base case i = d above, (e, δe) is a nullhomotopy for z̃i− zi,
and thus (0, (e, δe)) is a nullhomotopy for (0, z̃i − zi).)

E. Return
(b, bi) := (b0, b

i
0) �i∗

(
(a, (0, z̃i)) �i∗ (0, (e, δe))

)
.

Proof of correctness. First we need to check that zi in Step C indeed represents
0 in Mi. This is because, as in the proof of Lemma 3.6.5, [(0, zi)] = [λi∗(z

i)] = 0,
and since `i is injective, we have [zi] = 0 in Mi as claimed. So the algorithm
succeeds in computing some (b, bi), and we just need to check that it is a nullho-
motopy for (c, ci).

All three terms in the formula in Step E are valid representatives of maps
CX → Pi (for (b0, b

i
0) this follows from the inductive hypothesis, for (a, (0, z̃i)) we
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have checked this in the first part of the proof of Lemma 3.6.4, and for (0, (e, δe))
we have already discussed this). So (b, bi) also represents such a map, and all we
need to do is to check that (b|X , bi|X) = (c, ci):

(b|X , bi|X) = (b0|X , bi0|X) �i∗

(
(a|X , z̃i) �i∗ (0, δe)

)

= (c, bi0|X) �i∗

(
(0, z̃i) �i∗ (0, zi − z̃i)

)

= (c, bi0|X + z̃i + zi − z̃i) = (c, bi0|X + (ci − (bi0|X))) = (c, ci).

Thus, the algorithm correctly computes the desired nullhomotopy.

As we have already explained, the algorithm makes ρi polynomial-time, and
so Step 5 of the main algorithm can be implemented. This completes the proof
of Theorem 3.6.1.

Remark. In order to compute [X,Pi], our algorithm recursively computes
all [SX,Pj], d ≤ j ≤ i − 1. If we take the algorithm literally, for computing
[SX,Pi−1] we should recursively compute [SSX,Pi−2] etc., forming essentially a
complete binary tree of recursive calls.

However, for our use of [SX,Pj], we only need a set of generators for it, but
we don’t need the relations ; see the remark following Lemma 3.5.3. And, as was
mentioned in the informal outline of the algorithm in Section 3.6.1, for computing
only the generators of [X,Pi] it suffices to know the generators of [X,Pi−1] and
we need not know [SX,Pi−1]. So a careful (but a little more complicated) imple-
mentation of the algorithm can avoid dealing with double and higher suspensions
of X.
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4. Polynomially bounded vector
field on K(Z, 1)

4.1 Motivation and statements

A discrete vector field on a cell complex X can be thought of as a sequence of
certain collapses that reduce some of the cells of X. It yields a cell complex X ′
of the same homotopy type, i.e. X ' X ′. Our essential example of the “big” cell
complex is the simplicial model of the Eilenberg–MacLane space K(Z, 1) that
was introduced in Section 3.2.2. A discrete vector field collapsing the infinite
simplicial set K(Z, 1) to its finite subset is an essential piece for our algorithms
for homotopy theory.

An alternative description of the simplicial setK(Z, 1). For the purposes
of this chapter we will need an alternative description of the Eilenberg–MacLane
space K(Z, 1). The k-dimensional simplices of the standard simplicial model of
K(Z, 1), k = 0, 1, . . . can be represented by k-term sequences of integers. With
the traditional “bar notation”, such a sequence is written as

σ = [a1 | a2 | · · · | ak], a1, a2, . . . , ak ∈ Z. (4.1)

For each i = 0, . . . , k, the degeneracy operator si inserts zero at the ith po-
sition, that is, si(σ) = [a1| . . . |ai|0|ai+1| . . . |ak]. Therefore, the nondegenerate
simplices are the sequences with no zero terms.

The face operators ∂0, ∂1, . . . , ∂k, which map k-term sequences to k − 1 term
sequences, are defined as follows: ∂0 deletes the first component, ∂k deletes the
last component, and for i = 1, 2, . . . , k− 1, ∂i reduces the number of components
by one by adding together the ith and (i+ 1)st component. More formally, with
σ as above,

∂0σ = [a2 | · · · | ak], ∂kσ = [a1 | · · · | ak−1],

∂iσ = [a1 | · · · | ai−1 | ai + ai+1 | ai+2 | · · · | ak], 1 ≤ i ≤ k − 1.

The reader may wonder what is the isomorphism between the simplicial set
K(Z, 1) above and the one introduced in Section 3.2.2 where the k-simplices
were all the 1-cochains in Z1(∆k,Z). The isomorphism is defined on each σ ∈
Z1(∆k,Z) by the simple formula σ 7→ [σ(0, 1)|σ(1, 2)| · · · |σ(k− 1, k)], where each
(i− 1, i) denotes the ith segment of the standard k-simplex ∆k.

Reducing K(Z, 1) to the circle S1. Note that S1 is a simplicial subset of
K(Z, 1), the inclusion sends the single vertex of S1 to [] (the empty sequence) and
the 1-simplex to [1]. As we mentioned earlier, the infinite simplicial set K(Z, 1)
is homotopy equivalent to the circle S1, in fact, K(Z, 1) deformation retracts
onto S1.1 This can be proved via discrete vector fields and a construction of a
convenient vector field was implicit in the work of Eilenberg and Mac Lane [12].
For our computational purposes we need that both the deformation retraction
r : |K(Z, 1)| → |S1| and the homotopy r ∼ id are in some sense computable in
polynomial time. This can be achieved via a notion of polynomially bounded
vector fields that is defined as follows.

1We recall that a space X deformation retracts onto its subspace A whenever there is a deformation
retraction map r : X → A that is identity on A and that is homotopic to the identity on X. We call
any such A a deformation retract of X.
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Definition 4.1.1 (Polynomially bounded vector field). We say that K(Z, 1)
is equipped with polynomially bounded vector field if the following holds (in fact,
the definition is valid for arbitrary simplicial set with a fixed encoding of its sim-
plices): There is a polynomial-time algorithm that classifies a given simplex σ
into three classes S, T , and C (the source simplices, target simplices, and criti-
cal simplices). Additionally, once σ ∈ S, the algorithm computes a simplex V (σ)
with σ = ∂iV (σ) for exactly one i such that V is a bijection S → T (which will
be called a discrete vector field). We also require certain additional properties,
which we explain next.

With S, T , C, and V as above, let us consider a simplex σ̃ ∈ S of some dimen-
sion k, and let us say that a simplex τ (of dimension k or k+1) is reachable from
σ̃ if it can be reached from σ̃ by finitely many moves, where the allowed moves
are

• passing from a current simplex σ ∈ S to the simplex τ = V (σ) ∈ T , and
• passing from a current simplex τ ∈ T to a simplex σ = ∂iτ ∈ S ∪ C such
that τ 6= V (σ), where i ∈ {0, 1, . . . , k}.

With these definitions, it is required that

(i) for every k, C contains only finitely many k-dimensional simplices; and

(ii) starting with any σ̃, we can never make an infinite sequence of allowed
moves; that is, we can reach only finitely many simplices, and we also cannot
get into a cycle.

Moreover, we measure the size of a simplex σ = [a1| · · · |ak] as the total number of
bits needed to write down a1, . . . , ak; more formally, we set size(σ) :=

∑k
i=1 size(ai)

and size(a) := 1 + blog2(|a|+ 1)c. Then we also require that

(iii) For every k-dimensional simplex σ̃, the sum of size(σ) over all σ reachable
from σ̃ is bounded by a polynomial (depending on k) in size(σ̃).

An example of an “exponentially bounded” vector field. To illustrate
these definitions, let us present a classical vector field VEML due to Eilenberg and
Mac Lane, which satisfies (i) and (ii) (and yields effective homology for K(Z, 1))
but not (iii).

There are only two critical simplices, the 0-dimensional [ ] (the empty se-
quence) and the 1-dimensional [1].2 The set S of source simplices consists of the
sequences with a1 6= 1, while T contains the sequences with a1 = 1 (the two
critical simplices are exceptions to this rule).

For σ = [a1| · · · |ak] ∈ S, a1 6= 1, the vector field VEML is defined by

VEML(σ) :=





[1|a1 − 1|a2| · · · |ak] for a1 > 1,

[1|a1|a2| · · · |ak] for a1 < 0.

It can be checked that, for any starting σ̃, the sequence of moves is determined
uniquely (there is no branching). We will not verify this, but it may be instructive
for the reader to write down small examples of sequences and see how the moves
work.

2As we mentioned above, the critical simplices form the subset S1 of K(Z, 1).
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It is easy to see that, for a positive integer a, the sequence of moves starting
from [a] is [a]→ [1|a− 1]→ [a− 1]→ [1|a− 2]→ [a− 2]→ . . .; there are about
a moves, and this is exponential in the number of bits of a. Thus, condition (iii)
above indeed fails.

Cornerstone of polynomial-time homology. Forman [14], and with dif-
ferent methods, Sergeraert and Romero [40] showed that a discrete vector field
as in Definition 4.1.1 (Polynomially bounded vector field) (but the condition
(iii) is not needed) can be converted into a reduction of the chain complex
C∗(K(Z, 1);Z) to its subcomplex C∗(S1;Z).3 The reduction consists of retraction
maps rk : Ck(K(Z, 1);Z)→ Ck(S

1;Z) and chain homotopy hk : Ck(K(Z, 1);Z)→
Ck+1(K(Z, 1);Z)—homomorphisms that satisfy certain additional properties. Main-
ly, rk induce isomorphisms on the level of homology groups. In [25] we additionally
showed that once the vector field is polynomially bounded (the condition (iii) is
required), we get that the homomorphisms rk and hk are polynomial-time for
each fixed k.

This polynomial-time reduction is the ground of the machinery of polynomial-
time homology that leads to the polynomial-time Postnikov systems. Here we do
not elaborate on polynomial-time homology directly, and particularly, we omit
its definition. We turn our attention exclusively to the presentation of the poly-
nomially bounded vector field on K(Z, 1).

Theorem 4.1.2. The simplicial set K(Z, 1) can be equipped with polynomially
bounded vector field.

The rest of this chapter is devoted to the proof of Theorem 4.1.2.

A simple composition of vector fields. For the sake of presentation, it will
be easier to split the vector field into two parts. Roughly speaking, the first part
will get rid of all negative components in the considered sequences [a1| · · · |ak],
and the second part will do the rest.

Here is the way of “splitting into two parts” in a general setting. Let X be a
simplicial set, let V1 be a vector field on X, with the set C1 of critical simplices,
and suppose that C1 is closed under the face operators (each face of a critical
simplex is again critical, or degenerate). Let Y be the simplicial subset of X
induced by C1 (i.e., its nondegenerate simplices are the critical simplices of V1),
and let V2 be a vector field on Y .

Then we can define a “composition” V of V1 and V2 in the obvious way; formal-
ly, if we regard a vector field as a set of ordered pairs, we simply set V := V1∪V2.
Clearly, V is a vector field, and it is easily seen that V1, V2 admissible imply V
admissible, and similarly for polynomial boundedness.

In the case of X = K(Z, 1), the role of Y will be played by the simplicial set
whose simplices are the integer sequences with all terms nonnegative. With some
abuse of the usual notation, we will denote this simplicial set by K(N, 1).

The first vector field will be denoted by Vbs and called the bubblesort field, since
directed paths in its V∂-graph resemble the computation of a sorting algorithm
called Bubblesort. Its critical simplices are integer sequences with all entries
positive.

3The chain complexes were defined in Section 3.2.2. Since we will not work with them any further
here, we only remind that the group Ck(X;Z) of k-chains with coefficients in Z contains all formal
Z-linear combinations of nondegenerate k-simplices of X.
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The second vector field is defined on K(N, 1), and it has only two critical
simplices [ ] and [1], the same as the Eilenberg–MacLane field VEML. We call it
the bit-chipping field and denote it by Vbch.

Let us remark that one can consider composition of vector fields in a more
general and more flexible setting, as is done in [40], but for our purposes, the
simple notion above suffices.

4.2 The bubblesort field

Translating positive sequences to sorted sequences. To define the vector
field Vbs, it is convenient to consider a different representation of the simplices
of K(Z, 1). Namely, we represent a k-dimensional simplex σ = [a1| · · · |ak] by a
(k + 1)-tuple (b0, b1, . . . , bk), where b0 ∈ Z can be chosen arbitrarily and bi :=
bi−1 + ai, i = 1, 2, . . . , k. Thus, each σ is represented as an equivalence class of
(k+1)-tuples of integers, where two (k+1)-tuples are equivalent if their difference
is of the form (a, a, . . . , a) (all components equal). We denote the equivalence class
of (b0, . . . , bk) by [b0, . . . , bk].

This correspondence between simplices of the form [a1| · · · |ak] and equivalence
classes of (k+1)-tuples is obviously bijective. Nondegenerate simplices [a1| · · · |ak],
i.e., those with no zero component, translate to [b0, . . . , bk] with bi−1 6= bi, i =
1, 2, . . . , k.

A (nondegenerate) simplex fromK(N, 1) corresponds to [b0, . . . , bk] with strict-
ly increasing components, i.e., b0 < b1 < · · · < bk. The face operators become
extremely simple in this notation: ∂i corresponds to deleting the ith component.

The field. As was already announced, the critical simplices of Vbs are the
[b0, . . . , bk] with b0 < · · · < bk. If nondegenerate σ = [b0, . . . , bk] is not critical,
we look at the smallest ` such that b` > b`+1; let us call it the leading index
of σ. Let us write v = b` and u = b`+1. We consider the maximal contiguous
segment in the sequence b0, b1, . . . starting at the `th position and containing only
v’s and u’s; formally, we take the largest m ≥ ` + 1 such that bi ∈ {u, v} for all
i = `, ` + 1, . . . ,m, and either bm+1 6∈ {u, v} or m = k. We call b`, b`+1, . . . , bm
the leading alternating segment of σ (indeed, there can be no two consecutive u’s
or v’s, since this would mean that σ is degenerate), and we denote it by LAS(σ).

Then we let σ be a source if LAS(σ) ends with u, i.e., bm = u, and otherwise,
σ is a target. For a source σ, still with u, v,m as above, we set

τ = Vbs(σ) := [b0, . . . , bm, v, bm+1, . . . , bk], (4.2)

i.e., Vbs inserts another v just after LAS(σ).
With τ = Vbs(σ) as in the just given definition, we have σ = ∂m+1τ , and m+1

is easily seen to be the only index i with σ = ∂iτ (thus, σ is a regular face of
τ). Moreover, σ can be uniquely reconstructed from τ (delete the last element of
LAS(τ)), and so Vbs is indeed a discrete vector field.

Next, we observe that once we show that Vbs is admissible, it becomes obvious
that it is also polynomially bounded. This is because the boundary operators
only delete components and the vector field duplicates them, and so any simplex
reachable from a given k-dimensional σ is made of the components of σ. Hence at
most (k+1)k+1 distinct source simplices are reachable from σ, which is a constant
for k fixed.
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It remains to prove admissibility, which is tricker than it might seem. Let us
consider a source simplex σ = [b0, . . . , b`−1, v, . . . , u, bm+1, . . . , bk], b0 < b1 < · · · <
b`−1 < v > u, where the part between the v and u is the LAS. We set τ = Vbs(σ),
and ask for which i’s the simplex σ′ = ∂iτ can again be a source simplex (in this
case we say that σ′ arises from σ by a double move).

If LAS(σ′) = LAS(τ), then σ′ is a target simplex, and so ∂i must change
LAS(τ). It cannot delete elements from the middle of LAS(τ), since the result
would be degenerate, and it cannot delete the final v, since this was inserted
by Vbs.

Thus, one possibility is i = `, in which case σ′ is obtained from σ by appending
v to the end of the LAS and deleting the initial v of the LAS. Let us call this a
switching double move. This is the “intended” type of double moves that do the
bubble-sorting, provided that the LAS has length 2; for example, σ = [3, 1, 2] is
transformed to σ′ = [1, 3, 2]. A switching double move may also occur for LAS(σ)
of length 4 or more, if the deletion of the initial v creates a new LAS; i.e., if
b`−1 > u. An example is σ = [2, 3, 1, 3, 1], σ′ = [2, 1, 3, 1, 3].

However, there is a second, less obvious possibility for a double move: if the
sequence bm+1, bm+2, . . .] following LAS(τ) has the form x, u, v, u, v, . . . , u, y, . . .],
x, y 6∈ {u, v}, or the form x, u, v, . . . , u], then we can also have i = m+ 2. In this
case, ∂m+2 deletes the component following the LAS, and produces a longer LAS.
We call this an appending double move. For example, for σ = [2, 3, 1, 4, 1, 3, 1],
the switching double move yields σ′ = [2, 1, 3, 4, 1, 3, 1] and the appending one
yields σ′ = [2, 3, 1, 3, 1, 3, 1].

If we follow a sequence of directed edges in the V ∂-graph starting at some
source simplex σ̃, and if all source simplices encountered along the way have LAS
of length 2, then the path has a bounded length, since all the double moves are
switching in this case, and each of them decreases the number of inversions (i.e.,
pairs (i, j) with i < j and bi > bj) in the current source simplex.

The following lemma shows that if LAS(σ̃) has length greater than 2, then
every sequence of double moves starting at σ̃ finishes after a finite number of
steps, and this already implies the admissibility of Vbs. All the difficulty of the
lemma is in getting the statement right; the proof is routine.

Lemma 4.2.1. Let σ̃ = [b0, . . . , b`−1, b` = v, u, v, . . . , u, . . .] , b0 < · · · < b` > u,
be a source simplex with LAS(σ̃) of length greater than 2. Then every source
σ obtainable from σ̃ by a sequence of double moves has the following structure:
[β0, β1, . . . , β`, γ], where each βi is a block of length ki ≥ 1 starting with bi and
possibly continuing with u, bi, u, bi, . . . (alternations of bi and u, u < bi), and γ
is a possibly empty block that does not start with u. The sequence (k0, k1, . . . , k`)
has the form

(1, 1, . . . , 1︸ ︷︷ ︸
j

, kj, kj+1, . . . , k`),

where kj ≥ 2 is even, while all of the other ki are odd, and there is at least one
ki ≥ 3.

In each double move of a sequence starting at σ̃, either j decreases, or it stays
the same and kj increases. Thus, each such sequence is finite.

Proof. The initial σ̃ clearly has the claimed form. Let us assume that σ is of this
form, and let a source σ′ be obtained from it by a double move.
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We have LAS(σ) = βj, of even length kj ≥ 2. If the double move is switching,
then

σ′ = [b0, b1, . . . , bj−1, u, bj, . . . , u, bj︸ ︷︷ ︸
kj−1

, βj+1, . . . , γ].

If we had j = 0 or bj−1 < u, then LAS(σ′) would be either the block bj, . . . , u, bj
of odd length kj − 1 (for kj ≥ 4), or, for kj = 2, another βi, i > j, of odd length
ki ≥ 3 (guaranteed to exist by the inductive assumption). In both cases σ′ would
be target, and so bj−1 > u. Then σ′ has the claimed structure [β′0, . . . , β

′
`, γ], with

j′ = j − 1, β′i = βi for all i 6∈ {j − 1, j}, β′j−1 = bj−1, u of length k′j−1 = 2, and β′j
of odd length k′j = kj − 1. So j has decreased.

For an appending double move, we distinguish two cases. For j < `, there is
at least one more block βj+1 following βj in σ, with kj+1 ≥ 3 (since βj+1 must
have an u to append to βj), and we have

σ′ = [b0, b1, . . . , bj−1, bj, . . . , u, bj, u︸ ︷︷ ︸
kj+2

, bj+1, u, . . . , bj+1︸ ︷︷ ︸
kj+1−2

, βj+2, . . . , γ].

This is the claimed structure with j′ = j, k′j = kj + 2, and k′j+1 = kj+1 − 2.
Finally, if j = `, then γ has to start with x, u, . . ., and here we get j′ = j = `

and k′` ≥ k`+2 (depending on the number of u, v alternations in γ following x).

A lower bound. Although the bubble-sorting process itself is only quadratic,
it turns out that | reachVbs

(σ̃)| for a suitable source simplex σ̃ may indeed be
exponential in k, and thus the bound (k + 1)k+1 claimed above is not so far off
the mark. Mainly to illustrate the behavior of the vector field Vbs, we indicate
the lower bound via a concrete example without proof. Namely, from

σ̃ = [2, 3, 4, 5, 6, 7, 1, 7, 1, 7, 1, 7, 1, 7, 1, 7, 1, 7, 1]

we can reach source simplices such as [2, 1, 2, 1, 3, 1, 3, 4, 5, 1, 5, 1, 5, 6, 7, 1, 7, 1, 7].
Such simplices have 6 blocks (denoted by β0, . . . , β5 in the proof above), and
we can choose the block lengths at will, with the obvious restrictions (the total
length is fixed, and the block lengths are all odd except for the first one). In an
analogous construction with 6 replaced by an arbitrary integer b we take k = 3b
and obtain a lower bound exponential in k.

4.3 The bit-chipping field

Here we return to the “bar” notation [a1|a2| · · · |ak], and we will consider only
simplices of K(N, 1), which means ai ≥ 1 for all i.

The anatomy of a simplex. Let σ = [a1|a2| · · · |ak] be a nondegenerate
k-simplex of K(N, 1). We introduce the following terminology.

• Let p = p(σ) ∈ {0, 1, . . . , k} be the largest index such that a1, . . . , ap are all
powers of 2 and a1 ≤ a2 ≤ · · · ≤ ap. The sequence a1|a2| · · · |ap is called the
nondecreasing dyadic part of σ. If 1 ≤ p < k and ap > ap+1, then p is called
the peak of σ; otherwise, σ has no peak .

• Let q = q(σ) ∈ {0, 1, . . . , k} be the largest index such that a1, . . . , aq are all
powers of 2 (thus, q ≥ p). The sequence a1|a2| · · · |aq is called the dyadic
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part of σ. If q = k, then σ is called fully dyadic. If, on the other hand,
q < k, then q+ 1 is the breakpoint of σ and aq+1 is the breakpoint value of σ
(which is not a power of 2). The sequence aq+2|aq+3| · · · |ak is the right part
of σ.

Here are two concrete examples:

[
22 | 23 | 23 | 25 | 25︸ ︷︷ ︸

nondecreasing dyadic

| 38 | 5 | 8 | 11︸ ︷︷ ︸
right part

]

part = dyadic part

breakpoint

︸ ︷︷ ︸
dyadic part

[
22 | 23 | 26 | 26︸ ︷︷ ︸
nondecreasing

| 22 | 25 | 7 | 4 | 3 | 12︸ ︷︷ ︸
right part

]

dyadic part

peak breakpoint

The vector field. We define a vector field Vbch on K(N, 1). There are two
types of source simplices.

(a) The first type of source simplices are the simplices that are not fully dyadic
and have no peak. Thus, all of the dyadic part is nondecreasing (i.e., p = q;
we also admit p = q = 0) and the breakpoint value is larger than the last
element of the dyadic part. Explicitly, they are of the form

σ =
[
2i1 | 2i2 | · · · | 2iq | b | aq+2 | · · · | ak

]
,

2i1 ≤ 2i2 ≤ · · · ≤ 2iq < b. In this case we set

Vbch(σ) = τ :=
[
2i1 | 2i2 | · · · | 2iq | lpow(b) | ltrim(b) | aq+2 | · · · | ak

]
, (4.3)

where lpow(b) is the largest power of 2 not exceeding b, and ltrim(b) :=

b − lpow(b). That is, τ is obtained by splitting the breakpoint value b into
two components, lpow(b) and ltrim(b); informally, we can think of this as
“chipping off” the leading bit of b.
We observe that each target simplex τ as defined above has a peak, namely,
p(τ) = q(σ)+1, and in particular, τ has a nonempty dyadic part (but it may
happen that the dyadic part of τ is longer than the nondecreasing dyadic
part, since ltrim(b) may be a power of two).

(b) The second type of source simplices are the fully dyadic simplices σ =
[2i1 | 2i2 | · · · | 2ik ] with 2i1 ≤ 2i2 ≤ · · · ≤ 2ik−1 < 2ik with ik ≥ 1 (this last
condition is important only for k = 1). In this case we set

Vbch(σ) = τ :=
[
2i1 | 2i2 | · · · | 2ik−1 | 2ik−1 | 2ik−1

]
; (4.4)

i.e., we split the last component of σ into two equal halves.

Lemma 4.3.1. This definition indeed yields a vector field, and the only critical
simplices are [ ] and [1].

Proof. Let us consider an arbitrary simplex τ . If it is not fully dyadic and
is not a source simplex, then it has a peak, and thus it has the form τ =
[2i1 | · · · | 2ip | cp+1 | · · · | ck+1] with 2i1 ≤ · · · ≤ 2ip > cp+1. This equals Vbch(σ)
for σ = [2i1 | · · · | 2ip−1 | 2ip + cp+1 | cp+2 | · · · | ck+1]. Thus, τ is a target simplex and
there is exactly one edge (σ, τ) ∈ Vbch. Moreover, we have σ = ∂pτ , while ∂jτ 6= σ
for j 6= p, so σ is a regular face of τ as needed.
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Next, if τ is fully dyadic and has a peak p, i.e., τ = [2i1 | · · · | 2ik+1 ], 2i1 ≤
· · · ≤ 2ip > 2ip+1 , then τ is again a target simplex with τ = Vbch(σ) for σ =
[2i1 | · · · | 2ip−1 | 2ip+2ip+1 | 2ip+1 | · · · | 2ik+1 ] (here 2ip+2ip+1 is the breakpoint value).
Again, j = p is the only index with ∂jτ = σ.

The last remaining case is a fully dyadic τ with no peak, which must be
nondecreasing. If it is not a source simplex, then either we have one of the cases
[ ], [1], or k ≥ 2 and the last two components of τ are equal, which means that τ
is of the form (4.4) and σ can again be uniquely reconstructed from it. We have
σ = ∂jτ for the unique index j = d− 1.

Preparations for analyzing Vbch. It will be convenient to work mainly with
the target simplices. Thus, given a target simplex τ , we let t-reach(τ) ⊂ reach(τ)
be the set of all target simplices reachable from τ .

First we will classify all possible target simplices τ ′ reachable from a given
target simplex τ by two steps in the V∂-graph; in other words, the τ ′ of the form
Vbch(∂jτ) for some j. This is a straightforward, if somewhat lengthy, case analysis.
The subsequent proofs of admissibility and polynomial boundedness will use this
classification. From the point of view of these proofs, one could probably make
some shortcuts and merge some of the cases in the classification; however, we
prefer to give a complete picture, in order to avoid possible omissions. Indeed,
for several other candidate vector fields we tried, “most” cases apparently worked
fine, but those fields failed in what seemed like minor details.

Lemma 4.3.2 (Cases of V∂-moves). Let τ = [a1|a2| · · · |ak] be a k-dimensional
target simplex.

If τ is not fully dyadic, we can write it in the form
[
2i1 | 2i2 | · · · | 2ip | 2ip+1 | · · · | 2iq | b | aq+2 | · · · | ak

]
,

where b is not a power of 2, 2i1 ≤ · · · ≤ 2ip, p ≥ 1, p ≤ q ≤ k − 1, and either
2ip > 2ip+1 (if p < q) or 2ip > b (for p = q). Let τ ′ be a target simplex of the form
Vbch(∂jτ) for some j, where σ = ∂jτ is a (k − 1)-dimensional source simplex.
Then τ ′ has one of the following forms:

(A) If p = 1 and 2i2 ≤ · · · ≤ 2iq < b, then we can have

τ ′ =
[
2i2 | · · · | 2iq | lpow(b) | ltrim(b) | aq+2 | · · · | ak

]

(we drop the first component and split b). Example: τ = [22|1|2|7], τ ′ =
[1|2|22|3].

(B) If ij < ij+1 for some j, 1 ≤ j ≤ p− 1, then we can have

τ ′ =
[
2i1 | · · · | 2ij−1 | 2ij+1 | 2ij | 2ij+2 | · · · | 2iq | b | aq+2 | · · · | ak

]

(the entries 2ij and 2ij+1 are swapped). Example: τ = [1|22|2|7], τ ′ =
[22|1|2|7].

(C) If q ≥ p + 2, ip − 1 = ip+1 = ip+2 < ip+3 ≤ · · · ≤ iq, and 2iq < b, then we
can have

τ ′ =
[
2i1 | · · · | 2ip | 2ip | 2ip+3 | · · · | 2iq | lpow(b) | ltrim(b) | aq+2 | · · · | ak

]

(two components following the peak are merged and b is split). Example:
τ = [2|1|1|2|7], τ ′ = [2|2|2|22|3].
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(D) If q ≥ p+ 2 and ip+2 ≥ ip > ip+1, then we can have

τ ′ =
[
2i1 | · · · | 2ip | 2ip+2 | 2ip+1 | 2ip+3 | · · · | 2iq | b | aq+2 | · · · | ak

]

(the entries 2ip+1 and 2ip+2 are swapped). Example: τ = [2|1|22|7], τ ′ =
[2|22|1|7].

(E) If q = p+ 1, b′ = 2ip+1 + b satisfies b′ ≥ 2ip, and b′ is not a power of 2, then
we can have

τ ′ =
[
2i1 | · · · | 2ip | lpow(b′) | ltrim(b′) | aq+2 | · · · | ak

]
.

Example: τ = [23|2|7], τ ′ = [23|23|1].

(F) If the situation is as in (E) except that b′ = 2i is a power of 2, then we can
have

τ ′ = Vbch

([
2i1 | · · · | 2ip | 2i | aq+2 | · · · | ak

])

(note that here we do not write out τ ′ explicitly, since there are still several
cases to distinguish depending on the right part of τ , but we will not need to
discuss them explicitly). Example: τ = [23|1|7|19], τ ′ = [23|23|24|3].

(G) If q = p ≤ k − 2, b′ := b + aq+2 ≥ 2ip, and b′ is not a power of 2, then we
can have

τ ′ =
[
2i1 | · · · | 2ip | lpow(b′) | ltrim(b′) | aq+3 | · · · | ak

]
.

Example: τ = [23|7|4], τ ′ = [23|23|3].

(H) If the conditions are as in (G) except that b′ = 2i is a power of 2, then we
can have

τ ′ = Vbch

([
2i1 | · · · | 2ip | 2i | aq+3 | · · · | ak

])

(as in (F), we need not write out τ ′ explicitly). Example: τ = [23|7|1|7],
τ ′ = [23|23|22|3].

(I) If q = p = k − 1 and either p = 1 or ip−1 < ip, then we can have

τ ′ =
[
2i1 | · · · | 2ip−1 | 2ip−1 | 2ip−1

]
.

Example: τ = [2|23|7], τ ′ = [2|22|22].

If τ = [2i1| · · · |2ik ] is fully dyadic, then either p < k (τ has a peak), or p = k
(τ is nondecreasing) and ik−1 = ik. In the peak case, we have the following
possibilities for τ ′ = Vbch(∂jτ):

(dA) If p = 1 and i2 ≤ i3 ≤ · · · ≤ ik−1 < ik, we can have

τ ′ =
[
2i2 | · · · | 2ik−1 | 2ik−1 | 2ik−1

]

(deleting the first entry of τ and splitting the last).

(dB) For 1 ≤ j ≤ p − 1 and ij < ij+1, τ ′ can be obtained by swapping 2ij and
2ij+1.

(dC) If ip − 1 = ip+1 = ip+2 < ip+3 ≤ · · · ≤ ik−1 < ik, we can have

τ ′ =
[
2i1 | · · · | 2ip | 2ip | 2ip+3 | · · · | 2ik−1 | 2ik−1 | 2ik−1

]

(merging two equal entries and splitting the last).
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(dD) For ip+2 ≥ ip > ip+1, τ ′ can be obtained from τ by swapping 2ip+1 and 2ip+2.

Finally, if a fully dyadic τ has no peak, we have the possibility (dB) for τ ′ and
the following additional one:

(dI) If k = 2 or ik−2 < ik−1, then we can have

τ ′ =
[
2i1 | · · · | 2ik−2 | 2ik−1−1 | 2ik−1−1

]

(drop the last component and split the previous one).

Proof. As was already mentioned, the proof is totally straightforward and could
probably be left to the reader. Yet, since getting used to the definitions and
notation probably needs some practice, we chose to present the proof.

As in the lemma, we first consider τ not fully dyadic. If σ = ∂jτ is a source
simplex, then it has no peak, and thus the operation ∂j has to “destroy” the peak
of τ in some way. In particular, we have j ≤ p + 1, for otherwise, the peak of τ
is also present in ∂jτ . We just need to discuss the values of j in this range.

For j = 0, ∂0 removes the first coordinate, and this may destroy the peak only
for p = 1. For p = 1, σ is a source iff 2ip+1 ≤ · · · ≤ 2iq < b (this condition is void
for q = 1), and if this holds, then τ ′ is as in (A).

If 1 ≤ j ≤ p− 1, σ = [2i1| · · · |2ij−1|2ij + 2ij+1|2ij+2| · · · |2iq |b| · · · ]. In this case,
if ij = ij+1, then 2ij + 2ij+1 is a power of two, σ necessarily has a peak, and thus
it is not a source. So ij < ij+1; then σ is a source and 2ij + 2ij+1 is the breakpoint
value, and τ ′ is as in (B).

Next, we consider j = p. Here the pth component of σ is 2ip +2ip+1 (for q > p)
or 2ip + b (for p = q). In both of these cases the pth component is not a power of
2 (since p was the peak of τ), hence p is the breakpoint of σ, and so Vbch(σ) = τ .
Therefore, j = p does not contribute any τ ′.

Finally, we need to discuss j = p + 1. Here the sum of the two entries of τ
following the peak must greater or equal to 2ip (and, in particular, p ≤ k−2), for
otherwise, p would be a peak in σ. We consider three cases, depending on how
many of these two entries are powers of 2.

First, if q ≥ p + 2, then the peak is followed by 2ip+1 and 2ip+2 in τ . If
2ip+1 + 2ip+2 = 2ip , then ip+1 = ip+2 = ip − 1. Then σ begins with

[2i1| · · · |2ip |2ip|2ip+3| · · · |2iq |b| · · · ,
and since it has no peak, the dyadic part is nondecreasing. Then τ ′ is as in (C).
If, on the other hand 2ip+1 + 2ip+2 > 2ip , then 2ip+1 + 2ip+2 is not a power of 2.
Then τ ′ is as in (D).

Second, we can have q = p + 1 (still with j = p + 1). Then the entry of σ
following 2ip is b′ = 2ip+1 + b, which has to be at least 2ip . If b′ is not a power of
two, then τ ′ is as in (E), and otherwise, we get (F).

Third, we can have q = p. If q ≤ k− 2, then the pth entry of σ is followed by
b′ := b+ aq+2, which has to be at least 2ip . If b′ is not a power of two, then τ ′ is
as in (G), and otherwise, we get (H).

There is still one remaining case for j = p+1, namely, when p = k−1; then ∂j
just deletes the last coordinate and σ is fully dyadic. Then σ is a source precisely
when p = 1 or ip−1 < ip, and we have τ ′ as in (I).

It remains to consider the case of τ = [2i1| · · · |2ik ] fully dyadic; thus, q = k.
First we assume that τ has a peak p ≤ k− 1. Then most of the analysis as above
applies.
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For j = 0, we get that ∂0τ is a source iff p = 1 and i2 ≤ i3 ≤ · · · ≤ ik−1 < ik,
and then we have τ ′ as in (dA).

For 1 ≤ j ≤ p− 1, arguing as in the not fully dyadic case above, for ij < ij+1

we get τ ′ by swapping 2ij and 2ij+1 as in (dB). The case j = p again brings no τ ′.
For j = p+ 1, we have essentially the first of the three cases of the analogous

analysis for the not fully dyadic case (q = k ≥ p+ 2). For ip − 1 = ip+1 = ip+2 <
ip+3 ≤ · · · ≤ ik−1 < ik, we obtain (dC), and for ip+2 ≥ ip > ip+1 we get (dD) (a
swap).

Finally, we may have τ without a peak, which means that τ =
[2i1 | · · · |2ik−2|2ik−1 |2ik−1 ], i1 ≤ · · · ≤ ik−1 (see case (b) of the definition of Vbch).
Here ∂0 and ∂k−1 bring no τ ′ (since Vbch(∂0τ) = Vbch(∂k−1τ) = τ). For
1 ≤ k ≤ k − 2 and ij < ij+1, we get a τ ′ by swapping 2ij and 2ij+1 as in
(dB). For j = k, ∂k drops the last component, and if ik−2 < ik−1, we get a τ ′ by
splitting the last component as in (dI).

Acyclicity. Given Lemma 4.3.2 (Cases of V∂-moves), admissibility of Vbch can
be proved quickly. Here we will check only acyclicity of the V∂-graph, since the
non-existence of infinite paths will be a side-product of the proof of polynomial
boundedness below.

Lemma 4.3.3 (Acyclicity). The V∂-graph contains no directed cycle.

Proof. If τ ′ = Vbch(∂jτ) is obtained from τ as in Lemma 4.3.2 (Cases of V∂-
moves), then for τ not fully dyadic, one of the following can happen:

1. q(τ ′) > q(τ), i.e., the length of the dyadic part increases. This is always the
case in (F), (G), (H), and (I), and it may also happen in (A) and (C).

2. q(τ ′) = q(τ) and the breakpoint value decreases. This happens in (A) and
(C) (unless q drops) and also in (E). The latter is not entirely obvious, since
we need to check that ltrim(2ip+1 + b) < b, but this holds since ltrim(2ip+1 +
b) ≤ 2ip+1 + b− 2ip , and 2ip > 2ip+1 .

3. q(τ ′) = q(τ), the breakpoint value stays the same, and the dyadic part
becomes lexicographically larger. This happens in (B) and (D), since the
swaps move a larger component forward.

If τ is fully dyadic, then so is τ ′, and either the sum of components of τ ′ is
smaller than that of τ (cases (dA) and (dI)), or the sums of components are equal
and τ ′ is lexicographically larger than τ (cases (dB), (dC), and (dD)).

This implies that there can be no directed cycle.

We remark that an alternative proof of Lemma 4.3.3 (Acyclicity) can go along
the following lines: If τ = [a1| · · · |ak] is not fully dyadic, then it can be shown that
either ones(τ ′) < ones(τ), where ones(τ) is the total number of 1’s in a1, . . . , ak
written in binary, or ones(τ ′) = ones(τ) and the sequence (i1, . . . , ip) is lexi-
cographically (strictly) larger than (i′1, . . . , i

′
p′), where 2i1 | · · · |2ip is the dyadic

nondecreasing part of τ , and similarly for 2i
′
1| · · · |2i′p′ and τ ′.

Polynomial boundedness. Condition (PBV1), polynomial computability of
the vector field, is clearly satisfied for Vbch, and so we need to check (PVB2);
i.e., we need a polynomial bound on the total encoding size of all simplices
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reachable from a given simplex σ. Obviously, we can focus only on target sim-
plices: it suffices to provide, for every target simplex τ̃ , a polynomial bound on∑

τ∈t-reach(τ̃) size(τ) in terms of size(τ̃).
Moreover, it is easy to see that neither the application of Vbch nor the face

operators ∂i can increase the sum of the components of the simplex. Thus,
size(τ) ≤ size(τ̃) for every τ ∈ t-reach(τ̃), and it is enough to bound the number
of simplices in t-reach(τ̃).

Thus, let us fix a target simplex τ̃ and set n := size(τ̃). Our goal is a polyno-
mial bound, in terms of n, on | t-reach(τ̃)|.

First we observe that fully dyadic simplices are easily accounted for. In-
deed, a fully dyadic simplex [2i1 | · · · |2ik ] ∈ t-reach(τ̃) is specified by i1, . . . , ik ∈
{0, 1, . . . , n− 1}, and so there are at most nk such simplices.

So we consider only the τ ∈ t-reach(τ̃) that are not fully dyadic. Let us write
τ̃ = [ã1| · · · |ãk] and τ = [2i1| · · · |2iq |b|aq+2| · · · ak], where q = q(τ) is the length of
the dyadic part and b is the breakpoint value.

We would like to show that with τ̃ fixed, there are only polynomially many
possibilities for τ . First, as was noted above, the number of choices for the dyadic
part of τ is polynomially bounded.

Second, it turns out that all of the right part of τ is inherited from τ̃ , i.e.,
ai = ãi for all i ≥ q + 2. This “stability of the right part” is not hard to prove
inductively using Lemma 4.3.2 (Cases of V∂-moves), and it will be the first part
of the key lemma below.

Thus, the last thing to do is showing that there are only polynomially many
possibilities for the breakpoint value b of τ , and this is the most tricky part of
the proof. We will distinguish two cases: if b = ãq+1, i.e., b is “inherited” from τ̃ ,
then we call τ a raw simplex, and otherwise, τ is processed .

The following lemma shows that if τ is processed, then its breakpoint value
belongs to a certain inductively defined set, which is of polynomial size. In order
that the proof goes through, we need to strengthen the inductive hypothesis:
namely, we need that for a processed τ , the breakpoint value is smaller than the
maximum entry of the dyadic part. This will play a role only in a single case
among those in Lemma 4.3.2 (Cases of V∂-moves), namely (E); while all the other
cases are natural and straightforward, (E) seems to work only by a small miracle.

Lemma 4.3.4 (Key lemma). Let τ ∈ t-reach(τ̃) be as above. Then ai = ãi for
all i ≥ q + 2, i.e., the right part of τ coincides with the corresponding segment of
τ̃ . Moreover, if τ is processed, then b < max(2i1 , . . . , 2iq), and b ∈ Bq+1, where
the sets B1, . . . , Bk are defined inductively as follows:

• B1 = ltrim*(ã1), where, for a positive integer a, we define ltrim*(a) = ∅ if a
is a power of 2, and ltrim*(a) = {ltrim(a)} ∪ ltrim*(ltrim(a)) otherwise.

• Bj+1 = ltrim*
(
{ãj+1, ãj + ãj+1} ∪ {2i + ãj+1 : 0 ≤ i ≤ n − 1} ∪ {b + ãj+1 :

b ∈ Bj}
)
, where we extend ltrim*(.) to sets by ltrim*(A) :=

⋃
a∈A ltrim*(a).

Proof. It suffices to prove that if τ is as claimed in the lemma, then τ ′ = Vbch(∂jτ)
as in Lemma 4.3.2 (Cases of V∂-moves) has this form as well (moreover, we may
assume that τ ′ is not fully dyadic). We need to consider the cases (A)–(I) in
Lemma 4.3.2 (Cases of V∂-moves), but we can right away settle (I), where τ ′ is
fully dyadic, as well as (B) and (D), which only permute the dyadic part. This
leaves us with cases (A), (C), (E), (F), (G), and (H).
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First let τ be raw, with b = ãq+1. In cases (A) and (C) τ ′ contains lpow(ãq+2)
followed by b′ := ltrim(ãq+2), at the (q + 1)st position. If b′ is a power of 2, then
τ ′ is raw, and otherwise, we have b′ ∈ Bq+1 and b′ < lpow(ãq+1); the latter is the
required entry larger than b′ in the dyadic part. Hence τ ′ is a processed simplex
as claimed in the lemma.

In (E) and (G), we have a situation similar to the one just discussed, except
that b′ = ãq+1 +2i for some i < n in (E), and b′ = ãq+1 + ãq+2 in (G). Moreover, in
(E), b′ is at position q+ 1, while in (G) it is at position q+ 2. Again we find that
τ ′ is a processed simplex of the claimed form. In cases (F) and (H), we either get
τ ′ fully dyadic, or the breakpoint value of τ ′ is ltrim(ãq′+1) for some q′ ≥ q + 1,
preceded by lpow(ãq′+1). Then τ ′ is a processed simplex as in the lemma as well,
and the discussion of a raw τ is finished.

Now let τ be processed, with b ∈ Bq+1, b < max(2i1 , . . . , 2iq). In cases (A)
and (C) τ ′ may be raw, which is fine, or processed with breakpoint value ltrim(b),
which lies in Bq+1, since Bq+1 is closed under ltrim(.).

Case (E) is, in a sense, the most sophisticated, and it is here where the in-
ductive hypothesis b < max(2i1 , . . . , 2iq) is crucial. In the setting of (E), 2ip is
the maximum of the dyadic part of τ , and so 2ip > b. Let b′ = b + 2ip+1 , where
2ip+1 < 2ip ; by the conditions in case (E), we have b′ > 2ip .

We claim that ltrim(b′) ∈ ltrim*(b) (this will show that b′ ∈ Bq+1 and thus τ ′
is as required). To check this, let us write, for brevity, u = ip and v = ip+1, and
let βu−1βu−2 · · · β0 be the binary notation for b, i.e., b =

∑u−1
i=0 βi2

i, βi ∈ {0, 1}.
Since 2u − 2v < b < 2u, we have βu−1 = · · · = βv = 1. Then b′ in binary
is 1000 · · · 0βv−1βv−2 · · · β0, and so ltrim(b′) can be obtained from b by iterating
ltrim(.). Thus, b′ ∈ Bq+1 indeed.

The consideration in cases (F) and (H) is the same as the one for τ̃ raw.
The last case to consider is (G). Here the dyadic part of τ ′ is longer than

that of τ . By induction, we have b ∈ Bq+1, and so ltrim(b + ãq+2) ∈ Bq+2 by the
definition of Bq+2 (or it is a power of 2, in which case τ ′ is raw). As in the previous
case, the entry lpow(b+ ãq+2) supplies the power of 2 greater than ltrim(b+ ãq+2),
as required for the induction. The lemma is proved.

Corollary 4.3.5. For τ̃ as in Lemma 4.3.4 (Key lemma), we have | t-reach(τ̃)| =
O(n2k), with the implicit constant depending on k.

Proof. For each τ ∈ t-reach(τ̃), we have at most nk choices for the dyadic part
(which includes fixing q, the length of the dyadic part). A raw τ is already
determined by τ̃ and by the dyadic part, while for τ processed, we also need to
specify b.

The definition of Bj gives |B1| ≤ n and |Bj+1| ≤ 3n+n2 +n|Bj|, which yields
|Bj| = O(nj), and the corollary follows.

Remark. A more careful (and more complicated) analysis should probably give
O(nk) instead of O(n2k) in Corollary 4.3.5. However, as we will now indicate, our
vector field is not much better; there can indeed be about nk reachable simplices
in t-reach(τ̃).

To see this, let us take n that is an integer multiple of k2, i.e., n = k2`,
and let us consider a source simplex σ̃ = [ã1| · · · |ãk], where ãi := (2` − 1)2(i−1)`,
i = 1, 2, . . . , k. Put differently, if we think of the binary encoding of each ãi as
consisting of k blocks of ` bits each (thus, ãi has at most n/k bits and size(σ̃) ≤ n),
then ãi has 1’s in the ith block and 0’s elsewhere. It can be shown that each
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simplex σ = [a1| · · · |ak], where ai has exactly one 1 in the ith block and 0’s
everywhere else, belongs to reach(σ̃). Since for each i, the position of the single
1 in ai can be chosen in ` ways, we have | reach(σ̃)| ≥ `k = (n/k2)k.

It would be interesting to see if one could reach a significantly better bound
with a different vector field, or if there is perhaps a good lower bound valid for
every vector field.
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