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Prohlášeńı:
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Abstrakt (česky):
Práce zavád́ı logiku, která kombinuje intuicionistickou implikaci s de Morganovskou
negaćı zpusobem, který konzervativne rozširuje jak klasickou tak intuicioni-
stickou logiku. Tato logika je intuicionistickým proteǰskem ctyrhodnotové
Belnap-Dunnovy logiky. V souvislosti s touto logikou studujeme de Morganovské
algebry a jejich rozš́ıreńı, zejména jejich rozš́ıreńı o konstantu reprezentuj́ıćı
nekonzistenci. Dokazujeme dualitu pro takovéto algebry rozširuj́ıćı Priest-
leyovskou dualitu. Také zavád́ıme pojem slabé modálńı algebry a dokazu-
jeme pro takovéto algebry dualitu. Nakonec definujeme analytické sekventové
kalkuly pro ruzné logiky de Morganovské negace.

Abstract (in English):
The thesis introduces a logic which combines intuitionistic implication with
de Morgan negation in a way which conservatively extends both classical
and intuitionistic logic. This logic is the intuitionistic counterpart of the
four-valued Belnap-Dunn logic. In relation to this logic, we study de Morgan
algebras and their expansions, in particular their expansion with a constant
representing inconsistency. We prove a duality for such algebras extending
the Priestley duality. We also introduce a weak notion of modal algebra and
prove a duality for such algebras. We then define analytic sequent calculi for
various logics of de Morgan negation.
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Preface

The motivation behind this thesis was to formulate a logic of negation and
implication which would preserve both the symmetry of classical logic and the
focus on assertion rather than truth of intuitionistic logic. Since implication
is manifestly not a disjunction and negation is manifestly not an implication,
neither classical nor intuitionistic logic has the right picture of both of these
connectives, or so I believe.

This naturally led to the study of de Morgan negation which takes up a
large part of the thesis. Although this part does not deal with implication
explicitly, intuitionistic implication is still potentially in the background, un-
less negation becomes Boolean. In particular, classicality is understood as
characterized by the behaviour of de Morgan negation (a ∨ −a) and not so
much by the behaviour of intuitionistic negation (a∨ ∼ a). Indeed, it seems
to me that characterizing classical logic by means of the principle a∨ ∼ a
is downright mistaken. However, motivating remarks in this direction in the
thesis itself are, admittedly and regrettably, missing.

On a more personal note, in addition my advisor Marta B́ılková, Ph.D., I
would also like to thank students and staff alike at the Department of Logic
of the Faculty of Arts for making it a pleasant place to be.

6



Chapter 1

Introduction

We are going to be interested in logics which are naturally interpreted as
dealing with assertion and denial rather than truth and falsehood, the differ-
ence being that while a proposition is either true or false, it may be asserted
or denied or both or neither. This leads to a non-Boolean negation.

The prototypical such logic is the four-valued logic introduced by Belnap
[4, 5]. The four values, True, False, Both and None are taken to represent
information which is asserted, denial, both and neither. These truth values
form the lattice DM4 such that False ≤ Both, False ≤ None, None ≤
True, False ≤ True. The conjuction and disjunction connectives ∧ and ∨ are
defined in terms of this lattice. The implication connective → is defined as
the residual of ∧: a → b is true if either a is not true or b is true, and it is
false if a is not false and b is false. The negation connective − then switches
truth and falsehood.

In addition, there is another natural order on DM4, representing infor-
mation inclusion: None ⊑ False, None ⊑ True, True ⊑ Both, False ⊑ Both.
This is again a lattice.

As truth and falsehood are not complementary in DM4, there are several
possible ways of defining consequence on DM4:

• Γ ⊢T ∆ if whenever γ ∈ D+ for all γ ∈ Γ, then δ ∈ D+ for some δ ∈∆

• Γ ⊢F ∆ if whenever δ ∈ D− for all δ ∈∆, then γ ∈ D− for some γ ∈ Γ

• Γ ⊢TF ∆ if Γ ⊢T ∆ and Γ ⊢F ∆

These are all distinct. For example, True ⊢T Both but not True ⊢F Both
and vice versa, Both ⊢F False but not Both ⊢T True. Only the relation
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⊢TF respects the symmetry between truth and falsehood captured by the
principle of contraposition:

Γ ⊢∆
−∆ ⊢ −Γ

We therefore take ⊢TF to be the appropriate consequence relation ⊢TF in fact
coincides with the truth ordering if we interpret the combination of premises
by conjunction and the combination of conclusions by disjunction. That is,
Γ ⊢TF ∆ iff ⋀Γ ≤ ⋁∆ holds in DM4.

The logics we shall be interested in can be interpreted as based on DM4
in the sense that they are locally four-valued. Our plan is the following: we in-
troduce de Morgan negation in Chapter 2 and investigate various expansions
of de Morgan algebras, in particular by a notion of consistency. In Chapter 3,
we generalize DM4 to an arbitrary bilattice and discuss how to construct an
intuitionistic equivalent to the logical operations of a given bilattice. Chapter
4 presents the existing duality theory for distributive lattices and de Morgan
algebras and extends it to de Morgan consistency algebras and to modal alge-
bras defined in Chapter 2. Finally, chapter 5 defines analytic sequent calculi
for the logics introduced along the way.



Chapter 2

Algebras

In this chapter, we define the algebraic structures which formalize the con-
cepts discussed in the previous chapter. After some preliminary definitions,
we outline the existing theory of de Morgan algebras. We discuss their repre-
sentation theory and enumerate the quasivarieties of de Morgan lattices (de
Morgan algebras without the top and bottom constants).

We then define de Morgan consistency algebras as expansions de Morgan
lattices by the constant 0 expressing inconsistency. We use this constant de-
fine natural counterparts of the quasivarieties of de Morgan lattices in terms
of this constant and show that their quasiequational logics are conservative
extensions of the corresponding quasiequational logics of quasivarieties of de
Morgan lattices.

We then connect the inconsistency constant to the structure of the de
Morgan algebra. Each de Morgan algebra defines an ideal of inconsistent
elements. If this ideal is the principal ideal generated by 0, we call the de
Morgan consistency algebra explicit. We characterize the complement of the
class of explicit de Morgan consistency algebra as a quasivariety, identify its
generating algebras and prove that it is not finitely based.

Adding a Heyting implication to de Morgan algebras yields de Morgan
Heyting algebras. These are in fact bi-Heyting algebras, as a dual connective
to the Heyting implication can be defined with the aid of de Morgan negation.
De Morgan Heyting algebras with an inconsistency constant are a natural
setting for the reductio ad contradictionem negation.

Finally, we add modal operators to de Morgan algebras. As basic com-
patibility conditions between corresponding box and diamond operators we
take conditions which are weaker than the usual ones.
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2.1 A Brief History of de Morgan Negation

This section presents an overview of the main results in the study of de
Morgan algebras. Much of the history of de Morgan algebras can also be
found in Dunn [14].

Some basic definitions are in order first. We follow Pynko [32] in making a
distinction between de Morgan lattices (distributive lattices with a de Morgan
negation) and de Morgan algebras (bounded distributive lattices with a de
Morgan negation). Many of our claims will hold for both of these classes.
However, we shall prefer to speak in terms of de Morgan algebras and only
mention de Morgan lattices when necessary. When no confusion arises, we
shall denote a de Morgan algebra and its de Morgan lattice reduct in the
same way.

Definition 1. An involutive lattice is an algebra A = (A,∧,∨,−) such that
(A,∧,∨) is a lattice and − is an involutive unary operation which satisfies
the de Morgan laws −(a ∧ b) = −a ∨ −b, −(a ∨ b) = −a ∧ −b.

A de Morgan lattice is an involutive lattice which is distributive as a
lattice.

A de Morgan algebra is an algebraA = (A,∧,∨,⊺,�,−) such that (A,∧,∨,⊺,�)
is a bounded distributive lattice and (A,∧,∨,−) is a de Morgan lattice.

A Kleene lattice (algebra) is a de Morgan lattice (algebra) which satisfies
the Kleene inequality a ∧ −b ≤ a ∨ −b.

A Boolean lattice (algebra) is a de Morgan lattice (algebra) which satisfies
the inequality a ∧ −a ≤ b.

Definition 2. An element a of an involutive lattice is directly inconsistent
if a ≤ −a, or equivalently if a = b ∧ −b for some b ∈A.

An element a of an involutive lattice is idempotent if a = −a.

The varieties of de Morgan lattices (algebras), Kleene lattices (algebras)
and Boolean lattices (algebras) are denoted, respectively, DML (DMA), KL
(KA) and BL (BA).

De Morgan negation was first considered by Moisil [24] in the 1930’s but
the algebraic study of de Morgan algebras only began in earnest in the late
1950’s with the representation results of Bia lynicki-Birula and Rasiowa [7,
8, 9] and the identification of the subdirectly irreducible de Morgan algebras
due to Kalman [22].



Bia lynicki-Birula and Rasiowa proved that each “quasi-Boolean” (i.e. de
Morgan) algebra can be represented as a quasi-field of sets. Just as a field of
sets is a subset of some powerset P(X) closed under complementation, finite
intersection and finite union, a quasi-field of sets is a subset of some P(X)
closed under quasi-complementation and finite intersection and union. Given
a set X and an involution δ ∶ X → X, the quasi-complement of A ⊆ X is
defined as

−δA =X ∖ δ[A]

Each de Morgan algebra is a subalgebra of such a de Morgan algebra.
For the proof of this representation theorem, see [34]. Related representa-
tions were later discovered by Dunn, see [14]. This representation is in fact a
weakening of the Priestley duality for de Morgan algebras which prove later
as Theorem 27.

At roughly the same time, Kalman [22] identified the non-trivial subdi-
rectly irreducible de Morgan algebras. There are three of these: the four-
element de Morgan algebra DM4, the three-element Kleene chain K3, and
the two-element Boolean algebra. DM4 contains two copies of K3 with the
middle value either None or Both. Note that DM4 differs from the four-
element Boolean algebra in that it contains two idempotent elements. We
will also have occasion to refer to the four-element Kleene chain RK4. This
is the four element chain with negation defined in the only possible way.

DM4, K3 and 2 generate, respectively, the variety of de Morgan algebras,
the variety of Kleene algebras, and the variety of Boolean algebras. In fact,
a stronger theorem is proved in [32].

Let ISP mean the class of algebras which are isomorphic to a subalgebra
of a product of a class of algebras. A quasivariety generated by a set of
algebras is precisely its image under ISP .

Theorem 3 ([32]). DMA = ISP (DM4), KA = ISP (K3), BA = ISP (2).

Proof. Let A be a non-trivial de Morgan algebra. Consider the set PF(A) of
all prime filters of A. Each prime filter F defines a function hF ∶A→DM4
such that:

• hF(a) = True if a ∈ F and −a ∉ F

• hF(a) = False if a ∉ F and −a ∈ F

• hF(a) = None if a ∉ F and −a ∉ F



• hF(a) = Both if a ∈ F and −a ∈ F

hF is in fact a de Morgan homomorphism.
The product of all hF yields a de Morgan homomorphism h ∶ A →

∏
F∈PF

DM4. By the prime filter separation theorem, if a ≰ b, there is a prime

filter F such that a ∈ F , b ∉ F , hence h is injective and A ∈ SP (DM4).
If A is a Kleene algebra, then for each prime filter F either hF(A) ⊆K3+

or hF(A) ⊆ K3−, as otherwise there are a, b ∈ A such that hF(a) ∧ −hFa ≰
hF(b) ∨ −hF(b). If hF(A) ⊆ K3+ but hF(A) ⊈ K3−, let K3F = K3+, If
hF(A) ⊆ K3− but hF(A) ⊈ K3+, let K3F = K3−. In case both options are
possible, pick either one uniformly for all F . Then h[A] is in fact a subalgebra
of ∏
F∈PF

K3F .

If A is a Boolean algebra, for each de Morgan homomorphism h ∶ A →
DM4, hF[A] ⊆ 2.

In the 1960’s, the question of which de Morgan algebras provide a seman-
tics for classical propositional logic was studied by Monteiro [25], Belnap and
Spencer [6], and Dunn and Belnap [15]. Such algebras were called “intension-
ally complemented lattices” in [6, 15]. An intensionally complemented lattice
is therefore a de Morgan algebra A in which the truth values can be divided
into true values and false values in a complementary way.

More formally, we call a de Morgan A intensionally complemented if it
admits a truth filter, that is, a (necessarily prime) filter F such that for each
a ∈A exactly one of a,−a belongs to F . A truth filter is precisely a de Morgan
homomorphism h ∶A→ 2.

An intensionally complemented de Morgan algebra A can be seen as rep-
resenting truth or falsehood of its elements in addition to, possibly, additional
(intensional) information. Unlike assertion and denial, truth and falsehood
are taken to be complementary. The disjunction p ∨ −p may not be asserted
in each state, hence an algebra of propositions need not be a Boolean alge-
bra, but it ought to be true. More generally, an intensionally complemented
algebra can be seen as representing the truth of falsehood of its elements on
a set of complete consistent worlds, as A has a de Morgan homomorphism
into 2 precisely if it has a de Morgan homomorphism into any non-trivial
Boolean algebra.

Call a de Morgan algebra intensional if it contains no idempotent ele-
ment. (Recall that an idempotent element is an a ∈ A such that a = −a.) In



particular, neither K3 nor DM4 are intensional. Clearly, each intensionally
complemented algebra has to be intensional. Somewhat suprisingly, Belnap
and Spencer [6] proved that the opposite implication also holds and the two
classes of algebras in fact coincide. That is, if a de Morgan algebra fails to
have a truth filter, it fails in the most flagrant way possible: by virtue of some
element being equal to its own negation. We provide an independent proof
of this fact in Corollary 33 using duality theory for de Morgan algebras.

The class of intensional de Morgan algebras forms a quasivariety IntDMA
defined by the quasiequation a = −a ⇒ x = y. Since each intensional de
Morgan algebra has a de Morgan homomorphism into 2 and the algebra
DM4×2 is intensional, it follows that this algebra generates the quasivariety
of intensional de Morgan algebras. Note that the first factor of the product
can be seen as representing the assertion value of a proposition, while the
second factor can be seen as representing the truth value.

Following the discovery of the Priestley duality for distributive lattices
in the 1970’s, a duality theory for de Morgan algebras was developed by
Cornish and Fowler [11, 12]. They take the dual spaces of de Morgan algebras
to be Priestley spaces with a continuous order-inverting involution δ and
interpret the de Morgan negation by the quasicomplementation defined by
δ. We describe this duality in more detail in Chapter 4.

The quasivariety lattice of de Morgan lattices was described by Pynko
[32] in the late 1990’s. While the quasivariety lattice of de Morgan algebras
(in fact, of Kleene algebras) was proven to have the cardinality of the con-
tinuum by Adams and Dziobiak [1], the quasivariety lattice of de Morgan
lattices is finite and contains exactly four subquasivarieties other than to the
trivial variety and the varieties DML,KL,BL. These are: intensional de Mor-
gan lattices IntDML, conditionally Kleene lattices CondKL = IntDML ∪ KL,
intensional Kleene lattices IntKL = IntDML ∩ KL and regular Kleene lattices
RegKL.

We depart from Pynko’s terminology and notation somewhat. Our inten-
sional de Morgan lattices are his non-idempotent de Morgan lattices1and we
have chosen to christen the previously nameless quasivariety IntDML∪KL as
conditionally Kleene lattices, that is, de Morgan lattices which are Kleene
lattices provided that they are not intensional. Expanding these de Mor-
gan lattices by ⊺ and � yields the corresponding quasivarieties of de Morgan
algebras.

1This is because the term non-idempotent is no longer appropriate for the corresponding



Table 2.1: Quasivarieties of de Morgan lattices
Quasivariety Axiomatized by Generated by
DML ∅ DM4
CondKL a = −a⇒ a ≤ b ∨ −b DM4 × 2, K3
IntDML a = −a⇒ x = y DM4 × 2
KL a ∧ −a ≤ b ∨ −b K3
IntKL (KL) + (IntDML) K3 × 2
RegKL −a ≤ a, a ∧ −b ≤ −a ∨ b⇒ −b ≤ b RegK4
BL a ≤ b ∨ −b 2

Theorem 4 ([32]). There are exactly 7 non-trivial subquasivarieties of de
Morgan lattices: DML, CondKL, IntDML, KL, IntKL, RegKL, BL. These are
generated by the algebras listed in Table 2.1. Their quasiequational bases rel-
ative to DML are listed in Table 2.1.

Corollary 5. The quasivarieties of de Morgan algebras DMA, CKA, NIDMA,
KA, NIKA, RKA, BA are generated by the algebras listed in Table 2.1. Their
quasiequational bases relative to DMA are listed in Table 2.1.

Proof. Each of the generating algebras can be expanded to a de Morgan
algebra.

Although it follows from this theorem that the regularity quasiequation
implies the Kleene inequality, a direct proof of this fact may not be obvious2.
To obtain the Kleene inequality, substitute a = x∨−x, b = (x∨−x)∧ (y ∨−y)
in the regularity quasiequation. Clearly, −(x ∨ −x) ≤ x ∨ −x, and by the
absorption laws, (x ∧ −x) ∧ ((x ∧ −x) ∨ (y ∧ −y)) = (x ∧ −x) ≤ (x ∨ −x) =
(x ∨ −x) ∨ ((x ∨ −x) ∧ (y ∨ −y)). Thus, by the regularity quasiequation, (x ∧
−x) ∨ (y ∧ −y) ≤ (x ∨ −x) ∧ (y ∨ −y) and x ∧ −x ≤ y ∨ −y.

We note for the interested reader that the quasivariety lattice of de Mor-
gan Boolean algebras (that is, de Morgan algebras expanded by a Boolean
negation) is even simpler, see Pynko [33]. Apart from the variety which
equates the de Morgan and Boolean negation, the only other proper non-
trivial subquasivariety is the quasivariety of de Morgan Boolean algebras
which are intensional as de Morgan algebras.

variety of de Morgan consistency algebras defined below.
2Indeed, in proving the theorem, Pynko defines RKL to be a subquasivariety of KL.

The fact that the regularity quasiequation implies the Kleene inequality then follows from
the fact that there is no quasivariety strictly above RKL but not below KL.



2.2 De Morgan consistency algebras

Each de Morgan algebra has an ideal of inconsistent elements generated by its
directly inconsistent elements. However, if we want to internalize the notion
of inconsistency in the language of the algebra, we have to expand it by a
constant 0. For 0 play the role of an inconsistency constant, we require that
be entailed by each directly inconsistent (hence by each inconsistent) element
of the algebra.

Definition 6. A de Morgan consistency lattice is an algebraA = (A,∧,∨,−,0)
such that (A,∧,∨,−) is a de Morgan lattice and 0 is a constant such that
a ∧ −a ≤ 0 for each a ∈A.

A de Morgan consistency algebra is an algebra A = (A,∧,∨,⊺,�,−,0)
such that (A,∧,∨,⊺,�,−) is a de Morgan algebra and (A,∧,∨,−,0) is a de
Morgan consistency lattice.

For each de Morgan consistency lattice, we define the completeness con-
stant 1 as −0. Each de Morgan algebra can trivially be made into a de Morgan
consistency algebra by defining 0 as ⊺. Such algebras shall be called incon-
sistent. They are precisely equivalent to de Morgan algebras.

More in line with the intended meaning of the constant is to interpret
0 as an element whose principal ideal is precisely the ideal of inconsistent
elements. Such an algebra is called explicit. We denote the class of explicit
de Morgan consistency algebras as ExpDMCA.

Equivalently, for any finite subset X of a de Morgan lattice A define 0(X)
as ⋁{x∧−x ∣ x ∈X}. Clearly, 0(X) ≤ 0 and an algebra is explicit precisely if
the opposite inequality also holds.

Each finite de Morgan algebra can therefore be made into a de Morgan
consistency algebra. A somewhat stronger proposition in fact holds.

Proposition 7. If A is explicit and finitely generated by X, then 0 = 0(X).

Proof. It suffices to show by induction over the complexity of the term t
whose variables are all among x = (x1, . . . , xn) that t(x) ∧ −t(x) ≤ 0(x).

The base case t = xi clearly holds. For negation, −t(x) ∧ − − t(x) = t(x) ∧
−t(x). For conjunction, t1(x) ∧ t2(x) ∧ −(t1(x) ∧ t2(x)) = (t1(x) ∧ t2(x) ∧
−t1(x))∨ (t1(x)∧ t2(x)∧−t2(x)) ≤ (t1(x)∧−t1(x))∨ (t2(x)∧−t2(x)) ≤ 0(x).
Disjunction can be expressed by means of negation and conjunction.



As the free de Morgan algebra on n generators is easily seen to be the
equivalent to the free bounded distributive lattice on 2n generators with a
suitably de Morgan negation, each finitely generated de Morgan algebra is
in fact finite.

Although each finite de Morgan algebra can be expanded to a de Morgan
consistency algebra, not each homomorphism of finite de Morgan algebras
respects such an expansion. For example, consider the inclusion of the free
de Morgan algebra on one-generator into the free de Morgan algebra on two-
generators.

Proposition 8. Let h ∶ A → B be a homomorphism of finite de Morgan
algebras. Then h(0(A)) ≤ 0(B). If h is surjective, then h(0(A)) = 0(B).

Instead of introducing additional notation, we shall denote an explicit de
Morgan consistency algebra in the same way as the underlying de Morgan
algebra but make it clear that we are referring to a consistency algebra. For
example, DM4 shall refer to both the four-element de Morgan algebra (or
lattice!) and the four-element de Morgan consistency algebra with 0 defined
in the only possible way as ⊺. Likewise, K3 shall also refer to the three-
element de Morgan consistency algebra with 0 = 1 defined as the idempotent
element, and 2 is also the two-element de Morgan consistency algebra with
0 = �.

In addition to these counterparts of the subdirectly irreducible de Morgan
algebras, there are two more subdirectly irreducible de Morgan consistency
algebras, namely IncK3 and Inc2, which are the inconsistent expansions of
de Morgan algebras K3, 2 (that is, they define 0 as ⊺). Note that IncK3
and Inc2 are subalgebras of DM4 as de Morgan consistency algebras, but
K3 and 2 are not.

The quasiequations defining the quasivarieties of de Morgan lattices can
be used to define quasivarieties of de Morgan consistency lattices. However,
it is natural to replace them by stronger quasiequations in the presence of the
inconsistency constant 0 which are conservative over the original language.
Table 2.1 shows the quasivarieties of de Morgan consistency lattices which we
take to correspond to the previously described quasivarieties of de Morgan
lattices.

The presence of the new constant leads to a more pleasant proof theory for
the quasiequational logics of these quasivarieties, as we shall see in Chapter
5. For example, notice that no variable which occurs in the premises of the



Table 2.2: Quasivarieties of de Morgan consistency lattices
Quasivariety Axiomatized by Generated by
DMCL ∅ DM4, K3, 2
CondKCL 1 ≤ 0⇒ 0 ≤ 1 DM4 × 2, K3, 2
IntDMCL 1 ≤ 0⇒ x = y DM4 × 2, K3 × 2, 2
KCL 0 ≤ 1 K3, 2
IntKCL (KCL) + (IntDMCL) K3 × 2, 2
RegKCL 1 ∧ x ≤ 0 ∨ y⇒ x ∧ −y ≤ y ∨ −x (see proof)
BCL x ≤ 1 2

quasiequation defining RegKCL relative to KCL disappears in the conclusion,
unlike in RegKL.

Theorem 9. The quasiequational theories of DMCL, CondKCL, IntDMCL,
KCL, IntKCL, RegKCL and BCL are, respectively, conservative extensions of
the quasiequational theories of DML, CondKL, IntDML, KL, IntKL, RegKL and
BL. They are generated by the algebras listed in Table 2.2.

Proof. In one direction, we have to prove that the quasiequations for de
Morgan consistency algebras imply the quasiequations for de Morgan alge-
bras. We only show this explicitly for the somewhat mysterious quasivariety
of regular Kleene algebras. If −x ≤ x, then 1 ≤ x and −x ≤ 0. Hence if
x ∧ −y ≤ −x ∨ y, then 1 ∧ −y ≤ y ∨ 0 and, in any regular Kleene consistency
algebra, −y ∧ −y ≤ y ∨ − − y, so −y ≤ y.

In the other direction, we know what the de Morgan reducts of the alge-
bras look like and it we have to verify which of them satisfy the quasiequations
for de Morgan consistency algebras. It is clear that all quasivarieties other
than RegKCL are generated by all the possible expansions of subalgebras
of the generators of the corresponding quasivarieties of de Morgan algebras
which satisfy the defining quasiequations. It therefore suffices to correct for
the fact that as de Morgan consistency algebras, K3 and 2 are no longer
subalgebras of DM4 and 2.

For RegKCL, we know that the de Morgan reduct is a subalgebra of a
product of RK4 and 2. Since we cannot have 1 ≤ 0 in a non-trivial regular
Kleene consistency lattice, a regular Kleene consistency lattice can contain
a component such that 1 ≤ 0 only if it contains a component such that
1 ≰ 0. The two non-explicit expansions of RK4 (RK4′ and IncRK4) and
the inconsistent expansion of 2 are of the former kind, RK4 and 2 are of the



latter kind. RegKCL is generated by all such products (with no isomorphic
factors) which contain a component 1 ≤ 0 only if they contain a component
such that 1 ≰ 0.

Corollary 10. The quasiequational theories of DMCA, CondKCA, IntDMCA,
KCA, IntKCA, RegKCA and BCA are, respectively, conservative extensions of
the quasiequational theories of DMA, CondKA, IntDMA, KA, IntKA, RegKA
and BA. They are generated by the expansions by ⊺ and � of the algebras
listed in Table 2.2.

2.3 Non-explicit de Morgan consistency alge-

bras

Returning to the issue of explicitness again, the class of explicit de Morgan
consistency lattices ExpDMCL is closed under finite products and homomor-
phic images, but not under subalgebras or arbitrary products. It is therefore
not a quasivariety. What about its complement, the class of non-explicit de
Morgan consistency lattices denoted NonExpDMCL?

Consider the sequence of quasiequations:

a1 ≤ −a1, . . . , an ≤ −an, a1 ∨ . . . ∨ an = 0⇒ x = y (αn)

A non-trivial de Morgan consistency lattice A satisfies (αn) iff 0 is not gen-
erated by n or less elements. In particular, (α1) says that 0 ≰ 1 and we take
(α0) to say that 0 ≰ �. Clearly, (αn) implies (αm) for m ≤ n. In conjunction,
the quasiequations define precisely the class NonExpDMCL.

A similar sequence of quasiequations was already considered by Gaitán
and Perea [18]. In particular, they consider the following quasiequations:

a1 ≤ −a1, . . . , an ≤ −an, a1 ∨ . . . ∨ an = ⊺⇒ x = y (βn)

and prove that the quasivariety defined by this set of quasiequations is finitely
generated by the algebra DM4 ×K3 but not finitely based. We use their
method to prove a similar result for NonExpDMCL. For inconsistent de Mor-
gan algebras, the two sets of equations are equivalent, but in general the
quasiequations (αn) have a more readily discernible logical interpretation.

Lemma 11. For any A ∈ NonExpDMCL there is a homomorphism of de
Morgan consistency lattices h ∶A→ IncK3.



For any A ∈ IntDMCL ∩ NonExpDMCL, there is a homomorphism of de
Morgan consistency lattices h ∶A→ IncK3.

Proof. Since A is not explicit, 0 does not belong to the ideal I of inconsistent
elements of A. Extend I to a prime ideal J not containing 0. J contains
a ∧ −a for each a ∈A, A = J ∪ −J .

Let the function h ∶ A → IncK3 send J ∩ (A ∖ −J) to �, J ∩ −J to the
idempotent element, and −J ∩ (A ∖ J) to ⊺. 0 ∉ J , hence h(0) = ⊺. Further-
more, h(a) = � iff h(−a) = ⊺, hence h respects de Morgan negation. The fact
that h is also a homomorphism with respect to the lattice connectives follows
from the primality of J and A ∖ −J .

In case A is intensional, clearly no a ∈A is sent to the idempotent element.

Proposition 12. The quasivariety NonExpDMCL is generated by DM4 ×
IncK3, K3 × IncK3, 2 × IncK3. NonExpDMCL ∩ IntDMCL is generated by
DM4 × Inc2, K3 × Inc2, 2 × Inc2.

Proof. By Lemma 11 and the fact that DM4, K3, 2 generates DMCL,
NonExpDMCL ⊆ SP (DM4×IncK3,K3×IncK3,2×IncK3) and NonExpDMCL∩
IntDMCL ⊆ SP (DM4 × Inc2,K3 × Inc2,2 × Inc2). The reverse inclusions
follow from the fact that any de Morgan consistency lattice of the form A×B
where A is non-explicit (intensional) is non-explicit (intensional).

Lemma 13. Let An be the free de Morgan algebra on n ≥ 2 generators
p1, . . . , pn expanded by an explicit inconsistency constant and let Cn be the
de Morgan consistency subalgebra generated by p1, . . . , pn−1. Then Cn is not
explicit.

Proof. The de Morgan reduct of An is simply the free de Morgan algebra
on the same generators. The de Morgan reduct of Cn is the de Morgan
subalgebra of An generated by p1, . . . , pn−1 and 0 = (p1∧−p1)∨ . . .∨(pn∧−pn).
By Proposition 7, it suffices to show that 0 ≰ (p1∧−p1)∨ . . .∨(pn−1∧−pn−1)∨
(0 ∧ −0).

Since An is free as a de Morgan algebra, it suffices to find a de Morgan
homomorphism h ∶ An → DM4 such that h(0) ≰ (h(p1) ∧ −h(p1)) ∨ . . . ∨
(h(pn−1) ∧ −h(pn−1)) ∨ (h(0) ∧ −h(0)). Let h(p1) = . . . = h(pn−1) = Both and
h(pn) = None. Then h(0) = Both ∨None = True, while h((p1 ∧ −p1) ∨ . . . ∨
(pn−1 ∧ −pn−1) ∨ (0 ∧ −0)) = Both ∨ (True ∧ False) = Both.



Proposition 14. Neither NonExpDMCL nor NonExpDMCL ∩ IntDMCL is
finitely based.

Proof. By a result of Dziobiak [16], it suffices to exhibit an infinite sequence
of finite algebras Bn, n ≥ 2, of increasing cardinality such that none of them
belong to this quasivariety but each proper subalgebra of each Bn does.

Let An be the free de Morgan consistency algebra on n ≥ 2 generators
p1, . . . , pn expanded by an explicit inconsistency constant. By Proposition
7, An does not satisfy (αn). Let Cn be the consistency subalgebra of An

generated by p1, . . . , pn−1. By Lemma 13, Cn is not explicit. By the finiteness
of An, there is an explicit algebra Bn such that Cn ⊆ Bn ⊂ An and Bn has
no proper explicit subalgebra. Since An−1 ⊆Cn, Bm ⊂ Bn for m < n.

2.4 De Morgan Heyting algebras

Adding a Heyting implication to de Morgan algebra results in the notion of
a de Morgan Heyting algebra.

Definition 15. A Heyting algebra is an algebra A = (A,∧,∨,⊺,�,→) such
that (A,∧,∨,⊺,�) is a distributive lattice such that a ∧ b ≤ c iff b ≤ a→ c.

A co-Heyting algebra is an algebraA = (A,∧,∨,⊺,�,�) such that (A,∧,∨,⊺,�)
is a distributive lattice such that a ∧ b ≤ c iff c ≤ a ∨ b iff b � c ≤ a.

A de Morgan Heyting algebra is an algebra A = (A,∧,∨,⊺,�,→,−) such
that (A,∧,∨,⊺,�,−) is a de Morgan algebra and (A,∧,∨,⊺,�,→) is a Heyting
algebra.

The connective � is called co-implication. Its interpretation is taken up in
Chapter 3. With the aid of de Morgan negation and Heyting implication, we
can define the connective a � b = −(−a→ −b) and verify that (A,∧,∨,⊺,�,�)
is indeed a co-Heyting algebra.

De Morgan Heyting consistency algebras provide a natural setting for
reductio ad contradictionem negation, definable as ∼ x = x → 0. This is a
particular instance of minimal negation introduced by Johansson [20], which
satisfies the intuitionistic principles ∼ x =∼∼∼ x and ∼ (x ∨ y) =∼ x∧ ∼ y, but
abandons the explosion principle x∧ ∼ x ≤ y. See also [27] for an overview of
minimal logic. In contrast to standard minimal logic, 0 is not just any element
of the algebra. What makes 0 suitable to play the role of a contradiction
constant is that it is entailed by each direct contradiction (ideally, that it
generates the ideal of inconsistent elements).



2.5 Modal de Morgan algebras

Modal algebras are usually taken to be bounded distributive lattices equipped
with a box operator which distributes over finite conjunctions and a diamond
operator which distributes over finite disjunctions such that the two satisfy
some compatibility conditions. We follow this pattern, but our basic compat-
ibility conditions somewhat weaker than the standard ones.

Definition 16. A ◻-modal algebra is an algebra A = (A,∧,∨,⊺,�,◻) such
that (A,∧,∨,⊺,�) is a bounded distributive lattice, ◻⊺ = ⊺ and ◻(a ∧ b) =
◻a ∧ ◻b.

A ◇-modal algebra is an algebraA = (A,∧,∨,⊺,�,◇) such that (A,∧,∨,⊺,�)
is a bounded distributive lattice, ◇� = � and ◇(a ∨ b) =◇a ∨◇b.

A ◻◇-modal algebra is an algebra A = (A,∧,∨,⊺,�,◻,◇) such that
(A,∧,∨,⊺,�,◻) is a ◻-modal algebra, (A,∧,∨,⊺,�,◇) is a ◇-modal algebra,
and the following compatibility conditions hold:

• if ◇a ≤ ◻b ∨ c, then ◇a ≤◇(a ∧ b) ∨ c

• if ◇a ∧ c ≤ ◻b, then ◻(a ∨ b) ∧ c ≤ ◻b

We call the first of these conditions the (weak) modal law for ◇ and the
second the (weak) modal law for ◻. We also call ◻◇-modal algebras simply
modal algebras.

If (A,∧,∨,⊺,�,◻,◇) is a modal algebra, so is its opposite (A,∨,∧,�,⊺,◇,◻).
We shall make tacit appeal to this fact below and only prove one of each pair
of dual assertions.

If A is a ◻-modal algebra and a ◇-modal algebra equipped with a Heyting
co-implication, the modal law for ◇ is equivalent to the inequality ◇(a∧b)�
◇b ≤ ◻a�◇b. If it is equipped with a Heyting implication, the modal law for
◻ is equivalent to the inequality ◇a→ ◻b ≤ ◻(a ∨ b)→ ◻b.

Definition 17. A strong modal algebra is a modal algebraA = (A,∧,∨,⊺,�,◻,◇)
such that:

• ◻a ∧◇b ≤◇(a ∧ b)

• ◻(a ∨ b) ≤ ◻a ∨◇b

We call the first of these conditions the strong modal law for ◇ and the
second the strong modal law for ◻. The strong modal laws imply the weak
ones, but not vice versa.



Definition 18. A ◻-modal algebra and a ⧫-modal algebra (or simply ◻ and
◇ for short) are adjoint if a ≤ ◻⧫a, ⧫ ◻ a ≤ a.

A ◻◇-modal algebra and a ⧫-modal algebra are adjoint if ◻ and ⧫ are
adjoint and and ◇ are adjoint.

◻ and ⧫ are adjoint precisely iff a ≤ ◻b is equivalent to ⧫a ≤ b and a ≤ b
is equivalent to ◇a ≤ b. The notion of adjoint modalities is an algebraic
reflection of modalities defined by mutually converse relations.

The above compatibility conditions between ◻ and ◇ are not standard.
While ◻a∧◇b ≤◇(a∧b) is generally accepted in intuitionistic modal logic, its
dual ◻(a∨b) ≤ ◻a∨◇b is generally not accepted outside the context of classical
logic. The strong modal law for ◇ is either taken alone or in an asymmetric
conjunction with the principle ◇a → ◻b ≤ ◻(a → b) (see for example [28]).
We are not aware of any previous formulations of the weak modal law for
◇. We can speculate that this is partly because the equational formulation
of the weak modal law for ◻ requires the use of co-implication, which falls
somewhat outside the canonical stock of logical connectives. Perhaps the
above formulation purely in terms of conjunction and disjunction will thus
prove more agreeable to those logicians who are afraid of co-implication or
regard it as a second-rate connective.

By a modal de Morgan algebra, we mean the expansion of a modal algebra
by de Morgan negation. With the aid of de Morgan negation, one can then de-
fine the dual modal operators ◻a = −◇−a, ◇a = −◻−a. If (A,∧,∨,⊺,�,−,◻,◇)
is a (strong) de Morgan algebra, so is (A,∧,∨,⊺,�,◻,◇), and if ◻ and ⧫ are
adjoint, so are ◻ and ⧫.

The symmetry of classical logic is therefore preserved without actually
collapsing into classicality. The classical interdefinability of the box and dia-
mond operators, shunned by intuitionistic logic, is recovered, but for the pairs
◻ – ◇, ◇ – ◻ rather than ◻ – ◇. This is as it should be if one accepts that
the classical negation corresponds to a de Morgan negation rather than to
reductio ad absurdum. The interpretation of ◻ and ◇ is taken up in Chapter
3.



Chapter 3

Frames

Having dealt with the algebraic side of things, we now describe the cor-
responding semantic structures. These are simply partially ordered sets of
states possibly equipped with an involutive operation. The partial ordering
represents, as in the intuitionistic case, the direction of information increase,
while the involution links states which are dual in the sense of exchanging
assertion and non-denial. Proposition are evaluated at each state in a way
to assign a truth values to each states compatible compatible with the par-
tial ordering and the involution. The requirement that logical connectives be
compatible with this duality then provides a harmony condition linking their
assertion and denial conditions.

We assume that we know how the logical connectives behave as opera-
tions on truth values and investigate systematic ways of extending them to
operations of propositions. Although we are primarily interested in DM4
and its subalgebras as truth values, we discuss this procedure in more gen-
eral terms of algebras equipped with both an ordinary logical lattice structure
and an information lattice structure reflecting the fact that some assignments
of truth values are more informative than others. Bilattice theory provides
the proper setting for this. Taking this more general perspective early in the
chapter will enable us later on to easily identify the right definitions in the
specific four-valued case.

We then discuss the specific case of DM4. The unique feature of the
four-valued case is that the notions of consistency and completeness can
be represented in the language. This enables us to define a proper reductio
ad contradictionem negation in case implication is present in the language.
Defining consequence in terms of truth preservation on complete consistent
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states then enables us to reconcile classical and intuitionistic logic.
Finally, we discuss modal operators in these logics.

3.1 Bilattices as truth values

In Chapter 1, we saw that in addition to being equipped with the usual logical
connectives such as ∧ and ∨, the algebra of truth values may also support
operations such as ⊗ and ⊕ which reflect their information content. If we
abstract these operations from the particular four-valued setting of DM4,
we obtain the notion of an interlaced bilattice first introduced by Ginsberg
[19] and later studied by Fitting [17], Arieli and Avron [2] and others.

Definition 19. A bilattice1is an algebraA = (A,∧,∨,⊗,⊕) such that (A,∧,∨)
and (A,⊗,⊕) are lattices. The truth ordering associated with ∧ and ∨ is de-
noted ≤. The information ordering associated with ⊗ and ⊕ is denoted ⊑.

A bilattice is interlaced if ∧, ∨ are isotonic with respect to ⊑, and ⊗, ⊕
are isotonic with respect to ≤.

A bilattice is distributive if it satisfies all of the identities a ⋅ (b ○ c) =
(a ⋅ b) ○ (a ⋅ c) for ⋅, ○ ∈ {∧,∨,⊗,⊕}.

Definition 20. A ⊗-semibilattice is an algebra A = (A,∧,∨,⊗) such that
(A,∧,∨) is a lattice and (A,⊗) is a join-semilattice.

A ⊕-semibilattice is an algebra A = (A,∧,∨,⊕) such that (A,∧,∨) is a
lattice and (A,⊕) is a meet-semilattice.

A semibilattice is interlaced (distributive) if all the applicable interlacing
(distributivity) conditions hold.

Elements of an interlaced bilattice are to be thought of as containing both
positive information concerning the degree of truth of a proposition and neg-
ative information concerning the degree of falsehood. We shall only be inter-
ested in interlaced (semi)bilattices here. In fact, all of the concrete examples
we have in mind are distributive, but we need not make this assumption

1The terminology regarding bilattices is not fully standardized. What we call a bilattice
is often called a pre-bilattice, a bilattice then being a pre-bilattice with a de Morgan
negation. Our choice of terminology is motivated by the fact that there is nothing in
the term “bilattice” to suggest the presence of more than a pair of compatible lattice
structures.



in the general discussion. (Note that distributivity implies the interlacing
condition.)

A bilattice may be equipped with a set of designated or antidesignated
values representing assertion and denial, with a negation operation swapping
the positive and negative information, or with a conflation operation swap-
ping the positive and non-negative information. These are subject to various
compability conditions.

If a bilattice is equipped with a set of designated values D+, we require
that it be closed under ⊑ and ≤. If it is equipped with a set of antidesignated
values D−, we require that it be closed under ⊑ and ≥. In addition, we require
that D+ be closed under all existing conjunctions and D− under all existing
disjunctions.

A negation − is an involutive operation inverting the truth ordering while
preserving the information ordering. If the bilattice is equipped with a set
of designated and antidesignated states, we require that −D+ = D−. In other
words, negation swaps assertion and denial.

A conflation δ is an involutive operation inverting the information order-
ing while preserving the truth ordering. If the bilattice A is equipped with
a set of designated and antidesignated states, we require that δD+ =A ∖D−.
In other words, conflation swaps assertion and non-denial.

If a bilattice has both a negation and a conflation, we require that they
commute (that −δa = δ − a).

An element a of a bilattice with conflation is called consistent if a ⊑ δ(a)
and complete if δ(a) ⊑ a. This is a different notion of consistency from the one
we introduced for de Morgan lattices. It has to do with the consistency of a
truth value, while the de Morgan notion of consistency defines the consistency
of a proposition.

The set of consistent elements of a bilattice is closed under ∧, ∨, − (if nega-
tion is present) and ⊗, but not ⊕. Thus each bilattice with conflation (and
negation) defines a ⊗-semibilattice (with negation) of consistent elements. A
dual claim holds about complete elements.

A binary operation a ○ b on a bilattice with conflation is called harmo-
nious if δ(a ○ b) = δ(a) ○ δ(b) (and likewise for arbitrary arities). We shall
take harmonicity to be a necessary requirement for being a logical connec-
tive, expressing the appropriate relationship between its assertion and denial
conditions. Trivially, δ is harmonious. Since δ preserves the truth ordering,
∧ and ∨ are also both harmonious and the harmonicity of − is equivalent to
the assumption that conflation and negation commute.



On the other hand, ⊗ and ⊕ are clearly not harmonious: their positive and
negative content does not fit together to form a coherent logical connective.
Indeed, if ⊕ were a logical connective on DM4, a⊕ b would be true true iff a
is true or b is true but false iff a is false or b is false. This combination of the
assertion conditions of disjunction and the denial conditions of conjunction is
precisely the semantic counterpart of the introduction and elimination rules
of the tonk connective [31]. Such a combination is no less absurd in the
four-valued setting than in a two-valued one, the fact that admitting such an
operation as a logical connective would not lead to triviality notwithstanding.
We take this as a given in need of an explanation rather than justification. In
this respect our account differs from the bulk of the literature on bilattices
which appears to afford to ⊗ and ⊕ the same status as to ∧ and ∨. (Although
we do not admit ⊗ and ⊕ as logical connectives, we shall see that they are
essential in defining logical connectives on propositions.)

A fundamental theorem of bilattice theory is the representation theorem
for interlaced bilattices and their various expansions [10]. For any pair of
lattices A and B, the product bilattice A⊙B = (A×B,∧,∨,⊗,⊕) is defined
as follows:

• (a+, a−) ∧ (b+, b−) = (a+ ∧ b+, a− ∨ b−)

• (a+, a−) ∨ (b+, b−) = (a+ ∨ b+, a− ∧ b−)

• (a+, a−)⊗ (b+, b−) = (a+ ∧ b+, a− ∧ b−)

• (a+, a−)⊕ (b+, b−) = (a+ ∨ b+, a− ∨ b−)

Equivalently, (a+, a−) ≤ (b+, b−) iff a+ ≤ b+ and b− ≤ a−, and (a+, a−) ⊑
(b+, b−) iff a+ ≤ b+ and a− ≤ b−.

The product bilattice A⊙A can be equipped with a negation by letting
−(a, b) = (b, a). If A is an involutive lattice with the involution ¬, the product
bilattice A⊙A can be equipped with a conflation by letting δ(a, b) = (¬b,¬a).

Furthermore, if A is equipped with a set of designated (antidesignated)
values and B with a set of antidesignated (designated) values, A ⊙ B can
be equipped with a set of designated (antidesignated) values: (a, b) ∈ D+ iff
a ∈ D+ and b ∈ D−, (a, b) ∈ D− iff a ∈ D− and b ∈ D+.

Theorem 21 ([10]). Each interlaced bilattice is isomorphic to a bilattice
of the form A ⊙B. Each interlaced bilattice with negation or conflation is
isomorphic to a bilattice of the form A⊙B.



The proof of this representation theorem turns on defining two congru-
ences, a ∼1 b ≡ a ∨ b = a ⊗ b and a ∼2 b ≡ a ∧ b = a ⊗ b, and proving that a
bilattice B is isomorphic to the product bilattice B/ ∼1 ⊙B/ ∼2. If B is only
a semibilattice, the same proof shows that B is isomorphic to a subalgebra of
B/ ∼1 ⊙B/ ∼2.

Using this representation, we can define the operation [a; b] on an inter-
laced bilattice as [(a+, a−); (b+, b−)] = (a+, b−). [a; b] therefore combines the
assertion content of a with the denial content of b. In case the truth lattice
has a top ⊺ and a bottom �, [a; b] can be expressed as (a ⊗ ⊺) ⊕ (b ⊗ �).
Clearly, [a; b] is not a harmonious operation.

It is a corollary of the representation theorem that there is a one-to-
one correspondence between n-ary harmonious operations on an interlaced
bilattice with conflation A⊙A and 2n-ary operations on A. For the sake of
simplicity, we only formulate this for binary connectives.

Proposition 22. If ○ is a quaternary operation on an involutive lattice A,
then (a+, a−)○(b+, b−) = (○(a+, a−, b+, b−),¬ ○ (¬a−,¬a+,¬b−,¬b+)) is a harmo-
nious operation on A ⊙A. Furthermore, each binary harmonious operation
on A⊙A arises in this way.

3.2 Persistent propositions

A frame is simply a set of states with a partial order representing information
inclusion. An involutive frame extends this structure by an order-inverting
involution which represents the exchange of assertion and non-denial, de-
nial and non-assertion. In the presence of such an involution, the assertion
conditions fully determine the denial conditions and vice versa.

Definition 23. A frame F = (W,≤) is a poset of states.
An involutive frame F = (W,≤, δ) is a frame (W,≤) equipped with an

order-inverting involution δ.

Propositions are assignments of truth values which respect the direction
of information increase and, if present, the duality between assertion and
non-denial.

Definition 24. If A is a bilattice and F a frame, an A-proposition over F
is a monotonic map a ∶ (W,≤)→ (A,⊑).



In case A is a bilattice with conflation and F an involutive frame, an
A-proposition over F is a monotonic map a ∶ (W,≤) → (A,⊑) such that
δ(u)(a) = δ(u(a)).

The set of all A-propositions over F is denoted PropA(F).

If we wish to emphasize that F is an involutive frame and a proposition
a is required to respect this structure, we call a a harmonious proposition.
Likewise, a harmonious connective is one which preserves the harmonicity
of propositions. The monotonicity requirement shall also be called persis-
tence, by analogy with intuitionistic logic. A is assumed to be non-trivial
throughout this section.

We now wish to extend the logical connectives on A to PropA(F). By
the local language we shall mean the logical connectives of A and by the
persistent language we shall mean the logical connectives of PropA(F).

We require that the identity operation on A extend to the identity on
PropA(F) and that the persistent connective coincide with the corresponding
local connective on isolated states. For the sake of simplicity of notation, we
restrict our definitions to binary operations, but it is clear that they work
for any arity.

There appear to be two natural ways of lifting an operation ○ on an
information lattice A to an operation on PropA(F):

u(a ○+ b) =⊗
v≥u
(v(a) ○ v(b)) (3.1)

u(a ○− b) =⊕
v≤u
(v(a) ○ v(b)) (3.2)

The connective ○+ is called positive, the connective ○− is called negative.
In fact, the structure of a ⊗-semibilattice suffices to define the positive con-
nectives and the structure of a ⊕-semibilattice suffices to define negative
connectives. It is clear that a ○± b satisfies persistence, that the identity map
on A lifts to the identity map on PropA(F), and that a ○± b coincides with
a ○ b on isolated states. For frame without involution, this suffices.

For involutive frames, however, we need more. Neither of these operations
is in general harmonious. Indeed, if ○ is a harmonious connective, then for
any a, b ∈ PropA(F):

δ(u)(a ○+ b) = δ(u(a ○− b)) (3.3)

δ(u)(a ○− b) = δ(u(a ○+ b)) (3.4)



To lift a harmonious connective ○ on an interlaced bilattice A to a har-
monious connective on PropA(F), we therefore need a different construction,
which combines the above two in a harmonious way. Again, there are two
natural possibilities:

u(a ○+− b) = [⊗
v≥u
(v(a) ○ v(b)) ;⊕

v≤u
(v(a) ○ v(b))] (3.5)

u(a ○−+ b) = [⊕
v≤u
(v(a) ○ v(b)) ;⊗

v≥u
(v(a) ○ v(b))] (3.6)

It is easy to check that this yields:

δ(u)(a ○+− b) = δ(u(a ○+− b)) (3.7)

δ(u)(a ○−+ b) = δ(u(a ○−+ b)) (3.8)

therefore, ○+− and ○−+ are indeed harmonious operations on PropA(F) for
harmonious ○. Again, ○+− is called a positive connective and ○−+ is called a
negative connective.

For some connectives, the above operations may collapse into a single
local operation u(a○+ b) = u(a○− b) = u(a○+− b) = u(a○−+ b) = u(a)○u(b). This
is the case precisely if the operation is information isotonic with respect to all
arguments. In particular, conjunction, disjunction and de Morgan negation
are local connectives in this sense. In such cases we use the same symbol to
denote the operation on A and the local operation on PropA(F). In contrast,
non-local connectives arise from operations such as →, where an information
increase in one argument can lead to an information decrease in the value.

In the presence of negation, each operation a○b on A has its dual, defined
as a + b = −(−a ○ −b). If a + b is the dual operation to a ○ b, then:

u(−(a ○+ b)) = u(−a +− −b) (3.9)

u(−(a ○− b)) = u(−a ++ −b) (3.10)

u(−(a ○+− b)) = u(−a +−+ −b) (3.11)

u(−(a ○−+ b)) = u(−a ++− −b) (3.12)

In other words, all of the above liftings preserve the duality of connectives.
The truth order on A extends to a truth order on PropA(F): a ≤ b holds

in PropA(F) iff u(a) ≤ u(b) holds in A for each state u. In addition, on
interlaced bilattices the above liftings preserve the tonicity of connectives: if
x ○ y is isotonic (antitonic) in x, so are ○+, ○−, ○+−, ○−+.



On the other hand, no sensible information order is defined on PropA(F).
Defining a ⊑ b in PropA(F) if u(a) ⊑ u(b) holds in A for each state u
leads to a discrete order in the harmonious case: if δ(u)(a) ⊑ δ(u)(b), then
u(b) ⊑ u(a), hence a ⊑ b entails b ⊑ a. In the absence of the harmonicity
requirement, such an information order is not necessarily trivial, but at any
rate it lacks a reasonable interpretation.

On an involutive frame, we can pick out two privileged sets of states: call
a state u consistent if u ≤ δ(u), complete if δ(u) ≤ u. A state u is consistent
iff δ(u) is complete. The following proposition justifies the terminology.

Proposition 25. Let F be an involutive frame and A be a conflation lattice
containing a complete consistent element x and an incomplete inconsistent
element y. Then u is a consistent (complete) world of F iff u(a) is consistent
(complete) for each a ∈ PropA(F).

Proof. The left-to-right direction follows from persistence. For the right-to-
left direction, let u(a) = x if u is complete consistent, u(a) = x ⊕ y if u is
complete inconsistent, u(a) = x⊗y if u is incomplete consistent, and u(a) = y
if u is incomplete inconsistent.

Note that a non-trivial identification of consistent and of complete states
was in general not possible in the local setting, as the sets of consistent and
of complete truth values of for example DM4 are not closed under →.

In analogy with ≤, we can define the partial orders 1≤, ≤0 and 1≤0:

• a1≤ b iff u(a) ≤ u(b) for each complete u

• a ≤0 b iff u(a) ≤ u(b) for each consistent u

• a1≤0 b iff u(a) ≤ u(b) for each complete consistent u

Sequents in the persistent language (persistent sequents for short) can be
interpreted on the basis of sequents in the local language (local sequents
for short) in a straightforward way: a persistent sequent Γ ⊢ ∆ (of any
kind) holds in a model if for each state u, the local sequent τu(Γ ⊢ ∆) =
u(γ1), . . . , u(γm) ⊢ u(δ1), . . . , u(δn) holds.

In the presence of δ, we can define other kinds of persistent sequents:

• Γ1⊢∆ holds if τu(Γ ⊢∆) holds at each complete state u

• Γ ⊢0 ∆ holds if τu(Γ ⊢∆) holds at each consistent state u



• Γ1⊢0 ∆ holds if τu(Γ ⊢∆) holds at each complete consistent state u

A persistent sequent is, as expected, a consequence of a set of persistent
sequent premises in case it holds whenever all of the premises hold.

3.3 Four-valued semantics

What do the above definitions reduce to in the case of DM4 and its subal-
gebras? Writing again u ⊩+ a for True ⊑ u(a) and u ⊩− a for False ⊑ u(a),
each DM4-proposition a is fully determined by the set of states such that
u ⊩+ a and the set of states such that u ⊩− a. In fact, each harmonious
DM4-proposition is fully determined by the former set alone. We shall only
be concerned with harmonious propositions and connectives from now on.

The harmony condition states that u ⊩+ p iff δ(u) ⊮− p, u ⊩− p iff δ(u) ⊮+
p.

We have the following clauses for the harmonious implication connective
corresponding to →:

• u ⊩+ a→+− b iff for each v ≥ u, if v ⊩+ a, then v ⊩+ a

• u ⊩− a→+− b iff for some v ≤ u, v ⊮− a and v ⊩− b

For the dual connective � we have:

• u ⊩+ a �−+ b iff for some v ≤ u, v ⊮+ a and v ⊩+ b

• u ⊩− a �−+ b iff for all v ≥ u, if v ⊮− a, then v ⊮− b

In the following, we write simply → for →+− and � for �−+. The clauses
for −, ∧ and ∨ are as expected:

• u ⊩+ −a iff u ⊩− a

• u ⊩− −a iff u ⊩+ a

• u ⊩+ a ∧ b iff u ⊩+ a and u ⊩+ b

• u ⊩− a ∧ b iff u ⊩− a or u ⊩− b

• u ⊩+ a ∨ b iff u ⊩+ a or u ⊩+ b

• u ⊩− a ∨ b iff u ⊩− a and u ⊩− b



Since a DM4-proposition on an involutive frame is fully determined by
the set of states u such that u ⊩+ a and the set of states u such that u ⊩− a,
0 can be defined as the DM4-proposition which is true in all inconsistent
states and false in all complete states:

• u ⊩+ 0 iff u ≰ δ(u)

• u ⊩− 0 iff δ(u) ≤ u

• u ⊩+ 1 iff δ(u) ≤ u

• u ⊩− 1 iff u ≰ δ(u)

A state u is inconsistent precisely if there is some proposition p such that
p ∧ −p holds at u: take v ⊩ p iff u ≤ v.

Having thus internalized the inconsistency constant 0, the reductio ad
contradictionem negation a →+− 0 is now available in our language. This
internalization is only possible for DM4, as otherwise we cannot in general
identify a proposition with a pair of sets of states, and it is only meaningful
because of the harmonicity of our connectives. Therefore, the harmonious
DM4-logic is the only logic in the general semantic framework described
above which can capture the reductio ad contradictionem negation. Accepting
this framework therefore entails accepting the harmonious DM4-logic as the
right logic of reductio ad contradictionem negation. For reasons outlined in
the next section, we shall also call this logic classical-intuitionistic logic.

The above is of course not the only possible denial condition to go with
the standard assertion condition for intuitionistic implication. Wansing [37]
lists three other options and provides a proof-theoretic interpretation for each
of them and for their co-implicative counterparts.

3.4 Relationship to classical and intuitionis-

tic logic

In each complete consistent state u, u ⊩− a iff u ⊮+ a for each harmonious
proposition a. Therefore, if identify classical negation with −, classical logic
holds in complete consistent states. As the assertion clause for → is precisely
the clause for intuitionistic implication (and the denial clause is fully de-
termined by the assertion clause and the requirement of harmonicity), the



consequence relation Γ1⊢0 ∆ is therefore a consequence relation which con-
servatively extends classical logic by intuitionistic implication.

This may seem puzzling at first sight, as it is commonly known that
adding classical negation to intuitionistic logic collapses the classical and
intuitionistic implications. The following proofs testify to this:

φ ⊢ φ ψ ⊢ ψ
φ,φ→ ψ ⊢ ψ
φ→ ψ ⊢ −φ,ψ
φ→ ψ ⊢ −φ ∨ ψ

φ ⊢ φ
φ ⊢ φ,ψ

φ,−φ ⊢ ψ
−φ ⊢ φ→ ψ

ψ ⊢ ψ
φ,ψ ⊢ ψ
ψ ⊢ φ→ ψ

−φ ∨ ψ ⊢ φ→ ψ

We clearly have to give up at least one of the above steps. Which one(s)?
The classical rules for − are retained, as is the left introduction rule for →,
therefore the proof on the left remains valid and φ → ψ1⊢0 −φ ∨ ψ holds.
What we give up is the right introduction rule for → with respect to 1⊢0
and with it the validity of −φ ∨ ψ1⊢0 φ → ψ, or more precisely the validity
of the ex contradictione quodlibet principle in the form −φ1⊢0 φ → ψ. The
right introduction rule for implication is only valid for ⊢, while the introduc-
tion rules for negation are valid only for 1⊢0. The left introduction rule for
implication is valid for both.

Of course, in a proof we may use both ⊢ and 1⊢0. The proof on the right
does not go through because the classical rule for negation (requiring a 1⊢0
sequent) occurs above the intuitionistic rule for implication, while on the left
it occurs below.

As the right introduction rule for implication and more generally the
equivalence of Γ, φ ⊢ ψ and Γ ⊢ φ → ψ are rightly taken as fundamental
defining properties of intuitionistic implication, the decision to block the
above proof by giving up precisely this rule deserves some comment. Can
we still call → an intuitionistic implication in the absence of this rule? The
model theoretic answer is positive, as the semantic clause for → is precisely
the intuitionistic one. The proof-theoretic answer is also positive, provided
we view ⊢ as the underlying consequence relation of 1⊢0.

3.5 Modality

The standard semantic conditions for the box and diamond operators are:



• u ⊩ ◻φ iff if uRv, then v ⊩ φ

• u ⊩◇φ iff there is some v ⊩ φ such that uRv

Given this account of what the box and diamond operators look like lo-
cally, we can use the theory of Section 3.2, identifying the modal box operator
with ◻+ and the modal diamond operator with ◇−, to obtain the following
truth conditions for the “intuitionistic” counterpart of the above modalities:

• u ⊩ ◻φ iff for all u′ ≥ u, if u′Rv′, then v′ ⊩ φ

• u ⊩◇φ iff there is a u′ ≤ u such that v ⊩ φ for some v such that uRv

◻ and ◇ and satisfy the basic rules:

Γ ⊢ φ
◻ ⊢ ◻φ

φ ⊢∆
◇φ ⊢◇∆

but they do not satisfy the condition:

Γ, φ ⊢ ψ
◻Γ,◇φ ⊢◇ψ

To validate this condition, we have to postulate a persistence condition
for relational information, parallel to the persistence condition for atomic
information. We say that R is persistent if (≥ ○R) ⊆ (R○ ≥). It then follows
that the truth condition for ◇ can be replaced by a local one: u ⊩ φ iff there
is a v ⊩ φ such that uRv.

Moving this account to a four-valued setting requires changing the acces-
sibility relation to a four-valued one. A four-valued frame is a frame equipped
with an accessibility relation R ∶ W ×W → DM4. Such a relation is equiv-
alent to a pair of binary relations R+, R−, one representing the information
that a world has been confirmed as a possibility relative to another world, the
other representing the information that it has been excluded as a possibility
relative to another world.

Given the classical local truth conditions for ◻ and ◇, the harmonicity
requirement then fixes the assertion and denial conditions:

• u ⊩+ ◻φ iff for all u′ ≥ u, if u′R+v′, then v′ ⊩+ φ

• u ⊩− ◻φ iff for some u′ ≤ u, not u′R−v′ and v′ ⊩− φ



• u ⊩+ ◇φ iff for some u′ ≤ u, u′R+v′ and v′ ⊩+ φ

• u ⊩− ◇φ iff for all u′ ≥ u, if not u′R−v′, then v′ ⊩− φ

To obtain harmony, in addition to exchanging atomic assertions for non-
denials we assume δ to exchange R+ and the complement of R−. Assuming
that R± are both persistent again links the corresponding ◻ and ◇ operators.



Chapter 4

Duality

In this chapter we formulate dualities for the classes of algebras defined in
Chapter 2. These all build on the Priestley duality for bounded distributive
lattices and its extension to de Morgan spaces, we therefore begin by an
exposition of these two dualities and of duality theory in general.

We then formulate a duality for explicit de Morgan consistency algebras
which is a restriction the duality for de Morgan algebras and characterize the
dual spaces of the quasivarieties of de Morgan consistency algebras defined in
Chapter 2. We use the duality to prove that if a de Morgan algebra contains
no idempotent element, it can be divided into complementary sets of true
and false elements. Finally, we formulate a duality for the modal algebras
defined in Chapter 2.

4.1 Duality for de Morgan algebras

Informaly, a duality is a correspondence between a class of algebras and a
class of spaces which allows us to interpret elements of the algebra as being
about subsets of the spaces. The transition from a space to its corresponding
algebra is generally straightforward while the interpretation of an abstract
algebra in terms of a dual space is generally not so straightforward. Dualities
entail both representation theorems (each abstract object can be embedded
in a concrete object) and completeness theorems (each abstractly invalid
entailment has a concrete counterexample). A duality theorem is stronger in
that neither representation theorems nor completeness theorems care about
morphisms or topology.

36



A logical interpretation of the topological notions involved in dualities is
outlined in [36]. Briefly put, open sets of a topological space correspond to
things we can see (properties we can verify), while continuous maps corre-
spond to things we can do (actions we can perform). A clopen set is then a
set which is decidable: we can tell if an element lies in the set and we can tell
if it lies outside. A partial order on a space again corresponds to information
increase.

To set up a duality, we need a functor (−)+ from a category of algebras
to a category of spaces and a functor (−)+ from the category of spaces to
the category of algebras. We say that these form a dual equivalence for each
algebra A there is an isomorphism εA ∶ A → (A+)+ and for each frame F
there is an isomorphism ηF ∶ F → (F+)+ such that these are natural in A
and F , that is, εh(A) ○ h = (h+)+ ○ εA for each morphism h of algebras with
domain A and likewise for η. See [3] or [23] for a more detailed definition.
We will not need to verify any such categorical properties in the following.

Let us now briefly describe the Priestley duality. The dual spaces of
bounded distributive lattices are the compact ordered topological spaces
(W,≤,T ) which are totally order-disconnected : for each a ≰ b there is a clopen
upset U such that a ∈ U, b ∉ U . These are called Priestley spaces. Morphisms
of Priestley spaces are precisely the continuous order-preserving maps.

The duality assigns to each bounded distributive lattice A the Priestley
space A+ consisting of the set PF(A) of its prime filters ordered by inclusion
and equipped with a suitable topology. The topology is generated by sets of
the form ε(a), a ∈A, and their complements, where ε(a) is the set of all prime
filters containing a ∈ A. The compactness and total order-disconnectedness
of A+ follow from the prime filter separation principle and the Alexander
subbasis lemma, respectively. A morphism of bounded distributive lattices
h ∶ A → B is assigned the morphism of Priestley spaces h+ ∶ B+ → A+
which takes each prime filter on B its preimage under h. This assignment is
functorial.

In the opposite direction, each Priestley space F is assigned the bounded
distributive lattice F+ consisting of the set ClUp(F) of clopen upsets of F
equipped with intersection and union. Each point u of F defines the prime
filter η(u) on F+ of all clopen upsets which contain u. A Priestley morphism
f ∶ F → G is assigned the homomorphism of bounded distributive lattics
f+ ∶ G+ → F+ which takes a clopen upset of G+ to its preimage under f . This
assignment is also functorial.



Theorem 26 ([29, 30]). (−)+, (−)+, ε, η is a dual equivalence between the
categories of bounded distributive lattices and of Priestley spaces.

For a more detailed exposition of the Priestley duality, see [13].
Given that ε and η are isomorphisms and that (−)+, (−)+ are functorial,

to prove that an extension of the Priestley duality between expansions of
bounded distributive lattices and expansions of Priestley spaces is a duality it
suffices to check: that the dual space A+ satisfies the additional conditions for
spaces and that h+ satisfies the additional conditions for morphisms of spaces,
that the complex algebra F+ is of the appropriate class and that f+ preserves
the additional operations, that ε preserves the additional operations, and that
η preserves the additional operations.

The duality for de Morgan algebras discovered by Cornish and Fowler
[11, 12] extends the Priestley duality by expanding Priestley spaces by a
continuous order-inverting involution δ ∶ W → W . We call such spaces de
Morgan spaces. Morphisms of de Morgan spaces are morphisms of Priestley
spaces which preserve δ.

For each de Morgan algebra A, δA ∶A+ →A+ takes the prime filter U to
A∖−U . In the opposite direction, for each de Morgan space F , −F ∶ F+ → F+
takes the clopen U to W ∖ δ[U].

Theorem 27 ([11]). (−)+, (−)+, ε, η is a dual equivalence between the cate-
gories of de Morgan algebras and of de Morgan spaces

Proof. A+ is a de Morgan space: if U is a prime filter on A, −U is a prime ideal,
hence its complement is a prime filter and δA is indeed an order-inverting
involution on A+.

A+ has a subbasis of clopen upsets and clopen downsets. To show that
δA is continuous, it therefore suffices to prove that the preimage of each such
set is open. But each U ∈ ClUp(A+) is of the form ε(a) for some a ∈ A
and δ−1A [ε(a)] = δA[ε(a)] is by definition the complement of the clopen set
δA[ε(−a)]. Since each clopen downset is the complement of a clopen upset,
its preimage under δA is likewise clopen.

h+ is a morphism of de Morgan spaces: if h ∶ A → B is a de Morgan
homomorphism, then h+(δA(G)) = h−1[δB(G)] = h−1[B∖−G] =A∖h−1[−G] =
A ∖ −h−1[G] = δA(h−1[G]) = δA(h+(G)).

In the opposite direction, F+ is a de Morgan algebra because quasicom-
plementation is a de Morgan negation.



f+ is a de Morgan homomorphism: if f ∶ F → G is a morphism of de
Morgan spaces, then f+(−GV ′) = f−1[W ′ ∖ δ′[V ′]] = W ∖ f−1[δ′[V ′]] = W ∖
δ[f−1[V ′]] = −Ff+(V ′).

ε is a de Morgan homomorphism: ε(−a) = {U ∈ PF(A) ∣ − a ∈ U} =
δA[{U ∈ PF(A) ∣ a ∉ U}] = −A+ε(a).

η is a morphism of de Morgan spaces: η(δ(u)) = {U ∈ ClUp(F) ∣ δ(u) ∈
U} = {U ∈ ClUp(F) ∣ u ∉ −U} = δF+({U ∈ ClUp(F) ∣ u ∈ U}) = δF+(η(u)).

We now use the duality between de Morgan spaces and de Morgan alge-
bras to provide a semantic proof of the theorem of Belnap and Spencer [6]
that a de Morgan algebra has a truth filter iff it has no idempotent element.
While Belnap and Spencer find a truth filter provided that the algebra con-
tains no idempotent element, we find an idempotent element provided that
the algebra has no truth filter.

A weaker separation condition than total order-disconnectedness is in
fact sufficient for the proof. An ordered topological space is called an order-
Hausdorff space if for each a ≰ b there is an increasing neighbourhood U of
a and a decreasing neighbourhood V of b such that U and V are disjoint.
Clearly, each totally order-disconnected space is order-Hausdorff. Less ob-
viously, each order-Hausdorff space which is compact satisfies the following
stronger separation condition.

Lemma 28 ([21], Lemma VII 1.2). Each compact order-Hausdorff space
satisfies the following separation condition: for each each a ≰ b there is an
upset U containing a and downset V containing b such that U and V are
disjoint.

Let W≤ be the set corresponding to the order relation ≤ on W : W≤ =
{(a, b) ∈ W ×W ∣ a ≤ b}. In each order-Hausdorff space, W≤ is closed. (The
opposite implication in fact also holds.)

Lemma 29 ([26], Proposition 1). In each order-Hausdorff space the set W≤
is closed.

Proof. Suppose that there are (u, v) ∉W≤. Since a ≰ b, there is an increasing
neighbourhood U of u and a decreasing neighbourhood V of v such that
U and V are disjoint. If there are u′ ∈ U , v′ ∈ V such that u′ ≤ v′, then
v′ ∈ U and u′ ∈ V , hence U and V cannot be disjoint. Therefore, (U,V ) is a
neighbourhood of (u, v) disjoint from W≤.



Corollary 30. The diagonal ∆ = {(u,u) ∈ W ×W ∣ u ∈ W}, the set ∆δ =
{(u, δ(u)) ∈W ×W ∣ u ∈W} and the set ∆≤δ = {(u,u) ∈W ×W ∣ u ≤ δ(u)}
are closed.

Proof. ∆ =W≤ ∩W≥. ∆δ is the image of ∆ under 1W × δ. ∆≤δ is the image of
≤ under 1W × δ.

The following lemma generalizes the basic fact that if each neighbourhood
of u intersects a closed set F , then u belongs to F .

Lemma 31. Let F be a closed subset of a compact order-Hausdorff space.
If each open upset containing u intersects F , then there is some v ∈ F such
that u ≤ v.

Proof. Suppose that no v ∈ F lies above u. Then for each v ∈ F there is an
open upset containing u but not v. The intersection of these sets contains
u and is contained in the complement of F . But by compactness there is in
fact a finite intersection which is contained in the complement of F .

Theorem 32. Let (W,≤,T ) be a compact order-Hausdorff space and δ ∶W →
W be a continuous order-inverting involution. If there is no w = δ(w), then
each open upset which contains at most one of each u, δ(u) can be extended
to a clopen upset which contains exactly one of each u, δ(u).

Proof. It suffices to prove that it can be extended to an open upset which
contains exactly one of each u, δ(u), as the image under δ is then also open,
hence any such set is in fact clopen.

Let U be an open upset extending the given open upset which is maximal
among those containing at most one of each u, δ(u). The maximality of
U means that if u ∉ U , then each open upset on W ×W of the form V ×
V containing (u,u) intersects ∆δ. Therefore each open upset on W × W
containing (u,u) intersects ∆δ. By Lemma 31 and Corollary 30, this means
that there is some (v, δ(v)) ∈∆δ such that (u,u) ≤ (v, δ(v)). But then u ≤ v,
u ≤ δ(v), v ≤ δ(u) and u ≤ δ(u).

If U contains neither u nor δ(u), this argument applies to both u and
δ(u). But then u ≤ δ(u) ≤ u and δ has a fixpoint.

The duality for de Morgan algebras then yields the following as a corollary.



Corollary 33. A de Morgan algebra has a truth filter iff it contains no
idempotent element.

A de Morgan algebra which contains an idempotent element contains and
idempotent element above each directly inconsistent element.

Proof. An idempotent element of a de Morgan algebra is precisely a clopen
upset in the dual frame containing exactly one of each u, δ(u). A directly
inconsistent element is precisely a clopen upset containing at most one of
each u, δ(u).

Briefly stated, − has a fixpoint iff δ has no fixpoint.

4.2 Duality for de Morgan consistency alge-

bras

Recall that a de Morgan consistency algebra is explicit if its ideal of incon-
sistent elements is the principal ideal generated by 0.

The duality for explicit de Morgan consistency algebras is the restriction
of the Priestley duality to de Morgan spaces such that the set of all u ≰ δ(u),
is closed. By Corollary 30, it is then in fact clopen as the complement of the
closed set ∆≤δ. We denote this subset of a de Morgan space F by 0F and use
it to interpret the constant 0 in the complex algebra of F . Morphisms of de
Morgan consistency spaces are just morphisms of de Morgan spaces.

Theorem 34. (−)+, (−)+, ε, η is a dual equivalence between the categories of
explicit de Morgan consistency algebras and of de Morgan consistency spaces.

Proof. On any de Morgan space F , u ≰ δ(u) holds iff there is a clopen upset
U such that u ∈ U ∩−FU . If u ∈ U ∩−FU , then u ∈ U , u ∉ −FU , hence u ≰ δ(u).
If u ≰ δ(u), by total order-disconnectedness there is some clopen upset U such
that u ∈ U , δ(u) ∉ U , hence u ∈ −FU .

0F is therefore the union of all U ∩ −FU , u ∈ ClUp(F). If 0F is clopen,
by compactness it is in fact equal to a finite union of such clopen upsets,
therefore F+ is explicit. Vice versa, if A is explicit, 0F is a finite union of
clopen upsets, therefore it is clopen and A+ is a de Morgan consistency space.

That ε preserves 0 is clear.



The situations regarding explicit and non-explicit de Morgan consistency
algebras are therefore somewhat complementary. For explicit de Morgan con-
sistency algebras, we have a pleasant semantic characterization but no rea-
sonable algebraic characterization, whereas for non-explicit algebras we have
no pleasant semantic characterization but we do have a reasonable algebraic
characterization. (One could define a duality for arbitrary de Morgan consis-
tency algebras by extending de Morgan consistency spaces by a subset I ⊇ 0F
used to interpret 0, but this duality would not be very enlightening.)

Let us now characterize the dual spaces of the quasivarieties of de Morgan
algebras introduced in Chapter 2.

Theorem 35. A non-trivial explicit de Morgan consistency algebra belongs
to one of the classes listed in Table 4.2 iff its dual belongs to the corresponding
class of de Morgan consistency spaces.

Proof. For IntDMCA: suppose that there is a w = δ(w). Then w ∉ 0, hence
w ∈ −0 = 1. But also w ∉ 1 since 1 ≤ 0.

Vice versa, suppose that 1 ≰ 0 and let aθb be the relation defined by
a∧ 1 = b∧ 1 and a∨ 0 = b∨ 0. θ is a de Morgan congruence such that A/θ is a
Boolean algebra. If 1 ≰ 0, then A/θ is non-trivial. Composing the projection
A → A/θ with any A/θ → 2 yields a prime filter U which contains exactly
one of x, −x for each x ∈A, hence δ(U) = U .

For KCA: suppose that u ≤ δ(u) or δ(u) ≤ u for all u. If u ∈ 0, then
u ≰ δ(u), hence δ(u) ≤ u and u ∈ 1.

Vice versa, suppose that 0 ≤ 1. If u ≰ δ(u), then u ∈ 0, hence u ∈ 1 and
δ(u) ≤ u.

For RegKCA: recall that ∆δ is the closed set of all fixpoints of δ. It suffices
to show that ∆δ ⊆ −U implies U ⊆ −U . Suppose that neither u nor δ(u) is
below ∆δ. Then each point of this set can be separated from u by a clopen
upset. By compactness, u can be separated from the whole of ∆δ by a clopen
upset U and δ(u) can be separated from the whole of ∆δ by a clopen upset V .
It follows that δ[U] and δ[V ] are also disjoint from ∆δ, hence ∆δ ⊆ −(U ∪V ).
But u ∈ U ∪ V and u ∉ U ∪ V because δ(u) ∈ U ∪ V .

In the opposite direction, if u or δ(u) is above ∆δ, then ∆δ ⊆ U implies
u ∈ U or δ(u) ∈ U . If u ∈ −U , then δ(u) ∉ U , hence u ∈ U .

For BCA: suppose that x ≤ 1. Then each prime filter U contains at least
one of a, −a. Since the same holds for δ(U), we have U contains exactly one
of a, −a for each a and U = δ(U). The opposite implication is clear.



Table 4.1: Dualities for explicit de Morgan consistency algebras
Quasivariety Axiomatized by Dual spaces
DMCA ∅ all de Morgan consistency spaces
CondKCA 1 ≤ 0⇒ 0 ≤ 1 IntDMCA-spaces or KCA-spaces
IntDMCA 1 ≤ 0⇒ x = y there is a w = δ(w)
KCA 0 ≤ 1 u ≤ δ(u) or δ(u) ≤ u for all u
IntKCA (KCA) + (IntDMCA) IntDMCA-spaces and KCA-spaces
RegKCA 1 ∧ a ≤ 0 ∨ b→ a ∧ −b ≤ b ∨ −a each u is either below or above a w = δ(w)
BCA x ≤ 1 u = δ(u) for all u

4.3 Dualities for modal algebras

Recall that we take a (weak) modal algebra to be a bounded distributive
lattice equipped with a ◻ operator which distributes over finite conjunctions
and a ◇ which distributes over finite disjunctions such that they satisfy the
following (weak) modal laws:

• if ◇a ≤ ◻b ∨ c, then ◇a ≤◇(a ∧ b) ∨ c

• if ◇b ∧ c ≤ ◻a, then ◻(a ∨ b) ∧ c ≤ ◻a

As dual spaces of (weak) modal algebra, we take (weak) modal spaces,
which do not satisfy any condition connecting the accessibility relation with
the partial order. A modal space is a Priestley space F extended by a binary
relation R such that ClUp(F) is closed under the operations ◻F and ◇F
defined as:

• u ∈ ◻F(U) iff u(≤ ○R)v implies v ∈ U

• u ∈◇F(U) iff u(≥ ○R)v for some v ∈ U

and F is modally disconnected :

• if not u(≤ ○R)v, then there is some U ∈ ClUp(F) such that u ∈ ◻FU
but v ∉ U

• if not u(≥ ○R)v, then there is some U ∈ ClUp(F) such that v ∈ U but
u ∉◇FU

A morphism of modal spaces is a Priestley morphism such that:



• if uRv, then f(u)Rf(v)

• if f(u)Rv′, then there is some v such that u(≤ ○R)w and f(v) = v′

• if f(u)Rv′, then there is some v such that u(≥ ○R)w and f(v) = v′

The dual space A+ of a modal algebra A is obtained by expanding the
dual space of the bounded distributive lattice reduct of A by a relation RA

such that URAV iff ◻a ∈ U implies a ∈ V and a ∈ U implies ◇a ∈ V. The
complex algebra F+ of a modal space is just the dual bounded distributive
lattice equipped with ◻F and ◇F .

In proving the duality, we will appeal to the notions of a V-normal filter
and a U↓-filter. Informally, a U↓-filter is a filter below U which knows which
elements do not hold in U . A V-normal filter is a filter for which we can
reasonably hope that there is a prime filter below which sees some prime
extension of V. The main part of the proof consists in proving a sequence of
lemmas which show that this interpretation is correct.

More formally, a V-normal filter is a filter U such that ◻b ∨ c ∈ U implies
◇(a ∧ b) ∨ c ∈ U for each a ∈ V. For any prime filter U , a U↓-filter is a proper
filter V such that if a ∨ b ∈ V and b ∉ U , then a ∈ V. It follows that V ⊆ U . For
each V ⊆ U , the U↓-filter generated by V is the filter U↓(V) = {a ∈A ∣ v ≤ a∨u−
for some v ∈ V, u− ∉ U}.

By ◇U we mean the filter {a ∈A ∣ ◇ u ≤ a for some u ∈ U}. By ◻−1U↓V we
mean the filter {v1 ∨ . . . vn ∈A ∣ ◻ v1 ∨ . . . ∨ ◻vn ∨ u− ∈ V, u− ∈ U}. Informally,
◻−1U↓V is a more complicated version of the filter of all boxed elements of V .
By F ∧ G we mean the filter generated by F ∪ G.

If V is a U↓-filter, let VRU↓AW hold iff ◻v1 ∨ . . . ∨ ◻vn ∨ u− ∈ V , u− ∉ U
implies v1 ∨ . . .∨ vn ∈ V and w ∈W implies ◇w ∈ V . That is, VRU↓AW holds iff
◻−1U↓V ⊆W and ◇W ⊆ V. Clearly, VRU↓AW implies VRAW .

Lemma 36. Let U be a prime filter. If ◇W ′ ⊆ U , there is a prime W ⊇W ′
such that ◇W ⊆ U .

Proof. Extend W ′ to a W maximal among filters such that ◇W ⊆ U . If
a, b ∉W , then ◇a,◇b ∉ U , hence ◇a ∨◇b =◇(a ∨ b) ∉ U and a ∨ b ∉W .

Lemma 37. If U is a prime filter such that ◇W ⊆ U , there is a W-normal
U↓-filter V.

Proof. Let V be U↓(◇W). The W-normality of V is precisely the modal law
for ◇: if ◇w ≤ ◻v ∨ v′ ∨ u−, then ◇w ≤◇(v ∧w) ∨ v′ ∨ u−.



Lemma 38. If V is a W-normal U↓-filter, there is a filter W ′ ⊇W such that
VRU↓AW ′.

Proof. Let W ′ = W ∧ ◻−1U↓V . ◻−1U↓V ⊆ W ′ by definition. If a ∈ W ′, there are
w ∈ W , ◻v1 ∨ . . . ∨ ◻vn ∨ u− ∈ V , ◻v1 ∨ . . . ∨ ◻vn ∈ V , u− ∉ U such that
w ∧ (v1 ∨ . . . ∨ vn) = (w ∧ v1) ∨ . . . ∨ (w ∧ v1) ≤ a. By the V-normality of
U , ◇(w∧ v1)∨ . . .∨◇(w∧ v1)∨u− ∈ U . Since V is a U↓-filter, ◇(w∧ v1)∨ . . .∨
◇(w ∧ v1) ∈ U , hence ◇a ∈ U .

Lemma 39. If V is a U↓-filter, VRU↓AW and W is a prime filter, there is a
prime U↓-filter V ′ such that V ′RUAW.

Proof. Let V ′ be maximal among U↓-filters extending V such that V ′RU↓AW . If
a ∉ V ′, then a∧v ≤ ◻w1∨. . .∨◻wm∨u for some u ∉ U , v ∈ V ′, w1∨. . .∨wm ∉W . If
b ∉ V ′, then b∧v′ ≤ ◻w′1∨. . .∨◻w′n∨u′ for some u′ ∉ U , v′ ∈ V ′, w′1∨. . .∨w′n ∉W .
By the primality ofW , (w1∨ . . .∨wm)∨(w′1 . . .∨w′n) ∉W . By the primality of
U , u∨u′ ∉ U . Since V ′RU↓AW , (◻w1∨. . .∨◻wm)∨(◻w′1∨. . .∨◻w′n)∨(u∨u′) ∉ V ′.
But (a∨ b)∧ (v ∧ v′) ≤ (◻w1 ∨ . . .∨◻wm)∨ (◻w′1 ∨ . . .∨◻w′n)∨ (u∨ u′), hence
a ∨ b ∉ V ′.

Lemma 40. Let U be a prime filter on B and V be a prime filter on A such
that ◇V ⊆ h−1[U]. Then there is a prime filter V ′ on A such that h−1[V ′] = V
and ◇V ′ ⊆ U .

Proof. Extend h[V] to a V ′ maximal among filters disjoint from h[A ∖ V].
Then h−1[V ′] = V and if a ∈ V ′, then h(a) ∈ V , hence ◇h(a) = h(◇a) ∈ h−1[U]
and ◇a ∈ U .

Theorem 41. (−)+, (−)+, ε, η is a dual equivalence between the categories
of modal algebras and of modal spaces.

Proof. We exploit the fact that the modal laws for ◻ and ◇ are dual and
only prove one half of each pair of dual facts.

A+ is a modal space: modal disconnectedness is satisfied by the definition
of RA.

h+ is a morphism of modal spaces: suppose that URBV . If a ∈ h+(V), then
a ∈ h−1[V], h(a) ∈ V, ◇h(a) = h(◇a) ∈ U , ◇a ∈ h−1[U], ◇a ∈ h+[U].

Suppose that h+(U)RBV. By Lemma 40, there is a prime filter V ′ such
that h+(V ′) = V and ◇V ′ ⊆ U . By Lemmas 37, 38, 39, U(≥ ○RA)V ′.
F+ is a modal algebra: suppose that ◇FA ⊆ ◻FB ∨ C and that u ∈ ◇A,

u ∉ C. Then there are some u′, v′ such that u ≥ u′Rv′ and v′ ∈ A. Therefore,



u′ ∈ ◇A and by the assumption, u′ ∈ ◻FB ∨C. Since u ∉ C, u′ ∉ C, u′ ∈ ◻FB
and u ∈ ◻F .

f+ is a modal homomorphism: if u ∈ f+(◇GA), then f(u)(≥ ○R)v′ for
some v′ ∈ A. Therefore u(≥ ○R)u′ for some u′ such that f(u′) = v′. Hence
u′ ∈ f+(A) and u ∈◇F(f+(A)).

If u ∈◇F(f+(A)), then u ≥ u′Ru′′ for some u′′ ∈ f+(A). Therefore f(u) ≥
f(u′)Rf(u′′) and f(u′′) ∈ A, hence u ∈ f+(◇GA).

ε is a modal homomorphism: if U ∉ ε(◇a), there are no U ⊇ VRAW ∈ ε(a)
by the definition of RA. Vice versa, if U ∈ ε(◇a), by Lemma 37 there is a
prime W ∈ ε(a) such that ◇W ⊆ U . By Lemmas 38 and 39 there is some
prime V such that U ⊇ VRW .

η is a morphism of modal spaces: if uRv, then η(u)RF+η(v) holds by
definition. If η(u) ⊇ V ′RW ′, then by the surjectivity of η we have V ′ = η(v′),
W ′ = η(w′). Thus U ∈ η(w′) implies ◇U ∈ η(u) and by modal disconnected-
ness this means that there is some v such that u ≥ vRw′.

Adjointness of modal operators then captures the mutually converse modal
relations.

Proposition 42. Let A be a ◻◇-algebra and B be a ⧫-algebra over the
same bounded distributive lattice. If A and B are adjoint, then RA and RB

are converse.
Let F and G be modal spaces over the same Priestley space. If the modal

relations of F and G are mutually converse, then F+ and G+ are adjoint.

Proof. Suppose that URAV. Then a ∈ U implies a ≤ ◻⧫a ∈ U , ⧫a ∈ V and
a ∈ V implies ◇ a ≤ a ∈ U , hence VRBU . Dually, if URBV , then VRAU .

The validity of the second assertion is clear.



Chapter 5

Proof theory

In this chapter we formulate analytic sequent calculi for the logics of de
Morgan negation introduced in the previous chapters. A proof in these calculi
will be a derivation of a sequent Γ ⊢ ∆ from a possibly non-empty set of
sequent premises Σ. The presence of de Morgan negation makes it natural to
adopt the framework of multiple-conclusion sequents of signed formulas.

A proof of Γ ⊢∆ from the premises Γ1 ⊢∆1, . . . is to be interpreted as: if
∆1 follows from Γ1, . . ., then ∆ follows from Γ. That is, the premises are to
be interpreted as assumptions about the conceptual content of propositions,
rather than assumptions about their truth or falsehood. For example, a proof
of ⊢ ψ from ⊢ φ is interpreted as showing that if the propositional variables
are so interpreted as to make φ analytically true, then under that interpre-
tation ψ is analytically true. By contrast, a logical proof of φ ⊢ ψ (that is,
a proof from an empty set of premises) shows that ψ follows from φ under
any interpretation of the propositional variables. Sequent calculi therefore
naturally distinguish between assumptions about the conceptual content of
propositions and assumptions about their truth or falsehood.

We prove a cut elimination (normalization) theorem for each of the cal-
culi introduced below. The reader should note that since we are dealing with
proofs from premises, by cut elimination we mean more than the mere admis-
sibility of the cut rule. Roughly, we mean that cuts can be permuted upwards
until one of the premises of the cut is a premise of the proof. The admissibil-
ity of cut (that what can be proved logically can be proved logically without
appeal to cut) is a strictly weaker property, the fact that proofs of the ad-
missibility of cut often also show the eliminability of cut notwithstanding.
However, since “cut elimination” is often understood as (a procedure show-
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ing) the admissibility of cut, we use the less standard but also less misleading
term “cut normalization”.

We take the value of cut normalization to consist in contributing to the
analyticity of the calculus. A cut normalization theorem is in and of itself
of limited value if the calculus contains other rules which prevent it from
being analytic. Here by analyticity we mean something stronger and more
nebulous still than cut normalization, namely that each proof can be trans-
formed into a proof without any detours. In other words, each inference in
an analytic proof is required to be in some reasonable sense a step towards
the conclusion. For example, in the calculus GRKCA introduced below, cuts
cannot be permuted above the regularity rule, the regularity rule can be per-
muted above other rules in a way which makes it clear that no detours are
made in the proof. Therefore, the calculus is in a reasonable sense analytic
and the cut normalization theorem deserves its title.

5.1 Sequent calculi for de Morgan algebras

By a plain sequent Γ ⊢ ∆ we shall mean a pair of finite multisets Γ,∆ of
signed formulas, where a signed formula φ± is a pair consisting of a formula
φ and the sign + or −.

A signed formula is called positive or negative according to its sign. An
occurence of a signed formula in a sequent is positive if it is a positive formula
in the consequent or a negative formula in the antecedent. It is negtive if it is
a negative formula in the consequent or a positive formula in the antecedent.

By −(A±), we mean A∓. If Γ is a multiset of formulas, Γ+ (Γ−) denotes
the corresponding multiset of positive (negative) formulas. Γ and ∆ will,
according to context, be used to denote either finite multisets of formulas or
finite multisets of signed formulas. If Γ is a multiset of signed formulas, −Γ
is the multiset of formulas obtained by exchanging the sign of each formula
in Γ.

In addition to plain sequents, we admit three other kinds of sequents:

• Γ1⊢∆ interpreted as 1,Γ ⊢∆

• Γ ⊢0 ∆ interpreted as Γ ⊢∆,0

• Γ1⊢0 ∆ interpreted as 1,Γ ⊢∆,0



Sequents can be interpreted either algebraically or model-theoretically.
Algebraically, the plain sequent Γ+,Γ′− ⊢∆+,∆′− corresponds to the inequality
τ(Γ+,Γ′− ⊢∆+,∆′−):

(⋀
γ∈Γ
γ) ∧ ( ⋀

γ′∈Γ′
− γ′) ≤ (⋁

δ∈∆
δ) ∨ ( ⋁

δ′∈∆′
− δ′)

A sequent Γ ⊢∆ then follows algebraically from a set of sequents Σ in case
the quasiequation τ[Σ]⇒ τ(Γ ⊢∆) is valid in a suitable class of algebras.

Model-theoretically, the sequent Γ+,Γ′− ⊢∆+,∆′− corresponds to the con-
dition that for each state u of some model, if u ⊩+ γ for each γ ∈ Γ and
u ⊩− γ′ for each γ′ ∈ Γ, then either u ⊩+ δ for some δ ∈∆ or u ⊩− δ′ for some
δ′ ∈∆′.

A sequent Γ ⊢ ∆ then follows model-theoretically from a set of sequents
Σ in case it holds in each model of a suitable class of models in which the
premises hold.

The basic calculus GDMCA is defined by the rules of Tables 5.1 and 5.1.
The calculi GCondKCA, GIntDMCA, GKCA, GIntKCA, GRegKCA and GBCA
are defined by adding, respectively, the conditional Kleene rule, the normality
rule, the Kleene rule, the Kleene and normality rules, the regularity rule and
the Boolean rules to GDMCA. These rules are defined in Table 5.1. The
Boolean rules are of course only included for the sake of completeness. In
their presence it makes no sense to distinguish between the different types of
sequents.

The rules are interpreted to include cases when the premises are of the
kinds Γ ⊢0 ∆, Γ1⊢∆ or Γ1⊢0 ∆. In such cases, the indices of the sequent are
treated exactly as if they were side formulas.

The regularity rule perhaps deserves further explanation. It has a variable
number of premises (2m+n), one for each possible combination of primed and
unprimed Γ’s and ∆’s. The reason behind such a formulation is to enable us
to permute the regularity rule above the conjunction and disjunction rules.
This would be impossible if we stuck to the direct translation of the regularity
quasiequation:

Γ ⊢∆
Γ,−∆ ⊢∆,−Γ

Consider the following proof using the directly translated rule:



φ1⊢0 ψ φ1⊢0 ψ′
φ1⊢0 ψ ∧ ψ′

φ′1⊢0 ψ φ′1⊢0 ψ′
φ ∨ φ′1⊢0 ψ ∧ ψ′

φ ∨ φ′,−(ψ ∧ ψ′) ⊢ ψ ∧ ψ′,−(φ ∨ φ′)
(Cut)

φ,−ψ′ ⊢ ψ,−φ′

where the last step represents a cut on the sequents −ψ′ ⊢ −(ψ∧ψ′), φ ⊢ φ∨φ′,
ψ ∧ ψ′ ⊢ ψ, −(φ ∨ φ′) ⊢ −φ′.

This proof detours through formulas such as −(φ∨φ′), which occur neither
in the premises nor in the conclusion, therefore it is clearly not analytic.
Indeed, in general no analytic proof of the conclusion from these premises
exists if we use the directly translated rule instead of the regularity rule, as
such an analytic proof could not appeal to any logical introduction rules.

In GRegKCA, however, we can jump from the premises of this proof
straight to its conclusion by means of the regularity rule:

φ1⊢0 ψ φ1⊢0 ψ′ φ′1⊢0 ψ φ′1⊢0 ψ′
φ,−ψ′ ⊢ ψ,−φ′

This example also shows the soundness of the regularity rule given the
soundness of the directly translated rule.

To understand the benefit of adding the constants 0 and 1, it is instructive
to write down the proofs of the inequalities defining the quasivarieties of de
Morgan lattices. We do not explicitly write contraction and weakening as
separate rules. Preferring easier readibility to formal correctness, we also
write p, q for p+, q+ and −p, −q instead of p−, q−. The Kleene inequality is
then proved by means of the Kleene rule as follows:

p ⊢ p
p ⊢ 0p

p,−p ⊢ 0

q ⊢ q
q1⊢ q
1⊢ q,−q

p,−p ⊢ q,−q

The intensionality quasiequation is proved as follows:

p ⊢ −p
p ⊢ 0 − p

p, p ⊢ 0

p ⊢ 0

−p ⊢ p
−p1⊢ p

1⊢ p, p
1⊢ p

1⊢ 0

⊢



Identity

p+ ⊢ p+ p− ⊢ p−

Cut

Γ ⊢∆, p+ Γ′, p+ ⊢∆′

Γ,Γ′ ⊢∆,∆′
Γ ⊢∆, p− Γ′, p− ⊢∆′

Γ,Γ′ ⊢∆,∆′

Contraposition

Γ ⊢∆
−∆ ⊢ −Γ

Γ1⊢∆
−∆ ⊢0 −Γ

Γ ⊢0 ∆
−∆1⊢ −Γ

Γ1⊢0 ∆
−∆1⊢0 −Γ

Consistency and completeness rules

Γ, φ±1⊢∆
Γ1⊢∆, φ∓

Γ ⊢0 ∆, φ±
Γ, φ∓ ⊢0 ∆

Weakening

Γ ⊢∆
Γ, φ ⊢∆

Γ ⊢∆
Γ ⊢∆, φ

Γ ⊢∆
Γ1⊢∆

Γ ⊢∆
Γ ⊢0 ∆

Contraction

Γ, φ,φ ⊢∆
Γ, φ ⊢∆

Γ ⊢∆, φ,φ
Γ ⊢∆, φ

1,Γ1⊢∆
Γ1⊢∆

1,Γ1⊢∆
Γ ⊢∆

Γ ⊢0 ∆,0
Γ ⊢0 ∆

Γ ⊢0 ∆,0
Γ ⊢∆,0



Logical rules

0 ⊢0
Γ ⊢0 ∆
Γ ⊢∆,0 1⊢ 1

Γ1⊢∆
1,Γ ⊢∆

� ⊢
Γ ⊢∆

Γ ⊢∆,� ⊢ ⊺
Γ ⊢∆
⊺,Γ ⊢∆

Γ, φ+ ⊢∆

Γ, φ ∧ ψ+ ⊢∆

Γ, ψ+ ⊢∆

Γ, φ ∧ ψ+ ⊢∆

Γ ⊢∆, φ+ Γ ⊢∆, ψ+
Γ ⊢∆, φ ∧ ψ+

Γ, φ− ⊢∆ Γ, ψ− ⊢∆

Γ, φ ∧ ψ− ⊢∆

Γ ⊢∆, φ−
Γ ⊢∆, φ ∧ ψ−

Γ ⊢∆, ψ−
Γ ⊢∆, φ ∧ ψ−

Γ, φ+ ⊢∆ Γ, ψ+ ⊢∆

Γ, φ ∨ ψ+ ⊢∆

Γ ⊢∆, φ+
Γ ⊢∆, φ ∨ ψ+

Γ ⊢∆, ψ+
Γ ⊢∆, φ ∨ ψ+

Γ, φ− ⊢∆

Γ, φ ∨ ψ− ⊢∆

Γ, ψ− ⊢∆

Γ, φ ∨ ψ− ⊢∆

Γ ⊢∆, φ− Γ ⊢∆, ψ−
Γ ⊢∆, φ ∨ ψ−

Γ, φ− ⊢∆
Γ,−φ+ ⊢∆

Γ ⊢∆, φ−
Γ ⊢∆,−φ+

Γ, φ+ ⊢∆
Γ,−φ− ⊢∆

Γ ⊢∆, φ+
Γ ⊢∆,−φ−



Conditional Kleene rule

1⊢0 Γ1⊢∆ Γ′ ⊢0 ∆′

Γ,Γ′ ⊢∆,∆′

Normality rule

1⊢0
⊢

Kleene rule

Γ1⊢∆ Γ′ ⊢0 ∆′

Γ,Γ′ ⊢∆,∆′

Regularity rule

Γ1, . . . ,Γm1⊢0 ∆1, . . . ,∆n . . . Γ′1, . . . ,Γ
′
m1⊢0 ∆′1, . . . ,∆

′
n

Γ1, . . . ,Γm,−∆′1, . . . ,−∆′n ⊢∆1, . . . ,∆n,−Γ′1, . . . − Γ′m

Boolean rules

Γ1⊢∆
Γ ⊢∆

Γ ⊢0 ∆
Γ ⊢∆



The regularity quasiequation is proved as follows:

−p ⊢ p
1⊢ 0p

p,−q ⊢ q,−p
p1⊢ 0q,−p
p1⊢ 0q

1⊢ 0q

−p ⊢ p
1⊢ 0p

p,−p ⊢ q,−p
p,−q1⊢ 0q

p1⊢ 0q
1⊢ 0q

−q ⊢ q

The algebraic completeness of these calculi follows from the completeness
theorem for quasiequational logic established by Selman [35].

Theorem 43. A sequent σ is provable from a set of sequents Σ in GDMCA,
GCondKCA, GIntDMCA, GKCA, GIntKCA, GRegKCA or GBCA iff the quasiequa-
tion τ[Σ] ⇒ τ(σ) holds, respectively, in DMCA, CondKCA, IntDMCA, KCA,
IntKCA, RegKCA and BCA.

According to the duality theory of Chapter 4, we can also interpret se-
quents sematically in terms of the spaces corresponding to the above classes
of algebras.

We know by Theorem 9 these logics conservatively extend the correspond-
ing logics without the inconsistency constant. This also follows from the fact
that we use the same classes of models to interpret logics with and with-
out the consistency constant. However, what enables us to formulate cut-free
calculi for these logics is precisely the fact that we can tacitly appeal to the
presence of such a constant.

Before proving a cut normalization theorem for these calculi, we need to
deal with some technical preliminaries. We assume that we can talk about
instances of formulas and to identify corresponding instances of side formulas
across inferences. Here, a side formula is a formula not involved in the intro-
duction of a logical connective. This is slightly problematic in a framework
based on multisets rather than sequences of formulas, but to deal with this
complication explicitly would only obscure the point. The reader can imagine
that we are treating multisets as sequences and add an exchange rule to the
calculi which permutes adjacent formulas.

When no confusion arises, we do not distinguish in writing between for-
mulas and instances of formulas. We say that a formula in the premise of
a rule is directly linked to a formula in its conclusion if they are both cor-
responding instances of side formulas or if the rule is the contraction rule
and the formula in the conclusion is obtain by contracting on the formula in



the premise. A formula is linked to another if there is a chain of direct links
between them. This defines a tree of ancestors of a formula. Call the leafs of
this tree maximal ancestors. A formula is introduced by assumption if it is
linked to a formula in a premise of the proof.

A partial cut sequence is a subtree of the prooftree consisting of instances
of the cut rule. A cut sequence is a partial cut sequence which cannot be
properly extended to a larger partial cut sequence. A premise pair of a cut
sequence is a pair of premises of any cut which forms a leaf of the cut se-
quence.

We call a proof in GDMCA, GCondKCA, GIntDMCA, GKCA, GIntKCA and
GBCA cut-normal if each premise pair of each cut sequence contains at least
one premise of the proof. A proof in GRegKCA is cut-normal if each premise
pair of each cut sequence contains either a premise of the proof or the con-
clusion of a regularity rule, and for each non-atomic formula which occurs in
the conclusion of a regularity rule there is a premise of the regularity rule in
which this formula is introduced by assumption.

Note that this does not exclude cuts where one premise is an assumption
and the other premise is of the form φ ⊢ φ. These can also be excluded.

Theorem 44. If σ has a proof from Σ in GDMCA, GCondKCA, GIntDMCA,
GKCA, GIntKCA, GRegKCA or GBCA, then it has a cut-normal proof from Σ
in the same calculus.

Proof. For the sake of simplicity, we first permute contrapositions above all
other rules. This is possible because the introduction rules for positive (neg-
ative) formulas in the consequent and negative (positive) formulas in the
antecedent have essentially the same form. Then we eliminate any two con-
secutive contrapositions.

Now we can prove the cut elimination theorem for the above calculi by
much the same method as the cut elimination theorem for clasical logic. In
particular, we introduce the derived mix rule:

Γ ⊢∆ Γ′ ⊢∆′

Γ,Γ′∗ ⊢∆∗,∆′

which assumes ∆, Γ′ both contain at least one instance of a formula φ (both
with the same sign) and ∆∗, Γ′∗ denote ∆, Γ with at least one instance of φ
removed.



That this rule can be permuted above any of rules of GDMCA is shown in
the same way as for classical logic. That it can be permuted above the (con-
ditional) Kleene rule or a Boolean rule is clear, and no mix can immediately
follow the normality rule. For calculi other than GRegKCA, this leaves only
two cases: at least one of the premises is an assumption of the proof and the
other is either also an assumption or the mix formula is principal in it. Both
of these are acceptable in a cut-normal proof.

In GRegKCA, in addition to being an assumption, the premise in question
can be the conclusion of a regularity rule. To complete the proof of cut
normalization for GRegKCA, we have to prove that if a formula φ in Γi,
Γ′i, ∆i or ∆′i is not introduced by assumption in any of the premises of a
regularity rule, then the logical rules which create φ can be permuted below
the regularity rule.

If φ is of the form −ψ, its maximal ancestors are introduced by inferences
of the forms:

Γ ⊢∆, ψ−
Γ ⊢∆,−ψ+

Γ ⊢∆, ψ+
Γ ⊢∆,−ψ−

Γ, ψ− ⊢∆

Γ,−ψ+ ⊢∆

Γ, ψ+ ⊢∆

Γ,−ψ− ⊢∆

All such inferences can be permuted below the regularity rule. This yields a
proof, because by definition the ancestors of a formula are either side formulas
or contraction formulas of each rule.

If φ = ψ ∧χ is a positive occurence of conjunction, its maximal ancestors
are introduced by inferences of the forms:

Γ ⊢∆, ψ+ Γ ⊢∆, χ+
Γ ⊢∆, ψ ∧ χ+

Γ, ψ− ⊢∆ Γ, χ− ⊢∆

Γ, ψ ∧ χ− ⊢∆

For each premise of the regularity rule, removing such inferences from the
proof therefore yields a proof of the premise in which φ is replaced by either
ψ or χ. We apply the regularity rule to both sets of premises separately and
then introduce the conjunction below the regularity rule. The same procedure
is used for negative occurences of disjunction.

If φ = ψ ∧χ is a negative occurence of conjunction, its maximal ancestors
are introduced by inference of the forms:



Γ ⊢∆, ψ−
Γ ⊢∆, ψ ∧ χ−

Γ ⊢∆, χ−
Γ ⊢∆, ψ ∧ χ−

Γ, ψ+ ⊢∆

Γ, ψ ∧ χ+ ⊢∆

Γ, χ+ ⊢∆, χ−
Γ, ψ ∧ χ+ ⊢∆

We use weakening to replace these inferences by:

Γ ⊢∆, ψ−
Γ ⊢∆, ψ−, χ−

Γ ⊢∆, χ−
Γ ⊢∆, ψ−, χ−

Γ, ψ+ ⊢∆

Γ, ψ+, χ+ ⊢∆

Γ, χ+ ⊢∆, χ−
Γ, ψ+, χ+ ⊢∆

and reconstruct the conjunction below the regularity rule with the aid of
contraction. The same procedure is used for positive occurences of disjunc-
tion.

It follows that the subformula property holds for all of these calculi.

Proposition 45. Each formula which occurs in a cut-normal proof of σ from
Σ in any of the above calculi is a subformula of some formula in σ or Σ.

The only place in the cut elimination procedure which relied on the pres-
ence of weakening and contraction was permuting the regularity rule above
positive disjunctions or negative conjunctions. Note also that since φ ⊢ φ is
provable for each φ and we have not excluded cuts on φ ⊢ φ from cut-normal
proofs, one can ensure that none of the formulas in the premises of a regu-
larity rule is introduced by assumption. This means that the application of
the regularity rule can be restricted to atomic formulas.

In addition to pushing cuts towards the premises, we can also push the
(conditional) Kleene rule towards the conclusion.

Proposition 46. If a sequent has a proof in GKCA, it has a proof with exactly
one application of the Kleene rule, which can be assumed to be followed only
by instances of contraction.

If a sequent has a proof in GCKCA, it has a proof with at most one ap-
plication of the conditional Kleene rule, which can be assumed to be followed
only by instances of contraction.

Proof. By the (conditional) contractive Kleene rule, we mean the (condi-
tional) Kleene rule followed by any number of contractions. It is easy to
prove that the (conditional) contractive Kleene rule can be permuted be-
low any other rule. (In particular, it absorbs any contractions and it can be
eliminated if followed by a weakening to Γ1⊢∆ or Γ ⊢0 ∆.)



In addition, the Kleene rule can always be used redundantly by first
weakening Γ ⊢ ∆ to Γ1⊢ ∆ and Γ ⊢0 ∆ and then using the Kleene rule to
obtain Γ ⊢∆ again.

Thus, to prove the sequent Γ ⊢ ∆ in GKCA, it is sufficient to look for
proofs of Γ1⊢ ∆ and Γ ⊢0 ∆ in GDMCA. To prove Γ ⊢ ∆ in GCondKCA, it is
sufficient to look for either a proof of Γ ⊢ ∆ in GDMCA or for proofs of 1⊢0,
Γ1⊢∆ and Γ ⊢0 ∆ in GDMCA.



Chapter 6

Conclusion

Overview

In the present work, we have introduced a Kripke semantics for a conserva-
tive extension of both classical and intuitionistic logic. In this connection,
we studied de Morgan negation and consistency, both in isolation and in
combination with implication and modality, and general ways of extending
a many-valued logic to its intuitionistic counterpart.

In Chapter 2, we introduced de Morgan algebras and their expansions.
We reviewed the existing theory of de Morgan algebras and in particular
described the quasivariety lattice of de Morgan algebras. We then defined
de Morgan consistency algebras which expand de Morgan algebras by an
inconsistency constant 0. We introduced quasivarieties of de Morgan con-
sistency algebras corresponding to the quasivarieties of de Morgan algebras
and proved their quasiequational logics to be their conservative extensions.
We define explicit de Morgan consistency algebras as those in which the
ideal of inconsistent elements is precisely the principal ideal generated by 0
and characterized the complement of this class as a finitely generated non-
finitely based quasivariety. We then defined extensions of de Morgan algebras
by Heyting implication and by modalities.

In Chapter 3, we introduced bilattices as suitable structures for repre-
senting truth values and reviewed their basic properties. We then discussed
systematic ways of lifting operations on bilattices to logical connectives on
propositions. In the presence of a symmetry between assertion and non-
denial, we saw that the set of consistent and the set of complete information

59



states can be picked out. We then applied this theory to the four-valued
de Morgan algebra DM4 to obtain a four-valued Kripke semantics which
combines intuitionistic implication with de Morgan negation. Restricting the
consequence relation to the set of all complete consistent worlds then yields
a logic which conservatively extends both classical and intuitionistic logic.
We then discussed some possible ways of defining modalities in such models.

In Chapter 4, we reviewed existing duality theory for distributive lattices
and de Morgan algebras and extended it to de Morgan consistency algebras.
We characterized the dual spaces of the quasivarieties of de Morgan consis-
tency algebras introduced in Chapter 1. We used the duality for de Morgan
algebras to provide a semantic proof of the theorem of Belnap and Spencer [6]
characterizing de Morgan algebras with a truth filter. We then formulated a
duality for modal algebras satisfying weak compatibility conditions between
the box and diamond operators.

In Chapter 5, we provided sequent calculi for the previously introduced
logics of de Morgan consistency algebras. These were formulated in terms of
multiple-conclusion sequents of signed formulas. We provided a cut elimina-
tion procedure for the calculi.

Future work

The task of providing a sequent calculus for weak modal algebras naturally
suggests itself. This seems complicated to do in the standard sequent setting,
as the obvious rule

φ ⊢ ◻Γ,∆
◇φ ⊢◇Γ,∆

does not fit in with the standard cut elimination procedure. This suggests
that a more complicated framework may be necessary to obtain an analytic
calculus.

The relationship between what we called local logic and persistent logic
has also been barely touched on. The question of which properties are pre-
served under this transition appears to be a topic for further study.
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