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práce:
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Abstrakt: Tématem práce je teoretické studium model̊u narušeńı elektroslabé
symetrie zp̊usobené dynamicky generovanými hmotami kvark̊u a lep-
ton̊u. (1) Nejprve ukazujeme, že samotná tato základńı myšlenka je
fenomenologicky akceptovatelná. Proto rozpracováváme zjednodušuj́ıćı
model dvou kompozitńıch Higgsovských dublet̊u, který popisuje top-
kvarkovou a neutrinovou kondenzaci. Z modelu vyplývá, že počet
pravotočivých neutrin je vyšš́ı, řádu O(100). (2) Dále se zabýváme
modelem silné Yukawovské dynamiky, ve kterém je dynamického
generováńı fermionových hmot dosaženo výměnou nových hmotných
elementárńıch komplexńıch skalárńıch dubletńıch poĺı. V práci se
soustřed́ıme na řešeńı svázaných Schwingerových–Dysonových rovnic
pro fermionové a skalárńı vlastńı energie za použit́ı aproximativńıch
metod. Ukazujeme, že lze dosáhnout silně hierarchického hmotového
spektra. (3) Nakonec se zabýváme flavorovým kalibračńım modelem,
ve kterém je generováńı fermionových hmot dosaženo pomoćı asymp-
toticky volné, samu sebe narušuj́ıćı flavorové kalibračńı dynamiky.
Ukazujeme, že kondenzace majoranovského typu pravotočivých neu-
trin v sextetńı flavorové reprezentaci přirozeně zp̊usobuje spontánńı
narušeńı flavorové symetrie. Tato kondenzace vede k velkým majora-
novským hmotám pravotočivých neutrin.

Kĺıčová slova: Dynamické narušeńı elektroslabé symetrie, top-kvarková kondenzace,
neutrinová kondenzace, silná Yukawovská dynamika, flavorová kali-
bračńı dynamika
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Conventions and notations

We list here some of the conventions and notations which are used throughout the text:

• We use the “natural” units, i.e., we set c = ~ = 1.

• For the Minkowski metric tensor we use the convention

gµν = gµν =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 . (1)

• The γ5 matrix is defined as γ5 = iγ0γ1γ2γ3.

• We will frequently use the chiral projectors

PL =
1− γ5

2
, PR =

1 + γ5
2

(2)

and correspondingly the left-handed and right-handed fermion fields ψL = PLψ and ψR =
PRψ.

• For the totally antisymmetric Levi-Civita tensor (symbol) εµνρσ we adopt the sign con-
vention ε0123 = +1.

• Dirac conjugation ψ̄ of a bispinor ψ is defined as

ψ̄ ≡ ψ†γ0 , (3)

• Charge conjugation ψc of a bispinor ψ is defined as

ψc ≡ Cψ̄T , (4)

where C = iγ0γ2.

• The Pauli matrices are denoted by σi, i = 1, 2, 3:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (5)
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• The Gell-Mann matrices are denoted by λa, a = 1, . . . , 8:

λ1 =

 0 1 0
1 0 0
0 0 0

 , λ2 =

 0 −i 0
i 0 0
0 0 0

 , λ3 =

 1 0 0
0 −1 0
0 0 0

 ,

λ4 =

 0 0 1
0 0 0
1 0 0

 , λ5 =

 0 0 −i
0 0 0
i 0 0

 , λ6 =

 0 0 0
0 0 1
0 1 0

 ,

λ7 =

 0 0 0
0 0 −i
0 i 0

 , λ8 =
1√
3

 1 0 0
0 1 0
0 0 −2

 . (6)

• The Feynman “slash” notation for four-vectors (/p = pµγ
µ) or partial derivatives (/∂ =

∂µγ
µ) will be extensively used throughout the text.

• When denoting the Standard Model gauge coupling constants we use both of two notations

g1 ≡ g′ for weak hypercharge, (7)

g2 ≡ g for weak isospin, (8)

g3 ≡ gs for color. (9)



Chapter 1

Introduction

1.1 Understanding the elementary particle physics

1.1.1 The Standard Model

Our current knowledge of elementary particle phenomena fits into a single compact Lagrangian
LSM defining the Standard Model as a quantum field theory. Three fundamental interactions
acting among all known matter fields are introduced in LSM by means of a gauge principle
applied to three simple subgroups of the symmetry

GSM ≡ U(1)Y × SU(2)L × SU(3)c . (1.1)

The success of the gauge principle started by formulation of electromagnetic interactions in
terms of Quantum Electrodynamics (QED) [3, 4] gauging U(1)em. Decades latter it was fol-
lowed by identification of the SU(3)c gauge nature of strong interactions described by Quan-
tum Chromodynamics (QCD) [5, 6] and by unification of weak interactions together with QED
within a gauge theory based on the electroweak symmetry U(1)Y × SU(2)L ⊃ U(1)em [7, 8, 9].

The gauge principle

Certainly the identification of the underlying symmetries (1.1) gains appeal by itself. It results
in a reduction of a number of possible free parameters. It improves predictivity of the descrip-
tion, shapes its field content and expresses our better understanding of the dynamical laws.
On top of that there are two conceptual quantum field theoretical reasons to employ the gauge
principle. First, it is not possible to consistently construct massless vector boson fields without
the gauge principle, as needed for describing photon and gluons. Second, it is not possible
to construct a renormalizable quantum field theory of interacting massive vector boson fields
without the gauge principle, as needed to describe W and Z bosons. Hard mass terms of W
and Z bosons in the Lagrangian would ruin the tree-level unitarity of gauge boson amplitudes,
the necessary criterium of perturbative renormalizability of the theory [10, 11, 12, 13]. The
electroweak gauge symmetry simply forbids them.

The masses of W and Z bosons have to be soft. They are generated from the spontaneous
electroweak gauge symmetry breaking,

U(1)Y × SU(2)L −→ U(1)em , (1.2)

via the Anderson–Higgs mechanism [14, 15, 16, 17, 18] in analogy with Meissner effect in su-
perconductivity [19, 20]. For that sake, the Standard Model is equipped by an elementary

1



2 CHAPTER 1. INTRODUCTION

complex Higgs boson doublet. Its electrically neutral component develops an electroweak sym-
metry breaking vacuum expectation value. The other three components are Nambu–Goldstone
modes, consequences of the Goldstone theorem [21, 22]. They combine with two transverse
components of gauge fields providing their longitudinal components and disappear from the
particle spectrum of the theory.

The soft gauge boson mass generation is by construction accompanied by a massive scalar
field, the Higgs field. Its presence follows from general reasons. Because the model was con-
structed as the renormalizable gauge theory, the interactions of the Higgs field are properly and
automatically adjusted to cancel completely tree-level non-unitarities of all amplitudes. The
important step towards final confirmation of the Standard Model picture has been achieved
just recently by observing a scalar particle carrying quantum numbers and expected mass of
the Higgs field [23, 24].

Robustness of the Standard Model

The Standard Model describes much more than just the electroweak symmetry breaking.
The electroweak symmetry is a chiral symmetry. This means that left- and right-handed

chiral components of fermion fields transform differently under U(1)Y ×SU(2)L. As a result no
hard mass term, which connects left-handed with right-handed electroweakly charged fermion
fields, can be written into the Standard Model Lagrangian LSM. If we still insisted upon
introducing the fermion mass operators in LSM, arguing by their super-renormalizability for
an innocence of such act, they would induce hard mass terms for electroweak gauge bosons
as counter terms for divergent radiative corrections induced by fermion masses. That would
destroy the renormalizability of the theory. Therefore the fermion masses have to be soft.

It is a gift that the spontaneous generation of fermion masses can be achieved by using
the same Higgs doublet field introduced already for the different purpose of the electroweak
gauge boson mass generation. The connection between left- and right-handed fermion fields is
provided chiral gauge invariantly via the Yukawa interactions. In fact the Yukawa interactions
must be present in the Lagrangian as they are renormalizable and not forbidden by symmetries.
All Dirac masses then arise spontaneously when the Higgs field develops the vacuum expectation
value.

Another gift is that the Yukawa interactions explicitly break large global inter-family chiral
symmetries. Upon the spontaneous fermion mass generation the global chiral symmetries would
give rise to unwanted Nambu–Goldstone bosons significantly coupled to fermions. Therefore
they would have already been observed, but they were not.

A consistency crosscheck increasing a confidence in the Standard Model gauge construction
(1.1) is provided by a complete gauge axial anomaly cancelation achieved just with that fermion
content which is observed in Nature. The gauge anomaly-free balance is a result of delicate
interplay of the fermion gauge quantum numbers which would be destroyed by, e.g., other
number of colors than NC = 3. It is however not destroyed by complementing the fermion
spectrum by right-handed neutrinos. Being the Standard Model singlets, they can be added in
an arbitrary number. In fact, their presence is phenomenologically welcome in order to provide
masses for observed neutrinos.

The robustness of the Standard Model equipped by just three right-handed neutrinos, one
for each fermion generation, is spectacular. It offers everything what is necessary to satisfy
currently most urgent phenomenological needs. Embedding the gauge invariant right-handed
neutrino Majorana mass term provides the seesaw mechanism for explanation of tininess of
neutrino masses [25, 26, 27] and guarantees the electric charge quantization [28]. The model
offers dark matter candidates in the form of sterile neutrinos, it has enough neutrino degrees of
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freedom to fit the neutrino oscillation data and it provides lepton number violation necessary
for leptogenetic scenario to generate the baryon asymmetry of the Universe [29].

1.1.2 The Standard Model as a phenomenological model

Despite of the robustness of the Standard Model, it is difficult to accept it as the fundamental
theory. Namely the Standard Model does not explain fermion masses, it rather parametrizes
them by one-to-one correspondence with the Yukawa coupling constants. To reproduce vast
spectrum of fermion masses and mixing angles, the same number of Yukawa parameters is
used. Moreover, because the fermion mass matrices are directly proportional to their Yukawa
matrices, the wild fermion mass hierarchy is just shared by both.

It is a historical experience that all of the observed spin-0 particles ultimately turned out to
be the fermion bound states. In this spirit the Standard Model with its spin-0 Higgs doublet
may be easily envisaged as a phenomenological realization of the electroweak gauge symmetry
breaking in the same way as the Ginzburg–Landau theory is a phenomenological realization of
superconductivity.

Indeed, constructing a phenomenological description of dynamical fermion mass generation
based on analogy with superconductivity [30], it is a natural and minimal choice to use a single
Higgs doublet field. The electroweakly charged fermions occupy only two types of weak isospin
representations. The left-handed fermions are weak isospin doublets and right-handed fermions
are weak isospin singlets. The condensate ⟨ψ̄RψL⟩ responsible for their Dirac masses connects
left-handed with right-handed fermion fields. Therefore it is meaningful to assume that the
condensate is in fact a vacuum expectation value of a neutral component of a scalar doublet
composite operator made of fermion bilinears. The composite operator can be used as an
interpolating field for the composite Higgs doublet field indistinguishable from the elementary
Standard Model Higgs doublet field.

These considerations are unanimously pointing at the Higgs doublet sector and accusing
it of being just a phenomenological description. It is however necessary to stress that it is a
phenomenological description of a special kind: it is renormalizable.

The Standard Model sets its own limits

The spontaneous breaking of the electroweak symmetry is a non-perturbative act. In the Stan-
dard Model the Higgs doublet field Φ(x) forms energetically favorable electroweak symmetry
breaking field configuration Φ0 ≡ ⟨Φ(x)⟩, which is far from being perturbative. It is given by

Φ†
0Φ0 ≡

v2

2
=

|µ2|
2λ

, (1.3)

as a minimum of appropriately designed Higgs potential

V(Φ†Φ) = −|µ2|Φ†Φ + λ(Φ†Φ)2 (1.4)

where v is the vacuum expectation value representing the electroweak scale. The operational
simplicity of this mechanism is given by the fact that the non-perturbative transition towards
better vacuum can be done already at a classical level prior to the quantization. After the
quantization however it is necessary to check stability of the mechanism with respect to quantum
corrections.

It turns out that the parameters µ and λ are not as stable against quantum corrections as
necessary to claim that the Standard Model is the fundamental theory of elementary particles.
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The parameter λ runs according to its renormalization group equation coupled with other
parameters, mainly with the one for top-quark Yukawa coupling parameter yt. Depending
on its initial value at the electroweak scale λ(v) with respect to yt, the λ runs either to the
Landau pole [31, 32] or to zero [33, 34] at some energy scale Λ. The most recent results based
on the measured value of Higgs mass suggest that the latter possibility may happen already
at Λ ∼ 1011 GeV well below the Planck scale [35, 36, 37]. These three-loop calculations are
however still weighted by large systematic errors so that the positivity of λ up to the Planck
scale cannot be ruled out.

The parameter µ, and so the electroweak scale v (1.3), acquires quadratically divergent
quantum corrections in contrast to the rest of Standard Model parameters which acquire only
logarithmically divergent quantum corrections. This causes a questionable tension commonly
referred to as the gauge hierarchy problem,

v ≪ Λ , (1.5)

where Λ is some scale up to which we keep encountering the quantum corrections. Even though
the electroweak scale v plays a central role in the mass generation, as all masses are proportional
to it, the Standard Model does not at all explain its origin let alone its small value. Through
the non-dynamical parameter µ the electroweak scale v is just put into the Lagrangian and its
value is to be fixed by a single measurement.

The quantum instabilities are however not a reason for despair. The Higgs potential (1.4)
was introduced into the Lagrangian in a rather ad hoc way without any vigilance or leading
principle in contrast to the rest of the Lagrangian. The only purpose of the Higgs potential
was to make the elementary scalar condense. It makes more sense to consider the Higgs poten-
tial rather as a phenomenological parametrization of the electroweak symmetry breaking. In
this light there remains only one question about the range of validity of this phenomenological
description. The appearance of the quantum instability at the energy scale Λ should be under-
stood as an indication that the Standard Model is a good phenomenological description in the
range of energies (0,Λ) and breaks down for energies above Λ.

The Standard Model calls for beyond

We have seen that there exists a good motivation not to consider the Standard Model to be
the fundamental theory. Therefore some new more fundamental theory should replace it above
some scale Λ. From the perspective of the new theory, the Standard Model is then considered
as an infrared effective theory. To be fundamental, the new theory should explain Higgs sector
parameters, including Yukawa parameters, and stabilize the electroweak scale v with respect
to the scale Λ.

From the point of view of the Standard Model as an effective theory, the stabilization of the
electroweak scale v is just a matter of renormalization. We need one experimental measurement
to fix v and no reference to the cutoff Λ is needed anymore [38]. It is not the Standard Model
which suffers from the gauge hierarchy problem. However, we are led to think in terms of
some underlying theory relevant at energies above Λ. In that moment, it is this underlying
theory which has to deal with the gauge hierarchy problem and explain the smallness (1.5) of
its effective parameter v in terms of its fundamental parameters.

1.1.3 QCD as a prototype of a fundamental theory

The QCD is defined by its Lagrangian as a non-Abelian gauge theory [39] of quarks. In the
chiral limit (assuming only two flavors, u and d, for the sake of simplicity) when mu = md = 0,
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the Lagrangian is free of mass parameters. At the classical level the theory is scale invariant.
The only parameter in the Lagrangian is a dimensionless strong gauge coupling constant gs
which can be viewed as a unit of color charge carried by quarks and gluons. So far this does
not seem to be helpful in generating masses.

The QCD is however of quantum nature and quantum fluctuations of QCD vacuum provide
screening of the color dependent on a distance from which the color is measured. Actual
calculation reveals that unlike the electric charge in QED, the color charge effectively vanishes
at asymptotically short distances. This is expressed by the result of one-loop calculation of
running color charge at asymptotically large momenta q2

αs(q
2) ≡ g2s (q

2)

4π
≃ 4π

(11− 2
3
nf ) ln q2/Λ2

QCD

, (1.6)

where nf is a number of QCD flavors. The dimensionful and theoretically arbitrary quantity
ΛQCD appears as a result of renormalization enforced by the presence of divergences within the
perturbation calculation. It is fixed by experiment to be roughly 300MeV.

The formula (1.6) expresses the asymptotic freedom [40, 41, 42, 18, 43, 44], shared in general
by non-Abelian gauge theories with not too many flavors. Within this type of theories, quan-
tum fluctuations contributing to all various observables are damped at large momenta by the
asymptotically vanishing coupling constant. Therefore any necessity of some higher cutoff scale
Λ disappears and the theory is said to be ultraviolet (UV) complete and it is a true candidate
for being a fundamental theory.

Through the formula (1.6) the dimensionful quantity ΛQCD fully determines the strength of
the color coupling at short distances. It is the phenomenon called dimensional transmutation.
It tells us that at the quantum level the theory is not scale invariant any more. In other
words, it determines how does the attractive force between two color charges grow when one
pulls them apart from each other. The scale ΛQCD then refers to a distance where the force is
getting large, αs ∼ 1. Although we do not know how does the color charge behave at momenta
smaller than ΛQCD, we are experiencing that it does not allow to isolate individual quarks and
gluons, it rather keeps them confined in small bags of a characteristic radius given by ΛQCD.
The low-energy spectrum of QCD consists of colorless bound states of quarks and gluons, the
spectrum of hadrons.

The enhanced attraction among colored fields at low momenta q2 . Λ2
QCD changes the

structure of the vacuum. It triggers the formation of the chiral condensate

⟨ūRuL + dRdL⟩ ̸= 0 , (1.7)

which breaks the global chiral SU(2)L×SU(2)R symmetry of the Lagrangian down to its vector
subgroup SU(2)L+R. Purely on the basis of this symmetry group pattern, the spectrum of
hadrons is determined. Vast spectrum of hadrons occupies in principle all available multiplets
of the unbroken SU(2)L+R. Out of them, three pions are massless (still considering the chiral
limit) because they are the Nambu–Goldstone bosons of the broken chiral symmetry. Other
hadrons are massive. Their masses are directly proportional to the only dimensionful quantity
in the theory, ΛQCD. Various ratios of their masses are fully determined just as group theoretical
factors.

To appreciate the spectacular power of QCD we can recapitulate: Just by assuming a
symmetry structure of the Lagrangian and of the vacuum and by fixing a single mass scale
ΛQCD experimentally, the QCD reproduces rich low-energy spectrum of states, their masses
and couplings. This is how a fundamental theory should be.
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It is instrumental to notice that when coupled to the electroweak gauge dynamics, the
QCD via its chiral condensate (1.7) spontaneously breaks the electroweak symmetry. There
are however at least two evidences that the QCD cannot be the only source of the electroweak
symmetry breaking. First, the magnitude of the QCD chiral condensate being of order of ΛQCD

is so small that it would generate roughly 2000 times lighter electroweak bosons [45]. Second
the pions are observed as a part of particle spectrum instead of having been combined with the
electroweak bosons.

1.2 New physics beyond the Standard Model

1.2.1 Beyond-Standard models from naturalness

The gauge hierarchy problem has stimulated an extensive use of the naturalness principle when
developing the more fundamental theory beyond the Standard Model. It claims that the most
natural value of the scale of new physics is just one order of magnitude above the electroweak
scale. Most of the beyond-Standard models deal with the problem by bringing the scale Λ near
above the electroweak scale v. This is an appealing solution as it predicts a variety of new
phenomena within the scope of our current experimental abilities.

Many of the beyond-Standard models postulate some new symmetry which provides a can-
celation of quadratic divergences of the mass parameter µ. The new symmetry connects the
Higgs field with some other field whose mass enjoys protection of its own symmetry from ac-
quiring the quadratically divergent corrections. Thereby the Higgs field mass parameter µ can
enjoy the protection as well. There are three protective symmetries at the disposal in the
Standard Model: the chiral symmetry for fermions, the gauge invariance for gauge bosons and
the shift invariance for Nambu–Goldstone bosons. Correspondingly, it is the supersymmetry
[46, 47, 48, 49, 50, 51] connecting Higgs and chiral fermion fields resulting in the Minimal Super-
symmetric Model (MSSM) [52, 53, 54] and its extensions. Next, it is the five-dimensional gauge
invariance connecting four-dimensional gauge boson fields with the Higgs field being the fifth
gauge field component giving rise to the Gauge-Higgs unification models [55, 56, 57]. Finally,
it is the shift invariance which counts the Higgs field among pseudo-Nambu–Goldstone fields
and it is used in the Little Higgs models [58, 59, 60, 61, 62].

The other big class of beyond-Standard models uses a suppression of the scale of new physics.
The models of Extra Dimensions [63, 64, 65] explain the suppression factor geometrically from
a nontrivial either curvature or topology of higher dimensional space-time. The Technicolor
models [66, 67] and their Extended-Technicolor descendants [68, 69, 70, 71, 72] imitate the ex-
cellent qualities of QCD and explain the suppression by means of asymptotic freedom. Because
the dynamical electroweak symmetry breaking scenario of the (Extended-)Technicolor models
is closely related to our approach, we will expose it in more details later in section 2.1.

Despite the extensive and promising effort dedicated to developing natural and realistic
beyond-Standard models, none of them really represents a systematic solution of the gauge
hierarchy problem. They rather represent a postponement of the problem by one-step-higher
scale which again demands to be stabilized with respect to the Planck scale for instance. More-
over, some introduce a plethora of new fields and corresponding number of parameters in order
to reproduce what already Standard Model has done by means of much less effort.

It is easy to make a conclusion that there is need for new physics for both theoretical
and phenomenological reasons. But it is difficult to say that it will be discovered soon as
the Standard Model persists to serve us as an excellent description of high-energy physics. By
agreement of the Standard Model predictions with collider experimental data at the electroweak
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scale we are in fact probing the field content of our description already up to higher energies
than 2TeV through quantum corrections. This may simply mean that the naturalness principle
is not the way the Nature follows. Equally well, the Standard Model may be valid up to a very
high scale, like the seesaw scale, the scale of the Grand Unified Theory (GUT), or even the
Planck scale. In that case we should find a systematic solution how to not only parametrize
but really how to explain the extremely large hierarchies within the quantum field theory. This
may require completely new concepts upon which the model of the new physics should be built.

1.2.2 Beyond-Standard models from analogy with
superconductivity

The Standard Model and all of the beyond-Standard models mentioned above do introduce
elementary fields primarily designed to be responsible for the electroweak symmetry breaking
and for the electroweak gauge boson mass generation. The presence of ordinary fermions is
irrelevant for achieving the electroweak symmetry breaking in these models.

In contrast, there are approaches, including ours, directly following the analogy with su-
perconductors [30, 73, 74], which identify or introduce some dynamics acting among usual
fermions, quarks and leptons, whose primary purpose is to generate their masses. The elec-
troweak symmetry breaking then comes automatically. The value of the electroweak scale v is
then roughly given by the values of the heaviest fermion masses mf . Apparently the top-quark
mass contributes significantly.

We present here a non-exhaustive list of the models (we present the author, the year and
the used dynamics):

• [75] Hošek, (1982), U(1) new gauge dynamics

• [76] Kimura and Munakata, (1984), four-fermion interaction

• [77] Nambu (1988), not specified

• [78, 79] Miransky, Tanabashi, Yamawaki (1989); Bardeen, Hill, Lindner (1989),
four-fermion interaction1

• [80] Nagoshi, Nakanishi and Tanaka (1990), SU(3) flavor gauge dynamics

• [81] Cvetič (1992), flavor gauge dynamics

• [82] Gribov (1994), U(1) weak hypercharge gauge dynamics

• [83] Bashford (2003)

• [84, 85] Hošek, Brauner (2004); Beneš, Brauner, Smetana (2008), Yukawa dynamics

• [86, 87] Wetterich (2006); Schwindt and Wetterich (2008), Chiral tensor dynamics

• [88] Hošek (2009), SU(3) flavor gauge dynamics

1 These models are formulated only for a top-quark mass generation. To date it was practically the only mass
relevant for the electroweak symmetry breaking. These models can be understood as simplifications relevant
for the models of dynamical generation of all quark and lepton masses.



8 CHAPTER 1. INTRODUCTION

Although these models stand rather solitary over the history of the electroweak symmetry
breaking and often without referring one to the other, they apparently still gain some attention
till today.

These models are characterized by the coupling constant h and by the scale Λ. Typically Λ is
very big in order to provide sufficiently large contributions of fermion masses to the electroweak
scale, and constrained not to exceed the Planck scale Λ < ΛPlanck. Therefore these models have
to deal with enormous hierarchy mf ∼ v ≪ Λ. In principle it is conceivable that the gauge
hierarchy is achieved by some critical scaling [89, 90]. The critical scaling however represents
mere reparametrization of the gauge hierarchy problem in terms of an extreme vicinity of the
coupling parameter h to its critical value hcrit,

v

Λ
≪ 1 −→ |h− hcrit| ≪ 1 . (1.8)

A true explanation of the gauge hierarchy problem should rely on a principle which can provide
tiny but not infinitesimal super-criticality of the coupling parameter.

1.3 This thesis

Our ultimate ambition is to construct a fundamental theory of elementary fermion masses in a
similar sense as the QCD is the fundamental theory of hadrons and their masses. We postulate
a dynamics acting among usual fermions whose primary purpose is to generate their masses.
The fermion masses then break the electroweak symmetry.

Operationally, the underlying dynamics generates electroweak symmetry breaking fermion
self-energies Σ(p2), in general, complex momentum-dependent matrices. They form the elec-
troweak symmetry breaking parts of the full fermion propagators

S−1(p) = /p− Σ(p2)PL − Σ†(p2)PR , (1.9)

where PL,R ≡ 1
2
(1∓γ5) are the chiral projectors. Of course in (1.9), the renormalization of wave

function should be taken into account as well. However, because our main point is to study the
spontaneous chiral symmetry breaking triggered by finite chirality-changing self-energies Σ(p2),
we do not consider the wave function renormalization in our work in order to keep our point
clear. The poles in the propagators define the fermion masses as solutions of the equation

det
[
p2 − Σ†(p2)Σ(p2)

]
= 0 . (1.10)

In the models which we deal with in our work, the knowledge of the fermion self-energies is
completely essential, not only for reproducing the fermion mass spectrum. The self-energies of
quarks and leptons determine masses of electroweak gauge bosons. They also determine the
Yukawa couplings of various composite (pseudo-)Nambu–Goldstone bosons to their constituent
fermions.

The self-energies are the solutions of Schwinger–Dyson equations which are however of-
ten beyond our ability to solve. Therefore in practical calculations we often resort to various
approximations. The simplest and the most feasible approach consists of approximating the un-
derlying dynamics by a four-fermion interaction. Then the momentum-dependent self-energies
are approximated by a momentum-independent fermion condensates being solution of much
simpler gap equations.

Our program starts by obligatory investigation of the capability of the fermion self-energies
to reproduce correct values of W and Z boson masses. Because the heaviest known fermion is
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the top-quark it is natural to formulate a simplified model where the contributions of lighter
fermions are simply neglected. This leads to formulation of the top-quark condensation model
[78, 79, 91]. In section 2.2 we summarize important results of the top-quark condensation ap-
proach. We will remind that the top-quark alone is simply too light to saturate the electroweak
scale completely. Furthermore it predicts too heavy Higgs boson.

The models of dynamical fermion mass generation which take into account a generation of
neutrino masses via the seesaw mechanism have potential to correctly reproduce the value of
the electroweak scale. If the neutrino Dirac mass is large enough, then the neutrino condensate
is strong enough to complement the electroweak scale [92, 93, 94]. In that case the electroweak
scale is saturated by both the mass of top-quark mt and the Dirac mass of neutrinos mD

v ∼ mt, mD . (1.11)

We call this scenario the top-quark and neutrino condensation scenario and it is subject of
chapter 3 based on our original work [95]. We reformulate the top-quark and neutrino conden-
sation scenario in terms of a two composite Higgs doublet model and confront it with the most
recent experimental data. Mainly, we reproduce the 125GeV particle observed at the Large
Hadron Collider (LHC) [23, 24].

The following two chapters are fully dedicated to presentation of our models of dynamics
underlying the mass generation of quarks and leptons.

In chapter 4 we present our early attempt based on the strong Yukawa dynamics mediated
by two complex scalar doublets [85]. We are able to formulate the interconnected Schwinger–
Dyson equations for both fermion and scalar self-energies and to solve them simultaneously.
For that we resort to reasonable approximations and use numerical methods.

In the last chapter 5 we formulate a model of strong SU(3)F flavor gauge dynamics relying
mainly on our achievements published in [96]. The flavor gauge model has an ambition of
being the fundamental theory of fermion masses and of the electroweak symmetry breaking:
It is asymptotically free and it is characterized by a single gauge coupling parameter. Like
in the QCD, within the flavor gauge model all masses are, at least in principle, calculable
factors of the fundamental scale of the flavor gauge dynamics ΛF. Unlike the QCD, the flavor
gauge dynamics does not confine otherwise it could not describe the quarks and leptons as
the flavored asymptotic states. For that purpose the flavor gauge dynamics is formulated as a
strongly coupled chiral gauge theory which we believe can self-break rather than confine.

The idea of replacing the Higgs sector of the Standard Model by asymptotically free flavor
gauge dynamics offers several versions of the model. They are distinguished by a right-handed
neutrino content. We will analyze them and bring arguments why we favor just one of them.
The preferred version of the model is non-minimal in the sense that it is defined by richer
flavor structure of right-handed neutrinos, one sextet and four anti-triplets. The presence of
the right-handed neutrino flavor sextet is crucial for two reasons. First, its condensation at
the seesaw scale provides a huge right-handed neutrino Majorana mass, thus it naturally and
dynamically forms a basis for the seesaw mechanism. Second, at this high scale the flavor sextet
condensation breaks completely the flavor gauge symmetry. The resulting massive flavor gauge
bosons mediate an attraction among the electroweakly charged fermions. At some lower scale,
the attraction results in a dynamical generation of their masses and the electroweak symmetry
breaking.

The fermion self-energies, which are the basic elements of the models studied in this thesis,
are the consequences of the strong coupling. Reliable methods to calculate them are not
available. Therefore we must rely on approximative methods or just to assume their existence.
Then the phenomenological outcomes of the models can be made just on the level of qualitative
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estimates and conjectures. That is why we left these partial results to appendices. In the
first appendix A we summarize the approximate methods of solving the Schwinger–Dyson
equations for the fermion self-energies which we have used in the course of elaborating the two
models. In the second appendix B we discuss the composite Nambu–Goldstone boson coupling
to their constituent fermions, which are determined in terms of the fermion self-energies. If
the spontaneously broken symmetry is gauged then these couplings determine the gauge boson
masses. In the last appendix C we present the derivation of the Fierz identities which are
helpful when modeling the underlying dynamics by four-fermion interactions.



Chapter 2

Dynamical electroweak symmetry
breaking

Our work belongs to the category of beyond-Standard models where the electroweak symmetry
is broken dynamically. It is closely related to the main representatives of this category, to the
(Extended-)Technicolor models and to the Top-quark Condensation models. That is why we
dedicate the whole chapter to present main ideas upon which they are built.

2.1 Technicolor

The most natural and the oldest solution to the gauge hierarchy problem follows the scenario
already realized in Nature: The scale of QCD and consequent masses of hadrons are arbitrarily
small relative to the Planck scale. The clue lies in the asymptotic freedom of a non-Abelian
gauge theory, whose example is the QCD. The scale Λ of an asymptotically free theory, above
which the gauge coupling parameter g tends to the zero UV fixed point as (1.6)

g2(q2 > Λ2) ∝ 1

ln q2

Λ2

, (2.1)

represents a natural cutoff for quantum corrections. The quantum corrections are kept under
control and their effect decreases above the cutoff Λ without any reference to the huge Planck
scale. Turning the logic around and keeping the reference to the Planck scale, because of
the tiny value of the coupling constant at the Planck scale g(Λ2

Pl) ≪ 1 the huge exponential
suppression of scales is in work

Λ2 ∼ e−1/g2(Λ2
Pl)Λ2

Pl . (2.2)

The technicolor

Technicolor (TC) models [66, 67] assume the existence of a new strong asymptotically free
gauge technicolor dynamics SU(NTC) characterized by its scale ΛTC and the coupling constant
gTC. The technicolor dynamics is acting among new fermions, the techniquark fields Q(x). The
techniquarks are electroweakly charged similarly to the usual quarks so that their hard mass
terms are forbidden. Instead, the Lagrangian possesses even larger chiral symmetry GχTC out
of which SU(2)L×U(1)Y electroweak subgroup is gauged. Due to the electroweak dynamics the
chiral symmetry GχTC is only approximate except for the gauged subgroup. The electroweak
symmetry breaking is achieved by a generation of techniquark self-energy ΣQ(p

2) spontaneously
breaking the chiral symmetry

GχTC −→ HχTC ⊃ U(1)em
(
× SU(2)custodial

)
. (2.3)

11
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It gives rise to a set of composite pseudo-Nambu–Goldstone fields and three true composite
Nambu–Goldstone fields, the technipions πaTC(x), corresponding to the electroweak symmetry
breaking. The three technipions couple to the corresponding broken electroweak currents

⟨0|jµ±(x)|π±
TC(q)⟩ = −iqµF±e

−ix·q , (2.4a)

⟨0|jµ0 (x)|π0
TC(q)⟩ = −iqµF0e

−ix·q . (2.4b)

The conservation of the electromagnetic charge U(1)em implies F+ = F−. The custodial sym-
metry SU(2)custodial protects the relation F± = F0 ≡ FTC.

The technipions πaTC(x) have the same quantum numbers as the QCD pions πaQCD(x), thus
they mix. The mixing results in the fact that the observed pion states have an admixture of
technicolor states, roughly given by [45, 97]

|πa⟩ = cos θπ|πaQCD⟩+ sin θπ|πaTC⟩ , (2.5)

where tan θπ ≡ fπ
FTC

, where fπ is the QCD pion decay constant. The orthogonal states are then
the ‘would-be’ Nambu–Goldstone states

|πaW,Z⟩ = − sin θπ|πaQCD⟩+ cos θπ|πaTC⟩ , (2.6)

which are combined with the electroweak gauge bosons to give them masses

MW =
1

2
g
√
F 2
TC + f 2

π , (2.7)

MZ =
1

2

√
g2 + g′2

√
F 2
TC + f 2

π . (2.8)

The QCD pion decay constant fπ ≃ 93MeV is very small compared to the electroweak scale v,
thus it contributes negligibly to the W and Z boson masses. In order to saturate their values,
the technipion decay constant has to be

FTC ≃ v
.
= 246GeV . (2.9)

Consequently, as FTC ≫ fπ, the mixing (2.5) and (2.6) of QCD pions and technipions is truly
negligible.

The technicolor dynamics can be defined simply by scaling-up of the QCD dynamics. It
defines the technicolor scale in terms of the QCD scale ΛQCD ∼ 300MeV as

ΛTC ∼
√

3

NTC

FTC

fπ
ΛQCD ≃

√
3

NTC

794GeV . (2.10)

The scale ΛTC sets the typical magnitude of masses of various bound-states, technimesons and
technibaryons. These states saturate the unitarity of scattering amplitudes of the longitudinally
polarized electroweak gauge bosons. In the formula for FTC, (2.15) below, the integral is
dominated by low momenta, therefore

ΣQ(0) ∼ ΛTC . (2.11)

The technicolor is a beautiful idea and, like QCD, it has the potential to be the fundamental
theory. In a natural way, it stabilizes the electroweak scale with respect to the Planck scale.
However, it turns on its own inner scale tensions when applied to the fermion mass generation.
In the rest of this section, we will briefly demonstrate that the technicolor dynamics cannot
be simply QCD-like otherwise a conflict between magnitude of fermion masses and sufficient
suppression of flavor-changing neutral currents (FCNC) pops up.
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Figure 2.1: a) The loop expression for usual fermion mass (2.13). The formation of the
techniquark condensate is communicated to the usual fermion sector via the exchange of massive
ETC gauge bosons. b) The loop expression for masses of W and Z. This is the pictorial
representation of the Pagels–Stokar formula (2.15).

The extended technicolor

Even though the technicolor breaks the electroweak symmetry, it does not provide the mass
generation for usual fermions, because it is not coupled to them. An additional interaction
which connects usual fermions with the techniquarks is needed. This is provided by embedding
NF = 3 flavor copies (families) of ordinary fermions together with corresponding techniquarks in
a representation of the extended-technicolor (ETC) gauge dynamics SU(NETC) [98, 99], where
NETC ≡ NF +NTC.

Masses of flavors differ, hence the ETC gauge symmetry is not a property of the fermion
mass spectrum. It has to be spontaneously broken down to its vector-like confining technicolor
subgroup according to

SU(NETC) → SU(NTC) . (2.12)

The ETC gauge symmetry has to be chiral otherwise it could not be broken [99]. At this point
the technicolor construction looses its beauty as it revives the issue of chiral gauge symmetry
breaking. Some mechanism of the spontaneous ETC symmetry breaking has to be added.
Clearly, invoking condensing scalars is a possibility but it would negate the main original idea
of dynamical symmetry breaking.

In a better way, it is sometimes assumed that the chiral gauge ETC dynamics is strongly
coupled and that it self-breaks. That is why our model of flavor gauge dynamics described in
chapter 5 is relevant for ETC models. The flavor gauge model can be rephrased as “the ETC
model without TC” as its symmetry breaking pattern of completely broken flavor symmetry
can be understood in terms of (2.12) as SU(NETC = NF) → ∅.

After the spontaneous symmetry breaking at some scale ΛETC > ΛTC, corresponding ETC
gauge bosons acquire masses of order ΛETC. Because the exchange of the massive ETC gauge
bosons provides the FCNC [99] among ordinary fermions, their masses have to be adequately
large, setting ΛETC > 103TeV. In order to keep the idea of suppression of hierarchy problem,
the ETC dynamics is canonically assumed to be again asymptotically free above ΛETC.

Ordinary fermion masses are generated via the diagram Fig. 2.1a) being the pictorial rep-
resentation of the formula in the Landau gauge

Σψ(q
2) = −3ig2ETC

∫
d4k

(2π)4
1

(k − q)2 − Λ2
ETC

ΣQ(k
2)

k2 − Σ2
Q(k

2)
. (2.13)
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From this equation the fermion mass can be approximated after the Wick rotation as

mψ ≈ Σψ(0) =
g2ETC

Λ2
ETC

3

8π2

∫ Λ2
ETC

0

dx
xΣQ(x)

x+ Σ2
Q(x)

. (2.14)

The technipion decay constant FTC is given by the Pagels–Stokar formula [100] pictorially
represented by the diagram in Fig. 2.1b) for which we derived the approximate formula in
appendix (B.33),

F 2
TC =

NTC

8π2

∫ Λ2
ETC

0

dxx
ΣQ(x)

2(
x+ Σ2

Q(x)
)2 . (2.15)

The scale ΛETC is used to cutoff the integrals referring to the asymptotic freedom of the ETC
dynamics. It is clear that the techniquark self-energy ΣQ(p

2) is instrumental for the elec-
troweak symmetry breaking and mass generation. At first sight the two integrals differ by
their sensitivity to the high-momentum details of ΣQ(p

2). Naively the integral for mψ in (2.14)
is quadratically sensitive, while the integral for FTC in (2.15) is only logarithmically sensitive.
That is why ΣQ(0) ∼ ΛTC (2.11) in order to get the value of FTC appropriate for the electroweak
boson masses.

Technicolor governed by infrared fixed point

It is therefore of key importance to know the behavior of ΣQ(p
2) in the region of momenta

Λ2
TC < p2 < Λ2

ETC. If dynamically generated, the fermion self-energy has a general Euclidean
high-momentum dependence (to be found, e.g., in [101])

ΣQ(p
2 ≫ Λ2

TC) ∼ Λ3
TC

p2
exp

[ ∫ t

0

γm(t
′)dt′

]
, t ≡ 1

2
ln p2

Λ2
TC
, (2.16)

where γm(t) is the anomalous dimension of the mass operator. The dependence of the anomalous
dimension on t is provided merely through the t dependence of the coupling constant gTC(t)

γm(t) = γm
(
gTC(t)

)
. (2.17)

Thus, through the anomalous dimension γm(t), the evolution of the coupling constant deter-
mines the high-momentum dependence of the ΣQ(p

2).

If the technicolor were QCD-like, i.e., its coupling constant were running according to (2.1)
all the way above ΛTC, the ΣQ(p

2) would be damping quickly above ΛTC, for illustration see
Fig. 2.2 (dotted line). While this would not affect too much the value of FTC, it would, together
with FCNC constrain ΛETC > 103TeV, allow only unacceptably small ordinary fermion masses.
Therefore the high-momentum enhancement of the ΣQ(p

2) is needed in order to enhance the
ordinary fermion masses while keeping the proper value of FTC. This can be achieved if over
the range Λ2

TC < p2 < Λ2
ETC the technicolor dynamics is governed by a non-trivial fixed point

g∗TC. It is the idea pioneered in [102] and further elaborated in [68, 69, 70, 71, 72].

Within the range Λ2
TC < p2 < Λ2

ETC, the QCD-like technicolor is compared to the fixed-
point-governed technicolor using the formula (2.16):

QCD-like: g2TC(t) ∼ t−1 , γm(t) ∼ g2TC(t) ∼ t−1 , ΣQ(p
2) ∼ Λ3

TC

p2

(
ln p2

Λ2
TC

)a
,

fixed point: gTC(t) ∼ g∗TC , γm(t) ∼ γm
(
g∗TC

)
= const. , ΣQ(p

2) ∼ Λ3
TC

p2

(
p2

Λ2
TC

)γm/2
,
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β(gTC)

gTC

g∗TC

QCD− like

a) b)

QCD− like

gTC(µ
2)

µ2

g∗TC

0

0 Λ2
ETCΛ2

TC

Figure 2.2: Cartoon a) of β-function β(gTC) and b) of running coupling constant gTC in the
ETC theory governed by an infrared fixed point g∗TC (solid line) in comparison with a QCD-like
theory (dotted line).

where the exponent a is given by details of the technicolor dynamics and its order of magnitude
is |a| ∼ 1.

The most popular improved ETC models are based on the walking technicolor dynamics
[102]. The walking technicolor dynamics is asymptotically free above ΛETC but, contrary to the
QCD, below ΛETC it is attracted by an approximate infrared fixed point. That slows down the
evolution of the coupling constant. Around the scale ΛTC the dynamics finally confines. Over
the relevant range of momenta Λ2

TC < p2 < Λ2
ETC the anomalous dimension is approximately

constant, γm(t) ∼ γm
(
g∗TC

)
. Such gauge theories do exist [103, 104], for illustration see Fig.2.2

(solid line). The comfortable splitting of ΛTC and ΛETC is achieved, e.g., within the Minimal
Walking Technicolor model [105]. For completeness notice that the same enhancement lifts up
masses of pseudo-Nambu–Goldstone bosons, which would be otherwise unacceptably light as
well.

2.2 Top-quark condensation models

The mechanism of the electroweak symmetry breaking manifests itself by the fact that both the
top-quark mass mt and the Higgs boson massMh are of the same order as the electroweak scale
v, which is the scale for masses of the weak bosons, i.e., MW = gv/2 and MZ =

√
g2 + g′2v/2.

A simple contemplation leads to the suspicion that both the longitudinal components of the
weak vector bosons and the Higgs boson are in fact bound states containing top-quark. This
is the idea of Top-quark Condensation models introduced in [106, 78, 79].

The top-quark condensation is underlain by some new dynamics characterized by some scale
Λt and coupling constant g. It can be for instance some asymptotically free gauge dynamics
whose symmetry gets broken below Λt providing masses of the order ∼ Λt for its gauge bosons.
Then the infrared effects of the new dynamics can be parametrized by four-fermion interactions
induced by the exchange of the massive gauge bosons, thus weighted by the scale Λt. For the
top-quark, the four-fermion interaction upon the Fierz identity (C.17a) can be written as

(t̄Rγ
µtR)

g2

Λ2
t

(t̄LγµtL) ≡ (t̄LtR)
g2

Λ2
t

(t̄RtL) . (2.18)

This interaction is part of the SU(2)L×U(1)Y invariant Lagrangian Lt, which defines the Top-
quark Condensation model. In a suggestive form, the four-top-quark interaction (2.18) can be
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introduced as
Lt ⊃

κt
Λ2
t

(t̄LtR)(t̄RtL) ≡
κt
4Λ2

t

[
(t̄t)2 − (t̄γ5t)

2
]
, (2.19)

where we have introduced the coupling parameter κt ∝ g2. This is in the analogy with the
old proposal of Nambu and Jona-Lasinio (NJL) [30] formulated as the model of a spontaneous
chiral U(1) global symmetry breaking.

The top-quark mass

The four-top-quark interaction generates a top-quark mass mt which can be approximated by
a solution of the gap equation

mt = i
κt
Λ2
t

∫
Λt

d4k

(2π)4
mt

k2 −m2
t

(2.20)

Wick
=

κt
16π2Λ2

t

∫ Λ2
t

0

dx
xmt

x+m2
t

. (2.21)

The cutoff Λt expresses the fact that the underlying dynamics is assumed to become weaker
above that scale.

The gap equation (2.20) should be compared with the ETC formula (2.14). The ETC

formula is mere expression for the top-quark mass mf ∼
g2ETC

Λ2
ETC

⟨Q̄Q⟩ in terms of the techniquark

condensate ⟨Q̄Q⟩ given by the integral. On the other hand, (2.20) is the algebraic transcendent
equation for the top-quark mass

mt =
κtmt

16π2

(
1− m2

t

Λ2
t

ln
Λ2
t +m2

t

m2
t

)
. (2.22)

Within this approach, the top-quark mass generation is a non-perturbative phenomenon which
exhibits several characteristic features common to various dynamical mass generation models:

• The trivial solution mt = 0 exists.

• There is a critical value of the coupling parameter κt ≡ κt,crit. = 16π2 below which only
the trivial solution exists and above which also the non-trivial solution mt ̸= 0 exists.

• The non-trivial solution for the top-quark mass mt ̸= 0 is proportional to the only mass
parameter in the model Λt through the numerical scaling factor f(κt) as

mt = f(κt)Λt . (2.23)

• At the critical value of the coupling constant the scaling factor is a non-analytic function

f(κt) ≃
√

1− κt,crit.
κt

providing arbitrarily strong amplification mt ≪ Λt when κt → κt,crit..

The electroweak scale

The original NJL model was immediately applied by authors as a model of pions [107] arising
as pseudo-Nambu–Goldstone bosons from spontaneous breaking of chiral isospin symmetry
explicitly violated by nucleon bare masses. These were found as massless poles in fermion
scattering amplitudes in the pseudo-scalar channel. In the scalar channel a massive pole was
found. It corresponds to a composite σ-particle with mass twice as big as the fermion mass.
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In the top-quark condensation model, the situation is analogous, but the spontaneously broken
symmetry is the gauge electroweak symmetry and the Nambu–Goldstone modes are eaten by
the W and Z bosons. The NJL treatment of the model leads to the composite Higgs boson
with the mass Mh = 2mt.

Once the top-quark mass is generated the electroweak symmetry is broken and the elec-
troweak bosons acquire masses, M2

W = g2F 2
W/4 and M2

Z = (g2 + g′2)F 2
Z/4. The dimensionful

factor FZ is given by the Pagels–Stokar formula, for which we derived approximate formula in
appendix (B.33),

F 2
Z =

NC

8π2

∫ Λ2
t

0

dxx
Σ2
t (x)(

x+ Σ2
t (x)

)2 , (2.24)

which is analogous to (2.15). For FW there is a similar formula. Contrary to the TC models,
here the loop integral is formed by top-quark propagators. It expresses the assumption that it is
the top-quark condensation which stands behind the electroweak symmetry breaking. Following
the same level of approximation as in (2.20) we use the cutoff Λt and Σt(p

2) = mt and get the
formulae

F 2
Z =

Nc

8π2
m2
t

[
ln

Λ2
t

m2
t

− 1

2

]
, (2.25a)

F 2
W =

Nc

8π2
m2
t

[
ln

Λ2
t

m2
t

+ 1

]
. (2.25b)

notice that the bigger the Λt is, the closer to unity is the ρ-parameter, ρ ≈ 1, which is defined
as usual

ρ ≡ M2
W

M2
Z cos

2 θW
=
F 2
W

F 2
Z

. (2.26)

This actually simulates the effect of the custodial symmetry which is not the property of the
Lagrangian Lt (2.19). The equations (2.22) and (2.25a) (neglecting the difference between FW
and FZ) have to be satisfied simultaneously. By setting FZ = v

.
= 246GeV and mt

.
= 172GeV

we fix the condensation scale Λt from the equation (2.25a),

Λt ∼ 1014 GeV . (2.27)

The equation (2.22) then fixes the coupling constant κt

κt ≈ (1 +m2
t/Λ

2
t )κt,crit. . (2.28)

This result means enormous fine-tuning of the coupling constant.
The lesson is the following. By assuming some dynamics characterized by the scale Λt

leading effectively to the four-fermion interaction (2.19), the electroweak symmetry breaking
can in principle take place. It turns out however that the hierarchy problem is not solved,
because numerically Λt is pushed very high in order to get the correct values of MW,Z and mt.
The extreme fine tuning now reappears in the value of the coupling parameter κt (2.28).

Including the QCD effect

The situation becomes even much more inconvenient when more sophisticated approximations
are used. In particular, the effect of QCD dynamics to the top-quark masses is significant and
it should be taken into account. It leads to the momentum dependent self-energy Σt(p

2) which
is monotonically decreasing and given by the well-known formula [108, 109]

Σt(p
2) ≃ mt

[
αs(p

2)

αs(m2
t )

]4/7
, (2.29)
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Λt [GeV] 1010 1019 1042

a) mt [GeV] 305 252 215
Mh [GeV] 450 338 257

b) FZ [GeV] 140 168 196
Mh [GeV] 258 231 205

Table 2.1: For different values of the top-quark condensation scale Λt = 1010GeV (axion), Λt =
1019GeV (Planck), Λt = 1042GeV (Landau), and taking αs(m

2
t ) ≃ 0.11, using the equations (2.32)

and (2.34), we evaluate a) the Mh and mt masses while keeping the electroweak gauge boson masses
at their experimental values, i.e., FZ

.
= 246GeV, b) the Mh and FZ while keeping the top-quark mass

at its experimental value, i.e., mt
.
= 172GeV.

where αs(q
2) = g2s (q

2)/4π is the QCD effective charge

α−1
s (q2) = α−1

s (m2
t ) +

7

4π
ln

q2

m2
t

. (2.30)

Using the improved top-quark self-energy (2.29) within the safely simplified Pagels–Stokar
formula (2.24)

F 2
Z =

3

8π2

∫ Λ2
t

m2
t

dk2

k2
Σ2
t (k

2) (2.31)

we get the improvement of the relation (2.25a)

F 2
Z =

3m2
t

2παs(m2
t )

(
1−

[
αs(Λ

2
t )

αs(m2
t )

]1/7)
. (2.32)

The Higgs boson mass

The electroweak symmetry breaking driven by the top-quark condensation is accompanied by
a composite Higgs boson. The Higgs boson mass can be estimated by the formula [82, 110]
similar to (2.31)

M2
h =

3

2π2F 2
Z

∫ Λ2
t

m2
t

dk2

k2
Σ4
t (k

2) . (2.33)

It reflects the momentum dependence of the Σt(p
2) and thus it is an improvement of the NJL

relation Mh = 2mt. Using (2.29), it leads to the expression for the Higgs boson mass

M2
h =

2m4
t

3παs(m2
t )F

2
Z

(
1−

[
αs(Λ

2
t )

αs(m2
t )

]9/7)
. (2.34)

The two equations (2.32) and (2.34) relate masses MW,Z , Mh and mt. The single free
parameter is the scale of the new dynamics, Λt. As Tab. 2.1 shows such a simple top-quark
condensation scenario is strictly incompatible with the experimental values of MW,Z , mt, and
Mh. There are two main problems. First, the top-quark does not weight enough to saturate the
electroweak scale. Second, even if it were heavy enough, the mass of the Higgs boson as the top-
quark bound-state would come out larger than the top-quark mass, which is in contradiction
with the observation of the Higgs mass Mh ≃ 125GeV.



Chapter 3

Top-quark and neutrino condensation

Motivation

The key idea of our work is to achieve the electroweak symmetry breaking by generating masses
of the known fermions, quarks and leptons. Prior to any attempts to build a fundamental theory
of fermion masses, it is necessary to check whether the fermion masses can actually saturate
the electroweak scale.

In general, the dynamical lepton and quark mass generation and the electroweak gauge
boson mass generation are accompanied by a set of composite particles. They saturate the
unitarity of all amplitudes. These particles are bound-states, whose fields are originally not
present in the Lagrangian. They are composites of elementary fields. The minimal scenario is
that a single parity-even composite scalar is formed. This composite state then acts in direct
analogy with the Standard Model Higgs boson. Further on, we will use the adjective “Higgs”
in a broader sense for referring to any such boson connected with the electroweak symmetry
breaking phenomenon.

The electroweakly charged fermions occupy only two types of weak isospin representations.
The left-handed fermions ψL are the weak isospin doublets and the right-handed fermions ψR are
the weak isospin singlets. Their condensates ⟨ψ̄RψL⟩ responsible for their Dirac masses connect
left-handed with right-handed fermion fields. Therefore it is meaningful to assume that the
condensates are in fact the vacuum expectation values of neutral components of weak isospin
doublet structures of fermion bilinears. The fermion bilinears then can be used as interpolating
fields for the composite Higgs doublet fields. Therefore for each Dirac condensate, i.e., for each
fermion Dirac mass, there is effectively one composite Higgs doublet below the condensation
scale. Therefore our work relies on the assumption that for any model of dynamical fermion
mass generation, the appropriate description below a condensation scale deals with a multitude
of composite Higgs doublets.

Within this context, out of the electroweakly charged fermions, the left-handed neutrinos are
special as they can in principle form the condensate of the Majorana type ⟨ν̄LνcL⟩. According to
the same argumentation, this condensate belongs to the weak isospin triplet structure of lepton
bilinears. Therefore the composite Higgs triplet would be the appropriate description. This
condensate however corresponds to tiny neutrino masses, and thus we envisage its negligible
role in the electroweak symmetry breaking mechanism. Therefore we do not treat it in any
more detail further in our work.

All condensates, i.e., vacuum expectation values of all Higgs doublets, contribute to the
value of the electroweak scale. The magnitude of individual contributions is proportional to
the mass of the corresponding fermion. Out of charged fermions, only the top-quark is heavy
enough to contribute significantly to the electroweak scale by its condensate ⟨t̄RtL⟩. Therefore
in order to assess the suitability of the models of dynamical fermion mass generation, it should

19
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be sufficient to resort to the top-quark condensation model. The effective description then deals
only with a single composite Higgs doublet.

However as it was summarized in section 2.2, although the actual calculation gives a correct
order of magnitude of masses, there are two essential failures of the top-quark-alone condensa-
tion model when confronted with experiment. First, the top-quark is observed to be too light
to saturate the electroweak scale v. Keeping the condensation scale below the Planck scale, the
top-quark condensation can provide only at most 68% of the W and Z boson masses as follows
from Tab. 2.1. Second, the composite Higgs boson is predicted to be too heavy, in all available
calculations Mh > mt. This prediction was ruled out already before the actual measurement of
125GeV particle at the LHC [23, 24]. For a review see [91].

However, among the known fermions, there is potentially yet another source of the elec-
troweak symmetry breaking naturally present in the form of the neutrino Dirac mass mD

provided that the seesaw mechanism is at work. This of course amounts to assuming the exis-
tence of right-handed neutrinos, which are almost mandatory these days. If the neutrino Dirac
mass is of the order of the electroweak scale, mD ∼ v, then the neutrino condensate ⟨ν̄RνL⟩
is strong enough to complement the electroweak scale [92, 93, 94]. The electroweak scale is
therefore linked to the mass of top-quark mt and to the Dirac mass of neutrinos mD

v ∼ mt, mD . (3.1)

We call this scenario as the top-quark and neutrino condensation scenario.
Once we have identified two main fermion sources of the electroweak symmetry breaking

we can resort to the effective description using correspondingly two composite Higgs doublets.
In this chapter we will check the suitability of this improved scenario.

The model

The idea of the top-quark and neutrino condensation was addressed already in the past. First,
Martin [92] investigated the model in which the idea was implemented in the simplest possible
way. He invoked a factorization assumption on four-fermion interactions which resulted in the
low-energy description with only single Higgs doublet. He reached the correct value of the top-
quark mass, but from present day perspective, the model suffers from exhibiting too heavy Higgs
boson particle, in the same way as the original top-quark-alone condensation models [78, 79].
Ten years later, the issue was addressed again by Antusch et al. [94]. They confirmed the
usefulness of the incorporation of the neutrino condensation for obtaining the correct value of
the top-quark mass. Further, they suggested that the two-Higgs doublet low-energy description
is worthwhile to study in more detail. Another ten years later we are addressing the idea once
again [95] and confront it with the new experimental evidence of the 125GeV boson excitation.

The existence of right-handed neutrinos is extremely well motivated. An addition of already
three of them to the Standard Model [29] can simultaneously explain all three puzzles of dark
matter, neutrino oscillations and baryon asymmetry of the Universe. Generally, the number of
right-handed neutrino types participating in the seesaw mechanism is not constrained by any
upper limit, see references [111, 112]. As claimed there, higher number of the order O(100) is
even well motivated within some string constructions. Large number of right-handed neutrinos
O(100) has also an improving effect on the standard thermal leptogenesis [113]. Being of order
O(10 − 100) it can serve as the reason for large lepton mixing angles [114]. Our motivation
is to simulate the low-energy effects to the electroweak symmetry breaking of the flavor gauge
dynamics studied in detail in chapter 5, which is assumed to underlie both the top-quark and
neutrino condensations. The consistence of the flavor gauge model requires the existence of
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right-handed neutrinos in flavor triplets. Therefore we study the dependence of our results on
the number of right-handed neutrino flavor triplets N . We denote them as

νRs , s = 1, . . . , N . (3.2)

The neutrino mass spectrum is not known. For our analysis of the electroweak symme-
try breaking the precise form of the neutrino mass spectrum does not play an essential role.
Therefore we just simulate it by the most simple choice for the neutrino mass matrix. It is
characterized by flavor diagonal Dirac masses mDs, by a common right-handed Majorana mass
MR and by the number N of right-handed neutrino flavor triplets. By this simplification we
can control the order of magnitude of active neutrino masses but do not reproduce any details
of the neutrino physics. This would require specifying the underlying dynamics.

3.1 Saturation of the electroweak scale

First of all let us show how we get rid of the necessity of having the top-quark condensation
scale Λt enormously big. For comparison see section 2.2. Thanks to the neutrino condensation,
the condensation scale Λt can be considerably lower than the Planck scale. Up to that scale the
top-quark self-energy Σt(p

2) is described by the Ansatz obtained from combining (2.29) and
(2.30)

Σt(p
2) ≃ mt

[
1 +

7

4π
αs(m

2
t ) ln

p2

m2
t

]−4/7

θ
(
Λ2
t − p2

)
. (3.3)

Because neutrinos do not feel the QCD dynamics we adopt the Ansatz for their Dirac self-
energy to be constant up to the condensation scale Λν contrary to the top-quark case. At the
condensation scale we cut-off the Dirac self-energy. Our Ansatz for neutrino Dirac self-energy
is

ΣDs(p
2) ≃ mDsϑ

(
Λ2
ν − p2

)
, (3.4)

where s = 1, . . . , N labels N right-handed neutrino triplets. In order to have a seesaw mech-
anism we assume an Ansatz for the complete neutrino self-energy in the Nambu–Gorkov for-
malism in the form

Σν(p
2) =


0 ΣD1(p

2) · · · ΣDN(p
2)

ΣD1(p
2) MR

...
. . .

ΣDN(p
2) MR

 . (3.5)

Here we adopt the simplest seesaw pattern of the neutrino self-energy in order to simplify the
calculation significantly, as we announced in advance. Therefore in (3.4) and (3.5) the 3 × 3
blocks are assumed to be diagonal

mDs =

 mDs1

mDs2

mDs3

 , (3.6a)

MR =

 MR

MR

MR

 , (3.6b)

where all mass parameters are the real and positive numbers.
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Important restriction on the neutrino condensation scale Λν comes from the decoupling
theorem [115]. If the Majorana mass MR were bigger than Λν , then the correspondingly heavy
right-handed neutrinos would decouple from the dynamics before they would manage to con-
dense with the left-handed neutrinos. Therefore, like in [92], we assume

Λν > MR , (3.7)

and call it the non-decoupling condition.
Explanation of values of the neutrino masses

mν ≈ 0.2 eV (3.8)

by the seesaw mechanism with the neutrino Dirac masses mD ∼ v forces us to assume the value
of the right-handed neutrino Majorana mass to be

MR ∼ 1014 GeV . (3.9)

Our goal is to saturate the electroweak mass scale v

v2 = v2t + v2ν (3.10)

by contributions from the top-quark vt and from the neutrinos vν . In order to evaluate vt and
vν we use the formulae analogous to the Pagels–Stokar formula (2.24)

v2t =
Nc

8π2

∫ Λ2
t

m2
t

k2dk2
Σ2
t (k

2)

k2 + Σ2
t (k

2)
, (3.11a)

v2ν =
1

8π2

∫ Λ2
ν

0

k2dk2Tr
(
Σν(k

2)
{
Σν(k

2),PνL
}[
k2 + Σ2

ν(k
2)
]−1PνL

[
k2 + Σ2

ν(k
2)
]−1
)
. (3.11b)

The formulae are derived under the assumption that the momentum dependence of the self-
energies is mild and thus the derivative terms, typical for the original Pagels–Stokar formula
[100, 116], are negligible. The derivation of the formula for vt (3.11a) is performed in appendix
(B.33). The formula for vν (3.11b) was derived in [116] and it is written in the Nambu–Gorkov
formalism. The projector

PνL =

(
11 0
0 0

)
(3.12)

reflects the fact that only the left-handed neutrinos are electroweakly charged, for instance, the
anti-commutator misses MR completely,{

Σν ,PνL
}
=

(
0 ΣD

ΣT
D 0

)
. (3.13)

While the top-quark integral in (3.11a) is calculated numerically due to the complicated
Ansatz (3.3), the neutrino integral (3.11b) can be calculated analytically because of the simple
Ansatz (3.4), (3.5) and (3.6). The result in the limit of mDsi ≪MR is

v2ν =
1

8π2

∑
i

∑
s

m2
Dsi ln

M2
R + Λ2

ν

M2
R

, (3.14)

where s = 1, . . . , N labels the right-handed neutrino generational triplets and i = 1, 2, 3 la-
bels the three generations. In fact if we want to describe the neutrino masses mνi, the mass
parameters mDsi and MR are not independent and are related by the seesaw formula

mνi =

∑
sm

2
Dsi

MR

. (3.15)
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Figure 3.1: We plot the dependence of the right-handed neutrino Majorana mass MR and the
common condensation scale Λ ≡ Λt = Λν on the parameter m̂D in the logarithmic scale. The
parameter m̂D is the length of the vector of neutrino Dirac masses, (mD1, . . . ,mDN ), in the family
degenerate case (3.17).

Therefore the only free parameters are actually the condensation scale Λν and three sums of
squares of neutrino Dirac masses

∑
sm

2
si. If we further assume, for the sake of simplicity, that

the three light neutrinos are degenerate with a common mass mν then we end up with only
two free parameters

v2ν =
3

8π2
m̂2
D ln

(
m̂2
D/mν

)2
+ Λ2

ν(
m̂2
D/mν

)2 , (3.16)

where

m̂2
D =

N∑
s=1

m2
Dsi . (3.17)

Under the assumption that behind the condensation of both top-quark and neutrinos is the
same dynamics, e.g., the flavor gauge dynamics described in chapter 5, we can set Λ ≡ Λt = Λν
for the sake of simplicity. In Fig. 3.1 we plot our result in the form of the dependence of Λ and
MR on the neutrino Dirac mass parameter m̂D. Important observations are the following:

• The solution for Λ has the minimum at m̂min
D

.
= 375GeV, see Fig. 3.1. It means that, under

assumption of common condensation scale, below certain value Λmin .
= 1.4 × 1015 GeV

there is no way how to saturate the electroweak scale by the neutrino together with the
top-quark contribution.

• At m̂D = 569GeV the right-handed neutrino Majorana mass becomes greater than the
condensation scale Λ. This breaks the non-decoupling condition (3.7) and invalidates the
participation of right-handed neutrinos on the Dirac type condensation with left-handed
neutrinos.
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• Phenomenologically acceptable values are obtained within rather narrow window of m̂D ∈
(103GeV, 569GeV). The upper value corresponds to the breaking of the non-decoupling
condition (3.7) and the lower value corresponds to Λ = 1018 GeV which already approaches
the Planck scale.

This analysis shows the potential of the scenario of the electroweak symmetry breaking by
the dynamical fermion mass generation, provided that the seesaw mechanism is at work. The
analysis suggests that the condensation scale lies somewhere between the GUT scale and the
Planck scale.

3.2 Model of top-quark and neutrino condensation

We have not addressed the issue of bound states and their mass spectrum yet. This we will
make in this section within a particular semi-realistic model based on a four-fermion interaction.
We will resort to the effective description using composite Higgs boson fields and calculate the
mass spectrum with the help of the renormalization group apparatus. The effective description
is valid below the condensation scale Λ, common to both the top-quark and the neutrino
condensations.

The goal of the model is to describe the two electroweak scale contributions from top-quark
and from neutrinos (3.10) by means of just two composite Higgs doublets. We parametrize the
condensation of 3 left-handed neutrinos with 3N right-handed neutrinos by just a single Higgs
doublet. This is far from being a general case where 3N neutrino composite Higgs doublets are
expected to arise, one for each individual Dirac mass mDsi, which we have introduced in (3.4),
(3.5) and (3.6a). Nevertheless, this simplification is sufficient to make conclusions about the
electroweak symmetry breaking. On the other hand, it is too rough to make conclusions about
the neutrino spectrum other than just an overall order of magnitude estimate.

The simplification of a single neutrino Higgs doublet is achieved by taking a factorization
assumption about the four-neutrino interaction. Instead of working with a general four-neutrino
interaction Lgeneral

4ν induced by some underlying gauge dynamics like in (2.18), e.g., by the flavor
gauge dynamics, we work with its special case Lfactor

4ν following from the factorization assumption

Lgeneral
4ν = −Gss′(ν̄RsνL)(ν̄LνRs′) −→ Lfactor

4ν = −Gν(
∑
s

ν̄RsνL)(
∑
s′

ν̄LνRs′) . (3.18)

Similar type of a factorization assumption is just what Martin made in [92] in order to describe
both the top-quark and neutrino condensation by a single composite Higgs doublet. In our
model it allows us to evaluate vt and vν by means of the condensates

vt ∝ ⟨t̄RtL⟩+ h.c. , (3.19a)

vν ∝ ⟨
∑
s

ν̄RsνL⟩+ h.c. . (3.19b)

Contrary to the previous section, the simplified four-neutrino dynamics generates all neu-
trino Dirac masses degenerate, commonly denoted just by mD. The equation (3.17) then
becomes

m̂2
D = Nm2

D . (3.20)

The dynamics of the model will determine the value of the neutrino Dirac mass mD via the
corresponding effective Yukawa coupling constant. Therefore instead of m̂D there will be the
number of right-handed neutrinos N as a free parameter.
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3.2.1 Underlying Lagrangian

For the purpose of our analysis we define our simplified model by the four-fermion interaction

L4f = −Gt(t̄RqL)(q̄LtR)−Gν(
∑
s

ν̄RsℓL)(
∑
s′

ℓ̄LνRs′) , (3.21)

where qL =

(
tL
bL

)
and ℓL =

(
νL
eL

)
. The Lagrangian is designed to provide us just with the

condensation (3.19).
Only the third generation of quarks participates in the interaction. The fields tR and qL

are color triplets. On the other hand, because we suppose that all neutrino Dirac masses are
of the order of the electroweak scale, then within the simplified model we are letting all three
generations of leptons to participate in the interaction. Therefore the fields νR and ℓL are flavor
triplets. Additionally, the left fields are weak isospin doublets. All three types of indices are
suppressed. The explicitly written index s = 1, . . . , N labels N right-handed neutrino flavor
triplets. By this simplified dynamics we are going to generate only the top-quark and neutrino
masses.

If the underlying dynamics is such that the four-fermion interactions follow from an exchange
of neutral and colorless gauge bosons, then there are only these two types of effective terms
relevant for the top-quark and neutrino condensation. No mixing terms like ∝ (t̄RqL)(ℓ̄LνR)
appear. There could appear also various four-fermion interactions of other leptons and quarks,
but we neglect them here as they play the negligible role in the electroweak symmetry breaking.

In order to have the seesaw mechanism in the model, we introduce the right-handed neutrino
Majorana mass term. We take it degenerate and diagonal for the same sake of simplicity

LMR
= −1

2
MRν̄Rsν

c
Rs + h.c. , (3.22)

where νcR = Cν̄TR and C = iγ0γ2.
The model is defined by the Lagrangian

L = Lusual + Lmodel , (3.23)

Lmodel = L4f + LMR
, (3.24)

where Lusual contains kinetic terms of all known fermions, their Standard Model gauge interac-
tions and pure gauge boson terms.

Let us add a short comment here. Notice that in fact only a single linear combination of
right-handed neutrino triplets couples to the left-handed lepton fields. Therefore we could have
reformulated the whole program in terms of a new field nR =

∑
s νRs which would be the only

field participating in the seesaw mechanism, see the eigenvalues of the resulting neutrino mass
matrix (3.44). This transition to another field basis would however shuffle the right-handed
neutrino Majorana mass term (3.22). Of course the physical results are independent of the
chosen basis. By working in the basis of νRs we keep a simple form of the mass term (3.22) and
refer directly to a field content of some underlying dynamics.

3.2.2 Symmetries

The Lagrangian Lmodel has the well separated quark and lepton sectors. On the classical level,
it is invariant under the global symmetry1

Gmodel =
[
SU(2)× U(1)2

]
q
×
[
SU(2)× U(1)

]
ℓ
. (3.25)

1The rest of standard fermions and their corresponding symmetries are of course present in the model in
order to provide proper anomaly cancelation, but we do not treat them explicitly here as they do not participate
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Let us shortly comment the symmetry pattern (3.25). The quark sector of Lmodel consists of
two chiral quark multiplets qL and tR. Each of them carries one U(1) phase while only qL is the
SU(2) doublet. In the lepton sector, the situation is more complicated due to the number of 3N
right-handed neutrinos. Instead of the U(3N) symmetry, however, the right-handed neutrino
sector would possess a single common U(1) symmetry due to the factorization assumption, if it
were not broken by the Majorana mass term (3.22). Because of the presence of the Majorana
mass term, the right-handed neutrino sector does not carry any symmetry. Therefore, in the
lepton sector, there is only one U(1) subgroup carried by ℓL which is at the same time the
SU(2) doublet.

One subgroup of Gmodel is the electroweak SU(2)L × U(1)Y gauge symmetry group. The
electroweak interactions explicitly break the symmetry Gmodel, so the symmetry of the full
Lagrangian L is

G = SU(2)L × U(1)Y × U(1)B × U(1)X , (3.26)

among which SU(2)L × U(1)Y are the weak isospin and weak hypercharge gauge symmetries,
U(1)B is the baryon number and U(1)X is the axial symmetry

U(1)X : (qL, tR, ℓL, νR) = (−1, 0, 1, 0) . (3.27)

We are making this choice of X charges in order to have X(t̄RqL) = −1 and X(ν̄RℓL) = +1. It
is this symmetry which prevents the top-quark and neutrino sectors from mixing.

On the quantum level, the group U(1)X has an axial anomaly due to both the electroweak
and the QCD dynamics. Additionally, the anomaly can be given by some new not specified
dynamics underlying the four-fermion interaction (3.21) like, e.g., the gauge flavor dynamics
described in chapter 5. In the following, we will simply parameterize the strength of the anomaly
by the mass parameter µtν introduced by hand into the effective Lagrangian.

The dynamically generated Dirac masses for top-quark and neutrinos break spontaneously
the Gmodel symmetry (3.25) (the symmetry of the classical Lagrangian with the electroweak
dynamics turned off) down to

Gmodel
mt,mν−→

[
U(1)2

]
q
×
[
U(1)

]
ℓ
. (3.28)

It would give rise to 6 massless Nambu–Goldstone bosons.

There are however effects of both the electroweak dynamics and of the axial anomaly which
eliminate the 6 massless states completely. The electroweak interactions change the spontaneous
symmetry breaking pattern to

G
mt,mν−→ U(1)em × U(1)B . (3.29)

Out of the 6 states, now only three are the true Nambu–Goldstone states, but they are eaten by
the electroweak gauge bosons. The other two form a single charged pseudo-Nambu–Goldstone
particle whose mass results from the explicit breaking by the electroweak dynamics and it
is therefore proportional to the electroweak gauge coupling constants. The remaining single
state stays massless if we neglect the effect of the U(1)X axial anomaly, otherwise it is the
pseudo-Nambu–Goldstone boson with the mass proportional to the parameter µtν .

in the symmetry breaking in our simplified analysis. Due to the factorization assumption the three generations
of leptons exhibit a single common symmetry group.
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3.2.3 Two Higgs doublet description

Effectively, the top-quark and neutrino condensation can be described by the condensation of
two composite Higgs doublets

Ht ∼ (t̄RqL) , (3.30)

Hν ∼ (
∑
s

ν̄RsℓL) . (3.31)

Using them we can rewrite the four-fermion interaction (3.21) via the Hubbard–Stratonovich
transformation [117, 118] as

L4f = −yt0(q̄LtR)Ht − yν0(
∑
s

ℓ̄LνRs)Hν + h.c.+ µ2
t0H

†
tHt + µ2

ν0H
†
νHν . (3.32)

It is completely equivalent Lagrangian to (3.21). As far as Ht and Hν are non-propagating
auxiliary fields one can use their trivial equations of motion to arrive at (3.21).

Below the condensation scale Λ, the interactions from (3.32) generate by radiative correc-
tions all operators allowed by the symmetries. Among the operators, there are kinetic terms
for the composite Higgs doublets Ht and Hν and their quartic self-interactions. Keeping only
the renormalizable operators we effectively obtain a two-Higgs-doublet model

Leff = |DHt|2 + |DHν |2 − V(Ht, Hν)− yt(q̄LtR)Ht − yν(
∑
s

ℓ̄LνRs)Hν + h.c.

+Lusual + LMR
. (3.33)

The potential for the two Higgs doublets invariant with respect to the G symmetry (3.26) is

V = V0 + VEW + Vsoft (3.34)

V0 = −µ2
tH

†
tHt − µ2

νH
†
νHν +

1
2
λt(H

†
tHt)

2 + 1
2
λν(H

†
νHν)

2 (3.35)

VEW = λtν(H
†
tHt)(H

†
νHν) + λ′tν(H

†
tHν)(H

†
νHt) . (3.36)

We sort the terms in the potential V according to their primary origin. Those terms denoted
by V0 are generated due to the four-fermion interaction irrespectively of the presence of the
electroweak dynamics which provides only corrections to their magnitude. The terms denoted
by VEW, on the other hand, are generated only because of the presence of the electroweak
dynamics. They vanish in the limit of vanishing electroweak coupling constants. They provide
a bridge between the top-quark and neutrino sectors.

In order to take into account the axial anomaly of U(1)X of the original theory we introduce
additional term which mixes the two Higgs doublets and breaks explicitly the U(1)X symmetry

Vsoft = −µ2
tνH

†
tHν + h.c. . (3.37)

This term cannot be generated at any loop order either by the four-fermion interaction or by
the electroweak dynamics. In this work we use µtν as a free parameter.

Apart from µtν all the parameters of the Lagrangian Leff , i.e., y’s, µ’s, and λ’s, run with the
renormalization scale µ according to the renormalization group equations towards the conden-
sation scale µ = Λ. At the condensation scale they are linked to the values of the underlying
Lagrangian L, i.e., y0’s, µ0’s, and λ0’s, through the field renormalization factors. Because
the mixing parameter µtν cannot be obtained by radiative corrections, it is not the subject
of the renormalization group equations and as such it acts as a free parameter. The effect of
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such a mixing parameter was studied in [119] in the context of top-quark and bottom-quark
two-Higgs-doublet model.

The quartic stability of the potential is given by the conditions [119]

λt, λν > 0 , (3.38a)√
λtλν > −λtν − λ′tν . (3.38b)

The parameter setting in the range

λ′tν < 0 and µ2
tν > 0 (3.39)

leads to the minimum of the potential which conserves the electric charge.

3.2.4 Electroweak scale and fermion masses

The electroweak symmetry is broken once the composite Higgs doublets Ht and Hν develop
their nonzero vacuum expectation value

⟨Ht⟩ =
1√
2

(
0
vt

)
and ⟨Hν⟩ =

1√
2

(
0
vν

)
, (3.40)

where vt and vν are the top-quark and neutrino condensates (3.19). We define the β-angle by

tan β ≡ vt
vν

(3.41)

and choose the convention that β ∈ ⟨0, π
2
⟩.

The condensation generates Dirac masses for the top-quark and neutrinos obtained just by
plugging (3.40) into the effective Lagrangian (3.33). We get

mt = yt(µ = mt)vt/
√
2 , (3.42)

mD(µ) = yν(µ)vν/
√
2 , (3.43)

where yt,ν(µ) are the running Yukawa coupling constants.
Contrary to the top-quark mass, for the neutrino Dirac mass mD we do not specify the

scale µ because it is not a mass eigenvalue. The neutrino mass eigenvalues are obtained from
the complete neutrino mass matrix Mν after encountering hard right-handed Majorana masses
from the Lagrangian (3.22). It has the same form as the neutrino self-energy (3.5)

Mν =


0 mD · · · mD

mD MR
...

. . .

mD MR

 , (3.44)

where mD ≡ mD11 from (3.43) and MR ≡MR11, where 11 is the 3× 3 unit matrix in the flavor
space. This matrix is non-singular and it has 3(N + 1) massive Majorana eigenstates. Three
of them have the degenerate masses

1

2

(
MR −

√
4Nm2

D +M2
R

)
≈ −Nm

2
D

MR

, (3.45)
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other three mass eigenstates have the degenerate masses

1

2

(
MR +

√
4Nm2

D +M2
R

)
≈MR (3.46)

and finally 3(N − 1) mass eigenstates have the degenerate masses equal to MR. Clearly, the
light neutrino masses are identified with the smaller eigenvalues (3.45) so we can write the
seesaw formula

mν =
Ny2ν(µ = mν)v

2
ν

2MR

. (3.47)

The number of right-handed neutrino triplets N enters the calculation through the formula
(3.47), and also through the renormalizaton group equations (3.72) and (3.73) introduced later.

Within the two-composite-Higgs-doublet model the values of Yukawa couplings around the
electroweak scale are calculable using their renormalization group evolution down from the
condensation scale Λ. Because Λ is very large the couplings are only weakly sensitive to their
initial values yt,ν(Λ) as they have enough “time” to approach an infrared fixed point [120].

The equation (3.42) for the top-quark mass, mt
.
= 172GeV, fixes vt. From the relation

(3.10) we determine vν , a portion of the electroweak scale left for neutrinos. Finally from (3.47)
we determine the right-handed neutrino Majorana mass MR based on the assumption that
mν . 0.2 eV. Having mD ∼ v implies roughly MR & 1014 GeV. Here the construction closes
by the non-decoupling condition (3.7)

ΛPlanck > Λ > MR . (3.48)

3.2.5 Higgs boson masses

After the electroweak symmetry breaking given by (3.40), we rewrite the effective Lagrangian

(3.33) in the unitary gauge in terms of two neutral scalars ϕ
(0)
t and ϕ

(0)
ν , one neutral pseudo-

scalar A and one charged scalar H±

Ht =

(
i cos βH+

1√
2
(vt + ϕ

(0)
t − i cos βA)

)
and Ht =

(
−i sin βH+

1√
2
(vν + ϕ

(0)
ν + i sin βA)

)
. (3.49)

The quadratic Lagrangian contains a mixing of the neutral scalars ϕ
(0)
t and ϕ

(0)
ν . Its diagonal-

ization results in the mass eigenstates h and H characterized by the mixing angle α according
to

H =
√
2
[
ϕ
(0)
t sinα + ϕ(0)

ν cosα
]
, (3.50)

h =
√
2
[
ϕ
(0)
t cosα− ϕ(0)

ν sinα
]
, (3.51)

tan 2α =
(λtν + λ′tν)vtvν − µ2

tν

−1
2
(v2t λt − v2νλν)− µ2

tν cot 2β
. (3.52)

We choose the convention that α ∈ ⟨−π
2
, 0). In this case the lighter Higgs scalar is always h.

The Higgs boson mass spectrum follows as

M2
H,h =

1

2
f±(t = lnMH,h) , (3.53a)

M2
A =

2µ2
tν

sin 2β
, (3.53b)

M2
H± =

2µ2
tν

sin 2β
− 1

2
λ′tν(t = lnMH±)v2 , (3.53c)
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where

f±(t) = v2t λt(t) + v2νλν(t) +
2µ2

tν

sin 2β
±
√
A(t) ,

A(t) =
(
v2t λt(t)− v2νλν(t)

)2
+ 4v2t v

2
ν

(
λtν(t) + λ′tν(t)

)2
+

4µ4
tν

sin2 2β

−2µ2
tν

[
v2t λt(t) tan β + v2νλν(t) cot β − vtvν

(
λt(t) + λν(t) + 4λtν(t) + 4λ′tν(t)

)]
.

We have introduced the logarithmic renormalization scale t ≡ lnµ.
In the following we will show that our model indeed meets with the stability condition (3.38)

as it leads to

λtν , λ
′
tν < 0 (3.54)

and
λt, λν ≫ |λtν |, |λ′tν | . (3.55)

For illustration, see Fig. 3.2. In order to conserve the electric charge we will consider only the
values

µ2
tν ≥ 0 . (3.56)

Let us now analyze two important limits:

1. First, by setting λtν , λ
′
tν → 0, we switch the effect of the electroweak interactions off,

and by setting µ2
tν = 0, we preserve the U(1)X symmetry. The top-quark and neutrino

condensation causes the symmetry breaking (3.29). In this limit the spectrum of bosons
changes to

M2
A =M2

H± = 0 , (3.57)

M2
H = Max

{
v2t λt, v

2
νλν
}
, (3.58)

M2
h = Min

{
v2t λt, v

2
νλν
}
, (3.59)

where we identify three uneaten Nambu–Goldstone bosons. The two Higgs scalars do not
mix as α = −π

2
. The lighter Higgs scalar is

for v2t λt > v2νλν : h =
√
2ReH0

ν , (3.60)

for v2t λt < v2νλν : h =
√
2ReH0

t . (3.61)

2. Second, we set λtν , λ
′
tν → 0 again, but we let µtν ≫ v. In this limit, the spectrum of

bosons changes to

M2
H =M2

A =M2
H± =

2µ2tν
sin 2β

, (3.62)

M2
h = 1

8
v2
[
4λt(sin

2 β + sin4 β) + 4λν(cos
2 β + cos4 β) (3.63)

In this limit four degrees of freedom H, A and H± get degenerate masses proportional to
µtν and decouple from the low-energy physics. One degree of freedom h stays light. It is
the mixture of top-quark and neutrino neutral composite scalars which is characterized
by tan 2α = tan 2β, hence the mixing angle α = β − π

2
.

To obtain actual values of masses we need to evolve the running parameters from their initial
values at the condensation scale down to the electroweak scale. This we will do in section 3.2.7.



3.2. MODEL OF TOP-QUARK AND NEUTRINO CONDENSATION 31

Figure 3.2: The renormalization group evolution of yt, yν , λt, λν , λtν and λ′
tν for the parameter

setting (3.75). The role of MR = 1014GeV is visible as a threshold in the evolution.

3.2.6 Interactions of mass eigenstates

We list here several interactions of the lighter Higgs scalar h and of the charged Higgs boson
H±, which are particularly important for present phenomenological analyses:

LhYukawa = −mt

v
Ctht̄t , (3.64a)

Lhgauge = −CV h
(
2M2

W

v
W+W− +

M2
Z

v
Z2

)
, (3.64b)

LhH± = −CH±vhH+H− , (3.64c)

where the scaling coupling factors are

Ct =
cosα

sin β
, (3.65a)

CV = sin(β − α) , (3.65b)

CH± = sin β cosα
(
sin2 βλtν + cos2 β(λt − λ′tν)

)
(3.65c)

− cos β sinα
(
cos2 βλtν + sin2 β(λν − λ′tν)

)
.

They measure the departure from the Standard Model, which is characterized by Ct = 1,
CV = 1 and CH± = 0.

Knowledge of these three scaling factors is necessary to determine the one-loop induced
decay width of h→ γγ using the well known analytic expression to be found, e.g., in [121]:

Γ(h→ γγ) =
α2M3

h

256π3v2

∣∣∣∣49NCCtAf (τt) + CVAV (τW ) +
v2

2M2
H±

CH±AS(τH±)

∣∣∣∣ (3.66)

where α
.
= 1/137 is the fine-structure constant and

τt =
M2

h

4m2
t

, τW =
M2

h

4M2
W

, τH± =
M2

h

4M2
H±

. (3.67)
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The loop functions for scalars, fermions and vector bosons are

AS(x) = −
(
x− f(x)

)
x−2 ,

Af (x) = 2
(
x+ (x− 1)f(x)

)
x−2 ,

AV (x) = −
(
2x2 + 3x+ 3(2x− 1)f(x)

)
x−2 ,

for f(x) =

 x ≤ 1 : arcsin2 √x ,

x > 1 : −1
4

(
log

1+
√

1−1/x

1−
√

1−1/x
− iπ

)
.

(3.68)

3.2.7 Renormalization group equations

The parameters of the low-energy Lagrangian Leff run with the renormalization scale µ ac-
cording to equations of the renormalization group. The exhaustive analysis of renormalization
group equations for two-Higgs-doublet models is to be found in [120]. The compositeness of the
Higgs doublets is expressed by the fact that the Lagrangian (3.33) is equivalent to the Higgs-less
Lagrangian (3.21) or (3.32) at the condensation scale Λ. From sewing two Lagrangians together
at Λ, a set of boundary conditions for µ→ Λ follows:

yt → ∞ , yν → ∞ , yt/yν → yt0/yν0 ,

λt/y
4
t → 0 , λν/y

4
ν → 0 ,

λtν/y
2
t y

2
ν → 0 , λ′tν/y

2
t y

2
ν → 0 ,

µ2
t/y

2
t → µ2

t0/y
2
t0 , µ2

ν/y
2
ν → µ2

ν0/y
2
ν0 . (3.69)

In practice, for actual numerical calculation, we will use the boundary conditions

yt(lnΛ) = Yt , yν(lnΛ) = Yν ,

λt(lnΛ) = 0 , λν(lnΛ) = 0 ,

λtν(lnΛ) = 0 , λ′tν(lnΛ) = 0 , (3.70)

where Yt and Yν are finite numbers on which the low-energy result depends only very weakly.
Further, we will restrict our analysis only to one-loop order.

The presence of the second Higgs doublet affects the t = lnµ evolution of the gauge coupling
constants governed by the one-loop renormalization group equations in comparison with the
Standard Model case. Here we use the notation that g1 refers to the weak hypercharge, g2
refers to the weak isospin and g3 refers to the color gauge couplings. As boundary conditions
we use their experimental values at µ =MZ

.
= 91.1GeV used also in [119],

16π2 d
dt
g1 = 7g31 , g21(lnMZ)

.
= 0.127 , (3.71a)

16π2 d
dt
g2 = −3g32 , g22(lnMZ)

.
= 0.425 , (3.71b)

16π2 d
dt
g3 = −7g33 , g23(lnMZ)

.
= 1.440 . (3.71c)

The renormalization group equations for Yukawa coupling constants are (from [120])

16π2 d
dt
yt = yt

[
9
2
y2t − 17

12
g21 − 9

4
g22 − 8g23

]
, (3.72)

16π2 d
dt
yν = yν

[
3(N + 1

2
)θ(µ−MR)y

2
t − 3

4
g21 − 9

4
g22
]
.

The θ-function stands for the threshold at µ = MR below which the heavy right-handed neu-
trinos decouple from the system. The renormalization group equations for the quartic coupling
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a) b)

Figure 3.3: a) Higgs masses MH,h, MA and MH± as functions of µtν for Λ = 1018GeV, N = 1 and
fixed neutrino mass to be mν = 0.2 eV (i.e. MR ∼ 1014GeV). b) Mixing of two scalar Higgs bosons
H and h as a function of µtν . At the condensation scale, the Yukawa couplings yt,ν start at the value
Yt,ν = 3, and the quartic couplings λ start at zero value.

constants are (from [120])

16π2 d
dt
λt = 12λ2t + 4λ2tν + 4λ2tνλ

′
tν + 2λ′tν

2
(3.73)

+λt
[
12y2t − 3g21 − 9g22

]
− 12y4t +

3
4
(g41 − 2g21g

2
2 + 3g42) ,

16π2 d
dt
λν = 12λ2ν + 4λ2tν + 4λ2tνλ

′
tν + 2λ′tν

2

+λν
[
12Nθ(µ−MR)y

2
ν − 3g21 − 9g22

]
− 12Ny4ν +

3
4
(g41 − 2g21g

2
2 + 3g42) ,

16π2 d
dt
λtν = 2(λν + λt)(3λtν + λ′tν) + 4λ2tν + 2λ′tν

2

+λtν
[
6y2t + 6Nθ(µ−MR)y

2
ν − 3g21 − 9g22

]
+ 3

4
(g41 − 2g21g

2
2 + 3g42) ,

16π2 d
dt
λ′tν = λ′tν

[
λν + λt + 8λ2tν + 4λ′tν

2
+ 6y2t + 6Nθ(µ−MR)y

2
ν − 3g21 − 9g22

]
+ 3g21g

2
2 .

According to Luty [119] the one loop renormalization evolution of the dimensionless parameters
does not depend on the presence of the mixing parameter µtν .

3.2.8 Results

Before we present our results we briefly describe the strategy of the analysis. Our input parame-
ters are Λ,MR and µtν , out of whichMR is fixed by reproducing the neutrino massmν = 0.2 eV.
Strictly speaking, there are additional two parameters Yt and Yν which however have only very
mild effect on the result and we take them quite arbitrarily to be

Yt = Yν = 3 . (3.74)

On top of that we have the freedom to choose the number N of right-handed neutrino triplets.
The steps of calculation are the following:

1. We solve analytically the equations (3.71) for gauge coupling constants.

2. We numerically evolve the Yukawa and quartic coupling constants according to the equa-
tions (3.72) and (3.73) with the boundary conditions (3.70) and (3.74).
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3. From the experimental value of the top quark mass we determine vt using the equation
(3.42).

4. We calculate vν and β from equations (3.10) and (3.41), respectively.

5. The equation (3.47) gives us the value for the neutrino mass mν . Changing the value of
MR we repeat the calculation from the point 2. and iterate the value of neutrino mass to
get mν = 0.2 eV.

6. Using the equations (3.53) we calculate the Higss boson mass spectrum.

Renormalization group evolution

The renormalization group evolution of the dimensionless parameters is plotted in Fig. 3.2 for

N = 1, Λ = 1018 GeV, MR = 1014 GeV . (3.75)

As we mentioned before, at one-loop order the result does not depend on the parameter µtν .
It gives us typical result which does not change qualitatively much with changing Λ and MR.
We can see that at the electroweak scale ΛEW

λtν , λ
′
tν < 0 , (3.76)

100×
(
|λtν |, |λ′tν |

)
∼
(
λt, λν

)
, (3.77)

so the stability conditions (3.54) and (3.55) are fulfilled. On top of that, taking µ2
tν > 0 we

assure that the condensate will be electrically neutral.

Mass spectrum of Higgs bosons

The typical result (3.77) allows us to neglect λtν , λ
′
tν in favor of λt, λν . That is why the limits

analyzed at the end of section 3.2.5 are useful for us. We can roughly estimate the mass of the
lighter Higgs scalar h and the mixing angle α to lie in the interval

Mh ≃ ⟨113, 160)GeV
α ≃ ⟨−π

2
,−0.7)

}
for µtν = ⟨0,∞)GeV (3.78)

calculated from (3.59) and (3.63) with input parameters (3.75) and using estimated values from
Fig. 3.2, (3.10) and (3.42)

vt ≃ 187GeV , vν ≃ 160GeV , (3.79)

λt ≃ 1.0 , λν ≃ 0.5 . (3.80)

It represents a promising improvement with respect to the previous results of the single Higgs
doublet top-quark condensation models, compared with the Higgs boson mass in Tab. 2.1.

Now, let us investigate the solutions of the Higgs boson mass spectrum without approxima-
tions. In Fig. 3.3a) we plot the dependence of Higgs boson masses on the mixing parameter µtν .
We use Λ = 1018 GeV while the right-handed neutrino Majorana mass we fix from demanding
mν = 0.2 eV. It turns out to be roughly MR ∼ 1014 GeV.

For lower values of µtν the bosons A and H± are very light, the mass MA even vanishes
for vanishing µtν reflecting the spontaneous breaking of the exact U(1)X symmetry (3.27). In
Fig. 3.3b) where we plot the dependence of the h-H mixing angle α on µtν , it can be seen that
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the lighter scalar h is composed mainly of neutrinos, α ∼ −π
2
, and therefore its coupling to

top-quark is suppressed, see (3.64a).

Increasing µtν translates into the lifting of masses of the Higgs bosons, H, A and H±.
They soon become growing linearly and nearly degenerate. On the other hand, the mass of
the lighter scalar h is only mildly sensitive to the increase of µtν and quite soon saturates just
below 160GeV. On top of that it is acquiring gradually larger admixture from a top-quark
composite state, reaching the value over α ∼ −0.8. MA minimizes the spectrum of H, A and
H± for all positive values of µtν in our model.

Setting Λ = 1018GeV, mν = 0.2 eV and N = 1 we can reach the lighter Higgs boson mass
of the desired value

Mh = 125GeV for µtν
.
= 62GeV . (3.81)

The value µtν
.
= 62GeV translates into the Higgs boson mass spectrum

MH
.
= 198GeV , MA

.
= 88GeV , MH±

.
= 91GeV , (3.82)

which apparently contradicts the data [122, 123]. These values can be altered by changing the
model parameters, the condensation scale Λ and the number of right-handed neutrino triplets
N .

By an order of magnitude decrease of Λ for fixed number N andMh = 125GeV we decrease
the parameter µtν and also change the value of tan β according to Tab. 3.1. The values for Λ
above the Planck scale are shown only for curiosity, otherwise we avoid them further in our
analysis.

By increasing the number of the right-handed neutrino triplets N for a given Λ we increase
the value of µtν as seen in Tab. 3.2. On the other hand the value of tan β is completely
insensitive to the change of N .

Surprisingly, the number N has an upper limit given by either of two conditions: the non-
decoupling condition Λ > MR (3.48), or the Higgs potential stability condition (3.54) and (3.55).
In the former case, increasing N requires increasingMR in order to keep mν = 0.2 eV according
to the equation (3.47). So for sufficiently high N the mass MR runs over the condensation
scale Λ. In the latter case, the increase of N decreases the λν(µ) in infrared region so that it
eventually runs negative around the electroweak scale.

In Figs. 3.4 we plotMh for variousN from 1 to Nmax for three cases Λ = 1016, 1017, 1018 GeV
and we read out the intervals (µmin

tν , µmax
tν ) of only possible values for µtν that correspond to

Mh = 125GeV. We show it in Tab. 3.2 together with the corresponding minimal and maximal
masses for H±, (Mmin

H± ,Mmax
H± ).

In Tab. 3.2 we show the maximum number Nmax as well. For the case Λ = 1016 GeV
and Λ = 1017 GeV the number Nmax is actually not the maximal value allowed by either of
conditions. It rather corresponds to maximizing the parameter µmax

tν . Increasing N above Nmax

causes the backward decrease of µtν . The maximal number of right-handed neutrino triplets,
above which the non-decoupling condition is broken, is N = 158 (N ≃ 1500) for Λ = 1016 GeV
(Λ = 1017 GeV). In the case Λ = 1018 GeV, the maximum number Nmax = 209 is given by the
Higgs potential stability.

Light Higgs scalar coupling strengths

It is mandatory to ask how strongly the candidate for the 125GeV resonance, the lighter Higgs
scalar h, couples to the fermions and the gauge bosons. We study the couplings relative to the
Standard Model case of h toW and Z bosons given by CV , to the top-quark given by Ct, and to
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a) b)

c)

Figure 3.4: The lightest scalar Higgs mass Mh for various numbers of right-handed neutrino triplets
as a function of µtν for a) Λ = 1016GeV, b) Λ = 1017GeV, c) Λ = 1018GeV, and for fixed neutrino
mass to be mν = 0.2 eV. The solid horizontal line visualizes the 125GeV value. The hatched area
visualizes the interval of µtν values corresponding to Mh = 125GeV shown in Tab. 3.2 as well.

the charged Higgs bosons given by CH± , defined in (3.65). We plot their dependence on the num-
ber of right-handed neutrino triplets N in Fig. 3.5a) for three cases Λ = 1016, 1017, 1018 GeV.
The scaling coupling factor CV approaches the Standard Model value for larger N in the cases
Λ = 1017 GeV and Λ = 1018 GeV. On the other hand, the coupling to the top-quark given by
Ct stays rather suppressed in comparison with the Standard Model in all three cases.

All three coupling parameters are relevant for the loop-induced decay of h to two pho-
tons. The dependence of the decay width Γ(h → γγ) relative to the Standard Model value
Γ(h→ γγ)SM on the number of right-handed neutrino tripletsN is plotted in Fig. 3.5b). A slight
enhancement occurs only for higher values of N for the cases Λ = 1017 GeV and Λ = 1018 GeV.
The decay widths are calculated using the well known analytic expression (3.66).

3.2.9 Discussion

In this work we have chosen the two-Higgs doublet model as the next-to-simplest model ac-
commodating the leading idea of our interest – the top-quark and neutrino condensation as a
sufficient source of the electroweak symmetry breaking – as it was proposed in [94].

Our analysis shows that it is possible to simultaneously reproduce correct values for top-
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Λ [GeV] µtν [GeV] tan β

1016 44 1.183
1017 54 1.215
1018 62 1.245

1024 86 1.401
1040 101 1.624

Table 3.1: Values of µtν and tanβ depending on Λ while keeping mν = 0.2 eV and Mh = 125GeV
for N = 1.

µmin
tν µmax

tν Mmin
H± Mmax

H±

Λ [GeV] Nmax [GeV] [GeV] [GeV] [GeV]

1016 59 44 81 66 117
1017 606 54 164 80 234
1018 209 62 173 92 249

Table 3.2: We show the maximum number of right-handed neutrino triplets Nmax for three cases
Λ = 1016, 1017, 1018GeV. Next, we show the only intervals for µtν , (µ

min
tν , µmax

tν ) corresponding to
the interval (1, Nmax), allowed by Mh = 125GeV. Finally, we show the corresponding intervals for
charged Higgs boson masses (Mmin

H± ,Mmax
H± ).

quark mass mt, the electroweak scale v, the 125GeV boson mass, and the neutrino mass
mν below observational upper limit, despite rather limited manoeuvring space for participating
parameters (3.48). Notice that the system is quite constrained and it could have easily happened
that not all of the conditions were satisfied.

The number of right-handed neutrino types participating in the seesaw mechanism is not
constrained phenomenologically by any upper limit. The model however exhibits an interesting
feature of providing the upper limit on that number.

Next, we present two aspects of the model which are relevant for present phenomenology:
the mass spectrum of additional Higgs bosons H, A and H±, and the coupling strengths of
the 125GeV Higgs boson to the top-quark and gauge bosons. We study their dependence
on N and on the condensation scale Λ. Generally speaking, the higher values of N and Λ
are preferred, because they lead to higher values of additional Higgs boson masses, and to
the coupling strengths closer to the Standard Model values. For example, for Λ = 1018 and
N = 100 we obtain the charged Higgs boson mass MH±

.
= 223GeV and the coupling constant

of h to W and Z at 93% level of the Standard Model value.

The confrontation of these two aspects with the experimental constraints in the following
two subsections however should be taken with a grain of salt for three reasons. First, the model
analyzed in this work is only a semi-realistic model: it ignores the mass generation of fermions
other than the top-quark and neutrinos. Second, it is subject to simplification of the neutrino
sector. Third, it is not possible to directly link our model to one of the standard types of
two-Higgs-doublet models, for which the data analyses are available. They usually deal with
full arsenal of Yukawa interactions with charged fermions. In our model, we avoid Yukawa
interactions with lighter fermions in favour of the Yukawa coupling of one of the Higgs doublets
to right-handed neutrinos.
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a) b)

Figure 3.5: For three cases Λ = 1016, 1017, 1018GeV we plot a) theN -dependence of relative coupling
parameters Ct, CV , and CH± defined in (3.65); b) the dependence of the decay width Γ(h → γγ)
relative to the Standard Model value Γ(h → γγ)SM on N .

Mass of the charged Higgs boson

The values of MH± and tan β accessible in the model for the higher number of right-handed
neutrino triplets N lie in the ranges

MH± ≃ (200− 250)GeV , tan β ≃ (1.2− 1.25) , (3.83)

see Tab. 3.1 and Tab. 3.2.
Direct searches for the charged Higgs boson at LHC give a lower limit for its mass MH± >

160GeV [122, 123]. The excluded mass interval corresponds to the below-threshold production
t→ H+b. The analyses are made under the assumption of 100% decay ratio via H+ → τν and
within one of the MSSM scenario. The lower limit MH± > 160GeV translates in our model
into the lower limit for N

N > 38 for Λ = 1017 GeV , (3.84a)

N > 20 for Λ = 1018 GeV , (3.84b)

while the case Λ = 1016 GeV is excluded.
Indirect searches in B-physics are more stringent in setting the lower limits, but they are

more model-dependent at the same time. For review see [124]. For example, the limit MH± >
300 − 400GeV from the B → Xsγ decay is set for type-II2 two-Higgs-doublet model [126],
and the limit MH± > 160GeV(MH± > 500GeV)3 from Z → bb̄ and from B- and K-meson
mixing is set for type-I two-Higgs-doublet model [127]. Even though it is rather speculative to
apply those constraints to our model, they indicate that the model appears to be at the edge
of viability.

Production and decays of lighter Higgs scalar

In order to successfully identify the lighter Higgs scalar h with the observed 125GeV boson, it
should exhibit coupling properties to other particles which lead to the observed phenomena.

2The nomenclature of Type I and Type II of two-Higgs-doublet models was introduced in [125]. The two
types differ by the Higgs couplings to fermions.

3The limit in parenthesis follows from B → Xsγ but it is very sensitive to assumptions and to input
parameters.
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Provided the higher number of right-handed neutrino triplets N > 100 and Λ = 1018 GeV,
the h scaling coupling factors (3.65) characteristic for the model are at the level

Ct ≃ (0.63− 0.69) , CV ≃ (0.93− 0.95) , (3.85)

see Fig. 3.5a).
This result is to be compared with the ATLAS [128] and CMS [129] results for corresponding

quantities.4 For example, the gluon fusion cross-section gg → h scales with a factor C2
t being

induced by top-quark loop, or the partial decay width for h → WW scales with a factor C2
V .

The best-fit values over all observed production-decay modes are

(Ct, CV ) ≃ (1.0, 1.2) ATLAS , (3.86)

(Ct, CV ) ≃ (0.5, 1.0) CMS . (3.87)

The point (3.85) lies within the ATLAS 95% confidence level range and within the CMS less
than 68% confidence level range. The analyses were made under the assumption that no non-
Standard Model particles contribute to the total decay width, what is reasonable assumption
for our model, as they all are heavier than the lighter Higgs scalar h.

Out of the individual decay channels, we discuss h → γγ. Provided N > 100 and Λ =
1018 GeV, the enhancement of the partial decay width Γ(h→ γγ) with respect to the Standard
Model can be achieved at the level of (1− 3)%, see Fig. 3.5b),

Γ(h→ γγ)

Γ(h→ γγ)SM
≃ (1.01− 1.03) . (3.88)

The signal strength µ for h → γγ channel is measured with a 2σ excess with respect to the
Standard Model [128, 129]

µ(h→ γγ) =
σh
σSM
h

Γ(h→ γγ)/Γtot.

Γ(h→ γγ)SM/ΓSM
tot.

∼ (1.5− 2.0) . (3.89)

The main part of the h production cross section σh is given by gluon fusion cross-section
σ(gg → h) which scales as C2

t ≃ (0.39− 0.47) in our model. This suppression can be however
compensated by the suppression of the total decay width Γtot., which scales as a linear combi-
nation of the C2

t and C2
V factors, both presenting a suppression. According to its parameter

setting the model does not profit from the presence of charged Higgs boson in order to enhance
significantly the h→ γγ signal strength with respect to the Standard Model prediction.

3.3 Viability of the fermion mass generation scenario

The analysis of the top-quark and neutrino condensation model is relevant for checking suitabil-
ity of the scenario of the electroweak symmetry breaking by dynamically generated masses of
quarks and leptons. The seesaw mechanism characterized by the seesaw scale MR & 1014 GeV
has to be the integral part of such scenario. Then it is possible to simultaneously reproduce a
mass spectrum of top-quark, neutrinos, W and Z bosons and observed 125GeV boson without
any unnatural parameter tension.

4In the ATLAS and CMS analyses the overall fermion scaling factor CF is used, instead of Ct, which scales
only the top-quark Yukawa interaction in our model. In any case Ct = CF .
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The presence of more than a single Higgs doublet is instrumental in achieving lighter neutral
scalar h as the candidate for the 125GeV particle due to the appropriate mixing among com-
ponents of the doublets. The coupling strengths of h differ from the Standard Model values,
but the experimental data have not a decisive power yet to discriminate among them.

It is the same presence of more than a single Higgs doublet which brings a phenomenological
danger of unacceptably light additional Higgs mass eigenstates, like charged and pseudoscalar
Higgs bosons. Some indirect constraints on their masses indicate that the model appears to be
at the edge of viability.

For lifting their masses in a general two-Higgs doublet model the soft mixing among Higgs
doublets µ12H

†
1H2 + h.c. is instrumental [119, 95]. Due to the mixing all mass eigenstates but

one, the analogue of the Standard Model Higgs boson, acquire the contribution into their masses

in the form
2µ212
sin 2β

, where the mixing angle β is defined via the ratio of two Higgs doublet vacuum

expectation values v1 and v2 as tan β ≡ v2
v1
, compare with (3.53) and (3.62). The lifting of the

additional Higgs boson masses can proceed by both increasing the mixing parameter µ12 and/or
splitting the vacuum expectation values so that sin 2β ≪ 1. Via the mixing the additional Higgs
bosons can be made arbitrarily well decoupled from a single Standard Model-like Higgs scalar,
which stays with its small mass in contact to the electroweak scale.

For example, in the top-quark and neutrino condensation model [95] where tan β = vt
vν

∼ 1,
see Tab. 3.1, the mixing parameter has to be µtν = O(100)GeV in order to have charged
Higgs boson mass above experimental lower limits of several hundreds GeV. In the type-II two
composite Higgs doublet model [119] where the second condensate is formed by bottom-quark,
the lifting of the masses of the additional Higgs bosons is provided by tan β = vt

vb
∼ 40. With

the mixing parameter µtb of the same magnitude as µtν the charged Higgs boson mass is larger
by factor 5, (in the case of electron instead of bottom-quark, the factor would be even 400).
An analogous mechanism in principle could apply in the multi-Higgs doublet model in order
to decouple the multitude of Higgs boson mass eigenstates. Therefore it is conceivable that
the low-energy effective theory of models of dynamical fermion mass generation is close to the
Standard Model.

If we keep only well established and model independent constraints then there remains some
room for the top-quark and neutrino condensation scenario, provided that the condensation
scale is Λ ∼ 1017−18 GeV and the number of right-handed neutrinos participating in the seesaw
mechanism is O(100− 1000).

There are two detail-independent predictions of the scenario. First, the light Higgs boson h
has rather big admixture of the neutrinos given by α ∼ −0.8. The mixing factor suppresses its
Yukawa coupling with the top-quark and eventually with other charged fermions at the level
of ∼ 60% in comparison with the Standard Model. Second, the scenario provides an upper
limit on the additional Higgs boson masses which is rather low, < 250GeV. Through both
predictions the scenario should be easily and definitely falsifiable by delivering more data from
LHC in the near future.



Chapter 4

Model of strong Yukawa dynamics

In this chapter we will study our early attempt [85] to formulate a model of dynamical quark
and lepton mass generation. For the purpose of this thesis, it will serve as a playground for
investigating directly the dynamical formation of fermion masses from the underlying dynamics
and for studying possibilities of achieving the fermion mass hierarchy.

The dynamics which provides the fermion mass generation in this case is the strong Yukawa
dynamics – the attractive force among fermions caused by the exchange of scalar boson fields.
We will show that if the Yukawa coupling constants are strong enough then there exists a
non-trivial and electroweak symmetry breaking solution of gap equations. However rather than
using the fermion condensates and their gap equations we will formulate the mass generation
in terms of chirality-changing momentum-dependent fermion self-energies being subjects of the
Schwinger–Dyson equations.

We will demonstrate that in principle the electroweak symmetry breaking can be achieved
without developing the vacuum expectation value of the elementary scalar fields. Instead the
symmetry can be broken by a formation of the symmetry breaking parts of two-point Green’s
functions, i.e., the fermion and also the scalar propagators. In order to study this particular
phenomenon, we will completely avoid the eventuality that the elementary scalar fields develop
their vacuum expectation values, not even dynamically.

There is an indisputable advantage in invoking Yukawa interactions as the underlying dy-
namics. The Lagrangian containing only the gauge bosons and usual fermions would possess
large global chiral symmetry. Fermion masses would break this large symmetry spontaneously
giving rise to a number of unwanted Nambu–Goldstone bosons. To avoid this, the Yukawa
interactions are very useful as they have the power to break completely the chiral symmetry.
The price to be paid is however as high as in the Standard Model, the number of parameters
participating in the fermion mass generation is at least the same as the number of fermion
masses themselves.

However the benefit of this approach in comparison with the Standard Model lies in the
possibility to achieve large fermion mass hierarchy while having moderate hierarchy among the
Yukawa parameters. This is clearly not an over-idealistic aim. The fact that the Yukawa dy-
namics is strongly coupled promises the critical scaling of fermion masses. With respect to some
characteristic scale of the theory, M , the fermion masses m can be made in principle arbitrarily
small, m = f(y)M , by some scaling function f(y) depending on the Yukawa parameters y.
This is in analogy with the scaling within the QCD or TC (2.2), or with the critical scaling of
top-quark mass in the Top-quark Condensation model (2.23). The same scaling is conceivable
to apply for the fermion mass ratios, because the ratiom1/m2 = f1(y1)/f2(y2) typically exhibits
a critical behavior as well.

The mass scale M in this model however does not occur dynamically. It is introduced in

41
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the form of bare masses of the two complex scalar doublets via their hard mass terms. In this
respect the model is not better than the Standard Model with its µ parameter in the Higgs
potential (1.4). The model of strong Yukawa dynamics can underlie the mass generation but
being not UV complete it should not be understood as the fundamental theory.

4.1 The model

Defining the model, we keep the same field content as in the Standard Model including usual
fermions and gauge bosons, but we replace the Higgs doublet field by two complex massive
scalar doublet fields N and S. Also for the sake of aesthetics and in order to address neutrino
masses, we introduce three right-handed neutrino fields νR.

The scalar fields N and S couple to the gauge bosons of SU(3)c×SU(2)L×U(1)Y according
to their representation setting:

N : (1,2,+1) , S : (1,2,−1) . (4.1)

This means that they can be written in electric charge eigenstate components as

N =

(
N0

N−

)
, S =

(
S+

S0

)
. (4.2)

The scalar Lagrangian including their gauge interactions is written as

Lscalar = (DµN)†DµN −M2
NN

†N + (DµS)†DµS −M2
SS

†S , (4.3)

where Dµ is the covariant derivative

Dµ = ∂µ − ig′
Y

2
Bµ − igT aLA

a
µ . (4.4)

The parameters MN and MS are the bare masses of the scalar doublet fields N and S.
The tree-level scalar potential is very simple:

V0 =M2
NN

†N +M2
SS

†S . (4.5)

It is designed according to our intention to avoid the scalar vacuum expectation value at least at
the tree-level. Therefore, contrary to the Higgs boson doublet in the Standard Model, the mass
terms stand with the “proper” sign, provided that M2

N,S > 0. As the mass terms themselves
form the potential which is already stable, there is in fact no need to stabilize it by quartic
coupling terms. Because our purpose is to study the effect of the Yukawa interactions, we
deliberately do not introduce any of the quartic terms for the sake of simplicity. We are aware
of the fact that in the full treatment of the model, they would be generated as counter terms.

For our purpose the Yukawa interactions of the scalar doublet fields with fermions are
instrumental. Here the weak hypercharge assignment determines that the ‘northern’ scalar N
couples to the up-type right-handed fermions uR and νR, while the ‘southern’ scalar S couples
to the down-type right-handed fermions dR and eR. The Yukawa Lagrangian is written as

LYukawa = Y ij
u q̄

i
Lu

j
RN + Y ij

d q̄
i
Ld

j
RS + Y ij

ν ℓ̄
i
Lν

j
RN + Y ij

e ℓ̄
i
Le

j
RS + h.c. , (4.6)

where the indices i, j = 1, . . . , 3 label three generations of fermions, i.e., uj ∈ {u, c, t}, dj ∈

{d, s, b}, ej ∈ {e, µ, τ} and νj ∈ {νe, νµ, ντ}. Additionally we use the notation qiL =

(
uiL
diL

)
and ℓiL =

(
νiL
eiL

)
.
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Actually, LYukawa is analogous to the Yukawa interactions in the MSSM. Also like in the
MSSM we do not consider the interactions of charge conjugated scalar fields. In our model they
could have been obtained from LYukawa after substitution N → iσ2S

∗, S → iσ2N
∗ and Y → Y ′.

These terms, otherwise allowed by the gauge symmetries, can be forbidden by imposing an
invariance under the special parity transformation (dR, eR, S) → −(dR, eR, S), for instance.

In general, the Yukawa coupling constants are complex matrices. For our purpose however
we will content ourselves with diagonal matrices with real entries, Yu = Diag{yu, yc, yt}, Yd =
Diag{yd, ys, yb}, Ye = Diag{ye, yµ, yτ} and Yν = Diag{yνe , yνµ , yντ}.

The model is defined by the Lagrangian

L = Lusual + Lscalar + LYukawa . (4.7)

The Lagrangian Lusual contains pure terms of gauge bosons, kinetic terms of fermions and the
interaction terms of both. The Lagrangians Lscalar and LYukawa substitute the Standard Model
part of Lagrangian containing the Higgs doublet field.

4.1.1 Spectrum in the weak coupling regime

In the regime of weak Yukawa couplings both the generation of fermion masses and the elec-
troweak symmetry breaking do not occur. The particle spectrum of the model in this regime
consists of massless fermions, massless gauge bosons, and massive complex scalar bosons with
tree-level masses

MN± =MN0 =MN , (4.8)

MS± =MS0 =MS . (4.9)

This is encoded in the bare propagators of the corresponding fields. The fermion inverse bare
propagators are massless [

S0
ψ(p)

]−1 ≡ ⟨ψψ̄⟩−1
0 = p/ , (4.10)

where ψ = ui, di, ei, νi denotes all types of fermions in the model. For later convenience it is bet-
ter to define the bare scalar boson inverse propagators for neutral and for charged components
separately.

[
D0
N(p

2)
]−1 ≡ ⟨ΦNΦ

†
N⟩

−1
0 =

(
p2 −M2

N 0
0 p2 −M2

N

)
, (4.11a)

[
D0
S(p

2)
]−1 ≡ ⟨ΦSΦ

†
S⟩

−1
0 =

(
p2 −M2

S 0
0 p2 −M2

S

)
, (4.11b)

[
D0
NS(p

2)
]−1 ≡ ⟨ΦNSΦ

†
NS⟩

−1
0 =

(
p2 −M2

S 0
0 p2 −M2

N

)
, (4.11c)

written in the Nambu–Gorkov-like basis

ΦN =

(
N0

N0†

)
, ΦS =

(
S0

S0†

)
, ΦNS =

(
S+

N−†

)
. (4.12)

We use the notation reflecting the electric charge conservation, where S+ ≡ S−† and N+ ≡ N−†.
Now, the fermion mass generation can be formulated in the spirit of the Nambu’s and

Jona-Lasinio’s pioneering work [30]. First the masses are assumed and then their existence is
approved by finding corresponding non-trivial solutions of dynamical equations.
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4.1.2 Mass assumptions

We assume that the electroweak symmetry breaking self-energies Σψ(p
2) for all fermions ψ =

ui, di, ei, νi are actually generated. We do not consider any flavor mixing of fermions and for
every fermion including neutrinos we assume only Dirac type self-energy for simplicity. Thus
the self-energy for a given fermion ψ has the form of (B.7)

Σψ(p
2) ≡ ⟨ψRψ̄L⟩1PI + h.c. = Σψ(p

2)PL + Σ∗
ψ(p

2)PR , (4.13)

where Σψ(p
2) are complex non-matrix functions. Under the assumption of existence of Σψ(p

2)
and under the simplification of neglecting the fermion wave function renormalization we can
write for the fermion inverse full propagator[

Sψ(p)
]−1 ≡ ⟨ψψ̄⟩−1 =

[
S0
ψ(p)

]−1 −
(
⟨ψRψ̄L⟩1PI + h.c.

)
= p/−Σψ(p

2) . (4.14)

Inverting the formula we get (B.6)

Sψ(p) =
p/+Σ∗

ψ(p
2)

p2 − |Σψ(p2)|2
. (4.15)

The Dirac mass mψ of a fermion ψ is given as a pole of the propagator, thus its square solves
the equation

p2 − |Σψ(p
2)|2 = 0 (4.16)

with respect to p2. Clearly the full propagator can be split into the chiral symmetry preserving,
∝ p/, and chiral symmetry breaking, ∝ Σ∗

ψ(p
2), parts. For latter convenience of writting the

Schwinger–Dyson equation in a more compact form, we denote the chiral symmetry breaking
part of the fermion propagator as1

[
SΣ
ψ (p)

]∗ ≡ Σ∗
ψ(p

2)

p2 − |Σψ(p2)|2
. (4.17)

So far we have only assumed the actual existence of the electroweak symmetry breaking
self-energy Σψ(p

2). To justify its existence dynamically we should be able to construct loop
expressions for Σψ(p

2). This is possible only under assumption that the symmetry breaking
parts of the complex boson propagators are generated as well. In the pictorial representation
of the loop expressions in Fig. 4.1, it is exhibited by boson propagators with unusual arrows
providing an anomalous boson mixing ⟨N0N0⟩, ⟨S0S0⟩ and ⟨S+N−⟩. The formation of the
anomalous scalar two-point Green’s functions lies in the heart of the model.

We define the symmetry breaking parts ΠN(p
2), ΠS(p

2) and ΠNS(p
2) of the full scalar

propagators as

ΠN(p
2) ≡

(
0 ⟨N0N0⟩1PI

⟨N0†N0†⟩1PI 0

)
=

(
0 ΠN(p

2)
Π∗
N(p

2) 0

)
, (4.18)

ΠS(p
2) ≡

(
0 ⟨S0S0⟩1PI

⟨S0†S0†⟩1PI 0

)
=

(
0 ΠS(p

2)
Π∗
S(p

2) 0

)
, (4.19)

ΠNS(p
2) ≡

(
0 ⟨S+N−⟩1PI

⟨N+S−⟩1PI 0

)
=

(
0 ΠNS(p

2)
Π∗
NS(p

2) 0

)
. (4.20)

1Sometimes we deliberately suppress the square power in momentum argument for the sake of saving a place
in the following Schwinger–Dyson equations. The actual dependence on either p2 or pµ should be clear from
the corresponding definition of a given function.
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Figure 4.1: The figure shows the structure of the Schwinger–Dyson equations (4.37). The letters
L and R denote the left- and right-handed fermions and SΣ and DΠ denote the chiral symmetry
breaking parts of the fermion (4.17) and scalar (4.29) propagators. On the right-hand sides of
the equations there are loop expressions for Σ(p2) and Π(p2) self-energies. We can see how the
existence of either of the self-energies brings about the existence of the other.

Under the assumption of the existence of ΠX(p
2), X = N,S,NS,2 and again under the sim-

plification of neglecting the scalar wave function renormalization we can write for the scalar
inverse full propagators[

DX(p)
]−1 ≡ ⟨ΦXΦ

†
X⟩

−1 =
[
D0
X(p)

]−1 −ΠX(p
2) . (4.21)

Writing it in more detail we get

[
DN(p

2)
]−1 ≡

(
⟨N0N0†⟩−1

0 ⟨N0N0⟩1PI
⟨N0†N0†⟩1PI ⟨N0†N0⟩−1

0

)
=

(
p2 −M2

N −ΠN(p
2)

−Π∗
N(p

2) p2 −M2
N

)
, (4.22)

[
DS(p

2)
]−1 ≡

(
⟨S0S0†⟩−1

0 ⟨S0S0⟩1PI
⟨S0†S0†⟩1PI ⟨S0†S0⟩−1

0

)
=

(
p2 −M2

S −ΠS(p
2)

−Π∗
S(p

2) p2 −M2
S

)
, (4.23)

[
DNS(p

2)
]−1 ≡

(
⟨S+S−⟩−1

0 ⟨S+N−⟩1PI
⟨N+N−⟩1PI ⟨N+S−⟩−1

0

)
=

(
p2 −M2

S −ΠNS(p
2)

−Π∗
NS(p

2) p2 −M2
N

)
. (4.24)

Inverting the formulae we get

DN(p
2) =

(
p2 −M2

N ΠN(p
2)

Π∗
N(p

2) p2 −M2
N

)
1

(p2 −M2
N)

2 − |ΠN |2
, (4.25)

DS(p
2) =

(
p2 −M2

S ΠS(p
2)

Π∗
S(p

2) p2 −M2
S

)
1

(p2 −M2
S)

2 − |ΠS|2
, (4.26)

DNS(p
2) =

(
p2 −M2

N ΠNS(p
2)

Π∗
NS(p

2) p2 −M2
S

)
1

(p2 −M2
S)(p

2 −M2
N)− |ΠNS|2

. (4.27)

The mass spectrum of scalars after the symmetry breaking gets substantially changed. The
squared masses are derived as a set of poles of the scalar propagators, thus as solutions of the

2In the following we will use the index X to label all three types of anomalous scalar self-energies N,S,NS.
When it is necessary to denote just the scalars N,S we will use the label Y .
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equations

(p2 −M2
N)

2 − |ΠN(p
2)|2 = 0 , (4.28a)

(p2 −M2
S)

2 − |ΠS(p
2)|2 = 0 , (4.28b)

(p2 −M2
S)(p

2 −M2
N)− |ΠNS(p

2)|2 = 0 (4.28c)

with respect to p2. Clearly the full propagators can be split into the symmetry preserving,
diagonal, and symmetry breaking, off-diagonal, matrix elements. For latter convenience we
denote the symmetry breaking propagators as

DΠ
N(p) =

ΠN(p
2)

(p2 −M2
N)

2 − |ΠN(p2)|2
, (4.29a)

DΠ
S (p) =

ΠS(p
2)

(p2 −M2
S)

2 − |ΠS(p2)|2
, (4.29b)

DΠ
NS(p) =

ΠNS(p
2)

(p2 −M2
S)(p

2 −M2
N)− |ΠNS(p2)|2

. (4.29c)

So far we have only assumed the existence of the symmetry breaking self-energies ΠX(p
2)

and the symmetry breaking parts of the propagators DΠ
X(p). To justify them dynamically we

should be able to construct the loop expression for ΠX(p
2). But for that we already have the

ingredients. As can be seen in Fig. 4.1, what is needed is just the symmetry breaking fermion
self-energies Σψ(p

2).
Notice that, assuming that ΠX(p

2) → 0, the symmetry breaking parts of the propagators
DΠ
X(p) defined in (4.29) behave like

DΠ
X(p)

p2→∞−→ ΠX(p
2)

p4
(4.30)

for asymptotically large momenta. This is extremely important as it improves the convergence
properties of integrals in the Schwinger–Dyson equations. The resulting self-energies Σψ(p

2)
and ΠX(p

2) then come out perfectly finite as they should, because there are no counter terms
allowed by symmetries of the Lagrangian which would renormalize them. The convergent
behavior can be better appreciated by realizing that the anomalous propagators (4.29) can be
rewritten as a difference of two “standard” propagators, e.g.,

DΠ
N(p) =

1

2

(
1

p2 −M2
N − |ΠN(p2)|

− 1

p2 −M2
N + |ΠN(p2)|

)
. (4.31)

Under the simplifying assumption of constant and real-valued self-energies Σψ(p
2) = mψ

and ΠX(p
2) = µ2

X , we can see their effect on the mass spectrum. The equations (4.16) and
(4.28) are then easily solved. The fermion mass is simply given directly by the magnitude of the
self-energy mψ. The scalar mass spectrum (4.8) is split due to the presence of the self-energy
ΠX(p

2). For Y = N,S

M2
Y 0
1,2

= M2
Y ∓ µ2

Y , (4.32a)

M2
C+

1,2
=

1

2

[
M2

N +M2
S ∓

√(
M2

N −M2
S

)2
+ 4µ4

NS

]
, (4.32b)

the neutral mass eigenstates are

Y 0
1 =

√
2 ImY 0 , Y 0

2 =
√
2ReY 0 (4.33)
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and the charge mass eigenstates are

C±
1 = cosαCS

± − sinαCN
± , (4.34)

C±
2 = sinαCS

± + cosαCN
± , (4.35)

where

tanαC =
−(M2

N −M2
S) +

√(
M2

N −M2
S

)2
+ 4µ4

NS

2µ2
NS

. (4.36)

4.1.3 Mass generation

Now we employ the dynamics in order to approve the generation of the self-energies which have
been merely assumed in the previous subsection. For this purpose we use the Schwinger–Dyson
equations depicted in Fig. 4.1.

ΣU i(p) = iy2U i

∫
d4k

(2π)4
[
SΣ
U i(k)

]∗
DΠ
N(k − p) + iyU iyDi

∫
d4k

(2π)4
[
SΣ
Di(k)

]∗
DΠ
NS(k − p) , (4.37a)

ΣDi(p) = iy2Di

∫
d4k

(2π)4
[
SΣ
Di(k)

]∗
DΠ
S (k − p) + iyDiyU i

∫
d4k

(2π)4
[
SΣ
U i(k)

]∗
DΠ
NS(k − p) , (4.37b)

ΠN(p) = −2i
∑
i

NCy
2
U i

∫
d4k

(2π)4
SΣ
U i(k)S

Σ
U i(k − p) , (4.37c)

ΠS(p) = −2i
∑
i

NCy
2
Di

∫
d4k

(2π)4
SΣ
Di(k)S

Σ
Di(k − p) , (4.37d)

ΠNS(p) = −2i
∑
i

NCyDiyU i

∫
d4k

(2π)4
SΣ
U i(k)S

Σ
Di(k − p) , (4.37e)

where U i denotes six up-type fermions, ui and νi, Di denotes six down-type fermions, di and
ei, and NC is the number of colors, NC = 3 for quarks and NC = 1 for leptons. These are the
Schwinger–Dyson equations which can be obtained more rigorously by means of the Cornwall–
Jackiw–Tomboulis formalism [130]. The details of derivation can be found in [116].

Several important notes are in order:

• The model leads to the system of coupled integral equations which should be solved
simultaneously.

• Free parameters of the system of equations are the Yukawa coupling constants yU i and yDi ,
and the scalar bare masses MN and MS. Whole mass spectrum is in principle calculable
in terms of these parameters.

• The exchange of massive scalars induces the amplitudes of flavor-changing neutral cur-
rents. They can be suppressed by setting the scalar bare masses to be large, presumably
MN,S > 106 GeV. In that case, to reproduce the fermion mass spectrum we need a huge
hierarchy Σψ(p

2) ≪MN,S which should be provided by a critical scaling as a result of the
equations. The scalar self-energies are given by the integrals of expressions composed by
fermion self-energies. Therefore it is reasonable to expect their similar order of magnitude,
Σ2
ψ(p

2) ∼ ΠX(p
2), and thus also

ΠX(p
2) ≪M2

N,S . (4.38)

According to (4.32), we expect that all scalars come out similarly heavy with splitting of
the order of the electroweak scale.
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• To solve the equations is an extremely complex issue. We will therefore resort to ap-
proximations described in the next section and in appendix A. The first approximation
is that we will study the Wick-rotated Schwinger–Dyson equations and assume that the
self-energies Σψ(p

2) and ΠX(p
2) are real-valued:

ΣU i(p) = y2U i

∫
d4k

(2π)4
ΣU i(k)

k2 + Σ2
U i
(k)

ΠN(k − p)

[(k − p)2 +M2
N ]

2 − Π2
N(k − p)

(4.39a)

+yU iyDi

∫
d4k

(2π)4
ΣDi(k)

k2 + Σ2
Di
(k)

ΠNS(k − p)

[(k − p)2 +M2
N ][(k − p)2 +M2

S]− Π2
NS(k − p)

,

ΣDi(p) = y2Di

∫
d4k

(2π)4
ΣDi(k)

k2 + Σ2
Di
(k)

ΠS(k − p)

[(k − p)2 +M2
S]

2 − Π2
S(k − p)

(4.39b)

+yDiyU i

∫
d4k

(2π)4
ΣU i(k)

k2 + Σ2
U i
(k)

ΠNS(k − p)

[(k − p)2 +M2
N ][(k − p)2 +M2

S]− Π2
NS(k − p)

,

ΠN(p) = 2
∑
i

NCy
2
U i

∫
d4k

(2π)4
ΣU i(k)

k2 + Σ2
U i
(k)

ΣU i(k − p)

(k − p)2 + Σ2
U i
(k − p)

, (4.39c)

ΠS(p) = 2
∑
i

NCy
2
Di

∫
d4k

(2π)4
ΣDi(k)

k2 + Σ2
Di
(k)

ΣDi(k − p)

(k − p)2 + Σ2
Di
(k − p)

, (4.39d)

ΠNS(p) = 2
∑
i

NCyU iyDi

∫
d4k

(2π)4
ΣU i(k)

k2 + Σ2
U i
(k)

ΣDi(k − p)

(k − p)2 + Σ2
Di
(k − p)

. (4.39e)

• By the Wick rotation we have got rid of the otherwise unavoidable mass poles present in
the Minkowski propagators. Another type of potential poles however still survives. These
are the poles in the scalar propagators eventually appearing due to the minus signs in the
denominators. Invoking the physical assumption (4.38) we keep the equations safely far
from that case.

• Assuming that the self-energies Σψ(p
2) and ΠX(p

2) fall off with momentum, we can see
that the loop integrals are finite as they should be because there are no counter terms
allowed by symmetries of the Lagrangian which would renormalize them. The assumption
of the decrease of self-energies is reasonable, as it can be seen from the Wick rotated
equations: Starting with Σψ(p

2) = const. and ΠX(p
2) = const., the integrals in the

fermion equations are finite (the order of integrand is∼ k−6) and they imply that Σψ(p
2) ≈

p−2 for p2 → ∞. Plugging such Σψ(p
2) into the scalar equations leads to the finite integrals

there and it implies that ΠX(p
2) ≈ p−4 for p2 → ∞. Plugging this ΠX(p

2) into the fermion
equations back again, it improves the convergent properties of the integral even more and
leads to even faster decrease of the Σψ(p

2). This process can be iterated and one could
expect that the decrease of the exact solution is more rapid than any power-law function.
This is indeed confirmed by the numerical analysis within the simplified Abelian version
of the model [131].

• The interconnection of the equations is spectacular. The up-type fermions from a given
doublet contribute to the equations of their down-type partners, and vice versa, due to
the exchange of charged scalars. Further, the up-type and down-type fermions influence
each other self-energies through the equation for ΠNS(p

2). Even if the Yukawa coupling
matrices are taken flavor diagonal, the self-energies from different generations influence
each other via the equations for ΠX(p

2). All up-type fermions contribute to ΠN(p
2), all

down-type fermions contribute to ΠS(p
2) and all fermion doublets contribute to ΠNS(p

2).
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Figure 4.2: The figure shows that both fermions and scalars contribute to the polarization
tensor of W and Z. The symbols SΣ and DΠ denote the symmetry breaking parts of the
fermion (4.17) and scalar (4.29) propagators.

This is the feature following from the non-Abelian nature of the electroweak symmetry.
Further we will study also special case which leads to the, so called, Abelian form.

• Finding a non-trivial solution of Schwinger–Dyson equations is not enough to claim that
the theory develops a symmetry breaking vacuum. It is necessary to check whether
the non-trivial solution corresponds to the field configuration of the lowest energy, i.e.,
whether the non-trivial solution defines a true minimum of the effective potential [132].

4.1.4 Electroweak symmetry breaking

Both Σψ(p
2) and ΠX(p

2) break spontaneously the electroweak symmetry SU(2)L×U(1)Y down
to U(1)em. This gives rise to three Nambu–Goldstone modes which combine with the elec-
troweak gauge boson fields. They together excite massive W and Z bosons. Their masses M2

W

and M2
Z are the quantities calculable in terms of all functions Σψ(p

2) and ΠX(p
2).

The calculation follows the strategy presented in appendix B. The anomalous electroweak
symmetry breaking propagators of both fermions (4.17) and scalars (4.29) constitute the contri-
butions to the dressed polarization tensors of the electroweak gauge bosons depicted in Fig. 4.2.
The proper vertices marked by grey blobs exhibit the Nambu–Goldstone poles visualised explic-
itly in (B.18) as massless Nambu–Goldstone propagators. The Nambu–Goldstone propagators
are connected to the W and Z boson fields by a bilinear coupling function Λab(q

2), which can
be approximated by fermion and scalar loops according to (B.22) and (B.23). This construction
actually reveals a composition of the Nambu–Goldstone modes and therefore a composition of
the longitudinal components of W and Z. They are the fermion and scalar bound states.

For the masses M2
W and M2

Z there are therefore the sum rules [85]

M2
Z =

√
g2 + g′2

4

(
IN + IS +

∑
i

IU i +
∑
i

IDi
)
, (4.40)

M2
W =

g2

4

(
IS,NS + IN,NS +

∑
i

IDi
)
, (4.41)
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where Di ≡
(
U i

Di

)
. The contributing terms I are given by integrals for Y = N,S

IY = 2i

∫
d4k

(2π)4
k2|DΠ

Y (k)|2 , (4.42a)

IY,NS = i

∫
d4k

(2π)4
k2DΠ

Y (k)D
Π
NS(k)

|ΠY (k)|2 + |ΠNS(k)|2

ΠY (k)ΠNS(k)
, (4.42b)

Iψ = −2iNC

∫
d4k

(2π)4
|SΣ
ψ (k)|2 , (4.42c)

IDi = −2iNC

∫
d4k

(2π)4
SΣ
U i(k)S

Σ
Di(k)

|ΣU i(k)|2 + |ΣDi(k)|2

ΣU i(k)ΣDi(k)
. (4.42d)

The expression for Iψ formally coincides with that we have derived in appendix (B.33). Here
number of colors NC was taken into account. The formulae (4.42) represent a good approx-
imation assuming that the self-energies have mild momentum dependence, thus they can be
approximated by a constant over the relevant range of momenta.

4.2 Numerical analysis

In this section we will solve numerically the set of coupled Schwinger–Dyson equations. We will
consider the equations in the Euclidean form (4.39) obtained from (4.37) by the Wick rotation.
In order to study the dependence of the solution on the model parameters we will use the
approximate trial method described in appendix A.3.

Before studying the feasibility to obtain a mass spectrum of all fermions, we will explore
the equations with only two fermions. Within this simpler case we will search for a fermion
mass solution m1 and m2, which exhibits the hierarchy

m1 ≪ m2 ≪MN,S while y1 ∼ y2 . (4.43)

Later we will try to reproduce the realistic mass spectrum of both fermions and electroweak
gauge bosons. It will turn out that a good approximation is to restrict the main calculation
to a system of equations for scalars with top and bottom quarks only. The other fermion self-
energies can be calculated subsequently. The result of this numerical analysis was published in
the work [85].

4.2.1 Abelian case

The Abelian form of the Schwinger–Dyson equations can be obtained by setting the charged
scalar self-energy to zero, i.e., ΠNS(p) = 0. Then the equations (4.39) split into two separate
sets of equations of the same form, one for up-type fermions and the other for down-type
fermions. We write here the set of equations for down-type fermions

ΣDi(0) = y2Di

∫ ∞

0

k2dk2

16π2

ΣDi(k)

k2 + Σ2
Di
(k)

ΠS(k)

(k2 +M2
S)

2 − Π2
S(k)

, (4.44a)

ΠS(0) = 2
∑
i

NCy
2
Di

∫ ∞

0

k2dk2

16π2

(
ΣDi(k)

k2 + Σ2
Di
(k)

)2

, (4.44b)

where we have set p = 0 and performed the angular integration. We assume that the self-
energies are real-valued functions. The set of equations for up-type fermions can be obtained
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Figure 4.3: At the left figure A) we show the (y1,y2)-map of the solutions for MS = 1, and
Λ = 0.3. There are three types of solutions denoted as (I), (II) and (III). Find their definition
in the text. Next two figures on the right hand side are two cuts of the (y1,y2)-map showing
only the solutions (I) and (II): B) the cut y1 = 57, and C) the cut along y ≡ y1 = y2.

by a simple substitution D → U and S → N . Let us add a note that the same set of equations
as (4.44) is obtained under dynamical assumption that the self-energies of up-type fermions
are not generated, e.g., for the reason that yU i stay subcritical. This is equivalent to setting
yU i = 0.

Using the simplest step-function Ansatz with a common cutoff Λ,

ΣDi(p
2) = mDiθ(Λ

2 − p2) , (4.45a)

ΠS(p
2) = µ2

Sθ(Λ
2 − p2) , (4.45b)

the integrals are easily calculable. We get the set of algebraic equations which amounts to seven
unknown variables mDi and µS, and seven dimensionless parameters yDi and MS/Λ:

mDi =
mDiy

2
Di

32π2

[
f(m2

Di ,M
2
S + µ2

S)− f(m2
Di ,M

2
S − µ2

S)
]
, (4.46a)

µ2
S = −

∑
i

NC

m2
Diy

2
Di

8π2

(
Λ2

m2
Di

+ Λ2
+ log

m2
Di

m2
Di

+ Λ2

)
, (4.46b)

where

f(a, b) =
1

a− b

(
a log

a

a+ Λ2
− b log

b

b+ Λ2

)
. (4.47)

We identify the parameters mDi from the Ansatz (4.45) directly with fermion masses.
Let us first consider the case with two fermions only, e.g., D1 and D2 with masses m1 and

m2, setting NC = 1, and scan numerically the parameter space (y1, y2) for some fixed Λ and
MS. We are obtaining the (y1,y2)-map plotted in Fig. 4.3, which exhibits qualitative features
characteristic for the model.
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In Fig. 4.3A) we show the (y1,y2)-map of the solutions of the equations (4.46) for MS = 1,
and Λ = 0.3. The grey level indicates the number of solutions.

• One type of solution is such that one of the fermion self-energies is vanishing, m1 = 0.
The self-energy of the other fermion is non-trivial (non-vanishing), m2 ̸= 0, for the values
of its coupling constant y2 > 54, and it does not depend on the value of the other coupling
constant, m2 ̸= f(y1). Analogously, there is the same type of solution with interchanged
indices 1 ↔ 2 These solutions are represented in the figure by two transparent rectangle
areas which we denote as the solution (III).

• More interesting solutions are those which are non-trivial for both fermions, m1 ̸= 0 and
m2 ̸= 0. These solutions lie in the darker rounded area for y1 & 26 and y2 & 26. There are
two types of non-trivial solutions, one is smaller, denoted by (I), and the other is larger,
denoted by (II). These solutions should be better understood from the next two figures
on the right hand side. These are two cuts of the (y1,y2)-map showing the non-trivial
solutions (I) and (II): B) is the cut y1 = 57, and C) is the cut y1 = y2.

The larger solution (II), m1,2 ∼MS, increases with y1,2. The smaller solution (I) in the thinner
area, m1,2 ≪ MS, decreases with increasing y1,2. This is the interesting solution. See two cuts
of the map B) and C). Along the diagonal axis, y ≡ y1 = y2, which defines the axis of a mirror
symmetry D1 ↔ D2, the self-energies are equal Σ1 = Σ2 and behave according to the plot
C). Following the diagonal axis starting in the origin one first intersects the critical line in the
critical value y = ycrit ≈ 41. In the point ycrit a single nontrivial solution Σ1 = Σ2 ̸= 0 appears.
From that critical point, for y > ycrit, two nontrivial solutions split apart.

We can make conclusions:

• We are able to explore the area of smaller Yukawa couplings hardly accessible to the
numerical-iterative method. Here, we recover the critical line under which only trivial
solution exists and no electroweak symmetry breaking appears.

• For larger values of Yukawa couplings non-trivial solutions of the equations (4.46) and
electroweak symmetry breaking appear.

• The solutions (I) exhibit critical scaling necessary for achieving the amplification of scales
(4.43). First, the solutions are by order of magnitude smaller than MS and even decrease
with increasing y1,2. Second, they form a characteristic ‘x’-shape, see Fig. 4.3B), what
means that at the edge of the area (I) the ratio m1/m2 can be made arbitrarily small
while keeping y1/y2 ≈ 1.

The approximate trial method is a suitable tool not only for scanning the parameter space,
but it also allows us to invert the procedure. We can search for all six Yukawa coupling constants
yDi in order to reproduce the realistic down-type fermion mass spectrum

me = 0.5MeV , mµ = 106MeV , mτ = 1.8GeV ,

md = 6MeV , ms = 100MeV , mb = 4.2GeV . (4.48)

For this purpose, instead of using the step-function with a cutoff as an Ansatz, we take
the best trial functions we have, i.e., the results of the numerical iterative method ΣNI(p

2)
and ΠNI(p

2) depicted in Fig. 4.4. We are adopting a non-trivial assumption that solutions for
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Figure 4.4: Solutions ΣNI(p
2) and ΠNI(p

2) of the Abelian Schwinger–Dyson equations (4.44)
obtained by a numerical-iterative method. The author is grateful to Petr Beneš for doing the
numerical iterative computation and providing data for this figure.

various parameter settings can be converted from one to the other simply by multiplying by a
constant scaling factor, see (A.20) and the text therein. We take the Ansatz

ΣDi(p
2) = σDif

Σ(p2) = σDiΣNI(p
2)/ΣNI(0) , (4.49a)

ΠS(p
2) = µ2

Sf
Π(p2) = µ2

SΠNI(p
2)/ΠNI(0) . (4.49b)

Let us briefly describe the computational procedure. First, we fix the scaling factor σDi in
order to reproduce known values of fermion masses (4.48) as a solution of the equation

mDi = σDif
Σ(m2

Di) . (4.50)

Therefore we know completely the Ansätze for all six fermion self-energies. This we use to
express the scaling factor µS from the equation (4.44b) as a polynomial of the unknown Yukawa
coupling constants. We get

µ2
S(yD1 , . . . , yD6) =

∑
i

y2Diµ
2
Di , (4.51)

where µ2
Di are numbers, the contributions from individual fermions calculated from the equation

(4.44b) by numerical integration. Now we have all necessary ingredients to write six equations
for the only unknown variables, for the six Yukawa coupling constants y2Di ,

1 = y2Di

∫ ∞

0

k2dk2

16π2

fΣ(k)

k2 +
[
σDifΣ(k)

]2 µ2
S(yD1 , . . . , yD6)fΠ(k)

(k2 +M2
S)

2 −
[
µ2
S(yD1 , . . . , yD6)fΠ(k)

]2 . (4.52)

We show the results of the numerical computation in Tab. 4.1. The solutions clearly exhibit
features characteristic for the solutions (I) in Fig. 4.3. Despite of the wide range of the fermion
mass ratios, the biggest being mb/me ≈ 104, all of the Yukawa couplings are very close to
each other. The couplings approach each other with increasing MS what is equivalent to the
decreasing and narrowing behavior of the solution (I). The overall magnitude of the Yukawa
couplings is driven by the heaviest fermion. The reason is that the heaviest fermion contributes
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MS [GeV] ye yµ yτ yd ys yb µS [GeV]
10 60.96 60.92 58.30 60.96 60.92 80.15 37
100 65.52 65.54 68.02 65.52 65.54 73.25 91
1000 179.4 179.4 179.5 179.4 179.4 179.8 407

Table 4.1: The Yukawa couplings yDi and the scaling parameter µS for three values of bare
scalar mass, MS = 10GeV, MS = 100GeV, MS = 1TeV. These are the solutions which
reproduce the realistic mass spectrum of down-type fermions (4.48). Where the same values
are shown, it means that the Yukawa coupling parameters differ at higher decimal place.

by dominant portion into the scalar self-energy ΠS(p
2). Therefore in order to determine the

overall magnitude of Yukawa couplings, it is sufficient to solve only the simplified set of equa-
tions with the single fermion. This determines how far in the area (I) does the solution lie.
Approximately, the couplings of other fermions can be obtained from their individual equations
using ΠS(p

2) already determined by the heaviest fermion. In order to achieve the fermion mass
hierarchy, the other Yukawa couplings lie nearer to the edge of the area (I) where they are
subjects of a critical scaling by the ‘x’-shape.

The self-energies given by the Ansatz (4.49) depicted in Fig. 4.4 drop down very quickly.
In particular, at the scales ∼MS they are negligible. Therefore also the splitting of the scalar
masses (4.32) turns out to be negligible. We believe that this feature of negligible splitting is
just a remnant of the chosen method based on the scaling assumption (4.49).

4.2.2 Non-Abelian case

Equipped by the understanding obtained in the Abelian case analysis, we will consider now the
set of equations (4.39) in its complete non-Abelian form. The essential part of the scalar self-
energies ΠX comes from the heaviest fermions, top- and bottom-quarks. Therefore contributions
from lighter fermion doublets can be neglected. As the scalar self-energies are the only bridges
between different fermion doublets we can pick up and separately solve the set of merely five
equations for Σt, Σb, and ΠN , ΠS, ΠNS. The rest of the fermion self-energies can be calculated
using already known scalar self-energies.

Under the simple step-function Ansatz

Σt(p
2) = mtθ(Λ

2 − p2) , (4.53a)

Σb(p
2) = mbθ(Λ

2 − p2) , (4.53b)

ΠN(p
2) = µ2

Nθ(Λ
2 − p2) , (4.53c)

ΠS(p
2) = µ2

Sθ(Λ
2 − p2) , (4.53d)

ΠNS(p
2) = µ2

NSθ(Λ
2 − p2) , (4.53e)
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Figure 4.5: At the left figure, the grey points represent Yukawa couplings (yt, yb) for which we
found numerically a non-trivial solution of the equations (4.54) for both fermions forMS =MN

and Λ = 0.3MN . At the right figure, we show cuts of the (yt, yb)-map of solutions. The solutions
exhibit typical ‘x’-shape which is instrumental for achieving the fermion mass hierarchy.

the integrals in the equations (4.39) for p = 0 are easily calculable

mt =
mty

2
t

32π2

(
f(m2

t ,M
2
N0

2
)− f(m2

t ,M
2
N0

1
)
)

+
mbytyb
32π2

2µ2
NS

M2
N +M2

S − 2M2
C+

1

(
f(m2

b ,M
2
C+

2
)− f(m2

b ,M
2
C+

1
)
)
, (4.54a)

mb =
mby

2
b

32π2

(
f(m2

b ,M
2
S0
2
)− f(m2

b ,M
2
S0
1
)
)

+
mtytyb
32π2

2µ2
NS

M2
N +M2

S − 2M2
C+

1

(
f(m2

t ,M
2
C+

2
)− f(m2

t ,M
2
C+

1
)
)
, (4.54b)

µ2
N = −NC

m2
ty

2
t

8π2

(
Λ2

m2
t + Λ2

+ log
m2
t

m2
t + Λ2

)
, (4.54c)

µ2
S = −NC

m2
by

2
b

8π2

(
Λ2

m2
b + Λ2

+ log
m2
b

m2
b + Λ2

)
, (4.54d)

µ2
NS = −NC

mtmbytyb
8π2

f(m2
t ,m

2
b) , (4.54e)

where the mass parameters M2
N0

1,2
, M2

S0
1,2

and M2
C+

1,2

are defined in (4.32) and the function

f(m1,m2) is defined in (4.47). We numerically search for solutions of this set of equations.
First, we set MS =MN and Λ = 0.3MN , and we scan over the Yukawa coupling parameter

space, yt = 1, . . . , 150 and yb = 1, . . . , 150, searching for variables mt/MN and mb/MN solving
the equations (4.54). The result is shown in Fig. 4.5. Out of the multiple solution the figure
shows only the interesting part of solutions, which is the analogy of the solutions (I) in the
Abelian case in Fig. 4.3. It exhibits qualitatively the same features, mainly the ‘x’-shape, with
single exception that now the area is getting wider with increasing Yukawa coupling parameters
instead of getting narrower.

Second, we set MS = 2MN and Λ = 0.3MN , and we scan over the Yukawa coupling param-
eter space, yt = 1, . . . , 150 and yb = 1, . . . , 320. The result is shown in Fig. 4.6. We observe
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Figure 4.6: At the upper figure, the grey points represent Yukawa coupling setting (yt, yb) for
which we found numerically a non-trivial solution of the equations (4.54) for both fermions for
MS = 2MN and Λ = 0.3MN . At the lower figure, we show cuts of the (yt, yb) map of solutions.

that, at least for moderate ratio MS/MN , the effect of changing MS relatively to MN follows a
simple conjectured approximate rule

tanα ≡ yb
yt

∣∣∣∣
Σt=Σb

≃ MS

MN

, (4.55)

where α gives a direction along which the solutions stretch.
For obtaining more realistic results we will again invert the procedure and search for the

values of the Yukawa coupling parameters which reproduce the realistic mass spectrum

mt = 172.4GeV , mb = 4.2GeV . (4.56)

We can use the two free scalar mass parameters MN and MS for trying to reproduce also the
electroweak gauge boson masses MW and MZ . For that the mass sum rules (4.40) represent
two conditions by which we can fix MN and MS. The only free parameter is the cutoff Λ.
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With the step-function Ansatz (4.53) the integrals (4.42) from the sum rule are calculable
yielding the algebraic expressions, for Y = N,S,

IY =
1

128π2

(
2Λ2(Λ2M2

Y +M2
Y 0
1
M2

Y 0
2
)

(Λ2 +M2
Y )

2 − µ4
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−
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Y 0
1
M2

Y 0
2

µ2
Y

log
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Y 0
2
(Λ2 +M2

Y 0
1
)

M2
Y 0
1
(Λ2 +M2

Y 0
2
)

)
, (4.57)
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, (4.59)

IDt,b = −NC
1

32π2
(m2

t +m2
b)f(m

2
t ,m

2
b) , (4.60)

where

g(a, b) =
1

a− b

(
a2 log

a

a+ Λ2
− b2 log

b

b+ Λ2

)
(4.61)

and the function f(m1,m2) is defined in (4.47).

We were able to find several reliable solutions. In Tab. 4.2 we show how successful are the
solutions in reproducing the correct W and Z boson mass spectrum and the ρ-parameter, see
(4.42),

ρ =
M2

W

cos2 θWM2
Z

=
IN + IS + It + Ib

IS,NS + IN,NS + IDt,b
. (4.62)

For the Weinberg angle θW we take the experimental value at the scale MZ , cos
2 θW(MZ)

.
=

0.768. We can see that for lower values of the cutoff Λ we can achieve correct value of the
ρ-parameter, but the electroweak gauge bosons turn out to be too light (the first three rows
in Tab. 4.2). Clearly to make them heavier the cutoff Λ should be increased. In that case the
scalar mass parameters MN and MS do scale with Λ. Here we were limited by the precision
capacity of our numerical procedure to increase simultaneously the cutoff Λ and the scalar
mass parameters MN and MS to the level necessary for obtaining correct values of the gauge
boson massesMW andMZ . Thus we relaxed our constraint on the ρ-parameter in order to find
the magnitude of the cutoff which reproduces correct value at least of MW (the fourth row in
Tab. 4.2).

To reach the solution completely consistent with the mass spectrum mt, mb, MW and
MZ , further numerical investigations are needed. In order to find more reliable solutions the
numerical iterative method should be used. The numerical iterative method was used within
the context of the Abelian model [133, 131]. The numerical results can be found in a condensed
form in [116]. It is however extremely demanding on numerical capacities to scan the whole
parameter space. Therefore here in the context of realistic model, we have used the trial method
which allowed us to get qualitative idea about the behavior of the solution. Qualitatively
similar behavior of the solution was presented in [131]. Also there, the (y1,y2)-map, similar to
Fig. 4.5 and Fig. 4.3, was calculated with the characteristic ‘x’-shape of the non-trivial solutions
appearing along the diagonal axis.
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Λ [GeV] MN [GeV] MS [GeV] yt yb MW [GeV] MW [GeV] ρ

30 19.5 12.0 53.4 38.4 38.6 43.8 1.01
300 219 121 165 112 46.3 52.6 1.01
3000 2335 1210 508 335 52.9 60.1 1.01

39× 106 2335 1210 378 278 80.4 98.4 0.87

Table 4.2: We show here a sample of solutions for a complete model which aims to reproduce
the mass spectrum of mt, mb, MW and MZ without any big hierarchy among the parameters
of the model.

4.3 Conclusions

The key mechanism of the presented model is the formation of the anomalous two-point Green’s
function ⟨ϕϕ⟩ of a complex scalar field ϕ(x). It represents a direct analogy of microscopic theory
of superconductivity [73] applied to a scalar field instead of to the electron field. The mechanism
is interesting by itself and we believe that it can be used for modeling the superfluid behavior
of non-relativistic many-boson systems [134, 135, 136] interacting with fermions.

In our work we have applied the mechanism of the anomalous scalar propagator formation
in order to underlie the electroweak symmetry breaking within the model of strong Yukawa dy-
namics. We have documented that the quark and lepton masses can be generated dynamically.

The dynamically generated fermion self-energies exhibit a behavior typical for this type of
models. It has a power to reproduce hierarchies of mass spectra. In particular the ratio of
two fermion masses m1/m2 can be made arbitrarily small while keeping y1/y2 ≈ 1. This is
however achieved for the price of the extremely well fine-tuned Yukawa couplings with respect
to their critical values. We should also mention that we have neglected or omitted some
conceptual aspects when constructing the model. It will require further care in order to develop
a completely consistent and realistic model.



Chapter 5

Model of flavor gauge dynamics

The flavor gauge model

In this chapter we present the flavor gauge model [88, 137, 138] which pretends to be a fun-
damental theory of both fermion masses and the consequent electroweak symmetry breaking.
It is formulated by substituting the Higgs sector of the Standard Model by a new flavor gauge
dynamics. The threefold replication of the fermion generations is taken as an advantage. The
new dynamics is introduced by gauging the flavor or family index of quarks and leptons as
an index of a fundamental representation of SU(3)F group. This gives rise to an octet of fla-
vor gauge bosons. Their exchange between the chiral fields of quarks and leptons provides an
attraction necessary to generate their masses dynamically.

For the dynamical fermion mass generation to be possible, the flavor gauge dynamics must
not be in the domain of attraction of an infrared stable origin [139]. That would not allow for
a cancelation of massless poles in the full propagators and for the generation of the massive
ones. Therefore the flavor gauge dynamics is defined as an asymptotically free non-Abelian
gauge theory in the manner of the QCD, the real example of the dynamical chiral symmetry
breaking.

The flavor gauge symmetry protects the masslessness of eight flavor gauge fields. However,
we do not observe any massless flavor ‘photons’ which could be identified with excitations
of the octet of flavor gauge fields. They even should not excite an octet of confining flavor
‘gluons’ because we do observe the flavor as a quantum number of asymptotic fermion states.
In our model, the flavor gauge fields excite an octet of massive flavor vector bosons. This has a
field-theoretic interpretation that the gauge flavor symmetry is spontaneously broken and the
general Anderson–Higgs mechanism is realized [20, 14, 15, 16, 18]. It also corresponds to the
fact that the flavor is not a symmetry of the ground state as it is clearly exhibited by the wild
spectrum of fermion masses.

The field-theoretically consistent implementation of the spontaneous gauge flavor symmetry
breaking is possible only if the flavor dynamics is formulated as a chiral gauge theory [140].
Although, conceptually, the chiral gauge theories are not fully understood [141, 142], their
irreplaceable role in particle physics is manifested by the chiral electroweak dynamics. The
chiral nature of the flavor symmetry does not allow for any hard mass scale to be present at
the level of the Lagrangian. This is another feature attributed to fundamental theories.

The chiral nature of the flavor symmetry is achieved by the specific non-vector-like setting of
fermion flavor representations. The SU(3)F gauging of flavor is not new [143, 144, 145, 146, 27,
147, 148, 80]. What is new is the ingenious embedding of quark and lepton chiral components
into either triplets or anti-triplets. The purpose of such setting is not only to make the flavor
symmetry non-vector-like, but also it allows to distinguish mass matrices of up-quarks, down-
quarks and charged leptons. In this light, the choice of the dimension of the flavor group

59
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SU(3)F is not a random act. It possesses three-dimensional complex representations, which are
instrumental in defining a non-vector-like theory.

The non-vector-like setting of the flavor symmetry has yet another welcome consequence.
The mutual alignment of both the Standard Model gauge symmetries and the flavor gauge sym-
metry completely avoids the presence of all non-Abelian global symmetries of the electroweakly
charged fermion sector of the Lagrangian. All of the few remaining Abelian symmetries (includ-
ing the baryon and lepton number, B and L) but one, the analogue of B−L symmetry, are at
the quantum level broken by anomalies. This is common to models with Yukawa interactions
(including the Standard Model) and not worse than there.

The consistency of gauging the flavor of quarks and leptons requires the existence of ad-
ditional fermion fields. They make the flavor gauge dynamics free of gauge anomalies. We
postulate a number of right-handed neutrinos. The fact that the right-handed neutrinos are al-
most mandatory to reproduce the observed phenomena brings just another supporting evidence
in favor of the flavor gauge model.

The self-breaking flavor gauge dynamics

We must emphasize that there is no need of additional dynamics other than the flavor gauge
dynamics in order to spontaneously break the flavor symmetry. We do not invoke any elemen-
tary scalar field to develop its flavored vacuum expectation value. We rather let the flavor
gauge dynamics to self-break its own symmetry through the generation of the fermion masses
via the formation of fermion self-energies Σψ(p

2) (1.10). The self-energies breaking the flavor
symmetries are the consequences of the non-vector-like flavor setting of fermions. The flavor
symmetry breaking does not need to be put in by hand as, for example, in the Standard Model,
where the Yukawa couplings are set in the way to reproduce the wildly flavor variant fermion
mass spectrum.

The self-breaking of the flavor gauge dynamics is accompanied by the formation of flavor
symmetry breaking massless poles in the flavor gauge field polarization function.

Πab(q
2)

q2→0
= −M

2
ab

q2
. (5.1)

These massless poles cancel the massless pole in the full flavor gauge boson propagator and
produce a set of massive poles instead. That corresponds to the generation of the flavor gauge
boson masses M2

ab. The massless poles do not have their origin in the axial anomaly, like in the
Schwinger’s 2d QED model [149], rather they have genuinely dynamical origin firmly justified
by the existence of massless Nambu–Goldstone modes of the spontaneously broken chiral flavor
symmetry.

For the Nambu–Goldstone modes there are no corresponding elementary scalars in the
Lagrangian. Therefore they are composites of the elementary fermions and flavor gauge bosons.
The formation of these bound states can happen as a consequence of the strong coupling. No
methods are available to reliably calculate the self-breaking of the strongly coupled chiral gauge
theory. In the flavor gauge model it amounts to find the non-perturbative flavor symmetry
breaking solutions for Σψ(p

2) and Πab(q
2) of the model equations.

It is however completely essential to know the fermion self-energies Σψ(p
2). It is not only

for reproducing the fermion mass spectrum. The self-energies of the heaviest electroweakly
charged fermions determine the magnitude of the electroweak scale v. The self-energies Σψ(p

2)
also determine the interactions of various composite (pseudo-)Nambu–Goldstone bosons to
their constituent fermions. The right-handed neutrino self-energy provides a huge Majorana
mass MR, the necessary prerequisite for the seesaw mechanism for the tiny active neutrino
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masses. The right-handed neutrino Majorana masses, being the greatest of all fermion masses,
determine the magnitude of the flavor gauge symmetry breaking scale ΛF. Presumably they
also determine the magnitude of the flavor gauge boson masses, M2

ab ∼M2
R. Therefore, instead

of calculating the fermion self-energies Σψ(p
2) we often assume their existence.

Our analysis of the top-quark and neutrino condensation model described in chapter 3
suggests that MR & 1014 GeV. Hence in order to have phenomenologically successful model
we have to deal with huge hierarchy between the scale of the flavor gauge dynamics ΛF and
the electroweak scale v. We argue that this hierarchy is due to the proximity of the effective
coupling parameters to their critical values.

The structure of the chapter

When presenting the flavor gauge model in this chapter we almost exclusively follow the author’s
original work [96].

We start by defining the model and establishing its perturbative properties. We exhaustively
identify all possible ways how to complement the fermion content of the model by the right-
handed neutrinos in order to complete the flavor gauge anomaly cancelation on one hand, and
to keep the asymptotic freedom on the other hand. Various but not many flavor settings of
the right-handed neutrinos define various but not many versions of the flavor gauge model. We
argue that there is only one right-handed neutrino setting that defines viable and preferred
version of the model. The preferred version is non-minimal in the sense that it contains the
right-handed neutrinos not only in the flavor triplet but also in flavor sextet representations.
This is common to the various former proposals, e.g., [150].

Later in this chapter we discuss the non-perturbative flavor symmetry breaking. In the
original version of the flavor gauge model [138], the flavor symmetry breaking happens via the
condensation of all fermions and their mass generation happens at once. Here we deal with the
modification that only right-handed neutrino condensation of Majorana type ⟨νcRνR⟩ triggers
the flavor symmetry breaking at very high energies. Therefore only the right-handed neutrinos
acquire their Majorana masses at these energies. Both the mass generation of other fermions
and the electroweak symmetry breaking are postponed to lower energies.

The preferred version provides appealing features: (i) It is chiral, i.e., the only mass scale
ΛF comes from the dimensional transmutation of the running flavor coupling constant. (ii)
Due to the presence of the flavor sextet, the flavor dynamics is non-vector-like by itself, thus it
can self-break. (iii) The sextet right-handed neutrino Majorana pairing leads to a huge right-
handed neutrino Majorana mass. This promises to dynamically generate the seesaw pattern of
the neutrino mass matrix in a natural way.

The resulting dynamics at the energies below the scale of the flavor symmetry breaking
can be described by four-fermion interactions for still massless electroweakly charged fermions,
induced by the exchange of already massive flavor gauge bosons. At even lower scales the four-
fermion interactions trigger the fermion condensation of the Dirac type ⟨ψ̄RψL⟩, which breaks
the electroweak symmetry.

The dynamically generated fermion mass matrices break spontaneously all (true or anoma-
louos) global chiral symmetries of the model. As a result, numerous (pseudo-)Nambu–Goldstone
fermion-composites appear in the particle spectrum of the model. Namely, among those
bosons there are numerous majorons [151, 152], the Weinberg–Wilczek axion [153, 154] and
the Anselm–Uraltsev arion [155]. In [96] we have elaborated the analysis of the neutrino-
composite bosons while neglecting the others. It is however not a priori clear how to proceed
with the complete analysis of all these bosons together, thus we present here just conjectures
of their properties.



62 CHAPTER 5. MODEL OF FLAVOR GAUGE DYNAMICS

5.1 Lagrangian and parameters of the model

The flavor gauge model is defined by gauging the flavor index of usual fermions by means of
the SU(3)F gauge symmetry. The new flavor gauge dynamics completely substitutes the Higgs
sector of the Standard Model and does not make use of any other elementary scalar. The
relevant part of the Lagrangian reads as

LF = −1

4
F a
µνF

µνa +
∑
ψRr

ψ̄Rri /DrψRr +
∑
ψLr

ψ̄Lri /DrψLr , (5.2)

where r denotes various flavor representations of fermion chiral fields ψRr and ψLr. The gauge
field strength tensors and the covariant derivative are given as

F a
µν = ∂µC

a
ν − ∂νC

a
µ + hfabcCb

µC
c
ν , (5.3)

Dµ
r = ∂µ − ihT ar C

aµ . (5.4)

where Ca
µ are the flavor gauge boson fields and h is the flavor gauge coupling constant. The

flavor generators T ar , a = 1, . . . , 8, have the form according to the flavor representation r of the
fermion fields ψRr and ψLr on which they act.

5.2 Flavor representation setting

5.2.1 Flavor representation setting of known fermions

There are more ways how to set three generations of known fermions into the flavor represen-
tations of SU(3)F. The trio of chiral fields of a given electric charge and given chirality can be
assigned into either triplet, 3, or anti-triplet, 3, representation. We profit from this freedom to
distinguish Dirac mass matrices of the charged fermions. The flavor transformation property of
a Dirac mass matrix mψ is given by the flavor transformation properties of chiral components
of the fermion field, ψR and ψL, which are in the representations rR and rL,

mψ ∝ ⟨ψ̄R(rR)ψL(rL)⟩ : rR × rL . (5.5)

In general, there are four distinct mass matrices

m3×3 ̸= m3×3 ̸= m3×3 ̸= m3×3 , (5.6)

which are however not completely independent as

m3×3 =
[
m3×3

]†
, (5.7)

m3×3 =
[
m3×3

]†
. (5.8)

It constrains our fermion flavor representation settings down to few cases listed in Tab. 5.1 and
their complex conjugates. The cases I and IV ascribe distinct role to the u-type quarks.

The idea to distinguish the fermion mass matrices by their gauge representation setting was
also pursued in the class of Extended-Technicolor models [156].

It is not without interest that within one of the most beautiful models, the Georgi–Glashow
SU(5) GUT model [157], the flavor representation setting of the case IV may arise quite natu-



5.2. FLAVOR REPRESENTATION SETTING 63

case qL uR dR ℓL eR N

I 3 3 3 3 3 3
II 3 3 3 3 3 5
III 3 3 3 3 3 3
IV 3 3 3 3 3 5

Table 5.1: The flavor settings of electroweakly charged fermions. The number N tells how many
additional flavor triplets are necessary to cancel the flavor gauge anomaly. The notation is obvious:
qL = (uL, dL)

T and ℓL = (νL, eL)
T are SU(2)L doublets. Every symbol u, d, ν and e denotes all three

generations of a given fermion, i.e., (u, c, t), (d, s, b), (νe, νµ, ντ ) and e = (e, µ, τ), respectively.

rally. All known electroweakly charged fermions are accommodated in two complex and there-
fore chiral SU(5) representations

5i =


dR1

dR2

dR3

(eL)
c

(νL)
c


i

, 10i =
1√
2


0 (u3R)

c −(u2R)
c −u1L −d1L

−(u3R)
c 0 (u1R)

c −u2L −d2L
(u2R)

c −(u1R)
c 0 −u3L −d3L

u1L u2L u3L 0 −(eR)
c

d1L d2L d3L (eR)
c 0


i

. (5.9)

When gauging their flavor index i in the most natural way, i.e., both being triplets, we obtain
just the flavor representation setting of the case IV.

The charge conjugated fields are given by ψc = Cψ̄T where C = iγ0γ2. The case I and case
II can be obtained in the flipped SU(5) model [158, 159], which is obtained from the Georgi–
Glashow model by interchanging uR ↔ dR, eR → νR and by setting the right-handed charged
leptons eRi into the SU(5) singlets.

5.2.2 Need for right-handed neutrinos

Anomaly freedom

The model would suffer from the flavor gauge anomaly without adding the proper number of
new flavored fermions into the model. In order not to destroy the electroweak anomaly free
balance, we are adding only the electroweak singlets. It is common to call them the right-
handed neutrino fields denoted by νR. Let us also note that there is a possibility to add some
balanced setting of new electroweakly charged fermions, like, for instance, whole new generation
of fermions. This, however, we avoid completely as it would not fit in the scenario of gauging
flavor index of available generations only.

The source of the gauge anomaly is the fermion loop triangle with gauge boson vertices.
Contributions from all flavored fermions in each triangle type should cancel. Triangles involving
only electroweak gauge bosons vanish according to the textbook analysis based on the key fact
that

∑
f Yf = 0. Triangles involving one or two flavor gauge bosons vanish by the same

arguments.
It remains to investigate triangles involving three flavor gluons. The flavor gauge anomaly

is in general proportional to the triangle factor [160]

∆F ≡
∑
ψr

ξψ TrT
a
r {T br , T cr } =

1

2

∑
ψr

ξψA(r)dabc , (5.10)
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r d(r) C(r) C2(r) A(r) C3(r)

3(3) 3 1/2 4/3 (−)1 (−)10/9
6(6) 6 5/2 10/3 (−)7 (−)35/9
8 8 3 3 0 0
10(10) 10 15/2 6 (−)27 (−)9

Table 5.2: List of important coefficients for the lowest-dimensional representations of the group SU(3).

where T ar are the flavor generators for a given fermion representation r. The coefficient ξψ = ±1
introduces the sign from chiral projectors PR,L = (1 ± γ5)/2 according to the chirality of
fermions. A(r) is the anomaly coefficient of the representation r defined as

1

2
dabcA(r) = TrT ar {T br , T cr } . (5.11)

It is related to the cubic Casimir invariant C3(r)

5

6
d(G)A(r) = 2d(r)C3(r) , (5.12)

where

d(r)C3(r) = dabcTrT ar T
b
rT

c
r , (5.13)

d(r) is the dimension of the representation r and r = G is the adjoint representation. For few
lowest SU(3) representations, A(r) and C3(r) are listed in the Tab. 5.2.

The triangle factor ∆F (5.10) must vanish. The contribution from electroweakly charged
fermions however does not vanish. In Tab. 5.1 the number N = 3 or N = 5 indicates how
many additional flavor triplets of right-handed neutrinos are needed in order to make the flavor
gauge dynamics anomaly free.

Adding the triplets is not the only possibility. Specially balanced settings including higher
representations, sextet, octet, decuplet, etc., lead to the anomaly free models as well. Notice
that an additional pair of a complex multiplet and its conjugate (e.g., 3+ 3 or 6+ 6), as well
as real representation multiplet (e.g., 8) do not contribute to the anomaly.

Asymptotic freedom

On the other hand, we should not add too many right-handed neutrinos in order not to destroy
the asymptotic freedom of the flavor gauge dynamics. The asymptotic freedom is given by the
negative sign of the β-function near origin h→ 0+.

The two-loop β-function is given by [161]

β(h) = − h3

(4π)2

[
11

3
C(8)− 2

3
NEWC(3)− 2

3

∑
r

NνR
r C(r)

]

− h5

(4π)4

[
34

3
C(8)2 −NEW

(
2C2(3) +

10

3
C(8)

)
C(3)

−
∑
r

NνR
r

(
2C2(r) +

10

3
C(8)

)
C(r)

]
, (5.14)
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where NEW = 15 is the number triplets and anti-triplets of electroweakly charged fermions,
and NνR

r is the number of right-handed neutrino multiplets of a given representation r. The
coefficient C(r) is defined as

δabC(r) = TrT ar T
b
r (5.15)

and it is related to the quadratic Casimir invariant C2(r)

d(r)C2(r) = TrT ar T
a
r (5.16)

through the relation

d(r)C2(r) = d(G)C(r) . (5.17)

These coefficients are listed in the table Tab. 5.2 for few lowest-dimensional SU(3) representa-
tions.

The sign of the β-function near the origin is given by the sign of the h3 one-loop coefficient.
Requiring a negative sign we obtain a constraint on the number of right-handed neutrinos
through their contribution ηνR to the one-loop β-function

ηνR < 9 , (5.18)

where

ηνR ≡
∑
r

N νR
r C(r) (5.19a)

=
1

2
NνR

3 +
5

2
N νR

6 + 3NνR
8 +

15

2
NνR

10 + . . . . (5.19b)

The inequality (5.18) leaves us with multiplets of lower dimensionality.

Asymptotically and anomaly free settings

Now we can combine our requirements of the asymptotic and anomaly freedom of the model.
From the point of view of this analysis, the cases I and III are equivalent and so are the cases
II and IV, see Tab. 5.1. Therefore we will distinguish the cases only by the number N = 3 or
N = 5.

If the right-handed neutrino setting would contain a decuplet or higher complex represen-
tation, we would need to compensate its high anomaly coefficient A(r) ≥ 27 by too many other
multiplets and make the one-loop β-function positive. Adding the higher real representation
immediately makes the one-loop β-function positive. So we are left to combine only lower
representations, 3, 3, 6, 6, and 8. The Tab. 5.3 shows all possible asymptotically and anomaly
free settings.

Absence of the perturbative infrared fixed point

The number of suitable versions of the model is further reduced by applying even more stringent
limit coming from demand not to produce too small, i.e., sub-critical, pertubative infrared fixed
point, say α∗

F, IR < 0.5, where αF ≡ h2

4π
. It would leave the system in the chirally symmetric

phase and prevent the whole symmetry breaking mechanism from taking place.
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N settings of νR SU(3)F representations (n,m, k ≥ 0) ηνR

3 3× 3 + n× (3+ 3) +m× 8+ k × (6+ 6) 3/2 + (n+ 3m+ 5k ≤ 7)
5 5× 3 + n× (3+ 3) +m× 8+ k × (6+ 6) 5/2 + (n+ 3m+ 5k ≤ 6)
5 1× 6+ 2× 3 + n× (3+ 3) +m× 8+ k × (6+ 6) 7/2 + (n+ 3m+ 5k ≤ 5)
3 1× 6+ 4× 3 + n× (3+ 3) +m× 8 9/2 + (n+ 3m ≤ 4)
3 1× 6+ 10× 3 + n× (3+ 3) 15/2 + (n ≤ 1)
5 1× 6+ 12× 3 17/2

Table 5.3: The list of all possible anomaly and asymptotically free settings of SU(3)F right-handed
neutrino representations. Since the anomaly freedom is not affected by adding any number of pairs
of conjugate representations or any number of real representations, the possibility of adding n pairs
of 3 and 3, m copies of 8 and k pairs of 6 and 6 is indicated in the second column. However, adding
too many of such representations would spoil the asymptotic freedom, hence the third column shows
for each setting the corresponding value of ηνR , (5.19a). The indicated inequalities correspond to the
asymptotic freedom condition ηνR < 9, (5.18). Clearly, as the numbers n, m, k are integers, there is
consequently only a finite number of all possible settings.

A zero of the two-loop β-function (5.14) gives an estimate of the perturbative infrared fixed
point

α∗
F, IR = −4π

−18 +NνR
3 + 5N νR

6 + 6NνR
8

−21 + 19NνR
3 + 125NνR

6 + 144NνR
8

. (5.20)

It gives a reliable estimate only if α∗
F, IR comes out small. But that is sufficient to discard a

number of versions. In Figs. 5.1 we plot the value of α∗
F, IR for various versions.

We choose the discriminating value of α∗
F, IR being 0.5 quite arbitrarily but motivated by

QCD running coupling constant which is measured (still being in a perturbative regime) at the
scale 1.7GeV & ΛQCD having the value αs(1.7GeV) ≈ 0.35 [162]. Therefore we are left with
only few versions of the model listed in Tab. 5.4.

Chirality and non-vector-like nature

The well defined versions of the flavor gauge model from Tab. 5.4 fall into various classes
according to two criteria, their chirality and their approximate vector-like nature.

The versions containing right-handed neutrinos in real flavor representations 3 + 3 or 8
allow for the gauge invariant hard Majorana mass term. Therefore they are non-chiral. These
versions of the flavor gauge model may be important when reproducing the realistic mass spectra
mainly of neutrinos. On the other hand the presence of a bare parameter in the Lagrangian
may indicate that such model is not fundamental. The origin of such mass parameter is not
explained by the model. Rather, yet another dynamics operating at higher energy scale should
be assumed to explain it. In this sense the chiral models appear to be more complete and more
fundamental and therefore we prefer them.

From the high energy (around ΛF) perspective, the versions of the model that contain
only 3 or 3 are approximately vector-like with small non-vector-like perturbation given by the
Standard Model gauge dynamics. This is due to the fact that right-handed anti-triplet Weyl
spinor fields can be rewritten as charge conjugated left-handed triplet Weyl spinor fields and
analogously for the left-handed fields. Rewritting all fermion fields as triplets we end up with
manifestly vector-like setting having equal number of left- and right-handed fields due to the
flavor gauge anomaly cancelation.
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Figure 5.1: The plots show various right-handed neutrino settings represented by dots in
(N3, N6)-plane with N8 = 0, N8 = 1, and N8 = 2. The contour lines represent given value of
α∗
F, IR calculated from the two-loop β-function (5.20). Black dots represent settings providing

the values of α∗
F, IR|2−loop smaller than 0.5 which, therefore, can be understood as perturbative

approximations of the infrared fixed points. White dots represent settings providing the values
of α∗

F, IR|2−loop larger than 0.5 which. Therefore, the latter cannot be interpreted as the infrared
fixed point of the theory, because the perturbative expansion of the β-function fails. While the
former settings are disqualified by the smallness of their infrared fixed point, the latter are not.

As an example we can take the minimal version, the case I with three right-handed neutrino
triplets, and introduce new multi-component left- and right-handed Weyl spinors:

Ψ
(333)
L =



u1L
u2L
u3L
d1L
d2L
d3L

(d1R)
c

(d2R)
c

(d3R)
c


∼ 3 , Ψ

(333)
R =



u1R
u2R
u3R
(νL)

c

(eL)
c

eR
ν iR
ν iiR
ν iiiR


∼ 3 . (5.21)

The indices 1, 2, 3 indicate color of quarks and the indices i, ii, iii label the right-handed
neutrinos. Analogously, this field redefinition can be done in every version denoted in Tab. 5.4 as
approximately vector-like. Omitting the Standard Model gauge dynamics the model Lagrangian
(5.2) is rewritten as

L(333)
F = −1

4
F a
µνF

µνa + Ψ̄
(333)
R γµ(i∂µ + hT aCa

µ)Ψ
(333)
R + Ψ̄

(333)
L γµ(i∂µ + hT aCa

µ)Ψ
(333)
L , (5.22)

where T a = 1
2
λa = T a3 . The dynamics resembles that of QCD. As such it presumably prefers

pairing in the 3 × 3 channel forming the analogue of the chiral condensate (1.7). It does not
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approx.
N νR representation setting chiral vector-like

around ΛF

3 3× 3 yes yes
3× 3, 1× (3,3) no yes
3× 3, 2× (3,3) no yes
3× 3, 3× (3,3) no yes
1× 6, 4× 3 yes no
1× 8, 3× 3 no no

5 5× 3 yes yes
5× 3, 1× (3,3) no yes
5× 3, 2× (3,3) no yes
1× 6, 2× 3 yes no
1× 6, 2× 3, 1× (3,3) no no

Table 5.4: All viable versions of the flavor gauge model.

ensure the flavor symmetry breaking and without that it should rather confine. In this case
the dynamical flavor symmetry breaking cannot be derived from the Lagrangian (5.22) only.
Without solving a complete system including the Standard Model gauge perturbations, the
electric and color charge conserving and flavor symmetry breaking solution is only believed to
be energetically more favorable than the flavor symmetry preserving one.

On the other hand, the versions of the model that contain right-handed neutrinos in higher
representation 6, are essentially non-vector-like and prefer right-handed neutrino pairing in the
Majorana channels 6× 3, or 6× 6, that certainly break the flavor symmetry.

*

The minimal version with three right-handed neutrino triplets denoted by (333) was ana-
lyzed in the paper [138]. In this work we will pursue mainly the non-minimal version, one of
only two versions which are both non-vector-like and chiral. Its right-handed neutrino setting is
(6,3,3,3,3), and we will denote it by (63333). We prefer it to the second version with (6,3,3),
because it is the version which gives a distinct role to the u-type quarks.

5.3 Global symmetries

Apart from the gauge symmetries, the complete classical Lagrangian possesses also a rich
structure of global symmetries. We will study the symmetries only of the non-minimal version
(63333).

The Lagrangian (5.2) with the Standard Model gauge dynamics turned off has a rather big
chiral symmetry Gχ. Turning the Standard Model gauge dynamics on, thanks to the specific
alignment of the Standard Model gauge symmetry with respect to the flavor gauge symmetry
alignment, the chiral symmetry is almost completely explicitly broken down to much smaller
subgroup. Because the explicit breaking by the Standard Model gauge dynamics can be treated
as a perturbation, the chiral symmetry Gχ may be relevant for classification of flavor bound
states.

The remaining classically exact global symmetry has two subgroups corresponding to two
sectors of the Lagrangian, the electroweakly charged sector possessing only four global U(1)
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symmetries, and the right-handed neutrino sector which possesses richer structure of the global
symmetries. These global symmetries are symmetries of the Lagrangian, i.e. symmetries of the
classical theory. Nevertheless quantum effects break them by axial anomalies. Some symmetries
can survive being exact, for some symmetries the breaking by anomaly is rather negligible and
they can still be treated as good approximate symmetries, and some symmetries are not good
symmetries at all because of the strong effect of their anomalies. In the following we recognize
these global symmetries.

5.3.1 Approximate chiral symmetry

In the (63333) version of the model we have altogether 19 flavor triplet or anti-triplet fermion
fields out of which 15 are electroweakly charged fermions, uiL, d

i
L, eL, νL, u

i
R, d

i
R and eR, and

4 are right-handed neutrinos νsR. Rewriting all these fields into a triplet representation we can
define the multi-component left- and right-handed Weyl spinors:

Ψ
(63333)
L =



u1L
u2L
u3L
d1L
d2L
d3L

(d1R)
c

(d2R)
c

(d3R)
c

(ν iR)
c

(ν iiR)
c

(ν iiiR )
c

(ν ivR )
c



∼ 3 , Ψ
(63333)
R =


u1R
u2R
u3R
(νL)

c

(eL)
c

eR

 ∼ 3 , (5.23)

where the indices 1, 2, 3 indicate color of quarks and the indices i, ii, iii, iv label the right-
handed neutrino triplets. Additionally we have the right-handed neutrino sextet νR6.

If we turn off the Standard Model gauge dynamics we have the Lagrangian (5.2) which can
be rewritten in terms of (5.23) as

L(63333)
F = −1

4
F a
µνF

µνa + ν̄R6γ
µ(i∂µ + hT a6C

a
µ)νR6 (5.24)

+Ψ̄
(63333)
L γµ(i∂µ + hT a3C

a
µ)Ψ

(63333)
L + Ψ̄

(63333)
R γµ(i∂µ + hT a3C

a
µ)Ψ

(63333)
R

and at the classical level it possesses the chiral symmetry

Gχ = U(13)L3 × U(6)R3 × U(1)R6 , (5.25)

where U(13)3L, U(6)3R and U(1)6R are the transformations of the left-handed flavor triplet

multispinor Ψ
(63333)
L , the right-handed flavor triplet multispinor Ψ

(63333)
R and the flavor sextet

right-handed neutrino field νR6, respectively. In the full model, this chiral symmetry is broken
by the Standard Model gauge interactions. At least at high scales where the Standard Model
gauge coupling constants are small, the chiral symmetry Gχ is the approximate symmetry.
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5.3.2 Global symmetry of electroweakly charged sector

In the flavor gauge model the sector of electroweakly charged fermions is such that it does not
possess any non-Abelian global symmetries. This is due to the specific alignment of four gauge
symmetries.

The sector of electroweakly charged fermions possesses only some Abelian symmetries. In a
free theory there are as many independent U(1) phases as there are individual complex fields.
The electroweakly charged fermion sector is formed by NF(N

L
ℓ +NR

ℓ )+NCNF(N
L
q +NR

q ) = 45
fermion fields as in each of NF = 3 families (flavors) there are NL

ℓ = 2 left-handed and NR
ℓ = 1

right-handed leptons, and NL
q = NR

q = 2 left- and right-handed quarks of NC = 3 colors.
Non-Abelian gauge symmetries require the equality of phases of fields in the same multiplet.

When counting the number of phases in the Standard Model, gauge symmetries require to
count color and weak isospin multiplets only once, i.e., NC → 1 and NL

ℓ,q → 1 resulting in
15 fermion phases. Additionally the Higgs doublet brings 1 more phase and 11 independent
constraints among the phases coming from the Yukawa interactions. In total there are 15+1−
11 = 5 independent phases. One of them is gauged being the weak hypercharge Y . Remaining
four phases are baryon number B, and three individual lepton numbers Le, Lµ, and Lτ .

In the flavor gauge model, additionally, the flavor index is gauged and we have to count each
flavor triplet only once, i.e., NF → 1. This results in 5 fermion phases, one for each independent
multiplet, qL, ℓL, uR, dR and eR. One of the phases is again gauged as the weak hypercharge
Y . For four other phases there can be chosen a basis formed by the baryon number B, the
common lepton number L, the axial-baryon number B5, and the axial-lepton number L5,

U(1)B × U(1)L × U(1)B5 × U(1)L5 . (5.26)

The corresponding Noether currents are

JµL = ℓ̄Lγ
µℓL + ēRγ

µeR , (5.27a)

JµL5
= −ℓ̄LγµℓL + ēRγ

µeR , (5.27b)

JµB =
1

3
(q̄Lγ

µqL + ūRγ
µuR + d̄Rγ

µdR) , (5.27c)

JµB5
=

1

3
(−q̄LγµqL + ūRγ

µuR + d̄Rγ
µdR) , (5.27d)

where the summations over the flavor, color and weak isospin indices are suppressed.

5.3.3 Global symmetry of right-handed neutrino sector

The sector of right-handed neutrinos is charged only by flavor. Therefore to recognize its
symmetry it is enough to count the numbers N r of fields accommodated in a given type of the
flavor representation r. In general, the symmetry reads

Ggeneral
S ≡ U(N3)× U(N3)× U(N6)× U(N6)× U(N8) (5.28)

and it is called the sterility symmetry. For the (63333) version of the model, the sterility
symmetry is

G
(63333)
S = U(1)S6 × U(1)S3 × SU(4)S . (5.29)
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The corresponding Noether currents are

JµS6 =
1

5
ν̄R6γ

µνR6 =
2

5
Tr ξ̄Rγ

µξR , (5.30a)

JµS3 =
1

4
ν̄sR3γ

µνsR3 =
1

4
ζ̄sRγ

µζsR , (5.30b)

JµS,σ = ν̄sR3 [Sσ]
sr γµνrR3 = ζ̄sR [Sσ]

sr γµζrR , (5.30c)

where the summation over the flavor index is suppressed. The indices s, r = i, . . . , iv run over
four right-handed neutrino anti-triplets. Matrices Sσ, σ = 1, . . . , 15, are the SU(4)S generators.
We denote sextet right-handed neutrinos as ξR and anti-triplet right-handed neutrinos as ζR:

ξR ≡ T ι(sym.)ν
ι
R6 , (5.31a)

ζsR ≡ νsR3 , (5.31b)

where ι = 1, . . . , 6 is the flavor index. The six symmetric matrices T ι(sym.) are given as the set
of symmetric Gell-Mann matrices complemented by the unit matrix, i.e.,

T ι(sym.) =
{ 1

2
√
3
11,

1

2
λ1,

1

2
λ3,

1

2
λ4,

1

2
λ6,

1

2
λ8

}
. (5.32)

The definitions (5.30a) and (5.30b) of the sextet and triplet sterility numbers to be S6 =
1
5
and

S3 =
1
4
is chosen in order to normalize the anomaly coefficient in (5.37).

5.3.4 Global symmetries at quantum level

Axial anomaly in general

At the classical level the Noether current Jµ(x) of an exact global symmetry satisfies the
equation of continuity ∂µJ

µ(x) = 0. At the quantum level, the four-divergence of a Green’s
function containing the Noether current decides whether the symmetry is exact. When the
four-divergence does not vanish at the quantum level despite the Noether current is conserved
at the classical level, it is said that the symmetry is broken by the Adler–Bell–Jackiw axial
anomaly [163, 164]. The adjective ‘axial’ reflects the fact that the anomaly appears whenever a
quantum path integral measure is not invariant with respect to the axial transformation while
the classical action is [165].

Properly applied regularization of the triangular loop integral contributing to the three-point
function T µαβab (x, y, z) = ⟨Jµ(x)Aαa (y)A

β
b (z)⟩ yields

qµT
µαβ
ab (q, k1, k2) = Cab

i

2π2
ϵαβρσk1ρk2σ , (5.33)

where k1ρ and k2σ are outgoing momenta of the gauge fields Aαa (y) and A
β
b (z). The coefficient

Cab is a symmetry group factor

Cab = g2 Tr
(
ξQ{TaTb}

)
, (5.34)

where g is the coupling constant of the corresponding gauge dynamics and Ta are generators of
the gauge symmetry group normalized to Tr{TaTb} = 1

2
δab. The coefficient ξ = ±1

2
originates

from the chiral projectors PR,L = (1 ± γ5)/2 of a given fermion forming the triangle loop. Q
is the matrix representation of the global symmetry charge given as

∫
J0(x)d3x⃗. The trace
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is taken over all internal indices. The equation (5.33) can be translated into the equation for
four-divergence of the Noether current

∂µJ
µ = Cab

1

8π2
FaαβF̃

αβ
b , (5.35)

where the field strength tensor Fαβ
a corresponds to the gauge fields Aµa , and its dual is defined

as F̃αβ = 1
2
ϵαβρσF

ρσ.

Axial anomaly in the flavor gauge model

We apply these general formulae to the flavor gauge model. The non-Abelian part of the
sterility symmetry JµS,i (5.30c) is anomaly free since its generators are traceless, thus we write

∂µJ
µ
S,i = 0 . (5.36)

On the other hand all Abelian currents (5.27), (5.30a) and (5.30b) are anomalous and we can
write:

∂µJ
µ
B = 3Y −3W ,

∂µJ
µ
L = 3Y −3W −F ,

∂µJ
µ
B5

= 11
3
Y +3W +4G +4F ,

∂µJ
µ
L5

= 9Y +3W +3F ,

∂µJ
µ
S3

= F ,

∂µJ
µ
S6

= F ,

(5.37)

where

Y =
g21
8π2

YµνỸ
µν , (5.38)

W =
g22

32π2
WµνaW̃

µν
a , (5.39)

G =
g23

32π2
GµνiG̃

µν
i , (5.40)

F =
h2

32π2
FµνaF̃

µν
a . (5.41)

The first two equations (5.37) for JµB and JµL agree with the textbook calculation which can be
found for instance in [166] considering different weak hypercharge convention.

Among the currents there are two linear combinations which correspond to the exact sym-
metries. These can be written as

JµB−L−S = JµB − JµL −
(
aJµS3 + (1− a)JµS6

)
, (5.42a)

JµS3−S6
= JµS3 − JµS6 , (5.42b)

where the real coefficient a is arbitrary. The (B −L− S) symmetry is a direct analogue of the
anomaly free B − L symmetry in the Standard Model.

Further, one of the linear combinations, that which is broken dominantly by the QCD
anomaly, is naturally identified with the current JµP.−Q.(x) of the Peccei–Quinn symmetry in-
strumental in solving the strong CP problem [167, 168].
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5.4 Flavor symmetry self-breaking by masses

The flavor symmetry is not a property of the fermion mass spectrum, therefore it has to be
dynamically broken. We do not introduce any other dynamics in order to provide the flavor
symmetry breaking, but we assume that the flavor gauge dynamics self-breaks. The program
of the self-breaking gauge theories started with the Abelian gauge symmetry [74, 169, 132] and
its non-Abelian generalization was elaborated in [170, 171].

Because the flavor gauge model is formulated as a chiral gauge theory, at the Lagrangian
level the masslessness of fermion fields is protected by the chiral gauge symmetries, the flavor
and electroweak symmetries in particular. The masslessness of gauge fields is protected by the
gauge nature of the symmetries. Massless fields can, however, excite massive particles, if the
protective symmetries are spontaneously broken.

5.4.1 Fermions

Massless fermion fields excite massive fermions if the ground state is not invariant under inde-
pendent rotations of their left-handed and right-handed components [30]. Operationally this
manifests by nonzero chirality-changing parts Σψ(p

2) of the full propagators for ψ = u, d, n, e.
For the charged fermions, the field ψ is a Dirac field composed by the chiral components as

ψ ≡ ψL + ψR (ψ = u, d, e) . (5.43)

For neutrinos, which are neutral and thus they can develop masses of both Dirac and Majorana
types, it is more convenient to accommodate them in a single Nambu–Gorkov multispinor field

n =



νL + (νL)
c

ν i
R3

+ (ν i
R3
)c

ν ii
R3

+ (ν ii
R3
)c

ν iii
R3

+ (ν iii
R3
)c

ν iv
R3

+ (ν iv
R3
)c

νR6 + (νR6)
c


, (5.44)

where the flavor indices are suppressed.
The corresponding full propagators Sψ(p) are considered in the same general form as in

(B.6)

S−1
ψ (p) = /p−Σψ(p

2) , (5.45)

with

Σψ(p
2) = Σψ(p

2)PL + Σ†
ψ(p

2)PR . (5.46)

Notice, that we are again omitting the wave function renormalizations as in (4.14). Both S−1
ψ (p)

and Σψ(p
2) are now complex momentum-dependent matrices of the dimension 3×3 for charged

fermions and 21 × 21 for neutrinos. Moreover, the neutrino matrix Σn(p
2) is symmetric, in

more detail, suppressing the momentum arguments,

Σn =


L3×3 D3×3

s D6×3

D3×3
r R3×3

rs R6×3
s

D3×6 R3×6
r R6×6

 . (5.47)
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=
ψR ψL

Π

ψR ψLψR ψLΣψ

= + +
other pure

gauge terms
Cµ
a Cν

b Cµ
a Cν

b Cµ
a Cν

b

Figure 5.2: Mutual interactions of the flavor-gluons and the fermions, giving rise to the SU(3)F
symmetry-breaking by fermion self-energies Σψ and flavor-gluon polarization tensor Πµν

ab . Con-
tributions of other pure gauge diagrams are omitted in the second line. The black and grey
blobs on the lines stand for the full and 1PI propagators, respectively. The grey blobs on
vertices stand for proper vertices.

The diagonal blocks, L3×3, R3×3 and R6×6 are symmetric matrices, and D3×3
s = [D3×3

s ]T,
D3×6 = [D6×3]T and R3×6

s = [R6×3
s ]T where s, r = i, . . . , iv.

The fermion mass spectrum is given by poles of the full propagator, i.e., by the solutions of
the equation (1.10)

det
[
p2 − Σψ(p

2)Σ†
ψ(p

2)
]

= 0 . (5.48)

Breaking of the flavor SU(3)F symmetry by the fermion self-energies can be written com-
pactly as

Σψt
a
ψ − t̄aψΣψ ̸= 0 , (5.49)

where the flavor generators in the bases (5.43) and (5.44) are denoted as taψ and they have the
form

taψ ≡ T aψLPL + T aψRPR (ψ = u, d, e) , (5.50a)

tan ≡

 T a3PR − [T a3 ]
TPL 0 0

0 114×4

(
T a3PL − [T a3 ]

TPR
)

0
0 0 T a6PR − [T a6 ]

TPL

 (5.50b)

and where t̄aψ ≡ γ0t
a
ψγ0.

The exchange of the flavor gauge bosons Cµ
a between right-handed ψR and left-handed ψL

chiral fermion components allows to draw a diagram for the fermion self-energy Σψ, as it can be
seen in the first equation in Fig. 5.2. Once the non-trivial fermion self-energies are generated
then the flavor symmetry is spontaneously broken due to the chiral setting of fermion flavor
representations.

5.4.2 Flavor gauge bosons

Massless gauge fields excite massive vector particles if their polarization tensor develops a
Nambu–Goldstone pole as a result of the non-invariance of the ground state with respect to
the global symmetry underlying the gauge one. This is called the Anderson–Higgs mechanism
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[20, 14, 15, 16, 17, 18] and we describe it in appendix B.2. The longitudinal polarization
states of such massive vector particles emerge as the eaten Nambu–Goldstone bosons of the
broken symmetry. Their massless propagators manifest as the massless pole in the polarization
function Πab(q

2)

Πab(q
2) = − 1

q2
M2

ab(q
2) , (5.51)

defined from the transverse polarization tensor (B.39), whereM2
ab(q

2) is a momentum-dependent
symmetric 8×8 matrix, regular at q2 = 0, i.e.,M2

ab(0) is a matrix residuum of the pole in (5.51).
Massiveness of the flavor gauge boson is then visible from their full propagator

∆µν
ab (q) = − 1

q2

(
gµν − qµqν

q2

)[(
1 + Π(q2)

)−1
]
ab

(5.52)

in the Landau gauge. Poles of this full propagator ∆µν
ab (q) are given by the equation

det
[
q2 −M2(q2)

]
= 0 , (5.53)

solutions of which define the flavor gauge boson mass spectrum. The flavor gauge boson polar-
ization function Πab(q

2) breaks the flavor SU(3)F symmetry once

[Ta,Π] ̸= 0 , (5.54)

where Ta are the SU(3)F generators in the adjoint representation and Π is the polarization
function with suppressed indices and momentum argument.

We emphasize that the presence of the flavor symmetry breaking fermion self-energies Σψ

is instrumental in achieving the flavor symmetry breaking polarization tensor as a solution of
the second equation in Fig. 5.2. Without the first term induced by fermions in non-vector-like
flavor representation, the equation would be equivalent to that of pure gluo-dynamics whose
solution is known to be symmetry preserving and confining.

5.4.3 Flavor symmetry breaking scale

The characteristic fermion flavor setting plays yet another important role. It makes the flavor
gauge dynamics non-vector-like, what distinguishes it from QCD and makes it non-confining.

As well as the QCD, the flavor gauge dynamics is asymptotically free, i.e., the effective
flavor charge in perturbative regime runs according to

h̄2(q2)

4π
=

4π

[6− 2
3
ηνR ] ln q

2/Λ2
F

, (5.55)

where in the square parentheses there is the one-loop β-function coefficient given from (5.20).
The parameter ηνR is the contribution from the right-handed neutrino sector (5.18). For the
(63333) version its explicit value is given by

η(63333)νR
=

1

2
NνR3 +

5

2
N νR6 = 9/2 . (5.56)

Well above the scale of the flavor gauge dynamics, ΛF, the flavor gauge dynamics as well as the
Standard Model gauge dynamics is weakly coupled. Decreasing the energy scale the effective
flavor charge increases till it surpasses its critical value at the energy scale around ΛF. The fact
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that the flavor dynamics becomes strongly coupled causes the creation of the self-energies Σψ(p
2)

and Πab(q
2). Because of the non-vector-like nature of the flavor symmetry setting, these self-

energies are flavor non-invariant and the flavor gauge symmetry becomes spontaneously broken.
The flavor gauge bosons acquire masses by the Anderson–Higgs mechanism. Presumably the
flavor gauge boson masses are of the same order of magnitude as the flavor scale ΛF.

The value of the scale ΛF is from a theoretical point of view an arbitrary number. It
is supposed to be fixed by a single measurement. From the phenomenological point of view
however, it is the subject of several constraints.

The flavor gauge bosons have to be enormously heavy in order to suppress the processes
with flavor changing neutral currents. Their masses and consequently the scale ΛF have to be
bigger than 106GeV [99]. In fact, the ΛF has to be even much bigger. It is because the quark
self-energies break spontaneously the Peccei–Quinn symmetry, naturally present in the model
(5.37), and a composite axion arises. Therefore, in order to make the axion invisible, the quark
self-energies have to be generated at the scales related to the axion scale Λa lying in the so
called axion window 1010 GeV < Λa < 1012 GeV [172]. Therefore the flavor symmetry should
be broken not lower than Λa, i.e., ΛF ≥ Λa. Furthermore, within the model it is natural to
connect the scale ΛF with the seesaw scale MR leading to demand ΛF > 1013 GeV. Finally,
the analysis of the top-quark and neutrino condensation, if taken seriously for the flavor gauge
model, suggests the flavor scale to lie somewhere between the GUT and Planck scales, i.e.,
ΛF ∼ 1017−18 GeV (3.84).

Here we treat the scale ΛF as a single number which tells us at which scale the flavor
symmetry is broken. However we anticipate that the dynamics of the flavor gauge model
generates whole sequence of scales out of which the highest one is ΛF.

5.4.4 Flavor effective charge

The flavor self-breaking scenario can be described by means of the flavor effective charge h̄2ab(q
2),

which is in general 8 × 8 real-valued symmetric matrix. While for momenta greater than ΛF

the effective charge should be flavor symmetry preserving,

h̄2ab(q
2)

q2>ΛF−→ h̄2(q2)δab
q2→∞−→ 0 , (5.57)

below the ΛF the effective charge should develop its flavor symmetry breaking matrix form and
at even lower energies it should freeze at its infrared fixed point matrix h∗ab

h̄2ab(q
2)

q2→0−→ h∗ab . (5.58)

Especially the infrared behavior of the effective charge is important for generating masses. On
the other hand, its ultraviolet behavior is important for damping of quantum fluctuations, in
particular it determines how self-energies go to zero for asymptotically large momenta. While
the ultraviolet part of the effective charge is fully determined by perturbation theory thanks
to asymptotic freedom (5.55), the infrared part is completely terra incognita because it is the
regime of strong coupling. That is why we do not even try to calculate the effective charge, we
rather model it.

5.4.5 Schwinger–Dyson equations for fermion self-energies

The basic criterion for falsification of the flavor gauge model is its ability to reproduce com-
plete fermion mass spectrum and all mixing matrices. It is an extremely ambitious task. Con-
sider that we want to reproduce 9 masses of charged fermions, 4 parameters of the Cabibbo–
Kobayashi–Maskawa (CKM) matrix, 2 neutrino squared mass differences and 6 parameters of
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Pontecorvo–Maki–Nakagawa–Sakata (PMNS) matrix, only by a single parameter, the flavor
gauge coupling constant, respectively by the fermion flavor representation setting. Unfor-
tunately, to solve the fermion mass equations rigorously is a completely unfeasible program
without resorting to rough simplifications and assumptions. Such solutions obtained from the
over-simplified equations can hardly be compared with experiment. We believe however that
at least some qualitative insights can be gained when analysing the simplified equations. We
present partial results in appendices A.4 and A.5.

For fermion self-energies we consider the truncated Schwinger–Dyson equation

Σ(p2) = −3i

∫
d4k

(2π)4
h̄2ab
(
(p− k)2

)
∆0((p− k)2

)
TR,aΣ(k

2)
[
k2 − Σ†(k2) Σ(k2)

]−1

TL,b , (5.59)

where we write the kernel renormalization-group invariantly in terms of the effective charge
h̄2ab(q

2) and the bare flavor gauge boson propagator function ∆0(q
2) (B.36) according to Pagels

[173].
The effective charge h̄2ab(q

2) is in the flavor gauge model an 8×8 symmetric matrix function of
momentum. The Schwinger–Dyson equation represents a matrix integral equation for complex
matrix self-energies of fermions in a given flavor representation. For the charged fermions the
self-energy is a 3×3 matrix, while for neutrinos the self-energy is a bigger matrix. In particular
within the (63333) version it is a 21× 21 symmetric matrix. The equations for various fermion
representations are interconnected through the effective charge h̄2ab(q

2), for which we should
write its own Schwinger–Dyson equation. At this stage however we do not do it. Instead
we try to model h̄2ab(q

2) in order to reproduce the fermion mass spectrum. Our attempts are
presented in appendices A.4 and A.5.

From the form of the Schwinger–Dyson equation without solving it, we can immediately
extract a general relation between d-type and e-type self-energies. Because

T
(d)
R,a = T

(e)
L,a = Ta , (5.60a)

T
(d)
L,a = T

(e)
R,a = −T ∗

a , (5.60b)

then the following relation holds,

Σe = (Σd)
† . (5.61)

Notice that there is no analogous relation among u-type fermions and neutrinos.

5.5 Physical view

We will sketch the mass generation and the self-breaking of the flavor dynamics in terms of the
technically simplest heuristic arguments:

1. We imagine the generation of a massless pole in the flavor gauge boson polarization
function (5.51) due to the strong flavor gauge dynamics by the effective mass term

LM0 =M2
0CaµC

µ
a , (5.62)

so far leaving the global SU(3)F unbroken. This consideration is not groundless. There are
approaches to the QCD which demonstrate the dynamical generation of a single common
gluon mass parameter as a result of strong coupling [132, 174].
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2. Exchanges of massive flavor gauge bosons between fermion fields yield an effective four-
fermion interaction

Lψ4 = − h2

M2
0

jµa jaµ , (5.63)

where jµa is the flavor chiral current

jµa = q̄Lγ
µTaqL + ūRγ

µTauR − d̄Rγ
µT ∗

a dR (5.64)

−ℓ̄LγµT ∗
a ℓL + ēRγ

µTaeR − νsR3γ
µT ∗

a ν
s
R3 + νR6γ

µT 6
a νR6 .

3. Upon the Fierz rearrangements (C.8) and (C.17) of the four-fermion interaction (5.63) we
can identify the four-fermion interactions in the form (ψ̄LψR)(ψ̄LψR) responsible for Dirac
mass generation and in the form (ψcψ)(ψψc) responsible for Majorana mass generation.

4. The four-fermion dynamics (5.63) triggers a formation of various condensates ⟨ψ̄LψR⟩ and
⟨ψ̄ψc⟩ in the attractive channels. They are solutions of their gap equations in analogy
with (2.20). The non-trivial chirality changing condensates form massive poles in the
fermion propagators. For illustration, we show here only one of the gap equations for a
condensate of Dirac fermions,

⟨ψ̄RψL⟩ =

ψR ψL

〈ψ̄RψL〉

. (5.65)

5. Once some flavored condensate is formed, the flavor symmetry is broken. It produces a
feedback to the flavor gauge boson masses in the form of splitting.

Here we have formulated the process of the flavor symmetry breaking consecutively, but of
course it happens at once in both fermion and flavor gauge boson sectors. Following this
strategy, however, we can at least qualitatively learn at which scale the condensates are formed
and what is the spectrum of bound states.

In a regime of very high energies (> ΛF) the system is completely symmetric, the flavor gauge
bosons are massless. The strength of attraction among fermions, mediated by the massless flavor
gauge bosons, can be estimated by the Most Attractive Channel (MAC) method [175]. Even
though it is a perturbative result we believe that its pattern is relevant also for the regime of
strong coupling where the flavor gauge bosons become massive and the four-fermion interaction
(5.63) is formed.

Decreasing the energy scale, the strength of the flavor gauge dynamics increases according
to (5.55). The attractiveness of various channels depends on the flavor representations of partic-
ipating fermions. Once the most attractive channel produces the flavor symmetry breaking at
the energy scale ΛF, the MAC method looses its plausibility for the remaining pairing channels.

The attractiveness of different pairing channels

r1 × r2 → rpair (5.66)

is roughly measured by the quantity

∆C2 = C2(r1) + C2(r2)− C2(rpair) , (5.67)
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where C2(r) is the quadratic Casimir invariant for the representation r, see Tab. 5.2. We write
here some of the product representation decompositions for SU(3) (for details see, e.g., [176] or
[177]):

3× 3 → 6+ 3 , (5.68)

3× 3 = 8+ 1 , (5.69)

3× 6 = 10+ 8 , (5.70)

3× 6 = 15+ 3 , (5.71)

6× 6 = 15+ 15+ 6 . (5.72)

The strengths ∆C2 of attractive channels (A.C.)ψ among charged fermions ψ = u, d, e are
evaluated as

(A.C.)u = 3× 3 → 1 , ∆C2 = 8/3 , (5.73)

(A.C.)d = 3× 3 → 3 , ∆C2 = 4/3 , (5.74)

(A.C.)e = 3× 3 → 3 , ∆C2 = 4/3 . (5.75)

The attractive channels (A.C.)n, giving rise to different parts of the neutrino self-energy written
in the Nambu–Gorkov formalism, are (compare with (5.47))

(A.C.)n =


3× 3 → 3 3× 3 → 1 6× 3 → 8

3× 3 → 1 3× 3 → 3 6× 3 → 3

3× 6 → 8 3× 6 → 3 6× 6 → 6

 . (5.76)

The corresponding strength ∆C2 (5.67) of the attractiveness of the channels is

(∆C2) =


4/3 8/3 5/3

8/3 4/3 10/3

5/3 10/3 10/3

 . (5.77)

The most attractive channels are those of the right-handed neutrino Majorana type, 6×3 → 3
and 6 × 6 → 6 with ∆C2 = 10/3. It naturally follows that, decreasing the energy scale, the
right-handed neutrino pairing of Majorana type happens first. This fact brings nice features:

• It breaks the flavor symmetry providing no confinement.

• It suggests the seesaw pattern of neutrino mass matrix.

• The electroweak symmetry breaking is postponed to lower energies where electroweakly
charged condensates are formed.

This can be put in contrast with the minimal version (333), where all fields are in triplets or
anti-triplets. Thus it is approximately vector-like according to Tab. 5.4. The most attractive
channel is that of u-type quarks, 3 × 3 → 1, with ∆C2 = 8/3. Therefore according to the
MAC method, within the minimal version (333) the most attractive channel is a flavor singlet.
It does not support our essential assumption that the flavor gauge dynamics self-breaks. Even
if we assume that the QCD and electroweak dynamics are sufficiently relevant to trigger the
non-vector-like nature of the model, it still remains difficult to justify the seesaw pattern of
neutrino mass matrix as all of its blocks are governed by the same attractive channel 3×3 → 3.
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5.5.1 Flavor symmetry breaking by the sterility condensation

We can quantify the anti-sextet and the four triplet pairings by, so called, sterility condensates

⟨0|1
4
ϵACEϵBDF (ξCDR )cξEFR |0⟩ ∝ Λ2

F⟨0|ΦAB
6 |0⟩ , (5.78a)

⟨0|(ξABR )cζsBR |0⟩ ∝ Λ2
F⟨0|Φ

s,A
3 |0⟩ , (5.78b)

where we have introduced auxiliary scalar fields Φ6 and Φs
3 of mass dimension one and the right-

handed neutrino fields ξR and ζsR are defined in (5.31). The index s = 1, . . . , 4 is the SU(4)S
sterility index. The indices, A,B,C, . . . = 1, 2, 3, are the indices of the fundamental flavor
representation, and ϵABC is the totally anti-symmetric tensor. The auxiliary fields transform
as a (2-index symmetric) anti-sextet 6 and a triplet 3, respectively, under the flavor rotations
U = eiα

aTa

Φ′
6 = U †TΦ6U † , (5.79a)

Φs
3
′ = UΦs

3 . (5.79b)

These flavor transformation properties follow from the flavor transformation properties of the
elementary right-handed neutrino fields (for their definitions see (5.31))

ξ′R = UξRUT , (5.80a)

ζsR
′ = U∗ζsR , (5.80b)

and the fact that the totally anti-symmetric tensor ϵABC is flavor invariant

UADUBEUCF ϵDEF = ϵABC . (5.81)

The quantum numbers (S3 − S6, S3 + S6, SU(4)S ) of the scalar fields are

Φ6 :

(
−2

5
, +

2

5
, 1

)
, (5.82a)

Φs
3 :

(
+

1

20
, +

9

20
, 4

)
. (5.82b)

Φ6 and Φs
3 are 18 complex scalar fields. They can be expressed in terms of twice as many real

scalar fields out of which some are the Nambu–Goldstone fields of broken flavor and sterility
symmetries:

Φ6(x) = e−2iα(x)e+2iβ(x)e−iθa(x)TaT

 ∆1(x) 0 0
0 ∆2(x) 0
0 0 ∆3(x)

 e−iθa(x)Ta , (5.83)

{
Φ1

3(x),Φ
2
3(x),Φ

3
3(x),Φ

4
3(x)

T
}

= (5.84)

e−
3
4
iα(x)e+

5
4
iβ(x)eiγ

σ(x)Sσeiθ
a(x)Ta




0
0
0
0

 ,


0
0
0

δ2(x)

 ,


0
0

δ3(x)
δ1(x)

 ,


0

δ4(x)
ε5(x)
ε6(x)


 .

The 25 Nambu–Goldstone bosons are (for majorons see section 5.6):
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• 8 of θa(x) corresponding to broken SU(3)F: longitudinal polarizations of the flavor gauge
bosons Ca

µ

• 15 of γσ(x) corresponding to broken SU(4)S: non-Abelian sterile majorons ησ

• 1 of α(x) corresponding to broken S3 − S6: Abelian sterile majoron η0

• 1 of β(x) corresponding to broken S3 + S6: flavor axion A

The remaining components of Φ6 and Φs
3 are 7 real and 2 complex scalars. They altogether can

develop, in general, 9 CP -preserving vacuum expectation values ϕA and φk, and 2 CP -violating
vacuum phases ςk.

• 3 real components of sextet field ∆A(x) → ∆A(x) + ϕA, A = 1, 2, 3

• 4 real anti-triplet fields δk(x) → δk(x) + φk, k = 1, 2, 3, 4

• 2 complex anti-triplet fields εk(x) → εk(x) + φke
iςk , k = 5, 6

A general form of the condensate ⟨0|Φ6|0⟩ is

⟨0|Φ6|0⟩ =

 ϕ1 0 0
0 ϕ2 0
0 0 ϕ3

 (5.85)

as follows from (5.83). A general form of the condensates ⟨0|Φs
3|0⟩ follows from (5.84). In

general, the condensates ⟨0|Φs
3|0⟩ can be complex and they can have nontrivial alignment with

respect to each other and also with respect to ⟨0|Φ6|0⟩.
Not only for the sake of concreteness we choose here a special form of the triplet condensates

⟨0|Φs=1,2,3
3 |0⟩ = 0 , (5.86a)

⟨0|Φs=4
3 |0⟩ =

(
φ4 φ5 φ6

)T
. (5.86b)

The motivation for this alignment is the fact that there is no dynamics which would distinguish
or prefer among the condensates ⟨0|Φs

3|0⟩. Therefore, it seems natural to assume democratically
that ⟨0|Φs

3|0⟩ = ⟨0|Φs′
3 |0⟩. The alignment (5.86) is nothing but the SU(4)S transform of this

democratic alignment, i.e., physically equivalent. The main reason for this choice is that it leaves
the SU(3)S sterility subgroup unbroken. This is necessary to protect the seesaw mechanism as
we will discuss later in subsection 5.5.4. Without this special form the general condensates
would break the sterility symmetry completely.

The condensates break the flavor symmetry completely while the electroweak symmetry
breaking is postponed to the lower energies where the pairing of the electroweakly charged
fermions occurs. The sextet sterility condensation is formally similar to the sextet color super-
conductivity [178].

5.5.2 Masses from the sterility condensation

The sterility condensation produces masses of all flavor gauge bosons. The masses can be
estimated from the lowest order gauge invariant kinetic terms of the effective Lagrangian for
the effective scalar fields

LMgauge = (DµΦs
3)

†DµΦ
s
3 + Tr(DµΦ6)

†DµΦ6 , (5.87)
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where

DµΦ6 = ∂µΦ6 + ihCa
µ(T

aTΦ6 + Φ6T
a) , (5.88a)

DµΦ
s
3 = (∂µ − ihCa

µT
a)Φs

3 . (5.88b)

In the effective Lagrangian LMgauge (5.87) we substitute the effective scalar fields for their
vacuum expectation value Φ → ⟨0|Φ|0⟩, and get the mass matrix for the gauge bosons

M2
ab =

[
M2

6 +M2
3

]
ab
, (5.89)

where the mass matricesM2
6 andM2

3 with the specific form of the condensates (5.85) and (5.86)
are

M2
6 = h2



(ϕ1 + ϕ2)
2 0 0 0 0 0 0 0

0 (ϕ1 − ϕ2)
2 0 0 0 0 0 0

0 0 2(ϕ2
1 + ϕ2

2) 0 0 0 0 2√
3
(ϕ2

1 − ϕ2
2)

0 0 0 (ϕ1 + ϕ3)
2 0 0 0 0

0 0 0 0 (ϕ1 − ϕ3)
2 0 0 0

0 0 0 0 0 (ϕ2 + ϕ3)
2 0 0

0 0 0 0 0 0 (ϕ2 − ϕ3)
2 0

0 0 2√
3
(ϕ2

1 − ϕ2
2) 0 0 0 0 2

3(ϕ
2
1 + ϕ2

2 + 4ϕ2
3)


,

(5.90a)

M2
3 =

h2

4



(φ2
4 + φ2

5) 0 0 φ5φ6 0 φ4φ6 0 2√
3
φ4φ5

0 (φ2
4 + φ2

5) 0 0 φ5φ6 0 −φ4φ6 0
0 0 (φ2

4 + φ2
5) φ4φ6 0 −φ5φ6 0 1√

3
(φ2

4 − φ2
5)

φ5φ6 0 φ4φ6 (φ2
4 + φ2

6) 0 φ4φ5 0 − 1√
3
φ4φ6

0 φ5φ6 0 0 (φ2
4 + φ2

6) 0 φ4φ5 0
φ4φ6 0 −φ5φ6 φ4φ5 0 (φ2

5 + φ2
6) 0 − 1√

3
φ5φ6

0 −φ4φ6 0 0 φ4φ5 0 (φ2
5 + φ2

6) 0
2√
3
φ4φ5 0 1√

3
(φ2

4 − φ2
5) − 1√

3
φ4φ6 0 − 1√

3
φ5φ6 0 1

3(φ
2
4 + φ2

5 + 4φ2
6)


.

(5.90b)

The sterility condensation produces also Majorana masses for right-handed neutrinos. The
masses can be estimated from Yukawa terms of the effective Lagrangian for the effective scalar
fields

Lsterile = y36 (ζsR)
cξRΦ

s∗
3 + y6 ϵ

ACEϵBDF (ξABR )cξCDR (ΦEF
6 )† + h.c. , (5.91)

where the effective Yukawa coupling constants

y36 =
4

9
h2 , y6 =

4

9
h2

are obtained from the effective four-neutrino interaction ∼ (ncγµt
an)(n̄γµtanc).

In the effective Lagrangian Lsterile (5.91) we can substitute the scalars for their condensates
(5.85) and (5.86), and get the Majorana mass matrix for the right-handed neutrinos,

MR =
4

9
h2

 0

0
0
0

⟨Φs=4
3 ⟩T

0 0 0 ⟨Φs=4
3 ⟩ ⟨Φ6⟩

 . (5.92)
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The condensates are rewritten in the νR-basis (5.44), instead of the matrix ξR-basis:

⟨Φs=4
3 ⟩ =

1

2



φ5 φ4 0
φ4√
3

φ5√
3

−2φ6√
3

φ4 −φ5 0
φ6 0 φ4

2φ4 2φ5 2φ6

0 φ6 φ5

 , (5.93)

⟨Φ6⟩ =
1

2



−ϕ3 0 0 0 0 0

0 ϕ3−2ϕ1−2ϕ2
3

ϕ1−ϕ2√
3

0 2ϕ3−ϕ1−ϕ2√
3

0

0 ϕ1−ϕ2√
3

−ϕ3 0 ϕ2 − ϕ1 0

0 0 0 −ϕ2 0 0

0 2ϕ3−ϕ1−ϕ2√
3

ϕ2 − ϕ1 0 4(ϕ1 + ϕ2 + ϕ3) 0

0 0 0 0 0 −ϕ1


. (5.94)

The mass matrixMR (5.92) has nine massless and nine massive eigenstates. Without the special
choice of sterility condensates (5.85) and (5.86), there would be only six massless eigenstates.
The number of massless eigenstates is important for the success of the seesaw mechanism for
three light active neutrinos. This will be discussed later in subsection 5.5.4.

5.5.3 Electroweak symmetry breaking masses

Due to the sterility condensation of right-handed neutrinos in Majorana channels the flavor
symmetry gets broken at the scale ΛF. The sterility condensation was introduced in the author’s
original work [96]. In this subsection we set the direction how to extend the analysis to the
condensation of charged fermions within the same approach of four-fermion interactions.

Bellow the scale ΛF the flavor gauge bosons are massive with the mass matrix Mab (5.89).
Masses of other fermions are generated at some lower scale due to their effective four-fermion
interactions induced by the exchange of massive flavor gauge bosons. The Dirac masses are
generated from interactions

LD,u = −
[
h2/M2

]
ab
(q̄LγµT

aqL)(ūRγ
µT buR) , (5.95a)

LD,d =
[
h2/M2

]
ab
(q̄LγµT

aqL)(d̄Rγ
µT ∗bdR) , (5.95b)

LD,e =
[
h2/M2

]
ab
(ℓ̄LγµT

∗aℓL)(ēRγ
µT beR) , (5.95c)

LD,νζ = −
[
h2/M2

]
ab
(ℓ̄LγµT

∗aℓL)(ν̄
s
R3γ

µT ∗bνsR3) , (5.95d)

LD,νξ =
[
h2/M2

]
ab
(ℓ̄LγµT

∗aℓL)(ν̄R6γ
µT b6νR6) (5.95e)

and Majorana masses are generated from interactions

LM,ζξ =
[
h2/M2

]
ab
(ν̄sR3γ

µT ∗aνsR3)(ν̄R6γ
µT b6νR6) , (5.96a)

LM,ζζ = −
[
h2/M2

]
ab
(ν̄sR3γ

µT ∗aνsR3)(ν̄
s
R3γ

µT ∗bνsR3) , (5.96b)

LM,νν = −
[
h2/M2

]
ab
(ℓ̄LγµT

∗aℓL)(ℓ̄LγµT
∗bℓL) . (5.96c)

The magnitude of these secondarily generated masses is assumed to come out critically scaled
down to electroweak scale and lower. Also the magnitude of feedback corrections to masses of
the right-handed neutrinos assisting on sterility condensation and of the flavor gauge bosons
is assumed to come out of the same order, thus negligible. Therefore effectively below ΛF, the
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right-handed neutrinos act as having a hard Majorana mass term obtained from (5.91) and
(5.92) as

LMR
= νRMRν

c
R + h.c. (5.97)

with all indices suppressed.
Further program towards electroweak symmetry breaking is standard and essentially it

should follow the generalized analysis presented for the top-quark and neutrino condensation
in section 3. As the complete analysis would be enormously baroque, we merely sketch it here.

The four-fermion interactions (5.95) and (5.96) underlie all the remaining fermion condensa-
tions and produce various composite bound states. We anticipate that out of the bound states
there are weak isospin composite multiplets whose vacuum expectation values give rise to the
masses of electroweakly charged fermions and which are therefore relevant for the electroweak
symmetry breaking. This is the multitude of weak isospin doublets:

H
(u)
AB ∝ ūR,AqL,B , (5.98a)

H
(d)
AB ∝ d̄R,AqL,B , (5.98b)

H
(e)
AB ∝ ēR,AℓL,B , (5.98c)

H
(ν3)s
AB ∝ ν̄sR3,AℓL,B , (5.98d)

H
(ν6)
AB ∝ ν̄R6,AℓL,B , (5.98e)

and a number of weak isospin triplets

∆
(ν)
AB ∝ ℓ̄L,Aℓ

c
L,B , (5.99)

where ℓcL = iσ2Cℓ̄
T
L and C = iγ0γ2. The composite bosons arise from bosonization of the Fierz

rearranged interactions (5.95) and (5.96). Below the condensation scale they become dynamical
effective fields provided that the effective renormalizable Lagrangian, including their kinetic
terms and Yukawa interactions, is generated. The parameters of the effective Lagrangian are
to be evolved by means of renormalization group technique down to the electroweak scale with
the initial condition given by the four fermion interactions.

The nonzero vacuum expectation values of their electrically neutral components, vH and
v∆, break spontaneously the electroweak symmetry and altogether they contribute to the elec-
troweak scale v, proportionally to the magnitude of corresponding fermion masses. Using
the observed spectrum of fermion masses there are practically only ⟨H(u)⟩, ⟨H(ν3)s⟩ and ⟨H(ν6)⟩
which saturate v, provided the seesaw mechanism is governed by the scaleMR ∼ ΛF > 1014 GeV.
This is actually the motivation which led us to formulate the simplified top-quark and neutrino
condensation model presented in chapter 3.

In principle, the complete bound state spectrum, including the Nambu–Goldstone modes
eaten by gauge bosons and the effective sterility scalars, should occupy the coset representations
of the approximate chiral symmetry (5.25) breaking Gχ → SU(3)c×U(1)em×U(1)B×HS where
HS is an eventual unbroken subgroup of the sterility symmetryGS. Out of these bound states we
will later study only those, whose existence is supported by a theorem, the Goldstone theorem.
This will include Nambu–Goldstone states coupled to both exactly conserved and anomalous
currents.

5.5.4 Seesaw mechanism

Let us discuss shortly the seesaw mechanism for neutrino masses. The sterility condensation
within the non-minimal version (63333) naturally leads to the huge Majorana mass of right-
handed neutrinos (5.92) MR ∼ ΛF. The Dirac neutrino masses are supposed to be as large as
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the electroweak scale, i.e.,

⟨H(ν3)s⟩ ∼ mt and ⟨H(ν6)⟩ ∼ mt . (5.100)

Provided that the weak isospin triplet condensate is completely negligible ⟨∆(ν)⟩ ∼ 0, the seesaw
masses of the light active neutrinos, mνactive ∼ m2

t/ΛF, and of the sterile neutrinos, mνsterile ∼ ΛF,
arise. In order to reproduce the light neutrino mass mνactive ∼ 10−1 eV while mt ∼ 102 GeV, the
flavor scale should be ΛF ∼ 1014 GeV.

However, the system with the general sterility condensation scheme is not directly able to
accommodate all three light electroweak neutrinos. It is caused by the presence of six zero
eigenvalues of general mass matrix MR (5.92). Instead of combining with super-heavy modes
producing the seesaw spectrum, the three left-handed neutrino modes combine with three of
the right-handed neutrino zero-modes to produce three pairs of quasi-degenerate modes of
mass (∼ mt). Those six modes in fact appear as three pseudo-Dirac active neutrinos in flagrant
contradiction with observations.

There is a way out of this trouble, if some subgroup of the sterility symmetry HS ⊂ GS,
which is able to prohibit the mixing of the left-handed neutrinos with the right-handed zero-
modes, remains unbroken. The seesaw mechanism then acts only among the left-handed and
super-heavy right-handed neutrino modes. We can say that we need the residual sterility
symmetry HS to protect the seesaw mechanism. The necessary residual sterility symmetry is
achieved by imposing the special sterility condensation scheme (5.86) which must be preserved
also in the secondary condensation, i.e., for instance

⟨H(ν3)s=1,2,3⟩ = 0 , ⟨H(ν3)s=4⟩ ̸= 0 . (5.101)

The seesaw-mechanism-protecting symmetry is then HS = SU(3)S ⊂ SU(4)S with a set of
generators Sσ, with σ = 1, . . . , 8.

5.6 Spectrum of majoron and axion-like particles

In this section we summarize our knowledge about the spectrum of (pseudo-)Nambu–Goldstone
bosons. They arise from the spontaneous breaking of the global symmetries of the model
triggered by the dynamical generation of fermion masses. Therefore the (pseudo-)Nambu–
Goldstone bosons are composites of the fermions. Because some of the spontaneously broken
currents have axial anomalies the corresponding bosons are massive.

The sterile bosons composed of neutrinos and their properties were analyzed in the author’s
original work [96]. There we assumed just a single type of axial anomaly, induced by the flavor
gauge dynamics. Such simplification allowed us to use standard estimates for the pseudo-
Nambu–Goldstone boson masses and their coupling properties [166].

Here we classify all of the (pseudo-)Nambu–Goldstone bosons as composites of all fermions,
not only of neutrinos. This however represents a complication. The corresponding sponta-
neously broken currents have anomalies given by all four gauge dynamics, see (5.37). It is
not a priori clear how to construct the mass matrix for the pseudo-Nambu–Goldstone bosons
induced by such intricate structure of the anomalies, let alone the question how to identify
appropriate mass eigenstates. Even though the rigourous treatment of this issue is the subject
of our future work, we present here the conjectured spectrum of the pseudo-Nambu–Goldstone
bosons. Under the assumption that the individual mass eigenstates correspond to individual
anomalies, we estimate the masses by the standard methods [166].
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Spontaneously broken currents and their anomalies

The global symmetries of the flavor gauge model either exact or anomalous, (5.26) and (5.29),

U(1)B × U(1)L × U(1)B5 × U(1)L5 × U(1)S6 × U(1)S3 × SU(4)S (5.102)

are spontaneously broken by formation of self-energies, i.e., by nonzero vacuum expectation
values of composite bosons (5.78a) and (5.98)

⟨H(u)⟩ , ⟨H(d)⟩ , ⟨H(e)⟩ , ⟨H(ν3)s⟩ , ⟨H(ν6)⟩ , ⟨Φs=4
3 ⟩ , ⟨Φ6⟩ , (5.103)

and other much smaller elements of the neutrino self-energy, down to

U(1)B × SU(3)S . (5.104)

This gives rise to the spectrum of either true or pseudo Nambu–Goldstone bosons. The number
of broken generators and so the number of Nambu–Goldstone states is 12. The complete analysis
of the (pseudo-)Nambu–Goldstone boson spectrum is tedious and we do not undergo it here.
We rather make several estimates according to which we introduce the terminology.

First of all, there are 6 true Nambu–Goldstone bosons which couple to the non-diagonal
non-anomalous broken currents of the sterility coset SU(4)S/SU(3)S with generators Sσ, σ =
9, . . . , 14, see (5.30c). We call them non-Abelian sterile majorons denoted by ησ. They are
exactly massless

mησ = 0 . (5.105)

The remaining 6 Nambu–Goldstone states couple to linear combinations of 7 diagonal cur-
rents

J µ
A =

(
JµB, J

µ
L , J

µ
B5
, JµL5

, JµS3 , J
µ
S6
, JµSσ=15

)T
. (5.106)

Some of them are anomalous what can be written in a closed form

∂µJ µ
A = AAXωX , (5.107)

where ωX =
(
Y ,W ,G,F

)T
are the anomaly operators defined in (5.38), and AAX are the

elements of the 7× 4 matrix of anomaly coefficients see (5.37)

A =



3 −3 0 0
3 −3 0 −1
11
3

3 4 4
9 3 0 3
0 0 0 1
0 0 0 1
0 0 0 0


. (5.108)

By making linear combinations of the original currents J µ
A → UABJ µ

B we can bring the matrix
of the anomaly coefficients into the form

UA =



3 −3 0 0
0 0 0 0
0 0 0 0
0 0 0 0
x1 x2 x3 1
y1 y2 1 0
z1 1 0 0


, (5.109)
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where we left the first row for the unbroken baryon number,
[
U · J µ

]
A=1

= JµB. The baryon
number is anomalous in the same way as in the Standard Model. It stays as a very good
approximate symmetry. The baryon number transformation is able to eliminate the weak θ-
parameter [179].

Conjectured spectrum of the (pseudo-)Nambu–Goldstone bosons

Out of the rest of the matrix UA we can make our conclusions for the particle spectrum:

• The next three currents
[
U ·J µ

]
A=2,3,4

are anomaly free and their generators XA are given

as linear combinations

XA = aA(B − L− S3) + bA(S3 − S6) + cASσ=15 . (5.110)

Clearly, the linear combination of lepton number and sterility numbers plays the role of
the Standard Model lepton number. The exactly conserved, anomaly free charges XA

correspond to the Standard Model B − L charge. They are spontaneously broken by the
full neutrino self-energy. This gives rise to three true Nambu–Goldstone bosons called
standard majorons and denoted as JA. They are exactly massless,

mJ = 0 . (5.111)

• The last three currents
[
U · J µ

]
A=5,6,7

are anomalous and thus they are explicitly broken

by instanton effects from the flavor gauge dynamics, from the QCD [180] and from the
weak isospin gauge dynamics [181]. Via the anomaly breaking each dynamics introduces
its typical mass scale suppressed by the corresponding topological factors. As a result
the instantons of the flavor gauge dynamics provide the strongest symmetry breaking
while the instantons of the weak isospin gauge dynamics provide the weakest symmetry
breaking. This hierarchy is reflected by the triangular shape of the anomaly coefficient
matrix

[
U · A

]
A=5,6,7

. The first linear combination of the currents is broken dominantly

by the flavor instantons, the second one is broken dominantly by the QCD instantons and
the third one is broken by weak isospin instantons.

On top of the explicit symmetry breaking, the corresponding symmetries are sponta-
neously broken by all of the fermion self-energies. Therefore three pseudo-Nambu–
Goldstone bosons arise. We believe that their mass eigenstates reflect the hierarchical
structure of the anomalies. These are the axion-like particles known from the literature:

– The lightest pseudo-Nambu–Goldstone boson is known as the Anselm–Uraltsev arion
denoted as a′ [155]. It is the ‘axion’ of weak isospin gauge dynamics. Its tiny mass
is estimated as [182]

ma′ ≈ MW

(
8π2

g2

)2

e
− 4π2

g2 ≈ 10−36MW , (5.112)

where we used the value [162] of the weak coupling constant g
.
= 0.653. The tiny

value of ma′ is given by both the smallness of the coupling constant g and the
screening effect due to the fact that the weak bosons are massive.

– The intermediate pseudo-Nambu–Goldstone boson couples to the linear combination
of currents whose divergence is dominated by the QCD anomaly. The correspond-
ing symmetry is the natural candidate for the Peccei–Quinn symmetry [167, 168].
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Therefore we identify the intermediate pseudo-Nambu–Goldstone boson with the
Weinberg–Wilczek axion denoted by a [153, 154]. Due to its compositeness caused
by the flavor dynamics, the axion is invisible with mass [183]

ma ≈ mπfπ
ΛF

≈ (10−3 − 10−7) eV (5.113)

for ΛF ∼ (1010 − 1014)GeV. This mass is significantly higher than the mass of the
arion. It is caused not only by the higher value of the coupling constant but also by
the fact that the gluon fields stay massless, thus they do not screen the instanton
effects.

– The heaviest pseudo-Nambu–Goldstone boson couples to the linear combination of
currents whose divergence is dominated by the anomaly from the flavor gauge dy-
namics. We call it the flavor axion and denote it by A. To estimate its mass we
should combine aspects of both two previous cases. There is the screening effect due
to the flavor gauge boson masses and the flavor gauge coupling is big. Therefore we
should paraphrase the equation for arion (5.112),

mA ≈ ΛF

(
8π2

h2

)2

e−
4π2

h2 . (5.114)

The maximal value of the flavor axion mass mA,max ≈ 16ΛF/e
2, where e is the Euler

number, is reached for the value of the coupling constant h =
√
2π. By decreasing

the value of the coupling constant the flavor axion mass falls down rapidly and
already for h = 1 it gets enormously suppressed mA ≈ 10−14ΛF.

The complete and fully rigorous analysis of the (pseudo-)Nambu–Goldstone boson spectrum is
the subject of our current and future research. It is clear that in order to link the appropriate
linear combination of broken currents to a given mass eigenstate, we need to determine the
right orthonormal basis of the (pseudo-)Nambu–Goldstone fields following the lines of [184],
but the instanton-induced mass matrix has to be taken into account additionally. Complete
understanding of the issue requires also to clarify the origin of the mass formula for a screened
axion-like particle (5.112).

At this stage, rather for demonstrational purpose, we are going to discuss the coupling
properties of one of the massless majorons J and also of the flavor axion A.

5.6.1 Coupling properties of the standard majoron

In this subsection we study the coupling properties of the massless standard majoron J . It
couples to X = B − L− S, the analogue of the Standard Model B − L. The charge X is one
of the spontaneously broken charges (5.110).

The charge X is spontaneously broken only by neutrino self-energy, therefore the majoron
J interacts only with neutrinos. At the level of an effective Lagrangian, such interaction can
be introduced generally by the effective Yukawa majoron-neutrino coupling term

Leff,Jnn = yJnn (n̄Xn) J , (5.115a)

where n is the neutrino Nambu–Gorkov multispinor (5.44). At this level, the effective Yukawa
coupling constant yJnn is mere effective parameter. More precisely, it is the matrix in the
Nambu–Gorkov space with the same dimension as the neutrino self-energy Σn(p) (5.47). The
Yukawa coupling constants can be related to the neutrino self-energy as discussed in section B.1.
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For that purpose the Ward–Takahashi identity for proper vertices, described in appendix
B.1, leads to the Yukawa coupling

yJnn ≃ PX(p, p) = Λ−1
X (0)

[
Σ̃nX − γ0Xγ0Σ̃

]
, (5.116)

where PX(p, p) is the Nambu–Goldstone pole vertex (B.19) for the standard majoron and ΛX(0)
is the bilinear coupling of the majoron to the broken current JµX(x). All fermions coupled to the
current JµX(x) contribute to the bilinear coupling ΛX(0) which can be approximated as a sum
over all contributing fermions of one-loop expressions InX given by the integral (B.26). For the
purpose of an order of magnitude estimate we can use ΛX(0) ≈

∑
nmn where mn are masses

of all neutrino states. Projecting only the active neutrinos ν out of the formula (5.116) we end
up with the estimate

yJνν ∼
mlight∑
nmn

, (5.117)

the effective Yukawa coupling yJνν of standard majoron J to active neutrinos ν.
Now, in the minimal version (333), we could expect that masses of all neutrino eigenstates

turn out to be of the same order, thus of the order of the active neutrino mass. That is why
we can estimate the effective Yukawa coupling as

y
(333)
Jνν ≈ 10−1 . (5.118)

On the other hand, in the version (63333) where the seesaw mechanism is in work, the sum
of all neutrino masses is dominated by masses of Nheavy super-heavy neutrinos, thus

∑
nmn ∼

NheavyΛF ≈ 1015 GeV. That is why we can estimate the effective Yukawa coupling as

y
(63333)
Jνν ≈ 10−25 . (5.119)

That makes a qualitative difference between the two versions of the model. While the version
(333) resembles more the triplet majoron models [185] and it is in clash with the most recent
limits on majoron-neutrino couplings [186], the version (63333) resembles the singlet majoron
models [151] and is by far safe from the experimental limits.

5.6.2 Coupling properties of the flavor axion

The flavor axion A couples to the current with dominant flavor anomaly. Its dominant inter-
actions are given by the anomalous coupling to the flavor gauge bosons

LACC =
h2

32π2

A

FA
FµνaF̃

µν
a , (5.120)

where FA is the flavor axion decay constant, and by the effective Yukawa coupling to super-
heavy neutrinos

LAnn ∼ mn

FA

An̄n . (5.121)

Because the Yukawa interactions are in general proportional to the fermion mass, their interac-
tions with lighter fermions are enormously suppressed, thus the flavor axion is fairly invisible.

The flavor axion could decay into the heavy flavor gauge bosons due to the direct interaction
(5.120) induced by the flavor anomaly. The decay would be kinematically allowed if the flavor
axion is heavier than twice the mass of NClight

≤ 8 lightest flavor gauge bosons, mA < 2MC .
For the sake of rough estimate of the decay width, we omit the non-Abelian character of the
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flavor gauge bosons and also the differences of their masses using a common mass MC . The
matrix element M is given by the vertex (5.120)

iM =
A

Cµ

Cν

p

k

=
h2

32π2FA
ε∗µ(p)ε

∗
ν(k)ϵ

µναβpαkβ , (5.122)

where εµ is the polarization vector of the flavor gauge boson Cµ. The decay width then follows

Γ(A→ CC) =
NClight

64π

h4

(32π2)2
m3
A

F 2
A

(
1− 4M2

C

m2
A

)3/2

. (5.123)

After some order of magnitude assumptions NClight
h4 ≈ 100, and mA ∼MC ∼ FA ∼ ΛF we get

an estimate
Γ(A→ CC) ≈ 10−4ΛF (5.124)

leading to very fast decay. If it is kinematically allowed, the decay to Nheavy super-heavy
neutrinos of mass mheavy ∼ ΛF gives a contribution to the heavy sterile majoron decay width
of comparable size with (5.123). From the effective vertex (5.121) the decay width follows

Γ(A→ nn) =
Nheavy

8π

m2
heavy

F 2
A

mA

(
1−

4m2
heavy

m2
A

)3/2

(5.125)

and a rough estimate is
Γ(A→ nn) ≈ 10−1ΛF . (5.126)

5.7 Robustness of the flavor gauge model

From the theoretical point of view, the flavor gauge model is consistently defined being built on
the ground of the gauge principle. From the phenomenological point of view, the flavor gauge
model is built to generate fermion masses, to explain their wild hierarchy and consequently to
trigger the electroweak symmetry breaking.

On top of that, however, it has an unanticipated potential to address many of the particle
physics issues. We have presented just few of them. The flavor gauge model predicts the
specific sector of right-handed neutrinos, while not all of them turn out to be super-heavy.
Some remain massless. The model provides the dynamical origin of the seesaw mechanism for
the active neutrino masses. It predicts a number of composite majorons and composite axion-
like particles. The composite boson spectrum includes the Weinberg–Wilczek axion connected
with the solution of the strong CP problem. All these sterile particles are potential candidates
for being the dark matter constituents, see [187, 188, 189] for sterile neutrinos, [190, 191] for
majorons and [192, 193, 194] for the axion. The sterility condensation can even generate the
baryogenesis and drive the inflation of the Universe [195, 196].

It requires intensive future work to make reliable predictions out of these indications.



Chapter 6

Conclusions

The topic of the thesis was to formulate the models of the electroweak symmetry breaking caused
by the dynamically generated masses of quarks and leptons, to elaborate their basic features and
to investigate their phenomenological consequences. We have presented two models, the model
of strong Yukawa dynamics in chapter 4 and the flavor gauge model in chapter 5. Prior to their
exposure we have performed the basic analysis whether the main underlying idea, that only the
known fermions can provide the electroweak symmetry breaking, is actually feasible. For that
we elaborated the model of the top-quark and neutrino condensation in chapter 3. Because our
approach towards the electroweak symmetry breaking is closely related to the renown models of
dynamical electroweak symmetry breaking, the (Extended-)Technicolor models and the Top-
quark Condensation models, we have presented their condensed overviews in chapter 2 just
after the introductory chapter 1.

The top-quark and neutrino condensation model

Within the top-quark and neutrino condensation model we have documented that the dynamical
fermion mass generation has indeed a potential to trigger the electroweak symmetry breaking
adequately. The basic ingredient is the seesaw mechanism for neutrinos with their sufficiently
large Dirac masses. The Dirac masses then supplement the top-quark mass to saturate the
electroweak scale. The model was designed as the two composite Higgs doublet model to be
as simple as possible to still capture the main features of the electroweak symmetry breaking
scenario. The model suggests that in order to reproduce the known mass spectrum, including
the mass of the 125GeV resonance, the number of right-handed neutrinos has to be rather
large, O(100). This number may vary significantly depending on the particular realization
of the underlying model. What should remain model independent is the prediction that the
composite 125GeV resonance should have a significant neutrino admixture. This feature brings
about a suppression of its top-quark Yukawa coupling with respect to the Standard Model Higgs
boson coupling. Additionally, the model predicts the existence of the spin-0 bound states with
masses not far from the electroweak scale.

The top-quark and neutrino condensation scenario is interesting by itself even without
referring to any of underlying fundamental models. To confront it more thoroughly with ex-
perimental data it is necessary to embed it within a more elaborated model which is able to
address the mass spectrum and mixing of neutrinos. Ultimately, the improved model should
be formulated in terms of a multitude of composite Higgs doublets, one for each participating
Dirac mass. Apparently it offers a rich material for future work.
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The model of strong Yukawa dynamics

The model is based on the strong Yukawa dynamics which acts among quarks and leptons to
provide their masses dynamically. By elaborating the model we have gained an insight into
the realm of non-perturbative calculations of fermion masses. Because of its non-gauge nature,
we have managed to consistently formulate the Schwinger–Dyson equations for fermion self-
energies. Next, we have used the approximate numerical methods to solve the equations and
we have revealed the qualitative properties of the solutions. The resulting fermion self-energies
exhibit a non-analytic dependence on the Yukawa coupling parameters. The non-analyticity
provides the critical scaling of the self-energies which allows for reproducing strongly hierarchical
mass spectra. In particular we have documented that the ratio of two fermion masses m1/m2

can be made arbitrarily small while keeping the Yukawa coupling constants of the same order
y1/y2 ≈ 1.

The ingenious mechanism, which underlies the generation of fermion self-energies, is the
formation of the anomalous two-point Green’s function ⟨ϕϕ⟩ of a complex scalar field ϕ(x). It
is the mechanism for which the application beyond the electroweak symmetry breaking model
building should be found, e.g., within some of non-relativistic condensed matter systems.

The flavor gauge model

The flavor gauge model is our most promising attempt to formulate a fundamental theory of
fermion masses. First, it is based on the asymptotically free non-Abelian flavor gauge dynamics,
which is therefore a UV complete dynamics. Second, in the infrared regime the flavor symmetry
has to be broken. For that we have defined the flavor gauge dynamics as the chiral gauge theory,
which does not allow any of bare masses in the Lagrangian. Therefore there is no need to invoke
any other more fundamental theory which would have to explain such bare mass parameters.
Third, the flavor gauge dynamics possesses just a single free parameter at the Lagrangian level.
The complete mass spectrum of observed particles is expected to be parametrized by a handful
of the effective low-energy parameters. Like in the QCD, they are at least in principle calculable
from the first principles.

The aim of the model is indeed very ambitious. Correspondingly the elaboration of the
model is a long-term program. We have started by identification of the favored version of the
model, which is defined by particular non-minimal right-handed neutrino sector. It includes
the right-handed neutrinos within the flavor sextet representation. We have ascribed the flavor
symmetry breaking to the flavor sextet right-handed neutrino condensation in the Majorana
channels. We have conjectured that the condensation of the right-handed neutrinos underlies
their huge Majorana masses, the prerequisite for the seesaw pattern of the complete neutrino
mass matrix. The seesaw mechanism with a huge right-handed neutrino Majorana masses is
necessary not only for the explanation of the tininess of active neutrino masses, but also for
the successful reproduction of the electroweak symmetry breaking and its scale, according to
the conclusions of the top-quark and neutrino condensation model.

Epilogue

Our approach towards prominent issues of particle physics is led by our trust that the conser-
vative quantum field theoretic methods are far from being exhausted. The currently accepted
description of the elementary particle phenomena exhibits various tensions and challenges. One
way to struggle with them is to replicate the operationally well known and established elements
of quantum field theory in order to elaborate some more complicated construction under the
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auspices of a new exotic principle. This usually amounts to increase the number of free param-
eters.

The other way, which we have chosen, is to employ operationally not routine tools which
are however introduced on the basis of economic, conservative and non-exotic principles. This
usually amounts to just few free parameters. Both the prize and the price are high. On one
hand, to explain all the observed phenomena by a reduced set of free parameters introduced
by elegant principles is the theorist’s dream. On the other hand, the ability to extract phe-
nomenological outcomes can be paid only by new, fresh and astute ideas. We must conclude
that the known principles simply transcend our current understanding of their realizations.



94 CHAPTER 6. CONCLUSIONS



Appendix A

Approximate methods of solving
Schwinger–Dyson equations

In this appendix we will explore various approximate methods of solving Schwinger–Dyson
equations for fermion self-energy Σ(p2). In the types of models with which we deal in our work,
the knowledge of fermion self-energies is completely essential, not only for reproducing the
fermion mass spectrum. The fermion self-energies determine the masses of electroweak gauge
bosons and the Yukawa couplings of various composite (pseudo-)Nambu–Goldstone bosons to
their constituent fermions.

While elaborating our models we applied several methods to solve the Schwinger–Dyson
equations. Even though none of them led to a completely satisfactory realistic solution, they
provided us with at least qualitative insight into the complexity of the subject. In this appendix
we summarize partial achievements which would otherwise not fit in the main text.

The Schwinger–Dyson equations

Generally, the Schwinger–Dyson equation has the form

Σ(p2) =

∫
d4k

(2π)4
F (k2,Σ(k2))G(k − p) . (A.1)

It is the integral equation for the unknown function Σ(p2), the fermion self-energy. In some
cases the self-energy is a scalar complex or real valued function, like in the model of strong
Yukawa dynamics described in chapter 4. In other cases the self-energy is a general complex
matrix function carrying information not only about the mass spectrum of fermions, but also
about their mixing, like in the model of gauge flavor dynamics described in chapter 5.

The function F (k2,Σ(k2)) is a chirality-changing part of the full fermion propagator (B.6).
The function G(k− p) is a kernel which is given by the dynamics responsible for the formation
of the self-energy. Usually, the kernel is formed by a product of two vertices and a propagator
of some intermediate field which provides an attraction among fermions. In this thesis, the
intermediate field is either the scalar field in the model of strong Yukawa dynamics, or the
flavor gauge boson in the model of flavor gauge dynamics. In the literature, wide variety of
kernels can be found. For instance, in the work [86] the kernel is given by the exchange of a
chiral tensor field.
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A.1 Usual approaches

Numerical-iterative method

The Schwinger–Dyson equation (A.1) is an integral equation. Because the unknown function
is under the integral, the integration cannot be performed analytically.

One can, however, try to solve the equation by means of a numerical-iterative method. The
right-hand side of the Schwinger–Dyson equation is the functional of the self-energy, F [Σ].
In terms of this functional the Schwinger–Dyson equation can be rewritten, suppressing the
momentum arguments, as

Σ = F [Σ] . (A.2)

If we plug some function Σ0(p
2) other than the exact solution into the functional, then Σ0 ̸=

Σ1 = F [Σ0]. We proceed by plugging the result of the integration Σ1(p
2) into the functional

again and calculating Σ2 = F [Σ1]. We iterate this step,

ΣI = F [ΣI−1] , (A.3)

in order to minimize the difference between ΣI(p
2) and ΣI−1(p

2). If |ΣI(p
2) − ΣI−1(p

2)| → 0
then ΣI(p

2) converges to the exact solution.

For evaluating the functional a simple numerical integration is used. After discretizing the
integration momentum k, the integral can be approximated by a sum over the discrete values
of k. In the following we denote the result of the numerical-iterative method as ΣNI(p

2).

The complexity of the equations with the Minkowski metrics is given by poles of the inte-
grand. The presence of the poles in the integrand may invalidate the numerical integration.
Therefore one usually resorts to simplifications in order to avoid these poles, or at least some
of them.

Euclidean approximation

Usually, the Euclidean approximation [197] of the Schwinger–Dyson equation (A.1) is consid-
ered. This amounts to perform the Wick rotation within the integral, k0 → ik0, and to make
the same substitution for the outer momentum, p0 → ip0. The fermion propagator is then sub-
stituted for its Euclidean version. Considering only the real-valued and non-matrix self-energy,
we can write

F (k2,Σ2(k2)) =
Σ(k2)

k2 + Σ2(k2)
. (A.4)

Equal-time approximation

In some cases the Schwinger–Dyson equation is subject of the Equal-time approximation [198,
199] where it is assumed that the dependence of the kernel G(k − p) on the k0 and p0 is
irrelevant. Consequently the self-energy Σ(p2) does not depend on p0 either. The integration
over remaining k0 in F (k2,Σ(k2)) lowers the dimension of the integral and from the fermion
propagator it produces

F (k2,Σ2(k2)) =
Σ(k2)√

k2 + Σ2(k2)
. (A.5)
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A.2 Analytical approach in Minkowski space

Usually, the Wick rotation is the first step when solving the Schwinger–Dyson equations. One
should be however aware of the fact that it may not be always an innocent act. Once the
integrand contains some poles or branch cuts in the first and/or third quadrant of the complex
plane, then the Wick rotation generates additional contributions to the integral. To evaluate
these contributions it is necessary to know the poles or branch cuts. For that the exact solution
has to be known. For practical calculations we omit this complication by neglecting these
contributions, that is why we call the Wick rotation the approximation.

To appreciate the complexity of the issue of solving the Schwinger–Dyson equation in the
full extent, i.e., in the Minkowski space, we present here the analytical expression calculated in
detail in [200] for the integral1

I(p2) = i

∫
d4k

(2π)4
m

k2 −m2 + iϵ

[
1/2

(k − p)2 −M2
1 + iϵ

− 1/2

(k − p)2 −M2
2 + iϵ

]
. (A.6)

The integral (A.6) coincides with the integral in the Schwinger–Dyson equation derived under
simplification Σ(p2) = m2 and ΠN(p) = µ2 within the model of strong Yukawa dynamics and
its equation (4.37a), where M2

1,2 = M2
N ∓ µ2 with real mass parameters m and µ. We have

used here the symmetry breaking scalar propagator in the form of difference of two ‘standard’
propagators (4.31). We can understand the integral I(p2) as the first iteration of the solution of
the Schwinger–Dyson equation (4.37a) calculated analytically as Σ1(p

2) = I(p2) and Σ0(p
2) =

m.
The analytic expression for the integral (A.6) reads

I(p2) =
∑
i

πξim

16p2
×

[(
p2 +M2

i −m2
)
log

m2

M2
i

(A.7)

+
(
p2 +M2

i −m2
)
∆(p2,Mi,Mi) +

(
p2 −M2

i +m2
)
∆(p2,Mi,m)

]
,

where the factors ξ1 = +1 and ξ2 = −1 introduce just signs of the ‘standard’ propagators in
(A.7), and

∆(p2,Mi, X) =
ρ(p2,Mi)√

ρ2(p2,Mi) +X2

[
log i

(
1−

√
ρ2(p2,Mi) +X2

ρ(p2,Mi)

)
(A.8)

− log i

(
1 +

√
ρ2(p2,Mi) +X2

ρ(p2,Mi)

)]
,

where

ρ(p2,Mi) ≡

√
[p2 − (Mi +m)2][p2 − (Mi −m)2]

4p2
. (A.9)

The real and imaginary parts of the integral I(p2) are plotted in Fig. A.1. The analytic
expression of the imaginary part is

Im I(p2) = −
∑
i

π2ξim

8p2

√
[p2 − (Mi +m)2][p2 − (Mi −m)2] θ

(
p2 − (Mi +m)2

)
, (A.10)

1In the subsequent expressions we skip the infinitesimal ϵ keeping in mind that it always stands together
with the corresponding mass squared, M2 − iϵ.
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Figure A.1: The real and imaginary parts of I(p2) (A.7) for m = 0.1, M1 = 0.8 and M2 = 1.2.

where θ(x) is the Heaviside step function.

We can see from (A.10) that the integral I(p2) exhibits two thresholds at p2 = (M1 +m)2

and p2 = (M2 +m)2 which correspond to the fermion–boson production. These two thresholds
are represented by two cusps in Fig. A.1. The analytic continuation of I(p2) into complex
plane exhibits set of branch cuts which split apart from the cusps into the first quadrant of
the complex plane. It is conceivable that the exact solution for Σ(p2) shares the properties of
I(p2). For the Wick rotation, this may be the complication as the integrand being a function
of Σ(p2) shares the complex properties as well, including the branch cuts.

A.3 Trial method

The numerical-iterative method provides the way to find a solution which is a very good ap-
proximation of the exact solution of the Schwinger–Dyson equations. It is however time and
numerical capacities demanding to investigate a dependence of the solution on some param-
eters. Therefore, in order to gain at least qualitative understanding of the behavior of the
solution, we usually resort to more rough approximations. The goal of the trial method is to
perform the integration analytically.

Description of the trial method

The trial method is simple. We try to guess the type of a momentum dependence of the self-
energy Σ(p2) in a way that the integration can be performed analytically. We introduce a trial
function f(p2) normalized as f(0) = 1 as the Ansatz for the self-energy, Σ(p2) = mf(p2). The
dimensionful parameter m represents the self-energy in the origin, m = Σ(0). When we plug
the Ansatz into the right hand side of the equation (A.1) we get∫

d4k

(2π)4
F (k2,mf(k2))G(k − p) = φ(m, p2) (A.11)
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with the function φ(m, p2) being the result of the integration. From the equation (A.1) we
obtain the algebraic equation for the variable m

mf(p2) = φ(m, p2) . (A.12)

We can take the equation (A.12) as an infinite set of independent equations for the variable
m, one equation for each value of p2. Solutions of all the equations can be written as a function
m̃(p2).

However for practical purpose, it is usually sufficient to calculate just m̃(0), i.e., to use the
equation (A.12) with p = 0. The trial function, in general, can depend on some parameters ai,
so that f(p2) = f(p2; ai). In that case we need an additional equation for each parameter ai.
This can be achieved by taking the equation (A.12) for various values of p2i ̸= 0:

mf(0; ai) = φ(m, 0; ai) , (A.13a)

mf(p21; ai) = φ(m, p21; ai) , (A.13b)

mf(p22; ai) = φ(m, p22; ai) , (A.13c)

. . .

The choice of the trial function is crucially limited by the feasibility to calculate the integral
in (A.1) analytically, or at least for a manageable numerical cost. The better Ansatz one
chooses the more realistic result one obtains. This approach however disqualifies any systematic
estimation of an error of the method. However, the end justifies the means.

Examples

As an example we will study a single equation derived in the model of strong Yukawa dynamics
(4.39a) for a single non-matrix self-energy Σ(p2) within the Euclidean approximation. Therefore
we have

F (k2,Σ(k2)) =
Σ(k2)

k2 + Σ2(k2)
and G(k − p) = y2

µ2

((k − p)2 +M2)2 − µ4
, (A.14)

where y is the real-valued coupling constant of the Yukawa dynamics andM and µ are its mass
parameters.

Under this setting the Schwinger–Dyson equation (A.1) can be solved easily by the numerical-
iterative method. The resulting solution ΣNI(p

2) is depicted in Fig. A.2a). We will compare
our results with ΣNI(p

2).
The simplest and rough trial function is the unit-step function

f(p2) = θ(Λ2 − p2) . (A.15)

The cutoff Λ expresses the fact that the self-energy ΣNI(p
2) decreases with momentum and the

contributions from its tale above the cutoff into the integral is negligible. Inserting the Ansatz
into the equation (A.12) we get

mθ(Λ2 − p2) = y2
∫
k2<Λ2

d4k

(2π)4
F (k2,m)G(k − p) = y2mφ(m,M, µ, p2,Λ2) , (A.16)

from which we obtain transcendent but algebraic equation for the variable m̃(p2)

1 = φ(m̃,M, µ, p2,Λ2) for p2 < Λ2 , (A.17)

m̃ = 0 for p2 > Λ2 . (A.18)
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a) b)

Figure A.2: a) The typical numerical-iterative solution ΣNI(p
2) of the equation (A.1) with

(A.14) for y = 128, M = 10, and µ = 2. b) A comparison of the step-function Ansatz (thin
line), the solution of our method m̃(p2) (thick line), and the numerical-iterative solution (dashed
line) for y = 170, M = 10, and µ = 4. In fact, we need to know the numerical-iterative solution
to tune the cutoff Λ = 41.2 so that our solution has a proper magnitude m̃(0) = ΣNI(0). But
even if we do not know how to tune the cutoff Λ, the method gives us a meaningful qualitative
result.

We have obtained the solution m̃(p2) depicted in Fig. A.2b) (thick line). So the first goal is
to gain better shape of the approximate solution function than the rough shape of the step-
function.

Further we want to investigate the dependence of the magnitude of the solution on the
coupling parameter y. The magnitude of the solution is given by m̃(0). Therefore we use the
equation for p = 0. We compare the resulting dependence on the coupling constant y with
the dependence of the magnitude of the numerical-iterative solution given by ΣNI(0) on y in
Fig. A.3a). From the plot it is possible to determine the critical value of the coupling constant
y.

For further example, we apply the method on the same Schwinger–Dyson equation but now
in the Equal-time approximation [198, 199]

Σ(p2) = πy2
∫

d3k

(2π)4
Σ(k2)√

k2 + Σ2(k2)

µ

[(k − p)2 +M2]2 − µ2
. (A.19)

The result is given in Fig. A.3b).

In the presented examples, both the Euclidean and the Equal-time approximations avoid
poles which are present in the original equations. Then the positive decreasing solutions exist.
Therefore the step-function as an Ansatz seems to be reasonable. Clearly from Fig. A.3 the
trial method offers a qualitative agreement with the numerical-iterative method using much
less effort.

Combining the trial and the numerical-iterative methods

The trial method can be combined with numerical-iterative method. One can assume that by
changing the parameter y, the solution scales in some simple way. Then the numerical-iterative
solution Σy0

NI(p
2), obtained for a given single value of y = y0 for the cost of the numerical

method, can be used as the prototype profile function f(p2). For other values of y one can use
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a) b)

Figure A.3: a) A comparison of the y-evolutions of the magnitude of our solution m̃(0) and the
magnitude of the numerical-iterative solution ΣNI(0) for Λ = 100, M = 10, and µ = 4, within
the Euclidean approximation. b) The y-evolutions of the magnitude of our solution m̃(0) and
the magnitude of the numerical-iterative solution ΣNI(0) for Λ = 450, M = 10, and µ = 4, but
now for the equations coming from the Equal-time approximation.

the Ansatz

Σ(p2) = mΣy0
NI(p

2)/Σy0
NI(0) (A.20)

with single parameterm and study its dependence on y. Obviously, it is not possible to calculate
the integral analytically, it is necessary to calculate it numerically for each value of y. This is
however still saving costs a lot, because within the numerical-iterative method the integral has
to be numerically calculated many times for each value of y, not just once.

A.4 Matrix Schwinger–Dyson equations

Under simplifying assumption, within the model of strong Yukawa interactions, the Schwinger–
Dyson equations have the non-matrix form. On the other hand, within the flavor gauge model,
the matrix structure of the Schwinger–Dyson equations is essential. Recall that by different
flavor representation setting we intend to distinguish mass spectra of fermions of various electric
charges (5.6). In this section we will focus exclusively on the Schwinger–Dyson equations derived
within the flavor gauge model (5.59). On top of that, we will consider the equations only for
the charged fermions.

Upon the Wick rotation, the Schwinger–Dyson equation (5.59) can be rewritten as

Σ(p2) = 3

∫
d4k

(2π)4
h̄2ab
(
(p− k)2

)
∆0

(
(p− k)2

)
TR,aΣ(k

2)
[
k2 + Σ†(k2) Σ(k2)

]−1

TL,b , (A.21)

where TR,a and TL,a are generators for either triplet or anti-triplet flavor representation of
electrically charged fermions, therefore they are given by the Gell-Mann matrices either 1

2
λa or

−1
2
λ∗a. The effective charge h̄

2
ab(k

2) and the bare flavor gauge boson propagator function ∆0(k
2)

should be understood as already being Wick rotated.

First, we will discuss possibilities of achieving a solution which exhibits a critical scaling.
Then, we will present an attempt to solve the Schwinger–Dyson equations by means of the
approximation of a separable kernel.
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A.4.1 Critical scaling

In the models of the type which we study in this thesis, a large hierarchy among the scale of new
physicsM and the fermion masses m is believed to arise dynamically. In this subsection we will
demonstrate that reasonably simplified Schwinger–Dyson equations do indeed provide solutions
with this property. They depend non-analytically on the coupling parameter h. Within various
approximations we calculate the relation

m = f(h2 − h2c)M , (A.22)

where f(x) is the scaling function which is continuous and non-analytical in the origin. It is
f(x) = 0 for x < 0 and increasing for x ≥ 0. By tuning h close to its critical value hc, arbitrarily
small ratiom/M can be achieved. This dependence of the solutionm on the coupling parameter
is called the critical scaling.

To demonstrate usefulness of the critical scaling, let us assume the Miransky scaling occur-
ring in theories with the conformal phase transition [89, 90]

m = Me−4π/
√
∆h2 , where ∆h2 ≡ h2 − h2c . (A.23)

With M = 103 TeV the neutrino mass mν ∼ 1 eV is obtained for ∆h2ν =
(

4π
15 ln 10

)2 .
= 0.01, and

the mass of the top-quark mt ∼ 102GeV is obtained for ∆h2t =
(

4π
4 ln 10

)2 .
= 0.15. Therefore

the fermion mass hierarchy mt
mν

∼ 1011 is achieved by effective coupling constants hierarchy

∆h2t/∆h
2
ν ∼ 10.

Within the flavor gauge model, the fermion mass generation is governed by the infrared
behavior of the effective charge matrix, in particular, by the infrared fixed point matrix h∗ab
(5.58). In the Schwinger–Dyson equations (5.59), we have tried to model the infrared effective
charge by various Ansätze on the kernel h̄2ab(q

2)∆0(q
2):

(A)
h̄2ab(q

2)

q2
= −h

2
∗
q2
[
M2(q2 −M2)−1

]
ab
, (A.24a)

(B)
h̄2ab(q

2)

q2 −M2
0

= −h2∗
[(
M2
)−1
]
ab
, (A.24b)

(C) separable kernel , (A.24c)

where h∗ is a single infrared fixed point parameter and the matrix structure of the effective
charge h̄2ab(q

2) is carried by the dimensionful matrix Mab. For the Ansatz (B) we have encoun-
tered the flavor gauge boson mass generation (5.62) by including the corresponding massive
pole at q2 = M2

0 already into the bare propagator function ∆0(q
2) = 1/(q2 −M2

0 ) according
to [69, 174]. On the other hand, in the prescription for the Ansatz (A) we have let the bare
propagator function to be ∆0(q

2) = 1/q2.
The Ansatz (B) is motivated by reproducing the four-fermion interaction dynamics and as

such it requires regularizing the integral in the Schwinger–Dyson equation (5.59) by a cutoff
Λ. The cutoff Λ has a physical interpretation. It is the energy above which the momentum
dependent self-energy is truly negligible. The cutoff is however not necessary in the Ansatz
(A) as the corresponding kernel makes the integral finite. The Ansatz (A) however exhibits
a degenerate fixed point matrix h̄2ab(0) = h2∗δab which will turn out to be an obstacle for
reproducing the fermion mass hierarchy. On the contrary, the Ansatz (B) exhibits a general

fixed point matrix h̄2ab(0) = h2∗

[
M2

0

M2

]
ab
. We study the separable kernel Ansatz (C) in a separate

section A.5.
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In this section we will sometimes work within the constant self-energy approximation of the
Wick-rotated equation (A.21) with p = 0, i.e., considering the equation

Σ̃ =
3

16π2

∫ ∞

0

k2dk2 h̄2ab(k
2)∆0(k

2)TR,a Σ̃
[
k2 + Σ̃†Σ̃

]−1

TL,b . (A.25)

Degenerate case

First we will illustrate the critical scaling on a non-realistic degenerate case when we take the
effective charge in the form

h̄2ab(q
2) = h̄2(q2)δab (A.26)

in (A.21). This corresponds to M2
ab = M2δab in (A.24a) and (A.24b). It is interpreted as a

degenerate mass spectrum of flavor gauge bosons. For this degenerate case the equation for the
u-quarks exhibits the flavor singlet solution

Σu(p
2) =

 1 0 0
0 1 0
0 0 1

σu(p
2) , (A.27)

the equation for the d-quarks exhibits the flavor triplet solution

Σd(p
2) =

 0 −i 0
i 0 0
0 0 0

σd(p
2) . (A.28)

It follows from the identities

1

2
λa

 1 0 0
0 1 0
0 0 1

 1

2
λa = Cu

 1 0 0
0 1 0
0 0 1

 , (A.29)

1

2
λTa

 0 −i 0
i 0 0
0 0 0

 1

2
λa = Cd

 0 −i 0
i 0 0
0 0 0

 . (A.30)

where Cu = 4
3
and Cd = 2

3
. The self-energy functions σψ(p

2) for ψ = u, d satisfy the gap
equations

σψ(p
2) =

3Cψ
16π2

∫ ∞

0

k2dk2h̄2
(
(p− k)2

)
∆0

(
(p− k)2

) σψ(k
2)

k2 + σ2
ψ(k

2)
, (A.31)

To proceed we model the degenerate effective charge by means of the Ansätze (A) and (B) in
(A.24) already Wick rotated.

(A) First, we make use of the Ansatz (A)

h̄2(q2)∆0(q
2) =

h2∗
q2

M2

M2 + q2
. (A.32)

Next we adopt a simple momentum-dependent Ansatz for the fermion self-energy function
σψ(p

2),

σψ(k
2) =

(a+ b)m3
ψ

ak2 + bm2
ψ

, (A.33)
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with reasonably chosen parameters a, b ≥ 0. Notice that the Ansatz satisfies σψ(m
2
ψ) = mψ, so

that mψ is directly the fermion mass. This is in contrast to the case in section A.3, where we
have taken m = Σ(0) as the fermion mass.

If we set a = 0 then σψ = mψ is a constant and the gap equations (A.31) with vanishing
external momentum p2 = 0 turn into the algebraic equations

mψ =
3Cψ
16π2

mψM
2

M2 −m2
ψ

log
M2

m2
ψ

. (A.34)

Within the approximation
m2
ψ

M2 ≪ 1 the solutions have the form [173]

mu = M exp[−2π2/h2∗] , (A.35)

md = M exp[−4π2/h2∗] , (A.36)

exhibiting the appealing exponential critical scaling. Because the exponent is twice bigger for
d-quarks than for u-quarks, the ratio of md and mu scales exponentially as well

md

mu

= exp[−2π2/h2∗] . (A.37)

The choice of the parameter a = 0 leads to the exponential critical scaling à la Miransky (A.23),
but it lacks the existence of a nonzero critical constant.

The nonzero critical constant occurs as a result of a UV damping of the self-energy en-
countered in the Ansatz (A.33) once a ̸= 0. In order to work with simple analytic formulae
we resort to simplification of using the momentum-dependent Ansatz only in the numerator of
the integrand, while in the denominator we keep the self-energy function constant. Again we
solve the equation only for vanishing external momentum, p2 = 0. In the rest of this subsection
we will consider the equation only for the u-quarks, because apart from the coefficient Cψ the
equation for the d-quarks is completely analogous in the degenerate case. We can write the
equation for a mass parameter mu as

mu
a+ b

b
=

h2∗
4π2

∫ ∞

0

dk2
M2

k2 +M2

m3
u(a+b)

ak2+bm2
u

k2 +m2
u

(A.38a)

=
h2∗
4π2

[
mu

a+ b

a− b

aM2

aM2 − bm2
u

ln
a

b
− m3

u(a+ b)

aM2 − bm2
u

M2

M2 −m2
u

ln
M2

m2
u

]
. (A.38b)

For mu ≪M we approximate the gap equation as

mu =
h2∗
4π2

mu

[
b

a− b
ln
a

b
− b

a

m2
u

M2
ln
M2

m2
u

]
. (A.39)

It can be rewritten as

1

h2c
− 1

h2∗
=

1

4π2

b

a

m2
u

M2
ln
M2

m2
u

, (A.40)

where

h2c = 4π2a− b

b ln a
b

(A.41)

is the critical coupling constant. The non-trivial solution exists only for h∗ > hc.
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Figure A.4: Critical scaling of the fermion mass m with respect to the scale M given by
m = f(h∗)M around the critical coupling constant hc

.
= 8.7 obtained from (A.41) for a = 2

and b = 1. a) The scaling function f(h∗) calculated numerically from the gap equation (A.38).
b) For comparison, the scaling function of the Miransky type [90] given by the formula (A.23)

The critical scaling following from (A.40) allows for arbitrarily small fermion masses, m
M

→ 0,
at the price of fine-tuning h∗ to be extremely close to hc. The extreme fine-tuning is enforced
by the square-root behaviour of the scaling function f(h∗) near the critical point, as it can be
seen in Fig. A.4a). This fine-tuning is much weaker for the exponential critical scaling (A.35)
which, nevertheless, lacks the non-zero critical coupling constant. We believe that the ultimate
critical scaling can exhibit combination of both behaviors, the exponential character and the
non-zero critical scaling, like the Miransky scaling (A.23) does. For comparison we plot the
Miransky scaling function in Fig. A.4b). Both critical scalings obtained from (A.34) and (A.40)
are the consequences of too rough approximations to exhibit both features simultaneously.

(B) For comparison we now use the Ansatz (B) in (A.24b) already Wick-rotated for the
degenerate effective charge as

h̄2(q2)∆0(q
2) =

h2∗
M2

. (A.42)

This prescription requires the cutoff Λ to regularize the gap equation. We use the simplest
Ansatz for the self-energy function with a = 0, because already the cutoff Λ play the UV
damping role in the gap equation. We write the gap equation again only for mu as for md it is
completely analogous,

mu =
h2∗
4π2

∫ Λ2

0

dk2
k2

M2

mu

k2 +m2
u

(A.43a)

=
h2∗
4π2

mu

[
Λ2

M2
− m2

u

M2
ln

m2
u

Λ2 +m2
u

]
. (A.43b)

This leads to the equation which is equivalent to the equation (A.40)

1

h2c
− 1

h2∗
=

1

4π2

m2
u

M2
ln

Λ2

m2
u

(A.44)

with the critical coupling constant

h2c = 4π2M
2

Λ2
. (A.45)
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The critical coupling constant (A.45) is substantially different from (A.41). It depends on M ,
while (A.41) does not. In the more realistic non-degenerate case, this difference has big effect
on achieving the fermion mass hierarchy.

Non-degenerate case

Our aim is to solve the Schwinger–Dyson equations (A.21) in the more realistic case and obtain
a non-degenerate fermion mass spectrum. In the simplest way, this can be achieved by assuming

M = Diag{M1,M2,M3,M4,M5,M6,M7,M8} . (A.46)

This assumption defines the diagonal kernel, either (A.24a) or (A.24b). We will work in the
constant self-energy approximation using the equation (A.25). With the diagonal kernel it
provides diagonal solutions in the form

Σ̃ =

 m1 0 0
0 m2 0
0 0 m3

 . (A.47)

For illustration we consider only the u-type fermions and for comparison we again use both
Ansätze (A.24a) and (A.24b).

(A) First, we adopt the Ansatz (A.24a), i.e., in the Wick rotated equation (A.25) we use

h̄2ab(q
2)∆0(q

2) =
h2∗
q2

M2
a

M2
a + q2

δab , (A.48)

where no summation over a takes place.
As usual, we are interested in the solutions mi ≪Ma. After neglecting the fermion masses

mi in favor of Ma we get the set of equations

m1 =
3h2∗
64π2

(
m2 ln

M4
12

m4
2

+m3 ln
M4

45

m4
3

+
2

3
m1 ln

M3
3M8

m4
1

)
, (A.49a)

m2 =
3h2∗
64π2

(
m1 ln

M4
12

m4
1

+m3 ln
M4

67

m4
3

+
2

3
m2 ln

M3
3M8

m4
2

)
, (A.49b)

m3 =
3h2∗
64π2

(
m1 ln

M4
45

m4
1

+m2 ln
M4

67

m4
2

+
2

3
m3 ln

M4
8

m4
3

)
, (A.49c)

where we have introducedM12 =
√
M1M2,M45 =

√
M4M5 andM67 =

√
M6M7. We can observe

that the mass parameters Ma stand indeed only under logarithms. It presents an obstacle in
achieving the fermion mass hierarchy. We document it by the following example of a solution2:

M8

m3

= 107 ,
m1

m3

= −0.5 ,
m2

m3

= −0.2 , h∗ = 7.18 , (A.50a)

M12

M8

= 2000 ,
M3

M8

= 2000 ,
M45

M8

= 0.017 ,
M67

M8

= 0.371 . (A.50b)

In order to achieve the solution as much interesting as possible, we have enjoyed the freedom
of choosing the signs of fermion masses. The signs are not observable as they can be always
transformed away by the appropriate redefinition of the fermion fields.

2We have fixed parameters mi, M3, M8 and M12, and numerically found the values of M45, M67 and h∗
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This solution is however not satisfactory because even moderate hierarchy among fermion
masses is paid by large hierarchy among Ma. Attempts to split further the fermion masses
leads to a huge response in the ratios of Ma. Some of them quickly tend to be many orders of
magnitude less than M8. They even reach the order of m3.

(B) Second, for completeness we present here the equations for the Ansatz (B) in (A.24),
i.e., in the Wick rotated equation (A.25) we use

h̄2ab(q
2)∆0(q

2) =
h2∗
M2

a

δab , (A.51)

where again no summation over a takes place. This Ansatz however requires the introduction
of the cutoff Λ in the integrals. The equations for mi ≪Ma and mi ≪ Λ read

m1 =
3h2∗
64π2

(
m2

Λ2

N2
12

F (m2
2) +m3

Λ2

N2
45

F (m2
3) +m1

[
Λ2

M2
3

+
Λ2

3M2
8

]
F (m2

1)

)
, (A.52a)

m2 =
3h2∗
64π2

(
m1

Λ2

N2
12

F (m2
1) +m3

Λ2

N2
67

F (m2
3) +m2

[
Λ2

M2
3

+
Λ2

3M2
8

]
F (m2

2)

)
, (A.52b)

m2 =
3h2∗
64π2

(
m1

Λ2

N2
45

F (m2
1) +m2

Λ2

N2
67

F (m2
2) +m3

[
4Λ2

3M2
8

]
F (m2

3)

)
, (A.52c)

where

F (m) ≡ 1 +
m2

Λ2
ln

Λ2

m2
(A.53)

and
1

N2
ab

≡
[

1

M2
a

+
1

M2
b

]
. (A.54)

Example of one solution of the equations is3

Λ

M8

= 2 ,
M8

m3

= 108 ,
m1

m3

= 0.1 ,
m2

m3

= 0.01 , h∗ = 6.26 , (A.55a)

N12

M8

= 6.55 ,
M3

M8

= 5 ,
N45

M8

= 3.22 ,
N67

M8

= 11.65 . (A.55b)

This solution exhibits the desired feature. The big hierarchy among fermion masses m3/m2 ∼
102 and the huge hierarchyMa/mi ∼ 108 is parametrized by the mass parametersMa exhibiting
completely moderate hierarchy.

Near-critical matrix solutions

The difference between the results (A.50) and (A.55) of the two Ansätze (A) and (B) can be
understood from linearized gap equations.

According to [201], the leading texture of the fermion mass matrix is given by linearized gap
equations. The idea is that being close to the critical point, the non-linear logarithmic terms
on the right-hand sides of the gap equations are negligible with respect to the linear terms. As
we approach to the critical point the approximation is getting better. Actually, being close to
the critical point is needed in order to achieve the hierarchy m/M ≪ 1.

Already in the degenerate case, we can see the difference of the linear terms on the right-
hand sides of the equations for the Ansatz (A) (A.39) and for the Ansatz (B) (A.43b). For

3We have fixed parameters Λ, mi, M3, M8 and N12, and numerically found the values of N45, N67 and h∗
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the Ansatz (B) the linear term depends on M , while for the Ansatz (A) does not. The same
feature appears in the non-degenerate case for which we can write the linearized matrix gap
equations for the two Ansätze:

(A) Σ̃ =
h2∗
h2c

∑
a

TaΣ̃Ta , (A.56)

(B) Σ̃ =
h2∗
4π2

∑
a

Λ2

M2
a

TaΣ̃Ta . (A.57)

While the gap equation (A) does not allow any other solution than Σ̃ ∝ 11, the solution of the
gap equation (B) depends on Ma and generally it is not proportional to 11.

The linearized gap equations do not determine the absolute magnitude of Σ̃. This is deter-
mined by the non-linear logarithmic terms. Also the departure from those linear solutions is
determined by the non-linear logarithmic terms. For the Ansatz (A), the parametersM2

a appear
under logarithms in (A.49). In order to obtain little more interesting hierarchy among fermion
masses the hierarchy of M2

a has to be wild. On the other hand in the case (B) the fermion
mass hierarchy can be achieved already at the linearized level of the gap equation (A.57) by
corresponding choice of M2

a which does not need to be so wild.

A.5 Approximation of separable kernel

The approximation of separable kernel is a powerful method which was used already to calculate
consequences of the microscopic theory of superconductivity [73]. It is based on modeling the
effective charge h̄2

(
(k−p)2

)
in the kernel G

(
(k−p)2

)
after the angular integration by a function

with separated two participating momenta, k(k)k(p). It allows to factor the dependence on the
outer momentum p out of the integral. Thus the Ansatz function k(p) carries the momentum
dependence of the fermion self-energy Σ(p2) ∝ k(p). The approximation of a separable kernel
is unique as it explicitly relates the fermion self-energy and the effective charge and models
their momentum dependence by a single Ansatz.

The main aim of this section is to formulate the separable kernel approximation and to set
a general formalism. At this level, we rather demonstrate the applicability of the method on
the example of the flavor gauge model. Therefore we consider only the equations for u- and
d-type fermions under the simplification of diagonal effective charge and diagonal self-energies.
We derive the algebraic equations and present an example of a solution.

The method

The momentum dependence of the integrand in the Wick rotated equation (A.21) takes place
just by the combinations k2 and (p − k)2 = k2 + p2 − 2pk cos θ, where θ is the angle between
two Euclidean vectors kµ and pµ. Thus it does not depend on the remaining two angles over
which the integration can be performed getting

Σ(p2) =
3

4π2

∫ ∞

0

k3dk2Kab(p, k)TR,aΣ(k
2)
[
k2 + Σ†(k2) Σ(k2)

]−1

TL,b , (A.58)

where

Kab(p, k) ≡
1

π

∫ π

0

h̄2ab(k
2 + p2 − 2pk cos θ)∆0(k

2 + p2 − 2pk cos θ) sin2 θ dθ. (A.59)
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The separable kernel approximation is given by the Ansatz

Kab(p, k) = kac(p)kcb(k) , (A.60)

leading to

Σ(p2) =
3

4π2
TR,akac(p)

∫ ∞

0

k3dkΣ(k2)
[
k2 + Σ†(k2)Σ(k2)

]−1

kcb(k)TL,b . (A.61)

Then the momentum-dependent self-energy is expressed in terms of the constant matrix Ccb

Σ(p2) = TR,akac(p)CcbTL,b , (A.62)

for which from (A.61) we have the gap equation

Ccb =
3

4π2

∫ ∞

0

k3dkΣ(k2)
[
k2 + Σ†(k2)Σ(k2)

]−1

kcb(k) . (A.63)

Notice that each element Ccb is at the same time a matrix in the fermion flavor space.
At this point simplifications come. We assume the diagonal form of

kab(p) = δabκbf(p) , (A.64)

so that Ccb (A.63) simplifies as

Ccb = Cδcbκb , (A.65)

where the matrix C is the matrix in the fermion flavor space. By this simplification we
parametrize the flavor symmetry breaking by 8 real parameters κa. It is motivated by the
fact that once kac(p)Ccb in (A.62) is a diagonal matrix, the fermion self-energy comes out diag-
onal as well. The function f(p) represents directly the momentum dependence of the fermion
self-energy Σ(p2) through the relations (A.62) and (A.64). Hence we introduce the constant
matrix N carrying the matrix structure but not the momentum dependence of Σ(p2) as

Σ(p2) = N f(p) . (A.66)

Inserting (A.64), (A.65) and (A.66) into the equation (A.63) we obtain the gap equation for
the matrix C

C =
3

4π2

∫ ∞

0

k3dkN
[ k2

f(k)2
+N †N

]−1

, (A.67)

where

N =
∑
a

TR,aκ
2
aCTL,a . (A.68)

The matrix N can be diagonalized by the same bi-unitary transformation as Σ(p2) with the
unitary matrices U and V ,

n = UNV† ≡

 n1

. . .

nd

 , (A.69)
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where d is the dimension of a given fermion multiplet. The gap equation for n and the mixing
matrices U and V then follows from (A.67)

n =
∑
a

κ2a UTR,aU † F(n,Λ) VTL,aV† , (A.70)

where

F(n,Λ) ≡

 F (n1,Λ)
. . .

F (nd,Λ)

 . (A.71)

The function F (ni,Λ) is the result of a simple integral

F (ni,Λ) =
3

4π2
ni

∫ Λ

0

k3dk ,
[ k2

f 2(k)
+ n2

i

]−1

(A.72)

where we have introduced Λ to cutoff the integral in the case that the Ansatz function f(p) is
chosen to decrease too slowly. We want to stress, however, that within the asymptotically free
theory the cutoff is not necessary as the asymptotically vanishing effective charge h̄(q2) makes
the integral in the Schwinger–Dyson equations (5.59) perfectly finite. The eventual necessity
of the cutoff Λ is purely the consequence of the approximation.

For the sake of clarity, let us just briefly summarize the dimensionality of the introduced
quantities, suppressing indices:

k(p) ∝ [mass]−1 , C, C ∝ [mass]2 , N , n ∝ [mass]2 , κ ∝ [mass]0 , f(p) ∝ [mass]−1 .
(A.73)

The physical fermion masses are given by

mi = ξinif(mi) . (A.74)

The freedom to choose ξi = ±1 follows from the fact that the signs of fermion masses are not
observable. In the following we will make use of the property

F (ξini,Λ) = ξiF (ni,Λ) . (A.75)

Application to the charged fermions

In the flavor gauge model, all the charged fermions are in the triplet or anti-triplet flavor
representation. Therefore d = 3 and all corresponding matrices introduced above, like Σ(p2),
C, N , etc., are the 3 × 3 matrices. We adopt further simplification of diagonal self-energies,
i.e.,

U = 11 , V = 11 . (A.76)

In the equation (A.70), instead of the numbers ni of arbitrary sign, we will use ξini, where ni
are positive from now on.

The equation (A.70) is then rewritten for u-quarks as

4

 ξu1nu1
ξu2nu2
ξu3nu3

 =

 κ23 +
1
3
κ28 µ2

12 µ2
45

µ2
12 κ23 +

1
3
κ28 µ2

67

µ2
45 µ2

67
4
3
κ28

 ξuiFui
ξu2Fu2
ξu3Fu3

 (A.77)
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and for d-quarks (and charged leptons) as

4

 ξd1nd1
ξd2nd2
ξd3nd3

 =

 −κ23 − 1
3
κ28 ν212 ν245

ν212 −κ23 − 1
3
κ28 ν267

ν245 ν267 −4
3
κ28

 ξdiFdi
ξd2Fd2
ξd3Fd3

 (A.78)

where

µ2
ab ≡ κ2a + κ2b , (A.79)

ν2ab ≡ −κ2a + κ2b (A.80)

and

Ffi ≡ F (nfi,Λ) . (A.81)

We express the parameters µab and νab, i.e., the parameters κa=1,2,4,5,6,7, in terms of nfi, Λ, κ3,
κ8 and the mass sign factors ξ’s:

 µ2
12

µ2
45

µ2
67

 =
1

6


ξu1ξu2
Fu1Fu2

0 0

0 ξu1ξu3
Fu1Fu3

0

0 0 ξu2ξu3
Fu2Fu3


 Fu1 Fu2 −Fu3

Fu1 −Fu2 Fu3
−Fu1 Fu2 Fu3

 12nu1 − (3κ23 + κ28)Fu1
12nu2 − (3κ23 + κ28)Fu2

12nu3 − 4κ28Fu3

 ,

(A.82)
and

 ν212
ν245
ν267

 =
1

6


ξd1ξd2
Fd1Fd2

0 0

0 ξd1ξd3
Fd1Fd3

0

0 0 ξd2ξd3
Fd2Fd3


 Fd1 Fd2 −Fd3

Fd1 −Fd2 Fd3
−Fd1 Fd2 Fd3

 12nd1 + (3κ23 + κ28)Fd1
12nd2 + (3κ23 + κ28)Fd2

12nd3 + 4κ28Fd3

 ,

(A.83)
where the minus signs in the last matrix on the right-hand side apply for µab parameters and
the plus signs apply for νab parameters.

Thus we arrive to the expressions for µab parameters

µ2
12 =

ξu1ξu2
6Fu1Fu2

[
Fu1

(
3nu1 − Fu1(3κ

2
3 + κ28)

)
+ Fu2

(
3nu2 − Fu2(3κ

2
3 + κ28)

)
(A.84a)

−Fu3
(
3nu3 − 4Fu3κ

2
8

) ]
,

µ2
45 =

ξu1ξu3
6Fu1Fu3

[
Fu1

(
3nu1 − Fu1(3κ

2
3 + κ28)

)
− Fu2

(
3nu2 − Fu2(3κ

2
3 + κ28)

)
(A.84b)

+Fu3
(
3nu3 − 4Fu3κ

2
8

) ]
,

µ2
67 =

ξu2ξu3
6Fu2Fu3

[
− Fu1

(
3nu1 − Fu1(3κ

2
3 + κ28)

)
+ Fu2

(
3nu2 − Fu2(3κ

2
3 + κ28)

)
(A.84c)

+Fu3
(
3nu3 − 4Fu3κ

2
8

) ]
,
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and for νab parameters

ν212 =
ξd1ξd2
6Fd1Fd2

[
Fd1
(
3nd1 + Fd1(3κ

2
3 + κ28)

)
+ Fd2

(
3nd2 + Fd2(3κ

2
3 + κ28)

)
(A.85a)

−Fd3
(
3nd3 + 4Fd3κ

2
8

) ]
,

ν245 =
ξd1ξd3
6Fd1Fd3

[
Fd1
(
3nd1 + Fd1(3κ

2
3 + κ28)

)
− Fd2

(
3nd2 + Fd2(3κ

2
3 + κ28)

)
(A.85b)

+Fd3
(
3nd3 + 4Fd3κ

2
8

) ]
,

ν267 =
ξd2ξd3
6Fd2Fd3

[
− Fd1

(
3nd1 + Fd1(3κ

2
3 + κ28)

)
+ Fd2

(
3nd2 + Fd2(3κ

2
3 + κ28)

)
(A.85c)

+Fd3
(
3nd3 + 4Fd3κ

2
8

) ]
.

Numerical results

In order to obtain results from the equations (A.84) and (A.85), we need to specify the function
Ffi ≡ F (nfi,Λ). It is given by the integral (A.72), where we have to adopt some Ansatz for
the function f(p) which through (A.62) and (A.64) represents the momentum dependence of
the self-energy Σ(p2).

To demonstrate how the method works, we will use very simple Ansatz

f(p) =
1

p
. (A.86)

It yields the integral in (A.72) in a simple form

Ffi ≡ F (nfi,Λ) =
3

8π2
nfi ln

Λ2

nfi
. (A.87)

The parameters nfi are related to the fermion masses mfi through the Ansatz (A.86) by the
formula (A.74) leading to

ni = m2
i . (A.88)

For realistic fermion mass spectrum

mu = 2MeV , mc = 1.3GeV , mt = 172GeV ,

md = 5MeV , ms = 104MeV , mb = 4.2GeV , (A.89)

and for setting of the parameters

Λ = 108GeV , κ3 = 200 , κ8 = 200 , (A.90)

the example of a solution is

κ1 = 1.7× 104 , κ2 = 1.6× 104 , (A.91)

κ4 = 7.208× 106 , κ5 = 7.207× 106 , (A.92)

κ6 = 1.04052× 109 , κ7 = 1.04051× 109 . (A.93)

Notice that the differences |κa − κb| in a given row are of the same order of magnitude.
The parameters κa through the definitions (A.64) and (A.60) parametrize the kernelK(p, k).

Therefore they parametrize the matrix infrared fixed point h∗ab, which reflects the mass spectrum
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of the flavor gauge bosons. The huge hierarchy among the κa parameters, κ7
κ8

∼ 107, is not
satisfactory as it would mean the analogous hierarchy among flavor gauge boson masses. The
hierarchy is actually even bigger than the fermion mass hierarchy mt

mu
∼ 105.

Partially, the hierarchy of the parameters κa is an artefact of the Ansatz (A.86). With the
constant Ansatz f(p) = 1/M , which reproduces the effect of a four-fermion interaction, it is
possible to achieve much more moderate hierarchy κ7

κ8
∼ 103. This response of the results on

the choice of the Ansatz is similar to the situation discussed in the previous section, where we
have compared the Ansatz (A) (A.48) with the Ansatz (B) (A.51).
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Appendix B

The pole vertices for
Nambu–Goldstone bosons

In this appendix we will present formal approach towards calculating vertices for composite
Nambu–Goldstone fields, in particular how they couple to their constituent fields. We will
follow standard method [100, 169, 132, 130] which is based on the Ward–Takahashi identities
for the spontaneously broken currents.

In the first section B.1 we will derive approximate formula for the vertex function Pa(p+q, p)
in the case of spontaneously broken global symmetry. We will focus only on the case when the
symmetry is spontaneously broken by fermion self-energies Σ(p2). For simplicity, we will work in
the approximation of constant self-energies. The key quantity is the bilinear coupling function
Λab(q

2), which converts the Nambu–Goldstone bosons into the spontaneously broken currents
Jµa (x). The bilinear coupling function Λab(q

2) is approximated by one-loop expression. The
resulting formula agrees with the Pagels–Stokar formula [100].

In the second section B.2 we will consider the case when the spontaneously broken symmetry
is gauged. In that case the corresponding gauge bosons acquire masses due to the presence of
a massless pole in their polarization function Πab(q

2). The massless pole is visualized as an
exchange of the Nambu–Goldstone modes. We demonstrate that the masses of the gauge bosons
are given by the bilinear coupling function Λab(q

2). We will first discuss these features rather
generally, keeping in mind the context of the flavor gauge model and the flavor gauge symmetry
self-breaking. Later we will correspondingly rephrase the electroweak symmetry breaking in
the context of the Standard Model.

B.1 Spontaneously broken global symmetry

Once a continuous global symmetry is spontaneously broken, there is a corresponding massless
Nambu–Goldstone boson field π(x) coupled to the broken current Jµ(x) [21, 22],

⟨0|Jµ(0)|π(q)⟩ = iqνFπ , (B.1)

where Fπ is the Nambu–Goldstone boson decay constant.
We assume that the symmetry is broken dynamically by formation of symmetry breaking

self-energies for elementary fermion fields. Therefore the Nambu–Goldstone boson is a compos-
ite of the elementary fermion fields and as such it couples to them. In the original Lagrangian
however there is no elementary field corresponding to the Nambu–Goldstone boson, let alone its
interaction terms with elementary fields. At the level of the effective Lagrangian the Nambu–
Goldstone field and its interaction terms can be introduced just by the symmetry arguments.

115
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Namely, because of the invariance under the Nambu–Goldstone field shift π′(x) = π(x)+α, the
most general interaction term of a single Nambu–Goldstone field π(x) with two Dirac fermions
ψ1(x) and ψ2(x) is given as a derivative coupling [166]

Lfermion
NG = i

∂µπ

Fπ
ψ̄1

[
aγµ + bγµγ5

]
ψ2 + h.c.

=
π

Fπ
ψ̄1

[
a(m1 −m2) + b(m1 +m2)γ5

]
ψ2 + h.c. . (B.2)

where m1 and m2 are Dirac masses of the fermions ψ1 and ψ2, and a and b are the effective
coupling parameters. The second row is obtained from the first row by using the fermion
equations of motion. Notice that if the spontaneously broken symmetry mixes the fermion
flavors then the corresponding Nambu–Goldstone boson does not need to be an eigenstate of
parity.

In this section we will focus on a derivation of the coupling (B.2) from the first principles
by means of a fundamental quantity, the fermion self-energy Σ(p2).

Fermion self-energy

We will treat both the charged fermion and the neutrino case on equal footing.
Let Jµa,ψ(x) be a current of the spontaneously broken symmetry acting on the fermion field

multiplet ψ(x), where ψ = f for the case of charged fermions and ψ = n for the case of
neutrinos. For simplicity we assume the case of a simple symmetry group which is completely
broken. The index a labels the broken generators T aL and T aR which are, in general, different
for left-handed and right-handed fermion fields. By the same index we will denote the set of
Nambu–Goldstone fields πa(x).

The fermion field can be written in terms of its chiral components as

f = fL + fR , (B.3a)

n =

(
νL + (νL)

c

νR + (νR)
c

)
. (B.3b)

The neutrino field n in the Nambu–Gorkov form satisfies n = nc. The spontaneously broken
current is written for the two cases as

Jµa,ψ=f = f̄ taγ
µf , (B.4a)

Jµa,ψ=n =
1

2
n̄taγ

µn , (B.4b)

with generators

f : ta = T aLPL + T aRPR , (B.5a)

n : ta =

( (
T aLPL − [T aL]

TPR
)

0
0

(
T aRPR − [T aR]

TPL
) ) , (B.5b)

where PL,R are the chiral projectors. By (B.5) we encounter the possibility that the symme-
try current is non-vector-like, i.e., the left- and right-handed fermions transform as different
representations of the symmetry group with the corresponding generators T aL,R.

The full fermion propagator is

S(p) ≡ ⟨ψψ̄⟩ = [/p−Σ(p2)]−1 , (B.6)
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where we omit the wave function renormalization. The symmetry breaking self-energy Σ(p2)
is in general a complex matrix which can be written as [202]

Σ(p2) = Σ(p2)PL + Σ†(p2)PR . (B.7)

We can rewrite the propagator more explicitly in terms of Σ(p2), suppressing the momentum
arguments

S(p) = (/p+ Σ†)(p2 − ΣΣ†)−1PL + (/p+ Σ)(p2 − Σ†Σ)−1PR . (B.8)

The self-energy for neutrinos in the Nambu–Gorkov formalism is

Σn =

(
ΣL ΣD

ΣT
D ΣR

)
. (B.9)

Fermion pole vertex

When deriving the vertex of composite Nambu–Goldstone bosons with the constituent fermions
we start with the Green’s function which connects the broken current Jαa,ψ(x) with fermion fields,
i.e.,

Gα
a (x, y, z) ≡ ⟨0|TJαa,ψ(x)ψ(y)ψ̄(z)|0⟩ , (B.10)

which is rewritten in the momentum representation, and in terms of the proper vertex Γαa , as

Gα
a (p+ q, p) = iS(p+ q)Γαa (p+ q, p)iS(p) . (B.11)

The proper vertex satisfies the global Ward–Takahashi identity

qαΓ
α
a (p+ q, p) = S−1(p+ q)ta − t̄aS

−1(p) , (B.12)

where t̄a ≡ γ0taγ0. Once the dynamics develops a symmetry breaking fermion self-energy then

Σ(p2)ta − t̄aΣ(p2) ̸= 0 (B.13)

and the right-hand side of the Ward–Takahashi identity (B.12) does not vanish in the limit
qµ → 0,

qαΓ
α
a (p+ q, p)

q→0

̸= 0 . (B.14)

The Ward–Takahashi identity is the consequence of the symmetry of the Lagrangian and not
of the symmetry of the ground state. Therefore it should remain valid also when the symmetry
is spontaneously broken. From the non-vanishing limit (B.14) it follows that the proper vertex
has to develop a pole, i.e., the leading O(q−1) part Γαa,lead. of the proper vertex

Γαa (p+ q, p) = Γαa,lead.(p+ q, p) +O(q0) (B.15)

does not vanish and from (B.12)

Γαa,lead.(p+ q, p) = −q
α

q2
(
Σ(p2)ta − t̄aΣ(p2)

)
. (B.16)

The pole is interpreted in terms of the exchange of the massless Nambu–Goldstone bosons.
Following this interpretation we pick up the Nambu–Goldstone part of the proper vertex

Γαa (p+ q, p) = Γαa,NG(p+ q, p) + . . . (B.17)



118 APPENDIX B. THE POLE VERTICES FOR NAMBU–GOLDSTONE BOSONS

and approximate it by the expression

Γαa,NG(p+ q, p) ≡
p + q

p

δbc
q2

cb

−q
αΛab(q

2)
α

a

≡ −q
α

q2
Λab(q

2)Pb(p+ q, p) , (B.18)

where the massless propagator δbc
q2

connects the function −qµΛab(q2) and the Nambu–Goldstone

vertex Pc(p + q, p) both regular for q = 0. Comparing the two expressions (B.16) and (B.18)
for q → 0 we get the expression for the Nambu–Goldstone vertex for q = 0

Pa(p, p) = Λ−1
ab (0)

[
Σ(p2)tb − t̄bΣ(p2)

]
. (B.19)

We use here our simplifying assumption that the symmetry is simple and completely broken.
In that case, Λab(0) is a square non-singular matrix and its inverse exists. The general case is
operationally more involved but conceptually the same.

It is instructive to see the structure of the right-hand side of (B.19) for Dirac fermion fields,
i.e., with the generators in the form of (B.5a). Using (B.7) we get, suppressing the momentum
arguments,

Σta − t̄aΣ = ΣT aLPL + Σ†T aRPR − T aRΣPL − T aLΣ
†PR . (B.20)

For the axial Abelian symmetry, when TL = −TR = +1
2
, it reads

ΣPL − Σ†PR =
1

2

[
(Σ− Σ†)11− (Σ + Σ†)γ5

]
, (B.21)

what is of mixed parity due to the complex and matrix nature of Σ. Comparing it with (B.2)
we can see that (B.19) is just what underlies the effective interaction term.

The calculation is completed by expressing the matrix Λab(0) in terms of Σ(p2). It can be
approximated by a one-loop expressions Iab of all fields coupled to the broken current,

Λab(0) ≈
∑
fields

Ifieldab . (B.22)

The fermion contribution Iψab is expressed by the loop diagram

Iψab = lim
q→0

qα
q2

k − q

k
b

α

a

= −i lim
q→0

∫
d4k

(2π)4
Tr

(
/q

q2
taS(k − q)Pb(k − q, k)S(k)

)
. (B.23)

In order to be able to perform the limit in (B.23), we assume the constant self-energy
approximation and expand the q-dependent quantities up to O(q1). The expansion of the
fermion propagator is

S̃(k − q) = S̃(k) + S̃(k)/qS̃(k) +O(q2) , (B.24)

and we assume that the expansion for the Nambu–Goldstone vertex is

P̃b(k − q, k) = P̃b(k, k) +O(q2) , (B.25)
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where the tilde means the constant self-energy approximation of the quantity. Finally, using
the expression (B.19) for P̃b(k, k) we obtain the relation

IψacI
ψ
bc = −i lim

q→0

∫
d4k

(2π)4
Tr

(
/q

q2
taS̃(k)/qS̃(k)

[
Σ̃tb − t̄bΣ̃

]
S̃(k)

)
. (B.26)

This is a pretty general result. Its complexity is given by the complex-valued matrix structure
of the fermion self-energy (B.7), for which it holds in general that Σ̃ ̸= Σ̃†. Further, the
complexity of the formula is carried by the general setting of the generators (B.5).

To see how the formula works we will express it for a special case when the self-energy is
real-valued scalar, i.e., Σ̃ = Σ̃†, for a single Dirac fermion. If the corresponding symmetry is
vector-like, i.e.,

TL =
1

2
and TR =

1

2
, (B.27)

then [
Σ̃t− t̄Σ̃

]
= Σ̃

1

2
− 1

2
Σ̃ = 0 (B.28)

and the formula (B.26) vanishes identically, I2 = 0.
If the corresponding symmetry is axial, i.e.,

TL =
1

2
and TR = −1

2
, (B.29)

then [
Σ̃t− t̄Σ̃

]
= −Σ̃

1

2
γ5 −

1

2
γ5Σ̃ = −γ5Σ̃ . (B.30)

The formula (B.26) gets simplified to

I2 = −i

∫
d4k

(2π)4
Tr

(
/q

q2
[
− 1

2
γ5
] /k + Σ̃

k2 − Σ̃2
/q
/k + Σ̃

k2 − Σ̃2

[
− γ5Σ̃

] /k + Σ̃

k2 − Σ̃2

)
(B.31)

= −2i

∫
d4k

(2π)4
Σ̃2

(k2 − Σ̃2)2
. (B.32)

After the Wick rotation we obtain the formula

I2 = 2

∫
d4k

(2π)4
Σ̃2

(k2 + Σ̃2)2
=

1

8π2

∫ Λ2

0

xdx
Σ̃2

(x+ Σ̃2)2
, (B.33)

where Λ regularizes the integral compensating the fact that we have approximated Σ(p2) by a
constant.

We use the formula (B.33) even in the cases when the fermion self-energy is not a constant
function, but it has a mild momentum dependence. We just replace Σ̃ by Σ(p2) in (B.33). In
comparison with the original Pagels–Stokar formula [100] or [116], we are omitting the derivative
term ∝ k2 d

dk2
Σ2(k2) in the integrand.

B.2 Spontaneously broken gauge symmetry

Once the spontaneously broken symmetry is gauged, the observable outcomes changes signif-
icantly compared to the global symmetry case described in the previous section B.1. The
underlying principles and consequent formal apparatus however are the same.
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Also in the gauge case the Nambu–Goldstone modes appear as a consequence of the Gold-
stone theorem [21, 22]. Consequently there arises the bilinear coupling −qµΛab(q2) which
converts the Nambu–Goldstone modes into the spontaneously broken currents. But now the
spontaneously broken currents are gauged. Therefore the bilinear coupling, containing the
corresponding gauge coupling constant, converts the Nambu–Goldstone modes into the gauge
bosons. The resulting mixing of gauge boson fields with Nambu–Goldstone fields triggers the
Schwinger mechanism [149], which is in the heart of the gauge boson mass generation, alias the
Anderson–Higgs mechanism [20, 14, 15, 16, 17, 18].

In the rest of this appendix we discuss the gauge symmetry breaking. Finally, we apply these
general considerations to the case of the electroweak gauge symmetry breaking and electroweak
gauge boson mass generation within the Standard Model.

Gauge invariance and massless gauge bosons

The gauge invariance protects the masslessness of gauge boson fields. Whether the masslessness
is a property of the gauge boson particles depends on dynamics and particular realization of
the gauge symmetry.

A general full gauge boson propagator is

∆ab
µν(q) = −

[
Pµν(q

2)∆ab(q2) + ξ
qµqν

(q2 + iϵ)2

]
(B.34)

where ξab are gauge fixing parameters, the transverse projector is

P µν(q) ≡ gµν − qµqν

q2
, (B.35)

and the propagator function ∆ab(q2) is given by

∆ab(q2) =
1

q2 + iϵ

[
(11 + Π(q2))−1

]ab
. (B.36)

The polarization tensor is the gauge boson proper self-energy defined as

Πab
µν(q) = [∆−1(q)]abµν − [∆−1

0 (q)]abµν . (B.37)

Its transversality follows from the exact Ward identity

qµΠ
µν
ab (q) = 0 , (B.38)

therefore it can be rewritten in terms of a Lorentz-scalar polarization function Πab(q2)

Πab
µν(q) = −(gµνq

2 − qµqν)Π
ab(q2) . (B.39)

The factor 1
q2+iϵ

in the propagator (B.36) represents the massless pole which is responsible for

the fact that the free gauge boson fields, i.e., when Πab(q2) = 0, excites massless particles.
In the case of interacting gauge field, as far as the polarization function Πab(q2) is regular for
q2 = 0, like in the QED in four dimensions1, the massless pole survives the quantum corrections.
In this case the gauge invariance protects the masslessness of a gauge boson particles.

1 In the massless QED in four dimensions, Πab(q2) has a logarithmic singularity in origin. But it is not
enough to overcome the 1

q2+iϵ and the photon still remains massless.
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Schwinger mechanism

The dynamics can however generate a massless pole in the polarization function

Πab(q
2) = −M

2
ab(q

2)

q2
, (B.40)

with M2
ab(q

2) regular in q2 = 0. Then the massless pole in the propagator is canceled and
instead the massive poles are generated as solutions of the equation

det
[
q2 −M2(q2)

]
= 0 . (B.41)

This is the Schwinger mechanism identified for the first time within the Schwinger’s model of
two-dimensional QED [149]. In the Schwinger’s model the pole in the polarization function
appears due to the axial anomaly which is the feature already of two-point functions in two
dimensions, not of three-point functions like in four dimensions.

In four dimensions, the origin of the poles in the polarization function is different. There
are approaches [203] which deal with a symmetry preserving pole, M2

ab(0) = M2δab, which is
developed purely on the non-perturbative basis because of the gauge dynamics itself gets strong.
Standard approaches however assume the symmetry violating pole M2

ab ≡ M2
ab(0) ̸= M2δab,

which arises because of the presence of the Nambu–Goldstone modes due to the spontaneous
gauge symmetry breaking. It is called the Anderson–Higgs mechanism [20, 14, 15, 16, 17, 18]
and it is relevant for the electroweak and flavor gauge boson mass generation. We dedicate the
rest of the section to describe it.

B.2.1 Spontaneous gauge symmetry breaking

Visualization of the massless poles of the composite Nambu–Goldstone modes is based on the
analysis of the Slavnov–Taylor identities of underlying spontaneously broken gauge symmetries
[170]. Their treatment is however very complicated, yet they provide the same argumentation as
the Ward–Takahashi identities. There are even gauge fixing schemes within the Pinch technique,
which consistently reduce the Slavnov–Taylor identities to the Ward–Takahashi identities [174].
Therefore, in our considerations we use the Ward–Takahashi identities and follow the same
reasoning described in the previous section B.1.

In the gauge case, the three-point proper vertex Γµa(p + q, p) corresponds to a Green’s
function containing the gauge field with indices µ and a instead of the global symmetry current
Jµa . For example, in the flavor gauge model, there are two types of three-point proper vertices
relevant for the flavor gauge symmetry breaking. They are the flavor-gauge-boson-fermion
proper vertex corresponding to the Green’s function ⟨0|TCµ

a (x)ψ(y)ψ̄(z)|0⟩ and three-flavor-
gauge-boson proper vertex corresponding to the Green’s function ⟨0|TCµ

a (x)C
α
b (y)C

β
c (z)|0⟩.

If the propagators of the elementary fields develop the symmetry breaking parts then the
right-hand sides of the Ward–Takahashi identities for three-point proper vertices Γµa(p + q, p)
do not vanish in the limit q → 0

qµΓ
µ
a(p+ q, p)

q→0

̸= 0 . (B.42)

It is in a direct analogy with the global symmetry case (B.12).
From the non-vanishing limit (B.42) it follows that the corresponding proper vertex has to

develop a pole. Physically, the pole of the form qµ/q2 is interpretable as the Nambu–Goldstone
field exchange, see Fig. B.1

Γµa(p+ q, p)|NG = −qµΛab(q2)
1

q2
Pb(p+ q, p) , (B.43)
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p + q

p

δbc
q2

cb

−q
αΛab(q

2)
α

a

p+ q

p

δbc
q2

cb

−q
αΛab(q

2)

ν

n

µ

m

α

a

a) b)

Figure B.1: Diagrammatical expression of (B.43), i.e., the Nambu–Goldstone mode contribution to
the proper vertex Γµa(p + q, p) for the flavor gauge model: a) the flavor-gauge-boson-fermion vertex
and b) three-flavor-gauge-boson vertex. The exchange of the massless Nambu–Goldstone modes gives
rise to the pole by means of the propagator δbc

q2
. The Nambu–Goldstone modes couple to the fermions

and flavor gauge bosons via the effective Nambu–Goldstone vertex Pb(p+ q, p). The bilinear coupling
−qµΛab(q

2) converts the flavor gauge bosons to the Nambu–Goldstone modes.

where Pb(p + q, p) is a Nambu–Goldstone vertex function regular in qµ = 0. It just tells us
that the Nambu–Goldstone modes are the composites of corresponding elementary fields. Once
we know the Nambu–Goldstone vertex Pb(p+ q, p) we can in principle reconstruct the bilinear
coupling qµΛab(q

2) regular in q2 = 0, which converts the gauge bosons to the Nambu–Goldstone
modes.

Using the bilinear coupling we can reconstruct the longitudinal pole part of the polarization
tensor as depicted in Fig. B.2

Πµν
ab (q)|long.

q2→0
= −qµΛac(0)

δcd
q2

qνΛbd(0) . (B.44)

There is however no doubt that the polarization tensor has to come out transverse. Therefore
we can use the knowledge of the longitudinal part to write completely transverse pole part of
the polarisation tensor,

Πµν
ab (q)

q2→0
=

(
gµν − qµqν

q2

)
Λac(0)Λbc(0) . (B.45)

Comparing this result with (B.39) we can identify the pole polarization function

Πab(q
2)

q2→0
= −Λac(0)Λbc(0)

q2
, (B.46)

where the residuum Λac(0)Λbc(0) gives us the gauge boson mass matrix (B.40)

M2
ab = Λac(0)Λbc(0) . (B.47)

If the gauge coupling is weak then the one-loop expression, (B.22), is a good approximation
for the bilinear coupling function Λab(q

2). The detailed analysis can be found in [116]. This
approach, perturbative in the gauge coupling constant, however fails when the gauge dynamics
is strongly coupled, i.e., it cannot be applied directly to the flavor gauge model. More so-
phisticated approach has to be developed. The Pinch technique [174] seems to be a promising
tool. It is however beyond the scope of this thesis, therefore we stay on the level of general
considerations.
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−q
µΛac(q

2) q
νΛbd(q

2)

δcd
q2

µ
a

ν
b

Figure B.2: Diagrammatical expression of the longitudinal part of the pole part of the polar-
ization tensor Πµν

ab (q)|long..

B.2.2 The case of the Standard Model

In this subsection, we reformulate the electroweak symmetry breaking by means of the visu-
alization of Nambu–Goldstone modes described in the previous subsection B.2.1. For that we
work in the Landau gauge, ξ = 0, in which the Nambu–Goldston propagators are massless.

The electroweak symmetry breaking by the Higgs field vacuum expectation value

The Lagrangian of the Higgs gauge sector of the Standard Model is

LSM
Higgs−gauge = (DµΦ)

†(DµΦ)− V(Φ†Φ) , (B.48)

where the covariant derivative for the complex scalar Higgs field Φ(x), which is an SU(2)L
doublet with weak hypercharge the YΦ = +1, is

Dµ = ∂µ − ig′
1

2
Bµ − ig

1

2
σaAaµ , (B.49)

where Bµ and Aaµ are the gauge boson fields corresponding to the weak hypercharge and the
weak isospin, g′ and g are their gauge coupling constants and σa are Pauli matrices. The Higgs
potential

V(Φ†Φ) = −|µ2|Φ†Φ + λ(Φ†Φ)2 (B.50)

forces the Higgs field to condense into its classical field configuration Φ0 given by the minimum
of V(Φ†Φ), i.e.,

Φ†
0Φ0 ≡

v2

2
=

|µ2|
2λ

. (B.51)

Picking up one of the continuously degenerate non-trivial field configurations (B.51) as the
ground state,

Φ0 ≡
1√
2

(
0
v

)
, (B.52)

leads to the spontaneous breaking of the symmetry of the Higgs potential (B.50)

O(4) ∼ SU(2)L × SU(2)R −→ O(3) ∼ SU(2)custodial . (B.53)

The electroweak gauge symmetry subgroup gets spontaneously broken correspondingly SU(2)L×
U(1)Y → U(1)em. According to the Goldstone theorem, the symmetry breaking (B.53) gives
rise to three Nambu–Goldstone boson fields w±(x) and z(x). They are accommodated as three
degrees of freedom in the elementary complex scalar field Φ(x),

Φ(x) ≡
(

−iw+(x)
1√
2

[
v + h(x) + iz(x)

] ) . (B.54)
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The Nambu–Goldstone bosons in the Lagrangian

Apart from other terms, the resulting Lagrangian contains the terms bilinear in the electroweak
gauge boson fields, the mixing and kinetic terms of the gauge and Nambu–Goldstone boson
fields

LSM
Higgs−gauge = ∂µw+∂µw

− +
1

2
∂µz∂µz +

v2

8

[
(−g′B + gA3)

2
+ g2

(
A2

1 + A2
2

) ]
(B.55)

−v
2

[
(−g′Bµ + gAµ3) ∂µz +

g√
2
(Aµ1 + iAµ2) ∂µw

+ +
g√
2
(Aµ1 − iAµ2) ∂µw

−
]
+ . . .

The part of the Lagrangian bilinear in the gauge fields can be brought into its diagonal form
by means of the gauge boson field redefinition

W±
µ =

(
A1
µ ∓ iA2

µ

)
/
√
2 , (B.56a)

Zµ = cos θWA
3
µ − sin θWBµ , (B.56b)

Aµ = sin θWA
3
µ + cos θWBµ , (B.56c)

where tan θW = g′/g defines the Weinberg angle θW . We obtain the Higgs gauge Lagrangian
(B.48) in terms of gauge boson mass eigenstates, W and Z bosons,

LSM
Higgs−gauge = ∂µw+∂µw

− +
1

2
∂µz∂µz +

v2

4
g2W+µW−

µ +
v2

8
(g2 + g′2)ZµZµ (B.57)

−v
2

[√
g2 + g′2Zµ∂µz + gW−

µ ∂
µw+ + gW+

µ ∂
µw−

]
+ . . .

The mass and mixing terms can be treated as interaction terms. The Feynman rules for the
mixing terms represent the tree-level expressions for the bilinear coupling function Λab(q

2)
introduced in (B.43)

ΛW (q2)|tree = g
v

2
, (B.58)

ΛZ(q
2)|tree =

√
g2 + g′2

v

2
. (B.59)

The Lagrangian (B.57) induces corrections to the free massless gauge boson propagator in the
form of the polarization tensor. At tree-level we obtain one-gauge-boson irreducible expression

Πµν
W,tree(q) =

−q
µ
g
v

2
q
ν
g
v

2

1

q2

g
2 v

2

4
g
µν

+
(B.60)

for polarization tensor of W gauge boson. An analogous expression for Z gauge boson is
obtained under the replacement g →

√
g2 + g′2. These polarization tensors are manifestly

transverse,

Πµν
W,tree(q) =

(
gµν − qµqν

q2

)
g2v2

4
, (B.61)

Πµν
Z,tree(q) =

(
gµν − qµqν

q2

)
(g2 + g′2)v2

4
, (B.62)
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as they should be to satisfy the Ward identity qµΠ
µν = 0. Note that at this leading tree-level,

the polarization tensor for photon is zero as there are no corresponding terms analogous to
(B.60) in the Lagrangian (B.57), i.e.,

Πµν
γ,tree(q) = 0 . (B.63)

Extracting the polarization functions ΠW,Z(q
2) from the polarization tensors Πµν

W,Z = −(q2gµν−
qµqν)ΠW,Z(q

2), we can see that they develop massless poles due to the propagators of the
Nambu–Goldstone fields w± and z in (B.60)

ΠW (q2) = −g
2v2/4

q2
, (B.64)

ΠZ(q
2) = −(g2 + g′2)v2/4

q2
. (B.65)

These poles are just what is needed in order to obtain massive propagators of vector bosons
fully gauge invariantly. The massless poles of the bare propagators are canceled by the massless
Nambu–Goldstone poles of the polarization functions ΠW,Z(q

2) and massive poles are generated
at q2 =M2

W,Z . Within the Landau gauge we can write the full propagators as

∆µν
W,Z(q) = −

(
gµν − qµqν

q2

)
1

q2(1 + ΠW,Z(q2))
= −

(
gµν − qµqν

q2

)
1

q2 −M2
W,Z

. (B.66)

The resulting masses M2
W,Z are given as absolute values of residua of the massless Nambu–

Goldstone poles in the polarization functions ΠW,Z(q
2). We obtain

MW = 1
2
vg , (B.67)

MZ = 1
2
v
√
g2 + g′2 . (B.68)

The photon propagator at this level stays bare and photon remains massless

Mγ = 0 . (B.69)

Qualitatively, all these features (the mass spectrum of the gauge bosons, transversality of
the polarization tensor) are just results of underlying symmetry and its Nambu–Goldstone
realization, and as such they hold to any loop order. Also the procedure can be followed in any
gauge fixing scheme. Out of all possibilities, the unitary gauge is special because the mixing
terms in (B.57) and all other terms containing Nambu–Goldstone fields are just cancelled out
from the Lagrangian (B.57). The gauge boson fields then occur simply as massive Proca fields.
In all covariant gauges the Nambu–Goldstone fields stay in the Lagrangian but their propagators
are gauge dependent, thus they never appear as asymptotic states. Instead the longitudinal
components of gauge bosons become physical. This is the generally stated Anderson–Higgs
mechanism usually rephrased by saying that the Nambu–Goldstone bosons are ‘eaten’ by the
gauge bosons in order to provide their masses.
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Appendix C

The Fierz identities

Internal indices

Have a general Hermitean N ×N matrix M . We can decompose it in the basis of N ×N unit
matrix 11 and set of (N2 − 1) generators of SU(N) in the fundamental representation Ta:

M = 11m0 + Tama . (C.1)

If we accept normalization of the generators

TrTaTb =
1

2
δab , (C.2)

then we have formulae for the coefficient of the decomposition

m0 =
1

N
Tr 11M , (C.3)

ma = 2TrTaM . (C.4)

The decomposition can be written element-wise

[M ]ij =
1

N
[11]ij[M ]kk + 2[Ta]ij[Ta]kl[M ]lk . (C.5)

To relate coefficients in front of the individual elements of matrix M , we rewrite the equation
as

[11]ik[11]lj[M ]kl =
1

N
[11]ij[11]lk[M ]kl + 2[Ta]ij[Ta]lk[M ]kl . (C.6)

This leads to the master equation from which Fierz identity for any two N × N Hermitean
matrices can be derived

[11]ik[11]lj =
1

N
[11]ij[11]lk + 2[Ta]ij[Ta]lk . (C.7)

The Fierz identity for two matrices A and B can be obtained by contracting the master equation
with [A]km and [B]nl to get

[A]im[B]nj =
1

N
[11]ij[BA]nm + 2[Ta]ij[BTaA]nm

=
1

N2
[11]ij[11]nmTrBA+ 4[Ta]ij[Tb]nmTrTbBTaA

+
2

N
[11]ij[Ta]nmTrTaBA+

2

N
[Ta]ij[11]nmTrBTaA
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Application to SU(3)

For SU(3) generators in the basis of Gell-Mann matrices T a = 1
2
λa we have

[Ta]im[Ta]nj = −[Ta]im[−T ∗
a ]jn =

4

9
[11]ij[11]nm − 1

3
[Ta]ij[Ta]nm , (C.8a)

[Ta]im[−T ∗
a ]nj = −[Ta]im[Ta]jn = −1

9
[11]ij[11]nm +

4

3
[TA]ij[TA]nm − 2

3
[TS]ij[TS]nm . (C.8b)

For the derivation of these results it is useful to know the following relations:

TrTaTbTcTd =
1

12
(δabδcd − δacδdb + δadδbc) (C.9)

+
1

8
(dabedcde − daceddbe + dadedbce)

+
1

8
(dabefcde − dacefdbe + dadefbce) ,

TrTaTbTcTb = − 1

12
δac , (C.10)

TrTaT
T
b TcTb = TrTaTbTcTdξbd , (C.11)

where ξ = Diag(1,−1, 1, 1,−1, 1,−1, 1). Other useful relations are:

dabcδbc = 0 , (C.12)

dabcξbc = 0 , (C.13)

daeffbef = 0 , (C.14)

daefdcef =
5

3
δac , (C.15)

dabedcdeξbd =
1

3
δac + ξac . (C.16)

Dirac indices

For completeness, from the reference [204] we copy the Fierz identities for Dirac indices into
both fermion-anti-fermion and fermion-fermion channels are

[11]ij[11]kl
[γµ]ij[γµ]kl
[σµν ]ij[σµν ]kl
[γµγ5]ij[γµγ5]kl
[iγ5]ij[iγ5]kl

 =


1
4

1
4

1
4

−1
4

−1
4

1 −1
2

0 −1
2

1
3
2

0 −1
2

0 −3
2

−1 −1
2

0 −1
2

−1
−1

4
1
4

−1
4

−1
4

1
4




[11]il[11]kj
[γµ]il[γµ]kj
[σµν ]il[σµν ]kj
[γµγ5]il[γµγ5]kj
[iγ5]il[iγ5]kj

 , (C.17a)


[11]ij[11]kl
[γµ]ij[γµ]kl
[σµν ]ij[σµν ]kl
[γµγ5]ij[γµγ5]kl
[iγ5]ij[iγ5]kl

 =


−1

4
−1

4
−1

4
1
4

1
4

1 −1
2

0 −1
2

1
3
2

0 −1
2

0 −3
2

1 1
2

0 1
2

1
1
4

−1
4

1
4

1
4

−1
4




[C]ik[C]lj
[γµC]ik[Cγµ]lj
[σµνC]ik[Cσµν ]lj
[γµγ5C]ik[Cγµγ5]lj
[iγ5C]ik[iCγ5]lj

 , (C.17b)

where σµν =
i
2
[γµ, γν ] and C = iγ0γ2 is the charge conjugation matrix. Its convention indepen-

dent properties of C are [116]

C† = C−1 , CT = −C , C−1 = −C . (C.18)
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[178] T. Brauner, J. Hošek, and R. Sýkora, Color superconductor with a color-sextet
condensate, Phys. Rev. D68 (2003) 094004, hep-ph/0303230.

[179] A. A. Anselm and A. A. Johansen, Can electroweak theta term be observable?, Nucl.
Phys. B412 (1994) 553–573, hep-ph/9305271.



BIBLIOGRAPHY 139

[180] G. ’t Hooft, Symmetry breaking through Bell-Jackiw anomalies, Phys. Rev. Lett. 37
(1976) 8–11.

[181] V. Kuzmin, V. Rubakov, and M. Shaposhnikov, On the Anomalous Electroweak Baryon
Number Nonconservation in the Early Universe, Phys. Lett. B155 (1985) 36.

[182] A. A. Anselm, Periodic universe and condensate of pseudo Goldstone field, Phys. Lett.
B260 (1991) 39–44.

[183] J. E. Kim, A composite invisible axion, Phys. Rev. D31 (1985) 1733.

[184] S. Weinberg, Implications of Dynamical Symmetry Breaking, Phys. Rev. D13 (1976)
974–996.

[185] G. B. Gelmini and M. Roncadelli, Left-Handed Neutrino Mass Scale and Spontaneously
Broken Lepton Number, Phys. Lett. B99 (1981) 411.

[186] A. Lessa and O. Peres, Revising limits on neutrino-Majoron couplings, Phys. Rev. D75
(2007) 094001, hep-ph/0701068.

[187] T. M. Nieuwenhuizen, Do non-relativistic neutrinos constitute the dark matter?,
Europhys. Lett. 86 (2009) 59001, arXiv:0812.4552.

[188] A. Kusenko, Sterile neutrinos: the dark side of the light fermions, Phys. Rept. 481
(2009) 1–28, arXiv:0906.2968.

[189] F. Bezrukov, H. Hettmansperger, and M. Lindner, keV sterile neutrino dark matter in
gauge extensions of the standard model, Phys. Rev. D81 (2010) 085032,
arXiv:0912.4415.

[190] V. Berezinsky and J. W. F. Valle, The KeV majoron as a dark matter particle, Phys.
Lett. B318 (1993) 360–366, hep-ph/9309214.

[191] M. Lattanzi, Decaying majoron dark matter and neutrino masses, AIP Conf. Proc. 966
(2008) 163–169.

[192] R. Holman, G. Lazarides, and Q. Shafi, Axion and the Dark Matter of the Universe,
Phys. Rev. D27 (1983) 995.

[193] P. Sikivie, Dark matter axions, Int. J. Mod. Phys. A25 (2010) 554–563,
arXiv:0909.0949.

[194] S. Hannestad, A. Mirizzi, G. G. Raffelt, and Y. Y. Wong, Neutrino and axion hot dark
matter bounds after WMAP-7, JCAP 1008 (2010) 001, arXiv:1004.0695.

[195] G. Barenboim, Inflation might be caused by the right, JHEP 03 (2009) 102,
arXiv:0811.2998.

[196] G. Barenboim and J. Rasero, Baryogenesis from a right-handed neutrino condensate,
JHEP 1103 (2011) 097, arXiv:1009.3024.

[197] C. D. Roberts, R. Cahill, and J. Praschifka, QCD and a calculation of the ω-ρ mass
splitting, Int. J. Mod. Phys. A4 (1989) 719.



140 BIBLIOGRAPHY

[198] A. Le Yaouanc, L. Oliver, O. Pene, and J. Raynal, Spontaneous Breaking of Chiral
Symmetry for Confining Potentials, Phys. Rev. D29 (1984) 1233.

[199] S. L. Adler and A. Davis, Chiral Symmetry Breaking in Coulomb Gauge QCD, Nucl.
Phys. B244 (1984) 469.

[200] P. Bicudo, Analytical approach to chiral symmetry breaking in Minkowsky space, Phys.
Rev. D69 (2004) 074003, hep-ph/0312373.

[201] Y. Nagoshi and K. Nakanishi, Dynamical generation of CKM mixings by broken
horizontal gauge interactions, Phys. Rev. D52 (1995) 4143–4150, hep-ph/9503274.
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