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Abstract: In this thesis we consider four different problems in structural graph
theory:

We start studying the structure of graphs having a nowhere-zero 5-flow. We give
a characterization of the graphs that have a nowhere-zero 5-flow in terms of the
existence of a (1, 2)-factor.

For the second problem we introduce a new type of labeling of graphs that we call
additive coloring. This coloring is a variation of the injective coloring introduced
in [21]. Indeed, it is an injective coloring with arithmetic restrictions determined
by the graph. We study the properties and the structure of graphs admitting
this type of labeling. Moreover, we study the computational complexity of the
problem of computing this labeling for a graph with a fixed number of colors.

In the third problem we study how the structure of caterpillars is encoded by
the chromatic symmetric function or, equivalently, the U -polynomial. In [40]
Stanley conjectured that the symmetric chromatic polynomial distinguishes non-
isomorphic trees. In this thesis we prove that the conjecture is true for proper
caterpillars (caterpillars without vertices of degree 2).

Finally, we study the structure of infinite graphs having a complete graph as a
minor or as a topological minor. It is known that bounds on the degree of the
vertices is not enough to ensure the existence of a complete graph minor in an
infinite graph. So, we define a new notion of degree for the ends of an infinite
graph. Then, we prove that a condition of minimum degree for the vertices and
the ends of the graph ensure the existence of a complete graph as a minor and as
a topological minor.
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1. Introduction.

In this work we consider the following problems in structural graph theory:

1. The structure of graphs having a nowhere-zero 5-flow,

2. The structure of graphs having a labeling with arithmetics restrictions.

3. How the structure of proper caterpillars is uniquely encoded in the U -polynomial.

4. The structure of infinite graphs having a complete minor or complete topolog-
ical minor.

A graph labeling is a function from its vertices or edges to a set of numbers.
Graph labeling s were introduced in the late 1960s. In the following years dozens
of graph labeling techniques have been studied and have been applied to different
problems. For a dynamic survey see [18]. First two parts of my thesis deal with
graph labelings.

In chapter 2 we study edge labeling that is called a flow. In this case the edges are
oriented and the property of the labeling is flow conservation, i.e., for every vertex
the total flow entering is the same as total flow going out. Moreover, if we add
the condition that the possible values of the labeling are in the set {1, 2, . . . , k},
we get a nowhere-zero k-flow.

The concept of nowhere-zero flow was introduced by Tutte in [48] as a generaliza-
tion of the face colorings of planar graphs. In this work, Tutte conjectured that
every bridgeless graph has a nowhere-zero 5-flow.

This conjecture is still open and the best known result is that every bridgeless
graph has a nowhere-zero 6-flow. This result was proved by Seymour in [38].

It is known that it is enough to prove the conjecture for cubic graphs. Indeed, for
nowhere-zero 4-flow Jaeger proved in [26] that a cubic graph has a nowhere-zero
4-flow if and only if it has an edge 3-coloring .

In this work we extend this result for nowhere-zero 5-flow. Concretely, we prove
that a bridgeless graph has a nowhere-zero 5-flow if there exists a (1, 2)-factor
satisfying a parity condition.

In chapter 3 we introduce a new type of labeling . Given a graph G and a vertex
labeling ϕ : V (G) → N we define the induced labeling ϕ̂ : E(G) → N such that
for each edge uv ∈ E(G), ϕ̂(uv) = |ϕ(u)−ϕ(v)|. We define an additive labeling as
a vertex labeling such that its induced edge labeling is a (proper) edge coloring
of the graph. This labeling is inspired by graceful labeling [13] and injective
colorings [21].

In a graceful labeling the induced edge labeling must be a bijective function. An
injective coloring of a graph is a vertex labeling such that two vertices sharing a
common neighbor get different labels.

As usual, we define additive chromatic index of a graph G as the smallest integer
k such that an additive coloring of a given graph G exists with colors in the set
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{1, . . . , k}.

We start by proving several upper bounds for the additive chromatic index. On
one hand, we prove linear bounds for trees and bipartite graphs. We also prove
a quadratic bound in terms of the maximum degree.

On the other hand we study the computational complexity of the problem of de-
ciding whether a graph has additive chromatic index at most some fixed constant
k. We prove that this problem is polynomial for graphs with bounded treewidth,
but it is NP-complete for k = 4, even when restricted to cubic graphs.

In Chapter 4 we study a problem on graph reconstruction. In this kind of problem
we will like to know how much information we need to recognize or encode a graph.
In particular, we study the U -polynomial introduced in [34]. It is known that
there exist two non-isomorphic graphs with the same U -polynomial, but it is an
open problem to know if a tree is determined by its U -polynomial. This question
is equivalent to long-standing conjecture by Stanley [40], whether the symmetric
chromatic polynomial distinguishes non-isomorphic trees. The equivalence was
obtained by B. Thatte in [47].

We study the problem for a particular family of trees, the proper caterpillars.
A caterpillar is a tree such that if we delete its leaves we obtain a path. A
caterpillar is proper if it has not vertices of degree 2. The key idea is to use
the linear structure of caterpillars and connect the problem with a problem in
numerical sequences.

Given a caterpillar we associate to it a sequence and a restricted U -polynomial
that we call the L-polynomial. This polynomial is equivalent to the notion of the
multiset of partition coarsenings defined by Billera, Thomas and van Willigenburg
in [2] for sequences. Moreover, they characterize all the sequences with the same
multiset of partition coarsenings . Then, we use this characterization to prove
that two proper caterpillars with the same L-polynomial must have different U -
polynomial. This proves Stanley’s conjecture for the class of proper caterpillars.

In Chapter 5 we study an extremal problem in infinite graphs. It is well-known
that in finite graphs, large complete minors/topological minors can be forced by
assuming a large average degree. More precisely, there is a function f such that
every graph of average degree at least f(k) has a Kk-minor/topological minor.
These results were proved by Kostochka [29] and by Bollobás and Thomason [4].

Our aim is to extend this fact to infinite graphs. For this, we generalize the notion
of the relative degree of and end, which had been previously introduced by M.
Stein in [42] for locally finite graphs.

In order to give an idea about the relative degree, we need some definitions:

Let G be a locally finite graph and H be a subgraph. The edge-boundary of a
subgraph H is the set E(H,G−H). The vertex-boundary of H is the set of all
vertices in H that have neighbors in G−H. The idea of the relative degree of an
end is to calculate the limit of the ratios between the cardinal of edge-boundary
and the cardinal of the vertex boundary for certain sequences of subgraphs Hi of
G such that these Hi in some sense converge to the end.
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In this work, we show that large minimum relative degree at the ends and large
minimum degree at the vertices imply the existence of large complete (topologi-
cal) minors in infinite graphs with countably many ends.

Our main tool is a theorem that permits to find a finite subgraph of large average
degree in any (infinite) graph of large minimum (relative) degree at all ends and
vertices, and only countably many ends. We believe this result is interesting on
its own, and it can be used to extend other finite graphs results to infinite graphs
with countably many ends.
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2. Nowhere-zero flows and
(1, 2)-factors

2.1 Introduction

Let G = (V,E) be a bridgeless undirected graph. We say that G has a nowhere-
zero k-flow if there exists an orientationH = (V,A) ofG and a function ϕ : A→ Z
such that for all a ∈ A, 0 < |ϕ(a)| < k and for every v ∈ V ,

∑
a∈v+ ϕ(a) =∑

a∈v− ϕ(a), where v+, v− are the sets of outgoing and ingoing arcs incident with
v, respectively.

The concept of nowhere-zero k-flow was introduced by Tutte [48] as a refinement
and a generalization for face coloring problems in planar graphs. The four-color
Theorem is equivalent to say that every bridgeless planar graph has a nowhere-
zero 4-flow. This result can not be extended to arbitrary bridgeless graph since the
Petersen graph has no a nowhere-zero 4-flow. However, in [49] Tutte formulated
his famous 5-flow conjecture which still is open:

Conjecture 2.1.1. Every bridgeless graph admits a nowhere-zero 5-flow.

Work about Conjecture 2.1.1 have focused on properties of a minimal counterex-
ample (see [28],[27],[9]) and into the study of structural properties of graphs
having a nowhere-zero 5-flow (see [41]). In this work we follow the last approach.

The best approximation for Conjecture 2.1.1 is a result of Seymour [38] where he
proved that every bridgeless graph has a nowhere-zero 6-flow.

The motivation for studying this conjecture in cubic graphs has two sources.
First, it is known that for Conjecture 2.1.1 to be true, it is enough to prove it for
cubic graphs. Second, for cubic graphs there exist well known characterizations
of the existence of nowhere-zero k-flow for k = 3, 4. These characterizations
provide some intuition about the structural properties of cubic graphs admitting
nowhere-zero k−flow. More precisely, Tutte gave the following characterization
for nowhere-zero 3-flow:

Theorem 2.1.2. [48] Let G be a cubic graph. G admits a nowhere-zero 3-flow if
and only if G is bipartite.

This result can be seen as a parity condition that all cycles of a cubic graph must
satisfy to admit a nowhere-zero 3−flow. The parity condition being that each
cycle has even length.

For nowhere-zero 4−flow we only need to check this parity property in the com-
plement of a perfect matching (see, e.g.,[26]).
Theorem 2.1.3. Let G = (V,E) be a cubic graph. G has a nowhere-zero 4-flow
if and only if G has a perfect matching M such that all cycles in G −M have
even length.
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Our main result is somehow similar to Theorem 2.1.3. It characterizes the exis-
tence of nowhere-zero 5−flows in a bridgeless cubic graph G in terms of a parity
condition that must satisfy a family of cycles of G. In our case, the family of cy-
cles C to be checked is a basis of cycles associated to a spanning tree T = (V,E ′).
That is, C = {Ce : e /∈ E ′}, where Ce is the cycle in T ∪ {e}. The role of the
perfect matching in Theorem 2.1.3 is played by a subset F of edges such that for
each vertex v of G its degree in F , denoted by dF (v), is 1 or 2. These sets of
edges are called (1, 2)-factors of G. Our main result is the following:
Theorem 2.1.4. For an undirected cubic graph G the following statements are
equivalents.

1. The graph G admits a nowhere-zero 5-flow.

2. There exists a (1, 2)-factor F such that, for every cycle C in a basis of cycles
associated to a tree, the cardinality of the set

CF := {uv ∈ E(C) : uv ∈ F or dF (u) = dF (v)}

is even.

In Figure 2.1 we show a cycle C where edges in CF are pointed out by an x.

x

x

x

x

x

xx

x

Figure 2.1: Example of CF . Solid edges are in F . Dashed edges are in E \ F .
Edges in CF are indicated with a x.

For an Abelian group Γ we have the following analogous definition. A graph G
admits a nowhere-zero Γ−flow if there is an orientation H = (V,A) of G and a
function ϕ : A→ Γ satisfying the following:

1. For all a ∈ A,ϕ(a) 6= 0.

2. For every v ∈ V ,
∑

a∈v+ ϕ(a) =
∑

a∈v− ϕ(a).

Arithmetic operations are carried out in Γ. Usually, a function ϕ satisfying
previous conditions is called a nowhere-zero Γ−flow of G.

It is known by ([49]) that a graph admits a nowhere-zero k-flow if and only if
it admits a nowhere-zero Γ-flow, where Γ is any Abelian group of cardinality k.
Hence, (i) in Theorem 2.1.4 can be replaced by

(i’) The graph G admits a nowhere-zero Z5-flow.

In the remainder of this text we use Z5-flow instead 5-flows.
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2.2 Preliminaries

Let F be any (1, 2)−factor of a cubic graph G. Let v be a vertex of G and let
u,w, r its three neighbors. We say that the edges uv and vw are F−related if
uv, vw ∈ F or uv, vw /∈ F . We define the F−parity of the tuple (u, v, w), denoted
by F (u, v, w), by 2 when uv and wv are F−related. It is 1 when uv and vr are
F−related; It is 3 when vw and vr are F−related. (see Figure 2.2).

F (u, v, w) = 2 F (u, v, w) = 3F (u, v, w) = 1

r

u v
w

u v
w

r r

u v
w

Figure 2.2: Definition of F (u, v, w). Solid edges are in F . Dashed edges are in
E \ F . In the first diagram uv and vw are F−related; in the second diagram uv
and vr are F−related; in the third diagram vr and vw are F−related.

We extend the definition of F−parity to cycles. Let C = (u0, . . . , un−1, un = u0)
a cycle of length n ≥ 3 in G. We define the F−parity of C, denoted by F (C), as:

F (C) :=
n−2∑
i=0

F (ui, ui+1, ui+2) + F (un−1, u0, u1) mod 4

Now we prove a technical lemma that will give us the tools to prove Theorem
2.1.4

Lemma 2.2.1. Let G be a bridgeless cubic graph. For each (1, 2)−factor F and
each cycle C of G we have the following.

F (C) = 2|CF | mod 4,

where
CF := {uv ∈ E(C) : uv ∈ F or dF (u) = dF (v)}.

Proof. Let C = (u0, . . . , un−1, u0). The relation is clear when E(C) ⊆ F since,
in this case, F (C) = 2|E(C)|. Let Q be a non trivial (at least one edge) con-
nected component of C \ F . Let us assume that Q = (u1, . . . , ui), i ≥ 2. Let
α(Q) be defined by α(Q) :=

∑i
j=1 F (uj−1, uj, uj+1). We prove that α(Q) =

2|E(Q) ∩ CF | + 2 mod 4. Let us consider first the case i ≥ 3. It is easy to
see that F (u0, u1, u2) + F (ui−1, ui, ui+1) = 0 mod 4 when u1u2, ui−1ui ∈ CF or
u1u2, ui−1ui /∈ CF . Moreover, F (u0, u1, u2) + F (ui−1, ui, ui+1) = 2 mod 4 when
|{u1u2, ui−1ui} ∩ CF | = 1. Hence,

α(Q) =
i∑

j=1

F (uj−1, uj, uj+1)

= F (u0, u1, u2) + 2(i− 3) + 2 + F (ui−1, ui, ui+1)

= 2|E(Q) ∩ CF |+ 2 mod 4.
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For i = 2 we have that F (u0, u1, u2) + F (u1, u2, u3) = 4 if u1u2 ∈ CF , and it is 2
otherwise.

Let Q′ be a non trivial connected component of C ∩ F . Let us assume that
Q′ = (u1, . . . , ui), i ≥ 2. Let α(Q′) be defined as follows. For i ≥ 3, we set
α(Q′) =

∑i−1
j=2 F (uj−1, uj, uj+1). For i = 2, we set α(Q′) = 0. Clearly, with this

definition α(Q′) = 2|E(Q′) ∩ CF |+ 2, when i = 2. When i ≥ 3 we have

i−1∑
j=2

F (uj−1, uj, uj+1) = 2(i− 2)

= 2|E(Q′) ∩ CF |+ 2 mod 4

We can now compute F (C) in terms of α(Q), where Q ranges over non trivial
connected components of C \ F and over non trivial connected components of
C ∩ F . As for each of them α(Q) = 2|E(Q) ∩ CF | + 2, and the connected
components of C \ F and C ∩ F alternate, we get the conclusion.

�

When F is an (1, 2)−factor and C is a cycle such that F (C) = 0 mod 4, we say
that F reduces C or that C is reduced by F . By using Lemma 2.2.1, our result
can be stated as follows: A cubic graph G has a nowhere-zero Z5−flow if and
only if there is a (1, 2)−factor F reducing every cycle in a basis of cycles of G
associated with a tree.

2.3 The proof

We split the proof of Theorem 2.1.4 in two parts associated with the forward and
the backward implications.

Proposition 2.3.1. Let G = (V,E) be an undirected cubic graph. If G admits a
nowhere-zero Z5-flow, then there exists a (1, 2)-factor F reducing every cycle of
G.

Proof. Let us assume that G has a nowhere-zero Z5-flow associated with an ori-
entation H and a function ϕ. Let F be defined as follows.

F = Fϕ := {uv ∈ E : ϕ(u, v) ∈ {1, 4} or ϕ(v, u) ∈ {1, 4}}

In Z5, the equation x + y + z = 0 has exactly 5 distinct solutions given by
{{a, a, 3a} : a ∈ Z5}. Then, for each vertex v, at least one arc incident with v
has flow in the set {1, 4} and at least one arc incident with v has flow, in the set
{2, 3}. Therefore, F is a (1, 2)−factor of G.

Let C = (u0, . . . , un−1, u0) be a cycle of length n in G. To ease the notation, let
us define ai = (ui, ui+1) for i = 0, . . . , n − 1. w.l.og we can assume that ai ∈ A,
for i = 0, . . . , n − 1. To see this, let a ∈ A and let A′ = A \ {a} ∪ {−a} and
ϕ′ : A′ → Z5, where ϕ′(b) = ϕ(b), if b 6= −a and ϕ′(−a) = −ϕ(a). Then, Fϕ′ = F .
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Hence, by modifying the orientation assigned for H to any subgraph of G and,
accordingly, the associated flow the set F remains the same.

From the choice of F and the definition of F (u, v, w), the reader can chech that
ϕ(v, w) = ϕ(u, v)2F (u,v,w), for each path (u, v, w) in H. Hence, for each i =
0, . . . , n− 2 it holds:

ϕ(ai+1) = ϕ(ai)2
F (ui,ui+1,ui+1) (2.1)

Moreover, ϕ(a0) = ϕ(an−1)2F (un−1,u0,u1). We now prove that ϕ(a0) = ϕ(a0)2F (C),
which implies that F (C) = 0 mod 4, that is, F reduces C. By starting with a0,
and by iteratively applying 2.1, we have

ϕ(a0) = ϕ(a0)
n−2∏
i=0

2F (ui,ui+1,ui+2)2F (un−1,u0,u1)

= ϕ(a0)2
∑n−2
i=0 F (ui,ui+1,ui+2)+F (un−1,u0,u1)

= ϕ(a0)2F (C).

�

Theorem 2.3.2. Let G = (V,E) be an undirected cubic graph. If there exists a
(1, 2)-factor F reducing every cycle in a basis of cycles associated with a tree T ,
then G admits a nowhere-zero Z5-flow

Proof. Let Ĝ = (V,D) be the directed graph obtained from G by replacing each
edge uv by two arcs (u, v) and (v, u). In Ĝ the outdegree (resp. indegree) of each
vertex is three. A F−valid local solution for a vertex v ∈ Ĝ is any mapping f
from v+ to Z5 \ {0} such that∑

a∈v+
f(a) = 0 mod 5.

and such that f(v, u) = f(v, w) if and only if vu and vw are F−related. For each
vertex v, there are exactly four F−valid local solutions, as we show in Figure 2.3

4

4

2
1

2

2
1
1

3 4
3

3

Figure 2.3: The 4 F -valid local solution

Let us root the tree T at a vertex r. We define fr as any F−valid local solution
for r. We assign F−valid local solutions to the remaining vertices so as, for
each edge uv ∈ E(T ), fv(v, u) = −fu(u, v). These F−valid local solutions are
completely determined by F , T and fr.

Let ϕ : D → Z5 \ {0} be defined by

ϕ(v, u) = fv(v, u).
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Clearly, for each arc a ∈ D, ϕ(a) 6= 0, and for each vertex v we have that∑
a∈v+

ϕ(a) =
∑
a∈v+

fv(a) = 0 mod 5.

Moreover, for every edge uv ∈ E(T ) it holds that ϕ(u, v) = −ϕ(v, u), and for
each edge vw ∈ E

ϕ(v, w) = ϕ(u, v)2F (u,v,w). (2.2)

We now prove that equality ϕ(w, v) = −ϕ(v, w) holds for every edge vw /∈ E(T ).
Let w = u0, u1, . . . , un = v be the path in T between w and v. By using equation
2.2, it can be proved that

ϕ(w, v) = ϕ(v, un−1)2F (v,un−1,un−2)+···+F (u1,w,v).

Moreover, ϕ(v, un−1) = −ϕ(un−1, v) and ϕ(v, w) = ϕ(un−1, v)2F (un−1,v,w). Then,

ϕ(w, v) = −ϕ(v, w)2F (w,v,un−1)+F (v,un−1,un−2)+···+F (u1,w,v)

= −ϕ(v, w)2F (C),

where C is the cycle in T ∪ {vw}. As F reduces C, we conclude that ϕ(w, v) =
−ϕ(v, w). By choosing any orientation H = (V,A), it follows that the function
ϕ restricted to A is a nowhere-zero Z5−flow of G.

�

The proof of Theorem 2.1.4 is now easy. The forward direction is included in
Proposition 2.3.1, while Theorem 2.3.2 corresponds to the backward implication.

Notice that for a cubic graphs G, if F is a (1, 2)-factor, then F c = E(G) \ F is a
(1, 2)-factor too. By Lemma 2.2.1, 2|CF | = F (C) = 2|CF c | we get the following
corollary:

Corollary 2.3.3. Let G be a cubic graph. Then the (1, 2)-factor F reduces all
cycles of G if and only if F c reduces all cycles of G.

It is worth to notice the following consequence of Theorems 2.3.1 and 2.3.2.

Corollary 2.3.4. To decide whether a given (1, 2)−factor F reduces all cycles of
G can be done in polynomial time.

Proof. Given F and a spanning tree T = (V,E ′) we first attempt to construct
a nowhere-zero Z5−flow as it was done in the proof of Theorem 2.3.2. If this
construction fails, then F does not reduce a cycle Ce, for some e /∈ E ′. Otherwise,
a nowhere-zero Z5−flow ϕ is constructed such that F = Fϕ. From the proof of
Proposition 2.3.1, we conclude that in this case, F reduces every cycle of G.

It is known that one can find a spanning tree in polynomial time. The construc-
tion of the flow is in time O(|E ′|) and then to check if it is a flow can be done in
time O(|E ′|) too. �
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3. Injective coloring with
arithmetic constraints

3.1 Introduction

An injective coloring of a graph G is an assignment of colors to the vertices of G
such that two vertices sharing a common neighbor get different colors. Injective
colorings were introduced in [21]. The smallest integer k such that an injective
coloring with k colors exists is called the injective chromatic number of G and it
is denoted by χi(G).

In this chapter, we introduce another concept which we call additive coloring. An
additive coloring c of a graph G = (V,E) is a function assigning positive integers
to its vertices such that by assigning to each edge uv the value |c(u) − c(v)|,
we obtain an edge coloring of G. The smallest integer k such that an additive
colorings exists with colors in the set {1, . . . , k} is called the additive chromatic
index of G. We denote it by χ′a(G). Since the set of colors used for coloring the
edges is {0, . . . , k − 1} whenever colors used in the vertices belong to {1, . . . , k},
we get that χ′(G) ≤ χ′a(G), where χ′(G) is the chromatic index of G.

Notice that c is an additive coloring if and only if for every three distinct vertices
x, y, z with xy, yz ∈ E, the following two properties hold: c(x) 6= c(z), and
c(x)+c(z) 6= 2c(y). Hence, in particular additive colorings are injective colorings.
Then, ∆(G) ≤ χi(G) ≤ χ′a(G), as any additive coloring using colors in {1, . . . , k}
is an injective coloring with at most k colors. We shall see throughout this work
that these two parameters are closely related and that the additive structure of
integers is closely related with the existence of additive colorings.

3.2 Upper bounds

We start by showing a general upper bound of χ′a(G) in terms of χi(G).

Proposition 3.2.1. . Let G be a graph. Then

χ′a(G) ≤ χ′a(Kχi(G)),

where Km denotes the complete graph on m vertices.

Proof. Let m = χi(G). Let c be an additive coloring of Km with maximum value
l. Then, given any three distinct vertices i, j, k in Km, colors c(i), c(j) and c(k)
are distinct, and c(i) + c(j) 6= 2c(k).

Let c′ be an injective coloring of G with m colors. Then, given any three distinct
vertices u, v, w in G with u and w neighbors of v, c′(u) 6= c′(w).

If c′(v) ∈ {c′(u), c′(w)}, then c(c′(u))+c(c′(w)) 6= 2c(c′(v)). Otherwise, c′(u), c′(v), c′(w)
are distinct and c(c′(u)) + c(c′(w)) 6= 2c(c′(v)). Hence, by defining c′′(u) :=

11



m χ′
a(Km) m χ′

a(Km) m χ′
a(Km) m χ′

a(Km) m χ′
a(Km)

1 1 2 2 3 4 4 5 5 9
6 11 7 13 8 14 9 20 10 24

11 26 12 30 13 32 14 36 15 40
16 41 17 51 18 54 19 58 20 63
21 71 22 74 23 82 24 84 25 92
26 95 27 100 28 104 29 111 30 114
31 121 32 122 33 137 34 145 35 150
36 157 37 163 38 165 39 169 40 174

Table 3.1: χ′a(Km) for m ≤ 40, [19].

c(c′(u)) for every vertex u, we obtain an additive coloring of G with maximum
value l. �

Obviously, this bound is tight for complete graphs as χi(Km) = m. We remark
that a set of integers defines an additive coloring of Km if and only if it does not
contain arithmetic progressions of length three. Hence, in order to effectively ap-
ply the upper bound given in Proposition 3.2.1, we need some information about
the smallest integer l such that there is a set of m integers without arithmetic
progression of length three and contained in {1, . . . , l}. The determination of this
value, in our terms χ′a(Km), has been the focus of research for more than 70 years,
initiated in [15] where the first upper bound of m in terms of l was given, which
was later improved in [35, 36], [46], and [23]. Currently, the best upper bound
appears in [5]. On the other hand, the first lower bound was proved in [1] and it
was later improved in [14]. These best bounds can be stated as follows: there are
constants c1 and c2 such that

c1l

√
log

1
8 l

24
√

2 log l
≤ m ≤ c2l

√
log log l

log l
. (3.1)

In [19] the exact value of χ′a(Km) 1, for m ≤ 41, was computed, and lower and
upper bounds, for m ≤ 100, were given (see Table 1).

By doing some standard calculus manipulations, from Proposition 3.2.1 and In-
equality 3.1 we get the following super linear upper bound for χ′a(G). This bound
will later allow us to obtain some (in)approximability results for the computation
of the additive chromatic index.

Theorem 3.2.2. . Let G be a graph. Then,

χ′a(G) ≤ χi(G)g(χi(G)),

where g(x) = 2
√

2 log(x).

1In fact, they studied the dependency of m in terms of l, which they called the Szemeredi
number sz(l).
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One can see that the injective chromatic number of a graph G is the chromatic
number of the graph G(2), obtained from G by adding edges between vertices at
distance two and by removing all the original edges. When G is a bipartite graph
with independent sets U and W , the graph G(2) is the disjoint union of the graphs
GU = G2[U ] and GW = G2[W ] induced by the independent sets U and W of G
in G(2), respectively. Then, for bipartite graphs we have the following ([21]).

χi(G) = max{χ(GU), χ(GW )}. (3.2)

A similar result holds for the additive chromatic index which allow us to get a
linear upper bound for χ′a(G) in terms of χi(G), for bipartite graphs.

Theorem 3.2.3. . Let G be a bipartite graph. Then,

χ′a(G) ≤ 2χi(G)− 1.

Proof. Let G be a bipartite graph with independent sets U and W . Let GU and
GW defined as above. Let kU := χ(GU) and kW := χ(GW ). Let c and c′ be vertex
colorings of GU and GW , respectively such that c(u) ∈ {1, . . . , kU}, for each
u ∈ GU , and c′(w) ∈ {1, . . . , kW}, for each w ∈ GW . We define ϕ : U ∪W → N
as follows. ϕ(u) = c(u) for u ∈ U and ϕ(v) = c′(v) + kU − 1 for v ∈ W . Then
maxϕ = kU + kW − 1 ≤ 2χi(G) − 1 and it is easy to see that it is an injective
coloring. Hence, in order to prove that ϕ is an additive coloring we prove that
ϕ(u) + ϕ(v) 6= 2ϕ(w) for every u, v, w and w ∈ N(u) ∩N(v). When u,w ∈ U , as
c is a coloring of GU , ϕ(u) 6= ϕ(v) and ϕ(u), ϕ(v) ≤ kU . Moreover, ϕ(w) ≥ kU .
Therefore, ϕ(u) + ϕ(v) 6= 2ϕ(w). We now consider the situation for vertices
u, v ∈ W . As c′ is a coloring of GW , ϕ(u) 6= ϕ(v) and ϕ(u), ϕ(v) ≥ kU . Moreover,
ϕ(w) ≤ kU . Therefore, ϕ(u) + ϕ(v) 6= 2ϕ(w). �

In the next result we prove that the previous bound is tight.

Proposition 3.2.4. Let n be an odd integer, with n ≥ 9. Then, χ′a(Kn,n) =
2n− 1.

Proof. Let U and W be the two independent sets of Kn,n each of size n. It
is clear that both (Kn,n)U and (Kn,n)W are complete graphs of size n. Hence,
χi(Kn,n) = n.

By coloring U with colors in {1, . . . , n}, and coloring B with colors in {n, . . . , 2n−
1} we get an additive coloring of Kn,n. Then, χ′a(Kn,n) ≤ 2n− 1.

We now prove the lower bound χ′a(Kn,n) ≥ 2n− 1. Let ϕ be an additive coloring
of Kn,n, and let A = ϕ(U) and B = ϕ(W ). Since every vertex in U is adjacent
to every vertex in W , the function ϕ must be injective when restricted to U .
Similarly, it must be injective when restricted to W . Hence, |A| = |B| = n.

In this situation ϕ is an additive coloring if and only if av(A)∩B = av(B)∩A = ∅,
where av(C) :=

{
x+y

2
∈ N : x, y ∈ C, x 6= y

}
. Therefore,

max{|av(A)|, |av(B)|}+ n ≤ χ′a(Kn,n).
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For the sake of contradiction let us assume that χ′a(Kn,n) ≤ 2n − 2. Then,
|av(A)| ≤ n − 2 and |av(B)| ≤ n − 2. We first show that in this situation
av(B) = {a, a + 1, . . . , a + (n − 3)}. To this purpose we need the following
property.

Claim 3.2.5. Let D be a set with all its elements with the same parity. For |D| ≥
2, it holds that |av(D)| ≥ 2|D| − 3. Moreover, for |D| ≥ 5, |av(D)| = 2|D| − 3 if
and only if D is an arithmetic progression.

Proof. Without loss of generality we can assume that all elements of D are even
integers. The case |D| = 2 is direct. Let D = {a1 < a2 < . . . < ak} be the
elements of D and let us assume that k ≥ 3. Let bi,j := ai + aj. Then, the
following 2k − 3 integers are all distinct and even,

b1,2 < b1,3 < b2,3 < · · · < bk−2,k < bk−1,k.

This shows that |av(D)| ≥ 2|D| − 3. Moreover, for i ≥ 4 the following two
sequences have 2i− 3 integers, all distinct and even.

b1,2 < · · · < b1,i−1 < b1,i < b2,i < · · · < bi−1,i

and
b1,2 < · · · < b1,i−1 < b2,i−1 < b2,i < · · · < bi−1,i.

Since we can continue both previous sequences with another 2k − 3 − (2i − 3)
terms, we get that if |av(D)| = 2|D| − 3 then b1,i = b2,i−1 for i ≥ 4. From this
equality we get a1 + ai = a2 + ai−1 an then a2 − a1 = ai − ai−1, for i ≥ 4. It is
easy to see that the equality a2 + a5 = a3 + a4 holds, when k ≥ 5. Therefore, D
is an arithmetic sequence. �

We now prove that av(B) = {a, a+1, . . . , a+(n−3)}. As |B| = n is odd, it has a
subset D with all its elements with the same parity, and such that 2|D| ≥ n+ 1.
From the claim it follows that |av(D)| ≥ 2|D| − 3. Since av(D) ⊆ av(B) and
|av(B)| ≤ n−2 we conclude that av(D) = av(B) and |av(D)| = 2|D|−3 = n−2.
Since n ≥ 9, we get that |D| ≥ 5 which again from the claim implies that D is an
arithmetic progression. It is clear that in this case av(D), and then av(B), are
arithmetic progression too.

Let a, b ≥ 1 integers such that av(B) = {a, a+ b, . . . , a+ b(n− 3)}. Then, a ≥ 2
and a+b(n−3) ≤ 2n−3. Since n ≥ 9 we obtain that b ≤ 2+1/(n−3) < 3 which
implies b ≤ 2. If b = 2, then elements in av(B) have the same parity. As we are
assuming that av(B) ∩ A = ∅ and that A ⊆ {1, . . . , 2n − 2}, A must contain a
set D′ of size at least |av(B)| + 1 = n− 1 whose elements have the same parity.
Again we apply the claim and we get that av(A) ≥ 2(n− 1)− 3 = 2n− 5 > n− 2
which, for n ≥ 9, contradicts χ′a(Kn,n) ≤ 2n − 2. Therefore, we conclude that
b = 1. That is, av(B) = {a, a+ 1, . . . , a+ (n− 3)}. Then

A = {1, . . . , a− 1} ∪ {a+ n− 2, . . . , n+ n− 2}.

Hence, the set av(A) contains the sets {2, . . . , a−2}, {a+n−1, . . . , 2n−3}, and
N∩{a+n−1+i

2
: i = 0, . . . , n−3}. Therefore, av(A) has at least n−4 + b(n−2)/2c
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elements which is larger than n − 2, for n ≥ 9 which is a contradiction with
χ′a(Kn,n) ≤ 2n− 2.

�

We can still improve our previous upper bounds when we consider trees. It is easy
to see that for trees the injective chromatic number equals the maximum degree.
So our previous result can be equivalently formulated as χ′a(T ) ≤ 2∆(T )− 1, for
T being a tree. It is also clear that this upper bound reduces to χi(T ) = ∆(T ) =
χ′a(T ), when T has radius 1. Similarly, when the radius of T is two, we have that
χ′a(T ) ≤ d3/2∆e − 1. More generally we have the following.

Proposition 3.2.6. Let T be a tree. If T has radius at least three, then

χ′a(T ) ≤ d5∆/3e − 1.

Proof. We use a strong inductive hypothesis: an additive coloring exists using
colors in the set {1, . . . ,∆ + d2∆/3e − 1} \ {d2∆/3e+ 1, . . . ,∆− 1}. Let v0 be a
vertex such that the distance of each leaf of T to v0 is at most r. If we remove
all the leaves of T we get a tree T ′ with radius r − 1. By induction hypothesis
there is an additive coloring of T ′ with maximum value ∆ + d2∆/3e − 1 and not
using colors in {d2∆/3e+ 1, . . .∆− 1}.

Let v be a leaf of T ′ with color i. When i ≤ d2∆/3e, we color its neighbors in
T − T ′ with colors in {1, . . . , i} ∪ {∆, . . . ,∆ + d2∆/3e − 1}, if 2i ≥ d2∆/3e, and
with colors in {i, . . . , d2∆/3e}∪{∆, . . . ,∆+d2∆/3e−1}, otherwise. When i ≥ ∆,
we color its neighbors in T − T ′ with colors in {∆, . . . , i} ∪ {1, . . . , d2∆/3e}, if
2(i−∆) ≥ d2∆/3e, and with colors in {i, . . . ,∆+d2∆/3e−1}∪{1, . . . , d2∆/3e},
otherwise. �

Previous result leads us to seek an upper bound for χ′a(G) in terms of the max-
imum degree in arbitrary graph. In [21] it was shown that χi(G) ≤ ∆2 −∆ + 1
and that this upper bound is attained by the incidence graph of the projective
plane of order ∆ (P∆). We prove a similar result for the additive chromatic in-
dex. We first prove that the incidence graph of P∆ has additive chromatic index
∆(∆−1)+1. To this purpose we shall use as set of colors a perfect differences set
S. It is a set of ∆ integers, s1, . . . , s∆, having the property that their ∆(∆ − 1)
differences, si − sj, i 6= j; i, j = 1, . . .∆, are congruent modulo ∆(∆ − 1) + 1, to
the integers 1, 2, . . .∆(∆− 1), in some order. In [39] it was shown that for each
∆ − 1 being a power of a prime number there is a perfect differences set of size
∆.

Notice that if S is a perfect differences set so is the set S ′ = {s − m : s ∈ S},
where m is the minimum element in S. Hence, we shall assume in the sequel that
0 ∈ S. Under this assumption for every two elements s, s′ ∈ S it follows that
s+ s′ 6= 0 mod n, where n = ∆(∆− 1) + 1. Otherwise, the two differences 0− s′
and s− 0 coincide modulo n.

For each perfect differences set S, with 0 ∈ S, and ∆ elements, we define the
following representation of the incidence graph of P∆. Let G(S) = (U ∪W,E(S))
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be a bipartite graph where U and W are copies of {0, 1, . . . n − 1} and E(S) =
{xy|x ∈ U, y ∈ W ;∃s ∈ S : x+ s = y mod n}.

Lemma 3.2.7. The graph G(S) corresponds to the incidence graph of P∆. More-
over, χ′a(G(S)) = ∆(∆− 1) + 1.

Proof. By its definition, the set of neighbors of a vertex x in U (resp. W ) is
{x + s mod n : s ∈ S} (resp. {x− s mod n : s ∈ S}), where n = ∆(∆− 1) + 1.
Hence G(S) is a ∆−regular graph.

In order to see that two vertices in U have exactly one common neighbor in W
it is enough to prove that GU is a complete graph on n vertices. Two vertices
x, x′ ∈ U are adjacent in GU if and only if there are s, s′ ∈ S such that x + s =
x′+s′. From the definition of a perfect difference set, the set S is such that given
z = x−x′ mod n ∈ U there are s and s′ such that x−x′ = s′−s mod n. Hence, x
and x′ have a common neighbor in W . By a counting argument we conclude that
they have exactly one common neighbor. A similar argument can be applied to
prove that two vertices in W have exactly one common neighbor in U . Therefore,
G(S) corresponds to the incidence graph of P∆.

Moreover, previous analysis shows that n = χ(GU) ≤ χ′a(G(S)).

We now need to prove that χ′a(G(S)) = n. We prove that by assigning to each
vertex i ∈ U ∪W the value i, we obtain an additive coloring. It is clear that this
coloring is an injective coloring as x+s = x+s′ mod n implies s = s′ mod n. By
the choice of S this implies that s = s′. On the other hand, if there are x, x′ ∈ U ,
s, s′ ∈ S such that x + s = x′ + s′ =: y mod n and x + x′ = 2y, then we obtain
the contradiction s+ s′ = 0 mod n. �

Our previous construction shows that the following upper bound is tight up to a
constant factor.

Theorem 3.2.8. Let G be a graph of maximum degree ∆. Then

χ′a(G) ≤ 2∆(∆− 1) + 1.

Proof. Our first proof of the upper bound was rather elaborated and only gives
the result asymptotically. We present here a simpler proof given by B. Reed [?].
Let v1, . . . , vn be an ordering of the vertices. We construct an additive coloring
greedily by following this ordering. When coloring a vertex vi we have already
colored at most ∆(∆−1) vertices at distance two of vi. Each such vertex forbidds
two colors to be used at vertex v. Hence, with 2∆(∆ − 1) + 1 colors the greedy
strategy produces an additive coloring of G with maximum value 2∆(∆−1)+1.�

3.3 Lower bounds

We now show some non-trivial lower bounds for the additive index in terms of
the minimum degree.
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Theorem 3.3.1. Let G = (V,E) be a graph with minimum degree δ. Then
χ′a(G) ≥ 5(δ − 1)/3.

Proof. Let α := χ′a(G), l =: b(α− δ)/2c+ 1, and c := α− δ − 2(l − 1). We shall
prove that 2(l − 1) + c ≥ (2δ − 5)/3, and hence that α ≥ 5(δ − 1)/3.

Let ϕ be an additive coloring of G, with ϕ : V → {1, . . . , α}. Let u be a vertex
such that ϕ(u) < δ. Then, at most one color between ϕ(u) − a and ϕ(u) + a
can be used to color neighbors of u, for each a = 0, . . . , ϕ(u)− 1. Hence, at least
δ − ϕ(u) colors in {2ϕ(u), . . . , α} are needed to color neighbors of u. This gives
ϕ(u) ≤ α − δ + 1. Given the definition of c and l, we have that the set of colors
that can be used to color neighbors of u is contained in

{1, . . . , 2l − 1 + c} ∪ {δ, . . . , δ + 2(l − 1) + c}.

We define four parameters θ−, θ+, ρ−, ρ+ as follows.

θ− := min{l + c− ϕ(u) : ϕ(u) ≤ l + c},
θ+ := min{ϕ(u)− l − c : l + c ≤ ϕ(u) ≤ 2l − 1 + c},
ρ− := min{δ − 1 + l + c− ϕ(u) : δ ≤ ϕ(u) ≤ δ − 1 + l + c},
ρ+ := min{ϕ(u)− l − c− δ + 1 : δ − 1 + l + c ≤ ϕ(u) ≤ δ − 1 + 2l − 1 + c}.

Let u be a vertex such that ϕ(u) = l + c− θ−. Then, the neighbors of u can use
at most l + c− θ− colors in {1, . . . , 2(l + c− θ−)− 1}, at most 2θ− − c colors in
{2(l+c−θ−), . . . , 2l+c−1}, and at most 2l+c−(ρ−+ρ+) in {δ, . . . , δ+2(l−1)+c}.
Hence, at most

3l + c+ θ− − ρ− − ρ+ (3.3)

in total.

By considering a vertex u such that ϕ(u) = l + c+ θ+, we deduce that there are
at most

3l + 2c+ θ+ − ρ− − ρ+ (3.4)

colors available to color neighbors of u.

Similarly, for a vertex u with ϕ(u) = δ − 1 + l + c− ρ−, there are at most

3l + c+ ρ− − θ+ − θ− (3.5)

colors that can be used to color neighbors of u.

Finally, for a vertex with ϕ(u) = δ − 1 + l + c+ ρ+, there are no more than

3l + 2c+ ρ+ − θ+ − θ− − 2 (3.6)

colors for coloring neighbors of u.

By adding Equations (3.3), (3.4), (3.5), and (3.6), we get

12l + 6c− θ− − θ+ − ρ− − ρ+ − 2 ≥ 4δ,

which implies
2(l − 1) + c ≥ (2δ − 5)/3.

�
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When we apply previous bound to ∆-regular graphs we get the following result.

Corollary 3.3.2. Let G = (V,E) be a ∆-regular graph. Then χ′a(G) ≥ 5(∆ −
1)/3.

3.4 Computational complexity of computing χ′a(G)

Additive coloring are injective coloring with additional constraint on the color
allowed in the neighborhood of each vertex. This also holds for L(p, q)−labeling,
a related concept introduced in [20]. Let λ(p, q)(G) be the smallest integer k
such that a coloring of G with colors in {0, . . . , k} exists with the property that
vertices at distance one are assigned with colors at distance at least p while
vertices at distance two are assigned with colors at distance at least q. From the
computational complexity point of view it is known that for p and q relatively
primes the problem of deciding whether λp,q(G) ≤ r, is NP-complete, even when
restricted to trees [17]. On the other hand, in [10], it is shown that λ2,1(G) can
be computed in polynomial time on trees. More recently, a linear time algorithm
for computing λ2,1(G) for trees was proved in [22]. The method presented in [10]
can be extended to compute λp,1(G) in polynomial time.

Here we show how a similar idea can be used to compute the additive chromatic
index of trees. For a tree of maximum degree ∆, we can reduce the computation
of its additive chromatic index to the problem of deciding whether it has an
additive coloring with maximum value l, for each value l ∈ {∆, . . . , 5∆/3}. We
present the result in a framework which includes previous notions.

Let us consider vertex colorings such that when a vertex has color a then its
neighbors can only use colors which are not in conflict with each other. To model
this situation, let C be a set of colors, and for each color a in C let Ga = (Va, Ea)
be a graph such that Va ⊆ C. An edge bc in Ea indicates that no two neighbors
u and w of a vertex v can have colors b and c if v has color a.

We call an injective coloring c using colors in C feasible for (Ga)a∈C, if for each
vertex u, the set of colors c(N(u)) is an independent set in the graph Gc(u).

Let C be a set of colors and for each color a in C let Ga = (Va, Ea) be a graph.
Given a tree T , a leaf r and a vertex u 6= r, we denote by T u the subtree of T of
descendants of vertex u with respect to the partial order defined by r. For each
vertex u and each color a ∈ C we say color b ∈ Va is compatible with u and a,
if there is an injective coloring of T u feasible for (Ga)a∈C, and assigning color a
to the father of vertex u and color b to u. Let C(u, a) denote the set of colors
which are compatible with u and a. It is clear that if we are able to compute sets
of compatible colors for all vertices and all colors, then we can decide whether T
has a feasible coloring. In fact, if for the child u of the root r there are colors a
and b with b ∈ C(u, a), then a feasible injective coloring exists for T .

Given a tree T , the following dynamic programming algorithm computes for every
vertex u and every color a, the set C(u, a).
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Compatible Sets

Input: A tree T = (V,E), a set of color C, and a family of graphs (Ga =
(Va, Ea))a∈C.

Output: For each vertex u and each color a ∈ C, the set of compatible colors
C(u, a).

1. For each leaf u, u 6= r, for each color a, set C(u, a) = Va; mark vertex u as
processed.

2. Iteratively, take a vertex u not yet processed and such that all its children
in T are processed. For each color a compute C(u, a) as follows: b ∈ C(u, a)
if and only if for each child v of u, there exists a color fv ∈ C(v, b), such
that the set {fv : v a child of u} ∪ {a} is independent in Gb. At the end,
mark vertex u as processed and continue with unprocessed vertices.

This strategy can be implemented by visiting the tree in time O(n|C|2K), where
K is the time needed to determine whether b ∈ C(u, a), for a given vertex u, and
given colors a and b.

As above, given a tree T , a leaf r and a vertex u 6= r, we denote by T u the
subtree of T of descendants of vertex u with respect to the partial order defined
by r. We also denote by N ′(u) the children of u with respect to this partial
order. Given two colors a and b in C and a vertex u of T , we show that to decide
whether b ∈ C(u, a) can be formulated as a maximum matching problem in an
auxiliary bipartite graph H, when each connected component of each graph Ga

is a complete graph. In this situation an injective coloring c of T is feasible for
(Ga)a∈C if it assigns to each vertex v ∈ N(u) a color in a different connected
component of Gc(u). The auxiliary graph H is built as follows.

Let B be the set of connected components of Gb which do not contain color a. Let
G = (N ′(u)∪B,E) be a bipartite graph with independent sets N ′(u) and B. For
each v ∈ N ′(u) and each s ∈ B we add the edge vs to E whenever s∩C(v, b) 6= ∅.

If graph H has a matching saturating N ′(u), then we can color v ∈ N ′(u) with
any color fv in C(v, b) ∩ s, where vs belongs to M . As at most one v ∈ N ′(u) is
associated with s we obtain a feasible injective coloring. Conversely, if a feasible
injective coloring exists it must assign to each vertex in N(u) a color in a different
connected component of Gb. As the father of u has color a, no color in the
connected component of Gb containing a can be used for the remaining neighbors
of u. Moreover, two distinct vertices in N ′(u) are assigned with two different
connected components in Gb. Then, a matching exists that saturates N ′(u).

The time needed to compute a maximum matching in a bipartite graph whose
independent sets are of size |N(u)| ≤ ∆ and |Va| ≤ |C| is O(∆1.5|C|).

Theorem 3.4.1. In time O(∆1.5n|C|3) we can decide whether a tree with n ver-
tices and of maximum degree ∆ admits an injective coloring feasible for CG =
(Ga)a∈C, when for each color a each connected component of Ga is a complete
graph.

The family (Ga)a∈C associated to injective colorings is such that set of edges of
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each graph is empty, while for λp,q coloring for each color a the graph Ga has
vertex set C \ {a − p, . . . , a + p} and edge set {c ∈ C : |c − a| < q}. The family
(Ga)a∈C associated to additive colorings is such that the graph Ga is a matching,
for each a ∈ C. From Theorem 3.4.1 applied to this family we get that in time
O(∆1.5nl3) we can decide whether a tree T with n vertices and of maximum
degree ∆ admits an additive coloring with colors in {1, . . . , l}. From Proposition
3.2.6 we get the following corollary.

Corollary 3.4.2. The additive chromatic index can be computed in time O(∆4.5n log ∆)
in a tree with n vertices and of maximum degree ∆.

We now consider the computation of the additive chromatic index in larger classes
of graphs. A natural class to consider is the class of bounded treewidth graphs.
For this class it is known that any decision problem admitting a Monadic Second
Order Logic formula has a polynomial time algorithm [11]. For k-Additive
Coloring, the problem of deciding whether a graph G has additive chromatic
index at most k, we have the following for each fixed k.

Lemma 3.4.3. The problem k-Additive Coloring can be expressed by a
Monadic Second Order Logic formula of size only depending on k.

Proof. In the following formula, the sets X1, . . . , Xk will correspond to the color
sets, and the three vertices x, y, z to any path of length 2. Part (3.8) of the
formula states that vertices x, y, z receive colors in [k] := {1, . . . , k}, part (3.9)
states that vertices x and z receive different colors (same condition as for an
injective coloring), and part (3.10) states that the colors given to vertices x, y, z
do not create an arithmetic progression.

∃X1, . . . , Xk ⊆ V (G) s.t. ∀x, y, z ∈ V (G) :
(
{x, y} ∈ E(G) ∧ {y, z} ∈ E(G)

)
⇒(3.7)[(∨

i∈[k] x ∈ Xi

)
∧
(∨

i∈[k] y ∈ Xi

)
∧
(∨

i∈[k] z ∈ Xr

)]
(3.8)

∧ ¬
[∨

i∈[k]

(
x ∈ Xi ∧ z ∈ Xi

)]
(3.9)

∧ ¬
[∨

i,j∈[k]

(
x ∈ Xi ∧ y ∈ Xi+j ∧ z ∈ Xi+2j

)]
(3.10)

. �

From the result in [11] we immediately get the following.

Theorem 3.4.4. The problem k-Additive Coloring, for any fixed k, has a
polynomial time algorithm when restricted to classes of graphs of bounded treewidth.

We do not know whether the problem remains polynomially solvable when k
is part of the input, even for serie-parallel graphs, i.e. graphs of treewidth at
most two. On the other hand, we prove that the problem is hard for k = 4,
even when restricted to 3-regular graphs. To this end we show that 4-Additive
Coloringreduces 3-Edge Coloring, the problem of deciding whether a graph
has a 3-edge coloring, which was proved to be NP-complete in [25], even when
restricted to 3-regular graphs.
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Theorem 3.4.5. The problem k-Additive Coloring, for k = 4, is NP-
complete, even when restricted to 3-regular graphs.

Proof. To see that k-Additive Coloring belongs to NP, we notice that the
additive chromatic index is monotone under subgraphs. Hence an upper bound
for its value on the complete graph Kn is an upper bound for its value in any
graph on n vertices. As the right hand side of Equation 3.1 is O(n2), an additive
coloring for a graph on n vertices has a description of length polynomial in n.

As previously mentioned, the problem 3-Edge Coloringis NP-complete, even
when restricted to 3-regular graphs. We build for each 3-regular graph G a 3-
regular graph G′ such that G is 3-edge-colorable if and only if G′ has an additive
coloring with colors in {1, a, 4}, with a = 2 or a = 3.

The graph G′ is obtained from G by replacing each vertex v of G by a copy of
the complete graph K3 which we denote A(v), and for each edge uv ∈ G we add
an edge u′v′ in G′, where u′ ∈ Au, v′ ∈ Av such that each vertex in Au finishes
with degree 3 in G′.

The vertices u′ and v′ in the above construction are called the vertices of G′

associated to the edge uv in G. It is clear that the construction of G′ can be done
in polynomial time and that G′ is 3-regular.

An edge coloring of G with three colors can be transformed in an additive coloring
of G′ which uses colors in the set {1, 2, 4} as follows. In G′ we assign color i to
the two vertices u′ and v′ associated to an edge uv of G with color i, with i = 1, 2,
and we assing color 4 to those vertices of G′ associated with edges of G with color
3.

Conversely, an additive coloring with colors in {1, 2, 3, 4} uses either colors 1, 2, 4
or 1, 3, 4 in each set Av. Therefore, colors 1 and 4 are presents in each set Av.
Moreover, the neighbor not in Av of a vertex v′ in Av has the same color as v′.
This allows us to color the edges in G with color 1 or 3 if its associated vertices
get color 1 or 4 in G′, respectively. The remaining edges are colored with color
2. �

In view of previous results it is interesting to consider whether we can approximate
the additive chromatic number in polynomial time. We can use Theorem 3.2.2
to obtain (in)approximability results for the additive chromatic index based on
previous results obtained for the injective chromatic numbers. In [24], it was
proved that there is a polynomial time approximation algorithm for χi(G) with
an approximation factor n1/3 when restricted to split graphs. Moreover, they
proved that this result is tight in the following sense. They showed that unless
ZPP = NP , for each ε > 0, there is no polynomial time approximation algorithm
for χi(G) with a factor n1/3−ε, even for the class of split graphs. This result was
based on an inapproximability result for the chromatic number obtained in [16].
From a result obtained in [50], we now know that the condition ZPP = NP can
be strengthened to P = NP .

Let us assume that there are ε > 0 and a polynomial time approximation algo-
rithm for χ′a(G) which on input G computes an approximation α for the additive
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chromatic index laying between χ′a(G) and n1/3−εχ′a(G).

From Theorem 3.2.2 we have that χ′a(G) ≤ χi(G)g(χi(G)), where function g is
o(nε/2), for each ε > 0. Moreover, g(x) is a non negative, non decreasing function.

Then, we have χi(G) ≤ α ≤ n1/3−εχi(G)g(n) ≤ n1/3−ε/2χi(G), for each graph G
with n vertices, and n large enough. This allows us to prove the following result.

Theorem 3.4.6. For each ε > 0, unless P = NP , there is no polynomial time
approximation algorithm with approximation factor n1/3−ε for the additive chro-
matic index, even when restricted to split graphs.

On the other hand, if for a graph G on n vertices we can compute in polynomial
time a value v such that χi(G) ≤ v ≤ χi(G)n1/3, then we can use vg(v) to get
an approximated value for χ′a(G). In fact, we know from Theorem 3.2.2 that
χ′a(G) ≤ χi(G)g(χi(G)). Hence χ′a(G) ≤ vg(v) as xg(x) is non-decreasing.

Applying the function xg(x) to χi(G)n1/3 we get χi(G)n1/3g(χi(G)n1/3). But,
g(χi(G)n1/3) ≤ g(n4/3) and for each value ε > 0, g(n4/3) is smaller than nε, for n
large enough. Therefore,

χ′a(G) ≤ vg(v) ≤ χ′a(G)n1/3+ε.

Theorem 3.4.7. For each ε > 0, there is a polynomial time approximation al-
gorithm with approximation factor n1/3+ε for the additive chromatic index, when
restricted to split graphs.

It is clear that based upon Theorem 3.2.3 we can obtain similar approximation
results between the additive chromatic index and the injective chromatic number
for bipartite graphs. This linear relation between these two parameters makes
interesting the following result.

Theorem 3.4.8. For each fixed k ≥ 3, the problem of deciding whether an input
graph G has injective chromatic number at most k, is NP-complete, even restricted
to bipartite graphs of maximum degree k.

Proof. Let G = (V,E) be a graph a k-regular graph and let I(G) be the incident
graph of G defined as the bipartite graph with parts V and E such that ve ∈
E(I(G)) whenever, e is incident with v. Notice that if G has maximum degree k,
then I(G) also has maximum degree k.

It is not hard to see that for the incidence graph I(G), it holds that (I(G))V is
the original graph G and that (I(G))E is the line graph of G. Therefore, from
Equation 3.2 we get

χi(I(G)) = max{χ(G), χ′(G)}.

From Brooks’ Theorem ([6]) we get that χi(I(G)) = χ′(G), unless G is a complete
graph. Therefore, computing the injective chromatic number of I(G) is as hard
as computing the chromatic index of G. As it is known that computing the
chromatic index of k regular graphs is NP-hard, we obtain the statement of the
theorem. �
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3.5 Conclusion

We have seen that computing the additive chromatic number on complete graphs
as well as in balanced complete bipartite graphs depends on non-trivial addi-
tive properties of integers. We think that it is worth to consider the problem
in others classes of well structured graphs as products of paths and/or cycles,
balanced complete 3-partite graphs, and more generally, balanced complete k-
partite graphs. We think that this study may require more sophisticated additive
combinatorics tools in order to obtain lower bounds.
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4. Proper caterpillars are
distinguished by their chromatic
symmetric function

4.1 Introduction

The weighted graph polynomial UG [34] and the chromatic symmetric function
XG [40] of a graph G are powerful invariants. They have been actively studied and
have diverse applications as they encode much of the combinatorics of the given
graph. In particular, many well-known isomorphism invariants such as the Tutte
polynomial and the chromatic polynomial can be obtained as evaluations of them.
A natural question about either XG or UG is to decide whether they are complete
isomorphism invariants. More precisely, do there exist non-isomorphic graphs
with the same chromatic symmetric function (respectively the same weighted
graph polynomial)? The answer to both questions is affirmative: Examples of
non-isomorphic graphs with the same symmetric chromatic function can be found
in [40]; on the other hand, one can find non-isomorphic graphs with the same
weighted graph polynomial by combining the work in [37, 8]. However, these
questions remain open when restricted to trees. In fact, Thatte proved in [47]
that they are equivalent for trees. So the question stands: Do there exist non-
isomorphic trees with the same chromatic symmetric function?. This question is
often referred to as Stanley’s question or The Stanley conjecture [40].

Despite the importance of the symmetric function generalization of the chromatic
polynomial, not much is known in the literature about this question. We now
review some known partial results towards a solution that appeared in [32]. First,
we need to recall some definitions. Given a class of trees, we say that XG distin-
guishes among this class if trees in the class with the same chromatic symmetric
function must be isomorphic. A caterpillar is a tree where all the internal edges
form a path, which is referred to as the spine of the caterpillar. A caterpillar
is proper if each vertex in the spine is adjacent to a least one leaf. The spine
induces a linear structure, which allows us to define the leaf-sequence of a cater-
pillar: To each vertex in the spine, we associate the number of leaves adjacent to
it. M. Morin shown that XG distinguishes among caterpillars with a palindromic
leaf sequence and among proper caterpillars having a leaf sequence with all its
components being distinct ([33], Theorem 4.3.1) . Thus, determining whether
XG distinguishes among all caterpillars seems to be a natural step towards the
solution of Stanley’s question. In this chapter, we obtain the following:

Theorem 4.1.1. The chromatic symmetric function distinguishes among proper
caterpillars.

To this purpose, we give a sufficient condition for caterpillars to have a distinct
symmetric function generalization of the chromatic polynomial. Next, we describe
a natural embedding of proper caterpillars into the set of integer compositions.

24



We introduce a polynomial for compositions, which we call the L-polynomial,
that mimics the weighted graph polynomial of Noble and Welsh. We also show
that the L-polynomial of an integer composition can be computed as an evalu-
ation of the weighted graph polynomial of the corresponding proper caterpillar.
Finally, we observe that the L-polynomial is equivalent to the multiset of par-
tition coarsenings defined by Billera, Thomas and van Willigenburg in [2], and
then we combine their characterization of integer compositions having the same
multiset of partition coarsenings with our sufficient condition to establish our
main result.

4.2 Caterpillars versus compositions

4.2.1 Compositions and the L-polynomial

Let P denote the set of positive integers. Let n be a positive integer. A compo-
sition β of n, denoted β |= n, is a list β1β2 . . . βk of positive integers such that∑

i βi = n. We refer to each of the βi as components, and say that β has length
`(β) = k and size |β| = n. The set of all compositions of n will be denoted by
Cn. The set of all compositions is given by

C =
⋃
n∈P

Cn,

and is equal to the set of all non-empty words with alphabet P . The reverse of a
composition β = β1β2 . . . βk is the composition β∗ = βk . . . β2β1. A composition
β is a palindrome if and only if β∗ = β. We say that α ∼∗ β if either α = β or
α = β∗ and denote by [β]∗ := {β, β∗} the corresponding reverse-class.

Given two compositions α = α1α2 . . . αk and β = β1β2, . . . βl, recall that the
concatenation is given by

α1α2 · · ·αk · β1β2 · · · βl = α1α2 · · ·αkβ1β2 · · · βl,

and that the near-concatenation of α and β is given by

α� β := α1α2 . . . αk−1(αk + β1)β2β3 . . . βl.

Next, recall the following partial order on compositions. Given two compositions
α and β in C, we say that β is a coarsening of α, denoted β � α if β can be
obtained from α by adding consecutive components from α. That is to say, there
exists an increasing finite sequence 1 = j0 < j1 < j2 < ... < ji < ji+1 = `(α) + 1
of integer indices such that

β = αj0 · · ·αj1−1 � αj1 · · ·αj2−1 � . . .� αji · · ·αji+1−1.

For convenience, we will denote βi,k = βiβi+1 · · · βk to shorten the above notation.

Observe that by a well-known result of MacMahon [30], (Cn,�) is isomorphic as
a poset to the Boolean poset of dimension n − 1, i.e., the set of all subsets of
{1, 2, . . . , n− 1} ordered by inclusion.
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A partition of n is a composition λ of n where the components satisfy λ1 ≥ λ2 ≥
. . . ≥ λl. The type of a composition β, denoted by λ(β), is the partition obtained
by reordering the components of β in a weakly decreasing way.

Let x = x1, x2, . . . be an infinite collection of commuting indeterminates. Given a
partition λ = λ1λ2 · · ·λl of n, define xλ := xλ1xλ2 · · ·xλl . The composition-lattice
polynomial of a composition β is defined by

L(β,x) =
∑
α�β

xλ(α).

When will be clear the context, we will use L(β) instead of L(β,x).

If P is any polynomial in x, and λ is a partition, then [xλ]P will denote the
coefficient of xλ when P is expanded in the standard monomial basis.

4.2.2 The weighted graph polynomial

Let G = (V,E) be a simple graph. If A ⊆ E, then G|A is the graph obtained from
G after deleting all the edges in the complement of A from G (but keeping all the
vertices). We recall the definition of the weighted graph polynomial (a.k.a. the
U -polynomial), originally introduced by Noble and Welsh [34]. Note that we give
the definition only for simple graphs (it is possible to define the U -polynomial for
graphs with loops and parallel edges but we will not need this generality here).

The rank of A, denoted r(A), is given by

r(A) = |V | − k(G|A),

where k(G|A) denotes the number of connected components of G|A. Let λ(A) =
λ1λ2 · · ·λk be the partition of |V | induced by the connected components of G|A,
that is, λ1, λ2, . . . , λk are the cardinalities of the connected components of G|A.
The U-polynomial of G is defined by:

UG(x, y) =
∑
A⊆E

xλ(A)(y − 1)|A|−r(A).

A graph G is U-unique if the U -polynomial of every graph that is not isomorphic
to G is different from the U -polynomial of G.

When G is a tree T , it is easy to check that r(A) = |A| for every A ⊆ E(T ).
Thus, the U -polynomial of T reads

UT (x) =
∑
A⊆E

xλ(A).

This implies, in particular, that a tree T is U -unique if and only if the U -
polynomial of every tree that is not isomorphic to T is different from the U -
polynomial of T .
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Alternatively, by collecting like terms, we get

UT (x) =
∑
λ`|V |

cλ(T )xλ,

where cλ(T ) denotes the the number of subsets A ⊆ E such that λ(A) = λ, and
the sum is over all the partitions of |V |.

4.2.3 Caterpillars and the UL-polynomial

Recall that a tree T is a caterpillar if the induced subgraph on the internal
vertices is a non-trivial path P (T ), which is called the spine of T . As usual, we
will identify P (T ) with its set of edges and let L(T ) = E \P (T ) be the set of leaf
edges of T . A caterpillar T is proper if every internal vertex of T is adjacent to
at least one leaf.

The restricted weighted polynomial, or UL-polynomial, of a caterpillar T is defined
by

UL
T (x) =

∑
A⊆E(T ),L(T )⊆A

xλ(A).

Proposition 4.2.1. For every caterpillar T , we have

UT (x1 = 0, x2, x3, . . .) = UL
T (x1 = 0, x2, x3, . . .). (4.1)

Furthermore, if T is proper, then UL
T does not depend on x1. In particular, in

such a case UL
T is an evaluation of the U-polynomial of T .

Proof. Let A ⊆ E be such that L(T ) is not a subset of A, and pick an edge
e ∈ L(T ) that is also in the complement of A. Observe that the leaf adjacent to
e is an isolated vertex in G|A. This implies that 1 is a part of λ(A), which means
that x1 divides xλ(A). It follows that xλ(A)|x1=0 = 0. Thus,

UT (x1 = 0, x2, x3, . . .) =
∑

A⊆E,L(T )⊆A

x(λA)|x1=0 = UL
T (x1 = 0, x2, x3, . . .),

which establishes (4.1). To get the conclusion, observe that if T is proper and
A ⊆ E(T ) contains L(T ), then T |A does not have isolated vertices, which implies
that UL

T is a polynomial that does not depend on x1. Hence, the last assertion
follows from (4.1).

�

4.2.4 Caterpillars versus compositions

Let T+ be the family of all proper caterpillars and P be the set of reverse-classes
of all integer compositions. There is a natural one to one function of T+ into P .
Indeed, suppose that the internal vertices of T are enumerated as {v1, v2, . . . vk},
where vi is adjacent to vi+1 for each i ∈ {1, . . . , k− 1}. In other words, the spine
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of T is the path P (T ) = v1v2 . . . vk. Then, for each i ∈ {1, . . . , k}, define βi to
be the number of vertices in the connected component of T |L(T ) that contains vi.
Finally set

Φ(T ) = [β1β2 · · · βk]∗.

Lemma 4.2.2. The map Φ : T+ → P is one-to-one.

Proof. Let P+ be the image of T+ by Φ. We construct Ψ : P+ → T+, which is the
inverse of Φ, explicitly. Given [β]∗ in P+, let T̃ be a path with `(β) vertices, that
is, T̃ = v1 . . . v`(β). Next, for every i ∈ {1, . . . , `(β)}, we attach βi−1 leaves to the
vertex vi and denote by T = Ψ(β) the caterpillar generated by this process. It is
clear that T does not depend on the choice of β in the reverse-class. Moreover,
since [β]∗ belongs to P+, it is clear that βi > 1 for all i, which means that T is
proper. Hence, Ψ is well-defined. Finally, it is straightforward to check that Ψ is
the inverse of Φ. �

Observe that since the L-polynomials of a composition and its reverse coincide,
we can define

L(Φ(T ),x) = L(β,x), β ∈ Φ(T ).

Proposition 4.2.3. For every T ∈ T+ we have

UL
T (x) = L(Φ(T ),x).

Proof. Fix β ∈ Φ(T ) and an orientation of the spine P (T ) = v1 . . . vn such that
sequence of the number of vertices of the connected components of T |L(T ) coincides
with β. We will establish a correspondence between compositions α � β and sets
A ⊆ E(T ) containing L(T ) that satisfy the relation λ(A) = λ(α). Indeed, suppose
that A ⊆ E(T ) contains L(T ). Then the edges in E \ A are all internal, which
means that E \ A = {vj1vj1+1, vj2vj2+1, . . . , vjkvjk+1} with j1 < j2 < . . . < jk. By
defining

α(A) = |β1,j1 ||βj1+1,j2 | . . . |βjk−1+1,jk ||βjk+1,n|,

it is clear that α(A) � β and λ(α(A)) = λ(A). Conversely, if α � β, then by
definition, there exist 1 = j0 < j1 < j2 < . . . < ji < ji+1 = `(β) + 1 such that

α = βj0,j1−1 � βj1,j2−1 � . . .� βji−1,ji−1 � βji,ji+1−1.

By defining
A(α) = L(T ) ∪ {vj1−1vj1 , vj2−1vj2 , . . . , vji−1vji},

we check that λ(A(α)) = λ(α). It is left to the reader to check that A(α(A)) = A
and α(A(α)) = α. Finally, by using the last correspondence, we get

UL
T (x) =

∑
A⊆E(T ),L(T )⊆A

xλ(A) =
∑
α�β

xλ(α) = L(β,x).

�

The next corollary follows direct from Proposition 4.2.3 and Proposition 4.2.1.
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Corollary 4.2.4. Let T and T ′ be two proper caterpillars with the same U-
polynomial. Then, Φ(T ) and Φ(T ′) have the same L-polynomial.

We say that α ∼L β if L(α,x) = L(β,x) and denote by [β]L = {α ∈ C | β ∼L α}
the corresponding L-class. A composition β is L-unique if and only if [β]L = [β]∗.

Corollary 4.2.5. Let T be a proper caterpillar and β ∈ Φ(T ). Suppose that β is
L-unique. Then, T is U-unique.

Proof. Suppose T ′ is a tree such that UT (x) = UT ′(x). In (Proposition 10, [32]),
it is proved that whether a tree is a caterpillar or not can be recognized from
U . Thus, since T and T ′ have the same U -polynomial, then they have the same
degree sequence (Corollary 5 in [32]) and we can recognize that T ’ must also be
a proper caterpillar. Let α ∈ Φ(T ′). It follows from Propositions 4.2.1 and 4.2.3
that L(α,x) = L(β,x). The L-uniqueness of β now implies that α ∼∗ β. Thus,
T ′ is isomorphic to T and T is U -unique. �

4.3 Proof of the main result

4.3.1 Description of compositions with the same L-polynomial

It is easy to see that L-polynomial of a composition β is equivalent to the multiset
of partitions coarsenings of β

M(β) = {λ(α) | α � β},

introduced in [2]. Since the class of compositions that have the same multiset
of partition coarsenings has been completely described in [2], we get a complete
description of the L-class of a given composition. We recall now this description.
When possible, we follow the notation in [2].

For convenience we write

α�i := α� α� . . .� α︸ ︷︷ ︸
i times

,

where α is a composition and i is a positive integer. Given α |= n and β |= m,
the composition β ◦ α is defined by

β ◦ α = α�β1 · α�β2 · · ·α�βk ,

where `(β) = k. It is clear that β ◦α |= nm and since (α ·β)∗ and (α�i)∗ = (α∗)�i

the the reverse operation commutes with the product ◦, it means,

(β ◦ α)∗ = (β∗ ◦ α∗). (4.2)

If a composition α is written in the form α1 ◦ α2 ◦ · · · ◦ αk, then we call this a
factorization of α. A factorization of α = β ◦ γ is called trivial if any of the
following conditions are satisfied:
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1. one of the β,γ is the composition 1,

2. the compositions β and γ both have length 1,

3. the compositions β and γ both have all components equal to 1.

A factorization α = α1 ◦ α2 ◦ · · · ◦ αk is irreducible if no αi ◦ αi+1 is a trivial
factorization, and each αi admits only trivial factorizations. In this case, each αi
is called an irreducible factor.

Theorem 4.3.1 ([2, Theorem 3.6]). Each composition admits a unique irreducible
factorization.

Let α |= n and α = α1 ◦ α2 ◦ · · · ◦ αk be the unique irreducible factorization of
α. Let id denote the identity map on C and R denote the reverse map, that is,
R(α) = α∗ for all α ∈ C. The symmetry-class of α is defined by

Sym(α) :=
{
T1(α1) ◦ T2(α2) ◦ · · · ◦ Tk(αk) | Ti ∈ {id, R} for all i ∈ {1, . . . , k}

}
.

For instance, the unique irreducible factorization of 1 2 1 3 2 is 1 2 ◦ 1 2. Then

Sym(1 2 1 3 2) = {1 2 ◦ 1 2, 1 2 ◦ 2 1, 2 1 ◦ 1 2, 2 1 ◦ 2 1}
= {1 2 1 3 2, 2 1 2 3 1, 1 3 2 1 2, 2 3 1 2 1}.

Theorem 4.3.2 ([2, Corollary 4.2]). For every composition α we have

[α]L = Sym(α).

4.3.2 Caterpillars with distinct U-polynomials

In this section, we give a very general sufficient condition for two proper cater-
pillars to have distinct U -polynomials. First, we need some notation.

Recall that α is lexicographically less than β, denoted α <L β, if one of the two
conditions hold:

1. `(α) < `(β) and αi = βi for all i ∈ {1, . . . , `(α)},

2. There exists k ∈ {1, . . . , `(α)} such that αk < βk and αi = βi for all
i ∈ {1, . . . , k − 1}.

Given two compositions α 6= β of the same length, let

k(α, β) := min{1 ≤ k ≤ `(α) | αk 6= βk} (4.3)

denote the index where the first difference (from left to right) between α and β
appears. A composition β is a prefix of another composition γ if there exists a
composition α such that γ = β · α. Acordingly, β is a suffix of γ if there exists α
such that γ = α · β.

Theorem 4.3.3. Suppose S and T are two proper caterpillars such that Φ(S) =
[α ◦ γ]∗ and Φ(T ) = [β ◦ γ]∗, where α, β and γ belong to C, and α and β have the
same size. If γ is not a palindrome and α 6= β, then the U-polynomials of S and
T are distinct.
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Proof. To avoid confusion, we sometimes write (α1, α2, . . . , αk) instead of α1α2 . . . αk
for a composition α. Without loss of generality we may assume that γ <L γ

∗ and
α <L β. Fix σ = α ◦ γ, τ = β ◦ γ and n = |α| = |β|. Fix also a = |α1,k(α,β)| and
b = |γ1,k(γ,γ∗)|, where k := k(α, β) and l := k(γ, γ∗) are defined by (4.3). Since
γ <L γ

∗, it is easy to check that [x(b,|γ|−b)]L(γ) = 1 and γ do not has a suffix of
size b. Now consider δ = δ1δ2, where

δ1 = a|γ|+ b, δ2 = n|γ| − δ1.

We show that
[xλ(δ1,δ2)]L(σ) = 1.

Indeed, by the definition of k and l the composition ρ1 = (α1,k ◦γ) ·γ1,l is a prefix
for σ while ρ2 = (α1,k ◦ γ)� γ1,l is a prefix for τ , and both compositions have size
δ1. Hence, δ � σ and δ � τ .

Let us now suppose that [xλ(δ1,δ2)]L(σ) = 2, that is, there is a suffix φ of σ such
that |φ| = δ1. Moreover, by the definition of σ, this would imply that φ = φ1 ∗φ2

where ∗ could be · or �, |φ1| = b and |φ2| = a|γ|, which in turn would yield that
φ1 is a suffix of γ, which is a contradiction. Hence, [xλ(δ1,δ2)]L(σ) = 1.

Now we compute [xλ]US = ]{A ⊆ E(S) | λ(A) = λ} for λ = λ(1, δ1 − 1, δ2).
Indeed, fix A ⊆ E(S) such that λ(A) = λ. Since S is proper, it follows that
E(S) \ A = {e1, e2}, where e1 = vivi+1 is an internal edge and e2 is a leaf. This
means that A′ = A ∪ {e2} contains L(S) and either λ(A′) equals {λ(δ1, δ2)} or
{λ(δ1 − 1, δ2 + 1)}. Since A′ contains all leaves, it corresponds to the sequence
ζ := |σ1,i||σi+1,`(σ)| and we have λ(ζ) = λ(A′). Let us see that necessarily ζ = δ.
Indeed, supposing ζ = δ∗ implies that (n− b, b) � γ which is not possible. Next,
supposing ζ = (δ1 − 1, δ2 + 1) implies, as we already know that (δ1, δ2) � σ,
that (δ1−1, 1, δ2) � σ, which is not possible since S is proper. Finally, supposing
(δ2 +1, δ1−1) � σ implies that (n−b+1, b−1) � γ. But this is not possible, since
by hypothesis, then we have |(γ∗)1,l| > |γ1,l| = b > |(γ∗)1,l−1| and |(γ∗)1,l−1| =
|γ1,l−1| = b − γl < b − 1, where the last inequality follows from the fact that S
is proper. Hence we have ζ = δ. Now, this means that A′ is indeed uniquely
determined. This implies, in particular, that

[xλ]US = ]L(Ψ(ρ1)).

with Ψ the function defined in Lemma 4.2.2.

Using a similar argument, it is possible to show that

[xλ]UT = ]L(Ψ(ρ2)).

Thus, to finish the proof, it suffices to compute the number of leaves in Ψ(ρ1) and
Ψ(ρ2) and show they are different. The following lemma allows us to compute
the number of leaves in a proper caterpillar. To simplify notation, we say that a
composition γ ∈ C is proper if every element in γ is larger than one.

Lemma 4.3.4. Suppose γ ∈ C is proper. Then,

]L(Ψ(γ)) = |γ| − `(γ).

31



Proof. Since γ is proper, it is easy to see that Ψ(γ) is also proper. Moreover,
if v1 . . . v`(γ) denotes the spine of Ψ(γ), it follow easily from the definition of Ψ
that the number of leaves incident to vi is γi− 1 for every i ∈ {1, . . . , `(γ)}. This
implies that ]L(Ψ(γ)) =

∑
i(γi−1) = |γ|−`(γ), which is the desired conclusion.�

Motivated by Lemma 4.3.4, given γ ∈ C, define N(γ) = |γ| − `(γ). The following
lemma summarises the properties of N .

Lemma 4.3.5. Suppose γ and α are two proper compositions. Then, the follow-
ing assertions hold:

(i) N(γ · α) = N(γ) +N(α);

(ii) N(γ � α) = N(γ) +N(α) + 1;

(iii) N(α ◦ γ)) = N(γ)|α|+N(α).

Proof. (i) and (ii) are clear from the definition of N . To show (iii), it follows
from (ii) that N(γ�αi) = αiN(γ) + αi − 1 for every i ∈ {1, . . . `(α)}. Since
α ◦ γ = γ�α1 · γ�α2 . . . γ�α`(α) by definition, it follows from (i) that

N(α ◦ γ) =

`(α)∑
i=1

(αiN(γ) + αi − 1) = N(γ)|α|+ |α| − `(α) = N(γ)|α|+N(α).

�

Now to finish the proof of the theorem, applying Lemma 4.3.5 it is easy to check
that

N(ρ2) = N(ρ1) + 1.

Since the sequences ρ2 and ρ1 are proper, it follows from Lemma 4.3.4 that
]L(Ψ(ρ2)) and ]L(Ψ(ρ1)) are distinct. This implies that [xλ]UT and [xλ]US are
different and the conclusion now follows. �

4.3.3 Proof of main result

Now we are almost in position to give the proof of our main result. The last
result we need is the following:

Proposition 4.3.6. Suppose that β is a palindrome. Then, β is L-unique.

Proof. By Theorem 4.3.1, and the fact that the reverse operation commutes with
the product ◦, it is easy to check that β is a palindrome if and only if all its
irreducible factors are palindromes. It is easy to see that the symmetry class of
an irreducible factor that is also a palindrome is equal to its reverse-class, which
is a singleton. Thus, by Theorem 4.3.2, the L-class of β is equal to {β}, which
means that β is L-unique. �

Proof of Main Result. Suppose that T and T ′ are two proper caterpillars with
the same U -polynomial. We assume for contradiction that T and T ′ are not
isomoprhic. By Corollary 4.2.1, it follows that α ∈ Φ(T ) and β ∈ Φ(T ′) have the
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same L-polynomial and α 6∼∗ β. By Theorem 4.3.2, we have Sym(α) = Sym(β).
That is, α and β admit irreducible factorizations α = α1 ◦ α2 ◦ · · · ◦ αk and
β = β1 ◦ β2 ◦ · · · ◦ βk such that,

αi ∼∗ βi for all i ∈ {1, . . . , k}.

On the other hand, by Proposition 4.3.6, neither α nor β can be palindromes.
Hence, there exists l such that αl is not a palindrome, and αi is a palindrome for
every i > l. Moreover, we may assume that αl = βl (if αl = β∗l by Equation (4.2)
we can use β∗ instead β). By setting γ = αl ◦ αl+1 ◦ · · · ◦ αk, it follows that

α = α1 ◦ α2 ◦ · · · ◦ αl−1 ◦ γ and β = β1 ◦ β2 ◦ · · · ◦ βl−1 ◦ γ.

From this, it is direct to check that

α1 ◦ α2 ◦ · · · ◦ αl−1 6= β1 ◦ β2 ◦ · · · ◦ βl−1.

Hence, by Theorem 4.3.3, the U -polynomials of T and T ′ are distinct. This gives
a contradiction, and thus concludes the proof. �
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5. Forcing large complete
(topological) minors in infinite
graphs

5.1 Introduction

A recurrent question in finite graph theory is how certain substructures, such as
specific minors or subgraphs, can be forced by density assumptions. The density
assumptions are often expressed via a lower bound on the average or minimum
degree of the graph.

The classical example for this type of questions is Turán’s theorem, or, in the
same vein, the Erdős-Stone theorem. Infinite analogues of these results are not
difficult: it is easy to see that if the upper density of an infinite graph G is at least
the Turán density for k, i.e. (k − 2)/(k − 1), then Kk ⊆ G, that is, G contains
the complete graph of order k as a subgraph (see Bollobás [3], and also [45]). On
the other extreme, a result of Mader affirms that an average degree of at least
4k ensures the existence of a (k + 1)-connected subgraph. This result has been
extended to infinite graphs by M. Stein [44].

Half-way between the two types of results just discussed lies the question of how
to force complete (topological) minors with large average degree. First steps into
this direction were taken by Mader [31], we give here two well-known results due
to Kostochka [29] and to Bollobás and Thomason [4], respectively, which we sum
up in the following theorem.

Theorem 5.1.1. [12] There are constants c1, c2 so that for each k ∈ N, and
each graph G the following holds. If G has average degree at least c1k

√
log k then

Kk � G and if G has average degree at least c2k
2 then Kk �top G.

Our aim is to extend this result to infinite graphs (qualitatively, that is, without
necessarily using the same functions c1k

√
log k and c2k

2 from Theorem 5.1.1).
We call a finite graph H a minor/topological minor of a graph G if it is a mi-
nor/topological minor of some finite subgraph of G.1

Avoiding the difficulty of defining an average degree for infinite graphs (the upper
density mentioned above is too strong for our purposes, cf. [45]), we shall stick to
the minimum degree for our extension of Theorem 5.1.1 to infinite graphs. This
works fine for rayless graphs: M. Stein showed in [42] that every rayless graph of
minimum degree ≥ m ∈ N has a finite subgraph of minimum degree ≥ m. Thus,
Theorem 5.1.1 can be extended to rayless graphs if we replace the average with
the minimum degree.

In general, however, large minimum degree at the vertices alone is not strong

1Note that this means all branch-sets of our minor are finite, but as long as H is finite, it
clearly makes no difference whether we allow infinite branch-sets or not.
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enough to force large complete minors. This is so because of the infinite trees,
which may attain any minimum degree condition without containing any interest-
ing substructure. So we need some additional condition that prevents the density
from ‘escaping to infinity’.

The most natural way to impose such an additional condition is to impose it on
the ends2 of the graph. This approach has also proved successful in other recent
work [7, 42, 44]. In this way, that is, defining the degree of an end in appropriate
way, the minimum degree, now taken over vertices and ends, can continue to serve
as our condition for forcing large complete minors.

In [42], the relative degree of an end was introduced for locally finite graphs. In
order to explain it, a few notions come in handy.

Let G be a locally finite graph. The edge-boundary of a subgraph H of G, denoted
by ∂Ge H, or ∂eH where no confusion is likely, is the set E(H,G−H). The vertex-
boundary ∂Gv H, or ∂vH, of a subgraph H of G is the set of all vertices in H that
have neighbours in G−H. Now, the idea of the relative degree is to calculate the
ratios of |∂eHi|/|∂vHi| of certain subgraphs Hi of G, and then take the relative
degree to be the limit of these ratios as the Hi in some sense converge to ω.

For this, define an ω-region of an end ω of a graph G as an induced connected
subgraph which contains some ray of ω and whose vertex-boundary is finite. For
V ′ ⊆ V (G), Ω′ ⊆ Ω(G), a V ′–Ω′ separator is a set S ⊆ V (G) such that V ′ 6⊆ S
and such that no component of G\S contains both a vertex of V ′ and a ray from
ω. We write ΩG(H) for the set of all ends of G that have a ray in H ⊆ G.

Write (Hi)i∈N → ω if (Hi)i∈N is an infinite sequence of distinct ω-regions such
that Hi+1 ⊆ Hi − ∂vHi and ∂vHi+1 is a minimal ∂vHi–ΩG(Hi+1) separator in G,
for each i ∈ N. Now, define

de/v(ω) := inf
(Hi)i∈N→ω

lim inf
i→∞

|∂eHi|
|∂vHi|

.

Note that it does not matter whether we consider the lim inf or the lim sup,
because if (Hi)i∈N → ω, also all subsequences of (Hi)i∈N converge to ω. (For
the same reason we could restrict our attention only to sequences (Hi) for which

limi→∞
|∂eHi|
|∂vHi| exists.)

For more discussion of this notion see Section 5.2. From now on we write δV,Ω(G)
for the minimum degree/relative degree, taken over all vertices and ends of G. In
[42] M. Stein showed:

Theorem 5.1.2. Let m ∈ N and let G be a locally finite graph. If δV,Ω(G) ≥ m,
then G has a finite subgraph of average degree at least m.

In particular, this means that if δV,Ω(G) ≥ c1k
√

log k for a locally finite G, then

2The ends of a graph are the equivalence classes of the rays (i.e. 1-way infinite paths), under
the following equivalence relation. Two rays are equivalent if no finite set of vertices separates
them. (A set S of vertices is said to separate two rays R1, R2 if V (R1) \ S, and V (R2) \ S lie
in different components of G − S.) The set of ends of a graph G is denoted by Ω(G). See the
infinite chapter of [12] for more on ends.
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Kk � G, and if δV,Ω(G) ≥ c2k
2, then Kk �top G. (The ci are the constants from

Theorem 5.1.1.)

We extend the notion of the relative degree to arbitrary infinite graphs. For a
given end ω of some infinite graph G, let Dom(ω) denote the set of all vertices
that dominate3 ω. If Gω := G−Dom(ω) does not contain any rays from ω, or if
|Dom(ω)| ≥ ℵ0, then we set de/v(ω) := |Dom(ω)|. Otherwise, writing ω̂ for the
unique4 end of Gω that contains rays from ω we define

de/v(ω) := |Dom(ω)|+ inf
(Ĥi)i∈N→ω̂

lim inf
i→∞

|∂eĤi|
|∂vĤi|

.

Note that the Ĥi are ω̂-regions of Gω. Also note that for locally finite graphs,
our definition coincides with the one given earlier. For further discussion of our
notion of the relative degree, for examples, and for alternative definitions that do
(not) work, see Section 5.2.

Our main result is the following version of Theorem 5.1.2 for graphs with count-
ably many ends.

Theorem 5.1.3. Let k ∈ N, let m ∈ Q, and let G be a graph such that |Ω(G)| ≤
ℵ0 and δV,Ω(G) > m. Then Kk �top G or G has a finite subgraph of average
degree greater than m− k + 1.

This result, together with Theorem 5.1.1, at once implies the desired extension
of Theorem 5.1.1 to graphs with countably many ends.

Theorem 5.1.4. Let k ∈ N, and let G be a graph with |Ω(G)| ≤ ℵ0.

1. If δV,Ω(G) ≥ c1k
√

log k + k, then Kk � G.

2. If δV,Ω(G) ≥ c2k
2 + k, then Kk �top G.

Clearly, we may take Theorem 5.1.3 as a black box in order to obtain extensions of
other extremal finite results to infinite graphs. For instance, as for finite graphs
we can use large (relative) degree to force complete graph immersions, many
disjoint complete minors or complete bipartite subgraphs/toplogical minors.

We remark that in Theorem 5.1.4, the assumption that G has countably many
ends is necessary. To see this, consider the graph we obtain by the following
procedure. Let G1 be a double-ray and let E1 := E(G1). Now, for i ≥ 2, replace
each edge e ∈ Ei−1 with ℵ0 many paths of length two whose middle points are
connected by a (fresh) double-ray De. Let Ei be the edges on the De. After
ℵ0 many steps, we obtain a planar graph G with δV,Ω(G) = ℵ0. Because of its
planarity, G has no complete minors of order greater than 4.

Problem 5.1.5. Is there a ‘degree condition’ which forces large complete (topo-
logical) minors in arbitrary infinite graphs?

3We say a vertex v dominates an end ω if v dominates some ray R of ω, that is, if there are
infinitely many v–V (R)-paths that are disjoint except in v. (It is not difficult to see that then
v dominates all rays of ω.)

4The uniqueness of ω̂ follows at once from the fact that |Dom(ω)| < ℵ0.
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If one wants to proceed along the same lines as here, it might be useful to resolve
the following first.

Problem 5.1.6. Is there a ‘degree condition’ which forces a finite subgraph of
large average/minimum degree in arbitrary infinite graphs?

5.2 Discussion of the relative degree

In this section, we will discuss our definition as well as possible alternative defi-
nitions of the relative degree of an end. This motivation is not necessary for the
understanding of the rest of the chapter and may be skipped at a first reading.

5.2.1 Large vertex-degree is not enough

As we have already seen in the introduction, large minimum degree at the vertices
alone is not sufficient for forcing large complete (topological) minors in infinite
graphs, because of the trees. A similar example discards the following alternative.
The vertex-/edge-degree of an end ω was introduced in [44], see also [12], as the
supremum of the cardinalities of sets of vertex-/edge-disjoint rays in ω. Clearly,
the vertex-degree of an end is always at most its edge-degree, so for our purposes
we may restrict our attention to the vertex-degree. It is not difficult to show [43]
that an end has vertex-degree ≥ k if and only if there is a finite set S ⊆ V (G) so
that every S-{ω} separator has order at least k.

Large vertex-degree at the ends together with large degree at the vertices ensures
the existence of grid minors [42], and of highly connected subgraphs [44], but it is
not strong enough for forcing (topological) minors. This can be seen by inserting
the edge set of a spanning path at each level of a large-degree tree, in a way that
the obtained graph is still planar.

The reason that the vertex-degree fails to force large complete minors is it only
gives information about the sizes of vertex-separators Si ‘converging’ to the end
in question. But imagine we wish to ‘cut off’ an end. Then the information we
need is not the size of the Si, but the average amount of edges that the vertices in
Si send ‘into’ the graph. This idea is made precise in the definition of the relative
degree for locally finite graphs as given in the introduction.

We defined the relative degree for locally finite graphs in the introduction as
inf(Hi) lim infi(|∂eHi|/|∂vHi|). Let us remark that instead, we might have defined
the relative degree as inf(Hi) lim infi((|∂eHi|+ |E(G[∂vHi])|/|∂vHi|). This change,
and the corresponding change for non-locally finite graphs, would alter the relative
degree of the ends (it would make more ends have large relative degree). Thus
using such an altered definition, our result would cover a larger class of graphs.
In fact it is very easy to check all our proofs do go through in the same way for
the altered definition. However, we believe that our definition is more natural.

Let us quickly evaluate a possible alternative definition, that at first sight might
seem equally plausible as ours but less complicated. Consider the ratio de(ω)/dv(ω)
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Figure 5.1: The graph from Example 5.2.1, with r = 5.

of the edge- and the vertex-degree of some end ω. If we defined this ratio as the
degree of ω then large degrees at vertices and ends do not force large complete
minors. For an example, see [42].

5.2.2 The role of the separation property

Let us now explain the reason for requiring the vertex-boundaries ∂vHi of the
graphs Hi to be minimal ∂vHi−1–Ω(Hi) separators (we shall call this property
the separation property). First, let us show that a very similar condition, namely
requiring the ∂vHi to be minimal ∂vHi−1–{ω} separators, is too weak. Even
locally finite graphs can satisfy a degree condition thus modified and still not
contain any large complete minors. In order to see this, consider the following
example.

Example 5.2.1. We start out with the r-regular (infinite) tree Tr with levels Li.
For each of its vertices, we colour half of the edges going to the next level blue,
the other half red. Then replace each vertex v ∈ V (Tr) with a path xvyvzv. For
each vw ∈ E(Tr), with v from the ith and w from the (i + 1)th level of Tr, say,
we do the following. If vw is blue, then add the edges xvxw, yvyw and yvzw, and
if vw is red, then add the edges yvxw, yvyw and zvzw.
The resulting graph Γr is locally finite, and it is easy to see that Γr does not
contain any complete minor of order greater than 4 using the fact that the vertices
of any such minor can not be separated by any 2-separator of Γr.
Note that each end of Γr has relative degree 1. In fact, let ω ∈ Ω(Γr), and let
ω′ ∈ Ω(Tr) be the corresponding end of Tr. Suppose v1v2v3 . . . ∈ ω′ with v1 being
the root of Tr. For v ∈ V (Tr), let Hv be the subgraph of Γr that is induced by all
vertices xw, yw, zw such that w lies in the upper closure dve of v in the tree order
of Tr. Then (Hvi)i∈N → ω, and thus de/v(ω) = 1.
However, if we would require the ∂vHi to be minimal ∂vHi−1–{ω} separators
instead of minimal ∂vHi−1–ΩG(Hi) separators, then the ends of Γr had relative
degree (r+2)/2. In fact, as the ∂vHvi are not minimal ∂vHi−1–{ω} separators, the
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sequence (Hvi)i∈N is no longer taken into account when we calculate the relative
degree of ω. It is not difficult to see that the relative degree would then be
determined by the sequence (Kvi)i∈N, which we define now. If vivi+1 is blue, then
Kvi is the subgraph of Γr that is induced by {xvi , yvi}∪{xw, yw, zw : w ∈ dve, v ∈
Li+1, viv is a blue edge}. Otherwise, let Kvi be induced by {xvi , yvi}∪{xw, yw, zw :
w ∈ dve, v ∈ Li+1, viv is a red edge}. As |∂eKi|/|∂vKi| = (r + 2)/2 for all i > 1,
the end ω would thus have relative degree (r + 2)/2.

On the other hand, if we totally gave up the requirement that the ∂vHi are
minimal separators, then basically every end of every graph would have relative
degree 1. To see this, write (Hi)i∈N  ω if (Hi)i∈N is an infinite sequence of
distinct regions of G with Hi+1 ⊆ Hi− ∂vHi such that ω has a ray in Hi for each
i ∈ N. Let (Hi)i∈N with (Hi)i∈N  ω, and let vi ∈ ∂vH3i for i ∈ N. Then the vi do
not have common neighbours. We construct a sequence (H ′j)j∈N with H ′0 := H0,
and, for j > 0, we let H ′j := Hij −Vj where ij is such5 that Hij ⊆ H ′j−∂vH ′j, and
Vj consists of j|∂eHij | vertices vi with i ≥ ij. Then (H ′j)j∈N  ω, and

lim inf
j→∞

|∂eH ′j|
|∂vH ′j|

= lim inf
j→∞

|∂eHij |+
∑

v∈Vj d(v)

|∂vHij |+
∑

v∈Vj d(v)
= 1.

This shows that the additional condition that ∂vHi+1 is an ⊆-minimal ∂vHi–
ΩG(Hi+1) separator is indeed neccessary for our definition of the relative degree
to make sense.

For our notion, every integer, and also ℵ0, appears as the relative degree of an
end in some locally finite graph (larger cardinals only appear in non-locally finite
graphs). Indeed, let k ∈ N, and let G be obtained from the disjoint union of ℵ0

many copies Ki of Kk by adding all edges between Ki and Ki+1, for all i. Suppose
(Hi)i∈N → ω for the unique end ω of G. Then by the separation property, we can
conclude inductively that each ∂vHi is contained in some Kij . Thus de/v(ω) = k.
A similar example can be constructed to find an end of relative degree ℵ0.

5.2.3 From locally finite to arbitrary graphs

In arbitrary infinite graphs, we have to face the problem that there might be
vertices dominating our end ω, and hence no sequence of subgraphs Hi can satisfy
Hi+1 ⊆ Hi − ∂vHi. Our way out of this dilemma was to delete the dominating
vertices temporarily, find the sequences as above and calculate the corresponding
infimum, and then add |Dom(ω)| to the relative degree.

One might think that alternatively, we might have weakened our requirements
on the sequences of ω-regions Hi. For instance we might be satisfied with them
obeying Hi+1 ⊆ Hi − (∂vHi −Dom(ω)). We then should also require that Hi −
Dom(ω) is connected, as otherwise our sequence may ‘converge’ to more than one
end. When no such sequence existed, we would set d̃e/v(ω) :=∞. This alternative
definition would have the advantage that the contribution of a dominating vertex,
in terms of outgoing edges, to the edge-boundary of an ω-region is counted.

5For instance set ij := max{dist(v, w)|v ∈ ∂vH0, w ∈ ∂vH
′
j}+ 1.
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However, the approach does not allow for an extension of Theorem 5.1.1. The
problem is vertices that dominate more than one end. Consider an infinite r-
regular tree to which we add one vertex that is adjacent to all other vertices. The
ends of this graph have infinite degree in the sense just discussed (and relative
degree 2), but of course, no Kk-minor for large k, no matter how large r is with
respect to k. We can give a similar example for a graph with only two ends.6

5.3 Dominating vertices and topological Kk-minors

This section provides some results about dominating vertices that will be needed
later on. First, we give a useful characterization of dominating vertices.

Lemma 5.3.1. In any graph, a vertex v dominates an end ω if and only if there
is no finite v–ω separator.

Proof. For the forward direction, note that every finite set of vertices intersects
only a finite number of the infinitely many v–V (R) paths, where R ∈ ω is domi-
nated by v. Hence v and ω cannot be finitely separated.

For the backward direction we inductively construct a set of v–V (R) paths, where
R is any ray in ω. At each step we use the fact that all paths constructed so far
form a finite set which (without v) does not separate v from ω. Hence we can
always add a new v–V (R) path, which disjoint from all the others (except in v).�

We now show that for an end ω which is dominated by only finitely many vertices,
the graph Gω contains sequences of subgraphs converging to ω̂.

Lemma 5.3.2. Let G be a graph, and let ω ∈ Ω(G) with |Dom(ω)| < ℵ0. Then
Gω contains a sequence (Ĥi)i∈N → ω̂.

Proof. We define a sequence of disjoint finite sets Si ⊆ V (Gω), starting with any
finite non-empty set S1. For i > 1 and for each v ∈ Si−1 let Si−1

v be a finite v–ω̂
separator in Gω (note that such a separator exists by Lemma 5.3.1). Set

S̃i :=
⋃

v∈Si−1

Si−1
v \ Si−1.

Then S̃i separates Si−1 from ω̂. In fact, otherwise there would be a ray R ∈ ω̂
with only its first vertex v in Si−1, and disjoint from S̃i. But R must meet Si−1

v ,
a contradiction.

Choose Si ⊆ S̃i minimal such that it separates Si−1 from ω̂. Now for i ∈ N, let
Ki be the component of Gω − Si that contains a ray of ω̂ (since Si ∪Dom(ω) is
finite there is a unique such component Ki). Let Ĥi be the subgraph of Gω that
is induced by Si and Ki. Then, by the choice of Si, we find that Si is a minimal
Si−1–ΩG(Ĥi) separator. Hence, (Ĥi)i∈N → ω̂, as desired. �

6Take two copies of the r-regular tree add a spanning path in each level of each of the two
trees and a new vertex adjacent to all other vertices.
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Next, we will see that our desired minor is easy to find whenever there are enough
vertices dominating the same end.

Lemma 5.3.3. Let k ∈ N, let G be a graph and let ω ∈ Ω(G). If |Dom(ω)| ≥ k,
then Kk �top G.

Lemma 5.3.3 follows at once from Lemma 5.3.4 below. The branching vertices of
a subdivision are those vertices that did not arise from subdividing edges.

Lemma 5.3.4. Let k ∈ N, let G be a graph, let ω ∈ Ω(G), and let S ⊆ Dom(ω)
with |S| = k. Then G contains a subdivision TKk of Kk whose branching vertices
are in S.

Proof. We use induction on k, the base case k = 0 is trivial. So suppose k ≥ 1.
Then, let S ⊆ Dom(ω) be a set of size k, and let s ∈ S. By the induction
hypothesis, G− s contains a subdivision TKk−1 of Kk−1 with branching vertices
in S ′ := S \ {s}.

Successively we define sets Pi of s–S ′ paths in G which are disjoint except in s.
We start with P0 := ∅. For i > 0, suppose there is a vertex v ∈ S ′ which is not
the endpoint of a path in Pi−1. Then, Si := S∪

⋃
P∈Pi−1

V (P ) is finite, and G−Si
has a unique component Ci which contains rays of ω. Since Lemma 5.3.1 implies
that neither s nor v can be separated from ω by a finite set of vertices, both s
and v have neighbours in Ci. Hence there is an s–v path Pi that is internally
disjoint from Si. Set Pi := Pi−1 ∪ {Pi}. The procedure stops after step k − 1,
when all vertices of S ′ are connected to s by a path in Pi. This gives the desired
subdivision TKk. �

With a very similar proof,7 we also get the following statement (which will not
be needed in what follows):

Lemma 5.3.5. Let G be a graph and let ω ∈ Ω(G). If |Dom(ω)| ≥ ℵ0, then
Kℵ0 �top G.

We finish this section with one more basic lemma. This lemma implies that
removing a finite part of a graph, or even an infinite part with a finite vertex-
boundary, will not alter the relative degree of the remaining ends.

Lemma 5.3.6. Let G be a graph, let ω ∈ Ω(G), and let G′ be an induced subgraph
of G such that ∂Gv G

′ is finite, and such that G′ has an end ω′ that contains rays
of ω. Then de/v(ω

′) = de/v(ω).

Proof. First of all, observe that since ∂Gv G
′ is finite, it follows that Dom(ω) ⊆

V (G′). Hence, we only need to show that inf(Ĥi)i∈N
lim infi(|∂eĤi|/|∂vĤi|), is the

same for sequences (Ĥi)i∈N in Gω and for sequences (Ĥi)i∈N in G′ω′ .

7We construct the TKℵ0 step by step, adding one branching vertex plus the corresponding
paths at a time. In each step, the finiteness of the already constructed part ensures the existence
of an unused dominating vertex s of ω and enough paths to connect s to the already defined
branching vertices.
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For this, note that every sequence (Ĥi)i∈N → ω̂ inGω has a subsequence (Ĥi)i≥i0 →
ω̂′ in G′ω′ (it suffices to take i0 := max{dist(v, w) : v ∈ ∂vĤ0, w ∈ ∂vG

′} + 1).

Moreover, for every sequence (Ĥ ′j)j∈N → ω̂′ in G′ω′ , there is an index j0 such

that ∂vĤ
′
j ∪ N(Ĥ ′j) is the same set in Gω and in G′ω (for instance, take j0 :=

max{dist(v, w) : v ∈ ∂vĤ ′0, w ∈ ∂vG′} + 1). Hence, the relative degrees of ω and
ω′ are the same. �

5.4 Proof of Theorem 5.1.3

In this section we prove our main result, Theorem 5.1.3. We start by showing
how to find, for a fixed end ω of some graph G, an ω̂-region Ĥ of Gω that has an
acceptable average degree into G− Ĥ.

Lemma 5.4.1. Let G be a graph, let ω ∈ Ω(G) with de/v(ω) > m for some
m ∈ Q, and let S ⊆ V (G) be finite. If |Dom(ω)| < ℵ0, then Gω has a ω̂-region
Ĥ such that

(a) S ∩ V (Ĥ) = ∅, and

(b) |∂eĤ|
|∂vĤ|

> m− |Dom(ω)|.

Proof. By Lemma 5.3.2, there is a sequence (Ĥi)i∈N → ω̂ in Gω. Let i0 =
max{distGω(v, w) : v ∈ S \ Dom(ω), w ∈ ∂vĤ0}+1. Then S ∩ V (Ĥi) = ∅ for
all i ≥ i0. As de/v(ω) > m, there is a j0 ≥ i0 such that (|∂eĤj|/|∂vĤj|) >
m− |Dom(ω)| for all j ≥ j0. �

We now apply Lemma 5.4.1 repeatedly to the ends of any suitable fixed countable
subset of Ω(G). Lemma 5.3.6 will ensure that the relative degree of the ends is
not disturbed by what has been cut off earlier.

Hi

ωi
∂Gω
v Hi

⋃
j<iFj

Dom(ωi)

Zi

Di

Xi−1

Figure 5.2: Construction of the graph Gi in Lemma 5.4.2.

Lemma 5.4.2. Let m ∈ Q, let G be a graph, let X ⊆ V (G) be finite and for
i ∈ N, let ωi ∈ Ω(G) with |Dom(ωi)| < ℵ0. If δV,Ω(G) > m, then G contains
induced subgraphs Gi, finite sets X ⊆ Xi ⊆ V (Gi), and finite sets Fi of pairwise
disjoint finite subsets of V (Gi) such that for each i ∈ N

(A) Gi+1 ⊆ Gi, Xi ⊆ Xi+1, and Fi+1 ⊇ Fi,
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(B) Xi ∪
⋃
Fi ⊆ V (Gi),

(C) there is a family Hi = {HF : F ∈ Fi} of disjoint connected subgraphs such
that V (HF ) ∩ V (Gi) = F for each F ∈ Fi and such that G = Gi ∪

⋃
Hi,

(D) ∂Gv Gi is finite,

(E) the average degree of F into F ∪Xi is > m− |Dom(ωi)|, for each F ∈ Fi,

(F) dXi(v) > m for all v ∈ ∂Gv Gi \
⋃
Fi, and

(G) ωi has no rays in Gi.

Proof. Set G0 := G, X0 := X, and F0 := ∅. Now, for i ≥ 1 we do the following.
If ωi has no ray in Gi−1, then we set Gi := Gi−1, Xi := Xi−1 and Fi := Fi−1,
which ensures all the desired properties (as they hold for i− 1).

So suppose ωi does have a ray in Gi−1. Then let Di be a finite set of vertices
of Gi−1 so that each dominating vertex of ωi in Gi−1 has degree greater than m
into Di. (This is possible since by assumption there only finitely many vertices
dominating ωi.)

Observe that because of Equation D we may apply Lemma 5.3.6 to obtain that
all ends of Gi−1 have relative degree > m. Hence Lemma 5.4.1 applied to Gi−1

and the finite set
S := Xi−1 ∪Di ∪

⋃
Fi−1

yields an ω̂i-region Ĥi of Gω. We set Fi := Fi−1 ∪ ∂vĤi and Gi := Gi−1 − (Ĥi −
∂vĤi). Choose a finite subset Zi of V (Gi) such that ∂vĤi has average degree
> m− |Dom(ωi)| into Zi ∪ ∂vĤi and set Xi := Xi−1 ∪Di ∪ Zi.

Then, conditions (A), (D) and (G) are clearly satisfied for step i, as they hold
for step i − 1. Conditions (B) and (C) for i follow from Lemma 5.4.1(a), and
from (B) and (C) for i− 1. Condition (E) follows from Lemma 5.4.1(b) and (E)
for i− 1.

Finally, for (F) suppose that v ∈ ∂Gv Gi \
⋃
Fi. If v ∈ ∂Gv Gi−1 then (F) for i

follows from (F) for i − 1. Otherwise, v dominates ωi. Then by construction, v
has sufficiently many neighbours in Di ⊆ Xi. �

If G has only countably many ends, then the procedure just described can be
used to cut off all ends:

Lemma 5.4.3. Let k ∈ N, let m ∈ Q, let G be a graph with |Ω(G)| ≤ ℵ0,
and let X ⊆ V (G) be finite. Suppose |Dom(ω)| < k for all ends ω ∈ Ω(G). If
δV,Ω(G) > m, then G has an induced subgraph G′ and a set F of finite pairwise
disjoint vertex sets such that

(i) X ∪
⋃
F ⊆ V (G′),

(ii) there is a family {HF : F ∈ F} of disjoint connected subgraphs of G such
that V (HF ) ∩ V (G′) = F for each F ∈ F ,

(iii) for each vertex v ∈ V (G′) of degree ≤ m there is an F ∈ F so that v ∈ F
and the average degree of F in G′ is > m− k + 1, and
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(iv) every ray of G has only finitely many vertices in V (G′).

Proof. Let ω1, ω2, ω3, . . . be a (possibly repetitive) enumeration of Ω(G). Apply
Lemma 5.4.2, and then set G′ :=

⋂
i∈NGi and F :=

⋃
i∈NFi. We claim that G′

and F are as desired. Indeed, properties (A) and (B) imply property (i), and
property (C) together with (A) implies property (ii).

For property (iii) observe that (A) and (B) imply that Xi ⊆ V (G′) for all i ∈ N.
Now (iii) follows from (E) and (F) together with the assumption that δV,Ω(G) >
m.

In order to see (iv), suppose that R is a ray of G that has infinitely many vertices
in G′. Say R ∈ ωj. Then by (A) for j, the ray R has infinitely many vertices in
Gj. So, as ∂Gv Gj is finite by (D), R has a subray in Gj, a contradiction to (G)
for j. �

We are now almost ready to prove our main theorem. We will make use of a
standard tool from infinite graph theory, Kőnig’s infinity lemma.

Lemma 5.4.4.[12] Let V1, V2, V3, . . . be disjoint finite non-empty sets, and let G
be a graph on their union. Suppose that for all i ∈ N, each vertex of Vi+1 has a
neighbour in Vi. Then G has a ray v1v2v3 . . ., with vi ∈ Vi, for each i ∈ N.

Let us now prove Theorem 5.1.3.

Proof of Theorem 5.1.3. Suppose that Kk is not a topological minor of G. Then
by Lemma 5.3.3, |Dom(ω)| < k for all ω ∈ Ω(G). Let u ∈ V (G) and let G′ be
the subgraph we obtain from Lemma 5.4.3 applied to G and X := {u}, and let
F be the corresponding set of disjoint finite vertex sets.

For i ∈ N, we shall successively define finite sets Si, with Si ⊆ Si+1. We start
with setting S0 := ∅ and S1 := {u} if u /∈

⋃
F , or S1 := Fu if there is an Fu ∈ F

with u ∈ Fu (by the disjointness of the sets in F , there is at most one such Fu).
Note that S0 ⊆ S1 ⊆ V (G′) because of Lemma 5.4.3 (i).

Our sets Si will have the following properties for i ≥ 1:

(I) the average degree of the vertices of Si−1 in G′[Si] is > m− k + 1,

(II) the average degree of the vertices of Si \ Si−1 in G′ is > m− k + 1, and

(III) for each F ∈ F with F ∩ Si 6= ∅ there is a j ≤ i such that F ⊆ Sj \ Sj−1.

For i = 1, property (I) holds trivially, and (II) is satisfied because of Lem-
ma 5.4.3 (iii). By the choice of S1 and since the F ∈ F are disjoint, also (III)
holds.

Now, for i ≥ 2 we choose a finite subset Xi of the neighbourhood of Si−1 \Si−2 in
G′−Si−1 so that the average degree of the vertices in Si−1 in the graphG′[Si−1∪Xi]
is at least m− k + 1. Such a choice is possible by (I) and (II) for i− 1.

Let Yi denote the union of all F ∈ F that contain some v ∈ Xi . Note that
Yi is finite since the F are all disjoint and because Xi is finite. Then set Si :=
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Si−1 ∪Xi ∪ Yi. Our choice of the Si clearly satisfies conditions (I), (II) and (III).
This finishes our definition of the sets Si.

First suppose that Si 6= Si−1 for all i ∈ N. Then, for each i ∈ N, let Vi be obtained
from Si \ Si−1 by collapsing each F ∈ F with F ⊆ Si \ Si−1 to one vertex vF
(which will be adjacent to all neighbours of F outside F ). So, for all i ∈ N, each
vertex of Vi+1 has a neighbour in Vi, and therefore, we may apply Kőnig’s infinity
lemma (Lemma 5.4.4) to the sets Vi in order to find a ray R in

⋃
i∈N Vi. We use

(III) and Lemma 5.4.3 (ii) to expand R to a ray R′ in G. As R′ has infinitely
many vertices in G′, this establishes a contradiction to Lemma 5.4.3 (iv).

So we may assume that there is an i ∈ N such that Si = Si−1. Then, by (I),
G′[Si] is a finite graph of average degree > m− k + 1, which is as desired. �
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Symposium à la Mémoire de François Jaeger (Grenoble, 1998).

[35] K. Roth. Sur quelques ensembles d’entiers. C. R. Acad. Sci. Paris, 234:388–
390, 1952.

[36] K. F. Roth. On certain sets of integers. J. London Math. Soc., 28:104–109,
1953.

[37] I. Sarmiento. The polychromate and a chord diagram polynomial. Ann.
Comb., 4(2):227–236, 2000.

[38] P. D. Seymour. Nowhere-zero 6-flows. J. Combin. Theory Ser. B, 30(2):130–
135, 1981.

[39] J. Singer. A theorem in finite projective geometry and some applications to
number theory. Trans. Amer. Math. Soc., 43(3):377–385, 1938.

[40] R. P. Stanley. A symmetric function generalization of the chromatic poly-
nomial of a graph. Adv. Math., 111(1):166–194, 1995.

[41] E. Steffen. Tutte’s 5-flow conjecture for graphs of nonorientable genus 5. J.
Graph Theory, 22(4):309–319, 1996.

[42] M. Stein. Extremal Infinite Graph Theory. To appear in Infinite graphs
(2011), a special volume of Discr.Math.

[43] M. Stein. Arboricity and tree-packing in locally finite graphs. J. Combin.
Theory (Series B), 96:302–312, 2006.

[44] M. Stein. Forcing highly connected subgraphs. J. Graph Theory, 54:331–349,
2007.

[45] M. Stein. Degree and substructure in infinite graphs. KAM series preprint
(MCW 2010), 2010.
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