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Introduction

Almost a hundred years a昀�er its debut, Einstein’s general relativity remains our most
successful theory of gravitation. However behind its deceptively simple geometric
guise hides a complicated system of coupled non-linear partial differential equations
(PDEs). Exact solutions corresponding to astrophysically relevant systems are scarce,
resulting in a need for numerical approximations.

吀�e first a琀�empts in this direction date as far back as the 1960s (e.g. [1, 2]), but they
were severely limited in scope and in success by the fledgling computer te挀�nology
and an incomplete understanding of the problem. 吀�e progress on both of those fronts
has been steady since then, with new discoveries about the properties of the equations
[3, 4, 5], new numerical te挀�niques [6, 7, 8] and the computers ge琀�ing more powerful
at a roughly exponential rate (“Moore’s law” [9]). 吀�anks to those advances, one of the
central goals of numerical relativity – a fully three-dimensional simulation of a black
hole binary system going through the last few orbits before merging – has become
not only a挀�ievable, but almost routine in recent years [10, 11, 12]. Furthermore,
the aforementioned rapid increase in the computer performance means that su挀�
simulations are now within rea挀� of commonly available PC hardware. Combined
with the fact that there exists an opensource so昀�ware stack (the Einstein Toolkit [13])
implementing (among other things) all the basic components needed for numerical
relativity simulations, su挀� simulations are now possible “for a normal person” – even
without access to proprietary codes or expensive supercomputers.

Of course the problem is far from being resolved. While the currently most popular
te挀�nique, 3+1 spli琀�ing of the spacetime with the so-called “moving punctures” method
works admirably well, it is still not completely clear how or why it is stable. Generating
initial data corresponding to astrophysically relevant systems remains a largely open
problem as well. A significant topic is also the issue of coordinates – general relativity
offers us unlimited freedom in selecting the coordinate system, whi挀� includes the
freedom to select singular or otherwise problematic “bad” coordinates. Currently
popular “1+log slicing” (the挀�oice of the time coordinate) and “Γ-driver shi昀� condition”
(the spatial coordinates) are largely empirical and a be琀�er 挀�oice may yet be found.

In the present work, we focus on the recently introduced so-called “trumpet” black
hole initial data, whi挀� may be a step in the direction of the “natural” black hole initial
data for the 1+log slicing. Specifically we investigate the behaviour of the numerical
code when su挀� a trumpet is made to move by the means of a Lorentz boost.

吀�is work is structured as follows:

1. In the first 挀�apter we summarize the main numerical relativity results that are
relevant to our work.
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2. Chapter 2 contains the description of the core numerical te挀�niques used by the
codes in the Einstein Toolkit.

3. In the third 挀�apter we review the trumpet initial data and construct a moving
trumpet by using a Lorentz transformation. We also describe our code for
calculating the Krets挀�mann scalar, useful for analysing the simulation data. In
the last section, the correctness of those codes is tested.

4. In Chapter 4 we present the results of the numerical simulations done with the
trumpet data.

Notation and conventions
In this work we adopt the conventions common in other literature about general
relativity (numerical and otherwise) – mainly based on [14]. 吀�e units used are su挀�
that the speed of light in vacuum 𝑐 and the gravitational constant 𝐺 are equal to one.
吀�e signature of the spacetime metric is (−, +, +, +).

For spacetime indices we use lowercase Greek le琀�ers; they assume the values
{0, 1, 2, 3}, with 0 representing the timelike coordinate. Lowercase Latin indices are
used for 3-dimensional spatial quantities; their values run over {1, 2, 3}. Spacetime
indices are raised and lowered with the spacetime metric 𝑔𝜇𝜈 and its inverse 𝑔𝜇𝜈 ;
for spatial indices the spatial metric 𝛾𝑖𝑗 and its inverse 𝛾 𝑖𝑗 do the same. Einstein’s
summation convention is used everywhere unless explicitly stated otherwise.

We use the following symbols:
𝜕𝑖 partial derivative with respect to the 𝑖th spatial coordinate
𝜕𝑡 partial derivative with respect to the time coordinate 𝑡
∇𝜇 the covariant derivative associated with the spacetime

metric 𝑔𝜇𝜈
𝐷𝑖 the covariant derivative associated with the spatial metric

𝛾𝑖𝑗
�̄�𝑖 the covariant derivative associated with the conformal

spatial metric ̄𝛾𝑖𝑗
ℒ𝐧 Lie derivative along the vector field 𝑛𝜇

𝐴(𝑖𝑗) = 1
2 (𝐴𝑖𝑗 + 𝐴𝑗𝑖) symmetrisation of the tensor 𝐴𝑖𝑗 in the indices 𝑖 and 𝑗.

𝐴[𝑖𝑗] = 1
2 (𝐴𝑖𝑗 − 𝐴𝑗𝑖) antisymmetrisation of the tensor 𝐴𝑖𝑗 in the indices 𝑖 and

𝑗.
吀�e source code of all the programs used in our simulations is provided on the

a琀�a挀�ed data medium or can be downloaded from [15] under free so昀�ware licences,
except for Mathematica [16], whi挀� unfortunately is neither opensource nor freely
redistributable. Actual simulation data cannot be practically distributed because of its
large size (on the order of terabytes). However all the parameter files are a琀�a挀�ed, so
the simulations can be repeated in theory.
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Chapter 1

A brief review of numerical relativity

In the following 挀�apter we briefly summarise the essential results of numerical
relativity needed for numerical simulations of black hole spacetimes. A more thorough
discussion of the subject can be found e.g. in [17] and [18] and references therein.

We start with the Einstein field equations in their usual form with the cosmological
constant term dropped

(4)𝑅𝜇𝜈 − 1
2

𝑔𝜇𝜈
(4)𝑅 = 8𝜋𝑇𝜇𝜈. (1.1)

吀�e symbol (4) prepended to the Ricci tensor and the scalar curvature emphasises
that we are talking about the four-dimensional quantities, as opposed to their three-
dimensional counterparts that are used below. 吀�e spacetime metric 𝑔𝜇𝜈 and the
stress-energy tensor 𝑇𝜇𝜈 remain unadorned, as their three-dimensional analogues use
different symbols.

吀�is common form, while short and elegant, is not suitable for numerical simula-
tions. We would like for our equations to have the appearance of a Cau挀�y problem,
where we specify initial data on a hypersurface and integrate it forward in some time
variable to obtain the evolution of the spacetime.

1.1 3+1 split of spacetime
One possible approa挀�, whi挀�we adopt here, is the 3+1 formalism. As the name implies,
we split the spacetime into a sequence of spacelike 3-dimensional hypersurfaces,
ea挀� labeled by a time coordinate 𝑡 and thus representing “a slice of constant time”.
Designating 𝑛𝜇 the future-pointing unit normal vector to those hypersurfaces

𝑛𝜇𝑛𝜇 = −1, (1.2)

we can write the induced metric 𝛾𝜇𝜈 on the hypersurfaces simply as the projection
operator onto them

𝛾𝜇𝜈 = 𝑔𝜇𝜈 + 𝑛𝜇𝑛𝜈. (1.3)

To fully describe the embedding of a spatial slice in the full spacetime we will also
need something like a time derivative of the spatial metric – the extrinsic curvature
𝐾𝜇𝜈 defined as

𝐾𝜇𝜈 = −1
2

ℒ𝐧𝛾𝜇𝜈 (1.4a)
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𝑡

𝑡 + d𝑡

𝑥𝑖

𝑥𝑖

𝛼d𝑡

𝑥𝑖 − 𝛽 𝑖d𝑡

Figure 1.1: An illustration of the 3+1 spli琀�ing. Shown are two neighbouring spatial
slices with times 𝑡 and 𝑡 + d𝑡. A normal observer located at spatial coordinates 𝑥𝑖 on
the initial slice will have coordinates 𝑥𝑖 − 𝛽 𝑖d𝑡 on the following slice.

where ℒ𝐧 denotes the Lie derivative with respect to 𝑛𝜇. Or equivalently we can define
the extrinsic curvature as

𝐾𝜇𝜈 = −𝛾𝛼
𝜇 ∇𝛼𝑛𝜈. (1.4b)

吀�e second expression is the negative of what is commonly called the expansion tensor
associated with worldlines of normal observers, whi挀� measures how mu挀� their
trajectories diverge with time. 吀�e extrinsic curvature is clearly symmetric and purely
spatial – 𝑛𝜇𝐾𝜇𝜈 = 𝑛𝜈𝐾𝜇𝜈 = 0.

吀�e trace of the extrinsic curvature

𝐾 = 𝑔𝜇𝜈𝐾𝜇𝜈 = 𝛾𝜇𝜈𝐾𝜇𝜈 (1.5)

is called the mean curvature. It measures the 挀�anges in the volume element along the
normal vector.

Further we introduce the lapse function 𝛼 as the measure of the amount of proper
time that elapses between adjacent slices in the normal direction

𝛼 = − 1
||∇𝑡||

. (1.6)

Given coordinates {𝑥𝑖} within a spatial slice, the shi昀� vector 𝛽 𝑖 is defined as the
velocity of the coordinate lines from one slice to the next with respect to the normal
vector

𝑥𝑖
𝑡+d𝑡 = 𝑥𝑖

𝑡 − 𝛽 𝑖d𝑡. (1.7)

In other words, non-vanishing 𝛽 𝑖 means that the normal observers do not stay on
constant spatial coordinates as the time 𝑡 progresses (Figure 1.1). 吀�e lapse represents
our 挀�oice of the spatial slices – called slicing or foliation – and the shi昀� stands for
our freedom in 挀�oosing the spatial coordinates within the slices. Together they are
called the gauge functions.
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In the coordinates adapted to the foliation {𝑡, 𝑥𝑖} the full spacetime metric and its
inverse can be wri琀�en as

𝑔𝜇𝜈 = (
−𝛼2 + 𝛽𝑘𝛽𝑘 𝛽𝑖

𝛽𝑗 𝛾𝑖𝑗)
, (1.8a)

𝑔𝜇𝜈 = (
−1/𝛼2 𝛽 𝑖/𝛼2

𝛽𝑗/𝛼2 𝛾 𝑖𝑗 − 𝛽 𝑖𝛽𝑗/𝛼2) (1.8b)

with 𝛾𝑖𝑗 being the spatial part of the induced metric on the slice (its time components
can be easily seen to be zero in this coordinates), 𝛾 𝑖𝑗 its inverse and 𝛽𝑖 = 𝛾𝑖𝑗𝛽𝑗 . We can
use 𝛾𝑖𝑗 and its inverse 𝛾 𝑖𝑗 to raise and lower the indices of the spatial objects.

1.2 ADM equations
Now all the necessary quantities are defined, so we can rewrite the Einstein equa-
tions (1.1) in the 3+1 form. As the first step, writing out the full projection of the
four-dimensional Riemann tensor on the three-dimensional surfaces reveals, a昀�er a
straightforward but tedious exercise, the Gauß equation

𝛾𝜇
𝛼 𝛾𝜈

𝛽 𝛾𝜅
𝛾 𝛾𝜆

𝛿
(4)𝑅𝜇𝜈𝜅𝜆 = 𝑅𝛼𝛽𝛾𝛿 + 𝐾𝛼𝛾𝐾𝛽𝛿 − 𝐾𝛼𝛿𝐾𝛾𝛽 . (1.9)

By contracting it once we get

𝛾𝜇𝜅𝛾𝜈
𝛽 𝛾𝜆

𝛿
(4)𝑅𝜇𝜈𝜅𝜆 = 𝑅𝛽𝛿 + 𝐾𝐾𝛽𝛿 − 𝐾𝜉𝛽𝐾𝜉

𝛿 . (1.10)

吀�is equation will be useful later, but now we contract it once more to obtain

𝛾𝜇𝜅𝛾𝜈𝜆(4)𝑅𝜇𝜈𝜅𝜆 = 𝑅 + 𝐾2 − 𝐾𝜉𝜁 𝐾𝜉𝜁 , (1.11)

whi挀� can also be wri琀�en as

𝛾𝜇𝜅𝛾𝜈𝜆(4)𝑅𝜇𝜈𝜅𝜆 = (𝑔𝜇𝜅 + 𝑛𝜇𝑛𝜅)(𝑔𝜈𝜆 + 𝑛𝜈𝑛𝜆)(4)𝑅𝜇𝜈𝜅𝜆 = (4)𝑅 + 2𝑛𝜇𝑛𝜈(4)𝑅𝜇𝜈. (1.12)

Comparing with the Einstein equations (1.1) we get

𝑅 + 𝐾2 − 𝐾𝜇𝜈𝐾𝜇𝜈 = 16𝜋𝜌, (1.13)

where 𝜌 = 𝑛𝜇𝑛𝜈𝑇𝜇𝜈 is the energy density as seen by the normal observers. 吀�is
equation is commonly known as the Hamiltonian constraint.

Similarly, projecting the Riemann tensor contracted once with the normal vector,
we obtain the Codazzi equation

𝛾𝜇
𝛼 𝛾𝜈

𝛽 𝛾𝜅
𝛾 𝑛𝜆(4)𝑅𝜇𝜈𝜅𝜆 = 𝐷𝛽𝐾𝛼𝛾 − 𝐷𝛼𝐾𝛽𝛾 , (1.14)

with 𝐷𝛼 = 𝛾𝛽
𝛼 ∇𝛽 being the spatial covariant derivative. Contracting it once reveals

that
𝛾𝜇𝜅𝛾𝜈

𝛽 𝑛𝜆𝑅𝜇𝜈𝜅𝜆 = 𝛾𝜈
𝛽 𝑛𝜆𝑅𝜈𝜆 = 𝛾𝜈

𝛽 𝑛𝜆
(𝑅𝜈𝜆 − 1

2
𝑔𝜈𝜆𝑅)

= 𝐷𝛽𝐾 − 𝐷𝛼𝐾𝛼
𝛽 .

(1.15)
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吀�e term in parentheses is obviously the le昀�-hand side of the Einstein field equations
(1.1), so we can write

𝐷𝛼𝐾𝛼
𝛽 − 𝐷𝛽𝐾 = 8𝜋𝑗𝛽 , (1.16)

where 𝑗𝛽 = −𝛾𝜇
𝛽 𝑛𝜈𝑇𝜇𝜈 is the momentum density as measured by the normal observers.

吀�is set of three (in adapted coordinates the zeroth component is trivial) equations is
called the momentum constraints.

吀�e four constraint equations (1.13) and (1.16) contain no time derivatives and
refer only to the quantities on one given spatial slice. As the name implies, they
represent conditions on 𝛾𝑖𝑗 and 𝐾𝑖𝑗 that must be satisfied at all times, thus limiting
their possible range of values. 吀�is is similar to the constraints ∇ ⋅ 𝐄 = 𝜌 and
∇ ⋅ 𝐁 = 0 in electrodynamics. As we discuss later, solving the constraint equations
is necessary for constructing initial data. Bian挀�i identities then guarantee (at least
analytically) that if the constraints are satisfied initially, they will be satisfied at all
later times. Of course any numerical approximation will (by the very essence of
being an approximation) differ from the exact solution, so the constraints will not be
satisfied exactly. Monitoring how mu挀� they are violated provides us with an estimate
of how well our code is performing – i.e. to what extent we are actually solving the
Einstein equations for the data we started with and how mu挀� “fake ma琀�er” has been
introduced by numerical errors.

吀�e final step is obtaining the evolution equations for the spatial metric 𝛾𝑖𝑗 and
the extrinsic curvature 𝐾𝑖𝑗 . As before, we project the Riemann tensor, this time twice
contracted with the normal vector, to the spatial slices

𝛾𝜇
𝛼 𝛾𝜅

𝛽 𝑛𝜈𝑛𝜆(4)𝑅𝜇𝜈𝜅𝜆 = ℒ𝐧𝐾𝛼𝛽 + 𝐾𝛼𝜈𝐾𝜈
𝛽 + 1

𝛼
𝐷𝛼𝐷𝛽𝛼 (1.17)

(the Ricci equation). Using the Gauß equation (1.9) we transform it to

ℒ𝐧𝐾𝛼𝛽 = − 1
𝛼

𝐷𝛼𝐷𝛽𝛼 − 𝛾𝜇
𝛼 𝛾𝜈

𝛽
(4)𝑅𝜇𝜈 + 𝑅𝛼𝛽 + 𝐾𝐾𝛼𝛽 − 2𝐾𝛼𝜇𝐾𝜇

𝛽 , (1.18)

and finally by substituting for (4)𝑅𝜇𝜈 from the Einstein equations we can write

ℒ𝐧𝐾𝛼𝛽 = − 1
𝛼

𝐷𝛼𝐷𝛽𝛼 + 4𝜋 [𝛾𝛼𝛽(𝑆 − 𝜌) − 2𝑆𝛼𝛽]

+ 𝑅𝛼𝛽 + 𝐾𝐾𝛼𝛽 − 2𝐾𝛼𝜇𝐾𝜇
𝛽

(1.19)

with 𝑆𝛼𝛽 = 𝛾𝜇
𝛼 𝛾𝜈

𝛽 𝑇𝜇𝜈 being the spatial strain tensor and 𝑆 its trace. In adapted coordin-

ates the Lie derivative transforms to ℒ𝐧 = 1
𝛼
(𝜕𝑡 − ℒ𝜷), so the above equation can be

rewri琀�en as

𝜕𝑡𝐾𝑖𝑗 = − 𝐷𝑖𝐷𝑗𝛼 + 𝛼(𝑅𝑖𝑗 + 𝐾𝐾𝑖𝑗 − 2𝐾𝑖𝑘𝐾𝑘
𝑗 )

+ 4𝜋𝛼[𝛾𝑖𝑗(𝑆 − 𝜌) − 2𝑆𝑖𝑗] + ℒ𝜷𝐾𝑖𝑗 .
(1.20)

吀�is is the evolution equation for the extrinsic curvature. 吀�e evolution equation for
the spatial metric is simply the definition of 𝐾𝑖𝑗 , rewri琀�en in adapted coordinates as

𝜕𝑡𝛾𝑖𝑗 = −2𝛼𝐾𝑖𝑗 + ℒ𝜷𝛾𝑖𝑗 . (1.21)
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Equations (1.21) and (1.20) are known as the ADM equations a昀�er R. Arnowi琀�, S.
Deser and C.W. Misner who wrote them (in a somewhat different form) in [19].

From a naïve point of view it would seem that our way to the evolution equations
usable in a numerical code ends here – all that remains is to construct suitable initial
values for 𝛾𝑖𝑗 and 𝐾𝑖𝑗 , determine the coordinates (i.e. prescribe lapse 𝛼 and shi昀� 𝛽 𝑖)
and integrate (1.21) and (1.20) forward in time using the method of lines or some other
suitable algorithm for hyperbolic PDEs. Practice shows however, that a琀�empting
to evolve black hole spacetimes with 3-dimensional ADM-based numerical codes
inevitably leads to uncontrollably growing constraint violations.

吀�e cause has been traced back to the fact that the ADM equations are only weakly
hyperbolic and thus do not form a well-posed Cau挀�y problem [20] (see also Section 1.8
further on). With a specific 挀�oice of the slicing condition (e.g. one of the Bona-Massó
family described in Section 1.5) they can be made strongly hyperbolic, but only if the
momentum constraints are identically satisfied [17]. In a numerical simulation we can-
not realistically expect the la琀�er to be true, because of the unavoidable small numerical
errors. 吀�e fact that our equations are non-linear can then lead to their numerical
approximations being unstable with respect to those small constraint violations [4] –
resulting in an exponential blow-up.

吀�ose instabilities have been the bane of numerical relativity for years, until finally
being more or less resolved with the advent of the strongly hyperbolic reformulations
of the ADM equations. Two points have shown themselves to be crucial for stable
evolution of black hole spacetimes:

• Due to the existence of the constraints, the form of the evolution system is highly
non-unique, as we can add multiples of the constraint equations to it without
affecting physical content. 吀�is can be used to a挀�ieve be琀�er mathematical
properties (strong hyperbolicity).

• Strong hyperbolicity by itself is not enough – some strongly hyperbolic formula-
tions are be琀�er behaved than others. In particular the conformal decomposition
of the metric variables, where the conformal factor absorbs the singularities and
leaves the rest of the evolved variables regular, is thought to be an essential part
of a stable evolution system.

We describe the formulation that is most commonly used in current codes in the
following section.

1.3 BSSN formulation
吀�e most popular 3+1 formulation of the Einstein equations used today is the so-called
BSSN formulation named a昀�er T. W. Baumgarte, S. L. Shapiro,柴田 大 (M. Shibata)
and中村 卓史 (T. Nakamura) [3, 21].

We assume we are working in adapted coordinates from the outset and as the first
step, we do a conformal rescaling of the spatial metric, so that the conformally related
metric has a unit determinant

̄𝛾𝑖𝑗 = 𝜓−4𝛾𝑖𝑗 = 𝜑2𝛾𝑖𝑗 (1.22)
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with 𝜑 = 𝜓−2 = det(𝛾𝑖𝑗)−1/6, the conformal factor, being a new independent evolved
variable1. 吀�e idea is that 𝜑 incorporates any singular terms that might appear in 𝛾𝑖𝑗 ,
while ̄𝛾𝑖𝑗 remains regular. Procuring an evolution equation for 𝜑 is a simple ma琀�er of
applying the well-known matrix identity 𝜕𝑗 log(det 𝐴) = Tr[𝐴−1𝜕𝑗𝐴] to the evolution
equation (1.21):

(𝜕𝑡 − ℒ𝜷)𝜑 = 1
3

𝜑𝛼𝐾. (1.23)

We also split the extrinsic curvature into its trace 𝐾 and the traceless part 𝐴𝑖𝑗

𝐴𝑖𝑗 = 𝐾𝑖𝑗 − 1
3

𝛾𝑖𝑗𝐾 (1.24)

and evolve 𝐴𝑖𝑗 and 𝐾 separately. 吀�e evolution equation for 𝐾 appears from the trace
of (1.20) where we use the Hamiltonian constraint (1.13) to get rid of the Ricci scalar

(𝜕𝑡 − ℒ𝜷)𝐾 = −𝐷2𝛼 + 𝛼 [𝐴𝑖𝑗𝐴𝑖𝑗 + 1
3

𝐾2 + 4𝜋(𝜌 + 𝑆)] . (1.25)

吀�e traceless part of the extrinsic curvature is further conformally rescaled

̄𝐴𝑖𝑗 = 𝜑2𝐴𝑖𝑗 . (1.26)

吀�e evolution equation for it again follows straightforwardly from (1.20) and turns
out to be

(𝜕𝑡 − ℒ𝜷) ̄𝐴𝑖𝑗 = 𝜑2 [−𝐷𝑖𝐷𝑗𝛼 + 𝛼(𝑅𝑖𝑗 − 8𝜋𝑆𝑖𝑗)]
𝑇 𝐹

+ 𝛼 (𝐾 ̄𝐴𝑖𝑗 − 2 ̄𝐴𝑖𝑘
̄𝐴𝑘

𝑗) ,
(1.27)

where [… ]𝑇 𝐹 denotes the tracefree part of the expression in brackets. 吀�e Ricci tensor
appearing in this equation can be split into the Ricci tensor corresponding to ̄𝛾𝑖𝑗 and
some additional terms that depend on 𝜑:

𝑅𝑖𝑗 = �̄�𝑖𝑗 + 𝑅𝜑
𝑖𝑗 , (1.28a)

�̄�𝑖𝑗 = − 1
2

̄𝛾𝑘𝑙𝜕𝑘𝜕𝑙 ̄𝛾𝑖𝑗 + ̄𝛾𝑘(𝑖𝜕𝑗)Γ̄𝑘 + Γ̄𝑘Γ̄(𝑖𝑗)𝑘

+ ̄𝛾𝑘𝑙 (2Γ̄𝑚
𝑘(𝑖Γ̄𝑗)𝑚𝑙 + Γ̄𝑚

𝑖𝑙 Γ̄(𝑖𝑗)𝑚) ,
(1.28b)

𝑅𝜑
𝑖𝑗 = 1

𝜑
�̄�𝑖�̄�𝑗𝜑 + 1

𝜑
̄𝛾𝑖𝑗�̄�𝑘�̄�𝑘𝜑 − 2

𝜑
̄𝛾𝑖𝑗�̄�𝑘𝜑�̄�𝑘𝜑, (1.28c)

where �̄�𝑖 is the covariant derivative associated with ̄𝛾𝑖𝑗 and we have also introduced
the conformal connection functions Γ̄𝑖 = ̄𝛾 𝑗𝑘Γ̄𝑖

𝑗𝑘. We promote them to independent
variables. Considering that the determinant of ̄𝛾𝑖𝑗 is 1, we get

Γ̄𝑖 = −𝜕𝑗 ̄𝛾 𝑖𝑗 . (1.29)

1Another popular approa挀� is to use 𝜙 = 1
12 log det(𝛾𝑖𝑗), but the above definition appears to work

be琀�er in singular cases.
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Combining this with the evolution equation for 𝛾𝑖𝑗 (1.21) reveals the evolution equation
for Γ̄𝑖:

(𝜕𝑡 − ℒ𝜷)Γ̄𝑖 = ̄𝛾 𝑗𝑘𝜕𝑗𝜕𝑘𝛽 𝑖 + 1
3

̄𝛾 𝑖𝑗𝜕𝑗𝜕𝑘𝛽𝑘 − 2 ̄𝐴𝑖𝑗𝜕𝑗𝛼

+ 2𝛼 (Γ̄𝑖
𝑗𝑘

̄𝐴𝑗𝑘 + 6 ̄𝐴𝑖𝑗𝜕𝑗𝜑 − 2
3

̄𝛾 𝑖𝑗𝜕𝑗𝐾 − 8𝜋 ̄𝑗𝑖
) ,

(1.30)

where ̄𝑗𝑖 = 𝜑−2𝑗𝑖.
吀�e last part not mentioned yet are the evolution equations for ̄𝛾𝑖𝑗 , whi挀� follow

straightforwardly from the corresponding ADM equations

(𝜕𝑡 − ℒ𝜷) ̄𝛾𝑖𝑗 = −2𝛼 ̄𝐴𝑖𝑗 . (1.31)

吀�e equations (1.23), (1.25), (1.27), (1.30) and (1.31) for the independent variables
{ ̄𝛾𝑖𝑗 , ̄𝐴𝑖𝑗 , 𝜑, 𝐾, Γ̄𝑖} form the BSSN formulation of the Einstein equations. Compared
with the ADM equations, we have an additional differential constraint (1.29), whi挀� is
usually enforced in numerical codes by replacing Γ̄𝑖 with the right-hand side of (1.29)
whenever it is used undifferentiated. We also have new algebraic constraints

det( ̄𝛾𝑖𝑗) = 1, (1.32a)
̄𝐴𝑖𝑗 ̄𝛾 𝑖𝑗 = 0, (1.32b)

whi挀� are also usually enforced on ea挀� simulation step.
Combined with an appropriate gauge 挀�oice (see the following sections), the BSSN

equations can be shown to be strongly hyperbolic and are commendably well-behaved
in numerical simulations. For those reasons this is the formulation actually used in
most codes today, though there have been suggestions to replace it with the CCZ4
formulation described in the following section.

1.4 CCZ4 formulation
While the BSSN formulation has proved itself to be remarkably robust in evolving black
hole spacetimes, there have been a琀�empts to create an even be琀�er behaved formulation.
One su挀� recent suggestion is the CCZ4 (conformal and covariant Z4) formulation
[22]. It is based on the older Z4 formulation [23], but adds a conformal decomposition
à la BSSN and some additional damping terms. 吀�e advantage over BSSN is supposed
to be that CCZ4 should explicitly damp away any constraint violations.

In this formulation, we modify the original covariant Einstein equations (1.1) to
include an additional “zero” vector field 𝑍𝜇

(4)𝑅𝜇𝜈 + ∇𝜇𝑍𝜈 + ∇𝜈𝑍𝜇

+ 𝜅1 [𝑛𝜇𝑍𝜈 + 𝑛𝜈𝑍𝜇 − (1 + 𝜅2)𝑔𝜇𝜈𝑛𝜎𝑍𝜎] = 8𝜋 (𝑇𝜇𝜈 − 1
2

𝑔𝜇𝜈𝑇 ) . (1.33)

吀�e physical solutions are then those for whi挀� this vector field vanishes – we have a
new constraint

𝑍𝜇 = 0. (1.34)
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吀�e additional term multiplied by 𝜅1 is responsible for damping small constraint
violations[24], with 𝜅1 and 𝜅2 being constant damping factors.

During the usual 3+1 decomposition, we split the vector 𝑍𝜇 into its normal com-
ponent

Θ = 𝑛𝜇𝑍𝜇 = 𝛼𝑍0 (1.35)

and the remaining spatial components 𝑍 𝑖. As in BSSN, we do a conformal decomposi-
tion of the spatial metric and the traceless part of the extrinsic curvature A

̄𝛾𝑖𝑗 = 𝜑2𝛾𝑖𝑗 , (1.36a)

̄𝐴𝑖𝑗 = 𝜑2
(𝐾𝑖𝑗 − 1

3
𝐾𝛾𝑖𝑗) (1.36b)

and split the spatial Ricci tensor into parts containing the conformal metric and the
conformal factor

𝑅𝑖𝑗 = �̄�𝑖𝑗 + 𝑅𝜑
𝑖𝑗 . (1.37)

吀�e expressions for �̄�𝑖𝑗 and 𝑅𝜑
𝑖𝑗 are exactly identical to (1.28b) and (1.28c), so we do

not repeat them here. We further define

Γ̂𝑖 = Γ̄𝑖 + 2 ̄𝛾 𝑖𝑗𝑍𝑗 (1.38)

and use it as an evolved variable in place of 𝑍 𝑖. A昀�er some manipulations, we arrive
at the following set of evolution equations

(𝜕𝑡 − ℒ𝜷) ̄𝛾𝑖𝑗 = −2𝛼 ̄𝐴𝑖𝑗 , (1.39a)

(𝜕𝑡 − ℒ𝜷) ̄𝐴𝑖𝑗 = 𝜑2 [−𝐷𝑖𝐷𝑗𝛼 + 𝛼(𝑅𝑖𝑗 + 𝐷𝑖𝑍𝑗 + 𝐷𝑗𝑍𝑖 − 8𝜋𝑆𝑖𝑗)]
TF

+ 𝛼 [ ̄𝐴𝑖𝑗(𝐾 − 2Θ) − 2 ̄𝐴𝑖𝑘
̄𝐴𝑘
𝑗 ] ,

(1.39b)

(𝜕𝑡 − ℒ𝜷)𝜑 = 1
3

𝛼𝜑𝐾, (1.39c)

(𝜕𝑡 − ℒ𝜷)𝐾 = − 𝐷2𝛼 + 𝛼 (𝑅 + 2𝐷𝑖𝑍 𝑖 + 𝐾2 − 2Θ𝐾)
− 3𝛼𝜅1 (1 + 𝜅2) Θ + 4𝜋𝛼(𝑆 − 3𝜌),

(1.39d)

(𝜕𝑡 − ℒ𝜷)Θ = 1
2

𝛼 (𝑅 + 2𝐷𝑖𝑍 𝑖 − ̄𝐴𝑖𝑗
̄𝐴𝑖𝑗 + 2

3
𝐾2 − 2Θ𝐾)

− 𝑍 𝑖𝜕𝑖𝛼 − 𝛼𝜅1(2 + 𝜅2)Θ − 8𝜋𝛼𝜌,

(1.39e)

(𝜕𝑡 − ℒ𝜷)Γ̂𝑖 = 2𝛼 (Γ̄𝑖
𝑗𝑘

̄𝐴𝑗𝑘 − 3
𝜑

̄𝐴𝑖𝑗𝜕𝑗𝜑 − 2
3

̄𝛾 𝑖𝑗𝜕𝑗𝐾)

+ 2 ̄𝛾 𝑖𝑘
(𝛼𝜕𝑘Θ − Θ𝜕𝑘𝛼 − 2

3
𝛼𝐾𝑍𝑘) − 2 ̄𝐴𝑖𝑗𝜕𝑗𝛼 + ̄𝛾 𝑗𝑘𝜕𝑗𝜕𝑘𝛽 𝑖

+ 1
3

̄𝛾 𝑖𝑗𝜕𝑗𝜕𝑘𝛽𝑘 + 2𝜅3 (
2
3

̄𝛾 𝑖𝑗𝑍𝑗𝜕𝑘𝛽𝑘 − ̄𝛾 𝑗𝑘𝑍𝑗𝜕𝑘𝛽 𝑖
)

− 2𝛼𝜅1 ̄𝛾 𝑖𝑗𝑍𝑗 − 16𝜋𝛼 ̄𝑗𝑖.

(1.39f)

Here 𝜅3 is an additional damping factor. It needs to be equal to one if we want the
equations to actually be covariant as the formulation name states. However it is
claimed in [22] that a value of ½ is needed to ensure stability in black hole spacetimes.
Values of 𝜅1 = 0.1/𝑀 and 𝜅2 = 0 are recommended for the other two damping factors.
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1.5 Lapse
Lapse and shi昀� are called the gauge functions – they correspond to our 挀�oice of
coordinates. In theory we can pick them arbitrarily. Practice shows, however, that
some 挀�oices are mu挀� be琀�er than the others.

Lapse tells us how fast the coordinate time flows with respect to the proper time of
normal observers. Put another way, the lapse determines how we split the spacetime
into a sequence of spatial slices – whi挀� is why the conditions that prescribe the lapse
are frequently called the slicing conditions. With a good lapse 挀�oice the spatial slices
should cover the region we are interested in and (in black hole spacetimes) prevent
the slices from rea挀�ing the physical singularities, whi挀� would usually cause the
simulation to crash. It should also be reasonably simple and possible to efficiently
implement numerically.

A trivial 挀�oice of lapse – 𝛼 ≡ 1 everywhere (called geodesic slicing) means that
our time coordinate 𝑡 is identified with the proper time of the normal observers. While
simple, this slicing is not very usable in black hole spacetimes, because some points on
our numerical grid would soon hit a physical singularity, whi挀� would likely cause the
code to crash. E.g. it is a standard textbook result that in the S挀�warzs挀�ild spacetime
it will take an observer on the horizon at most 𝜏 = 𝜋𝑀 of proper time to rea挀� the
physical singularity.

Even if there are no black holes in our spacetime, geodesic slicing can cause
coordinate singularities to form very rapidly – whenever normal observers are focused
by the gravitational field and collide. We can observe that from the evolution equation
for 𝐾 (1.25), whi挀� for 𝛼 ≡ 1 and 𝜷 = 0 reduces to

𝜕𝑡𝐾 = 𝐾𝑖𝑗𝐾 𝑖𝑗 + 4𝜋(𝜌 + 𝑆). (1.40)

吀�e right-hand side is always non-negative, so the volume elements associated with
the normal observers will collapse to zero.

We can try to avoid su挀� singularities by prescribing that the volume elements (i.e.
√𝛾) stay constant. As can be easily seen e.g. from equation (1.23), this leads to an
equation for 𝐾 known as the maximal slicing [25]

𝐾 = 0. (1.41)

吀�e name follows from the fact that the resulting slices can be shown to have maximal
volume with respect to small variations in their shape. Substituting this condition
into (1.25) yields

𝐷2𝛼 = 𝛼[𝐾𝑖𝑗𝐾 𝑖𝑗 + 4𝜋(𝜌 + 𝑆)]. (1.42)

吀�is is an elliptic equation to be solved for 𝛼. 吀�is fact somewhat limits its practical
usefulness, because solving elliptic equations is computationally expensive and in a
typical simulation we can hardly afford to do that at ea挀� time step. It does, however,
have excellent singularity avoidance properties – the lapse rapidly collapses to zero
when approa挀�ing a physical singularity, so the coordinate time stops advancing there.
Consequently, the singularity never appears in the simulation domain.

However since lapse is just a gauge function, we do not actually require for the
maximal slicing condition to be satisfied exactly. We can se琀�le for an alternative slicing
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that would be only approximately maximal, but not so taxing on the computational
resources. A family of hyperbolic slicing conditions has been developed by Bona and
Massó [26]

(𝜕𝑡 − ℒ𝜷) log 𝛼 = −𝛼𝑓(𝛼)𝐾. (1.43)

For a 挀�osen function 𝑓(𝛼) it is a hyperbolic evolution equation for the lapse. We
then specify the lapse on the initial slice and then use (1.43) to evolve 𝛼 along with
the other metric variables.

For 𝑓 = 0 (1.43) reduces to geodesic slicing, 𝑓 = 1 yields the harmonic slicing (so
called because it arises from using harmonic coordinates), whi挀� both do not have
good singularity avoidance properties. Of most interest is the 挀�oice 𝑓 = 2/𝛼, whi挀�
results in the so-called 1+log slicing

(𝜕𝑡 − ℒ𝜷)𝛼 = −2𝛼𝐾. (1.44)

It is easy to see that for zero shi昀� it asymptotically approa挀�es maximal slicing.
Practice has shown that this slicing condition is also very well-behaved, but requires
significantly less computer resources to use. For that reason (1.44) (or some slight
modification) is currently the standard slicing condition used in most numerical codes.

Occasionally it is useful to drop the advection term from (1.44) to get

𝜕𝑡𝛼 = −2𝛼𝐾. (1.45)

吀�is condition is usually called asymptotically maximal slicing, because if the slices
rea挀� a stationary state, it will be maximally sliced. However (1.45) is not covariant –
a different 挀�oice of shi昀� will result in different values of 𝛼.

1.6 Shi昀�
吀�e shi昀� vector 𝛽 𝑖 (we occasionally write 𝛽𝜇 later, in su挀� cases we mean the purely
spatial four-vector whose components in the adapted coordinates are {0, 𝛽 𝑖}) describes
the movement of the coordinate lines from one slice to the next with respect to the
normal observers. A trivial 挀�oice of shi昀� 𝛽 𝑖 = 0 simply means that the normal
observers stay on constant spatial positions. 吀�is is not, however, a very good 挀�oice
for black hole spacetimes, since normal observers would be a琀�racted to the black holes.
吀�is means that we would be “zooming in” on the black holes with progressively
smaller and smaller parts of the simulation area remaining outside the horizons. It
is therefore clear that we need a non-zero shi昀� vector pointing away from the black
holes.

One useful property we can demand from the shi昀� vector is that it should somehow
minimise the 挀�anges in the shape of the volume elements [25] (挀�anges in size are
already controlled by the slicing condition (1.44)). We recall the definition of the
extrinsic curvature

𝐾𝑖𝑗 = −1
2

ℒ𝐧𝛾𝑖𝑗 , (1.4a)

obviously a shi昀�-independent quantity. We replace the Lie derivative along 𝐧 with the
Lie derivative along the “time vector ” 𝑡𝜇 = 𝛼𝑛𝜇 + 𝛽𝜇, thus ge琀�ing the spatial strain
tensor

Θ𝑖𝑗 = −𝛼𝐾𝑖𝑗 + 1
2

ℒ𝜷𝛾𝑖𝑗 . (1.46)
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Spli琀�ing out the trace we obtain the distortion tensor

Σ𝑖𝑗 = −𝛼𝐴𝑖𝑗 + 1
2

(𝐋𝜷)𝑖𝑗 , (1.47)

where 𝐋𝜷 is the conformal Killing form associated with 𝜷 . It is given by

(𝐋𝜷)𝑖𝑗 = 𝐷𝑖𝛽𝑗 + 𝐷𝑗𝛽𝑖 − 2
3

𝛾𝑖𝑗𝐷𝑘𝛽𝑘. (1.48)

吀�e integral of Σ𝑖𝑗Σ𝑖𝑗 over a slice will be minimal when

𝐷𝑗Σ𝑖𝑗 = 0 (1.49)

(the minimal distortion condition). It leads to a set of three coupled elliptic equations
for 𝛽 𝑖 – an even worse performance-killer than the previously mentioned maximal
slicing condition for lapse – again to be solved at ea挀� time step.

As before, we a琀�empt to find a shi昀� condition that would approximate minimal
distortion, but would be faster to solve. We notice that the distortion tensor can also
be wri琀�en as

Σ𝑖𝑗 = 1
2

𝛾
1
3 ℒ𝐭 ̄𝛾𝑖𝑗 (1.50)

so the minimal distortion condition transforms to

𝐷𝑗𝜕𝑡 ̄𝛾 𝑖𝑗 = 0. (1.51)

Replacing the covariant derivative with ordinary partial derivative and recalling the
expression for conformal connection functions (1.29) we get the Γ-freezing condition

𝜕𝑡Γ̄𝑖 = 0, (1.52)

again set of three elliptic equations for the three components of the shi昀� vector. We
can then introduce a “hyperbolic approximation” of the Γ-freezing condition in the
form of the Γ-driver condition [27], whi挀� relates the time derivative of the shi昀� to the
conformal connection functions

𝜕2
𝑡 𝛽 𝑖 = 𝐹 𝜕𝑡Γ̄𝑖 (1.53)

with 𝐹 being some positive function of space and time. 吀�e original article used the
挀�oice 𝐹 = 3

4
𝛼 to freeze the evolution of the shi昀� near the punctures (caused by 𝛼

collapsing there) and the factor 3
4
causing the longitudinal shi昀� waves to propagate at

the speed of light sufficiently far away (see Section 1.8). Most implementations rewrite
(1.53) in the first order in time form and add various damping and advection terms to
it. We describe the exact form of the Γ-driver that we use in Section 2.3 later on.

1.7 Initial data
Before we can apply the evolution methods discussed previously, we must construct
some initial data whi挀� we will evolve. Unfortunately, producing physically relevant
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initial data is still a largely unsolved problem in numerical relativity. While the
available methods do allow us to construct a spacetime corresponding to a black hole
binary – traditionally considered the main object of study in numerical relativity – it
will inevitably contain a certain amount of spurious “junk radiation”.

吀�e 3+1 decomposition of the Einstein equations leaves us with four constraint
equations (1.13) and (1.16) that must be satisfied at all times. 吀�is means that we
cannot 挀�oose the dynamical variables {𝛾𝑖𝑗 , 𝐾𝑖𝑗} arbitrarily. 吀�e usual procedure is
spli琀�ing them into what we shall consider the freely specifiable data and solve the
constraint equations for the rest2.

One way forward is the conformal transverse traceless decomposition [28, 29]. It
starts with a conformal rescaling of the spatial metric

𝛾𝑖𝑗 = 𝜓4 ̃𝛾𝑖𝑗 (1.54)

(recall the equation (1.22), though we do not necessarily assume that ̃𝛾𝑖𝑗 has unit
determinant). As before, we also split the extrinsic curvature into its trace and the
traceless part

𝐾𝑖𝑗 = 𝐴𝑖𝑗 + 1
3

𝐾𝛾𝑖𝑗 . (1.55)

In terms of those variables we can rewrite the Hamiltonian constraint as

8�̃�2𝜓 − 𝜓�̃� + 𝜓5
(𝐴𝑖𝑗𝐴𝑖𝑗 − 2

3
𝐾2

) + 16𝜋𝜓5𝜌 = 0 (1.56)

where �̃� is the covariant derivative associated with ̃𝛾𝑖𝑗 . Assuming we know ̃𝛾𝑖𝑗 , 𝐴𝑖𝑗 , 𝐾
and 𝜌, the Hamiltonian constraint is now an elliptic equation for the conformal factor
𝜓 .

Before continuing further, it is appropriate to show one simple black hole solution
here. If we take a flat conformal metric ̃𝛾𝑖𝑗 = 𝛿𝑖𝑗 and assume a vanishing extrinsic
curvature 𝐾𝑖𝑗 = 0 (i.e. we are in a moment of time symmetry), the momentum
constraints become trivial and we are le昀� with just a flat space Laplace equation for
the conformal factor Δ𝜓 = 0. We take our spacetime to be asymptotically flat, so
we impose the condition 𝜓 → 1 in radial infinity. Beside the trivial Minkowski, an
interesting solution is

𝜓 = 1 + 𝑀
2𝑟

(1.57)

with 𝑀 a constant. Recalling the expression for the S挀�warzs挀�ild metric in isotropic
coordinates

d𝑠2 = −
(

1 − 𝑀
2𝑟

1 + 𝑀
2𝑟

)

2

d𝑡2 + (1 + 𝑀
2𝑟 )

4
(d𝑟2 + 𝑟2dΩ2) , (1.58)

we immediately see that the solution (1.57) is a slice of the S挀�warzs挀�ild spacetime in
isotropic coordinates. More specifically, a slice of constant S挀�warzs挀�ild time. Figure
1.2 shows the initial slice corresponding to this data on a compactified diagram of the

2Alternatively one could use some approximate methods (e.g. post-Newtonian expansion) to produce
initial data that already satisfies the constraints.
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S挀�warzs挀�ild spacetime. It must be emphasised that the isotropic radial coordinate 𝑟
is not the more familiar S挀�warzs挀�ild areal radius 𝑅, but is related to it by 𝜓4 = 𝑅2

𝑟2 .
吀�e singularity at 𝑟 = 0, the puncture, corresponds to the spatial infinity in the other
asymptotically flat part of the extended S挀�warzs挀�ild solution and is therefore only a
coordinate singularity. 吀�is solution is known as the Brill-Lindquist initial data.

III I

𝑖+ 𝑖+

𝑖− 𝑖−

𝑖0𝑖0

ℐ+

ℐ−

ℐ+

ℐ−

II

IV

Figure 1.2: A compactified diagram of the S挀�warzs挀�ild spacetime. 吀�e do琀�ed lines
show the surfaces of constant areal radius 𝑅. 吀�e thick horizontal line through the
centre shows the initial slice for the data (1.57).

Since the Laplace equation is linear, we can trivially superpose solutions (1.57) to
get multiple black holes. But since we still assume time symmetry 𝐾𝑖𝑗 = 0, su挀� a
solution is highly unphysical – we expect that real black holes would be orbiting ea挀�
other and so cannot be expected to be time symmetric.

We now continue with the theory for general initial data. We conformally rescale
the traceless part of the extrinsic curvature

𝐴𝑖𝑗 = 𝜓−10𝐴𝑖𝑗 . (1.59)

吀�e number (−10) is 挀�osen because it can be shown that for any symmetric traceless
tensor 𝑆 𝑖𝑗 decomposed as 𝑆 𝑖𝑗 = 𝜓𝑛 ̃𝑆 𝑖𝑗 the identity 𝐷𝑗𝑆 𝑖𝑗 = 𝜓−10�̃�𝑗 (𝜓10+𝑛 ̃𝑆 𝑖𝑗) holds.
吀�e Hamiltonian constraint (1.56) transforms to

8�̃�2𝜓 − 𝜓�̃� − 2
3

𝜓5𝐾2 + 𝜓−7 ̃𝐴𝑖𝑗
̃𝐴𝑖𝑗 + 16𝜋𝜓5𝜌 = 0. (1.60)

It is also known that any symmetric traceless tensor can be split into transverse
and longitudinal parts

̃𝐴𝑖𝑗 = ̃𝐴𝑖𝑗
𝑇 𝑇 + ̃𝐴𝑖𝑗

𝐿 , (1.61)

where the transverse part has zero divergence �̃�𝑗
̃𝐴𝑖𝑗
𝑇 𝑇 = 0 and the longitudinal part is

̃𝐴𝑖𝑗
𝐿 = (𝐋𝑊 )𝑖𝑗 = �̃�𝑖𝑊 𝑗 + �̃�𝑗𝑊 𝑖 − 2

3
̃𝛾 𝑖𝑗�̃�𝑘𝑊 𝑘. (1.62)
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Here the operator 𝐋 is known as the conformal Killing operator applied to the vector
potential 𝑊 𝑖. 吀�e momentum constraints in terms of this decomposition reduce to

Δ̃𝐋𝑊 𝑖 − 2
3

𝜓6�̃�𝑖𝐾 − 8𝜋𝜓10𝑗𝑖 = 0 (1.63)

with the vector Laplacian Δ̃𝐋 being defined as

Δ̃𝐋𝑊 𝑖 = �̃�2𝑊 𝑖 + 1
3

�̃�𝑖�̃�𝑗𝑊 𝑗 + �̃�𝑖
𝑗𝑊

𝑗 . (1.64)

Given the conformal metric ̃𝛾𝑖𝑗 , the mean curvature 𝐾 and the transverse part ̃𝐴𝑖𝑗
𝑇 𝑇 as

freely specified initial data we can now solve (1.60) and (1.63) as four coupled elliptic
equations for the longitudinal part ̃𝐴𝑖𝑗

𝐿 and the conformal factor 𝜓 . From those we
can reconstruct the physical quantities 𝛾𝑖𝑗 and 𝐾𝑖𝑗 .

In a vacuum black hole case we can ignore the 𝜌 and 𝐣 terms. 吀�e equations will
significantly simplify if we 挀�oose the initial slice to be maximal 𝐾 = 0. In su挀� a
case, the momentum constraints (1.63) decouple from the Hamiltonian constraint and
can be solved separately for the vector 𝐖. Additionally assuming conformal flatness
̃𝛾𝑖𝑗 = 𝛿𝑖𝑗 , the momentum constraints reduce to

𝜕𝑗𝜕𝑗𝑊 𝑖 + 1
3

𝜕𝑖𝜕𝑗𝑊 𝑗 = 0. (1.65)

吀�is equation admits a solution of the form [30, 31]

𝑊 𝑖 = 1
4𝑟 [7𝑃 𝑖 + 𝑛𝑖𝑛𝑗𝑃 𝑗] + 1

𝑟2
𝑖𝑗𝑘𝑛𝑗𝑆𝑘 (1.66)

where 𝐧 is the outward-pointing radial vector and 𝐏 and 𝐒 some constant vectors.
Taking the remaining freely specifiable data, ̃𝐴𝑖𝑗

𝑇 𝑇 , to be zero, we obtain the Bowen-York
extrinsic curvature solutions

̃𝐴𝑖𝑗 = 3
2𝑟2 [𝑛𝑖𝑃𝑗 + 𝑛𝑗𝑃𝑖 + 𝑛𝑘𝑃 𝑘 (𝑛𝑖𝑛𝑗 − 𝛿𝑖𝑗)] − 3

𝑟3 ( 𝑖𝑙𝑘𝑛𝑗 + 𝑗𝑘𝑙𝑛𝑖) 𝑛𝑙𝑆𝑘. (1.67)

吀�e vectors 𝐏 and 𝐒 can be identified with the linear and angular momenta of the
spacetime, so this extrinsic curvature describes a spinning boosted black hole. It is not
a slice of Kerr/boosted Kerr however, since the Bowen-York geometry is conformally
flat, while no su挀� slicing is thought to exist for Kerr [32]. 吀�is can be seen even more
clearly by running the simulation and observing a burst of gravitational radiation
escaping to infinity. Of course no su挀� radiation would be present around a Kerr black
hole.

One additional thing to note is that the momentum constraints in this case are
linear, so we can simply superpose the solutions to construct a spacetime with several
black holes.

Now we still need to solve the Hamiltonian constraint (1.60) to get the conformal
factor. With our 挀�osen free data the Hamiltonian constraint simplifies to

Δ𝜓 + 1
8𝜓7

̃𝐴𝑖𝑗
̃𝐴𝑖𝑗 = 0 (1.68)
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with Δ the standard flat Laplacian. We write the full conformal factor as a sum of
singular solutions (1.57) and some correction 𝑢 (whi挀� can be shown to be at least 𝒞 2

everywhere [33])

𝜓 = 1 + ∑
𝑖

𝑚𝑖

2𝑟𝑖
+ 𝑢. (1.69)

Substituting this ansatz to (1.68) results in an equation for 𝑢

Δ𝑢 + 1
8𝜓

̃𝐴𝑖𝑗
̃𝐴𝑖𝑗 = 0. (1.70)

吀�is equation must be solved numerically.
In conclusion we note that there are other methods of constructing initial data,

whi挀� deserve to be at least mentioned, even though we omit a more detailed account.
One su挀� is the conformal thin sandwichmethod [34], where one specifies the conformal
metric, its time derivative, the mean curvature and the densitised lapse �̄� = 𝜓6𝛼 as
the free data and solves the constraints for the physical quantities. 吀�e advantage
should be that the freely specifiable quantities in this case have more clear physical
meaning and so should be simpler to select.

1.8 Hyperbolicity and wave propagation
We mention in passing in the previous sections that the ADM equations are weakly
hyperbolic, or that the BSSN equations are strongly hyperbolic and that this is somehow
related to them being well- or ill-posed, but do not elaborate further on what exactly
is meant by that. In this section we a琀�empt to give a brief summary of those concepts
as they apply to numerical relativity.

In the usual treatments of second order partial differential equations (e.g. [35]),
distinction is made between the classes of elliptic, parabolic and hyperbolic PDEs with
significantly different properties and solution methods.

吀�e elliptic equations can be viewed as generalisations of the Laplace equation
– they describe static field configurations in some spatial region. When solving
them, we need to provide the values on the boundary and then arrive at the solution
simultaneously in the whole region. 吀�ere is no time dimension or evolution involved,
so they are purely boundary value problems. 吀�e obvious example of elliptic PDEs
in numerical relativity are the constraint equations, whi挀� must be solved when
constructing initial data. Some proposed gauge conditions are also elliptic, though
they are not used in most current codes for performance reasons – solving elliptic
equations numerically is quite resource-intensive.

吀�e canonical parabolic PDE is the heat equation 𝜕𝑡𝑢 − 𝑎Δ𝑢 = 0. 吀�ere is a time
dimension present in this case, so we must provide initial data at the starting time
and then evolve the variables to get the solution in later times. Parabolic equations
rarely appear in numerical relativity (there have been suggestions for parabolic gauge
conditions, but they are not used in current codes), so we will not discuss them further.

Of most interest to our case are the hyperbolic equations – usually thought of as
generalisations of the wave equation. In more specific terms, we consider the Cau挀�y
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problem for a first order system (second order systems can always be reduced to first
order form by defining additional variables) of the form

𝜕𝑡𝑢 + 𝑀 𝑗(𝑡, 𝑥𝑖)𝜕𝑗𝑢 = 𝑆(𝑢, 𝑡, 𝑥𝑖), (1.71a)

𝑢(0, 𝑥𝑖) = 𝑓(𝑥𝑖), (1.71b)

where 𝑢 is a vector of 𝑘 unknown functions, 𝑀 𝑗 are 𝑘 × 𝑘 matrices and 𝑓(𝑥𝑖) is the
initial condition. We call the system (1.71) well-posed [36] if there is a norm || ⋅ || and
real constants 𝛼 and 𝐾 for whi挀�

||𝑢(𝑡, 𝑥𝑖)|| ≤ 𝐾𝑒𝛼𝑡||𝑢(0, 𝑥𝑖)|| ∀𝑡 > 0, (1.72)

i.e. the solution growth in time can be limited by an exponential independent of
the initial data. Well-posedness is necessary to have any hope of the numerical
approximations being stable and accurate [37]. When the problem is ill-posed – it
admits explosively growing modes – then even if su挀� modes are not present in the
initial data, they can easily appear in a simulation due to non-linearities or numerical
errors and overwhelm the true solution.

Related to well-posedness is the concept of hyperbolicity. We define the symbol of
the differential operator in the system (1.71) as

𝑃 (𝑡, 𝑥𝑖, 𝑖𝜔𝑗) = 𝑖𝑀 𝑗𝜔𝑗 (1.73)

for a unit vector 𝜔𝑗 . 吀�e system (1.71) is then called strongly hyperbolic if there exists
a Hermitian symmetriser 𝐻(𝑡, 𝑥𝑖, 𝜔𝑗) depending smoothly on all variables su挀� that

𝐻𝑃 + 𝑃 ∗𝐻 = 0. (1.74)

吀�at is the case when 𝑃 has purely imaginary eigenvalues and a complete set of
eigenvectors. If the eigenvalues are imaginary, but the set of eigenvectors is not
complete then the system is said to be weakly hyperbolic. When all the matrices
𝑀 𝑖 are themselves Hermitian, then we have a symmetric hyperbolic problem (whi挀�
immediately implies strong hyperbolicity).

It can be shown that strong hyperbolicity implies well-posedness. I.e. a strongly
hyperbolic problem has a smooth unique solution for any smooth initial data (theorem
6.2.2 in [36]). As mentioned previously, the ADM equations are only weakly hyperbolic
[20, 17], whi挀� is considered to be the root reason behind the instabilities in ADM-based
numerical codes. On the other hand, it has been shown [38] that the BSSN formulation
with the 1+log slicing and the Γ-driver is strongly hyperbolic.

Having a strongly hyperbolic system means that 𝑃 has a complete set of eigen-
vectors, so we can diagonalise it as 𝑃 = 𝑅Λ𝑅−1 with 𝑅 being the matrix composed
from the eigenvectors and Λ the diagonal matrix of the eigenvalues of 𝑃 . Now assum-
ing that we have only one spatial dimension and 𝑃 has constant coefficients (whi挀�
in 3D numerical relativity corresponds to moving away from any sources, so we can
linearise the equations around flat space and only the radial direction ma琀�ers), the
system (1.71) transforms to

𝜕𝑡𝑢 + 𝑅Λ𝜕𝑟 (𝑅−1𝑢) = 0. (1.75)
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Defining 𝑤 = 𝑅−1𝑢 and le昀�-multiplying (1.75) by 𝑅−1 we get

𝜕𝑡𝑤 + Λ𝜕𝑟𝑤 = 0. (1.76)

So the system has decoupled into separate advection equations for the functions 𝑤,
called eigenfields, with ea挀� eigenfield 𝑤𝑖 travelling with the velocity equal to its
corresponding eigenvalue 𝜆𝑖.

吀�ere are several approa挀�es for decomposing the BSSN system into separate
“modes” along similar lines of reasoning – see e.g. [39, 5], or a different way in [40].
吀�e details depend on the exact form of the equations considered and the specific
approa挀� taken. However, when linearising the BSSN formulation with (some flavour
of) the 1+log slicing and the Γ-driver shi昀� condition around flat space, we generally
get the following features:

• a set of modes propagating at the speed of light, including gravitational waves
and momentum constraint violations;

• gauge waves associated with lapse and mean curvature, with velocities √2 (or
more generally √𝑛, where 𝑛 is the constant on the right-hand side of the 1+log
slicing condition);

• longitudinal shi昀� waves, with velocities √
4
3
𝜉, where 𝜉 is the constant on the

right-hand side of the Γ-driver;

• transversal shi昀� waves, with velocity √𝜉;

• static fields that do not propagate (their velocity is 0).

In the non-linear regime the diagonalisation of 𝑃 , and by extension the eigenfields,
will in general be direction-dependent. Su挀� a simple split into separate modes is then
not possible, though one can expect that some traces of it survive even in the strong
field regions. We look at this visually in Chapter 4.
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Chapter 2

Numerical implementation

In this 挀�apter we summarise the main concepts of the numerical te挀�niques we use
in our simulations. We also describe the details of the various numerical codes we are
using in this work. Most of them come from the Einstein Toolkit [13], a free and open
source collection of tools for numerical relativity.

吀�e core part is the Cactus framework [41]. It provides an environment in whi挀� a
number of independent modules (called “thorns”) execute computations on a numerical
grid. Cactus thorns can be wri琀�en in Fortran, C or C++ programming languages. 吀�e
Cactus core must be augmented by a “driver” thorn, whi挀�manages the grid(s), handles
the I/O and other important functions. We use the Carpet [8, 42] driver, whi挀� supports
mesh refinement (see 2.1.4).

A note on parallelisation is in order here. 吀�e simulations in numerical relativity
are usually very resource-demanding, requiring large amounts of working memory
and CPU time to rea挀� acceptable accuracy. It is generally mu挀� easier to obtain
multiple CPUs rather than a single faster one. Especially in the most recent years even
the lowest-end consumer processors feature multiple CPU cores.

吀�e conclusion then is that if wewant to reduce the time demands of a simulation as
mu挀� as possible, we should use parallel algorithms that can make use of those multiple
CPU cores concurrently. A common method in many 3+1 codes is using the Message
Passing Interface (MPI, [43]), a programming standard for communication between
different “nodes” over a network, specifically designed for parallel computations.
Its large advantage is that it allows separate ma挀�ines connected by a network to
cooperate on one simulation. It does, however, incur a significant processing and
memory overhead.

Our simulations, on the other hand, are run on a single multi-core ma挀�ine, so
we have no need of the advanced features provided by MPI. 吀�ere is fortunately a
mu挀� more light-weight solution in the form of the OpenMP® [44, 45] te挀�nology.
Compilers supporting it can parallelise execution of the code using process-level
multithreading, with only very simple code 挀�anges required. 吀�ere is virtually no
memory overhead and a mu挀� smaller processing overhead than is the case with MPI.
Many Cactus thorns, most importantly the evolution one, support this te挀�nology, so
in our simulations we avoid the use of MPI and use OpenMP exclusively.

吀�e data from the simulations is exported by Carpet using the HDF5 file format
[46], whi挀� allows efficient storage of large data sets with convenient programmatic
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access. We process this data with our own scripts wri琀�en in the Python language [47],
making use of the h5py module [48] for accessing the HDF5 files and the NumPy [49]
and SciPy [50] packages for scientific computing with Python. 吀�e Matplotlib [51]
and Mayavi [52] graphical packages are used for creating the various graphs and other
visualisations found in this work.

2.1 Method of lines
For solving the evolution equations numerically, we use finite differencing with a
so-called method of lines approa挀�. Given a second order hyperbolic system

𝜕𝑡𝑢 = 𝑓(𝜕𝑖𝑗𝑢, 𝜕𝑖𝑢, 𝑢, 𝑡, 𝑥𝑖), (2.1)

where 𝑢 stands for a vector of unknown functions, we discretise the system in space
only, ge琀�ing

𝜕𝑡𝑢 = 𝑓(𝐷𝑖𝑗𝑢, 𝐷𝑖𝑢, 𝑢, 𝑡, 𝑥𝑖). (2.2)

Here 𝐷𝑖, 𝐷𝑖𝑗 are finite difference operators (FDO) of our 挀�osen order, approximating
𝜕𝑖, 𝜕𝑖𝜕𝑗 . Now (2.2) is a system of ordinary differential equations in time. We can
integrate it using standard ODE methods like Runge-Ku琀�a.

A significant advantage of the method of lines is decoupling the decisions about
the space and time discretisation. We can 挀�ange the properties of the time integrator
or the FDOs used for spatial derivatives almost completely independently of ea挀�
other1.

2.1.1 Representation of data

吀�e simulation domain is on ea挀� time step approximated by a regular 3-dimensional
grid (or multiple grids, see Section 2.1.4 further on). Ea挀� grid point then has Cartesian
coordinates (𝑥𝑖, 𝑦𝑗 , 𝑧𝑘) = (𝑜𝑥 + 𝑖ℎ𝑥, 𝑜𝑦 + 𝑗ℎ𝑦, 𝑜𝑧 + 𝑘ℎ𝑧), where 𝑜𝑙 are the coordinates of
the origin, ℎ𝑙 are the distances between neighbouring points in ea挀� direction, and
(𝑖, 𝑗, 𝑘) integer indices of the point. 吀�e step sizes ℎ𝑙 are usually all equal, though
Cactus does not enforce this.

Every field 𝑢 we deal with in our simulation is represented by its values at the grid
points

𝑢𝑖𝑗𝑘 = 𝑢(𝑥𝑖, 𝑦𝑗 , 𝑧𝑘). (2.3)

吀�e set of those values is called a gridfunction. 吀�e values themselves are IEEE 754
[53] compatible 64-bit floating point numbers. 吀�e set of all the gridfunctions at one
given time is called a timelevel. Because we need to do time interpolation, we have to
keep several timelevels in memory simultaneously (usually 3).

In the Cactus framework, management of the memory allocation for the gridfunc-
tions and timelevels is delegated to a special “driver” thorn, of whi挀� there are several
implementations. As stated above, we use the Carpet driver in our simulations, whi挀�
supports mesh refinement and HDF5 file output.

1Of course the CFL condition still applies, so we cannot make the spatial step size smaller without
appropriately reducing the time step. A more detailed analysis [37] also shows that when using the
Runge-Ku琀�a family of methods as time integrators, only certain orders are stable. Specifically, the 2nd
order method is unstable, the 3rd and 4th order ones are stable.

23



2.1.2 Spatial derivatives

To approximate spatial derivatives, Cactus typically uses centered finite difference
operators. In most instances it is possible to configure the order of the operator
used from 2nd to 8th. Except where explicitly stated otherwise, we use the 4th order
accurate centered FDO

𝜕𝑥𝑢(𝑥𝑖) ≈ 1
12ℎ (𝑢𝑖+2 − 8𝑢𝑖+1 + 8𝑢𝑖−1 − 𝑢𝑖−2) . (2.4)

In some instances (the advection terms in the evolution equations), an upwind operator
is used instead of the centered one. It is given by

𝜕𝑥𝑢(𝑥𝑗) ≈ sgn (𝑤(𝑥𝑗)) 𝐷𝐴𝑢(𝑥𝑗) + 𝐷𝑆𝑢(𝑥𝑗), (2.5a)

𝐷𝐴𝑢(𝑥𝑗) = 1
24ℎ (−𝑢𝑗−3 + 6𝑢𝑗−2 − 21𝑢𝑗−1 + 21𝑢𝑗+1 − 6𝑢𝑗+2 + 𝑢𝑗+3) , (2.5b)

𝐷𝑆𝑢(𝑥𝑗) = 1
24ℎ (𝑢𝑗−3 − 6𝑢𝑗−2 + 15𝑢𝑗−1 − 20𝑢𝑗 + 15𝑢𝑗+1 − 6𝑢𝑗+2 + 𝑢𝑗+3) . (2.5c)

Here 𝑤(𝑥) is the flow with respect to whi挀� the upwind operator is applied – typically
the shi昀� 𝛽 𝑖.

2.1.3 Time integration

As previously mentioned, due to using the method of lines, time integration can be
handled in a generic way independently of the specific form of the evolution equations.
It is then very easy e.g. to 挀�ange the formulation of the Einstein equations used or
add more evolved variables without any 挀�anges required in the evolution code.

In Cactus, the MoL thorn handles time integration with the method of lines. It
provides a wide selection of methods, with the most commonly used ones being the
Iterated Crank-Ni挀�olson (ICN, [54]) and the Runge-Ku琀�a (RK) s挀�emes of various
orders.

2.1.4 Mesh refinement

Computer te挀�nology has made tremendous advances in the past few decades, allowing
us to use commonly available consumer hardware to run a large range of simulations,
previously only possible on large clusters of supercomputers. Even so, processor speed
and especially the amount of working memory available force very immediate limits
on the simulation domain sizes and resolutions we can afford to run practically.

吀�e situations we want to model typically contain areas of strong field around
the punctures, where high resolution is required, and nearly flat distant areas, where
lower resolution is sufficient. For that reason it seems appropriate to use a some kind
of a multigrid method to lower the computational resource requirements. Indeed,
su挀� a s挀�eme, called Adaptive Mesh Refinement (AMR), has been proposed by Berger
and Oliger in [7]. It constructs a hierar挀�y of nested grids with successively higher
resolutions. 吀�e refined grids are automatically created based on some error estimate.

As mentioned above – Carpet, our 挀�osen Cactus driver, supports a variant of the
AMR method. It also supports a simplified version of this te挀�nique called Fixed Mesh
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Refinement (FMR) [8], where the grid hierar挀�y is prescribed in advance. In this work
we use FMR because it is simpler to setup and sufficient for our needs.

In the FMR s挀�eme, our simulation domain consists of a hierar挀�y of nested
cuboid grids of progressively finer resolutions. A set of all grids with the same spatial
resolution is called a refinement level. 吀�ere can be multiple disjoint grids on one
refinement level. E.g. in the case of a black hole binary, ea挀� level except for the
coarsest one would contain two grids – one centered at ea挀� puncture.

吀�e refinement factor – the ratio of the spatial step sizes of two successive refine-
ment levels – is currently fixed by Carpet to be 2. In other words, ea挀� refinement
level has half the step size of the previous coarser level. 吀�e grids are properly nested
and aligned – ea挀� refined grid is fully contained within a coarser grid, and points
on a coarser grid correspond to the points on a refined grid within a refined region
(Figure 2.1).

Figure 2.1: An illustration of a hierar挀�y of refined grids for the case of a black hole
binary.

In a typical black hole spacetime arrangement the refined grids are initially centered
on the punctures. A special thorn named PunctureTracker keeps track of the punctures
by integrating the shi昀� at the puncture locations. When a puncture has moved
significantly enough from its previous location, Carpet moves the grid so that it
remains centered on the puncture. 吀�is “re-gridding” is done using spatial interpolation.
Overlapping refined grids are automatically merged.

吀�e time step used for evolution on the refined grids is halved to maintain the
same Courant factor. 吀�is means that for ea挀� evolution step on a coarser grid, two
steps on the refined grid are needed. 吀�e evolution s挀�eme is recursive, starting on
the coarsest level and then proceeding to the refined ones. On ea挀� recursion level,
first an evolution step is done on all the grids at the corresponding refinement level.
吀�en the algorithm is called on the next refinement level (if it exists) twice. Finally
the data is restricted (copied) from the finer grid to the coarse grid.

吀�e refined grids are surrounded by a layer of so-called ghost points whi挀� provide
values needed to apply the FDOs on the boundaries of the refined grids. 吀�is ghost
zone is filled by spatial or temporal interpolation from the coarser grid. Its thickness
depends on the interpolation order and the stencils of all the FDOs we are using.
Whenever a fine grid coincides in time with a coarser grid, the ghost zone can be filled
with spatial interpolation. On the intermediate step where there are no values for
the coarser grid, temporal interpolation is used. Additionally, with time integrators
that evaluate the right-hand side at intermediate points between two full time steps
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(su挀� as Runge-Ku琀�a), we also need boundary values for those sub-steps. To provide
consistent boundary conditions for them, a buffering s挀�eme is used. 吀�e ghost zone is
repeated once for ea挀� additional sub-step. On the first sub-step, the outermost ghost
layer is used to evolve the refined grid including the inner ghost zones. 吀�en the layer
below it is used, until the innermost ghost layer is rea挀�ed on the last sub-step (Figure
2.2). 吀�en the whole ghost zone is repopulated using interpolation.

refined gridbuffer points

previous time step

first sub-step

second sub-step

next time step, buffer points filled by interpolation

Figure 2.2: 吀�e buffer points with two intermediate time steps and fourth order
centered derivatives. 吀�e filled circles indicate the grid points that contain valid data;
the empty circles contain invalid data because of missing boundary information. Based
on [8].

2.2 Dissipation
吀�e basic finite difference methods used for solving partial differential equations are
usually presented, along with proofs of stability, on systems of linear equations with
constant coefficients. Real systems of equations appearing in practical problems are
usually mu挀� more complicated – they have variable coefficients or are (even worse!)
non-linear. Su挀� is the case also with the Einstein equations.

吀�ose additional complexities o昀�en make themselves known through instabilities
in the finite difference methods, taking the form of high- (or even low-, in non-linear
cases) frequency noise. 吀�e issue is only exacerbated by using discontinuous or
singular initial data, as is the case with black hole spacetimes.

吀�e usual te挀�nique used for treating those instabilities is called Kreiss-Oliger
dissipation [6]. It involves adding extra dissipative terms to our finite difference
operators, whi挀� preferentially damp high frequency components while leaving lower
frequencies mostly intact. 吀�e general idea is that given an equation of the form

𝜕𝑡𝑣 = 𝑔 (𝐷𝑖𝑗𝑣, 𝐷𝑖𝑣, 𝑣, 𝑡, 𝑥𝑖) (2.6)

with 𝑣 an unknown function and 𝑔(𝐷𝑖𝑗𝑣, 𝐷𝑖𝑣, 𝑣, 𝑡, 𝑥𝑖) an already discretised in space
right-hand side, we replace it with

𝜕𝑡𝑣 = 𝑔 (𝐷𝑖𝑗𝑣, 𝐷𝑖𝑣, 𝑣, 𝑡, 𝑥𝑖) − (−1)𝑁 ℎ2𝑁−1𝐷2𝑁
0 𝑣. (2.7)
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Here 2𝑁 is the order of the dissipation operator, a positive constant, ℎ the grid
spacing and 𝐷2𝑁

0 the 2𝑁th order accurate centred FDO. We see that the dissipative
term vanishes in the continuum limit and it can be shown that it strongly damps
high-frequency modes.

To ensure the dissipation does not spoil the convergence of our finite difference
s挀�eme, the order of the dissipation operator must be higher than the order of the
FDOs we use in 𝑔. E.g. if we use fourth order accurate finite differencing in our
evolution equations, the dissipation operator must be sixth order (i.e. 2𝑁 = 6).

In Cactus, the appropriately-named Dissipation thorn handles applying Kreiss-
Oliger dissipation to any 挀�osen MoL-evolved variables, so that is what we use in our
simulations. We note that it uses a slightly different convention and calls 2𝑁 − 1 the
order of the dissipation operator – so with fourth order finite differencing we set the
dissipation order parameter to 5.

2.3 Implementation of the evolution equations
吀�e mathematical form of the Einstein field equations, rewri琀�en in a 3+1 flavour as
the BSSN or CCZ4 formulations, has been given in the previous 挀�apter. 吀�e actual
numerical code implementing those equations is provided in Cactus by the McLa挀�lan
project [55]. 吀�e equations are wri琀�en as Mathematica source files. A separate tool
named Kranc [56, 57] then converts them to Cactus thorns in the C language.

McLa挀�lan implements both the BSSN and the CCZ4 formulations as given in
Sections 1.3 and 1.4. Depending on its configuration, it uses 2nd, 4th, 6th or 8th order
centered or upwind finite difference operators to approximate spatial derivatives. 吀�e
upwind s挀�eme is used for the advection terms, centered for all the other derivatives,
as is common practice in many other evolution codes. We typically configure it to use
4th order derivatives.

To reiterate, the evolved metric variables are:

• ̄𝛾𝑖𝑗 – the conformal metric;

• ̄𝐴𝑖𝑗 – the conformal traceless part of the extrinsic curvature;

• 𝜑 – the conformal factor. McLa挀�lan supports both of the so-called 𝜒 and 𝜑 meth-
ods. 吀�e 𝜒-method is the one we described in 1.3, where we evolve det(𝛾𝑖𝑗)−1/6.
With the 𝜑-method the evolved variable is 1

12
log det(𝛾𝑖𝑗). 吀�e 𝜒-method is con-

sidered to be more stable with black hole spacetimes, so we do not consider the
𝜑-method in the following;

• 𝐾 – the trace of the extrinsic curvature;

• Γ̄𝑖 or Γ̂𝑖 for BSSN or CCZ4 respectively – the conformal connection functions.
We shall use the symbol Γ̄𝑖 for both in the following section;

• Θ (CCZ4 only) – the normal component of the 𝑍𝜇 vector;

• 𝛼 and 𝛽 𝑖 – the lapse and the shi昀�.
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吀�ose variables are registered with the MoL thorn, whi挀� then handles time integration
using right-hand sides supplied by McLa挀�lan.

Next we list the evolution equations as used in McLa挀�lan. Since we do not concern
ourselves with ma琀�er in this work, we omit all ma琀�er terms. We use the following
symbols for finite difference operators:

• PD – the centered FDO;

• CD – the covariant difference operator with respect to ̄𝛾𝑖𝑗 , i.e. PD plus the
appropriate contractions with Γ̄𝑖

𝑗𝑘 = 1
2
𝛾 𝑖𝑙 (PD𝑘 ̄𝛾𝑗𝑙 + PD𝑗 ̄𝛾𝑘𝑙 − PD𝑙 ̄𝛾𝑗𝑘). One of

the convenient features of Kranc is that one can write su挀� contractions in the
source file using the Einstein’s summation convention, just as one would on
paper, and Kranc will handle expanding the sums.

• UD – the upwind difference operator along the direction of the shi昀�.

To write both the BSSN and the CCZ4 formulations in a single set of equations, we
will make use of the constant 𝐶CCZ4, whi挀� we take equal to 0 when we are using
BSSN and 1 for CCZ4.

On ea挀� time step, McLa挀�lan constructs the following quantities from our evolved
variables using the spatial finite difference operators mentioned above:

̄𝛾 𝑖𝑗 = det( ̄𝛾𝑘𝑙) ( ̄𝛾𝑘𝑙)
−1
𝑖𝑗 , (2.8a)

Γ̄𝑖𝑗𝑘 = 1
2 (PD𝑘 ̄𝛾𝑗𝑖 + PD𝑗 ̄𝛾𝑘𝑖 − PD𝑖 ̄𝛾𝑗𝑘) , (2.8b)

Γ̄𝑖
𝑗𝑘 = ̄𝛾 𝑖𝑙Γ̄𝑙𝑗𝑘, (2.8c)

Γ̃𝑖 = ̄𝛾 𝑗𝑘Γ̄𝑖
𝑗𝑘, (2.8d)

𝛾𝑖𝑗 = 𝜑−2 ̄𝛾𝑖𝑗 , (2.8e)

𝛾 𝑖𝑗 = 𝜑2 ̄𝛾 𝑖𝑗 , (2.8f)

𝑍 𝑖 = 1
2

𝛾 𝑖𝑙 (− ̄𝛾 𝑗𝑘PD𝑘 ̄𝛾𝑙𝑗 + ̄𝛾𝑙𝑘Γ̄𝑘) , (2.8g)

�̄�𝑖𝑗 = − 1
2

̄𝛾 𝑙𝑚PD𝑙𝑚 ̄𝛾𝑖𝑗 + 1
2

̄𝛾𝑘𝑖PD𝑗Γ̄𝑘 + 1
2

̄𝛾𝑘𝑗PD𝑖Γ̄𝑘 + 1
2

Γ̃𝑘Γ̄𝑖𝑗𝑘 + 1
2

Γ̃𝑘Γ̄𝑗𝑖𝑘

+ ̄𝛾𝑚𝑙
(Γ̄𝑘

𝑖𝑙Γ̄𝑗𝑘𝑚 + Γ̄𝑘
𝑗𝑙Γ̄𝑖𝑘𝑚 + Γ̄𝑘

𝑖𝑙Γ̄𝑘𝑗𝑚) ,

(2.8h)

𝑅𝜑
𝑖𝑗 = − 2 (− 1

2𝜑
CD𝑖CD𝑗𝜑 + 1

2𝜑2 CD𝑖𝜑CD𝑗𝜑)

− 2 ̄𝛾𝑖𝑗 ̄𝛾 𝑙𝑛
(− 1

2𝜑
CD𝑙CD𝑛𝜑 + 1

2𝜑2 CD𝑙𝜑CD𝑛𝜑)

+ 4 (
−1
2𝜑)

2

CD𝑖𝜑CD𝑗𝜑 − 4 (
−1
2𝜑)

2

̄𝛾𝑖𝑗 ̄𝛾 𝑙𝑛CD𝑙𝜑CD𝑛𝜑,

(2.8i)

𝑅𝑖𝑗 = �̄�𝑖𝑗 + 𝑅𝜑
𝑖𝑗

+ 𝐶CCZ4 [
2
𝜑 (𝛾𝑖𝑘𝑍𝑘PD𝑗𝜑 + 𝛾𝑗𝑘𝑍𝑘PD𝑖𝜑 − 𝛾𝑖𝑗𝑍𝑘PD𝑘𝜑) + 𝜑−2𝑍𝑘PD𝑘 ̄𝛾𝑖𝑗] ,

(2.8j)

̄𝐴𝑠
𝑖𝑗 = −CD𝑖𝑗𝛼 − 1

𝜑 (PD𝑖𝛼PD𝑗𝜑 + PD𝑗𝛼PD𝑖𝜑) + 𝛼𝑅𝑖𝑗 . (2.8k)
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One feature of note here is that the conformal connection functions Γ̃𝑖 are construc-
ted from the derivatives of the conformal metric at ea挀� time step and used instead of
the evolved variables Γ̄𝑖 everywhere except where the derivatives of Γ̄𝑖 are needed.

吀�e evolution equations for the metric quantities then are

𝜕𝑡 ̄𝛾𝑖𝑗 = − 2𝛼( ̄𝐴𝑖𝑗 − 𝐶CCZ4
1
3

̄𝐴𝑘𝑙 ̄𝛾𝑘𝑙 ̄𝛾𝑖𝑗)

+ ̄𝛾𝑖𝑘PD𝑗𝛽𝑘 + ̄𝛾𝑗𝑘PD𝑖𝛽𝑘 − 2
3

̄𝛾𝑖𝑗PD𝑘𝛽𝑘 + 𝛽𝑘UD𝑘 ̄𝛾𝑖𝑗 ,

(2.9a)

𝜕𝑡𝜑 = 1
3

𝜑(𝛼𝐾 − PD𝑖𝛽 𝑖) + 𝛽 𝑖UD𝑖𝜑, (2.9b)

𝜕𝑡
̄𝐴𝑖𝑗 = 𝜑2

( ̄𝐴𝑠
𝑖𝑗 − 1

3
𝛾𝑖𝑗

̄𝐴𝑠
𝑙𝑚𝛾 𝑙𝑚

) + 𝛼 ( ̃𝐾 ̄𝐴𝑖𝑗 − 2 ̄𝐴𝑖𝑘
̄𝐴𝑘
𝑗 )

+ ̄𝐴𝑖𝑘PD𝑗𝛽𝑘 + ̄𝐴𝑗𝑘PD𝑖𝛽𝑘 − 2
3

̄𝐴𝑖𝑗PD𝑘𝛽𝑘 + 𝛽𝑘UD𝑘
̄𝐴𝑖𝑗 ,

(2.9c)

𝜕𝑡Θ = −𝑍 𝑖PD𝑖𝛼 − 𝜅1(2 + 𝜅2)𝛼Θ + 1
2

𝛼 ( ̄𝛾 𝑖𝑗𝑅𝑖𝑗 − ̄𝐴𝑖
𝑗

̄𝐴𝑗
𝑖 + 2

3
𝐾2 − 2𝐾Θ) + 𝛽 𝑖UD𝑖Θ,

(2.9d)

𝜕𝑡𝐾 = − 𝜑2
[ ̄𝛾 𝑖𝑗(PD𝑖𝑗𝛼 − 1

𝜑
PD𝑖𝜑PD𝛼𝑗) − Γ̃𝑖PD𝑖𝛼]

+ 𝛼 ( ̄𝐴𝑖
𝑗

̄𝐴𝑗
𝑖 + 1

3
𝐾2

) + 𝐶CCZ4 (2𝜕𝑡Θ + 2PD𝑖𝛼𝑍 𝑖 + 𝜅1(1 − 𝜅2)𝛼Θ)

+ 𝛽 𝑖UD𝑖𝐾,

(2.9e)

𝜕𝑡Γ̄𝑖 = − 2 ̄𝐴𝑖𝑗PD𝑗𝛼 + 2𝛼 (Γ̄𝑖
𝑗𝑘

̄𝐴𝑘𝑗 − 2
3

̄𝛾 𝑖𝑗PD𝑗𝐾 − 3
𝜑

̄𝐴𝑖𝑗PD𝑗𝜑)

+ ̄𝛾 𝑗𝑙PD𝑗𝑙𝛽 𝑖 + 1
3

̄𝛾 𝑖𝑗PD𝑗𝑙𝛽 𝑙 − Γ̃𝑗PD𝑗𝛽 𝑖 + 2
3

Γ̃𝑖PD𝑖𝛽 𝑖 + 𝛽𝑗UD𝑗Γ̄𝑖

+ 𝐶CCZ4 [2𝜅3𝜑−2
(−𝑍𝑗PD𝑗𝛽 𝑖 + 2

3
𝑍 𝑖PD𝑗𝛽𝑗

) − 4
3

𝜑−2𝛼𝐾𝑍 𝑖

+2 ̄𝛾 𝑖𝑗 (𝛼PD𝑗Θ − ΘPD𝑗𝛼 − 2𝜑−2𝛼𝜅1𝑍 𝑖)] ,

(2.9f)

Here ̃𝐾 is equal to 𝐾 for BSSN and 𝐾 − 2Θ for CCZ4.
Additionally, on ea挀� time step ̄𝐴𝑖𝑗 is replaced with ̄𝐴𝑖𝑗 − 1

3
̄𝐴𝑘𝑙 ̄𝛾𝑘𝑙 ̄𝛾𝑖𝑗 , thus explicitly

enforcing the constraint that ̄𝐴𝑖𝑗 must always remain traceless. However the other
algebraic constraint, det ̄𝛾𝑖𝑗 = 1, is not enforced and may get violated slightly because
of numerical errors.

To evolve lapse and shi昀�, flavours of the 1+log and the Γ-driver conditions are
used respectively. 吀�e exact equations used for lapse are

𝜕𝑡𝛼 = −𝑓𝛼𝑛 {𝐶𝐴𝐴 + (1 − 𝐶𝐴) [ ̃𝐾 + 𝐷𝛼(𝛼 − 1)]} + 𝐶adv.,𝛼𝛽 𝑖PD𝑖𝛼, (2.10a)

𝜕𝑡𝐴 = 𝐶𝐴(𝜕𝑡
̃𝐾 − 𝐷𝛼𝐴) + 𝐶𝐴 (𝐶adv.,𝛼𝛽 𝑖UD𝑖𝐴 + (1 − 𝐶adv.,𝛼)𝛽 𝑖UD𝑖𝐾) . (2.10b)

吀�e values of 𝑓 = 2, 𝑛 = 1, 𝐶𝐴 = 0, 𝐷𝛼 = 0, 𝐶adv.,𝛼 = 1 result precisely in the
1 + log slicing of Equation (1.44), so those are the parameters we typically use. Se琀�ing
𝐶adv.,𝛼 = 0 to disable the advection term results in asymptotically maximal slicing (i.e.
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if the simulation rea挀�es a stationary slice geometry, it will be maximal), whi挀� we
also use occasionally.

吀�e equations used for the shi昀� are

𝜕𝑡𝛽 𝑖 = 𝜉 [𝐶𝐵𝐵𝑖 + (1 − 𝐶𝐵)(Γ̄𝑖 − 𝜂𝛽 𝑖)] + 𝐶adv.,𝛽𝛽𝑘PD𝑘𝛽 𝑖, (2.11a)

𝜕𝑡𝐵𝑖 = 𝐶𝐵 [𝜕𝑡Γ̄𝑖 − 𝜂𝐵𝑖 + 𝐶adv.,𝛽𝛽𝑘UD𝑘𝐵𝑖] . (2.11b)

吀�e parameter 𝜉 appears under a square root in the 挀�aracteristic speeds of the shi昀�
modes. We usually take it to be ¾, so that the longitudinal shi昀� components propagate
at the speed of light asymptotically.

吀�e damping coefficient 𝜂 is usually added to prevent unwanted high-frequency
oscillations. It also has the property of enlarging the size of the black hole horizons.
Most source recommend se琀�ing it to 2/𝑀 . However, in some situations we set 𝜂 to a
different value or even disable damping completely.

吀�e 𝐶adv.,𝛽 parameter allows us to modify the advection term in the shi昀� evolution.
What has been said for the corresponding lapse parameter also applies here – it is
usually set to 1, but in certain occasions (e.g. showing the time-independence of the
trumpet data described later on) it is useful to disable the advection term.

Finally, se琀�ing the 𝐶𝐵 parameter to zero causes the “integrated version” of the
Γ-driver to be used – 𝜕𝑡𝛽 𝑖 = Γ̄𝑖, instead of the usual second order form. It is mainly
useful to simplify the analysis of the mathematical properties of the equations.

2.4 Boundary conditions
Our computational domain covers only a small part of the whole infinite spacetime
we are trying to model. For that reason we must 挀�oose appropriate conditions to
apply at the boundaries of the domain.

吀�e boundary conditions commonly used can be roughly divided into two groups.
吀�e first group contains symmetry boundary conditions. For example, the vast majority
of the simulations we run are symmetric with respect to reflection through the 𝑥𝑦 plane.
So to avoid wasting computational resources unnecessarily, we limit the simulation
domain to 𝑧 ≥ 0 and use the reflection symmetry condition on the 𝑧 = 0 plane to
evolve the values there. 吀�is is handled by the thorn called ReflectionSymmetry in the
Einstein Toolkit. In even more symmetric cases we can apply this condition on the 𝑥𝑧
and/or the 𝑦𝑧 planes as well, to reduce the required domain size up to eightfold.

吀�e other group are the conditions we apply on the outer fringes of the domain,
that do not arise from any symmetries. 吀�ere we use the so-called radiative boundary
conditions, whi挀� assume that far away the evolved metric variables correspond to flat
space with added outgoing spherical waves. So for ea挀� evolved variable 𝑢, we assume
the form

𝑢(𝑟, 𝑡) = 𝑢0 +
𝑤𝑢(𝑟 − 𝑣𝑢𝑡)

𝑟
, (2.12)

where 𝑢0 is the asymptotic value of 𝑢 at large 𝑟 (i.e. 1 for the lapse, the conformal
factor and the diagonal components of the conformal metric, 0 for everything else)
and 𝑣𝑢 is the velocity of the corresponding waves. 吀�ose are assumed to be √2 for
the lapse, the conformal factor and the trace of the extrinsic curvature and 1 for
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everything else, whi挀� very approximately holds for the 1+log slicing and 𝜉 = 3
4
in the

Γ-driver. 吀�is is not entirely correct, however, since the evolved variables themselves
are not the eigenfields of the evolution system and e.g. the longitudinal and transversal

shi昀� modes travel at different velocities (√
3
4
𝜉 and √𝜉 respectively), as mentioned in

Section 1.8.
Equation (2.12) implies

𝜕𝑡𝑢 = −
𝑣𝑢𝑤′

𝑢

𝑟
, (2.13)

𝜕𝑟𝑢 =
𝑤′

𝑢

𝑟
, (2.14)

so we get the common form of the radiative boundary condition

𝜕𝑡𝑢 = −𝑣𝑢 (𝜕𝑟𝑢 +
𝑢 − 𝑢0

𝑟 ) . (2.15)

A昀�er discretizing the right-hand side of this equation with the use of one-sided finite
difference operators, we can evaluate it on the boundary using only already known
quantities on the boundary and the inner grid points.

吀�e thorn handling this boundary condition in the Einstein Toolkit is called New-
Rad. It adds an additional sophistication to this simple s挀�eme by assuming the
presence of a coulombic-like term in (2.12), i.e. 𝐾𝑢/𝑟𝑛. 吀�en (2.15) takes the form

𝜕𝑡𝑢 = −𝑣𝑢 (𝜕𝑟𝑢 +
𝑢 − 𝑢0

𝑟 ) + 𝑛𝐾
𝑟𝑛+1 . (2.16)

𝑛 + 1 is a freely specifiable parameter, we take it to be 2 so the metric variables fall of
as 𝑂( 1

𝑟
) at infinity. 吀�e coefficient 𝐾 is determined at ea挀� step by evaluating (2.16)

at the outermost non-boundary point, where we already know the values of all the
quantities involved except for 𝐾 .

吀�e radiative boundary conditions a琀�empt to allow outgoing waves in evolved
variables to escape freely to infinity. 吀�ey do, however, make quite a large number
of simplifying approximations, whi挀� result in spurious unphysical (i.e. constraint-
violating) reflections from the domain boundaries (though since we are dealing with
a complicated system of non-linear hyperbolic equations, any boundary condition
applied at a finite radius will be just an approximation). One of them is the already
alluded to fact that we have assigned velocities to the evolved fields themselves, while
it is only their specific combinations (the eigenfields of the system), whi挀� propagate
as waves with a specific velocity. A more sophisticated implementation could try to
consider the correct decomposition of the evolved variables into the eigenfields and
apply the boundary conditions to them. Another source of noise from the boundary is
the use of lower-order one-sided finite difference operators.

One way of alleviating the effects of the boundary errors is simply pu琀�ing the
boundary so far away that it is causally disconnected from the parts of the domain we
are most interested in for the duration of the simulation. 吀�e use of mesh refinement
allows us to do this without extremely high demands on the computational resources
by using very low resolution in those distant regions.
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2.5 Initial data thorns
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Figure 2.3: 吀�e conformal factor for the Brill-Lindquist initial data.

吀�e Einstein Toolkit provides a fair selection of initial data thorns, able to construct
a wide variety of spacetimes in different coordinates. For the purposes of the present
work we make use of only one of them – the thorn named Exact that, as the name
suggests, creates a number of different exact solutions. 吀�e one relevant to our interests
hides under the Schwarzschild/BL option – a slice of the S挀�warzs挀�ild spacetime at a
constant S挀�warzs挀�ild time in isotropic coordinates, also known as the Brill-Lindquist
data (1.57). 吀�e initial lapse is set to 1 and the initial shi昀� to 0. Figure 2.3 shows the
conformal factor 𝜑−2 = 𝜓4 = 𝛾𝑖𝑖 for this initial data.

吀�e mass parameter 𝑀 we always leave at one, since it is just a multiplicative
factor that scales the spacetime. One other parameter available for this spacetime is a
small that is used to avoid a NaN in the data. 吀�at is done by replacing the radial
coordinate with 𝑟′ =

4√𝑟4 + 4. We usually set = 10−8.
Another initial data thorn we use is our own Trumpet thorn, whi挀� constructs

maximal trumpet data, optionally Lorentz-boosted along the 𝑥-axis. We describe it in
more detail in the following 挀�apter.

2.6 Analysis
吀�e goal of numerical relativity simulations is usually obtaining some additional
quantities beyond just the evolved variables. 吀�e main “practical” reason for this field
to exist is commonly stated to be obtaining waveforms of the gravitational radiation
emi琀�ed by astrophysically relevant systems, to serve as templates for the gravitational
wave detectors.

Other properties we might be interested in include values of the constraints,
location of various horizons, mass and momentum integrals and so on. Luckily the
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Einstein Toolkit comes with many analysis thorns for those purposes. 吀�e ones we
mainly use in this work are described below.

2.6.1 Constraints

吀�e constraint equations (1.13) and (1.16) form conditions that must be satisfied at all
times for the solutions of the Einstein equations (1.1). Since in a numerical simulation
we only use them when constructing the initial data, but do not solve them during
evolution, they will inevitably be violated to some degree. We can consider them as a
sort of integrals of motion – that is the quantities

𝐻 = 𝑅 + 𝐾2 − 𝐾𝑖𝑗𝐾 𝑖𝑗 − 16𝜋𝜌, (2.17a)

𝑀 𝑖 = 𝐷𝑗𝐾 𝑖𝑗 − 𝐷𝑖𝐾 − 8𝜋𝑗𝑖, (2.17b)

should be small for an accurate simulation and should converge to zero with increasing
resolution. Larger values of the constraints can indicate potential sources of problems.

In the Einstein toolkit, there are at least three ways to get the values of the con-
straints:

• the ADMConstraints thorn, a part of the EinsteinBase package; as the name
suggests, it works directly with the ADM variables and can use 2nd and 4th
order centered numerical derivatives.

• the ML_ADMConstraints thorn, a part of the McLa挀�lan package; it also com-
putes the constraints from ADM variables, but in addition to 2nd and 4th order
it can also use 6th and 8th order derivatives. For the former two we expect it to
give the exact same results as ADMConstraints.

• the McLa挀�lan ML_BSSN evolution thorn also computes the constraints as part
of evolution. Unlike the previous two methods, it uses the BSSN variables, so
we expect it to produce slightly different results.

We compare those three methods in Section 3.4.

2.6.2 Horizons

吀�ere are several different kinds of horizons in general relativity – see e.g. [58] for
details on some of them. 吀�e best-known one – the event horizon – is not very useful
in numerical relativity, since it is a global notion and we can only identify it when the
whole spacetime evolution is known.

Mu挀� more practical is the idea of an apparent horizon. We take a 3-dimensional
spatial slice Σ with a future-oriented unit normal 𝑛𝜇 and consider a bounded region 𝐵
inside it. Denoting 𝑠𝜇 an outwards-pointing spatial unit normal to the boundary of 𝐵,
we can construct a null vector 𝑙𝜇

+ = 1
√2

(𝑛𝜇 + 𝑠𝜇). It is tangent to the congruences of

outgoing null geodesics through 𝐵. For those geodesics we can define an expansion
tensor 𝜃𝜇𝜈 = 𝑃 𝛼

𝜇 𝑃 𝛽
𝜈 ∇𝛼𝑙+𝛽 , where 𝑃𝜇𝜈 is a projector on the boundary of 𝐵. Its trace

𝜃 = 𝜃𝜇
𝜇 is called simply expansion and measures how mu挀� do the null geodesics
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separate as they pass through 𝜕𝐵. If 𝜃 < 0 everywhere on 𝜕𝐵, then 𝜕𝐵 is called a
trapped surface, 𝜃 = 0 on 𝜕𝐵 is a marginally trapped surface.

An apparent horizon is defined as the outermost marginally trapped surface. Since
its definition uses only the quantities defined on a single spatial slice, we can use it
in a numerical simulation. It can be shown that the presence of an apparent horizon
implies the existence of an event horizon that contains the apparent horizon.

吀�e condition for a marginally trapped surface can be rewri琀�en in terms of the
ADM variables as

𝐷𝑖𝑠𝑖 + 𝐾𝑖𝑗𝑠𝑖𝑠𝑗 − 𝐾 = 0. (2.18)

吀�e Einstein Toolkit contains a thorn named AHFinderDirect [59, 60], whi挀� can
efficiently solve this equation and find the apparent horizons. It requires the user
to select an origin point and a reasonable initial guess for the horizon radius. 吀�e
horizon is assumed to be a “star-shaped region” with respect to the origin, i.e. that
every straight line from the origin (straight in Euclidean sense on the grid) passes
through the horizon only once. 吀�en it is possible to parametrise the horizon as a
function on a sphere

𝑟 = ℎ(𝜌, 𝜎) (2.19)

with 𝑟 being Euclidean distance from the origin and 𝜌, 𝜎 angular coordinates on a
sphere. Equation (2.18) can then be rewri琀�en in terms of ℎ and its angular derivatives,
the 3-metric 𝛾𝑖𝑗 and its derivatives and the extrinsic curvature 𝐾𝑖𝑗 . AHFinderDirect
solves it as an elliptic equation for ℎ(𝜌, 𝜎) by approximating the derivatives with
finite differences and using the Newton’s method. 吀�e values of the metric and the
extrinsic curvature on the trial apparent horizon surfaces need interpolated from the
3D Cartesian grid.
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Chapter 3

Trumpets

吀�e Brill-Lindquist initial data (1.57) wri琀�en in isotropic coordinates on a slice of
constant S挀�warzs挀�ild time 𝑇 has until very recently been the “standard” black hole
data used in most cases. It is also commonly called “the wormhole data”, since the
initial slice joins two asymptotically flat areas (sections I and III of the Kruskal diagram
of the extended S挀�warzs挀�ild solution). From Equation (1.58) we can see that taking
the initial gauge functions

𝛼 =
1 − 𝑚

2𝑟

1 + 𝑚
2𝑟

, (3.1a)

𝛽 𝑖 = 0 (3.1b)

would result in the “time vector” 𝑡𝜇 = 𝛼𝑛𝜇 + 𝛽𝜇 being equal to the Killing vector
𝜉𝑇 = 𝜕

𝜕𝑇
, i.e. we would have Killing lapse and shi昀�. Su挀� initial data then would

be time-independent when evolved with suitable gauge conditions. 吀�at is a very
desirable property to have, because our underlying spacetime is S挀�warzs挀�ild – and
therefore static – so any kind of dynamics we see are purely gauge 挀�anges.

吀�ere is however a difficulty present – the lapse (3.1a) is zero on the horizon and
negative in the other asymptotically flat area (part III of the Kruskal diagram). 吀�is is
a problem since most codes cannot very well handle the situations where the lapse is
negative or vanishes over a whole 2-surface [27]. It also presents an obstacle for the
methods of constructing initial data that require dividing by lapse [61].

What we would prefer then is to have an initial data where the lapse is everywhere
positive (or at least non-negative, possibly being zero at the punctures). In the typical
setup one takes the Brill-Lindquist data, but with the initial lapse being equal to 1
everywhere on the initial slice. Another popular 挀�oice is the so-called “pre-collapsed”
lapse 𝛼 = 𝜑 = 𝜓−2. However, su挀� data is no longer time-independent.

In fact it is not difficult to demonstrate that it is impossible to construct su挀� a
slice of the S挀�warzs挀�ild spacetime that

• has everywhere positive lapse;

• the data on it is in quasi-equilibrium (𝜕𝑡𝛾𝑖𝑗 = 0);

• joins the two spatial infinities [61, 62].
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吀�e argument is as follows. Stationary data must have Killing lapse and shi昀�:

𝛼𝑛𝜇 + 𝛽𝜇 ∼ 𝜉𝜇
𝑇 . (3.2)

吀�e Killing vector 𝜉𝜇
𝑡 is everywhere tangent to the surfaces of constant S挀�warzs挀�ild

areal radius 𝑅. Any spatial slice joining the two radial infinities must at some point
also be tangent to the surface of constant 𝑅, as can be seen from the compactified
diagram 3.1. It then follows that at this point 𝑛𝜇 will be orthogonal to 𝜉𝜇

𝑇 , so the only
way for (3.2) to be satisfied is to take 𝛼 = 0.

III I

𝑖+ 𝑖+

𝑖− 𝑖−

𝑖0𝑖0

ℐ+

ℐ−

ℐ+

ℐ−

II

IV

Figure 3.1: A compactified diagram of the S挀�warzs挀�ild spacetime. 吀�e do琀�ed lines
show the surfaces of constant areal radius 𝑅. 吀�e thick line signifies a spatial slice
joining the two radial infinities.

We must then seek other ways. Upon evolving the wormhole data with unit
initial lapse and zero initial shi昀� with the 1+log or asymptotically maximal slicing
and the Γ-driver shi昀� condition, we discover that a昀�er some initial 挀�anges it will
se琀�le down to a stationary state1 (different for 1+log and maximal slicing). 吀�e task
then turns to analysing this final state and a琀�empting to construct it analytically. 吀�is
has been studied in great detail in e.g. [63, 64, 65, 66, 67, 62]. 吀�e conclusion is that
this stationary state is a (part of a) time-independent slice joining the spatial infinity
in one area and the future time-like infinity in another. As it only becomes tangent
to the surfaces of constant 𝑅 in the time-like infinity, the lapse also vanishes only
asymptotically (at the puncture) and is positive everywhere else on the grid. 吀�ose
slices are called maximal or 1+log trumpets, depending on the slicing condition under
whi挀� they are time-independent. 吀�e name itself stems from the shape of the slices’
embedding diagrams, as seen in Figure 3.2.

1Depending on the specific parameters 挀�osen for the Γ-driver, the spatial coordinates may either
become static or continue dri昀�ing. But the slice geometry, whi挀� is independent of the 挀�osen spatial
coordinates, will always rea挀� a stationary state fairly quickly.
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Figure 3.2: An embedding diagram of the equatorial plane (𝜃 = 𝜋
2
) of the maximal

trumpet slice (Equation 3.21). 吀�e value of the S挀�warzs挀�ild radius asymptotically
approa挀�es 3𝑀

2
.

3.1 Constructing the trumpet data
As described in [2, 64], there exists a family of spherically symmetric time-independent
maximal slicings of the S挀�warzs挀�ild spacetime. It can be obtained in several ways,
one of whi挀� we present here (it is similar to the analogous derivation in [66]). We
start with the metric in the S挀�warzs挀�ild coordinates

d𝑠2 = −𝑓d𝑇 2 + 𝑓 −1d𝑅2 + 𝑅2dΩ2, (3.3)

where 𝑓 = 1 − 2𝑀
𝑅

, but replace the S挀�warzs挀�ild time 𝑇 with a new coordinate

𝑡 = 𝑇 − ℎ(𝑅). (3.4)

吀�e function ℎ(𝑅) is usually called the height function. 吀�e metric transforms to

d𝑠2 = −𝑓d𝑡2 − 2𝑓ℎ′d𝑡d𝑅 + (𝑓 −1 − ℎ′2𝑓) d𝑅2 + 𝑅2dΩ2 (3.5)

where a prime denotes the derivative with respect to 𝑅. Noting that

𝛽𝑅 = −𝑓ℎ′ (3.6)
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we have
d𝑠2 = −𝑓d𝑡2 − 2𝛽𝑅d𝑡d𝑅 + 𝑓 −1 (1 − 𝛽2

𝑅) d𝑅2 + 𝑅2dΩ2. (3.7)

From this it is easily seen that

1
𝛼2 =

1 − 𝛽2
𝑅

𝑓
= 𝛾𝑅𝑅. (3.8)

Assuming time independence 𝜕𝑡𝛾𝑖𝑗 = 0 and spherical symmetry, the definition of
the extrinsic curvature (1.4a) simplifies to

2𝛼𝐾𝑖𝑗 = 𝐷𝑖𝛽𝑗 + 𝐷𝑗𝛽𝑖 = 2𝛿𝑖𝑅𝛿𝑗𝑅𝛽′
𝑅 − 2Γ𝑅

𝑖𝑗𝛽𝑅. (3.9)

吀�e relevant non-zero Christoffel symbols associated with 𝐷𝑖 are

Γ𝑅
𝑅𝑅 = −𝛼′

𝛼
, (3.10a)

Γ𝑅
𝜃𝜃 = −𝛼2𝑅, (3.10b)

Γ𝑅
𝜑𝜑 = −𝛼2 sin2 𝜃𝑅. (3.10c)

吀�en the only non-zero components of extrinsic curvature are

𝐾𝑅𝑅 =
𝛽′

𝑅

𝛼
+

𝛽𝑅𝛼′

𝛼2 , (3.11a)

𝐾𝜃𝜃 = 𝛼𝑅𝛽𝑅, (3.11b)

𝐾𝜑𝜑 = 𝛼𝑅 sin2 𝜃𝛽𝑅 (3.11c)

and we can calculate its trace as

𝐾 = 𝐾𝑖𝑗𝛾 𝑖𝑗 = 𝛼𝛽′
𝑅 + 𝛽𝑅𝛼′ +

2𝛼𝛽𝑅

𝑅
. (3.12)

We are looking for maximal slices – 𝐾 = 0, so we can rewrite (3.12) as a relation
between 𝛽′

𝑅 and 𝛽𝑅

𝛽′
𝑅 = −

𝛽𝑅

𝛼 (𝛼′ + 2𝛼
𝑅 ) . (3.13)

吀�e Killing lapse and shi昀� condition in the S挀�warzs挀�ild spacetime reads

𝛼2 − 𝛽2 = 1 − 2𝑀
𝑅

, (3.14)

where 𝛽2 = 𝛽𝑖𝛽 𝑖 = 𝛼2𝛽2
𝑅. By differentiating it we obtain

𝛼𝛼′ (1 − 𝛽2
𝑅) − 𝛼2𝛽𝑅𝛽′

𝑅 = 𝑀
𝑅2 . (3.15)

Substituting for 𝛽𝑅 and 𝛽′
𝑅 from (3.13) and (3.14) we get, a昀�er some algebra, an ordinary

differential equation for 𝛼(𝑅)

𝛼𝛼′ = 1
𝑅2 (2𝑅 − 3𝑀 − 2𝑅𝛼2) . (3.16)
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It can be integrated to

𝛼 = ±√1 − 2𝑀
𝑅

+ 𝐶2

𝑅4 , (3.17)

where we have 挀�osen to write the integration constant as 𝐶2 for future convenience.
For 𝐶 = 0 we obviously recover slices of constant S挀�warzs挀�ild time. For those the
lapse 挀�anges sign on the horizon.

Since we do not want the lapse to become negative, we sear挀� for su挀� a value
of the constant 𝐶 for whi挀� the quartic polynomial 𝑅4 − 2𝑀𝑅3 + 𝐶2 has a double
root, i.e. can be wri琀�en as (𝑅 − 𝑅0)

2
(𝑅2 + 𝐴𝑅 + 𝐵). Some simple algebra with this

expression yields 𝐶2 = 27
16

𝑀4 and the double root occurs at 𝑅0 = 3
2
𝑀 . 吀�e remaining

two roots are complex, so we need not concern ourselves with them.
To summarise, we have obtained a time-independent maximal slice of the S挀�war-

zs挀�ild spacetime with non-negative lapse – zero at 𝑅 = 3
2
𝑀 , positive everywhere

else. It is given by

𝛼 = √1 − 2𝑀
𝑅

+ 𝐶2

𝑅4 , (3.18a)

𝛽𝑅 = 𝛼𝐶
𝑅2 , (3.18b)

𝛾𝑅𝑅 = 𝑅4

𝑅4 − 2𝑀𝑅3 + 𝐶2 , (3.18c)

𝛾𝜃𝜃 = 𝑅2, (3.18d)

𝛾𝜑𝜑 = 𝑅2 sin2 𝜃, (3.18e)

𝐾𝑅𝑅 = 2𝐶
𝛼2𝑅3 , (3.18f)

𝐾𝜃𝜃 = 𝐶
𝑅

, (3.18g)

𝐾𝜑𝜑 = 𝐶 sin2 𝜃
𝑅

(3.18h)

with 𝐶 = 3√3𝑀2/4. From its properties and previous discussion it necessarily follows
that it cannot join two radial infinities. Instead, it goes to the future time-like infinity
with the areal radius asymptotically approa挀�ing 𝑅 = 3

2
𝑀 .

To visualise a trumpet slice in a 3-dimensional embedding diagram, we restrict
ourselves to the equatorial plane 𝜃 = 𝜋

2
with the line element

d𝑠2 = 𝛾𝑅𝑅d𝑅2 + 𝑅2d𝜑2. (3.19)

Embedding it in 𝔼3 means constructing a surface with exactly this induced metric. As it
must obviously be axially symmetric, we are then sear挀�ing, in cylindrical coordinates
{𝑅, 𝑧, 𝜑}, for 𝑧(𝑅) su挀� that

𝛾𝑅𝑅d𝑅2 + 𝑅2d𝜑2 = d𝑅2 + d𝑧(𝑅)2 + 𝑅2d𝜑2 = [1 + (
d𝑧
d𝑅)

2

] d𝑅2 + 𝑅2d𝜑2. (3.20)

吀�e embedded surface is then obtained by integrating the equation

d𝑧
d𝑅

= √𝛾𝑅𝑅 − 1. (3.21)
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We draw it in Figure 3.2.
吀�e trumpet slices have the new time coordinate 𝑡 = const. everywhere, so 𝑇 (𝑅) =

ℎ(𝑅) + const. and we can get the S挀�warzs挀�ild time for a given point on the slice
by integrating (3.6). Unfortunately we are unable to do so analytically, so it must
be integrated numerically. 吀�e integration constant can be 挀�osen so as to fix the
S挀�warzs挀�ild time far away in the radial direction. 吀�e equation is singular on the
horizon, whi挀� is inevitable as 𝑇 diverges there. We follow the suggestion in [66] and
integrate 𝑒−ℎ close to the horizon, whi挀� allows us to bypass the singularity and depict
the trumpet slices in a Penrose diagram (Figure 3.3).

III I

𝑖+ 𝑖+

𝑖− 𝑖−

𝑖0𝑖0

ℐ+

ℐ−

ℐ+

ℐ−

II

IV

Figure 3.3: A compactified diagram for the S挀�warzs挀�ild spacetime showing maximal
(the solid lines) and 1+log (the dashed lines) time-independent trumpet slices with
different asymptotic values of 𝑇 – {-4, -2, 0, 2, 4} from bo琀�om to top. 吀�e do琀�ed line
shows the limiting value 𝑅 = 3

2
𝑀 for the maximal slices.

For actually constructing the maximal trumpet initial data on a numerical grid
we want to express it in the isotropic coordinates [64]. 吀�at is, we rewrite the spatial
metric as

1
𝛼2 d𝑅2 + 𝑅2dΩ2 = 𝜓4 (d𝑟2 + 𝑟2dΩ2) (3.22)

where 𝑟 = √𝑥2 + 𝑦2 + 𝑧2 is our new isotropic radial coordinate. From (3.22) we have

𝜓4 = 𝑅2

𝑟2 , (3.23a)

± 1
𝛼

d𝑅 = 𝜓2d𝑟 = 𝑅
𝑟

d𝑟, (3.23b)

± ∫
d𝑟
𝑟

= ∫
𝑅d𝑅

√𝑅4 − 2𝑀𝑅3 + 𝐶2
= ∫

𝑅d𝑅

(𝑅 − 3𝑀
2 ) √𝑅2 + 𝑀𝑅 + 3

4
𝑀2

.

(3.23c)
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We want the isotropic radius to approa挀� the areal radius far away – 𝑟 → 𝑅 as 𝑟 → ∞
– so we 挀�oose the positive sign. Both sides can be integrated to get

log 𝑟 = 1
√2

log
[

2𝑅 − 3𝑀

6𝑀 + 8𝑅 + 3√6𝑀2 + 8𝑀𝑅 + 8𝑅2 ]

+ log [𝑀 + 2𝑅 + √3𝑀2 + 4𝑀𝑅 + 4𝑅2
] + 𝑐𝑜𝑛𝑠𝑡.

(3.24)

吀�e integration constant can again be determined from the condition that 𝑟 grows as
𝑅 at infinity, so the final relation is

𝑟(𝑅) =
[

2𝑅 + 𝑀 + √4𝑅2 + 4𝑀𝑅 + 3𝑀2

4 ]
×

[
(4 + 3√2)(2𝑅 − 3𝑀)

8𝑅 + 6𝑀 + 3√8𝑅2 + 8𝑀𝑅 + 6𝑀2 ]

1/√2

.

(3.25)

It is easy to see that 𝑟 → 0 as 𝑅 → 3𝑀
2
. Taking an asymptotic expansion of (3.25) also

reveals that 𝑟(𝑅) − 𝑅 → 𝑀 as 𝑅 → ∞. Unfortunately we cannot invert the relation
explicitly, so 𝑅(𝑟) needs to be approximated numerically when constructing the initial
data on a grid. However this can be done to arbitrarily high precision by computing
tables of values and interpolating them, so it does not present a significant problem in
practice.

It is worth noting here that the conformal factor behaves as 𝜓 ≈ √
3𝑀
2𝑟

for 𝑟 → 0, a
挀�ange from the 1

𝑟
behaviour in the wormhole data. 吀�is has been noticed during early

successful “moving puncture” simulations (see e.g. [65]) and correctly interpreted as a
sign that the slice 挀�aracter 挀�anges during the evolution.

Our final set of initial metric variables in isotropic coordinates {𝑥, 𝑦, 𝑧} is then

𝛾𝑖𝑗 = 𝑅(𝑟)2

𝑟2 𝛿𝑖𝑗 , (3.26a)

𝐾𝑖𝑗 = 𝐶
𝑅(𝑟)2𝑟 (𝛿𝑖𝑗 − 3𝑛𝑖𝑛𝑗) , (3.26b)

𝛼 = √1 − 2𝑀
𝑅(𝑟)

+ 𝐶2

𝑅(𝑟)4 , (3.26c)

𝛽 𝑖 = 𝐶𝑥𝑖

𝑅(𝑟)3 , (3.26d)

where 𝑛𝑖 = 𝑥𝑖

𝑟
is the outward pointing normal vector. 吀�e event horizon 𝑅 = 2𝑀 is

located at 𝑟(2𝑀) = ( 5+3√3
4

) (
4+3√2

22+9√6)
1

√2 𝑀 ≈ 0.779𝑀 .

吀�e data (3.26) will be time-independent when evolved with suitable gauge condi-
tions. For lapse this means maximal or asymptotically maximal slicing – i.e. 1+log
slicing without the advection term. For shi昀�, our shi昀� evolution condition must be
compatible with this initial data if we want our coordinates to remain isotropic. E.g.
the Γ-driver shi昀� condition without the advection term and without damping will
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Figure 3.4: Comparison of the gauge variables as functions of the areal radius 𝑅 for
the time-independent maximal and 1+log trumpet data.

preserve the initial shi昀�. Using an incompatible shi昀� condition will simply 挀�ange the
coordinates within the 3-dimensional slices, the geometry of the slices will remain
static.

Finally we note that by a similar, but somewhat more complicated procedure
(found in [66]) it is possible to construct a 1+log trumpet – i.e. a slicing that is
time-independent when the 1+log lapse condition is used. 吀�e solution cannot be
obtained in closed form however, but only as an implicit equation

𝛼2(𝑅) = 1 − 2𝑀
𝑅

+ 𝐶2(𝑛)𝑒2𝛼/𝑛

𝑅4 , (3.27a)

where

𝐶2(𝑛) =
3𝑛 + √4 + 9𝑛2

128𝑛3 𝑒− 2𝛼𝑐
𝑛 , (3.27b)

𝛼𝑐(𝑛) =
√4 + 9𝑛2 − 3𝑛

√4 + 9𝑛2 + 3𝑛
(3.27c)

and 𝑛 = 2 in the standard form of the 1+log slicing. 吀�e limiting value of 𝑅 is smaller
in this case – 𝑅0 ≈ 1.31𝑀 . All the Equations (3.3)-(3.15) remain valid except for
the equation (3.13) in whi挀� we assumed maximal slicing. 吀�is means that just by
solving (3.27a) numerically we can obtain full 1+log time-independent initial data. We
compare the gauge functions for the maximal and the 1+log slices in Figure 3.4.

Transformation to the isotropic coordinates has the form of an integral equation

𝑟(𝛼) = 𝑅(𝛼)1/𝛼 exp (− ∫
1

𝛼

log 𝑅
�̄�2 d�̄�) (3.28)

where we have interpreted (3.27a) as an implicit equation for 𝑅(𝛼). Having 𝑟(𝛼) and
𝑅(𝛼) we can construct 𝑟(𝑅) or 𝑅(𝑟) to desired accuracy. We plot the transformation
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to isotropic coordinates in Figure 3.5, where we see that the isotropic radii for the
maximal and 1+log slicing rapidly approa挀� ea挀� other and their limiting value of
𝑅 − 1.

101 102

𝑅[𝑀]

1.05

1.20

1.35

1.50

𝑅
−

𝑟(
𝑅

)

maximal trumpet
1+log trumpet

Figure 3.5: Comparison of the isotropic coordinates for the maximal and the 1+log
trumpet data. Shown is the difference between the areal radius 𝑅 and the isotropic
coordinate 𝑟(𝑅) on the logarithmic 𝑥 scale.

As we have alluded to previously, if we start with the wormhole initial data
and evolve it using 1+log or asymptotically maximal slicing and the Γ-driver, it will
approa挀� the corresponding time-independent trumpet slices. 吀�e transition process
has been explored in great detail in [66]. 吀�e gist of it is that both the initial data and
the slicing condition are “le昀�-right symmetric” (meaning the with respect to the two
asymptotically flat areas, depicted on the right and the le昀� of the Kruskal diagram
respectively), so the evolved slices must preserve this symmetry. However the Γ-driver
generates su挀� a shi昀� that all the points from the “le昀� side” (area III of the diagram)
move rapidly to the right and the other asymptotically flat area stops being resolved
at all by the numerical slices. 吀�e numerical data then asymptotes to a part of the
corresponding time-independent trumpet slice.

3.2 Boosting the trumpet data
吀�e static maximal trumpet by itself has already been thoroughly investigated [66].
So in the present work we also want to know how will the simulations behave if it
starts to move. We accomplish that by simply Lorentz-boosting to a moving coordinate
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system2. In the trumpet’s rest frame we construct the 4-metric

𝑔𝜇𝜈 =
(

−𝛼2 + 𝛽𝑘𝛽𝑘 𝛽𝑖

𝛽𝑗
𝑅2

𝑟2 𝛿𝑖𝑗)
(3.29)

with 𝛼, 𝛾𝑖𝑗 and 𝛽 𝑖 as per (3.26) and then apply the boost to it

𝑔′
𝜇𝜈 = Λ𝜅

𝜇Λ𝜆
𝜈𝑔𝜅𝜆 (3.30)

to transform into a frame where the trumpet moves with a velocity 𝑏 along the 𝑥-axis.
Here

Λ𝛽
𝛼 =

⎛
⎜
⎜
⎜
⎝

𝛾 𝑏𝛾 0 0
𝑏𝛾 𝛾 0 0
0 0 1 0
0 0 0 1

⎞
⎟
⎟
⎟
⎠

. (3.31)

Our new coordinates are

𝑡′ = 𝛾 (𝑡 + 𝑏𝑥) , (3.32a)

𝑥′ = 𝛾 (𝑥 + 𝑏𝑡) , (3.32b)

𝑦′ = 𝑦, (3.32c)

𝑧′ = 𝑧. (3.32d)

Since we use the standard Lorentz transformation formula, we get appropriate 𝑔𝜇𝜈 →
𝜂𝜇𝜈 behaviour at infinity and the inverse transformation formula results from simply
replacing 𝑏 with −𝑏. Since the new initial spatial slice is given by 𝑡′ = 0, we must
evaluate the functions of the original coordinates at {𝛾𝑥′, 𝑦′, 𝑧′}. 吀�is new slice is
of course neither time-independent, nor maximally sliced. We extract the boosted
3-dimensional quantities

𝛾′
𝑖𝑗 = 𝑔′

𝑖𝑗 , (3.33a)

𝛽′
𝑖 = 𝑔′

0𝑖, (3.33b)

𝛼′ = √𝛽′
𝑖 𝛽′𝑖 − 𝑔′

00, (3.33c)

2An alternative way would be adding a linear momentum to it through Bowen-York extrinsic
curvature, but that is more complicated as it involves solving elliptic equations. It would also result
in a spacetime that is not pure S挀�warzs挀�ild, but S挀�warzs挀�ild + some “junk” data in the form of
gravitational waves.
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Wri琀�en explicitly in terms of the time-independent isotropic coordinates they turn
out to be

𝛾′
𝑖𝑗 =

⎛
⎜
⎜
⎜
⎝

𝛾2

𝑟2𝑅4 [−𝑅6 + 𝑏2𝑟2 (𝛼2𝑅4 − 𝐶2) + 2𝑏𝐶𝑅3𝑥] −𝛾𝑏𝛽𝑦 −𝛾𝑏𝛽𝑧

−𝛾𝑏𝛽𝑦
𝑅2

𝑟2 0
−𝛾𝑏𝛽𝑧 0 𝑅2

𝑟2

⎞
⎟
⎟
⎟
⎠

, (3.34a)

𝛽′
𝑥′ =

𝛾2

𝑟2 [
𝐶𝑥
𝑅 (1 + 𝑏2) − 𝑏𝑟2

(
𝐶2

𝑅4 − 𝛼2 + 𝑅2

𝑟2 )] , (3.34b)

𝛽′
𝑦′ = 𝛾𝛽𝑦, (3.34c)

𝛽′
𝑧′ = 𝛾𝛽𝑧, (3.34d)

𝛼′ =
√

𝛼2𝑅4

𝛾2 [𝑏2𝛽2
𝑥𝑟4 − 𝑏 (𝑏𝛼 + 2𝛽𝑥) 𝑟2𝑅2 + 𝑅4]

, (3.34e)

where we understand that 𝑟 = √𝛾2𝑥′2 + 𝑦2 + 𝑧2 and 𝑅 = 𝑅(𝑟).
吀�e last remaining ingredient is the boosted extrinsic curvature, whi挀�we construct

directly from its definition

𝐾′
𝑖𝑗 = 1

2𝛼′ (−𝜕𝑡′𝛾′
𝑖𝑗 + 𝐷′

𝑖 𝛽
′
𝑗 + 𝐷′

𝑗𝛽
′
𝑖 )

= 1
2𝛼′ (−𝛾𝑏𝜕𝑥𝛾′

𝑖𝑗 + 𝜕𝑖𝛽′
𝑗 + 𝜕𝑗𝛽′

𝑖 + 2Γ𝑘′

𝑖𝑗 𝛽′
𝑘) . (3.35)

吀�e resulting expressions are quite unwieldy, so we do not write them here. 吀�e
Mathematica commands used to construct them can be found in Appendix A.

Let us mention what kind of a slice does the condition 𝑡′ = 0 actually yield. It is
quite straightforward to transform into the S挀�warzs挀�ild coordinates on the boosted
slices. For a point {𝑥′, 𝑦′, 𝑧′} on a boosted slice, we have

𝑅 (𝑥′, 𝑦′, 𝑧′) = 𝑅 (𝑟 (𝛾𝑥′, 𝑦′, 𝑧′)) (3.36)

obtained by inverting (3.25), as already discussed. As for the S挀�warzs挀�ild time 𝑇 ,
we know that 𝑡 = −𝑏𝑥 on the boosted slices, so from (3.4) we have

𝑇 (𝑥′, 𝑦′, 𝑧′) = ℎ (𝑅) − 𝑏𝑥 (3.37)

with 𝑅 as in (3.36). 吀�is allows us to display the boosted slices in a Penrose diagram,
seen in Figure 3.6.

We have implemented the code for constructing a boosted maximal trumpet data
as a part of the present work. It is wri琀�en as a Cactus thorn in the C language.

3.3 吀�e Krets挀�mann scalar
吀�e Krets挀�mann scalar is a curvature invariant formed from the Riemann tensor
simply as

𝒦 = 𝑅𝜇𝜈𝜅𝜆𝑅𝜇𝜈𝜅𝜆. (3.38)
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Figure 3.6: A compactified diagram for the S挀�warzs挀�ild spacetime showing the
initial slices for boosted trumpets (equations (3.36), (3.37)) with different velocities
(0.25, 0.5, 0.75). 吀�e solid line is a non-boosted maximal trumpet. 吀�e blue lines are
depict compactification along the positive part of the 𝑥 axis, the red lines along the
negative 𝑥 axis (or equivalently the trumpet boosted in the other direction).

It is of interest to us because we mainly deal with the S挀�warzs挀�ild spacetime, where
it is given by the delightfully short expression in terms of the S挀�warzs挀�ild areal
radius 𝑅

𝒦𝑆𝑐ℎ𝑤. = 48𝑀2

𝑅6 . (3.39)

吀�us the Krets挀�mann invariant provides us with a straightforward way to map a
point in our evolved dynamical coordinates to its S挀�warzs挀�ild radius. 吀�at is quite
useful, since 𝑅 is a coordinate-independent quantity with a clear metric meaning,
so we can use it e.g. for comparing different simulations whi挀� may be covered by
different coordinates.

To be able to compute the Krets挀�mann scalar in a 3+1 numerical simulation, we
must first express it using the 3+1 quantities. We start by taking the 4-dimensional
Riemann tensor and writing out its full projection to the spatial slice:

𝛾𝛼
𝜇 𝛾𝛽

𝜈 𝛾𝛾
𝜅𝛾𝛿

𝜆
(4)𝑅𝛼𝛽𝛾𝛿 = (𝑔𝛼

𝜇 + 𝑛𝜇𝑛𝛼)(𝑔𝛽
𝜈 + 𝑛𝜈𝑛𝛽)(𝑔𝛾

𝜅 + 𝑛𝜅𝑛𝛾)(𝑔𝛿
𝜆 + 𝑛𝜆𝑛𝛿)(4)𝑅𝛼𝛽𝛾𝛿. (3.40)

吀�e terms where the Riemann tensor is contracted with the normal vector more than
twice vanish due to antisymmetry of Riemann, so a昀�er some simple algebra we obtain

(4)𝑅𝜇𝜈𝜅𝜆 =

𝐼

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞𝛾𝛼
𝜇 𝛾𝛽

𝜈 𝛾𝛾
𝜅𝛾𝛿

𝜆
(4)𝑅𝛼𝛽𝛾𝛿

𝐼𝐼

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞−2𝛾𝛼
𝜅 𝛾𝛽

𝜆 𝛾𝛾
[𝜇𝑛𝜈]𝑛𝛿(4)𝑅𝛼𝛽𝛾𝛿 − 2𝛾𝛼

𝜇 𝛾𝛽
𝜈 𝛾𝛾

[𝜅𝑛𝜆]𝑛𝛿(4)𝑅𝛼𝛽𝛾𝛿

+2𝛾𝛽
𝜈 𝛾𝛿

[𝜅𝑛𝜆]𝑛𝜇𝑛𝛼𝑛𝛾 (4)𝑅𝛼𝛽𝛾𝛿 − 2𝛾𝛽
𝜇 𝛾𝛿

[𝜅𝑛𝜆]𝑛𝜈𝑛𝛼𝑛𝛾 (4)𝑅𝛼𝛽𝛾𝛿⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝐼𝐼𝐼

.
(3.41)
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Now we recall some of the equations we encountered on the way to the ADM formu-
lation. Namely the Gauß equation (1.9) and the Codazzi equation (1.14). Straightfor-
wardly using them in terms 𝐼 and 𝐼𝐼 respectively gives us

𝐼 = 𝑅𝜇𝜈𝜅𝜆 + 𝐾𝜇𝜅𝐾𝜈𝜆 − 𝐾𝜇𝜆𝐾𝜈𝜅 (3.42a)

𝐼𝐼 = −2 (𝐷𝜆𝐾𝜅[𝜇𝑛𝜈] − 𝐷𝜅𝐾𝜆[𝜇𝑛𝜈]) − 2 (𝐷𝜈𝐾𝜇[𝜅𝑛𝜆] − 𝐷𝜇𝐾𝜈[𝜅𝑛𝜆]) (3.42b)

To handle the term 𝐼𝐼𝐼 , we first replace 𝑛𝛼𝑛𝛾 → 𝛾𝛼𝛾 − 𝑔𝛼𝛾 . 吀�en we use the once
contracted Gauß equation (1.10) to eliminate the Riemann tensor and the Einstein
field equations replace the Ricci tensor with the ma琀�er quantities (see (1.19)):

𝐼𝐼𝐼 = 2𝑛𝜇𝑛[𝜆 [𝑅𝜅]𝜈 + 𝐾𝐾𝜅]𝜈 − 𝐾𝜅]𝜉𝐾𝜉
𝜈 − 8𝜋 (𝑆𝜅]𝜈 − 1

2
(𝑆 − 𝜌)𝛾𝜅]𝜈)]

−2𝑛𝜈𝑛[𝜆 [𝑅𝜅]𝜇 + 𝐾𝐾𝜅]𝜇 − 𝐾𝜅]𝜉𝐾𝜉
𝜇 − 8𝜋 (𝑆𝜅]𝜇 − 1

2
(𝑆 − 𝜌)𝛾𝜅]𝜇)] .

(3.42c)

Nowwe have the 4-dimensional Riemann tensor wri琀�en in terms of only 3+1 quantities.
By construction, term 𝐼 is purely spatial, term 𝐼𝐼 is multiplied by the normal vector
once and term 𝐼𝐼𝐼 twice. 吀�is means that they are all orthogonal to ea挀� other.
Furthermore it is apparent from the placement of indices that the two sub-terms of
both 𝐼𝐼 and 𝐼𝐼𝐼 are also orthogonal to ea挀� other. 吀�ose observations immediately
eliminate a multitude of potential terms in the Krets挀�mann scalar.

Additionally, since we are mainly interested in vacuum spacetimes in this work,
we will drop the ma琀�er terms from (3.42c) at this point. We will also restrict ourselves
to adapted coordinates, so we only need consider spatial components of all quantities,
replacing Greek indices with Latin. Now we can write the vacuum Krets挀�mann scalar
as

𝒦𝑣𝑎𝑐𝑢𝑢𝑚 = (𝑅𝑖𝑗𝑘𝑙 + 𝐾𝑖𝑘𝐾𝑗𝑙 − 𝐾𝑖𝑙𝐾𝑗𝑘) (𝑅𝑖𝑗𝑘𝑙 + 𝐾 𝑖𝑘𝐾 𝑗𝑙 − 𝐾 𝑖𝑙𝐾 𝑗𝑘)
+ 8 (𝐷𝑖𝐾𝑗𝑘𝐷𝑗𝐾 𝑖𝑘 − 𝐷𝑖𝐾𝑗𝑘𝐷𝑖𝐾 𝑗𝑘)

+ 4 (𝑅𝑖𝑗 + 𝐾𝐾𝑖𝑗 − 𝐾𝑖𝑘𝐾𝑘
𝑗 ) (𝑅𝑖𝑗 + 𝐾𝐾 𝑖𝑗 − 𝐾 𝑖𝑘𝐾 𝑗

𝑘) .
(3.43)

One last te挀�nical step remaining to be done is related to the fact that our evolu-
tion code uses the BSSN formulation. We should therefore rewrite (3.43) so that all
derivatives are taken over then BSSN variables. 吀�e Riemann tensor in the first term
can be wri琀�en in a coordinate basis as

𝑅𝑎𝑏𝑐𝑑 = 1
2 (𝛾𝑎𝑑,𝑏𝑐 + 𝛾𝑏𝑐,𝑎𝑑 − 𝛾𝑏𝑑,𝑎𝑐 − 𝛾𝑎𝑐,𝑏𝑑) + Γ𝑘𝑎𝑑Γ𝑘

𝑏𝑐 − Γ𝑘𝑎𝑐Γ𝑘
𝑏𝑑 . (3.44)

吀�e first derivative of the metric present in the Christoffel symbols turns to

𝛾𝑖𝑗,𝑘 = (𝜑−2 ̄𝛾𝑖𝑗),𝑘 = 𝜑−2
( ̄𝛾𝑖𝑗,𝑘 −

2𝜑,𝑘

𝜑
̄𝛾𝑖𝑗) . (3.45)

吀�e second derivative is then

𝛾𝑖𝑗,𝑘𝑙 = 𝜑−2
[ ̄𝛾𝑖𝑗,𝑘𝑙 − 2

𝜑
𝜑,𝑘𝑙 ̄𝛾𝑖𝑗 + 6

𝜑2 𝜑,𝑘𝜑,𝑙 ̄𝛾𝑖𝑗 − 2
𝜑 (𝜑,𝑘 ̄𝛾𝑖𝑗,𝑙 + 𝜑,𝑙 ̄𝛾𝑖𝑗,𝑘)] . (3.46)
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Finally we must deal with the derivative of the extrinsic curvature, whi挀� straightfor-
wardly turns out to be

𝐾𝑖𝑗,𝑘 = (𝜑−2 ̄𝐴𝑖𝑗 + 1
3

𝐾𝛾𝑖𝑗),𝑘
= 𝜑−2

(
̄𝐴𝑖𝑗 − 2

𝜑
𝜑,𝑘

̄𝐴𝑖𝑗) + 1
3 (𝐾,𝑘𝛾𝑖𝑗 + 𝐾𝛾𝑖𝑗,𝑘) . (3.47)

吀�e resulting code, whi挀� we implemented in Mathematica and converted to a Cactus
thorn using Kranc, can be found in Appendix C.

3.4 Code tests

(a) ADMConstraints
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(b) ML_ADMConstraints
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(c) ML_BSSN
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Figure 3.7: Convergence of different methods of calculating the Hamiltonian con-
straint; wormhole initial data; 4th order derivatives. Scaled for 4th order convergence,
except for 3.7d.
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(a) 2nd order
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(b) 8th order

Figure 3.8: Convergence of the Hamiltonian constraint (ML_BSSN) using FDOs of
different order, wormhole initial data. Scaled for 4th order convergence.

Before we start with the “serious” simulations, we first run some simple conver-
gence tests with black hole spacetimes to verify the basic properties of the code. We
use both the wormhole initial data constructed by the Einstein Toolkit Exact thorn
and the maximal trumpet data from our own code. All the numbers given here are in
simulation units where the mass parameter has been set to 1.

Except where explicitly stated otherwise, the following parameters are used. 吀�e
simulation domain extends from 0 to 16 units in ea挀� dimension with octant symmetry
(i.e. reflection boundary conditions on the three planes 𝑥 = 0, 𝑦 = 0 and 𝑧 = 0).
We also do not use mesh refinement, since the presence of refinement boundaries
introduces additional noise (see [68]), whi挀� spoils clean convergence (Figure 3.10).
Except for the first set of tests with just the initial data, we always use 4th order FDOs.

3.4.1 Wormhole initial data

First we look at the convergence of the constraints for the initial data only, without
evolution. We construct the wormhole initial data on grids with 16, 32, 64 and 128
points in ea挀� spatial dimension, using either 2nd, 4th or 8th spatial FDOs to calculate
the constraints with the different methods mentioned in Section 2.6.1. We plot only
the Hamiltonian constraint for this set of tests, since the momentum constraints are
identically zero for this initial data.

吀�e results are shown in two sets of plots – Figure 3.7 compares the different
methods of calculating the constraints with 4th order FDOs, while Figure 3.8 compares
FDOs of different orders for a single method. In those figures we can see that with all
the methods the Hamiltonian constraint converges to zero at the expected rate, except
for the largest resolution runs with 8th order derivatives (Figure 3.8b), where we see
that the calculation has rea挀�ed ma挀�ine accuracy. 吀�is means that the Hamiltonian
constrain is satisfied exactly (up to the roundoff error) in the underlying data and
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any non-zero values we see are purely due to approximating derivatives with finite
differences. Of course there is nothing surprising about that, but it does give us the
confidence that our operators are of the order they claim to be and points out the kind
of behaviour we can expect in more complicated situations.

Of some interest is that those plots clearly show the stencil size used by the FDOs.
At 𝑟 = 0, the puncture, the initial data is singular, and we observe that the centred
FDOs propagate the nonsensical numbers to the neighbouring 𝑜𝑟𝑑𝑒𝑟/2 grid points – 1
point in Figure 3.8a, 2 points in Figure 3.7c and 4 points in Figure 3.8b.

As expected the two thorns using the ADM variables produce identical results,
while ML_BSSN is slightly smaller (Figure 3.7d). In the remainder of this work we will
always use ML_BSSN to calculate the constraints, as it can be expected to be more
accurate and does not require us to activate any additional thorns (the evolution thorn
must be active anyway).

Next we let the data evolve (using the RK4 time integrator) to 𝑡 = 2 and look at
the spatial convergence again. We use four grids with 32, 48, 64 and 80 grid points in
ea挀� dimension. 吀�e time step, the same for all grids, is d𝑡 = 0.05, whi挀� corresponds
to the CFL factor of ¼ for the finest grid.

Now the momentum constraints are no longer trivial, so we plot them along with
the Hamiltonian constraint in Figure 3.9. Again, we see the constraints converge to
zero for increasing resolution. 吀�e convergence is of clean 4th order in the middle part.
Around the inner boundary the convergence is disturbed by the singular values at the
puncture. At the outer boundary, we lose clean convergence because our radiative
boundary conditions use lower order FDOs.

To illustrate the effect of using mesh refinement, we repeat this simulation with
two additional refined grids – the first one with the size of 8 units in ea挀� direction and
the second one with 4. 吀�e results are plo琀�ed in Figure 3.10. Precisely at the places
where the mesh refinement boundaries are located we see “bumps” in the Hamiltonian
constraint.

Finally we look at the time convergence with three different time integrators – ICN
(two iterations, 2nd order), RK3 (3rd order) and RK4 (4th order). We use a grid with 64
points in ea挀� direction and time steps 0.0625, 0.03125 and 0.015625, corresponding
to CFL factors of ¼, ⅛ and ⅟₁₆.

吀�e results can be seen in Figure 3.11 (here we again plot only the Hamiltonian
constraint, since there is nothing more to be seen from the momentum constraints).
An important difference here is that the constraints do not converge to zero if we
decrease the time step but keep the grid size constant. Instead, they converge to
some non-zero value 𝐻Δ(𝑥, 𝑡), “the Hamiltonian constraint for the spatial step size
Δ”3. Again, we see the convergence consistent with the expected order of the time
integrator, except for a part of the RK4 plot, where we have rea挀�ed ma挀�ine precision.

We note that when mesh refinement is used, different time integrators have signi-
ficantly different working memory requirements. 吀�is is due to the use of the buffering
s挀�eme, as described earlier in Section 2.1.4 – ea挀� additional time integrator sub-step
means one more buffering layer. For a grid with 64 points in ea挀� dimension and 3

3Something similar should in theory be true for the spatial convergence test as well, but there the
value the constraints converge to is indistinguishable from zero. Besides, the CFL condition places hard
limits on how fine can we make the grid while keeping the time step constant.
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ghost points (needed for the 4th order FDOs), we need 703 points for ICN, 763 for RK3
and 823 for RK4. In the last case, over half of the points are located in the ghost zones,
as opposed to about a quarter for ICN. Since memory size is the primary resource
constraint on our simulations, we will use RK3 in the rest of this work as a compromise
between accuracy and memory requirements.
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(a) 吀�e Hamiltonian constraint.
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(b) 吀�e momentum constraints (all three compon-
ents are identical in this test).

Figure 3.9: Spatial convergence of the constraints for the wormhole initial data evolved
to 𝑡 = 2.
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(b) 𝑡 = 2

Figure 3.10: Spatial convergence of the Hamiltonian constraint at different times with
mesh refinement enabled. 吀�ere are three refinement levels (including the coarsest
one), with the refinement boundaries at 8 and 4 units.
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(a) ICN, scaled for the 2nd order
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(b) RK3, scaled for the 3rd order
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(c) RK4, scaled for the 4th order

Figure 3.11: Temporal convergence of the Hamiltonian constraint for the wormhole
initial data evolved to 𝑡 = 2 for different time integrators.
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3.4.2 Maximal trumpet initial data

We continue with the tests ensuring correctness of our trumpet initial data. As before,
we start with verifying that our initial data satisfies the constraint equations. Figure
3.12 shows that the constraints go to zero with increasing grid resolution at the
expected rate, so our data satisfies the constraints exactly.

We also compare the Krets挀�mann scalar calculated by our code (Section 3.3) with
the exact expression 48𝑀2

𝑅(𝑟)6 in Figure 3.13. We can see that the difference of those two
values converges to zero, whi挀� verifies the correctness of both our Krets挀�mann code
and the trumpet initial data.
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(a) 吀�e Hamiltonian constraint.
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(b) 吀�e 𝑥 component of the momentum constraints
(the other components are trivial along the 𝑥-axis).

Figure 3.12: Convergence of the constraints for the time-independent maximal trum-
pet initial data.

With the preliminaries out of the way, we turn to the main property of the trumpet
data – that it is supposed to be time-independent given appropriate gauge conditions.
吀�at is, for any metric quantity 𝑄(𝑡), the residual 𝑅𝑄(𝑡) = 𝑄(𝑡)−𝑄(0) should converge
to zero for all 𝑡 in the continuum limit.

As in the previous section, we run a series of tests for both spatial convergence,
with 32, 48, 64 and 80 grid points in ea挀� direction and a constant time step, and a
time convergence series with 64 grid points and CFL factors ¼, ⅛ and ⅟₁₆. 吀�e data
is then evolved to 𝑡 = 2 with non-advective variants of the 1+log condition and the
Γ-driver. 吀�e data is held fixed at the boundaries to avoid any unwanted boundary
effects. Su挀� “primitive” boundary conditions are not guaranteed to be stable, but we
did not observe any instabilities during the course of the simulation.

吀�e results are analogous to those of the previous section. Figure 3.14 shows that
the residual converges to zero for increasing grid resolution, except for the area close
to the puncture, where the evolved variables are not smooth.

For smaller time steps (Figure 3.15) the residual converges to some non-vanishing
functions 𝑅Δ

𝑄(𝑡) at the expected 3rd order rate (except for the area around the border,
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Figure 3.13: Convergence of the difference between computed Krets挀�mann scalar
𝒦 and its expected value 48𝑀2/𝑅(𝑟)6 for time-independent maximal trumpet initial
data.

where the convergence has rea挀�ed ma挀�ine precision). We can thus conclude that
the time-independent maximal trumpet initial data is indeed time-independent.

Of course this is a somewhat artificial case. In a “real” simulation we would
use mesh refinement, whi挀� should make the residuals smaller, but the convergence
would not be as clean because of the noise emanating from the refinement boundaries.
We would also use the radiative boundary conditions, whi挀� would cause additional
lower-order noise to propagate from the boundaries.

吀�is is demonstrated on two additional simulation sets. 吀�e first one still does not
use mesh refinement, but 挀�anges fixed boundaries into radiative boundary conditions.
吀�e second one also adds three refined levels, for a total of four, ea挀� half the linear
size of the previous one. Ea挀� of the two sets contains two runs – one with 24 grid
points in ea挀� direction (on the coarsest level) and one with 32.

吀�e results are presented in Figure 3.16, where we plot the trace of the extrinsic
curvature 𝐾 . Since the initial data is maximal and the slicing condition is asymptotic-
ally maximal, it should remain exactly zero in the continuum limit. We see lower order
noise from the boundaries moving towards the puncture with coordinate velocity
roughly about 1 (the speed of light). At the end of the simulation, 𝑡 = 100, it has
spread over whole computation domain, resulting in a nonzero value of 𝐾 that does
not converge away with increasing resolution. For the refined runs, 𝐾 se琀�les down
to approximately the same value for both resolutions. For the non-refined runs, the
resolutions are apparently insufficient to accurately resolve the simulation domain,
since there are still waves travelling between the puncture and the boundary even at
the end of the simulation.

We repeat the initial data tests for a boosted trumpet, with a velocity parameter
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(a) lapse
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Figure 3.14: Spatial convergence of the residual for the lapse 𝛼 and the conformal
factor 𝜑 for trumpet initial data evolved to 𝑡 = 2.

𝑏 = 0.5. 吀�e results are plo琀�ed in Figures 3.17, 3.18 and 3.19 with the same conclusion
as for the static case – the data satisfies the constraints and the Krets挀�mann scalar
agrees with the analytic value. 吀�e results for the evolution of the boosted trumpet
data are postponed until the following 挀�apter.
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(a) lapse
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Figure 3.15: Temporal convergence of the residual for the lapse 𝛼 and the conformal
factor 𝜑 for time-independent maximal trumpet initial data evolved to 𝑡 = 2.
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Figure 3.16: Effects caused by mesh refinement and radiative boundary conditions.
吀�e initial data is a time-independent maximal trumpet. It is evolved using appropriate
gauge conditions (see the main text). Plo琀�ed is the trace of the extrinsic curvature,
whi挀� should identically vanish for exact evolution. 吀�e first two plots are scaled for
4th order convergence, the last one is not.
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Figure 3.17: Convergence of the difference between computed Krets挀�mann scalar 𝒦
and its expected value 48𝑀2/𝑅(𝛾𝑥)6 along the 𝑥 axis for boosted trumpet initial data.
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(a) 吀�e Hamiltonian constraint.
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(b) 吀�e 𝑥 component of the momentum constraints
(the other components are trivial along the 𝑥-axis).

Figure 3.18: Convergence of the constraints along the 𝑥-axis for the boosted trumpet
initial data.
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(a) 吀�e Hamiltonian constraint.
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(b) 吀�e 𝑥 component of the momentum constraints.
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(c) 吀�e 𝑦 component of the momentum constraints.

Figure 3.19: Convergence of the constraints along the 𝑦-axis for the boosted trumpet
initial data.
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Chapter 4

Numerical results

In the following 挀�apter we finally present the results of the numerical simulations
we did as the bulk of the present work. We start by reproducing some already known
results for the non-moving trumpets and then continue on to investigating Lorentz-
boosted trumpet initial data.

吀�e simulations were run using the so昀�ware described in Chapter 2 on a work-
station with an Intel Core i7-2600K CPU (four cores clocked at 3.8 GHz) and 32 GB
of working memory. 吀�e simulations use 8 levels of mesh refinement (including
the coarsest one), ea挀� one with half the linear dimensions of the next coarser level
(and half the spatial and temporal step sizes). 吀�e outer boundary is located at 256
simulation units from the origin along ea挀� axis. Where appropriate, we apply re-
flection symmetry on the coordinate planes passing through the origin to reduce
the domain size. Mesh refinement uses 5th order spatial interpolation and 2nd order
temporal interpolation. 吀�e 3rd order Runge-Ku琀�a method is used for time integration,
with a CFL factor of ⅛. Fourth order spatial finite difference operators are used in
the evolution equations. Kreiss-Oliger dissipation of the sixth order is applied to all
evolved variables – { ̄𝛾𝑖𝑗 , 𝜑, ̄𝐴𝑖𝑗 , 𝐾, Γ̄𝑖, 𝛼, 𝛽 𝑖, 𝐵𝑖}. Radiative boundary conditions are
applied at the outer boundaries assuming a constant term and a 1

𝑟
Coulomb-like term

in addition to outgoing spherical waves. 吀�e mass parameter 𝑀 is always set to 1, so
the simulation units directly correspond to the multiples of 𝑀 .

吀�e values of other relevant parameters that may 挀�ange between different simu-
lations are described in their corresponding sections.

4.1 Non-moving trumpets
吀�e initial data we are able to construct include a Brill-Lindquist puncture (“a worm-
hole”) and a maximal trumpet of the non-moving and Lorentz-boosted varieties. In the
following section we observe the transition from the former two non-moving initial
states to a stationary final state. 吀�at should be, depending on the slicing conditions,
either a part of a maximal or a 1+log trumpet slice. Additionally, depending on the
shi昀� conditions, the resulting coordinates covering the slice can be different.

吀�ose results have already been known for several years – see e.g. [66] for a
comprehensive review or [69] for an analytic treatment. We are presenting our own
version here to make sure we are able to reproduce the results, and thus that our code
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Figure 4.1: Evolution of the coordinate location of the horizon, as found by AHFind-
erDirect (dashed lines) or obtained from 𝑟(𝑅(𝒦)) (solid lines). 吀�e black do琀�ed lines
show the horizon location for the time-independent 1+log and maximal trumpet initial
data in isotropic coordinates – 𝑟 = 0.8304 and 𝑟 = 0.7793 respectively.
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Figure 4.2: Coordinate transition from wormhole initial data to a 1+log trumpet.
Plo琀�ed is the S挀�warzs挀�ild areal radius 𝑅 (computed from the Krets挀�mann scalar)
along the 𝑥 axis at several different times. 吀�e upper and lower interrupted black lines
show respectively the maximal and 1+log time-independent trumpet slices in isotropic
coordinates.

and setup are correct. 吀�ey also serve as a suitable introduction for the following
section, where we concern ourselves with moving trumpets.

吀�e simulations we run here can be divided into three sets:

1. a wormhole evolved with asymptotically maximal (AM) slicing – evolves into a
maximal trumpet;

2. a wormhole evolved with 1+log slicing – evolves into a 1+log trumpet;

3. a maximal trumpet evolved with 1+log slicing – evolves into a 1+log trumpet.

We must emphasise here again that the slicing condition only determines the geometry
of the final static slices, but not the coordinates on them. So e.g. even though the
cases 2 and 3 should result in the same slices (at least asymptotically), they may be
covered by different coordinates.

吀�e situation can be affected significantly by the 挀�oice of the shi昀� conditions.
Even when we have se琀�led on the Γ-driver, there is still a couple of parameters we
can tune (see Equation (2.11)):

• 𝜉, the coefficient standing before 𝐵𝑖 that determines the velocity of the shi昀�
waves;

• enabling or disabling the advection term, i.e. using 𝜕𝑡 or 𝜕𝑡 − 𝛽 𝑖𝜕𝑖 on the LHS
of the shi昀� evolution equations (its effect is generally small, but see [39] for an
extensive discussion);

• 𝜂, the damping parameter.
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It is the last one, 𝜂, that has the most dramatic effects on the final coordinates by
making the shi昀� smaller (at a given 𝑅) and growing the coordinate size of the black
hole horizons [70]. In all the simulations here, unless explicitly mentioned otherwise,
the parameters are 𝜉 = 3

4
, 𝜂 = 0, shi昀� advection enabled.

When we run one of the simulations in this section, we see two essentially inde-
pendent effects happening simultaneously. 吀�e first one is that of the spatial slices
挀�anging to the form preferred by the slicing conditions. 吀�e second one is the evolu-
tion of the coordinates on the spatial slices that may or may not result in a static final
state depending on the shi昀� conditions.

To compare different simulations in a way independent of the 挀�osen spatial
coordinates it is useful to take advantage of the fact that we are dealing with the
S挀�warzs挀�ild spacetime, so for any point on a numerical grid we can compute its areal
radius 𝑅 from the Krets挀�mann scalar 𝒦 . 吀�e weakness of this method is that the
dependence of 𝒦 on the second derivatives of the metric and its quite rapid behaviour
(as 𝑅−6) mean that its computation breaks down close to the puncture (as the variables
are not smooth there) and is susceptible to noise, especially at larger radii where the
magnitude of 𝒦 is very small. Nevertheless, with a sufficient grid resolution we can
get usable results from it in most cases.

One way to estimate the accuracy of calculating 𝑅(𝒦(𝑥, 𝑦, 𝑧)) is to use the fact
that we can locate apparent horizons with the AHFinderDirect thorn, as described
previously in Section 2.6.2. We can then compare the location of the horizon as found
by AHFinderDirect and the location of 𝑟(𝑅 = 2), obtained by interpolating 𝑟(𝑅(𝒦)) in
space. We do this comparison in Figure 4.1a for three runs with shi昀� damping disabled.
吀�e wormhole data starts with the horizon at 𝑟(𝑅 = 2) = 1

2
, while the maximal

trumpet data has 𝑟(𝑅 = 2) ≈ 0.779. We see that the horizon location found by both
methods agree very closely at early times. However around 𝑡 = 30, we start seeing
fairly large oscillations in the horizon location obtained from 𝒦 for the two runs with
the wormhole initial data. 吀�e horizon location found by AHFinderDirect remains
mu挀� more stable in those two runs (though there are some small oscillations). 吀�e
run with the trumpet initial data has a very good agreement between both methods at
all times.

We can a琀�ribute those large oscillations in the value of 𝒦 at late times to the initial
gauge wave being partially reflected at the refinement boundaries. Indeed, the first
round of oscillations starts being visible around 𝑡 = 30, whi挀� roughly corresponds to
the round-trip to the refinement boundary at 𝑥 = 16, with later peaks corresponding
to refinement boundaries at 𝑥 = 32 and 𝑥 = 64. 吀�e trumpet initial data undergoes
only very small gauge 挀�anges, so it is not as susceptible to this effect. Another notable
feature is that the amount of noise in the asymptotically maximally sliced case is
visibly larger than in the 1+log sliced one. 吀�is is likely related to the asymptotically
maximal slicing admi琀�ing undesirable zero-speed modes, as described e.g. in [39],
that being one of the reasons why 1+log slicing is usually preferred.

Figure 4.1b shows the analogous comparison for the cases when shi昀� damping
is enabled. As expected, the horizon is larger and specifically in the case of 𝜂 = 2 it
visibly continues to grow even at the end of the simulation. But interestingly enough,
the previously mentioned oscillations in 𝒦 are nowhere to be seen for 𝜂 > 0. So we
conclude that a non-zero value of 𝜂 indeed helps with reducing undesirable noise,
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though at the cost of more gauge dynamics.
Next we can look at the evolution of the spatial coordinates. Figure 4.2 shows the

closely studied (e.g. in [66]) transition from a wormhole to a 1+log trumpet. 吀�e initial
slice covered by isotropic coordinates (equation (1.58)) rea挀�es the minimal value of 𝑅
(the “throat”) at 𝑟(2𝑀) = 𝑀

2
and then follows into the other asymptotically flat part

of the extended S挀�warzs挀�ild solution as 𝑟 decreases. 吀�e graph shows that as the
simulation progresses, the points close to the puncture quickly move to lower 𝑅, until
no sign of the throat can be seen at 𝑡 = 3. We also see that the coordinates “overshoot”
the time-independent 1+log slice, but then return to it, approa挀�ing it very closely.
吀�e role played by the shi昀� in this process has been described in detail in [66]. We
visualise the shi昀� vector along the 𝑥 axis in Figure 4.3, where we see that even though
𝛽 𝑖 = 0 in the initial data, a non-vanishing shi昀� vector very rapidly develops around
the puncture. A昀�er a shi昀� wave (seen in the upper plot of Figure 4.3 as a diagonal
beam) is radiated away, the shi昀� se琀�les down to a stationary profile (compare Figure
3.4b).

Now we look at the coordinate evolution for the other runs as well. We recall
from Section 3.1 that the isotropic coordinate 𝑟 approa挀�es 𝑅 − 1 far away, so we plot
𝑅 − 𝑟(𝑅) in Figure 4.4 and 4.5 and expect it to approa挀� 1 if the coordinates remain
isotropic. We also show the value 𝑅 − 𝑟(𝑅) for the time-independent maximal and
1+log trumpet slices as black interrupted lines for reference. 吀�en graph being above
those lines means that the coordinates are growing slower than isotropic. We could
say they are more “spread out” – a larger volume fits inside a given radius 𝑟. On the
opposite the graph being lower means that the coordinates are growing faster, they
are more “compressed” – we have more grid points inside a given volume.

From the plots we see that when shi昀� damping is disabled, our initial isotropic
coordinates approa挀� the isotropic coordinates of the corresponding time-independent
slices (maximal or 1+log) as soon as 𝑡 ≈ 20. Another thing of note is that when we
start with the trumpet data, as opposed to wormhole data, we see mu挀� less gauge
挀�anges – as expected.

When shi昀� damping is enabled, the spatial coordinates get more compressed. 吀�is
effect of enlarging the coordinate size of black hole horizons, already seen in Figure
4.1b, has been noted and described e.g. in [70].

When we want to compare different simulations in a coordinate-independent way,
we can make use of our ability to compute 𝑅(𝑥, 𝑦, 𝑧) and look at scalar fields, like 𝐾 or
𝛼. In Figure 4.6 we show the behaviour of 𝐾 on the horizon, with the upper plot using
AHFinderDirect to locate the horizon, while the lower plot relies on 𝒦 . We plot the
value of 𝐾 for the wormhole initial data with asymptotically maximal slicing and the
maximal trumpet initial data with 1+log slicing, both for two different values of 𝜂, and
thus different spatial coordinates. We note that the AHFinderDirect plot looks more
“angular” because the horizon finder is activated only at those times when we have
valid data on all the refined grids, while 𝒦 can be calculated for ea挀� grid separately.

In all the cases we start with maximal slices, so 𝐾 = 0 initially. In the asymptot-
ically maximal slicing case, the value of 𝐾 oscillates for some time before returning
back to a stationary value of 𝐾 ≈ 0. We see that the two graphs for 𝜂 = 0 and 𝜂 = 2
do not lie perfectly on top of ea挀� other. First there are some phase and amplitude
differences during the initial geometry 挀�anges. 吀�ose are caused by the fact that
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asymptotically maximal slicing is not covariant, in the sense that it depends on the
shi昀� and for a different shi昀� we get a different slicing. Additionally we see some small
oscillations in the value of 𝐾 at late times for the run with 𝜂 = 0. 吀�ose are likely
caused by the previously mentioned noise (Figure 4.1). In this case though, the noise
is not affecting just the calculation of 𝒦 , since a) it is present in the AHFinderDirect
plot as well and b) since the slicing is asymptotically maximal, the value of 𝐾 should
be zero everywhere, not just on the horizon. 吀�e noise is then affecting the value of
𝐾 itself and hence the slice geometry. 吀�e oscillations are not visible in the run with
𝜂 = 2.

For the trumpet data, 𝐾 approa挀�es the horizon value of 𝐾 ≈ 0.0668, whi挀� is
equal to the analytic value from [66]. In this case the two plots for 𝜂 = 0 and 𝜂 = 2
are indistinguishable, since 1+log slicing with the advection term is independent of
the shi昀�, so we should get the same slices for any spatial coordinates. And as we’ve
already seen in Figure 4.1, the trumpet initial data contains less gauge dynamics and
thus less noise, so we see on oscillations in the value of 𝐾 at late times even in the
run with 𝜂 = 0. In all those runs the final value of 𝐾 is rea挀�ed a昀�er approximately
the same coordinate time, 𝑡 ≈ 35.
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Figure 4.3: Evolution of the shi昀� during the transition from a wormhole to a 1+log
trumpet, 𝜂 = 0. Plo琀�ed is the value of 𝛽𝑥 along the 𝑥 axis. 吀�e upper plot is a spacetime
diagram, with the colour encoding the shi昀� value. 吀�e lower plot is a normal 2D graph
(using the same 𝑥 scale as the upper plot), showing shi昀� values at several selected
times.
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(b) wormhole data, 1+log slicing, 𝜂 = 0
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(c) wormhole data, asymptotically maximal slicing,
𝜂 = 2
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(d) trumpet data, 1+log slicing, 𝜂 = 0

Figure 4.4: Evolution of the spatial coordinates with time for different runs with
non-moving initial data. Plo琀�ed is the difference between the S挀�warzs挀�ild radius
𝑅 and the evolved coordinate 𝑥 as a function of 𝑅. 吀�e do琀�ed line (upper of the two
black lines) shows the same difference for the analytically known 𝑟maximal(𝑅) for the
maximal trumpet initial data. 吀�e dashed line (the lower one) shows the same for the
1+log trumpet data (given by the implicit equations in Section 3.1).
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(b) wormhole data, 1+log slicing, 𝜂 = 0
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Figure 4.5: Continuation of Figure 4.4 for later times.
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Figure 4.6: Behaviour of the trace of the extrinsic curvature 𝐾 on the horizon for
non-moving punctures. In the upper plot the horizon is located using AHFinderDirect,
the lower plot uses the Krets挀�mann scalar.

70



4.2 Boosted trumpets
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Figure 4.7: Initial shi昀� in the 𝑥𝑦 plane for boosted trumpet initial data with 𝑏 = 0.25.

Now we turn to simulations with more dynamics in them. We take our maximal
trumpet initial data and Lorentz-boost it along the 𝑥-axis. I.e. the coordinate system
挀�anges into one uniformly moving along the 𝑥-axis with respect to a static trumpet
– at least initially. As previously discussed, the boost moves us to a different spatial
slice, so the boosted data is now only axially symmetric and the slicing is no longer
maximal. 吀�e slice geometry will then evolve in a non-trivial way during the course
of the simulation. Most importantly, the puncture will now move on grid as a result
of this shi昀� now being non-zero at the puncture (Figure 4.7).

As in the previous section, we run several sets of simulations with asymptotically
maximal and 1+log slicing conditions and different values of the damping parameter
𝜂 in the Γ-driver. 吀�e velocity parameter 𝑏 is set to 0.25 unless explicitly mentioned
otherwise.

As the first indication of the accuracy of the simulations, we look at the constraints.
吀�e graphs in Figure 4.8 compare the 𝐿2 norm of the constraints over time for the
asymptotically maximal and the 1+log runs with different values of 𝜂. We see that
the constraints do not grow uncontrollably – in fact they do not appear to grow at
all a昀�er some initial fluctuations. In Figure 4.10 we even see some semblance of the
fourth order convergence at an advanced time for the damped 1+log run (though it
does get worse at later times).

What is also notable is that the asymptotically maximally sliced runs have a
significantly higher amount of constraint violations – around times 𝑡 = 10 − 15 we
have a spike in both the Hamiltonian and the momentum constraints that is not present
in the 1+log runs. It does however appear to dissipate away at later times. Adding
shi昀� damping also improves this behaviour somewhat, with the norm of 𝐻 returning
to 1+log values around 𝑡 = 30. 吀�is once again shows that the 1+log slicing is be琀�er
behaved than asymptotically maximal. For this reason we mainly concentrate on the
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1+log runs in the following.
As a side note, we also very briefly compare the performance of the CCZ4 for-

mulation in this test. We run some simulations with asymptotically maximal slicing,
𝜅2 = 0, 𝜅3 = 1

2
and two different values of 𝜅1. As shown in Figure 4.9, with 𝜅1 = 0, the

CCZ4 formulation appears less stable than BSSN, with the norm of the Hamiltonian
constraint being about two orders of magnitude larger and appearing to grow. Se琀�ing
𝜅1 = 0, 1 improvess ma琀�ers considerably, with the norm oh 𝐻 dropping to about the
same value as the BSSN runs at late times, though it is still larger at the beginning.
With 𝜂 = 2, the behaviour of 𝐻 improves yet more, but is still worse than in the
corresponding BSSN run. 吀�e momentum constraints however behave be琀�er, as even
in the run with 𝜅1 = 0.1, 𝜂 = 0 the norm of 𝑀𝑥 drops to the 1+log value, whi挀� does
not happen for the corresponding BSSN run. Overall we do not observe dramatically
be琀�er performance, though this issue clearly needs to be investigated in mu挀� more
detail.

吀�e movement of the punctures on the grid is described in Figures 4.13 and 4.14,
where we plot the location and the velocity of the punctures respectively. We see that
when shi昀� damping is disabled, the punctures move with constant coordinate velocity
a昀�er the initial fluctuations, but 𝜂 > 0 makes them gradually slow down.

Same as in the previous section, here we also want to use the Krets挀�mann scalar
to compute the S挀�warzs挀�ild radius 𝑅 for a given gridpoint. In a sense it is even
more important for boosted trumpets, since we no longer have spherical symmetry.
So again we try to estimate the accuracy of calculating 𝑅(𝒦(𝑥, 𝑦, 𝑧)) by comparing
the coordinates of 𝑅 = 2 to the location of the horizon as found by AHFinderDirect.
We plot this comparison for the runs with 1+log slicing and 𝜂 = {0, 2} in Figure 4.11.

Since we now have only axial symmetry along the 𝑥 axis, there is now more than
one direction to analyse. For that reason we split the comparison into two plots.
吀�e horizon intersects the 𝑥 axis in two places – “in front of the puncture”, meaning
at 𝑥horizon > 𝑥puncture and “behind the puncture”, meaning at 𝑥horizon < 𝑥puncture. 吀�e
coordinate distances of those two location from the puncture are not equal, so we plot
them both in Figure 4.11a, marking the former with ’+’ and the la琀�er with ’-’ in the
legend. Figure 4.11b shows the distance along the 𝑦 axis, whi挀� by axial symmetry
should be the same in the whole 𝑦𝑧 plane.

吀�e situation in the initial data is simple to analyse – they are constructed by the
Lorentz transformation (3.32) and thus by the familiar length contraction effect the
horizon location is un挀�anged from the time-independent maximal trumpet data in
the 𝑦𝑧 plane, remaining on 𝑟 ≈ 0.779. Along the 𝑥 axis, the distances are divided by

the Lorentz 𝛾 factor, so the horizon location moves to 𝑟 ≈ 0.779√1 − 0.252 ≈ 0.754
in both directions from the puncture.

As the simulation progresses, we again observe that

• when shi昀� damping is enabled, the horizon size grows significantly larger than
in the undamped run. However unlike in the static case (Figure 4.1), the horizon
growth does not appear to be stopping even at the end of the simulation.

• there are small, but visible oscillations in the horizon location obtained from 𝒦
when 𝜂 = 0, whi挀� disappear in the run with 𝜂 = 2;
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• overall the horizon locations found by both methods are good agreement.

When 𝜂 = 0, the horizon location along the 𝑦 axis behaves like in the static case,
approa挀�ing the time-independent 1+log value. Approximately the same is the fate
of the horizon position “behind the puncture”, though with a somewhat different
and longer period of initial fluctuations. 吀�e behaviour is different “in front of the
puncture” – the horizon is significantly closer to the puncture there, remaining slightly
below the time-independent maximal trumpet value.

With shi昀� damping enabled the horizon shape becomes quite different. First of all
it is, as already mentioned, mu挀� larger and continues to grow rapidly at the end of the
simulation. It’s growth pa琀�ern is however very unlike the static case. A昀�er rapidly
enlarging at the beginning, the growth rate drops around 𝑡 = 10, with the horizon
even shrinking for a while along the negative 𝑥 direction. At late times (𝑡 ≈ 60) the
horizon size grows faster again along both 𝑥 directions. Along the 𝑦 axis the horizon
does not stop growing, but visibly slows down at late times.

A complementary view is provided by Figure 4.12, where we plot the coordinate
shape of the horizon in the 𝑥𝑦 plane for the same runs. It shows more clearly that,
while in the undamped case the horizon is roughly the same size in the negative 𝑥 and
𝑦 directions and slightly smaller in the positive 𝑥 direction, with damping enabled it
is elongated in the 𝑦 direction and smallest in the negative 𝑥 direction.

Next we look at the evolution of the spatial coordinates. 吀�e initial slice is covered
by the original maximal trumpet isotropic coordinates in the 𝑦 and 𝑧 directions, along
the 𝑥 axis we have 𝑥(𝑅) = 𝑥iso(𝑅)/𝛾 , so 𝑥 grows slower with 𝑅. As in the previous
section, we plot the value 𝑅 − 𝑟(𝑅) as a function of 𝑅, along ea挀� main direction, for
the 1+log sliced runs. Coordinate evolution for the runs without shi昀� damping is
shown at early times in Figure 4.15 and at later times in Figure 4.16. Although the
horizon shape (Figures 4.11, 4.12) might have suggested that the coordinates are close
to the time-independent trumpets, here we see that this is only the case along the
𝑦 axis (Figures 4.15c, 4.16c) and due to symmetry in the whole 𝑦𝑧 plane. 吀�ere the
coordinates quickly (within 𝑡 = 20) se琀�le from the initial state to one corresponding
to isotropic coordinates on the time-independent 1+log trumpet slices.

Along the 𝑥 axis, the situation differs in the positive and negative direction from
the puncture location, as we see in Figures 4.15a, 4.15b 4.16a and 4.16b. In the positive
direction the coordinates se琀�le into a stationary state where they grow even slower
than in the initial data. In the negative direction, they resemble 1+log isotropic
coordinates very close to the puncture, but grow slower further away.

As before, the situation is markedly different when 𝜂 = 2, pictured in Figures 4.17
and 4.18. 吀�e coordinates become more compressed with time in the 𝑦 and positive 𝑥
directions and thus grow faster. Figure 4.19 shows an alternative comparison of the
development with different values of 𝜂, using colour to indicate the value of 𝑅 in the
𝑥𝑦 plane.

Now looking at coordinate-independent quantities, we plot the 𝑅 dependence
of the lapse 𝛼 and the mean curvature 𝐾 in Figures 4.20, 4.21, 4.22 and 4.23. 吀�e
values are taken from the 𝜂 = 2 runs, but as 𝜂 only affects the spatial coordinates
and the 1+log slicing does not depend on them, the results should be the same (in the
continuum limit) for any value of 𝜂. 吀�e damped run is 挀�osen because it contains
less noise, making the calculation of 𝑅 more accurate.
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吀�e lapse appears to rea挀� a stationary state that is not spherically symmetric and
lower than the time-independent 1+log value in all directions. 吀�e mean curvature
𝐾 on the other hand also rea挀�es a stationary state, whi挀� is very close to the time-
independent 1+log value.

74



0 20 40 60 80 100
𝑡

10−4

10−2

100

102

||𝐻
|| 𝐿

2
AM – 𝜂 = 0
AM – 𝜂 = 2
1+log – 𝜂 = 0
1+log – 𝜂 = 1
1+log – 𝜂 = 2

(a) the Hamiltonian constraint

0 20 40 60 80 100
𝑡

10−3

10−2

10−1

100

||𝑀
𝑥|

| 𝐿
2

AM – 𝜂 = 0
AM – 𝜂 = 2
1+log – 𝜂 = 0
1+log – 𝜂 = 1
1+log – 𝜂 = 2

(b) the 𝑥 component of the momentum constraints

Figure 4.8: Time evolution of the 𝐿2 norm of the constraints for boosted trumpet
initial data evolved with different slicing and Γ-driver parameters.
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Figure 4.9: Time evolution of the 𝐿2 norm of the constraints for boosted trumpet
initial data – comparison of the BSSN and CCZ4 formulations.
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Figure 4.10: Convergence of the constraints for boosted trumpet initial data evolved
until 𝑡 = 50. Compared are the 1+log runs with 𝜂 = 2 and the asymptotically maximal
runs with 𝜂 = 0. 吀�e graphs are scaled for fourth order convergence.
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Figure 4.11: Evolution of the coordinate distance between the horizon and the puncture
along the 𝑥 and 𝑦 axes. Plo琀�ed are the 1+log sliced runs with 𝜂 = 0 and 𝜂 = 2. 吀�e
solid lines indicate the horizon location as obtained from the Krets挀�mann scalar,
the dashed lines show the horizon location found by AHFinderDirect. 吀�e black
do琀�ed lines show the horizon location of the time-independent maximal (𝑟 = 0.779)
and 1+log (𝑟 = 0.8304) trumpets in isotropic coordinates. 吀�e upper plot shows the
distances along the 𝑥 axis – in the graphs marked by ’+’ in the legend the horizon is
located in the positive 𝑥 direction from the puncture, ’-’ in the negative direction. 吀�e
lower plot shows the distance along the 𝑦 axis. Compare Figure 4.1.
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Figure 4.12: Evolution of the shape of the horizon for boosted trumpets with 1+log
slicing. 吀�e plot is always centred so that the puncture is located at (0, 0). 吀�e blue
line corresponds to the simulation with 𝜂 = 0, the green line is the simulation with
𝜂 = 2. 吀�e interrupted black lines show the horizon sizes of the time-independent
maximal (𝑟 ≈ 0.779) and 1+log (𝑟 ≈ 0.8304) trumpets in isotropic coordinates.
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Figure 4.13: Evolution of the coordinate location of the puncture.
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Figure 4.14: Evolution of the coordinate velocity of the puncture.
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Figure 4.15: Evolution of the spatial coordinates with time for 1+log-sliced boosted
trumpet data with 𝜂 = 0. Plo琀�ed is the difference between the S挀�warzs挀�ild radius
𝑅 (computed from the Krets挀�mann scalar) and the coordinate distance from the
puncture as a function of 𝑅. 吀�e three plots depict respectively the part of the 𝑥
axis that is in front of the puncture (i.e. 𝑥 > 𝑥puncture), the part of the 𝑥 axis behind
the puncture and the 𝑦 axis (centred on the puncture – 𝑥 = 𝑥puncture, 𝑧 = 0). 吀�e
interrupted black lines have the same meaning as in Figure 4.4.
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Figure 4.16: Continuation of Figure 4.15 for late times.
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Figure 4.17: Same as Figure 4.15, but for the simulation with 𝜂 = 2.
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Figure 4.18: Continuation of Figure 4.17 at later times.
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Figure 4.19: Comparison of the behaviour of 𝑅(𝑥, 𝑦) at late times with different values
of 𝜂. 吀�e value of 𝑅 at a given point is represented by its colour, additionally isocurves
of 𝑅 = {2, 4, 6} are shown. 吀�e coordinates quickly rea挀� a static state when 𝜂 = 0,
so we only show the situation at 𝑡 = 50 (the upper plot). When 𝜂 = 2, the coordinates
continue to evolve throughout the simulation, so we show the situation at 𝑡 = 50 and
𝑡 = 100 in the two lower plots.
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Figure 4.20: Evolution of 𝛼 with time for 1+log-sliced boosted trumpet data. Plo琀�ed
is the difference between the evolved lapse and the 1+log time-independent trumpet
lapse 𝛼1+log(𝑅) as a function of the S挀�warzs挀�ild radius 𝑅, given implicitly by Equation
(3.27a). 吀�e interrupted black line shows the difference 𝛼maximal − 𝛼1+log(𝑅).
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Figure 4.21: Continuation of Figure 4.20 for later times.
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Figure 4.22: Evolution of 𝐾 with time for 1+log-sliced boosted trumpet data. Plo琀�ed
is the evolved value of 𝐾 as a function of the S挀�warzs挀�ild radius 𝑅. 吀�e black
interrupted line shows the value of 𝐾 for the time-independent 1+log slices (given
implicitly by Equations (3.12), (3.14), (3.15) and (3.27a)).
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Figure 4.23: Continuation of Figure 4.22 for later times.
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4.3 Wave propagation
As a final point, we briefly look at wave propagation in our simulations. As we have
already mentioned in Section 1.8, solutions of the linearised BSSN equations with
1+log slicing and the Γ-driver shi昀� condition can be decomposed into separate modes
travelling at different speeds. We recall that the speeds of the gauge waves depend on
the freely adjustable parameters – specifically the lapse speed is √𝑛, where 𝑛 is the
constant in the 1+log slicing condition, the shi昀� longitudinal and transversal speeds

are √
3
4
𝜉 and √𝜉 respectively, with 𝜉 being the constant in the Γ-driver.

We can demonstrate this fact visually. We take the most linear situation that
comes to mind – a slice of the Minkowski spacetime with unit lapse and zero shi昀�.
Around a 挀�osen point 𝑟0 = {𝑥 = 0.5, 𝑦 = 0, 𝑧 = 0} (for ease of comparison with the
following simulations) we add a small Gaussian perturbation to all evolved variables

(𝛾𝑖𝑗 , 𝐾𝑖𝑗 , 𝛼, 𝛽 𝑖), specifically 10−3exp (− |𝑟−𝑟0|2

0.01 ). We then evolve su挀� perturbed initial

data with several different slicing/Γ-driver parameters. 吀�e simulation domain in this
case is a cuboid of [64 × 32 × 32] units with 7 refinement levels – ea挀� one with half
the linear dimensions of the previous one.

We consider the function 𝛾𝑥𝑦, whi挀� is not an eigenfield of the linearised system, so
we can think of it as composed of several modes. In Figure 4.24 we show how its value
evolves with the “standard” parameters {𝜉 = 3

4
, 𝑛 = 2}. And indeed we can see at least

three separate modes. One is the fastest wave, whi挀� in the last image (Figure 4.24f)
has already partially le昀� the displayed region. Looking at Figure 4.24e we can see that
at 𝑡 = 1.75 its le昀�most edge is roughly at 𝑥 = −2, or 2.5 units from the origin of the
perturbation. An estimate of its velocity is then 2.5/1.75 ≈ 1.428, remarkably close to
the expected velocity √2 of the lapse gauge wave. 吀�e following, slower wave can be
identified as a combination of the longitudinal shi昀� gauge and a “physical” wave, both
of whi挀� should propagate with the velocity equal to 1 with those parameters. 吀�is
can be seen e.g. from Figure 4.24f, where its le昀� edge is approximately at 𝑥 = −1.5,
or from Figure 4.24d, where its top edge just under 𝑦 = 1.6. 吀�e last combination of
modes remains si琀�ing in the origin of the perturbation and thus has velocity equal to
0. We also note that reflections from the refinement boundaries at 2, 1 and 0.5 units
are clearly visible in the images.

In Figure 4.25 we show the results of the simulation with {𝜉 = 2, 𝑛 = 2}, where the

velocity of the shi昀� waves should 挀�ange to √
8
3

≈ 1.63. And indeed when compared
with Figure 4.24 we see that a faster wave is now present. Looking at Figure 4.25b we
see that at 𝑡 = 1 its top edge is approximately at 𝑦 = 1.6, making its velocity also 1.6.
吀�at agrees with the expected velocity of the longitudinal shi昀� waves.

Finally in Figure 4.26 we look at the run with {𝜉 = 3
4
, 𝑛 = 4}, whi挀� should have

the speed of the lapse waves increased to 2. And indeed we see that the lapse wave
now expands faster. Specifically in Figure 4.26c it is clear that at 𝑡 = 1.25 its le昀�
edge is at about 𝑦 = −2, or 2.5 units from the origin, making for approximate speed
2.5/1.25 = 2.

吀�is behaviour in flat space is quite well known. Far less clear is what happens in
the non-linear regime – e.g. close to a black hole. However when considering small
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perturbations even on a non-linear background, we can still expect a similar kind of
a wave-like behaviour, though significantly affected by the presence of a black hole.
Most importantly, we would expect the physical modes to be unable to escape from
inside the horizon – this being one the main properties of the horizon.

In Figure 4.27 we plot the results of the run with the standard parameters {𝜉 =
3
4
, 𝑛 = 2} with the perturbation being located below the horizon – at {𝑥 = 0.5, 𝑦 =

0, 𝑧 = 0}. Figure 4.29 shows the same for a run with the perturbation above the
horizon – at {𝑥 = 0.5, 𝑦 = 0, 𝑧 = 0}. We see that there are waves in both that do not
appear to be affected by the presence of a black hole and pass straight through the
puncture and outside the horizon with approximately constant velocity. 吀�ose can be
identified as the shi昀� waves – since the shi昀� evolution equation (2.11) does not contain
lapse, the shi昀� is not affected by the lapse collapsing around the puncture. Other than
the shi昀� waves and the noise from the reflections on the refinement boundaries, we
also see a bundle slowly falling onto the puncture, whi挀� contains the modes moving
at the speed of light or less. Especially in the last two images (Figures 4.27e and 4.27f)
we see what can be a lapse wave, though all the noise makes it unclear.

Figure 4.28 shows the run with the same perturbation, but the parameters being
{𝜉 = 3

4
, 𝑛 = 4} – increasing the asymptotic lapse waves velocity to 2. And here we

can clearly see the lapse wave escaping from the horizon and travelling away, while
being deformed by the presence of the black hole (mainly by the lapse having different
values at different parts of the wavefront).

Figures 4.29 and 4.30 show the analogous runs, but with the perturbation being
located at 𝑥 = 1 – above the horizon. 吀�e shi昀� wave remains pre琀�y mu挀� the same,
but the lapse wave is now clearly visible even in the 𝑛 = 2 run.
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Figure 4.24: Propagation of waves from a perturbation in the Minkowski spacetime;
plo琀�ed is the value of 𝛾𝑥𝑦 in the 𝑥𝑦 plane. 吀�e parameters are 𝜉 = 3

4
, 𝑛 = 2.
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Figure 4.25: Propagation of waves from a perturbation in the Minkowski spacetime;
plo琀�ed is the value of 𝛾𝑥𝑦 in the 𝑥𝑦 plane. 吀�e parameters are 𝜉 = 2, 𝑛 = 2.
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Figure 4.26: Propagation of waves from a perturbation in the Minkowski spacetime;
plo琀�ed is the value of 𝛾𝑥𝑦 in the 𝑥𝑦 plane. 吀�e parameters are 𝜉 = 3

4
, 𝑛 = 4.
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Figure 4.27: Propagation of waves from a perturbation in the maximal trumpet space-
time; the perturbation is located at 𝑥 = 0.5, under the horizon; plo琀�ed is the difference
between the values of ̄𝛾𝑥𝑦 in the 𝑥𝑦 plane in the runs with and without the perturbation.
吀�e black circle shows the location of the horizon. 吀�e parameters are 𝜉 = 3

4
, 𝑛 = 2.
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Figure 4.28: Propagation of waves from a perturbation in the maximal trumpet space-
time; the perturbation is located at 𝑥 = 0.5, below the horizon; plo琀�ed is the difference
between the values of ̄𝛾𝑥𝑦 in the 𝑥𝑦 plane in the runs with and without the perturbation.
吀�e black circle shows the location of the horizon. 吀�e parameters are 𝜉 = 3

4
, 𝑛 = 4.
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Figure 4.29: Propagation of waves from a perturbation in the maximal trumpet space-
time; the perturbation is located at 𝑥 = 1, above the horizon; plo琀�ed is the difference
between the values of ̄𝛾𝑥𝑦 in the 𝑥𝑦 plane in the runs with and without the perturbation.
吀�e black circle shows the location of the horizon. 吀�e parameters are 𝜉 = 3

4
, 𝑛 = 2.
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Figure 4.30: Propagation of waves from a perturbation in the maximal trumpet space-
time; the perturbation is located at 𝑥 = 1, above the horizon; plo琀�ed is the difference
between the values of ̄𝛾𝑥𝑦 in the 𝑥𝑦 plane in the runs with and without the perturbation.
吀�e black circle shows the location of the horizon. 吀�e parameters are 𝜉 = 3

4
, 𝑛 = 4.
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Conclusion

A昀�er reviewing the relevant literature, we have familiarised ourselves with the code of
the Einstein Toolkit. We havewri琀�en a Cactus thorn implementing the Lorentz-boosted
maximal trumpet initial data (Appendix B). For analysing the evolution of this data
we have wri琀�en a Mathematica script that generates a Cactus thorn calculating the
Krets挀�mann scalar from the grid variables (Appendix C).

We have carried out simulationswith thewormhole and time-independentmaximal
trumpet initial datawith different lapse and shi昀� parameters andwere able to reproduce
some of the results from [66, 70, 39], namely

• evolution of the wormhole data into either a maximal or a 1+log trumpet,
depending on the presence of the advection term in the 1+log slicing condition;

• significantly lower accuracy of the asymptotically maximal slicing, when com-
pared to the 1+log slicing;

• the damping term (−𝜂𝐵𝑖) in the Γ-driver reducing undesirable oscillations in
the grid variables, at the cost of the coordinates deviating from isotropic.

吀�e Krets挀�mann invariant computed by our code has exhibited low accuracy when
𝜂 = 0 at later simulation times, with 𝜂 > 0 its accuracy has mu挀� improved, as
estimated by comparison with the apparent horizon finder.

Next, we have run simulations with the boosted maximal trumpet initial data.
吀�e trumpet movement on the grid is affected by the shi昀� damping parameter 𝜂
– with 𝜂 = 0 the punctures move on the grid with a uniform velocity, but when
𝜂 > 0 the damping term makes them gradually slow down. For boosted trumpets the
asymptotically maximal slicing has again shown to be mu挀� less accurate than the
1+log slicing, with 𝜂 > 0 improving accuracy for both slicing variants.

吀�e coordinates develop differently depending on whether shi昀� damping is enabled.
When 𝜂 = 0, the coordinates approa挀� the 1+log isotropic coordinates in the 𝑦𝑧 plane,
but grow slower than isotropic along the 𝑥 axis. With 𝜂 = 2 the coordinates grow faster
than isotropic in the positive 𝑥 direction and the 𝑦, 𝑧 directions from the puncture, but
slower in the negative 𝑥 direction and continue to dri昀� as the simulation progresses.
吀�e horizon is larger than in the undamped case and elongated in the 𝑦𝑧 plane. 吀�e slice
geometry approa挀�es a stationary state with the lapse lower than the time-independent
1+log trumpet lapse.

Finally, we have visually examined the propagation of waves in both linear and
non-linear regimes, by evolving perturbations of flat and trumpet spacetimes. We
have confirmed the expected modes in the flat spacetime and identified some of them
on a trumpet background as well.
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吀�ere is abundant work remaining to be done in this area. While a single static
trumpet is understood well enough, the system of primary interest is one consisting
of two spinning orbiting trumpets. 吀�ere has been some progress in this area e.g.
in [67], but an “ideal” binary system with minimum junk radiation is still a remote
goal. 吀�e gauge situation is also not perfect – the shi昀� damping term is needed for
good accuracy, but introduces undesirable extra gauge dynamics. Reducing or even
eliminating the need for this term would be useful. We hope to focus our efforts in
those directions in our future work.
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Appendix A

Maximal trumpet extrinsic curvature
code

吀�is appendix lists the Mathematica [16] commands used for obtaining the form of
the extrinsic curvature for a Lorentz-boosted maximal trumpet (Equation (3.35)). 吀�e
resulting equations were copied into the trumpet source file and further simplified
manually (Appendix B).

psi := Sqrt[R[r]/r]
beta1 := psi^4* x*C/R[r]^3
beta2 := psi^4* y*C/R[r]^3
beta3 := psi^4 *z*C/R[r]^3
alpha := Sqrt[1 - 2*M/R[r] + C^2/R[r]^4]
gamma := 1/Sqrt[1 - beta^2]
gorig := {{ -alpha^2 + psi^(-4)*(beta1^2 + beta2^2 + beta3^2), beta1, beta2, beta3},

{beta1, psi^4, 0, 0},
{beta2, 0, psi^4, 0},
{beta3, 0, 0, psi^4}}

Lambda := {{ gamma, -gamma*beta, 0, 0},
{-gamma*beta, gamma, 0, 0},
{0, 0, 1, 0},
{0, 0, 0, 1}}}}

g := FullSimplify[Lambda.gorig.Lambda]
g3d := g[[ 2 ;; 4, 2 ;; 4]]
g3u := FullSimplify[Inverse[g3d]]
g3dy := FullSimplify[D[g3d, y, NonConstants -> {r}]

/. {R'[r] -> R[r]*alpha/(r), D[r, y, NonConstants -> {r}] -> y/r}]
g3dz := FullSimplify[D[g3d, z, NonConstants -> {r}]

/. {R'[r] -> R[r]*alpha/(r), D[r, z, NonConstants -> {r}] -> z/r}]
g3dx := FullSimplify[gamma*D[g3d, x, NonConstants -> {r}]

/. {R'[r] -> R[r]*alpha/(r), D[r, x, NonConstants -> {r}] -> x/r}]
g3diff := {g3dx, g3dy, g3dz}
bbeta := g[[ 1, 2 ;; 4]]
aalpha := FullSimplify[Sqrt[-1/Inverse[g][[ 1, 1]]]]
Gbeta := Table[Sum[1/2*g3u[[k,l]]*(g3diff[[i]][[j,l]] + g3diff[[j]][[i,l]]

- g3diff[[l]][[i,j]])*
bbeta[[k]], {k, 3}, {l, 3}], {i, 3}, {j, 3}]

Dbeta = FullSimplify[Table[D[bbeta[[i]], j, NonConstants -> {r}]
/. {R'[r] -> R[r]*alpha/(r), D[r, z, NonConstants -> {r}] -> z/r,

D[r, x, NonConstants -> {r}] -> x/r,
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D[r, y, NonConstants -> {r}] -> y/r}, {i, 3}, {j, {x, y, z}}]];
Dbeta[[All, 1]] = Dbeta[[All, 1]]*gamma;
K := Table[1/(2*aalpha)*(beta*g3dx[[i, j]] + Dbeta[[i, j]] -

2*Gbeta[[i, j]] + Dbeta[[j, i]]), {i, 3}, {j, 3}]
KK = FullSimplify[K] /. {y^2 -> r^2 - x^2 - z^2};
CForm[FullSimplify[KK[[ 1, 1]]]] /. {R[r] -> R, M -> MASS}
CForm[FullSimplify[KK[[ 2, 2]]]] /. {R[r] -> R, M -> MASS}
CForm[FullSimplify[KK[[ 1, 2]]]] /. {R[r] -> R, M -> MASS}
CForm[FullSimplify[KK[[ 2, 3]]]] /. {R[r] -> R, M -> MASS}
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Appendix B

Maximal trumpet code

吀�is appendix contains the main source file constructing the Lorentz-boosted maximal
trumpet initial data. It is wri琀�en in the C language [71] and makes use of the GNU
Scientific Library (GSL, [72]) for inverting Equation (3.25) as described earlier. 吀�e
full Cactus thorn can be found either on the a琀�a挀�ed disc (for a physical copy) or in
the ar挀�ive downloadable from [15].

#include <ctype.h>
#include <math.h>
#include <stdio.h>
#include <stdlib.h>
#include <string.h>
#include <gsl/gsl_spline.h>
#include "cctk.h"
#include "cctk_Arguments.h"
#include "cctk_Parameters.h"

#include "mdefs.h"

#define MAX(x,y) (x) > (y) ? (x) : (y)
#define SQR(x) ((x)*(x))

#define MASS 1
/*
* the constant C from e.g. 0908.1063v4
*/
#define TRUMPET_CONST (3*sqrt(3)*SQR(MASS)/4)
/*
* small number to avoid r=0 singularities
*/
#define EPS 1E-08
/*
* isotropic radius
*/
#define ISO_R(x, y, z) (sqrt(SQR(x) + SQR(y) + SQR(z) + EPS))

#define TRUMPET_ALPHA(R) (sqrt(1 - 2*MASS/R + SQR(TRUMPET_CONST)/SQR(SQR(R))))

static inline double r_areal_to_isotropic(double r, double m)
{

double par = sqrt(4*SQR(r) + 4*m*r + 3*SQR(m));
double term1 = (2*r + m + par)/4;
double term2 = (4 + 3*M_SQRT2)*(2*r - 3*m) /

(8*r + 6*m + 3*M_SQRT2*par);
return term1*pow(term2, M_SQRT1_2);

}

/**
* get maximal isotropic r
*/
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static CCTK_REAL get_max_r(CCTK_INT dim)
{

CCTK_REAL phys_min[dim], phys_max[dim];
CCTK_REAL ext_min[dim], ext_max[dim];
CCTK_REAL int_min[dim], int_max[dim], step[dim];
CCTK_REAL max = 0;

GetDomainSpecification(dim, phys_min, phys_max, int_min, int_max,
ext_min, ext_max, step);

for (int i = 0; i < dim; i++) {
max = MAX(max, abs(ext_min[i]));
max = MAX(max, abs(ext_max[i]));

}
return sqrt(dim)*2*max;

}

static void get_r_tables(double **pr_iso, double **pr_areal,
CCTK_INT *size, CCTK_INT dim)

{
#define STEP 0.0001

double *r_iso, *r_areal, max = get_max_r(dim);
int count = max*2/STEP, i = 0;

r_iso = malloc(count*sizeof(*r_iso));
r_areal = malloc(count*sizeof(*r_areal));

for (i = 0;;i++) {
if (i >= count) {

count *= 2;
r_iso = realloc(r_iso, count*sizeof(*r_iso));
r_areal = realloc(r_areal, count*sizeof(*r_areal));

}

r_areal[i] = i*STEP + 1.5*MASS;
r_iso[i] = MASS ? r_areal_to_isotropic(r_areal[i], MASS) :

r_areal[i];
if (r_iso[i] > max)

break;
}
*pr_iso = r_iso;
*pr_areal = r_areal;
*size = i;

}

/* those equations are simplified from trumpet.nb */
static long double sqrt_factor(long double R, long double r, long double x,

long double alpha, long double beta)
{

long double R2 = SQR(R);
return sqrtl((R2*(R + alpha*beta*r) - beta*TRUMPET_CONST*x) *

(R2*(R - alpha*beta*r) - beta*TRUMPET_CONST*x));
}

static inline CCTK_REAL K_11(CCTK_REAL x, CCTK_REAL y, CCTK_REAL z,
CCTK_REAL R, CCTK_REAL r,
CCTK_REAL beta, CCTK_REAL M,
CCTK_REAL alpha)

{
long double b2 = SQR(beta);
long double r2 = SQR(r);
long double R2 = SQR(R);

long double n1 = TRUMPET_CONST*(1.0 - 3*SQR(x/r)) *
(beta*x*TRUMPET_CONST/R - R2) / r2;

long double n2 = b2*beta*M*(-SQR(TRUMPET_CONST)/(R2*R2) +
SQR(alpha))*x;

long double n3 = b2*TRUMPET_CONST*M*(1.0 + 2*SQR(x/r))/R;
long double n4 = beta*x*(SQR(R/r)*(-2*M + (-1 + alpha)*alpha*R));
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long double den = (b2 - 1)*sqrt_factor(R, r, x, alpha, beta);

return (n1 + n2 + n3 + n4)/den;
}

static inline CCTK_REAL K_22(CCTK_REAL x, CCTK_REAL y, CCTK_REAL z,
CCTK_REAL R, CCTK_REAL r,
CCTK_REAL beta, CCTK_REAL M,
CCTK_REAL alpha)

{
long double r2 = SQR(r);
long double R2 = SQR(R);

long double n1 = TRUMPET_CONST*(R2 - beta*TRUMPET_CONST*(x/R)) *
(1.0 - 3*SQR(y/r))/r2;

long double n2 = alpha*(alpha - 1)*beta*SQR(R/r)*R*x;

long double sq = sqrt_factor(R, r, x, alpha, beta);

return (n1 + n2)/sq;
}

static inline CCTK_REAL K_33(CCTK_REAL x, CCTK_REAL y, CCTK_REAL z,
CCTK_REAL R, CCTK_REAL r,
CCTK_REAL beta, CCTK_REAL M,
CCTK_REAL alpha)

{
return K_22(x, z, y, R, r, beta, M, alpha);

}

static inline CCTK_REAL K_12(CCTK_REAL x, CCTK_REAL y, CCTK_REAL z,
CCTK_REAL R, CCTK_REAL r,
CCTK_REAL beta, CCTK_REAL M,
CCTK_REAL alpha)

{
long double b2 = SQR(beta);
long double r2 = SQR(r);
long double R2 = SQR(R);

long double n1 = TRUMPET_CONST*(b2*M/R + 3*SQR(R/r))*x -
3*beta*SQR(TRUMPET_CONST)*SQR(x/r)/R;

long double n2 = beta*SQR(R/r)*(-M + (-1 + alpha)*alpha*R);
long double den = -sqrt_factor(R, r, x, alpha, beta)*sqrtl(1 - b2);

return y*(n1/r2 + n2)/den;
}

static inline CCTK_REAL K_13(CCTK_REAL x, CCTK_REAL y, CCTK_REAL z,
CCTK_REAL R, CCTK_REAL r,
CCTK_REAL beta, CCTK_REAL M,
CCTK_REAL alpha)

{
return K_12(x, z, y, R, r, beta, M, alpha);

}

static inline CCTK_REAL K_23(CCTK_REAL x, CCTK_REAL y, CCTK_REAL z,
CCTK_REAL R, CCTK_REAL r,
CCTK_REAL beta, CCTK_REAL M,
CCTK_REAL alpha)

{
long double r2 = SQR(r);
long double R2 = SQR(R);

long double num = -3*TRUMPET_CONST*(R2 - beta*TRUMPET_CONST*x/R) *
(y/r)*(z/r);

long double den = r2*sqrt_factor(R, r, x, alpha, beta);

return num/den;
}
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void trumpet_data(CCTK_ARGUMENTS)
{

DECLARE_CCTK_ARGUMENTS;
DECLARE_CCTK_PARAMETERS;

double gamma = 1.0/sqrt(1.0 - SQR(boost_velocity));

gsl_interp_accel *acc;
gsl_spline *spline;

double *r_iso, *r_areal;
CCTK_INT size;

get_r_tables(&r_iso, &r_areal, &size, cctk_dim);

spline = gsl_spline_alloc(gsl_interp_cspline, size);
gsl_spline_init(spline, r_iso, r_areal, size);
acc = gsl_interp_accel_alloc();

memset(gyz, 0,
sizeof(*gxy)*(CCTK_GFINDEX3D(cctkGH,

cctk_lsh[0] - 1,
cctk_lsh[1] - 1,
cctk_lsh[2] - 1) + 1));

#pragma omp parallel for
for (int k = 0; k < cctk_lsh[2]; k++)

for (int j = 0; j < cctk_lsh[1]; j++)
for (int i = 0; i < cctk_lsh[0]; i++) {

int index = CCTK_GFINDEX3D(cctkGH, i, j, k);
CCTK_REAL xx = gamma*(x[index] - pos[0]);
CCTK_REAL yy = y[index] - pos[1], zz = z[index] - pos[2];
CCTK_REAL r = ISO_R(xx, yy, zz);
CCTK_REAL R = gsl_spline_eval(spline, r, acc);
CCTK_REAL alpha = TRUMPET_ALPHA(R);

long double r2 = SQR(r);
long double R2 = SQR(R);
long double b2 = SQR(boost_velocity);

kxx[index] = K_11(xx, yy, zz, R, r, boost_velocity, MASS, alpha);
kyy[index] = K_22(xx, yy, zz, R, r, boost_velocity, MASS, alpha);
kzz[index] = K_33(xx, yy, zz, R, r, boost_velocity, MASS, alpha);
kxy[index] = K_12(xx, yy, zz, R, r, boost_velocity, MASS, alpha);
kxz[index] = K_13(xx, yy, zz, R, r, boost_velocity, MASS, alpha);
kyz[index] = K_23(xx, yy, zz, R, r, boost_velocity, MASS, alpha);

gxx[index] = (-SQR(R/r) +
b2*(-SQR(TRUMPET_CONST/R2) + SQR(alpha)) +
2*boost_velocity*TRUMPET_CONST*xx/(R*r2)) /
(b2 - 1);

gyy[index] = SQR(R/r);
gzz[index] = SQR(R/r);
gxy[index] = -((boost_velocity*TRUMPET_CONST*yy) /

(sqrt(1 - b2)*r2*R));
gxz[index] = -((boost_velocity*TRUMPET_CONST*zz) /

(sqrt(1 - b2)*r2*R));
}

free(r_iso);
free(r_areal);
gsl_interp_accel_free(acc);
gsl_spline_free(spline);

}

void trumpet_lapse(CCTK_ARGUMENTS)
{

DECLARE_CCTK_ARGUMENTS;
DECLARE_CCTK_PARAMETERS;

double gamma = 1.0/sqrt(1.0 - SQR(boost_velocity));

106



gsl_interp_accel *acc;
gsl_spline *spline;

double *r_iso, *r_areal;
CCTK_INT size;

get_r_tables(&r_iso, &r_areal, &size, cctk_dim);

spline = gsl_spline_alloc(gsl_interp_cspline, size);
gsl_spline_init(spline, r_iso, r_areal, size);
acc = gsl_interp_accel_alloc();

#pragma omp parallel for
for (int k = 0; k < cctk_lsh[2]; k++)

for (int j = 0; j < cctk_lsh[1]; j++)
for (int i = 0; i < cctk_lsh[0]; i++) {

int index = CCTK_GFINDEX3D(cctkGH, i, j, k);
CCTK_REAL xx = gamma*(x[index] - pos[0]);
CCTK_REAL yy = y[index] - pos[1], zz = z[index] - pos[2];
CCTK_REAL r = ISO_R(xx, yy, zz);
CCTK_REAL R = gsl_spline_eval(spline, r, acc);
CCTK_REAL alpha = TRUMPET_ALPHA(R);

long double r2 = SQR(r);
long double R2 = SQR(R);
long double b2 = SQR(boost_velocity);

alp[index] = alpha * R2 * R *
sqrt((b2 - 1) /

(SQR(alpha)*b2*r2*R2*R2 -
SQR(R2*R - boost_velocity*TRUMPET_CONST*xx)));

}
free(r_iso);
free(r_areal);
gsl_interp_accel_free(acc);
gsl_spline_free(spline);

}

void trumpet_shift(CCTK_ARGUMENTS)
{

DECLARE_CCTK_ARGUMENTS;
DECLARE_CCTK_PARAMETERS;

double gamma = 1.0/sqrt(1.0 - SQR(boost_velocity));

gsl_interp_accel *acc;
gsl_spline *spline;

double *r_iso, *r_areal;
CCTK_INT size;

get_r_tables(&r_iso, &r_areal, &size, cctk_dim);

spline = gsl_spline_alloc(gsl_interp_cspline, size);
gsl_spline_init(spline, r_iso, r_areal, size);
acc = gsl_interp_accel_alloc();

#pragma omp parallel for
for (int k = 0; k < cctk_lsh[2]; k++)

for (int j = 0; j < cctk_lsh[1]; j++)
for (int i = 0; i < cctk_lsh[0]; i++) {

int index = CCTK_GFINDEX3D(cctkGH, i, j, k);
CCTK_REAL xx = gamma*(x[index] - pos[0]);
CCTK_REAL yy = y[index] - pos[1], zz = z[index] - pos[2];
CCTK_REAL r = ISO_R(xx, yy, zz);
CCTK_REAL R = gsl_spline_eval(spline, r, acc);
CCTK_REAL alpha = TRUMPET_ALPHA(R);

long double r2 = SQR(r);
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long double R2 = SQR(R);
long double b2 = SQR(boost_velocity);
long double a2 = SQR(alpha);

betax[index] = -((a2*boost_velocity*r2*R2*R2 +
TRUMPET_CONST*R2*R*xx +
b2*TRUMPET_CONST*R2*R*xx -
boost_velocity*(R2*R2*R2 +

SQR(TRUMPET_CONST)*SQR(xx))) /
(a2*b2*r2*R2*R2 -
SQR(R2*R - boost_velocity * TRUMPET_CONST*xx)));

betay[index] = (sqrt(1 - b2) * TRUMPET_CONST *
(-R2 * R + boost_velocity * TRUMPET_CONST * xx) * yy) /
(a2 * b2 * r2 * R2 * R2 -
SQR(R2*R - boost_velocity*TRUMPET_CONST*xx));

betaz[index] = (sqrt(1 - b2) * TRUMPET_CONST *
(-R2 * R + boost_velocity * TRUMPET_CONST * xx) * zz) /
(a2 * b2 * r2 * R2 * R2 -
SQR(R2 * R - boost_velocity * TRUMPET_CONST * xx));

}
free(r_iso);
free(r_areal);
gsl_interp_accel_free(acc);
gsl_spline_free(spline);

}
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Appendix C

Krets挀�mann scalar code

吀�e following appendix contains the source code for the Krets挀�mann thorn, whi挀�
calculates the Krets挀�mann scalar. It is a Mathematica [16] script that needs to be
converted to a Cactus thorn using the Kranc [56] tool.

SetEnhancedTimes[False];
SetSourceLanguage["C"];

prefix = "ML_";
thorn = prefix <> "Kretschmann";

Map [DefineTensor, {
g, gu, G, R, Km, trK, phi, gt, At, e4phi, Dphi, D2phi,
Gl, Riem, Riemu, K, Ku, CDK, CDKu, Kretsch, Dg, D2g
}

];

declaredGroups = {
SetGroupName[CreateGroupFromTensor[Kretsch], prefix <> "Kretschmann"]

};

declaredGroupNames = Map[First, declaredGroups];

extraGroups = {
{ "ML_BSSN::ML_metric", { gt11, gt12, gt13, gt22, gt23, gt33 } },
{ "ML_BSSN::ML_curv", { At11, At12, At13, At22, At23, At33 } },
{ "ML_BSSN::ML_trace_curv", { trK } },
{ "ML_BSSN::ML_log_confac", { phi } }

};

groups = Join[declaredGroups, extraGroups];

derivatives = {
PDstandardNth[i_] -> StandardCenteredDifferenceOperator[1,fdOrder/2,i],
PDstandardNth[i_,i_] -> StandardCenteredDifferenceOperator[2,fdOrder/2,i],
PDstandardNth[i_,j_] -> StandardCenteredDifferenceOperator[1,fdOrder/2,i] *

StandardCenteredDifferenceOperator[1,fdOrder/2,j]
};

PD = PDstandardNth;
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Map[AssertSymmetricIncreasing,
{ g[la, lb], K[la, lb], R[la, lb],
gt[la, lb], At[la, lb], D2phi[la, lb]}];

Map [AssertSymmetricIncreasing,
{ gu[ua, ub], gtu[ua, ub], Ku[ua, ub]}];

AssertSymmetricIncreasing [G[ua,lb,lc], lb, lc];
AssertSymmetricIncreasing [Gl[la,lb,lc], lb, lc];
AssertSymmetricIncreasing [Dg[la, lb,lc], la, lb];
AssertSymmetricIncreasing [CDK[la, lb, lc], la, lb];
AssertSymmetricIncreasing [CDKu[ua, ub, uc], ua, ub];
AssertSymmetricIncreasing [D2g[la, lb, lc, ld], la, lb];
AssertSymmetricIncreasing [D2g[la, lb, lc, ld], lc, ld];

kretschmannCalc =
{

Name -> thorn <> "_kretschmann",
Schedule -> Automatic,
Where -> Interior,
After -> "MoL_PostStep",
Shorthands -> {term1, term2, term3,

e4phi, Dphi[la], D2phi[la, lb], Dg[la, lb, lc],
D2g[la, lb, lc, ld], g[la, lb], gu[ua, ub],
Gl[la, lb, lc], G[ua, lb, lc],
Riem[la, lb, lc, ld], Riemu[ua, ub, uc, ud], R[la, lb],
K[la, lb], Km[ua, lb], Ku[ua, ub],
CDK[la, lb, lc], CDKu[ua, ub, uc]},

Equations -> {
e4phi -> IfThen[conformalMethod == 1, 1/phi^2, Exp[4 phi]],
Dphi[la] -> IfThen[conformalMethod == 1,

- PD[phi, la] / (2 phi ),
PD[phi, la]],

D2phi[la, lb] -> IfThen[conformalMethod == 1,
- 1/ (2 phi) (PD[phi, la, lb] -

PD[phi, la] PD[phi, lb] / phi),
PD[phi, la, lb]],

Dg[la, lb, lc] -> e4phi * (4 Dphi[lc] gt[la, lb] + PD[gt[la, lb], lc]),
D2g[la, lb, lc, ld] -> e4phi * (4 gt[la, lb] (4 Dphi[lc] Dphi[ld] +

D2phi[lc, ld]) +
4 Dphi[lc] PD[gt[la, lb], ld] +
4 Dphi[ld] PD[gt[la, lb], lc] +
PD[gt[la, lb], lc, ld]),

g[la, lb] -> e4phi gt[la, lb],
gu[ua, ub] -> MatrixInverse[g[ua, ub]],

Gl[la, lb, lc] -> 1/2 (Dg[la, lb, lc] + Dg[la, lc, lb] - Dg[lb, lc, la]),
G[ua, lb, lc] -> gu[ua, ud] Gl[ld, lb, lc],

Riem[la, lb, lc, ld] -> 1/2 (D2g[la, ld, lb, lc] + D2g[lb, lc, la, ld] -
D2g[lb, ld, la, lc] - D2g[la, lc, lb, ld]) +

Gl[le, la, ld] G[ue, lb, lc] -
Gl[le, la, lc] G[ue, lb, ld],

(*
* kranc properly zeroes the zero-from-antisymmetry terms from Riemann above,
* but fails to do so when raising indices;
* therefore indicate the (anti)symmetries explicitly.
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* results in much faster code
*)
Riemu[ua, ub, uc, ud] -> gu[ua, ue] gu[ub, uf] gu[uc, ug] gu[ud, uh]

1/4 (Riem[le, lf, lg, lh] - Riem[lf, le, lg, lh] -
Riem[le, lf, lh, lg] + Riem[lf, le, lh, lg]),

R[la, lb] -> gu[uc, ud] Riem[lc, la, ld, lb],

K[la, lb] -> e4phi At[la, lb] + 1/3 trK g[la, lb],
Km[ua, lb] -> gu[ua, uc] K[lc, lb],
Ku[ua, ub] -> gu[ub, uc] Km[ua, lc],

CDK[la, lb, lc] -> e4phi * (4 Dphi[lc] At[la, lb] + PD[At[la, lb], lc]) +
1/3 (PD[trK, lc] g[la, lb] + trK Dg[la, lb, lc]) -
G[ud, la, lc] K[ld, lb] - G[ud, lb, lc] K[ld, la],

CDKu[ua, ub, uc] -> gu[ua, ud] gu[ub, ue] gu[uc, uf] CDK[ld, le, lf],

term1 -> (Riem[la, lb, lc, ld] + K[la, lc] K[lb, ld] - K[la, ld] K[lb, lc])
(Riemu[ua, ub, uc, ud] + Ku[ua, uc] Ku[ub, ud] - Ku[ua, ud] Ku[ub, uc]),

term2 -> 8 (CDK[la, lb, lc] CDKu[ua, uc, ub] - CDK[la, lb, lc] CDKu[ua, ub, uc]),
term3 -> 4 gu[ua, uc] gu[ub, ud]

(R[la, lb] + trK K[la, lb] - K[la, le] Km[ue, lb])
(R[lc, ld] + trK K[lc, ld] - K[lc, le] Km[ue, ld]),

Kretsch -> term1 + term2 + term3
}

};

intParameters = {
{
Name -> conformalMethod,
Description -> "Treatment of conformal factor",
AllowedValues -> {{Value -> "0", Description -> "phi method"},

{Value -> "1", Description -> "W method"}},
Default -> 0

},
{
Name -> fdOrder,
Default -> 4,
AllowedValues -> {2, 4, 6, 8}

}
};

CreateKrancThornTT[ groups, ".", thorn,
Calculations -> { kretschmannCalc },
PartialDerivatives -> derivatives,
EvolutionTimelevels -> 3,
DeclaredGroups -> declaredGroupNames,
DefaultEvolutionTimelevels -> 3,
UseJacobian -> True,
UseLoopControl -> True,
UseVectors -> True,
IntParameters -> intParameters,
InheritedImplementations -> { "ML_BSSN" }

];
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