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1. Preface

Latin square is an n× n array, filled with n different symbols, such that each of
them occurs exactly once in each row and once in each column. By removing
some entries of a latin square, we get a partial latin square. If T1, T2 are two
latin squares, we can remove from both the cells containing the same symbol in
corresponding positions. This yields a pair of partial latin squares (P1, P2) called
a latin bitrade. A topological genus can be defined for a latin bitrade, we speak of
spherical latin bitrade if its genus is 0. Since latin squares naturally correspond
to operational tables of quasigroups, we can ask when some partial latin square
can be embedded into the operational table of a group. It was shown in [3] that
each spherical latin bitrade can be embedded into the operational table of some
finite Abelian group.
Each spherical latin bitrade can be equivalently represented by a spherical Eule-
rian triangulation ([1]). In this thesis, we will examine almost 6-regular spherical
Eulerian triangulations with algebraic structure corresponding to latin bitrades,
especially the Abelian groups they can be embedded into. In Chapter 2 we intu-
itively define combinatorial triangulations of sphere, define partial operation on
its vertices and show a brief introduction of how the embedding into an Abelian
group is constructed. Since the group is defined as finite presentation, we in-
troduce the Smith normal form algorithm and some of its applications. This
chapter also contains a direct proof of 3-colorability of planar Eulerian triangu-
lations. In Chapter 3 we provide several simple examples of triangulations and
groups they embed into, presenting some notation used further. Simple sequence
of triangulations is then shown to embed into cyclic groups and we present ex-
plicit formula for their orders. Chapter 4 examines some larger almost 6-regular
triangulations. We also construct a recursive formula for a specific class of trian-
gulations. Although the formula does not give an explicit description of groups
the triangulations embed into, we can show examples of how to extract some
basic data about their orders and torsion ranks.
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2. Preliminaries

2.1 Planar Eulerian triangulations

We will assume all further mentioned graphs to be finite, simple and connected.
Every planar graph can be embedded into the Euclidian plane in such way that its
edges intersect only at their common vertices. The complement of this embedding
in the plane is a finite union of connected components. Every component is
determined by its adjacent edges. The set of vertices which occurs in edges
adjacent to some component will be called a (combinatorial) face. Eulerian graph
is a graph in which every vertex has even degree. Planar Eulerian triangulation
(or spherical Eulerian triangulation) is a planar Eulerian graph embedded into
a plane with each face being a triangle (every face is then a set consisting of
three vertices). By stereographical projection we can consider such graph to be
embedded into a 2-sphere. Apparently, planar Eulerian triangulations can be
defined without defining the corresponding sphere in an explicit way, for more
details see texts about combinatorial topology (e.g. [5]). For the purpose of this
thesis our rather intuitive approach presented in this paragraph will be sufficient.
Planar Eulerian triangulations will be further regarded as a triple (V,E, F ) of its
vertices, edges and faces given by above mentioned construction.

Definition Let G be a graph. A path in G is a sequence of vertices of G such
that each vertex is adjacent in G to the next vertex of the sequence. We will
sometimes write a path as a sequence of adjacent edges. If P = (e1, e2, .., en) is
a path written as a sequence of edges, we say that the length of P is n. A path
with no repeated vertices is called a simple path. If a path starts and ends at the
same vertex we call it a cycle. A subpath of a path P is a path consisting of some
of the edges from P . If C is a cycle, a subcycle of C is a subpath of C which is a
cycle. Simple cycle is a cycle which does not contain any proper subcycles.

Definition Let G = (V,E, F ) be a planar graph. The dual graph G∗ =
(V ′, E ′, F ′) is a graph such that: V ′ = F, F ′ = V,E ′ = {{e, f} ⊂ F : e ∩ f ∈ E}.
It is easy to see that if T is a planar Eulerian triangulation, then T ∗ is simple,
planar and connected.

Proposition 1. If T is a planar Eulerian triangulation, then T ∗ is a bipartite
graph.

Proof. It is well known that a graph with no simple cycle of odd length is bipartite.
T ∗ is also a planar graph, so let us consider it embedded into the plane. Now if C
is a simple cycle in T ∗, it divides the plane into two components, outer and inner.
We select one of those components. Since T is Eulerian, each face in T ∗ consists
of even number of edges. We can merge two adjacent faces into a single face by
removing their common edges. The merged face also consists of even number of
edges. Merging subsequently all faces inside the selected component, we get a
single face consisting of edges of the simple cycle C. It follows that C is a simple
cycle of even length.
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In other words, Proposition 1 says that every planar Eulerian triangulation T
is face 2-colorable. If F = F1 ∪ F2 is bipartite partition of faces of T , we will call
faces in F1 black triangles and faces in F2 white triangles.

Euler’s Formula Let G = (V,E, F ) be a graph embedded into a closed ori-
entable surface S with topological genus g. The Euler characteristic of S is defined
as χ(S) = 2 − g. Suppose that each component of the complement of the em-
bedding of G in S is homeomorphic to an open disk. Then |V |−|E|+ |F | = χ(S).

For a proof of this classical result see [5].

Proposition 2. If T = (V,E, F ) is a planar Eulerian triangulation such that
every vertex in T has degree less than 8, then in T there are exactly six vertices
of degree 4, the rest of them has degree 6.

Proof. There is no vertex in T of degree 2, because every face is a triangle and
every two triangles in T have at most one common edge. So each vertex in T can
be only of degree 4 or 6. For every triangle in T let us count all of its edges, it
is easy to see that we have counted every edge exactly twice, thus 3|F | = 2|E|.
Sphere has Euler characteristic χ = 2, thus |V | − |E| + |F | = 2. From this we
conclude |E| = 3|V | − 6. It is also a trivial observation that:

|E| = 1

2

∑
v∈V

deg(v)

Together we have: ∑
v∈V

deg(v) = 6|V | − 12

Which proves this proposition.

Proposition 3. Every planar Eulerian triangulation is a 3-colorable graph.

The tripartite property of planar Eulerian triangulations will be necessary for
defining an algebraic structure on its vertices, which will be the central topic of
further text. We divide the proof into several steps.

Definition Let G be a planar graph, W be a path in G with no repeated edges
and w a vertex in W . We say that pairs of edges {e1, e2}, {f1, f2} form a crossroad
of path W in vertex w if:

• {e1, e2}, {f1, f2} form subpaths of W and central vertex of both is w.

• There is a planar ordering < of edges of graph G, such that e1 < f1 < e2 <
f2 in w.

Clearly, if w is a vertex, (e1, e2, e3, e4) a quadruple of different edges adjacent to
w and < a planar ordering of G such that e1 < e2 < e3 < e4 in w, then there exists
planar ordering with the same property for every quadruple (eπ(1), eπ(2), eπ(3), eπ(4)),
π ∈ D8. On the other hand, if π ∈ S4 \D8, then no such planar ordering exists.

Lemma 1. Let T = (V,E, F ) be a planar Eulerian triangulation. Then there is
an Eulerian cycle in T which does not contain crossroads.
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Proof. It is well known that Eulerian graphs contain Eulerian cycle. Let us choose
an arbitrary Eulerian cycle C in T . Suppose that C contains a crossroad formed
by subpaths (e1, e2), (f1, f2) in vertex v. Let us write C as a sequence of edges:

C = (g1, g2, ..., gn, e1, e2, h1, h2, ..., hm, f1, f2)

Define a new cycle in T :

C ′ = (g1, g2, ..., gn, e1, f1, hm, hm−1, ..., h1, e2, f2)

e1

e2

f1 f2

e1

e2

f1 f2

Clearly, C ′ is an Eulerian cycle in T and {e1, f1}, {e2, f2} do not form a cross-
road in C ′, because (23) /∈ D8. We claim that C ′ contains less crossroads then
C. The only vertex, where the number of crossroads differs between C and C ′ is
v. By our modification, we removed one crossroad in v, the only thing to show
is that we did not raise the crossroad count with other edges in v. Let {a, b} be
a pair of edges which form a subpath in C with center point v. Then there are
three possibilities:

• Suppose {a, b} does not form a crossroad with either {e1, e2} and {f1, f2}
in C. Then without loss of generality a < b < e1 < e2 and a < b < f1 < f2
(for some planar ordering of edges in vertex v). Then a < b < e1 < f1 and
a < b < e2 < f2 (or vice versa) and {a, b} does not form a crossroad with
{e1, f1} and {e2, f2} either.

• Suppose {a, b} formes a crossroad with {e1, e2} but not with {f1, f2} in
C. Then a < e1 < b < e2 and a < b < f1 < f2 (again, without loss of
generality). Then a < b < f1 < e2 (or vice versa), and a < e1 < b < f1.
Thus {a, b} forms a crossroad with {e1, f1} but not with {e2, f2}.

• If {a, b} is in a crossroad with both {e1, e2}, {f1, f2} in C then we clearly
did not raise the count of crossroads formed by those edges in C ′.

It follows that C ′ has less crossroads then C. By repeating this process, we can
get C∗, an Eulerian cycle in T with no crossroads.

Lemma 2. Let G = (V,E, F ) be a planar Eulerian graph such that all bounded
faces are triangles. Then |E| is divisible by 3.
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Proof. The minimal nonempty planar Eulerian graph with all bounded faces tri-
angular is simply a triangle, which contains 3 edges. Now suppose G has n > 3
edges. We create a new graph G1 by applying this modification on G:

• Select a triangle which contains an edge not contained in any other bounded
triangle of G (a triangle adjacent to the boundary of G).

• Remove the edges of the selected triangle.

• Remove all separated vertices.

Removing a triangle preserves planar and Eulerian property. Also all bounded
faces of G1 are triangles, because we removed a triangle adjacent to the boundary.
G1 has n − 3 edges. Any simple Eulerian graph contains at least one cycle of
length at least 3, it follows that G1 contains at least one triangle and has at
least 3 edges. By repeating the modification, we get graphs G1, G2, ..., Gi with
i minimal such that Gi has less than 4 edges. But from previous observation it
follows that Gi is a triangle, thus n is divisible by 3.

Proof of Proposition 3 By Lemma 1, we have an Eulerian cycle C in T with
no crossroads. Choose c0 ∈ C and an orientation of C. Then C can be written
as a sequence of vertices (v1 = c0, v2, v3, ..., vn = c0). We define γ : V → {0, 1, 2},
γ(vi) = i mod 3 and claim that this is a 3-coloring of T . Clearly, γ is well defined
if and only if whenever C ′ = (u,w1, w2, ..., wk, u) is a subcycle in C, then its length
(edge-wise) is divisible by 3. If γ is well defined, then since C is an Eulerian cycle,
for each edge {x, y} in T , γ(x) 6= γ(y) and γ is the desired 3-coloring of T .
Choose a vertex u in T . Note that C can be written as:

C = (u,w1, ..., wk1 , u, wk1+1, ..., wk2 , u, ......, u, wkm−1+1, ..., wkm , u),

1 ≤ k1 < k2 < ... < km,m > 1, wi 6= u, 1 ≤ i ≤ km

Define D = {D = (u,w1, w2, ..., wk, u) : D subcycle in C, k ∈ N, wi 6= u, 1 ≤ i ≤
k}. Cycles from D are pairwise edge-disjoint, simple and they can be ordered in
a way such that their concatenation forms C.
Let us denote by reg(E) the inner planar region of a cycle E (union of bounded
components E cuts out of the plane). We define a partial ordering � on D:

E,F ∈ D : E � F ⇐⇒ reg(E) ⊆ reg(F )

If E,F ∈ D then either E,F are comparable by � or reg(E)∩reg(F ) = ∅, because
C does not contain a crossroad. For each D ∈ D we define GD, an edge-disjoint
union of all cycles D′ ∈ D such that D′ � D. Note that GD as a subgraph of T
is an Eulerian graph. We will prove that for each D ∈ D, GD contains all edges
from T inside reg(D).
Choose D ∈ D. Suppose that there is an edge e ∈ C inside reg(D) which is not
contained in GD. Then there is a cycle E ∈ D which walks through e. There are
three possibilities:

• E � D. But then e is contained in GD.

• D � E. But then E cannot walk through e, which is inside reg(D).
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• D ∩ E = ∅. But then E cannot walk through e, which is inside reg(D).

We have that GD contains all edges from T inside reg(D). Then GD is a planar
Eularian graph with all bounded faces triangular. By Lemma 2, GD has count of
edges divisible by 3 for every D ∈ D.
For each D ∈ D, the number of edges in D is equal to the number of edges in
GD minus the number of edges of T inside reg(D). The subgraph of T inside
reg(D) is either an empty graph or an edge-disjoint union of GD1 , GD2 , ..., GDk

with D1, ..., Dk ∈ D, k ≥ 1. The cycles D1, ..., Dk are chosen as maximal in
(D,�) such that Di ≺ D, i ∈ {1, ..., k}. It follows that the number of edges in D
is divisible by 3.
Let C ′ = (u,w1, w2, ..., wk, u) be any subcycle in C. Clearly C ′ can be written
as an edge-disjoint union of cycles D1, D2, ..., Dl ∈ D. Thus the length of C ′ is
divisible by 3.

2.2 Embedding into Abelian groups

By Proposition 3, every planar Eulerian triangulation T = (V,E, F ) has partition
V = A1 ∪ A2 ∪ A3 by its 3-coloring. Then every black triangle a from T can be
written as a = (a1, a2, a3), a1 ∈ A1, a2 ∈ A2, a3 ∈ A3. This yields a partial
commutative operation ? on V by a1 ? a2 = a3. We will denote this structure by
(T, ?). Our goal is to examine Abelian groups this structure can be embedded
into.
In the same situation as in preceding paragraph, let us consider the free Abelian
group F (V ). Let N(V ) = 〈a1 + a2 + a3|(a1, a2, a3) black triangle in T 〉 be a
subgroup of F (V ). Its generators are the relations yielded by the abovementioned
partial operation on vertices of T . We define a group G(T ) = F (V )/N(V ).

Definition Let T = (V,E, F ) be a planar Eulerian triangulation and V =
A1 ∪ A2 ∪ A3 a partition of its vertices by a 3-coloring of T . Let K(+) be an
Abelian group and g : V → K a map. If for every black triangle (a1, a2, a3) in T :
g(a1) + g(a2) + g(a3) = 0, then we call g a group mapping.

Consider a map gT defined as:

gT : V → G(T ), gT (a) = a+N

The map gT is a group mapping and it has the following property:

Lemma 3. Suppose that T = (V,E, F ) is planar Eulerian triangulation, K is
an Abelian group and h : V → K is a group mapping. Then there is a group
homomorphism ϕ : G(T )→ K such that h = ϕgT .

Proof. Sice V is a free basis of F , h can be extended to homomorpishm ψ : F →
K. We would like to define ϕ(a+N) = ψ(a), if this definition is correct, then ϕ
is trivially a homomorphism and it has the desired property. If a = (a1, a2, a3)
is a black triangle in T then ψ(a1 + a2 + a3) = ψ(a1) + ψ(a2) + ψ(a3) = h(a1) +
h(a2) + h(a3) = 0. Thus N ⊂ Ker(ψ) and ϕ is well defined.
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Proposition 4. Let T be a planar Eulerian triangulation and a = (a1, a2, a3), b =
(b1, b2, b3) black triangles in T such that there exists i ∈ {1, 2, 3} : ai 6= bi. Then
there exists an Abelian group K and a group mapping h such that h(ai) 6= h(bi).

See [3] for proof of this statement.

Corollary 1. The group mapping gT is an embedding of (T, ?) into G(T ) for
every planar Eulerian triangulation T .

Proof. Let a = (a1, a2, a3) and b = (b1, b2, b3) be black triangles in T and i ∈
{1, 2, 3} such that ai 6= bi. By Proposition 5 we have group mapping h : V → K
with h(ai) 6= ϕ(bi). By Lemma 3, there is a group homomorphism ϕ : G(T )→ K
such that h = ϕgT . Because h distinguish ai and bi, so does gT .

Suppose that a = (a1, a2, a3) is a fixed black triangle in T. Let us define
H(T ) = 〈gT (ai) − gT (bi) : bi ∈ Ai, i ∈ {1, 2, 3}〉. Note that we would get the
same group if we let i ∈ {1, 2}, because gT [A3] is generated by 〈gT [A1], gT [A2]〉
in G(T ). Now we define group mapping fa : V → H(T ) separatly on A1, A2, A3:
fa(bi) = gT (ai) − gT (bi), i ∈ {1, 2, 3}. Note that fa(ai) = 0, i ∈ {1, 2, 3}. Group
mappings, for which there exists such black triangle are called normalized group
mappings. Also, from gT (bi) − gT (ci) = (gT (ai) − gT (ci)) − (gT (ai) − gT (bi)) it
follows that the group H(T ) is independent on the choice of a.

Proposition 5. Let T be a planar Eulerian triangulation, a = (a1, a2, a3) a black
triangle in T. Then fa is an embedding of (T, ?) into H(T ) and H(T ) is a finite
Abelian group. Furthermore, G(T )/H(T ) = Z2.

See [2] and [3] for proofs of these statements and much more comprehensive
theory of planar Eulerian triangulations and spherical bitrades. Since examina-
tion of H(T ) is the main topic of this thesis, we will sometimes call this group
just T .

2.3 Smith normal form

In further text we shall assume that all groups are Abelian. In previous section
we have defined H(T ), a finite group that T can be embedded into. By the
Fundamental theorem of Abelian groups every such group can be written in the
form: ⊕

1≤i≤N

Zdi , di ∈ N, di | di+1, i ∈ 1, 2, ..., N

We can look at H(T ) as a finite presentation G(T ), where three of its generators
were zeroed. So we will regard H(T ) also as a finite presentation F/R, where
F = F ({x1, ..., xn}) is a free group of finite rank and R = {w1, ..., wm} is a
finite set of words in {x1, ..., xn}. This situation can be captured by matrix
A = (aij)m×n, where aij ∈ Z is the coordinate at xj in the word wi.
For example F = F (x, y), R = {x+y, 2x−y} form a group presentation 〈x, y|x+
y, 2x− y〉 corresponding to the matrix:(

1 1
2 −1

)
8



Smith normal form algorithm allows as to convert such matrices to a special
diagonalized form, which corresponds to the same group presentation.

Proposition 6. Let A be a nonzero m× n matrix over Z. Then there exists two
invertible matrices Xm×m, Yn×n such that XAY =

d1 0 0 · · · 0
0 d2 0 · · · 0

0 0
. . . 0

... dr
...

0
. . .

0 · · · 0


and di | di+1 for i ∈ 1, 2, ..., r − 1. Such matrix is called the Smith normal form
of A. Furthermore, the numbers d1, d2, ..., dr are unique up to sign.

The proof of this proposition is the algorithm, which yields the Smith normal
form. For details about the algorithm and proof of its validity see [4], page 75-
79. For understanding the application of the Smith normal form (SNF) in this
thesis it is enough to realize, that following tranformations of the original A do
not change the presented group (they correspond to invertible integer matrices
X and Y ):

• Switching two rows or two columns of A.

• Multiplying a column or row of A by -1.

• Adding an integer multiple of any row (column) to another row (column).

The SNF algorithm uses exactly these three transformations. Suppose that A is a
square regular matrix. Simple observation is that applying any of the mentioned
transformations does not change the absolute value of the determinant, | det B| =
| det A|. If B = XAY , B corresponds to the same group presentation as A,
because X and Y are invertible (they provide an isomorphism between groups
presented by relations in A and B on the same set of generators). If the diagonal of
B does not contain any zeroes, then the group presented by matrixA is isomorphic
to the direct sum

⊕min(m,n)
i=1 Zdi . So the order of this group is the absolute value

of the product of diagonal entries of B, which is equal to | det B| = | det A|. We
have a result which will be used further:

Lemma 4. Let A be a square regular integer matrix. Suppose that G is a group
presented by n generators and relations given by matrix A. If G is finite, then its
order is | det A|.

Definition If A is a relation matrix presenting group G and B is the SNF of
A, we define the torsion rank of G to be the count of entries on the diagonal of
B other then 0,1,-1. Equivalently, the torsion rank of G is min{k ∈ N, T (G) '⊕k

i=1 Zdi , di > 1}, where T (G) is the torsion subgroup of G.
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Now suppose that all entries of A are divisible by k ∈ N, k > 1. It is easy
to see that steps of the SNF algorithm preserve this property of A. If the group
with presentation corresponding to matrix A is finite, then the matrix B given
by applying the SNF algorithm on A has no zeroes on its diagonal. By the as-
sumption, all entries in B are divisible by k, thus all entries on the diagonal of B
are nonzero multiples of k. We have following result:

Lemma 5. If A is an m × n relation matrix presenting a finite group G with
all entries divisible by k > 1, then G has torsion rank min(m,n). Furthemore,

G =
⊕min(m,n)

i=1 Zdi, where di = jik, ji 6= 0, i ∈ {1, 2, ...,min(m,n)}.

This lemma can be inverted. Let A be a m × n relation matrix presenting a
finite group with torsion rank min(m,n) and B = (bij) the SNF of A. It follows
that k = |bij| > 1 divides all entries of B (by definition of SNF), thus it divides
all entries of A.
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3. Introduction and simple
examples

In this chapter, we introduce certain kind of hexagonal triangulations of our
interest. The main condition that our hexagonal triangulation has to fulfil is the
almost 6-regularity in the sense of Proposition 2 of previous chapter, all vertices in
the triangulation have degree less then 8. Such triangulation is 6-regular except
for 6 vertices. The area of our investigation is one special kind of almost 6-
regular spherical triangulations, in this thesis called hexagonal triangulations. It
is notable that classification of almost 6-regular spherical triangulations has not
been completely done, as far as we know.

3.1 Hexagonal triangulations

We will describe construction of special class of examples of spherical Eulerian
triangulations. Suppose that we have a triangulation of a hexagon in the plane
such that:

• It is almost a planar triangulation in the sense that all bounded faces are
triangles.

• Every vertex inside the hexagon has degree 6.

In the rest of the thesis we will refer to such objects as hexagonal triangulations.
From hexagonal triangulation we can construct planar Eulerian triangulation by
taking two copies of the same hexagonal triangulation, consider them triangula-
tions of half-spheres and glue them together around their boundaries by identi-
fying corresponding vertices on their boundaries. Note that the six vertices of
degree 4 are exactly the identified corners of the hexagons. Example:

1

2

34

5

6 1

2

34

5

6

Figure 3.1: Vertices with the same number will be identified.

We will often identify hexagon triangulations with the provided planar Euleri-
an triangulation. The next step is to find some simple description of hexagon tri-
angulations. Our 6-regularity condition on the inner region of the hexagon allows
us to regard these triangulations as cut-outs of an infinite planar 6-homogenous
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graph, embedded into plane in regular way, such that the boundary is a hexagon,
as seen in this picture:

Figure 3.2: Example of how hexagonal triangulation embedds into infite regular-
drawn planar 6-homogenous graph.

We can represent every hexagon triangulation in this regular way. Now we see
that these objects possess three fundamental directions −, /, \. By choosing one
of them, we can visualize the triangulation to be composed of certain number of
“rows“, each associated with the count of “nodes“ in this row, as shown in this
picture:

3 nodes

2 nodes

1 node

Figure 3.3: This triangulation would be described as Hex(3, 2, 1).
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We choose the vertical direction − and describe each triangulation by the
sequence Hex(n1, n2, n3, ..., nm), where m is the count of rows and ni is the count
of nodes in i-th row. It is easy to see that hexagonal triangulation rotated by
multiple of sixty degrees will yield the same planar Eulerian triangulation. For
example Hex(1, 2) provides the same triangulation as Hex(2, 1). Hexagonal tri-
angulation determined by Hex(n1, n2, n3, ..., nm) is unique up to this rotation.
Observe that the sequences (n1, n2, ..., nm) for which Hex(n1, n2, n3, ..., nm) is a
well defined hexagonal triangulation are given by these three rules:

• |ni+1 − ni| ≤ 1, i ∈ {1, 2, ...,m− 1}

• ni+1 − ni = −1 =⇒ ni+2 − ni+1 = −1, i ∈ {1, 2, ...,m− 2}

• ni+1 − ni = 0 =⇒ ni+2 − ni+1 6= 1, i ∈ {1, 2, ...,m− 2}

We now present two examples of how H(T ) of a particular hexagonal triangulation
T can be computed. The reason for showing this process on simple examples is
twofold, it will provide better insight of how H(T ) is computed in our class
of triangulations and it will be an appropriate opportunity to introduce some
notation which will be used in further chapters.

1. T = Hex(1)
Let us denote vertices of T in this manner:

(1, 1) (2, 1)

(1, 2) (2, 2); (2, 2)′ (3, 2)

(1, 3) (2, 3)

By (2, 2)′ we mean the vertex corresponding to (2, 2) in the other halfsphere.
From now on, the comma will always denote corresponding vertex in the
other halfsphere, this notation will allow as to work in single hexagonal
triangulation picture. If v is a vertex from boundary of the hexagon, then
v′ = v.
Let us choose the black triangle {(1, 1), (1, 2), (2, 2)′} to be the zero triangle
(the picture may cause some confusion here, keep in mind that this triangle
is in the back halfsphere and is in fact black). We rename x = (1, 3) claiming
that this vertex is the only generator we will need. By the definition,
calculations in H(T ) are determined exactly by this equation:
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• If {a1, a2, a3} is a black triangle in T , then a1 = −a2 − a3.

From this follows that: (2, 2) = −x then (2, 1) = x, (2, 3) = −x and finally
(3, 2) = 2x, (3, 2)′ = −x. We see that x was the only generator we needed
to express all vertices of T . Since (3, 2) = (3, 2)′ we have that 3x = 0 and
it is the only relation given, thus H(T ) = 〈x | x = 3〉 = Z3.

2. T = Hex(2, 1) We denote vertices of T by the same notation as in previous
example:

(1, 1) (2, 1) (3, 1)

(1, 2) (2, 2); (2, 2)′ (3, 2); (3, 2)′ (4, 2) = (4, 2)′

(1, 3) (2, 3); (2, 3)′ (3, 3) = (3, 3)′

(1, 4) (2, 4)

As in the first example, {(1, 1), (1, 2), (2, 2)′} will be the zeroed triangle. We
rename vertices x = (1, 3), y = (1, 4), those will be all needed generators.
The rest is a calculation:

(2, 2) = −0 − x = −x, (2, 1) = −0 + x = x, (2, 3) = −x − y, (3, 2) =
x− (−x− y) = 2x+ y, (3, 1) = −x− 2x− y = −3x− y, (2, 3)′ = −0− x =
−x, (2, 4) = −y − (−x) = −y + x, (3, 2)′ = −0 − x = −x, (3, 3) = −(−y +
x)− (−x− y) = 2y, (3, 3)′ = −(−x)− (−x) = 2x, (4, 2) = −2y− (2x+ y) =
−2x− 3y, (4, 2)′ = −(−x)− (−3x− y) = 4x+ y

Because (3, 3) = (3, 3)′, (4, 2) = (4, 2)′, we have that 2x = 2y,−2x − 3y =
4x+y, thus the relations determining H(T ) are w1 = 2x−2y, w2 = −6x−4y.
Now we use the SNF algorithm:(

2 −2
−6 −4

)
∼
(

2 −2
0 −10

)
∼
(

2 0
0 −10

)
∼
(

2 0
0 10

)
So H(T ) = Z2 × Z10. As will be shown in further chapters, this is the
“smallest“ hexagonal triangulation which cannot be embedded into a cyclic
group.

3.2 Simple sequence of hexagonal triangulations

Perhaps the simplest sequence of hexagonal triangulations is {Hex(n)}n∈N. Our
goal is to examine groups H(Hex(n)), we will show that such groups are cyclic
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and construct a recursion formula on their orders. First, let us denote vertices of
Hex(n) this way:

(1, 1) (2, 1) (3, 1)

(1, 2) (2, 2); (2, 2)′ (3, 2); (3, 2)′ (4, 2); (4, 2)′

(1, 3) (2, 3) (3, 3)

(n, 1) (n+ 1, 1)

(n, 2); (n, 2)′ (n+ 1, 2); (n+ 1, 2)′ (n+ 2, 2) = (n+ 2, 2)′

(n, 3) (n+ 1, 3)

As in examples in previous section, {(1, 1), (1, 2), (2, 2)′} will be our choice of
the zeroed triangle and x = (1, 3) will be the generator which we want to show
to be the only needed generator. For lucidity, we will introduce this notation:

• [n,m] = (n,m)− (n,m)′

The idea is to prove that the single relation determining H(Hex(n)) is [n + 2, 2]
and find a recursion. We will prove this by induction, the initial step of this
induction is shown in previous section as example 1).
Suppose that Hex(n) is generated by x, and the only relation given by compu-
tation is [n + 2, 2]. Then we suppose that (n + 2, 2), (n + 2, 2)′ are two different
vertices and append vertices (n+ 2, 1), (n+ 3, 2), (n+ 2, 3) in order to “lengthen“
this hexagonal triangulation to Hex(n + 1) (See Fig 3.4). This shows, that all
values (x-coordinates) at vertices from Hex(n) remains the same in Hex(n+ 1).

(1, 1) (2, 1) (3, 1)

(1, 2) (2, 2); (2, 2)′ (3, 2); (3, 2)′ (4, 2); (4, 2)′

(1, 3) (2, 3) (3, 3)

(n, 1) (n+ 1, 1) (n+ 2, 1)

(n, 2); (n, 2)′ (n+ 1, 2); (n+ 1, 2)′ (n+ 2, 2); (n+ 2, 2)′ (n+ 3, 2) = (n+ 3, 2)′

(n, 3) (n+ 1, 3) (n+ 2, 3)

Figure 3.4: We “open“ the triangulation by distinguishing (n+2,2) and (n+2,2)’
and then add the three vertices on the right, lengthening Hex(n) to Hex(n+ 1).

Then we express:

(n+ 2, 1) = −(n+ 1, 1)− (n+ 2, 2)

(n+ 2, 3) = −(n− 1, 3)− (n+ 2, 2)′

(n+ 3, 2) = −(n+ 2, 3)− (n+ 2, 2)

(n+ 3, 2)′ = −(n+ 2, 2)′ − (n+ 2, 1)
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This shows that appended vertices in Hex(n + 1) can be expressed from the
previous vertices, thus all vertices in Hex(n + 1) are generated by x. Now we
have:

[n + 3, 2] = (n + 3, 2) − (n + 3, 2)′ = −(n + 2, 2) − (n + 2, 3) + (n + 2, 2)′ +
(n + 2, 1) = −[n + 2, 2] + (n + 1, 3) + (n + 2, 2)′ − (n + 1, 1) − (n + 2, 2)′ =
−2[n+2, 2]−(n+2, 2)−(n+1, 2)+(n+2, 2)′+(n+1, 2)′ = −3[n+2, 2]− [n+1, 2]

We have the desired recursion. In other words, if Wn is the word correspond-
ing to the single relation forming Hex(n), then Wn = −3Wn−1 − Wn−2, where
W0 = −x,W1 = 3x (see example 1) in previous section). We will treat Wn as a
sequence of integers, the coordinates of generator x. Thus On = |Wn| is precisely
the sequence of orders of cyclic groups H(Hex(n)). It follows easily by induction
that W2n < 0,W2n+1 > 0, n ≥ 0, so we have:

On+2 = |Wn+2| = (−1)n(3Wn+1 +Wn), n ≥ 0

Since O0 = −W0, O1 = W1:

|On+2| = (−1)n(−1)n(3On+1 −On) = 3On+1 −On

We prove that {On} is a sequence of odd elements of the Fibonacci sequence. Let
{Fn} denote the Fibonacci sequence:

F2n+4 = F2n+3 + F2n+2 = 3F2n+2 − F2n

On = F2n+1

By standard methods we can express On = |H(Hex(n))| by an explicit formula:

On =
1

10
((5− 3

√
5)(

1

2
(3−

√
5))n + (5 + 3

√
5)(

1

2
(3 +

√
5))n)

Using well known properties of Fibonacci sequence we can get asymptotic esti-
mate of order of |H(Hex(n))|:

On+1

On

=
F2n+3

F2n+1

=
F2n+2

F2n+1

+ 1→ ϕ+ 1

|H(Hex(n))| ∼ (ϕ+ 1)n
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4. Recursive formulas

We will present recursive formulas for the defining relations of groups

Hex(n1, n2, ..., nm−1), ni = n, i ∈ {1, 2, ...,m− 1}

extending the formula for Hex(n) from previous chapter to hexagonal triangula-
tion with m − 1 rows, m > 1. We will show that these formulas will also work
for Hex(n1, n2, ..., nm−1), n = n1 ≥ n2 ≥ n3... ≥ nm−1 ≥ 1, if such sequence
determines a hexagonal triangulation. This will not exhaust all hexagonal trian-
gulations, for example Hex(2, 3, 2) is a hexagonal triangulation of a different kind.
The hexagonal triangulations for which we will construct recursive formulas have
a common property, all their generators can be chosen in a way so they lie on one
side of the boundary hexagon. This property will be needed in construction of
recursions in this chapter. Using the same approach to construct similar recursion
on remaining kinds of hexagonal triangulations would need some modifications
and we will leave this topic uncovered in this thesis.

Notation In order to simplify our notation, we define following shortcuts:

• [n]m = (n1, n2, ..., nm), n = n1 = n2 = ... = nm

• [n]+ = (n, n− 1, n− 2, ..., 2, 1)

4.1 Recursive formula for Hex[n]m−1

For a fixed integer m > 1 we will denote the vertices in Hex[n]m−1 (m−1 rows each
containing n nodes) this way (as in previous chapter, we will construct induction
step on n by distunguishing vertices (n+ 2, j), (n+ 2, j)′ and appending vertices
from Hex[n+ 1]m−1):

(1, 1) (2, 1) (3, 1)

(1, 2) (2, 2);

(2, 2)′
(3, 2);

(3, 2); (4, 2)′
(4, 2)′

(1, 3) (2, 3);

(2, 3)′
(3, 3);

(3, 3)′
(4, 3);

(4, 3)′

(1, 4) (2, 4);

(2, 4)′
(3, 4);

(3, 4)′
(4, 4);

(4, 4)′

(n− 1, 1) (n, 1) (n+ 1, 1) (n+ 2, 1)

(n, 2);

(n, 2)′
(n+ 1, 2);

(n+ 1, 2)′
(n+ 2, 2);

(n+ 2, 2)′
(n+ 3, 2) = (n+ 3, 2)′

(n, 3);

(n, 3)′
(n+ 1, 3);

(n+ 1, 3)′
(n+ 2, 3);

(n+ 2, 3)′
(n+ 3, 3) = (n+ 3, 3)′

(n, 4);

(n, 4)′
(n+ 1, 4);

(n+ 1, 4)′
(n+ 2, 4);

(n+ 2, 4)′
(n+ 3, 4) = (n+ 3, 4)′

(1,m− 1) (2,m− 1);

(2,m− 1)′
(3,m− 1);

(3,m− 1)′
(4,m− 1);

(4,m− 1)′

(1,m) (2,m);

(2,m)′
(3,m);

(3,m)′
(4,m);

(4,m)′

(1,m+ 1) (2,m+ 1) (3,m+ 1) (4,m+ 1)

(n,m− 1);

(n,m− 1)′
(n+ 1,m− 1);

(n,m− 1)′
(n+ 2,m− 1);

(n+ 1,m− 1)′
(n+ 3,m− 1) = (n+ 2,m− 1)′

(n,m);

(n,m)′
(n+ 1,m);

(n+ 1,m)′
(n+ 2,m);

(n+ 2,m)′
(n+ 3,m) = (n+ 3,m)′

(n,m+ 1) (n+ 1,m+ 1) (n+ 2,m+ 1)
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As in the previous chapter, [i, j] = (i, j)−(i, j)′. We suppose n ≥ m−1, which
will ensure existence of vertices needed in further calculations. We will show by
induction, that if we choose {(1, 1), (1, 2), (2, 2)′} to be the zeroed black triangle
and Gm−1 = {(1, 3), (1, 4), ..., (1,m+ 1)} to be the set of generators (supposing it
contains all needed generators), then the words [n+ 2, 2], [n+ 2, 3], ..., [n+ 2,m]
provide exactly the relations defining H(Hex[n]m−1). We will also get the desired
recursive formula for those relations.
In order to make further calculations more clear, we provide several equations
valid in Hex[n+ 1]m−1 for reference:

• (i, j) = −(i+ 1, j − 1)− (i, j − 1), 1 < i < n+ 3, 2 < j < m+ 2

• (i, j) = −(i− 1, j)− (i− 1, j + 1), 1 < i < n+ 4, 1 < j < m+ 1

• (i, j)′ = −(i− 1, j + 1)′ − (i, j + 1)′, 1 < i < n+ 4, 1 < j < m+ 1

• (i, j)′ = −(i− 1, j)′ − (i, j − 1)′, 1 < i < n+ 4, 2 < j < m+ 2

• (i, 1) = −(i− 1, 1)− (i, 2), 0 < i < n+ 3

• (i,m+ 1) = −(i− 1,m+ 1)− (i,m)′, 0 < i < n+ 3

For l ∈ {0, 1, 2, ...,m− 2}:

[n+3,m− l] = (n+3,m− l)−(n+3,m− l)′ = −(n+2,m− l)−(n+2,m− l+1)+

+(n+2,m−l)′+(n+3,m−l−1)′ = −[n+2,m−l]+
l−1∑
j=0

(−1)j(n+1−j,m−l+1+j)+

+(−1)l−1(n−l+2,m+1)+
m−l−3∑
j=0

(−1)j+1(n+2,m−l−1−j)′+(−1)m−l(n+2, 1) =

= −[n+2,m−l]+
l−1∑
j=0

(−1)j(n+1−j,m−l+1+j)+
m−l−3∑
j=0

(−1)j+1(n+2,m−l−1−j)′+

+(−1)l((n− l+ 1,m+ 1) + (n− l+ 2,m)′) + (−1)m−l+1((n+ 1, 1) + (n+ 2, 2)) =

−[n+ 2,m− l] + (−1)l−1[n− l + 2,m] + (−1)m−l+1[n+ 2, 2]+

+
l−1∑
j=0

(−1)j(n+ 1− j,m− l + 1 + j) +
m−l−3∑
j=0

(−1)j+1(n+ 2,m− l − 1− j)′+

+(−1)l+1(n− l + 1,m) + (−1)m−l(n+ 1, 2)′

The last two vertices in previous expression can be further rewritten as:

(−1)l+1(n− l+ 1,m) + (−1)m−l(n+ 2, 2)′ =
m−l−3∑
j=0

(−1)j+l(n− l+ 2,m− 1− j)+

+(−1)m−1(n−l+1, l+2)+
l−1∑
j=0

(−1)m−l+1+j(n+1−j, 3+j)′+(−1)m(n−l+1, l+2)′ =
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= (−1)m−1[n− l + 1, l + 2] +
m−l−3∑
j=0

(−1)j+l(n− l + 2,m− 1− j)+

+
l−1∑
j=0

(−1)m−l+1+j(n+ 1− j, 3 + j)′

Together we have:

[n+ 3,m− l] = −[n+ 2,m− l] + (−1)l−1[n− l + 2,m]+

+(−1)m−l−1[n+ 2, 2] + (−1)m−1[n− l + 1, l + 2]+

+
l−1∑
j=0

(−1)j(n+ 1− j,m− l + 1 + j) +
m−l−3∑
j=0

(−1)j+l(n− l + 2,m− 1− j)+

+
l−1∑
j=0

(−1)m−l+1+j(n+ 1− j, 3 + j)′ +
m−l−3∑
j=0

(−1)j+1(n+ 2,m− l − 1− j)′

We define MIN = min(l− 1,m− l− 3). Following observations will be used
in the last part of calculations:

• (i, j) = (−1)N
∑N

k=0

(
N

k

)
(i+ k, j −N)

• (i, j)′ = (−1)N
∑N

k=0

(
N

k

)
(i−N + k, j +N)

The sums can be then rearranged and recalculated in this way:

l−1∑
j=0

(−1)j(n+ 1− j,m− l + 1 + j) +
m−l−3∑
j=0

(−1)j+l(n− l + 2,m− 1− j)+

+
m−l−3∑
j=0

(−1)j+1(n+ 2,m− l − 1− j)′ +
l−1∑
j=0

(−1)m−l+1+j(n+ 1− j, 3 + j)′ =

=
MIN∑
j=0

(−1)j(n+ 1− j,m− l + 1 + j) +
MIN∑
j=0

(−1)j+1(n+ 2,m− l − 1− j)′+

+
m−l−3∑
j=l

(−1)j+1(n+ 2,m− l − 1− j)′ +
m−l−3−l∑
j=0

(−1)j+l(n− l + 2,m− 1− j)+

+

l−1−(m−l−2)∑
j=0

(−1)m−l+1+j(n+1−j, 3+j)′+
l−1∑

j=m−l−2

(−1)j(n+1−j,m− l+1+j)+

+
m−l−3∑

j=(m−l−3)−MIN

(−1)j+l(n−l+2,m−1−j)+
l−1∑

j=(l−1)−MIN

(−1)m−l+1+j(n+1−j, 3+j)′ =

=
MIN∑
j=0

(−1)j(−1)j+1

j+1∑
k=0

(
j + 1

k

)
(n+ 1− j + k,m− l)+
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+
MIN∑
j=0

(−1)j(−1)j+2

j+1∑
k=0

(
j + 1

k

)
(n+ 1− j + k,m− l)′+

+
m−l−3∑
j=l

(−1)j+1(−1)l+1

l∑
k=0

(
l

k

)
(n− l + 2 + k,m− j − 1)+

+
m−l−3∑
j=l

(−1)j(−1)l+1

l∑
k=0

(
l

k

)
(n− l + 2 + k,m− j − 1)′+

+
l−1∑

j=m−l−2

(−1)j(−1)m−l−2
m−l−2∑
k=0

(
m− l − 2

k

)
(n+ 1− j + k, j + 3)+

+
l−1∑

j=m−l−2

(−1)j+1(−1)m−l−2
m−l−2∑
k=0

(
m− l − 2

k

)
(n+ 1− j + k, j + 3)′+

+
0∑

j=−MIN

(−1)m+j(n− l+2−j, l+2+j)′+
0∑

j=−MIN

(−1)m−3+j(n− l+2, l+2−j) =

= −
MIN∑
j=0

j+1∑
k=0

(
j + 1

k

)
[n+1−j+k,m−l]+

m−l−3∑
j=l

(−1)j+l
l∑

k=0

(
l

k

)
[n−l+2+k,m−j−1]+

+
l−1∑

j=m−l−2

(−1)m−l+j
m−l−2∑
k=0

(
m− l − 2

k

)
[n+ 1− j + k, j + 3]+

+
MIN∑
j=0

(−1)m+j(n− l + 2, l + 2− j)′ +
MIN∑
j=0

(−1)m+j+1(n− l + 2, l + 2 + j) =

= −
MIN∑
j=0

j+1∑
k=0

(
j + 1

k

)
[n+1−j+k,m−l]+

m−l−3∑
j=l

(−1)j+l
l∑

k=0

(
l

k

)
[n−l+2+k,m−j−1]+

+
l−1∑

j=m−l−2

(−1)m−l+j
m−l−2∑
k=0

(
m− l − 2

k

)
[n+ 1− j + k, j + 3]+

+(−1)m+1

MIN∑
j=0

j∑
k=0

(
j

k

)
[n− l + 2 + k, l + 2]

Result If vertices in hexagonal triangulation Hex[n+ 1]m−1,m > 1, n ≥ m− 1
are denoted as above, then following formula holds for l ∈ {0, 1, 2, ...,m− 2}:

[n+ 3,m− l] = −[n+ 2,m− l] + (−1)l−1[n− l + 2,m] + (−1)m−l−1[n+ 2, 2]+

+(−1)m−1[n− l + 1, l + 2]−
min(l−1,m−l−3)∑

j=0

j+1∑
k=0

(
j + 1

k

)
[n+ 1− j + k,m− l]+

+
m−l−3∑
j=l

(−1)j+l
l∑

k=0

(
l

k

)
[n− l + 2 + k,m− j − 1]+
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+
l−1∑

j=m−l−2

(−1)m−l+j
m−l−2∑
k=0

(
m− l − 2

k

)
[n+ 1− j + k, j + 3]+

+(−1)m+1

min(l−1,m−l−3)∑
j=0

j∑
k=0

(
j

k

)
[n− l + 2 + k, l + 2]

If hexagonal triangulation Hex[n]m−1 was generated by the vertices Gm−1 =
{(1, 3), (1, 4), ..., (1,m+1)} and its defining relations were [n+2, 2], [n+2, 3], ..., [n+
2,m], then the same set of vertices generates Hex[n+1]m−1 and the formula gives
its defining relations [n+ 3, 2], [n+ 3, 3], ..., [n+ 3,m].

Remark The hexagonal triangulation Hex[m− 1]m−1 is unnecessarily large for
functioning as a initial point for the recursive formula. By observing the compu-
tation of the formula it is easy to see that all the needed vertices in its process
are “inside“ the hexagon with corner vertices:

(n+3,m−l), (n+2, 1), (n−l+2,m+1), (n+1, 1), (n−l+1,m−1), (n−l+2, l+2)

The “pyramidal“ hexagonal triangulation Hex[m− 1]+ contains all those vertices
for every l ∈ {0, 1, 2, ...,m − 2}. We can consequently and correspondingly use
the recursive formula to expand Hex[m− 1]+ to Hex[m− 1]m−1 and then proceed
by expanding the triangulation further. For m > 1 the hexagonal triangulation
Hex[m− 1]+ is in certain sense the smallest which can be used as an initial point
for the recursion.
The same principle allows as to use the recursive formula on “nonrectangular“
sequences of hexagonal triangulations such as Hex(n + 1, n + 1, n), (n + 3, n +
2, n+ 1, n) etc.

4.2 Generators of Hex[m− 1]+

In previous section, we suggested that Hex[m−1]+ is suitable as an initial hexag-
onal triangulation for the recursive formula for sequence of hexagonal triangula-
tions with m− 1 rows. Let us denote vertices of Hex[n]+ in this manner:
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(1, 1) (2, 1) (3, 1) (n− 2, 1) (n− 1, 1) (n, 1) (n+ 1, 1)

(1, 2) (2, 2) (3, 2) (4, 2) (n− 1, 2) (n, 2) (n+ 1, 2) (n+ 2, 2)

(1, 3) (2, 3) (3, 3) (4, 3) (n− 1, 3) (n, 3) (n+ 1, 3)

(1, 4) (2, 4) (3, 4) (4, 4) (n− 1, 4) (n, 4)

(1, n− 1) (2, n− 1) (3, n− 1) (4, n− 1) (5, n− 1)

(1, n) (2, n) (3, n) (4, n)

(1, n+ 1) (2, n+ 1) (3, n+ 1)

(1, n+ 2) (2, n+ 2)

As usual in this text, if (i, j) is a vertex then (i, j)′ denotes the corresponding
vertex in the other halfsphere. Also the triangle (1, 1), (1, 2), (2, 2)′ is the zeroed
triangle. Let us prove the following proposition:

Proposition 7. For every n ∈ N, all vertices in the hexagonal triangulation
Hex[n]+ are generated by the set Gn = {(1, 3), (1, 4), ..., (1, n+ 2)}. Furthermore,
[n+ 2, 2], [n+ 1, 3], ..., [3, n+ 1] are precisely the defining relations of H(Hex[n]+).

Proof. We will prove that Gn generates the vertices of Hex[n]+ even if we distin-
guish pairs (n + 2, 2), (n + 2, 2)′; ...; (3, n + 1), (3, n + 1)′ by induction on n. For
n = 1 it holds (see example in Chapter 3).
Since (2, 2)′ = 0, we can express the vertices (2, 3)′, (2, 4)′, ..., (2, n+2)′ from (2, 2)′

and Gn. Also, (2, n + 1) = −(1, n + 1) − (1, n + 2). Now, for the vertices from
Hex[n− 1]+ inside Hex[n]+, we are in situation when we can apply the induction
hypothesis. It is because we assumed that vertices from Hex[n−1]+ are generated
by Gn−1 even if the vertices on the right side are distinguished. We have that all
the vertices from Hex[n− 1]+ inside Hex[n]+ are generated by Gn−1. The rest of
vertices is expressed in this way:

(3, n+ 1) = −(2, n+ 1)− (2, n+ 2)

(4, n) = −(3, n)− (3, n+ 1)

...
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(n+ 2, 2) = −(n+ 1, 3)− (n+ 1, 2)

(n+ 1, 1) = −(n, 1)− (n+ 1, 2)

(n+ 2, 2)′ = −(n+ 1, 1)− (n+ 1, 2)′

(n+ 1, 3)′ = −(n+ 1, 2)′ − (n, 3)′

...

(3, n+ 1)′ = −(3, n)′ − (2, n+ 1)′

We have that all the vertices from Hex[n]+ with the vertices (n + 2, 2), (n +
2, 2)′; ...; (3, n+ 1), (3, n+ 1)′ distinguished are generated by Gn, proving the first
part of the proposition. The last part of the proposition follows immidiately from
the induction step, we did not get any other defining relations.

An immediate corollary of this proposition is that also the vertices of every
hexagonal triangulation obtained by expanding Hex[m − 1]+ “to the right“ are
generated by Gm−1 and the relations are exactly the mentioned words. This
can be easily shown by applying the recursive formula from previous section (this
application is now correct) and using the same inductive argument. In particular,
for m > 1, n ≥ m − 1 the vertices of hexagonal triangulation Hex[n]m−1 are
generated by Gm−1.

Remark This easily implies that the groups H(Hex[n]m−1) are generated by
Gm−1, since the group is generated by the vertices. The group is not necessarily
generated minimally. For example, H(Hex(3, 3)) with generators x = (1, 3), y =
(1, 4) is defined by words 27x + 3y, 8x + 11y. Thus, y = 176x and the group is
generated just by x.
On the other hand, the vertices of these triangulations seem to be generated
minimally by Gm−1. If we omit (1, k), observe which vertices can be generated
by Gk−1 and Gm−1 \Gk. We do not provide a proof of this observation.

4.3 Modular arithmetic

Let us define Dn, n ∈ N, where Dn = Hex(n+1, n) for n odd and Dn = Hex(n, n)
for n even. We will demonstrate how recursive formula from this chapter can be
used to get some piece of information about H(Dn) by application of modular
arithmetic. Setting m = 3, l ∈ {0, 1}, the recursive formula gives:

[n+ 3, 2] = −2[n+ 2, 2] + 2[n+ 1, 3] + [n, 3]

[n+ 3, 3] = −2[n+ 2, 3] + 2[n+ 2, 2] + [n+ 1, 2]

The initial step of the recursion is Hex(2, 1). We adopt the notation from example
2) in previous chapter. If we define a sequence of words

{Wn}n∈N = ([2, 2], [2, 3], [3, 2], [3, 3], ..., [n, 2], [n, 3], [n+ 1, 2], [n+ 1, 3], ...)

(we serialize defining relation words in “zig-zag“ manner), we haveW1 = −x,W2 =
−y,W3 = 3x+ y,W4 = −2x+ 2y,W5 = −6x− 4y (see example 2) from previous
chapter). This serialization is compatible with the recursive formulas in the sense
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that Wn = −2Wn−2 +2Wn−3 +Wn−5. It follows that Wn+3,Wn+4 are the defining
relations for H(Dn). The formula for Wn is linear recurrence relation of degree 5,
thus the degree of the characteristic polynomial of this recurence is also 5. This
shows that computing explicit formulas for the defining relation words of Hex[n]m
for m > 2 by standard methods is unpractical or even impossible, since the degree
of these linear recurrence relations will raise with m. However, we will present a
simple way to extract at least some information about the corresponding groups
from these relations.
Dn is a group with group presentation 〈x, y|Wn+3,Wn+4〉, its relation matrix is:

An =

(
Wn+3

Wn+4

)
=

(
xn+3 yn+3

xn+4 yn+4

)
By Lemma 4 from Chapter 2, we have that | det An| = |xn+3yn+4 − xn+4yn+3| is
the order of group H(Dn). Using recursive formula for Wn:

|H(Dn)| = | det An| = |xn+3yn+4 − xn+4yn+3| =

= |(−2xn+1 + 2xn + xn−2)(−2yn+2 + 2yn+1 + yn−1)−

−(−2xn+2 + 2xn+1 + xn−1)(−2yn+1 + 2yn−1 + yn−2)|

Counting modulo 2 we get a simple relation:

|H(Dn)| ≡ |xn−2yn−1 − xn−1yn−2| ≡ | det An−2| ≡ |H(Dn−5)| (mod 2)

In other words, the order of H(Dn) is even if and only if the order of H(Dn−5) is
even. We already showed that H(D1) = Z10×Z2. It is easy to check by applying
SNF algorithm to corresponding pairs of relation words that:

(H(D1), ...,H(D5)) = (Z10 × Z2,Z48,Z115,Z273,Z3 × Z216)

By previous observation we have that:

Result |H(Dn)| is even if and only if n is equal to any of 5k, 1 + 5k, 2 + 5k for
k ∈ {0, 1, 2, 3, ...}.

Since H(D1) = Z10 × Z2, it follows that A1 has all entries divisible by 2 (see
Chapter 2, section about SNF). The rows of A1 consists of coordinates of words
W4,W5. From

Wn+5 ≡ Wn (mod 2)

we have that A5−4k, k ∈ N also have all entries divisible by 2. Since the groups
presented by these relation matrices are finite, it follows from Lemma 5 that all
groups H(D5−4k), k ∈ N have torsion rank 2. We proved:

Result The groups from the sequence {H(D5k−4)}k∈N are each isomorphic to
Zi × Zj for some i, j > 0 with 2 | i | j.
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Question As shown in appendix of this thesis, we were able to observe similar
behavior in sequences of hexagonal triangulations with higher count of rows. We
computed certain amount of groups H(Hex[n]m−1) for several chosen count of rows
m− 1 and conjectured presence of subsequences in form H(Hex[ai + b]m−1), i =
0, 1, 2, ..., where each of the groups has maximal torsion rank. Furthermore,
these groups seem to share a common factor

⊕m−1
i=1 Zk for some k > 1 (in the

case of Dn we have k = 2). The question is, whether each sequence of groups
H(Hex[n]m−1), n > m − 1 contains a group of torsion rank m − 1, or even an
“arithmetic“ subsequence with the property we discussed.
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Conclusion

The goal of this thesis was to examine almost 6-regular spherical Eulerian tri-
angulations and their H-groups. We chose a special hexagonal type and sorted
these triangulations by the number of their rows. We were able to give an explicit
description of the groups only for the case of single row. Then we introduced a
recursive formula for the defining relations of a certain type of hexagonal tri-
angulations with more rows. Counting modulo 2 allowed us to extract some
information about the sequence of triangulations with two rows. In particular,
we showed that it contains an infinite periodic sequence of groups with maxi-
mal torsion rank. Looking at the computed data it is possible to observe similar
events in sequences with more rows. Unfortunately, we were not able to get much
insight about this behavior from the recursive formula. The proof in the case of
two rows was very ad hoc. It depended on a particular group, with entries of
relation matrix divisible by k, and that the recursive formula can be simplified
to identity counting modulo k.
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5. Appendix

In this appendix, we present computed data about H groups of several sequences
of hexagonal triangulations and point out interesting observations. For compu-
tation of the defining relations, the recursive formula from Chapter 4 was ap-
plied. The initial triangulation for recursion was the “pyramid“ triangulation
Hex[m − 1]+ (for sequences of hexagonal triangulations with m − 1 rows). The
defining relations of this triangulation were computed vertex by vertex by a sim-
ple algorithm. In all the tables in this appendix, we will use shorthand notation
n1 × n2 × ... × nm instead of Zn1 × Zn2 × ... × Znm . All groups will be written
as a decomposition given by the Smith normal form algorithm. Symbol ? will
substitute natural numbers with too many decimal entries.

5.1 Dn

In Chapter 4, we defined Dn = Hex(n + 1, n) for n odd and Dn = Hex(n, n) for
n even.

n Dn
|Dn|
|Dn−1|

1 2× 10
2 1× 48 2.4
3 1× 115 2.39583333333
4 1× 273 2.37391304348
5 3× 216 2.37362637363
6 8× 192 2.37037037037
7 1× 3640 2.36979166667
8 5× 1725 2.36950549451
9 1× 20435 2.36927536232
10 1× 48416 2.36926841204
11 2× 57354 2.36921678784
12 1× 271768 2.36921574781
13 1× 643875 2.36920829531
14 3× 508491 2.36920675597
15 37× 97680 2.36920614131
16 16× 535168 2.36920556921
17 1× 20286768 2.36920555788
18 1× 48063521 2.36920543479
19 1× 113872355 2.36920543129
20 5× 53957400 2.36920541426

n Dn
|Dn|
|Dn−1|

21 2× 319590410 2.36920541019
22 1× 1514350656 2.36920540889
23 9× 398645307 2.36920540747
24 1× 8500253553 2.36920540745
25 1× 20138846680 2.36920540716
26 8× 5964133056 2.36920540715
27 1× 113042050280 2.36920540711
28 1× 267819836753 2.3692054071
29 1× 634520205363 2.3692054071
30 1× 1503308701456 2.36920540709
31 2× 1780823552010 2.36920540709
32 15× 562551571800 2.36920540709
33 1× 19992003385155 2.36920540709
34 37× 1280139527533 2.36920540709
35 1× 112217799147168 2.36920540709
36 32× 8308344265984 2.36920540709
37 1× 629893573086560 2.36920540709
38 1× 1492347259249473 2.36920540709
39 1× 3535677195873475 2.36920540709
40 43× 194808035585976 2.36920540709

Further rows of the table continue suggesting that the order of groups Dn is
asymptotically O(cn), c ∼ 2.36920540709. It also seems that the conjectured
convergence is very fast. Such asymtotic estimate would then obviously exist for
orders of sequence H(D2n−1) = H(Hex(n, n)).
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5.2 Hex[n]3

Following table shows similar behavior concerning group order. Note the factor
13 repeating every 14th group, this behaviour continues in computations with
raising n, similarly to factor 2 in sequence Dn. Also the groups in this subse-
quence seem to always have maximal torsion rank, i.e., torsion rank m−1, where
m− 1 is the number of rows of the hexagonal triangulation (which equals to size
of the set of generators we chose).

n Hex[n]3
|Hex[n]3|
|Hex[n−1]3|

1 1× 20× 160
2 1× 1× 36576 11.43
3 1× 1× 415480 11.3593613298
4 1× 1× 4712552 11.342428035
5 1× 4× 13358540 11.3386886765
6 1× 3× 201944589 11.3379487392
7 1× 1× 6868825299 11.3378053076
8 1× 3× 25959061557 11.3377733864
9 4× 20× 11036915600 11.3377653767
10 1× 1× 10010715055873 11.3377634417
11 13× 13× 671592395669 11.3377630104
12 1× 1× 1286826055196553 11.3377629129
13 1× 4× 3647432173286020 11.337762889
14 1× 1× 165414884451375624 11.3377628831
15 1× 1× 1875434737025201640 11.3377628818
16 1× 1× 21263234348109141200 11.3377628815
17 3× 12× 6696597475865980800 11.3377628814
18 1× 1× 2733279634571705243167 11.3377628814
19 1× 1× 30989276385367538321499 11.3377628814
20 1× 1× 351349067523824359681503 11.3377628814
21 8× 40× 12448476300594132109600 11.3377628814
22 1× 1× 45164119209921626923659105 11.3377628814
23 1× 1× 512060074349886447407100421 11.3377628814
24 1× 1× 5805615704016874224479409473 11.3377628814
25 13× 52× 97370849456717878098181280 11.3377628814
26 1× 3× 248760699808820824172650068144 11.3377628814
27 1× 1× 8461169485939073752645643069400 11.3377628814
28 1× 3× 31976911110336768158585597806536 11.3377628814
29 1× 4× 271909976886724580739170689304380 11.3377628814
30 1× 1× 12331403372126886038500384201344727 11.3377628814
31 1× 1× 139810527428210845565127455295138179 11.3377628814
32 1× 1× 1585138608306111065069251155633201855 11.3377628814
33 4× 20× 224649070939313202561968795046167600 11.3377628814
34 1× 1× 203761431827143065445250595903107687457 11.3377628814
35 1× 1× 2310198798433010007842056140181005202701 11.3377628814
36 1× 1× 26192486185554860420628987986678947698233 11.3377628814
37 3× 12× 8249005490179533560420868839995913870100 11.3377628814
38 1× 1× 3366909657184171557514364087548205439080440 11.3377628814
39 13× 13× 225877061161467940508600224803681712565640 11.3377628814
40 1× 1× 432798954605992192875642985980779568775670016 11.3377628814
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5.3 Hex[n]4

In the following table we have listed only triangulations of maximal torsion rank
for n < 100. Again, we observe an arithmetic sequence of natural numbers
12, 27, 42, 57, 72, 87 indexing groups with maximal torsion ranks. As in previous
examples, these groups are isomorphic to

⊕4
i=1 Zdi such that k|di, 1 ≤ i ≤ 4 and

k > 0. In this sequence, k = 5.

n Hex[n]4
|Hex[n]4|
|Hex[n−1]4|

12 5× 5× 575× 1821611295267225 22.3573302798
14 4× 4× 4× 204514185779134027140 22.3573291868
27 5× 55× 275× 60352737906593233703174422192318800 22.3573290852
31 8× 8× 8× ? 22.3573290852
38 3× 12× 12× ? 22.3573290852
42 5× 5× 25× ? 22.3573290852
48 4× 12× 6060× ? 22.3573290852
57 5× 55× 66275× ? 22.3573290852
65 4336× 4336× 13008× ? 22.3573290852
72 25× 100× 3500× ? 22.3573290852
79 3× 3× 24× ? 22.3573290852
82 4× 4× 20× ? 22.3573290852
87 5× 55× 49775× ? 22.3573290852
99 8× 8× 2424× ? 22.3573290852

5.4 Hex[n]5

In this table, all groups from {Hex[n]5 : n < 200} with maximal torsion rank
are listed. The sequence 27, 57, 87, 117, 147, 177 shows the behavior we observed
above with the common factor 2.

n Hex[n]5
|Hex[n]5|
|Hex[n−1]5|

27 2× 4× 4× 36× ? 43.580204134
33 3× 3× 9× 171× ? 43.5802056592
57 4× 8× 24× 456× ? 43.5802057383
69 3× 3× 63× 20349× ? 43.5802057383
87 2× 4× 13756× 41268× ? 43.5802057383
105 9× 9× 27× 513× ? 43.5802057383
117 8× 16× 10416× 197904× ? 43.5802057383
141 51× 51× 1071× 20349× ? 43.5802057383
147 2× 4× 4× 12× ? 43.5802057383
165 7× 91× 1911× 36309× ? 43.5802057383
177 228× 456× 247608× 247608× ? 43.5802057383

In the rest of this appendix we will show more examples of subsequences of
hexagonal triangulations with the same property (maximal torsion rank, arith-
metic periodicity in the sequence, common factor for their first direct summands
in canonical forms).
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5.5 Hex[n]9

In this table we omitted groups with maximal torsion rank not in the observed
sequence.

n Hex[n]9
597 5× 5× 5× 5× 5× 5× 275× 550× ?
1197 5× 5× 5× 5× 5× 5× 275× 275× ?
1797 5× 5× 5× 5× 5× 5× 275× 825× ?
2397 5× 5× 5× 5× 5× 5× 8525× 51150× ?
2997 25× 25× 25× 25× 25× 25× 1375× 1375× ?
3597 5× 5× 5× 5× 5× 5× 275× 1650× ?
4197 5× 5× 5× 5× 5× 5× 11275× 11275× ?
4797 5× 5× 5× 5× 5× 5× 8525× 8525× ?

5.6 Hex[n]11

This table contains all groups with maximal torsion rank from {Hex[n]11 : n <
4600}. Two sequences with the observed property occur in this table, one with
common factor 2 and second with common factor 3.

n Hex[n]11
237 2× 2× 2× 4× 4× 4× 8× 16× 48× 48× ?
357 3× 3× 3× 6× 6× 6× 12× 24× 72× 72× ?
477 4× 4× 4× 8× 8× 8× 16× 32× 96× 96× ?
717 6× 6× 6× 12× 12× 12× 24× 48× 144× 144× ?
957 8× 8× 8× 16× 16× 16× 32× 64× 192× 192× ?
1077 9× 9× 9× 18× 18× 18× 36× 72× 216× 216× ?
1197 2× 2× 2× 4× 4× 4× 8× 16× 336× 336× ?
1437 12× 12× 12× 24× 24× 24× 48× 96× 288× 288× ?
1677 2× 2× 2× 4× 4× 4× 8× 16× 4368× 4368× ?
1797 3× 3× 3× 6× 6× 6× 12× 24× 504× 504× ?
1917 16× 16× 16× 32× 32× 32× 64× 128× 384× 384× ?
2157 18× 18× 18× 36× 36× 36× 72× 144× 432× 432× ?
2397 4× 4× 4× 8× 8× 8× 16× 32× 672× 672× ?
2517 3× 3× 3× 6× 6× 6× 12× 24× 6552× 6552× ?
2637 2× 2× 2× 4× 4× 4× 8× 16× 48× 48× ?
2877 24× 24× 24× 48× 48× 48× 96× 192× 576× 576× ?
3117 2× 2× 2× 20× 20× 20× 40× 80× 15600× 15600× ?
3237 27× 27× 27× 54× 54× 54× 108× 216× 648× 648× ?
3357 4× 4× 4× 8× 8× 8× 16× 32× 8736× 8736× ?
3597 6× 6× 6× 12× 12× 12× 24× 48× 1008× 1008× ?
3837 32× 32× 32× 64× 64× 64× 128× 256× 768× 768× ?
3957 3× 3× 3× 6× 6× 6× 12× 24× 72× 72× ?
4077 2× 2× 2× 4× 4× 4× 8× 16× 48× 48× ?
4197 7× 7× 7× 14× 14× 14× 28× 56× 15288× 15288× ?
4317 36× 36× 36× 72× 72× 72× 144× 288× 864× 864× ?
4557 2× 2× 2× 4× 4× 4× 8× 16× 48× 1776× ?
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