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1. Introdu tion
In this work we are on erned with the oloring extensions in plane graphs. The
basi setting is extending a 4- oloring of the verti es of the outer fa e into the
rest of the graph. However, in general this would be a strengthening of the 4Color Theorem and thus very hard. We shall restri t ourselves to a more spe i
setting  rst of all, all the graphs we deal with will be 3- olorable, as this gives
us more freedom in extending of the oloring and also a hint how some parts of
the graph an be 3- olored. Similar relaxation was followed for example in [10℄,
whi h deals with extending of 5- oloring into planar graphs, whi h are 4- olorable
by themselves. Se ond, we shall restri t the size of the pre olored outer fa e.
Thus the hief obje t of our study are 3- olorable plane graphs with the outer
fa e O of size 4 or 5. If su h a graph G is triangulation ex ept for the outer fa e,
we show that the question of extending a pre oloring an be simply dei ed  it
basi ally equals the question if G an be ontra ted to some of the basi graphs,
for whi h extending of a pre oloring is straightforward.
If G is not a triangulation, we show that inner fa es of size 4 do not allow any
extra extendable pre olorings in general. However, if the graph also has a fa e I of
size 5, su h that I is not separated from O by a y le of length ≤ 4, the situation
is dierent. Again, we give omplete hara terization of the extendability of a
pre oloring  in ase the size of O is 4 it an be always extended, in ase the size
of O is 5 there are two basi graphs B1 , B2 su h that every graph is equivalent
to one of these in terms of extendability of a pre oloring. Every one of B1 , B2
allows only one non-extendable pre oloring (up to permutation of olors).
The results are derived by des ribing the properties of a minimal ounterexample, whose existen e is later shown to be a ontradi tion by the dis harging
te hnique. This approa h an be used to lassify a broader lass of graphs, e.g.
with dierent bounds on the sizes of the fa es O and I .
1.1

History and motivation

Coloring extension arguments play an important role in the question of oloring
of graphs on surfa es  a notable example of their usage is a theorem of Grötzs h,
whi h states that every triangle-free planar graph an be 3- olored. Both the
original proof in [5℄ and newer ones in [13℄,[14℄ extend a pre oloring of a y le.
The result was generalized for the torus and the proje tive plane in [16℄. Another
well known example in similar spirit is the 5-Choosability of planar graphs, proven
in [15℄. Extending a oloring of a y le seems a natural thing to do, as the
y les separating smaller subgraphs of a graph drawn on a surfa e serve well for
indu tion arguments.
The dis harging te hnique, introdu ed by Werni ke in [18℄ and further developed by Hees h, played an important role in proving the 4-Color Theorem as well
as in many subsequent problems. For a detailed introdu tion see [9℄, for more
re ent proof of the 4-Color Theorem based on the same ideas but signi antly
shorter see [12℄.
Our aim for lassifying 3- olorable graphs is not in idental. 3- olorable plane
graph orrespond to subgraphs of Eulerian triangulations (every vertex has even
degree), whi h are being intensively studied. As for other surfa es, there are Eule2

rian triangulations of arbitrarily high hromati number. However, for orientable
surfa es it was proven that Eulerian triangulations are 4- olorable provided their
representativeness is high enough (see [4℄ and [8℄). On the other hand, for nonorientable surfa es the situation is slightly more ompli ated, as there are graphs
with arbitrarily high fa e-width whi h are not 4- olorable  for instan e, there
are quadrangulations of proje tive plane, su h that for every 4- oloring there is
a fa e su h that every vertex gets a dierent olor. Thus, inserting a vertex inside every fa e and joining it with every vertex of that fa e yields a 5- hromati
Eulerian triangulation. Still a hara terization is available, losely related to
quadrangulations  see [1℄, [7℄, [11℄.
1.2

Preliminaries

The reader is refered to [2℄ or [3℄ for the basi s of graph theory and a ompanying
notation.
By G(a) we denote the lass of all plane graphs G su h that G is 3- olorable,
all fa es ex ept for the outer fa e O are triangles, and the length of O is a. By
G(a, b) we denote the lass of all plane graphs G su h that G is 3- olorable, all
fa es ex ept for the outer fa e O and another fa e I are triangles, the length of
O is a, the length of I is b, and I is not separated from O by any y le of length
b − 1 or less.
By a pre oloring of O we mean any proper oloring of O using at most 4
olors. A pre oloring c is extendable if there exist a proper oloring c′ of G using
at most 4 olors su h that c(v) = c′ (v) for every v ∈ V (O).
Let v be a vertex of G of degree 4. A graph H is a 4- ontra tion of G at
v if there exist non-adja ent neighbors u and w of v and H is obtained from
G by ontra ting the edges uv and vw and suppressing the arising bigon fa es
(but preserving the non-fa ial parallel edges, if they are reated). Note that if all
fa es in ident with v are triangles and G is 3- olorable, then H is 3- olorable as
well. Also su h 4- ontra tion never reates a loop, as the two verti es that were
identied have the same olor in every 3- oloring of the graph.
A 4- ontra tion of G ∈ G(a, b) is safe if the resulting graph H also belongs
to G(a, b), i.e. the 4- ontra tion did not reate a y le of length at most b − 1
separating I from O and shortened neither I nor O .
Let v be a vertex of G of degree 2 with neighbors uw , su h that v is separated
by a 2- y le uw from the rest of the graph. A graph H is a 2- ontra tion of G
at v , if H is obtained by repla ing vertex v and the edges of the y le uw by a
single edge. Note again that if G is 3- olorable, then H is 3- olorable as well. A
2- ontra tion is always safe.
We say that G an be 2, 4- ontra ted to H , if there exists a sequen e of graphs
G = G0 , G1 , . . . , Gk = H and verti es vi ∈ V (Gi ) for 0 ≤ i < k su h that Gi+1 is
a 2- ontra tion or a 4- ontra tion of Gi at vi . Note that for every 4- oloring of a
2, 4- ontra tion of G there is a 4- oloring of G.
Let b be a 3- oloring of G ∈ G(5). The restri tion of b on V (O) uses all three
olors, and one of them appears on exa tly one vertex  we all this vertex the
pivot of b on O.
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2. Auxiliary results
Lemma 2.1.

degree.

Planar triangulation is 3- olorable i all its verti es have even

Proof. See [6℄ or [17℄.
Lemma 2.1 implies that if a plane graph G, su h that all fa es of G ex ept
for the outer fa e O are triangles, belongs to G(|O|) then all its verti es of odd
degree belong to O . Similarly, if G belongs to G(a, b) then all its verti es of odd
degree belong either to O or I .

For a plane graph G with at least 3 verti es we have |E| ≤
with equality holding i G is a triangulation.

Observation 2.1.

3|V | − 6,

For G ∈ G(4), either all of the verti es of O have odd degree, or
the verti es of odd and even degree alternate on O. Furthermore, G an be 2,4ontra ted to the graph in Figure 2.1 with mat hing parities of the verti es of
O.
Lemma 2.2.

(a) Odd degrees

(b) Odd-even

Figure 2.1: Simpli ations of G(4)

Proof. First, assume that O is an indu ed y le. Then every vertex in V (O) has
degree at least 3. We apply the Observation 2.1 to show that there is a vertex
v ∈ G \ V (O) of degree 2 or 4. Otherwise we have
X
2|E| =
deg(v) ≤ 6 · (|V | − 4) + 3 · 4 = 6|V | − 12,

but G is not a triangulation, thus the inequality must be stri t. If v has degree
2, we an 2- ontra t it. Let v have degree 4. If all of its neighbors belong to O ,
then G is the graph in Figure 2.1(a). Otherwise, there is a neighbor of v not on
V (O), and we do the 4- ontra tion with this vertex and the opposite neighbor.
By repeating this pro edure, we eventually either 2,4- ontra t G to the graph in
Figure 2.1(a), or reate a hord of O .
Suppose now that O is not an indu ed y le. Let O = o1 o2 o3 o4 and assume
that o1 o3 is an edge. If o1 o2 o3 and o1 o3 o4 are fa es, then G is the graph in Figure
2.1(b). Otherwise, we an again nd a vertex of degree 2 or 4 in the interior of
one of o1 o2 o3 and o1 o3 o4 , sin e 6 · (|V | − 3) + 3 · 3 > 6|V | − 12. This vertex an
always be 2,4- ontra ted.

For G ∈ G(5), exa tly two of the verti es of O have odd degree and
these verti es are adja ent. If O is an indu ed y le, then G an be 2,4- ontra ted
to both graphs in Figure 2.2, otherwise it an be 2,4- ontra ted to one of them.

Lemma 2.3.

4

(a)

(b)

Figure 2.2: Simpli ations of G(5)

Proof. Let O = o1 o2 o3 o4 o5 and x a 3- oloring c of G. Without loss of generality,

assume that c(o1 ) = 1, c(o2 ) = c(o4 ) = 2, and c(o3 ) = c(o5 ) = 3. Sin e the fa es
in ident with o1 distin t from O are all triangles and c(o2 ) 6= c(o5 ), we on lude
that o1 has even degree. Similarly, o2 and o5 have even degree, and o3 and o4
have odd degree.
If O is not indu ed y le, then we apply Lemma 2.2 to the 4- y le. Otherwise,
let us show that there is a vertex of degree 2 or 4 in V (G) \ V (O). We again use
the ounting argument as in the proof of Lemma 2.2. This time we know that
two verti es of O have degree at least 3 and three verti es at least 4:
X
2|E| =
deg(v) ≤ 6 · (|V | − 5) + 2 · 3 + 3 · 4 = 6|V | − 12,
whi h is again ontradi tion as G is not a triangulation.
We shall note that whenever we identify two verti es by a 4- ontra tion, their
olor under c has to be the same. Thus, the only verti es of O that ould be
identied are o2 with o4 and o3 with o5 . Similarly no 4- ontra tion an reate
edge o2 o4 or o3 o5 .
o1
x
o2

u
v

o3

o5
o4

Figure 2.3: Almost 4- ontra ted graph
Let us rst show that we an 2,4- ontra t G so that either O remains indu ed
or one of the edges o1 o3 , o1 o4 is reated. By repeating su h 2,4- ontra tions, the
graph in Figure 2.2(a) is eventually reated. We need to ex lude the possibility
that the 4- ontra tion identies o2 with o4 or o3 with o5 , or reates the edge o2 o5 .
However, if a 4- ontra tion at v reates the edge o2 o5 , then the other 4- ontra tion
does not identify any of the verti es of O and thus an be done. If a 4- ontra tion
at v identies o2 with o4 , then the other 4- ontra tion does not identify o3 with
o5 sin e this implies would imply that o2 vo5 is a triangle and o2 o5 is an edge of
G.
Now, we show that we an 2,4- ontra t G to the graph in Figure 2.2(b).
Similarly to the previous ase, the only issue is the possible identi ation of o2
with o4 or o3 with o5 , or the reation of one of the edges o1 o3 , o1 o4 . Thus let
v be a vertex of degree 4, su h that both 4- ontra tions at v ause one of the
bad situations. It is not possible that both 4- ontra tions reate a hord or that
both 4- ontra tions ause identi ations. By symmetry it su es to onsider
the situation that v has neighbors o3 , o4 , o5 , u, where u is adja ent to o1 . As
5

the edge o1 o3 is not present, we an 4- ontra t G to the graph in Figure 2.3 
apply Lemma 2.2 on the subgraph indu ed by the interior of the y le o2 o3 uo1,
and let Gi be the graph su h that 4- ontra tion at x ∈ Gi reates the edge o1 o3 ,
and y its ontra ted neighbor distin t from o1 , o3 . Instead of 4- ontra ting at
x, apply Lemma 2.3 to 2,4- ontra t the graphs indu ed by the interiors of the
y les o1 xyo3 u and o1 xyo3 o2 to the graph in Figure 2.2(a). This gives the graph
in Figure 2.3, whi h an be 4- ontra ted at x to get the desired graph.
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3. Main results
3.1

Triangulations

In this se tion, we shall derive the basi results on erning the graphs in G(4)
and G(5), showing that the question of extendability of a pre oloring redu es to
the question if G an be 2,4- ontra ted to some spe ied small graphs.

If the outer fa e O of G ∈ G(4) has no hord, then a pre oloring
c of G ∈ G(4) an be extended into G if and only if it an be extended into the
graph from Figure 2.1(a) or to the graph in Figure 3.1(b), depending on parities
of degrees of verti es of O. If the outer fa e O has hord, then c an be extended
into G if and only if it an be extended into the graph from Figure 2.1(b).
Proof. First, we shall note that if G ∈ G(4) has no hord and parities of degree
Theorem 3.1.

of verti es of O alternate, it an be 2,4- ontra ted to the graph in Figure 3.1(b)
 this observation was proven during the proof of Lemma 2.3. We will refer to
the graphs from Figures 2.1(a) and 3.1(b) as basi graphs. Let G be in G(4).
Clearly, if G an be 2,4- ontra ted to H , then every 4- oloring of H extends to
a 4- oloring of G. For the other dire tion we note that for every 4- oloring of G
two of the neighbors of v have the same olor and thus an be identied while
still preserving the 4- oloring. The only issue here is that these two verti es ould
be on O and the other two ould have dierent olors.
If O has a hord, then no identi ation of verti es on O an o ur during 2,4ontra tions, thus G is pre isely equal to the graph from Figure 2.1(b). If there
is no hord, we try to 2,4- ontra t the graph. Let o1 o2 o3 o4 denote the verti es
of O . If the vertex v ∈ G with degree 4 has two neighbors o1 and o3 , and there
is a 4- oloring c of G su h that c(o1 ) = c(o3 ), but the olors of the remaining
two neighbors m1 and m2 of v dier, we shall assume by indu tion that the
subgraphs in the interiors of the 4- y les o1 o2 o3 v and o1 o4 o3 v equal to one of the
basi graphs, or some of o2 v , o4 v are edges  we denote this redu ed graph by
G′ . Now it is straightforward to he k that every pre oloring that extends to G′
extends also to the basi graph with mat hing parities, sin e for ea h of the basi
graphs there is only one pre oloring (up to a permutation of olors) that does not
extend into it, and this pre oloring also does not extend into G′ .
o4
o5

o3
o1

o2
(a)

(b)

Figure 3.1

If the outer fa e O of G ∈ G(5) has no hord, then a pre oloring
c of G ∈ G(5) an be extended into G if and only if it an be extended into one of
the graphs in Lemma 2.3 with mat hing parities. If the outer fa e O has hord,
then G is equivalent to exa tly one of the graphs in Lemma 2.3 and Figure 3.1(a).
Theorem 3.2.
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Proof. We will all the graphs from Lemma 2.3 also basi graphs. We shall again

2,4- ontra t G. Assume rst that O has no hord. If there is a vertex v of degree
4 with two neighbors o1 , o3 ∈ V (O) and a 4- oloring of G su h that c(o1 ) = c(o3 ),
note that G onsists of two y les o1 o2 o3 v and o1 o5 o4 o3 v whi h ontain some
subgraphs inside. By indu tion, assume that both of these subgraphs orrespond
to some basi graphs. Note that this implies that O has a hord, so we again use
indu tion to the subgraph bounded by the 4- y le C with V (C) ⊂ V (O), whi h
ontains this hord. Now either G is one of the graphs from Lemma 2.3, or it
is the graph from Figure 3.1(a). But in this ase, the only pre oloring c whi h
annot be extended to the graph in Figure 2.2(a) but an be extended to the
graph in Figure 3.1(a), i.e. c(o1 ) = a, c(o2 ) = b, c(o3 ) = c, c(o4 ) = a, c(o5 ) = b,
an be extended to the graph in Figure 2.2(b). If O has two hords, then it is
equivalent to 2.2(a). If it has one hord, then we use the previous theorem to the
4- y le bounded by this hord, whi h gives the desired result.
3.2

Graphs with inner fa e of size 5

For every G ∈ G(5, 5), at most one pre oloring c of its outer fa e
O is non-extendable. Furthermore, onsider a proper 3- oloring b of G. Then
either c uses only 3 olors and the pivots of b and c are not adja ent, or c uses all
4 olors and the pivot of b is one of the verti es that have the olor that appears
twi e in c.
Theorem 3.3.

Both out omes of 3.3 an happen, as demonstrated by graphs B1 and B2
in Figure 3.2 (the letters indi ate the non-extendable pre oloring c, the square
vertex denotes the pivot of the 3- oloring b).
Theorem 3.4.

Every pre oloring of G ∈ G(4, 5) is extendable.
c

d
a

b
a

c

b
a

b

b

Figure 3.2: Simpli ations of G(5, 5)
We will prove both Theorem 3.3 and Theorem 3.4 at on e. We onsider a minimal ounterexample to either of the theorems and derive some of its properties.
In the se ond part, we use a dis harging argument to derive a ontradi tion.

Proof. Let φ1 (c) and φ2 (c) denote the restri tions on pre oloring in the statement
of Theorem 3.3, i.e. φ1 (c) holds if c uses only 3 olors and the pivots of c and the
3- oloring b of G are not adja ent, and φ2 (c) holds if c uses 4 olors and the pivot
of the 3- oloring b of G is one of the verti es that have the olor that appears
twi e in c.
First, we show that every pre oloring c su h that none of φ1 (c), φ2 (c) holds
an be extended in G. Let b be a 3- oloring of G. If c uses just 3 olors, and
the pivot of c and b is the same vertex, then b is the extension of c. If the pivots
8

O

O

O

E

O

O

(a) Case 1

O

E
(b) Case 2

Figure 3.3: Case when deg(v ∈ Ce ) = 2
are adja ent then by the denition of G(4, 5) and G(5, 5), O is an indu ed y le,
hen e we an triangulate I and we 2,4- ontra t the resulting graph to the graph
in Figure 2.2(b). Sin e c extends to a 4- oloring of this graph, it also extends
to G. Otherwise, c uses 4- olors, and the pivot of b is olored by a olor that
appears just on e in c. Then we an 2,4- ontra t G to the graph in Figure 2.2(a),
and as c extends to the 4- oloring of this graph, it also extends to G.
Let G be a minimal ounterexample  i.e. either G ∈ G(4, 5) with a nonextendable pre oloring or G ∈ G(5, 5) with two nonextendable pre olorings  either
both of them satisfy one of φ1 , φ2 ; or one satises φ1 and the other φ2 .
First, we shall note that all triangles are fa es  if a triangle T separates
a nonempty subgraph H from the rest of the graph, then every pre oloring of
V (T ) extends to H due to 3- olorability of G. The same holds for a subgraph H
separated from O by parallel edges, whi h ould possibly arise in a 4- ontra tion.
If a y le of length 5 separates I from O , then by the minimality of G we an
assume that its interior is isomorphi to B1 or B2 . Let C be the outermost su h
y le distin t from O , with C = I if no su h y le exists. Let G′ be the subgraph
of G between O and C . In the rest, we onsider the properties of the graph G′ ,
and let I ′ denote the subgraph drawn in the losed disk bounded by C .
Let Oe = V (O) \ V (C), and verti es in Ce = V (C) \ V (O). No vertex v in Oe
or Ce has degree 2, sin e this would result in a triangle or a 4- y le separating
I from O . The only ex eption is the ase that the resulting 4- y le is O , i.e.
V (O) ⊆ V (C) and |V (O)| = 4. In su h ase, we olor the graph dire tly. Using
Lemma 2.2, we distinguish between two ases a ording to the parities of degree
of verti es of O  see Figure 3.3, where the squared vertex stands for the pivot
of a 3- oloring of I ′ , and O/E stand for the parities of the verti es of O if I ′ was
triangulated so that we an apply 2.2.
First we deal with the ase in Figure 3.3(a). We an assume that all verti es
of O have distin t olors, otherwise we an use Lemma 2.2. Thus we have to ways
of pre oloring C , both of them satisfy φ2 . However, for the subgraph separated
by C there is at most one nonextendable pre oloring. Now we deal with the ase
in Figure 3.3(b). If the verti es of O with odd degree have dierent olor, we an
again triangulate I and 2,4- ontra t the graph to the graph in Figure 2.1b. Now,
if the verti es of O with even degree have the same olor, there is just one way
to pre olor C , and this pre oloring satises neither φ1 nor φ2 . But if the verti es
have dierent olor, there are two ways to pre olor C , one does not satisfy φ1 ,
the other does not satisfy φ2 .
Let v ∈ Oe have degree 3. If O has length 4, then G′ −v belongs to G(4, 5), and
every pre oloring of G′ an be extended to a pre oloring of outer fa e of G′ − v ,
ontradi ting the minimality of G′ . If O has length 5, let c be a pre oloring of
G′ , u1 and u2 neighbors of v that are on O and z the third neighbor of v . If
9

the c(u1 ) = c(u2 ), we an remove v and identify u1 and u2 , they also have the
same olor under the 3- oloring of the graph due to odd parity of the degree of v .
The resulting graph an be olored with three olors, and if this oloring is not
ompatible with c(v), we an hange the olor of z to the fourth olor we have
not used yet. If c(u1 ) 6= c(u2 ), then there is only one possible olor for z . Sin e
G′ − v is in G(5, 5), there is only one non-extendable oloring for G′ − v , thus also
at most one non-extendable oloring for G′ .
Also, no vertex v in Ce has degree 3, otherwise we an nd another 5- y le C ′
separating I from O using the neighbor of v not on I . By the maximality of I ′ ,
we have C ′ = O . However, then a vertex of Oe has degree 3, whi h we already
ex luded. Thus we on lude that the verti es in Oe ∪ Ce have degree at least 4.
Trivially, all verti es in V (C) ∪ V (O) have degree at least 2.

For every v ∈ V (G′ ) \ (V (O) ∪ V (C)) we have deg(v) ≥ 6, or there
is exa tly one vertex of degree 4 and G′ ontains the subgraph depi ted in Figure
3.6(b).
Claim 3.1.

Subproof. Let v be a vertex in V (G′ ) \ (V (O) ∪ V (C)). If deg(v) = 2, then

v is separated by parallel edges and an be 2- ontra ted, ontradi ting the
minimality of G. If deg(v) = 4, and v an be safely 4- ontra ted with respe t
to G′ , then v an be safely 4- ontra ted with respe t to G and we again get a
ontradi tion  ea h oloring of the ontra ted graph an be naturally turned
into a oloring of G − v . Therefore, assume that both 4- ontra tions at v are
unsafe.
As v has degree 4, there are two possible ways how to 4- ontra t v  letting
u1 u2 u3 u4 denote the neighbors of v in y li order, we an either identify u1
with u3 or u2 with u4 . If a 4- ontra tion at v is not safe, then it reates either a
triangle or 4- y le separating I from O , or shortens C or O . A 2- y le separating
I from O annot arise, sin e then there would be a separating 4- y le in G′ .
Suppose that a 4- ontra tion at v shortens C or O . It follows that say u1
and u3 both lie on O or C . The path u1 vu3 together with a subpath of O or C
forms a (≤ 5)- y le C ′ separating I from O . As C ′ is distin t from C and O ,
this ontradi ts the fa t that C is the outermost 5- y le separating I from O .
Therefore, we an assume that both 4- ontra tions at v reate a triangle
or a 4- y le separating I from O . Hen e, there are two paths P and P ′ whi h
onne t verti es u1 and u3 , and u2 and u4 respe tively, su h that the number
of their edges is equal to the length of the y le reated by the orresponding
4- ontra tion, i.e. it is either 3 or 4. We will show the existen e of a 5- y le
separating I ′ from O . It su es to onsider the situation that both paths have
length 4  if any of the paths is shorter, the resulting separating y le has length
4 whi h is a ontradi tion.
We denote the verti es of P and P ′ by p1 , p2 , p3 and p′1 , p′2 , p′3 respe tively.
Note that P and P ′ share at least one vertex r . By symmetry, we assume
that the y le C1 = u2 p′1 . . . r . . . p3 u3 separates I ′ from O . Therefore, the y le
C2 = u1 p1 . . . r . . . p′3 u4 also separates I ′ from O . By symmetry, assume that
C2 separates C1 from I ′ . Note that |C1 | + |C2 | ≤ |P | + |P ′| + 2 ≤ 10. Sin e
|C1 | ≥ 5, we have |C2| ≤ 5, and thus C2 = O .
Let us rst deal with the ase that |V (O)| = 4. Let O = u1 rqu4, and by
symmetry assume that r, q ∈ P . This implies p′2 = r, p′3 = q (see Figure 3.4(b)).
In this ase, we do a 4- ontra tion at v , identifying u2 and u4 . This separates I
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(a) length(u1 p1 . . . r) =
2

u4
(b)

u1
|V (O)| = 4

Figure 3.4
in a 4- y le S = u2 p′1 rq . Using minimality of G, we know that every pre oloring
of S an be extended into the separated graph, as long as the 2,4- ontra tion
did reate a 4- y le separating S from I  however, if we hoose P1′ su h that S
is minimal, this ase annot arise. The remaining part of the graph, separated
by the y le u1 rp′1 u2 , an be 2,4- ontra ted to one of the graphs in Figure 2.1.
Therefore every proper pre oloring of O an be extended to a proper pre oloring
of S , as S an be reated from G just by removing verti es of degree 3.
If |V (O)| = 5 then there are up to symmetry only two ases to deal with: either length(u1 p1 . . . r) = 2 or length(u1 p1 . . . r) = 1. The rst ase is represented
by Figure 3.4(a). We an assume that ru1 , ru2, ru3, ru4 ∈
/ E(G) otherwise I
is separated by a 4- y le. We distinguish between several ases depending on
whi h vertex of O is the pivot of the 3- oloring b of G. By symmetry, there are
just three ases:

• Suppose that p1 is the pivot of the 3- oloring b of G. Then p3 6= p′3 sin e
u4 has odd degree. As p′3 has odd degree and u3 r ∈
/ E(G), we an assume
that the subgraph drawn in the interior of the y le rp′3 u4u3 p3 onsists
only of edges u4 p3 and p′3 p3 due to Lemma 2.3. But then p′3 is a vertex of
Oe with degree 3 whi h we have already ex luded.
• Suppose that u1 is the pivot of the 3- oloring b of G. First onsider the
ase that p3 6= p′3 . As u4 has even degree and p′3 odd degree, we see
that u3 is the pivot of u4 u3 p3 rp′3 . As we assume that G is a minimal
ounterexample, there is no 2,4- ontra tion of a vertex in the interior of
u4 u3 p3 rp′3 . As none of the graphs from Lemma 2.3 breaks the onditions
on the graph, i.e. does not separate I from O in a 4- y le, we an assume
that u4 u3 p3 rp′p was 2,4 ontra ted to one of them. Either there is the
edge u3 p′3 and there is the y le u3p′3 rp′1 u2 separating C from O whi h is
a ontradi tion to the assumptions about C , or p′3 has degree 3 and is in
Oe whi h we have already ex luded.
Hen e assume that p3 = p′3 . Now assume p1 6= p′1 . We distinguish between
two more ases, depending on the pivot of u1 p1 rp′1 u2  it an be either p1
or u1 , as these two have even degree and are adja ent. If p1 is the pivot,
note that u1r is not an edge and thus the graph is the Figure 3.5(a) 
where C and O are separated by 5- y le rp3 u3 u2 p1 . If u1 is the pivot,
then either there is the edge p′1 u1 and C is separated from O by the y le
rp′1 u1 u4 p3 , or there is the edge u2 p1 and C is separated from O by the
y le rp1 u2 u3 p3 .
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Therefore, p1 = p′1 , whi h leads to the ase in Figure 3.5( ). In this ase,
we extend every pre oloring of O ex ept at most one in G. Let us x a
3- oloring b of G. As u4 and u1 have even degree, one of them has to be
the pivot of O in b, assume it is u4 . Then, u2 is the pivot of C . Clearly,
if we pre olor O as in B1 , we get a nonextendable pre oloring. The other
pre oloring c of O satisfying φ1 is su h that p1 is its pivot. But then
we an give u3 the olor of p1 and u4 the fourth olor. Then we have a
pre oloring of O whi h satises neither φ1 nor φ2 .
Now, we have to extend the two pre olorings of O satisfying φ2 . The rst
of them is su h the pre oloring su h that u4 has the olor same olor as
r . Then we give u2 the olor of r and u3 gets either the olor of p1 or
of u1  in the rst ase, this pre oloring of O does not satisfy φ2 , in the
se ond the pre oloring does not satisfy φ1 . Thus at least one of them an
be extended. Now, let us deal with the pre oloring of O su h that u4
gets the same olor as p1 . Then we give u3 the olor of u1 , and u2 gets
either the olor of r or the olor of p3 . Again, at least one of them an be
extended.
r

r
p′1 p1

I′

p3

u3

u2

u3

u1
ase

u2

I′

p3

u3

v

u4
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p′1 p1
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p3

v
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r

p1

is

u1
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p1

v

u4
(b) The

u2

u1

is

u4
( ) The

ase

u1
p1 =

p′1

the pivot

Figure 3.5: Unsafe ontra tions, part 1

• Suppose that r is the pivot of the 3- oloring b of G As there is no edge
rui for i = 1 . . . 4, then by Lemma 2.3 the graph looks as in Figure
3.6(a). Again, we try to extend all pre olorings of O . By symmetry,
there is just one pre oloring c of O satisfying φ1 , with say u4 as a pivot
 let c(u4 ) = d, c(u1 ) = c(r) = a, c(p1 ) = c(p′3 ) = b. We pre olor O
as follows: c(p3 ) = d, c(u3 ) = a, c(u2) = b, c(p′1 ) = d or e. Again, at
least one of these two an be extended. By symmetry, there is just one
pre oloring c of O satisfying φ2 , with say u4 having the same olor as r .
Let c(p′3 ) = a, c(u4 ) = b, c(u1 ) = d, c(p1 ) = e. We pre olor O as follows:
c(u3 ) = a, c(u2 ) = b, c(p′1 ) = d, c(p3 ) = e or d. Again, at least one of
these two an be extended.
The se ond ase is when length(u1p1 . . . r) = 1, as seen in Figure 3.6(b).
Thus if there is a vertex of degree 4, then it has to be in this onguration.
However, to a vertex v in su h onguration orrespond two verti es in Ie (its
neighbors). If there are two verti es of degree 4 in G′ , they either have disjoint
neighbors in Ie and then the graph is the one from 3.6(a) (where a and b are
the verti es of degree 4), or they share one  in Figure 3.6(b), it is u3 . But
then, u4 has odd degree but both of its neighbors on O have even degree, a
ontradi tion. Therefore there is only one vertex in this situation.
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Figure 3.6: Unsafe ontra tions, part 2
We have shown that either there is no vertex v ∈ G′ \ V (O) ∪ V (C) of degree 4
or there is exa tly one, and then it is in onguration as in Figure 3.6(b). Now we
derive ontradi tion by a simple dis harging argument: assign to every vertex v
of G′ harge φ(v) = deg(v)−6, and to every fa e F of G′ harge φ(F ) = 2·|F |−6.
Now, using Euler formula, we have
X
X
(deg(v)−6)+ (2·|F |−6) = −6|V |−6(# of fa es of G′ )+2|E|+4|E| = −12.
v

F

If we assume that there is no vertex of degree 4 whi h is not in V (C) ∪ V (O),
all verti es in V (G) \ V (C) ∪ V (O) have non-negative harge. Also, all fa es
ex ept for C and O have harge 0. Thus the harge equals at least
X
X
φ(v) +
φ(F ) ≥
v

F

−2 · |Oe | − 2 · |Ce | − 4 · |V (C) ∩ V (O)| + φ(C) + φ(O) =

(3.1)

−2 · |O| − 2 · |C| + φ(C) + φ(O) =
= − 12.
If V (C) and V (O) are disjoint, then there is a vertex of odd degree in Oe , thus
it has degree at least 5. This in reases the left side of Equation (3.1) by 1, and the
total harge is stri tly greater than −12, a ontradi tion. If |V (C) ∩ V (O)| > 0,
then there is a vertex u in the interse tion with degree greater at least three, as
there are verti es o ∈ Oe and c ∈ Ce that have ommon neighbor u, whi h has
another neighbor. Again, left side of Equation (3.1) is in reased, a ontradi tion.
Se ond ase is that |V (O)| = 5  however, the neighbors of the only vertex in
Oe are both in |V (O) ∩ C| but have degree 3 sin e they also have neighbor in Ce .
Again, left side of (∗) is in reased.
Now let us assume there is exa tly one vertex of degree 4 in V (G′ ) \ (V (O) ∪
V (C)), i.e. the graph is as in Figure 3.6(b). The dieren e from the previous
ase is that we have to nd at least three units of harge, sin e v has degree 4.
If |V (C) ∩ V (O)| = 3, then p′2 and p′3 are identied with some of the verti es
p2 , p3 , u3 . We have that u3 6= p′2 and u3 6= p′3 , as otherwise a (≤ 4)- y le
separates I from O . Thus p2 equals p′2 and p3 equals p′3 , and resulting graph is
the one from Figure 3.5( ).
If |V (C) ∩ V (O)| = 1, then we know that there are at least two verti es of odd
degree (one in Ce and one in Oe ), and the vertex in |V (C) ∩ V (O)| has degree 4,
whi h gives the extra harge.
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If V (C) ∩ V (O) = {r, p3 = p′3 }, then p3 has odd degree. We an 2,4- ontra t
insides of rp′2 p′3 p2 into either edge p2 p′2 or one universal vertex. In both ases, p′2
has degree 3 and belongs to Oe , whi h we have already ex luded.
Let V (C) ∩ V (O) = {r, p2 = p′2 }. We assume that the 5- y le u4 u3 p3 p2 p′3
ontains no verti es of degree 4. Let us further assume that there are no internal
verti es at all. Then p′3 annot be adja ent to u3 sin e this implies p3 has degree
3 and is in Oe . But p′3 has degree at least 3, thus is adja ent to p3 . Thus p3 is
adja ent to u5 and I is separated from O by a 5- y le p3 u4 u1 rp2 , a ontradi tion.
Therefore there is an internal vertex. As the subgraph drawn in the interior of
p2 p′3 u3 u4 p3 is in G(5), we an use the ounting argument from Lemma 2.3 to
derive a ontradi tion with nonexisten e of verti es of degree 2 or 4.
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4. Con luding remarks
Although our result is stated for graphs in G , i.e. for 3- olorable triangulations,
it shall be noted that it holds for all plane 3- olorable graphs that satisfy the
onditions on O and I . Due to Lemma 2.1, a plane graph is 3- olorable i it is
a subgraph of a plane triangulation with all of its verti es having even degree.
Thus we shall triangulate all fa es ex ept O and I of a graph G, su h that I does
not get separated from O by a short y le.
As a further dire tion, one might ask for similar results for G(4, 4). We annot
hope for a result as ni e as Theorem 3.4 for G(4, 5), as there are graphs with nonextendable pre oloring  see Figure 4.1.
d

c
e

b

a
(a)

(b)

Figure 4.1: Some graphs with non-extendable pre olorings
However, hara terization of graphs that have a non-extendable pre oloring
seems a rather di ult task. Clearly, the interior of the 4- y le bcde in Figure
4.1(a) may be repla ed by any graph from G(4) with mat hing parities. Furthermore, it an be repla ed by the graph from Figure 4.1(b), sin e the graphs from
Figure 4.1 are in terms of pre oloring equivalent to the graphs from 2.2. Thus
we may generate graphs with any number of inner fa es of size 4 whi h are not
separated from O by a 3- y le and have a non-extendable pre oloring.
o1

o2

o5

o3

o4
(a)

(b)

Figure 4.2: More graphs with non-extendable pre olorings
One may be tempted to state similar thing for the interior of the 5- y le abcde,
but this is not exa tly the ase  as repla ing it with the graph from Figure 4.2(a),
setting verti es a = o1 , b = o5 , c = o4 , d = o3 , e = o2 yields a graph su h that all
pre olorings of O are extendable, but setting verti es a = o1 , b = o2 , c = o3 , d =
o4 , e = o5 yields a graph with a non-extendable pre oloring. In the latter ase I
is separated from O by a 4- y le, but this is remedied for example by the graph
15

from Figure 4.2(b). It is not even lear if the edge cd must be present in order to
get a graph with a non-extendable pre oloring.
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