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Report on ‘Properties of Graphs with Large Girth’ by Jan Volec

Jan Volec’s MSc thesis is divided into two parts, each containing a new and inter-
esting result about a lively open question of structural graph theory. The whole
thesis deals with cubic graphs of high girth—the girth of a graph being the length
of a smallest cycle of the graph. Having a large girth is an interesting property
to consider, for instance because cubic graphs with high girth and random cubic
graphs have many similarities.

The first part of the thesis concerns edge-cuts, while the second part concerns
independent sets. The goal is to lower bound the maximum size of such an object
in cubic graphs with large girth. Each time, the approach taken is to prove the
existence of a probability distribution p on the considered objects (that is, edge-
cuts or independent sets) with the property that, for every edge or vertex x of
the graph (depending on the object considered), the probability that x belongs to
a randomly chosen (with respect to p) object is bounded away from 0. Then, by
essentially using an averaging argument, one can derive from such a probability
distribution lower bounds on the largest size of an edge-cut (or independent set),
as well as other interesting properties of cubic graphs with large girth and random
cubic graphs.

An edge-cut of a graph is a set X of edges for which there exists a partition
(A, B) of the vertex set such that the edges in X are precisely those edges with
one endvertex in A and the other in B. Looking for edge-cuts of maximum size
in a graph has been an active topic since the early days of graph theory. As
reported earlier, the first part of the thesis focuses on the size of a largest edge-
cut in a cubic graph with high girth. By demonstrating the existence of a suitable
probability distribution on edge-cuts, Jan Volec proved that if a cubic graph G
has a sufficiently high girth (specifically, at least 16 353 933) then there exists
an edge-cut of size at least 1.33008 · |V (G)|. This improves the previous known



bound, namely (1.28571−o(1))·|V (G)|, obtained by Zýka. As we hinted at earlier,
the main result also allows one to infer that a random cubic graph on G vertices
asymptotically almost surely contains an edge-cut of size at least 1.33008 · |V (G)|.
The result improves the bound of 1.32595 · |V (G)| obtained by Díaz, Do, Serna
and Wormald.

The second part focuses on the size of a largest independent set and the fractional
chromatic number of cubic graphs with high girth. This question raised a number
of important works and is related to Nešetřil’s pentagon conjecture about circular
colourings of cubic graphs with high girth. In this direction, Hatami and Zhu pro-
ved that for every positive ε, there exists an integer g such that every cubic graph
with girth at least g has fractional chromatic number at most 8/3 + ε. In his the-
sis, Jan Volec provides a surprisingly short and simple proof of a strengthening of
this fact (replacing “girth” by “odd-girth”, that is, allowing small cycles provided
they are of even length). Let us note also a conjecture of Heckmann and Thomas
stating that the fractional chromatic number of every cubic graph of girth at least
4 is at most 14/5. (There exist such graphs with fractional chromatic number pre-
cisely 14/5.) The currently best known bound in this direction has been obtained
by Lu and Peng, who proved 3 − 3/64.

The main result of the second part of the thesis—the existence of a probability
distribution on the independent sets of every cubic graph with sufficiently high
girth—yields the following corollaries.

First, there exists an integer g such that every cubic graph G of girth at least
g has independence number at least 0.4352 · |V (G)|. Thus, any such graph has
fractional chromatic number at most 2.2978. The previously best known bound
for the independence number was 0.4328 · |V (G)|, which was proved in the PhD
thesis of Hopen.

Second, a random cubic graph G contains asymptotically almost surely an inde-
pendent set of size at least 0.4352 · |V (G)|. Again, this improves the previous best
known bound of 0.4347 · |V (G)| obtained by Duckworth and Zito. This bound was
itself an improvement of a bound of 0.4328 · |V (G)| obtained independently by
Wormald and by Frieze and Suen. This shows that this is a hard area and impro-
ving the known bounds, even by a value that might seem marginal at first glance,
is a difficult task. The best upper bound known for this question is 0.45537·|V (G)|,
obtained by B. D. McKay. Moreover, B. D. McKay indicates that his experiments
suggest an upper bound of 0.447 · |V (G)|.
Overall, Jan Volec’s thesis is well written and the presentation is scholarly. The
level of English is good and matches the average level required for publication in
international journals. In this regard, the results presented in Jan Volec’s thesis



gave rise to two papers, one currently submitted for publication in an internatio-
nal journal and the other still in preparation. Both papers are co-authored by Jan
Volec’s advisor, Daniel Král’, and by František Kardoš. The thesis has been care-
fully written : it contains very few typographic errors and stylistic issues, which
moreover are minor ones, e.g. ”forms” should be “form” (page 6, line 21), “split
to” should be “split into” (page 11, line -9), “the” should be removed in Corollary
3.3 (page 15, line 9), “a” should be “the” (page 15, line -8) and “with” should be
“by” (page 16, line -13).

This work demonstrates the capacity of the author to design and analyse involved
random procedures, thereby making advances on difficult open problems. In par-
ticular, the results obtained improve earlier bounds, which were proved in papers
published in international journals or in Hopen’s PhD thesis.

For all these reasons, I am happy to recommend strongly that Jan Volec be awar-
ded the degree of MSc. I suggest a grade of 1.
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