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Trading Strategy in Incomplete Market

Department of Probability and Mathematical Statistics

Supervisor of the master thesis: Mgr. Andrea Karlová
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a matematickej štatistiky
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Notation

In this part, we recall a few basic notations used in the thesis, although many

terms are usually explained once again while they are introduced in the text. If

more details about the terms below (or any other met in the text of the thesis) are

demanded, we refer to the following literature: Considering the field of stochastic

analysis and processes we refer to the books [JS03] and [KS88]; in regard to the

field of stochastic control we refer to the book [YZ99] and the lecture notes [vS09]

(where one can find an exhaustive reference list concerning control theory). Here

we remind some fundamental notation:

• R = (−∞,∞) – the set of real numbers

• R+ = [0,∞) – the set of nonnegative real numbers

• N = {1, 2, 3, . . .} – the set of positive integers (natural numbers)

• Rd – the Euclidean d-dimensional space (d ∈ N); x ∈ Rd, x = (x1, . . . , xd)T

• ||x||Rd = ||x|| – the Euclidean norm of x ∈ Rd (sometimes we omit specifi-

cation of the space)

• |x| – absolute value of x ∈ R

• Rd×m – the space of d×m-dimensional real matrices

• MT – transpose of a matrixM ∈ Rd×m (or a vector of Rd = Rd×1 eventually)

• M ≥ 0, M > 0 – if M ∈ Rd×d, positive semidefiniteness and positive

definiteness, respectively

• 1A – indicator function of a set A

• Id×m – d×m identity matrix

• ∂x̄f(x) = ∂x(1)...x(m)f(x) = ∂mf
∂x(1)···∂x(m) (x) – partial derivative of a function

f : Rd → R with respect to x̄ = (x(1), . . . , x(m))T ⊂ {x1, . . . , xd}, m ≤ d, at

the point x = (x1, . . . , xd)T ∈ Rd

• ∇xf(x) = (∂x1f(x), . . . , ∂xdf)
T – gradient of a function f : Rd → R (in the

form of a column vector)

• ∇xxf(x) =
(
∂xixjf(x)

)d
i,j=1

– Hessian matrix of a function f : Rd → R

• (Ω,F ,P) – a probability space with a sample space Ω equipped with a

σ-algebra F and a probability measure P

• ≪ – absolute continuity between measures
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• a.e. – almost everywhere, or almost every (with respect to the Lebesgue

measure if noted as a.e. t ∈ T)

• P − a.s. – P-almost surely, a.e. with respect to a probability measure P
(NOTE: All equalities and inequalities involving stochastic quantities are

supposed to hold P − a.s. even if not stated explicitly, unless otherwise

stated.)

• E[·] ≡ EP[·], EQ[·] – expectation operator (with respect to a probability

measure P and a probability measure Q, respectively)

• Lp(P) – set of random variables with p-th finite moment (with respect to a

probability measure P)

• var(U) = E[U − EU ]2 – variance of a random variable U ∈ L2(P)

• tr(M) =
∑d

i=1mii – trace of a matrix M = (mij)
d
i,j=1 ∈ Rd×d

• ker(M) – kernel (or null space) of a matrix M ∈ Rd×m

• range(M) – range of a matrix M ∈ Rd×m

• rank(M) – rank (dimension of the column space) of a matrix M ∈ Rd×m

• span(v1, . . . , vn) – linear span of a set of vectors {v1, . . . , vn}, vi ∈ Rd for all

i = 1, . . . , n

• diag(x) – diagonal matrix in Rd×d with the elements of x ∈ Rd on the main

diagonal

• X = {Xt, t ∈ T} = X• – stochastic process X : Ω×T → O, where (O,O)

is a (separable) measurable space, usually O = R, or O = Rd with O given

by an appropriate Borel σ-algebra; T ⊂ R+ is a (closed) time index set,

usually T = [0, T ] for some T ∈ (0,∞)

• ⟨X, Y ⟩, ⟨X⟩ = ⟨X,X⟩ – predictable quadratic covariation (process) of

stochastic processes X and Y , predictable quadratic variation (process) of

a stochastic process X, respectively; the term predictable could be omitted

for simplicity

• [X, Y ], [X] = [X,X] – optional quadratic covariation (process) of the

stochastic processes X and Y , optional quadratic variation (process) of

a stochastic process X, respectively; the term optional could be omitted for

simplicity

(NOTE: Sometimes we use [ ] just as regular brackets, but we hope that

this will not rise any confusion since it shall be clear from the context which

meaning is assigned to this symbol.)
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• Ci,j(T × G) – set of f : T × G → R functions, G ⊆ Rd open set, such

that f is i times continuously differentiable in the first (time) variable and

has continuous partial derivatives up to the j-th order with respect to the

variable associated with G; an analogy of this notation could be used

• ḟ(t) = ∂tf(t) – the “time” derivative of f : T → R

• M(X) – set of all equivalent martingale measures with respect to a price

process X (see Section 1.1 for the notion of a price process)

• M2(X) – set of all equivalent martingale measures with square-integrable

densities (with respect to P – introduced in Section 1.1), with respect to a

price process X

• L2
loc(M), resp. L2(M) – set of all predictable processes N such that∫ •

0

Nsd⟨M,M⟩s = {
∫ t

0

Nsd⟨M,M⟩s, t ∈ T}

is a (locally) integrable process;M is a locally square-integrable martingale

(or a continuous local martingale)

• M2(P), resp. M2
0(P) – set of all square-integrable martingales under P, the

second symbol denotes its subset given by processes starting from 0 (at

t = 0)

• M2
loc(P), resp. M2

0,loc(P) – set of all locally square-integrable martingales

under P, the second symbol denotes its subset given by processes starting

from 0 (at t = 0)



Introduction

Here we give a non-rigorous outline of the problems studied in this thesis. All the

formulations of the problems will be adjusted for the necessary formalism later in

the subsequent parts of the text. The purpose of this passage is to provide some

sketch of the problems’ background and our motivation of their study.

In the thesis, we focus on the problem of finding optimal1 trading strategies

in the realm of incomplete markets mainly. Basically, our matter arises from

the situation in which we are not able to construct a perfect hedge, i.e. a self-

financing trading strategy (a strategy without any injections or withdrawals of

money) such that the portfolio value associated with the strategy is equal to the

value (payoff) of a given claim (a financial obligation to pay or a right to receive

money, vaguely speaking) at the predetermined time in the future (terminal time

or maturity) when the payoff of the claim is unveiled. This could be caused either

by nonexistence of a perfect hedge by oneself (incomplete market model), or by

a limited investor’s wealth leading to incapability of construction of a perfect

hedge even if it exists (complete market model). Hence, we would like to find a

(self-financing) trading strategy minimizing the risk of the uncertain payoff of the

claim in some fashion. One of the possibilities is a quadratic criterion of the risk

measurement, which is the main subject of our study. Special attention is given

to a particular hedging technique called mean-variance hedging (MVH). In the

case of MVH we want to minimize expectation of the squared difference of the

payoff of the hedged claim and the portfolio value corresponding to a hedging

strategy, both considered at the terminal time.

Let us delineate our motivation, aim and contribution of the work. There is an

enormous amount of literature concerning the problem of mean-variance hedging

in a variety of forms and contexts of financial models. However, two different

approaches could be distinguished, namely a projection approach (or a measure

transformation approach) and a stochastic control approach. The idea behind the

projection approach stems from the fact that finding a MVH optimal strategy

by minimizing the expectation of the squared difference between the payoff of a

claim and the terminal portfolio value corresponding to a hedging strategy could

be considered as a projection of the claim on a set of all terminal portfolio values

corresponding to admissible strategies (certain set of trading strategies) in L2(P).
Therefore methods such as the Kunita-Watanabe decomposition are utilized. By

the stochastic control approach we mean application of various techniques of

optimal stochastic control theory (e.g. the dynamic programming, the maximum

principle, or the linear-quadratic stochastic control framework) in order to find

1In a meaning corresponding to hedging or pricing of a (contingent) claim.
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an optimal MVH strategy. Our objective is to provide an insight into both of

the branches since this is not a commonplace in the literature. Hence, first we

give a survey on the existing results of the projection approach. Although this

overview does not have to be (and almost surely is not) complete, we believe that

it is sufficiently comprehensive to provide an insight into this area of the MVH

problem solving and a possibility to compare this approach with the stochastic

control one. Second, we aim to work on several cases of the market models using

the techniques of optimal stochastic control theory to solve the MVH problem in

the contexts of these models. We want to demonstrate usage of optimal stochastic

control in the MVH problem solving and therefore we choose the models in a way

that the application of stochastic control methods is transparent, trading off for

quite restrictive assumptions sometimes. Some parts of the thesis are accompanied

with illustrations based on numerical computations. More detailed description of

the content of the thesis is stated below.

The thesis is structured as follows. In Chapter 1, we introduce a basal frame

of market models which is used as a referential backbone of the various model

settings in the subsequent chapters. Some notions and fundamentals of mathe-

matical finance are recalled in order to make the text self-readable for people

with no financial background as well. We also provide an informative overview

of the alternative approaches to hedging and pricing used in the situation of an

incomplete market model.

Chapter 2 focuses on the projection approach to MVH problems and provides an

account of the results from the literature. There, along with the literature referred

to, we describe problem solving in the different model settings, namely a case of

a martingale price process, then a continuous semimartingale case, and finally we

depict a general semimartingale situation. Lastly, we sketch an illustration of the

general semimartingale (GSM) framework application in the setting of the Heston

model with stochastic volatility ; so that this can be compared with a solution by

the stochastic control methods in the same model (presented in Section 3.2).

Moreover, a numerical study of this exemplary solution is conducted, providing

the reader with an illustrative insight into the quantities introduced within the

GSM solution framework.

The following Chapter 3 consists of the various applications of optimal stochastic

control methods in the different settings of market models; this may be con-

sidered as our main contribution. The chapter begins with an establishment of

the specific linear-quadratic stochastic control (LQSC) problem solution which is

thereafter used to derive a solution of the MVH problem in the setting of an Itô

market model (or a generalized Black-Scholes model) with random market coeffi-

cients ; in particular considering the situation of the so-called Markovian market

conditions. We also give a result providing a connection between the quantities
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of the LQSC framework solution and the projection approach solution of MVH.

Onwards, motivated by the fact that the Markovian market conditions case fits to

the setting of several stochastic volatility models, we utilize the developed LQSC

framework in the outline of the solution of the Heston model MVH again. Fur-

thermore, we exemplify usage of the dynamic programming in the MVH problem

solving. This is done in the two special settings of the Black-Scholes type models;

a simple Black-Scholes model with constant coefficients and the only risky asset,

and a case with time-dependent deterministic coefficients, multiple risky assets

and multivariate Brownian motion. Figures based on an empirical analysis of the

solution in the first of these two settings are drawn in order to demonstrate na-

ture of the solution. Finally, to show that the MVH problem can be treated in a

model with jumps as well, we make use of the maximum principle in the case of

a discontinuous jump-diffusion market model.

The last passage Concluding Remarks concludes the treatise with the resumé of

the results and comments on the thesis; suggesting some possibilities of a further

extension and research.

Chapter A in the appendix deals with a detailed explanation of the numerical

computations carried out in the thesis.

Lastly, let us note that this thesis is substantially based on the master’s project

created during author’s studies at the Vrije University in Amsterdam.



Chapter 1

Brief Description of Market

Model Conventions

We start with the citation from [CT03, p. 13]:

“. . . the nonexistence of a perfect hedge is not a market imperfection

but an imperfection of complete market models!”

This statement reminds the reader of the fact that unlike the situation in a com-

plete market, where the notion of a price and a hedge of a certain contingent claim

(say a financial instrument) is relatively unambiguous question, in an incomplete

one we have to be aware of an unhedgeable risk which complicates our situation

someway. Although we are closer to the situation in a real market because trading

is a risky business in general.

This chapter provides a brief explanation of the notion of market completeness

(Section 1.1) with a short overview of methods of pricing and hedging in an

incomplete market (Section 1.2). Since mostly we work with an incomplete market

in the subsequent chapters, we consider this as an appropriate introduction for

the treatise presented in this text.

1.1 A Short Glimpse of a Complete Market

Let us recall a standard notation of a general concept of market models, as can

be for instance found in [Sch01]. We work with a probability space (Ω,F ,P),
time index set T ⊆ R+, T = [0, T ] for some T ∈ (0,∞) unless otherwise stated,

and a filtration {Ft, t ∈ T}, where F0 = {∅,Ω} unless otherwise stated.1 We

assume that our filtration satisfies the usual conditions, so it is right-continuous

and augmented by P-null sets. A specific choice of the filtration could be made

depending on the models used in the individual parts of thesis. Our market con-

sists of d + 1, d ∈ N assets with corresponding price processes Si = {Sit , t ∈ T}
for i = 1, . . . , d, where all Si are R-valued {Ft}-adapted stochastic processes in

general. One asset (also an {Ft}-adapted stochastic process with values in (0,∞))

will be considered as a numéraire, denoted by S0. We assume that the numéraire

1Note that sometimes we refer to P as the “real-world” measure since this is occasionally used

in mathematical finance literature in order to emphasize that P represents model probabilities

that shall reflect real-world scenarios in a way.
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is strictly positive, thus the discounted prices vector is Xt = (X1
t , . . . , X

d
t )

T, where

X i
t =

Si
t

S0
t
, i = 1, . . . , d. Unless otherwise stated, we consider S0 ≡ 1 for simplicity.

Although then there is X ≡ S, we stick mainly to the notation of X for the price

process.

In the next, we will introduce several definitions. Most of them will be adjusted

for technical details later, in order to justify notion of integrals with respect to

the price process X for instance, but for the present purpose this informative

character shall be sufficient.

Definition 1.1 (Contingent Claim). Let us define a contingent claim (or simply

a claim) H as an FT -measurable nonnegative random variable.

Sometimes we call a contingent claim H a payoff of a contingent claim H. Unless

otherwise stated, this value will be considered in the units of the numéraire, so

an “exact value” is given as S0
TH.

Definition 1.2 (Trading Strategy). A pair of stochastic processes

(η, ϑ) = {(ηt, ϑt), t ∈ T},

where ϑ = (ϑ1, . . . , ϑd) is an Rd-valued {Ft}-predictable process and η is an {Ft}-
adapted R-valued process, or

η : Ω×T → R, ϑ : Ω×T → Rd,

is called a trading strategy.

Say that ϑ represents the fractions invested in the risky asset(s) (corresponding to

the non-numéraire elements of the market) with prices given by X; and η denotes

the fraction invested in the non-risky asset (corresponding to the numéraire)

with the price process X0 ≡ S0

S0 = 1. The term non-risky is used due to the

fact that often S0 has a non-stochastic nature. In this thesis we work only with

non-stochastic numéraires.

A (discounted) time-t value of a portfolio corresponding to a trading strategy

should be denoted as

Vt(η, ϑ) = ϑT
t Xt + ηt, t ∈ T.

A cumulative gains process will be considered as

Gt(ϑ) =

∫ t

0

ϑsdXs =
d∑
i=1

∫ t

0

ϑisdX
i
s, t ∈ T.

Then we have the notion of a cumulative cost process C defined as

Ct(η, ϑ) = Vt(η, ϑ)−
∫ t

0

ϑsdXs = Vt(η, ϑ)−Gt(ϑ), t ∈ T.
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We will see that the notion of a self-financing trading strategy is one of the cru-

cial terms.

Definition 1.3 (Self-Financing Trading Strategy). A trading strategy is called

self-financing if the cumulative cost process is constant, i.e. V0(η, ϑ) = C0(η, ϑ) =

Ct(η, ϑ) for all t ∈ T.

Note that any self-financing strategy is completely determined by the risky as-

set(s) investment process ϑ and the initial portfolio value V0(η, ϑ) = ϑT
0X0+η0 =:

V0. Clearly, we see that ϑT
t Xt + ηt = Vt(η, ϑ) = V0 +Gt(ϑ), t ∈ T. Thus we have

ηt = V0 +Gt(ϑ)− ϑT
t Xt, t ∈ T. Hence, with a slight abuse of notation, for a self-

financing trading strategy we will use an interpretation (V0, ϑ) instead of (η, ϑ)

– i.e. the first element of a general strategy pair denotes the trading process cor-

responding to the numéraire, while the first element of a self-financing strategy

pair denotes the initial portfolio value; since as we have seen, η is determined by

this initial value and the investment process corresponding to risky assets solely

in the case of self-financing strategy. So for a self-financing strategy we can write

Vt(V0, ϑ) for instance; we will use this way of notation analogously for any other

functional of a (self-financing) trading strategy. The set of self-financing2 strate-

gies with certain technical assumptions, which will be adjusted according to the

specific setting later, is called the set of admissible strategies and is denoted as

S. Notice that for a self-financing strategy (V0, ϑ) there holds{
dVt(V0, ϑ) = ϑtdXt, t ∈ T,

V0(V0, ϑ) = V0,

what could be considered as an equivalent definition. Now, recall the definition

of an arbitrage opportunity.

Definition 1.4 (Arbitrage Opportunity). An arbitrage opportunity is a self-

financing trading strategy (V0, ϑ) satisfying:

(i) V0 ≤ 0,

(ii) VT (V0, ϑ) ≥ 0 P− a.s. and P(VT (V0, ϑ) > 0) > 0.

Market is called arbitrage free if there is no arbitrage opportunity in it. We as-

sume that the market is arbitrage free in what follows unless otherwise stated.

Definition 1.5 (Attainable Claim). An attainable (contingent) claim is defined

as a contingent claim H for which there exists a self-financing trading strategy

(V0, ϑ) such that VT (V0, ϑ) = H P − a.s. Such a strategy is called a replicating

2Although the self-financing property can be put aside sometimes, as we will see in the case

of H-admissibility in Subsection 1.2.4.
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strategy.

For an attainable claim there is a relation

(1.1) H = V H
0 +

∫ T

0

ϑHs dXs,

where (V H
0 , ϑH) is a replicating (self-financing trading) strategy of the claim H.

Let us assume that in our market model process {
∫ t
0
ϑsdXs, t ∈ T} is a martingale

for any self-financing trading strategy under any equivalent martingale measure

(EMM), see Definition 1.6. This is valid under certain assumptions on the price

process X and the set of admissible trading strategies, see [mP00] for instance

and Remark 1.1. To give an idea of pricing and hedging of such a claim, we see

that there holds

V H
0 +

∫ t

0

ϑHs dXs = EQ[H|Ft] for all t ∈ T,

where Q is an arbitrary EMM. Moreover, we have Ct(V
H
0 , ϑH) = V H

0 for all t ∈ T.

The claim is thus perfectly replicated by a self-financing strategy ϑH for the only

cost V H
0 and there is no residual risk.

Definition 1.6 (Equivalent (Local) Martingale Measure). Probability measure

Q such that the discounted market’s price process X is a Q-(local) martingale is

called a (local) martingale measure. Moreover, if Q is equivalent to P, then the

measure Q is called an equivalent (local) martingale measure.

The set of all equivalent (local) martingale measures (ELMM or EMM) corre-

sponding to X will be denoted as M(X). Whether this set consists of EMMs or

ELMMs should depend on the context. We use symbol Mne(X) ⊇ M(X) for

the set consisting of (local) martingale measures of X that are not necessarily

equivalent to P. By Ma(X), Mne(X) ⊇ Ma(X) ⊇ M(X), we denote the set of

(local) martingale measures corresponding to X that are absolutely continuous

to P.

Now, we introduce the notion of market completeness.

Definition 1.7 (Complete Market). A market model is called complete if every

contingent claim is attainable.

The definition of an incomplete market is quite obvious now.
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Definition 1.8 (Incomplete Market). We say that a market model is incomplete

if it admits a contingent claim which is not attainable.

Example 1.1. Let us state a toy example illustrating the idea of market (in)com-

pleteness. Assume a simple situation with finite Ω = {ω1, ω2, ω3}, P({ωi}) > 0 for

i = 1, 2, 3. Suppose that we have two risky assets S1 and S2, and a numéraire S0 ≡
1, furthermore we assume a one-date model T = {1}. Is this market complete or

not? That of course depend on the description of the risky assets, say a payoff

matrix given as

P = {Si1(ωj); i = 0, 1, 2, j = 1, 2, 3},

where i is a row index and j is a column index. We may have for instance

P =

 1 1 1

0 1 0

1 0 0

 .

In this case, any random variable (contingent claim) H can be written as a linear

combination of the model assets, since the matrix P has a full rank. Thus we

can say that the model is complete. On the contrary, assuming that we have a

payoff matrix P of a rank less than 3, we will not not be able to replicate all

contingent claims by linear combinations of the model assets. Hence this will give

an incomplete market model. In fact, this will lead to a situation where some of

the model assets are redundant (in a meaning that we can express them as linear

combinations of the other model assets). Specifically, taking one of the risky assets

out of the model causes model incompleteness automatically. From this emanates

a rough idea of what makes a market model complete. Vaguely speaking, we can

see that we need to have an adequate number of assets in the model in order to

offset all the risks (sources of randomness) that are incorporated in the model. ⋄

Definition of a complete market allows us to prize and hedge all the contingent

claims on the market in a rather straightforward manner. The price of a contingent

claim could be determined as an initial endowment of an arbitrary replicating

strategy (it can be proved that in the arbitrage-free market all these values are

the same). Moreover, existence of a replicating strategy provides us with a perfect

hedge for the contingent claim (although we still have to be capable of “buying”

the hedge and that does not need to be possible if we have a limited wealth).

In this setting, everything seems to be transparent and unambiguous. However,

if we leave the assumption of completeness, we are in a much more complicated

situation considering hedging and pricing of the claims. This will be outlined in

the next section.
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1.2 Situation in an Incomplete Market

1.2.1 Incomplete Market in a Nutshell

As was stated before, hedging and pricing in an incomplete market is a much more

challenging question. In a complete market, existence of a replicating strategy

provides us with a tool as for hedging (assuming that we have sufficient funds at

the beginning of the trading), so for pricing. However, in an incomplete market

we have to be aware of a certain residual risk springing from the fact that a

replicating strategy does not have to exist for a claim given. There are various

techniques used to quantify this residual risk. This leads to several notions of

optimal strategies and prices. We will discuss several approaches used for the

objective of hedging and pricing in an incomplete market in more detail. The

main focus will be given on a quadratic hedging; specific part of which (mean-

variance hedging) is the scope of our main interest.

1.2.2 Superhedging

The idea behind the so-called superhedging is conspicuous. In an incomplete mar-

ket, we cannot replicate a contingent claim in general, thus we can think about

finding such a self-financing strategy whose final value is almost surely greater or

equal than the payoff of the claim, i.e.

(1.2) P(VT (V0, ϑ) = V0 +

∫ T

0

ϑsdXs ≥ H) = 1.

The cost of superhedging can be defined as

Πsup(H) = inf{V0; ∃(V0, ϑ) ∈ S,P(V0 +
∫ T

0

ϑsdXs ≥ H) = 1}.

In the following Proposition 1.1 we show how the cost of superhedging is deter-

mined.

Proposition 1.1 (Cost of Superhedging). Consider a contingent claim H and

suppose that in our market model holds that

sup
Q∈Mne(X)

EQ[H] <∞.

Then the following duality relation holds

inf
(V0,ϑ)∈S

{Vt(V0, ϑ);P(VT (V0, ϑ) ≥ H) = 1} = ess sup
Q∈Ma(X)

EQ[H|Ft].
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In particular, the cost of the cheapest superhedging strategy for H is given by

Πsup(H) = sup
Q∈Ma(X)

EQ[H],

where Ma(X) denotes the set of martingale measures absolutely continuous with

respect to P.

Proof. This result is from [Kra96], where it is further proved that the supremum

above is attained for a certain Qsup ∈ Ma(X).

For further information and references considering superhedging see [CT03, Sec-

tion 10.2].

1.2.3 Utility Maximization

In this subsection, we want to treat losses and gains in an asymmetric fashion,

unlike in the previous case of superhedging. For this we recall the notion of a

utility function3 U : R → R as a strictly increasing and strictly concave function.

Note that in both of the mentioned properties strictness is sometimes omitted in

the literature. The idea behind utility maximization is simple, given some set of

random payoffs V we would like to solve the optimization problem

sup
Z∈V

E[U(Z)].

We will introduce the notion of a utility indifference price based on this maxi-

mization idea. First, let us define a certainty equivalent amount.

Definition 1.9 (Certainty Equivalent Amount). Considering a contingent claim

H, a certainty equivalent amount is an amount c(x,H) which, when added to the

initial capital x, results in the same level of expected utility, i.e.

U(x+ c(x,H)) = E[U(x+H)].

The question of existence of this object is outright. We just note that in case

of a continuous U we have an existence easily; it is sufficient to realize that

inf U ≤ E[U(x + H)] ≤ supU . Moreover, because we assume that U is strictly

increasing, we see that c(x,H) is unique. In fact, it is quite natural to assume

that U is continuous since any concave function is continuous on the interior of

its domain; and monotonicity gives us that we have to assume only continuity of

U at inf U in addition.

3As a reference for the utility function notion see [Spr11] for instance.
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Now, we are ready to clarify the term of a utility indifference price. The final value

of the investor’s portfolio following a self-financing strategy (V0, ϑ) and given an

initial capital x is

x− V0 +

∫ T

0

ϑsdXs.

The investor’s goal is to maximize the expected utility of the terminal value of

her capital, thus we denote the maximal utility as

u(x, 0) = sup
(V0,ϑ)∈S

E[U(x− V0 +

∫ T

0

ϑsdXs)].

Consider the situation that the investor buys (enters a long position) the claim

H for the price p, thus our maximal utility transfers to

u(x− p,H) = sup
(V0,ϑ)∈S

E[U(x− p+H − V0 +

∫ T

0

ϑsdXs)].

Hence we define a utility indifference price as ΠU(x,H) given by the relation

(1.3) u(x, 0) = u(x− ΠU(x,H), H).

Note that defining relation (1.3) above works with the buying price; the selling

price Π∗
U(x,H) should be defined similarly by

u(x, 0) = u(x+Π∗
U(x,H),−H).

It is clear that

Π∗
U(x,H) = −ΠU(x,−H),

but there does not have to be

−ΠU(x,−H) = ΠU(x,H),

due to the fact that the indifference pricing rule is not linear in general.

This notion was introduced in [HN89]. According to [CT03, Section 10.3], there

are certain pitfalls in using this way of pricing. First, sometimes it is not straight-

forward how to choose the utility function which fits the attitude to risk of an

investor “rationally”. Second, there is a need to specify P as well. However, this

is not an easy task. We have to determine some joint statistical movement model

of future prices of all the relevant assets incorporated in the market model. Next,

there is an issue with the fact that this pricing rule is nonlinear in general, al-

though linearity is a desired property for a certain group of financial instru-

ments.
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1.2.4 Quadratic Hedging

Quadratic hedging stems from the idea of an approximation of a payoff of a

contingent claim by a value gained by trading in assets on the market accord-

ing to a certain trading strategy with respect to quadratic measurement of a

hedging error. There are two main methods of realization of this idea, namely

(local) risk minimization and mean-variance hedging. Under some conditions on

the price process X, we stipulate some results from the literature concerning the

first method mainly, since we will focus on the latter one later in the subsequent

chapters.

The Market Framework Elaboration

At this point, we would like to elaborate upon the market concepts introduced

previously. We will also introduce new terms for the sake of the theory presented

in what follows.

We assume that X is in the class of square-integrable special semimartingales,

which means that there exists a canonical decomposition of the form X = X0 +

M + A, where X0 is finite-valued and F0-measurable, M ∈ M2
0,loc(P), i.e. is a

locally square-integrable P-martingale withM0 = 0, and A is a predictable finite-

variation process with locally square-integrable variation and A0 = 0; cf. [JS03,

I.4.21]. Next we denote the set of all ELMMs with square-integrable Radon-

Nikodym derivative, or density, as M2(X), and we will assume that M2(X) ̸= ∅.
This is related to the so-called fundamental theorem of asset pricing ; its general

version can be found in [DS94].

Now, we introduce a complex of conditions on X called the structure condition

adopted from the paper [Sch01]. Let us recall ⟨M⟩ as an Rd×d-valued predictable

quadratic variation process, i.e. ⟨M⟩t = (⟨M i,M j⟩t)di,j=1. We assume that the

canonical decomposition of X mentioned above is of the form (say that A is

absolutely continuous with respect to ⟨M⟩)

At =

∫ t

0

d⟨M⟩sλs :=

(
d∑
j=1

∫ t

0

λjsd⟨M i,M j⟩s

)d

i=1

, t ∈ T,

for some {Ft}-predictable Rd-valued process λ. Then we denote

(1.4) K̂t =

∫ t

0

λTs d⟨M⟩sλs :=
d∑

i,j=1

λisλ
j
sd⟨M i,M j⟩s, t ∈ T,

and we call this process the mean-variance tradeoff process of X. We assume that

K̂t <∞ P−a.s. for each t ∈ T. Let us note that if we assume X to be continuous,
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the structure condition is satisfied automatically by the assumption M2(X) ̸= ∅;
see [Sch95, Theorem 1]. In any case, the structure condition could be considered

as a certain kind of technical condition imposed on the market model.

Now we specify the notion of admissible strategies. In this setting we assume that

an admissible strategy is given by a pair of processes (η, ϑ) as from Definition 1.2,

where ϑ ∈ Θ = L2(M)∩L2(A). Note that L2(M) is the set of Rd-valued processes

satisfying the property that {(
∫ t
0
ϑT
s d⟨M⟩sϑs)1/2, t ∈ T} is square-integrable; and

L2(A) is the set of all Rd-valued {Ft}-predictable processes such that

E
[∫ T

0

|ϑT
s dAs|

]2
<∞.

Recall that by L(X) we mean the set L2(M)∩L0(A), where L2(M) is as above and

L0(A) denotes a set of all the processes integrable with respect to the process of

finite variation A. The process η in every pair (η, ϑ) is such that Vt(η, ϑ) ∈ L2(P)
for every t ∈ T.

Remark 1.1. Note that for each ϑ ∈ Θ there is a well-defined finite integral

process ∫ t

0

ϑsdXs =

∫ t

0

ϑsdMs +

∫ t

0

ϑsdAs, t ∈ T,

which is a Q-local martingale for any Q ∈ M2(X). Moreover, we know that the

process {
∫ t
0
ϑsdXs, t ∈ T} is a square-integrable Q-martingale, i.e. belongs to the

set M2
0(Q), for every Q ∈ M2(X); see [Sch01, Lemma 2.1]. ⋄

(Local) Risk Minimization

In this part, we focus on the method of local risk minimization. We start with

the notion of risk minimization, then we describe some properties of a risk min-

imizing strategy and results in case of a martingale price process X, leading to

the notion of local risk minimization linked with the so-called Fölmer-Schweizer

decomposition in a more general setting of a (continuous) semimartingale model.

The outline of this part basically follows [mP00], so most of the proofs for the

stated claims could be found there, unless otherwise referred.

Problem Formulation

Consider a contingent claim H. A (not necessarily self-financing) trading strategy

(η, ϑ) is called H-admissible if VT (η, ϑ) = H P − a.s. Next, we define the condi-

tional mean square error process, or simply the risk process of a trading strategy

(η, ϑ) as

(1.5) Rt(η, ϑ) = E[(CT (η, ϑ)− Ct(η, ϑ))
2|Ft], t ∈ T.
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Now, we formulate a criterion of the optimal risk-minimizing property of an H-

admissible trading strategy.

Definition 1.10 (Risk-Minimizing Strategy). An H-admissible trading strategy

(η∗, ϑ∗) is called risk-minimizing if for any H-admissible trading strategy (η, ϑ)

there holds

(1.6) Rt(η
∗, ϑ∗) ≤ Rt(η, ϑ) for all t ∈ T.

We need the notion of a mean self-financing strategy. It is such a trading strategy

that the cost process C(η, ϑ) is a P-martingale. Let us denote the set of all such

strategies as Sm; its subset of H-admissible strategies is denoted as Sm(H). By

[mP00, Lemma 4.1] we know that a risk-minimizing strategy is necessarily mean

self-financing.

Remark 1.2. In the case of an attainable contingent claimH, the risk-minimizing

strategy is given by (V H
0 , ϑH) in (1.1), since it is self-financing and solves the prob-

lem (1.6). Indeed, we have Rt(V
H
0 , ϑH) = 0 for every t ∈ T, and we know that

Rt(η, ϑ) ≥ 0, t ∈ T for any mean self-financing H-admissible strategy. ⋄

For a more general class of market models (e.g. continuous semimartingales) it

can be impossible to find a risk-minimizing strategy. Therefore we introduce an-

other concept, namely the so-called local risk minimization, which we will use

later on.

Definition 1.11 (Locally Risk-Minimizing Strategy). Consider a contingent claim

H. An H-admissible trading strategy (η, ϑ) is called locally risk-minimizing if the

associated cost process C(η, ϑ) belongs to M2(P), the set of square-integrable P-
martingales, and is orthogonal to M . Recall that M is a martingale process from

the canonical decomposition X = X0 +M + A under P.

Problem Solution for a Martingale Price Process

In the meanwhile, we consider the price process X to be a martingale, i.e. X ∈
M2

loc(P), or equivalently A ≡ 0 in the canonical decomposition stated above.

We quote the well-known result called the Kunita-Watanabe projection theorem

(which is a main tool used in a solving process of the local risk minimization prob-

lem) in the form as is stated in [mP00]. For a detailed information see [KW67]. In

the literature, this result (or a similar formulation) is also called the Galtchouk-

Kunita-Watanabe decomposition, or the Kunita-Watanabe decomposition.
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Theorem 1.1 (Kunita-Watanabe Projection). Let N ∈ M2
loc(P) be an R-valued

and M ∈ M2
loc(P) be an Rd-valued process. Then we have a decomposition of the

form

(1.7) Nt = N0 +

∫ t

0

ϑsdMs + Lt, P− a.s., t ∈ T,

where ϑ ∈ L2
loc(M), L ∈ M2

0,loc(P) and is orthogonal to M , i.e. the product process

LM is a local martingale such that L0M0 = 0. Moreover, if N ∈ M2(P), then
L ∈ M2

0(P) and ϑ ∈ L2(M).

Proof. See [KW67].

Remark 1.3. Let us note that according to [mP00, Section 2] decomposition

(1.7) exists even for arbitrary local martingales N and M , if M assumed to be

continuous. In that case L is a local martingale orthogonal to M , ϑ ∈ L2
loc(M).⋄

Assume that the claim H ∈ L2(P), i.e. is square-integrable (we will stick to this

assumption from now), so we can apply Theorem 1.1 to the square-integrable

martingale Nt = E[H|Ft] and X ∈ M2
loc(P), yielding in particular

(1.8) H = E[H] +

∫ T

0

ϑHs dXs + LHT , P− a.s.,

where ϑH ∈ L2(X) and LH ∈ M2
0(P) is orthogonal to X. From this fact emanates

the existence of a solution to the problem (1.6) stated in the following Proposi-

tion 1.2.

Proposition 1.2. There exists a solution to the problem (1.6) given by the trading

strategy (ηH , ϑH) where

ηHt = Vt(η
H , ϑH)− (ϑHt )

TXt = E[H|Ft]− (ϑHt )
TXt, P− a.s., t ∈ T,

and ϑH is from the Kunita-Watanabe decomposition in (1.8). Moreover, we have

uniqueness of this solution in the sense that if there is another solution (η∗, ϑ∗)

of (1.6), then it holds
∫ t
0
ϑ∗
sdXs =

∫ t
0
ϑHs dXs and η

∗
t = ηHt P−a.s. for each t ∈ T.

Proof. See [mP00, Proposition 4.1] for the proof.

Remark 1.4. The cost process of the optimal strategy (ηH , ϑH) from Proposi-

tion 1.2 is due to (1.8) of the form

Ct(η
H , ϑH) = Vt(η

H , ϑH)−
∫ t

0

ϑHs dXs = E[H] + LHt , t ∈ T.

Because of the properties of the processes involved in (1.8), we see that the cost

process is square-integrable and orthogonal to X. ⋄
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Problem Solution for a Continuous Semimartingale Price Process

We will leave the assumption of X ∈ M2
loc and proceed to the more general case

of a square-integrable special semimartingale as described at the beginning of

Subsection 1.2.4. We need to consider a new concept of optimal strategy, see Def-

inition 1.11, due to the fact that the risk minimizing one does not have to exist

in this general setting, as is shown in [Sch88].

Remark 1.5. In the martingale case X ∈ M2
loc, risk-minimizing and locally risk-

minimizing strategy are the same. Indeed, by Remark 1.4, we see that the risk-

minimizing strategy from Definition 1.10 is locally risk-minimizing. Conversely,

if (η, ϑ) is locally risk-minimizing, we have Vt(η, ϑ) = E[H|Ft] since

Vt(η, ϑ) = Ct(η, ϑ) +

∫ t

0

ϑsdXs = E[VT (η, ϑ)−
∫ T

t

ϑsdXs|Ft] =

= E[VT (η, ϑ)|Ft] = E[H|Ft], t ∈ T,

where we have used that the process {
∫ t
0
ϑsdXs, t ∈ T} is a P-martingale, see

Remark 1.1 and realize that P ∈ M2(X) in the martingale setting. Moreover,

there is

H = VT (η, ϑ) = C0(η, ϑ) +

∫ T

0

ϑsdXs + (CT (η, ϑ)− C0(η, ϑ)).

We see that this is a decomposition of the form (1.8), thus we can use Proposi-

tion 1.2 and we get that (η, ϑ) is risk-minimizing. ⋄

In the next proposition, we will introduce the notion of the Fölmer-Schweizer

decomposition.

Proposition 1.3. There exists a locally risk-minimizing strategy if and only if a

claim H admits a decomposition of the form

H = H0 +

∫ T

0

ϑHs dXs + LHT , P− a.s.,

where H0 ∈ R, ϑH ∈ Θ and LH ∈ M2
0(P) is orthogonal to M from the canonical

decomposition of X. Such a decomposition is called a Fölmer-Schweizer decom-

position (F-S) of H under P, and the portfolio strategy (ηH , ϑH), where

ηHt = Vt(η
H , ϑH)− (ϑHt )

TXt = H0 +

∫ t

0

ϑHs dXs+LHt − (ϑHt )
TXt, P− a.s., t ∈ T,

is locally risk-minimizing.

Proof. See [mP00, Proposition 4.2] for the proof.
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Proposition 1.3 tells us that the problem of local risk minimization reduces to

finding a F-S decomposition of a claim H under P. Under assumption that the

mean-variance tradeoff process K̂ (recall (1.4)) is bounded in (ω, t) ∈ Ω×T, i.e.

there exists a constant c such that |K̂t(ω)| ≤ c for each (ω, t) ∈ Ω ×T, we have

the following result.

Theorem 1.2. Assume that the mean-variance tradeoff process K̂ is bounded in

(ω, t) ∈ Ω × T. Then every (contingent claim) H ∈ L2(P) admits a unique F-S

decomposition

(1.9) H = H0 +

∫ T

0

ϑHs dXs + LHT , P− a.s.,

where H0 ∈ R, ϑH ∈ Θ and LH ∈ M2
0(P) is orthogonal to M from the canonical

decomposition of X.

Proof. For the proof we refer to [MS95, Theorem 3.4].

Recall the processes involved in the structure condition definition introduced

previously. Consider a process Ẑ given by the equation

Ẑt = exp

(
−
∫ t

0

λsdMs −
1

2
K̂t

)
, t ∈ T,

as a solution of the stochastic differential equation (SDE)

dẐt = −ẐtλtdMt, Ẑ0 = 1.

We introduce a minimal martingale measure.

Definition 1.12 (Minimal Martingale Measure). Assume that Ẑ ∈ M2(P). A
probability measure P̂ defined be the density

dP̂
dP

= ẐT ∈ L2(P)

is called the minimal martingale measure (MMM).

We can motivate the definition of the MMM by our desire to calculate locally risk-

minimizing strategy. As we will see from the following assertion, it is a measure

that preserves the martingale property of processes which are square-integrable

martingales and orthogonal to M under P.

Proposition 1.4. Assume that X is continuous and Ẑ ∈ M2(P). Then the mini-

mal martingale measure P̂ belongs to M2(X). Moreover, it satisfies the property:

(1.10) If L ∈ M2(P) is orthogonal to M , then L is a martingale under P̂.
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Proof. For the proof of Proposition 1.4 see [mP00, Proposition 4.3].

The following theorem tells us that we can define a unique locally risk-minimizing

strategy with an assistance of the F-S decomposition and the minimal martingale

measure.

Theorem 1.3. Consider a contingent claim H ∈ L2(P). Assume that X is con-

tinuous and K̂ is bounded in (ω, t) ∈ Ω × T. Then there is a unique locally

risk-minimizing strategy (η∗, ϑ∗) given by

η∗t = Vt(η
∗, ϑ∗)− (ϑ∗

t )
TXt = EP̂[H|Ft]− (ϑ∗

t )
TXt, t ∈ T,

ϑ∗
t = ϑHt , t ∈ T,

where ϑH is the integrand in the F-S decomposition (1.9).

Proof. For the proof of Theorem 1.3 we refer to [mP00, Theorem 4.2].

Note that ϑH can be also identified with the integrand from a more general

version of the K-W projection (see Remark 1.3) of the P̂-martingale V (η∗, ϑ∗) on

the continuous P̂-local martingale X.

Mean-Variance Hedging

In the previous approach of (local) risk minimization, we were interested in the

minimization of the risk process associated with a trading strategy, assuming

that the final value of a portfolio traded according to the strategy is equal to the

payoff of a claim H. Now, we will leave the assumption of H-admissibility and

our scope of interest will be approximation of the payoff of a claim H by the final

value of a portfolio corresponding to a self-financing trading strategy. In this part,

we introduce the problem (outlined in the introduction) more precisely, pointing

out the fact that mean-variance hedging is a particular case of the quadratic

hedging approach. Note that formulation of the MVH problem could vary in the

subsequent sections according to the specific cases considered there.

We assume that H ∈ L2(P). Since we know that a self-financing strategy is de-

termined by the pair (V0, ϑ), we formulate the problem of mean-variance hedging

(MVH) as

(1.11) I = inf
(V0,ϑ)∈S

E[H − VT (V0, ϑ)]
2,

where S = {(V0, ϑ); self-financing trading strategy and ϑ ∈ Θ}. Considering a

solution (V ∗
0 , ϑ

∗) of the MVH problem (1.11), a value V ∗
0 is called the Θ-approxi-
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mation price4 of H.

Remark 1.6. If a claim H is attainable (recall (1.1)) we have clearly that the

replicating strategy (V H
0 , ϑH) is a solution of the MVH problem (1.11). There is

also I = 0, and in the view of Remark 1.1, the Θ-approximation price of H is

given by V H
0 = EQ[H] for all Q ∈ M2(X). ⋄

We can fix V0 = x ∈ R, leading to the subproblem

(1.12) J(x) = inf
(V0,ϑ)∈S(x)

E[H − VT (V0, ϑ)]
2,

where S(x) = {(V0, ϑ);V0 = x, self-financing trading strategy and ϑ ∈ Θ}. No-
tice that infx∈R J(x) = I and that the problem (1.12) is simply an L2(P)-projection
of H − x on the linear subspace GT (Θ) = {

∫ T
0
ϑsdXs;ϑ ∈ Θ}. From this follows

a rough idea of the first approach of the MVH problem solving, the projection

approach. However, we can also apply stochastic control methods as we will see

in what follows.

4Sometimes we say simply the MVH price, or just the price.



Chapter 2

Projection Approach to

Mean-Variance Hedging

This chapter provides a description of the so-called projection approach (or the

measure transformation approach) to the mean-variance hedging problem solv-

ing. In order to provide some understanding of methods used in different settings

of market models, we give a survey outlining a solution in the various market

model frameworks; namely in the context of a martingale price process model

(Section 2.1), in the setting of a continuous semimartingale price process model

(Section 2.2), and finally we consider a general semimartingale price process (Sec-

tion 2.3). Then we show how the last framework can be applied to solve the MVH

problem in the Heston model (Section 2.4). This shall be compared with the ap-

plication of the linear-quadratic stochastic control framework solution presented

in Section 3.2.

As we have stated previously, the MVH problem (1.11)

I = inf
(V0,ϑ)∈S

E[H − VT (V0, ϑ)]
2,

is connected with the theory of an L2(P)-projection on the linear subspace

GT (Θ) =

{∫ T

0

ϑsdXs;ϑ ∈ Θ

}
.

Therefore an existence of a solution depends on the fact whether GT (Θ) is closed

in L2(P) or not. This is of course model dependent. First, we discuss the case of

a martingale price process X.

2.1 A Martingale Price Process

Problem Formulation

We assume that the price process X is a locally square-integrable martingale

under P and we want to solve a MVH problem of the form (1.11) with its sub-

problem (for a fixed initial amount of the investor’s wealth) given by (1.12), where

we have Θ = L2(M) ∩ L2(A) = L2(X), since X = X0 +M (see the canonical

decomposition of X mentioned in Subsection 1.2.4).
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Problem Solution

The following proposition summarizes results of the MVH problem solution in

the case of a martingale price process X.

Proposition 2.1. Assume that X ∈ M2
loc(P). Then GT (Θ) is closed in L2(P)

and, for all x ∈ R, there exists a unique solution of the MVH subproblem (1.12)

given by (x, ϑH), where ϑH is from the K-W decomposition of H, recall (1.8).

Moreover, there holds

J(x) = (E[H]− x)2 + E[LHT ]2, x ∈ R,

and the Θ-approximation price of H is given by V ∗
0 = E[H]; corresponding to a

solution of the MVH problem (1.11), which is unique, yielding an optimal value

I = E[LHT ]2.

Proof. For the proof of Proposition 2.1, we refer to [mP00, Proposition 5.1].

Remark 2.1. In this remark, consider the situation of a martingale price process

only. As we can see from Proposition 1.2 and Proposition 2.1, the parts associ-

ated with the trading in the risky assets of the risk-minimizing strategy, solving

the problem (1.6), and the strategy solving the MVH problem (1.11), coincide.

Namely, both are gained by the application of the K-W projection. However, the

parts associated with the trading in the non-risky asset are not the same. Recall

that due to Proposition 1.2 there holds

(2.1)
ηRM
t = E[H|Ft]− (ϑHt )

TXt =

= E[H] +
∫ t
0
ϑHs dXs + LHt − (ϑHt )

TXt, t ∈ T,

for the risk-minimizing strategy; and according to Proposition 2.1 there holds

(2.2) ηMVH
t = E[H] +

∫ t

0

ϑHs dXs − (ϑHt )
TXt, t ∈ T,

for the solution of the MVH problem (1.11). Let us state a bit of reasoning behind

this difference. Regarding the MVH problem, we are looking for a self-financing

trading strategy such that it minimizes E[H − VT (V0, ϑ)]
2 over all admissible

strategies. Using (1.8) and realizing that LH is orthogonal to X from the K-W

projection, there is

E[H − VT (V0, ϑ)]
2 = (E[H]− V0)

2 + E
[∫ T

0

(ϑHs − ϑs)dXs

]2
+ E[LHT ]2.

So we see that ϑH with the initial investment equal to E[H] really is a solution

of the MVH problem in this setting; and since we want to keep the strategy

self-financing, we need trade the numéraire according to (2.2). Considering the
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risk minimization problem, we know that we need to satisfy VT (η, ϑ) = H, but a

solution (trading strategy) does not need to be self-financing anymore. Instead,

we want to minimize the risk process (1.5) over all (mean self-financing) H-

admissible strategies. Again, by use of (1.8), the fact that LH is orthogonal to X

from the K-W projection, and the Itô isometry, we can write

Rt(η, ϑ) = E
[ ∫ T

t

(ϑHs − ϑs)
Td⟨X⟩s(ϑHs − ϑs)

∣∣∣∣Ft

]
+ E[(LHT − LHt )

2|Ft]

for each t ∈ T. Hence we see that ϑH makes the risk process minimal. However,

we still need to ensure H-admissibility of the solution. In order to achieve this,

we trade the numéraire according to (2.1). Then by (1.8) there holds

VT (η
RM, ϑH) = ηRM

T + (ϑHT )
TXT = E[H] +

∫ T

0

ϑHs dXs + LHT = H.

⋄

We will proceed to the more general cases of semimartingale models.

2.2 Case of a Continuous Semimartingale Model

Problem Formulation

Assume that the price processX of our market model is given by a general square-

integrable semimartingale, see [JS03, Definition I.4.21] and Subsection 1.2.4 for

the details. We will modify the setting of the MVH problem by a slightly different

definition of a set of admissible strategies. Therefore we define a set

Θ2 =

{
ϑ;Rd-valued predictable process, ϑ ∈ L(X), GT (ϑ) =

∫ T

0

ϑsdXs ∈ L2(P),

{
∫ t

0

ϑsdXs, t ∈ T} is a Q-martingale for all Q ∈ M2(X)

}
.

By Remark 1.1, we see that there holds Θ ⊆ Θ2. In the martingale case, we

have Θ = L2(X) and P ∈ M2(X), thus Θ2 ⊆ Θ, hence Θ2 = Θ finally. More

generally, by [mP00, Remark 5.3], we have that if GT (Θ) is closed in L2(P), then
Θ2 = Θ.

Now, by an exact analogy with the previous MVH problem formulation, we have

corresponding optimization tasks. First,

(2.3) I2 = inf
(V0,ϑ)∈S2

E[H − VT (V0, ϑ)]
2,

where S2 = {(V0, ϑ); self-financing trading strategy and ϑ ∈ Θ2}. Second,

(2.4) J2(x) = inf
(V0,ϑ)∈S2(x)

E[H − VT (V0, ϑ)]
2,
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where S2(x) = {(V0, ϑ);V0 = x, self-financing trading strategy and ϑ ∈ Θ2}. Al-
though the problem is formulated for a general semimartingale X, we work with

a continuous X for the rest of this section.

Problem Solution

Due to the mentioned connection of the MVH problem and L2(P)-projection,
the existence of a solution of (2.3), resp. (2.4) is related to the closedness of

GT (Θ2) = {
∫ T
0
ϑsdXs;ϑ ∈ Θ2} in L2(P). Hence, the next proposition tells us that

these problems admit solutions.

Proposition 2.2. The linear subspace GT (Θ2) is closed in L2(P).

Proof. See [mP00, Proposition 5.2].

Now, we introduce the notion of a variance-optimal martingale measure (VOMM).

We can identify the set M2
a(X), i.e. the set of local martingale measures with

square-integrable densities which are not necessarily equivalent to P but at least

Q ≪ P, with the set of their densities of the form dQ
dP . Denote

M2
aD(X) =

{
dQ
dP

;Q ∈ M2
a(X)

}
.

We can prove the following.

Lemma 2.1. Assume that X is continuous. The set M2
aD(X) is closed convex

set in L2(P).

Proof. Take arbitrary dQ1

dP ,
dQ2

dP ∈ M2
aD(X) and α ∈ (0, 1). Then we have that

the convex combination R := αdQ1

dP + (1 − α)dQ2

dP ≥ 0 P − a.s., E[R] = 1, and

R ∈ L2(P) clearly. We see that X is a local martingale under the measure defined

by the density R using the fact that X is a local martingale under both of Q1,

Q2 and this measure is just their convex combination. Notice that for Q defined

by dQ
dP := R there is Q ≪ P since Q1 ≪ P and Q2 ≪ P. Thus R ∈ M2

aD(X).

Next, considering an L2(P)-convergent sequence (Zn) ⊂ M2
aD(X), we know by

completeness of L2(P) that the limit Z is in L2(P); and by 0 ≤ Zn P − a.s. for

each n ∈ N we gain 0 ≤ Z P− a.s. Moreover, we have

|EZn − EZ| ≤ E|Zn − Z| → 0, n→ ∞,

thus E[Zn] = 1 ∀n ∈ N yields E[Z] = 1. Hence we see that dQ
dP := Z defines a

probability measure Q ≪ P. Now, we would like to show that Q makes X a local

Q-martingale. Due to [mP00, Section 5.2] we know that this is satisfied if and

only if there holds

E[ZY ] = 0, ∀Y ∈ Y ,
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where Y denotes a linear subspace of L∞(P) spanned by the simple stochastic

integrals of the form Y = UT(Xτ2 − Xτ1), where 0 ≤ τ1 ≤ τ2 ≤ T are stopping

times such that the stopped process Xτ2
• = X•∧τ2 is bounded, and U is a bounded

Rd-valued Fτ1-measurable random variable (vector). Take an arbitrary Y ∈ Y .

Clearly, Y is bounded, thus ZnY
L2(P)−→ ZY ; considering E[ZnY ] = 0 ∀n ∈ N we

have

|E[ZY ]| = |E[ZY − ZnY ]| ≤ E|ZY − ZnY | ≤ cE|Z − Zn| → 0, n→ ∞,

so by arbitrariness of Y we see that Q defined by the density Z is a local mar-

tingale measure. Finally, we have the desired Z ∈ M2
aD(X).

Lemma 2.1 justifies the following definition of the VOMM in the present context.

Definition 2.1 (VOMM). Assume that X is continuous. The variance-optimal

martingale measure P̃ is the unique solution of the optimization problem

(2.5) min
Q∈M2

a(X)
E
[
dQ
dP

]2
.

Now, we define a nonnegative P̃-martingale Z̃ by

(2.6) Z̃t =
EP̃

[
dP̃
dP

∣∣Ft

]
E
[
dP̃
dP

]2 , P− a.s., t ∈ T.

We stipulate the result which shows that Z̃, and hence also the variance-optimal

martingale measure P̃, can be characterized using our portfolio framework.

Theorem 2.1. Assume that X is continuous. Then there exists ϑ̃ ∈ Θ2 such that

(2.7) Z̃t = Vt(1, ϑ̃), P− a.s., t ∈ T,

and ϑ̃ is given as a solution of the optimization problem

(2.8) min
ϑ∈Θ2

E[VT (1, ϑ)]2.

Proof. For the proof we refer to [mP00, Theorem 5.1].

Process Z̃ (or V (1, ϑ̃)) is called the hedging numéraire. Later we show that this

process is really used as a numéraire in order to reformulate the MVH problem.

Notice that (2.7) and the definition of Θ2 imply that Z̃ is a martingale under any

Q ∈ M2(X). Moreover, for a continuous price process there holds the following

theorem adopted from [DS96].
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Theorem 2.2. Assume that X is continuous. Then the variance-optimal mar-

tingale measure P̃ is equivalent to P, so P̃ ∈ M2(X).

Proof. See [DS96, Theorem 1.3].

Theorem 2.2 tells us that since M2(X) ⊆ M2
a(X), under the assumption that X

is continuous, the optimization problem (2.5) in Definition 2.1 of the VOMM can

be reduced to

min
Q∈M2(X)

E
[
dQ
dP

]2
.

Finally, we can proceed with an explanation of the determination of the MVH

problem corresponding trading strategies in the context of our continuous semi-

martingale model. By the previous lines, Theorem 2.2 and Theorem 2.1, we know

that Z̃ is a strictly positive Q-martingale for any Q ∈ M2(X). Hence, for every

Q ∈ M2(X) we can define Q̃ by the density process

dQ̃
dQ

∣∣∣∣
Ft

= Z̃t, t ∈ T.

The set of such elements will be denoted as M̃2(X). Since P̃ ∈ M2(X), there is

also ˜̃P ∈ M̃2(X). From (2.6) for t = T we have clearly

(2.9)
d˜̃P
dP

=
d˜̃P
dP̃

dP̃
dP

= Z̃T
dP̃
dP

= Z̃2
TE

[
dP̃
dP

]2
.

Let us consider an Rd+1-valued process X̃ defined as X̃0 = 1/Z̃ and X̃ i = X i/Z̃,

i = 1, . . . , d. Then we have the following lemmas.

Lemma 2.2. Assume that X is continuous. The process X̃ is a continuous local

martingale under any Q̃ ∈ M̃2(X).

Proof. Continuity is obvious; let us prove that X̃ is a local martingale for any

Q̃ ∈ M̃2(X). Take an arbitrary Q̃ ∈ M̃2(X) and fix i ∈ {1, . . . , d}. Consider
a localizing sequence of stopping times (τn) for the Q-local martingale X. Fix

n ∈ N, s, t ∈ T, s < t. By an application of the Bayes rule (see [KS88, Section 3.5,

Lemma 5.3]) we gain

EQ̃[X̃
i
t∧τn |Fs] = EQ̃

[(
X

Z̃

)i
t∧τn

∣∣∣∣Fs

]
=

=

EQ

[(
X
Z̃

)i
t∧τn

Z̃t∧τn

∣∣∣∣Fs

]
EQ[Z̃t∧τn|Fs]

=

=

(
X

Z̃

)i
s∧τn

= X̃ i
s∧τn .
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The same can be proved analogously for X̃0 = 1/Z̃.

Let us define a set

L2(X̃, ˜̃P) =

{
ϕ;Rd+1-valued predictable process, ϕ ∈ L(X̃),

{
∫ t

0

ϕsdX̃s, t ∈ T} ∈ M2
0(
˜̃P)
}
.

Lemma 2.3. Assume that X is continuous. Then the following equality holds

L2(X̃, ˜̃P) =

{
ϕ;Rd+1-valued predictable process, ϕ ∈ L(X̃),∫ T

0

ϕsdX̃s ∈ L2(˜̃P) and {
∫ t

0

ϕsdX̃s, t ∈ T} is a Q̃-martingale,

∀Q̃ ∈ M̃2(X)

}
.

Proof. See [mP00, Lemma 5.2] for the proof of Lemma 2.3.

Now, we give two main theorems of this section considering the MVH problem in

the view of projection in the setting of a continuous semimartingale model. The

first one characterizes relations between the terms introduced on the previous

lines and the terms corresponding to our trading framework.

Theorem 2.3. Assume that X is continuous. Let x ∈ R. Then we have

{VT (x, ϑ);ϑ ∈ Θ2} =

{
Z̃T

(
x+

∫ T

0

ϕsdX̃s

)
;ϕ ∈ L2(X̃, ˜̃P)

}
.

Moreover, the relation between ϑ = (ϑ1, . . . , ϑd)T ∈ Θ2 and ϕ = (ϕ0, . . . , ϕd)T ∈
L2(X̃, ˜̃P) is given by

ϕ0
t = Vt(x, ϑ)− ϑT

t Xt and ϕ
i
t = ϑit, P− a.s., t ∈ T, i = 1, . . . , d,

and

ϑit = ϕit + ϑ̃it

(
x+

∫ t

0

ϕsdX̃s − ϕT
t X̃t

)
, P− a.s., t ∈ T, i = 1, . . . , d.

Recall that ϑ̃ denotes the solution of (2.8).

Proof. The proof can be found in [mP00, Theorem 5.3].

The last theorem of this part characterizes a solution of the MVH problem under

the assumption of continuous X. First, let us note a few remarks as a reasoning

behind the results of the following theorem. For any contingent claim H ∈ L2(P)
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we have H/Z̃T ∈ L2(˜̃P) by (2.9). Lemma 2.2 gives us that X̃ is a continuous local

martingale under ˜̃P. Considering the fact that X is square integrable under P,
relation (2.9) yields that X̃ ∈ M2

loc(
˜̃P). Hence we can apply the K-W projection,

Theorem 1.1, on the process {E˜̃P[H/Z̃T |Ft], t ∈ T} ∈ M2(˜̃P) on X̃ obtaining for

t = T

(2.10)
H

Z̃T
= E˜̃P

[
H

Z̃T

]
+

∫ T

0

ϕ̃Hs dX̃s +
˜̃LHT ,

where ϕ̃H ∈ L2(X̃, ˜̃P) and ˜̃LH ∈ M2
0(
˜̃P) is orthogonal to X̃ under ˜̃P.

Theorem 2.4. Assume that X is continuous. Consider a contingent claim H ∈
L2(P). Then for all x ∈ R there is a unique solution ϑ∗(x) of the problem (2.4)

given by

(ϑ∗
t (x))

i = (ϕ̃Ht )
i+ ϑ̃it

(
x+

∫ t

0

ϕ̃Hs dX̃s − (ϕ̃Ht )
TX̃t

)
, P−a.s., t ∈ T, i = 1, . . . , d.

The associated optimal value is given by

J2(x) =
(EP̃[H]− x)2 + E˜̃P[

˜̃LHT ]
2

E
[
dP̃
dP

]2 , x ∈ R.

Denoting x∗ = arg infx∈R J2(x), there exists a unique solution of the problem (2.3)

given by the strategy pair (x∗, ϑ∗) ≡ (EP̃[H], ϑ∗(EP̃[H])), and we have the optimal

value

I2 =
E˜̃P[

˜̃LHT ]
2

E
[
dP̃
dP

]2 .
Moreover, if GT (Θ) is closed in L2(P), then Θ = Θ2, and thus ϑ∗(x) is the unique

solution of (1.12) with the optimal value J(x) = J2(x), for all x ∈ R. The solution
of (1.11) is given by (x∗, ϑ∗) ≡ (x∗, ϑ∗(x∗)), with I = I2, and x

∗ = EP̃[H] is the

Θ-approximation price of H.

Proof. The results of Theorem 2.4 are proved in [mP00, Theorem 5.4].

2.3 Setting of a General Semimartingale Model

In this section, we interpret an approach of [ČK07]. They provide a character-

ization of mean-variance hedging strategies for a general semimartingale model

introducing concept of an opportunity-neutral measure. We call this concept the

general semimartingale framework (GSM framework).
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Problem Formulation

At first, we describe a market model framework of their approach. In this model

setting, the price processX does not have to be continuous anymore, thus we have

a generalization of the case from Section 2.2. In fact, we will see that the problem

of Section 2.2 is a special case of the one presented in this part. Note that all the

trading strategies involved in what follows are considered self-financing naturally.

Although in [ČK07] σ-algebra F0 does not need to be trivial, this will be sufficient

for our study.

Definition 2.2. Consider a semimartingale X. We say that X is locally in L2(P)
if there is a localizing sequence of stopping times {Un, n ∈ N} such that

sup{E[(X i
τ )

2]; τ ≤ Un stopping time, i = 1, . . . , d} <∞,

for any n ∈ N.

Remark 2.2. Every continuous semimartingale is locally in L2(P) since we can
take

Un = inf{τ ; (X i
τ )

2 ≥ n, i = 1, . . . , d}, n ∈ N.

So we see that the market model setting of Section 2.2 is just a special case of

the present one. ⋄
Definition 2.3 (Simple Strategy). Consider a price process X locally in L2(P)
with the corresponding localizing sequence {Un, n ∈ N}. A trading strategy (an

Rd-valued stochastic process) ϑ is called simple if it is a linear combination of

strategies Y 1(τ1,τ2], where τ1 ≤ τ2 are stopping times dominated by Un for some

n ∈ N and Y is a bounded Fτ1-measurable random variable (with values in a

proper space). By Θ(X) we denote the set of all simple strategies.

Now, we are about to define an admissible strategy in this context. It is a trading

strategy that can be approximated by simple strategies in the following way.

Definition 2.4 (Admissible Strategy). Assuming we have a price process X lo-

cally in L2(P), a trading strategy ϑ ∈ L(X) is called admissible if there exists a

sequence {ϑ(n), n ∈ N} of simple strategies such that∫ t

0

ϑ(n)
s dXs →

∫ t

0

ϑsdXs, n→ ∞, in probability for any t ∈ T,∫ T

0

ϑ(n)
s dXs →

∫ T

0

ϑsdXs, n→ ∞, in L2(P).

We denote the set of all admissible strategies by Θ(X).



2.3 Setting of a General Semimartingale Model 29

Remark 2.3. The set of admissible strategies Θ(X) does not depend on the

choice of a localizing sequence {Un, n ∈ N} used in Definition 2.3; as it is noted

in [ČK07, Remark 2.8]. ⋄

We give some assertions providing a better insight into the introduced terms.

Lemma 2.4. For a price process X locally in L2(P) we have{∫ T

0

ϑsdXs;ϑ ∈ Θ(X)

}
=

{∫ T

0

ϑsdXs;ϑ ∈ Θ(X)

}
,

where {·} denotes closure in L2(P).

Proof. For the proof of Lemma 2.4 see [ČK07, Corollary 2.9].

The next theorem shows that the set of admissible strategies Θ(X) from Defi-

nition 2.4 coincides with the set Θ2 (see Section 2.2) in the case of a continuousX.

Theorem 2.5. Let X be a continuous semimartingale price process and M2(X) ̸=
∅. Then the following assertions are equivalent:

1. ϑ ∈ Θ(X)

2. ϑ ∈ L(X),
∫ T
0
ϑsdXs ∈ L2(P) and {

∫ t
0
ϑsdXs, t ∈ T} is a Q-martingale for

every Q ∈ M2(X).

Proof. For the proof of Theorem 2.5 see [ČK08, Theorem 2.8].

Remark 2.4. Let us note that in the case of a general discontinuous semi-

martingale price process, the situation is much more difficult. For instance, we

would have to modify the notion of a (local) martingale measure into a signed

σ-martingale measure (SσMM) and the definition of a martingale into a σ-

martingale. However, this is beyond the scope of our interest. For this generality

we refer to [ČK07]. ⋄
Remark 2.5. Onwards (for the rest of this section) we assume that the (dis-

counted) price process X is a semimartingale locally in L2(P) (in the sense of

Definition 2.2) and that the set M2(X) (which should be generalized to the no-

tion of a signed σ-martingale measure according to Remark 2.4) is non-empty

(corresponds to an assumption that there is no arbitrage on the market). These

are the standing assumptions of [ČK07]. ⋄

Consider a contingent claim H ∈ L2(P). Recall the mean-variance hedging prob-

lem of the form (1.11), in the present setting namely

(2.11) inf
(V0,ϑ)∈S̃

E[H − VT (V0, ϑ)]
2,
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where S̃ = {(V0, ϑ); self-financing trading strategy and ϑ ∈ Θ(X)}. We can also

consider a subproblem of the form (1.12) with a fixed V0 = x ∈ R, so

(2.12) inf
(V0,ϑ)∈S̃(x)

E[H − VT (V0, ϑ)]
2,

where S̃(x) = {(V0, ϑ);V0 = x, self-financing trading strategy and ϑ ∈ Θ(X)}.

Problem Solution

We know that solutions of problems (2.12) and (2.11) exist.

Proposition 2.3. There exist solutions of the MVH problems (2.11) and (2.12).

Moreover, in both of the cases is the value process V (V ∗
0 , ϑ

∗) of a solution (V ∗
0 , ϑ

∗)

unique up to a P-null set.

Proof. Proposition 2.3 is proved in [ČK07, Lemma 2.11].

For the sake of sketching the main results in this setting we introduce a few more

objects. First, let us consider a pure investment problem in the form

(2.13) inf
ϑ∈Θ(X)

E[1−
∫ T

0

ϑsdXs]
2.

Definition of this problem stems from a partial reduction of the MVH problem

to a pure portfolio optimization problem with a quadratic utility. Indeed, consid-

ering Markowitz’s mean-variance portfolio selection problem of a portfolio value

variance minimization with a given expected return c, we would like to mini-

mize

var

(
V0 +

∫ T

0

ϑsdXs

)
= E[

∫ T

0

ϑsdXs − E
∫ T

0

ϑsdXs]
2 = E[

∫ T

0

ϑsdXs − c]2,

what leads us to (2.13) after some norming. A solution of (2.13) such that it min-

imizes the given objective function among all the ϑ ∈ Θ(X) vanishing on [0, τ ] for

a stopping time τ , i.e. ϑτ• = ϑ•∧τ ≡ 0, is denoted as λ(τ). With this we can define

an adjustment process, whose existence is given by the following lemma. Recall

the notion of a Doléans-Dade stochastic exponential denoted as E , see [JS03, II.8]
for instance.

Lemma 2.5. There exists an Rd-dimensional stochastic process (semimartingale)

ã ∈ L(X) such that

1−
∫ t

0

λ(τ)s dXs = Et
(
−
∫ •

0

ãs1(τ,T ](s)dXs

)
, t ∈ T,

for any stopping time τ .
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Proof. For the proof of Lemma 2.5 see [ČK07, Lemma 3.7].

Definition 2.5 (Adjustment Process). A semimartingale ã from Lemma 2.5 is

called an adjustment process.

[ČK07, Lemma 3.2, Corollary 3.4] allow us to define an opportunity process which

is unique.

Definition 2.6 (Opportunity Process). A semimartingale L defined by the fol-

lowing

Lt = E[(1−
∫ T

0

λ(t)s dXs)
2|Ft], t ∈ T,

is called the opportunity process.

Trivially, we see that L is a submartingale. In detail, for any s, t ∈ T, s ≤ t we

have
E[Lt|Fs] = E

[
E[(1−

∫ T
0
λ
(t)
r dXr)

2|Ft]|Fs

]
=

= E[(1−
∫ T
0
λ
(t)
r dXr)

2|Fs] ≥

≥ E[(1−
∫ T
0
λ
(s)
r dXr)

2|Fs] = Ls.

Remark 2.6. Let us make a remark on interpretation of L and ã. From [ČK07]

we know that

ϱt =

√
1

Lt
− 1, t ∈ T,

where ϱt denotes a maximal Sharpe ratio on (t, T ], namely

ϱt = sup

 E[
∫ T
0
ϑsdXs|Ft]√

var(
∫ T
0
ϑsdXs|Ft)

;ϑ ∈ Θ, ϑ1[0,t] = 0

 , t ∈ T.

Furthermore, from Lemma 2.5 follows that ã yields the hedging numéraire (notion

introduced in Theorem 2.1) by

Et
(
−
∫ •

0

ãsdXs

)
= Vt(1, ϑ̃), t ∈ T.

Moreover, noting that ãt = −ϑ̃t/Vt(1, ϑ̃), t ∈ T, and that −ϑ̃ = λ(0), we can say

that ã represents optimal number of shares per unit of wealth (with regard to the

pure investment problem). ⋄

Once we have defined the adjustment and opportunity processes, we are able to

introduce a measure with a role analogous to the one of Definition 2.1, except

the fact that in this setting we should count with the so-called variance-optimal

signed σ-martingale measure (VOSσMM). In accord with Remark 2.4, we do not
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specify this notion further and we refer to [ČK07] for any detailed information.

Definition 2.7 (Variance-Optimal Signed σ-Martingale Measure). A signed mea-

sure Q⋆ defined by the density with respect to P as follows

dQ⋆

dP
=

ET
(
−
∫ •
0
ãsdXs

)
E[L0]

is called a variance-optimal signed σ-martingale measure.

Definition 2.8 (Modified Mean-Variance Tradeoff Process). We call

K = L(L)

the modified mean-variance tradeoff process, where Lt(L) =
∫ t
0

1
Ls−

dLs, t ∈ T is

a standard notion of the stochastic logarithm (see [JS03, II.8] for instance); and

L•− stands for a left-limit version of the process L.

There is a process connected with Definition 2.7 called a variance-optimal loga-

rithm process and defined as

(2.14) Nt = Kt −
∫ t

0

ãsdXs − [

∫ •

0

ãsdXs, K]t, t ∈ T,

where [·, ·] denotes the quadratic covariation, see [JS03] for instance.

[ČK07, Lemma 3.15] justifies the following definition.

Definition 2.9 (Opportunity-Neutral Measure). The probability measure P⋆ ∼ P
with the density process

ZP⋆

=
L

E[L0]E(AK)
,

where AK is the predictable finite-variation process from the canonical decom-

position (mentioned in Subsection 1.2.4) of the modified mean-variance tradeoff

process K, is called the opportunity-neutral probability measure.

Finally, we are capable of designation of an optimal hedging, i.e. solution of (2.11)

or (2.12), in this context. As the first step we define the pure hedge coefficient.

By [ČK07, Lemma 4.1] we know that there exists a unique semimartingale V
called the mean value process, which is in the case of Q⋆ a true (meaning it is not

the case of a signed measure) probability measure (e.g. in the continuous price

process case) equal to

Vt = EQ⋆ [H|Ft], t ∈ T,

and in a general case, when Q⋆ is not necessarily a probability measure, we

have

Vt = E[HET (N −N t)|Ft], t ∈ T,
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recalling the definition of variance-optimal logarithm process (2.14) and consid-

ering the stopped process N t
• = N•∧t.

[ČK07, Definition 4.6, Proposition 4.7] give existence and uniqueness of the fol-

lowing object. The process ξ satisfying∫ t

0

d⟨X⟩P⋆

s ξs = ⟨X,V⟩P⋆

t , t ∈ T,

or ∫ t

0

d∑
j=1

ξjsd⟨X i, Xj⟩P⋆

s = ⟨X i,V⟩P⋆

t , t ∈ T, i = 1, . . . , d,

considering that X is a d-dimensional process, is called the pure hedge coefficient.

Here ⟨·⟩P⋆
and ⟨·, ·⟩P⋆

denote the predictable quadratic variation and covariation,

respectively, with respect to the measure P⋆.

Remark 2.7. To relate the discussion to the theory presented earlier, note

that [ČK07, Lemma 4.8] claims that there exists a P⋆-local martingale M such

that M0 = 0, M is orthogonal to a local martingale part from the canonical

decomposition of X under P⋆ denoted as MX⋆, and there holds

(2.15) Vt = V0 +

∫ t

0

ξsdXs +Mt, t ∈ T.

Reminding Proposition 1.3, we see that (2.15) is the Fölmer-Schweizer decompo-

sition of H under P⋆. Note that if X is a martingale, one can check that ã = 0,

L = 1, K = 0, N = 0, and P = Q⋆ = P⋆; hence in Theorem 2.6 we will see that

the solution is given by the pure hedge coefficient solely, i.e. φ = ξ. ⋄

The following lemma gives us an element for the optimal hedge.

Lemma 2.6. For any v ∈ R there exists a unique solution φ ∈ L(X), let us

denote it φ(v), of the so-called feedback equation of the form

(2.16) φt = ξt − (v +

∫ t−

0

φsdXs − Vt−)ãt, t ∈ T.

Proof. See [ČK07, Lemma 4.9].

So we are ready to establish a solution of the MVH problem.

Theorem 2.6. Given x ∈ R, a solution of the feedback equation (2.16) φ(x)

provides a trading strategy solution (x, φ(x)) of the problem (2.12) for x ∈ R.
Moreover, a solution of (2.11) is given by a trading strategy pair (V0, φ(V0)).



2.4 Application of the GSM Framework to the Heston Model 34

Proof. For the proof of this main result of the present setting we refer to the work

of [ČK07, Theorem 4.10].

2.4 Application of the GSM Framework to the

Heston Model

We provide an outline of an approach different than the MVH problem solution

by the linear-quadratic stochastic control framework in the setting of the Heston

model presented in Section 3.2. The Heston model (stochastic volatility model

with a correlation between the asset and the volatility) was introduced in [Hes93].

We work with a modification of the original model adopted from [ČK08]. The

model is an example of an incomplete market model (see Definitions 1.7, 1.8

for the notion of market completeness) since we have only one traded asset and

two sources of randomness (2-dimensional Brownian motion). In this section, we

follow the paper [ČK08] that uses the GSM framework of the MVH problem

solving established by [ČK07] (which is briefly described in Section 2.3).

Problem Formulation

We set T = [0, T ] again. There is one risky asset whose price is driven by a SDE

of the form

(2.17)

{
dSt = St(µY

2
t dt+ YtdW1,t), t ∈ T,

S0 = s0 ∈ R+,

where µ ∈ R is constant, W1 is 1-dimensional (standard) Brownian motion. The

interest rate is assumed to be zero, r ≡ 0 (hence S ≡ X), and the process driving

market conditions follows a SDE in the shape

(2.18)

{
dY 2

t = (ζ0 + ζ1Y
2
t )dt+ σYt(ρdW1,t +

√
1− ρ2dW2,t), t ∈ T,

Y 2
0 = y20 > 0,

where σ > 0, ζ0 ≥ σ2/2, ζ1 < 0 and −1 ≤ ρ ≤ 1 are real constants, W2

is another 1-dimensional Brownian motion independent of W1. As is stated in

[ČK08], conditions on ζ0 and ζ1 are such that the process Y 2 is positive. Note

that Y 2 shall be understood as a notion for a process itself, not the square of a

process Y , which is rather equal to
√
Y 2.

Let us introduce a notation that will be useful for formulation of future struc-

tures. Consider an Rd-valued semimartingale X and its canonical decomposition

(see Subsection 1.2.4) X = X0 + AX +MX . We denote CX as an Rd×d-valued

process such that CX
ij = [X i, Xj], i, j ∈ {1, . . . , d}. In the case of a continuous



2.4 Application of the GSM Framework to the Heston Model 35

semimartingale X there is CX
ij = ⟨(MX)i, (MX)j⟩, i, j ∈ {1, . . . , d}. By [JS03,

Proposition II.2.9], there exists an increasing predictable process A, an Rd-valued

predictable process bX and an Rd×d-valued process cX taking values in a set of

symmetric, nonnegative definite matrices, so that there is

AXt =

∫ t

0

bXs dAs, C
X
t =

∫ t

0

cXs dAs, t ∈ T.

Note that we use interchangeably cX
iXj

= cXij and cX
i
= cXii , i, j ∈ {1, . . . , d}. In

the setting of the Heston model we have At = t for all t ∈ T and from (2.17) and

(2.18) there is (
bY

2

bS

)
=

(
ζ0 + ζ1Y

2

µSY 2

)
,(

cY
2

cY
2S

cSY
2

cS

)
=

(
σ2Y 2 ρσSY 2

ρσSY 2 S2Y 2

)
.

We want to solve the MVH problems (2.11) and (2.12) in the context of this

model.

Problem Solution

[ČK07, Lemma 3.17] motivates the following definition of a candidate opportunity

process and a candidate adjustment process.

Definition 2.10. We say that L is a candidate opportunity process if

1. L is a (0, 1]-valued continuous semimartingale,

2. LT = 1,

3. for K = L(L) we have

(2.19) bK =
(bS + cKS)2

cS
.

In such a case we call ã = (bS + cKS)/cS the candidate adjustment process cor-

responding to L.

By the conjecture Lt = υ(t, Y 2
t ) for some suitably differentiable function υ and

considering L > 0 and LT = 1 we get a candidate opportunity process in the

form

(2.20) Lt = exp(κ0(t) + Y 2
t κ1(t)), t ∈ T,

and the corresponding candidate adjustment process given by

(2.21) ãt = (µ+ ρσκ1(t))/St, t ∈ T,
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for suitable functions κ0,κ1 : T → R. More precisely, [ČK08, Proposition 3.2,

Lemma 6.1] provide a rather technically difficult definition of the above processes

under an assumption that the terminal time T is smaller than some T̃ (which is

specified there as well – dependently on the model parameters). We do not provide

detailed information since that would be pointless. Reader interested in details

could see the reference. Let us just note that κ0 and κ1 are given as solutions of

the ordinary differential equations

κ̇0(t) = −ζ0κ1(t), t ∈ T,

κ̇1(t) = µ2 − (ζ1 − 2ρσµ)κ1(t)− 1
2
σ2(1− 2ρ2)κ2

1(t), t ∈ T,

with terminal conditions κ0(T ) = κ1(T ) = 0 implied from LT = 1. This fol-

lows from the local optimality condition (2.19) after plugging in the appropriate

terms.

To be consistent with the setting of Section 2.3, we would like to verify whether

the process S admits an equivalent SσMM, see Remark 2.5. The next lemma

claims that a measure defined via candidate processes above is an EMM (note

that we do not need to work with signed measures since our model is jump free).

Lemma 2.7. For ã, L candidate opportunity process and adjustment process,

respectively, and T < T̃ , we define

Ẑt = LtEt
(
−
∫ •

0

ãsdSs

)
/L0, t ∈ T.

Then we have

1. the local martingale Ẑ is a martingale,

2. the measure Q⋆ defined via dQ⋆ = ẐTdP is an EMM,

3. the local martingale L(E(−
∫ •
0
ãsdSs))

2/L0 is a martingale and therefore

Q⋆ ∈ M2(S).

Proof. For the proof of Lemma 2.7 we refer to [ČK08, Lemma 3.3].

We would like to show that the measure Q⋆ is the true VOMM. This could be

done with an assistance of a certain Novikov’s condition.

Proposition 2.4. Take T < T̃ as before and assume there holds

(2.22) E
(
exp

(
[

∫ •

0

ãsdSs,

∫ •

0

ãsdSs]T
))

<∞,

then L and ã defined by (2.20) and (2.21) are the true opportunity process and

adjustment process, respectively, in the sense of Definition 2.6 and Definition 2.5.

Consequently, Q⋆ defined in Lemma 2.7 2. is the true VOMM.
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Proof. See [ČK08, Proposition 3.5] for the proof.

Exploring their results further (namely [ČK08, Proposition 3.7]), we can say that

there always exists T small enough such that (2.22) holds, i.e. we are able to define

ã and L as the adjustment process and the opportunity process, respectively.

Recall the notion of an opportunity-neutral measure denoted by P⋆, Definition 2.9.

We derive its density process for the Heston model. Recalling the well-known

relation

E(X) = exp(X − 1

2
[X]),

we can write (noting that F0 is trivial, so E[L0] = L0)

(2.23) ZP⋆

=
L

L0

exp(−
∫ •

0

bKs ds) = E(MK),

where K = L(L), and we have used another well-known fact about the stochastic

exponential E(X)E(X ′) = E(X +X ′ + [X,X ′]) considering MK = K −K0 −AK

(canonical decomposition of a semimartingale). We derive cK now. Using the

property of the stochastic logarithm1 we write (remind (2.20))

Kt = Lt(L) = ln(Lt)− ln(L0) +
1
2
[ln(L)]t =

= κ0(t) + Y 2
t κ1(t) +

∫ t
0

1
2
κ2

1(s)d[Y
2]s, t ∈ T,

thus by the (stochastic calculus) product rule2 and (2.18) there holds

dKt = κ̇0(t)dt+ Y 2
t κ̇1(t)dt+ κ1(t)dY

2
t + 1

2
κ2

1(t)d[Y
2]t =

= (κ̇0(t) + Y 2
t κ̇1(t) +

1
2
σ2Y 2

t κ2
1(t) + (ζ0 + ζ1Y

2
t )κ1(t))dt+

+ κ1(t)σYt(ρdW1,t +
√
1− ρ2dW2,t), t ∈ T.

Hence, we have directly cK = (κ1σY )2. We plug this in (2.23) yielding a density

process of the measure P⋆ with respect to the measure P in the form

(2.24)
ZP⋆

= E(
∫ •
0

√
cKs (ρdW1,s +

√
1− ρ2dW2,s)) =

= E(
∫ •
0
κ1(s)σYs(ρdW1,s +

√
1− ρ2dW2,s)).

[ČK07, Lemma 4.8] tells us that the pure hedge coefficient (see Section 2.3) is

given by the Fölmer-Schweizer decomposition of the mean value process (see

Section 2.3) under the measure P⋆; see Remark 2.7. However, before an explicit

formulation of the pure hedge coefficient ξ we need to show that the mean value

process V is of a special form under some additional assumption on the claim H.

1For any details about the stochastic logarithm see [JS03, II.8] for instance.
2Standard result derived using the multidimensional version of the Itô rule, see [KS88, Sec-

tion 3.3] for instance.
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Proposition 2.5. If the contingent claim H is given by g(Y 2
T , ST ) where g is a

bounded continuous function, then Vt = f(T−t, Y 2
t , St) for f ∈ C1,2,2(T×R+×R+)

given as a unique solution of the PDE

(2.25)

{
0 = −f1 + (ζ0 + ζ̂⋆1y)f2 +

1
2
y(σ2f22 + 2ρσsf23 + s2f33),

f(0, y, s) = g(y, s), (y, s) ∈ R2
+,

where we have used the notation fi =
∂f
∂xi

and fij =
∂2f

∂xi∂xj
, i, j ∈ {1, 2, 3}, and we

have set

ζ̂⋆1 (t) = ζ1 − ρσµ+ κ1(t)σ
2(1− ρ2), t ∈ T.

Proof. For the proof of Proposition 2.5 we refer to [ČK08, Proposition 4.1].

Now, we calculate dynamics of the Heston model under the opportunity-neutral

measure P⋆. By the Girsanov theorem (see [KS88, Section 3.5]), considering the

density process (2.24), we know that the processes defined by

dW ⋆
1,t = −(κ1(t)σρYt)dt+ dW1,t, t ∈ T,

and

dW ⋆
2,t = −(κ1(t)σ

√
1− ρ2Yt)dt+ dW2,t, t ∈ T,

are (independent) Brownian motions under P⋆. Hence, we can rewrite dynamics

of the Heston model under P⋆ as follows

(2.26)

{
dSt = St((µ+ κ1(t)σρ)Y

2
t dt+ YtdW

⋆
1,t), t ∈ T,

S0 = s0 ∈ R+,

and

(2.27)

{
dY 2

t = (ζ0 + ζ⋆1 (t)Y
2
t )dt+ σYt(ρdW

⋆
1,t +

√
1− ρ2dW ⋆

2,t), t ∈ T,

Y 2
0 = y20 > 0,

where we set ζ⋆1 (t) = ζ1+σ
2κ1(t), t ∈ T. Note that for an Rd-valued semimartin-

gale X and some function h ∈ C2(Rd) we have by the Itô formula

(2.28) ch(X)Xi

=
d∑
j=1

hj(X)cXij , i ∈ {1, . . . , d},

where hi =
∂h
∂xi

, i = 1, . . . , d. Finally, we are about to provide an explicit formula

for the pure hedge coefficient ξ. [ČK07, Proposition 4.7] tells us that the pure

hedge coefficient is of the form

ξ =
cSV ⋆

cS⋆
,
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where cSV ⋆ and cS⋆ are the appropriate characteristics under P⋆. Thus, considering
(2.26) and (2.27) together with the result of Proposition 2.5 and relation (2.28),

we have

(2.29)

ξt =
cSV ⋆
t

cS⋆
t

=
c
f(T−t,Y 2,S)S⋆
t

cS⋆
t

=

=
f2(T−t,Y 2

t ,St)cY
2S⋆

t +f3(T−t,Y 2
t ,St)cS⋆

t

cS⋆
t

=

= ρσf2(T − t, Y 2
t , St)/St + f3(T − t, Y 2

t , St), t ∈ T.

Now, let us provide a solution for the MVH problem of the form (2.12) for a given

initial capital x ∈ R and H fulfilling the assumptions of Proposition 2.5. Applying

results of Lemma 2.6 and Theorem 2.6, we know that a solution (optimal hedge)

is given by φ(x,H) satisfying (2.16), in the present setting

(2.30) φt(x,H) = ξt − (x+

∫ t

0

φs(x,H)dSs − Vt)ãt, t ∈ T.

Moreover, a solution of the MVH problem (2.11) corresponds to the choice x =

V0 = EQ∗ [H] = f(T, y20, s0), see Theorem 2.6.

Remark 2.8. There are a few more quantities derived in [ČK08]; namely the

minimal squared hedging error of the optimal hedge with initial capital V0 and

the maximal unconditional Sharpe ratio. We do not provide these results since our

scope is outlining of an alternative approach to the one proposed in Section 3.2;

and we believe that this presentation is sufficient for that purpose. ⋄

Numerical Implementation

The fact that we are provided with the PDE (2.25) enables us to employ numerical

techniques in order to obtain the price3 of a contingent claim in the MVH context

of the Heston model. Having the price determined, we can put it together with

simulated trajectories of the volatility process (2.18) and the asset price process

(2.17), thus getting a picture of the hedging process and quantities such as the

instantaneous squared error defined as

(2.31) γt = cVt − (cSVt )2

cSt
, t ∈ T,

which is in the Heston setting equal to σ2(1 − ρ2)Y 2
t (f2(T − t, Y 2

t , St))
2, t ∈ T.

For any details about the implementation we refer to Section A.1 in the ap-

pendix.

3By the price in the MVH context we mean the quantity given by the mean value process

V.
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In Figure 2.1 we see a comparison of two price surfaces for a call option (i.e.

H = (ST −K)+ = max(ST −K, 0)) in the Heston model; one is gained by solving

of the PDE (2.25) numerically (say Černý and Kallsen price) and the other one

by solving the pricing PDE introduced in the original Heston’s paper [Hes93] (say

original Heston price) using the same numerical method. Under deeper scrutiny

one sees that these two pricing PDEs are both in the shape of (2.25); they differ

only in choice of a parameter which is in [Hes93] called the price of volatility risk

and denoted as λ(s, y, t) : R+×R+×T → R. This parameter is hidden in the term

yζ̂⋆1 . In more detail, comparing these two PDEs (considering parametrization of

the model as in Section 2.4), we have

(2.32) yζ̂⋆1 (T − t) = y[ζ1 − ρσµ+ κ1(T − t)σ2(1− ρ2)] = ζ1y − λ(s, y, t),

for s ∈ R+, y ∈ R+ and t ∈ T. In [Hes93] the assumption is made that λ(s, y, t) =

λy. From (2.32) we see that λ(s, y, t) = y[ρσµ − κ1(T − t)σ2(1 − ρ2)], which is

the setting of [ČK07]. Moreover, in Figure 2.1 we have assumed that λ ≡ 0 in

the original Heston price for simplicity. Thus we can say that there is ζ̂⋆1 (τ) = ζ1,

τ ∈ T in the original Heston PDE, and ζ̂⋆1 (τ) = ζ1 − ρσµ + κ1(τ)σ
2(1 − ρ2),

τ ∈ T in the Černý and Kallsen PDE. These two versions of ζ̂⋆1 are depicted in

Figure 2.2. One may think that this difference corresponds to a different choice

of an EMM under which price of the claim is determined. Indeed, as is stated

in [Moo05] for instance, this really is this case since the choice of an EMM is

dependent on the choice of λ(s, y, t).

Furthermore, we can also calculate the Greeks4 of the call option price. Here we

present two of them, namely vega which is defined as ν(t, y, s) = f2(T − t, y, s),

(t, y, s) ∈ T×R+ ×R+ (i.e. the derivative of the claim price with respect to the

volatility), and delta given as ∆(t, y, s) = f3(T − t, y, s), (t, y, s) ∈ T× R+ × R+

(i.e. the derivative of the claim price with respect to the underlying asset price).

See Figure 2.3 to see surfaces of these Greeks (time is fixed as t = 0). Note that

similar results (both the price and the Greeks) can be calculated for a put option,

but they are completely analogous and therefore we do not present them.

As we have noted above, we also simulate trajectories of the Heston model pro-

cesses as in Section 2.4 (see Figure 2.4), thus being able to calculate trajectory

of the hedging process given by (2.30), the instantaneous squared error process

(2.31) (see Figure 2.5), the pure hedge coefficient stated in (2.29), the adjustment

process (2.21) (see Figure 2.6), and finally the opportunity process (2.20) and

the maximal Sharpe ratio process as introduced in Remark 2.6 (see Figure 2.7).

All parameters are set as for the call option price calculation above; furthermore

4The quantities representing the sensitivities of the claim price to a change in underlying

parameters, see [Hul09] for instance.
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Figure 2.1: Comparison of the MVH call option price by [ČK07] and the original

Heston price from [Hes93] – both gained by numerical solving of the pricing PDEs;

parameters ρ = −0.6, ζ0 = 0.3, ζ1 = −1.5, σ = 0.4, µ = 0.2, K = 100 and T = 1
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Figure 2.2: Function ζ̂⋆1 corresponding to the pricing PDEs; parameters ρ = −0.6,

ζ0 = 0.3, ζ1 = −1.5, σ = 0.4, µ = 0.2, K = 100 and T = 1
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Figure 2.3: Vega and Delta of the call option price in the Heston model (Černý

and Kallsen setting); parameters ρ = −0.6, ζ0 = 0.3, ζ1 = −1.5, σ = 0.4, µ = 0.2,

K = 100 and T = 1

s0 = 100, y20 = 0.2 and the initial wealth x = 30. Each trajectory color corre-

sponds to a separate simulated path of the Brownian motion.
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Figure 2.4: Simulated trajectories of the volatility and the asset price processes

of the Heston model (Černý and Kallsen setting)
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Chapter 3

Stochastic Control Approach to

Mean-Variance Hedging

In this chapter, we focus on the stochastic control approach to problem solving of

MVH. We present a linear-quadratic stochastic control (LQSC) framework appli-

cable to the MVH problem (Section 3.1). This application is described in detail

in the setting of an Itô market model, or a generalized Black-Scholes model, with

random market coefficients (Subsection 3.1.2). The special case of Markovian

market conditions is considered as well. We also provide a result showing a con-

nection between the quantities of the LQSC solution and some of the quantities

of the projection approach solution (Subsection 3.1.3). To illustrate this frame-

work by an example, we sketch a solution of the MVH problem in the Heston

model (Section 3.2). Then we proceed with the dynamic programming techniques

applied in the two special cases of a Black-Scholes market type (Section 3.3 and

Section 3.4). Section 3.3 is accompanied by a simple simulation study of the so-

lution. Finally, we exemplify usage of the maximum principle by an application

in a jump-diffusion price process model (Section 3.5).

3.1 Mean-Variance Hedging in the Light of the

LQSC Problem

Considering a specific choice of the market model, which will be clarified later, we

can understand mean-variance hedging as a particular case of a linear-quadratic

stochastic control1 (LQSC) problem. Hence we can determine a solution of this

problem by methods for solving the LQSC problem. First, let us remind the

concept of the LQSC problem. Then we will clarify the connection between the

LQSC and the MVH problem. This section is based mostly on [KT02].

3.1.1 Framework of the LQSC Problem

Here we introduce a specific setting of the LQSC problem. The time index set

is T = [0, T ]. Even though some of the processes involved in this problem for-

mulation are denoted like the processes in the previous parts of the text, they

1See [YZ99, Chapter 6] as a reference regarding the LQSC theory.
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need not to be linked in any way. Recall that we work with a probability space

(Ω,F ,P) endowed with a filtration {Ft, t ∈ T} that is assumed to be a natural

filtration {FW
t , t ∈ T} of the Brownian motionW (introduced below) augmented

by P-null sets and satisfying usual conditions. Note that all the stochastic pro-

cesses involved in the formulation below are considered to be {Ft}-adapted and

bounded in (ω, t) ∈ Ω × T. Let us consider a linear stochastic system given by

the following stochastic differential equation (SDE)

(3.1)

{
dXx0,ut = (AtX

x0,u
t + Btut)dt+ (Xx0,ut Ct + uTt Dt)dWt, t ∈ T,

Xx0,u0 = x0,

where W is an m-dimensional (standard) Brownian motion with respect to fil-

tration {Ft, t ∈ T}, and

A : Ω×T → R, B : Ω×T → R1×d,

C : Ω×T → R1×m, D : Ω×T → Rd×m,

u : Ω×T → Rd, x0 ∈ R,
W : Ω×T → Rm, X : Ω×T → R,

are defined in such a fashion that∫ T

0

(|AsXx0,us + Bsus|+ ||Xx0,us CT
s + DT

s us||2Rm)ds <∞ P− a.s.,

where || · ||Rm denotes Euclidean norm in Rm (the specification of the space could

be omitted in what follows for the sake of simplicity), and Xx0,u is called the

state process of the system controlled by a control process u and starting from x0
(simply a solution of (3.1) corresponding to a particular choice of u and x0). The

cost function of our LQSC problem is given as

(3.2) J(u; x0) = E[M(Xx0,uT −H)2 +

∫ T

0

(Qs(X
x0,u
s − qs)

2 + uTsNsus)ds],

where H ∈ L2(P), and

q : Ω×T → R, E[
∫ T

0

q2sds] <∞,

Q : Ω×T → R+, N : Ω×T → Rd×d,

M ∈ R+,

are such that (3.2) is well defined; N takes values in the set of symmetric matrices.

Remind that all the processes involved are {Ft}-adapted. The optimal control

problem is to determine a control process achieving the following minimization

goal

(3.3) inf
u∈U

J(u; x0)
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for x0 ∈ R, where U denotes a set of Rd-valued (control) processes satisfying

the assumptions of the lines above and for which (3.2) is well defined and fi-

nite. Finally, we introduce a theorem which is useful for determining a solu-

tion of the MVH problem in the next subsection. For this we introduce notation

Ct = (C1
t , . . . ,C

m
t ) ∈ R1×m, t ∈ T.

Theorem 3.1. Consider the LQSC problem as is given above. Assume that Nt ≥
0 and Qt ≥ 0 for a.e. t ∈ T. Also assume that

M ≥ ε

and

(3.4) DtD
T
t ≥ εId×d, a.e. t ∈ T,

where Id×d denotes d× d identity matrix and ε > 0 is a (deterministic) constant

(meaning that DDT is uniformly positive definite). Then there exists a solution

(K,L) of the following backward stochastic differential equation (BSDE)

(3.5)

{
dKt = −[atKt + cTt Lt + Qt + F (t,Kt, Lt)]dt+ LT

t dWt, t ∈ T,

KT = M,

where

at = 2At +
∑m

i=1(C
i
t)

2,

ct = (c1t , . . . , c
m
t )

T = 2(C1
t , . . . ,C

m
t )

T,

F (t,Kt, Lt) = −[BtKt + CtD
T
t Kt + LT

t D
T
t ][Nt +KtDtD

T
t ]

−1·

· [BtKt + CtD
T
t Kt + LT

t D
T
t ]

T,

for t ∈ T; K is an (0,∞)-valued continuous stochastic process and L is an Rm-

valued stochastic process, both {Ft}-adapted, such that

(3.6) ess sup
(ω,t)∈Ω×T

|Kt(ω)| <∞,

and

(3.7) E[
∫ T

0

||Ls||2ds] <∞.

The solution (K,L) is unique. Moreover, there exists a solution (ψ, ϕ) of the

following BSDE

(3.8)

{
dψt = −[Âtψt + Ĉtϕt + Qtqt]dt+ ϕT

t dWt, t ∈ T,

ψT = MH,



3.1 Mean-Variance Hedging in the Light of the LQSC Problem 48

where

Ât = At − Bt(Nt + DtKtD
T
t )

−1(BT
t Kt + DtKtC

T
t + DtLt),

Ĉt = Ct − [DT
t (Nt + DtKtD

T
t )

−1(BT
t Kt + DtKtC

T
t + DtLt)]

T,

for t ∈ T. The solution (ψ, ϕ) is unique, ψ is an R-valued {Ft}-adapted contin-

uous stochastic process and ϕ is an Rm-valued {Ft}-adapted stochastic process

such that

E[
∫ T

0

|ψs|2ds] <∞

and ∫ T

0

||ϕs||2ds <∞ P− a.s.

Finally, the LQSC problem defined by (3.1) and (3.2) has a unique optimal control

law given by

(3.9) u∗t = −(Nt + DtKtD
T
t )

−1[(BT
t Kt + DtKtC

T
t + DtLt)X

x0,u∗

t − BT
t ψt − Dtϕt],

for t ∈ T. The value function is defined as

V(t, x) = ess inf
u∈U(t)

E[M(Xx,t;uT −H)2 +

∫ T

t

(Qs(X
x,t;u
s − qs)

2 + uTsNsus)ds|Ft],

where U(t) denotes a set of all control laws satisfying properties introduced above

considered on the subinterval [t, T ] ⊂ T; by Xx,t;u we denote the state process (3.1)

starting from x at time t and controlled by u, considered for any (t, x) ∈ T× R.
There holds the following explicit formula

(3.10) V(t, x) = Ktx
2 − 2ψtx+ V0(t), ∀(t, x) ∈ T× R,

where

V0(t) = E[MH2 +
∫ T
t
Qsq

2
sds−

∫ T
t
(u0s)

T(Ns + DsKsD
T
s )

Tu0sds|Ft], t ∈ T,

u0s = (Ns + DsKsD
T
s )

−1[BT
s ψs + Dsϕs], s ∈ [t, T ].

Proof. Theorem 3.1 is a combination of results of [KT02, Theorem 2.2, Theo-

rem 5.1, Theorem 5.2]. More precisely, Theorem 2.2 gives us an existence of a

unique solution to (3.5), under the assumptions given. Theorem 5.1 claims that

then there exists a unique solution to (3.8). Finally, Theorem 5.2 says that (hav-

ing a solution to the equations above) there is a unique solution to the problem

given by (3.1) and (3.2) and that it is in the form (3.9). This theorem provides the

specific form for the value function (3.10) as well. For the proofs of the theorems

used we refer to the paper mentioned at the beginning of the proof.
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Remark 3.1. Although we see that the existence and the uniqueness of both

BSDEs solutions is granted under some assumptions imposed, we shall make a

remark on their computability from a practical point of view of the factual control

of a system. The backward nature of (3.5) and (3.8) leads to an impression that

we need quantities unveiled in the future to compute their solutions. However,

due to the second component of each of the solutions stated above, we are able to

consider solutions {Ft}-adapted; see beginning of [YZ99, Section 7.2] for a simple

illustrative example of the idea behind this second component. That means we

should be able to control the system with the present information at any time. On

the other hand, these solutions are of an abstract nature, we do not observe them

and it is not obvious how to calculate them. Sometimes we can help ourselves and

define a solution via a solution of a certain PDE as we will see in what follows.⋄

3.1.2 LQSC Framework Solution of Mean-Variance Hedg-

ing

Problem Formulation

Now, we describe our market model on which we apply the framework of the

LQSC problem as was described in the previous subsection. The market numéraire

is given by

S0
t = exp(

∫ t

0

rsds), t ∈ T = [0, T ],

where r is assumed to be a deterministic function r : T → R+ such that S0 is

well defined. Prices of the risky assets are modeled by a SDE of the form

(3.11)

{
dSt = diag(St)(µtdt+ σtdWt), t ∈ T,

S0 = s0 ∈ Rd
+,

so that

S : Ω×T → Rd
+, W : Ω×T → Rm,

where we use diag(x), x ∈ Rd as a notation for a diagonal matrix with the

elements of x on the main diagonal; W is an m-dimensional Brownian motion,

and coefficients µ, σ in (3.11) are {Ft}-adapted (filtration considered as in the

formulation of the LQSC problem in Subsection 3.1.1) processes as follows

µ : Ω×T → Rd, σ : Ω×T → Rd×m,

defined in such a way that a solution of (3.11) exists, i.e.

d∑
i=1

∫ T

0

(|Sisµs|+ ||Sisσis||2)ds <∞ P− a.s.,
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where σi denotes an Rm-valued process corresponding to the i-th row of σ. Specif-

ically, we assume that the coefficients are bounded in (ω, t) ∈ Ω × T. Note that

usually m ≥ d and in case m > d we work with an incomplete market (see Defi-

nitions 1.7, 1.8 and [HP81]). Discounted price process, or price process expressed

in units of the numéraire, is given by

Xt =
St
S0
t

= exp(−
∫ t

0

rsds)St, t ∈ T.

By straightforward application of the product rule we have

(3.12) dXt = diag(Xt)((µt − Id×1rt)dt+ σtdWt), t ∈ T,

where Id×1 = (1, . . . , 1)T ∈ Rd. Now, we can consider a portfolio value process

V (V0, ϑ) corresponding to a self-financing trading strategy (V0, ϑ). Denoting µ̃t =

µt − Id×1rt, due to the self-financing property we have

(3.13)


dVt(V0, ϑ) = ϑtdXt = ϑT

t diag(Xt)(µ̃tdt+ σtdWt) =

= µ̃T
t πtdt+ πT

t σtdWt, t ∈ T,

V0(V0, ϑ) = V0 ∈ R,

where we have defined πt = diag(Xt)ϑt, t ∈ T. Note that V (V0, ϑ) is our state

process and π corresponding to ϑ is our control input. At this point, we consider

the MVH problem of the form (1.12), namely

(3.14) J(x) = inf
(V0,ϑ)∈S(x)

E[H − VT (V0, ϑ)]
2,

for some contingent claim H ∈ L2(P) and x ∈ R, where

S(x) = {(V0, ϑ);V0 = x, self-financing trading strategy and ϑ ∈ Θ}.

Recall that Θ = L2(M)∩L2(A), whereM and A are from the canonical decompo-

sition of X (see Subsection 1.2.4), in this particular case dAt = diag(Xt)µ̃tdt and

dMt = diag(Xt)σtdWt, t ∈ T. This transfers the conditions on ϑ ∈ Θ into

E
[∫ T

0

|ϑT
s diag(Xs)µ̃s|ds

]2
<∞

and

E
[∫ T

0

ϑT
s diag(Xs)σsσ

T
s diag(Xs)ϑsds

]
<∞.

Problem Solution

Considering the facts above, mainly V of (3.13) as a state process, and the form
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of the cost function (3.14), we can see that we have a special case of the LQSC

problem described in the previous subsection, namely

At = 0, Bt = µ̃T
t , Ct = 0,

Dt = σt, ut = πt, Qt = 0,

Nt = 0, qt = 0, M = 1,

for all t ∈ T. Assuming there exists an ε > 0 such that

(3.15) σtσ
T
t ≥ εId×d, t ∈ T,

we have satisfied all the assumptions of Theorem 3.1.

Proposition 3.1. Considering the market model above with all the assumptions,

and defining λt = σT
t (σtσ

T
t )

−1µ̃t for all t ∈ T, we have a unique {Ft}-adapted
solution (K,L), K : Ω×T → (0,∞) and L : Ω×T → Rm, of the BSDE

(3.16)



dKt = [(µ̃T
t Kt + LT

t σ
T
t )(Ktσtσ

T
t )

−1(Ktµ̃t + σtLt)]dt+ LT
t dWt =

= [λTt λtKt + 2λTt Lt +K−1
t LT

t σ
T
t (σtσ

T
t )

−1σtLt]dt+ LT
t dWt,

t ∈ T,

KT = 1.

Furthermore, there exists a unique {Ft}-adapted solution (ψ, ϕ), ψ : Ω×T → R
and ϕ : Ω×T → Rm, of the BSDE

(3.17)


dψt = [(λTt λt +K−1

t λTt Lt)ψt + λTt ϕt+

+ K−1
t (σT

t (σtσ
T
t )

−1σtLt)
Tϕt]dt+ ϕT

t dWt, t ∈ T,

ψT = H.

Then the MVH problem (3.14) with a fixed initial amount x ∈ R has an optimal

control law (trading strategy expressed in the amount of investment in the assets)

as follows

(3.18) π∗
t = −K−1

t (σtσ
T
t )

−1[(µ̃tKt + σtLt)Vt(x, ϑ
∗)− µ̃tψt − σtϕt], t ∈ T,

where ϑ∗ is an associated optimal trading strategy expressed in the fractions in-

vested in the assets, recall the relation πt = diag(Xt)ϑt, t ∈ T. Moreover, we have

a specific form of the value function associated with this MVH problem, namely

V(t, y) = Kty
2 − 2ψty + E[H2|Ft]−

− E[
∫ T
t
(µ̃sψs + σsϕs)

T(σsKsσ
T
s )

−1(µ̃sψs + σsϕs)ds|Ft], (t, y) ∈ T× R.



3.1 Mean-Variance Hedging in the Light of the LQSC Problem 52

Proof. As is stated above, all the assumptions of Theorem 3.1 are satisfied, so

this is just a straightforward application of its results. We know that we have

a unique solution of (3.5) which is in the MVH problem context of the form

(3.16). Furthermore, there exists a unique solution of (3.8), here rewritten as

(3.17). Finally, a unique solution of the MVH problem (3.18) is given by (3.9) of

Theorem 3.1, and the specific form of the value function stems from (3.10) of the

same theorem.

Special Case of Markovian Market Conditions

Here we introduce a concept of the so-calledMarkovian market conditions (MMC).

This means that all the random coefficients of (3.11) are supposed to be of the

form

µt(ω) = µ̄(t, Yt(ω)), σt(ω) = σ̄(t, Yt(ω)), t ∈ T, ω ∈ Ω,

where

µ̄ : T× Rm → Rd, σ̄ : T× Rm → Rd×m,

are deterministic; and the process {Yt, t ∈ T} satisfies a specific SDE, hence our

state process follows (compare with (3.13))

(3.19)



dVt(V0, ϑ) = (µ̄(t, Yt)− Id×1rt)
Tπtdt+ πT

t σ̄(t, Yt)dWt, t ∈ T,

V0(V0, ϑ) = V0 ∈ R,

dYt = κ(t, Yt)dt+ γ(t, Yt)dWt, t ∈ T,

Y0 = y0 ∈ Rm,

where

κ : T× Rm → Rm, γ : T× Rm → Rm×m,

deterministic functions are such that a solution Y of the second SDE in (3.19)

exists (i.e. they are Lipschitz and of a linear growth). Note that the above should

be set up in such a way that the condition of boundedness of the model coeffi-

cients µ, σ is not broken. Under the assumptions of MMC, we can show that the

solution of (3.16) can be characterized with an assistance of a solution of a partial

differential equation (PDE). In order to achieve this, define a function associated

with the dt (drift) term of (3.16) as

(3.20) h(t, y, z, v) = z[λ̄Tλ̄](t, y) + 2λ̄T(t, y)v + z−1vT[σ̄T(σ̄σ̄T)−1σ̄](t, y)v,

considering

λ̄(t, y) = [σ̄T(σ̄σ̄T)−1](t, y)(µ̄(t, y)− Id×1rt),

for all (t, y, z, v) ∈ G ⊆ T × Rm × R × Rm, such that the above operations are

valid. Now, we stipulate a lemma concerning the connection of a solution of the



3.1 Mean-Variance Hedging in the Light of the LQSC Problem 53

BSDE (3.16) and a solution of a certain PDE. For this recall standard (a bit

modified) notation ∂tf = ∂f
∂t
, ∇xf = ( ∂f

∂x1
, . . . , ∂f

∂xm
)T, and ∇xxf = ( ∂2f

∂xi∂xj
)mi,j=1,

for f ∈ C1,2(T× Rm).

Lemma 3.1. Assume that we have a solution Y of the second SDE in (3.19).

Let Z ∈ C1,2(T× Rm) be a solution of a PDE of the form

(3.21)


0 = ∂tZ + (∇yZ)

Tκ(t, y) + 1
2
tr([γγT](t, y)∇yyZ)−

− h(t, y, Z, γT(t, y)∇yZ), (t, y) ∈ T× Rm,

1 = Z(T, y), y ∈ Rm.

Then processes defined as Kt = Z(t, Yt) and Lt = γT(t, Yt)∇yZ(t, Yt), for all

t ∈ T, form a solution (pair) of the BSDE (3.16).

Proof. Consider Kt = Z(t, Yt). First, we see that KT = Z(T, YT ) = 1. Second, we

apply the Itô rule (see [KS88, Section 3.3] for instance) and calculate

dKt = ∂tZ(t, Yt)dt+ (∇yZ)
T(t, Yt)dYt +

1
2
tr([γγT](t, Yt)∇yyZ(t, Yt))dt =

= ∂tZ(t, Yt)dt+ (∇yZ)
T(t, Yt)κ(t, Yt)dt+

1
2
tr([γγT](t, Yt)∇yyZ(t, Yt))dt+

+ (∇yZ)
T(t, Yt)γ(t, Yt)dWt =

= h(t, Yt, Z(t, Yt), γ
T(t, Yt)∇yZ(t, Yt))dt+ (∇yZ)

T(t, Yt)γ(t, Yt)dWt,

t ∈ T,

where we have used the first equation of (3.21) in the last equality. Hence, con-

sidering Lt = γT(t, Yt)∇yZ(t, Yt), for all t ∈ T, we see that (3.16) is satisfied for

the pair (K,L) as defined.

Assuming that we have a solution Z of (3.21), we see that K and L defined in

Lemma 3.1 solve the BSDE (3.16). Moreover, supposing that all the assumptions

for application of Proposition 3.1 are valid, in particular that there exists ε > 0

such that

σ̄(t, Yt)σ̄
T(t, Yt) ≥ εId×d, t ∈ T,

relation (3.18) gives us a solution of the MVH problem (3.14) in this case of

Markovian market conditions as follows

(3.22)

π∗
t = −(Z(t, Yt))

−1(σ̄(t, Yt)σ̄
T(t, Yt))

−1
[(
(µ̄(t, Yt)− rt1d)Z(t, Yt)+

+ σ̄(t, Yt)γ
T(t, Yt)∇yZ(t, Yt)

)
Vt(x, ϑ

∗)−

− (µ̄(t, Yt)− rt1d)ψt − σ̄(t, Yt)ϕt
]
, t ∈ T,

recalling (ψ, ϕ) as a solution of the BSDE (3.17).
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We see that we have developed framework for the solution of the MVH problem

in the specific kind of market models. Inter alia, we will apply this result in the

concrete financial model in what follows (see Section 3.2).

Remark 3.2. The specification of the Markovian market conditions makes the

model more applicable on a real market situation. However, the process Y driving

random market conditions (coefficients) seems to be of a latent (non-observed)

nature. Hence, the question arises: How shall we gain information about the

process Y from the data available on the market? This could be of an importance,

since we need to calibrate the coefficient functions of the SDE for Y (see (3.19)) for

instance. Various possibilities offer, such as the usage of the so-called historical

volatility, i.e. sample standard deviation calculated from the underlying price

process S. However, these questions are not of our present concern so we leave

this investigation to the interested reader. ⋄

3.1.3 Connection Between the LQSC Solution and the

Projection Approach

Elaborating upon the hints proposed in [KT02, Section 6.3] we give a few as-

sertions in which we would like to propose a connection between some of the

quantities introduced within the projection approach solution in Chapter 2 and

some of the quantities stated in the LQSC solution part in Subsection 3.1.2.

In the next proposition, we use the quantities introduced in Proposition 3.1 de-

scribing the solution of MVH via the LQSC framework. Also recall the definition

of the model and the MVH problem from Subsection 3.1.2; all is set is it was

mentioned there.

Proposition 3.2. Say that all the assumptions of Proposition 3.1 are fulfilled

and that we have the market model set as in Subsection 3.1.2. Consider processes

given as follows

(3.23)
Kt = 1/Kt, Lt = −Lt/K2

t ,

σ̃t = Im×m − σT
t (σtσ

T
t )

−1σt, t ∈ T.

Then process K follows a BSDE of the form

(3.24)

{
dKt = [−λTt λtKt + 2λTt Lt +K−1

t LT
t σ̃tLt]dt+ LT

t dWt, t ∈ T,

KT = 1,

This is a BSDE associated (in a similar way as is (3.16) with the MVH problem)
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with a LQSC problem of the form

(3.25) min
θ∈A

E[X x,θ
T ]2,

where

(3.26)

{
dX x,θ

t = −X x,θ
t λTt dWt + θTt σ̃tdWt, t ∈ T,

X x,θ
0 = x ∈ R,

and A denotes a set of admissible control laws for this problem, in this context

square-integrable {Ft}-adapted Rm-valued processes. Considering x = 1, this is

in fact the problem of finding a solution of

(3.27) min
Q∈M2(X)

E
[
dQ
dP

]2
which gives us the VOMM (recall Definition 2.1). A solution of (3.25) is given

by

(3.28) θ∗t = −K−1
t LtX 1,θ∗

t = L̃tX 1,θ∗

t , t ∈ T,

where L̃t = Lt/Kt, t ∈ T. Furthermore, defining processes ψ̃ and ϕ̃ by

(3.29) ψ̃t = ψt/Kt, ϕ̃t = ϕt/Kt − Ltψt/K
2
t , t ∈ T,

gives us a representation for the price of the hedged claim H, namely

(3.30) ψ̃t = EP̃[H|Ft], t ∈ T.

Process ϕ̃ is the integrand from the martingale representation of the conditional

density process {ψ̃t, t ∈ T} under the VOMM P̃, i.e.

(3.31) ψ̃t = EP̃[H] +

∫ t

0

ϕ̃T
s dW

P̃
s , t ∈ T,

where W P̃
t =

∫ t
0
λ̃sds+Wt, t ∈ T, denoting λ̃t = λt−σ̃tL̃t, t ∈ T, is a P̃-Brownian

motion. Moreover, we have a decomposition of the LQSC solution of MVH (3.18)

in the shape

(3.32)

π∗
t = −(σtσ

T
t )

−1(µ̃t + σtL̃t)Vt(1, ϑ̃)+

+ (σtσ
T
t )

−1[(µ̃t + σtL̃t)(Vt(1, ϑ̃)− Vt(x, ϑ
∗(x)) + ψ̃t) + σtϕ̃t],

t ∈ T,

where the first summand yields2 the hedging numéraire process V (1, ϑ̃) (introduced

in Section 2.2).

2We mean that the portfolio value process corresponding to the portfolio driven by the

strategy given by this summand is equal to V (1, ϑ̃).
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Proof. First, let us show that (3.24) holds for K. It is just a straightforward

application of the Itô rule; recalling (3.16) we calculate

dKt = − 1
K2

t
dKt +

1
K3

t
d[K]t,

= [−λTt λt 1
Kt

− 2
λTt Lt

K2
t

− 1
K3

t
LT
t σ

T
t (σtσ

T
t )

−1σtLt]dt−

− 1
K2

t
LT
t dWt +

1
K3

t
LT
t Ltdt =

= [−λTt λtKt + 2λTt Lt +K−1
t LT

t (Im×m − σT
t (σtσ

T
t )

−1σt)Lt]dt+

+ LT
t dWt, t ∈ T,

and this is exactly what we have in (3.24). Terminal condition KT = 1 is clear

from the terminal condition of K. Now, let us show that (3.28) really is a solution

of the LQSC problem given by (3.25) and (3.26). In [KT02] this feedback form

of solution is suggested, hence we can restate the problem slightly regarding the

feedback form of the control, namely{
dX 1,θ

t = −X 1,θ
t λTt dWt + X 1,θ

t θTt σ̃tdWt, t ∈ T,

X 1,θ
0 = 1.

Note that it is easy to verify that λTσ̃ = 0, σ̃T = σ̃ and σ̃σ̃ = σ̃; we make use

of this facts when needed. Straightforward application of the Itô lemma gives us

the following

d(X 1,θ)2t = −2(X 1,θ)2t [λ
T
t − θTt σ̃t]dWt + (X 1,θ)2t [λ

T
t λt + θTt σ̃tθt]dt, t ∈ T.

Define Rθ
t = Kt(X 1,θ)2t , t ∈ T. Then by the product rule we have

dRt = Kt

(
− 2(X 1,θ)2t [λ

T
t − θTt σ̃t]dWt + (X 1,θ)2t [λ

T
t λt + θTt σ̃tθt]dt

)
+

+ (X 1,θ)2t
(
[−λTt λtKt + 2λTt Lt +K−1

t LT
t (Im×m − σT

t (σtσ
T
t )

−1σt)Lt]dt+

+ LT
t dWt

)
− 2(X 1,θ)2t [λ

T
t Lt − θTt σ̃tLt]dt, t ∈ T.

It is clear that E[Rθ
T ] = E[X 1,θ

T ]2. Recalling the fundamental fact that the expec-

tation of the Itô integral is equal to zero, we can integrate getting the following

equation

E[X 1,θ
T ]2 = R0 + E

[ ∫ T
0
(X 1,θ)2sKs

(
θTs σ̃sθs + 2K−1

s θTs σ̃sLs +K−2
s LT

s σ̃sLs
)
ds
]
=

= R0 + E
[ ∫ T

0
(X 1,θ)2sKs||σ̃s(θs + LsK−1

s )||2Rmds
]
.

Note that both K and (X 1,θ)2 (for any admissible θ) are (0,∞)-valued processes;

thus we see that θ∗ in (3.28) is a solution of the problem stated by (3.25) and

(3.26). Next, we continue to show a reasoning behind (3.30) and (3.31). Another

application of the product rule yields

dψ̃t = d ψt

Kt
= (λTt ϕtK

−1
t − ψtK

−2
t λTt Lt + LT

t σ̃tLtK
−3
t − LT

t σ̃tϕtK
−2
t )dt+

+ (K−1
t ϕT

t −K−2
t LT

t ψt)dWt, t ∈ T.
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Considering the definitions of λ̃ and ϕ̃, this in turn gives

dψ̃t = λ̃Tt ϕ̃t + ϕ̃T
t dWt, t ∈ T,

thus (noting that ψ̃0 = EP̃[H]) we have shown that (3.31) holds. To justify (3.30),

we first show thatW P̃ is a P̃-Brownian motion. Say that we believe that X 1,θ∗

T is a

solution of the VOMM problem (3.27) (we will show this later in the proof), thus
dP̃
dP = X 1,θ∗

T = ET
(
−
∫ •
0
λ̃Ts dWs

)
. So by the Girsanov theorem we know thatW P̃ is a

P̃-Brownian motion. Now, recalling that ψ̃T = H, we can write straightforwardly

EP̃[H|Ft] = EP̃
[
ψ̃0 +

∫ T

0

ϕ̃T
s dW

P̃
s

∣∣Ft

]
= ψ̃0 +

∫ t

0

ϕ̃T
s dW

P̃
s , t ∈ T,

which gives (3.30), noting that ψ̃0 = EP̃[H]. At this point, we have two more

things to prove; namely that the problem given by (3.25) and (3.26) really is the

problem of finding the VOMM, and that the first summand in decomposition

(3.32) leads to the hedging numéraire. The latter is rather direct. Getting (3.32)

is just a matter of rewriting of (3.18); taking the definitions of K̃, L̃, ψ̃ and ϕ̃ into

account. To see that the first summand gives ϑ̃, we need to recall the problem

which leads to the hedging numéraire, see Theorem 2.1. It is a specific MVH

problem with H = 0 and initial wealth x = 1. By the lines above in this proof, we

know that ψ̃ = 0 for such a problem, thus ψ = 0 and ϕ = 0. BSDE for (K,L) is

in the same form as in (3.16), hence we see that the solution formula (3.18) yields

the first summand exactly. Finally, we show why (3.25) and (3.26) lead to the

(density of) VOMM. We would like to prove that equivalent martingale densities
dQ
dP , Q ∈ M2(X) can be characterized by X 1,θ

T = ET
( ∫ •

0
(−λTs +θTs σ̃s)dWs

)
, θ ∈ A.

For this, we make use of [HP91, Proposition 1], where it is a characterization of

equivalent martingale densities (EMD) stated. This proposition says that each

EMD can be written (adjusting the notation to our context) as

(3.33)
dQ
dP

= ET
(∫ •

0

(−λTs + νTs )dWs

)
=: γT (ν),

for an Rm-valued {Ft}-adapted process such that ν ∈ ker(σ) = {υ;σtυt = 0, t ∈
T} and

∫ T
0
||νs||2mds < ∞ P− a.s. Moreover, the proposition claims that having

the right-hand side of (3.33) for ν ∈ ker(σ) and additional assumptions such as

E[γT (ν)] = 1 and E[
∫ T
0
||γs(ν)||2Rmds] < ∞ satisfied, we know that γT (ν) yields

an EMD. It is clear that if ν = σ̃θ for θ ∈ A, these conditions are satisfied

(noting that σσ̃ = 0 and λTσ̃ = 0), and so we get an EMD by X 1,θ
T = γT (σ̃θ).

Conversely, we would like to show that any ν ∈ ker(σ) can be written as ν = σ̃θ

for some θ ∈ A. To achieve this, we use Lemma 3.2. From (3.15) we know that

rank(σt) = d for any t ∈ T. So for any ν ∈ ker(σ) as above we can find a suitable

process θ such that ν = σ̃θ. This completes the proof.
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Lemma 3.2. Let us have a matrix D ∈ Rd×m, where d,m ∈ N, d ≤ m. Assume

that rank(D) = d and define

D̃ = Im×m −DT(DDT)−1D.

Then there holds that for each v ∈ ker(D) there exists u ∈ Rm such that v = D̃u.

Proof. First note that if m = d, everything is trivial since ker(D) = {0}. So we

consider m > d henceforth. By the singular value decomposition3 we have that

there exist U ∈ Rd×d, S ∈ Rd×m and V ∈ Rm×m such that U and V are unitary

matrices, i.e. UTU = UUT = Id×d, V
TV = V V T = Im×m, and S is a diagonal

matrix with positive real numbers on the diagonal; all is so thatD = USV T. Then

there is DDT = USV TV STUT = USSTUT, hence (DDT)−1 = U(SST)−1UT

because

(DDT)(DDT)−1 = USSTUTU(SST)−1UT =

= U(SST)(SST)−1UT = UUT = Id×d.

Note that we know that (SST)−1 exists because there holds

SST = diag(s21, . . . , s
2
d),

denoting si, i = 1, . . . , d as the i-th value on the diagonal of S, recall si > 0,

i = 1, . . . , d. So clearly

(SST)−1 = diag

(
1

s21
, . . . ,

1

s2d

)
.

We continue by

D̃ = Im×m −DT(DDT)−1D =

= Im×m − V STUT(U(SST)−1UT)USV T =

= V V T − V (ST(SST)−1S)V T =

= V (Im×m − ST(SST)−1S)V T.

By direct calculation we know that ST(SST)−1S is a diagonal Rm×m matrix with

the diagonal equal to (1, . . . , 1, 0, . . . , 0)T ∈ Rm with d elements equal to 1. Hence

we see that D̃ = VMV T, where M = diag(0, . . . , 0, 1, . . . , 1) ∈ Rm×m with ex-

actly m − d elements on the diagonal equal to 1. From the singular value de-

composition of D we know that s21, . . . , s
2
d are eigenvalues of DDT. Furthermore,

denoting column vectors of U as u1, . . . , ud, we know that they are eigenvec-

tors of DDT. Moreover, having v1, . . . , vm as column vectors of V , we know that

3See [Str03, Section 6.7] for instance.
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s21, . . . , s
2
d andm−d zeros are eigenvalues of DTD with corresponding eigenvectors

v1, . . . , vd, vd+1, . . . , vm. So we see that d zeros and m− d ones are eigenvalues of

D̃ with corresponding eigenvectors v1, . . . , vd, vd+1, . . . , vm. From that we obtain

range(D̃) = span(vd+1, . . . , vm). Again, from the singular value decomposition we

have ker(D) = span(vd+1, . . . , vm). Hence ker(D) = range(D̃).

3.2 Application of the LQSC Framework to the

Heston Model

In this section, we apply LQSC framework solution of the MVH problem described

in Subsection 3.1.2 in the setting of the Heston model introduced in [Hes93]. We

work with a modification of the original model as was introduced in [ČK08]. The

model is an example of an incomplete market model (see Definitions 1.7, 1.8 for

the notion of market completeness) since we have only one traded asset and two

sources of randomness (2-dimensional Brownian motion). Note that this attempt

for a solution is motivated by [KT02] where applicability of the Markovian market

conditions situation is suggested only. We work up this idea in detail in this

section pointing out questions we have met during the derivation (that could

be of course dependent on our way of application). There exist solutions using

other approaches in the literature, for example by applying dynamic programming

in [LP99] for finding a variance-optimal martingale measure in the case of zero

correlation between the price and the volatility process (ρ = 0); in the correlated

case by [Hob04] and [ČK08], the latter paper is outlined in Section 2.4. However,

our endeavor should demonstrate usage of the LQSC framework.

Problem Formulation

The model is propounded in the same fashion as in Section 2.4, let us recall it.

We set T = [0, T ] again. There is one risky asset whose price is driven by a SDE

of the form

(3.34)

{
dSt = St(µY

2
t dt+ YtdW1,t), t ∈ T,

S0 = s0 ∈ R+,

where µ ∈ R is constant, W1 is a 1-dimensional Brownian motion. The interest

rate is assumed to be zero, r ≡ 0 (hence S ≡ X), and the process driving market

conditions follows a SDE in the shape

(3.35)

{
dY 2

t = (ζ0 + ζ1Y
2
t )dt+ σYt(ρdW1,t +

√
1− ρ2dW2,t), t ∈ T,

Y 2
0 = y20 > 0,
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where σ > 0, ζ0 ≥ σ2/2, ζ1 < 0 and −1 ≤ ρ ≤ 1 are real constants, W2

is another 1-dimensional Brownian motion independent of W1. As is stated in

[ČK08], conditions on ζ0 and ζ1 are such that the process Y 2 is positive. We use

Y 2 as a process driving random market conditions.

In accord with (3.14), we want to solve the MVH problem with a fixed amount

of the investor’s wealth. More precisely, for a given x ∈ R and a contingent claim

H ∈ L2(P), we search for a self-financing strategy ϑ (satisfying all the integrability

conditions stated in Subsection 3.1.2) minimizing the following

J(x) = inf
ϑ
E
[
H − (x+

∫ T

0

ϑsdSs)

]2
.

Summing up, we have a system given by

dVt(V0, ϑ) = ϑtSt(µY
2
t dt+ YtdW1,t), t ∈ T,

V0(V0, ϑ) = V0 ∈ R,

dY 2
t = (ζ0 + ζ1Y

2
t )dt+ σYt(ρdW1,t +

√
1− ρ2dW2,t), t ∈ T,

Y 2
0 = y20 > 0,

with the cost function

(3.36) J(x) = inf
(V0,ϑ)∈S(x)

E[H − VT (V0, ϑ)]
2.

Problem Solution

Recall the concept of the MMC introduced in Subsection 3.1.2. We see that our

setting of the Heston model is a particular case of this concept. Namely, d = 1,

m = 2, and to be consistent with the MMC framework introduced previously we

reformulate random market conditions’ SDE (3.35) to the multivariate form

d

(
Y 2
t

Gt

)
=

(
ζ0 + ζ1Y

2
t

0

)
dt+ σYt

(
ρ
√
1− ρ2

0 0

)
dWt, t ∈ T,

where W = (W1,W2)
T is a 2-dimensional Brownian motion (its elements are

Brownian motions from the model definition above), (Y 2
0 , G0)

T = (y20, g0) ∈
(0,∞) × {0}, so G ≡ 0 is a vanishing process introduced only for the sake of

dimension consistency (dimension of the process driving randomness of the model

coefficients has to be equal to the dimension of the Brownian motion in the set-

ting of the MMC, see the MMC passage in Subsection 3.1.2). Moreover, for every

t ∈ T and y = (y1, y2)T ∈ (0,∞)× R we have

µ̄(t, y) = µy1, σ̄(t, y) = (
√
y1, 0),

κ(t, y) =

(
ζ0 + ζ1y

1

0

)
,
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and

γ(t, y) = σ
√
y1

(
ρ
√

1− ρ2

0 0

)
.

To satisfy (3.15) of Proposition 3.1, we would like to have

Y 2
t ≥ ε, t ∈ T,

for some ε > 0. We know that the process Y 2 has positive trajectories, but that

does not mean that this assumption is met. This could be possibly circumvented

by taking

σ̄(t, y) = (
√
y1 + ς, 0),

where a given constant ς > 0 stands for a certain minimal level of the asset’s

volatility. This redefines the model for the asset slightly as{
dSt = St(µY

2
t dt+ (Yt + ς)dW1,t), t ∈ T,

S0 = s0 ∈ R+.

To be fully consistent with the LQSC framework solution of MVH, we need

to discuss the issue of the model coefficients boundedness. Although in [KT02]

they suggest applicability of the LQSC theory MVH solution (the MMC case)

described in Subsection 3.1.2, fulfillment of this assumption is not clear to us.

However, we could modify the model either in the way that the process Y 2 is

bounded, or so that the functions µ̄ and σ̄ are truncated at some level.

Assuming that all of the conditions of Proposition 3.1 are fulfilled, we know that

there exist solutions of the following BSDEs dKt =
[

µ2Y 4
t

(Yt+ς)2
Kt + 2

µY 2
t

Yt+ς
L1
t +K−1

t (L1
t )

2
]
dt+ LT

t dWt, t ∈ T,

KT = 1,

and 
dψt =

[(
µ2Y 4

t

(Yt+ς)2
+K−1

t L1
t
µY 2

t

Yt+ς

)
ψt+

+
µY 2

t

Yt+ς
ϕ1
t +K−1

t L1
tϕ

1
t

]
dt+ ϕT

t dWt, t ∈ T,

ψT = H,

where we denote L = (L1, L2)T and ϕ = (ϕ1, ϕ2)T. In terms of these solutions,

solution of the MVH problem can be obtained as is stated in Proposition 3.1. We

will introduce it later, let us first make use of the MMC case of Subsection 3.1.2

in order to get (K,L) with an assistance of a PDE solution.

Taking the above into consideration, we can write

λ̄(t, y) = [σ̄T(σ̄σ̄T)−1](t, y)µ̄(t, y) =

(
µy1√
y1+ς

0

)
.
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Next, we calculate the function associated with the drift term of (3.16) according

to (3.20), yielding

h(t, y, z, v) = z
µ2(y1)2

(
√
y1 + ς)2

+ 2
µy1√
y1 + ς

v1 +
(v1)2

z
,

for all t ∈ T, y = (y1, y2)T ∈ (0,∞)× R, z ∈ (0,∞), v = (v1, v2)T ∈ R2. Finally,

we plug all the relevant expressions above in (3.21) to receive the following PDE

for a function Z ∈ C1,2(T×[(0,∞)×R]), using the notation ∂tZ = ∂Z
∂t
, ∂yiZ = ∂Z

∂yi
,

∂yi,yiZ = ∂2Z
∂yi∂yi

for i = 1, 2. Occasionally, we suppress a specification of points

at which derivatives are calculated since we hope that this is intuitive from the

context.

(3.37)



0 = ∂tZ + (ζ0 + ζ1y
1)∂y1Z+

+ 1
2
tr

(
σ2y1

(
1 0

0 0

)
∇yyZ

)
−

− h(t, y, Z, σ
√
y1(ρ∂y1Z,

√
1− ρ2∂y1Z)

T) =

= ∂tZ + (ζ0 + ζ1y
1)∂y1Z + 1

2
σ2y1∂y1,y1Z−

− Z µ2(y1)2

(
√
y1+ς)2

− 2 µy1√
y1+ς

σρµ
√
y1∂y1Z − 1

Z
σ2ρ2y1(∂y1Z)

2,

(t, y) ∈ T× [(0,∞)× R],

1 = Z(T, y), ∀y ∈ (0,∞)× R.

Hence, if we have a solution Z of (3.37), by virtue of Lemma 3.1 we know that

processes defined as

Kt = Z(t, (Y 2
t , Gt)

T) = Z(t, (Y 2
t , 0)

T), t ∈ T,

and
Lt = γT(t, (Y 2

t , Gt)
T)∇yZ(t, (Y

2
t , Gt)

T) =

= σYt

(
ρ∂y1Z(t, (Y

2
t , 0)

T)√
1− ρ2∂y1Z(t, (Y

2
t , 0)

T)

)
, t ∈ T,

form a solution of (3.16) in the present setting of the Heston model.

Assuming that we are provided with all of the above quantities, relation (3.18) of

Proposition 3.1, or rather (3.22) of the MMC passage, gives us a solution of the

MVH problem associated with (3.36) in the form

ϑ∗
t = π∗

t /St = −K−1
t

St
(σtσ

T
t )

−1[(µ̃tKt + σtLt)Vt(x, ϑ
∗)− µ̃tψt − σtϕt] =

= −K−1
t

St
(Yt + ς)−2[(µY 2

t Kt + (Yt + ς)L1
t )Vt(x, ϑ

∗)− µY 2
t ψt − (Yt + ς)ϕ1

t ] =

= −(Z(t, (Y 2
t , 0)

T)St)
−1(Yt + ς)−2

[(
µY 2

t Z(t, (Y
2
t , 0)

T)+

+ (Yt + ς)Ytσρ∂y1Z(t, (Y
2
t , 0)

T)
)
Vt(x, ϑ

∗)− µY 2
t ψt − (Yt + ς)ϕ1

t

]
, t ∈ T.
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Remark 3.3. Let us make a note on the comparison of the GSM solution

(Section 2.4) and the LQSC solution (Section 3.2) of MVH in the Heston model.

As we have seen, each of the approaches has its advantages and disadvantages.

Speaking about the GSM approach, we can say that the structure of the solution

is somewhat more transparent than in the LQSC case; terms of the solution have

an exact economical representation. Furthermore, we have demonstrated that a

rather manageable numerical implementation is at hand in the GSM case. This

issue seems to be far from trivial in the LQSC case since the BSDEs are involved.

Although we have seen that we can help ourselves with a transformation of the

BSDE problem into a PDE solution finding problem, however, structure of (3.37)

seems to be quite complicated and we have not been able to solve it via an explicit

finite difference scheme for instance (such a method was employed in the GSM

case, see Section A.1). Moreover, capability of the numerical solution of the pricing

equation (2.25) allows computation of another quantities, such as the Greeks. In

the LQSC solution case, price is (see (3.30)) expressed as ψt

Kt
= ψt

Z(t,(Y 2
t ,0)

T)
, t ∈ T,

thus it involves the BSDE solutions. Therefore it is not clear how the Greeks

could be computed for instance if there is no pricing function as in the GSM case.

Another disadvantage of the LQSC approach is that, as we have seen above, there

have been some problems met in the solution derivation; namely the reformulation

of the model due to condition (3.15) and the issue with of the model coefficients

boundedness. The restatement of the random market conditions process to the

multivariate form in order to be consistent with the MMC framework is also a

rather disputable and quite unnatural operation. On the other hand, there is

also an advantage of the LQSC approach over the GSM solution, and that is no

restriction on the time to maturity T < T̃ and no requirement of the specific form

of the contingent claim H = g(Y 2
T , ST ). ⋄

3.3 Dynamic Programming Solution in the Con-

text of the Black-Scholes Model – Simple

Case

In this section, we would like to present an example illustrating how the MVH

problem can be solved by the dynamic programming method in a rather simple

setting of the Black-Scholes model. Although the financial model we use in this

part is just a special case of the one presented in Subsection 3.1.2, the idea be-

hind this presentation is twofold. First, we motivate the usage of the dynamic

programing approach in this context; and second, we are able to see the struc-

ture of a solution in more detail in this simple case. Even though this model is
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complete, we make the MVH problem relevant here by taking the initial value of

the investor’s wealth fixed.

Problem Formulation

Our market model is given by the well-known setting of Black and Scholes intro-

duced in [BS73]. Namely, we have an example of the model from Subsection 3.1.2

with an only risky asset (d = 1) S and all the coefficients involved assumed to be

constant. So rt ≡ r ∈ R, µt ≡ µ ≥ r and σt ≡ σ > 0, in the SDE notation{
dXt = Xt(µ− r)dt+XtσdWt, t ∈ T = [0, T ],

X0 = s0 ∈ R+,

where X = S/er• is the discounted price process of the model. Hence, by (3.13)

we know that the (discounted) portfolio value process V (V0, ϑ) associated with a

self-financing trading strategy (V0, ϑ) satisfies

(3.38)

{
dVt(V0, ϑ) = πt(µ− r)dt+ πtσdWt, t ∈ T,

V0(V0, ϑ) = V0 ∈ R,

where πt = ϑtXt is the amount invested in the risky asset at time t ∈ T deter-

mined by the fraction ϑt. We make another restrictive assumption, namely that

the claim H is considered to be constant as well. Although this situation is an

example of a complete market (recall Definitions 1.7, 1.8), we do not have to

be capable of constructing a perfect hedge, since our initial value of admissible

portfolios will be fixed. Moreover, we assume that a claim H is not expressed in

the units of numéraire, i.e. is not discounted in this case. This is done for the sake

of a future comparison (see Remark 3.6 below) of our results with those in the

literature. In line with (1.12), our problem is

(3.39) J(x) = inf
(V0,ϑ)∈S(x)

E[He−rT − VT (V0, ϑ)]
2, x ∈ R,

where

S(x) = {(V0, ϑ);V0 = x, self-financing trading strategy and ϑ ∈ Θ}.

We consider a value function of the problem defined as{
V(t, y) = ess inf(V0,ϑ)∈Sy

t (x)
E[(He−rT − VT (V0, ϑ))

2|Ft], (t, x) ∈ [0, T )× R,

V(T, y) = (He−rT − y)2, y ∈ R,

where
Syt (x) = {(V0, ϑ);V0 = x, Vt(V0, ϑ) = y,

self-financing trading strategy and ϑ ∈ Θ}.
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Remark 3.4. Our problem of (3.39) is in fact rather a kind of mean-variance

portfolio selection problem, since H is fixed as a constant. Say it is a situation

where we want to minimize terminal variance of a portfolio value

inf
ϑ
var(VT (x, ϑ)) = inf

ϑ
E[VT (x, ϑ)−H]2,

with a predetermined expected return H of a portfolio, i.e. E[VT (x, ϑ)] = H ∈ R+

for all admissible ϑ. ⋄

Problem Solution

We derive a solution of this problem directly using the dynamic programming

(DP) approach. As a reference for this method we provide the lecture notes of

[vS09, Chapter 5], or the work of [YZ99, Chapter 4].

Proposition 3.3. Assume the simple Black-Scholes model setting as above, take

x ∈ R. The optimal trading strategy minimizing (3.39) is given by

ϑ∗
t = −µ− r

σ2St
[ertVt(x, ϑ

∗)−He−r(T−t)], t ∈ T.

Proof. Let us construct the so-called dynamic programming equation (DPE), or

equivalently Hamilton-Jacobi-Bellman (HJB) equation, of the system given by

(3.38) above. Let us consider that we have no constraints for the support of ϑ;

see Remark 3.5. Remind that T = [0, T ] again, and, if necessary, derivatives are

considered on an open subset. We write

(3.40)


0 = ∂tV(t, x) + infϑ∈R[ϑXt(µ− r)∂xV(t, x)+

+ 1
2
ϑ2σ2X2

t ∂xxV(t, x)], (t, x) ∈ T× R,

V(T, x) = (He−rT − x)2, x ∈ R.

Now, along with a knowledge from the literature concerning the MVH problem

(for instance [KT02]), we conjecture a quadratic form of the value function, thus

(3.41) V(t, x) = V2(t)x
2 + V1(t)x+ V0(t), (t, x) ∈ T× R,

for some differentiable functions V2, V1 and V0; Vi : T → R, i = 0, 1, 2. Using

(3.41) and denoting the minimized term (Hamiltonian) in (3.40) as H(t, x, ϑ) we

get

∂ϑH(t, x, ϑ) = Xt(µ− r)(2V2(t)x+ V1(t)) + ϑσ2X2
t 2V2(t), (t, x, ϑ) ∈ T× R× R,

and

∂ϑϑH(t, x, ϑ) = σ2X2
t 2V2(t), (t, x, ϑ) ∈ T× R× R.
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Assuming that V2(t) > 0 for all t ∈ T (we will see that this is right in this case)

we can find a candidate for a minimum of H with respect to ϑ at a fixed point

(t, x) ∈ T× R by solving ∂ϑH(t, x, ϑ) = 0, yielding

(3.42) ϑ∗ = −µ− r

σ2Xt

[
x+

V1(t)

2V2(t)

]
.

If we plug ϑ∗ back in (3.40), we get the following

0 = V̇0(t)− (µ−r)2
σ2

V2
1(t)

4V2(t)
+

+ [V̇1(t)− (µ−r)2
σ2 V1(t)]x+

+ [V̇2(t)− (µ−r)2
σ2 V2(t)]x

2, (t, x) ∈ T× R.

Denoting λ = µ−r
σ
, this leads directly into the set of differential equations

0 = V̇0(t)− λ2
V2
1(t)

4V2(t)
,

0 = V̇1(t)− λ2V1(t),

0 = V̇2(t)− λ2V2(t).

Considering the terminal condition of (3.40), we have V2(T ) = 1, V1(T ) =

−2He−rT and V0(T ) = H2e−2rT . Solving of the system above is now a rather

straightforward exercise, so we provide the solution
V2(t) = exp(−λ2(T − t)), t ∈ T,

V1(t) = −2H exp(−λ2(T − t)− rT ), t ∈ T,

V0(t) = H2 exp(−λ2(T − t)− 2rT ), t ∈ T.

Notice that the assumption V2(t) > 0 for all t ∈ T made above is justified. So,

an optimal control (trading strategy) given by (3.42) transforms into

(3.43) ϑ∗(t, x, S) = −µ− r

σ2S
[x−He−r(T−t)],

where t ∈ T, x denotes a variable associated with a non-discounted value of the

portfolio at time t, i.e. ertVt(x, ϑ
∗) in our context, and S stands for a variable

associated with a non-discounted price of the risky asset St = ertXt at time t.

Remark 3.5. We have solved an unconstrained case of our problem. This means

that our strategy may lead to borrowing resources for an investment in the risky

asset. To treat a constrained problem (with the support of a control law equal

to the interval [−1, 1] when short sales – sales of assets with an intent of future

re-buying – are allowed, or [0, 1] with the restriction of short sales) we would have

to consider whether our candidate for ϑ∗ is in [−1, 1], or [0, 1], and also values

of the minimized function H at −1, 1, or 0, 1. However, this could be done in a
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rather straightforward manner and we believe that this presentation is sufficient

for our goal. In a financial lingo, we assume that we are a big player on the market

and therefore we are able to borrow or deposit any amount of money in order to

maintain our long/short position in the asset, no matter how big it is. This will

be used in the simulation study later. ⋄
Remark 3.6. One can check that our solution (3.43) in this simple case coincides

with the one presented in [KZ00, Section 5]. In detail, in case of a deterministic

H we have (in a notation of the mentioned article) qt ≡ 0, and

dpt = rptdt, t ∈ T,

with pT = H, so pt = He−r(T−t); and their Theorem 5.1 gives exactly the same

solution. ⋄

Illustrative Sketch of the Simple Black-Scholes Solution

We use the simple form (3.43) of the solution to draw some illustrative figures

of its nature. In Figure 3.1 we could see some dependencies of the solution on

various parameters. We set a base for parameters’ values as µ = 0.05, σ =
√
0.15,

r = 0.03, t = 5, T = 10, S = 30, x = 30 and H = 100. Each plot corresponds to

drawing a dependence of the solution ϑ∗ given by (3.43) on a chosen parameter

varying values within an interval (see axes). For instance, we could observe that

if r = 0.05, i.e. is equal to the value of the drift term µ of the stock, investment

in the stock is out of our interest (ϑ∗ = 0).
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Figure 3.1: Illustration of the solution (3.43) of the MVH problem in the simple

Black-Scholes setting

Simulation Study of the MVH Problem DP Solution in the Simple

Black-Scholes Setting

In this part, we bring an empirical analysis in order to illustrate behavior of the

solution in this simple setting. For this we use a simulation study described more

thoroughly in Section A.2. We consider a time-discretized version of the model.

With this discrete framework, we are able to simulate values of the Brownian

motion, calculate prices, positions and portfolio values by the relations above,

and draw some results of the hedge performance and its dependence on changes

of various model parameters.
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Namely, we made a study consisting of a simulation of 103 trajectories of the

Brownian motion, drawing a mean square error (MSE) calculated as

1

103

103∑
j=1

(V j
T −H)2,

where V j
T denotes a terminal (hedging) portfolio value corresponding to the j-

th simulated trajectory of the Brownian motion. We are interested in the MSE

dynamics dependence on changes of the model parameters.

Figure 3.2: MSE of the DP hedge in the simple Black-Scholes setting – dependence

on the model parameters

All the surfaces in Figure 3.2 are calculated with the set of parameters µ = 0.07,
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σ = 0.3, r = 0.03, T = 10, s0 = 40, x = 40 and H = 60; each surface corresponds

to a pair of parameters varying values within a given set (see axes). We have used

the same set of simulated trajectories for each combination of parameters. When

different simulated trajectories are used, we see that the MSE dependence is of

the same kind; the only difference is that profile of the surfaces is getting warped

due to different realization of the processes involved in calculation of each point

on one of the surfaces.

Let us state a few remarks about these results. We could observe that the per-

formance of the hedge is increasing with a decreasing σ, volatility of the risky

asset, and with an increasing µ, drift of the risky asset. This is intuitively clear

since it is easier to hedge with a less risky asset which has a higher growth rate.

Although we could think that when there is a highly volatile S with a high growth

rate µ we are susceptible to overhedge, we see that the surface in the upper left

corner of Figure 3.2 provides an empirical contra-evidence for this hypothesis.

Furthermore, we see that the MSE is not dependent on the price of S at time

0 denoted as s0, since it does not effect dynamics of the asset price and we can

adjust our investment proportionally to the initial asset price. On the contrary,

initial value of investor’s wealth x matters in the performance of the hedge. This

is somehow natural since x determines what kind of hedge are we able to initiate

at the beginning of our trading and this could be crucial in the hedge selection

process. Vaguely speaking, with a limited amount of money there is a limited set

of self-financing hedging strategies; and these could be far from optimal.

3.4 Dynamic Programming Solution in the Con-

text of the Black-Scholes Model – More Gen-

eral Case

There are multiple papers concerning the mean-variance hedging problem in a

setting of a more or less general modification of the Black-Scholes model. One

approach, based mainly on the paper [KT02], is described in Subsection 3.1.2. For

a quite general result within the group of continuous price process market models

driven by a diffusion term we refer to [Lim04]. In this subsection, we work basically

with the setting introduced in Subsection 3.1.2. However, we restrict ourselves to

the case of deterministic coefficients of the model (r, µ and σ). Moreover, we

use another restriction as a formulation of a sufficient condition under which we

are able to derive a feedback solution of the MVH problem in terms given by

(deterministic) ordinary differential equations.
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Problem Formulation

Recall the market model situation. Standardly, we are given a stochastic base

(Ω,F ,P) with a filtration {Ft, t ∈ T} as in Subsection 3.1.2. We have one non-

risky asset (numéraire) given by

S0
t = exp(

∫ t

0

rsds), t ∈ T = [0, T ].

The price process of risky assets is described by (3.11), so for the (discounted)

value process we have (3.13) again. Presently, all the model coefficients (r, µ and

σ) are considered to be deterministic measurable functions bounded in t ∈ T.

Moreover, we assume that there exists ε > 0 such that

(3.44) σtσ
T
t ≥ εId×d, t ∈ T.

Consider a (discounted) contingent claim H ∈ L2(P). We know that the process

{E[H|Ft], t ∈ T} is a square-integrable martingale, so we can apply the mar-

tingale representation theorem (see [JS03, Theorem III.4.33] for instance) to get

an {Ft}-adapted Rm-valued process z = {zt = (z1t , . . . , z
m
t ), t ∈ T} such that

E[
∫ T
0
||zs||2ds] <∞ and

(3.45) E[H|Ft] = E[H] +

∫ t

0

zTs dWs = E[H] +
m∑
i=1

∫ t

0

zisdW
i
s , t ∈ T.

At this point, we make a restrictive assumption mentioned above, namely that

the process z is completely deterministic (that implies that H is just a Gaus-

sian random variable). Then we formulate a linear-quadratic stochastic control

(LQSC) problem which we solve using the DP method. Let us consider

yπt = Vt(V0, ϑ)− E[H|Ft], t ∈ T,

for a self-financing trading strategy (V0, ϑ) such that ϑ ∈ Θ (see Subsection 3.1.2)

and π = diag(X)ϑ. Hence, putting (3.13) and (3.45) together, we have

(3.46)

{
dyπt = πT

t (µt − Id×1rt)dt+ (πT
t σt − zTt )dWt, t ∈ T,

yπ0 = V0 − E[H].

We would like to solve the MVH problem of the form (1.12) for some x ∈ R.
Considering (3.46), this can be formulated as

(3.47) inf
π∈S̄(x)

E
1

2
[yπ(T )]2,

where

S̄(x) = {π;π = diag(X)ϑ, V0 = x,

(V0, ϑ) is self-financing trading strategy and ϑ ∈ Θ}.

Note that we have used 1/2 in (3.47) just for the sake of a future remark on

comparison with results of the general LQSC theory, see Remark 3.10.
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Problem Solution

The next proposition provides a solution to the problem above. Let us recall the

notation µ̃ = µ− Id×1r.

Proposition 3.4. Under the assumptions above, the LQSC problem (3.47) with

a state process given by (3.46) has a solution given by

(3.48)
π∗
t = −(P (t)σtσ

T
t )

−1µ̃t(P (t)y
∗
t + φ(t)) + (σtσ

T
t )

−1σtzt =

= −(σtσ
T
t )

−1µ̃t

(
y∗t +

φ(t)
P (t)

)
+ (σtσ

T
t )

−1σtzt, t ∈ T,

where y∗ = yπ
∗
is the state process corresponding to the optimal control π∗ of

(3.48) (the closed-loop system); P and φ,

P : T → R, φ : T → R,

are solutions of backward (ordinary) differential equations of the shape

(3.49)


Ṗ (t)− P (t)µ̃T

t (σtσ
T
t )

−1µ̃t = 0, t ∈ T,

P (T ) = 1,

(P (t)σtσ
T
t ) > 0, t ∈ T,

and

(3.50)

{
φ̇(t) = φ(t)µ̃T

t (σtσ
T
t )

−1µ̃t − zTt σ
T
t (σtσ

T
t )

−1µ̃tP (t), t ∈ T,

φ(T ) = 0.

The closed-loop system (SDE for y∗) is of the form

(3.51)


dy∗t = [−(y∗t + φ(t)P−1(t))µ̃T

t + zTt σ
T
t ](σtσ

T
t )

−1(µ̃tdt+ σtdWt)−

− zTt dWt, t ∈ T,

y∗0 = x− E[H].

Furthermore, the value function of the problem defined as

(3.52)

{
V(t, y) = infπ(t)∈S̄t(y) E

1
2
[yπ

(t)
(T )]2, (t, y) ∈ T× R,

V(T, y) = 1
2
y2, y ∈ R,

where π(t) ∈ S̄t(y) stands for a control law (corresponding to a self-financing

trading strategy) starting from t with the value of a corresponding portfolio equal

to y, has a quadratic form

(3.53) V(t, y) =
1

2
P (t)y2 + φ(t)y + f(t), (t, y) ∈ T× R,
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where P and φ are given by (3.49) and (3.50), respectively, and f : T → R
satisfies backward (ordinary) differential equation of the form

(3.54)


ḟ(t) = 1

2

(
φ2(t)µ̃T

t (P (t)σtσ
T
t )

−1µ̃t + zTt σ
T
t (σtσ

T
t )

−1ztP (t)−

− zTt ztP (t)
)
− zTt σ

T
t (σtσ

T
t )

−1µ̃tφ(t), t ∈ T,

f(T ) = 0.

Proof. First, we formulate the dynamic programming equation4 (DPE) of our

problem, namely

(3.55)



∂tV(t, y)+

+ infπ[π
Tµ̃t∂yV(t, y) +

1
2
(πTσt − zTt )(π

Tσt − zTt )
T∂yyV(t, y)] = 0,

(t, y) ∈ T× R,

V(T, y) = 1
2
y2, y ∈ R.

Hence, denoting the minimized term (Hamiltonian) in (3.55) as H(t, y, π), we have

∂πH(t, y, π) = µ̃t(P (t)y + φ(t)) + ((σtσ
T
t )π − σtzt)P (t),

and

∂ππH(t, y, π) = P (t)σtσ
T
t .

So, assuming that P (t)σtσ
T
t > 0 for all t ∈ T (yielding the optimality condition

in (3.49)) we find a minimizer of H(t, y, π) by solving ∂πH(t, y, π) = 0, thus we

gain (3.48). Notice that we have P (t) > 0 for all t ∈ T since we have (3.44) and

the optimality condition in (3.49). Plugging (3.48) in (3.46) yields the closed-

loop system (3.51) after some rewriting. Henceforth, we assume the quadratic

structure of the value function given by (3.53). We plug (3.48) back in the DPE

(3.55) and after a bit tedious calculation we get (suppressing the notation of time

index t for lucidity)

(3.56)

0 = −1
2
(Py + φ)2µ̃T(PσσT)−1µ̃+ (Py + φ)zTσT(σσT)−1µ̃−

− 1
2
zTσT(σσT)−1zP + 1

2
zTzP+

+ 1
2
Ṗ y2 + φ̇y + ḟ , (t, y) ∈ T× R.

Thus, we collect the coefficients in (3.56) corresponding to the terms y2, y and

1 and let them equal to zero, since (3.56) has to hold for every (t, y) ∈ T × R.
Regarding the terminal condition of (3.52), i.e. V(T, y) = 1

2
y2 for all y ∈ R, this

gives us precisely what we have in (3.49), (3.50) and (3.54).

4See [vS09, Chapter 5] for instance.
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Remark 3.7. In line with [KZ00, Remark 5.2], we can sketch an interpretation of

the optimal strategy (3.48). Assume that we are in a complete market situation,

i.e. m = d, and further suppose that σt > 0, t ∈ T (this in fact follows from

(3.44) in this case). We can rewrite (3.48) in the form

(3.57)
π∗
t = −(σtσ

T
t )

−1µ̃t

(
Vt(x, ϑ

∗)−
(
E[H|Ft]− φ(t)

P (t)

))
+

+ (σtσ
T
t )

−1σtzt, t ∈ T.

Let us denote ht = E[H|Ft] and pt = ht − φ(t)
P (t)

, t ∈ T. By (3.49) and (3.50) we

have clearly 
dpt = zTt dWt − φ̇(t)

P (t)
dt+ φ(t)

P 2(t)
Ṗ (t)dt =

= zTt σ
T
t (σtσ

T
t )

−1µ̃tdt+ zTt dWt, t ∈ T,

pT = E[H|FT ] = H.

If we forget the first term on the right-hand side of (3.57) and consider a strategy

given by the second term, namely π̄ = (σσT)−1σz; simple substitution in (3.46)

yields

dVt(x, ϑ
π̄) = dyπ̄t + dht = dpt, t ∈ T,

where by definition π̄ = diag(X)ϑπ̄. Therefore, if we pick x = p0, we see that p ≡
V (p0, ϑ

π̄), so, by comparison with (3.57), the strategy π̄ is optimal in the MVH

sense. In fact, this strategy is replicating. Hence, if we have x ̸= p0, the first term

on the right-hand side of (3.57) represents an investment of the difference between

the value of our hedging portfolio and the value of the replicating portfolio which

is done in spirit of the so-called Merton portfolio investment approach with a

quadratic terminal utility, see [KZ00, Remark 5.2]. The second term on the right-

hand side of (3.57) is the replicating part as we have seen by the lines above.

We could refer to p as a fair price process of the claim H; thus we see that φ
P

serves as a correction term for {E[H|Ft], t ∈ T} which shall not be considered

as a fair price by itself since it is calculated under the “real-world” measure P.
Furthermore, expression V (x, ϑ∗)− p indicates whether we underhedge (negative

sign) or overhedge (positive sign). For instance, in case of m = d = 1 we have

−µt − rt
σ2
t

≤ 0, t ∈ T,

since µt ≥ rt, t ∈ T implicitly. Thus we see that underhedging leads eventually

to a bigger investment in the risky asset and overhedging to a smaller one. Note

that in case of an incomplete market (if m > d for instance; or later on in the

model of Section 3.5 with the presence of jumps), the question of an analogous

solution decomposition becomes subtle. The second term on the right-hand side

of (3.57) does not have to lead to a replicating strategy because such a one does

not have to exist for a given claim at all (under the “real-world” measure P).
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⋄
Remark 3.8. Considering a particular situation m = d = 1 with all the model

coefficients constant, we are in the original setting of the Black-Scholes (B-S)

model (cf. [BS73]). We would like to show that the replicating portfolio from

Remark 3.7 leads to the same price of the claim as in the original B-S solution.

We have clearly

dVt(p0, ϑ
π̄) = zt

(
µ− r

σ
dt+ dWt

)
= ztdW

Q
t , t ∈ T,

where WQ
t = Wt +

µ−r
σ
t, t ∈ T is a Brownian motion under Q, which is by the

Girsanov theorem given as

dQ
dP

= ET
(
−
∫ •

0

µ− r

σ
dWs

)
= exp

(
−µ− r

σ
WT − 1

2

(µ− r)2

σ2
T

)
.

Note that this is an EMM, in fact the martingale pricing measure from the original

B-S model setting. From Remark 3.7 we know that VT (p0, ϑ
π̄) = pT = H. Thus

reminding the origin of the process z we can write

Vt(p0, ϑ
π̄) = EQ[H] +

∫ t

0

zsdW
Q
s = EQ[H|Ft], t ∈ T.

⋄
Remark 3.9. We can provide integral formulas solving the differential equations

(3.49) and (3.50). Straightforwardly, we have

P (t) = exp

{
−
∫ T

t

µ̃T
s (σsσ

T
s )

−1µ̃sds

}
, t ∈ T.

More intricately, we derive formula for φ. Considering (3.50) without the last

subtracted term on the right-hand side we suggest

φ(t) = c(t) exp

{∫ t

0

µ̃T
s (σsσ

T
s )

−1µ̃sds

}
, t ∈ T,

for a function c : T → R. If we plug this expression in (3.50), we get

ċ(t) = − exp

{
−
∫ t

0

µ̃T
s (σsσ

T
s )

−1µ̃sds

}
zTt σ

T
t (σtσ

T
t )

−1µ̃tP (t), t ∈ T.

Hence

c(t) = −
∫ t

0

exp

{
−
∫ s

0

µ̃T
u (σuσ

T
u )

−1µ̃udu

}
zTs σ

T
s (σsσ

T
s )

−1µ̃sP (s)ds+K, t ∈ T,

for a constant K ∈ R. Terminal condition φ(T ) = 0 yields c(T ) = 0, thus finally

φ(t) =

∫ T

t

exp

{
−
∫ s

t

µ̃T
u (σuσ

T
u )

−1µ̃udu

}
zTs σ

T
s (σsσ

T
s )

−1µ̃sP (s)ds, t ∈ T.
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Remark 3.10. One can check that our solution given by Proposition 3.4 coin-

cides with the one gained by an application of standard results from a general

LQSC theory with deterministic coefficients, see [YZ99, Chapter 6] for instance.⋄
Remark 3.11. Besides our assumption of a deterministic z term from the mar-

tingale representation theorem, we have worked basically with the same setting

as is the one introduced in the paper [KZ00], despite the fact that in our case

the count of the assets does not have to match the dimension of the Brownian

motion necessarily. So in case of m > d we are in the situation of an incomplete

market (see Definitions 1.7, 1.8 and [HP81]). ⋄

3.5 Maximum Principle Solution for the Jump-

Diffusion Market Model

In this section, we provide a solution of the MVH problem considering a jump-

diffusion price process model. The solution is derived using themaximum principle

of stochastic control as is stated in [ØksendalS05, Section 3.2]. Note that we

use the same kind of restrictive assumption on the integrand of the martingale

representation of the conditional density process of a claim H as in Section 3.4,

i.e. its deterministic nature. In return, this yields a feedback form of the solution

involving known or (deterministically) computable quantities only.

Problem Formulation

As usually, we are given a stochastic base (Ω,F ,P) equipped with a filtration

{Ft} satisfying the usual conditions, say augmented (by P-null sets) filtration

generated by the Brownian motion and the jump part of the price process (see

(3.58) below), more precisely

Ft = σ{[Ws ∈ A], N([0, s], B), C; 0 ≤ s ≤ t, A,B ∈ B(R), C ∈ N}, t ∈ T,

where W and N are as below, N denotes the collection of P-null sets of F , and

B(R) is standardly the Borel σ-algebra on R. The market model consists of two

assets, a non-risky numéraire given by

S0
t = exp(

∫ t

0

rsds), t ∈ T = [0, T ]

as usual, and a risky asset with discontinuous trajectories following a SDE of the

form

(3.58)

{
dSt = St−

(
µtdt+ σtdWt +

∫
R γ(t, z)Ñ(dt, dz)

)
, t ∈ T,

S0 = s0 ∈ R+,
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where S•− stands for the left limit version process of S and Ñ(dt, dz) = N(dt, dz)−
ν(dz)dt denotes the compensated Poisson random measure with the Lévy measure

ν corresponding to jumps of S independent of the Gaussian part driven by W ;

see [ØksendalS05] for further details if needed. All the quantities, namely r > 0,

µ ≥ r, σ > 0 and γ ≥ −1 are assumed to be deterministic real-valued bounded

functions. Moreover, we assume that

t 7→
∫
R
γ2(t, z)ν(dz), t ∈ T,

is locally bounded. Note that this setting is an example of an incomplete market

(recall Definitions 1.7, 1.8), see [Run03, Section 4.1] for instance.

Remark 3.12. Let us note that by the particular choice of γ(t, z) = ez − 1,

t ∈ T, z ∈ R, all the other coefficients assumed to be constant, and considering

Ñ(dt, dz) = N(dt, dz) − ν(dz)dt corresponding to a compound Poisson process

with the intensity λ and the distribution of jumps denoted as NY , which is such

that the operations below are valid; we get the Merton model of the market

introduced in [Mer76]. Clearly, by application of the stochastic calculus rule for

jump-diffusion processes (see [ØksendalS05, Theorem 1.14] for instance) on ln(S)

we get the solution of (3.58), in this case namely

St = s0 exp{(µ− σ2

2
)t+ σWt+

+
∫ t
0

∫
R(ln(1 + γ(s, z))− γ(s, z))ν(dz)ds+

+
∫ t
0

∫
R ln(1 + γ(s, z))Ñ(ds, dz)} =

= s0 exp{(µ− σ2

2
)t+ σWt +

∫ t
0

∫
R(e

z − 1)λNY (dz)ds+

+
∫ t
0

∫
R zN(dz, ds)} =

= s0 exp{(µ− σ2

2
− kλ)t+ σWt +

∑Nt

i=0 Yi}, t ∈ T,

where k = E[eY − 1] considering Y as a random variable with the distribution

NY ; furthermore {Nt, t ∈ T} is a Poisson process (independent of W ) with the

intensity λ and Yi, i ∈ N are independent identically distributed random variables

with NY , also independent ofW and of the Poisson process N ; and we set Y0 ≡ 0.

One can check that this is exactly the model proposed in [Mer76]. For instance,

the special case of NY = N(m, δ2) – a normal distribution with the mean m and

the variance δ2 – could be considered, yielding a log-normally distributed (scaled

by −1 in fact) relative price jump amplitude. ⋄

We derive the (discounted) portfolio value process now. Considering a self-financing

strategy (V0, ϑ), which should be a càglàd (left continuous right limits) {Ft}-
predictable process in the presence of jumps (see [CT03] for instance), we have

dVt(V0, ϑ) = ϑtdXt, t ∈ T,
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where the discounted price process X = S/S0 follows a SDE of the form (derived

by the product rule)

dXt = Xt−
(
(µt − rt)dt+ σtdWt +

∫
R
γ(t, z)Ñ(dt, dz)

)
, t ∈ T.

Denoting πt = ϑtXt, t ∈ T as the new input (amount invested in the risky asset)

and using the facts above we derive

(3.59)


dVt(V0, ϑ) = [(µt − rt)πt]dt+ πtσtdWt+

+ πt−
∫
R γ(t, z)Ñ(dt, dz), t ∈ T,

V0(V0, ϑ) = V0 ∈ R.

Consider a contingent claim H ∈ L2(P), x ∈ R as a fixed initial wealth, and the

MVH problem objective given as

(3.60) inf
π∈S̆(x)

E[VT (x, ϑπ)−H]2,

where π ∈ S̆(x) means admissibility in the sense that π with a corresponding

ϑπ expressed in fractions of an investment, recall π = ϑπX, admits a unique

solution V (x, ϑπ) of (3.59) and E[VT (x, ϑπ)]2 < ∞. Now, we reformulate the

problem in an analogy with Section 3.4. We know that {ht = E[H|Ft], t ∈ T}
is a square-integrable martingale, thus the martingale representation theorem for

jump-diffusion processes (see [Run03, Theorem 2.3]) gives us

(3.61) ht = E[H|Ft] = E[H] +

∫ t

0

zsdWs +

∫ t

0

∫
R
ζ(s, z)Ñ(ds, dz), t ∈ T,

where we restrict ourselves to the case of deterministic z and ζ. So by (3.59) and

(3.61) we have for yπt = Vt(x, ϑ
π)− ht, t ∈ T the following SDE

(3.62)


dyπt = (µt − rt)πtdt+ (πtσt − zt)dWt+

+
∫
R(πt−γ(t, z)− ζ(t, z))Ñ(dt, dz), t ∈ T,

yπ0 = x− E[H].

Finally, we have an objective equivalent to (3.60) in the form

inf
π∈S̆(x)

E
1

2
[yπ(T )]2,

or

(3.63) sup
π∈S̆(x)

−E
1

2
[yπ(T )]2.
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Problem Solution

Our setting of the problem described by the state process (3.62) controlled by π ∈
S̆(x) with the control aim (3.63) fits to the problem framework of [ØksendalS05,

Section 3.2] of the maximum principle stochastic control problem solving for

jump-diffusion processes. We utilize this in the proof of the following proposition

presenting the main result of this section.

Proposition 3.5. Assume that we have a control problem with the state process

of the form (3.62) and the control objective (3.63). Then there exists a solution

written in a feedback form as

(3.64)
π∗
t = 1

ϕ(t)Λt
[(rt − µt)(ϕ(t)y

∗
t + ψ(t)) + ϕ(t)(σtzt +Υt)] =

= −µt−rt
Λt

(
y∗t +

ψ(t)
ϕ(t)

)
+ σtzt+Υt

Λt
, t ∈ T,

where y∗ = yπ
∗
is the state process corresponding to π∗ controlling (3.62) (the

closed-loop system); furthermore

(3.65) Λt = σ2
t +

∫
R
γ2(t, z)ν(dz), Υt =

∫
R
ζ(t, z)γ(t, z)ν(dz), t ∈ T,

and ϕ : T → R, ψ : T → R are C1 functions given as solutions of backward

ordinary differential equations of the shape

(3.66)

 ϕ̇(t) = (rt−µt)2
Λt

ϕ(t), t ∈ T,

ϕ(T ) = −1,

(3.67)

{
ψ̇(t) = rt−µt

Λt

(
(rt − µt)ψ(t) + ϕ(t)(ztσt +Υt)

)
, t ∈ T,

ψ(T ) = 0.

The closed-loop system can be written in the form

(3.68)


dy∗t = [−µt−rt

Λt
(y∗t +

ψ(t)
ϕ(t)

) + σtzt+Υt

Λt
]
(
(µt − rt)dt+ σtdWt+

+
∫
R γ(t, z)Ñ(dt, dz)

)
− ztdWt −

∫
R ζ(t, z)Ñ(dt, dz), t ∈ T,

y∗0 = x− E[H].

Proof. The Hamiltonian H : T×R4 ×R → R (see [ØksendalS05, Section 3.2] for

its definition in this setting), where R is the set of processes l : Ω×T× R → R
such that the integral in (3.69) exists, is in our case given as

(3.69)
H(t, y, π, p, q, l) = (µt − rt)πp+ (πσt − zt)q+

+
∫
R(πγ(t, z)− ζ(t, z))l(t, z)ν(dz).
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The adjoint equation corresponding to π and yπ in the unknown processes p :

Ω×T → R, q : Ω×T → R and l : Ω×T× R → R is the BSDE{
dpt = −∂yH(t, yt, πt, pt, qt, l(t, ·))dt+ qtdWt +

∫
R l(t−, z)Ñ(dt, dz), t ∈ T,

pT = ∂yg(yT ),

where g(y) = −1
2
y2, y ∈ R follows from the (terminal) cost in (3.63). Hence,

considering our specific H of the form (3.69) we get

(3.70)

{
dpt = qtdWt +

∫
R l(t−, z)Ñ(dt, dz), t ∈ T,

pT = −yT .

We suggest the form of p as pt = ϕ(t)yt + ψ(t), t ∈ T, for some C1 functions

ϕ : T → R and ψ : T → R. Then, using the product rule, we can rewrite (3.70)

as

(3.71)


dpt = [ϕ(t)(µt − rt)πt + ϕ̇(t)yt + ψ̇(t)]dt+ ϕ(t)(πtσt − zt)dWt+

+ ϕ(t)
∫
R(πt−γ(t, z)− ζ(t, z))Ñ(dt, dz), t ∈ T,

pT = −yT .

Comparing (3.70) and (3.71) yields the following relations

(3.72)
qt = ϕ(t)(πtσt − zt), l(t, z) = ϕ(t)(πtγ(t, z)− ζ(t, z)),

0 = ϕ(t)(µt − rt)πt + ϕ̇(t)yt + ψ̇(t).

Let π̂ ∈ S̆(x) be a candidate for the optimal control with the corresponding ŷ, p̂,

q̂ and l̂. Now consider the Hamiltonian (3.69) in the form

(3.73)
H(t, ŷt, π, p̂t, q̂t, l̂(t, ·)) = −ztq̂t −

∫
R ζ(t, z)l̂(t, z)ν(dz)+

+ π[(µt − rt)p̂t + σtq̂t +
∫
R γ(t, z)l̂(t, z)ν(dz)].

We see that this is a linear function of π, so in an analogy with [ØksendalS05,

Section 3.3] we guess that the coefficient of π vanishes (we are looking for a control

that maximizes the Hamiltonian for each t ∈ T). Hence

(3.74) (µt − rt)p̂t + σtq̂t +

∫
R
γ(t, z)l̂(t, z)ν(dz) = 0, t ∈ T.

This, after plugging in expressions of (3.72) and considering our conjecture form

of p̂ = ϕŷ + ψ, gives immediately

(3.75) π̂t =
(rt − µt)(ϕ(t)ŷt + ψ(t)) + ϕ(t)(σtzt +Υt)

ϕ(t)Λt
, t ∈ T,

recalling Λ and Υ defined by (3.65). Moreover, from the last relation in (3.72) we

have

(3.76) π̂t =
ϕ̇(t)ŷt + ψ̇(t)

ϕ(t)(rt − µt)
, t ∈ T.
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Combining (3.75) and (3.76) leads to

(rt − µt)
2(ϕ(t)ŷt + ψ(t)) + (rt − µt)ϕ(t)(σtzt +Υt) = (ϕ̇(t)ŷt + ψ̇(t))Λt, t ∈ T,

thus we have differential equations for ϕ and ψ of the form

ϕ̇(t) =
(rt − µt)

2

Λt
ϕ(t), t ∈ T,

and

ψ̇(t) =
rt − µt
Λt

(
(rt − µt)ψ(t) + ϕ(t)(ztσt +Υt)

)
, t ∈ T,

with the terminal conditions ϕ(T ) = −1 and ψ(T ) = 0 deduced from the terminal

condition of (3.71); hence (3.66) and (3.67) follow. Finally, we see that p̂ = ϕŷ+ψ,

q̂ = ϕ(σπ̂ − z) and l̂ = ϕ(π̂γ − ζ) solve the adjoint equation (3.70), and by

(3.74) we can claim that all the assumptions of the sufficient maximum principle

[ØksendalS05, Theorem 3.4] are satisfied; what yields that (3.75) is a solution

of our problem. The closed-loop system of the form (3.68) is obtained by direct

substitution of (3.64) in (3.62).

Remark 3.13. In line with Remark 3.9, we can derive integral formulas for ϕ

and ψ, solutions of differential equations (3.66) and (3.67), respectively. Namely

ϕ(t) = − exp

{
−
∫ T

t

(rs − µs)
2

Λs
ds

}
, t ∈ T,

and

ψ(t) = −
∫ T

t

exp

{
−
∫ s

t

(ru − µu)
2

Λu
du

}
rs − µs
Λs

ϕ(s)(zsσs +Υs)ds, t ∈ T.

⋄
Remark 3.14. There is a connection between the solution of the adjoint equa-

tion (3.70) and the value function V(t, y) corresponding to our MVH problem

in this jump-diffusion setting. By [ØksendalS05, Theorem 3.7], we know that if

V(t, y) is the value function associated with our problem and π∗ is an optimal

control with the corresponding state process y∗ = yπ
∗
(the closed-loop system),

then the following relations

p∗t = ∂yV(t, y
∗
t ), t ∈ T,

q∗t = (π∗
t σt − zt)∂yyV(t, y

∗
t ), t ∈ T,

l∗(t, z) = ∂yV(t, y
∗
t + γ(t, z)π∗

t − ζ(t, z))− ∂yV(t, y
∗
t ), t ∈ T, z ∈ R,

define a solution of the adjoint equation (3.70). Hence, if we consider special forms

of p∗, q∗ and l∗ corresponding to the solution given by Proposition 3.5 (see the
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proof), we get

ϕ(t)y∗t + ψ(t) = ∂yV(t, y
∗
t ), t ∈ T,

ϕ(t)(π∗
t σt − zt) = (π∗

t σt − zt)∂yyV(t, y
∗
t ), t ∈ T,

ϕ(t)(π∗
t γ(t, z)− ζ(t, z)) = ∂yV(t, y

∗
t + γ(t, z)π∗

t − ζ(t, z))− ∂yV(t, y
∗
t ),

t ∈ T, z ∈ R.

This shows that the value function is of the quadratic form

V(t, y) =
1

2
ϕ(t)y2 + ψ(t)y + f(t), (t, y) ∈ T× R,

for a suitable f : T → R. This is the same structure as we have used in Section 3.3

and Section 3.4 for instance. ⋄
Remark 3.15. In case there are no jumps in the model of Section 3.5, i.e.

ν ≡ 0, we can apply Proposition 3.4 and see that it yields solution that coincides

with the one provided by Proposition 3.5. For this, it is sufficient to realize that

P (t) = −ϕ(t) and φ(t) = −ψ(t) for all t ∈ T, where P and φ are given by

(3.49) and (3.50), respectively; and ϕ and ψ by (3.66) and (3.67), respectively.

These equalities are also related to Remark 3.14. Indeed, considering the value

function form (3.53) used in Proposition 3.4 and noting that we have reformulated

the objective of the problem as (3.63) in Section 3.5, we see that P = −ϕ and

φ = −ψ agree with Remark 3.14. ⋄



Concluding Remarks

In this work, we focus mainly on the mean-variance hedging (MVH) problem in

different perspectives and in the several settings of market models. We summarize

results of the MVH problem solving gained by the so-called projection approach

beginning with the martingale price process situation and proceeding to the gen-

eral semimartingale case (Section 2.1 – Section 2.3); then we derive solutions for

the concrete market models using the techniques of optimal stochastic control,

such as the linear-quadratic stochastic control (LQSC) framework (Section 3.1),

the dynamic programming (Section 3.3 and Section 3.4), and the maximum prin-

ciple (Section 3.5). Although some of the cases treated are or could be just par-

ticular situations of the frameworks introduced in the literature, we believe that

our endeavor could provide an opportunity to gain at least a basic insight into

the stochastic control concept of the MVH problem solving. Moreover, we work

with the specific settings of market models what allows us to apply stochastic

control methods in a rather straightforward way and derive solutions in simpler

terms than in the literature, eventually. Naturally, we could think about more

general settings with some of our assumptions (for instance, deterministic nature

of the martingale representation integrands in Section 3.4 or Section 3.5) relaxed.

Whether it is then still possible to derive solutions in terms of transparently

computable character is of the question.

The reason why we state some results of the projection approach as well is to put

an emphasis on a possible comparison with the stochastic control approach. As

we can see, both of the methods could provide a solution in the specific setting

of the Heston model (Section 2.4 and Section 3.2), although each has its own

difficulties in derivation and limitations of the solution (see Remark 3.3; could

be also examined further). The relationship between these two solutions and the

questions arisen in the derivation of the LQSC solution shall be matter of an

ongoing study. In general, the connection between these two branches of the

MVH problem solving shall be investigated in more detail, since both of them

have developed rapidly in the recent past and the frameworks considered are quite

general; as one can see in [ČK07] and [KXY10]. As a motivation one can take the

connection demonstrated in Subsection 3.1.3.

Moving towards more and more general setting of a market model underlying the

MVH problem, the applicability of a solution could elude somehow. For instance,

an examination of the usableness of the backward stochastic differential equations

theory widely employed in the MVH problem solving from a stochastic control

point of view (see Section 3.1 for instance) could be of an interest.

Another fundamental question comes from the quadratic risk criterion itself. As
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we can see in Section 1.2, to treat profits and losses (or overhedging and under-

hedging) in a symmetric way (as the mean-variance hedging does) is not the only

way how the risk can be measured. It is somehow intuitive that this symmetric

attitude does not have to fit to a perception of risk of many kinds of investors.

Therefore, in many real situations choice of another risk measurement criterion

shall be at hand perhaps. However, from a theoretical point of view it is a very

appealing problem as we have seen.
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Chapter A

Description of Numerical

Computations

A.1 Implementation of the GSM Framework So-

lution of the MVH Problem in the Heston

Model

In this part, we provide a more thorough explanation of the numerical imple-

mentation of results introduced in Section 2.4. Let us start with a finite differ-

ence scheme used for solving of the pricing PDE (2.25). We define u(t, s, y) =

f(T − t, y, s) for t ∈ T, s ∈ R+ and y ∈ R+. Then we can rewrite (2.25) in the

form

(A.1)

{
−ut = (ζ0 + ζ̂⋆1 (T − t)y)uy +

1
2
y(σ2uyy + 2ρσsuys + s2uss),

u(T, s, y) = g(y, s), (s, y) ∈ R2
+,

where ut = ∂u
∂t
, uy = ∂u

∂y
, uyy = ∂2u

∂y2
, uss = ∂2u

∂s2
, and uys = ∂2u

∂y∂s
. Now, using

algebraic finite difference approximations (FDA) of the derivatives involved in

(A.1), we develop an explicit finite difference scheme that provide us with an

approximate solution of this PDE. We refer to [Hof01] for any details about

numerical methods for PDE solving. First, we need to discretize the continuous

domain where the PDE is considered into a discrete difference grid. Hence we take

a grid given as {(si, yj); i = 0, . . . , I, j = 0, . . . , J}, where si = i∆s, yj = j∆y for

given spatial steps ∆s > 0 and ∆y > 0. Note that we do not discretize the whole

original domain R2
+, instead we take a bounded subset [0, I∆s]× [0, J∆y] where

the grid is constructed. The time interval T = [0, T ] is discretized as well, thus

getting a partition {tn;n = 0, . . . , N}, where tn = (N − n)∆t and ∆t = T/N .

Notice that we use a reversed time since our PDE has a backward nature. Say that

by u we denote an approximate solution of (A.1), moreover we use the following

standard notation

unij = u(tn, si, yj), n = 0, . . . , N, i = 0, . . . , I, j = 0, . . . , J.

As was mentioned, we make use of FDAs1 to approximate derivatives in (A.1).

For the time derivative a first-order forward-difference formula is used. For the

1Here, FDAs are based on Taylor series expansion mainly. See [Hof01, Chapter 5] for a good

explanation of FDAs.
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spatial derivatives centered-space difference formulas are employed. Namely, the

formulas are as follows

(A.2)

−ut(tn, si, yj) ≈ un+1
ij −unij

∆t
,

uy(tn, si, yj) ≈ unij+1−unij−1

2∆y
,

uyy(tn, si, yj) ≈ unij+1−2unij+u
n
ij−1

(∆y)2
,

uss(tn, si, yj) ≈ uni+1j−2unij+u
n
i−1j

(∆s)2
,

uys(tn, si, yj) ≈ uni+1j+1+u
n
i−1j−1−uni−1j+1−uni+1j−1

4∆s∆y
,

for all the interior points of the grid specified above; boundary conditions will be

introduced and treated later. Now we can plug all the FDA formulas from (A.2)

in (A.1), getting a finite difference equation (FDE) of the form

(A.3)

un+1
ij = unij +

(
ζ0 + ζ̂⋆1 (T − tn)yj

)
∆t

unij+1−unij−1

2∆y
+

+ ∆t1
2
yj

(
σ2 u

n
ij+1−2unij+u

n
ij−1

(∆y)2
+

+ 2σρsi
uni+1j+1+u

n
i−1j−1−uni−1j+1−uni+1j−1

4∆s∆y
+ s2i

uni+1j−2unij+u
n
i−1j

(∆s)2

)
,

n = 0, . . . , N − 1, i = 1, . . . , I − 1, j = 1, . . . , J − 1.

Furthermore, we need to introduce boundary conditions in order to be able to

get an approximate solution. Note that we consider pricing of a European vanilla

option (call or put) only, so we have2

u(T, s, y) = g(y, s) = (ø(s−K))+,(A.4)

u(t, 0, y) =
1− ø

2
K,(A.5)

−ut(t, s, 0) = ζ0uy(t, s, 0),(A.6)

us(t, I∆s, y) =
1 + ø

2
,(A.7)

u(t, s, J∆y) =

{
s for ø = 1

K for ø = −1,
(A.8)

where K denotes the strike price of an option, and ø = 1 for a call option,

ø = −1 for a put option. Note that these conditions look differently if there is

a non-zero interest rate in the model, however, this is not our case. Having the

conditions specified, we can add some equations into our finite difference scheme,

thus making it able to provide us with an approximate solution of the pricing

PDE. We discuss implications of the boundary conditions for our finite difference

scheme only for the call option case; put option can be treated in a complete

analogy. Condition (A.4) says

u0ij = (si −K)+, i = 0, . . . , I, j = 0, . . . , J.

2See [AWW01] for instance.
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Second condition (A.5) gives us

un0j = 0, n = 1, . . . , N, j = 0, . . . , J − 1.

From (A.6), using another type of FDA for uy (namely a first-order forward-

difference, while above we have used a second-order centered-difference), we have

un+1
i0 =

ζ0u
n+1
i1

∆t
∆y

+ uni0

1 + ζ0
∆t
∆y

, n = 0, . . . , N − 1, i = 1, . . . , I − 1.

In order to make use of (A.7), let us first calculate a little bit. By Taylor se-

ries expansion, for an appropriate function h, and ∆x > 0, following equalities

hold

h(x−∆x) = h(x)−∆xh′(x) +
(∆x)2

2
h′′(x) +O((∆x)3)

and

h(x− 2∆x) = h(x)− 2∆xh′(x) + 2(∆x)2h′′(x) +O((∆x)3).

Combining these two equations yields

h′(x) +O((∆x)2) =
3h(x)− 4h(x−∆x) + h(x− 2∆x)

2∆x
.

Using this result we can write

us(t, I∆s, y) ≈
3u(t, I∆s, y)− 4u(t, I∆s−∆s, y) + u(t, I∆s− 2∆s, y)

2∆s
,

what in combination with (A.7) gives

unIj =
2∆s+ 4unI−1j − unI−2j

3
, n = 1, . . . , N, j = 0, . . . , J − 1.

Finally, the last condition (A.8) provides us with

uniJ = si, n = 1, . . . , N, i = 0, . . . , I.

Now, we can solve the explicit scheme as is stated; iteratively in time partition

index n = 0, . . . , N . To be precise, we would need to verify all the properties of

the scheme such as consistency, stability and convergence.3 Since this is beyond

the scope of this thesis, we do not work this out. However, to provide at least a

heuristic evidence that this scheme gives us a meaningful approximate solution

of (A.1), we make a comparison of the prices given by this PDE solving with

the prices resulting from the exact pricing formula introduced in [Hes93]. In Fig-

ure A.1, we see that the prices are almost the same; except for a difference arising

for higher values of the volatility and the underlying asset price (the underlying

3For an explicit method, time step needs to be very small in order to make the scheme

numerically stable and convergent; see [Hof01] for any details. We work with the step that

seems to be small enough.
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asset is getting more risky and the option deeper in-the-money4). Note that the

implementation of the explicit formula from [Hes93] involves usage of numerical

integration techniques, therefore both of the approaches require a certain level

of approximation and thus cannot be considered as totally accurate. Despite this

fact, we see that the solutions are close and we believe that each of them provides

us with a reasonable price of the instruments considered.

Figure A.1: Comparison of the Heston model call option prices – one gained by

numerical PDE solving, the other one by implementation of the explicit pricing

formula; parameters ρ = −0.6, ζ0 = 0.3, ζ1 = −1.5, σ = 0.4, µ = 0.2, K = 100

and T = 1

Finally, we describe methods of simulation of the Heston model processes that

were used in computation of various quantities depicted in figures in Section 2.4.

Henceforth, consider that we have a partition T = {0 = t0 < t1 < · · · < tN−1 <

tN = T} where ti+1 − ti = ∆t = T/N , i = 0, . . . , N − 1 for some N ∈ N. Since
we know how the solution of (2.17) looks like (easy to get by the Itô formula),

4See [Hul09] for the notion of moneyness.
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we can use the following formula

Ŝtn = s0 exp

{
n−1∑
k=0

(µ− 1

2
)Ŷ 2

tk
∆t+

n−1∑
k=0

Ŷtk(W1,tk+1
−W1,tk)

}
,

for all n = 1, . . . , N ; by Ŝ and Ŷ 2 we denote our discrete versions of (2.17)

and (2.18), respectively. We see that we need to have a formula for Ŷ 2 in order

to simulate Ŝ. This is done by application of an order 1.0 predictor-corrector

method.5 For each time step, we calculate a predictor term first by the following

Euler scheme

Ȳ 2
tn = Ȳ 2

tn−1
+ (ζ0 + ζ1Ŷ

2
tn−1

)∆t+ σŶtn−1(ρ∆W1,tn +
√
1− ρ2∆W2,tn),

where ∆Wl,tn = Wl,tn − Wl,tn−1 , l = 1, 2, and n = 1, . . . , N . Subsequently, a

corrector is calculated as

Ŷ 2
tn = Ŷ 2

tn−1
+ 1

2
[(ζ0 + ζ1Ŷ

2
tn−1

) + (ζ0 + ζ1Ȳ
2
tn)]∆t+

+ σ 1
2
[Ŷtn−1 + Ȳtn ](ρ∆W1,tn +

√
1− ρ2∆W2,tn),

n = 1, . . . , N . Now it is straightforward to complete the simulation task by sim-

ulation of independent Brownian motion increments, calculating the processes

as above, and plugging them in formulas from Section 2.4 (using the numerical

solution of the pricing PDE (2.25)) in order to get all the quantities presented in

Section 2.4.

A.2 Simulation Study of the MVH Problem Dy-

namic Programming Solution in the Simple

Black-Scholes Setting

Here one can find a more detailed description of the simple simulation study

presented in Section 3.3. We consider a discretized time index interval given by

T = {0 = t0 < t1 < · · · < tN−1 < tN = T} where ti+1 − ti = ∆t = T/N ,

i = 0, . . . , N − 1 for some N ∈ N. We know that the solution of our price process

SDE is given by the well-known geometric Brownian motion (could be verified

by an application of the Itô formula)

St = s0 exp
(
(µ− 1

2
σ2)t+ σWt

)
, t ∈ T,

hence we can calculate prices at our discrete time points via the relation

Sti+1
= Sti exp

(
(µ− 1

2
σ2)∆t+ σ(Wti+1

−Wti)
)
, i = 0, . . . , N − 1.

5We refer to [KP92, Chapter 15] for any further details concerning this topic.
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Let us denote ϑ∗
ti+1

as a trading strategy corresponding to the fraction in the risky

asset S held in a time interval (ti, ti+1], i = 0, . . . , N−1. The left-continuity could

be important in the presence of jumps in the model (see [CT03, Example 8.1] for

instance), which is not our case. However, we use this definition to remind the

reader of this fact. By (3.43) we have

ϑ∗
ti+1

= −µ− r

σ2Sti
(Vti −He−r(T−ti)), i = 0, . . . , N − 1,

where Vti stands for the (non-discounted) portfolio value process given recurrently

by

Vti+1
= ϑ∗

ti+1
Sti+1

+ (Vti − ϑ∗
ti+1

Sti)e
r(ti+1−ti), i = 0, . . . , N − 1,

setting Vt0 = V0 = x ∈ R as the initial value of an investor’s wealth; see the

problem formulation in Section 3.3. Note that the part ϑ∗
ti+1

Sti+1
comes from

the value of position in the risky asset held at time ti+1 and the second part

(Vti−ϑ∗
ti+1

Sti)e
r(ti+1−ti) incorporates an interest accrued during the period (ti, ti+1]

on the riskless money account represented by the (numéraire) asset S0.
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