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0. České shrnutí (Czech summary)  
 
 
 
 
 
 

Magmatické procesy představují hlavní činitele podílející se na diferenciaci zemské 
kůry. Navzdory velkému množství geochemických dat a vysokému stupni porozumění 
geochemii magmatických hornin, zůstává fyzikální podstata vzniku, diferenciace a 
krystalizace magmatu do značné míry neobjasněna. Široká variabilita textur magmatických 
hornin nicméně poskytuje citlivý záznam fyzikálně chemických procesů a vývoje intenzivních 
proměnných během krystalizace. V této práci se zabývám vývojem kvantitativních metod pro 
přímé modelování magmatických textur a jejich interpretaci na základě hlavních činitelů – 
rychlosti růstu a nukleace. Současně jsou výsledky využity pro interpretaci krystalizační 
historie smrčinského granitového batolitu. 

Je vyvinut a implementován nový třírozměrný numerický model pro simulaci 
krystalizace pevné fáze z jednosložkové taveniny, která probíhá mechanizmy homogenní a 
heterogenní nukleace a růstu zrn. Simulované textury jsou následně charakterizovány pomocí 
distribuce velikostí zrn, prostorových distribučních funkcí a kontaktních vztahů. Nový model 
umožňuje provádět simulace velké oblasti taveniny ve vysokém rozlišení, což poskytuje 
vysokou míru statistické reprodukovatelnosti vypočtených dat.  

Naše simulace prováděné pro různé funkční závislosti rychlosti nukleace a růstu na 
čase ukazují že (i) na krátkých vzdálenostech jsou zrna obklopena menším počtem okolních 
zrn, než by odpovídalo jejich náhodnému rozmístění. To je důsledkem skutečnosti, že 
v okamžiku nukleace libovolného zrna mají starší krystaly již konečnou velikost a nukleace 
tak nemůže probíhat v oblasti, kde již existuje pevná fáze; (ii) vysoké osní poměry krystalů ve 
2D řezech, odpovídající silně protaženým zrnům, jsou exponenciálně méně časté, než více 
izometrické řezy. Větší anizometrie je přitom typická pro menší, a tedy mladší a intersticiální 
zrna. Přesný tvar distribuce osních poměrů není příliš citlivý na historii nukleační a růstové 
rychlosti; (iii) lineární distribuce velikostí zrn, odpovídající přírodním vzorkům, mohou 
vzniknout působením různých párů rychlostí nukleace a růstu, mezi jinými konstantní 
rychlostí růstu a exponenciálně rostoucí rychlostí nukleace; (iv) „zvonovitý“ tvar křivek 
rychlostí nukleace a růstu, popsaný Gaussovou funkcí, vede k lineární distribuci velikostí zrn 
pouze, pokud maximum rychlosti růstu předchází maximu rychlosti nukleace. Roste-li 
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vzájemný posun obou rychlostních funkcí, zlepšuje se přímost výsledné distribuce velikostí 
zrn a současně se zkracuje interval, kdy může efektivně probíhat krystalizace. To v extrémním 
případě vede k zastavení nárůstu krystalinity a vzniku hemikrystalických textur, když rychlost 
růstu poklesne na velmi nízké hodnoty dříve, než rychlost nukleace začne výrazně stoupat. Ze 
„zvonovitých“ rychlostních funkcí tak vedou k realistickým texturám pouze ty s vysokým 
vzájemným posunem obou maxim, a tedy s tendencí k neúplnému vykrystalování. Proto 
předpokládáme, že pokud „zvonovité“ rychlostní funkce představují přijatelný model 
krystalizačního vývoje, je tomu tak v případě rychle chladnoucí těles, kde reprezentují nárůst 
rychlostí spojený s rostoucím podchlazením pod likvidus a následné zablokování kinetických 
procesů s klesající teplotou; (v) mezi kontaktními charakteristikami existují minimálně dva 
skalární parametry, jejichž hodnota je invariantní a nezávislá na historii nukleační a růstové 
rychlosti. Tyto parametry jsou sklon závislosti průměrné vzdálenosti sousedního zrna na jeho 
velikosti a extrapolovaný průměrný počet sousedů zrna s nulovou velikostí. V budoucích 
aplikacích mohou být hodnoty invariantních parametrů použity k rozpoznání efektu 
heterogenní nukleace nebo míry mechanické agregace krystalů v tavenině; (vi) různé páry 
rychlostí nukleace a růstu mohou vést k textuře s identickou distribucí velikostí zrn. Na 
základě provedených simulací předpokládáme, že textury s totožnou distribucí velikostí zrn se 
shodují i v ostatních kvantitativních charakteristikách. To naznačuje, že distribuce velikostí 
zrn poskytuje kompletní charakteristiku textury vzniklé homogenní nukleací a růstem 
krystalů, a současně znemožňuje zpětné určení obou rychlostních funkcí pouze na základě 
studia texturních parametrů. 

Časový vývoj rychlostí nukleace a růstu lze určit na základě texturních charakteristik 
jednoznačně pouze s využitím dodatečných podmínek. V této práci volíme jako dodatečný 
parametr časový vývoj krystalinity a odvozujeme matematický aparát pro výpočet obou 
rychlostí. Výpočty provedené pro různé kvazilineární závislosti krystalinity na čase ukazují, 
že (i) rychlost nukleace nelineárně roste s časem; (ii) na začátku a na konci krystalizace 
nabývá růstová rychlost velmi vysokých hodnot. Tento jev je důsledkem malé plochy 
rozhraní taveniny a pevné fáze při nízkém i vysokém stupni vykrystalování. Na malé ploše 
rozhraní musí růstová rychlost nabývat vysokých hodnot, aby vykrystalovaný objem narůstal 
podle libovolného kvazilineárního trendu; (iii) ve středních hodnotách krystalinity, tj. při 
maximálním povrchu fázového rozhraní, nabývá rychlost růstu minimálních hodnot a systém 
se nachází nejblíže termodynamické rovnováze. 

S použitím relevantních termálních modelů konduktivního chladnutí a s omezením 
krystalizačního intervalu teplotou likvidu, resp. solidu, je možné hodnoty rychlosti růstu pro 
případ krystalizace blízko rovnováhy přepočítat do reálných jednotek. Z jednorozměrného 
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modelu chladnutí hluboce uloženého deskovitého tělesa (žíly) vyplývá, že rychlost růstu 
závisí nepřímo úměrně na mocnosti tělesa a nelineárně narůstá od jeho středu směrem 
k okraji. Rychlost růstu dále závisí na sklonu distribuce velikostí zrn; strmějším sklonům 
odpovídají nižší rychlosti růstu. Pro podmínky charakteristické pro lávová jezírka na Havaji 
náš přepočet poskytuje rychlosti v řádu 10-11 cm s-1, což je ve velmi dobré shodě 
s pozorováními. Znalost rychlosti růstu umožňuje určit růstový čas zrna libovolné velikosti. 
V případě log-lineárních velikostních distribucí klesá růstový čas zrn náležejících k objemově 
nejvýznamnější frakci z 1/10 charakteristického času chladnutí tělesa v jeho středu na 1/400 
v blízkosti okraje. Relativní růstový čas, v poměru k charakteristickému času chladnutí tělesa, 
tak záleží pouze na poloze uvnitř tělesa a nezáleží na jeho mocnosti ani na sklonu distribuce. 
Na základě růstové rychlosti a růstového času je možné určit vzdálenost, o kterou se krystal 
přemístí v tavenině v důsledku působení gravitačních sil. Tato vzdálenost roste s druhou 
mocninou velikosti tělesa, což implikuje větší vliv gravitační diferenciace ve velkých 
rezervoárech. V tělesech kilometrové mocnosti může docházet ke klesání krystalů napříč 
jejich polovinou dokonce při viskozitách taveniny v řádu 109 Pa s. 

Pro aplikaci metod kvantitativní texturní analýzy na krystalizaci magmatických hornin 
jsme zvolili granitový batolit Smrčiny/Fichtelgebirge (Česká republika/Bavorsko). Smrčinský 
granitový batolit je charakteristický širokou variabilitou horninových textur, sahajících od 
hrubozrnných porfyrických až k jemnozrnným porfyrickým i stejnoměrně zrnitým typům. 
Texturní variabilita a současně dobrá geologické prozkoumanost smrčinského granitového 
batolitu ho staví to role ideálního testovacího objektu k pilotní aplikaci metod kvantitativní 
texturní analýzy na kyselé plutonické horniny. Analýza šesti vzorků z různých intruzívních 
jednotek a texturních typů smrčinského batolitu a jejich srovnání s výsledky numerických 
simulací ukazuje na výrazný vliv procesů způsobujících shlukování zrn v přírodních 
magmatických podmínkách. Doklady pro shlukování zrn pocházejí ze studia prostorových 
distribučních funkcí i kontaktních charakteristik. Intenzita shlukování je nejvyšší pro páry zrn 
příslušející téže fázi a relativně nižší pro krystaly různých minerálních fází. Příčinou 
shlukování zrn ve studovaných vzorcích může být mj. heterogenní nukleace nebo mechanická 
agregace, např. během gravitačního pohybu zrn taveninou. Ve prospěch mechanické hypotézy 
o původu shlukování svědčí i jeho relativně nízký stupeň ve vzorku, který představuje stropní 
facii porfyrického granitu Weiβenstadt-Marktleuthen.  

Studium distribucí velikostí zrn křemene, plagioklasu, draselného živce, muskovitu a 
biotitu ukazuje na konvexní charakter většiny křivek. Výjimečné jsou přímé log-lineární 
distribuce velikostí zrn všech fází ve vzorku ze stropní facie granitu Weiβenstadt-
Marktleuthen, které svědčí o jeho jednoduché krystalizační historií. V některých konvexních 
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distribucích velikostí zrn lze více či méně jasně vyčlenit dva přímější segmenty, lišící se 
sklonem a definující hrubozrnnější a jemnozrnnější populaci krystalů. Tento tvar distribuce 
velikostí zrn může odrážet mechanické míšení dvou populací krystalů. Ve studovaných 
případech tvoří ale hrubozrnnější populace až 90 % objemu horniny, což vylučuje možnost 
mechanického míšení dvou suspenzí. Většina konvexních distribucí velikostí zrn, ať již 
s náhlou nebo pozvolnou změnou sklonu, se vyznačuje podobným sklonem v oboru 
nejmenších velikostí, tedy u populace zrn pocházející ze závěru krystalizace. To svědčí o 
podobném konečném krystalizačním vývoji studovaných vzorků, řízen0m pravděpodobně 
specifickým vývojem intenzivních parametrů, který je ale univerzálně platný napříč 
jednotlivými magmatickými pulzy. 

V předložené práci byl navržen a implementován třírozměrný numerický model 
krystalizace taveniny. Model poskytuje kvantitativní charakteristiky simulovaných textur, 
umožňující přímé srovnání s přírodními vzorky a zpětné určení procesů a podmínek řídících 
jejich krystalizaci. Z našich výsledků vyplývá, že monotónní vývoj rychlostí nukleace a růstu 
během krystalizace vede ke zpožděnému nárůstu krystalinity a k výrazné odchylce od 
rovnovážných trendů. Aplikace numerických modelů na přírodní textury svědčí o vlivu 
heterogenní nukleace a mechanického pohybu zrn taveninou na jejich agregaci během 
krystalizace granitových magmat. Distribuce velikostí zrn z různých texturních typů ze 
studované suity granitů ukazují na společný vývoj krystalizačních podmínek v závěru 
solidifikace, který je přímým odrazem společného vývoje intenzivních parametrů. Numerické 
přístupy pomocí dopředného a inverzního modelování magmatické krystalizace, spolu 
s testováním modelů na přírodních datech, tak umožňují iteračním způsobem zpřesňovat a 
prohlubovat naše porozumění procesům krystalizace magmatu v zemské kůře. 

 
 
 



1. Introduction  
¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯ 

- 5 - 

1. Introduction 
 
 
 
 
 
 
 Magmatic processes are fundamental mass and heat transport agents in the Earth’s 
crust and upper mantle. Perhaps apart from spectacular volcanic eruptions on the Earth’s 
surface, the complete life cycle of magma, from its generation through migration, 
fractionation, emplacement, and finally solidification, is inaccessible to direct observation. In 
contrast to extensive knowledge on igneous rock geochemistry, the physics of magmatic 
processes is poorly understood (e.g., Zieg & Marsh, 2002). Igneous textures and their large 
variability provide an easily accessible record of physicochemical processes that govern the 
magmatic crystallization. In addition, a prospect of quantitative description of igneous texture 
is likely to promote a more rigorous and theoretically founded application of textural analysis. 

Initial studies of magma solidification in Hawaiian lava lakes (e.g., Cashman & 
Marsh, 1988; Cashman, 1993) introduced the concept of crystal size distribution to igneous 
petrology (Marsh, 1998; Higgins, 2006). The measurements and interpretation of grain size 
proved particularly useful in determination of crystal residence times (e.g., Wilhelm & 
Wörner, 1996), or in documenting the role of textural coarsening (e.g., Higgins, 2002a; 
Simakin & Bindeman, 2008). Alternative ways of texture quantification, however, are still not 
widely used (e.g., Rudge et al., 2008). 
 In order to interpret textural data from complex magmatic systems, we need to develop 
means of quantitative scaling between textures and crystallization processes. Crystal 
nucleation and growth rates may be measured by laboratory experiments (Kirkpatrick et al., 
1976; Swanson, 1977; Hammer, 2008) or, as in the rare case of the Hawaiian lava lakes, 
determined directly from natural observations, where constraining conditions are known. In 
both approaches, however, the crystallization cannot be observed directly. The gap between 
permissible observations and physicochemical theories can be bridged by numerical modeling 
(e.g., Hersum & Marsh, 2006). Three-dimensional simulations allow the topology of melt and 
solid phase to be observed at any instant during solidification. This permits prediction of other 
dependent properties such as rheology, onset of yield strength, or percolation thresholds. Such 
parameters are crucial for determination of magma behavior on a scale of chamber and for 
critical testing of the feasibility of various mechanisms of magma differentiation that range 
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from settling of individual crystals to filter-pressing and crystal mush compaction (e.g., 
Schwindinger, 1999; Boudreau & Philpotts, 2002; Bédard et al., 2007).  
 
 
 
 
1.1. Physicochemical principles of magmatic 
1.1. crystallization 
 
  
 Crystallization occurs as response of a system to the change in intensive parameters in 
order to attain the state of the lowest possible energy. Let us consider k-component system 
containing melt and a solid phase. At equilibrium, chemical potentials, μi, of all components 
in the melt (l) and in the crystallizing solid (s) are equal, 
 

 { }(s) (l) ,    1... .i i i kμ μ= ∈  (1.1) 

 
When the equilibrium is not reached, the chemical potentials of phase i in the solid and in the 
liquid differ as follows: 
 

 { }(s) (l)
x ,    1... ,i i G i kμ μ= + Δ ∈  (1.2) 

 
where ΔxG is molar Gibbs energy of crystallization. Set of Eqns. (1.1) and (1.2) allows 
calculation of composition of crystallizing solid phase in question together with its Gibbs 
energy of crystallization. Through chemical potentials in a liquid, Gibbs energy of 
crystallization depends on a melt composition and on both pressure and temperature. Absolute 
value of the Gibbs energy of crystallization is a thermodynamic driving force for 
crystallization; higher the value, more energetically favorable is solid phase relative to melt. 
 On a molecular level, transformation from melt to solid phase occurs through the 
addition of atomic or molecular units to the existing clusters with structure of a solid phase 
(e.g., Lasaga, 1998). Existence of such cluster of different phase implies existence of phase 
interface with surface energy associated. Since small clusters have high surface to volume 
ratio, their existence is energetically unfavorable even in case when bulk Gibbs energy of 
crystallization is negative. Above certain size of cluster, however, contribution of surface 
energy is overwhelmed by contribution of bulk ΔxG and addition of more building units 
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decreases total energy of cluster. Such threshold size is termed critical and process of its 
overcoming, associated with an energy barrier, is termed nucleation. 
 Energy barrier of nucleation thus depends on a surface energy of a solid-melt 
interface. If nucleation occurs in a homogeneous phase, e.g., melt phase, it is referred to as 
homogeneous. Nucleation barrier can be decreased by presence of preexisting solid surfaces. 
If solid-solid interfacial energy is less than that of solid-melt interface, molecular clusters 
adjacent to another solid phase have their surface energy contribution lowered and hence are 
formed more easily. This nucleation is referred to as heterogeneous (e.g., Maaløe, 1985). 
Preexisting solid surfaces might be previously crystallizing phases, xenoliths, magma 
chamber walls, or other impurities. However, in order to provide large-enough reduction of 
surface energy of a molecular cluster, these impurities should not be too small. Moreover, it 
should be itself thermodynamically stable, to survive for a reasonably long time-scale. From 
this perspective, we can expect that only objects with minimal size above an order of a critical 
cluster size can function as an effective substrate for heterogeneous nucleation. 
 

 
 
Fig. 1.1. Growth mechanisms on different types of surfaces. Explanation in text. 
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 Once the energy barrier has been overcome and an atomic cluster became an 
embryo/nucleus, new building units continue to be added. This process is termed crystal 
growth and is energetically favorable always when the total Gibbs energy of crystallization is 
negative. 

On the atomic level, crystal surface is not flat. Various types of positions exist at 
which addition of new building units may continue with different levels of energy gain, with 
respect to number and type of bonds formed between crystal surface and newly added 
molecular unit (e.g., Lasaga, 1998). Intersections of screw dislocations with crystal surface 
provide step-like position at which new units may be attached (Fig. 1.1). As step propagates, 
this type of positions self-replicates and growth continues in a form of a spiral growth 
(Martins & Rocha, 2007; Saldi et al., 2009). Since dislocations are always present in a real 
crystal structure, spiral growth is an effective growth mechanism even in low degree of 
undercooling. If small atomic or molecular clusters nucleate on a flat surface, growth may 
proceed around such clusters as around isolated islands of another atomic layer (Fig. 1.1). 
This type of growth is termed surface nucleation (e.g., Kirkpatrick, 1975). Under higher 
undercooling, substantial amount of building units attach to other than most favorable 
positions on the crystal surface and it thus become rough (Lasaga, 1998). On a rough surface, 
subsequent building units may be added to randomly appearing position (Fig. 1.1), as the 
surface evolves. Such mechanism is termed continual growth (e.g., Kirkpatrick, 1975). 
 Different microphysical mechanisms of crystal growth can operate simultaneously. 
Their relative importance, however, depends on a degree of undercooling, dislocation density 
or specificity of the substance under study. 
 Surface energy plays a fundamental role in crystal nucleation and its effect in crystal 
growth was neglected so far. In both nucleation and growth, however, surface energy 
contributes to the total energy of crystal. This contribution may become important on 
appropriate time scales, when larger crystals may grow on the expense of smaller ones in a 
process termed Ostwald ripening. 
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1.2. Rates of crystal nucleation and growth 
 
 

Key quantities determining character of a final texture of a magmatic rock are rates of 
crystal nucleation and growth. Nucleation rate, I, is defined as a number of new crystals 
formed in a unit volume of a melt per unit time, i.e., m-3 s-1 in S.I. units. Growth rate, G, is a 
linear rate of advancement of a crystal surface in its normal direction. Thus units of G are 
m s-1. In a first approximation, both I and G depend only on a thermodynamic driving force 
for crystallization ΔxG, temperature T, and mobility of atomic or molecular units μ. For a 
constant composition, mobility depends only on temperature, and we may write for both rates 
(e.g., Lasaga, 1998) 

 

 ( ) ( )1 x 2 x,  ;    ,  ,I f G T G f G T= Δ = Δ  (1.3) 

 
where f1 and f2 are rate functions. Thermodynamics requires both rates to be zero in 
equilibrium, i.e., 
 

 ( ) ( )1 20,  0;    0,  0,f T f T= =  (1.4) 

 
however, otherwise leaves f1 and f2 unconstrained. 

According to the theory of crystal growth (e.g., Turnbull & Cohen, 1960), the growth 
rate function comprises two exponential terms, one containing the activation energy, Ea, and 
the other related to the Gibbs energy of crystallization, ΔxG, 

 

 a xexp 1 exp .E GG k
RT RT

⎡ Δ ⎤⎛ ⎞ ⎛ ⎞= − ⋅ − −⎜ ⎟⎜ ⎟ ⎢ ⎥⎝ ⎠⎝ ⎠ ⎣ ⎦
 (1.5) 

 
In Eqn. (1.5), R is a universal gas constant and rate of transport of new building units to the 
crystal surface and fractions of sites available for their attachment are involved in a constant 
k. Rate function (1.5) predicts growth rate to initially increase with increasing thermodynamic 
driving force for crystallization, i.e., with increasing undercooling. At certain temperature, 
however, decreasing activation term overwhelms and the growth rate begins to decrease. Such 
asymmetrical bell-shaped growth rate curves are in the accordance with experimental results 
(e.g., Kirkpatrick, 1975; Kirkpatrick et al., 1976, 1979; Swanson, 1977; Muncill & Lasaga, 
1987, 1988).  
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In their treatment, Turnbull & Cohen (1960) estimate the magnitude of the activation 
term from a diffusion coefficient related to the motion of particles from liquid to the crystal 
surface. From Einstein-Stokes relationship between viscosity and diffusivity, they obtain 
 

 x1 exp ,GG KT
RT

η ⎡ Δ ⎤⎛ ⎞= − −⎜ ⎟⎢ ⎥⎝ ⎠⎣ ⎦
 (1.6) 

 
where K is a constant and η is melt viscosity. Rate functions of type (1.6) have been 
successfully used to fit experimental data for growth of plagioclase from its own melt 
(Muncill & Lasaga, 1987). 
 So far, we have discussed a case of a surface controlled crystal growth. If surface 
reaction is not the rate limiting step, crystal growth may become limited by transport of 
reactants or of latent heat towards to or away from the interface. Such case is termed diffusion 
controlled growth. In contrast to the surface control, growth rate depends on time in a 
diffusion controlled growth. As melt adjacent to the crystal surface progressively depletes in a 
crystal-forming constituents, growth rate decreases. This effect propagates to the dependence 
of crystal size on time, which is of square root-type (e.g., Lasaga, 1998). 
 Both surface controlled and diffusion controlled growth are considered as end member 
processes. In reality, even in case of fast diffusion and slow surface reaction, minor 
concentration gradient develops in melt adjacent to the crystal. As a result of local 
compositional fluctuations, crystal growth rate must vary with time, until stationary state is 
reached. 
 On a basis of classical nucleation theory, a relation can be derived for the rate of 
nucleation at steady the state (e.g., James, 1985; Lasaga, 1998): 
 

 n nexp exp ,E GI cT
RT RT

Δ⎛ ⎞ ⎛ ⎞= − ⋅ −⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 (1.7) 

 
where c is a material-specific constant, En is an activation energy for addition of a building 
unit to the molecular cluster, and ΔnG is Gibbs energy barrier of nucleation, thus involving 
both surface and volume energy contributions. Eqn. (1.7) has similar form as Eqn. (1.5) for 
the rate of crystal growth, and similarly is characterized by asymmetrical bell-shaped curve of 
dependence of I on undercooling. 
 In contrast to the crystal growth, crystal nucleation shows transient behavior (e.g., 
Hammer, 2008). Nucleation occurs when the molecular cluster overcome a critical size and 
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become a crystal. For this process to happen, whole population of clusters of various sizes 
must exist. Under steady state conditions, i.e., under constant temperature, this cluster 
population is adjusted to certain steady state cluster size distribution. After sudden change of 
temperature, whole cluster population must reorganize to its new steady state cluster size 
distribution. Such reorganization takes certain time, during which nucleation rate approaches 
its new steady state value. Due to the transient behavior, nucleation rate is sensitive to thermal 
history both below and above a liquidus. Above the liquidus, new crystals can not be formed. 
However, certain population of sub-critical clusters may exist. Structure of this population 
then influences temporal variations of nucleation rate when temperature drops below liquidus. 
 Experimental work on a nucleation rate in silicate melts of geological interest is much 
sparser than for the growth rate (e.g., Fenn, 1977; Swanson, 1977; see Hammer, 2008 for 
review). It is due to the transient nature of the nucleation process and due to its sensitivity on 
many parameters, which themselves are only poorly constrained (e.g., surface energies of 
minerals in melt), that an agreement of experimental data with predictions of classical 
nucleation theory is generally worse than for the growth rate. 
 
 
 
 
1.3. Quantification of a rock texture 
 
 

To allow advanced interpretation, rock texture needs to be quantified. Since 
coarseness of a rock is its most pronounced characteristic, natural way to quantify a texture is 
through size of its constituents, i.e., crystals. Crystal size can be defined in several ways (e.g., 
Higgins, 2000, 2006). Length of a longest dimension of a crystal, longest axis of a best-fitting 
ellipsoid, or diameter of a sphere with equal volume can serve as examples of various 
measures of a grain size. It is obvious, that different size measures provide different values for 
the crystal of general shape. 

Once crystal sizes are known, these can be used in a statistical sense. Crystal size 
distribution, CSD, is a powerful way how to represent large datasets of crystal sizes. CSD is 
defined as a density function, n(L), where L is a crystal size (according to a chosen 
definition). Thus for number of crystals N with size between L and L + dL holds 

 

 ( )d .N n L L=  (1.8) 



1. Introduction  
¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯ 

- 12 - 

In practical applications of textural analysis, CSD is calculated as a histogram, i.e., discrete 
size classes (bins) are defined and number of crystals in each bin is subsequently evaluated. 

Different definitions of the grain size we have mentioned are based on a three-
dimensional crystal shape thus provide three-dimensional crystal sizes. Study of natural 
textures, however, is often limited to two-dimensional thin-sections. Since any physical 
interpretation requires true three-dimensional crystal sizes and population densities, need for a 
conversion method between 2D and 3D arises. Stereological conversion of CSD is 
complicated by two factors (e.g., Higgins, 2000): (i) section plane cuts each grain at random 
position, thus producing an array of possible virtual sizes for any grain with certain true size; 
(ii) probability that the grain is intersected by a randomly chosen plane depends on the grain 
size.  

Historically, method of Wager (1961), based on simply rising 2D population density to 
the 3/2 power, was used. Later workers, however, argue for weak theoretical basis of Wager’s 
method and call for use of more rigorous stereological corrections (Higgins, 2000). 
Conversion of CSD from 2D to 3D is possible, if crystal shape is known. Relationship 
between true and apparent sizes of a crystals of given shapes can be calculated by numerically 
sectioning the crystal by randomly oriented section planes. Obtained distribution of apparent 
sizes in 2D sections is then used to convert measured population densities into three 
dimensions (Higgins, 1994; Sahagian & Proussevitch, 1998). This method was implemented 
in the CSDCorrections program of Higgins (2000). 

The crystal shape, however, can only roughly be estimated. Moreover, a mixed 
population with more than one crystal shape may exist, or even none characteristic crystal 
shape may be present in the case of anhedral phases. These factors make stereological 
conversion a pitfall of textural analysis. On the other hand, as pointed out by Higgins (2000), 
various methods of CSD corrections can lead to an absolute offset of population densities 
about more than an order of magnitude, however slope of the CSD does not change much. 
From this perspective, it is most important to use one method consistently in all samples 
compared. 
 Apart from 2D/3D correction, CSDs suffer for a counting error, due to fluctuations in 
a number of crystals sampled into each bin. In natural CSDs, this is usually a problem in 
larger size classes, where number of crystals is low. To reduce this source of error, 
logarithmic binning is employed (e.g., Sahagian & Proussevitch, 1998), in which fixed 
number of bins constitute each decade of size and hence wider bins are used for larger sizes. 

In this thesis, we employ CSD analysis on both true three-dimensional crystal sizes, 
resulting from numerical simulations (Chpt. 2), and on two-dimensional data, obtained from 
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natural samples (Chpt. 4). Where stereological correction is needed, we employ method of 
Higgins (2000) and use five bins per decade.  

Aspects of texture other than crystal sizes may also be quantified. Crystal spatial 
relationships are characterized by spatial correlation functions, neighbor numbers, and 
neighbor distances. Crystal shape can be quantified in a complex fashion (e.g., Higgins, 
2006). Some of these methods are described and applied in Chpts. 2 and 4. 

In a following Chpt. 1.4, we will focus on how CSDs can be linked to 
physicochemical processes operating during magma crystallization via simple theory. 

 

 

 
1.4. Origin of magmatic textures 
 
    
 Rock texture is considered here as sizes, shapes and spatial relationships of constituent 
crystals. Abundance of grains of individual size is primarily determined by the rates of crystal 
nucleation, I, and growth, G, and their temporal evolution (e.g., Swanson, 1977; Marsh, 
1998). Simple theory was developed that links these kinetic quantities with a resulting CSD 
(Randolph & Larson, 1971; see Marsh, 1998 for geological summary). As follows from the 
theory (Marsh, 1998), the CSD evolves with time according to the crystal population balance 
equation 
 

 eff ,n G n R
t L

∂ ∂
+ =

∂ ∂
 (1.9) 

 
where n(L, t) is a population density as a function of crystal size L and time t. Geff is an 
effective growth rate and R is a term describing changes in a population balance from other 
sources than crystal nucleation and growth. During the crystallization, crystals might impinge 
on each other. As a result, rate by which crystals increase in size (no matter which size 
measure is considered) is lower than the actual growth rate G. It is worth to note, that growth 
rate to be used in Eqn. (1.9) is that corrected for geometrical effects of crystal impingement, 
i.e., Geff (Lasaga, 1998). Different methods for calculation of Geff from G are discussed in 
Chpt. 3.2. Eqn. (1.9) describes how crystals are moved from one size class to another due to 
the growth. Nucleation rate, Ieff, plays a role of a boundary condition that characterizes how 
fast crystals are appearing in a smallest size class due to nucleation. Again, nucleation rate 
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considered here is an effective value Ieff, which is corrected for shrinking of available melt 
volume during progressive crystallization. 

Interesting aspect of many natural magmatic textures is shape of its crystal size 
distribution. To the first approximation, many magmatic textures can be characterized by 
straight CSDs with negative slope in a logarithmic scale of population density, i.e., smaller 
crystals are exponentially more abundant than larger ones (e.g., Cashman & Marsh, 1988; 
Higgins, 2002a; Zieg & Marsh, 2002; Boorman et al., 2004). Through this thesis, we name 
such straight CSDs log-linear. Log-linear shape of the CSD is a universal feature across 
different rock types, geotectonic settings of their origin, and even shapes and cooling regimes 
of parental magma bodies (e.g., Wilhelm & Wörner, 1996; Marsh, 1998). More complicated 
shapes of CSDs were observed, but these are usually interpreted as a result of other processes 
than crystal nucleation and growth. Multi-stage crystallization, or sub-solidus modification of 
magmatic texture are notable examples of these processes (Marsh, 1998; Simakin & 
Bindeman, 2008). 

Through Eqn. (1.9), CSD theory can be applied to different magmatic systems (Marsh, 
1998). Ideally closed batch system and open system will be reviewed here as an examples of 
end-member cases. 

In a batch system, all crystals nucleating in a given volume of a melt are left there until 
complete solidification is reached. This implies R = 0 in Eqn. (1.9). In models of batch 
crystallization, constant growth rate is usually considered. For log-linear CSD to be rendered, 
nucleation rate exponentially increasing with time is then required. As suggested by 
experimental data, however, both rates depend on intensive variables (Kirkpatrick et al., 1976, 
1979; Swanson, 1977; Muncill & Lasaga, 1987, 1988; Couch, 2003; for review see Hammer, 
2008) hence non-constant nucleation rate should be coupled with non-constant growth rate. 

Alternatively, straight CSD can be generated by size-dependent growth in a batch 
system. As pointed out by Eberl et al. (2002), law of proportionate effect, in which the growth 
rate is proportional to the crystal size, can lead to log-linear CSDs. Authors however, do not 
provide physical reasoning for such growth law. 

In the open system, magmatic reservoir is characterized by a mean residence time of 
crystals, τ. This is an average time, during which crystals are removed from the reservoir due 
to the outflow of magma, or due to crystal settling. With assumption of the mean residence 
time, term R in Eqn. (1.9) becomes (Lasaga, 1998) 

 

 ,nR
τ

= −  (1.10) 
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and Eqn. (1.9) can be solved. If steady state is reached, then, again under assumption of 
growth rate independent of time and crystal size, solution has form 
 

 ( ) ( ) eff0 exp .Ln L n
G τ

⎛ ⎞= ⋅ −⎜ ⎟
⎝ ⎠

 (1.11) 

 
Eqn. (1.11) is consistent with log-linear CSDs observed in magmatic rocks, and enables to 
determine a product of the growth rate and the residence time, Geffτ, from the CSD slope (e.g., 
Wilhelm & Wörner, 1996).  

It should be noted how straight CSDs, predicted by Eqn. (1.11), result from physical 
nature of open system behavior. Postulate of a mean residence time τ of a crystal in a magma 
chamber is equivalent to postulate of certain probability p that the crystal remains in the 
chamber for certain time T, during which it reaches certain size D. Probability, that the crystal 
remains inside of the chamber for time 2T and reaches size 2D (growth rate is constant) is 
naturally p2, hence population density at size 2D reduces to p-fraction of that at size D. Every 
other increment of crystal size from nD to (n + 1)D, reduces population density at size 
(n + 1)D by p-fraction, compared to population density at size nD, since only that fraction of 
crystals is left in a reservoir. This process is somewhat analogical to the radioactive decay and 
it is easy to imagine how population density must decrease exponentially with increasing 
crystal size, to comply with a steady state open system behavior (Lasaga, 1998). 

Model of open system behavior can describe short period of evolution of a large and 
well-mixed magma chamber at low bulk crystallinity, from which small magma batches are 
regularly sampled. During a short period of time (compared to the characteristic cooling 
time), intensive parameters in a reservoir should vary only slightly and constant growth rate 
can be accepted. CSDs of phenocryst population contained in separated magma batches can 
then be expected to follow linear trend, however their subsequent evolution, after separation 
from main magma chamber, is not that of an open system. At the point when crystallinity at 
the magma chamber reaches the critical value that prevents it from being well-mixed, crystals 
are not homogenized across the chamber and concept of a mean residence time can not be 
achieved. This implies that only phenocryst populations formed at low crystal fractions can be 
interpreted as resulting from open system crystallization. However, even in this idealized 
case, stationary state is rather strict assumption, since crystallinity is always changing with 
time, if some crystallization is taking place, and hence CSD itself can not be in a stationary 
state. 
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So far, we have discussed processes of nucleation and growth. Other physicochemical 
and mechanical processes are also operative during magma solidification. Surface energy-
driven processes have traditionally been recognized on a field of metamorphic petrology 
(Kretz, 1994). Some studies, however, suggest that same processes are important in formation 
of magmatic textures (Higgins, 2002a, 2006). Recently, effect of Ostwald ripening on CSD 
was investigated numerically by Simakin & Bindeman (2008). Generally, coarsening 
processes decline population density of smallest crystals. This leads to a deviation of CSD 
compared to strictly log-linear character. Due to the density contrast between crystals and 
melt, buoyant forces act on each crystal and may lead to its movement. Effects of crystal 
settling were studied, for example, by Higgins (2002a). 
 To summarize, two end-member models of magma solidification through nucleation 
and growth were developed in literature. None of these models, however, provide universally 
log-linear character of magmatic CSDs as its intrinsic property. If current models do not 
satisfactorily explain general shape of CSD, it is then obvious, that interpretation of CSD 
through these models might be distorted. It is a question for future research to find real origin 
and meaning of shape of crystal size distributions in a sense of kinetic parameters. 
 
 
 
 
1.5. Interpretation of textural observations 
 
 
 Methods of quantitative textural analysis were introduced to petrology by early studies 
of Kretz (e.g., 1969, 1974) on metamorphic garnets. Crystal size distribution theory was 
adapted to magmatic systems by Cashman & Marsh (1988). First studies of magmatic 
crystallization (Cashman & Marsh, 1988; Cashman, 1993) concerned in-situ crystallization of 
Hawaiian lava lakes, where drill core samples enabled to observe progression of isotherms 
and of the solidification front to a depth. This allowed crystallization time to be determined 
independently and crystal growth and nucleation rate to be calculated as a function of degree 
of solidification. In their results, growth and nucleation rates are in order of 10-10 cm s-1 and 
10-3 to 10-4 cm-3 s-1, respectively. 
 Measurement and analysis of CSD was applied to different magmatic systems. 
Layered mafic intrusions were studied by Higgins (2002a), Zieg & Marsh (2002), or Boorman 
et al. (2004). In these papers, slope-intercept relationship of CSDs was explored and processes 
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of crystal accumulation and coarsening were inferred on a basis of deviation of CSD from 
log-linear shape. Wilhelm & Wörner (1996) studied Antarctic basaltic flows and sills. Simple 
cooling regime derived from thermal models allowed characteristic nucleation and growth 
rate to be derived using steady state CSD theory (Eqn. (1.11)). Estimated growth rate is in 
order of 10-10 to 10-12 cm s-1, which compares well with results of Cashman & Marsh (1988). 
In these studies, determination of growth and nucleation rate is however based on simple CSD 
theories with all their pros and cones as discussed earlier. 
 Much less work has been done on felsic systems, compared to mafic plutonic or 
volcanic rocks. Bindeman (2003) reported nonlinear, concave-down shapes of CSDs of quartz 
and zircon from voluminous ash-flows tuffs derived from silicic magma chambers. In their 
later work, Simakin & Bindeman (2008) derived a mathematical apparatus for modeling of 
CSD evolution under series of dissolution and precipitation cycles. This model provides nice 
fit to natural data from silicic tuffs. As concluded by Simakin & Bindeman (2008), Ostwald 
ripening is unable to produce concave-down curvature of CSD in sizes larger than few 
micrometers. This can, however, result from dissolution and precipitation cycles due to 
thermal fluctuations in a convecting magma body. 
 To date, other textural parameters gain much less attention than CSD. Analysis of 
crystal spatial distribution through clustering index, R, was developed by Jerram et al. (1996) 
and applied to different mafic systems by Jerram et al. (2003) or Boorman et al. (2004). Mock 
et al. (2003) used R-index together with CSD to reveal process of emplacement of shallow-
level rhyolitic laccoliths. More advanced analysis of spatial distribution pattern via spatial 
distribution functions was developed by Rudge et al. (2008), who also applied this method in 
a study of Holyoke flood basalt. 
 Crystals meet at triple junctions, where dihedral angles are defined. Statistics of 
dihedral angles can be used to ascertain degree of textural equilibration. Fully equilibrated 
textures are counterpart of dynamic textures produced by crystal nucleation and growth. 
Measurements of dihedral angles were performed mostly on mafic suits by Holness (2005) or 
Holness et al. (2005, 2007). 
 Current state of knowledge enables processes of textural coarsening or mixing of 
different crystal populations to be inferred from a textural data (e.g., Marsh, 1998; Higgins, 
2002a). In the open system, both nucleation and growth rates can be estimated from a straight 
CSD, if crystal residence time is known or assumed (e.g., Wilhelm & Wörner, 1996). Only 
characteristic values of both rates, however, are provided by this approach, which disregards 
temporal variations in a thermodynamic driving force for crystallization. When considered 
back, characteristic values of nucleation and growth rates are sufficient to predict neither 
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realistic CSDs nor their temporal evolution. Possibility to follow evolution of a texture 
through time, however, is crucial for any attempt to understand magma rheology and 
dynamics of processes on a magma chamber-scale. Clearly, more experimental studies 
relating both rates to the magnitude of a thermodynamic driving force are needed, as well as 
more attempts to derive temporal variations of rates of nucleation and growth from natural 
data sets. 
 
 
 
 
1.6. Research objectives and structure of the thesis 
 
 

In this thesis, we develop quantitative methods of textural analysis by formulating and 
applying numerical models of crystallization. After a brief theoretical introduction (Chpt. 1), 
we proceed to the construction of a new three-dimensional model of monomineralic 
crystallization (Chpt. 2). This numerical model is intended to provide high resolution 
simulations of crystallization using both homogeneous and heterogeneous nucleation and 
crystal growth. In addition, the high resolution of the model combined with a large volume of 
the simulated domain guarantees observation of large number (typically thousand to hundred 
thousand) crystals in each simulation, hence excellent statistical stability and reproducibility 
of the results. Simulated textures are then quantitatively characterized by crystal size 
distributions, spatial distribution functions, and contact and shape parameters or functions. 
Since the same parameters can be determined on natural samples, variations in these 
parameters in the model as various physicochemical factors are varied can be used to provide 
constraints on crystallization kinetics in natural magma chambers. 
 Next (Chpt. 3), we explore reverse approach and derive new numerical methods for 
transforming the crystal size distribution functions into nucleation, growth or crystallinity 
functions.  
We demonstrate that a unique solution only exists, when a crystallinity-time relationship is an 
independent constraint in the method. Our calculated growth rates compare well with those 
from analogous natural settings and they can be scaled with respect to characteristic cooling 
time of a magma body in order to provide an estimate of growth time for crystals of arbitrary 
size. Growth time is then used to set the upper limit on efficiency of magma differentiation by 
crystal settling. 
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 The last part of the thesis (Chpt. 4) concentrates on the application of quantitative 
textural analysis to granites of the Smrčiny/Fichtelgebirge batholith (Czech Republic 
/Bavaria). Six samples representing distinct intrusive units and textural varieties were 
processed by means of optical and electron microscopy in order to determine textural 
parameters, analogous to those used in numerical modeling. Comparison of the quantitative 
characteristics derived from natural samples and numerical models allows to estimate degree 
of heterogeneous nucleation or other processes leading to clustering of crystals. Using the 
quantitative crystal size distributions of five rock-forming minerals in each sample, we 
provide interferences about crystallization of granitic magmas in the Smrčiny/Fichtelgebirge 
batholith. 
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2. Kinetic model of nucleation and growth in 
2. silicate melts: Implications for igneous 
2. textures and their quantification 
 
 
 
 
 
 
2.1. Introduction 
  
 
 Igneous textures provide a record of variable processes ongoing during the magma 
solidification. These processes are hardly directly observable on a grain-scale, thus numerical 
modeling of magmatic crystallization can help to reveal a link between crystallization 
conditions and the final texture (Hersum & Marsh, 2006). Magma solidification takes place 
dominantly by nucleation of new crystals and growth of existing ones. Nucleation and growth 
rates are dependent on intensive parameters, most notably on undercooling (e.g., Kirkpatrick 
et al., 1976, 1979; Swanson, 1977; Muncill & Lasaga, 1987, 1988; Couch, 2003; for review 
see Hammer, 2008). Variations in undercooling, i.e., departure from the equilibrium, during 
the emplacement and solidification of natural magma bodies, however, is poorly known. 
 To predict character of a rock texture from the kinetics of crystallization, the texture 
needs to be quantified. Theories were developed and applied to geological conditions, to 
estimate the crystal size distribution (CSD) from the kinetics of crystallization in same simple 
systems (e.g., Lasaga, 1998; Marsh, 1998). The CSD, however, does not provide full 
characterization of the rock texture. It does not account for various aspects of crystal spatial 
distribution, like aggregation vs. ordering of crystals (e.g., Jerram et al., 1996), or for crystal 
shape, resulting from mutual competition between the adjacent grains. To provide more 
rigorous quantification, other descriptive measures of the texture are hence needed. In 
contrary to the CSD, theoretical basis relating such parameters to the kinetics of 
crystallization is, however, missing. Numerical modeling of crystallization can thus be used to 
define dependencies and sensitivity of various quantitative textural parameters on the 
evolution of nucleation and growth rates. 
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 Hersum & Marsh (2006) constructed 3D numerical model of crystallization of a cubic 
volume of melt discretised into a large number of volume elements, voxles. In their treatment, 
nucleation and growth rates are coupled by a crystallinity-time relationship derived from the 
Avrami equation (Avrami 1939, 1940; see Lasaga, 1998 or Marsh, 1998 for geological 
discussion). Due to a discrete nature of this simulation, amount of melt to be converted to 
solid phase at each time step of the model must be split between growth of existing crystals 
and nucleation of new crystals according to an algorithmic rule. As noted by Amenta et al. 
(2007), this may result in an artificial behavior. In their numerical model, Amenta et al. 
(2007) use an internal lattice pattern of a crystallizing phase in stead of voxel discretisation. 
Common problem of 3D models are high computational requirements, which in turn limits 
available resolution of simulated data and introduce significant statistical noise into resulting 
quantitative characterization of modeled textures. 
 In this paper, we develop new efficient three-dimensional computational model for 
simulation of texture evolution from nucleation and growth rates. Our method provides high-
resolution output data and enables their precise quantification in the means of CSD and other 
textural parameters. Technically, presented model modifies voxel method, similar to that of 
Hersum & Marsh (2006), to minimize effects of discretisation. We call this approach mixed 
discretised-continuous representation of the texture and provide its detailed characterization in 
Chpt. 2.1. In this method, simulation domain is discretised into high number of volume 
elements, voxels. Each voxel is the smallest domain of volume, for which belonging to a 
specific phase and the crystal is traced. Crystal faces growing at least partly in contact with 
melt are, however, tracked continuously, as well as position and orientation of newly born 
nuclei. 
 New numerical tool is then employed to explore variability of the CSD under various 
modes of nucleation and growth rates. Since shape of the CSD curve is approximately log-
linear (that is, linear in a logarithmic scale of a population density) in many of natural igneous 
textures, this can be used to constrain both rates to comply with natural observations. 
Furthermore, spatial distribution pattern and grain shape is analyzed to investigate its 
dependence on kinetic factors. Such analysis is targeted to design optimal and practical 
quantitative parameters complementary to the CSD, which would exhibit high sensitivity to 
both rates of growth and nucleation. Understanding of quantitative relationship between 
kinetic parameters and the rock texture may increase our ability to interpret the crystallization 
history of igneous rocks. In a future work, presented numerical model of crystallization can 
thus be also used as a forward step in iterative inverse modeling of igneous crystallization. 
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2.2. Computational model for three-dimensional 
2.2. textures 
 
 

Numerical simulation of crystallization uses mixed discretised-continuous 
representation of three-dimensional rock texture. The simulation domain of orthogonal shape 
is discretised into a number of cubic elements, voxels, similar to those of Hersum & Marsh 
(2006). Total number of voxels in the whole simulation is given by a product of numbers of 
voxels on each edge of the domain, that is, Nw, Nh, Nd, where subscripts stand for width, 
height, and depth of the simulation domain, respectively. We define width, height and depth 
of the domain in x, y and z directions of an orthogonal coordinate system. Each voxel is 
assigned the phase and the grain to which it belongs. Initially, all voxels are assigned to the 
melt phase and to none grain. Individual grains, when surrounded by melt and unimpinged, 
are an arbitrary six-sided parallelepipeds, whose shape and orientation is described by three 
pairs of mutually opposite unity normal vectors, a, b, and c. This treatment simulates growth 
of crystals with euhedral shape of a solid-melt interface. 

Position of a grain is specified as coordinates of its center, [X, Y, Z], where all 
coordinates are real numbers from intervals <0, Nw.Δ>, <0, Nh.Δ>, <0, Nd.Δ>, respectively, in 
which Δ is a voxel size. Grain position is hence described continuously and is not related to 
the finite discretisation of the simulation domain. Actual position of the grain-melt interface is 
tracked as planes of parallelepipeds continuously advancing in a direction of its normal 
vectors. Grain-grain interface appears when two adjacent voxels are assigned to different 
grains; hence its shape is not directly driven by shape of a freely growing crystal, but rather 
by a surface of its mutual impingement. 

Crystallization of the simulation domain is treated as independent processes of 
nucleation, either homogeneous or heterogeneous, and growth of existing grains. These 
processes are computationally performed in discrete time steps. Short duration of each time 
step mimics simultaneous nucleation and growth, since progress in each of these two is small 
enough during the time step. Our code architecture allows other processes to be implemented 
and integrated into an existing framework if desired. 

During step of the grain growth, all planes defining parallelepipeds are moved distance 
D according to their actual growth rate, G(t), in a direction of their normal vector: 

 

 ( ) ,D G t t= Δ  (2.1) 
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where t is actual simulation time and Δt is a duration of the actual time step. Different rates of 
growth, G(t), for each of planes a, b, and c define axial ratio of euhedral grain. Subsequently, 
after positions of all crystal faces are updated, centers of all melt voxels are tested for 
inclusion in any grain. If voxel’s center is found to be inside of any grain, its phase is changed 
from the melt to the solid and it is marked as a part of the given grain. Many grains can hence 
trench into each voxel, but the voxel is finally assigned to such grain only, which first 
enclosed voxel’s center. Moreover, voxel is assigned to the given grain only if at least one of 
its 26 neighbors is already assigned to the same grain. Last condition prevents grains from 
growing through each other and does not apply to the voxel in which the grain in question has 
nucleated. Duration of the time step, Δt, is set adaptively, to ensure that none crystal face in 
the simulation moves more than the distance Dmax, specified as a fraction of the voxel size at 
the beginning of simulation. We set the ratio of Dmax to voxel size to 1/10 in our simulations. 

Homogeneous nucleation is treated as a series of attempts to form N new nuclei at 
each time step. N is defined as 
 

 
( )frac frac frac

frac

1         if  

             otherwise,

N r N N
N

N

⎧ + ≤ −⎢ ⎥ ⎢ ⎥⎪⎣ ⎦ ⎣ ⎦= ⎨
⎢ ⎥⎪⎣ ⎦⎩

 (2.2) 

 
where r is a uniformly distributed random variable from the interval <0,1>, symbol x⎢ ⎥⎣ ⎦  
denotes an integer part of x, and Nfrac is a number of nuclei, which can generally be a 
fractional number 
 

 ( )frac .N I t V t= Δ  (2.3) 

 
In Eqn. (2.3), I(t) is the actual rate of nucleation and V is a volume of the simulation domain. 
Meaning of Eqn. (2.2) is to transform number of nuclei Nfrac, generally a fractional number 
predicted from the nucleation rate, into an integer number of nuclei, reflecting stochastic 
nature of nucleation. The nucleation rate, I(t), is the number of nuclei per unit time per unit 
volume of melt, hence multiplication by system’s volume in Eqn. (2.3) gives the number of 
nuclei to be actually formed, providing the whole system is in a melt phase. Positions of 
nuclei are generated as random points inside of the simulation domain. From N points 
generated, nuclei are formed only at those falling outside of all existing grains. This 
stochastically corrects the number of nuclei N to the actually available volume of melt and 
prevents nucleation from occurring inside of an existing solid phase. 
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 Heterogeneous nucleation is allowed to take place on the existing solid-melt surface. 
This surface is represented by the crystal-melt interface in our simulation, while 
heterogeneous nucleation on foreign particles of a size below the model spatial resolution can 
be treated as additional homogeneous nucleation. Rate of heterogeneous nucleation, H(t), is 
related to unit time and unit area of the solid-melt interface and can vary with time. In each 
step of heterogeneous nucleation, and for all crystal faces of all crystals in the simulation, 
number Nhet of nuclei to be created is calculated from het

fracN  analogically to Eqn. (2.2). 
Fractional number of nuclei, het

fracN , for each crystal face is obtained from the nucleation rate 
H(t) and an area of the crystal face S 
 

 ( )het
frac ,N H t S t= Δ  (2.4) 

 
where Δt is duration of the actual time step. Positions of heterogeneous nuclei are determined 
as random points on a given crystal face. Similarly to homogeneous nucleation, only such 
nuclei are created, whose position is out of all existing grains. 
 In both homogeneous and heterogeneous nucleation, newly born grains are generated 
with random orientation uniformly distributed in the space. At first, two orientation angles, φ 
and ψ, determining vector a, uniformly distributed on a unit sphere, are calculated using 
inverse transform sampling (e.g., Devroye, 1986). Local orthogonal coordinate system x`, y`, 
z` is then created, such that a is a unit vector in x`-direction. Unit vectors in y` and z`-
directions are obtained to be related with those in y and z through the same rotation as x` is 
related to x. To randomize orientation of the grain with respect to third independent rotation, 
vectors b and c are calculated as an images of y` and z` unit vectors in a rotation by random 
angle, α, around axis a. Mersenne Twister random number generator (Matsumoto & 
Nishimura, 1998) is used to generate both angles φ, ψ, and α, and position [X, Y, Z] of grain 
center with high uniformity and randomness of distribution. 

Rate of heterogeneous nucleation can depend on a type of a crystal face on which 
nucleation is to occur. This simulates different surface properties of faces with different 
crystallographic orientation. All the three rates, G, I and H, are allowed to vary with time. 
Rates of growth and of heterogeneous nucleation are constant over each crystal face, but can 
vary from crystal to crystal, thus reflecting possible spatial variations of intensive parameters. 
Rate of homogeneous nucleation is independent of position in current implementation, but 
generalization to spatially variable rate of nucleation is straightforward. 

Periodic boundary conditions are prescribed at the boundaries of the simulation 
domain. Crystals growing out of the domain on any side appear as crystals growing into the 
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domain on the opposite side. As a consequence, edge effects are minimized, that is, crystal 
number density is not lowered due to proximity of the simulation domain boundary. Modeled 
texture is visualized and quantified in two-dimensional x-y sections. In a z-direction, grid 
refinement is employed to reduce computational and memory requirements, while resolution 
close to the section plane is kept high. Sections are taken at the position z = zpos, where zpos is 
from the interval 0...Nd – 1. In our simulations, we chose pos d / 2,z N  to reduce an influence 
of the simulation domain boundary. The section is Nw by Nh pixel-sized raster image, in which 
each pixel [xpx, ypx] is assigned the grain and phase identification corresponding to the voxel 
[xpx, ypx, zpos] in the simulation. Sections are stored in a specific file format and subjected to 
the post-processing software. Since single grain, if intergrown by another grains, can appear 
as multiple isolated “islands” on the section, post-processing software layer must properly 
deal with such fragmented grains. Two general scenarios are possible: (i) fragments are re-
classified as independent grains; (ii) fragments are treated as one discontinuous grain. First 
method leads to an overestimation of a number of grains, i.e., the nucleation rate, and 
underestimation of grain size, i.e., the growth rate, but enables easy comparison with natural 
samples. Second method, on the other hand, does not interfere with definition of any of rates. 
Furthermore, consistent treatment of natural samples is complicated by need to identify 
different isolated grain fragments. Since this effect of “virtual fragmentation” is quite rare, 
and since fragments can usually be identified in an optical microscopy via coeval extinction, 
second method is our method of choice. 

Above described simulation approach enables the final texture to be represented 
discretely, whereas crystal size is a continuous function of time, hence discretisation artifacts 
are minimized. Similarly, crystal orientation and position are treated as real-valued 
parameters. In a nucleation stage, decision whether the point where the nucleation is to occurr 
lies in the melt is done on the basis of continuous grain size, orientation and position 
representation and thus is independent of fineness of discretisation. Our simulation algorithm, 
named VoxelTex, is implemented to enable high-resolution simulations to be performed on a 
standard single PC. Simulation with ~100 millions voxels, 1200 × 1200 pixel sections and 
~100 thousands grains can run to full crystallinity in about 10 minutes on a 3.2 GHz quad-
core computer and requires about 2 GB of RAM memory. 
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2.3. Quantification of simulated textures 
 
 
 Rock is assembled from discrete grains separated by grain boundaries and rock texture 
may be described by sizes and shapes of grains and by their mutual spatial relationships. 
Modeled textures resulting from our numerical simulation allows the same form of 
quantification. We use three-dimensional simulation data to calculate true crystal sizes, and 
two-dimensional sections through the simulation domain to calculate apparent shapes and 
spatial relations of crystals. Our model allows textural data to be extracted at any phase of 
crystallization, hence it enables to observe their variability under different solid/melt volume 
ratios. In addition, solid/melt proportions are monitored continuously as a function of the 
simulation time. 
 
 
2.3 .1  Crysta l  s ize  and i t s  dis tr ibut ion (CSD) 
 
 As a simple quantitative characteristic of a texture, a crystal size distribution (CSD), 
found broad usage in the igneous petrology (e.g., Cashman, 1993; Marsh, 1998; Higgins, 
2002a; Mock et al., 2003; Bindeman, 2003; Simakin & Bindeman, 2008). To calculate CSDs 
in modeled textures, three-dimensional data are employed. Volume of the crystal C is 
measured as the number of voxels, NC, belonging to the crystal. Linear size of the crystal C, 
LC, is then calculated as a diameter of equal-volume sphere according to 
 

 3
32 ,

4C CL N
π

= Δ ⋅  (2.5) 

 
where Δ is a linear size of the voxel. The crystal size distribution expresses the dependence of 
a population density, n, on the crystal size, LC, and is normalized to represent unit volume of a 
sample, thus integral of n(L) over all sizes is a number of crystals in the system’s unit volume. 
Above described method provides the distribution of true crystal sizes, and does not suffer for 
any 2D/3D conversion effects (e.g., Higgins, 2000; Mock & Jerram, 2005). 
 Grain size is also utilized in the two-dimensional spatial statistics described below. To 
retain two-dimensional nature of these methods, grain size L2D, is defined as the diameter of 
the circle with equal area as the area of the grain of interest in the studied section. 
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2.3 .2 .  Spat ia l  dis tr ibut ion pattern 
 
 Beyond the CSD, crystal spatial relationships provide additional information on 
crystallization process (e.g., Jerram et al., 1996; Hirsch et al., 2000; Rudge et al., 2008). We 
quantify spatial distribution pattern in 2D sections through the simulation domain, which 
allows our simulated data to be compared directly with natural samples studied in a thin-
sections.  

Central terms of spatial analysis are neighboring grains and grain to grain distance. As 
neighbors, we denote grains sharing common part of a grain boundary. Each grain thus has 
one or more neighbors. Number of neighbors (Nneig) being zero is only possible for grains 
surrounded by melt. A grain totally enclosed inside of another grain has one neighbor. Nneig 
should vary with grain size – larger crystals are expected, in average, to have more neighbors, 
since their perimeter in the section is larger. The crystal size reflects integrated growth rate 
over time period of the crystal’s growth, and Nneig depends on a density of nuclei. Exact shape 
of Nneig as a function of the crystal size and of Nneig distribution must then depend on a 
nucleation and growth rate history. 

Crystal to crystal distance can be defined in different ways. Naturally, it should be 
taken as the distance of nucleation centers; however such distance is unknown in natural 
samples. Moreover, nucleation centers are distributed in a three-dimensional space and 
generally do not lie on the actual plane of section under study. Here, as common in point 
pattern analysis (e.g., Rudge et al., 2008), we reduce crystals to their centroids and defined the 
distance of crystals, R, as the distance of respective centroids. Nearest neighbor distance for 
the crystal C, Rmin, is a minimal value of distances to all neighbors of C. It should be noted, 
that Rmin does not necessarily have to be distance to the closest centroid, since the grain 
having its centroid closest to the centroid of C need not to share any piece of its boundary 
with grain C. When averaged over all neighbors of C, average neighbor distance, Ravg, can be 
calculated. Similarly as with Nneig, also Rmin and Ravg can be analyzed through it distribution 
and dependence on the grain size. Distance Rmin, disregarding inclusions, can not be less than 
some quantity, related mostly to the grain size. Thus Rmin, and Ravg as well, should increase 
with increasing grain size. Additional variations, however, reflect history of nucleation and 
growth rates, as with Nneig dependence on the crystal size. The grain size used in conjunction 
with spatial distribution parameters is two-dimensional, L2D, defined in a previous chapter. 

All parameters, as described above, are ideally defined on the section with infinite 
area. In all simulations, however, sections are of finite dimensions and edge effects come into 
play. In Nneig statistics, only crystals not intersecting the boundary of the simulation domain
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are considered. Similarly, crystal centroids can be defined only for grains contained fully in 
the domain. Rmin and Ravg values are thus calculated only for crystals having all neighbors 
non-intersected by the simulation boundary. This procedure lowers the number of crystals 
analyzed, but since simulations are performed in high resolution and number of crystals is 
usually high enough, this elimination correction is considered beneficial. 

Number of statistical methods exists to provide characterization of a point pattern on a 
variable length scales via spatial distribution functions (e.g., Stoyan & Penttinen, 2000; 
Baddeley, 2008). These methods allow to distinguish between ordering and clustering of 
points in variable distances from a typical one. Since, using grain centroids, we have 
simplified a texture to a point pattern, this analysis, implemented in various statistical 
toolboxes (here we use R Spatstat library; Baddeley & Turner, 2005), can be applied to the 
simulated textures.  

Particularly useful of spatial distribution functions is the L function (Ripley, 1977). L 
is the function of distance r from a typical point of a point pattern and is defined as 

 

 ( ) ( )expected number of other points within a radius  from a typical point1 r
L r

π λ
=  (2.6) 

 
where λ is the intensity of the point pattern, i.e., number of points per unit area. For random 
spatial distribution of points, number of points within a given distance r from a testing point is 
given by the area of a circle with diameter r times intensity. After square root, this yields a 
linear relationship for the L function of r. Values above this linear trend indicate higher 
number of points, i.e., clustering, whereas lower values indicates ordering. To emphasize the 
difference from completely random distribution, it is convenient to calculate a modified L’ 
function 
 

 ( )' ( )L r L r r= −  (2.7) 

 
Positive values of L’ on some distances indicate clustering of points on a given length scale, 
whereas negative L’ shows the opposite. As pointed out by Rudge et al. (2008), crystals can 
not nucleate closer to each other than is a radius of already existing crystal at the time of 
nucleation. This effect leads to a local depletion of the point pattern intensity on a length 
scales comparable to the crystal sizes, and renders L’ function negative on some interval of 
distances. Spatial distribution functions can thus provide a reflection of nucleation and growth 
processes. 
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 Apart from the L’ function, ordering and clustering of points can be described by a 
pair correlation, or radial distribution function, g(r): 
 

 ( ) ( ) ( )d
.

d
L r L r

g r
r r

=  (2.8) 

 
Pair correlation function determines probability of occurrence of a given point-to-point 
distance. g(r) higher than one indicates that point-to-point distance r is more frequent than for 
randomly distributed points, and vice versa. 

Spatial distribution functions also suffer for the edge effects, since points close to the 
boundary of the studied area are lacking neighbors which would lie outside of this area. We 
use Ripley’s isotropic correction (Ripley, 1988) to reduce this bias for both L and pair 
correlation function.  
 
 
2.3 .3 .  Grain shape 
 
 Shape of grains in 2D section is determined by a habit of an euhedral crystal and by its 
impingement with neighboring crystals. Simple analysis is used here to characterize apparent 
grain shape in 2D sections. To each crystal, smallest (with smallest area) rectangle enclosing 
its whole surface is fitted by varying rectangle’s size and orientation. Axial ratio of rectangle, 
α, is then calculated and used to evaluate axial ratio distribution and dependence on a grain 
size. 
 For ideally isotropic crystal habit, that is, for “spherical crystals” with no 
impingement, axial ratio of any section through the crystal is unity. Since impingement is a 
random process, it would almost never occur symmetrically. Thus any contact with 
neighboring crystals breaks the isotropy and renders axial ratio higher than unity. Statistics of 
apparent axial ratios in 2D is used here as another quantitative measure reflecting nucleation, 
growth and impingement of crystals integrated over the growth time. 
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2.4. Results  
 
 
 To explore variability of texture under various nucleation and growth rate conditions, 
we have performed about 40 simulations with resolution 1200 × 1200 pixels per section and 
with about 80 millions voxels. We first qualitatively describe temporal evolution of a single 
simulation and compare textures formed with variable role of heterogeneous nucleation. Then 
we proceed to simulations performed for varied simple rate functions (e.g., constant, 
exponential, linear with time, see Tab. 2.1 and Fig. 2.2). Finally, we explore textures formed 
under conditions of increasing undercooling followed by quenching, which is modeled by 
Gaussian bell-shaped rate functions (Lasaga, 1998).  
 For simplicity, all simulations were performed with single crystallizing phase. 
Although such treatment is precise for monomineralic rocks only, it is considered, since 
differences in crystallization behavior between individual phases of geological interest are not 
of the first order of interest here. Euhedral shape of crystals in following simulations is 

 
 
Fig. 2.1. Evolution of a reference simulation. Nucleation rate is exponentially increasing (exponential 4), 
growth rate is constant (constant 1). See Tab. 2.1 for definition of rate functions. Snapshots are taken after 20% 
increments of crystallinity and cover ¼ of a section through the simulation domain (i.e., 600 × 600 pixels). Units 
tu are arbitrary time units. 
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considered to be cubic, i.e., each crystal has six mutually perpendicular faces advancing with 
equal rate. 
 
 
2 .4 .1 .  Reference  s imulat ion and ef fect  of  heterogeneous  nucleat ion 
 
 Simulation with exponentially increasing rate of nucleation and constant rate of 
growth was chosen as a reference. With rate functions specified in Fig. 2.1 caption, simulation 
reaches full crystallinity at the time T = 3.89 tu, where tu stands for an arbitrary time units 
(specification of one tu in physical units allows to recalculate both time scale and rate 
functions into physical units). Temporal evolution of the crystallinity is shown in Fig. 2.2a 
and is in perfect agreement with crystallinity predicted by the Avrami theory (e.g., Lasaga, 
1998; Marsh, 1998). Prominent feature in Fig. 2.2a is that only minor progress in crystallinity 
is achieved during the first half of the crystallization time, whereas all crystallization occurs 
in the second half of crystallization time. This lag in crystallization corresponds to the slow 
start in exponential nucleation. Simulation snapshots taken with constant crystallinity 
increments are thus not regularly spaced in time. 
 Clustering of grains can be observed during the course of crystallization (Fig. 2.1). 
This is an inherent nature of randomness that local number density of nuclei is fluctuating in 
space, evoking an impression of clusters and holes in the texture. Final texture (Fig. 2.1e) has 

 
Fig. 2.2. Reference simulation. (A) evolution of crystallinity Ф in simulation compared to that calculated from 
the Avrami theory; (B) final crystal size distribution. Time t is in arbitrary time units (tu), crystal size L is in 
arbitrary length units (lu). Kinetic parameters used in a simulation are I = exponential 4, G = constant 1. See 
Tab. 2.1 for definition of kinetic functions. 
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a log-linear CSD (Fig. 2.2b), as can be assumed from the theory (e.g., Marsh, 1998) for 
exponential rate of nucleation and constant growth rate. Lack of small grains relative to the 
log-linear trend is consistent with shrinking of a melt volume available for nucleation in the 
late stage of crystallization. Visualization of the growth zones (Fig. 2.1) reveals that large 
crystals are the first nucleating ones; due to the low nucleation rate at the beginning of 
crystallization thus present in low quantities. 
 In Fig. 2.3, we illustrate ability of the algorithm to handle various levels of 
heterogeneous nucleation and its effect on final texture. Heterogeneous nucleation differs 
from the homogeneous case in that the energy barrier to be overcame by nuclei is lowered due 
to the presence of another solid surfaces (e.g., Lasaga, 1998). Thermodynamic driving force 
for both processes, however, is the same quantity. From this reason, both processes may be 
described, to the first order, by the same rate-time relationship, differing only in a scale factor, 
ζ, defined as the ratio of the rate of heterogeneous to homogeneous nucleation. Note that ζ-
ratio is not dimensionless, since homogeneous nucleation is measured per unit volume of 

 
Fig. 2.3. Effect of heterogeneous nucleation on a texture. Figures with increasing factor of heterogeneous 
nucleation ζ (see text).  (A) ζ = 0 lu (no heterogeneous nucleation); (B) ζ = 10 lu; (C) ζ = 100 lu; (D) ζ = 250 lu; 
(E) ζ = 500 lu; (F) ζ = 1000 lu (large role of heterogeneous nucleation). lu is an arbitrary length unit. Nucleation 
rate is exponential 4, growth rate is constant 2; see Tab. 2.1 for definitions. Figures cover ¼ of section through 
the simulation domain, i.e., 600 × 600 pixels. 
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melt, whereas heterogeneous nucleation is measured per unit area of the solid-melt interface. 
Dimension of ζ is thus in length units. Figs. 2.3a to Fig. 2.3f differ in ζ-ratio increasing from 
ζ = 0 lu, i.e., no heterogeneous nucleation, to ζ = 1000 lu (lu stands for arbitrary length units), 
where all other parameters are kept constant. With increasing amount of heterogeneous 
nucleation, total number of grains increases. Under high ζ-ratio, heterogeneous nuclei grow to 
wedge-shaped grains forming palisade rims on preexisting crystals (markedly visible in 
Fig. 2.3f). 
 

 
2.4 .2 .  Simple  forms of  nucleat ion and growth rate  funct ions  
 
 To investigate variability of textures resulting from various temporal evolutions of the 
nucleation and the growth rate, constant, linear, and exponential dependencies of both rates on 
time were considered. All rate functions, together with their labeling, are defined in Tab. 2.1 
and shown graphically in Fig. 2.4. 

The CSDs are always concave up curves (Fig. 2.5). Only exponentially increasing rate 
of nucleation along with constant rate of growth leads to the log-linear CSDs with minor 
downturn in smallest sizes (Fig. 2.5, reference simulation also shown on Fig. 2.2b). Other 
modes of nucleation and growth rates are characterized by marked curvature of resulting 
CSD. In cases with exponential nucleation (Fig. 2.5a), faster the exponential increase, steeper 
the CSD slope, as a result of more abundant nuclei in a later phase of crystallization. On the 
other hand, higher growth rate is associated with a reduction of the CSD slope. In cases with 

Tab. 2.1. Nucleation and growth rate functions used in simulations. 
Nucleation rate I(t) Growth rate G(t) 
Labeling Equation Labeling  Equation 

constant 1 5×10-5 constant 1 15 

constant 2 10×10-5 constant 2 50 

linear 1 5×10-5·t exponential 1 ( )15 exp t⋅  

linear 2 10×10-5·t exponential 2 ( )15 exp / 2t⋅  

exponential 4 ( )9 95 10 exp 4 5 10t− −× ⋅ − ×  negative exp. 1 ( )50 exp t⋅ −  

exponential 5 ( )7 71 10 exp 2 1 10t− −× ⋅ − ×  negative exp. 2 ( )50 exp / 2t⋅ −  

Units of the nucleation rate are lu-3 tu-1, units of the growth rate are lu tu-1, where tu is an arbitrary time unit 
and lu is an arbitrary length unit. t stands for time. Simulation with I = exponential 4 and G = constant 1 is 
considered as the reference. All rate functions are depicted in Fig. 2.4. 
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constant nucleation (Fig. 2.5b), CSD is less sensitive to variable growth rate evolution. Higher 
growth rate extends CSD to larger crystal sizes and reduces population densities at smaller 
crystal sizes; these effects, however, are weaker than in respective cases with variable 
nucleation. Various constant and various linear nucleation rates under constant growth rate 
modify resulting CSD strongly; higher (or steeper increasing) the nucleation, higher the 
increase in population density down from the largest crystal sizes. 

Spatial distribution pattern reflects finite size of already existing crystals at any time 
during the crystallization (Rudge et al., 2008). Due to that, nucleation is suppressed on some 
length scale from a center of each crystal. L’ function is hence negative on a short length 
scale, which signifies ordering or depletion of local point pattern intensity, due to presence of 
crystal itself (Fig. 2.6). Above this length scale, L’ function is positive and indicates 
clustering, since small, i.e., young, crystals are progressively more interstitial compared to the 
older and larger crystals. Same effect is recorded in a g function; however, length scale on 
which ordering to clustering transition occurs is different. This follows from different 
definitions of these two functions, but both can be used to attain similar kind of observations 
regarding spatial arrangement crystals. In case of exponential nucleation rate, length scale 
of  clustering/ordering transition prolongs with increasing growth rate (i.e., increasing crystal 
size), and shortens if nucleation rate increases along steeper exponential. Amplitudes of L’ 
excursions to the field of ordering and clustering, respectively, behave in a similar way. For 
constant and linear nucleation rates, similar scaling laws apply. However, sensitivity of both 

 
Fig. 2.4. Nucleation and growth rate function used in simulations. (A) growth rate G; (B) nucleation rate I. t is 
the time, tu an arbitrary time units, lu an arbitrary length units. Curves are as defined in Tab. 2.1. 
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L’ and g functions is not very high, and respective pairs of simulations differing in one of the 
rate functions usually fall close to each other, with respect to actual error bars (not shown). 
 Interesting and more easy to interpret insight into character of the texture is provided 
by neighborhood, or contact, statistics in terms of neighbor distances Rmin and Ravg, and 
neighbor number Nneig (see Chpt. 2.3.2). Even in case with log-linear CSD, neighbor distance 
distribution for both Rmin and Ravg shows steep maxima (Figs. 2.7a, b, g, h). This enables a 
physically reasonable characteristic length  scale of the texture, related  to its coarseness, to be 

 
 

 
Fig. 2.5. Crystal size distributions for textures resulting from simulations with various simple nucleation and 
growth rate functional dependencies on time (see Tab. 2.1 for definitions). (A) CSDs for exponential rates of 
nucleation and constant rate of growth; (B) CSDs for constant and linear nucleation rates and various growth 
rates. Crystal size, LC, is in arbitrary length units lu. 
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defined. Position and height of the peak on the distribution curve depends on both nucleation 
and growth rate functions. For exponential nucleation, higher growth rate and slower 
exponential increase of nucleation, compared to the reference simulation, propagates into 
lower and broader peak, which is shifted towards higher neighbor distances.  

Same trends are preserved for other than exponential modes of nucleation rate. 
However, similarly as with already described parameters, these trends are much less sensitive 
to the exact shape of the growth rate function than to the nucleation rate. Thus pairs of 
simulations differing in the growth rate curve and sharing common nucleation rate curve are 
characterized by similar Ravg and Rmin distribution patterns. Distributions of Ravg and Rmin share 

 
Fig. 2.6. Spatial distribution functions for textures resulting from simulations with various simple nucleation 
and growth rate functional dependencies on time (see Tab. 2.1 for definitions). (A), (B) L’ function; (C), (D) g 
function. r is a distance in arbitrary length units, lu. See Fig. 2.5 for explanations. 
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◄ Fig. 2.7. Neighborhood (contact) characteristics for textures resulting from simulations with various simple 
nucleation and growth rate functional dependencies on time (see Tab. 2.1 for definitions). (A), (B), (G), (H) 
neighbor distance distributions; (C), (I) neighbor number distributions; (D), (E), (J), (K) neighbor distance as a 
function of the crystal size; (F), (L) neighbor number as a function of the crystal size. Crystal size, L2D, is two-
dimensional, defined as a diameter of the circle with equal area as is the area of crystal’s outline (Chpt. 2.3.1). 
Rmin and Ravg is nearest and average neighbor distance, respectively. lu are arbitrary length units. See Fig. 2.5 or 
Fig. 2.8 for explanations. 
 
common trends in its dependence on kinetic parameters, but Rmin distribution suffers for 
higher fluctuations. These are ascribed statistical origin and are smoothed due to the 
averaging in case of Ravg. Ravg distribution is thus determined more precisely compared to 
Rmin, providing same number of grains is analyzed. 

Both Rmin and Ravg show systematic variations with the crystal size (Figs. 2.7d, e, j, k). 
For this purpose, the two-dimensional size, L2D, is utilized. With increasing grain size, Rmin 
and Ravg increase approximately linearly. Curves of Rmin(L2D) and Ravg(L2D), derived from 
simulations with different nucleation and growth rate history, share similar slope and differ 
considerably in the intercept. Intercept of Rmin or Ravg dependence on the grain size is higher 
in cases with higher (or steeply increasing) growth rate or lower (or more slowly increasing) 
nucleation rate. Similarly as with neighbor distance distribution, curve of Ravg dependence on 
the grain size is smoother and subject to lesser statistical noise compared to Rmin.  

Neighbor number, Nneig, is distributed approximately log-linearly; that is, crystals with 
lower number of neighbors are exponentially more frequent compared to those with higher 
neighbor numbers. This trend is broken at low neighbor numbers, where the distribution 
exhibits significant down-turn, thus defining maxima and most common number of neighbors 
(Figs. 2.7c, i). Shape of Nneig distribution is qualitatively similar to log-linear CSDs. In 
contrast to that, it is almost independent on nucleation and growth rate. Only for higher Nneig, 
trend is dispersed and exponential nucleation rate can then be distinguished from its non-
exponential counterparts. 
 Neighbor number also depends on the crystal size (Figs. 2.7f, l). Larger crystals with 
larger perimeter naturally have more neighbors. Trend of Nneig vs. L2D crystal size is 
approximately linear and its slope reflects the evolution of nucleation and growth rate. Our 
simulations define discrete array of Nneig(L2D) curves differing in their slope. Higher growth 
rate or slower increase in the nucleation rate results in the shallower slope; however, the 
intercept of Nneig(L2D) is almost independent of both rates.  

Apparent crystal shape in two-dimensional sections was quantified through apparent 
axial ratio, α, of a circumscribed rectangle with minimal area (see Chpt. 2.3.3). The apparent 
axial ratio is, from its definition, always greater than or equal to one. It is distributed log- 
linearly;  lower apparent axial ratios are exponentially more  frequent  (Figs. 2.8a, b). Slope of 
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Fig. 2.8. Apparent crystal shape statistics for textures resulting from simulations with various simple nucleation 
and growth rate functional dependencies on time (see Tab. 2.1 for definitions). (A), (B) distribution of the 
apparent crystal axial ratio, α; (C), (D) dependence of the apparent crystal axial ratio, α, on the crystal size, L2D 
(see Chpt. 2.3.1 for definition). lu are arbitrary length units. 



2. Modeling and quantification of igneous textures  
¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯ 

- 41 - 

the apparent axial ratio distribution is in a log-scale similar for all simulations performed and 
does not show any significant systematic variations which depend on kinetic parameters. The 
α-ratio depends on the crystal size, L2D (Figs. 2.8c, d). With increasing crystal size, α 
decreases almost linearly and approaches unity. Smaller crystals thus, in average, have higher 
axial ratios. The curve of α dependence on the crystal size shifts towards higher axial ratios 
with increasing growth rate. Lower, or more slowly increasing, nucleation rate has the same 
effect. Dependence of α(L2D) curve on the nucleation and growth rate history is most 
pronounced in simulations with exponential nucleation. In other cases this effect has similar 
magnitude to the statistical fluctuations. Recall that all simulations were performed for 
crystals of, when unimpinged, cubic shape. Crystal habit, which is another and probably the 
most important factor controlling apparent axial ratio of crystals, is not of our interest in this 
study.  
 
 
2.4 .3 .  Gauss ian nucleat ion and growth rate  funct ions  
 

Motivated by the calculations of Lasaga (1998), we have investigated the textures 
resulting from a Gaussian bell-shaped nucleation and growth rate curves with variable width, 
amplitude and phase shift. Bell-shaped curves may represent evolution of both rates during 
the initial drop of a temperature below the liquidus, followed by quenching and Arrhenian 

 
 
Fig. 2.9. Gaussian growth and nucleation rate curves used in simulations. (A) growth rate; (B) nucleation rates. 
Parameters σI and σG define width of the peaks, μI and μG define their positions. I and G in subscript stand for 
nucleation and growth, respectively. With increasing width of a peak, amplitude is lowered to maintain constant 
area of the peak. t is time, measured in arbitrary time units, tu; lu are an arbitrary length units. All values of μI 
and σI are in tu. 
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suppression of kinetic processes in a natural crystallizing magma (Lasaga, 1998). We use the 
growth rate curve with all parameters fixed and vary the nucleation rate by varying width, σI, 
position, μI, of its peak. Both nucleation and growth rate curves are shown in Fig. 2.9. In this 
section, we concentrate mostly on CSDs resulting from various Gaussian rates. Due to the 
limited space, other textural parameters are only briefly summarized.  

With increasing μI value, the peak of the nucleation rate shifts to the right from the 
peak of the growth rate. Then, for the most of nuclei present, growth rate is lower compared 
to its peak value and steeply drops to zero. If this effect is pronounced enough, the growth 
rate and eventually both rates approach to zero before full crystallinity is reached. Low 
overlap of nucleation and growth rate curves can thus lead to hemicrystalline textures with 

 
Fig. 2.10. Crystal size distributions for textures resulting from simulations with variable Gaussian rate 
functions, as specified in Fig. 2.9. (A) σI = 0.5 tu  and σI = 1 tu; (B) σI = 2 tu; (C) σI = 3 tu. Crystal size L is in 
arbitrary length units (lu), tu are an arbitrary time units. 
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a residual melt. Since also width of the nucleation rate curve, σI, defines the overlap, it is both 
σI and μI what determine whether holocrystallinity will be reached. Higher the width σI, higher 
the shift μI can be to enable full crystallinity. Nucleation rate curves together with growth rate 
curves depicted in Fig. 2.9 are only those leading to holocrystalline texture. For each σI tested, 
however, further increment of μI by another 1 tu (time unit) step beyond values shown in Fig. 
2.9 results in a hemicrystalline texture. 

Crystal size distributions resulting from all simulations with Gaussian rate functions 
are concave down curves (Fig. 2.10), variably skewed to the right. For the constant value of σI 
parameter, CSDs are more skewed with increasing μI, as quasi-linear segment of CSD appears 
in larger crystal sizes. 
 Spatial distribution functions L’ and g, similarly as curves of neighborhood (contact) 
and grain shape statistics depend on both μI and σI parameters (not shown). Shape of these 
curves is qualitatively similar to those derived from simple nucleation and growth rate 
functions (see Chpt. 2.4.2) and will not be discussed here. 

 

 

 

 
2.5. Discussion 
 
 
 In the following discussion we will address several questions regarding attainability of 
natural-like crystal size distributions and its ambiguity with respect to the evolution of 
nucleation and growth rates. Further, we will show that certain scalar parameters describing 
the texture are independent of the growth and nucleation rate history and their variations may 
reflect significance of other processes than crystal nucleation and growth. Finally, we 
concentrate on a practical applicability of various quantitative textural parameters. 

 

 
2.5 .1 .  Signi f icance  of  log- l inear  CSDs and ambiguity   
2 .5 .1 .  of  i t s  interpretat ion 

 
 Numerical simulations of crystallization help to recognize which evolution of kinetic 
parameters may lead to the CSD similar to log-linear (e.g., logarithm of population density 
depends linearly on the crystal size) trends found in many natural igneous rocks (e.g., 
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Higgins, 2002a; Zieg & Marsh, 2002). We have shown that exponentially increasing rate of 
nucleation along with constant rate of growth fulfills this condition, whereas other 
combinations of constant,  linear  and  exponential  rates  do  not (Fig. 2.5). Gaussian  rate 
functions result in a concave down CSDs which approach linearity, if the peak of the 
nucleation rate occurs after the peak of the growth rate  (Fig. 2.10). This is in accordance with 

 
Fig. 2.11. Comparison of quantitative parameters of textures sharing similar CSD, however resulting from 
various nucleation and growth rate evolutions. Rate curves are as specified in Tab. 2.1 and Fig. 2.9. (A) crystal 
size distributions; (B) L’ functions; (C) neighbor number dependence on a crystal size; (D) average neighbor 
distance distribution. All sizes LC and L2D and distances r and Ravg are in arbitrary length units, lu. 
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numerical investigation of Lasaga (1998). Linearity of such CSDs is improved if width of the 
nucleation rate peak is reduced. Higher “misfit” of both peaks also contributes to more log-
linear shape of the resulting CSD. Higher “misfit”, however, also reduces the overlap of 
nucleation and growth. If most of nucleation takes place at time when growth rate has already 
drop close to zero, texture can not develop to the full crystallinity, and residual melt is left to 
vitrify. The least curved CSDs, are thus reached when rate curves are shifted to the highest 
extent that still allows hollocrystalline texture to be reached. Extrapolation beyond the range 
of the misfits we have tested points to that even better linearity of CSDs could be reached 
with even higher misfit and hence in hemicrystalline textures. This implies that Gaussian rate 
curves may approximate the evolution of kinetic parameters in rapidly cooled magmatic 
systems. Gaussian rates, if appropriate for modeling of nucleation and growth processes, may 
thus constitute a viable first-order model for the crystallization under high degree of 
disequilibrium encountered in some volcanic systems and represented, in the extreme case, by 
hemicrystalline rocks. 
 The above stated is not to say that certain class of Gaussian rate functions, together 
with exponential rate of nucleation and constant growth rate, are the only possibilities to 
produce log-linear CSDs. This rather illustrates, that wide array of various rate functions can 
result in textures sharing common CSD. A question may arise, whether textures produced by 
various rate functions, however sharing common CSD, can be distinguished on the basis of 
other textural parameters. We have found three such pairs of visually similar CSDs in our 
simulations. Fig. 2.11 illustrates these pairs of CSDs and other respective textural parameters 
of corresponding textures. Average neighbor distance (Ravg) distribution or neighbor number 
(Nneig) dependence on the crystal size, do not allow textures produced by various rate 
functions and sharing common CSD to be distinguished. L’ spatial distribution function for 
both textures from each pair differs slightly. However, this difference falls entirely into a 1-
sigma confidence interval (not shown) of the L’ function. Other textural parameters, which 
are not plot in Fig. 2.11, also do not show any significant differences between respective 
textures with the same CSD. 
 Based on these numerical findings, we hypothesize that CSD is a fully determining 
parameter of the texture resulting from the processes of random nucleation and growth of 
crystals. Let us consider a set of all pairs of the nucleation and growth rate curves, which can 
produce textures with equal CSD. Then, all of these textures are expected to be equal also in 
all other textural parameters discussed here, i.e., in spatial distribution pattern, neighborhood 
statistics and grain shape statistics. If this hypothesis holds true, it means that information 
contained in two independent rate functions, that is, in nucleation and growth rate curves, 
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degenerates into a single function, which is the CSD. It would then turn out to be impossible 
to recover both rate curves simultaneously from a textural study. Open question remains, 
whether such degeneration occurs even in the case of spatial non-randomness of nucleation, 
for example due to the heterogeneous nucleation, presence of a chemically distinct boundary 
layer formed near the crystal surface, etc. 

 

 

2.5 .2 .  Invariants  of  nucleat ion and growth textures  

 

So far, we were interested in a variability of textural parameters as a result of variable 
rates of nucleation and growth of crystals. Let us now explore parameters which are invariant 
with respect to various temporal evolutions of both rates. The existence of invariant 
parameters, whose value would be known a priori for all textures resulting from spatially 
random nucleation and growth of crystals, can help to reveal complexity of processes standing 
behind the formation of natural textures. Occurrence of other than nucleation and growth 
processes would be distinguished by comparison of measured and theoretical values of such 
invariant parameters. 

Visual inspection of parameters derived from textures resulting from various rate 
curves may reveal such invariant quantities. We observe that position of the maxima on a 
neighbor number (Nneig) distribution curve is invariant (Figs. 2.7c, i; same holds true for 
Gaussian rate functions, for which these results are not shown). This curve, however, is 
derived as a histogram and hence suffers for a counting error. Moreover, Nneig is a discrete 
quantity, which precludes making the more precise decision about the peak position.  

Another candidate for invariant quantity may be the slope, IS, of the curve of an 
average neighbor distance dependence on the grain size, Ravg(L2D). In Figs. 2.7e, k, these 
curves are approximately linear in shape and differ by their intercept. In most of simulations, 
however, their slope, IS, is similar and yields an average IS = 0.414 ± 0.027 (1-sigma). Curves 
of the neighbor number dependence on the crystal size, Nneig(L2D), are straight lines, defining 
a wide fan for variable rate functions (Fig. 2.7f, l). When extrapolated down to the L2D = 0, all 
these lines approximately share the common intercept, II. Quantity II has rather simple 
physical meaning. It is an average number of neighbors of crystal whose size is close to zero. 
Intuitively, value of II is between 1 and 3, since very small crystals may be situated as 
inclusions in larger crystals, on a boundary between two other crystals, or may sit in a triple 
points. Average over all simulations performed yields II = 2.381 ± 0.136 (1-sigma).  
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Tab. 2.2 summarizes the data for both IS and II obtained from different simulations. 
Purely on a numerical  basis,  attained for a wide variety of  the nucleation and the growth rate 
curves, we propose, that values of IS and II are restricted to rather narrow range and are only 
slightly, if ever, correlated with kinetic parameters of crystallization, providing it is taking 
place by spatially random nucleation and crystal growth. However, the same need not to hold 

Tab. 2.2. Fits for calculation of invariants. 

Simple nucleation and growth rate functions (see Tab. 2.1) 
Fit to Nneig(L2D) Fit to Ravg(L2D) Nucleation 

rate curve 
Growth  
rate curve Slope Intercept Slope Intercept 

constant 1 constant 1 0,170 2,552 0,377 16,640 
constant 2 constant 1 0,218 2,283 0,393 13,644 
constant 1 exponential 1 0,158 2,453 0,418 17,644 
constant 1 exponential 2 0,169 2,334 0,393 17,311 
exponential 4 constant 1 0,296 2,469 0,462 9,605 
exponential 4 constant 2 0,088 2,664 0,464 31,408 
linear 1 constant 1 0,181 2,387 0,406 16,333 
linear 2 constant 1 0,204 2,401 0,400 14,360 
constant 1 negative exp. 1 0,146 2,381 0,399 20,250 
constant 1 negative exp. 2 0,135 2,406 0,393 21,371 
exponential 5 constant 1 0,167 2,341 0,455 18,502 
exponential 5 constant 2 0,071 1,788 0,494 43,634 

Gaussian nucleation and growth rate functions (see Fig. 2.9) 
Fit to Nneig(L2D) Fit to Ravg(L2D) peak width 

 σI 
peak position 
μI Slope Intercept Slope Intercept 

0,5 5 0,254 2,342 0,418 11,739 
0,5 6 0,253 2,324 0,432 11,731 
1 5 0,213 2,399 0,414 13,623 
1 6 0,189 2,445 0,421 15,600 
1 7 0,181 2,476 0,443 15,783 
2 5 0,233 2,367 0,411 12,216 
2 6 0,200 2,366 0,415 14,574 
2 7 0,169 2,348 0,429 17,073 
2 8 0,147 2,394 0,390 21,324 
2 9 0,137 2,364 0,401 23,293 
3 5 0,254 2,411 0,389 11,154 
3 6 0,231 2,421 0,393 12,308 
3 7 0,207 2,384 0,404 13,960 
3 8 0,176 2,439 0,377 16,583 
3 9 0,154 2,411 0,410 18,890 
3 10 0,139 2,318 0,396 22,309 

Invariants (± 1-sigma): II = 2.381 ± 0.136 IS = 0.414 ± 0.027  

Width σI and position μI of the peak of the nucleation rate curve are in arbitrary time units, tu. To avoid 
statistical fluctuations due to low number of observations, fit are calculated from Nneig(L2D) and Ravg(L2D) 
curves from zero to only half of the maximal value of L2D. At higher values of L2D, observations are sparser 
and hence suffer for higher statistical fluctuations. 
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true when other processes are involved in the crystallization. If nucleation, for example, is not 
spatially random, and takes place preferentially on a surface of preexisting crystals (e.g., 
heterogeneous nucleation), value of II may be lowered. Both invariants can thus be used to 
test the significance of other processes than is random nucleation and growth. After 
appropriate numerical scale is calibrated, invariants can provide a quantitative measure for 
relative importance of these processes, including heterogeneous nucleation on a crystal surface. 
 
 
2 .5 .3 .  Appl icabi l i ty  and sens i t iv i ty  of  various  quant i tat ive   
2 .5 .3 .  textural  parameters  

 
 In this study, we have used a large number of parameters to describe artificial textures 
resulting from the numerical modeling. A question may arise, which of these parameters are 
most useful, in terms of practical applicability, to reveal crystallization history of igneous 
rocks. Naturally, parameters displaying largest variability resulting from variable nucleation 
and growth rate curves are the most information-rich about the crystallization. To interpret 
these parameters, however, appropriate theory is needed. From this respect, CSD is superior, 
since its theory is largely developed, while theory for other parameters is almost missing. In 
this work, we show that numerical modeling can partly substitute the theory and parameters 
other than CSD can provide inferences about crystallization processes by direct comparison 
with numerical models. 
 Another perspective is in the sensitivity of different parameters on postmagmatic 
processes. Grain boundary may be modified in a sub-solidus (e.g., Higgins, 2011). In case that 
crystallization history is of the main interest of a textural study, parameters not very sensitive 
to slight changes in a shape of the grain boundary should be preferred. This disadvantages 
grain shape parameters, however parameters based on the crystal centers should be much less 
affected. Grain size parameters are somewhere in the middle between these two cases, since 
grain boundary migration may be driven by surface energy minimization (e.g., Cabane et al., 
2005), thus distorting crystal sizes also. However, taking coarsening to the extreme, small 
grains can disappear totally, thus distorting all spatial parameters derived from the crystal 
centers. Under such circumstances, all textural parameters are already affected by coarsening 
and magmatic part of the rock’s evolution is strongly obscured by later processes. 

Measurement error is another important factor of any method of quantitative analysis. 
Log-linear CSD may be distorted if lower cut-off size is not kept on mind strictly. Artificial 
down-turn may thus appear on CSD in the smallest size classes, which is hardly distinguished 
from that of a natural origin. Spatial distribution functions and neighborhood statistics are less 
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sensitive to such effect, since not numbers, but properties of crystals in discrete size bins are 
of the primary importance. 

 

 

 

 
2.6. Concluding remarks 
 
 
 We have developed a new kinetic model for a high resolution three-dimensional 
simulation of a texture evolution during crystallization of solid phase from a melt. This model 
incorporates both homogeneous and heterogeneous nucleation together with crystal growth to 
provide realistic first-order insight into the processes of magma crystallization on a grain 
scale. Evolution of the simulation domain is analyzed via 2D sections, comparable to the 
petrographic thin-sections, as well as through 3D crystal sizes, relevant for calculation of a 
crystal size distribution without any stereological corrections. Numerical simulations were 
performed for various simple rate functions, e.g., constant, linear, exponential and Gaussian 
evolution of rates of nucleation and growth. In all simulations, shape of euhedral crystal is 
considered cubic and nuclei are distributed randomly in melt. Resulting textures were 
quantified by spatial distribution functions, contact (neighborhood) characteristics, and 
apparent crystal shape in 2D, along with crystal size distribution of true 3D sizes.  

Independently of nucleation and growth rate curves, our results imply: (i) the crystal 
centers are anti-clustered on the short length-scales, relative to longer distances. This results 
from already finite size of any crystal at the time of nucleation of a younger one and resembles 
hard-sphere behavior described by Rudge et al. (2008); (ii) the distribution of nearest and 
average neighbor distances is a bell-shaped curve, hence its most frequent value may function 
as a characteristic length scale of a texture, even in case when CSD is log-linear and thus 
disables meaningful definition of average crystal size; (iii) neighbor number and neighbor 
distance depends linearly on the crystal size. Intercept of the neighbor distance dependence on 
the crystal size, together with the slope of neighbor number dependence on the crystal size is 
a function of both nucleation and growth rates; (iv) apparent axial ratio of crystals in 2D has 
log-linear distribution, hence more elongated sections are exponentially less frequently 
encountered than more equant ones. As it shows only little variability in our simulations; the 
axial ratio distribution seems to be almost independent of kinetic factors. The axial ratio also 
depends on the crystal size. Smaller crystals tend to be more elongated, just because these are 
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more interstial; (v) CSDs resulting from all simulations are concave-down curves, with 
variable skewness. Consistently with findings of Hersum & Marsh (2006), natural-like 
straight CSDs are produced in cases with constant rate of growth and exponentially increasing 
rate of nucleation. However, nearly straight CSDs with minor curvature can also be produced 
by Gaussian rates, if the peak of the growth rate precedes the peak of the nucleation rate. 
Increasing mutual misfit of both rate curves decreases curvature of the resulting CSD. Higher 
misfit thus leads to straighter CSDs. At certain point, however, the overlap of both rates is too 
low and the crystallization is not finished when both rates drop to zero. As a result, residual 
melt is left to vitrify. Gaussian rates, if applicable, thus provide most realistic model of kinetic 
evolution of rapidly cooled volcanic rocks, where straight CSDs are accompanied by 
hemicrystalline textures. 

In the performed simulations, multiple various pairs of nucleation and growth rate 
curves leading to textures with similar CSDs were identified. Our study shows that such 
textures are similar also in other quantitative parameters, including spatial distribution 
functions and contact relationships. If all parameters are the same for textures sharing 
common CSD, it is then likely, that texture is fully determined by CSD itself. In a texture 
produced by random nucleation and growth, it is then impossible to back-calculate evolutions 
of both rates of nucleation and growth purely on the basis of textural characteristics. Such 
calculation would attempt to determine two unknown rate functions from one known textural 
characteristic, which requires additional constraint to obtain a unique solution. 

Whereas most of the quantitative textural parameters reflect the evolution of rates of 
nucleation and growth, certain scalar characteristics are almost constant for all simulations 
performed. We designate such quantities invariants and hypothesize, that their numerical 
value is independent, or nearly independent, of actual evolution of kinetic parameters during 
crystallization. Invariants are defined in 2D sections. These are the slope of an average 
neighbor distance dependence on the crystal size and the intercept of a neighbor number 
dependence on the crystal size. Derived from our simulation of crystallization of cubes, 
respective values of both invariants are ~0.4 and ~2.4. In the field studies, same quantities can 
be determined from thin-sections and compared to numerical values obtained from 
simulations. Such comparison can indicate whether processes other than random nucleation 
and crystal growth have occurred during the crystallization of studied samples, and provide 
implications for (i) spatial non-randomness of nucleation, either due to the existence of a 
modified boundary layer of melt or due to the heterogeneous nucleation; (ii) 
clustering/ordering processes occurring during the grain growth in a melt, e.g., due to 
mechanical forces.  
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3. Calculation of time-dependent nucleation  
3. and growth rates from quantitative  
3. textural data:  
3. Inversion of crystal size distribution 
 
 
 
 
 
 

3.1. Introduction  
 
 

Mechanisms of igneous crystallization exert major control on chemical differentiation 
in magma chambers, approach to solid-melt (-fluid) equilibrium, efficiency of melt extraction 
from crystal phases and their time scales (Boudreau & Philpotts, 2002; Hersum et al., 2005; 
Aarnes et al., 2008). Since these processes are not accessible to direct observation, various 
indirect approaches, in particular the determination of crystal size distributions, were devised 
to unravel the magma crystallization history (Marsh, 1988; Cashman & Marsh, 1988; 
Cashman, 1993; Wilhelm & Wörner, 1996; Marsh, 1998; Higgins, 2002a; Mock et al., 2003; 
Bindeman, 2003; Simakin & Bindeman, 2008). The theory of crystal size distribution (CSD), 
originally developed for industrial systems (Randolph & Larson, 1971), provides a link 
between the nucleation and growth rates, and observable number densities of crystals of 
different sizes. Rates of nucleation and growth thus determine final rock texture and its 
temporal evolution. In turn, evolution of a solid phase topology is crucial for determining 
dependant rheological and transport properties (Petford, 2003; Hersum et al., 2005; Hersum & 
Marsh, 2006; Champallier et al., 2008), which allows physical models of magma chamber 
behavior to be tested (e.g., Tait & Jaupart, 1992; Jaupart & Tait, 1995; Marsh, 2002). 

CSDs in many natural magmatic systems approach linear relationship between crystal 
size and logarithm of population density (e.g., Higgins, 2002a; Zieg & Marsh, 2002; Boorman 
et al., 2004; Mock & Jerram, 2005). Both rates of nucleation and growth and their variations 
can exceptionally be determined from natural samples and their CSDs when constraining 
parameters on magma solidification are known, as in case of solidification of Hawaiian lava 
lakes (Cashman & Marsh, 1988; Cashman, 1993). With the theory developed for linear CSDs, 
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quantities related to the nucleation and the growth rates can also be determined from natural 
samples (Marsh, 1998). In these theories, crystallization is assumed to occur in a simple open 
system, and product of characteristic growth rate and growth time can be determined (e.g., 
Casman & Marsh, 1988; Mangan, 1990; Wilhelm & Wörner, 1996). In the other extreme, 
batch crystallization is treated as a case with constant rate of growth and exponentially 
increasing rate of nucleation (Marsh, 1998). 

Both rates are functions of intensive parameters, such as Gibbs energy of 
crystallization or undercooling that are expected to vary as crystallization proceeds 
(Kirkpatrick et al., 1976, 1979; Swanson, 1977; Muncill & Lasaga, 1987, 1988; Couch, 2003; 
see Hammer, 2008 for review). In reality, log-linear CSDs can result from a number of 
combinations of crystal growth and nucleation rates, therefore interpretation of these time-
dependent kinetic parameters is an ambiguous problem. Determination of complex variability 
of both rates, required for conceptual thoughts of magma chamber behavior on variable length 
scales, thus remains elusive. 

In this study, we formulate a new method of inversion of the crystal size distribution 
curve, which allows retrieval of time-dependent growth and nucleation rates. The solution 
becomes unique, when we use temporal variation of crystal volume fraction as additional 
parameter. We first formulate our model for one crystallizing phase but its extension to 
multiple crystallizing phases is straightforward. Our model solutions are directly applicable to 
magmas where one solid phase dominates or to multicomponent systems where crystallization 
kinetics of all solids is approximately similar. 
 
 
 
 
 
3.2. Kinetics of crystal nucleation and growth 
 
 

Crystal size distribution at time t, n(L, t), provides a quantitative measure of number of 
crystals of size L in a unit rock volume. It is a population density function, where the number 
of crystals of size between L and L + dL in a unit sample volume is n(L, t)dL (e.g., Marsh 
1998, 2007). During crystallization, the crystal size distribution reflects temporal variations of 
the nucleation rate, i.e., number of nuclei formed in a unit melt volume per unit time, I(t), and 
of the growth rate, i.e., advance of crystal-melt interface per unit time, G(t). In an inversion 
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problem, we look for time-dependent rates, I(t) and G(t), that satisfy the observed crystal size 
distribution, n(L, T), generated at time T. 

 
 

3.2 .1 .  Evolut ion of  crysta l l ini ty  
 

As crystals nucleate and grow, volume of solid phase increases in the expense of melt. 
To quantify fraction of solid and liquid phases, respectively, as a function of time, we must 
sum up contributions of all crystals in a studied volume. Let us now assume that crystals are 
of a spherical shape. For volume V of the crystal nucleating at time τ we obtain at any later 
time t  
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where G is the growth rate. Since the rate of nucleation of crystals may vary with time, it must 
be accounted for by second integration over the time interval of crystallization. Crystallinity 
Ф, i.e., volume of crystals normalized by volume of the system, at any time t > 0 is then given 
by: 
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where I(t) is the nucleation rate, i.e., number of nuclei formed per unit volume of melt per unit 
time. 

Equation (3.2) is valid at low crystallinities. At moderate to high crystallinities, this 
approach is increasingly inaccurate, since it ignores the fact that volume of melt available for 
nulceation is shrinking and that crystals are impinging each on other with progressive 
crystallization (e.g., Lasaga, 1998). These problems are solved by the mean field approach by 
the Avrami theory (Avrami 1939, 1940; see Lasaga, 1998 or Marsh, 1998 for more geological 
discussion). Avrami equation provides quantitative link between the rates of crystal growth 
and nucleation, G(t) and I(t), respectively, and the volume fraction of the solid phase as a 
function of time. In the environment where crystals nucleate at random positions, Avrami 
equation resembles exponential of our Eqn. (3.2) 
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Factor σ accounts for various crystal shapes. It relates crystal volume V to half of its 

linear dimension R by V = σR3. For spheres, shape factor thus becomes σ = 4/3π as it has 
already appeared in Eqn. (3.2). 

 

 

3.2 .2 .  Crysta l  populat ion balance  

 

Formation of CSD, described by population density, n(L, t), as a function of time t and 
grain size L has been evaluated from crystal population balance equation (Randolph & Larson 
1971; Lasaga, 1998; Marsh, 1998; Resmini, 2007): 
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t L
∂ ∂
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 (3.4) 

 
where Geff is an effective growth rate, and R is a source term describing changes in a 
population balance due to effects other than crystal nucleation and growth, thus incorporating 
processes such as crystal settling, grain coarsening etc. Eqn. (3.4) represents an analogy of 
advection equation describing transfer of crystals from one size class to another by a process 
of crystal growth (Lasaga, 1998). For a closed system with R = 0 and growth rate independent 
of grain size, the population balance equation becomes 
 

 eff 0n nG
t L
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+ =

∂ ∂
. (3.5) 

 
With increasing crystallinity, probability of crystal impingement increases and the area of 
solid-melt interface decreases, thus leading to a decrease in effective growth rate, Geff. Geff 
becomes progressively smaller when compared to ideal, or “laboratory”, growth rate, G, 
describing rate by which any surface element of crystal-melt interface advances in its normal 
direction. Note that ideal growth rate, G, is the rate determined purely by the crystallization 
kinetics. Differences between ideal and effective growth rates stem from geometrical causes 
only. 
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In order to use the population balance equation with ideal rates, functional dependence 
between G and Geff must be defined. At very low crystallinities, G and Geff are equal, because 
crystals do not touch. At very high crystallinities, Geff approaches zero as surface area 
available for growth diminishes. These two conditions may be stated as 
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where Ф(t) stands for crystallinity (solid fraction) at time t. Lasaga (1998) proposed a simple 
scaling, which conforms with Eqns. (3.6) 
 

 ( ) ( ) ( ) 1/3eff 1G t G t t= −Φ⎡ ⎤⎣ ⎦ . (3.7) 

 
where exponent of 1/3 results from cubic relationship between linear growth rate and volume 
fraction.  In our approach, we note that the effective growth rate is a time derivative of grain 
size as follows: 
 

 eff 1 d ,
2 d

LG
t

=  (3.8) 

 
where one half accounts for growth in two opposite directions away from the crystal center. 
That is, an effective growth rate is directly related to the definition of grain size (see Higgins, 
2000, 2006 for various definitions of grain size) and the G – Geff relationship must be 
consistent with this definition. Fig. 3.1 illustrates how the change in the grain topology over 
some finite time span can be described by different effective growth rates while using 
different definitions of grain size.  

In order to derive more rigorous expression for the effective growth rate than that 
provided by Eqn. (3.7), we have employed an approach based on a CSD second moment 
(Resmini, 2007). Consider a relationship between a grain volume V and its size L, 
 

 3
CSDV Lσ= , (3.9) 

 
where σCSD is a shape factor relating volume to linear dimension (for instance, σCSD = 1/6π for 
a sphere when the sphere diameter is used as a linear size). With this grain size definition, 
equation for Geff will have the following form (see Chpt. 3.A.1 for derivation): 
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d6 , d
d

G t n L t L L t
t

σ
−∞⎡ ⎤ Φ
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∫ . (3.10) 

 
Equations (3.7) and (3.10) provide two alternative estimates for effective growth rate as a 
function of time and previous crystallization history.  

 

 

3.2 .3 .  Relat ionship between growth and nucleat ion rates  

 
Consider crystal size distribution n(L, t) at some time t as shown in Fig. 3.2a. After 

time step Δt, the entire grain population moves by increment ΔL toward greater size 
(Fig. 3.2b), in agreement with the population balance Eqn. (3.5). The size increment ΔL is 
related to the growth rate as follows: 
 

 ( )eff2 d
t t

t

L G τ τ
+Δ

Δ = ⋅ ∫ , (3.11) 

 
 
Fig. 3.1. Two-dimensional illustration of various definitions of grain size and effective growth rate. Time-
derivative of length of the longest line connecting two points on a grain boundary defines growth rate GMF. 
Growth rate GEV is based on a diameter of the circle which has an equal area as the crystal’s outline. GMF and 
GEV are related to measurable size of crystal and hence provide alternative definitions of effective growth rate. 
Through this paper, we use rate GEV as an effective growth rate, Geff. G is an ideal, or laboratory, growth rate 
directly related to the thermodynamic driving force for crystallization. Same definitions can be extended to 
three-dimensions. 
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where the factor of two ensures consistency with convention in Eqn. (3.8) due to crystal 
growth on both opposite sides. In addition, ΔN new crystals nucleate during the time interval 
Δt, 
 

 ( )eff d
t t

t

N I τ τ
+Δ

Δ = ∫ , (3.12) 

 
where Ieff(t) is the effective nucleation rate. As with the effective growth rate, the effective 
rate of nucleation is lower than ideal nucleation rate owing to decreasing volume of melt 
available for nucleation. The ideal and effective nucleation rates are related by volume 
fraction of melt as follows (Lasaga, 1998; Marsh, 1998): 
 

 ( ) ( ) ( )eff 1I t I t t= −Φ⎡ ⎤⎣ ⎦ . (3.13) 

 
The relationship between ΔN and ΔL at any time t results from definition of population 
density (e.g., Lasaga, 1998): 
 

 ( )0, Nn L t t
L

Δ
= + Δ =

Δ
. (3.14) 

 
Substituting from Eqns. (3.11) and (3.12) for ΔN and ΔL, respectively, into Eqn. (3.14) and at 
the limit of Δt → 0, we obtain 
 

 
 

Fig. 3.2. CSD at time t1 and t1 + Δt. During time instant Δt, all grains grow by size increment ΔL = 2GeffΔt 
and move to higher size classes, as given by crystal population balance Eqn. (3.5). 
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 ( ) ( )
( )

eff

eff0,
2
I t

n L t
G t

= = . (3.15) 

 
This provides relationship between the effective nucleation and growth rates, and the crystal 
size distribution at any time t during solidification. Similar equation has been derived by 
Marsh (1998). Since most of natural CSDs come from final stage of solidification at some 
final time T, described by population density n(L, T), the Eqn. (3.15) is now reformulated to 
time T, at which crystal size distribution is observed. 

Recalling that the crystal balance Eqn. (3.5) represents an advective transfer, its 
solutions at different times t1 and t2, where t2 ≥ t1, are shifted by rate of advection integrated 
over the interval of t2 - t1. Since the effective growth rate has a meaning of rate of advection, 
we obtain a simple relationship relating the crystal size distributions at different times 

 

 ( )
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eff
1 2, 2 d ,  

t

t

n L t n L G tτ
⎛ ⎞

= + ⋅⎜ ⎟⎜ ⎟
⎝ ⎠

∫ , (3.16) 

 
where the Geff integral is an increase in grain size over the interval t2 - t1. Substituting T for t2 

and t ≤ T for t1 and inserting Eqn. (3.16) into Eqn. (3.15) yields relationship between crystal 
size distribution at the end of solidification, at time T, and both the nucleation and growth rate 
as a function of time 
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eff
eff

eff2 d ,  
2

T

t

I t
n G T

G t
τ

⎛ ⎞
⋅ =⎜ ⎟

⎝ ⎠
∫   (3.17) 

 
When CSD was measured, Eqn. (3.17) together with relations between effective and 

ideal rates, Eqns. (3.7), (3.10) and (3.13), provide a fundamental relationship between both 
rates of nucleation and growth. If one rate is known or assumed, the other becomes dependent 
and can be uniquely calculated. Eqn. (3.17) also highlights the inherent ambiguity in inversion 
of CSD into growth and nucleation rate. For every growth rate function, which is suitable to 
generate some observed CSD, a corresponding nucleation rate function can be expressed. 
Note that a suitable growth rate function must satisfy 
 

 eff
MAX

0

2 d
T

L G τ= ⋅ ∫ , (3.18) 
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where LMAX is size of the largest crystal. The integral constraint (3.18) is satisfied by 
unlimited number of various non-negative functions, therefore infinity of corresponding pairs 
of nucleation and growth rate functions can be reconstructed from a single CSD curve. One 
such pair is exponential nucleation rate and constant growth rate (e.g., Marsh, 1998; Hersum 
& Marsh, 2006; Amenta et al., 2007) but this is not a restrictive requirement for the origin of 
log-linear CSDs in natural magmatic systems.   

 

 

 

 

 
3.3. Numerical implementation 
 
 

If neither the nucleation nor the growth rate function is known or can be assumed, the 
unique solution can still be formulated if one additional parameter, independent of CSD, is 
given. Here we use crystallinity, Ф(t), whose time dependence can be predicted 
experimentally or by phase equilibrium calculations (e.g., Marsh, 1981; Ghiorso & Sack, 
1995; Holland & Powell, 2001), as the only necessary constraint for simultaneous 
determination of I(t) and G(t). Eqns. (3.3) and (3.17) with (3.7) or (3.10) and (3.13) provide a 
complete set of equations needed to calculate both the nucleation rate I(t) and the growth rate 
G(t) as functions of time from CSD and evolution of crystallinity, Ф(t). 

Our numerical technique employs finite discretization of length and time domain to 
solve set of equations involved in inversion of a crystal size distribution n(L). The n(L) 
function at the time of interest T, and crystallinity function Ф(t), where 0,t T∈〈 〉 , yields rates 
of nucleation, I(t), and growth, G(t). Let us discretize length scale of CSD into a regularly 
spaced sequence {Li}, where {0... },i N∈  such that L0 = 0, Li+1 = Li + ΔL, and LN = LMAX, 
where LMAX is the size of the largest crystal. Let us further denote ni the population density 
corresponding to size Li, hence ni = n(Li). In this formulation, ΔL represents a size step at 
which the CSD is sampled in its discretized representation. Furthermore, we define a 
sequence {ti}, {0... }.i N∈  Each ti represents time that elapsed since nucleation of crystals 
which reach the size Li at the time of interest T. Note that t0 and tN represent boundary 
conditions of the simulation. Crystals of size L0 (i.e., the population of smallest grains) must 
have nucleated at the end, hence t0 = T. On the other hand, crystals of size LN = LMAX must 
have nucleated first, hence tN = 0.  
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We will approximate unknown functions, Ieff(t) and Geff(t), by set of discrete values in 
a piecewise constant fashion as follows: 
 

 ( ) ( ) ( { }eff eff eff eff
1,    ,    , ,    where 1... .i i i iI t I G t G t t t i N−= = ∀ ∈ ∈  (3.19) 

 
Substituting ti and ti-1 for the lower and upper bound of integration in Eqn. (3.11) and using 
above defined discretization we obtain 
 

 ( )eff
12 i i iL G t t−Δ = − , (3.20) 

 
for a grain size increment ΔL over a time interval ( 1,i it t− . Similarly, the number of nuclei 
formed during the same time interval in a unit volume of system follows from Eqn. (3.12) 
 

 ( )eff
1i i iN I t t−Δ = − . (3.21) 

 
Since (from definition) ti-1 and ti are times of nucleation of grains with size Li-1 and Li, 
respectively, at the time of interest T, same quantity ΔN is obtained from a crystal size 
distribution 
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Or using trapezoidal rule for numerical integration 
 

 ( )1

2
i in n

N L−+
Δ = Δ , (3.23) 

 
and combining Eqns. (3.20), (3.21) and (3.23) we arrive to equation coupling nucleation and 
growth rates 
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Eqn. (3.24) represents a discrete analogy to Eqn. (3.17), and it allows us to relate the effective 
rates of growth and nucleation at time ti using the population density. At this point, however, 
value of time ti is also unknown variable to be solved for. 

We will illustrate the numerical method for two types of calculations: (i) calculation of 
nucleation rate from the CSD and an assumed growth rate. In this calculation, crystallinity 
constraint is eliminated by explicit assumption of growth rate evolution. Taking this approach 
we demonstrate different pairs of nucleation and growth rate which generate same CSD; and 
(ii) calculation of nucleation and growth rate from CSD and crystallinity.  
 
 
3.3 .1 .  Calculat ion of  nucleat ion rate  
 

Growth rate G(t) is often expected to be less variable than the rate of nucleation I(t) 
(e.g., Cashman, 1993; Hammer & Rutherford, 2002; Marsh, 2007). If we assume that the 
growth rate is a simple, prescribed function, the nucleation rate necessary to produce an 
observed CSD, is uniquely defined and can be calculated. We employ Eqn. (3.24) to couple 
nucleation and growth rate at every time step i. Duration of each step is then calculated from 
Eqn. (3.20) to provide a time reference at which each i-th discrete value of nucleation and 
growth rate is considered. 

The solution procedure (Fig. 3.3) starts at time step N, at which tN = 0 as a boundary 
condition. At time step N, the effective growth rate, eff ,NG  is calculated from prescribed ideal 
growth rate, GN, using Eqn. (3.7) or (3.10). The corresponding effective nucleation rate, eff ,NI  

 
 
Fig. 3.3. Flow chart for calculation of nucleation rate from CSD and assumed evolution of the growth rate.
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is obtained from Eqn. (3.24) and the next time step, tN-1, from Eqn. (3.20). This procedure is 
repeated at time steps tN-1, tN-2, etc. until time t0 is reached. 

Since relationships between effective and ideal rates (Eqns. (3.7) and (3.10)) make use 
of actual crystallinity Фi or its derivative dФ/dt(ti), these quantities must be calculated at each 
time step ti. In our computations, we use the Avrami equation (3.3) or its discrete analogy (see 
Eqn. (3.27)) to calculate crystallinity at any time step. Time derivative of crystallinity is 
obtained from crystallinities at current and previous time steps using backward difference 
scheme (see Chpt. 3.A.2). 

It is noteworthy that the growth rate function must remain positive throughout the 
crystallization, otherwise Eqn. (3.24) would predict negative nucleation rate and Eqn. (3.20) 
would lead to negative time step. As expected, the method is not applicable to stagnant or 
dissolving grains.  

 

 
3.3 .2 .  Calculat ion of  nucleat ion and growth rate  from CSD  
3 .3 .2 .  and crysta l l ini ty  

 
For calculation of rates of nucleation, I(t), and growth, G(t), we use Eqns. (3.20) and 

(3.24) coupling CSD, eff eff,  ,i iI G  and ti-1. The solution procedure starts at time step tN, where 
crystallinity ФN = 0 as initial condition. At a given time step i, ideal growth rate, Gi, is found 
iteratively by the method of bisection so that it simultaneously satisfies the CSD and 
crystallinity constraints. The lower limit, Gi

(L), and upper limit, Gi
(U), for ideal growth rate are 

taken as zero and very large positive value, respectively, and are averaged to provide the 
mean rate, Gi

(M). The effective growth rate, eff (M) ,iG  the effective nucleation rate, eff (M) ,iI  
duration of the time step, (M)

1 ,it −  and ideal (laboratory) nucleation rate, I(t), are calculated using 
Eqns. (3.10) (or its discrete form, Eqn. (3.38)), (3.24), (3.20) and (3.13) as indicated in Fig. 
3.4. This set of steps predicts crystallinity, calc

1 ,i−Φ  that must conform the prescribed value of 
pres

1 .i−Φ  Otherwise the Gi
(M) is modified until convergence is reached. In order to calculate calc

1i−Φ  
we use the Avrami equation (Eqn. (3.3)) at time ti-1: 
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Both integrals are rewritten as sums of integrals over subintervals, which are defined by a set 
of time steps {ti} 
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Using constant values of G(t) and I(t) on each subinterval, as defined in Eqn. (3.19), we 
obtain: 
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Fig. 3.4. Flow chart illustrating solution algorithm for calculation of rates of nucleation and growth from CSD 
and crystallinity evolution.
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where current values of Ii
(M) and Gi

(M) are used to calculate current estimate of crystallinity. 
The new estimate for Gi

(M) is sought until the predicted crystallinity calc
1 1i i− −Φ = Φ  and 

prescribed crystallinity ( )pres (M)
1 1i it− −Φ = Φ  are equal (Fig. 3.4). If ( )(M) (M)

1 1i it− −Φ < Φ  then Gi
(L) is 

replaced by Gi
(M) in next iteration; in an opposite case Gi

(U) accepts the value of Gi
(M). When 

the convergence is reached, the solution proceeds to the next time step i-1. 
 

 
3.3 .3 .  Veri f icat ion of  the  method 
 

Our method of the CSD inversion was tested using synthetic CSD and crystallinity 
functions, which were obtained from predefined nucleation rate I(t) and growth rate G(t) 

 
Fig. 3.5. Verification of the CSD inversion method. (A) growth rate; (B) nucleation rate; (C) crystallinity; (D) 
crystal size distribution.  The predefined functions are shown as solid curves; calculated values are indicated by 
point symbols. Units tu are arbitrary time units. 
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functions.  The correspondence of the resulting I(t) and G(t) with the predefined functions 
verifies the algorithm and its accuracy.  

We have chosen exponentially increasing rate of nucleation and constant rate of 
growth in order to produce log-linear CSD as observed in natural samples (e.g., Marsh, 1998; 
Hersum & Marsh, 2006; Amenta et al., 2007), with shape factors σ = 4/3π and σCSD = 1/6π 
representing spherical shape of an isolated unimpinged grain (Fig. 3.5). At extremely low 
crystallinities (Ф < 0.0001), the calculated growth rate Gcalc(t) is numerically scattered around 
exact value G(t), however, above this crystallinity threshold, the scatter is reduced to 
approximately 1 % of the exact value. Nucleation rate is reproduced accurately, with an 
exception of few data points at highest crystallinities (Ф > 0.9) where longer calculation time 
steps were used thus producing larger accumulated integration errors. As shown in Figs. 3.5c 
and 3.5d, these errors do not propagate substantially to the calculated CSD or to the 
crystallinity function. 
 
 
3.3 .4 .  Comparison of  e f fect ive  growth rate  correct ion methods  
 

The algorithm for inversion of CSD and crystallinity function to I(t) and G(t) 
(Chpt. 3.3.2) can now be used to compare appropriateness and applicability of alternative 
relationships between Geff and G (Eqns. (3.7) vs. (3.10)). Same CSD and crystallinity function 

 
Fig. 3.6. Comparison of effective growth rate correction methods. Straight CSD with slope b = -40 cm-1 
(population density considered as a natural log) and linear crystallinity function Ф(t) = 0.03t was inverted to 
obtain nucleation and growth rates using power-law correction (Eqn. (3.7)) and correction based on CSD’s 2nd 
moment (Eqn. (3.10)). The CSD’s value of ln n at zero grain size was chosen such that CSD represents a sample 
with crystallinity of 100 % (see Chpt. 3.A.3). Units tu are arbitrary time units. 
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was inverted to nucleation and growth rates with use of both alternative relationships between 
Geff and G. CSD and crystallinity function used are as specified in Fig. 3.6 caption. 

The power-law relationship (Lasaga, 1998; Eqn. (3.7)) predicts marginally higher 
ideal growth rates (Fig. 3.6a), when compared to correction based on CSD’s 2nd moment 
(Eqn. (3.10)). This difference propagates into the nucleation rate (Fig. 3.6b), which increases 
more steeply with time (that is, advancing crystallization). Also higher effective growth and 
nucleation rate is associated with power-law relationship. As a result of higher effective rates, 
prescribed CSD is generated and crystallization terminated in shorter time, when crystallinity 
function has not yet reached 100 %. Specifically, in studied case crystallization terminates at 
Ф = 82 % when power-law correction is employed, while reaches Ф = 98 % with correction 
based on 2nd moment of CSD. 

Our approach reveals inconsistency between CSD and crystallinity, when power-law 
correction (Eqn. (3.7)) is used for calculating the effective growth rate. On the other hand, 
Eqn. (3.10), which utilizes the CSD’s 2nd moment, is internally consistent with the initial CSD 
and it remains valid within a numerical error. Therefore, the method based on CSD’s 2nd 
moment should be used preferentially and we use Eqn. (3.10) in all calculations presented in 
this study.  

 

 

 

 

 

3.4. Results 
 

 
We illustrate application of the CSD inversion method in calculations of nucleation 

rates and crystallinity functions from prescribed CSDs and growth rates. We then proceed to 
calculations of nucleation and growth rates from several model CSDs and crystallinity 
functions. All simulations assume uniform properties of all grains, that is, a one-component 
system, and were run up to complete crystallization. They are also applicable to multiphase 
crystallization, when differences in crystallization behavior of individual phases are 
insignificant. For all simulations, we use shape factors σ = 4/3π and σCSD = 1/6π, representing 
spherical shape of an isolated unimpinged grain because grain shapes are not explicitly 
evaluated in our calculations (see Chpts. 3.2.1, 3.2.2). 
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3.4 .1 .  Calculat ions  us ing CSD and growth rate  
 
 We performed four simulations for log-linear CSD using slope b = -40 cm-1, which 
represents textures formed in a plutonic environment (Zieg & Marsh, 2002).  The value of 
ln n at zero grain size was chosen such that each CSD represents a sample with crystallinity of 

 
Fig. 3.7. Calculation of nucleation rate I(t) from CSD and growth rate G(t). All pairs of I(t) and G(t) produce 
same CSD at the end of crystallization. CSD is straight with slope b = -40 cm-1 (population density is considered 
as a natural log). The value of ln n at zero grain size was chosen such that the CSD represents a sample with 
crystallinity of 100 % (see Chpt. 3.A.3). (A) input CSD; (B) input growth rate functions: constant 
G(t) = 0.00276, linear G(t) = 0.000053t, exponentially increasing G(t) = 0.0001exp(t/20.5) and exponentially 
decreasing G(t) = 0.004exp(-t/120). Constants involved in the expressions for the growth rates are adjusted such 
that crystallinity of 100 % is reached at the same time of 100 tu for all growth rate functions; (C) calculated 
nucleation rates; (D) calculated crystallinities for each pair of nucleation and growth rate. Units tu are arbitrary 
time units. 
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100 %. Growth rate functions are expressed in arbitrary time units tu, whereby crystallinity is 
prescribed to reach 100 % after 100 tu in each run. The log-linear CSD requires that the 
nucleation rate increases steeply with time. 

Growth rate that remains constant through crystallization predicts exponentially 
increasing nucleation rate, in agreement with the theory (e.g., Marsh, 1998). In all cases, 
nucleation rate and crystallinity remain close to zero for 60-90 % of the crystallization time 
(Fig. 3.7). Decreasing growth rate requires that the nucleation rate increases sub-exponentially 
but is initially higher. This behavior causes an early increase of crystallinity and a higher 
crystallinity at any arbitrary time than in a system with constant growth rate. When the growth 
rate increases with time, the behavior is reversed, that is, the nucleation rate increases super-
exponentially but crystallization is delayed, then more rapid. Steeper increase in growth rate 
causes larger delays in increase of nucleation rate and crystallinity. 

Main conclusion which should be drawn from these simulations is that one CSD can 
be produced by uncountable set of different pairs of nucleation and growth rate vs. time 
functions. However, such pairs differ significantly in crystallinity vs. time relationship.  
 
 
3.4 .2 .  Invers ion of  s traight  CSDs 
 
 Inversion method was applied to the log-linear CSDs and different crystallinity vs. 
time relationships, Ф(t), to explore effect of various shapes of Ф(t) function and various 
slopes of the CSD on the nucleation and growth rates. We have chosen two CSDs with slopes 
b = -40 cm-1 and b = -10 cm-1. Both intercepts were set to such values, that CSD represents a 
sample at full crystallinity (see Chpt. 3.A.3). Values of slope were chosen to be similar to 
those reported by Zieg and Marsh (2002) from the Sudbury melt sheet and hence resemble 
natural samples from a plutonic environment. Next, we have chosen three various crystallinity 
functions, namely sigmoidal, linear, and sinusoidal. From a sine function, only first quarter-
period is considered, since we are interested in a crystallinity increasing with time. The linear 
function  was  chosen  to be a tangent to the  sine at the origin. These functions are inspired by  

 
►Fig. 3.8. Inversion of straight CSDs. (A) input crystallinity functions: linear Ф(t) = 0.030208t, sinusoidal 
Ф(t) = sin(tπ / 104), sigmoidal Ф(t) = 1 – exp(-3×10-6 πt4). The linear function was chosen to be tangent to the 
sinusoidal function at t = 0. All functions were chosen to span similar time interval between zero and full 
crystallinity; (B) input CSDs:  b = -40 cm-1 and b = -10 cm-1 with intercepts 13.611 (cm-4) and 8.066 (cm-4). The 
population density is considered as a natural log. Intercept values were chosen to represent samples with 100% 
crystal content (see Chpt. 3.A.3); (C) calculated nucleation rates for CSD with b = -40 cm-1; (D) calculated 
growth rates for CSD with b = -40 cm-1; (E) calculated nucleation rates for CSD with b = -10 cm-1; (F) 
calculated growth rates for CSD with b = -10 cm-1. Units tu are arbitrary time units. 
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various cases of monotonous crystallinity-temperature relationships (e.g., Marsh, 1981), 

which propagate to monotonous crystallinity-time relationships, if cooling occurs under the 
constant heat removal. As demonstrated by the conductive cooling models (e.g., Kirkpatrick, 
1976), the dependence of temperature on time, even in more realistic models of cooling of 

sheet-like magma body, is still well characterized by a linear relationship, if considered far 
enough from the contact. Chosen monotonous functions can thus serve as simple first-order 
models of crystallinity-time relationships which are, however, variable enough to cover some 

possible natural variations.  
Fig. 3.8 shows both input crystallinity functions and CSDs and calculated rates of 

crystal nucleation and growth. Rates calculated from both the linear and the sinusoidal 

crystallinity functions share common characteristics at the beginning of crystallization, i.e., at 
the time, when both crystallinity functions have similar slope. In both cases, nucleation rate 
starts at some nonzero value and always increases with time. When the sinusoidal crystallinity 

function starts to depart from the linear trend towards lower crystallinities, it propagates to 
lower nucleation rates.  

In contrary, growth rate diverges at the beginning of crystallization and is decreasing 

during the most of the crystallization time in both linear and sinusoidal case. At the end of 
crystallization interval growth rate returns to increase again. Similarly to the nucleation rate, 
when slope of the Ф(t) curve gets smaller for the sinusoidal case then for the linear one, lower 

growth rates are achieved in case of sinusoidal crystallinity vs. time relationship. In addition, 
final increase of the growth rate is less pronounced in the case of sinusoidal crystallinity 
function. 

 Behavior of both nucleation and growth rates is different in case when the sigmoidal 
crystallinity function is imposed. In this case, the nucleation rate also increases with time, but 
starting from zero value. The growth rate is decreasing during the whole interval of 

crystallization, with none reversal to increase at the end. In spite of significant numerical 
oscillations during the first few percent of crystallization time, the growth rate starts at some 
finite value at time t = 0, which is in contrast with two other cases of crystallinity functions. 

 Resulting rates of nucleation and growth are qualitatively similar for both CSD slopes 
tested. Most notable difference is in a scale of both rates. Higher CSD slope propagates to 
higher values of the nucleation rate (about two orders of magnitude for two slopes tested). 

The growth rate, in contrary, is higher in the case of lower slope of CSD (about fivefold 
difference in our case). This effect can easily be understood, since lower slope of the CSD 
implies larger crystal sizes and hence higher growth rates needed to produce such crystals 



3. Inversion of CSD  
¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯ 

- 71 - 

during given crystallization time. On the other hand, higher slope of the CSD means higher 

crystal number and thus requires higher rate of nucleation. 
 Taken to gather, main factor controlling the behavior of nucleation and growth rate is 
the initial and final slope of the crystallinity vs. time relationship, Ф(t). Zero initial slope 
forces the nucleation rate to start increasing from a zero value and the growth rate to start 
decreasing from some finite value. Nonzero initial slope of the Ф(t) requires that initial 
nucleation rate is nonzero and that initial growth rate diverges positively. Zero, or nearly zero, 
slope of the Ф(t) curve at the end of crystallization prevents the growth rate from its final 
increase, which is significant otherwise. These findings are independent of a CSD slope. The 
CSD slope transforms scales of both rates only in order to achieve appropriate numbers and 
sizes of crystals within a given crystallization time. 
 
 
3.4 .3 .  Invers ion of  complex  CSDs 
 
 To illustrate the effects of real-world features of magmatic CSDs on calculated rates of 
nucleation and growth, compared to ideally log-linear distributions, we have inverted three 
different CSDs of natural samples along with crystallinity functions used in Chpt. 3.4.2. Aim 
of this chapter is neither to calculate the  evolution of nucleation and growth rates in a specific  
natural magmatic system nor to state that these systems crystallized as closed. Rather we 
show what effect the different shapes of CSD can have on both rates, if the crystallization 

 
 
Fig. 3.9. Natural CSDs for inversion are as follows. Kinked CSD: plagioclase from Atka, Alaska, high 
alumina basalt (Resmini, 1993 in Marsh, 1998). Compound CSD: plagioclase from Sudbury norite (Marsh, 
2007). Batch system CSD: chromite from Stillwater layered mafic intrusion (Waters & Boudreau, 1996). 
Original data were linearly scaled in both size and population density to represent sample with 100% crystal 
content (see Chpt. 3.A.3) More details in text. 
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would have taken place under a closed system conditions. 
 We illustrate an effect of (i) kinked CSD with two approximately straight segments 
differing in the slope; (ii) compound CSD enriched in a large grains and with a slight 
deficiency of small grains, and (iii) of a cumulate CSD with pronounced deficiency of small 
grains. Last case, in spite of clearly being not the product of closed system crystallization, was 
included due to the fact that it exactly conforms to an analytical solution of the batch system 
crystallization, as shown by Marsh (1998). Our sample CSDs are depicted in Fig. 3.9. In order 
to capture the process of crystallization at constant level of its evolution, to allow direct 
comparison between samples, both sizes and population densities of all CSDs were linearly 
scaled to represent samples at full crystallinity. 
 Fig. 3.10 shows rates of crystal growth and nucleation calculated from natural CSDs 
(Fig. 3.9) and crystallinity functions as defined in Chpt. 3.4.2. Regardless of strong variations 
in the input crystal size distributions, shape of the growth rate as a function of time is always 
qualitatively similar, differing mainly in the scale of a vertical axis. More then by the CSD, 
the growth rate behavior is driven by the crystallinity function Ф(t), in which the same 
principles as described in Chpt. 3.4.2 for straight CSDs apply. 
 In contrary, the nucleation rate is particularly sensitive to both CSD and crystallinity 
function. Kinks and fluctuations on CSD clearly propagate into the nucleation rate; however, 
their exact expression depends on a crystallinity function. Similarities can be found between 
the nucleation rate behavior at the initial and final stage of crystallization, with respect to the 
initial and final slope of Ф(t). In cases of linear and sinusoidal crystallinity functions, which 
both share the same initial slope, the nucleation rate behaves similarly near t = 0. On the other 
hand, slopes of both sinusoidal and sigmoidal crystallinity functions approach to zero at the 
end of crystallization, where corresponding nucleation rates converge to each other. 
 Bent CSDs with a population density decreasing at smallest sizes allow the nucleation 
rate to decrease after some peak value. Conversely, the nucleation rate for the kinked CSD 
with a straight segment at smallest sizes behaves similarly to the simple straight CSD with the 
nucleation rate always increasing. Above stated does not hold in case of a linear crystallinity 
function, for which the nucleation rate increases at the end of crystallization, regardless of the 
actual CSD.  

It is interesting to note, that smooth Ф(t) function translates into the smooth growth 
rate, whereas the nucleation rate to be smooth requires CSD to be smooth also. 

► Fig. 3.10. Inversion of complex CSDs. Input CSDs are shown in Fig. 3.9. Input crystallinity functions 
Ф(t) are in Fig. 3.8a. (A), (C), (E) calculated nucleation rates; (B), (D), (F) calculated growth rates. Units tu are 
arbitrary time units.  
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3.5. Discussion 
 

 
 Behavior of calculated nucleation and growth rates can be understood on a basis of 
simple qualitative framework, which is provided in a following chapter. Both rates will then 
be transformed into real units, allowing comparison with natural observations. Finally, we 
discuss the crystal growth time and its geological implications regarding efficiency of magma 
differentiation by the crystal settling in natural magma chambers. 
 
 
3.5 .1 .  Interpretat ion of  ca lculated rates  of  nucleat ion and growth 
 

We have shown that the nucleation rate reflects even minor features of CSD, but shape 
of the growth rate function is largely insensitive to the same factors. It is only a scale of the 
growth rate what changes significantly if the length scale of CSD is changed. Comparison of 
Fig. 3.10b and Fig. 3.10f with Fig. 3.10d shows that the growth rate for both CSDs reaching 
up to L ≈ 0.6 cm is about twice of the rate for CSD ending at L ≈ 0.4 cm (in the case of 
sigmoidal crystallinity function). It should be pointed out, that this comparison is made for the 
same crystallinity function, Ф(t), thus it does not imply, that coarser-grained rock sample 
requires the growth rate to be higher compared to finer grained one. Even opposite may be 
true, since crystallinity functions for both samples might differ. One of them might be spread 
over longer time interval and thus might provide longer time scale for the crystallization. 

It is the crystallinity function what determines the behaviour of the growth rate to the 
main extent. Nonzero slope of the crystallinity function, Ф(t), at the beginning or near the end 
of crystallization forces the growth rate to diverge. In contrary, zero increase of crystallinity 
enables the growth rate to hold some finite value at the beginning of crystallization. 

This behavior can easily be understood on the basis of the Avrami theory. 
Differentiating Avrami equation for crystallinity, Ф, (Eqn. (3.3)) with respect to time, t, yields 

 

 ( ) ( ) ( ) ( )
2
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t τ

σ τ τ τ τ
⎡ ⎤Φ ′ ′= −Φ ⋅⎡ ⎤ ⎢ ⎥⎣ ⎦
⎣ ⎦

∫ ∫  (3.28) 

 
where I(t) and G(t) is the nucleation and the growth rate, respectively, and σ is a shape factor 
defined in Chpt. 3.2.1. In the last equation, integral term multiplied by the constant and by the 
shape factor represents a theoretical surface of all grains if none of them has impinged on the 
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others. Term 1 – Ф(t) is a volume fraction of melt in the system, which is equivalent to 
probability that any random point is located in melt. Right-hand side of the Eqn. (3.28) can 
thus be seen as a product of the total surface area of all grains, which is exposed to the melt, 
and of the growth rate G(t). This finding is natural if dimensional analysis is considered: the 
volume transformed equals to the area of a reactive surface multiplied by a linear distance by 
which the surface has moved in its normal direction. 
 Reactive surface area of the ensemble of grains in some finite volume of melt is zero 
at the beginning of crystallization, when no crystals are actually, present. To offset any finite 
increment of crystallinity, the growth rate is hence required to reach infinite values. Similarly, 
at the end of crystallization, reactive surface area converges to zero, since term 1 – Ф(t) drops 
as last interstitial melt crystallizes. At this point, the growth rate must again increase ad 
infinitum to produce any finite increment of crystallinity. 
 This makes clear why the growth rate diverges always when the crystallinity function 
has nonzero slope at the beginning or at the end of crystallization, no matter what the CSD is. 
Since no physical reason for such strange behavior of the growth rate probably exists, no 
physical reason also exists for the crystallinity vs. time relationship to start and to end up with 
a nonzero slope. This defines limits of quasi-linear crystallinity-time relationship, as could be 
predicted from the equilibrium thermodynamics. 
 
 
3.5 .2 .  Signi f icance  of  the  minimal  growth rate  
 
 Let us assume some monotonous functional dependence between the growth rate and 
the undercooling. As follows from the thermodynamics, the growth rate is zero for zero 
undercooling (Chpts. 1.1 and 1.2). Regardless of details of this kinetic relationship, 
crystallization stars as the magma temperature drops below the liquidus. With increasing 
undercooling, the growth rate increases from zero. When crystallinity starts to increase, it 
occurs with the initial rate dФ/dt → 0, due to initially zero reactive surface area. Thus 
progressive departure from any quasi-linear equilibrium trend of Ф(t) must occur. After the 
reactive surface of crystals is built up by nucleation and growth, crystallinity starts to increase 
more rapidly and approaches equilibrium to some extend, until undercooling is exactly such 
that the growth can offset the equilibrium changes of phase proportions. Second excursion 
away from the equilibrium might occur at the final stage of crystallization, when the reactive 
surface area decreases due to the grain impingement. 
 During the intermediate part of crystallization, reactive surface is large enough to 
enable any equilibrium crystallinity vs. time relationship to be closely reproduced by the 
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evolution of a real crystallinity. Kinetics thus provides a fundamental constrain on the 
behavior of crystal fraction at both limits of crystallization (Ф → 0, and Ф → 1), however 
leaves it unconstrained during the near-equilibrium part of solidification. A relative duration 
of near equilibrium period, compared to duration of the whole crystallization interval, remains 
to be specified. If the crystallization proceeds over a long period of time, e.g., in a center of 
larger magma bodies, most of the crystallization can take place in near-equilibrium conditions 
under low undercooling. On the other hand, if some region of melt is cooled rapidly, 
equilibrium phase proportions may be never approached during its short crystallization time. 
Exact scale of what crystallization time is long or short depends on a steepness of the kinetic 
relationships of both nucleation and growth rates on undercooling. Field and numerical 
studies show that magma bodies crystallize close to the equilibrium, excepting boundary 
layers with thickness of order of meters (e.g., Cashman & Marsh, 1988; Hort & Spohn, 1991). 
 As we have stated above, the crystallinity tends to approach closest to its equilibrium 
value when the area of a reactive crystal surface is largest. This can be expected to occur 
under moderate crystallinities, i.e., at Ф ≈ 0.5. Since dependence of the growth rate on the 
undercooling is, at least until some limiting value of the undercooling, monotonous (e.g., 
Kirkaptrick et al., 1976, 1979; Muncill & Lasaga, 1987, 1988), conditions closest to the 
equilibrium require the growth rate to be minimal. The lows on calculated growth rate vs. 
time curves can thus be interpreted as minimal growth rates, which are to occur under 
conditions of quasi-linear equilibrium dependence of crystallinity on time (see Fig. 3.8 and 
Fig. 3.10). We have shown that the growth rate dependence on time is not very sensitive to an 
exact shape of a central portion of the crystallinity-time relationship. Calculated minimal 
growth rate can then be used even in case when true equilibrium crystallization behavior with 
time is different or poorly known. Moreover, in slowly cooled bodies where near-equilibrium 
crystallization occurs, the actual growth rate can be expected to be quiet close to the above 
determined minimal growth rate for a significant portion of the crystallization time. 

 

 

3.5 .3 .  Transformation to  real  uni ts  
 

To transform the growth rate into physical units, duration of our arbitrary time unit, tu, 
must be specified consistently with the crystallinity function Ф(t). Linear crystallinity-time 
relationship used in our calculations as a proxy for natural, to the first order quasi-linear, 
behavior prescribes full crystallinity to be reached at the time of 33 tu. Usual liquidus – 
solidus distance in natural melts is about 200 K (e.g., Marsh, 1981, 1989), which corresponds 
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to the drop of the temperature that must occur during the crystallization time, i.e., during 
33 tu. 

Heat equation can be solved analytically for an infinite deeply buried melt-sheet 
cooling conductively from both upper and lower sides due to the temperature difference 
between a melt and a country rock (e.g., Carslaw & Jaeger, 1959). This solution permits us to 
find the time since the emplacement, at which isotherms corresponding to the liquidus and to 
the solidus (200 K lower) temperatures arrive at any given point inside of the melt sheet. 
Difference of these two times corresponds to the duration of the time interval during which 

full crystallinity is reached. From this difference, we obtain duration of one time unit, tu, in 
physical units. 

This approach enables us to express the minimal growth rate as a function of position 
inside of the melt sheet in usual units of the growth rate, e.g., cm s-1. Results calculated for 
different thicknesses and for two slopes of CSD are shown in Fig. 3.11; see figure caption for 
calculation details. Our solution applies well to dikes and to tabular plutons whose lateral 
extent is much grater then the thickness. 

 

 
Fig. 3.11. Calculated minimal growth rates as a function of relative position in a tabular magma body. 
Calculations for two CSDs with slopes b = -40 cm-1 and b = -10 cm-1 (population density is considered in a 
natural log units) which represent textures formed in a plutonic environment (Zieg & Marsh, 2002). The 
intercepts of CSDs are 13.611 (cm-4) and 8.066 (cm-4). Slopes and intercepts were chosen to represent sample 
with 100% crystal content (see Chpt. 3.A.3). Relative position x is x = 0 in the center of the magma body and 
x = 1 at the magma chamber wall. Parameters used in calculations are as follows: thermal diffusivity of 
magma and of country rocks κ = 1×10-6 m2 s-1; magma temperature at the emplacement 1100 °C; country rock 
initial temperature 200 °C; magma liquidus temperature 1100 °C; magma solidus temperature 900 °C. No 
latent heat generation is considered. 
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Regardless of the pluton thickness and the CSD slope, the minimal growth rate is 
predicted to increase non-linearly about 1.5 orders of magnitude from the center of the pluton 
to the point at 90 % of the distance to the magma chamber wall. The minimal growth rate 
would farther increase to the boundary of the magma chamber, but our calculation did not 
proceed closer to the contact, since, as discussed above, existence of near-equilibrium 
crystallization is not guaranteed in a boundary layer. 

As shown in Fig. 3.11, fourfold increase of the CSD slope (from b = -10 cm-1 to 
b = -40 cm-1) results in a fourfold decrease of the minimal growth rate. Order of magnitude 
increase in the pluton thickness leads to two orders of magnitude decrease in the minimal 
growth rate. From these scaling laws, formula relating the minimal growth rate GMIN between 
plutons of a half-thicknesses D and D0 (in meters) and CSDs with slopes b and b0 (in cm-1, 
where population density is considered in a natural log units) can be written 

 

 ( ) ( )
2

MIN MIN -10 0
0 0,  ,  ,  ,  ,    in cm.s .b DG D b x G D b x

b D
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 (3.29) 

 
In the equation above, x is a relative position between the pluton’s center and the boundary 
(x = 0 for the center and x = 1 for the pluton wall) and thermal diffusivity is considered 
constant with x. Since a choice of D0 and b0 is arbitrary, using data shown in Fig. 3.11, 
formula (3.29) can be transformed to 
 

 ( ) ( )MIN -1
2,  ,  ,    in cm.s ,

C x
G D b x

bD
=  (3.30) 

 
where C(0) = -4.03465×10-6 m2 s-1. Coefficient C(x) for positions other then x = 0 can be 
calculated from data shown in Fig. 3.11. Scaling Eqns. (3.29) or (3.30) allow us to calculate 
the minimal growth rate for any environment and any CSD slope of interest and thus enable 
us to make comparison with natural data. For the magma sheet half-thickness D = 20 m and 
the for CSD slope b = -800 cm-1, we obtain minimal growth rate in order of 10-11 cm s-1 in the 
center of the magma body, which compares well with measurements of Cashman & Marsh 
(1988) from Hawaiian lava lakes. 
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3.5 .4 .  Crysta l  growth t ime and impl icat ions  for  the   
3 .5 .4 .  e f f ic iency  of  gravi tat ional  di f ferent iat ion 

 
The minimal rate of crystal growth can be used to calculate an upper bound of time 

needed for the grain of a given size to grow. For example, the grain with a radius of 1 mm 
will take at the most 10 months to grow in the center of 10 m thick dike, if CSD slope is 
considered -40 cm-1. The same grain will grow at the most 0.8 Ma in the center of 10 km thick 
tabular pluton, if the same CSD was considered. Note that the growth time scales with the 
square of the pluton thickness, in the same way as a characteristic time for conductive cooling 
of a magma body. The ratio of the magma body cooling time to the growth time of a grain 
with a radius R at any position x, c.g.r.(R, x) is thus independent of size of the magma body 
and holds 

 

 ( ) ( )body characteristic cooling time 1c.g.r. ,  4 ,
grain growth time

C x
R x

bRκ
= =  (3.31) 

 
where κ is the thermal diffusivity, which we take 10-6 m2 s-1, and C the factor introduced in 
Eqn. (3.30). Grain radius R is, consistently with the CSD slope, taken in cm units and since 
our growth rate is a lower bound, calculated c.g.r. is also a lower bound. 

In Chpt. 3.A.3, we have derived simple formula (3.43) relating the CSD slope and the 
size of the grain with most significant volumetric abundance. By taking this size as a 
characteristic crystal size in our system of interest and substituting it from Eqn. (3.43) to 

 

 
Fig. 3.12. Ratio of the magma body characteristic cooling time to the crystal growth time for crystals of 
volumetrically most abundant size as a function of relative position in a magma body x. Position x = 0 is at the 
chamber’s center and x = 1 is the chamber’s wall. Calculation parameters are as stated in Fig. 3.11 caption. 
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Eqn. (3.31), we find the ratio of the cooling time to the crystal growth time for volumetrically 
most abundant crystal size class 

 

 ( ) ( )
VOL

8c.g.r. .
3

C x
x

κ
= −  (3.32) 

 
Fig. 3.12 shows the c.g.r.VOL ratio, as given by Eqn. (3.32), as a function of a relative 

distance from the pluton center x. It is interesting to note, that this quantity depends only on 
the relative position in a magma body, but is independent of the magma body size and the 
CSD slope. In the magma body’s center, most significant grain size growth within the 1/10 of 
the body’s cooling time, whereas near the chamber boundary this fraction is reduced to about 
1/400. 

From the growth rate, grain size can be calculated at any time instant during the 
crystallization. Through the Stoke’s law, this size is related to the crystal settling velocity 
relative to the melt. By integration of the settling velocity over the time interval of the crystal 
growth we obtain the displacement which the crystal can travel during its growth time. For the 
displacement, δ, of the volumetrically most significant grain size fraction, relative to the 
magma body half-thickness, D, we obtain 

 

 2
0

grain's displacement 1 ,
body half-thickness 4

g D
C b
ρδ

η
Δ

= = −  (3.33) 

 
where Δρ is a density difference between a melt and crystals and η is a melt viscosity (Pa s). 
Constant C0 is the parameter C(x) defined in Eqn. (3.30), which we take in the center of a 
magma body, i.e., at x = 0. This parameter is strongly variable across the magma body, 
however its value is more or less constant in the inner 50 % of magma chamber cross section. 
From this reason, relative displacement δ calculated from Eqn. (3.33) can be applied in the 
inner half of a magma body, but is increasingly overestimated near the magma chamber 
boundary.  

Lower limit of the growth rate and hence upper limit of the growth time was used in 
our derivation of Eqn. (3.33) for grain’s relative displacement. If true time-averaged growth 
rate is some constant k higher than our minimal growth rate, this constant propagates through 
the integration and leads to a true displacement, δtrue, k-times smaller than calculated δ. As 
discussed above, it is reasonable to assume that interval of near-equilibrium crystallization 
constitute most of melt’s crystallization in slowly cooled parts of magma bodies. Thus true 



3. Inversion of CSD  
¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯ 

- 81 - 

growth rate is close to the minimal growth rate for most of the crystallization time and hence 
time-averaged growth rate is also close to the minimal growth rate, as estimated by 
Eqn. (3.30). Consequently, constant k approaches unity and Eqn. (3.33) is increasingly more 
precise with increasing size of a magma body, whereas relative displacement is increasingly 
overestimated with decreasing D. 

Fig. 3.13 shows isolines of the relative displacement, δ, with respect to the magma 
viscosity and half-thickness of the melt sheet. Isolines are straight lines in a log-log plot. In 
case of the CSD with the slope in order of -10 cm-1, which is typical for mafic intrusions (e.g., 
Higgins, 2002a; Zieg & Marsh, 2002), crystals can be moved to the distances comparable to 
the magma body size even in a small dikes with thickness in order of centimeters provided the 
viscosity is low, e.g., 104 Pa s. With increasing viscosity, size of a magma body needed for 
the same relative crystal displacement increases also, and δ ≈ 1 is reached in hundred meters-
sized bodies with viscosity in order of 107 Pa s. In highly viscous melts (η = 1011 Pa s) the 
relative displacement of only 1 % is achieved in magma bodies of kilometer thickness, which 
precludes widespread crystal migration by crystal settling in such systems. On the other hand, 
in mafic systems with η = 104 Pa s and a chamber size in order of hundreds of meters, crystals 
are able to settle to distances comparable to the multiple of a magma chamber size during 
their growth time.  
 

 

 

 
Fig. 3.13. Isolines of a relative crystal displacement, δ, due to the crystal settling. D is a magma body half-
thickness. Calculation parameters are as stated in Fig. 3.11 caption. Density difference between melt and 
crystals is taken 100 kg m-3. 



3. Inversion of CSD  
¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯¯ 

- 82 - 

3.6. Conclusions 
 
 

 Crystal size distribution has been frequently employed to quantify textures of plutonic 
and volcanic rocks (e.g., Cashman & Marsh, 1988; Higgins, 2002a; Bindeman, 2003). Since 
crystal size is a function of nucleation and growth rates, it should be possible to retrieve these 
properties from CSD function of interest. We illustrate two techniques of CSD inversion and 
nucleation and growth rate retrieval for a limiting case of closed-system crystallization when 
no mechanical processes such as crystal movement or separation are participating on the 
formation of texture. A single CSD function can be produced by various combinations of 
nucleation and growth rate functions, which, however, differ in the evolution of crystallinity 
with time. This observation permits that a CSD in combination with appropriate crystallinity 
function can be used to unambiguously determine self-consistent nucleation and growth rates 
as a function of time. We applied the transformation procedure to several log-linear and 
complex CSDs and explored several crystallinity-time relationships. 

Minor fluctuations in CSD propagate into significant variations in the nucleation rate, 
whereas the growth rate remains much less sensitive. The scale of the growth rate reflects 
length scale of CSD, whereas exact behavior of the growth rate function is mostly determined 
by the initial and final rate of crystallinity increase. Nonzero initial and final increase in 
crystallinity implies large positive growth rates at both limits of crystallization. This behavior 
results from a small area of the crystal-melt interface at the initial and final stages of 
crystallization. Both initial and final stages of crystallization are thus expected to undergo 
highest degree of disequilibrium, as any finite growth rate can not, at this stage, offset finite 
increment of crystallinity predicted by quasi-linear equilibrium crystallinity-time dependence. 
In contrary, crystallinity is expected to follow up its equilibrium value closely during most of 
crystallization interval, when large reactive surface area is present. In slowly cooled portions 
of melt, most of crystallization interval takes place under near-equilibrium conditions and 
calculated minimal growth rate is applicable to wider time interval during the crystallization. 
Determination of time interval between arrival of liquidus and of solidus to the given point in 
melt, e.g., from cooling models, allows transforming growth and nucleation rates into real 
units. 

Our results predict minimal growth rate to increase about 1.5 orders of magnitude 
between magma body’s center and point at 90 % of distance to the boundary. Growth rate is 
further inversely proportional to the magma body size and the slope of CSD. Scaling laws 
were derived, which enables to calculate growth rate from these quantities. For conditions 
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broadly similar to cooling lava lake we obtain growth rates in order of 10-11 cm s-1 which is in 
agreement with natural observations (Cashman & Marsh, 1988). Knowledge of minimal 
growth rate enables to calculate maximal growth time for a crystal of given size. We further 
show that for crystal size class with most significant volumetric abundance, ratio of growth 
time to magma body characteristic cooling time is independent of magma body size and CSD 
slope. It depends only on a position in a magma body, and increases from about 1/10 in a 
center to about 1/400 at the point in 90 % of distance to the magma chamber wall, and its 
value is only slightly increased in the central half-portion of magma body. 

From maximal growth time of grain, upper bound of its displacement due to crystal 
settling can be constrained from Stoke’s law and compared with magma body thickness. We 
argue, that calculated upper bound of grain’s displacement increases with increasing size of 
magma body, and show that crystal settling is progressively more efficient mechanism of 
material transfer with increasing thickness of a magma chamber. Crystal settling is a viable 
mechanism enabling crystal displacement in order of magma body size with viscosity of a 
melt up to 109 Pa s and geologically relevant magma chamber size. With melt viscosity of 
1011 Pa s, crystals are able to move less then 1 % of body size inside of few kilometers thick 
tabular pluton, and this relative distance is even smaller for smaller magma bodies. 
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3.A. Appendices 
 
 
3 .A.1 .  Formula  for  the  e f fect ive  growth rate  based on  
3 .A.1 .  2 n d  moment  of  CSD 

 
Known crystallinity variations with time allows us to define an effective growth rate 

as a time-derivative of a linear grain size which would, when summed over all grains, provide 
the same volume change of a solid phase, as is required by known change in crystallinity. 
This definition of a growth rate was used previously by Resmini (2007), who pointed out that 
it must be inversely proportional to the total surface of all grains, represented by 2nd moment 
of CSD. 

Let us consider a CSD in a volume-equivalent grain size measure (i.e., crystal size is 
defined as a linear dimension of a geometrical object with fixed shape, whose volume equals 
to that of the crystal; see Chpt. 3.2.2). Over any finite time interval, equality must exist 
between the real volume change of any grain and of the corresponding geometrical object, 
whose linear size is considered as a size measure of a CSD. In the other words: 
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where t stands for time. Inserting relationship between volume and linear size of a 
geometrical object of interest, as given by Eqn. (3.9), into Eqn. (3.34) and 
summing/integrating over all grains in a system’s unit volume, we obtain 
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In the last equation, n(L) is the CSD at some time t and integration goes from 0 to 

infinity to include all grain sizes. Using general definition of an effective growth rate from 
Eqn. (3.8) and noticing that a volume change of all crystals in a unit volume of the system is 
the increment of crystallinity Ф, we arrive to the expression for an effective growth rate, 
which is consistent with our definition of crystal size: 
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3.A.2 .  Numerical  calculat ion of  e f fect ive  rates  of   
3 .A.2 .  growth and nucleat ion 

 
Our numerical methods for inversion of CSD employ conversions between ideal 

(laboratory) and effective rates of crystal nucleation and growth, i.e. conversions between I, G 
and Ieff, Geff. In the correction for the nucleation rate, Eqn. (3.13), and in the power-law 
correction for the growth rate of Lasaga (1998), Eqn. (3.7), only actual crystallinity, Ф, is 
involved. We calculate effective rates from crystallinity at time ti according to 

 

 [ ] [ ]1/3eff eff1 ,    1i i i i i iI I G G= −Φ = −Φ . (3.37) 

 
Фi can be calculated using discretized Avrami equation (3.27). This makes use of nucleation 
and growth rates at all time steps from N down to i + 1, which all are known when calculating 
rates at the step i. 

In the correction for the growth rate based on a CSD 2nd moment, we approximate the 
time derivative of crystallinity by backward difference (recall that time ti increases with 
decreasing index i of a time step). Using trapezoidal rule for integration involved in Eqn. 
(3.10) and discretization of CSD described in Chpt. 3.3.2, we obtain formula for an effective 
growth rate 
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Additionally, for the first time step, where above formula is undefined, we prescribe 

eff
1 1,G G=  as crystallinity is supposed to be close to zero and hence effective and laboratory 

rates are approximately equal. 
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3.A.3 .  Straight  CSDs:  S lope- intercept  re lat ionship and  
3 .A.3 .  volumetr ical ly  most  abundant  grain  s ize  

 
As shown by Marsh (1998) or Higgins (2002b), slopes b and intercepts n0 of a straight 

log-linear CSDs are not independent, but are related with crystallinity, Φ, by a mass-balance 
constraints. Especially for the volume-equivalent measure of the grain size (i.e., crystal size is 
defined as a linear dimension of a geometrical object with fixed shape, whose volume equals 
to that of the crystal; see Chpt. 3.2.2), crystallinity, i.e., volume of all crystals in a unit volume 
of the system, is found from 3rd moment of CSD 
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d ,L n L Lσ
∞
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where n(L) is a population density at size L and σCSD is a shape factor defined in Chpt. 3.2.2. 
For straight CSDs, integral in Eqn. (3.39) can be evaluated. After some manipulations and 
after taking natural logarithm of the result, we obtain slope-intercept relationship 
 

 CSD
0

64ln ln ln .b nσ
= +

Φ
 (3.40) 

 
Our equation (3.40) is similar to the Eqn. (73) given by Marsh (1998), but here we adopt 
volume-equivalent measure of the grain size to obtain numerical values for all parameters and 
hence enable to recalculate between the slope and the intercept. 

Number of crystals in a unit volume of a system whose size is between L and L + dL 
is, in the case of log-linear CSD, given by 

 

 ( )0d exp d ,N n bL L=  (3.41) 

 
where slope b < 0. This number of crystals has a total volume 
 

 ( ) ( )3
0 CSDd exp d d .V n bL L L v L Lσ= =  (3.42) 

 
By Eqn (3.42) we have defined the density function v(L), which multiplied by dL specifies a 
volume of all crystals from the size class <L;L + dL> in the system’s unit volume. By 
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equating derivative of v(L) to zero, simple formula for the most volumetrically abundant 
crystal size can be found 
 

 VOL
3 .L
b

= −  (3.43) 
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4. Application of quantitative textural 
4. analysis to the Smrčiny/Fichtelgebirge 
4. granite batholith 
 
 
 
 
 
 
 
 
 
4.1. Introduction 
 
 
 

The Fichtelgebirge/Smrčiny (FGS) batholith is a late Variscan granitic body located in 
the western Bohemian Massif between Aš, Bayreuth, Marktredwitz, Cheb and Luby. Its 
exposure covers an area of ~400 km2 and it consists of four intrusive stages and 14 main 
petrographic and textural types. The wide diversity of igneous textures, ranging from 
porphyritic coarse-grained to very fine-grained, but limited modal variations make this 
batholith an ideal object for pilot testing of quantitative textural analysis and for interpreting 
the kinetics of crystallization via our forward numerical algorithms (Chpt. 2). In addition, the 
FGS batholith was extensively studied by petrological, geochemical and geophysical means, 
which provide further constraints for evaluating its crystallization conditions.  

In this chapter, we briefly summarize geological setting and emplacement mechanisms 
of the FGS batholith, and proceed to original results of quantitative textural analysis of six 
representative samples and its preliminary discussion. We concentrate on a study of crystal 
size distributions, spatial distribution patterns, and contact relationships among five rock-
forming phases. Based on comparison of obtained data with results of numerical modeling, 
we develop new quantitative methods for estimating the activity of heterogeneous nucleation 
and mechanical cluster-forming processes in natural magmatic systems. Quantitative study of 
textures from FGS further reveals implications for crystallization history of granitic magmas. 
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4.2. Geological setting 
 
 

The FGS granitic batholith is product of the late Variscan plutonic activity at the 
Saxothuringian Zone of the Bohemian Massif (Siebel et al., 2003; Fig. 4.1). It is located on 
the Czech/Bavarian boundary, in the area of Bayreuth and Cheb. The batholith intruded 
weakly to moderately metamorphosed Lower Paleozoic sequences, predominantly siliciclastic 
sediments (Mielke et al., 1979). The Fichtelgebirge granites are peraluminous, biotite, two-
mica and tourmaline-muscovite granites belonging to transitional I/S or S type (Richter & 
Stettner, 1979; Schödlbauer at al., 1997; Siebel et al., 1997). Individual granite types and 
varieties were defined by Stettner (1958b, 1964) and Richter & Stettner (1979), only a brief 
summary is given here (Tab. 4.1; Fig. 4.2). At the present surface level, the batholiths crops 
out as two separate intrusive complexes that differ petrographically, geochemically, and by 
the crystallization age (Stettner, 1958b, 1964; Richter & Stettner, 1979; Carl & Wendt, 1993; 
Siebel et al., 2003, 2010; Fig. 4.1) 

 
Fig. 4.1. Geological sketch map of the FGS batholith indicating the older and younger intrusive complexes 
(modified after Schödlbauer at al., 1997). Abbreviations: CZ – Czech Republic; DE – Germany; ST – 
Saxothuringian Zone. 
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The older intrusive complex (OIC), emplaced at 324-326 Ma (Carl & Wendt, 1993; 
Siebel et al., 2003), forms an elongated, approximately east-west trending body of the 
Weiβenstadt-Marktleuthen massif. In its eastern part, northeast of Františkovy Lázně, the OIC 
is covered by Tertiary sediments of the Cheb basin. The western promontory of the OIC 
penetrates the tectonic boundary of the allochtonous Münchberg nappe and it demonstrates 
the Variscan post-kinematic nature of the FGS batholith (Siebel et al., 1997). In the southern 
central area, kilometer-sized bodies of granites similar to those of OIC are found in the 
redwitzite intrusions and were interpreted either as a separate part of the Weiβenstadt-
Marktleuthen pluton or the Falkenberg pluton, Oberpfalz batholith situated further to the 
south (Siebel et al., 2003). 

The OIC consists of seven modal and textural varieties. The main G1 type is 
porphyritic biotite granite with large K-feldspar megacrysts (more than 10 cm large). The 
rock is biotite rich, however modal abundance of muscovite is variable and it increases

Tab. 4.1.  Summary of main textural types of granites in the FGS batholith. 

Intrusive complex Granite type Texture Mineralogy 

G1 porphyritic biotite to two-mica 

G1S equigranular fine and 
medium-grained varieties two-mica 

G1Sm equigranular muscovite 

G1H equigranular two-mica 

G1R weakly porphyritic biotite 

G1b fine-grained, rare 
megacrysts of K-feldspar biotite 

Older intrusive complex 
(OIC) 

G1a aplitic to pegmatitic muscovite, garnet 

G2 porphyritic two-mica, locally biotite-rich Younger intrusive complex 
(YIC-1) 

G3 equigranular, medium to 
coarse-grained two-mica 

G4 
medium to coarse-grained, 
equigranular to weakly 
porphyritic 

two-mica, Li-mica, topaz 

G2* porphyritic  two-mica 

G2K 
medium to coarse-grained 
equigranular with enclaves 
of fine-grained porphyritic 

G3K medium to coarse-grained 

biotite-rich, abundant garnet, 
cordierite, andalusite 

Younger intrusive complex 
(YIC-2) 

G3W medium to coarse-grained biotite, abundant garnet 

Types after Stettner (1958b, 1964), Richter & Stettner (1979) and Mielke (2005). 
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eastwards at the expense of biotite. In the northern and northeastern part of the Weiβenstadt-
Marktleuthen massif, G1 has a sharp intrusive relationship (Fig. 4.5d) to more evolved 
equigranular two-mica G1S granite (Selb type) in which fine and medium-grained facies are 
distinguished. Medium-grained two-mica granite G1H (Holzmühl type) appears as an isolated 
or sheet-like bodies in the central part of the pluton. In the easternmost part of the 
Weiβenstadt-Marktleuthen massif, between Skalná and Luby, the granite is devoid of biotite 
(muscovite facies G1Sm; Štemprok, 1992). At the western tip of the OIC, medium-grained 
biotite-rich weakly porphyritic and layered marginal facies G1R (Reutgranit) crops out. The 
main body of the porphyritic G1 granite is bordered by a fine-grained biotite rich G1b roof 
facies, characterized by rare K-feldspar phenocrysts (Fig. 4.5b), and by aplitic to pegmatitic 
G1a facies.  
 The younger intrusive complex (YIC) is a sequence of three distinct magma pulses 
consisting of multiple batches that intruded around 291 Ma to 298 Ma (Siebel et al., 2010). 
The YIC crops out as four bodies separated by host rocks (Figs. 4.1, 4.2). All outcrops – the 
Zentral, Waldstein, and Kleiner and Groβer Kornberg massifs – consist of several intrusive 
units (Fig. 4.1). The Zentral Massif hosts the marginal granite (G2), the core granite (G3) and 
younger pulse of highly evolved granite with tin mineralization (G4). Contacts between the 
G2 and G3 types are sharp; the G2 granite forms enclaves in apparently younger G3 granite. 
Solidification and volatile loss from the G4 bodies caused metasomatism of the surrounding 
G2 and G3 granite. As a result, G2* and G3* types of granite were formed, which have a 
texture of G2 and G3 respectively, but whose geochemical signatures approach to these of 
G4. In the southeastern part of the Zentral massif, the Kösseine varieties, represented by 
biotite-rich G2K and G3K granites, intruded (e.g., Schödlbauer at al., 1997). They are 
strongly peraluminous with numerous xenoliths and xenocrysts sampled at different crustal 
levels during magma ascent and emplacement (Schödlbauer at al., 1997). A small granite 
body similar to that of the Kösseine facies crops out in the southern part of Groβer Kornberg 
massif (Wolfsgarten, G3W). Apart from G3W granite, the Waldstein and both Kornberg 
bodies consist of G2 and G3 granites only. 

Granites of the OIC were emplaced at depth of less than 10 km (Siebel et al., 1997). 
Textural features of the YIC granites, however, indicate that they intruded into shallower 
depth, hence significant regional uplift of 5-7 km (Richter & Stettner, 1979) must occurred 
between 325 and 295 Ma. The maximum known preserved thickness of the FGS 

◄ Fig. 4.2. Simplified geological map of FGS batholith. Locations of studied samples are shown with circles 
and gray boxes. Compiled from Stettner (1958a, 1962), Richter & Stettner (1979), Mielke & Stettner (1984), 
Hecht et al. (1997) and Mielke (1999). Types G1a and G1b are not recognized and are shown as a unified G1a/b 
type.  
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Fig. 4.3. Depth of the FGS batholith floor, as calculated from inversion of gravity data. Inversion covers 
German part of the FGS batholith only, hence contours of Bouguer anomaly (in mGal) are shown for the Czech 
part of the massif. Modified after Hecht et al. (1997). 

 
 
 

 
 
Fig. 4.4. Emplacement scenarios of the FGS granites, as speculated by Hecht et al. (1997) on the basis of 
geochemical, geophysical, field and radiometric data. Model 1 and model 2 are two alternatives for the first 
phase of the Younger intrusive complex, YIC-1. Dots represent sidewall crystallization. Color coding of 
different textural types is as in Fig. 4.2. 



4. Application of textural analysis to Fichtelgebirge batholith  

- 95 - 

batholith is around 8 km, based on gravity data (Hecht et al., 1997; see Fig. 4.3). Two gravity 
lows corresponding to the greatest depth of granite were interpreted as vertical magma 
feeding channels (Figs. 4.3, 4.4). In contrast, the Waldstein, and Kleiner and Groβer Kornberg 
massifs appear as thin relics of previously continuous granite body. 

 
Fig. 4.5. Field relations among different types of FGS granites. (A) G1 granite, Marktredwitz; (B) G1b roof 
facies granite, location of FG-17 sample (see Fig. 4.2, Tab. 4.2), Weiβenstadt-Marktleuthen Massif; (C) G2 
granite, Ochsenkopf, Zentral Massif; (D) contact of G1 and G1S facies, Lipná abandoned quarry, 8 km W of 
Skalná (e.g., Fig. 4.2), Weiβenstadt-Marktleuthen Massif; (E) and (F) contacts of G2 and G3 granites, active 
quarry 2 km SE of Reinersreuth, Waldstein Massif. 
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In the OIC, the degree of magmatic differentiation indicated by muscovite content, 
Rb/Sr ratio and Th concentrations increases eastwards, that is, towards the pluton root zone. 
This observation is interpreted as a result of ascent and emplacement of two to three separate 
but progressively more evolved magma batches, forming G1, G1S and G1Sm facies of the 
Weiβenstadt-Marktleuthen massif (Fig. 4.4). In the YIC, the differentiation zoning is reversed 
and the most differentiated facies of both the G2 and G3 granites are located at the greatest 
distance from the feeding channel (Hecht et al., 1997). These two granite types may represent 
products of gradual in-situ fractionation at the emplacement level (model 1) or separate 
injections related by common origin in a deeper-seated source (model 2; Fig. 4.4c). Within 
each magma batch, sidewall crystallization is assumed to result in porphyritic G2 granite, 
whereas crystallization in the reservoir interior produced equigranular G3 type. 

 

 

 

 
4.3. Sample description 
 
 
 Six representative samples to be studied by the methods of quantitative textural 
analysis were chosen from a major facies of the FGS batholith. Characteristics of these 
samples are summarized in Tab. 4.2 and locations are shown in a map view in Fig. 4.2. 
Micrographs of representative textures are shown in Fig. 4.6. 
 From the main body of the Weiβenstadt-Marktleuthen massif sample of the medium-
grained equigranular G1S granite was chosen (our sample FG-51). Major rock-forming 
phases – quartz, plagioclase and K-feldspar – form anhedral, isometric crystals with a typical 
size ~1 mm. Plagioclase rarely appears as partly euhedral phenocrysts. Large (first 
millimeters) plates muscovites are common and complicatedly intergrowth with neighboring 
grains of various mineral phases. Biotite is absent in our sample. 
 Fine-grained biotite-bearing G1b granite locally borders the main body of the 
porphyritic Weiβenstadt-Marktleuthen G1 granite. In G1b granite (sample FG-17) plagioclase 
is more abundant than K-feldspar. Feldspars, along with quartz, form an equigranular mosaic 
of interlocked anhedral crystals with a typical size ~0.5 mm. Muscovite is absent and biotite 
appears in apparent clusters with accessory hornblend. G1b granite contains numerous 
variably assimilated crustal xenoliths. On the sample locality, rare 5-10 cm large phenocrysts 
of K-feldspar are present (Fig. 4.5b). 
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 The G2 type is porphyritic two-mica granite. In our sample (FG-3) fine-grained matrix 
consists of quartz, K-feldspar and plagioclase and hosts same phases as up to centimeter-sized 
phenocrysts. Phenocrysts reach up to ~5 cm in case of K-feldspar. Both in the matrix and in 
the outer growth zones of K-feldspar phenocrysts, micrographic intergrowths with quartz are 
common. Muscovite predominates over biotite in about 3:1 ratio. 
 
 Tab. 4.2. List of studied samples. 

 
The G3 granite is equigranular medium to coarse-grained two-mica granite, locally 

with K-feldspar megacrysts and rare relics of metasedimentary material and aluminous 
xenocrysts. The FG-5 sample is a medium grained (~1-3 mm) variety with common 
micrographic intergrowths of quartz and K-feldspar in the marginal zones of its occasional 
phenocrysts. Plagioclase appears as both anhedral crystals and as rare euhedral phenocrysts. 
Quartz is anhedral or forms rounded inclusions in both feldspars. Both micas are present in 
approximately equal modal amount. The FG-15 sample is a coarse grained variety of G3 
granite, with up to centimeter-sized crystals of K-feldspar, and anhedral plagioclase and 

Number of grains analyzed 
Sample 

Rock 
type 

Location 
Massif 

Cut-off 
size 
[μm] Total Qz Plg Kfs Ms Bt 

FG-2/2 G4 
 
 

40 1333 352 655 155 93 78 

FG-3 G2* 
Zufuhr Quarry, 3 km W of 
Tröstau 
Zentral Massif 

23 2500 978 866 493 56 107 

FG-5 G3  40 2937 1021 952 593 135 236 

FG-15 G3 
Quarry 1 km ESE of Waldstein 
Waldstein Massif 

40 2528 687 697 215 476 453 

FG-17 G1b 
Block 1 km WNW of Schönlind 
Weiβenstadt-Marktleuthen M. 

48 938 240 242 155 - 301 

FG-51 
G1S 
mg 

50 m N of bridge, Wellerthal 
Weiβenstadt-Marktleuthen M. 

40 1046 116 429 350 151 - 

Mineral abbreviations are: Qz – quartz, Plg – plagioclase, Kfs –K-feldspar, Ms – muscovite, Bt – biotite. 
G1S mg stands for medium-grained facies of G1S granite. Locations of all samples are shown on a map in 
Fig. 4.2. Missing values indicate that the mineral is not present in the sample. 
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quartz in the ground mass. No micrographic intergrowths are present. Biotite and muscovite 
are equally abundant and often form mutually intergrown clusters. 
 The G4 type is equigranular medium-grained two-mica granite with Li–micas, topaz 
and cassiterite mineralization. The FG-2/2 sample consists of millimeter sized anhedral grains 
of plagioclase, K-feldspar and quartz. Small rounded crystals of quartz (~0.25  mm) are 
occasionally present as inclusions in the plagioclase. Muscovite is about twice abundant as 
flaky biotite and both micas usually intergrowths. 

 
Fig. 4.6. Representative textures of studied samples in crossed polarizers. (A) FG-2/2, G4 granite; (B) FG-3, 
G2* granite; (C) FG-5, G3 granite; (D) FG-15, G3 granite; (E) FG-17, G1b granite; (F) FG-51, G1S granite, 
medium-grained facies. 
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4.4. Analytical methodology 
 

 

4.4 .1 .  Process ing  of  natural  samples  

 

 Standard or large (50 × 75 mm) petrographic thin-sections were prepared from six 
samples of the FGS granites and digitized using both electron and polarization microscopy. 
Electron microscopy was performed on Vega Tescan scanning electron microscope, equipped 
with back-scattered electrons (BSE) detector, at the Institute of Petrology and Structural 
Geology in Prague. Accelerating voltage was set to 30 kV and the probe current, contrast and 
brightness adjusted to obtain optimal contrast between individual phases, especially between 
plagioclase and K-feldspar. 
 On a back-scattered electron images, phase boundaries were redrawn manually using 
computer tablet and image editing software. Subsequently, boundaries between adjacent 
grains of a same phase were traced using optical micrographs taken with crossed polarizers. 
To digitize all the grain boundaries, optical micrographs were captured at two different 
sample orientations, rotated respectively by 45 degrees. In resulting images of all grain 
boundaries, each grain was colored according to its mineral phase. Quartz, plagioclase, K-
feldspar, muscovite, and biotite were distinguished. 
 Small crystals of muscovite included in felspar which were obvious products of 
sericitization were not digitized and were omitted from further analysis. The rest of muscovite 
crystals, however, were treated as other magmatic phases, regardless of their actual origin. By 
this approach number of muscovite crystals resulting from the solid-state transformations may 
potentially be included in our analysis. If this occurs, muscovite should differ from purely 
magmatic phases in quantitative textural characteristics. 

Images of digitized textures are included in Chpt. 4.A.1. Vectorized maps of textures 
were then transformed into the high-resolution bitmap files and submitted to own computer 
program for calculation of properties of all grains in each sample. This procedure was used 
instead of direct processing of vectorized data, in order to apply same analytical tools as in the 
processing of modeled textures (Chpt. 2.3), which are inherently of a raster character. For 
each grain, phase identification, size in various size measures, position of the centroid, and 
identification of all neighbors were recorded into a data file. Data files were then used to 
evaluate statistical parameters (e.g., CSD, spatial distribution pattern, etc.). 
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4.4 .2 .  Stat i s t ica l  evaluat ion of  textural  data  
 
 
 To analyze grain data, we employ method of crystal size distribution (e.g., Marsh, 
1998; Higgins, 2006), analysis of a grain shape and of a spatial distribution pattern (e.g., 
Rudge et al., 2008), and we study contact relationships among neighboring crystals. We use 
methods generalized from (Chpt. 2.3) to enable direct comparison of natural data with results 
of numerical simulations of crystallization, and hence to provide inferences about magmatic 
crystallization. 

 
As a first step of analysis, crystals with a maximum intersection length (e.g., Higgins, 

2000) below certain cut-off limit are filtered out from the data set due to the resolution 
limitations. Cut-off size was set to 12 pixel sizes and represents approximately twice of a size 
of the smallest crystals whose boundary was actually traced on the micrographs. This overlap 
in size of crystals that are traced and that are used in further analysis is applied in order to 
ensure that crystal population densities at smallest sizes are not artificially depleted, if some 
small crystals are missed out in the grain boundary digitization procedure. For all samples, 
cut-off sizes in micrometers are indicated in Tab. 4.2. 
 Crystal size distributions (CSDs) of quartz, plagioclase, K-feldspar, muscovite, and 
biotite were calculated from the maximum intersection lengths of crystals. Only crystals not 
intersected by boundary of the studied area were considered. To convert two-dimensional 
crystal sizes to the true three-dimensional CSDs, CSDCorrections 1.39 program of Higgins 

 
Tab. 4.3. Modal content of analyzed phases in studied samples. 

Modal amount of phase [%]  
Sample 

Qz Plg Kfs Ms Bt 

FG-2/2 40 36 11 8 4 

FG-3 35 24 29 9 3 

FG-5 45 20 26 4 4 

FG-15 44 13 33 5 5 

FG-17 29 45 07 - 19 

FG-51 31 30 20 20 - 

Modal amount of phases of interest as derived from digitized textures. Mineral abbreviations are as in Tab. 4.2.
Missing values indicate that the mineral is not present in the sample. 
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(2000) was used. In the correction procedure, all samples were indicated as massive, since no 
apparent fabric is present. Another input parameter for the correction of CSD is a crystal 
shape. This is considered as isometric, i.e., 1:1:1, since no other information on the crystal 
shape is available. Recalculation of CSD with different crystal shape leads to the scaling of 
both axes of CSD; however do not modify its slope or curvature significantly. CSDs of all 
phase from different samples can thus be compared, if similar crystal shape is expected for a 
given phase in all samples. Since general shape of a CSD is of our primary interest here, we 
consider possible variations due to the uncertainty in the crystal shape as secondary factors. 
Additionally, for all phases excepting micas, choice of the isometric crystal shape is 
consistent with results of our numerical simulations of crystallization, if 2D apparent crystal 
shape is analyzed (see Chpt. 4.5.2). CSDs were calculated based on a logarithmic method of 
binning, and five bins per decade of crystal size were used (Higgins, 2000). 
 To analyze crystal spatial distribution on a variable length scales, we employ multi 
type Ripley’s Ľij function (e.g., Baddeley, 2008). In a spatial analysis, we use centroids of 
crystals as their point representatives. Multi type Ľij function differs from a single Ľ function 
(see Chpt. 2.3.2) in that it describes number of points of type j as a function of distance from a 
typical point of type i. For a sample with five mineral phases, Ľij function thus provides an 
array of 25 Ľ functions that characterize spatial relations of all pairs of phases. Such array can 
effectively be ordered as a 5-by-5 matrix of functions. Diagonal elements then describe 
behavior of pairs of the same phase, i.e., clustering or ordering of quartz with quartz, 
plagioclase with plagioclase, K-feldspar with K-feldspar, muscovite with muscovite and of 
biotite with biotite. Off diagonal elements are related to cross-relationships of quartz to 
plagioclase, quartz to K-feldspar, plagioclase to muscovite, etc. Similarly as Ľ function, Ľij 
function is positive if crystals (or crystal centroids, to be more precise) are clustered on a 
given length scale and negative if they are ordered. Ľij close to zero represents random 
distribution of crystal centroids. Since crystals close to a boundary of the studied area lack 
some neighbors on one side, spatial distribution functions suffer for the edge effects. Ripley’s 
isotropic correction (Ripley, 1988) is used to handle this. 
 Ľij functions are powerful expressions for exploration of clustering or ordering of 
crystals on variable length scales. It does not, however, provide information, if crystals are 
clustered directly on their contacts. To overcome this drawback and characterize crystal 
contact relationships, we employ neighborhood statistics as described in Chpt. 2.3.2. Only a 
brief summary of this method is given here. 

For each crystal, number of neighbors, Nneig, is calculated, together with its average 
center-to-center distance, Ravg. From these data, we calculate dependence of the neighbor 
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number, and average neighbor distance on a crystal size, Nneig(L2D), and Ravg(L2D) functions, 
respectively. These quantities can be calculated with respect to a parent phase, disregarding 
neighbor phase (i.e., number and distance of all crystals from a crystal of quartz, 
plagioclase, etc.) or on phase-to-phase basis (i.e., neighbors of j-phase around parent of i-
phase). Additionally, average neighbor distance is quantified through its distribution, again on 
i-phase to any phase or i-phase to j-phase basis. Only crystals having all neighbors not 
intersected by the boundary of the studied area are considered. This guarantees that the 
neighbor number and crystal size of the parent crystal, as well as the distance to centroid of 
the neighboring crystal are not affected by finite dimension of the studied area. 
 Where the crystal size is needed, we use two-dimensional crystal size, L2D, in a 
statistics of contact relationships. L2D is defined in Chpt. 2.3.1 as a diameter of a circle with 
area equal to that of the crystal outline. Choice of an exact definition of the crystal size is 
quite arbitrary for these purposes and is only required to be used consistently in comparisons 
between samples, and between samples and numerical simulations. 
 Only a simple analysis of crystal shape is performed. Apparent axial ratio of crystal, α, 
is calculated for all crystals as an axial ratio of the smallest circumscribed rectangle. It is 
found by varying rectangle’s position and orientation, until rectangle with smallest area is 
found. Apparent axial ratio distribution is then calculated from apparent rations of all crystals 
not intersected by the edge of the studied area. 
 All calculations were performed in the R environment, spatial distribution analysis 
with help of the Spatstat library of Baddeley & Turner (2005). 
 
 
 
 
 
4.5. Results 
 
 
 
4.5 .1 .  Crysta l  s ize  d is tr ibut ions  
 
 Measured crystal size distributions (Fig. 4.7, see Chpt. 4.A.2 for more detailed view) 
cover the range from tens of micrometers (see Tab. 4.2 for lower cut-off size used with 
different samples) up to 3 to 10 mm of a length scale and 7 orders of magnitude of 
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Fig. 4.7. Crystal size distributions of all studied samples. All size units are millimeters. Note that population 
density is in natural log units. See Chpt. 4.A.2 for more detailed view. 
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population density. In a usual logarithmic scale (e.g., Marsh, 1998; Higgins, 2000, 2006), all 
CSDs are linear to concave up curves on most of the size interval measured. Close to the 
lower cut-off size, the population density drops in nearly all CSDs. This effect is most 
pronounced in the case of quartz and K-feldspar, however it is almost lacking in the case 
muscovite. If present, it needn’t be a universal feature of all phases in the sample. For 
example, FG-51 lacks small crystals of K-feldspar and plagioclase; however, population 
densities of quartz and muscovite continuously increase up to the lower limit of sizes 
measured. In all cases, drop of the population density at smallest crystal sizes is defined by 
one or two data points of CSD and is up to three orders of natural logarithm deep below the 
actual trend of following data points (see Chpt. 4.A.2). 

With exceptions of all phases in the FG-17, K-feldspar in the FG-51 and biotite in the 
FG-15 sample, all CSDs exhibit more or less pronounced concave up curvature, which 
deviates from a simple log-linear (i.e. straight) character. In some cases, however, apparent 
curvature likely results from combination of several more straight segments (e.g., quartz, 
muscovite in the FG-2/2; K-feldspar in the FG-15; muscovite in the FG-51). 
 Apart from the smallest crystal sizes, we do not identify any peaks on CSD curves, to 
which phenocryst populations could be attributed. Instead, we find only minor fluctuations on 
generally concave up CSDs. Most pronounced examples of such anomalies are found on CSD 
of plagioclase from the FG-5 sample and of the K-feldspar from the FG-5 and FG-15 samples. 
Other cases are much smaller in magnitude and can be hardly ascribed statistically conclusive 
meaning. 
 
 
 
4.5 .2 .  Two-dimensional  crysta l  shape 
 
 Crystal shape was analyzed using the distribution of apparent axial ratio, α, of a 
rectangle, which fits best to the crystal outline in the 2D section. The axial ratio distribution 
has approximately log-linear character, i.e., higher axial ratios are exponentially less frequent 
(Fig. 4.8). Measured data compare well with the axial ratio distributions derived from 
numerical simulations of crystallization (Chpt. 2.4.2). Simulations were conducted for 
variable evolutions of nucleation and growth rate and for an isometric crystal shape, i.e., 
crystals are cubes, when surrounded by melt and unimpinged.  

For all samples, mixed data including all phases provide similar distributions of axial 
ratio, α (Fig. 4.8a). The only exception is the FG-15 sample, where higher axial ratios are 
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more abundant than in other samples. For the representative sample FG-5, comparison of the 
axial ratio distributions between individual phases is made in Fig. 4.8b. Quartz, plagioclase 
and K-feldspar share similar distributions, meanwhile biotite is less isometric and its 
distribution is skewed towards higher α. Muscovite has intermediate properties. In the FG-5 
sample, it follows distribution of quartz and feldspars; however, in some samples (FG-15, 
FG-51) population of muscovite with higher axial ratios also exists.  

 
 
4.5 .3 .  Contact  re lat ionships  
 
 Number of neighbors of a crystal, Nneig, is proportional to the crystal size, L2D 
(Fig. 4.9). This dependence is, consistently with numerical simulations of crystallization 
(Chpt. 2.4.2), well approximated by a linear relationship. At larger crystal sizes, however, 
significant fluctuations appear, resulting from a counting error due to the smaller numbers of 
larger crystals. In the studied samples, Nneig(L2D) relationships are visually similar, irrespective 
of a parent phase. This means, numbers of neighbors of crystals of two different phases are 
similar, if crystals are of the same size. Few notable exceptions are found among the studied 
data. Large crystals of plagioclase in the FG-5 and FG-51 samples, and large crystals of K-
feldspar in the FG-3 and FG-15 samples have more neighbors than expected from linear 
trends. Differences  in the slope of Nneig(L2D)  relationship  between  the  individual phases are  

 
Fig. 4.8. Distribution of apparent axial ratio, α, of crystals (see text). (A) for all phases with respect to samples; 
(B) for individual phases in FG-5 sample, chosen as a representative example. Gray fields indicate array of 
crystal axial ratio distributions obtained from numerical simulations of crystallization conducted under variable 
evolutions of nucleation and growth rates (Chpt. 2.4.2). 
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 obscured by fluctuations. Generally, however, Nneig(L2D) curve increases more steeply for K-
feldspar, and is least steep for quartz. Magnitude of this difference between the individual 
phases depends on an individual sample. In the FG-17 sample, Nneig(L2D) curves behave 
almost identically for all parent phases. On the other hand, in the FG-3 sample these 
differences are significant. 

Apart from the neighbor number, we studied an average neighbor distance, Ravg 
(Fig. 4.9). As predicted by numerical simulations of crystallization (Chpt. 2.4.2), dependence 
of Ravg on crystal size, Ravg(L2D), is linearly increasing function, and the distribution of Ravg is 
asymmetrical bell-shaped curve. Ravg(L2D) dependence has similar slope for all parent phases 
in all studied samples. Only in the FG-15 sample, these data are significantly scattered. 
Curves of Ravg distribution are also similar for individual mineral phases in each sample (with 
exception of quartz in FG-51). Maximum of this distribution occurs at certain distance, Rm, 
which is a characteristic value of each sample. Rm is the most frequent value of average 
distances to the neighboring crystals and represents a typical length scale of the sample, 
related to the coarseness of a texture. It should be noted, that Rm provides a natural way to 
define a characteristic length scale of a texture even in case when an average grain size lacks 
any physical sense, as it is in the case of log-linearly distributed crystal sizes. Rm value ranges 
from 0.15 to 0.75 mm among individual samples. Concurrently, Rm ranges from 0.3 to 
0.75 mm between two analyzed samples of G3 granite type (FG-5 vs. FG-15), which points to 
a large intra-type variability of FGS granites. 

 

 

4.5 .4 .  Spat ia l  dis tr ibut ion pattern 
  
 We have quantified a spatial distribution pattern of crystal centroids using Ľij functions 
(e.g., Baddeley, 2008). Set of these functions for all combinations of major mineral phases in 
investigated samples is presented in a “matrix” form in Fig. 4.10. For a majority of samples, 
diagonal elements in Fig. 4.10 show highest values of all Ľij functions, implying that crystals 
of the same phase are more clustered compared to pairs of different phases. Matrix is close to 
symmetric, i.e., distribution of crystals of j-phase around crystals of i-phase is similar to the 
distribution of i-phase around j-phase. However, small asymmetry can be found (e.g., pairs 

 
◄ Fig. 4.9. Contact relationships in studied samples with respect to phase of a parent grain. See text for 
definitions. Mineral abbreviations are: Qz – quartz, Plg – plagioclase, Kfs – K-feldspar, Ms – muscovite, Bt –
 biotite.  
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quartz-biotite and plagioclase-biotite in the FG-2/2 sample; quartz-K-feldspar in the FG-15 
sample; and quartz-K-feldspar and quartz-muscovite in the FG-51 sample). 

Clustering and ordering behavior displays a large variability among the individual 
samples. In the FG-17, the distribution of all phases is close to spatially random. Only quartz-

 
Fig. 4.10. Spatial distribution pattern of all pairs of phases quantified through Ľij functions. 
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quartz pairs are significantly clustered, with a maxima on a length scale of ~0.3 mm. Most 
significant clustering occurs in the FG-15 sample, between mutual pairs of plagioclase and K-
feldspar, and between micas. In the same sample, on the other hand, plagioclase and K-
feldspar is independent of or slightly ordered (i.e., anti-clustered) with muscovite and biotite. 
In the FG-5, all phases are more or less clustered. Contrasting behavior is exhibited by the 
FG-2/2 sample. Quartz and plagioclase are independent of or slightly clustered with all other 
phases, K-feldspar is strongly clustered with both feldspars, and biotite with biotite. On the 
other hand, biotite is strongly ordered with K-feldspar and muscovite. In the FG-3 sample, 
most significant clustering occurs in the pair muscovite-muscovite. Small degree of clustering 
is also present between other pairs of like phases; however, pairs of different phases are close 
to spatially random distribution. Crystals in the FG-51 sample are close to spatial randomness. 
Their spatial distribution exhibits only small excursion to both fields of clustering and 
ordering for various pairs of phases. Most significant ordering is that of quartz-quartz pairs on 
a length scale of ~0.5 mm. 
 
 
 
 
4.6. Geological implications 
 
 
4.6 .1 .  Heterogeneous  nucleat ion and c luster ing  of  crysta ls  in   
4 .6 .1 .  natural  s i l i c ic  systems 
 
 Spatial distribution of crystals in rocks provides an important insight into the processes 
of magmatic crystallization (Rudge et al., 2008). It may contribute to our understanding of the 
role of heterogeneous nucleation or mechanical crystal agglomeration (Marsh, 1998; 
Schwindinger, 1999), which may reflect different styles of magma chamber behavior. Here 
we discuss crystal contact relationships and spatial distribution functions in order to reveal 
these processes. 
 Dependencies of neighbor number and average neighbor distance on crystal size, 
Nneig(L2D) and Ravg(L2D), respectively, can be well characterized by linear relationships. On the 
basis of the numerical modeling of crystallization (Chpt. 2.5.2), we have hypothesized that 
slope of Ravg(L2D) and intercept of Nneig(L2D) are invariable quantities, which hold a constant 
value for all textures resulting from random homogeneous nucleation and growth of crystals. 
These invariants were denoted IS and II, respectively, and their values were found from 
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numerical simulations, II = 2.381 ± 0.136, and IS = 0.414 ± 0.027 (1-sigma error). Physical 
meaning of these quantities is discussed in Chpt. 2.5.2. 
 Same quantities can be derived from analyzed samples and compared with 
numerically determined values (Tab. 4.3). Values of II for all samples are significantly lower 
than 2.38, which indicate that small crystals have lower number of neighbors than expected 
for random nucleation and growth textures. Small crystals are thus more often than expected 
enclosed as inclusions in larger grains. II shows, however, large variations between individual 
mineral phases. In some cases it reaches even geometrically unreasonable negative values, 
which underlies its sensitivity to fluctuations in analyzed data, and prevents reliable 
determination of the exact value of II from natural samples. This respect is obvious, if total 
range of Nneig (order of ten) is compared to range of II that makes a serious difference in the 
interpretation of studied textures (order of one).  

Slope of the Ravg(L2D) dependence, IS, is grater than 0.41 for all samples studied. It 
means that an average distance to a neighboring crystal increases more steeply with crystal 
size, than expected from simulations of crystallization. If analyzed with respect to a parent 
phase, differences are recognized among individual phases. K-feldspar or plagioclase usually 
have IS value below 0.41, indicating large number of inclusions in its crystals, and hence 
significant clustering. Values of IS above 0.41 for other phases may result from polyphase 
nature of analyzed samples, compared to monomineralic simulations. If two phases differ in 
their CSDs, phase with a steeper CSD may has more distant neighbors, because there are 
crystals of more coarse-grained phase mixes between them. 

Tab. 4.4. Values of II and IS. 

Sample: FG-2/2 FG-3 FG-5 FG-15 FG-17 FG-51 

Phase  \  Value: II IS II IS II IS II IS II IS II IS 

All 1,46 0,53 0,08 0,45 1,21 0,47 0,80 0,46 1,48 0,46 1,70 0,48

Qz 1,94 0,60 1,16 0,45 0,36 0,44 0,80 0,34 1,94 0,48 1,76 0,31

Plg 1,75 0,53 1,14 0,34 -7,08 0,38 2,39 0,18 1,65 0,48 1,96 0,51

Kfs 1,98 0,37 -0,17 0,48 1,27 0,35 0,02 0,46 1,29 0,39 1,62 0,39

Ms -2,67 0,41 3,33 0,41 -0,94 0,74 2,91 0,56 - - 0,32 0,83

Bt 0,28 0,70 -0,57 1,08 2,29 0,11 1,28 0,69 1,29 0,40 - - 

II is the intercept of neighbor number on crystal size dependence, Nneig(L2D). IS is the slope of dependence of an 
average neighbor distance on  crystal size, Ravg(L2D). Missing values indicate that the mineral is not present in the 
sample. Mineral abbreviations are: Qz – quartz, Plg – plagioclase, Kfs – K-feldspar, Ms – muscovite, Bt – biotite.
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 Measured data on contact relationships show apparent correlations between position of 
the peak of Ravg distribution and the slope of Nneig(L2D) relationship. Higher the slope, more 
neighbors any crystal has and hence maximum of Ravg distribution should be shifted towards 
shorter distances and higher relative frequencies. This relationship can be observed visually in 
Fig. 4.9. For both natural and numerical simulation data, this correlation is shown in Fig. 4.11. 
Simulation results for different temporal evolutions of nucleation and growth rate define a 
clear linear trend with coefficient of determination R2 = 0.84. We denote this trend as the 
homogeneous nucleation and growth trend. All natural samples plot above this line, indicating 
higher number of neighbors per crystal. Results of numerical simulations with variable 
amount of heterogeneous nucleation plot also above the trend of homogeneous nucleation and 
growth. The trend of heterogeneous nucleation departs from the homogeneous nucleation and 
growth trend. It hence enables to roughly estimate an equivalent of the heterogeneous to 
homogeneous nucleation rate ratio, ζeq, in the samples. ζ-ratio determines, how many times is 
the rate of heterogeneous nucleation numerically higher, than the rate of homogeneous 
nucleation, and it has a dimension of length units (see Chpt. 2.4.1). We denote the calculated ζ 
as ζeq, since, with our analysis, it is impossible to distinguish between neighbors resulting 
from the heterogeneous nucleation itself and from the other cluster-forming processes. As 
examples of such processes, we emphasize nucleation in a chemically modified boundary 

 
 
Fig. 4.11. Correlation of maximal density of average neighbor distance, Ravg, distribution with the slope of a 
neighbor number, Nneig, dependence on crystal size, L2D. Data from natural samples and numerical simulations 
are compared. In simulations with heterogeneous nucleation, heterogeneous to homogeneous nucleation rate 
ration, ζ, increases from 0.12 mm, through ζ = 1.2 mm, ζ = 3 mm, ζ = 6 mm, to ζ = 12 mm along marked trend. 
Simulation data were scaled to appropriate range by choice of length units, 1 lu = 12 μm, where lu are length 
units of numerical simulation (Chpt. 2.4). 
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layer (Marsh, 1998), and mechanical aggregation of crystals during crystal settling 
(Schwindinger, 1999). For the FG-2/2, FG-5, FG-17 and FG-51 samples, ζeq ratio is in order 
of 2 mm. Samples FG-15 and FG-3 are consistent with ζeq ratio less than 1 mm and around 
10 mm, respectively. Apparently high ζeq for the FG-3 sample is attributed to a large number 
of inclusions in K-feldspar. 

Clear evidence for non-random crystal spatial distribution on variable length scales 
stems from the Ľij spatial distribution functions, which also enable to trace mutual 
relationships between individual phases. The FG-17 sample is least clustered from all studied 
samples. Only quartz in the FG-17 displays significant degree of clustering. This supports the 
interpretation of G1b granite as of the most readily crystallized roof facies of the 
Weiβenstadt-Marktleuthen G1 granite (Chpt. 4.2). In such case, no mechanical processes 
could have substantially attributed to the final texture, for example by aggregation during 
crystal settling. This finding may seem to be in contrary with our findings from a study of 
contact relationships. It should be noted, however, that these tools compare different aspects 
of a texture: number of other crystals as a function of a distance from a typical crystal, in case 
of a spatial distribution function, and number of neighbors as a function of parent crystal size, 
in case of contact characteristics. 

Fig. 4.10 illustrates, that different pairs of phases are characterized by highly variable 
clustering/ordering behavior. Especially, both micas and both feldspars are significantly 
clustered together, whereas quartz is not strongly coupled with other phases. We hypothesize, 
that these effects can be, to a variable extent, ascribed to (i) phase-sensitive heterogeneous 
nucleation, due to differences in surface properties; (ii) contemporary crystallization of 
clustered phases in the environment with high melt fraction, where originally isolated crystals 
can become aggregated due to the hydrodynamic forces acting on moving crystals during the 
gravitational crystal settling (Schwindinger, 1999); or (iii) postmagmatic solid-state 
transformations, which are, by its nature, phase sensitive, and we expect their role in 
clustering of both micas. 

Apart from clustering, ordered spatial relations are found in few cases. Negative Ľij 
function, referring to the ordering on a short length scales, (compared to average crystal-
crystal distances) is a natural result of crystallization, as new nuclei can not be born where 
crystals already exist (Rudge et al., 2008). If crystallization is lacking any “clustering forces”, 
resulting Ľij functions should develop a short excursion to the negative range of values, as 
demonstrated in our numerical modeling (Chpt. 2.4.2). This is probably the case of the  FG-15 
and FG-51 samples. However, anti-clustered (that is, ordered) behavior of biotite with other 
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phases (excluding biotite itself) in the FG-2/2 sample does not fit to this category. The only 
explanation we offer for this phenomenon is a spatial inhomogeneity of a selected sample. 
 
 
4.6 .2 .  Crysta l l izat ion his tory  of  the  FGS grani tes  
 
 Various shapes of CSD curves may reveal dynamic of the processes acting during the 
magma solidification. In CSDs measured in our samples from FGS granites (Fig. 4.7; Chpt. 
4.A.2 for more detailed view), three end-member cases are recognized: (i) straight CSDs with 
a unique value of the slope and intercept (e.g., K-feldspar in the FG-51 sample); (ii) curved 
CSDs, where the slope changes continuously over the whole length scale (e.g., biotite in the 
FG-3 sample); (iii) bent CSDs where two more straight segments with different slopes 
segments recognized  (e.g., quartz in the FG-2/2 sample; muscovite in FG-51). More often 
than not, groups (ii) and (iii) are indentified inconclusively, since change in one or in few 
points on CSD can bring the CSD curve from one group to the other. On the other hand, 
trends which are closer to bent CSDs than to a continuous change of the slope are observed in 
multiple cases, which suggest that it is not of purely random origin. 

Bent CSDs consisting of several more straight segments are usually interpreted as a 
result of mixing of multiple crystal populations, each with a straight CSD (e.g., Marsh, 1998). 
Let us denote these two crystal populations, characterized by steeper and flatter CSD slope, as 
populations of smaller and larger crystals, respectively. To test the crystal mixing hypothesis 
in case of the FGS granites, we have calculated volume proportions of crystals from both 
populations, in samples where these two are easily recognized. Calculation of a volume 
fraction from a CSD is facilitated by the CSDCorrections program (Higgins, 2000), where the 
volume fraction of each size class is indicated. As follows from these calculations, the 
population of crystals with flatter CSD slope has about 10:1 volume predominance above the 
population of smaller crystals; in spite smaller crystals are numerously much more abundant. 
Due to this volume ratio, population of larger crystals, however fuzzy in its distinguishing, 
can not be regarded as phenocrysts emplaced with a magmatic suspension before the final 
solidification of whole magma body. Instead, rheological reasons require that population of 
larger crystals must have, to its major extend, crystallized in-situ.  

Population of larger crystals could have been partly present in magma at the time of its 
emplacement and could have begun crystallization during the ascent or in some deeper-seated 
magma chamber. In such case, however, previous crystallization history must have been 
compatible with the final slope of a CSD of larger population. In the special case of G1 
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granites, situation is more clear due to the presence of G1b type (sample FG-17). Straight 
CSDs of all phases in FG-17, as well as contact and clustering characteristics similar for all 
phases indicate simple crystallization history. This is consistent with the interpretation of G1b 
as early crystallized roof facies of the porphyritic G1 granite. Scattered megacrysts of K-
feldspar (Fig. 4.5b) can thus represent phenocryst population grown before and during the 
emplacement of G1 granite type.  

The population of larger crystals is not always characterized by a simple straight CSD. 
In some cases, concave-down portions of CSD can be found in this population, as in the case 
of quartz, plagioclase and K-feldspar in the FG-5 and FG-15 samples. These may correspond 
to visually evident phenocrysts in porphyritic types; however most of the observable 
phenocrysts lie above the limit of measured sizes. Large phenocrysts are relatively sparse and 
may appear as only minor fluctuations on a CSD diagram, or even as its rather flat straight 
continuation. Last points in some of measured CSDs (Fig. 4.7) are situated bit above the 
general trends, as defined by previous points. These deviations may be attributed to random 
fluctuations, however can indicate the beginning of another crystal population although. Such 
population would constitute first volume percents of melt and it could represent true 
phenocrysts, brought by magma to the actual level of its emplacement. 
 After about 90 % of crystallization, corresponding to the population of larger crystals, 
crystallization conditions must readjusted, less or more gradually, to be consistent with 
steeper segments of observed CSDs. Since ~90 % crystallized mush is as immobile as solid 
(e.g., Marsh, 1989), this must have occurred in-situ from and under the thermal regime 
continuously proceeding from previous crystallization. Question thus arises, which process, 
continuously or not, triggered more rapid nucleation rate, or reduced the growth rate, in order 
to generate crystal population with a steeper CSD, typical for smaller crystals.  

Additionally, the final slopes of CSDs are similar in most of studied samples (if the 
drop of the population density in the smallest crystal sizes is not considered) with no respect 
to various shapes of CSDs in larger crystal sizes. Different evolutions of the nucleation and of 
the growth rates, as captured by differences in CSDs, must thus converge to similar trends at 
the end of the solidification process. We propose that both changes of a CSD slope, resulting 
in its curvature, and similarities in its limiting value results from the crystallization kinetic’s 
response on the evolution of intensive parameters, governing the crystallization. Various 
shapes of curved CSDs can thus be generated purely by in-situ crystallization, without any 
need for mechanical mixing of multiple crystal populations, which is rheologicaly infeasible 
in highly crystalline mush. 
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 In some cases, with no relation to specific sample or mineral phase, CSDs from FGS 
granites exhibit the drop of the population density at smallest crystal sizes. This occurs in 
sizes of order of tenths of micrometers. Similar phenomenon on similar length scales was 
observed by Štemprok et al. (2008) in CSDs of quartz in granites from Erzgebirge and it was 
attributed to the Ostwald ripening at subsolidus conditions. Size at which ripening occurs in 
our samples is, however, order of magnitude higher than typical sizes, at which Ostwald 
ripening is considered to be effective (Simakin & Bindeman, 2008). On the length scales of 
our samples, Ostwald ripening can only be observed if sufficient time span for annealing is 
available. This phenomenon is therefore expected to be common in large bodies of slowly 
cooling granitic magmas which is although the case of the FGS granite batholith. 
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4.A. Appendices 
 
4 .A.1 .  Dig i t ized textures  of  s tudied samples  
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4.A.2 .  Crysta l  s ize  d is tr ibut ions  
 

Crystal size distributions of quartz, plagioclase, K-feldspar, muscovite, and biotite in 
studied samples. Doted lines are just the guides for eye and straight lines do not imply the 
existence of any statistically significant trend. Missing diagram indicates that the mineral is 
not present in the sample. 
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5. Summary 
 
 
 
 
 
 
Magmatic processes are major agents responsible for the formation and differentiation 

of the Earth’s crust. In contrast to extensive efforts to improve understanding and utility of 
igneous geochemistry, physical processes of magma differentiation and solidification remain 
largely unclear. Large variability of igneous textures provides record of these processes and 
intensive parameters governing the crystallization. In this thesis, we develop quantitative 
methods, which allow us to better interpret igneous textures in the framework of physics of 
solidification. 

We have developed a new three-dimensional model of crystallization from one-
component melt driven by homogeneous and heterogeneous nucleation and crystal growth. 
The predicted textures are quantitatively characterized by crystal size distributions, spatial 
distribution functions and parameters representing grain contact relationships. The model 
employs high resolution in a large volume simulation domain in order to produce statistically  
stable results.  

Our simulations, performed for various functional forms of nucleation and growth 
rates with respect to time, imply that (i) crystals are ordered (anti-clustered) on short length 
scales. This reflects that other crystals already have a finite size at the time of nucleation of 
younger crystal, and nucleation is hence suppressed on some length scale, since it only takes 
place in melt; (ii) cross sections with large apparent axial ratio, that is, elongate grain sections, 
are exponentially uncommon than equant shapes. Also, more elongate sections are frequently 
found for smaller hence interstitial crystals. Exact shape of the distribution of axial ratios is 
not very sensitive to nucleation and growth rate curves; (iii) log-linear crystal size distribution 
(CSD) curves are produced by a wide range of nucleation and growth rate functions; the most 
simple example being the constant growth rate and the exponential nucleation rate; (iv) bell-
shaped Gaussian rates can produce nearly log-linear CSDs only if the growth rate reaches its 
maximum before the nucleation rate does. Increasing displacement of maxima of both rates 
promote the log-linear nature of the resulting CSD, and it finally predicts a hemicrystalline 
texture with residual melt, if the growth rate declines to zero before the nucleation rate 
reaches high enough value. From Gaussian rates, only these with high misfit, and hence with 
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tendency to hemicrystallinity, lead to realistic textures. Therefore we propose that Gaussian 
rates can only be a viable first-order model of the crystallization history for rapidly cooled 
magmas, where it represents increase of both rates due to increasing undercooling below the 
liquidus followed by kinetic suppression of both rates due to temperature decrease; (v) there 
exist two scalar parameters identified from grain contact relationships, that are independent of 
the crystallization history. These are slope and intercept of an average neighbor distance and 
neighbor number dependence on crystal size, respectively. In future applications, such 
parameters may aid in recognizing the magnitude of heterogeneous nucleation or the intensity 
of mechanical redistribution of crystals in natural settings; (vi) different combinations of the 
nucleation and growth rate curves may lead to textures with identical CSDs. Based on our 
numerical findings we expect, that such textures have also other parameters comparable. 
Therefore a CSD provides full characterization of a texture formed by homogeneous 
nucleation and growth of crystals. Due to this we conclude that a CSD is a function from 
which the both rates of nucleation and growth cannot be recovered simultaneously. 

Time dependence of the nucleation and growth rates can be derived from CSD, if 
additional constraints such crystallinity-time function are used. We derive numerical 
apparatus to obtain a unique solution for both the rate of growth and nucleation when such 
constraints are imposed. Our calculations for quasi-linear crystallinity-time functions suggest 
that (i) the rate of nucleation is an increasing function with time; (ii) the growth rate reaches 
very high values at very low and high crystallinities, respectively. In these limits, the area of 
solid-liquid interface is small and hence high growth rate are expected in order to produce a 
finite increment of crystallinity; (iii) at moderate crystallinities, when the area of the solid-
liquid interface is the largest, the growth rate decreases to low values and the system is 
expected to be close to thermodynamic equilibrium.  

Calculated near-equilibrium growth rate can be converted into real units, if relevant 
cooling model is employed and the total crystallization span is bracketed by liquidus and 
solidus temperatures, respectively. For cooling of a deep seated, infinite sheet (dyke) of 
magma, the growth rate scales inversely with magma body thickness, and it increases non-
linearly from the center to the margin of the body. The growth rate also depends on the CSD 
slope, whereby the steeper CSD slope results from a lower growth rate if other parameters are 
kept constant. Scaling to conditions relevant to those of Hawaiian lava lakes yields growth 
rates in order of 10-11 cm s-1, which is in a good agreement with natural observations. The 
growth rate can be converted to growth time for any grain size of interest. In log-linear CSDs, 
growth time of the volumetrically most abundant grain size varies from 1/10 of characteristic 
cooling time for crystals in the pluton interior to 1/400 for those near the margin. Relative 
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growth time thus depends on the location of the grain only and it is related neither to the CSD 
slope nor to the magma body size. From the growth rate and growth time, crystal travel 
distance in a viscous magma due to action of gravitational force can be estimated. The crystal 
travel distance increases quadratically with the magma chamber size, thus revealing crystal 
settling is most efficient in large reservoirs. For kilometer-sized magma bodies, we predict 
that crystals can move across half of a magma chamber during their growth time even when 
magma viscosities are as high as 109 Pa s. 

We apply quantitative textural analysis to the Smrčiny/Fichtelgebirge granite batholith 
(Czech Republic/Bavaria) in order to interpret its crystallization history. Six samples from 
distinct intrusive units and textural varieties were compared to simulated textures. The results 
indicate significant role of clustering of crystals in all samples as evidenced by spatial 
distribution functions and grain contact characteristics. The intensity of clustering is highest 
for like phase pairs but it remains lower for unlike pairs. We suggest that crystal clustering 
could have been produced by heterogeneous nucleation or by mechanical aggregation of 
crystals during crystal settling. The origin of clusters by mechanical aggregation of grains is 
supported by relatively lower degree of clustering observed in a sample representing rapidly 
crystallizing roof facies of the porphyritic Weiβenstadt-Marktleuthen granite. The CSD 
curves for quartz, plagioclase, K-feldspar, muscovite, and biotite reveal concave-up nature of 
most CSDs, with the exception of the roof facies of the porphyritic Weiβenstadt-Marktleuthen 
granite, which is characterized by straight CSD curves implying simple crystallization history. 
In some concave-up CSDs, two straighter segments are distinguish, which correspond to 
coarser and finer crystal populations, respectively. The bent CSDs are usually interpreted as a 
result of mechanical mixing of multiple crystal populations. In our case, however, the coarser 
grained population constitutes approximately 90 % of the magma volume rendering the 
mechanical mixing unfeasible. Most concave-up CSDs, regardless if they are interpreted as 
two segments or not, share similar slopes in the populations of smallest crystals, originating 
from the latest stage of crystallization. This supports similar limiting crystallization behavior 
across different magma pulses, which can be driven by common evolution of intensive 
parameters at the end of crystallization. 

In this thesis, we implement three-dimensional numerical model for melt 
crystallization. The model provides quantitative textural data of simulated textures, which are 
comparable to those derived from natural samples and in turn enables determining the 
crystallization processes and conditions relevant to magmatic environment. Our results show 
that monotonous rates of nucleation and growth lead to the delayed increase of crystallinity 
and hence significant deviation from the equilibrium trends. The application of numerical 
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models to the natural textures points to the role of heterogeneous nucleation and mechanical 
movement of crystals on their aggregation during crystallization of granitic magmas. Crystal 
size distributions from different textural types of granites indicate a common evolution of 
crystallization environment during the end of the solidification, which reflects a common 
evolution of the intensive parameters in individual magma pulses forming a granitic suit. 
Numerical approaches via forward and inverse modeling of crystallization, along with testing 
of our models on the field data, thus enable to deepen and extent our understanding of 
crystallization processes in the Earth’s crust by iterative fashion. 
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