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Preface

The thesis deals with stochastic inference oriented on extremal properties of random
samples. However, the topic would be in its full generality obviously beyond the possi-
bility of any dissertation thesis. An introduction to the general methodology how to deal
with extremes in samples, extreme value theory, is provided in the first chapter. Extreme
value theory is now an independent discipline of statistics and has been treated in many
books and in a vast number of articles (cf. de Haan and Ferreira (2006), Beirlant et al.
(2004), Resnick (2007) and others mentioned in the first chapter). Therefore, the topic of
this thesis is much more modest. We shall concentrate on the inference of extremal prop-
erties of linear models. While the univariate and multivariate branches of extreme value
theory have been examined extensively during past years, the special case of linear mod-
els attracted far less attention. Moreover, many findings and approaches of the current
theory have not been based on firm theoretical grounds. The thesis should be a humble
contribution to the discussion about this narrowly defined topic. My wish is to shed light
on the theoretical backgrounds of extreme value inference in linear models. The main
tools in this task are the quantile sensitive regression methods such as regression quan-
tiles or two-step quantiles (cf. Koenker and Basset (1978), Jureckova and Picek (2005))
whose properties in connection with the theory of empirical quantiles are described in the
second chapter. The asymptotic approximation of regression quantiles provided therein
is an important conclusion of the thesis. The techniques developed in last chapters are

all based on this approximation.

Extreme value theory is a theory of assumptions. As long as one can hope that these
assumptions hold it is possible to provide answers. For real life datasets the standing point
of a statistician is much more complicated, as it is no longer clear which assumptions hold.
Extreme value theory with its basic purpose to provide at least some conclusions even
on a very weak basis of facts, cannot often provide unambiguous solutions. It has turned
out in many situations that an expert guess is a valuable addition to the theoretically
grounded procedures. This is certainly nothing against the theory, as without it one
would be even blinder facing the facts, but it means that the theory is just a tool in hands
of a statistician who has the responsibility for the decision. This belief was crucial in
formulating the thesis conclusions. Rather than provide just answers concerning extremes
in linear models, I sought to provide questions which should be asked, as only questioning
the very nature of investigations can guarantee that our description of the reality would

not be flawed from the very beginning.

I could not complete the thesis without the help of many among my teachers, col-
leagues and friends. First of all I would like to express my gratitude to doc. RNDr.
Jan Picek, PhD., who fairly exceeded his duty as a supervisor and I would have never
finished this work without his friendly support. My thanks also belong to my teachers

and colleagues from the Department of Probability and Statistics on Faculty of mathe-
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matics and physics of Charles University. Let me mention at least four of them I have
been obliged to over the years: prof. RNDr. Jana Jureckova, DrSc., prof. RNDr. Marie
Huskova, DrSc., Doc. RNDr. Daniel Hlubinka, PhD and Ing. Marek Omelka, PhD.
Finally my deepest obligation comes to my family and Kamila as it was also a heavy
burden for them.

Concerning the financial arrangements, this work was supported by the project of
Czech Ministry of Education LC06024 and partly also by the grant of Charles University
in Prague GAUK 153407-B.

Jan Dienstbier

Charles University in Prague
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Chapter 1

Extreme value theory

The purpose of this chapter is to provide an introduction to extreme value theory (EVT).
The following survey of mathematical, probabilistic, and statistical tools of EVT is just
a brief one — a reader can find a suitable treatment of the topic in any modern book
covering EVT. Let me mention some of them.

Firstly I would like to point to the recent book by de Haan and Ferreira (2006) that
offers a thorough introduction to the theory from the mathematical point of view. The
authors present the subject in its full generality as well as the precise details. To un-
derstand the inner nature of the theory, it is useful to look also at the treatment of
heavy-tailed phenomena by Sidney L. Resnick. The book Resnick (2007) goes pretty
much to the core of the regular variation problematic from the point process point of
view. It can be recommended for a clear and lively explanation of the basic concepts hid-
den behind EVT. Finally, I should mention Beirlant et al. (2004), which is valuable for
the wide range of covered statistical and computations techniques. A wide range of real
data cases illuminates these techniques. These three books have been the most influential
for the conception of this chapter, but the chapter also contains a lot from other sources
for example from the articles Drees (1998b), Dietrich et al. (2002), Buch-Kromann (2006)

and others.

1.1 Why extreme value theory?

Extreme value theory is a branch of statistics devoted to the study of rare phenomena
occurring in sample observations. The theory itself represents an independent statistical
discipline which has been developing steadily during the past years.

Uniformed observer may ask, why one should pay special attention to the problem of
an inference of extreme phenomena at all. Are not they covered by the classical theory
of statistic? Is it desirable to concentrate on rarely observable events at all? While rare

events do not play a principal role in the “classical” methods concerned by average values,
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they can be crucial for a significant number of real life problems. A flood is a perfect
example of a rare event, but extremes appear in many other fields. Extreme losses on
financial markets, enormous insurance claims, or peaks of teletraffic communication in
computer nets are just few cases that can be dealt with the theory. In all these examples
there exists a considerable demand for any information about the rare events, their inner
structure and probability distributions.

Nevertheless, it should also be clarified why to demand a special theory concerning
the extremes only. Simply, “traditional” techniques of mathematical statistics are not

suitable for the the task. We shall demonstrate it on the following example:

Have a random sample X = {X1,...,X,}, i.e. independent identically dis-
tributed observations generated by an unknown random variable with a dis-
tribution function F. The task is to estimate the probability of exceedance

of quantiles of F, p = P(X > x) on the basis of the data.

The simplest and in some sense also the most efficient way to estimate the probability is

by the empirical distribution function

n

1
F,=-=Y Iz > X,
nE [z > Xi]

i=1

where I[-] stands for the indicator function. The estimate is p = 1 — F,(z). However,
this approach is clearly inadequate if z > X,,.,, where X1., < ... < X,,.,, denotes the
order statistics of the sample X1,..., X, as in that case p = 0 regardless of the exact
distribution function of the sample. It is obvious that underestimate severely the risk if
the distribution is heavy-tailed. Similarly one can expect that even the estimate of p for
Xn_1.n <z < Xp.p is not the fully accurate one. The conclusion of such an observation
holds to some extent also for other high quantiles.

The conclusion is that the reliability and usefulness of the estimates based on empiri-
cal distribution functions are questionable considering high quantiles of the distribution.
The events corresponding to the distribution tails are commonly called extreme events.
From similar arguments one could also derive that also other common strategies to esti-
mate the density or the distribution function of the sample distribution are inefficient for
“extreme” areas. Namely kernel estimators typically work with the preselected “heavi-
ness” of the tail (i.e. the rate of the decreasing tail probability) which again results in
an underestimation (or overestimation) of the risk of extreme events.

On the other hand, the motivation to estimate high quantiles of sample distribution
is obvious and demanded in various areas of human activity. As an example consider
the situation appearing in actuarial practice, especially in reinsurance. The success of
insurance companies depends on the estimation of this probability or indices derived from
it. The mean excess function or mean residual life function e(-) is used as a common
tool. It is defined as
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e(t) = E(X —t|X >1t),

provided that E(X) < co. Estimating e(t) for a high threshold ¢ brings the same type
of problems as in our introductory example and it is clearly desirable to have a solution
adaptable to the extreme phenomena (for some possibilities and their application on the
real data cases see Beirlant et al. (2004), pp. 14-19).

The actuarial practice resembles the situation in hydrology. Hydrologists are often
occupied with an estimation of the T-year flood discharge, which is a level exceeded
every T years on average. A time span of 100 years is usually taken, but the estimation
must be often carried out on the basis of water discharges for a much shorter period.
Moreover, it is advantageous to provide even a more detailed high-quantile estimation
of the water level. The knowledge of high-quantile properties of flood discharges is
important for modelling of the effective water course systems capacity, urban drainage
and water runoff.

Similar motivation stands behind the urge to estimate the extreme rainfall or wind
speed. The real case data studies demand even more complicated models adaptive to
dependency in the data set. As an example consider data from two different locations
which have something in common (they are on the same river separated by a longer
distance or in the same location and in a close vicinity for the case of rainfall).

Even the decision which observations are rare or extreme is not an easy one. Deriving
from a (so far only vague) definition of rare or extreme events, we can expect that in a
dataset there are none or at best just a few observations appllying to an area of extreme
events. However, the number of really extreme observations should also depend on a
sample size. But how? To come up with at least partial conclusion we must assume
stricter rules governing the sample distribution. At least, one should assume that the
really extreme observations of the tails share the same pattern regardless of given high
threshold (at least asymptotically). As events {X >t} and {X <t} are independent
for any single t € R, we can require that such an assumption holds only for the tail
data greater than any given fixed threshold. Hence we can readily restrict ourselves on
areas {X > t,} for a suitable sequence of thresholds ¢,, € R according to the sample size
n € N. We shall see later on that this type of approach leads to a general theory of
extreme events.

However, at least a bit should be also said about other possible solutions. In some
situations it is reasonable to approximate the tail by some ad hoc chosen distribution.
For example in insurance practice so called Champernowne distribution is used, see
Buch-Kromann (2006). The distribution function of the modified Champernowne distri-

bution is defined

(x+ce)*—c™

f R* 1.1
T+e) 4+ (M +c)® — 2¢’ orTeRs (L.1)

Fa,M,c = (
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where a > 0, M > 0, and ¢ > 0 are parameters of the distribution. The parameters
can be estimated from the data using the maximum likelihood method. Buch-Kromann
proposes (in the cited article) further corrections of estimates by the means of kernel
density estimator. Finally the tail is approximated by the suitably transformed kernel
density estimator to obtain exceedance probabilities etc.

The treatment by EVT represents a general alternative to such more or less ad
hoc solutions. Again, have a sample Xi,...,X,, generated by an unknown distribu-
tion F. We are interested in an approximation of the distribution of the maxima
Xpm = max;—1,  n {X;} for n — oco. The distribution itself tends to be degenerate
in infinity, which is not too much informative — by the strong law of large numbers it
holds P(X,., — F(z.)) = 1, where z, is the right upper end-point of the distribution
F.

However, much more information can be obtained by an approach similar to the
concept of the central limit theorem (CLT) or the stable laws. The main idea is worth
of more detailed explanation. Let S,, := X; 4+ ...+ X,, by the CLT holds % n%; Z,
where Z has the standard normal distribution N(0, 1), provided that EX; = p and
var X? = 0% < oco. Similar idea stands behind the concept of stable domain of attraction.
Suppose there exist some A,, > 0 and B,, such that,

SnMn Doy g, (1.2)

B, n—oc

We say in that case that F' belongs to the stable domain of attraction of ® or, in other
words, ® possesses the stable domain of attraction. It can be proven that a set of the
stable distributions is closed, as any distribution F' posseses a stable domain of attraction
if and only if F' has a stable distribution, i.e. it holds for some constants a,, and b, > 0
that S,, ~ b, X1 + a,. This is just an introductory idea of the more extensive theory of
stable laws, see Shorack (2000), pp. 407-411, for more.

Similar ideas can be used even if the maxima are on the spot of the sums in (1.2).
Define for the sample X1, ..., X, order statistics X7.,, < --- < X,,.,. Suppose that there
exist constants a,, € R and b,, > 0 that it holds

Xon =0 D,y g, (1.3)
b n—oo

where G is some nondegenerate distribution of Y. The question is what are the possible
forms of the distribution G.

1.2 Domains of attraction

Suppose X, ..., X, are independent random variables (i.i.d.) with a common distribu-
tion function F'. Let Xi., < --- < X,,., be the order statistics of Xq,...,X,,. Extreme

value theory is based on the following assumption:
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(EVT.1) Suppose there exist constants a, > 0 and b,, € R such that

P (Xpm <apz+by) =F"(apz +by) — G(x) (1.4)

for all x € R, where G is a non-degenerate function.

Assuming (EVT.1) holds we say that G is the extreme value distribution and F' is in
the domain of attraction of G (notation F' € MDA(G)). The following theorem is fun-
damental result of EVT. It provides a characterization of the possible non-degenerate

distributions that can occur in (1.4).

Theorem 1.2.1 (Fisher-Tippet-Gnedenko). The class of non-degenerate limit distribu-
tions G(x) which can fulfill (1.4) is G(x) = G(ax +b) with a > 0, b € R, where

exp (—(1 —~yz)"7), 1472 >0,

G (z) = ( . ) (1.5)
exp(—e™7) v =0,

and v € R.

Proof. See de Haan and Ferreira (2006), Theorem 1.1.3. O

The parameter v in (1.5) is called extreme value index. This parameter has a central
role in the theory. We divide the distributions fulfilling (1.4) into groups of domains of
attraction according to v € R and its sign. The sign itself has an important meaning as a
delimiter between three basic classes of distributions according to the mass concentrated
on the tail (see below). Note that a similar condition can be formulated for the minima
X1., of the sample as well. In that case similar version of Theorem 1.2.1 holds and the
characterizations remains principally the same (consider the properties of the maxima of
{-X1,...,—Xu}).

The versatility of the condition (1.4) is demonstrated by the fact that the different

criteria on F' lead to the same domains of attraction.

Theorem 1.2.2. For v € R the following statements are equivalent:

(i) There exist real constants a, > 0 and b, € R such that

lim F™ (a2 +by) = G 2) = exp (~(14732) /7).

n—oo

for all x with 1 + vz > 0 and Go(z) defined by the limit as in (1.5).

(i1) There is a positive function a(-) such that for x > 0,

-1 _ _ -1 _ -y _
lim F'l—tx)—F'(1-1) oz 17 (1.6)
t10 a(t) ¥

where for v = 0 the right-hand side is interpreted as logx.
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(i1i) There exists a positive function h such that

1— F(t + xh(t))

=(1 1/ 1.
e 1- F(1) (14 7z) (17)

for all x such that 1+ ~yx > 0, where z* = sup{z : F(z) < 1}.
Proof. See de Haan and Ferreira (2006), Theorem 1.1.6. O

The condition (EVT.1) can be simplified for smooth and differentiable distributions. In
that case a sufficient condition for belonging to a domain of attraction is given by so

called von Mises condition.

Theorem 1.2.3 (von Mises condition). Let F' be a distribution function and x* its right

endpoint. Suppose F' has a density f that is positive and differentiable for all x in some
left neighbourhood of x*. If

N ’

A=)
ta* f2(@)

then F' is in the domain of attraction of G, defined in (1.5).

=—y-—1 (1.8)

Proof. See de Haan and Ferreira (2006), Theorem 1.1.8. O

Furthermore, if v is positive or negative, the notation (1.8) can be simplified even a little

bit more.

Theorem 1.2.4 (von Mises condition for v > 0). Suppose x* = co and there exists f,

the positive density of F'. If for some v > 0 holds

. tf@) 1
AT rg T (1.9)

then F' is in the domain of attraction of G- defined in (1.5).
Proof. See de Haan and Ferreira (2006), Theorem 1.1.11. O

An analogue assertion holds also in the case v < 0.

Theorem 1.2.5 (von Mises condition for v < 0). Suppose * < co and for x < x* there
erists f, the density of F. If

@ -nfm 1
Sy Ty a— (1.10)

for some v < 0, then F is in the domain of attractions of G defined in (1.5).

Proof. See de Haan and Ferreira (2006), Theorem 1.1.13. O
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Theorems 1.2.4 and 1.2.5 show that the sign of v really matters. By Theorem 1.2.4 one
gets that smooth distribution functions appertaining to {G.,v € R*} have an infinite
upper endpoint z*. Similarly for the distributions in {G,,y € R™} it holds that their
left tails are restricted by finite *. The third important class arises from the case v = 0.

In the following part we will also use the word “domain” in a wider sense when refer-
ring to the three larger classes respective to the sign of 4. The above described property
concerning finiteness of their tails holds also for the distributions fulfilling only the domain
of attraction condition and not von Mises condition, for details see de Haan and Ferreira
(2006), Theorem 1.2.1. The characteristics of these three classes are summed up in the

following subsections.

1.2.1 Fréchet-Pareto domain, v > 0

Fréchet-Pareto (or just Fréchet) domain traditionally receives the largest attention of
researchers. The distributions, which lie in the domain are called heavy tailed. They
have an infinite endpoint * = oo and their higher moments are not finite depending on

the value of . Relation (1.7) can be simplified to

lim ———* =2~ for x>0 (1.11)
or in terms of quantile function

F7Y(1—tx)
lim———>=2"" f 0 1.12
im FI 1) x7 7, or x> (1.12)
see de Haan and Ferreira (2006), Theorem 1.2.1., which in terms of regular variation
means that 1 — F is regularly varying in infinity with index —1/+, provided that F €

MDA(G,),~ > 0. Hence,

1—F(z) =2 "lp(x) and  F'(1-2)=a "), (1.13)

where {r and {g are two slowly varying functions ({g is slowly varying at zero) linked
together via de Bruyn conjugation, for the definition of de Bruyn conjugation and more
details see Beirlant et al. (2004), pp. 79-82.

Representation (1.13) reveals that with the increasing value of v the tail becomes
heavier, or in other words, it is more likely that large outliers appear in the sample. This
also reflects the dispersion of the data (its structure not the variance) and finiteness of
the moments. For v > 0.5 the variance of the distribution does not exist. For v > 1

there does not exist even expected value EX. More precisely,

u =00, ay>1.
E(X+){

<oo, ay<l,

where X denotes the positive part of X, see Beirlant et al. (2004), pp. 58.
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The distributions of Fréchet—Pareto domain have an important role in practical ap-
plications and have been successfully used to model many real life situations. To give
some examples, the financial data such as insurance claims, log returns of the stocks
values, teletraffic data or high water levels are often heavy tailed. The importance of
studying the theoretical properties of the class is even stronger considering the fact that
many traditional statistical methods can be severely affected by the tail properties of the
sample (consider e.g. least-square linear regression). EVT provides a general framework
to treat the extremal aspects of the inference. Thorough attention gained by the class has
resulted in specific inferential methods usable for Fréchet class, which are not consistent
if v < 0. The most prominent example of this kind of estimators is Hill’s estimator, see
page 14. The following table shows some examples of the distributions belonging to the

Fréchet domain.

Distribution Notation F(x) ol
Pareto Pa(a) 1—2z@ 1
z>1;7v>0
Generalized Pareto GP(o,7) 1—(1+ %)_% v
x>0;0,v>0
Fréchet Fr(o) 1 —exp(—z~%) 1
x>La>0
—T
Student’s t-distribution [t 1— [ jl;ﬁr ) (1 + “’72) ° dw, 1
(absolute values) x> O; n>0
Cauchy L arctan (z) 1
reR
)
Burrleigh Burr(n, 7, \) 1- (#) +
z>0;n,7,A>0

1.2.2 Weibull domain, v <0

The distributions in this domain are chiefly characterized by the finite upper endpoint x*.
As such, they represent the opposite of the previously described heavy-tailed distributions
of Fréchet domain. The extremes of the distributions in the class are bounded and
EX® < 0o,a € RT. The basic characterization of the distributions in the domain can be
written as
1—-F(a* —tz
lim 1—F((a:—t)) =g/ (1.14)

The relation (1.14) can be rewritten in terms of regular variation

1—F(z* —1/z) =2 YV p(x) and F Y (z) =20 — 2 g(z) (1.15)
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where ¢ and {y are slowly varying functions linked together by de Bruyn conjugation
similarly as in the case v > 0, again see Beirlant et al. (2004), pp. 79-82.

The problem of an inference of v in the Weibull domain has attracted far less attention
than that of Fréchet and Gumbel domains (see next section). In fact for v < —1 one
gets better estimates of the distribution tails using standard statistical methods than the
methods of EVT, see section 1.6 and the references cited therein.

Nevertheless, techniques dealing specially with the Weibull case have been developing
during the past years, e.g. Negative Hill’s estimator of - is estimator of the extreme value
index working only for the Weibull class. This estimator can be seen as a counterpart of

Hill’s estimator, whose consistency is limited to the case of v > 0.

Distribution Notation F(x) v
Uniform UJ0, 1] z,xz €10,1] -1
Beta Beta(p, q) fot B(;q) tP=L(1 —t)a1de, —%
z € (0,1)
Extreme value Weibull exp ((z* — x)%) -1
x € (0,z*%)

The distribution which have finite extremes may seem easy to deal with. Nevertheless,
these distribution requires special treatment and normalizations in many applications,
especially in the case v < —1/2. Note, that some of the distributions in Weibull domain
have an infinite density near the upper endpoint. As an example consider the distribution

given by the distribution function

Flz)=1-+V1—-u, z € 10,1].
It has the positive density f(z) = \/11_795 for which holds
li = 0, 1.16
i Tz (1.16)

i.e. the density f tends to infinity when approaching the upper endpoint. Moreover

f'(z)=3(1—2)73/2 and

Vi—z §(1—z)732% 1
(1—z)-1 -2
Hence F fulfills von Mises condition (1.8) with v = —3/2 and belongs to Weibull domain

lim
rz—1

(1.17)

of attraction. This is a reason why we will restrict ourselves mainly to the assumption
v>—=1/2.

1.2.3 Gumbel domain, v =0

The Gumbel domain of attraction is more diverse than the previous ones. The upper

right endpoint «* of the distributions within the domain can be finite as well as infinite
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and also the basic classification of the domain is more complex than in the case of Fréchet
or Weibull domains: For any distribution function F' appertaining to Gumbel domain

there exists a positive function h such that

. 1—=F(t+ah(t))
75l%rwn BRI exp(—x), (1.18)

for x € R. Function h can be defined as

ht) = 1-F(t)

see de Haan and Ferreira (2006), Theorem 1.2.1. The distributions in the domain also
fulfill relation ftm*(l — F(s))ds < oo for t < z*. Such distributions are often called
exponentially light-tailed. Indeed, there exists EX® for any a € RT. Exponential distri-
bution as well as Normal distribution are typical example of distribution appertaining to

Gumbel domain of attraction.

Distribution | Notation F(x)
Exponential Exp(A) 1 —exp(—A\z)m
z>0A>0
Nommal | N(u,0) | [, S5 exp (—545) du = o(@(a) + )
zeRueR,o>0
Gamma, '\, m) F)(‘Z) [ umlexp(—Au)du,
x>0 A\m>0
Logistic Log 1—1/(1+exp(x)),
reR
Log-normal | LN (u,0?) [ 2;0% exp (—W) du,
r>0peR o>0
Weibull 1 —exp(—Az7),
z>0A7>0

1.2.4 Distributions which do not lie in any domain

We have seen that the distributions meeting the extreme value condition can be divided
into three classes distinguished by the sign of v which reflects their properties. At least
something should be written also about the distributions, which do not fulfill condition
(1.4). Not much attention has been paid to them in EVT as such distributions can be
seen to be contradicting to the philosophy of the theory. Nevertheless, one should be
aware of their existence. In fact they actually appear in a limited field of applications. To
meet these purposes and to distinguish these distributions from the distributions fulfilling

the extreme value condition, some tools have been recently developed.
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It has been shown on previous pages that it is the unifying concept of regular variation,
which characterizes the properties of distribution tails. The distributions falling outside
any domain of attraction simply do not have regularly varying tails. In few examples we
shall try to summarize some sources of such an irregularity.

Rather surprisingly, one reason, why some distributions do not fall in any domain of
attraction, is that they are “too heavy”. Consider the distribution given by distribution

function

1
Flx)y=1- 1 . 1.1
@=1-fm  zello) (119)

For any a € R* it holds that EX® = oo, therefore the distribution can lie only in the
Fréchet sphere. On the other hand 1 — F(z) = 1/logex is not regularly varying and
cannot be represented as in (1.13) — the tails of the distribution F' are “too heavy” even
for Fréchet sphere.

In some cases, the problem lies in the smoothness of the distribution function. Dis-
crete distributions are not often in any domain of attraction, e.g. it is such in case of the

Poisson distribution. Another example is the truncated exponential distribution

X ~ expl|E], (1.20)

where F is a random variable with the standard exponential distribution and [] denotes
the function returning the whole number of the input value. Again distribution (1.20)
does not fulfill the domain of attraction condition, see Hiisler and Li (2006).

The changes in tails causing that asymptotic of (1.20) can not be described by regular
variation can be also smooth. The following classical example have been introduced by

R. von Mises:

F(z) =1—exp(—z — sinx), z > 0. (1.21)

This distribution does not belong to any domain of attraction, see de Haan and Ferreira
(2006), pp. 36. In the example (1.21) the crucial element causing that the distribution
does not lie in any domain of attraction is the function sinx.

Nevertheless, the assumption that the sample distribution belongs to some domain
of attraction is still reasonable in majority of real life situations. The opposite case can
be tested by means of recently developed tests, see below. However, the falsehood of
the domain of attraction condition is also indicated by the results of the estimations
and other simple observations. Simulations results in Dienstbier (2009) indicate that the
problems with assumption (1.4) can also detected by a suspicious behaviour of the com-
mon estimators of v being compared together. Calculation of more than one estimator
is highly recommended as the estimation is often based on a different property of the

limiting distribution G, .
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The tests are testing the hypothesis

Hy : F € MDA(G,) for some v € R (1.22)

against various alternatives. These tests were derived by Dietrich et al. (2002) and
Drees et al. (2006), while Hiisler and Li (2006) provided extensive simulation study com-
paring the both methods. A reader can find an extensive overview of these methods and
other alternatives such as a modification of goodness of fit tests in Neves and Fraga-Alves
(2008).

1.3 Assumptions of the second order

Suppose that condition (EVT.1) holds, hence the tail of the distribution can be described
by its regularly varying component. A natural question arises what is the difference
between the exact tails of the distribution and their approximation by the regularly

varying function, i.e. the remains after the tail approximation (1.6). We shall define

F1(1—tz)-F1(1-1)

R(t,xz) := e — zy(x). (1.23)
where
_ ) =71 a#0
zy(x) = { log(z) 7 =0. (1.24)

We shall see that the properties of R(t,z) are important when considering the rate of
convergence for various estimators of . It is a natural idea to assume that the remainder
can also be described in terms of regular variation. The following assumption is was
formulated in de Haan and Resnick (1996), but equivalent formulations can be found

also by other authors.

(EVT.2) Suppose there exists a function A(¢t) — 0 (as t — oo) with constant sign near
infinity such that

F_l(lfta?)fF_l(lft) — (I)
t
lim a(t) i = lim E(t,z)
t10 A(t) t0 A(t)

K(z) (1.25)
for all z > 0, where K (z) is assumed not to be a multiple of z,(x).

Condition (EVT.2) is called the second order condition. It describes the variation of the
remainder between the first order approximation and the real distribution. Functions
K(z) and A(x) can be obtained in exact forms, see de Haan and Ferreira (2006), pp.
43-49. Chiefly there exist constants c1,co € R and a parameter p < 0 such that

K(@) = 012 (sr1p() = 2,(0) + 02274, (1.26)
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if v #0 # p,

K(@) = 12 (srip() = 2,(0) + 023 (@) (1.27)

if v # 0 = p, and finally

1
K(z) = e15(loga)* — eplogw, (1.28)

if y =0 = p, with 2z, as in (1.24).
Moreover, the normalising function A is regularly varying at zero, i.e.
A(tx)
im
tlo A(t)
Relations (1.26), (1.27), (1.28), and (1.29) show that the parameter p has an analogous

role in this second order approximation as -y has in the approximation of the first order.

B (1.29)

We call p the second order index of regular variation. We shall see that the asymptotic
bias of an 7 estimators is tied to p in next section.

For the sake of simplicity, some authors introduce a less general assumption than
(EVT.2):

(H.1) Assume 7y > 0, then F belong to the so called Hall class if

F'A—t)=ct™ (1 +dt™" +o(t™")), t€(0,1) (1.30)

for some ¢ > 0, p <0, and d € R.

Note that if F' is a member of the Hall class (1.30), it also fulfills the second order
condition (1.25) with the parameter p, which is identical with that in the definition (1.30).
While the assumption (1.30) is stricter than (1.25), many properties associated with
the second order approximation can be readily described in somewhat simpler version.
Also the definition of the Hall class itself can be expanded to more general version, see
Beirlant et al. (2004), pp. 93 (cf. also the literature cited therein).

Introducing the second order condition can be seen problematic as in the real data
analysis one does not know that at least the first order condition, i.e. domain of at-
traction, holds. Indeed, following the steps of von Mises example (1.21) we can derive
distributions, which fulfill the domain of attraction condition (EVT.1), but do not fulfill
(EVT.2). An example is

F@)1x1<1+;@m@mbg@), (1.31)

see de Haan and Ferreira (2006), pp. 61. On the other hand at least the consistency

of the estimation of ~ is usually assured by the domain of attraction condition alone.
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Generally, the second order condition is assumed in the theory. However, at least some
violations of the condition are can be seen as favourable for the usual estimation pro-
cedures: the Pareto distribution F'(z) = 1 — =%, a > 0 naturally does not fulfill the
second order condition as the remainder R(t,x) is equal to zero and thus not regularly
varying. On the other hand the estimation methods are based on the fact that the prop-
erly standardized tail has asymptotically the Pareto distribution and hence they perform
very well on a Pareto distributed sample.

In the following lines we will generally assume that the second order condition (EVT.2)
holds, but similarly as in Drees (1998b) we shall also cover these cases where the remain-
der (1.23) converge to 0 fast enough and the second order condition does not hold. We
will see that in this case the bias of the estimation tends to be zero, which indicated the

example with the Pareto distribution.

1.4 Estimating v and intermediate sequences

In the previous section we have described the basic ideas of EVT. We have shown that an
extremal part of the distribution can be approximated by one-parameter extreme value
distribution. For a real data sample we naturally do not know the exact value of the
parameter, even if we assume that the domain of attraction condition holds. As it was
stated in the beginning, the strategy shall be to approximate the tails of the distribution
by its associated extreme value distribution. Hence v must be estimated on the basis of
the data sample. We shall see later that a good implementation of this task is usually a
sufficient step forward (at least from the asymptotic point of view) to the estimation of
conditional extreme quantiles and other goals of the theory, see section 1.6. All in all, a
good estimate of v matters.

There are many known estimators of «v and the literature covering the problem is very
rich. On the following pages we thus cover only a brief selection of the possible estimators
of . For a broader overview of possible methods we refer the reader to Beirlant et al.

(2004), where the additional literature can be also found.

1.4.1 Scale invariant estimators

Rather surprisingly (at least at the first sight) many popular estimators used in EVT
practice are only scale but not location invariant. This is also true for the most popular

one — Hill’s estimator. 1t is defined as

. I
Al = T Zlog Xn—k+1:n — 108 X, (1.32)
i=1

where k = k,, € N is an intermediate integer sequence, i.e., k — oo and k/n — 0 as
n — oo. Hill’s estimator is traditionally one of the most popular estimators and probably

the one which has received the greatest attention among all estimators proposed in the
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literature. It was introduced during the early stage of the development of EVT by Hill
(1975), but its consistency and asymptotic normality were not been fully established
until Mason (1982). The estimator has a lot of notable properties which it shares with
many other estimators of 7. This is the reason we shall speak about it in a more detail.

Firstly, note the special role of k in the definition (1.32). The selection of k determines
the number of k = k,, highest order statistics out of a total size n which are used for the
estimation. The estimator is consistent if v > 0 and k is an intermediate sequence or goes
to the infinity with even faster rate. The rate of k = k,, has an important consequences
for the form of the asymptotic distribution of the estimator. Suppose that the second
order condition (EVT.2) holds and for A as in (1.25) holds

lim VEA (i) =) e0,00) (1.33)

n— oo

Then

VEGE, — ) 2 /\f(A 72> (1.34)

n—oco 1-p’
provided that k = k,, — o0, k/n — 0, n — o0, see de Haan and Ferreira (2006), Theorem
3.2.5. The optimal rate of k in &ﬁk coincides through the relations (1.33) and (1.34) with
the second order index p. Assume for simplicity, that F' is in the Hall class defined by
(1.30) for some p < 0 and v > 0 (hence also F' € MDA(G,)). The optimal rate of ‘yﬁk
is attained for k ~ n%, while for vVEkA(k/n) — 0 and k = o (n%) the rate is also
slower in the situation v/k|A(k/n)| — oo when

Ank —7 P 1

n

(1.35)

see de Haan and Ferreira (2006), pp. 77. An interesting coverage of the problematic
under more general condition is provided in Resnick (2007), pp. 291-303. The condensed
conclusion of Resnick’s observations and reviews of older results is that the asymptotic
normality of Hill’s estimator is equivalent to some kind of the second order regular
variation.

The relation (1.34) leads to the following conclusion: When k,, is small, the variance
of the estimator is large and on the contrary, large k, results in a serious bias of the
estimation. Note that the optimal rate of k,, depends on an unknown parameter p linked
together with the second order condition, cf. with (1.30) — it holds also in the general case
when we do not assume that F belongs to the Hall class but just fulfills the second order
condition. As we do not know p, there is not any golden rule how to achieve the optimal
proportion between k,, and n for a given sample of observations. The only possibility is
to learn more by the further inference and assume stricter conditions on the underlying
distribution of the sample.

The problem with the selection of “optimal” k and the reduction of the bias of the

estimation has gained a considerable attention in the literature, see a brief overview in
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Beirlant et al. (2004), pp. 113-129. However, these refined and sometimes a little bit
complicated methods usually cause a greater asymptotic variance than the one attain by
the Hill’s estimator. In fact it can be proven, that the Hill’s estimator attain the lowest
asymptotic variance, see Drees (1998a), while for all the estimators for v > 0 achieve the
best rate of convergence, see Drees (1998¢).

Asymptotic variance in a combination with an ambiguous selection of k, poses a
practical problem with the Hill’s estimator (and also with other estimators), the estimate
usually differs considerably for a different selection of k,. Which estimate should be
used? The mentioned methods calculating “the best” k on the basis of the data cannot
be seen as a final and all-time dependable solutions of the problem — naturally, each
of these methods is based on a different strategies and leads to a different value of k.
It is questionable, whether to depend on any of these methods in a real data analysis.
Any researcher using EVT should double check any assumptions of his analysis. Hence
blindly choosing just a one out of different possible k,, to obtain the estimate of v seems
to be against the philosophy of the theory. An expert guess or a combination of various
methods based on various aspects of the tail distribution seem to be a wiser solution.

In the real data analysis so called Hill plot is often used as an auxiliary tool in decision
which £ should be used

{(k,38), 1<k <n}. (1.36)

An example of the practical realisation of the plot is shown in Figure 1.1. As an estimate
of v we accept such a value of ’yf . that lies on the plot in a region which seems to
be stable. Sometimes this works satisfactory (as in Figure 1.1), sometimes less (as in
Figure 1.2) and sometimes the plot is not very revealing. This happens for example for
the sample generated by the perturbed Pareto distribution given by its quantile function
F71(1 —t) = (t{log(t)|*>)~!, see Figure 1.3. This distribution has by (1.12) regularly
varying tails with v = 1. Nevertheless, its slowly varying factor | log(t)||?, which does
not play any role from the asymptotic point of view in (1.12) as log®(tz)/log?(t) — 1
with ¢ — oo, stands behind the severe bias of the estimation as indicated on Figure
1.3. The region of stability does not coincide with real value of v for any k¥ € N. In
fact slowly varying factor in perturbed Pareto distribution dies out very slowly and even
considerable amount of observations does not solve the problem as is indicated on Figure
1.4.

A different scaling of the Hill plot leads in some cases to the wider region of the
stability, e.g. this is the case of Staricaplot, see Resnick (2007), pp. 314-321. However,
in some cases we cannot decide without a more complex methodology aiming at the
reduction of the bias itself through some estimation, see Resnick (2007), pp. 88-89 and
Beirlant et al. (2004), pp. 113129 for some possibilities. We do not stick to details, but
the conclusion is clear — the estimation of v is a complex task whose difficulty should not

be underestimated by no means.
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Figure 1.1: Different estimates of « according to the Hill’s estimator and a
different number of k. The data consists of 250 random values
generated from Fréchet distribution with v = 1 (indicated by the
dashed line).

Hill’s estimator is suitable only for the Fréchet domain, i.e. v > 0, however the esti-
mation can be extended to any domain, an example is the moment estimator introduced
by Dekkers et al. (1989)

(1)
M (D) 1 nk
AM =M +1- 2 <12 (2)> (1.37)
2 Mn,k
where
. 1 .
MY = - > (log Xp—ivim —log Xn )’ j=1.2. (1.38)
=1

This estimator which can be seen as a correction of Hill’s estimator (note that MT(Ll,)C =

’yfk) is consistent for v € R, see de Haan and Ferreira (2006), pp. 100-109.

Both estimators introduced in this section are scale invariant only. This can pose a
serious problem during the analysis of a real dataset as even adding a constant to all
values of the sample can affect the estimation. Even worse, Hill’s estimator is actually
surprisingly sensitive to such changes in location, some examples are provided by Resnick
(2007), pp. 88. A natural question arises at this point: Why to use the Hill’s estimator
at all? In fact, if using carefully, Hill estimator can be a very efficient estimator, which

can be also seen as the best solution from one point of view. For v > 0 it has the lowest
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Figure 1.2: Different estimates of « according to the Hill’s estimator and a
different number of k. The data consists of 250 absolute values
of random values generated from Student’s t-distribution with 2
degrees of freedom (y = 0.5 is indicated by the dashed line).

Notice that the bias is larger and faster growing than in Figure 1.1.

asymptotic variance among all location and scale invariant estimators of . Moreover, if
v > 0 and v > p the asymptotic variance of the Hill’s estimator cannot be attained by
estimators which are also location and not only scale invariant, see Drees (1998q). Taking
also the bias into account, it turns out that no estimator having minimal mean-squared
error simultaneously for all underlying distribution functions satisfying the second order
condition exits, see Drees (1998b). Each of the estimators aims at a slightly different
aspect of the underlying extreme value distribution of the sample and none of them can
hold the title “the best one”. It is therefore strongly advisable to estimate ~ using more

procedures if possible.

1.4.2 Location and scale invariant estimators

In this thesis we would rather deal with the estimators which are not only scale but also
location invariant. As in the previous section we provide only very basic ideas and refer

to a survey literature such as Beirlant et al. (2004) for further details.

One of the simplest, oldest, but also one of the most commonly used estimator is
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Figure 1.3: Different estimates of + according to the Hill estimator and a
different number of k. The data consists of 250 random val-
ues generated from the perturbed Pareto distribution given by
F7'1 —t) = (t/1log(®)|*)™" (real value of v = 1 is indicated by
the dashed line).

Pickands estimator,

1 Xn—[k/4]:n _Xn—[k/2]:n'

1.39
10g2 an[k/Q}:n - ank:n ( )

2P
’Yn,k T

The estimator is consistent if kK = k,, is an intermediate sequence, asymptotic normality

can be proven under the second order condition provided that

lim \/k, A <’ZL> =\ (1.40)

n—oo

see de Haan and Ferreira (2006), pp. 83-89. Note that the Pickands estimator is calcu-
lated from just four values of higher order statistics, the other values of the sample are
just determining the order of observations. This is a slightly different approach from that
of Hill’s estimator and also other estimators mentioned so far, which are based on k,,
values of observations. An inauspicious consequence is that the volatility of the Pickands
plot {(k, ‘yfi )1 <k< n} is usually considerably higher than that of estimators based
on infinitely growing number of high order statistics like the Hill estimator. It often re-
quires to have several thousands of observations to guess a stability region of the Pickands
plot more accurately, but even in such case one needs to solve similar problems as in the

case of the Hill’s estimator explained previously.
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Figure 1.4: Different estimates of v according to the Hill estimator and a
different number of k. The data consists of 10° random val-
ues generated from perturbed Pareto distribution with given by
F71(1 —t) = (t]log(t)]>)™! (real value of v = 1 is indicated by
the dashed line).

Another popular estimator, which is widely used, is the mazimum likelihood estimator.

The idea is as follows: Using relation (1.7) one gets that for some positive function h

t@P(‘)}i&)t >z X>t) =1—H,(z) = (14+~z)" /7. (1.41)
In other words, the largest observations approximately follow a generalized Pareto (GP)
distribution which opens a possibility of applying the maximum likelihood procedure to
the largest observations and using GP distribution as a model. The careful treatment
of the threshold ¢ in (1.41) is necessary. It shows up that it is equivalent to consider
excesses over X, ., where k is an intermediate sequence, see de Haan and Ferreira
(2006), pp. 89-91. Using the usual procedure we are looking for a maximum of the
density of an approximative likelihood Hle hy(Z;) where h,,(x) = 0H,(xz/0)/0x is
the density of H,(z/c) (it is also necessary to estimate the scale parameter o € (0, 00))

and Z; = Xy —iy1.n—Xn—k:n. The likelihood equations are given by the partial derivatives

O0loghy o (2) 5y 1 Z
908 MelE) _ Zeg (1422 (=) —2
Oy 08 ( + Z) v) 142z
dloghyo(2) 1 1 —%z
do T 7+1 1+ 22 (142)
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Figure 1.5: Different estimates of v according to the Pickands estimator and
a different number of k. The data consists of 250 absolute values
from the sample generated from Student t-distibution with 2 de-
grees of freedom (real value of v = 0.5 is indicated by the dashed
line). Note a considerable volatility of the plot in comparison with

the Hill estimate on Figure 1.2.

which are for v = 0 interpreted as their limits v — 0. From (1.42) follows likelihood

equations

1
") log (1 + g(anzA»l:n - ank:n))
i=1 v
1 1 ani mo an n
(Lor) BlmnXew o
0 1+ P (anz+1:n ankr:n)
i (1 + 1) %(Xn—i—&-l:n - Xn—k:n) -k
i—1 Y 1 + %(Xn—i-&-l:n - Xn—k’:n) '
which for vy # 0 can be finally simplified to
1 ¥
T log (1 + = (Xn—itim — Xn—k:n)) ="
=1 g
k
1 1 1
1 - , 1.44
k ; 1 + % (aniJrl:n - ank:n) Y + 1 ( )

see de Haan and Ferreira (2006), p. 91. The equations (1.44) can be solved only if
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v > — 1 as otherwise (1.42) cannot be correctly defined if v/o | —(Xpn.n — Xp—kn) L
It has been proven that the estimator &TILV[,CL = 70, where v+ is the solution of (1.44),
is consistent for v > —1 if k,, is an intermediate sequence and under the second order
condition with an intermediate sequence satisfying (1.40) also asymptotically normal, see
de Haan and Ferreira (2006), Theorem 3.4.2. for the region —1/2 < v < oo and Zhou
(2010) for the remaining case —1 <y < —1/2.

The last estimator we would like to mention in this section is the probability weighted

moments estimator. It is defined as

M, — 4J M, -
~PWM n n n
—_n_n_q_ (I _ 4 1.4
Y,k M, —2J, (2Jn ) 7 (149)
where
1k
Jn = E ZX'”‘*'H‘]-?TL - ank:n (146)
i=1
and
1
In = k Z Lk (Xn—it1n — Xn—gm) - (1.47)
i=1

As the estimator si based on moments of approximate Pareto distribution of the tails
and these moments exist only if v < 1, the estimator is consistent for intermediate
sequences k, and v < 1. The asymptotic normality can be obtained under the second
order condition only if v < 1/2 with k,, fulfilling (1.40), see de Haan and Ferreira (2006),
Theorem 3.6.1.

1.5 Smooth statistical tail functionals

In the previous sections we introduced some popular estimators of v out of the vast
number of estimators suggested by the literature. Each of them has its own asymptotic
theory, a different proof of consistency and asymptotic normality, but the conditions un-
der which the properties hold are very similar (they have already shown up at this point,
it is some sort of the second order condition must with appropriate rate of intermediate
sequence fulfilling (1.40)). The question arises, whether can be the theoretical properties
of the estimators dealt on one common ground. The positive answer to this question is
given by the theory of smooth functionals of the empirical tail quantile function. The
theory was established in Drees (1998b) and Drees (1998a) and we shall give a brief
introduction to it on the following lines.

The central idea of H. Drees’ approach is that all the estimators considered previously

(and many more) can be (at least approximately) represented as smooth functionals T'(+)
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Figure 1.6: Different estimates of v according to the ML-estimator and a dif-
ferent number of k. The data consists of 250 absolute values of
sample generated from Student ¢-distribution with 2 degrees of

freedom (v = 1/2 is indicated by the dashed line).

of the empirical tail quantile function which is defined by

kn
Qn,k(t) = Fn_l <1 - nt) = an[knt]:na te [07 1] (148)

Note that the distribution of @, j is fully determined by the distribution of k,, +1 largest

observations. @), can be approximated by

F! <1 - k;:t) , t€10,1]., (1.49)

which in turn can be approximated (for a suitable standardization and with k,, being an
intermediate sequence) by a generalized extreme value distribution as shown in Theo-
rem 1.2.2. In order to get asymptotic results for T(Q,, ), it is reasonable to assume that

T is both smooth and location and scale invariant, i.e.

T(az+b) =T(z) (1.50)

for all @ > 0,b € R and all z belonging to an appropriate function space over which T’
is smooth. The case where T is only scale invariant, i.e. T(az) = T(z), is analogical
to T(az + b) = T(z), but we shall not discuss its details, see Drees (1998a) for the full

explanation of the problem. The reason why we largely omit this class of estimators is
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Figure 1.7: Different estimates of v according to the PWM-estimator and a
different number of k. The data consists of 250 absolute values
of sample generated from Student ¢-distribution with 2 degrees of
freedom (v = 1/2 is indicated by the dashed line).

that they have usually a poor performance when applied to the case of linear models as
we shall seen in final sections on simulation of our methods.

The estimator definition as a functional is a natural approach for the both cases
(location and scale invariant estimators as well as only scale invariant estimators), one
can write all important estimators in this way — e.g. the Hill’s estimator is given simply
by the functional

1
Ty (2) ::/0 log™ (2(t)/2(1))dt, (1.51)

if the right-hand side is positive and finite and with T (z) := 0 otherwise; log’ means

the positive value of log function. Similarly Pickands estimator can be defined as

1 2(1/4) — 2(1/2) 2(1/4) — 2(1/2)
Tpic = 1 1 > 0] .
piek(2) = 75 1o ( 2(1/2) — 2(1) 2(1/2) — 2(1)
It can be easily verified that (1.51) and (1.52) applied to empirical tail quantile function

(1.52)

Qn i (t) created by the largest observations of X; with k = k,, being an intermediate
sequence generate the estimators (1.32) and (1.39) respectively.

More interesting is the reverse idea. If the functional T' is smooth in a sequence of
neighbourhoods of @, x(¢) a consistency of the estimator T'(Qy x(t)) is assured under

the condition that T returns v when applied to the theoretical counterpart of @y, k().
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Figure 1.8: Different estimates of v according to the ML-estimator and a dif-
ferent number of k. The data (absolute values of sample generated
from Cauchy distribution) are the same set as in Figure 1.7 (y =1

is indicated by the dashed line). Note large volatility of the plot.

The natural counterpart of @, x(t) is the tail quantile function of the associated extreme
value distribution z, (or z,41/7 in the case of estimators which are only scale invariant).

The suitable uniform approximation of @, x(t) to z,, or, more precisely, that of
standardization (Q,, x(t) — F~*(1 -k, /n))/a(k,/n) can be established only in a suitable
metric space of functions similar to @, x(¢) living on [0, 1]. Moreover, as F~!(1 —¢) and
its theoretical counterpart z,(t) diverges as t | 0 if the right endpoint is infinite (which is
true in the case of heavy tailed distribution with v > 0 as well as for many distributions
with v = 0), it is plausible to built the metric in a way which would reflect this fact.
A natural way is to introduce weight functions to tie down the empirical tail quantile
function @, x(t) at t = 0. Let

h(t) == (t/loglog(3/t))*/%,  fort e [0,1] (1.53)
and define accordingly an appropriate space of auxiliary weight functions
H = {h :[0,1] — [0,00) |h € C[0, 1], lgﬁlh(t)/ﬁ(t) = 0} , (1.54)

where C[0,1] is the space of continuous functions on the closed interval [0, 1]. For each

v € R and h € H we define a weighted seminorm || - ||,5 on the space of real functions
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Figure 1.9: Different estimates of v according to the PWM-estimator and a
different number of k. The data, the data are the same set of
absolute values from Cauchy distribution as used in Figure 1.8
(y = 1 is indicated by the dashed line). The estimator is not
consistent for this value of 7, which is in fact indicated by the

plot showing that the real value of v lies is 1 or larger.

on the unit interval by

lellyn = sup £h()]=(0). (1.55)
te[0,1]

(We suppose the convention 0 - oo = 0). Note that ||t 'W(t)|,,n < co with W (¢)

being a Wiener process. Finally the space containing all possible empirical tail quantile

functions and their theoretical counterparts is the space of real functions on the unit

interval equipped with seminorm || - |5 is

Doy = {z :[0,1] = R

ltii%l tYh(t)z(t) = 0, (7h(t)2(t))tef0,) € DO, 1] } . (1.56)
Now we can finally establish the approximation of @, k.

Theorem 1.5.1. Under the second order condition (EVT.2), there exists a sequence of
Wiener processes {Wy(t)}, cn such that for all h € H and functions a, A and K as in
(1.25) it holds
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H Qui(t) —F'(1-7) (Zv(t) — V2O DWW () + A (k> K(ﬂ)

() "

v.h

= op (k—lﬂ n |A(k/n)\) , (1.57)
where k =k, is an intermediate sequence k — oo, k/n — 0, n — oco.

Proof. See Theorem 2.1 in Drees (1998b). A slightly different formulation can be found
in de Haan and Ferreira (2006), Theorem 2.4.2. O

An analogue to Theorem 1.5.1 can be also written if we can assume only the domain of
attraction condition (EVT.1). Nevertheless, to write an approximation similar to (1.57)

we need to specify the rate of convergence of R(¢,z) in (1.25) to zero.

Theorem 1.5.2. Suppose that it holds (EVT.1). Then there exists a sequence of Wiener
processes {Wy, (1)}, cn such that for all h € H and € > 0 and the function a as in (1.6)
it holds

H Qn,k(t) —F! (1 — 5) — (Z»y(t) - k71/2t7(’Y+1)Wn(t))

a(3)

=op (kil/z) +0 sup 27t
z€(0,1+4¢)

v,h

R (ix)‘) , (1.58)

where k =k, is an intermediate sequence k — oo, k/n — 0, n — oco.

Proof. See Theorem 2.1 in Drees (1998b). O

Notably, if the convergence of (F~!(1—tz)—F~1(t))/a(t) to z, is faster than any negative

power of ¢, i.e.

Ca (FA—te) = F7'(t) a7 —1)\ _
lim ¢ ( §0 - > —0 (1.59)
~1/2

for all € [0,1] and « < 0, then the right side of (1.58) is obviously o(k, ' 7).
Theorems 1.5.1 and 1.5.2 describe the remainder of @, () or the joint distribution
of the upper order statistics. While any reasonable estimator of v is supposed to be a
function of the upper order statistics it can be also written in terms of @y, x(¢). Hence any
such an estimator can be written as a functional applied on the empirical tail quantile
function: T'(Qn,x(t)). If T is smooth and it returns v for z,, it returns similar values
for functions nearby the associated Pareto distribution of the sample or in other words
T(Qn k(1)) is consistent. We shall consider a class of statistical functionals fulfilling the

following properties:

Assume that for v € R and some h € H the functional T" : span(D,, , 1) — R satisfies
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(T.1) Tip,, is B(D,n), B(R)-measurable (with B(-) denoting the appertaining Borel-
o-field)

(T.2) T(az+0b) =T(2) forall z€Dyp,a>0,beR,
(T.3) T(z) =7,
where the z, is defined same as in (1.24).
Theorem 1.5.3. If ' € MDA(G,), and k, is an intermediate sequence, T satisfies
conditions (T.1-3) and, in addition, T\p_, is continuous in 2., then

T(@up) =27 (1.60)
Proof. See Drees (1998b), Theorem 3.1. O
If functional Tp_, is also differentiable, one can obtain an asymptotic normality as well.
(T.4) Tjp,, is Hadamard differentiable tangentially to C., 5 at 2, with derivative 77,

where
Cyp = {z € Dy n |2)01) € C(0,1] } ,

i.e. there exists signed measure vy, and continuous linear map 77, : Cy p, — R
such that

T(Z'y + 6nyn) -
En

T 1
L=t = [ v, (1.61)
0
for any y, € C,  converging to y € C,, and for all sequences €, | 0.

The asymptotic normality of functional Tjp_, can be then written in terms of Riesz

representation of its Hadamard derivative defined by (1.61).
Theorem 1.5.4. Assume that T : span(D4 x,1) = R satisfies conditions (T.1)-(T.4).
Let
or .~ = / (st)77"! min(s, t)l/%,y (ds,dt) (1.62)
[0,1]x[0,1] ’

and

1
NT,’y,K%p ::/ K’YdeVT»’Y (163)
0

Then under the condition (EVT.2) and lim,_,o knA (k/n) = X € [0, 00] follows

(i) X € (0,00)
EV2(T(Qn) =7) 2 N(AWity,p, 0%, (1.64)

n—roo
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(i) A= oo
kY2 (T(Qn) —7) —= prmp (1.65)

n—oo

Moreover, if only (EVT.1) holds and

sup  27Y2|R (kn/n,x)| =0 (k;lp) for some € > 0, (1.66)
z€(0,1+¢]
then
Y2 (T(Qn) =7) = N(0,0%,). (1.67)
Proof. See Drees (1998b), Theorem 3.2. O

An analogue to Theorems 1.5.3 and 1.5.4 can be derived for scale invariant estimators,
which are not location invariant as well (which is the case of (1.51). In this case it is
plausible to assume, that instead of (T.2)—(T.3) it holds

(T.5) T(az) =T(z) forall z€ Dyp,a>0,
(T-5) T(zy) =,

where

™7 v >0,
Zy(x) :=q —log(x) if =0, (1.68)
—x7 v < 0.

If it holds (T.1) and (T.5)—(T.6), the estimator T(Q., x(f) is consistent. Moreover if the
functional is also Hadamard differentiable tangentially to C. 5 at Z,, T(Qn k(t) is also
asymptotically normal, see Drees (1998a) for details.

Virtually almost any location and scale invariant estimator can be written in terms
of functionals fulfilling (T.1)—(T.4) (resp. (T.5)—(T.6)). We have already introduced the

functional generating Pickands estimator

2(1/4) = 2(1/2) [ [2(1/4) —2(1/2)
2(1/2) — 2(1) > I [ 2(1/2) — 2(1) >0 (1.69)

Functional (1.52) is location and scale invariant and also Hadamadard differentiable in

1
Tpick(2) = log 2 log (

2 with derivative

/ — i _ - -
Tpickﬁ(z) = @ = 1)1on2 (z(l) (14+277)2(1/2)+ 2 2(1/4)) (1.70)
and appertaining signed measure

Y _ _
UPick,y = @ —1)log2 (61— (1+277)61/2 + 27781 /4) (1.71)
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where ¢, denotes the Dirac measure with mass 1 at x. If the second order condition
(EVT.2) holds and A = lim,,_, o VknA(ky/n) then

D
Fn® (Toie(@ne) = 7) =+ N (Apick,y.00 OPick ) (1.72)
with
PPickryp = — e (=1 (14 277) A(1/2) + 277 A(1/4)) (1.73)
= g3 (2 )
and

~ 2
o—%’ick;y = <1og(2)(27—1)> (1 + 22%_1) . (1.74)

A generalized version of PWM-estimator introduced in (1.45) can be generated by

fol zdiy 1
TGPVVM,Vl,Vg (Z) = i I / Zdl/Q 75 0 (175)
fo zduy 0

for suitable finite signed Borel measures v; and 2 on [0,1], e.g. the basic version of
PWM-estimator defined in (1.45) is generated by

_ Jo ) = =) (1 - 4)at
T () = 2(1)(1 — 2t)dt

Town(2) I [/1(z(t) — (1)1 = 26)dt > 0] (1.76)
0
By simple arithmetic one immediately gets that Tpwwm(z,) = 7. As that the estimator
is continuous and Hadamard differentiable in z,, Towm(Qn k) is consistent and asymp-
totically normal in the region described on page 22.
The concept of smooth tail functionals is broad enough to cover the estimators, which
can be defined only in an implicit form. The most important example of such estimators
is the ML-estimator defined by the equations (1.44). In terms of functions we define the

estimator as the first coordinate of a solution of the equations

ﬂ(Qn,m v U) = (771 (Qn,ka v U) » 112 (Qn,kv v U)) = (07 0)7 (177)
where
! dt 1
m(z,v,0) = /0 TG —20) 741 (1.78)

(27, 0) = /0 tog (14 2 (=(t) — =(1))) dt — 7, (1.79)
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see relations (1.44). Have for simplicity 7o > 0, then consider 7 (z,,,-) as an element of
two dimensional continuous functions C?(0), where © is some neighbourhood of (vp, 1).

Then 7(zy, -, -) is differentiable at (v, 1) with an invertible Jacobian matrix

1 1
o
J _ (v0+1)(270+1)  (2v0+1) ) 1.80
7,70 1+’YO ( -1 -1 ( )

Hence using implicit function theorems 1.4.7. and 1.4.2 in Rieder (1994) there exist a
neighbourhood U of function 7(z,, -, -) and a map M : U — © such that {(M(€)) = 0 for
all functions & € U. Moreover, M is uniquely determined on the subset of continuously

differentiable functions in U and it is Hadamard differentiable at (2., -, -) with derivative

1
M“/fo = _']717705(707 1).

Define 7 as continuous mapping from Dl C?(©), where

D2, 1, = {z € D, n|z non-increasing}

for some suitable weight function h € H. Drees (1998b) have shown that 7 is Hadamard

differentiable at z, tangentially to C, ; with derivative

W (2)(0) = | = / (:(Z(t)z“” )th, / (Z(i“)j“)) >dt (s
o1+ = a Joo(t-70-1)

Yoo (t~70—1)
Finally we can define the functional for ML-estimate as the first coordinate of M o7, i.e.
map D, — R. One gets functional 1" which is unique on a neighbourhood of z, and
Hadamard differentiable in z, tangentially to C., . Its derivative is given by the chain

rule from (1.81) and (1.80), which gives after some calculations

(y0 +1)2

T = T

| 0=+ 1) o - =) an

see Drees (1998b) for more details.

1.6 High quantiles and other characteristics

Recall again the introductory example of this chapter on page 2. We shall estimate
F~1(1 — p) for a small probability p = p, — 0 as n — oo. If np, — oo, then the
estimator F; (1 — p) = Xy —jnp):n is reasonable and EVT is not needed. On the other
hand if np, = O(1) as n — oo, then the empirical quantile X,,., is usually a poor

estimate and some approximation by EVT could be a better match.
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We shall restrict ourselves to the heavy tailed case, i.e. F' € MDA(G,), v > 0. Using
(1.11) we get also

F~1(1 —tx)
. J—
T S (1.82)
Replacing t with k/n, where k = k,, is an intermediate sequence, i.e. k — oo and

k/n — 0, and = with np/k one gets an approximation

Fll-p) ~ F! (1 - 7’2) (%)ﬂ ~ Xp_pom (%)7%”“ (1.83)

where 4, , is some consistent estimate of . Hence we shall define the estimate of high

quantile F~1(1 — p) as

IS n 7'?/n,k
Xp,n,k' = Xp_kin (?p) (184)

It remains to solve, how far the estimate from its theoretical value is. We get

n—kn -1 - /n) np\ —
— tow g2 e (e (1))
~(Jnk — ) log (%) . (1.85)

For the sake of simplicity suppose that F is a member of the Hall class, i.e. F~1(1—t) =
=7 (1+dt=" + o(t™")) for some ¢ > 0, p < 0, and d € R. Moreover we shall suppose
that k is optimal, i.e. k = O(nQ”/(ZP’l)). Let {Ui.n,--.,Upn:n} be an ordered sample of
the uniform U[0, 1] distribution then

tog (-Ukn ) 7z, (Bn-rn =105 7). (1.86)

where { Ey.,, }_, is an ordered sample generated by the standard exponential distribution.
Moreover as Vk (En_k;n —log %) H%ON(O, 1) by the central limit theorem as k — oo
and k/n — 0, it holds that (1.86) is O(k~'/2). For the first term on the right side of
(1.85) it holds

Xn—k:n D F71(1 - Uk 1:n)
o T —kmy — 8 TFinC kJ/rn)
— log <(ZU,€+M)7 (1 e <<i) )))
= Ok Y24 (k/n)="). (1.87)

The second term of (1.85) can be approximated using the property of Hall class by
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log (m (72”)_7> = O ((k/n)™"). (1.88)

For the rate of the estimation it follows from Theorem 1.5.4 that (3, x — ) = Op(k'/?),
see also Drees (1998¢) for detailed discussion on the possible rates of convergence of the

y-estimators. Have now p such that log(np) = o(k'/?). It follows

k1/2 Xp,n,k . _ 0 k1/2 o Xp,n,k
log(np/k) \ F-1(1 - p) — T loglnp/k) B F(1—p)
= O (k" Gus - 7)) (1.89)

where the first approximation is due to the property of the logarithm and the second by
(1.85), (1.87), and (1.88).

It follows from (1.89) that from the asymptotic point of view only the asymptotic
error of 4, matters if the optimal fraction of k is attained. Only in the case of the
moderate sample size (i.e. k'/? = o(log(np))), next term which could not be omitted in
the approximations leading to (1.89) would have been of order log(np/k), cf. with (1.88).

The previous can be seen as a justification why we shall concentrate solely on the
development of the asymptotic theory of + estimation. The question, how to deal with
high quantile estimates and a moderate sample size, is neither trivial nor automatically
solved, but he problem how to develop asymptotically consistent and normal estimates
of v seems to be more crucial.

The situation slightly differs if v+ < 0. Relation (1.82) does not hold, hence also
the estimate introduced in (1.83) needs some correction. By the domain of attraction
condition and (1.6) one gets by some approximations the general version of the estimate

for highest quantiles as

F7'(1-p) =~ F’l(l—k/n)+a(k/n)w

~ Xk + &(k/n)w = Xpnks (1.90)

Tn,k
where an estimate of of the scale parameter a(k/n) and its asymptotic properties have
to be considered, see some clues in Beirlant et al. (2004), pp. 156-159, and Drees (2003).
The estimator suggested in (1.90) is profitable only if v > —1/2, as in the other case
it turns out that it is better to use rather the empirical quantile alone then any ap-
proximation by EVT. Suppose p = o(1/n), then with the probability tending to 1 it

follows

’F71(1 _p) o X””| < |F71(1) - Xn:n’ = O(n’y) < nﬁ,
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for any p < 0. In other words, X,., is itself tending to F~1(1 — p) faster than any

estimator using EVT correction such as (1.90).



Chapter 2

Regression quantiles and their

approximations

This chapter deals with linear models and the concept of quantile regression. We shall
describe the properties of regression quantiles aiming at their asymptotic representations
and approximations by Brownian bridges. The key result is the extension of represen-
tations of regression quantiles established by Gutenbrunner et al. (1993) and Jureckova
(1999). Under somewhat stronger conditions we get a linear representation of regression
quantiles holding uniformly on some interval [a,1 — of] C [0, 1], where of o) — 0 with
a rate almost 1/n . It shows up that important condition is linked with von Mises con-
dition. Finally we shall formulate the approximation of high regression quantiles which
provides an analogy to the approximation of the tail quantile function, c.f. with the

previous chapter and articles Drees (1998b) and Drees (1998a).

2.1 Basic model of quantile regression

Consider the linear regression model

Y, =X,8+E (2.1)
where Y,, =Y = (Y,...,Y,)" is a vector of n-observations, X,, = X is an (n x p)
known design matrix, 8 = (54, ..., ﬁ]g)—r € RP is an unknown p-dimensional parameter
and E, = E = (Ey,...,E,)" is the vector of i.i.d.errors with a (generally unknown)

distribution function F. We assume that 0 < F(z) < 1 for z € (z.,2*). This define the

lower left and the upper right endpoint x, respectively x* as

—00 <z, :=sup{z: F(x) =0} and +oo>z* i =inf{x: F(z)=1}. (2.2)

35
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For the design matrix assume throughout this text that ; is an intercept, i.e. the first
column of X,, equal to 1,, = (1,...,1)T. For the notational purpose we shall denote
x; € RP the i-th row of matrix X,, (x; € RP,i =1,...,n, is treated as a column vector).
We define the regression quantiles of model (2.1) as the solution of the minimization

problem

//@\(O[) = //B\n (a| Y7 X) ‘= arg lcl;rel%RI%’ 2/)(1 (K - Xz—rb) ’ (23)

where p, denotes the loss function

Po(u) = uths (u), o (u) = (a—I[u < 0]), u € R (2.4)

Regression quantiles were introduced by Koenker and Basset (1978) to provide a genera-
lization of quantile idea to linear models. The concept has been widely accepted and has
gained a steady popularity. Due to the interest of various authors the theory of quantile
regression has undergone fast development during the past years. Currently, the quantile
regression is successfully used in various fields of statistics and brought a vast number
of interesting applications, for an overview of the recent developments it the theory see
Koenker (2005).

By their definition (2.3) regression quantiles are members of the M-estimators class.

An M-estimator M, is defined for an appropriate loss function p as

n
M,, :=arg min 3 p(Y; =/ b). (2.5)
i=1

Thus regression quantiles are special cases of M-estimators with p = p,(-) while least

square regression is also a member of the class with p = (+)2.

The class covers various
important estimators of linear regression coefficients from the mentioned non-robust least
squares estimators to fairly robust Huber’s M-estimate. The class was proposed by Peter
J. Huber in the sixties in his endeavour to stimulate the development of the robust statis-
tical analysis and derive new robust methods. A detailed description of the M-estimators
class can be find in Huber (1981) and in various newer books, e.g. Dodge and Jureckova
(2000), pp. 21-25. The asymptotic theory of M-estimators was thoroughly investigated
in Jureckovd and Sen (1996). We refer to M-estimators class in our context as there are
many properties which are common for all members of the class.

The regression quantiles are a little bit more than just arbitrary chosen M-estimators.
They also represent a natural generalization of the notion of sample quantiles and order
statistics to linear regression models. Note, that the loss pi /o = |u|/2 leads directly to
Laplace’s median regression. Thus regression quantiles generalize the ¢;-median regres-
sion for other quantiles depending on « in p,. The parameter « of the loss function thus

determines the probability level of the estimated regression quantile.
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Consider the residuals ¥; — x,/ b, i = 1,...,n for some b € R? and plug it to ps(-).
The loss is (1 — «) times the size of the residual if the observation Y; is below the plane
x b, where x € RP is inside a space generated by rows of covariate matrix X. On the
other hand the loss is a-times the residual, if the observation Y; is above the plane.
Accordingly, in an univariate one sample location model regression quantiles coincide

with the empirical quantile function

F(a) = Qu(a) = Xpm i 1 k
n

<a<Z, O<a<l, k=1,...,n. (26)

This special case is worth of a further attention. It corresponds to X = 1,, cf. the
definition in (2.3). B
that the errors are not shifted by a location parameter, i.e. Y; = E;, fori =1,...,n,
then Bn(a) = F;!(a) for a € (0,1). In the course of this chapter we shall formulate

various approximations of regression quantiles of different dimensions and we shall also

,, is one dimensional for any » € N in this case and if we suppose

discuss the possibility of strengthening such assertions. Yet, one must keep in mind that
all approximations of regression quantiles are limited by the properties of the empirical
quantile function. The multivariate theory cannot be expanded farther then is possible
with the univariate quantile case.

A few lines should be written about the computational aspects of the theory. We
shall important that the minimization (2.3) problem can be written in the parametric

linear programming form

al/rt + (1 —-a)l/,r~ :=min
XB+rt—r =Y (2.7)
(B,rT,r7) e R? xR} x R”, 0<a<l,

where the regression quantile Bn (a|Y,x) coincides with the component 3 of the optimal
solution. This representation is important both from theoretical and practical point of

view. We can formulate also the dual linear programming problem to (2.7) thus obtaining

Y "a(a) := max

X" (ala) = (1 -a))1, =0 (2.8)
a(a) € [0,1]", 0<a<0.
The optimal solution a(a) = (Gn,1(a),. .., a@nn(a)) forms the vector of so-called regres-

sion rank scores. Each a,; is a continuous, piecewise linear function of o € [0,1],
Gn; = 0 for 4 = 1,...,n. The theory of regression rank scores was developed by
Gutenbrunner and Jureckovd (1992). They proposed tests based on regression rank

scores generated by different score functions, which are parallel to classical rank tests.
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The theory was later expanded to cover wider class of tests, see Gutenbrunner et al.
(1993).

Assertion (2.7) allows to compute regression quantiles quite easily using well known
routines of parametric linear programming, which are usually included in statistical soft-
ware. Computations in this thesis have been obtained using free statistical software
R. In R, quantile regression is widely supported through the library quantreg. Roger
Koenker himself collaborated on the development of quantreg library and also wrote its
documentation, see Koenker (2006).

If the idea of quantile regression is to provide a generalization of the univariate quan-
tile idea, we require some kind of consistency when n — co. We are interested what is
the theoretical counterpart of the a-regression quantile considering conditional (under

X = x) quantile function of Y,

Fyl (o)X =x) =x"B(a). (2.9)

Consider the simplest setting, the case of univariate one sample quantiles without location
parameter. In that case x = 1 and the theoretical counterpart B(«) of ,Bn(a) is simply
B(a) = F~1(a). In this case, the consistency for any « € (0,1) is a direct consequence
of Glivenko-Cantelli theorem. Rates of convergence depend on the behaviour of F~1()
in a neighbourhood of a. It is easy to show that if F' has a continuous density f and

f(F~(«)) is bounded away from 0 and oo at «, one gets also

Vi(Ba(a) — FY(a)) 5 N(0,02),

n—roo

where

(2.10)

Oq 1=

(a(l —a))'/?
FAF )
see e.g. Koenker (2005), pp. 71-72. When f(F~1(-)) tends to infinity at «;, improvements
on the rate of convergence beyond O (n~'/?) are possible, while slower rates may prevail
in the case f(F~1(-)) tends to zero at a. If F(-) is constant on some neighbourhood of
F~1(a) it is not possible to distinguish between different estimates in the neighbourhood,
i.e. suppose F(«) is constant for a € [au., a*], for some 0 < a, < o* < 1. Then we can
only say that the sum of probabilities that 3, (c) falls near 3(c) tends to 1 as n — oco.
A necessary and sufficient condition that £,(a) — F~!(«) in the model of univariate

i.i.d.sample is

F(F Y a)—¢)<a< F(F ' (a)+e)

for all ¢ > 0. A reader can find more details about the topic, particularly about the
establishment of the consistency for non-i.i.d. cases in Koenker (2005), pp. 117-118.
Consider a slight modification of the univariate model above Y; = g1+ F;,i = 1,...,n.

The theoretical counterpart of the sample (regression) quantile
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B(a) :arggrgﬂr{l;pa(ﬁ —fi+t), a€(0,1)

is 8(a) = B1 + F~!(«). This observation can be generalised even for higher dimensions.
In the general linear regression model with i.i.d. errors we get that B(«) in (2.9) should
take the form

Bla) = (B + FH(a), By, Bp) (2.11)

If the dimension is higher then one, the consistency of ,/@\(a) also depends on the prop-
erties of the sequence of design matrices X,,. In fact, different consistency laws can be
established depending on the delicate interplay between conditions imposed on condi-
tional distribution function F' = P(Y; < y|x) (with a suitable set of assumptions the
consistency can be achieved also in the case of heteroscedasticity) and the conditions
on X,. We will not go to details here as different rates of asymptotic convergence are
possible, see Koenker (2005), pp. 118-119, and we shall aim our attention to the problem
of establishing asymptotic normality, where many can be gained from a genaral theory
of M-estimators. In fact the following assertions hold for the whole M-estimators class,
see Jureckovd and Sen (1996), pp. 80-88 and Dodge and Jureckovd (2000), pp. 23-24
for a more condensed version.

We shall assume that the distribution function F' has a density.

(F.A) There exists a density f of distribution function F' and it is bounded away from
0 and oo in F~ ().

Then under assumption that

1 n
D:= lim — E xjx;r
n—oo N,

j=1

is positive definite matrix and Noether condition on the sequence of design matrices X,,

(X.N)
max xlT z:xjx;r X, :1<i1<np,—=0 as n — 00
j=1
it holds
n'2(B,(a) = Ba)) = N(0, 02DY), (2.12)

where 02 is as in (2.10) and B(a) as in (2.11), see Jureckova and Sen (1996), pp. 85.

[e3
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2.2 Asymptotic of regression quantile process

Having established the asymptotics of any single regression quantile for a € (0,1) we
may ask whether E(a) could be asymptotically approximated uniformly with respect to
a € (0,1) at least in some subset A C (0,1). We shall thus seek an asymptotic theory of
the (empirical) regression quantiles process {,én(a) € A} or equivalently some of its
standardized variant. In relation to point-wise consistency (2.12) of B(a) we define the

process

an(a) i=n'2 f(F7H(a))(Bn(a) — B()). (2.13)
Observe the special univariate one-sample case at first, i.e. X, =1, and Y,, = E,,. It
turns up that this case was already studied thoroughly studied, as (2.13) is identical with
the empirical quantile process

gn(@) =2 f(F~ () (F Y (a) — F7(a)), 0<ax<l, (2.14)

n

where F 1(a) is the empirical quantile function defined as

Fl(a)=

n

2.15
)(hna if Eii <t< %, 1 < k <n. ( )

{ }(an ift = Oa
Therefore in this special case we can naturally extend the process {g,(a),a € (0,1)} to
{gn(@),a € [0,1]} by redefining the missing regression quantiles in 0 and 1 using the
definition (2.15). In fact this approach corresponds with the definition of the largest

regression quantile

B(l) = arg min {Zx?b
i=1

beRp

Y; <x/ b, i:l,...,n} (2.16)

and its counterpart, the minimum regression quantile

B(0) :_argl%%{;ij Y; > x/ b, z—ln} (2.17)

Note that this definition corresponds also with the definition of the regression quantiles

we introduced in (2.3). It is

B(1) = arg tr’rel%}) Zpl (Y; —x/b), (2.18)
B0) = arg Inin ;po (Yi—x/b), (2.19)

where p1(u) = u(l — Ilu < 0]) and p1(u) = u(—I[u < 0]), i.e. p1(u) and po(u) is a left
side or right side limit of p,(u) with & — 1 or &« — 0. Nevertheless the task to establish
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an asymptotic theory of the largest and smallest regression quantile is a little bit different
from the case a € [g,1 — €], see Portnoy and Jureckova (2000), Smith (1994).

The theory of asymptotic representations of g,(a) is quite elaborate and we can
present just a few of the most important results. Our aim is to develop at least the very
basic analogies of these results for q,(«), for dimensions p > 2. For more thorough ex-
planation of the asymptotic theory of regression quantiles we refer to Csérgd and Révész
(1981) and Csorgé and Horvath (1993) written by the authors of famous “Hungarian
construction”. While the first one Csorgd and Révész (1981) represents the most com-
prehensive explanation of the theory and its goals, some more advanced results can be
found only in Csorgd and Horvéth (1993), which in fact replenishes and develop the ideas
of the first book.

One of the central ideas of the theory is that ¢, is by sup-norm distance in a close

vicinity of the uniform quantile function defined as

un (@) = n'?(a — F(F; Y ))). (2.20)

n

The process (2.20) is in turn equivalent (in distribution) with the process generated by

sample Uy, ..., U,, the uniformly distributed variables on unite interval [0, 1], i.e.

iin (@) = n'?(a — Ujgnjn)- (2.21)

It is the celebrated Komlés-Major-Tunsnddy result, see e.g. Csorgé and Révész (1981),
Theorem 4.4.1., which opened the possibilities how to establish the strong approximation
of u,(a). The consequences proposed for the asymptotic behaviour of the empirical
quantile process, see Csorgd and Révész (1981), Theorem 4.5.5., were refined even more
in Csorgé and Horvath (1993).

Theorem 2.2.1. Assume following conditions. Let F' be a continuous distribution func-
tion F' and

(F.U.1) F is twice differentiable on (x4, x*), where x. and x* are given by (2.2).
(F.U.2) F'(z) = f(z) >0, x € (T4, 2")

(F.U.3) for some K., we have

oiggla(l —) () N

Then we have
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v | O(n72 (loglogn) 1), if Ky <1 022)
o O (n-1/2 (log log n)KH’ (logn)(lJra)(wal)) . if K, > 1 ’
for all e > 0.
Proof. See Csorgé and Horvéath (1993), Theorem 6.1.3., pp. 372-375. O

If we want to estimate the distance between w,, and g, only in probability (and that is
enough for the applications proposed in the next chapter), then we can get somewhat

better rates.

Theorem 2.2.2. Assume that it holds the conditions of of Theorem 2.2.1. Then for the

version of uniform quantile process defined as in (2.20) it holds

sup |gn (@) — up ()] = (QP(Tfl/2 loglogn) (2.23)
n-1¢-1 <a< nil
Proof. See Csorg6 and Horvath (1993), Theorem 6.1.5, pp. 377-378. O

The consequence of the Komlds-Major-Tusnddy construction states that for o € (0, 1)
the suitably standardized uniform quantile process is from the asymptotic point of view

near Brownian bridges. The relation holds also for the weighted uniform quantile process.

Theorem 2.2.3. Have any version of the uniform quantile process (cf. (2.20) and
(2.21)). Then we can define a sequence of Brownian bridges {B,(a), 0 < a <1} such
that

Sup. [un(@) — Bu(a)] = O(n~/2 logn) (2.24)
0<a<1
and
1 [un(a) — Bn(a)|
n2"" sup — = =0p(1 2.25
An<a<i—a/m (a(l—a))” Pl (2.25)
for all0 < v <1/2 and 0 < X < 0.
Proof. See Csorg6 and Horvath (1993), Theorem 4.2.1, pp. 195-202. O

In turn the weighted empirical quantile process can be approximated by Brownian bridges

as is clarified by the following theorem,
Theorem 2.2.4. Assume that F is a continuous distribution function which fulfills
(i) F is twice differentiable on (x.,z*),

(ii) F'(x) = f(z) > 0,z € (x4, 2%),
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(iii) for some K. > 0 it holds

FI(F (¢
s i1 - L <

Then for 0 < v < % we can define a sequence of Brownian bridges {B,(t),0 <t < 1}
such that

(2.26)

1 n - Bn O 1 B , =0
w1220 (Ua)l _ ) Op(logn) er v 1 (2.27)
mr<a< s (a1 —a)) Op(1), if 0<v<3
for all0 < v <1/2 and 0 < X < 0.
Proof. See Csorgé and Horvéth (1993), Theorem 4.2.1, pp. 195-202. O

The previous asymptotic approximations can be also used to obtain an analogy of the law
of iterated logarithm (LIL) for the empirical quantile process. This follows from Theorem

2.2.1 and the LIL established for the uniform quantile process.

Theorem 2.2.5. Assume that conditions of Theorem 2.2.1 hold with K, < 1. Then
there exists a C' > 0 such that

limsup sup  (a(l —a)log logn)_l/2 |f(F Y a)gn(a)| < C a.s. (2.28)

n—oo _1_ _n_
AT Sos g

Proof. Follows from Theorem 2.2.1 similarly as Theorem 5.3.1 of Csorg6 and Révész
(1981) follows from Theorem 4.5.6 ibid. See Csérg and Révész (1981), pp. 162. O

Note that the condition K, < 1 in the previous theorem can be relaxed at the cost of a
different rate of convegence in (2.28). However, it is a terminological question whether

such a relation could be called “the law of iterated logarithm”.

While regression quantiles can be seen as a generalization of the quantile idea suit-
able for linear moderl (2.1) a natural question arises, which of the interesting properties
introduced on the previous pages hold also for the process based on regression quan-
tiles instead of order statistics. We seek a generalization of the univariate (or location)
case, or in other words, an approximations getting as close as possible to the rates and
boundaries imposed on « € [0,1] in the univariate case. Actually, the boundaries for «
derived for the univariate case are the best, which are possible. This fact is clarified by
Mogul’skii theorem, see Csorgd and Révész (1981), pp. 159-160. Therefore, the rates
and boundaries on « in the multivariate case cannot be better.

A general theory of the regression quantile process requires an appropriate defini-
tion of the multivariate uniform quantile process. The analogies of the approximations

thus leads to a p-variate processes of independent Brownian bridges, which have been
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considered in Koenker and Machado (1999) and Koenker and Xiao (2002). The goal of
this thesis is more modest. We shall establish LIL for regression quantile process as
an analogy to (2.28). However, such theorem differs a lot from its univariate location
counterpart (2.2.5). The proof in i.i.d. univariate case can be based on the fact that for

any random variable X and its distribution function F' we have

D

!

X)2u,  U~up,1j (2.29)

Consequently Uy = F(X1),Us = F(X3),... are independent [0, 1] random variables and
the order statistics Xi., < ..
statistics Uy, = F(X1.n) < ... < Upip = F(Xpn) of the uniform-[0, 1] random sample

. < X,.,, of the random sample X1, ..., X, induce the order

Ui, ...,U,. Therefore, if one one has an approximation of the uniform quantile process,
the relation (2.29) leads to quite straightforward modifications for a general distribution.

This is not true in the more complicated case of regression quantiles, which are defined
as a solution of minimization (2.3). This definition is not easy to handle with and many
properties which hold for univariate order statistics hold for regression quantiles only
asymptotically. There is no direct correspondence between the regression quantiles and
the order statistics of the error. The information about the distribution of the errors (and
its tails) is mixed in regression quantiles with the information about the covariate matrix
X. In fact, the number of regression quantiles calculated from n observations of Y is not
n but it depends on the exact form of X. Usually the number of regression quantiles is
much less than n? if B(a) € RP; it is approximately Op(nlog(n)) if the matrix is random
and fulfills some reasonable assumptions, see Portnoy (1991).

A tool that can overcome this lack of correspondence as well as the implicit definition
of regression quantiles is the Bahadur representation. Well know for the empirical quan-
tile process, see Bahadur (1966), this representation can be established for regression
quantile process as well, for more possibilities of construction see Koenker (2005), pp.
122 and the literature cited therein. The basic idea is to establish a representation of the

regression quantile process by a sum of weighted random variables

172 (Bu(0) = Ble) = D7 S xiw (Vi - Fylalx) R (230)

where 1, is as in (2.4) and R,, is suitably small (i.e. R, = op(1)). The relation (2.30)
stands behind many useful approximations of regression quantile process established so
far.

Considering assumptions (F.A) and (X.N), c.f. (2.12), we introduce the following set

of assumptions on the distribution function F":
(F.B.1) F has a continuous density f, which is positive and finite on {t : 0 < F'(¢) < 1},

and the covariate matrix X:
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(X.B.1) z;; =1,i=1,...,n and the other columns of X,, are orthogonal to the first

one,

(XB.2) maxij<i<n HXZH = n1/2,
(X.B.3) D, = 1X X, — D, where D is a positive definite p x p matrix.

Under these assumptions the Bahadur representation of the regression quantile pro-

cesss holds uniformly on [¢,1 — ¢] for any ¢ € (0,1/2).

Theorem 2.2.6. Suppose that it holds conditions (F.B.1) and (X.B.1-3), then for em-
pirical regression quantile process qn(-) and any e € (0,1/2) holds

sup  (f(F~Ha))! an(a) — D;an(a)H =op(1) (2.31)

a€le,1—¢]

where By, («) is a vector of p independent Brownian bridges on (0,1).
Proof. See Gutenbrunner and Jureckova (1992), Theorem 1. O

Theorem 2.2.6 provide uniform asymptotic representation of the process q,. This
extension expands the potential scope of both estimation and inference methods based
on 3, (a) albeit at the cost of somewhat stronger conditions than (F.A) and (X.N), which
were sufficient to assure consistency of a single regression quantile. The result holds on
a compact subset [e,1 — ] of the unite interval.

Similarly as in the univariate approximations we shall strenghten the result by ex-
tending its validity to the edge of unit interval as much as possible. In the ideal case we
would get the approxination of the regression quantile process over whole unit interval
as in the univariate case. However, this goal has not been achieved so far. Nevertheless,
various analogies to Theorem 2.2.6 holding on [a,, 1 — av,], where «;, — 0 with a suitable
order have been already introduced in the literature.

The relation was studied by Gutenbrunner et al. (1993). They assume the following

set of assumptions on the distribution function of errors F":

(F.G.1) [F (o)< (al—a) " for 0<a<ap, 1—ay<a<l where0<a<i-—c¢,
e>0and c >0,

(F.G.2) 1/f(FYa) <cla(l—a))t 2 for0<a<apand 1 —ap < a <1, ¢>0.

(F.G.3) f(z) > 0 is absolutely continuous, bounded and monotonically decreasing as
x — x4, and ¢ — z*, where z, and z* are given by (2.2). Moreover the

derivative f’ is bounded almost everywhere.

(F.G.4)
|f' ()]
|f(2)]

Another set of assumptions is imposed on the sequence of covariate matrices X,,

< |z for |z| > K >0, c>0.
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(X.G.1) n= Y7 [Ixi]|* = O(1) as n — .

(X.G.2) maxj<i<, ||xi|| = O(n=a)=0)/0+48)) for some b > 0 and § > 0 such that
0<b—a<e/2(hence 0 <b< 1 —¢/2).

For the parameter b, which is related to a from (F.G.1-4) by (X.G.2), define

af =TT (2.32)

n

Following theorem establishes the uniform asymptotic representation of regression quan-

tiles on [ag,1 — af].

Theorem 2.2.7. Under the conditions (F.G.1-4), (X.B.1-2), and (X.G.1-2) it holds

n'/? () 7~
(Ol(lf(—FOé))(l/g) (IBn (04| Y,x) _ ﬁ(a))

=02 (a1 - )DL Y xaitha(Bia) +op(1)  (2:33)

uniformly in of, < a <1 —af, where B, = E; — F~(a). Consequently,

A B (el Y. - ()|

sup
af <a<ll—-aj

CIn(a>

el — a2 = Op(n~Y2C,)  (2.34)

sup
a;‘LSagl—a;‘L

Proof. See Gutenbrunner et al. (1993), Theorem 3.1. O

Though the preceding theorem is a big leap forward, its applications are strictly lim-
ited by its assumptions. While the conditions (F.G.1)-(F.G.4) are satisfied by some
common distributions, e.g. by the normal, logistic, double exponential and even ¢ dis-
tributions with 5, or more, degrees of freedom, a lot of distributions is excluded. For
example, the heavy tailed distributions with v > 1/4 and even the uniform distribution
on [0,1] do not fulfill these conditions. Moreover, by the definition of o} in (2.32) we
cannot get to the edge of the unit interval with a better rate than O(n=1/2), c.f. with
the rate (n 4+ 1)~! in Theorem 2.2.1, and the rate of ,, depends on the heaviness of the
tails of F' (by condition (F.G.1)).

These constraints was partly overcome by Jureckova (1999). She extended the The-

orem 2.2.7 to a broader class of distributions covered by the conditions

(F.J.1) F is absolutely continuous with absolutely continuous, positive and bounded

density f(x). Derivatives f’, f” of f are bounded almost everywhere in = € R.
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(F.J.2) f is monotonically decreasing to 0 as x — —oc and z — +00,

—alog F(x) —alog(l — F(x))

li — =1 li =1 2.35
zanzloo log |33| ’ ZLH;O log x ’ ( )
for some a (the same in each tail), 0 < a < 0.
For some fixed b satisfying 0 < a + ¢ < b < 2a+ J for some ¢ > 0, «, given by
of =~ H/(AF20) (2.36)

and a set of design matrix conditions equivalent with (X.G.1)—(X.G.4). She concluded
that under these conditions (2.34) and (2.33) hold uniformly on [o, 1 — ] for o given
by (2.36), c.f. Theorem 2.1 in Jureckova (1999).

The conditions (F.J.1) and (F.J.2) are more natural than (F.G.1)—(F.G.4) as they are
equivalent with von Mises conditions for the distributions from Fréchet domain of attrac-
tion, c.f. Theorem 1.2.4. Nevertheless, the conditions proposed by Jureckova (1999) do
not admit some heavy-tailed distributions with light tails, as the t-distribution with less
than 5 degrees of freedom due to the conditions on covariate matrix (X.G.1)—(X.G.4);
Jureckovd (1999) recommends to use Theorem 2.2.7 in such a case. What is worse,
through the assumptions and the definition of (2.36) follows that heavier tails of the dis-
tribution means the more restricted interval [a;,1 — a] similarly as in Theorem 2.2.7.

In the following section we shall overcome these boundaries by introducing an im-
proved version of the Bahadur representation approximation of regression quantile pro-
cess based on the previous results of Gutenbrunner et al. (1993) and Jureckova (1999).
This result hold under assumption that von Mises type of condition is fulfilled for
v > —1/2. Our result not only covers broader class of distribution functions but also
extends the boundaries [a, 1 — ;] closer to the edge of the unit interval with the rate of
Qn, which does not depend on the heaviness of the tails of F. From the point of assump-
tions on the distribution functions this is a generalization of the Gutenbrunner et al.
(1993) and Jureckovd (1999) results and it enables to establish LIL representation more
suitable for EVT applications.

2.3 Extending approximations of r.q. process

Consider again the linear model (2.1) with i.i.d. errors Ey,..., E, with a common dis-

tribution function F. We shall assume that F' fulfills the following conditions

(F.1) F is absolutely continuous with positive density f on (z.,z*). There exists f’,

the derivative of density f.
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(F.2) There exists some 0 < K, < oo such that

wiﬁﬁm@u_F@W%gigKy (2.37)
(F.3) There exists limits
A=Fe)f@ .
I S =1 (2.38)
and
_F@)f'(z)
iigw— 1 — 7. (2.39)

for some ~,,v* € R.
(F.4) It holds that v := min {7,,v*} > —1/2.
Another set of regularity conditions will be imposed on the design matrix X:
(X1) zp=1, i=1,...,n

(X.2) lim, 40, D,, = D, where D,, = n !X X,, and D is a positive definite (p x p)

matrix.
(X.3) n ' x|t = O(1) as n — 0.
(X.4) max;<;<, |[xi]| = O(n?) as n — oo for some A < 1/6

Assumptions on F' coincide with the concept of regular variation in tails, which is
tied with the domain of attraction condition introduced in section 1.2. The concept has
its meaning also in other fields of statistics. Particularly, the term inside (2.37) plays
an important role in non-parametric and robust statistical analysis. Héjek et al. (1999)
(among others) introduced the score function J, which is defined as

(-1
a0 = - L= = @), (2.40)

Thus, the condition (F.2) can be rewritten as

|/ (o)
021;1;1(04(1 - a))w < K,. (2.41)

Parzen (1979) studied the relation of the score function to the tails of the distribution.
He provides an asymptotic theory based on the behaviour of the density quantile function
f(F~1(a)) for @ — 1 and establishes the domains of attraction we know from EVT (with
a different parametrization) based on J(«).

Actually, the conditions (F.1)—(F.4) imply the domain of attraction condition for some

v > —1/2 for both tails of F. The properties of the distribution inside the interval (x.,, z*)
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are controlled by relation (2.37), which together with (F.1) implies the finite second
derivatives of F'. If the density function f of F' is bounded, positive and differentiable
inside (x4, x*), the conditions are (F.1)—(F.4) are fulfilled if F' satisfies the domain of
attraction conditions for both of its tails with tail indices greater than —1/2. Note that
the boundary v > —1/2 is important also in other applications of EVT, c.f. with the
role of normalizing weights in the tail approximations of Drees (1998b) for v < —1/2 and
v > —1/2 or the properties of ML-estimator in Zhou (2010) as referred on page 21.

If the distribution have a density, then its regularly varying tails are reflected in
the properties of the density function f(z) and its derivative f’(z) as is shown by the

following Lemma.

Lemma 2.3.1. Suppose that F(z) have a density f(x) which is positive on some left
neighbourhood of x*. Moreover assume that F(x) fulfills von Mises condition (1.8) for
its upper tail with some v € R. Moreover suppose that also f'(x), the derivative of f(x),
exists. Then it holds

(i) If x* = oo then lim;_, f(t) = 0.
(i) If v > 0 (and thus x* = oo and lim;_,o f(t) = 0) then lim;_,o f'(t) =0
(iii) If v < 0 then x* < 0o and there exists limy_,,+ f(t) = K € [0, +00]

Proof. (i) Suppose z* = co. As f(t) is positive on some left neighbourhood of +oo due
to the finiteness of distribution function and its relation to density as ffoo f(t)dt it holds

(i1) As for v > 0 holds simplified version of von Mises condition (1.9) also

p 1=FO) 1Pt ot

—  _ = 1 _— =
NN ORI O RO RRE S0
one gets by the general form of von Mises condition (1.8) that lim; . f/(¢t) = 0.

(#3) Suppose that v < 0. Then by (1.8) holds

lim L= F()

e @ —nf T

Moreover as F'(t) is monotone on some left neighbourhood of * it exists lim;_, ;- 1;71?_(:) =
K € [0,+00]. If K = oo then lim; o f(t) =0as 0 < —y < 00. If 0 < K < 0o then must
be lim; o f(t) = —7/K and finally if K = 0 then lim; o, f(t) = oco.

O

Similarly as in one sample i.i.d.case (see Csorgd and Révész (1981), pp. 143-155
and Csorg6 and Horvath (1993), pp. 369-375) we can hope in an asymptotic theory of
regression quantile process only if we can “regulate” the ratio f(F~!(«))/f(F~ (a+¢))

with some suitably small £ > 0. To accomplish this task we will use the following lemma.
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Lemma 2.3.2. Under conditions (F.1) and (F.2) we have

f(FMar) _ (aaVaz 1-(a1Aas) KW’ (2.42)
f(F1(az)) “ \arAaz 1— (a1 Va)
for every pair a1, as € (0,1).
Proof. Lemma 4.5.2. in Csorgd and Révész (1981). O
Denote
(a1 —a))'/?
o= T 9.43
7= FE ) (249)
and set
o =7 156> 6A. (2.44)

Before stating our main result we shall consider a crucial approximation of the function
minimized in (2.3) by a quadratic function of t. The approximation holds uniformly in

an appropriate neighbourhood of 8 for a € [}, 1 — o).

Lemma 2.3.3. Assume that the distribution function F(x) fulfills conditions (F.1)-(F.4)
and for the design matriz X holds (X.1)-(X.4). Have o, defined as in (2.44). Fort € RP
and « € (0,1), denote

n

ra(t,a) = (a(l —a))" Y261 Z [pa (Em — nil/zaaxjt) — p(,(Em)}

i=1
n
1
+n 2 (a1 —a)) V2T Y xitha(Bia) — 5t Dnt (245)
i=1

with

Yo(2) :=a—1I[z < 0], z € R (2.46)

Eio == E; — F7}(a), i=1,...,n, 0<a<l. (2.47)

Then

sup {[ra(t, @) s o} < a < 1—aj, 6] < Cu} = Op (n~ 1330 (log(n))?) . (248)

where C,, = C(loglogn)/?, 0 < C < .



2.3. EXTENDING APPROXIMATIONS OF R.Q. PROCESS o1

Proof. For a fixed t € RP denote

Eita = Ei = 71_1/2:7ax;-rt7 1=1,...,n. (2.49)

By (X.4) it holds that max; <<, |e;05'| = O(n~212C,,). Denote, for i =1,...,n,

Qi(tva) =Q; = (Oz(l - O‘))il/Qo';l [Pa(Eia - 51’) - pa(Eia) + o (Eia)] (2'50)

with ¢, as in (2.46) and E;, as in (2.47). Then we obtain by simple arithmetic that

Qi = (a(1—0a) o {(Bia — &) (Ya(Bia — &) — ¢a(Fia))}
_ W {(Bia — e)1e; < Eiq < 0]+ (e; — Eia) 1[0 < By <]} (2.51)

By (2.49), (2.50), and (2.51), for ¢; > 0

F~Ya)+e;
(a(l - ) 20,BQ; = /F ) AR
F (a)+te;
- / (F Y a)+e —z) f(F (o) da (2.52)
F=1(a)

F~ (a)+e;
+ / (F7H @) + e —x) (f(2) = [ (F7H(a)) da.

F1(a)
For the first term on the right side of (2.52) it holds that

Fﬁl(a)"rfi 82
f(F ) /F—l(a) (FYa)+e —z)de=f(F (o) 51 (2.53)

Using the mean value theorem we can approximate the second term of (2.52) as

/0 Cei—0) (F (FY@) +u) — £ (P (@) du

< / (uei — u?) sup 17(0)|du
0 F-1(a)<0<F~1(a)+u
< /I<uei—u2> sip | FFEE)] du
0 aZE<F(F~Ya)+ei)
3
€ 1 p—
e s |fFE)]. (2.54)

6 a<e<P(F-1(a)+e:)

We shall prove that for some C, < oo

FE @) acecriPiayrey T & EN= (2.55)
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It holds that

(a1 ) N _
FE @) acecriiB ey I E O

EA—QIf"(FH(E))]

S e ey GEQR
y I G))
(f(F~H)))? a<E<F(F~1(a)4e;) §(1-¢)
Ky (a(l-a) “ (f(F~1(€))?
T FE @) aceeriiPiiey €00 (2.56)
Moreover

d (F(2)(1 - F(x))?
da 7(@)

Thus for v > —1/2

— (P~ F@) ™ (5~ Flo) -

1
=-+7>0

lim
2

T—00

<1 py Pl = F(x))f’(x))
f2(x)
and there exists some 7* such that for all € [7*,1) the function (f(F~1(-)))?/(-(1—"))
is decreasing and the supremum in (2.56) is attained at «. Hence on [7*,1) from (2.56)
follows that also (2.55) with C, = K.
On the other hand for any 0 < 7 < 7* and « € [7,7*) we get by Lemma 2.3.2 that

sup a(l —a)(f(F1(E))”
a<E<F(F~1(a)4e;) E1=O(f(F1(a)))?

a(l—a)- (6(1—a))2Kr
= assggr* E(1—&) - (a(l —¢&))2Ey

su L 2K =1(1 L o)2K4+1
L I 257
infacecrs @1 (1 = )2t
12K, —1(] _ ;)2K,+1
< ) (1-7) — K (2.58)

T2Ey—T(] = 7)2K, 1

for some K < oo and (2.55) follows with C,, = K - K.

Therefore also the relation (2.55) holds for v > —1/2 for all « on [7,1) for any 0 < 7 <
1/2. Similarly we get that (2.55) also for the left tail under assumption that v, > —1/2.
Combining (2.54) with (2.55) yields that for some n > ng

< %n‘3/2(a(1 —a)) Vx (2.59)

2
£”
EQZ — g2t
’ O 5
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And by (F.4) combined with the definition of « in (2.44) we arrive to

_92¢&;
EQ: —Ja251

‘ : _ Op(nflJrBAfé/Qc?)).

Moreover from (2.60) follows

n

Z |:EQi - 52?0;2}

i=1

C,y’/l_l/Q

and finally by (X.3) also

= Op(Con~'?(a}))™'?)

n 2
> [Bai- So?
i=1

= Op(C3n=%%) = 0p(1).

In the following we shall first prove that

|

for any ¢ > 0 and n > ng, where

n

> (Qi —EQi)

i=1

> CBn} <2p ¢/

B, = n-10+303 (logn)*/?

Actually, by the third Bernstein inequality (see e.g. (2.13) in Hoeffding (1963)),

P{Z(Qi —EQ:)) > nt} < eXp{_Tz(lil/\)} ,

i=1
for t < b, provided Q; — EQ; <b,i=1,...,n, where

nt bt 1 <
= — A = — 2 = — Q-
T , o - E var @@

b o2’
i=1

By (2.49) and (2.51), as n — o0
Qi < n7%+ACn

and by (2.60)

EQ: < n'P22C2(1+n5tAC,)
= n'PPACR(1+0(1)),

By (2.51) it is Q; — EQ; < Q;, thus one can set

b:=0b, = n75/2+ACn forn > ng

17L -
< = T3, —
S WL iy

93

(2.60)

(2.61)

(2.62)

(2.63)

(2.64)

(2.65)

(2.66)

(2.67)

(2.68)

(2.69)
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By simple aritmetic

varQ; < EQ? < (a(1 — o) "Y20 e EQ;
thus by (2.49) and (2.68)
3
02 <npTITEBAC3 (1 4 0(1)) < in_1_5/2+3AC,3L forn > ng (2.70)

Put nt,, = (B, that is, t = t,, = Cn’l’%HA/ZCg/?(logn)l/Q. Then ¢, < b, and using
A = bpt,/0? one gets by (2.65)

A

o

o]
o

P{Z(QZ— - EQ) > CBn}

oty 1}
2 bntn
i—1 2 or+

{ (2n1=8/2+35 3 (log ) }

S exp 3 S 35,50 3 1
2(3n~1+2T3AC3 4 %n’PZHTCﬁ (logn)2
¢*(logn)
- o 2, —8_8 3 1/2
3+ Fn"i 20, *(logn)/
—(2]
: e"p{gfgn}‘“”‘% (2.71)

for n > ng. Because @); are non-negative random variables, we obtain analogous inequal-
ity for P(3_1,(Qi — EQ;) < —(B,) < n=¢"/4 and thus we arrive at (2.63). As

> Qi —EQi)

i=1

+ (2.72)

TG

> (EQi — f(F(a))

i=1

3

and B, = n~ 193802 (log,)/? > C3n~%/2 for some n > ng, we finally get that regard-
ing (2.49), (2.62), and (2.63) it holds

P{|ra(t, )| > (C+1)B,} < 207/, (2.73)
for n > ng, any ¢ > 0, and B,, given as (2.64).

Let us now choose intervals [a,, a, 1] of length n=> covering [a,1 — o] and balls
of radius n=° covering {t: ||t|| < Cy}. Let (a1, a2) C (a,,,41) and let ty, to lie in the
same ball. We shall prove that for some 0 < K < oo and n > ng

|Gy /00y — 1] < Kn_5(oz:‘1)_1 (2.74)

Let a := ;. Then, there exists £ € [—1, 1] such that as = a1 + &n~°. By Lemma 2.3.2

we get
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(a1(1 — o)) 2 f(F~ (a2))

Jor 1 = —1
Tay (a2(1 — a2))/2f(F~*(a1))
0[27 (]_70[1)Kw+1/2
aKw_l/Q(]_ _ az)K.YJrl/Z _ aéﬂ—l/Q(l _ al)Kn,Jrl/Z

= 1 2.75
af”_l/Q(l — ) Kat1/2 ( )

and comparing with n=> by L’Hospital’s rule yields

-~ OzK“/_l/Q(l —a— fn_5)K7+1/2 _ (a 4 §n_5)K‘Y_1/2(1 _ Oé)K'7+1/2
"0 n=5(a + gn—s)KW—l/Q(l _ a)Kw+1/2

5K, 4+ D) i (1—a - £)K s

5

= lim
oo | Sa+ )T (L - )t s 4 S BE(K — ) (ot )R (1 - a) ot

. 2~ ot ) H1 o)
o (o 55) T2 (1= )T s 4 e hE(KG = )+ 55) 3 (1= a) ot

E((Ky —1/2)af73/2(1 — a)Krt1/2 — (K, 4+ 1/2)(a(1 — a))Kr—1/2)
aF12(1 — )Kr 172

= E(Ky—1/2)a™ ' + (K, +1/2)(1—a)™). (2.76)

Hence it holds that

|
=
A

n™? sup[E((Ky —1/2)a7 4 (K +1/2)(1 - )7

af <all—a,*

O (n°(ap)™")

thus (2.74) holds.

Moreover, for (a1, as) C (v, a,4+1) also holds

FIEHan)|[F~ (o) = F o) <m0 (2.77)

as by mean value theorem and again Lemma 4.5.2. in Csorgd and Révész (1981) there

exist some 717 > 0 such that

) - Pl . N f(F~(a1))
o) = P a)l < en 2|§E(Sa11,)a2) F(F=1(E))
5 (foﬁfl)(l—ﬁ/\C‘él)T(7
=" &iﬁm[@Aanusvm
< b |:Sup£E(a1,az)(€\/a1)(1 —f/\al)]Kv
o inf&e(al,ﬂtz)(f A 041)(1 - E \ OZ)

al-=-

0[1(1 — CVQ)
< (14n)n 5.
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For fixed i, 1 < i < n, write

|Qi(t2, a2) — Qi(t1, a1)| < [Qi(t2, a2) — Qit1, az)| + [Qi(t1, a2) — Qi(ty, 1) (2.78)

and consider the terms on the right-hand side separetely. By (2.78), (2.49),

Qi(t2, a2) — Qi(t1,a2)] < (aa(l—a2)) 20,  eiants — Cinst |

< TP (as(l = ag) TP (ts — )]
= O(n=°7%/2+4) (2.79)
For the corresponding centring term o> Ez“ we obtain the bound

1

_ 1 _
3 Ehas — £hun) 02| = |37 (Tt = (T 1))
Lo _yo7 T
= |gnT (kg (b —t2)) - (3 (b1 +82))
< ’n_6+AnAC’n‘ = 0(n~*2A0,) (2.80)

Consider the second term on the right-hand side of (2.78), which we denote Q* for the

sake of brevity. We should distinguish two case:

1. If Ciagty < Eia2 < 0 and Ciont; < Eial <0 (01" 0< Eia2 < Eiasty and 0 < Eia1 <

Eiarty)
Q" = la2(1—a2) 20, Eiay — (a1(1 = a1)) 20, Eia, )|
< (@) V2 (l(0n, = 020) Bias| + 105, (Bia, — Fiay)))
< (an) V(o0 = ool - leiaats| + log | [F 7 ar) — F~H(az)))
< (an) V20T = (00, /0a,)| - ] b+ (@ (L — 1) 72070
_ O(Cnn_5‘5+A(oz7*L)_3/2) _ o(n_5'2(a;;)_3/2) (2.81)

by (2.74), (2.77), and (X.3).

2. If €01ty < Eia, <0and 0 < Ejn, < Cianty (OF Eianty; < Fia, < 0 and 0 < Fig, ¢, <
€m1t1)
0ot (Bias — €iasty) oo (€iarty — Biay)
(aa(l — ag))l/? (a1(1 —aq))l/?
< (0‘:)71/2 (U;rzl‘gialtl — Ciagty | + U;}‘gialtl — Cianty D
= (03) 72 (02 ] (1= 0 [0 + 1= 00y /00, ))
= O(Cun *""2(aj)™1?) = o(n~**(a;)~1/?) (2.82)

n

Q7|
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Finally notice that as the both centring terms are independent on « it holds in both
cases

L 9o —2_2

§|aa2 €iants ~ Taur Eiayty | = 0. (2.83)
Let us fix one set S, in the decomposition of the set [, 1 — o] x {t,||t|| < C,}; the
number of such sets is at most (2C,,)Pn®®+1). As o > n~?, it follows from (2.78), (2.79),
(2.80) (2.81), (2.82), and (2.83) that

sup |ry (b2, @) — o (b1, 00)| < Kin™ ', (2.84)

v

where 0 < K; < 0o. As n™! < B,, for some n > ng by (2.73) it holds

P {sup |rn(t, )] > (¢ + 2)Bn} <on=</4 (2.85)
Sy
and finally
P{ sup |7 (£, @) > (<+z)} < Zp{sup|rn(t,a) > (C+2)Bn}
[t <Ch o, <a<l—ar ) S,
< pHlepRrtl) =Gl — (1)

for (2 > 20(p + 1); and this entails

sup {[rn(t, @) : [[t] < Cp, 0 <@ <1 —ap}

Op(Bn

Bl —

5+%AC

Sl
[N

(log,,)?)

as n — 0o.
O
Theorem 2.3.1. Assume that the distribution function F(x) of errors in model (2.1)

fulfills conditions (F.1)-(F.4) and for the design matriz X it holds (X.1)-(X.4). Then
for af as in (2.44) holds

a2 [P B Y0 -] -
Qn ()
izt = = Ortlosiosn) (250

and

n'2f(F (@)

W (Bn (o] Y,x) — ﬁ(@)

= n"%(a(1 - a))"V/?D;! zn: Xnitha(Bia) +op(1)  (2.87)

=1
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ns where B(Oé) = (61 +F_1(a)7627"'7ﬁp) za - E -
F~Y(a) and C,, = C(loglogn)'/?, 0 < C < cc.

uniformly in o, < a <1— o

Proof. T 8,,(a)) minimizes (2.3) then

To =120, (B,(a) - B(a)) (2.88)

minimizes the convex function

Ghna (t) = (1 - a))_1/20;1 zn: [pa(Eia - n_l/zaax;-rt) - pa(Eia)} (2.89)

i=1

with respect to t € R%. By Lemma 2.3.3 for any fixed C' > 0

min Gpa(t) = min { —t'Z,, + tTD t}—|—0 1 2.90
Itll<c ®) |t|<0{ 2 o(1) (2.90)

uniformly in o) < a <1 — «,, where
Zno =n" (a1 = )72 xitha(Eia). (2.91)
We would like to examine the second minimization problem in (2.90). Denote its solution

as

1
Ung = i —t no ~t! n . .
argtrrelﬁnp{ t Zpo + 2t D t} (2.92)

Have t = u+ D, 'Z,,, for any u € RP, then

1
- tTZna + itTDnt = _(u + Drzlzna)—rzna +
1 _ _
5(“ + D, 1Zna)TDn(u + Dnlzna)
1
- 7§ZZQD;L1ZW + 5uTDnu. (2.93)
D,, is positive definite matrix and hence %uTDnu > 0. It follows that U, = D,;'Z,,
and
min § —t' Zq + tTD t Z,TMD;lzm. (2.94)
teRP 2 2

It will be necessary to provide a probabilistic bound for sup {Ujq, 0 < a <1 —ak}. As
D,, — D, this can be accomplished by a bound for B := sup {Zpa, o <a <1-—a}.
Rewriting (2.91) yields

n-1/2
Do = i le —a)(Iipgy<a) — @) + allip)<i-a — (1 — @),
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and the invariance theorem of Shorack (1991) can be applied on process Z,,. By con-
ditions (X.3) and (X.4) for any « > n~!, equation (1.10) or (1.11) of Shorack (1991)
implies that

B<O,(1)+c¢  sup (a(l—a) Y2W(s) (2.95)

a3 <a<l-a
for some constant ¢ where W (s) is a Brownian Bridge. The supremum in (2.95) is
bounded by c(loglogn)'/? + Op(1) using the law of iterated logarithm (see, for example
Shorack and Wellner (1986), pp. 599). Thus Z,, = Op((loglogn)'/?) uniformly on
o) <o < 1—a and consequently U, = Op ((loglogn)'/?).

Using (2.94) we can rewrite the minimization (2.92) as

1
_tTZna + itTDnt = [(t - Una)TDn(t - Una) - U:L—OLDHU’HOL:I (296)

N

and hence by rewriting (2.45) in the same fashion we come to

=

sup |rp(t, )| =
(a,t)€S
LR T _ _uT _
sup |Gpa(t) 2[(t Una) 'Dy(t — Upa) = U, Do Una]| = 0p(1) (2.97)
(a,t)eS

for any set S of couples («,t) fulfilling the assumptions of Lemma 2.3.3. Finally as we
have U,,, = Op ((log log n)l/Z), inserting t = U,,,, in (2.97) we further obtain

1
sup { Grna(Upa) + fU;LraDnUna } =op(1). (2.98)
af <a<l—aj 2
Using the previous, we shall show that
sup  {|Tna — Unal} = op(1). (2.99)

it A
ap<a<i-ag

Have any ¢ > 0. Consider the ball B,,, with center U, and radius o. Then, for t € B,,,,

16l < 1t = Unall + [Unall < o+ Ki(loglogn)*/?
for some K; with probability exceeding 1 — € for n > ng. Hence, again by Lemma 2.3.3,

Apo = sup sup |r,(t, a)| 250 (2.100)

arx<a<l—ar t€EBpa n—00
Accordingly by (2.97) and (2.98) and by the fact that both terms on left side of (2.97)
and (2.98) are positive (this is due to the fact that D,, is positive definite matrix).

(6= Upa) ' Dyt = Upa) = U . DrUna] < Gralt) + Apa, (2.101)

N =

1
- §U,TWDTLUW

Y

Gna(Una) — Ana (2.102)
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Consider the behaviour of G, outside B,,,. Suppose t, = Upo+k&, k > o and ||£]| = 1.
Let t}, be the boundary point of B, that lies on the line from U,, to t,, ie., t}, =
U,o + 0€. Then as it holds € = t,/k — Uy /k, it follows t% = (1 — (0/k))Upa + (0/k)te
and hence, by the convexity of Gpa(+)

0/kGna(t) + (1 = 0/k)Gna(Una) = Gral(ty). (2.103)
Moreover using (2.101) and (2.102) we get that

1
Gna(tZ) Z 5 [(tz - Una)TDn(tZ - Una) - UnaDnUna] - Ana
1
> 5(t5 = Una) "Dn(t;, = Una) + Gna(Una) = 28na
1
= §Q2>\O + Gna(Una) - 2Ana~ (2104)

where Ag > 0 is the minimal eigenvalue of D. Hence

Gro(t) > Cro(Una) + (k/g)(%gf)\o C AL, (2.105)

inf
[t=Unall>e
As 1/20%)\¢ is positive and A, nﬁo 0, the last term in (2.105) is positive with the
probability tending to one uniformly in o < o <1 -« for any fixed ¢ > 0. Therefore
we have shown, that given any o > 0 and ¢ > 0, there exists ng and n > 0 such that for

nznOa

P ( inf [It—ériillzé Gra(t) — Gna(Una)] > 77) >1—¢ (2.106)

ag<a<l-as
As G (t) is positive function for t € RP due to (2.106) G, must be minimized inside
the ball of radius ¢ > 0 with a probability tending to one. Thus for any fixed o > 0
P (SUPa;gaglfa;
Finally, equation (2.86) follows from invariance theorem of Shorack (1991) as noted in
lines after (2.91).

Tha — Upnall < Q) — 1 as n — oo, which is equivalent to (2.87).

O

As we see in the proof of (2.3.3), the “censoring” parameter § depends on the max-
imum of the components of the covariance matrix X. If we assume somewhat stronger
conditions instead of (X.4), we can obtain wider bounds. The previous statements holds

even if the assumtions holds only almost surely. Suppose the following assumptions
(X.5) 1Y Ixnill* = O(1) as n — o0
(X.6) maxi<i<y |Xni]| = O(CA) as n — oo for some A > 0.

and in accordance with (X.6) set

af =22 550 (2.107)
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Lemma 2.3.4. Assume that the distribution function F(x) of the errors in model (2.1)
fulfills the conditions (F.1)-(F.4) and for the design matriz X it holds (X.1)-(X.2) and
(X.5)-(X.6). Then for o asin (2.107),t € R? and o € (0,1), and r,(t,a) as in (2.45)
1t holds

sup {|ra(t, )| s 0 <a <1—ak, |[t] < Cp} = Op ((1ogn)1*5/4c§) . (2.108)

Proof. Have again ¢; and Q;(t, ) as in (2.49) and (2.50). As in the proof of Lemma
2.3.3 we get

2
_2¢&;
‘EQia(le

< %n*i”/?a(l —a)) V2 x P (2.109)

and thus also

n 52 1 i C n’1/2
EQ;, — Z2o2|| < = TP — 2.11

Z[ Qi =50 ] < G2t 6(a(l — a))i/2 (2:110)

=1 =1
From (X.6) and (2.107) it follows

2 5
’EQZ- - 0522” = Op(n~'(logn) "1 ~5C3¥3A) (2.111)
and from (X.5) and (2.107)
- 52 5
> [EQZ- - 21%2] = Op(C3(logn)~'"2) =o0p(1) (2.112)
i=1

Similarly as in the proof of Lemma 2.3.3 we will use Bernstein inequality to prove

P{ S Q- EQ)| > cBn} <o ¢/ (2.113)
i=1
for any ¢ > 0, and n > ng, where
B,, = (logn)~%/4C3/2438/2 — o(1). (2.114)
By (2.49) and (2.50) and (X.6)
Qi —EQ; < Q; < C %(logn) ™1 7%% = b, (2.115)

and by (2.111) it holds almost surely
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EQz < nil(log n)7175/202+3A + n71072L+2A
122 (14 (logn) 1 ECptA)
n~1CH2A (14 0(1)). (2.116)

Hence as

var@Q; < (a1l — a))_1/20;1|5¢\EQ1-

we get by (2.116) that for o2 defined in (2.66) and for n > ng holds

o2 <n Ylogn) 120338 (1 4 0(1)) <

| W

n~Y(logn)1TY/2C3+34, (2.117)

Put nt,, = (B, that is t = t,, = (n"*(log n)—5/402/2+3A/2. Then t,, < b, and it yields
for n > ng by (2.65)

NE

nt% 1
P (@i —EQi) 2 (Bnp = expq =% — 5
— o+ Ty

< e { ¢n~!(logn) =5 C3+3A (log n) }

< exp{ — 5
2(%71—1(1ogn)*1*%C';°;+SA + %n—l(logn)”*%‘SCﬁJ@A

_ (*(logn)

R P B LY s,
3+ 30y (logn)~x
—(2]

< exp{gzl()gn}:ne/‘l. (2.118)

Again as (); are non-negative random variables, we obtain analogous inequality for
PYl,(Qi —EQ;) < —(B,) < n=¢*/4 and we arrive at (2.113). By (2.72) and the
fact that B, = (logn)!=0/4C? > C3(logn)"3~% we get from (2.49), (2.112), and
(2.113)

P{Jra(t, )| > (¢ +1)B,} < 207/ (2.119)

for n > ng, any ¢ > 0, and B, given by (2.114).
As it holds that o, > n~% we finally get (2.108) by (2.78), (2.79), (2.80) (2.81), (2.82),
and (2.83) using chaining arguments as in the proof of Lemma 2.3.3 after (2.73). O

Theorem 2.3.2. Assume that the distribution function F(x) fulfills conditions (F.1)-
(F.4) and for the design matriz X it holds (X.1)-(X.2) and (X.5)-(X.6). Then for any
d>4 and o € [af,,1 —al] it holds



2.3. EXTENDING APPROXIMATIONS OF R.Q. PROCESS 63

n!2f(F~ (@)

W (,@n (o] Y,x) — ﬂ(a))

=n"Y2(a(1 - a))"V/?D;! ani¢a(Eia) +op(1)

i=1
and
-1
e TEH(Q)) 5y ) - -
aiézlgifa; " ((1 — a))t/2 (B, (] Y,x) — B(a))
an (o)
‘ e Op(log]

a:,ézlg—a; (a(l —a))l/2 p(loglogn),

where af = M'

Proof. Tt follows from the same convex arguments as in the proof of Theorem 2.3.1. [

A few notes should be made to the assumptions of Theorems 2.3.1 and 2.3.2 and the as-
sumptions of the other approximations of the regression quantiles process established
so far. Comparing (X.G.1)-(X.G.2) with (X.3)—(X.4) it yields that Theorem 3.1 of
Gutenbrunner et al. (1993) is stronger in the sense that it admits more design matri-
ces than our Theorem 2.3.1. On the contrary, our conditions (F.1-3) allow more general
distribution functions than (F.G.1)-(F.G.4). Same conclusions hold also for the approx-
imation theorem provided by Jureckovd (1999) as the assumptions on design matrix are
the same as in Gutenbrunner et al. (1993).

However, the situation in this case is not clear. Mainly, Lemma 2.2 of Jureckova
(1999) is not an analogy of Lemma 3.1 of Gutenbrunner et al. (1993) (and our Lemma
2.3.3), as the sum of losses Q; is not weighted by (a(1—a))~1/2. A careful observation of
the proof of Theorem 3.1. in Gutenbrunner et al. (1993) (similar as the convex arguments
in the proof of our Theorem 2.3.1) reveals that Theorem 2.1. of Jureckovd (1999) do not
follow from the convex arguments and Lemma 2.2 stated therein. Precisely, an equivalent
of Gpa(th) used by Jureckovd (1999) would not be bounded away from zero in (2.105)
and (2.105) due to the different weights. It is therefore questionable whether Theorem
2.1. of Jureckovd (1999) really holds in the form given in the article. Moreover, the proof
of Lemma 2.2. of Jureckova (1999) is not clear at some points, cf. the transition between
(A.7) and (A.8) ibidem. Lemma 2.3.3 in this thesis can be thus seen as a correction of the
assertions of Jureckova (1999). Different weights enable a relaxation of the assumptions
on the distribution function and also a considerable extension of the interval where the

relation (2.87) holds. This is at the cost of more strict conditions on the design matrix X.

Theorems 2.3.1 and 2.3.2 in fact enable an approximation to Brownian bridges as well.
This is a consequence of Theorem 2.1. of Shorack (1979) as have been already mentioned

in Gutenbrunner and Jureckova (1992).
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Lemma 2.3.5. Suppose that it holds
(X.8.1) n= 37" [Ixi]|2 = O(1) as n — oo.
(XS2) maxj<i<n ||Xl|| = O(’I’Ll/Q)

(X.8.3) lim,, o D, = D, where D,, = n~'X X,, and D is a positive definite (p X p)

matriz.

Then for the sequence

Zn(a) ==n""2(a(l —a))"1/? me-wa(Em)

holds

D, 'Z,(a) » D7'B,(a), on D[0,1]?, (2.120)
with By, being the vector of p independent Brownian bridges.

Proof. See Shorack (1979), Theorem 2.1. O

Note that the conditions (X.S.1)—(X.S.3) follows from the already stronger assump-
tions (X.1)—(X.4). By Lemma 2.3.5 and Theorem 2.3.1 (or Theorem 2.3.2) we thus have
that the regression quantile process is with n — oo near to a p-dimensional Brownian

bridge uniformly in [, 1 — o]

While we are not able to establish the Bahadur representation of regression quantiles
for a € [1 —af,1 —1/n] (or [a},1]), we can at least establish a boundary for process

%' q,, where

1
x=-3 x, 2.121
X TLZX ( )

Note that the first component T; of X is equal to one, as for the first component of
x; holds z;7 = 1, 1 <4 < n. The process %" q,(a) is monotone for a € [0,1] which
enables to provide a bound for X'q, () using relation X' q, (o) < X' qy(1), where

qn(1) = nd/2f (FH(1 = 1/n) (B, (1) = (1))

Theorem 2.3.3. Suppose that the distribution of errors in model (2.1) fulfills the as-
sumptions of Theorem 2.3.2, i.e. (F.1)-(F.4), (X.1)-(X.2), and (X.5)-(X.6). Moreover
suppose that for v in (F.4) it holds that v > 0 and maxi<;<p ||Xni|| = O(1). Then for
ok as in (2.107) follows

~

nd2f (F~1 (a)) X" (ﬂn(a) - ﬂ(a))‘

sup ’i—rqn(a)‘ = sup
1—a;‘l§o¢§"T_l 1—&;’§a§%

= O0p(n2(1ogn) @Oy — 55 (1)  (2.122)



2.3. EXTENDING APPROXIMATIONS OF R.Q. PROCESS 65

and

sup ’ian(a)‘ = sup |n'/?f (F_l () x' (Bn(a) — ﬁ(a))‘
1/n<a<al 1/n<a<al

= Op(n?(logn)#IOWV1)y = op(1),  (2.123)
where § > 0 is as in (2.107) and v*, v« > 0 as in (F.4).

Proof. Tt suffices to prove the relation for the upper tail, the case of the lower tail is

analogous. Have for some ng € N and n > ng sequence z, defined such that

Zn =N (1 — arg max 2 f(F~a))x" (Bn(a) - ,C‘)(a))) . (2.124)

l1-—af<a<l-1/n

As (1 — z,/n) € [1 —aX,1 —1/n], by (2.107) follows that 1 < z, < log>™. We shall
prove that

n!2EHL = 2z /n)X T Bla) = n' 2 F(FH(1 = 20/n)x "B
+n1/2f(F71(1 - Zn/n))Fil (1 - Zn/”) 61 = O(nil/zzn)a (2125)

As v* > 0 we get by von Mises condition (1.9) that it holds

nt/2f (F—1 (1 - %”)) F (1 - Z—") = O(zan/2). (2.126)

n
Hence it follows also (2.125) as X' 3 < ||X|| - ||B]] = O(1). We shall see that also
n'/2f(F1 (l—zn))i—ran(l—zn/n) is tending to zero in infinity. First note that iT,@n(l -
zZn/n) < iT,@n(l), which is due to the relation in Dodge and Jureckové (2000), pp. 127—
128, saying that XTBn(al) < iT@n(ag) whenever 0 < a3 < ap < 1. Hence

IA

W (0 (1)) 8 1 2)

n n

W (e (- ) TR

o (s (-3) ol
- o(FHagml e

where the second row follows from Lemma 2.3.2 (as we are applying the Lemma only on

IN

the right tail, where the density is continuous and monotone we can set K., = v*) and
the third row from von Mises condition (1.9).

Now we shall prove that iTEn(l) = Op(F~Y(1 — 1/n)), which completes the proof.
This can be done through the technique involving regression rank scores, which was used
in Portnoy and Jureckova (2000).
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Recall the definition of regression rank scores in (2.8). It follows that for the continuity

points of any single regression quantile ,@n(a) it holds

n n

d
E:Wa@m(a):_E Ty, 1<i<n,1<j<p. (2.127)
=1

i=1
Note that there exists an & > 0 such that d,;(«) are nonincreasing in 1 —e < a < 1, for

it =1,...,n. Hence, by continuity of a(«) it follows

n n
injd;(l):_zmij, j=1...,p, (2.128)
=1 i=1

where @;(1) is the left-hand derivative of d;(a) at o = 1). Hence, similarly as in the case

of regression quantiles defined for a € (0,1) we get the identity

1 n e 1 n

- A N=-=) Yia(1), 2.129

2 ol Balt) = = 3o Vial() (2129)
which by the definition of the model (2.1) implies

n

1 T (5 1

3 x; 1) -B) = —= 3" Edj(). 2.130
S (B -8 PIRLE (2.130)
As the largest regression quantile is any solution of the linear program

n

min > x; b, st. Y;<x/b, i=1,...,n, (2.131)
bERP £
we get by duality theory that (—aj(1),...,—a/,(1))" is a solution of the linear program-
ming problem
Y, A = max
X A = X1, (2.132)
A; >0, i=1,....n.

This implies (2.129) as the equality between the primal and the dual optima. It follows
from the linear programming theory that there exists an optimal basis of problem (2.133)
consisting of the p columns of X,|. Assume, without loss of generality, that the rows of

X, = X are ordered such that
X
X=|"1,
X2

where X/ is p x p matrix containing the optimal basis of the problem (2.133), X, = BX;
is the matrix of order (n — p) x p, and B is a matrix of linear transformation of the basis

contained in X;. Writing Y = (Y;],Y,) we get the optimality criterion as BY; =
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X2X1_1Y1 > Y5, where the inequality holds component wise. The optimal solution then

would be

(1) =...=ay(1) = 0, (2.133)
@5 (1),...,a0(1)) = 1] +1] XX L

Rewriting (2.128) for j = 1 and the fact that the first column of X is intercept yields
S L ak(1) = —n and thus we have for ¢ € R that

=1 """

Pg (ZX ) > nt) = P (ixjﬁn(l) > m‘)
=P, (—ZEi&’(l) > nt)

Have any ¢ € R and for n > ng set t = t,, :== (F~1(1 — 1/n). By (2.134) it follows

Pg (xT (B(1)—B) = ¢F! (1 — i)) <P (Flfi””l/n) > <)

for any ¢ € R. But as n — o

A
|
=
3
3
V
=

(2.134)

P (Flfi””l/n) > <> Dy 1—exp (¢, (2.135)
see Beirlant et al. (2004), pp. 58. Letting ( — oo gives that the right side of (2.135)
converge to zero, hence iT(Bn(l) —B) = Op(F~1(1 — 1/n)) which by ||x|| = O(1) and
F~1(1—1/n) — oo finally gives

0 (Fl(l—l/n <'B.a D =Op (51 2),

which completes the proof. O

The bounds we have deduced for process q,(a) are not the optimal ones as they
are linked to « of (2.107), which was defined in such order to enable the proof of
Theorem 2.3.2 through the Bernstein inequality and the convex arguments.

We shall see that results have a profound theoretical impact on the following section,

as they enable us to treat the tails of regression quantiles more precisely.

2.4 Tails of regression quantiles

The approximation theorems of the previous section open a possibility to approximate the
tails of regression quantile and use this approximation to construct new class of estimates
in the fashion described in section 1.5. Have again model (2.1) with i.i.d. errors, where
E,~F,i=1,...,n, X fulfill the assumptions (F.1)—(F.3) and X fulfills (X.1)—(X.4) (or
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(X.1)—(X.2) and (X.5)—(X.6)). Throughout this section we shall moreover suppose that
v* =~ > 0 (we are interested only in the right tail, so we may change without loss of
generality the distribution near the left endpoint to reflect this fact), i.e. the distribution
of errors in (2.1) belongs to the Fréchet domain.

While ,fin(a) € R?, the key information about the distribution function is concen-
trated (at least under i.i.d.errors) in its first component, intercept. As Theorems 2.3.1
and 2.3.2 state, the theoretical counterpart of the first component of En(a) is F~1(a)+p.
Hence the tails of regression quantiles can be approximated with the probability tend-
ing to one uniformly on [af,1 — «] similarily as in Theorems 1.5.1 and 1.5.2. Nev-
ertheless, as we do not have the weighted Bahadur representation for regression quan-
tiles which woul be analogous to Theorem 6.2.1 in Csorgé and Horvéth (1993), see also
de Haan and Ferreira (2006), Theorem 2.4.2, as well as we cannot use an easy approxi-
mation of regression quantiles by uniform quantile process, see Drees (1998b), Theorem
2.1., we cannot proceed directly. The cost is, that we obtain only an upper boundary for

the desired regression tail quantile process.

Theorem 2.4.1. Suppose that the distribution function F of errors in (2.1) satisfies
(EVT.2) for some v € R and p < 0. Suppose that the assumptions of Theorem 2.3.2
are fulfilled. Then we can define a Wiener processes {W,,(t)},~, such that for suitable
chosen functions A, K, z, and a(-) as in (1.25) and on space Di%h equipped with metric

seminorm

I2|lyn,az := sup t7h(t)|z(1)]. (2.136)

telo,1]

defined for any € > 0 through the space of weights as in (1.54) by function

h(t) =7t telo,1], (2.137)

it holds

— 7| =t T WL ()

_k/24 i tfvtip —1
n P

v;h

+op(1), (2.138)

th
< Hwt_"*(n/k)l/szDglzn (1 - )
v,h

n

n — oo, provided that k = k(n) — oo, k/n — 0 and VEA(k/n) = O(1) and k > log~1¥?)
with A > 44 24.

Proof. If v > 0 and (EVT.2) holds we can formulate Theorem 1.5.1 and write it in a
slightly different form introduced by de Haan and Ferreira (2006), Theorem 2.4.8. Hence
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we have that for Fy.,,..., Fy., we can define a sequence of Wiener processes {W,,(s)}

such that with A as in 1.25 we have for € > 0 sufficiently small

sup {YH/2te
0<t<1

Enfk ,n _ y—
kl/Q (F—l(l[ik) -t 7) -t K 1Wn(t)

,kl/zA E tfvtip -1
n P

By Theorem 6.1.5 of Csorgd and Horvath (1993) and by the law of the iterated logarithm

for uniform quantile process, i.e. Theorem 5.2.4, ibidem, we get by Theorem 2.3.2

X'D;'Z, (1= %) op() (& (1-4))"”

W () ()

uniformly on [o; /k, 1] with o asin (2.107) for any intermediate sequence k — oo, k/n —

0 such that & < naj. Similarly Theorem 2.3.3 yields that uniformly on [1/(n+1), na; /k]
holds

0. (2.139)

n—oo

(2.141)

5. (5) )

For any k such that k=1 = o((naz)21V7), ie. for k > log®V") with A > 4 + 26, where
d > 01is as in (2.107), it holds uniformly for ¢ € [0,1] and any € > 0 suitably small that

t’y+1/2+sk1/2op (nfl(a;;)(lvﬂ) t1/2+5k1/20P ( 71(04*)(1\@))
<
FH=-g)f(Fr (=) = Fra-5)f(FE1-3)
1/2+s ( (1\/7))
<t T =op(1), (2.143)
where the first inequality is by Lemma 2.3.2 and the second by von Mises condition (1.9).
Similarly
or(DO R (B (1K) on() ek (8 (1 )
WA BT (- %) nwFﬂ( 57T 5)
1+e (k
F- (1—*) (= (1=3))

= t'*0p(1) = 0p(1). (2.144)
uniformly ¢ € [0,1] again by Lemma 2.3.2 and by von Mises condition (1.9). Hence it

follows

sup 72 max (M, (t), N, (1)} = op(1), (2.145)
t€(0,1]
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where
kl/ZOP (nfl(a*)(lv'y))
M, (t) = . n
R N N N )
and
v+1/24ep1/2 (Kt (1 _ kt 1/2
Nn(t) = OP(l)t k (n ( n ))

WPF (=) (- 5)

Moreover by Lemma 2.3.2 and von Mises condition (1.9) we have

o e Wik )
L,(t) := th/24et <n1/2F1 (1 _ %) f (Ffl (1 _ %)) 7 (E) t )

x'D;'Z, (1 — tk)

n

1/2 tk
— o(1) V% (ﬁ) <D 17, <1 - ) (2.146)

k n
By Lemma 2.3.5 we have that D,'Z, — D, 'B, on D[0,1]” with B, being a vector of
p independent Brownian bridges on [0, 1]. Similary as in 1-diemensional case it holds by

the defintion for p-dimensional Brownian bridges that

B <1 - ]Z) 2B <kt) Zw <kt> - %Wu), (2.147)

n n

where W is a vector of p independent Wiener processes. Note that as k is an intermediate

seequence it is

sup =op(1). (2.148)

te(0,1]

()" ewan

Moreover as y/n/kW (kt/n) % W(t) and |[X"D;!|| = O(1), we have by Lemma 2.3.5,
n o0
(2.146), (2.147) and (2.148) that for the process L, (t) holds uniformly in ¢ € [0, 1]

which yields

sup |Ln(t)] — 0. (2.149)

te[0,1] n— o0

By (2.139), (2.141), (2.142), (2.145), and (2.149) we finally get that
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—T (A
X o) —
sup ¢rT1/2te |1/2 <6n( ) ﬁ) — T | =t T W)
k—1<t<1 Pt (1 - %)

—kY24 E t—'vt_p —1
n P

tk

< sup 7PV Y (n/k)V2X "D 2, (1 - )‘ +op(1). (2.150)
n

0<t<1

To extend relation (2.150) over the whole unit interval it suffices to show that

sup
1 1
=g Sasl-g

nl/Qf (F_l(a) (i—r (Bn(a) - ﬁ) - En:n)

—0p (n—1/2) ’

which can be done using the arguments in the proof of Theorem 2.3.3 (note that if
(1=2z,/n)e[l-1/(n+1),1—1/n] then z, = O(1)). O

Theorem 2.4.2. Suppose that the assumptions of Theorem 2.53.2 are fulfilled (thus F
fullfils (EVT.1)). Assume that~y > 0. Then we can define a Wiener processes {Wy, (1)},
such that on D., 1, equipped with metric seminorm || - ||4.n.e defined in (2.136) it holds for

anye >0
L7 %' (Bn(a) - 5) - 1 1
Fr(i-1) R
v,h
< H'yt_”’(n/k)l/QxTD#Zn (1 - t:) +op(1)
v,h

+O | kY2 sup a7t
z€(0,1+¢)

R E,x 2.151
(o)) o

n — oo, provided that k = k(n) — oo, k/n — 0 and k > 1og®? with A > 4+ 24.

Proof. Follows analogously as Theorem 2.4.1 from the different paramaterization of
(2.138) introduced in Theorem 1.5.2. O

Although Theorem 2.4.1 is not a direct analogue of Theorem 1.5.1 as it provides only
an upper bound for the probability, we can use it to deduce some important facts about
smooth functionals of the tail regression quantiles applied on tail regression quantile

process defined as

Qe (6, X,Y) = Qg i(t) = {xT (Bn (1 - kt))} . (2.152)
te0,1]

n

Define following Gaussian processes:
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V,(t) = tTOTOwW@),  telo1]
Up(t) = tX'D'W(t), te]lo,1]. (2.153)
It holds By Lemma 2.3.5 that (n/k)'/?D;'Z, — D~'W weakly in D[0,1]?. Hence,

(n/k)/*% "D Z, — X D~'W weakly in D[0, 1], which yields t =7 (n/k)'/?x D 'Z, —
t77X"D"'W in D, ;, and thus

tk
vt (n/k)Y?% "D Z,, (1 - n) -t D, 'W (1) (2.154)

weakly on D0, 1] as well as on D, ;. Using this result we can establish the consistency

of any suitable smooth scale and location invariant functional applied on Qiyn’k.

Theorem 2.4.3. Suppose that the assumptions of Theorem 2.4.1 or Theorem 2.4.2 are
fulfilled, k = k, is an intermediate sequence and T satisfies conditions (T.1)—(T.3).

Moreover assume that Tip_ , is continuous in z, then

T (Qi,n,k) . (2.155)

Proof. By Theorem 2.4.1 or Theorem 2.4.2 we get due to (2.154) that

Qin,k _ETIB
F-1(1- %)

n

25t 1/v (2.156)

weakly in D, j; and thus the result hold due to the continuity of 7" in z, and its location

and scale invariance. O

Under Hadamard differentiability, we can also deduce an asymptotic normality of any
functional fulfilling (T.1)—(T.3).

Theorem 2.4.4. Assume that T : span(D4 x,1) = R satisfies conditions (T.1)-(T.4).
Moreover, suppose that the assumptions of Theorem 2.4.1 or Theorem 2.4.2 are fulfilled
and let o7 be as in (1.62), pr,, asin (1.63),

STX y 1= / % 'D ! (st)”7 min(s, t)u%’7 (ds,dt). (2.157)
[0,1]x[0,1]

Then under the condition (EVT.2) on distribution function F of errors in model (2.1)
and lim,,_, o k'/2A (k/n) = X € [0, 0] follows

(i) A € (0,00)
kL2 (T (Q;}mk) - 7) s N(Mi,p,5%,): (2.158)

=2 2 2
for some 67, < o, + < x -
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(i) A= oo
)1/ (T (Qm,k) f’y) s i (2.159)

If (EVT.2) does not hold and it holds (1.66), i.e. SUP,e (o 14e] 27 TY2 R (ky /0, 2)| =
0 (k;1/2> for some € > 0, then

k1/2 (T (ng) - 7) Ly N(0,63.,). (2.160)

n—oo

. ~92 2 2
with some o7, < I N L

Proof. By the proof of Theorem 2.4.1 we get that there are some versions of U of Up
and V of V,; and Q% , , such that

Qinn—X' P _
g2 2t T = 7 ) =TU 4V + MK +op(1).
n -1 (1 — % ) bl P ( )

Note that T'(zy) = T(Zy) for z, and Z, defined in (1.24) and (1.68) and that the
limiting process is continuous. Therefore Hadamard differentiability (1.61) implies that

with e = kn /2 1 0 and y,, = ki/? (( )z —iT,B) JF~1(1 —k/n) —EV) implies

x,n,k

kL2 (T <W> ~T(z )) 2 T'(V 4+ U + AK(1))
" Fﬁl(l—k/ﬂ) v n— o0 ’

and thus by location and scale invariancy of T' and T'(zy) = 7 it follows

n— oo

kL2 (T (Q;,n,k) - 7) w, / 1 V, + Up + AK (t)dvr. (2.161)
0

Note that MK (t) is a deterministic process. Hence, if we assume that the processes V,
and Up are not dependent, we get from the fact that the both processes are Gaussian
that the right side of (2.161) is a normal distributed random variable with mean pyp -
and variance O'%N + §:2r7x,~,a see Proposition 2.2.1 in Shorack and Wellner (1986). The
assumption that the processes V, and U, are independent cannot be deduced in the
proof of Theorem 2.4.1, thus we got for the variance only the upper bound.

The other assertions of the theorem follows analogously from Theorem 2.4.2. O

Theorems 2.4.3 and 2.4.4 provide a basic framework to establish the asymptotic prop-
erties of various estimators based on smooth functionals of an’k. It follows that for
functionals such as (1.52) or (1.76) that T(Qx.,.x) is a consistent and asymptotically
normal estimate of v, with a specified mean and variance limited by the upper boundary.
An important conclusion of Theorem 2.4.4 is that the regression quantile estimation (i.e.
using T(Q;ﬁn,k) instead of T(Qn’k), where an is the empirical tail quantile function

of errors in (2.1)) can affect only the variance of the resulting y-estimator and not the
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bias. Hence the quantile regression case in model (2.1) can be reduced with ease to the

univariate i.i.d. case. As an example, consider

T3 =T7
A};{Q,EiCk — 1 lO X ﬁ’n (Tm_[k/4]) —X ﬁ" (Tm_[k/Q]) (2162)
T log 2 X' B, (Tm—tk/21) =X B (Tm—r)
where 0 < 71 < ... < 7, < 1 corresponds to m(n,Y,X) unique solutions ﬁn(n),i =
1,...,m of minimization problem (2.3). Hence Qin’k is a step function on [0, 1] as k

is an intermediate sequence and m(n) — co. Hence estimator (2.162) is an analogue to
Pickands estimator, as 'Ay]?g:giCk = Tpick<Q§)n’k)7 with Tpicx introduced in (1.52). It is
consistent and has an asymptotic normal distribution according to Theorems 2.4.3 and
2.4.4 provided that [n(1 — 7,,—)] is a suitable intermediate sequence. This estimator is

identical for some k with the estimator

<773 k <73 k
RQ,Pick L X'B”<1_E)_X B”(l_%)
; = ——log — h — -
1 <78 (1-45) =B (1-7)

og 2
Two estimators (2.162) and (2.163) differ only in their parametrization of the interme-

(2.163)

k,n,xX

diate sequence. We get the consistency and asymptotical normality of (2.163) if k is
a suitable intermediate sequence. The estimator (2.163) is similar to the one proposed
by Chernozhukov (2005), c.f. statistic (6.1) therein and his Theorem 6.1. He uses an

arbitrary vector x to have a general theory of ﬁ?g’i ick

. The theory for his estimator is
more general and he obtained its consistency under various cases of heteroscedasticity.
On the other hand our improvement is that we obtained consistency and asymptotic
normality for a much larger class of similar estimators as have been suggested by the
literature so far. Our method is convenient particularly for the estimators based on
functionals which can be written as T (fol hi dul) orT (fol hi(t)duy, fol hgdl/g), where v;
are suitable finite signed Borel measures on [0, 1] and h; are suitable measurable functions.
Hill’s estimator (with h; = log™(-) and v; being Lebesgue measure on [0, 1]) as well as
PWM-estimator (see (1.76)) can be written in this fashion. Unlike of Pickands estimator,
the asymptotic properties of these functionals cannot be covered by the older results of

Chernozhukov (2005). For example let

J

1 o~ e~
PRQ = ; 3 (XTﬂn(Tm_H_l) - xTﬁn(rm_k)) (2.164)
i=1
and
N B -
Qg =220 (XM Bulrmin) =X Bl (2165)
i=1
where 0 < 71 < ... < T, < 1 corresponds to m(n,Y,X) unique solutions ,@n(n),i =

1,...,m of minimization problem (2.3). Note that P:‘,(IS = fol Qx.n.1(1)du(t) and P,lzg =
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fol tQs.nx(t)dpu(t) where p(t) is Lebesgue measure on [0,1]. Then we can define for a

suitable intermediate sequence k estimator

RQ RQ
~RQ,PWM ___ Py — 4Q,, i

== 2.166
n,k Ps(lg — QQS,Qk ( )

It holds ’yf%PWM =Tpwm (Qin’k) and thus by Theorems 2.4.3 and 2.4.4 this estimator

is consistent and asymptotic normal. Note also that for £ € N and k/n — 0 the process

Qg,n’k is a step function with j(k,Y,X) > k steps. Comparing estimator ﬁ/ff%PWM
with '}E}ICVM, i.e. classical estimate applied on errors of the model, we get that &5‘) %’PWM

is calculated from different number of values j(k,Y,X), than estimator ’}E};CVM. The
beauty of our functional representation lies in the fact, that it is universal for the both
cases. Indeed, asymptotic properties of &i%PWM and &SEIM are similar except of the
asymptotic variance. In a similar way we can obtain a consistency and an asymptotic
normality of the functionals which are defined only in an implicit way, which is the case
of ML-estimator generated by functionals (1.77) and (1.79).

Note also that the information about the regular variation of the tails can be concen-
trated just to the intercept, as was already indicated by the asymptotic properties of the

largest regression quantile. Consider following reparametrization of the model (2.1):

BT = 51 +f2ﬁ2+-'-+fp6p
51* = ﬂ27 i:27"'7p7
and (2.167)
J?L = 121‘11" i:l,...,n
1 n
.’E;Z = (Eji—EZZL'jZ', ’L:].,,n
i=1

Then the model (2.1) can be rewritten as

Y = X*3* +E. (2.168)

It is easy to see that if %XTX — D, where D is a positive definite matrix, then also
%X*TX* — D*, where D* differs from D only in the first row and column which equals
to (1,0,...,0)T € RP, see Dodge and Jureckova (2000), pp. 128-129. It follows that
under this reparametrization X* (BZ(&) - ,8*> =0 =01+ T2f2+ ... +Tp0, and it

holds that for any two quantile regression estimates of the intercept

3271(0(1) < B:‘L’l(ag), 0 <a; <ay < 1. (2169)

As ¥* = (1,0,...,0)7 € RP we obtain the consistency and asymptotic normality of

estimators based on regression quantile estimates of intercept in model (2.168). The
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estimator (2.162) can be thus simplified to

AZ%Q,PiCk — 1 10 lé;\’r)bk,l (1 B ﬁ) - ’é;\'r;;l (1 — ﬁ) . (2170)
R (S

We can write in a similar fashion the other estimators such as (2.166) as well.



Chapter 3

Residuals and two-step

regression quantiles

It is fairly complicate to establish a theory of “extreme” intercepts of regression quantiles.
Moreover, one can ask, whether it is desirable at all. The regression quantiles for o near

to the largest regression quantile, for quantiles o < qunax, where

o = min {a|1[8,(c) - B,(1) = 0]},

a€el0,1]

with En(l) being the largest regression quantile (2.16), are sensitive to few extremal
data even for moderate sample sizes. As we mentione Smith (1994) alongside with
Portnoy and Jureckova (2000) proved the consistency of the largest regression quantile,
but due to the fact that for any o € (0,1) at least d + 1 data points lie on the line
Hn(a), the largest regression quantiles usually remain far away from their theoretical
counterparts. The question is whether this behaviour reflects more the properties of the
design matrix X or the extremal behaviour of the underlying error distribution.

To reveal more about the distribution of the very high regression quantiles we shall dis-
cuss the properties of exceedances over given quantile regression threshold. The method
has been already discussed in the literature, cf. Beirlant et al. (2004), pp. 226-229, but
their approach has not been supported by theoretical asymptotical results. The simplest
settings can be described as follows. Have a linear model as in (2.1) with the intercept
B1 (i.e. the first column of X,, is 1) and denote by X the matrix X without its first
column (i.e. X is n x (p—1) matrix and we shall call it’s rows as x;). Consider the set of

positive residuals calculated with respect to one specific (theoretical) regression quantile

Ig(a) = (/81 + F_l(a)aﬁ% te 7611)

R(a) == {Yi - x/ B(a);Y; — x/ B(a) > 0}

and their order statistics R;;; = R;(a) € R(«), where | = card(R(a)) and ¢ = 1,...,1.

7
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From the EVT point of view such residuals contain for suitable « whole information
about the extremes of the errors E; as the errors itself. A natural approach is to describe

how much of the information about the tails is preserved in

R(a) = {Y; = x{ B(a); Yi - x] B(a) > 0}, (3.1)

where ,@(oz) is some empirical quantile regression estimator. Apart from the regression
quantiles of Koenker and Basset (1978) there are also other possibilities how to estimate
theoretical regression quantile 3(«). The approach sketched by (3.1) itself have very
much in common with two-step regression quantiles introduced by Jureckova and Picek
(2005). These quantiles are defined as R-estimates and their residuals and they are
asymptotically equivalent to the regression quantiles of Koenker and Basset (1978). The
two-step regression approach is worth of further examination. The following lines are
reworked version of the joint work of the author with Jan Picek which appeared in
Picek and Dienstbier (2010).

3.1 Extremes of two-step regression quantiles

The two-step regression quantiles have been introduced by Jureckovd and Picek (2005)
as an alternative of the a-regression quantiles of Koenker and Basset (1978). They are

defined as follows:

Let ﬁn r(a) be an appropriate R-estimate of the slope parameter 3 and let Bml denote

[na]-order statistic of the residuals Y; — x; B, p(c), then the vector

.- T
B.(0) = (Bu1 Bur(a) (3:2)
is called two-step a-regression quantile.

The initial R-estimator of the slope parameters is constructed as an inverse of the
rank test statistic calculated in the Hodges-Lehmann manner, see Hodges and Lehmann
(1963): Denote Denote R,,;(Y — Xb) the rank of ¥; — gz—-'—b among (Y1 —x/b,..., Y, —
x,b),beRP~L i=1,...,n. Note that R,;(Y — Xb) is also the rank of ¥; — by —x,' b
among (Y; — bi(a) —x{b,..., Y, — bi(a) — x,/b) for any a € (0,1) because the ranks
are translation invariant. Hence the initial estimation of the slope parameter is invariant
to any shift of the data. Consider the vector S, (b) = (Sp.1(b),..., Sn,p,l(b))T of the

linear rank statistics, where

- R.:(Y — Xb _ .
Su50b) = migervn (OEE ) bewt jotpet @3
=1

and ¢, (z) = o — I[z < 0],z € R as in (2.46). Then the estimator 3, is defined as

~

Bur = argmingeg,—1 [[Sn(b)]|1, (3-4)
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where ||S]j; = Z?;l |S;| is the Ly norm of S, see Jureckovd (1971); or

~

Bnr = argming g, -1 Dy (b), (3.5)

where N
R, (Y —Xb
Dy(b) = ;(Yz - &Tb)% <(n—|—1)>

is the Jaeckel’s measure of rank dispersion, see Jaeckel (1972).

The estimate Bn r estimates only the slope parameters and the computation is in-
variant to the size of the intercept. Solutions (3.4) and (3.5) are generally not unique,
nevertheless the asymptotic representations apply to any of such solution; e.g. one can
take the center of gravity of the set of all solutions B,, or the expecatation of a random
vector uniformly distributed over B,, to obtain suitable single value.

The asymptotic of the two-step regression quantiles coincides with the asymptotics
of the R-estimators. Assume that the design matrix X fulfills the conditions (X.1-3) and

the distribution function F' of errors in model (2.1) fulfills the condition

(F.F1) F has a continuous density f that is positive on the support of F' and has finite

LN 2
Fisher’s information, i.e. 0 < [ <J;((gf))) dF(z) < oo.

Under these conditions the R-estimator (3.4) and (3.5) admits the following asymp-

totic representation,

nT2(F(FH (@)D Y x; (a— I[E < FH(a)]) +op(n 7Y, (3.7)

i=1

where again D = lim, oo D,,, D, = 13" x;x[, and 8 = (Bo,...,3,) is the slope
component of 3, for detailed proof see Jureckova and Sen (1996). Using this relation
Jureckovd and Picek (2005) showed that also the two-step regression quantiles defined
in (3.2) are asymptotically equivalent to the regression quantiles of Koenker and Basset

(1978), i.e.

250, asn— oo, (3.8)

n— oo

n'/2 B, (0) - B, ()

see Jureckova and Picek (2005), Corollary 2.1. Not only asymptotically, two-step re-

gression quantiles lies close to regression quantiles of Koenker and Basset (1978) also
numerically as indicate simulation studies. While they are more difficult to calculate
and their definition is somehow tricky, they are also more simple to deal with. The main
advantage is that their number is identical with that of order statistics of the errors. This
fact enables to establish a connection between the multivariate distribution of two-step

regression quantiles and the univariate distribution of the errors in model (2.1). The fact
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plays an important role in establishing the extreme value theory on two-step regression
quantiles.

We have previously seen that the population counterpart of a-regression quantile
is vector B(a) = (61 + F~ (), B2,...,Bp) . The difference between empirical regres-
sion quantile and its theoretical population counterpart is Op(n~'/2(loglogn)'/?) under
general conditions on X and F, cf. Theorem 2.3.1 and the previous discussion. The co-
incidence of two-step regression quantiles is stressed by the fact, that the order statistics

of residuals can be written in terms of regression quantiles as

Elna) = argmbin{Zpa (Yi-b-x/B),0b GR}.

i=1
While we usually do not know the value of 3, we can replace it by an R-estimate, which
(as we have seen) is ivariant to the exact value of the intercept containing the information
about quantiles of the error distribution. Under the condition that 8; = 0 in (2.1) the
intercept of a-two-step quantile can be thus seen as an estimate of the [na]-order staitistic

of errors.

Elpo) = Epna) (Bur(a)) = arg min {Zpa (K- —b— zj@nR(a)) Jbe R} . (3.9
i=1

Nevertheless, there is a considerable question about the tail behaviour of such estimates
as we do not know much about the asymptotic properties of extreme R-estimates. For
our applications it is enough to develop a less ambitious theory dealing with extreme of
two-step regression quantiles. In fact we shall not diverge from the previous developments
of the theory.

In Jureckovd and Picek (2005) the authors considered the extreme two-step quantile

E,,.,,, which they define as the maximum of the residuals

J O— max{Y; — 3?,@713, oY, — XIBnR} (3.10)

calculated with respect to an appropriate R-estimate Bn g of B. Similarly as in the case
of regression quantiles if one admits the assumption controlling maximum over ||x;]|,

i1=1,...,nasin (X4), E,., is a consistent estimate of E,., + 81 and

|En:n —FEppn— 1| = (’)p(n_6) as n— o0, 0<d< % (3.11)

~+
Let B,,z be the initial R-estimate generated by the score function ¢;_1(u) = Ifu >

1— %] — %, 0 < u < 1. In this case the Jaeckel measure of the rank dispersion (3.6) takes

the form

max {Y; —x;/ b} — Y, (3.12)

1<i<n
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where Y, = £ 3" | V;. Hence,

ot o +
Bup = min > (Yi-x/b)". (3.13)

i=1
- ~+
Then we can define the largest two-step regression quantile as (En:m ﬁnR). For this

- ~+
estimate it holds that E,., + x;r,BnR >Y;,i=1,...,n, while for some iy the inequality
reduces to equality. Hence the largest two-step regression quantile coincides with the

largest regression quantile considered by Portnoy and Jureckova (2000) defined as

beRP

B(l) := arg min {Zx;rb
i=1

Y;ngh izl,...,n}

This estimator can be obtained from the usual definition of regression quantile by let-
ting @« — 1. The properties of the largest regression quantile have been already stud-
ied from the extremal point of view in Jureckovd (2007), where the author derives a
simple test on domain of attraction. The two-step regression quantile coincides ex-
actly with the extreme regression quantile considered in Portnoy and Jureckova (2000).
However, as the methods of EVT are often based not only on the maxima but also
on other higher empirical quantiles, we shall proceed beyond largest two-step regres-
sion quantile. In the following we consider the properties of residuals appertaining

to any single R-estimate discussed above. Denote {E’l, .. ,En} the set of residuals

o~

{Y1 —x{ (Bor—B)s--, Yn—x] (BnR - g)} The following lemma shows that k-th or-

dered residual E‘km is an appropriate estimate of Fy.,.

Lemma 3.1.1. Let ,@nR be an R-estimate of B, generated by a fived nondecreasing and
integrable score function ¢ : (0,1) — R, independent of n, as in (3.3) and (3.4). Assume
the conditions (A1) — (A8) and

max [|x;]| = O (n%*‘s) as n— 00, 0 <6< i (3.14)
1<i<n
then
sup Ek:n — Egn — ﬁl‘ = OP(n_6)7 as n — o0 (315)
1<k<n

Proof. Let D1,...,D, denote the antiranks of Fi,...,FE,, i.e. the indices satisfying
L., = Ep,,1=1,...,n. Moreover for an R-estimate ﬁnR of the slope components of 3
and n € N

tn = un(Bog) = max |x (8,5~ B)-

From the asymptotic representation of 3, (3.7) and (3.14) we get u, = Op(n=°) as

n — oQ.
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Notice that El:n < FE1., + B1 + u,, because the opposite case El:n > Fi.,+ 81+ u,

implies
Egl - El:n + 51 +§Ql (g - BnR) S El:n + 51 + Up < El:?L'

Hence, F\., is the smallest observation among {El,z =1,... ,n}, therefore it cannot be
greater than F D,
Similarly, Eg:n < Fs.,, + 81 + u, because Eg;n > Fs.,, + 81 + u, leads to

EQZ = E2:n + Bl + KQQ (g - //B\nR) S E2:n + Bl + Up < E2:n

and

EQI - El:n + Bl +§Ql (g - BnR) S E2:n + 61 +u, < E2:n~

If we proceed analogously, we get

Ei,n SEz,n“i’Bl +un7 1= 1,"'7n' (316)

On the other hand, it holds for the highest two-step ordered residual Ep > Enin +

51 — un,, because Epn < Enm + B1 — u, implies

EQn - En:n + 51 +§Qn (é - BnR) > En:n + Bl — Uy > Enn

We get by the similar arguments as in (3.16)

Ein > Ein+ B1— un, i=1,...,n. (3.17)

Finally, u,, = O,(n~%) together with (3.17) and (3.16) imply (3.15). O

In the introductory chapter we have seen that many EVT estimators can be written
as smooth functionals T'(Q,,) of the empirical tail quantile function. If we would have
been able to observe the errors of (2.1) directly, the appropriate tail quantile function

would take the form

kn,
Qn(t) = F’I’L_l (1 — nt) = E’nf[knt]ﬂ'w t (S [O, 1}7
In the next step, we replace the unobservable errors with the residuals Ey,...,E, and
establish EVT for the tail quantile function of the residuals. Let any k € N be such that
E.p > 0. We define the tail quantile function of the residuals as
Qni(t) = Ep_ppns  t€[0,1]. (3.18)
By Lemma (3.1.1) Qn,;C is the consistent estimate of the empirical tail function of the

errors Qp k(t) = E,_[k4]:, uniformly in ¢ € [0, 1]. Hence following Drees (1998b), we can
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provide an approximation of an for the intermediate sequences of k(n). Suppose that
F in (2.1) fulfills (EVT.2) with a, A, and K as in (1.25), i.e. there is some is some p < 0
that K takes the form (1.26), (1.27), or (1.28) respectively to v and p. Define again
seminorm || - [|5,5 on metric space Do p for any h € H defined as in (1.55), (1.56), and
(1.54). Then Theorem 1.5.1 can be reformulated to establish an approximation of ka
defined in (3.18).

Theorem 3.1.1. Suppose that the distribution function F of errors in (2.1) satisfies
(EVT.2) for some v € R and p < 0. Suppose that the assumptions of Lemma 3.1.1 are
fulfilled. Then we can define a sequence of Wiener processes {Wpy(t)},~, such that for
sugtable chosen functions A, K, and a as in (1.25), metric seminorm ||~H%h as in (1.55)

and each € > 0,

H Qui(t) = P:z_(l,’i()l —w) = <Z,y(t) — 2 OO, (1) + A (ﬁ) K(t))

v,h
— op (kfl/? + |A(k/n)|) (3.19)
n — 0o, provided that k = k(n) — oo, k/n — 0 and VEkA(k/n) = O(1)

Proof. ITmmediately follows from (3.15) and the approximation of the tail quantile func-
tion derived in Theorem 2.1 of Drees (1998b). O

If it holds only the domain of attraction condition (EVT.1) an analogue of Theorem 1.5.2

can be formulated.

Theorem 3.1.2. Suppose that it holds (EVT.1). Then we can define Wiener processes
{Wi()},>o such that almost surely for all h € H as in (1.54) and € >0

H Qui(t) = F 1 (1-%)—p
a(y)

=op <k71/2> +0 sup a7tE
z€(0,1+4¢)

- (zv(t) - k—l/ﬂt—<v+1>wn(t))

v;h

r(%))) 520

where k = k(n) is an intermediate sequence k — oo, k/n — 0, n — co.

Proof. See Theorem 2.1 in Drees (1998b). O

We have already shown in the first chapter that various estimators of + can be in the
ii.d.case written as functionals of the empirical tail quantile function, ie. 4, =
T(Qn,k). The asymptotic properties of these estimators are under suitable conditions
on T given by the Theorem 1.5.1, cf. Theorem 1.5.3 and Drees (1998b). Theorems 3.1.1
and 3.1.2 enable to define the estimates of v as functionals of ka. While @y, is not

observable in the regression case, it can be estimated using ka. Again we shall establish
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the convergence using weighted supremum seminorm |~|%h on D, with h € H for any
fixed v € R. Moreover have C, , := {z € D, n|2j(0,1] € C(0,1]} be a subset of continu-
ous functions on (0, 1] of D, 5. The following theorem shows consistence and asymptotic

normality of a broad class of functionals an

Theorem 3.1.3. Suppose that the assumptions of Lemma 3.1.1 are fulfilled. If for
the distribution function F of errors in model (2.1 holds F € MDA(G,), k = ky is
an intermediate sequence, T satisfies conditions (T.1)-(T.8), and in addition Tip_ , is

continuous in z, then

T (Qun) o (3.21)

Proof. Immediately follows from Lemma 3.1.1 and Theorem 1.5.3 by Theorem 3.1.1 and
Theorem 3.1.2. O

Similarly as in the location i.i.d. model an asymptotical normality of any estimator
T(ka) follows from the second order condition under Hadamard differentiability of T',

which was introduced in the condition (T.4) on page 28.

Theorem 3.1.4. Assume that T : span(D~p,1) — R satisfies conditions (T.1)-(T.4).
Let o1, be as in (1.62) and pr~ , as in (1.63). Then under the condition (EVT.2)
on distribution function F of errors in model (2.1) and lim, . kA (k/n) = X € [0, 0]

follows
(i) A € (0,00)
B2 (T(@Qrn) =) 22 NOwz000%,), (3.22)
(ii) A= o0
B2 (T(Qrn) =) =2 (3.23)

Moreover, if only (EVT.1) holds and it holds (1.66), i.e. SUPg¢ (g 14e] 27TV2 R (ky /0, )|
0 (k;lm) for some £ > 0, then

B2 (T(Qpn) =) 22 N(0,0%,,). (3.24)

n— oo

Proof. Immediately follows from Lemma 3.1.1 and Theorem 1.5.4 by Theorem 3.1.1 and
Theorem 3.1.2. O

Theorems 3.1.3 and 3.1.4 have profound practical implications — virtually any esti-
mator, i.e. anyone which can be written in the form of a smooth tail quantile function
functional, gives consistent and asymptotically normal results when applied on extreme
two-step regression quantiles. The class of estimators covers practically all frequently
used estimators as discussed in section 1.5. While we consider only the location and

scale invariant estimators of -y, the nuisance parameter of real intercept 8, does not play
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any role in the estimation. Nevertheless a suitable standardization, e.g. through sub-
tracting the regression median, allows to generalize to the case of estimators which are
only scale invariant similarly as in Drees (1998a). However, any such extension cannot
be recommended from the practical point of view. As we shall see in the next section,
simulation results show that such estimators have a large bias. While Hill’s estimator is
consistent for a suitable k = k(n) and large n — oo any shift in location can severely
affect the estimation and any error in the estimation of 5y can multiply the bias of the

estimation of ~.

3.2 Residuals of regression quantiles

We defined extreme two-step regression quantiles as the residuals over a given R-estimate.
Nevertheless, the assertions in the previous section hold for any consistent estimator of
the slope. The proof of Lemma 3.1.1 is quite universal and can be immediately rewritten
in terms of residuals of regression quantiles if BnR is replaced by B, (), a € [0,1].

Consider the set of nonnegative residuals over this regression quantile threshold

Bla) = {(YiXiT,Bn(oz)>+,il,...,n}, (3.25)

where 7 := max (0,z). We shall denote the order of lowest positive residual as k =
k(o) €{1,...,n} for any n € N | i.e. it holds

En—k—l,n =0 and En—k,n > 0.

In such case we can estimate the tail quantile function as

Qn,k(t) = Enf[kt]:n = ~nf[k(a)t]:'ru te [Oa 1] (326)

For suitably chosen oo = «(n) € [0,1] we get k(a) as an intermediate sequence. Accord-
ingly we can base the estimation of v appertaining to distribution function F' of the errors
in model (2.1) on k(«) positive residuals E,,_ n, ..., Ey , or, using functional notation,
any such estimator can be written as T(Qk(a)m), for some functional functional fulfilling
(T.1)~(T.3).

Another possibility is to choose a fixed regression quantile threshold Bn (1) for some
7 € [0,1]. In this case one gets R, < n positive residuals E; = Y; — x; 3,(7), i €
1,..., R, where R, tends to infinity with n — co. The appropriate estimate of the tail

quantile function shall be the k largest residuals, i.e.

an‘(t) = En—[k7lt]:n7 te [Oa 1] (327)

for a suitable intermediate sequence k = k,,. Again the consistency of the estimate Qn,k

immediately follows from an analogue of Lemmma 3.1.1.
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In the situation of model 2.1 with i.i.d. errors it does not matter if the estimate an or
ka is used. However in real data analysis a suitable selection of the regression quantile
threshold can filter out irregularities among the distributions of error F;, i = 1,...,n
occurring bellow high quantiles.

The approach has been already discussed in the literature, c.f. Beirlant et al. (2004),
pp. 226-229 and also Kysely et al. (2010) or Northrop and Jonathan (2011), but the
asymptotic properties of such estimators have not been considered. The methodological
approach based on functionals of the estimated tail quantile function allows to develop
an asymptotic theory of such estimators in a simple case of linear model (2.1) with
ii.d.errors. The consistency and asymptotical normality of the estimators based on
residuals of the regression quantiles immediately follows from the theory explained in the
previous pages. An extension of the uniform approximation of the regression quantile
process as it was introduced by Theorems 2.3.1 and 2.3.2 on the other hand allows to
admit intermediate sequences of o, = ky/n in (3.25).

While these methods have proven to provide reasonable solutions in the real data
modelling, considerable theoretical problems remain unresolved. The most important
is the behaviour of the tails of regression quantile process under various forms of a
dependency in the errors of model (2.1). The property of the regression quantile process
has been studied in the case of long range dependence by Koul and Mukherjee (1994),

which represent a generalization of Gutenbrunner and Jureckovd (1992).



Chapter 4

Real data and simulations

In this chapter we shall discuss the methods of an estimation of  developed in the
previous chapters from the computational point of view. We shall again work in the
linear model setting (2.1) and our interest shall be to estimate the extremal properties
of errors F1,..., E, of the model. As it is difficult to test the efficiency of the inference
procedures of EVT on the real data — typically the datasets consists of only limited
number of observations and/or it is difficult to obtain more “rare” observations of the
given random sample — the simulation results are very important decisive tool to evaluate

the performance of the inferential methods.

4.1 Simulations

4.1.1 Intercepts of regression quantiles

We tested the estimators of v on simple linear models with a different distribution func-

tions of error. There have been generated 1000 observations from the selected models.
(a)Y:QOf%OXM+Em, Xij=1, 1=1,...,20, j=1,...,50
(b) Y =1+ 3X; + E;, X; ~U(0,5), i=1,...,1000,

The first model is with a fixed covariate matrix and the second is with a random covariate
matrix. Both covariate matrix fulfills conditions (X.1)—(X.2) and (X.5)—(X.6) introduced
in section 2.3.

Each of the models was generated with a two different distributions of errors:
(i) Burrleigh distribution Burr(1,2, 1)

(ii) Fréchet distribution with a shape parameter o = 3
F(z) =exp(—z?), z>0.

87
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We reparametrized the models using (2.167) to get an alternate expression of (a) and (b)

in the form

(a) V;; =20— & (X, , — &) + Ej, i=1,...,20, j=1,...,50

10
(b) Y'_l"‘l(X‘—LZlOOOX')—FE‘ i1 1000
v 2 i 71000 Lui=1 ‘M i =1,..., .

It follows that X' = (1,0) € R? in the both cases and hence due to the theorems of the
previous chapter we can base our estimation on the intercepts of regression quantiles,
which form a non-increasing process q;; ; ,(t) = Bra(l — k) € R! for t € [0,1] for
any k being an intermediate sequence (note that we omit the asterisk notation Bn,l we
introduced in the section 2.4 for the purpose of this chapter as we consider her only the
reparametrized model).

As for each n, Y,, = Y3,...,Y,, and X, «, there exists m € N unique solutions of
the minimization problem (2.3) and £,,1(7) forms for 7 € [0,1] a step function with m
steps. As we have already noted previously m depends on the exact numerical form
of the matrix X and vector Y, see Koenker (2005), pp. 34-38. For the sake of the
notation we assign each step the lowest probability level {7;};e1,....m} such that Bml(n)
equals to the i-th step. More precisely this means 0 = 7, < 79 < ... < 7, < 1 and
for each i € {1,...,m} it holds Bnyl(a) = Bml(ﬁ), i =1,...,n for each « in some right
neighborhood of 7; and Bn,l(a) = Bnﬁl(n,l) < Bn’l(n) 1=2,--- ,nfor ain an arbitrary
left neighborhood of ;.

We calculated our estimators for different £ = 1,...,1 € N such that k = 7,,,_, hence
they are based on the k largest unique solutions of the process of regression quantiles
intercept. This can be done due to our construction of the estimators, it is 7(q;, ; 5, ) =
(g 1 1,)s for any 7 < ki/n < ko/n7ip1,i=1,...,n.

We used the following estimators, which can be deduced by applying functionals
(1.77) and (1.79), (1.76), (1.52) on the realizations of g, ; ;:

(1) Maximum likelihood estimator (ML) &i%ML (ML-estimator) of the extreme value in-
dex based on the k largest unique estimates of 3,171(7), 7 € (0,1), i.e. the estimator
fits generalized Pareto distribution (GPD) on the exceedances of {/3’”1 (15)}j=m—k,....m

over Bn,l(Tm—k—1)~ To calculate ML-estimate we used evir package from R.

(2) Probability weighted moments estimator (PWM)

~RQ,PWM __
m,k -

Zf 1 (4%4_1 - 3) Bn,l(Tm—i—‘rl)
2

—
1 (265 = 1) Bualrn-in)

= | =

J

(3) Pickands estimator

rqp _ 1 Bt (Ton—rya1) — Bt (Ton—p/2)
Bn,l(Tmf[k/2]) - ﬁn,l(Tmfk)



4.1. SIMULATIONS 89

For the sake of comparison we also observed the properties of estimators, which are not

scale invariant. We used functional generating Hill’s estimator (1.51) to obtain:

(4) Hill’s estimator

M=

1 - “
i =7 2 (108 81 (Fn-i) — 108 B (i) )

I
=

(4) An attempt to fix the problem with intercept part of the estimation by subtracting

the median of intercepts and plug the corrected data to Hill’s estimator

k . .
&gg - %Z (IOg Bn1(Tm—i) — log ﬁn,l(Tmfk)) (4.1)
i=0
where we used
5n,1(~) = Bpi(+) = Bna(1/2) (4.2)

We randomly generated (a) and (b) 1000 times for both distributions of error and cal-
culated estimates for £k = 1,...,600. Afterwards we calculated the medians and the
5th, 10th, 90th, and 95th percentiles of the estimates for each k = 1,...,600. The
results are shown on the accompanying figures (in each of them these medians and
percentiles are plotted by the solid line, correct number of gamma is indicated by the
straight line). For the sake of comparison we also estimated + from the errors E;j,
i=1,...,20,5 = 1,...,50 (respectively F;, i = 1,...,1000) we used to construct our
models. We applied respective classical version of the estimators: ML-estimate defined
in (1.44), PWM-estimate (1.45), Pickands estimate (1.39), and Hill’s estimate (1.32).
Again we calculated these estimates for each replication of the model and £ =1, ...,600.
We calculated the medians and the 5th, 10th, 90th, and 95th percentiles of the estimates
for each k = 1,...,600 and included them in each estimator plot for comparison (dashed
lines).

The figures demonstrate that our estimators are adequate for the regression situation
(2.1). Their performance is (on average) only slightly worse than the performance of their
univariate analogies applied on the errors of the model. This holds with the exception of
Hill’s estimate (Figure 4.3) as well as with the version of Hill’s estimate which is applied
on the data “corrected” by subtracting the median (Figure 4.4). This is clearly due to
the fact that Hill’s estimator is not location invariant. As our estimates are based on the
intercept, whose theoretical counterpart is 3; +F ~!(a) and not just F~!(a), 31 represent
a nuisance factor in our estimations. While this does not matter in the case of location
and scale invariant estimators, any such nuisance can enlarge the bias of the estimation in
the case of estimators, which are only scale and not location invariant. This bias can be

eliminated only in the case when n is large and k is sufficiently small with a rate indicated
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by our theoretical results, compare our Theorem 1.5.3 with Theorem 2.1 in Drees (1998a).
However, this is at the cost of an increased variance of the estimation. Note that this
behaviour is nicely demonstrated on Figure 4.3: the median of the estimations is close
to the correct value of v if k is small, but the variance is very large in that area. Note
that this problem cannot be solved by any simple correction as is the subtraction of the
medians (or means) — we do not subtract only the nuisance parameter /5 but medians of
FE; as well. This stands behind the bias on Figure 4.4. The Figure indicate that this is
the reason of the bias of our estimate — the bias is same in the case estimation performed
on i.i.d. errors, where we also subtracted the medians.

On the contrary to the case of Hill’s estimator, the other figures demonstrate that the
properties of the location and scale invariant estimators are very similar if the generating
functional is applied on empirical tail quantile function as well as on extreme regression
quantile process. It seems that the estimation in a linear model only slightly increases
the variance of the estimation, if the model is correctly reparametrized in the sense of
(2.167), while the bias of the estimation remains unchanged. This fact is supported by
our theoretical results. Hence, the location and scale invariant estimators are clearly

preferable to the estimators, which are only scale invariant.

4.1.2 Residuals of R-estimates

For the sake of comparison, we also calculated estimates introduced in Chapter 3. These
estimators were already examined in Picek and Dienstbier (2010), where is included a
small simulation study. The results indicate that the estimators have a nice performance,
which is similar to the performance of the respective estimators on a simple i.i.d. sample.

Therefore we restricted ourselves to a direct comparison of these estimators with
the estimators based on intercepts of regression quantiles. We used three estimators,
equivalents to ML-estimator, PWM-estimator and Pickands estimator. They were calcu-

lated by applying functionals (1.77) and (1.79), (1.76), (1.52) on Qn,k(t) = Qn,k,[inR(t) =
EA‘n,W]:n, with By e being the k-th largest ordered residual Y; —L'TBn R, for R-estimate
of the slope 3,, defined in (3.5). For our estimation we used 3,,z(1/2) and compared it
also with ﬁn r(4/5). Note that these estimators differs in their form of Jaeckel’s measure
of dispersion D,,(«) defined in (3.6). From the computational point of view, there was no
considerable difference in both methods, except that B3, z(1/2) is naturaly more stable
for small data samples. The results presented are calculated with 3, 5(1/2).

Hence we obtained following estimators:

(1) Maximum likelihood estimator (ML) ’yZP,”fQ’ML (ML-estimator) of the extreme value
index based on the k+1 largest residuals EA,L:m o ,En_k:n from {Y7 — ;ZTB“R} ,
1=1,...,n

i.e. the estimator fits generalized Pareto distribution (GPD) to these residuals. To

calculate ML-estimate we used evir package from R.

(2) Probability weighted moments estimator (PWM)
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4%4_1 - 3) EnfiJrl:n

255 - 1) En_itim

1
~2RQ,PWM __ K
n,k -

(3) Pickands estimator

~2RQ,P 1 lo <En[k/4}:n - Erz[k/Z]n)

Tn = 2
ik 10g2 Enf[k/Q]:n — Lin—k:n

We applied these estimators on the data simulated from models (a) and (b) introduced
in the previous subsection. Both models were generated with Fréchet and Burrleigh
distribution of errors. The results in both cases were almost identical (similary as it is in
the case of estimators based on regression quantile intercepts), therefore we present only
the results for model (b) with a random covariate matrix. The results are on Figures 4.15
—4.20. We did not applied an analogy of Hill’s estimate, as the result is similar as can
bee seen on Figure 4.3. Scale invariant estimators are severely biased by the approach
similarly as by the estimation through intercepts of the regression quantiles. This was
already noted in Picek and Dienstbier (2010).

We see that the results are indeed almost identical with the results calculated by the
respective ML, PWM or Pickands estimator applied on the errors of our model (grey
dashed lines). It seems that this is due to a fast convergence BnR — B. From the
comparison with the estimators based on intercepts of regression quantiles it appears
that it is clearly preferable to use residuals of R-estimates rather than the intercepts
of regression quantiles. This observation is supported by our theoretical results which
states that the estimator T(Q,(t)) have the same asymptotic bias and variance as the
estimator T'(E,,_{x].,) for any functional 7" fulfilling (T.1)—~(T.4). We were not able to
prove this relation in case of regression quantiles and their intercepts, as we calculated
only the upper bound for the variance of the functional. Nevertheless the approach
based on intercepts of regression quantiles is more general and offers more possibilities
to generalize the results if some of the assumptions on the model are not met (e.g.
autoregressive dependence of the errors). The approach based on the residuals of R-

estimate seems to be a less robust to these violations.

4.2 Condroz data

The Condroz data consists of the pH-values and the Calcium (Ca) contents in soil sam-
ples, collected in different districts of the Condroz region in Belgium. The data have
been introduced in Goegebeur et al. (2005) and subsequently studied by various authors,
see e.g. Vandewalle et al. (2004), Beirlant et al. (2004), pp. 34-39 and 226—240, and
Hubert and Vandervieren (2006). Ca-content is expressed in mg/kg (values are 10 times

multiplied in the data set) of dry soil. The dataset contains 1505 observations and it is a
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part of a larger database collected by the Belgian non-profit organization REQUASUD
(Réseau Qualité Sud).!

As in Goegebeur et al. (2005) our main interest shall be to describe the extremal
properties of Ca levels with pH-values as an explanatory variable. The data set is plotted
on Figures 4.21 and 4.22. The pictures indicate that there are very few observations for
the lowest as well as the highest pH levels (particularly only 5 observations for pH =
5.1).

We do not provide an exhaustive study concerning this dataset. Instead of that, we
just apply the methods, we have developed in the previous chapters in some sort of a
“naive” uninformed approach about the dataset. Consecutively, we shall try to analyze
the results in an attempt to either justify them or reject.

We suppose, that there is some additive model between the levels of pH and Ca and
we also suppose that the extremal properties of Ca remains the same for different pH
levels, i.e. v is same throughout all levels of pH. We will later see, whether our results
indicate the assumption or not. As the Figure 4.21 does not indicate that the situation

can be described by a linear trend, we fitted a linear model with quadratic trend:

Y; = B1 + B2 X; + B3 X7 + E;, i=1,...,n. (4.3)

where X; = z; — 13" | 2; and X? = 2? — 23" | 22 with z; being pH levels in the
dataset and Y; observations of Ca i = 1,...,n. Initially there was n = 1505 values of
Y; and X; in the dataset. We calculated the process of regression quantile intercepts
obtaining m = 1872 unique intercepts, i.e. 81(7m) > B1(Tm—1) > ... > Bi1(r1) for some
suitable sequence 1 > 7, > 7,1 > ... > 11 > 0. We used three different estimators on

the data set: ML-estimator, PWM-estimator, Pickands-estimator, i.e.

(1) Maximum likelihood estimator (ML) 'Ayg”ﬁc’ML (ML-estimator) of the extreme value in-
dex based on the k largest unique estimates of /3’”,1(7'), 7 € (0,1), i.e. the estimator
fits generalized Pareto distribution (GPD) on the exceedances of {Bnl (15)}i=m—k,....m

over Bml(Tm,k,l). To calculate ML-estimate we used evir package from R.

(2) Probability weighted moments estimator (PWM)

Z§=1 (4;%& - 3) Bri (Tm—i+1)
%E?:l (2#@ - 1) B (Tm—i+1)

(3) Pickands estimator

B9 = L g (Pramctin) i)
m 10g2 ﬁn,l(Tm—[k/Z]) - ﬁnyl(Tm*k)

!The data set is available as a supplement of Beirlant et al.  (2004) on
http://1lstat.kuleuven.be/Wiley/.
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We obtained different estimates with respect to k, which are plotted on Figure 4.23 and
4.24. Except of the well known fact about the large variance of Pickands estimators,
there seems to be a stability region indicating that v = 0.5 is a reasonable estimate.
However, we should ask, if this result is not affected by the flat tails (or is it by the low
number of observations?) in the regions where pH is small.

To answer on this question we calculated linear model (4.3) for pH levels > 6.5.
We got n = 956 observations resulting in m = 1154 unique intercept values. Again,
we plugged intercepts in ML, PWM and Pickands estimator and plotted the estimates
versus k, the results are on Figure 4.25. We see that similarly to Figure 4.23 there is a
region of stability interrupted only briefly by a narrow peak for £ = 200. Otherwise the
estimate of 7 remains principally the same. We can again accept that v = 0.5.

Finally, we restricted pH levels one more time such that 6.8 < pH < 7.4 and obtained
n = 544 observations resulting in m = 616 unique intercepts of regression quantiles.
The results on Figure 4.26 again indicate that v lies in the vicinity of 0.5. The fact
that Pickands estimator fall off to the region bellow zero can be attributed to its larger
variance in comparison to PWM and ML estimators.

We said in the beginning, that the Condroz dataset was analysed many times. Hence,
there are different estimates of v based on different assumptions, which authors made. In
Beirlant et al. (2004), pp. 226-231, the authors fitted the data assuming that v(pH) =
exp(Bo + P1pH), i.e. that gamma depends on pH. This was supported by the non-
parametric approach estimating v for each level of pH, see Beirlant et al. (2004), pp.
238-241. As we have seen this extremal dependence of v on pH can be attributed to
the different number of observations in each pH level. In Vandewalle et al. (2004) the
authors proposed, that the largest observations are in fact outliers, claiming that they
appertain to the border regions of Condroz and have therefore a different distribution.
Using robust methods removing (or down-weighting) these “outliers” they got an esti-
mate of v = 0.2. While, we can criticize this approach on the ground that it is unreliable
that Ca contents and pH are linked in a different way across Belgium, we should realize
that also our approach is based on the assumption that there is a quadratic (or linear)
dependence between pH and Ca. Moreover, the given task seems to be odd from the
beginning — pH is rather a function of Ca levels (and other elements in the soil) than
the physical level of Ca is derived from pH. These considerations one more time stresses
the importance of assumptions, which are in EVT crucial and in practical data analysis
much more important than any theoretical results. However, this could be stated about

any method of mathematical statistics.
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Figure 4.1: Quantile regression ML-estimator applied in model (a) with Fréchet distribution
of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown vs k (solid lines). The estimator is compared with ML-estimator applied on
the sample of errors, again the 5th, 10th, 50th, 90th, and 95th percentiles of 1000

estimations are indicated for each k (dashed lines).
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Figure 4.2: Quantile regression PWM-estimator applied in model (a) with Fréchet distribution
of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown vs k (solid lines). The estimator is compared with PWM-estimator applied
on the sample of errors, again the 5th, 10th, 50th, 90th, and 95th percentiles of 1000

estimations for each k are indicated (dashed lines).
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Figure 4.3: Quantile regression Hill’s estimator applied in model (a) with Fréchet distribution of
errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are shown
versus growing k (solid lines). The estimator is compared with Hill’s estimator
applied on the sample of the errors, again the 5th, 10th, 50th, 90th, and 95th

percentiles of 1000 estimations for each k are indicated (dashed lines).
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Figure 4.4: Quantile regression Hill’s estimator applied in model (a) with Fréchet distribution of
errors. The Medians and the 5th, 10th, 90th, and 95th percentiles of 1000 replicates
are shown versus growing k (solid lines). The estimated intercepts were normalized
thus obtaining the estimator (4.1). The estimator is compared with Hill’s estimator
applied on normalized errors, again the medians and the 5th, 10th, 50th, 90th, and
95th percentiles of 1000 estimations for each k are indicated (dashed lines). For
the results of Hill’s estimator applied on the same unaltered errors see Figure 4.3
(dashed).
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Figure 4.5: Quantile regression Pickands estimator applied in model (a) with Fréchet distribu-
tion of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates
are shown versus growing k (solid lines). The estimator is compared with Pickands
estimator applied on the sample of errors, again 5th, 10th, 50th, 90th, and 95th

percentiles of 1000 estimations for each k are indicated (dashed lines).
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Figure 4.6: Quantile regression ML estimator applied in model (a) with Burrleigh distribution
of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown versus growing k (solid lines). The estimator is compared with ML estimator
applied on the sample of errors, again 5th, 10th, 50th, 90th, and 95th percentiles of

1000 estimations for each k are indicated (dashed lines).
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Figure 4.7: Quantile regression PWM estimator applied in model (a) with Burrleigh distribution
of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are shown
versus growing k (solid lines). The estimator is compared with PWM estimator
applied on the sample of errors, again 5th, 10th, 50th, 90th, and 95th percentiles of

1000 estimations for each k are indicated (dashed lines).
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Figure 4.8: Quantile regression Pickands estimator applied in model (a) with Burrleigh distri-
bution of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates
are shown versus growing k (solid lines). The estimator is compared with Pickands
estimator applied on the sample of errors, again 5th, 10th, 50th, 90th, and 95th

percentiles of 1000 estimations for each k are indicated (dashed lines).
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Figure 4.9: Quantile regression ML estimator applied in model (b) with Fréchet distribution of
errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are shown
versus growing k (solid lines). The estimator is compared with ML estimator applied
on the sample of errors, again 5th, 10th, 50th, 90th, and 95th percentiles of 1000

estimations for each k are indicated (dashed lines).
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Figure 4.10: Quantile regression PWM estimator applied in model (b) with Fréchet distribu-
tion of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates
are shown versus growing k (solid lines). The estimator is compared with PWM
estimator applied on the sample of errors, again 5th, 10th, 50th, 90th, and 95th

percentiles of 1000 estimations for each k are indicated (dashed lines).
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Figure 4.11: Quantile regression Pickands estimator applied in model (b) with Fréchet distribu-
tion of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown versus growing k (solid lines). The estimator is compared with ML estimator
applied on the sample of errors, again 5th, 10th, 50th, 90th, and 95th percentiles

of 1000 estimations for each k are indicated (dashed lines).

1.0

0.8

0.6

Estimate of EVI

0.4

0.0

(0] 100 200 300 400 500 600

Figure 4.12: Quantile regression PWM estimator applied in model (b) with Burrleigh distribu-
tion of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates
are shown versus growing k (solid lines). The estimator is compared with PWM
estimator applied on the sample of errors, again 5th, 10th, 50th, 90th, and 95th

percentiles of 1000 estimations for each k are indicated (dashed lines).



100 CHAPTER 4. REAL DATA AND SIMULATIONS

1.0

Lanaaas e

Estimate of EVI

(0] 100 200 300 400 500 600

Figure 4.13: Quantile regression PWM estimator applied in model (b) with Burrleigh distribu-
tion of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown versus growing k (solid lines). The estimator is compared with ML estimator
applied on the sample of errors, again 5th, 10th, 50th, 90th, and 95th percentiles

of 1000 estimations for each k are indicated (dashed lines).
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Figure 4.14: Quantile regression PWM estimator applied in model (b) with Burrleigh distribu-
tion of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates
are shown versus growing k (solid lines). The estimator is compared with PWM
estimator applied on the sample of errors, again 5th, 10th, 50th, 90th, and 95th

percentiles of 1000 estimations for each k are indicated (dashed lines).
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Figure 4.15: Residuals of 3, ; ML-estimator applied in model (b) with Fréchet distribution of
errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are shown
vs k (solid lines). The estimator is compared with ML-estimator applied on the
sample of errors, again the 5th, 10th, 50th, 90th, and 95th percentiles of 1000

estimations are indicated for each k (grey dashed lines).
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Figure 4.16: Residuals of BHR PWDM-estimator applied in model (b) with Fréchet distribution
of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown vs k (solid lines). The estimator is compared with PWM-estimator applied
on the sample of errors, again the 5th, 10th, 50th, 90th, and 95th percentiles of

1000 estimations for each k are indicated (grey dashed lines).
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Figure 4.17: Residuals of Bn r Pickands estimator applied in model (b) with Fréchet distribution
of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown vs k (solid lines). The estimator is compared with Pickands estimator applied
on the sample of errors, again the 5th, 10th, 50th, 90th, and 95th percentiles of

1000 estimations are indicated for each k (grey dashed lines).
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Figure 4.18: Residuals of ,C:]nR ML-estimator applied in model (b) with Burrleigh distribution
of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown vs k (solid lines). The estimator is compared with ML-estimator applied on
the sample of errors, again the 5th, 10th, 50th, 90th, and 95th percentiles of 1000

estimations for each k are indicated (grey dashed lines).
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Figure 4.19: Residuals of BnR PWDM-estimator applied in model (b) with Burrleigh distribution
of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown vs k (solid lines). The estimator is compared with PWM-estimator applied
on the sample of errors, again the 5th, 10th, 50th, 90th, and 95th percentiles of

1000 estimations are indicated for each k (grey dashed lines).
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Figure 4.20: Residuals of ,C:]nR Pickands estimator applied in model (b) with Burrleigh distribu-
tion of errors. The 5th, 10th, 50th, 90th, and 95th percentiles of 1000 replicates are
shown vs k (solid lines). The estimator is compared with Pickands estimator ap-
plied on the sample of errors, again the 5th, 10th, 50th, 90th, and 95th percentiles
of 1000 estimations for each k are indicated (grey dashed lines).
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Figure 4.21: Condroz data: 1505 observations of Ca-levels in various district of Condroz region

plotted against their respective pH.
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Figure 4.22: Condroz data: Only observations of Ca levels bellow 700 are shown on this plot. It
is clearly visible that there is very few observations of some pH levels particularly

in the lower part of the plot.
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Figure 4.23: Estimator plots of ML-estimator (solid), PWM-estimator (dashed) and Pickands
estimator (grey, dotted) performed on intercepts of regression quantiles on normal-

ized in reparametrized quadratic model.
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Figure 4.24: Estimator plots of ML-estimator (solid), PWM-estimator (dashed) and Pickands
estimator (grey, dotted) performed on intercepts of regression quantiles in

reparametrized quadratic model, k < 500.
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Figure 4.25: Estimator plots of ML-estimator (solid), PWM-estimator (dashed) and Pickands
estimator (grey, dotted) performed on intercepts of regression quantiles on normal-

ized in reparametrized quadratic model.
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Figure 4.26: Estimator plots of ML-estimator (solid), PWM-estimator (dashed) and Pickands
estimator (grey, dotted) performed on intercepts of regression quantiles in

reparametrized quadratic model.
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Appendix - Regular variation

Here we provide only a brief introduction into the concept of regular variation. For

the more detailed explanation and proofs we refer to de Haan and Ferreira (2006), pp.

361-407. A reader can find a brief summary also in Beirlant et al. (2004), pp. 76-80.
Let f be an ultimately positive function on RT. We say that the function f is reqularly

varying at oo if and only if there exists a real constant « for which

lim f(xt)
5 1)

We call « the index of regular variation and write f € R,. In the case o =0, i.e.

=t for all t > 0.

i
L@ b

we call the f to be slowly varying. We will reserve symbol ¢ for such functions. The class

for all t > 0,

of slowly varying functions R is an important one in the context of EVT and have a lot

of properties of the class appear in the proofs. We note just a few of them.
(i) Ry is closed under addition, multiplication and division.
(ii) If £ is slowly varying, then ¢° is slowly varying for all a € R

(iii) If ¢ € Ry, then

lim 220 _y
00 é(x)
uniformly for ¢ € S for any compact S C RT.
(iv) If ¢ is slowly varying, then
im 28
z—o0 log x
(v) If f € R, then for any ¢ € Ry

z—o0 x(x)
hence as the regular variation is a property holding only if x — oo, we can write
that f(x) = 2“¢s(z) for some (¢(z) € Ro.
To link two regularly varying functions we introduce the notation of de Bruyn conjugate:

If ¢(x) is a slowly varying function, then there exists a slowly varying ¢*(z), the de Bruyn

conjugate of ¢ such that

lim £(z)¢*(xf(x)) =1

r—00
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The de Bruyn conjugate is asymptotically unique in the sense that if also ¢ is a slowly

varying function and ¢(x)¢(zf(x)) — 1 then

CIN

Furthermore

im V@
z—oo  {(x)

The concept of regular variation can be easily modified for any  — ¢ € R such that f is

ultimately positive on some left or right neighbourhood of (. We say that f is regularly

varying at (¥ with some index «, i.e. f € Rq(¢T), if and only if

im f(t) =t for all ¢t > 0.
wl¢ f(x)

Similarly we can define the concept of regular variation on the left neighbourhood of ¢,

we say that f is regularly varying in {~ for some index « if and only if

f{t2) _ o for all £ > 0.

2e fl@)
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