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Abstract: Tato prace se skldda ze tif ¢lanku ([16],[15],[14]).

V kapitole 2 se zabyvame souvislostmi mezi slozitosti dané funkce f z polského
prostoru X do polského prostoru Y a slozitosti mnoziny C(f) = {K € K(X); f]
K je spojitd}, kde symbol K(X) oznacuje prostor vsech kompaktnich podmnozin
prostoru X opatieny Vietorisovou topologii. Dokdzeme, ze jestlize C'(f) je ana-
lytickd, pak f je borelovskd. Za predpokladu Aj-determinovanosti ukdzeme, ze f
je borelovska prave tehdy kdyz C(f) je koanalytickd. Predkldaddame téz podobné
vysledky pro projektivni tiidy.

V kapitole 3 pokrac¢ujeme ve zkoumani systému C(f) a taktéz studujeme re-

strikci tohoto systému na konvergentni posloupnosti(C(f)). Ukdzeme, ze systém
C (f) je borelovsky pravé tehdy kdyz f je borelovskd. Predklddame téz podobné
vysledky pro projektivni tiidy.

V kapitole 4 pojedndvdme o H™N-mnozindch, které tvoii dilezitou podtiidu
tfidy mnozin jednoznacnosti pro trigonometrické rady. Velikost téchto tiid je zk-
oumana pomoci systému mér zvanému polara, ktery méri nulou kazdou mnozinu
patiici do daného systému. Hlavni vysledek této kapitoly je zodpovédét negativne
otazku polozenou Lyonsem [9], zda poldry tiid H”Y-mnozin jsou stejné.
Klicova slova: Deskriptivni teorie mnozin, kompaktni mnozina, spojitost, har-
monicks analyza, H”-mnoziny, mnoziny jednozna¢nosti.
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Abstract: This work consists of three articles ([16],[15],[14]).

In Chapter 2, we dissert on the connections between complexity of a function
f from a Polish space X to a Polish space Y and complexity of the set C'(f) =
{K € K(X); fIlk is continuous}, where K(X) denotes the space of all compact
subsets of X equipped with the Vietoris topology. We prove that if C(f) is
analytic, then f is Borel; and assuming Aj-Determinacy we show that f is Borel
if and only if C(f) is coanalytic. Similar results for projective classes are also
presented.

In Chapter 3, we continue in our investigation of collection C(f) and also
study its restriction on convergent sequences (C(f)). We prove that C(f) is



Borel if and only if f is Borel. Similar results for projective classes are also
presented.

The Chapter 4 disserts on H”-sets, which form an important subclass of the
class of sets of uniqueness for trigonometric series. We investigate the size of these
classes which is reflected by the family of measures called polar which annihilate
all the sets belonging to the given class. The main aim of this chapter is to answer
in the negative the question stated by Lyons [9], whether the polars of the classes
of HN-sets are same.

Keywords: Descriptive set theory, compact sets, continuity, harmonical analy-
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Chapter 1

Introduction

This thesis deals with descriptive set theory and some important collections of
sets that are studied in harmonic analysis. According to [5], descriptive set theory
is the study of ”definable sets” in Polish (i.e., separable completely metrizable)
spaces. The task of the descriptive set theory is to classify these sets according
to the complexity of their definitions.

Let X be a Polish space. We will work with the so-called Hyperspace of
Compact Sets, which is the space of all compact subsets of X equipped with the
Vietoris topology. We will denote such a space as K(X). We remind that Vietoris
topology is generated by the sets of the form

{K e K(X); K CU},

{K e K(X); KNU # 0},

for U open in X. Let p < 1 be a compatible complete metric on X and dgy be
the corresponding Hausdorff metric. It is well known that dg is compatible with
the Vietoris topology.

Let us assume that we have a function f from one Polish space to another
Polish space. We focus ourselves on investigation of connections between the
descriptive properties of the function f and the complexity of the collection of
compact sets, on which this function is continuous. We denote this collection as
C(f). This topic was studied first by F. Jordan in [2, 3]. Besides other results
he showed that, if f is Borel, then f is a Baire class one function provided C(f)
is an F,s5 subset of KC(X). He also proved that if f is Borel and C(f) is analytic,
then C'(f) is Borel.

It is possible to show that there are nontrivial interactions between descriptive
properties of collections of compact sets and their set structure. These general
results play important role in different parts of analysis, mainly in the theory of
exceptional sets in harmonic analysis.

One of the most important collections of compact sets (i.e. in the harmonic
analysis) are sets of uniqueness. The idea of a set of uniqueness arose from the
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problem: If a function f : [0,1] — R admits a trigonometric expansion f(z) =
>, cn€®™ s this expansion unique? A set P C [0,1] is a set of uniqueness if
every trigonometric series which converges to 0 outside P is identically 0. We
denote collection of closed sets of uniqueness as U. It is very difficult to recognize
whether some set is a set of uniqueness or not. So, there were developed some
collections of sets which help us with this task, i.e. Uy-sets or H™V-sets which will
be defined in Chapter 4. It is well known that

H'cH*>c.--cUcU,.

There are many results comparing the size of these collections. The size of these
collections is reflected by the family of measures called polar which annihilate
all the sets belonging to the given collections. There are some interesting results
concerning this topic (see [4], [9]).

This thesis consists of three articles which coincide with individual chapters.
We have only done a minimum changes in these articles. The reason for this is
that we want to keep the former articles in the original form. The only main
change is in the proof of Theorem 3.2.7. We hope that the explanation in the
proof is now more clear and easy to understand.

Chapter 2 is based on the article [16] which is a joint work with the supervisor
M. Zeleny. We prove in this chapter that f is Borel provided C(f) is analytic.
This result allows us to improve several Jordan results from [2]. We also charac-
terize Borel functions (under assumption of Aj-determinacy) by the descriptive
quality of C'(f).

Chapter 3 is based on the article [15] which is the author’s own result. In this
chapter, we continue in our investigation of collection C'(f) and also investigate
the collection

5(]”) ={K € K(X); flk is continuous and K has exactly one limit point},

where f: X — Y. We find a characterization of Borel functions using collection
C(f). The advantage of this approach is that we do not need any determinacy
axiom. We also show several connections between a Baire class of a function f
and descriptive properties of C(f). We also study the property C(f) = C(g).
We show that the descriptive qualities of two functions satisfying this property
are very similar.

Chapter 4 is based on the article [14] which is the author’s own result. This
chapter disserts on H"-sets, which form an important subclass of the class of
sets of uniqueness. Lyons in [9] asked a question about the size of collections of
H"-sets. He asked, whether the polar of H" is equal to the polar of HV*!. We
answer this question negatively for arbitrary N € N.



Chapter 2

Compact sets of continuity for
Borel functions

This chapter is based on the paper [16]. We investigate the connections be-
tween complexity of a function f from a Polish space X to a Polish space Y and
complezity of the set C(f) = {K € K(X); f |k is continuous}, where K(X)
denotes the space of all compact subsets of X equipped with the Vietoris topology.
We prove that if C(f) is analytic, then f is Borel; and assuming Ay-Determinacy
we show that f is Borel if and only if C(f) is coanalytic. Similar results for pro-
jective classes are also presented.

2.1 Introduction

Let X be a Polish space. Denote the space of all compact subsets of X, which
is equipped with the Vietoris topology, by I(X). At least since the important
paper [7] it is well known that descriptive properties of families of compact sets
and their set structure (like being o-ideal or ideal) can interact in a nontrivial
way (see [10] for a recent survey). These general results were applied in different
parts of analysis, mainly in the theory of exceptional sets in harmonic analysis.

F. Jordan (]2, 3]) studies the following situation. Let f be a function from X
to a Polish space Y and

C(f) :={K € K(X); fk is continuous}.

Jordan investigates relationships between descriptive properties of the function
f and the ideal C(f). Besides other results he showed that, if f is Borel, then
[ is a Baire class one function provided C(f) is an F,s subset of (X). He also
proved that if f is Borel and C(f) is analytic, then C'(f) is Borel. In this note
we show that the assumption of Borelness of f can be omitted by proving the
following result.
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Theorem 2.1.1. Let X,Y be Polish spaces and f : X — Y be a function. If
C(f) is an analytic subset of K(X), then f is Borel.

One can show that if f is Borel, then C'(f) is coanalytic (see Theorem 2.2.5(1)).
This and Theorem 2.1.1 imply the next corollary giving a restriction on complex-
ity of ideals of compact sets of the form C(f).

Corollary 2.1.2. Let X, Y be Polish spaces and f : X — 'Y be a function. If the
ideal C(f) is an analytic subset of KC(X), then C(f) is Borel.

Compare this result with those of [7], which are of a similar nature.
Further we show that, assuming Aj-determinacy, Borelness of f can be actu-
ally characterized by descriptive properties of C(f).

Theorem 2.1.3. (Det(A})) Let X,Y be Polish spaces and f : X — Y be a
function. Then f is Borel if and only if C(f) is a coanalytic subset of K(X).

Remark 2.1.4. We do not know whether the assumption on determinacy of A}
games can be omitted in Theorem 2.1.3.

The next section contains more detailed versions of our results. We formulate
them also for projective classes. Proofs are given in the last section. Throughout
the paper we follow the notation used in [5], where one can also find all needed
definitions.

2.2 Results

A connection between complexities of C(f) and graph f is established by the
following result.

Theorem 2.2.1. Let XY be Polish spaces, f : X — Y be a function and T’
be a class of subsets of Polish spaces which is closed under Borel preimages. If

C(f) €T, then K(graph f) € ' and graph f € T.

The next corollary immediately follows from Theorem 2.2.1. Note that it is
easy to see that f is Al-measurable if and only if graph f € X!,

Corollary 2.2.2. Let X,Y be Polish spaces, n > 1, and f : X — Y be a
function. If C(f) is TI. (X1 respectively), then graph f is II} (2! respectively).
In the latter case f is Al -measurable.

More general forms of Theorem 2.1.1 and Corollary 2.1.2 read as follows.
Theorem 2.2.3 was proved by Jordan [2] using an additional assumption that f
is Borel.

Theorem 2.2.3. Let X,Y be Polish spaces and f: X — Y be a function. Then
the following are equivalent:
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(i) C(f) is Borel,
(i) C(f) is analytic,
(iii) f has Gs graph.

Theorem 2.2.4. Let X,Y be Polish spaces and f : X — Y be a function. If
C(f) is B}, then C(f) is AL.

The following theorem provides a characterization of A}-measurable functions
(the assertions (i) and (ii)) and of functions having IT. graph ((iii) and (iv))
assuming Det(A, ;).

Theorem 2.2.5. Let X,Y be Polish spaces, n > 1, and f : X — 'Y be a function.
(i) If f is A}-measurable, then C(f) is II..

(ii) (Det(An.)) If C(f) is I, then f is A} -measurable.

(iii) If  has II,, graph, then C(f) is A} ;.

(iv) (Det(AL.,)) If C(f) is AL, ., then f has II) graph.

Corollary 2.2.2 and Theorem 2.2.5(i) give a ZFC result on projective functions,
i.e., on functions which are A,ll—measurable for some n > 1.

Corollary 2.2.6. Let X,Y be Polish spaces and f : X — Y be a function. Then
f is a projective function if and only if C(f) is projective.

2.3 Proofs

2.3.1 Notation

Let X and Y be Polish spaces and f : X — Y be a continuous function. Then
the function f : K(X) — K(Y) is defined by f(K) = f(K). If A C X, then
KC(A) stands for the set of all compact subsets of A. The symbols 7x and 7y
denote the projections from X x Y to X and to Y respectively. If x € X, then
U(z) denotes the family of all open neighborhoods of x.

2.3.2 Proof of Theorem 2.2.1

Lemma 2.3.1. Let XY be Polish spaces and f : X — Y be a function. Then
C(f) = 7x(K(graph f)).
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Proof. Define ¥ : X — X xY by U(x) = (z, f(z)). Let K € C(f). Then
U is continuous on K. Consequently, W(K) C graph f is compact. So, K €

Tx (K(graph f)).
Let K € x(K(graph f)) be arbitrary. Then graph(f |k) is compact and f [
is clearly continuous. O]

Lemma 2.3.2. Let X be a Polish space and D be a countable dense subset of
X. Then there ezists a Borel function ® : K(X) — K(X) such that for every
K e K(X)

e K CP(K)CKUD,
e ®(K)ND = d(K).

Proof. Let p be a compatible complete metric on X with p < 1. Let dg be the
corresponding Hausdorff metric on IC(X). Let (F});ecn be a sequence of all finite
subsets of D. For every n € w we define an auxiliary function ¢,, : (X) — K(X)
as follows. The value ¢, (K) equals F; where j € w is the smallest number with
dp (K, F}) < —5. Since {F;; i € w} is dense in K(X), the definition is correct
and lim,, ¢, (K) = K for every K € K(X). Thus K U, o, ¥n(K) € K(X).

We define ¢ : £(X) — K(X) by

O(K) = KU | en(K).

new

Let V' C X be open. Since ¢, is obviously Borel for each n € w and ®(K) N
V # () if and only if

KNV #QorInew: p,(K)NV £,

we see that the set {K € K(X); ®(K)NV # 0} is Borel. Now it is easy to infer
that ® is a Borel function.
Let K € K(X). Then K C ®(K) C K U D by definition. Further, we have

o(K) | Jen(K) Cc ®(K)ND C O(K)

new

and we are done. O

Proof of Theorem 2.2.1. Find a set D C graph f which is countable and dense in
graph f. Let ® : K(D) — K(D) be the function from Lemma 2.3.2, where X is
replaced by D. We show

(7x 0 ®) 7" (C(f)) = K(graph f). (2.1)

Let K € K(graph f) be arbitrary. Since ®(K) C K U D C graph f, we
have ®(K) € K(graph f). By Lemma 2.3.1, 7x(®(K)) € C(f) and therefore
K € (Tx 0 ®)" (C(f))
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Let K € (Tx o ®) ™" (C(f)). The graph of f [ (@(x)) is compact and ®(K) N
D C graph(f fﬂX@(K))). Then

K C®(K)=®(K)ND C graph(f [y (@x)) = graph(f [« (@x)) C graph f.

Thus, K € K(graph f) and (2.1) is proved.

Let C(f) € I'. The formula (2.1) implies that K(graph f) € I'. Further,
the function S : X — K(X) defined by x +— {z} is continuous. Then we have
graph f = S™1(K(graph f)). This implies graph f € T. O

2.3.3 Proof of Theorem 2.2.3

(iii) = (i) According to the well-known fact that K(A) is G5 provided that A is
a G set, we have that KC(graph f) is Gs5. The function Tx [ x(eraph ) IS injective
and by Lemma 2.3.1 we have C(f) = mx(K(graph f)). Thus, C(f) is Borel.

(ii) = (iii) The set K(graph f) is clearly a o-ideal and it is analytic by
Theorem 2.2.1. Theorem 11 of [7, Section 1] says that each analytic o-ideal is in
fact Gs. Thus, K(graph f) is G5 and, consequently, graph f is G5 as well.

(i) = (ii) This implication is trivial.

2.3.4 Proof of Theorem 2.2.4

Assume that C(f) is .. Then Corollary 2.2.2 gives that f is A}-measurable.
Now the fact that K(A) is IT} provided A is IT} and the next lemma give that
C(f) is II}. Thus, C(f) is A}.

The next lemma is inspired by [3].

Lemma 2.3.3. Let X,Y be Polish spaces, n > 1, and f: X — Y be a function.
If f is Al-measurable, then there exist sets H € AL(X), i,l € w, such that

C(f) = ﬂlew Uiew ’C(Hll)

Proof. Let p and 8 be compatible complete metrics on X and Y respectively. Set
A =qmy (AN ({z} xY)) forx € X and A C X x Y. Let V and U be countable
bases for X and Y respectively containing only closed balls. Let 20 be the set of
all finite collections Z of sets of the form By x By with By € V, B, € U. Further
we define 20;, [ € w, as the system of all Z € 20 such that diamg (( 2)*) < 7
whenever z € mx(|J Z). Let 20, = {Z]; i € w}. Set H = nx((JZ]) N graph f).
We have that H; is A) by Al-measurability of f. Set 7 = (o, U,c, K(Hj).
We prove 7 = C(f).

Let K € 7, x € K, and € > 0 be arbitrary. Then there exist [ € w and
Z € 20, such that 1%1 <eand K C mx((JZ)Ngraph f). Set P ={B; x By €
Z; x ¢ By}. Since Z is finite, one can find 6 > 0 with B,(z,d) N7x(JP) = 0.
Let # € B,(x,0) N K be arbitrary. Then f(Z) € my (U(Z \ P)) = (U Z)*. Thus,
B(f(z), f(Z)) < e since diam(|J Z)* < = < e. This gives K € C(f).

I+1

€W
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Let K € C(f) and [ € w be arbitrary. Then there exists m € w such that for
every z,& € K with p(z,2) < 2 we have 8(f(z), f()) <
x € K there exist By, € V and B, , € U such that

T + 7~ Then for every

a) z is in the interior of B ,,

(c
(d

(a)

(b) diam, By, < L
) (lemK)CBQJw and
)

Clearly, the union of interiors of B, ,, € K, covers K. Since K is compact,
we can find finitely many points 1, .. ., z,, in K such that the balls B ,,, ..., Bi4,,
cover K. Set

Z = {Bl,xs X BQ,xS; § = 1, ce ,m}.

Let # € mx(|J Z) and y, 2z € (|J Z)%. Then there exist 1 <4,j < m such that y €
Boa,, 2 € Byyj,and & € By o,NBy,,. This yields p(x;, 2;) < % and, consequently,
B(f (), f(x;)) < ﬁ Using (c) and (d) we also have B(f(x;),y) < ﬁ and
ﬁ(f(mj) z) < 345 Therefore, 3(y, z) < 525 and, consequently, diamgs(|J Z)* <

T +1 This implies Z € 20;. Using (c) we get that Z covers graph(f [ k). Thus,
we have K € 7. m

2.3.5 Proof of Theorem 2.2.5

Lemma 2.3.4. Let X,Y be Polish spaces, n > 1, and f : X — Y be a function.
If f is not A} -measurable then there exist x € X and U € U(f(x)) such that, for
every U € U(f(x)) and V € U(z), the set f~(U) NV cannot be separated from
the set f=1 (Y \U)NV by a I}, subset of V.

Proof. Let V and U be countable open bases of X and Y respectively. Since f
is not A!-measurable one can find an open set W C Y such that f~'(W) is not
in II.. For U € U and V € V, let G(U,V) be a II. subset of V separating
FUU)NV from f~1(Y \W)NV, if such a set exists, otherwise set G(U, V) := 0.

Suppose towards a contradiction that the desired x and U do not exist. Then
FIW) = U{G(U,V); U €U,V € V}. Since U and V are countable, we have
that f~1(W) is II},, a contradiction. O

Lemma 2.3.5. (Det(A}.,)) Let X be a Polish space, n > 1, A,B € A, ,(X),
and ANB = (). If there is no I1). set separating A from B, then there is a compact
set C'C AUB such that CN A is ¥ -hard. In particular, if D C X is A, ;1 \1I,,
then D is X! -hard.
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Proof. First assume that X = w*. Let Q C 2¥ be IT'-complete. Consider
the separation game SG(Q; B, A) as in [5, 21.F]. This game is determined by
Det(A] +1). Since there is no IT) set separating A from B, player I cannot have
a winning strategy. So II has a winning strategy, which gives a compact set
C C AU B such that C N A is 3! -hard (see [5, 21.F]).

Now consider the general case. Let ¢ : w* — X be a continuous surjection.
Denote A = ¢~'(A) and B = <p_1(B). The sets A, B are Al ;. Assume that
T C w* is a IT} set separating A from B. Then X \ p(w* \ T) is a II} s
separating A from B, a contradiction. Thus, A cannot be separated by a l'I1 set
from B. This means that there is a compact set C' C A U B such that C' N A is
¥l hard. Setting C' := ¢(C) we are done. O

The next lemma is also inspired by [3].

Lemma 2.3.6. (Det(A},,)) Let X,Y be Polish spaces, n > 1, and f : X — Y
be a function. If f is not Al-measurable and f is A}Hl-measumble, then C(f)
is XL -hard.

Proof. Let p be a complete compatible metric on X and let S be a complete
compatible metric on Y. By Lemma 2.3.4, there are p € X, U € U(f(p)), and
decreasing sequences (V;) and (U;) of open sets in X and Y respectively such that

e lim;diam, V; =0,
e lim; diamg U; = 0

and, for every | € w,
epeVi, fp)elicU,

o A= f~YU;) NV cannot be separated from the set B; := f~}(Y \U)NV,
by a IT. subset of V;.

Since A;, B; € A, 1 (X) and 4; N B; = 0, Lemma 2.3.5 guarantees that there
is a compact set K; C A; U B; C V; such that D; := K; N A; is ¥!-hard.

Set K := {p} U, Ki- The set K is clearly compact, since K; — {p}. Let
h:[le, K — K(K) be defined by

W) = {o(l); 1 € w} U {p}.

It is easy to verify that h is well-defined, continuous, and that

T:=h""(C(flk) ={o € [[ K Jip€wVi>iq: o(i)€ D}

lew

We show that T is X)-hard. Let B be a X subset of w*. Find a continuous
function ¢; : w* — K such that ¢; ' (D;) = B. Let ¢ : w* — [[,c,, K be defined
by ¥(v)(I) = ¢i(v). Tt is easy to see that »~1(T') = B and v is continuous. Thus,
C(f 1) is BL-hard. So, C(f) is B}-hard. O
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Proof of Theorem 2.2.5. (i) Let f be Al-measurable. By Lemma 2.3.3 there
exist sets H € A} (X) such that C(f) = (e, Use, K(HY). Since K(H}) is I,
we get C(f) € I} (K(X)).

(ii) Let C(f) be IT,. By Corollary 2.2.2 the function f is A}, -measurable.
Suppose f is not Al-measurable. According to Lemma 2.3.6, C(f) is X.-hard,
a contradiction.

(iii) Let f have II) graph. Then K(graph f) is IT, in K(X x Y). By
Lemma 2.3.1 we have C(f) = 7x(K(graph f)). This gives that C(f) is ).,
Now Theorem 2.2.4 implies the desired conclusion.

(iv) Suppose that C(f) is AL., and graph f is not II}. Then by Theo-
rem 2.2.1, graph f is in Aiﬂ \ IT.. Using Lemma 2.3.5 we have that graph f
is 3! -hard. Using Lemma [10, Lemma 1.1] (cf. Lemma 1 in [7, Section 1]) we
have that K(graph f) is II, ,;-hard. On the other hand, K(graph f) is A}, by
Theorem 2.2.1. This is a contradiction. O



Chapter 3

Countable compacta of continuity
for projective functions

This chapter is based on the paper [15]. We investigate connections between
complexity of a function f from a Polish space X to a Polish spaceY and complez-
ity of the set C(f) = {K € K(X); flk is continuous and K has exactly one limit
point}. We prove that 5(]‘) is Borel if and only if f is Borel. Similar results for
projective classes are also presented.

3.1 Introduction

Let X,Y be Polish spaces. In this chapter we investigate the collection
5(f) = {K € K(X); flk is continuous and K has exactly one limit point},

where f : X — Y. Compacta with one limit point are in fact convergent se-
quences with limit point. So, we investigate continuity of functions on conver-
gent sequences. But, by Heine theorem we have that continuity on convergent
sequences characterizes continuity on general sets. We show that Borelness of
f can be actually characterized by descriptive properties of C'(f) assuming no
determinacy axiom.

Theorem 3.1.1. Let X,Y be Polish spaces and f: X — Y be a function. Then
the following are equivalent:

(i) C(f) is Borel,
(i) C(f) is analytic,
(iii) f is Borel.

One can show that C (f) is coanalytic if and only if C'(f) is coanalytic (see
Lemma 3.3.9). Thus, Theorems 2.1.3 and 3.1.1 imply the next corollary giving a
restriction on complexity of sets of the form C(f).

17
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Corollary 3.1.2. (Det(A3)) Let X,Y be Polish spaces and f : X — Y be a
function. Then C(f) is Borel if and only if C(f) is a coanalytic subset of K(X).

We do not know whether the assumption on determinacy of A} games can be
omitted in Corollary 3.1.2. In fact, the following two statements are equivalent

in ZFC:
(i) C(f) € AL(K(X)) if and only if C(f) € I (K(X)),
(ii) f is Al-measurable if and only if C(f) € II},(K(X)).

This equivalency simply follows from Theorem 3.2.1 and Lemma 3.3.9. So, if we
proved Corollary 3.1.2 using a weaker axiom, then we would be able to prove
Theorem 2.1.3 using the same axiom.

We also show several connections between a Baire class of a function f and
descriptive properties of C(f).

We also study the property C(f) = C(g). Clearly, C(f) = C(g) if and only
if C(f) = C(g). We show that two Borel functions f and g with C(f) = C(9)
belong to the same Baire class. We also show that if f is Lebesgue measurable
and C(f) = C(g) then g is also Lebesgue measurable.

As for the notation and all needed definitions we refer to [5].

3.2 Results

Let us describe the main results of the paper. The following theorem provides
a characterization of Al-measurable functions. This is a generalization of Theo-
rem 3.1.1 to projective classes, Theorem 3.1.1 is a special case of Theorem 3.2.1
for n = 1.

Theorem 3.2.1. Let X,Y be Polish spaces, n € N and f : X — Y be a function.
Then the following are equivalent:

(i) C(f) € ALK(X)),
(ii) C(f) € Sy(K(X)),
(iii) f is Al-measurable.
The next corollary is a more general version of Corollary 3.1.2.

Corollary 3.2.2. LDet(A%)) Let XY be Polish spaces, f: X — Y be a function
andn € N. Then O(f) € AL(K(X)) if and only if C(f) € II}(K(X)).

Let X and Y be Polish spaces. The symbol B,(X,Y) stands for the set of
all functions of Baire class o from X to Y. Now we define the classes £,. These
classes were studied by Jordan [3] who showed their interesting connections with
Baire classes and collections C(f).
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Definition 3.2.3. Let X,Y be Polish spaces, 2 < a < wy. We define E,(X,Y)
as a collection of functions f such that for all x € X and W open neighborhood
of f(x) there exist G € H%(X) with B < a and open sets U C X, V C Y such
that x € f2(V)NU, f~4(V)NU C G and f(G) CW.

The following theorem shows us that if functions f and g satisty C'(f) = C(g)
then descriptive properties of f are very similar to descriptive properties of g.

Theorem 3.2.4. Let X,Y be Polish spaces, 1 < a < wy, A be a o-algebra on X
containing A1(X) and f,g: X — Y be functions with C(f) = C(g).

(1) If o > 2, then we have f € E,(X,Y) if and only if g € E,(X,Y).
(i) We have f € Bo(X,Y) if and only if g € B,(X,Y).
(ii) We have f is A-measurable if and only if g is A-measurable.

Using (iii) from previous theorem we can simply prove the following two corol-
laries.

Corollary 3.2.5. Letn € N, f,g: R" — R be functions and C(f) = C(g). Then
f 1s Lebesque measurable if and only if g is Lebesque measurable.

Corollary 3.2.6. Let X,Y be Polish spaces, f,g : X — Y be functions and
C(f)=C(g). Then f is Baire measurable if and only if g is Baire measurable.

Jordan [2] shows that f € By implies that C(f) is IT}. He also shows that
C(f) is Borel if and only if f has ITJ graph. Thus, there exists f € By such that
C(f) is not Borel. So, we cannot find any upper bound on descriptive quality of
C(f) for higher Baire classes. This is why we use collection C(f) instead of C(f)
to study higher Baire classes.

Theorem 3.2.7. Let X,Y be Polish spaces, 1 < a < wy, and f: X —Y be a
function.

(i) If C(f) € 1%, ,(K(X)) and « > 2, then f € E(X,Y).
(ii) If f € Earr(X,Y), then C(f) € TI2, ,(K(X)).
(iii) If f € E.(X,Y) and o is a limit ordinal, then C(f) € I, (K(X)).

Theorem 3.2.8. Let X,Y be Polish spaces, 1 < a < wy, and f: X — Y be a
function.

(i) If C(f) € 5 (K(X)), then f € Bo(X,Y).

(ii) If f € Bo(X,Y), then C(f) € TI°, ,(K(X)).
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3.3 Proofs

3.3.1 Notation

Let us recall the notation from Chapter 2 and add some new terms. Let X and
Y be Polish spaces and f : X — Y be a continuous function. Then the function
[ K(X) — K(Y) is defined by f(K) = f(K). Let I be a collection of subsets
of X. We define its dual collection I" by

N={AcX; X\Aerll

The symbol d¢p denotes the Cantor-Bendixson derivative. If A C X, then K(A)
stands for the set of all compact subsets of A. We also define collections O(A),
S"(A), S=“(A) by
O(A) ={K € K(A); card(d¢cp(K)) =1},
S"(A) ={K C A; card(K) <n}, neN,
S<“(A) ={K C 4; card(K) < w}.
The symbols 7x and 7wy denote the projections from X x Y to X and to Y

respectively. The symbol A/ denotes the Baire space NY. If x € X, then U(x)
denotes the family of all open neighborhoods of x.

3.3.2 Proof of Theorem 3.2.1

Lemma 3.3.1. Let X be a Polish space. Then O(X) € TI3(K(X)).

Proof. Set M = {{z}; v € X}. Clearly, M is closed in K(X) and O(X)
d;(M). Since dop : K(X) — K(X) is a Baire class two function (see [5, 24.9]
we have O(X) € TI3(K(X)).

Lemma 3.3.2. Let X be a Polish space, n € N, 3 < a <w; and A C X.
(i) If A€ TI2(X), then S<¥(A) € TI2(K(X)).
(i) If A€ AL(X), then S<(A) € AL (K(X)).

Proof. (i) Clearly, S<“(X) = [U,enS™(X) and S™(X) is closed in IC(X). So,
we have S<“(X) € Z)(K(X)). Let F C X be closed. Then S<“(F) = K(F) N
S<¥(X). Thus we have S<“(F) € Z9(K(X)). Let B € TI5(X). Then S<¥(B) =
K(B)NS<“(X). Thus we have S<“(B) € Z3(K(X)), since K(B) € IT(K(X)).
Let A;,i € N, be arbitrary subsets of X. Clearly,

S (ﬂ AZ») = [)8™(A),

1€N

s (U Ai> .

keN i<k

Y

O |l

195}
A
€
2
&
N——
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For a > 3 and A € ITY(X) we have by transfinite induction that S<“(A) €
IT, (K(X)).

(ii) Assume A € IT}(X). Since classes IT} are closed under coprojection and
SA) ={KeS¥X);VreX: ¢ KVxe A}

we have S<¢(A) € IT} (K(X)).

Assume n = 1. So, A is a Borel set. Then A is coanalytic. So, S<“(A) is
coanalytic. The set A is also analytic. So, there exists a closed set B C X x N
such that A = 7x(B). Clearly, S<“(A) = 7x(S<¥(B)). So, S<¥(A) is analytic.
Thus, S<“(A) is Borel.

Now assume n > 1. Then A € IT}(X). So, S<¥(A) € I} (KC(X)). The set
A also belongs to X! (X). So, there exists a set B € IT! _ 1(X >< N) such that
A = 7x(B). Clearly, S<“(A) = 7x(S<“(B)). So, S<¥(4) € B} (K(X)). Thus,
S<¥(A) € AL (K(X)). O

Definition 3.3.3. Let X be a Polish space, p < 1 be a compatible metric on X
andv > s> 0. Define ®: O(X) — X and A5, : O(X) — K(X) b

{®(A)} = des(4),
Aysp(K)=KNP(OK),s,v),

where P(x,s,v) is defined by
P(z,s,v) ={y € X; s < p(z,y) <v}, v € X.

Lemma 3.3.4. Let X be a Polish space. Let ® : O(X) — X be as in Definition
3.3.8. Then ® is a Baire class one function.

Proof. Let U be an arbitrary open subset of X and p < 1 be a compatible metric
on X. Set F, ;= {z € X; dist(z, X \U) > 1}. Let K € ®~'(U). Then K NU is
compact. So, dist(K N U, X \ U) > 0. Thus we have

= [JU{K € 0(X); card(K N (X \ F,)) < i}

neNieN

Clearly, {K € O(X); card(KN(X\F,)) < i} is closed. So, ®~1(U) € 25(O(X)).
[

Lemma 3.3.5. Let X be a Polish space and p be a fized compatible metric on
X. Then Ay, € Bo(O(X), K(X)).

Proof. Let ® : O(X) — X be as in Definition 3.3.3. By Lemma 3.3.4 ® is a Baire
one function from O(X) — X. Thus, it is enough to verify that g : O(X) x X —
K(X) defined by

g(K,z) = KN P(z,s,v)
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is a Baire class one function. The sets of the form K(U) and My = {K €
K(X); KNU # (0}, where U is open in X, form a subbase of the Vietoris
topology. Let U C X be an arbitrary open set. There exist open sets U,, C X,
n € N such that (), .yUn = X \ U. Thus, My = K(X) \ ,en £(Ur). So, it is
enough to verify that ¢g~'(K(U)) is open in O(X) x X.

Suppose towards a contradiction that there exist (K, z,) ¢ ¢~/ (K(U)),n € N
and (K,x) € g~ (K(U)) such that

(Kp,x,) — (K, ).

Thus for every n € N there exists z, € (K,NP(xy, s,v))\U. Clearly, KU,y K;
is compact. Since 2z, € K UJ,ey K; there exist z € X and a subsequence {z,, }
converging to z. Thus, z € (K N P(x,s,v)) \ U, a contradiction. O

Lemma 3.3.6. Let X be a Polish space, n € N, 1 < a <w; and A C X.

(i) If A € II)(X), then O(A) € TIY_,(K(X)).

(ii) If A € AL(X), then O(A) € AL(K(X)).
Proof. Let A, s ,, ® be as in Definition 3.3.3. By Lemma 3.3.5 we have

Aysp € B2(O(X), K(X)).
By Lemma 3.3.4 we have that ® is a Baire one function. Clearly,
O(A) ={K € O(X); ®(K) e AANVs,0 € Q,v>s5>0: A, ,(K) C A}

Thus we have

O(A) ={K e O(X); ®(K) € ANVs,v e Qu>5>0:A,,,(K)eSA}
So,

OA) =27 (A)N [ AL (S™(A)).

V,8,0
$,vEQu>5>0

(i) Assume a > 3. By Lemma 3.3.2(i) we have S<“(A) € TI%(K(X)). Thus,
we have O(A) € I ,(O(X)). Using Lemma 3.3.1 we are done.

On the other hand, if a < 3 then O(A) = O(X) N K(A) € TI3(K(X)).

(ii) By Lemma 3.3.2(ii) we have S<“(A4) € AL(K(X)). Since classes A} are
closed under Borel preimages and countable intersections (see [5, Proposition
37.1]), we have O(A) € Al (O(X)). Using Lemma 3.3.1 we are done. O

Lemma 3.3.7. Let X,Y be Polish spaces and f : X — Y be a function. Then

C(f) = 7x(O(graph(f))).
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Proof. The proof is similar to Lemma 2.3.1. O

Lemma 3.3.8. Let X be a Polish space and M C X be a countable set. Then
S ={KeK(X); KNM =K} € II}(K(X)).
Proof. Let VW be a countable open base of X. Then for A, B C X we have
A=B&VYWeW: (ANV=0&BnV =0).
Thus,
S={KeKkX); VWeW:(KNV=0)vE@deVnNM:deK)}.

So, S € TI3(K(X)) since M is countable.
O]

Proof of Theorem 3.2.1. (iii) = (i) According to [5, Exercise 37.3] we have that
graph(f) € A} (X xY). By Lemma 3.3.6 we have O(graph(f)) € AL (K(X xY)).
By Lemma 3.3.7 we have C(f) = 7x (O(graph(f))). Thus C(f) € ! (K(X)). By
Theorem 2.2.5(i) we have that C'(f) € IT,(K(X)). Since C(f) = C(f) N O(X)
we have C(f) € ITL(K(X)). Thus, C(f) € AL(K(X)).

(i) = (ii) This implication is trivial.

(ii) = (iii) Let F be an arbitrary closed subset of Y. It is sufficient to prove
that

fHF) € ZL(X).

Find a set D C X x Y which is a countable and dense subset of
A :=graph(f) N (X x F).
By Lemma 3.3.8 we have
Vi=(§¥(X)UC(f) N{K € K(X); KNnx(D) = K} € T)(K(X)).

We prove that f~'(F) = |JV, which implies that f~'(F) € X} (X).

Let # € f~Y(F) = mx(A). Since D is dense in A there exist z,, € mx(D),
n € N, such that (z,, f(z,)) — (z, f(z)). Clearly, {x}U{z,; n € N} € V. Thus,
re|JV.

Let K € V. Then there exists B C D such that graph(f) N (rx) ' (K)
So, graph(f) N (rx) }(K) C A. Thus, K C nx(A) = f~Y(F).

B.
O
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3.3.3 Proof of Corollary 3.2.2

Lemma 3.3.9. Let X,Y be Polish spaces, f: X — Y be a function and n € N.
Then C(f) € IL(K(X)) if and only if C(f) € I} (K(X)).

Proof. Let C(f) € I} (K(X)). Clearly, C(f) = C(f) N O(X). By Lemma 3.3.1
we have C(f) e IT: (K(X)).
Let C(f) € I} (K(X)). By Heine theorem we have

C(f) = {K € K(X); O(K) c C(f)}.
Thus we have
C(f) ={K e K(X); VL € K(X): (L ¢ O(K)V L e C(f)}
So, C(f) € I} (K(X)). O

Proof of Corollary 3.2.2. Let C(f) € I (K(X)). By Lemma 3.3.9 we have
C(f) € I (K(X)). Using Theorem 2.2.5(ii) we have f is Al -measurable. By

Theorem 3.2.1 we have C(f) € AL(K(X)). The converse implication is triv-
ial. [l

3.3.4 Proof of Theorem 3.2.4

Definition 3.3.10. Let X,Y be Polish spaces and T' C 2%. We define Q1(X),
QQ(X)7 Q(X)7 MF(X7 Y)7 EF(Xv Y) by

(i) Q(X) ={V C 2%; V is closed under countable unions},

(i) Qu(X) = {V C 2%, V is closed under finite intersections A (V D II(X) V
VD Ei(X)},

(iii) QX) = Q1(X) N Q(X),

(iv) Mp(X,Y)={f €YX; [ is T-measurable},

(v) Er(X,Y) denotes the family of all functions f : X — Y such that
Ve e XYW eU(f(x))3U e U(z)3V e U(f(x))3G €T :
GO f Y V)NU and f(G) C W.

Recall that by Lebesgue-Hausdorff-Banach theorem ([5, Theorem 24.3]) we
have
Ba(X, Y) — ME(()1+1(X) (X, Y)

Lemma 3.3.11. Let X, Y be Polish spaces and T € Q4(X). Then we have
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(i) Ex(X,Y) D Mp(X,Y),
(ii) Ex(X,Y) = Mp(X,Y).
)

Proof. (i) Let f € Mrp(X,Y), x € X, and W € U(f(x)) be arbitrary. We find
V € U(f(z)) such that V C W. Set G := f~*(V) and U := X. Then G €T,
G D fY(V)NU and f(G) C W. Thus we have f € E+(X,Y).

(ii) The inclusion Er(X,Y) D Mp(X,Y) can be proved similarly to (i) by
setting V:=W, G := f~1(V) and U := X.

Now we prove Ep(X,Y) C Mr(X,Y). Let f € Er(X,Y) and an open set
W C Y be arbitrary. Let {U,; n € N} and {V,,; n € N} be countable open bases
of X and Y respectively. We set

M:={(n,m)eN* 3Gl :GD f(V,)NnU, A f(G) Cc W}.

For each (n,m) € M we fix G,,, € T satisfying G,.,, D [~ (V;n) N U, and
f(Gpm) CW. Since f € Er(X,Y) we have that for all z € f~1 (W) there exists
(ng, m;) € M such that U,, € U(x) and V,,, € U(f(x)). Since x € Gy, m, C
fHW) for all v € f=H(W) we have f~' (W) = U,c;-1w) Gnaim,- Since I' € Oy
and the set {G,,, m.; € f~H(W)} is countable, we have f~}(W) € I O

Lemma 3.3.12. Let X,Y be Polish spaces and 1 < o < wy. Then

Bo(X,Y) D E0t(X,Y) D E(X,Y) D | Bs(X,Y).
B+1<a
Proof. Clearly, 2%()() € (X)) forall 1 < < w. So,
BQ(X, Y) = Mzg+1(X)(X7 Y) = E22+1(X)<X7 Y) (Lemma 3311)
- EHg(X)<X7 Y) = ga—l—l(Xv Y) ) Sa(Xv Y)

Clearly,
Ea(X,Y) = E x)(X,Y) D EUﬂ+1<aHﬁ+1(X)(X Y)
> U EBng,,x(X.Y).
B+1<a

By Lemma 3.3.11(i) we have

Thus,

U By (0(X,Y) D U My, V)= |J Bs(X,Y).

B+1<a B+1<a B+1<a
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Lemma 3.3.13. Let X,Y be Polish spaces, f,g : X — Y be functions, and
C(f) D C(g). Then for all z € X, V € U(f(x)) there exist V € U(g(x)),
U € U(x) such that

VYo g ' (V)NU. (3.1)

Proof. Let x € X and V € U(f(x)) be arbitrary. Let {U,; n € N} and {V},; n €
N} be decreasing sequences of open sets, which form bases of neighborhoods of
x and g(x) respectively. Assume towards contradiction that there are no U and
1% satisfying (3.1). Thus, there is a sequence {z,, € X; n € N} such that

v € (97 (V) VU \ £ ). 32
So, x, — = and g(x,) — g(x). Thus, {z,; n € N}U{z} € C(g9) C C(f). B
(3.2) we have {z,; n € N} U{z} ¢ C(f), a contradiction. O

Lemma 3.3.14. Let X,Y be Polish spaces, I' € Qo(X), f,9: X — Y be func-
tions and C(f) = C(g). Then f € Evr(X,Y) if and only if g € Er(X,Y).

Proof. Assume that f € Er(X,Y) and g ¢ Er(X,Y). For every x € X let
{Un(x); n € N}, {V,,(x); n € N} and {W,,(z); n € N} be decreasing sequences of
open sets, which form bases of neighborhoods of z, f(x) and g(x) respectively. Let
{G7(z); v € T(z)} be the family of all G € T satisfying G D g~ (W,,(x))NU,(z).
Since g ¢ Er(X,Y) we have that there exist € X and W € U(g(x)) such that
for all n € N and v € I',,(z) there exists ) € G7(x) such that

glzy) ¢ W. (3-3)
Since f € Er(X,Y) we have that for all s € N there exist [75 e Ux), V° e
U(f(z)) and G* € T such that G* > f~(V*) N U® and F(G*) C Vi(z). Set
U* == Ug(z) N U* and V* := Vi(z) N V*. If I contains open sets, then we set

G := Uy(z) N G*. If T contains closed sets, then we set G* := U,(z) N G*. Thus,
fHVHNUSCcGEer (3.4)

and f(G®) C Vi(z). By Lemma 3.3.13 we have that for all s € N there exists
m(s) € N such that

f_l(vs) NU® D g_l(Wm(s) (I)) N Um(s)(x)

y (3. ) we have that there exists v, € I'ys)(2) such that G° = G (x). Set
T, for s € N Since ys € G* C f~1(Vi(z)) we have y* — = and
ﬁ

( ). Since C(f) = C(g) we have g(y®*) — g(x). It contradicts (3.3). O

\@Uj

( ?)
Lemma 3.3.15. Let X,Y be Polish spaces, I' € Q(X), f,g: X — Y be functions
and C(f) = C(g). Then f € My (X,Y) if and only if g € Mr(X,Y).
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Proof. This follows from Lemmas 3.3.11(ii) and 3.3.14. O
Proof of Theorem 3.2.4. (i) This follows from Lemma 3.3.14 and

gOc(X’ Y) = EU5<QH%(X)(X’ Y)v

J I3 (X) € 2u(X).

B<a

Since 22, (X), A € Q(X), (ii) and (iii) follow from Lemma 3.3.15.

3.3.5 Proof of Theorem 3.2.7

We fix some compatible complete metricson X and Y. Let S C X andg: 5 — Y
be a function. We define osc(g) = diam(rng(g)). The following Remark compare
our definition of &,(X,Y") with Jordan’s definition in [3].

Remark 3.3.16. Let 2 < a <w; and f € E,(X,Y). Then for every x € X and
€ > 0 there exist sets U € U(z), V € U(f(z)) and G € U, H%(X) such that
Y V)YNU C G and osc(fg) <e.

Let us begin with the proof of the Theorem.

(i) This statement is similar to [3, Theorem 3]. We only replace C(f) by
C (f). Proof is also similar. In fact the only difference between the proof of this
statement and the proof of [3, Theorem 3] lies in [3, Lemma 10]. For completeness
of this work, we show here the changed version of this lemma.

Lemma 3.3.17. Let X, Y be Polish spaces, a > 2 be a successor ordinal and
f:X =Y bea function. If O(f) € T, (K(X)) then f € &,.

Proof. Let 54+ 1 = a. Suppose f ¢ &,. There is an p € X and € > 0 such that
for every pair of open sets U and V such that U € U(p) and V € U(f(p)) we
have osc(f [¢) > € for any G € IT}(X) containing f~'(V)NU.

Let {V,}n.en be a decreasing sequence of open neighborhoods of f(p) such
that diam(V},)
< 1/2" for every n € N. Let {U,},en be a decreasing sequence of open neigh-
borhoods of p such that diam(U,,) < 1/2" for every n € N. Fix n € N such that
1/2"71 < €. Since osc(f ) > e for every G € IT}(X) containing f~*(V,,)NU,, we
conclude that f~1(V;,)NU,, cannot be separated from the set U, \ f~1(B(f(p), ¢/2))
by a ITj-subset of U,. Since C(f) € IT) ., (K(X)) we have by Theorem 3.2.1
that f is a Borel function. Thus, the non-separable sets are Borel in X. Now,
[5, 22.13, 24.20] guarantees that there is a compact set K, C U, and a 2%—
complete D, C K, such that D, = K, n (f~4(V,)NnU,) and K, \ D, =
Ko 0 (Un \ f7H(B(f (), €/2)))-
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Let K = {p} UU,en Kn- Let h: [],cn K — K(K) be defined by h(o) =
{o(n); n € N}U {p}. Notice that h is continuous and that h=2(C(f | x)) is
precisely the set of all 0 € [], .y Ky such that o(n) € D, for all n sufficiently
large. Since each D, is 2%—complete, [3, Proposition 9] guarantees that h_l(é (f1
K))is E%+2—Complete. Thus, C(f k) is E%+2-hard in IC(K). Since (K is closed
in K(X) we have O(f) ¢ IT,,(K(X)) = I, (K(X)). =

A similar argument establishes the limit case (see [3, Proposition §]).

(ii) The case f € & immediately follows from [3, Theorem 7]. Thus we can
assume that o > 1. Following ideas of the proof of [3, Theorem 6] one can find
sets Hy € II2(X), s,0 € N, such that C(f) = Ny Useny O(H;). By Lemma

3.3.6(i) we have O(H;) € I, (K(X)). Consequently, C(f) € IT2, ,(K(X)). For
completeness of this work we show here the way of finding of these sets H;. The
following Lemma is inspired by [3, Lemma 26].

Lemma 3.3.18. Let a > 2, f € E,(X,Y), € > 0 and Dy, Dy be countable open
bases for X and'Y respectively. If v € A C X and ] 4 1s continuous then there
exist D1 € Dy, Dy € Dy and G € U5<QH%(X) such that x € Dy N f~1(Dy),
fH(D2) "Dy C G, osc(fla) <€ and f(AND;) C Ds.

Proof. Since f € &, there exist open sets U € U(x), V € U(f(z)) and G €
Us<a IT3(X) such that f~'(V)NU C G and osc(f [¢) < e. Pick D; € D; and
D, € Dy so that Dy C U, Dy CV, z € Dy and f(z) € Dy. Now f~(Dy) N Dy C
Y V)NU C G and osc(f [¢) < €. Since f |4 is continuous we may assume D
is small enough that f(A N E) C Ds. m

Let A be a collection of subsets of X x Y. We define
MA) = | (mx'{ehn A€ 4 @ e mc(A)}).
rzeX

Let e > 0 and S C X. We say that a function f : S — Y is e-continuous if

inf{osc(f [snB@s); 6 >0} < e

for all x € S. It is easy to verify that f is continuous if and only if f is O-
continuous. The following Lemma is inspired by [3, Lemma 27].

Lemma 3.3.19. Let a > 2, € > 0 and A be a finite collection of closed boxes
in X x Y such that for every A € A : diam(my(A)) < €/5, there is G4 €
U5<QH%(X) such that wx(A N graph(f)) C Ga and osc(f [¢,) < €/5. Then
there is G € Ug<aH%(X) such that mx(M(A) N graph(f)) € G and f | ¢ is

e-continuous.
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Proof. Let G1 = c4(Ganmx (AN graph(f))). Clearly, Gy € Usca IT}(X) and
mx (M (A) Ngraph(f)) € | J mx(ANgraph(f)) c Gy | mx(A).
AcA AcA
Let
G =Ginax(M(A) =G\ (U{ﬁwX(Ai); seNAA; € A/\ﬁwY(Ai) = @}).
Now G € Ug., IT(X) and
mx(M(A) Ngraph(f)) C G C mx(M(A)).

We now show that f [ is e-continuous. Let x,x, € G be such that x,, — x. Let
{z, } and {z., } be subsequences of {x,} such that there exist A, B,C € A such
that

r € GaNmx(ANgraph(f)) C mx(A),
{zp,;n € N} C GpNrwx(BNgraph(f)) C mx(B),
{z.,;n € N} C GeNrx(CNgraph(f)) C mx(C).

Since mx(B) and 7x(C) are closed, we have x € 7x(B) N wx(C). Since x €
x(M(A)) we have AN BNC # (). Since

diam(7my (A) U my (B) Uy (C)) < 2¢/5 and
max{osc(f[a,),08¢(flap),05¢(flae)} < €/5

we have

diam(f({xp,; n € N} U{x.,; ne N}U{z})) < 4e/5.
Thus, we simply get that f[q is e-continuous. O]
The following Lemma is inspired by [3, Lemma 28§].

Lemma 3.3.20. Let a > 2, f € Eo(X,Y). Then there exist sets
Hp € U I3(X), 5,1 € N such that C(f) = Mey Uyen OH).

Proof. Let | € N. Let Dy = {D%; k € N} and D, = {D}; k € N} be countable
bases for X and Y respectively. Let VW be the collection of all finite collections

Z ={Wi,..., W} of sets of the form Di x D} for some i, j € N satisfying
e diam(Dj) < 1/(2'-5) and

e there exists a G € U, IT3(X) such that 7y (graph(f) N (F{ X Fé)) cG
and
ose(f[g) < 1/(2'-5).
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Let Z € W. By Lemma 3.3.19, there is a Hz € (J,, IT(X) such that
mx(M(Z) Ngraph(f)) C Hz and f g, is 1/2"-continuous. We enumerate collec-
tion {Hz; Z € W} as {H}; s € N}. Clearly, f|¢ is 1/2'-continuous for every
C € Uen O(H}).

We set 7 = (N,eny Usen O(H;). Since C' € 7 implies that f ¢ is 1/2'-continuous
for all [ € N we have 7 € C(f).

Let C € C (f) and [ € N be arbitrary. We will construct a finite collection

W ={Wy,...,W,} of sets of the form W;, = Fﬁx@ for some i, j € N such that

(a) graph(flc) c UW,

(b) there is G € U, IT}(X) such that mx (graph(f) N W;) C G and osc(f |
G) < 1/(QZ ' 5)7

(c) diam(Dj) < 1/(2'-5) and
(d) graph(fcry ) C Wi

By Lemma 3.3.18, for every « € C' there exist i(z), j(x) € N such that Dll'(x).e Dy,
DY) € Dyand G € |y, IY(X) such that = € DI nf~1 (DY), diam (D3™)) <
1/(2 - 5), f(Di(:”) N C) c DIV, 1y (graph( £)N DI x Dg@) C G and osc(f]
¢) < 1/(2'-5). Since graph(f [ ¢) is compact we may find a finite subcover
W = {Wy,..., Wy} of (DI x DI 2 € C}. For every 1 < k < m we set
Wy, = Wi, The collection W = {Wy,...,W,,} clearly satisfies conditions (a),
(b), (¢) and (d).

By (b) and (c), W € W. Let x € C. By (a), there is some W), € W such that
(z, f(x)) € Wi. By (d), for any W, € W if x € nx(W,) then (z, f(z)) € W,.
Thus, (z, f(z)) € M(W) N graph(f). So, z € mx(M(W) Ngraph(f)). Therefore,
CCrax(MW)N graphgf)) C Hy. Thus, C(f) C U,eny OHY).

It now follows that C'(f) C . O

(ili) Similarly as in the previous case, we find sets Hj € s, H%(X), il €
N, such that C(f) = MNien Uien O(H}). By Lemma 3.3.6(i) we have O(H]) €
Us<a IT;(X) since « is limit. Consequently, C(f) € I3, (K(X)).

3.3.6 Proof of Theorem 3.2.8

(i) By Theorem 3.2.7(i) we have f € £,+1(X,Y). By Lemma 3.3.12 we have
feB.(X)Y).

(i) By Lemma 3.3.12 we have f € £.42(X,Y’). By Theorem 3.2.7(ii) we have
C(f) € T, 5 (K(X)).



Chapter 4

The size of the classes of HY sets

This chapter is based on the paper [1]]. We investigate the size of H" -sets
which is reflected by the family of measures called polar which annihilate all the
sets belonging to the given class. The main aim of this paper is to answer in
the negative the question stated by Lyons [9], whether the polars of the classes of
HN -sets are same.

4.1 Introduction

Let M be a collection of closed subsets of [0,1] and M([0,1]) be the set of all
Radon measures on the interval [0, 1]. Then the polar M+ C M([0,1]) is defined
by

M+ ={ve M([0,1]); YB€ M : v(B) =0}

We say that € M([0,1]) is Rajchman if lim, o fi(n) = 0. The family of all
Rajchman measures is denoted by R. Let us recall that closed sets of extended
uniqueness (U sets) are those closed sets which are annihilated by every Ra-
jchman measure. Thus by definition we have that R C Ug. Lyons [8] showed
that R = Ug-. Thus there appears a natural question, whether there are some
other interesting classes A C U, with the property A+ = R. More generally, one
can consider two families of closed sets A C B and may ask whether B+ C A+,
If this is the case then B can be considered much larger than A. For example,
Kaufman [4] proved that Uy is in this sense larger than the family of closed sets
of uniqueness U, i.e., R = U;- C U+ (see [6] for the definition).

Rajchman [12] introduced an important subclass of U-sets, so called H-sets
(or H'-sets) (see the next section for the definition). Rajchman conjectured that
every set of uniqueness is a countable union of H-sets. This was disproved by
Pyatetskii-Shapiro in [11], where he also introduced the classes of H"-sets. We
have HY ¢ HN*' c U C Uy for every N € N and for each N there is an HV!-set
which cannot be written as a countable union of H"-sets. Lyons [9] showed that

R C (Uyex HN)L. Thus, classes HY are “small” in Uy in the sense given above.

31
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Lyons [9] posed a question whether HN*1" = HN"_ The aim of this chapter is to
prove the next theorem which answers Lyons’ question in the negative for every
N e N.

Theorem 4.1.1. Let N € N. Then HN+1* + HN*

There also arises an open question, whether (U ven H N )l DUt

4.2 Proof of Theorem 4.1.1

Notation 4.2.1.

(i) We denote the Lebesque measure on R by X\ and the number of elements of
a finite set A by g A.

(ii) The symbols [x] and (x) stand for the integer part and fractional part of
x € R respectively, i.e., (x) = x — [x]. Further, for B C R we denote

(B) = {(x); = € B}.

(i1i) The symbols Q and Q* stand for the set of rational numbers and nonzero
rational numbers respectively.

(iv) For N € N and a € (]RN)N, we employ the following coordinate notation
a = {a;}jen and a; = (aj,...,a)) € RV,

(v) By an open interval J C RY we mean any product of nonempty open in-
tervals J'CR,i=1,...,N.

Definition 4.2.2. Let N € N, L € R, and P C R\ {0}.

(i) A sequence of vectors a € (RM)N is quasi independent if for every nonzero
A € ZN we have lim; |(\, a;)| = oo, where (u,v) denotes the scalar product
of vectors u,v € RY. The set of all quasi independent sequences of vectors
from PN is denoted by QN (P).

(ii) A closed set A C [0,1] is in HY(P) if there exist a € QN (P) and an open
interval J C [0,1]N such that for every x € A and every j € N we have
(zaj) = ((za}), ..., (zal)) ¢ J. We will write just H" instead of HN(N).
The elements of HY are called H™ -sets.

(iii) A closed set A C [0,1] is in HYN(P) if there exist a € QN (P) and an open
interval J C [0, 1] witnessing A € HY(P) and satisfying

a;Jrl)\(JZ)

j

for everyi € {1,...,N — 1} and j € N.

> L

a
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Remark 4.2.3. (i) Let NyM e N, N < M, LK € R, L< K, and P C R\
{0}. Then we clearly have HY (P) c HX(P), HN(P) = HY¥(P), and HY(N) C
HYN(Q*). Further the families HN(P) and HY (P) are hereditary.

(i1) In the role of P we will use N or Q*. Note that each set from HY (Q*) is a

finite union of HY -sets (see [1, pp. 919-921]). Consequently, HN((Q)*)L = Nt

The proof of the main result is based on the following two results which will
be proved in the next sections.

Lemma 4.2.4. Let N € N. Then HY 1" C HN(Q*)".
Theorem 4.2.5. Let N, L € N. Then HY(Q*) = HN(Q*).
Granting these results the proof goes as follows.

Proof of Theorem 4.1.1. Using Lemma 4.2.4, Theorem 4.2.5, and Remark 4.2.3
we get
HN B Q) = BNQ) = BN

4.3 Proof of Lemma 4.2.4

Throughout this section N € N will be fixed. We will construct a measure
p€ HY (@) \ HN 1

4.3.1 Construction of the measure pu.

Notation 4.3.1. Forn e N, j=1,... N+1, and I C [0,1] we fix the following:

xzz = 2(N+1)n+j((N + 1)” _'_])'7 Tpn = (xvlza s 7$nN+1)' (41>
+1 5‘731+1

. j
Note that the numbers 7 are chosen so that 22— and =% are natural numbers
n 2 22+
n

z,

bigger than n.
P,={ze€[0,1]; (z-z;) ¢ (1/2, )" i=1,...,n}, (
1 —1 1 1—1 1
Pn': Ty 5 C0717 ENa iy ﬂPn @ ’
! {{ 217, 296%} 0,1]: i ( 217, 2.76%) 7 } (
Pli={VeP,; VClI}, (
[Pl = 1/(22,). (

Remark 4.3.2.
(Z) ]fV - ,PnJ, then ||,Pn7j|| = /\(V)
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(it) LetI,J € Pyni1, k> nandj < N+1. By definition we get § PL; = 4 Pil ;.
(i1i) Let I € Pp_in+1 and j < N + 1. By definition we get

EPi v <2 ) EPEy

RePi’j

Lemma 4.3.3. Let n,s € N, s < N+ 1, 1 € Po_iny1 and let Z C I be an
interval with N(Z) > 9||Py||. Then AUPE,) = sA(2).

s ) S
2z3 7 2z

Proof. Let S be the system of all intervals of the form [i_l ; }, 1 € N, which

are contained in Z. Then we have \(Z) < (1S + 2)||Pns||. If intervals [i_l g ]

s ) S
28 7 2z

and [ : ”1} are in S, then at least one of them belongs to P7 by (4.2), (4.3)

s ) S
2x3 7 2x8,

and Z C I € P,—1 n41. Then we have

ARSE s
MUPEL) 2 [588] 1Pl = 58 = DIIPal
1 3 1
S _ = > — —
S (S +D)|[Pasll = S1Pusll = 5A(2)

DN o

Construction 4.3.4. We define a Radon measure p,, n € N, on the interval
[0,1] such that

fin(A) = (1 _ 2—(N+1))_n MANP,),
whenever A C [0,1] is Borel.

Lemma 4.3.5.

(i) For each n € N, p, is a continuous probability measure.
(ii) If Q = [#}H, QIN;H]y where n,i € N, i < 22N+ then
P Jor Q€ Pon,
11 (Q) = 1 (Q) = { FPmnva ’
0 for Q ¢ P+,

for every k > n.

Proof. (i) Since pu, is a restriction of a multiple of Lebesgue measure, p,, is con-
tinuous. Since
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we get that pu, is a probability.
(ii) Let k € N, k > n. If Q ¢ Pony1, then QN P, € Q°N P, = 0.
Consequently, ux(Q) = i, (Q) = 0. Otherwise we have

@ =m@nP) = Y )= 3 -2y,

Q Q
JEPE N1 JEPE N1

Using Remark 4.3.2(i) and (i) we infer

@ = S -y = 3 L

P
JEPE n 41 JEPE N 11 FPona
Q Q
_ i P _ f Pens
1Peve >0 EPinn
VEPTL’NJA
By Remark 4.3.2(ii) we get ux(Q) = m and the statement follows. O

Lemma 4.3.6. The sequence {u,} w*-converges to a continuous Radon measure
L.
Proof. Let () be any interval with endpoints 2;15—1“, 2;25—1“’ where n,i € N, which
is contained in [0, 1]. By Lemma 4.3.5(ii) we have that limy 14(Q) exists finite.
Since each continuous function can be uniformly approximated by a function
Z;":l CiXq;, Where Q;, 7 = 1,...,m, are intervals of the above form, we get
that limy, [ fdu, exists finite for each continuous function f on [0,1]. Thus {u}
w*-converges to a Radon probability measure pu.

Let z € [0,1] and € > 0. One can find an interval @ of the above form and

corresponding n with x in the interior of @) considered with respect to [0, 1] and
pn(Q) <2/8P,Ni1 < € by Lemma 4.3.5(ii). Then

p({r}) < p(Q%) < liminf i (Q°) < 2/ £ Ponir <&
Thus p is continuous. [l

As a simple corollary of continuity of measure p and Lemma 4.3.5(ii) we get
the following.

Remark 4.3.7. IfV € P, n41, then pu(V) L

- P, Nt1 "

4.3.2 Verification of y ¢ HN+1
Lemma 4.3.8. Set

P = {:13 S [071]§ Vie N: <J}[pz> ¢ (1/2,1)N+1}‘
Then P is an HYN™'-set and p(P) = 1.
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Proof. We have {z, }nen € Q(N) by (4.1) and therefore P € HN*!. By (4.2) we
have P = [,y P Using the definition of y and continuity of y we get

p(P) = lim p(Py) = lim lim g, (5) =1,

where the last equation follows from p,(P;) = 1 for all n > k. Indeed, u, is a
probability, supp(u,) = P, and P, C F. [

4.3.3 Verification of . € H{}S(@*)l

We will need the following notation.

Notation 4.3.9. Let p € N, I C [0,1]? be an interval and z € Q°(Q). Then we
define
H(z,I)={x€0,1]; Vke N: (x-z) ¢ I}.

Remark 4.3.10. Let p € N.

(i) If A € H?(Q*) then there exist z € QP(Q*) and an open interval W C [0, 1]?
such that A C H(z,W).

(i) If I C J C [0,1]” are open intervals and r € QP(Q), then H(r,J) C
H(r,I).

Now we fix an arbitrary X € HJ(Q*). We find an open interval W =
H;V:l W, C [0,1]Y and z € QN(Q*) witnessing X € H{(Q*). Thus, we have
AW,
Z"—.(]) > 10 for every i € N,j € {1,...,N —1}. (4.6)
Z

J
We have X C H(z,W). We want to show that p(X) = 0, so it is sufficient to
prove u(H(z,W)) = 0. Denote A = H(z,W).
Let 0 <o < p < N be integers. We set

Apop={z € (0,130 <j < p:(x-z) ¢ W;}, (4.7)
Ay={z€[0,1;Vi<k:{x z) ¢ W}=[)An (4.8)

Further fix a constant [ € N such that
[>100 and [>1/A(W,), j=1,....N. (4.9)
Notation 4.3.11. Let n,k € N and S,T C [0,1]. We define
Bu(S,T) ={V € P y.1; VNT #0},
and if P3 y 1 # 0, then we set
s _ 8Ba(S A

[ [0,1]
nk T
ﬁPiN—H

and P = Hop -
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Lemma 4.3.12.
(i) We have p(A) = inf{,r; n,k € N}.

(it) If n,t,s,k € N, n> s>t and I € Py then p), < ply-sup{p) . Ve
Pinst-

Proof. (i) For every k,n € N we have
AN P C AN, C|JBa([0,1], Ap). (4.10)

The set Ay N P is closed and (), U B.([0,1], Ay) C P. The diameters of in-
tervals from B,([0,1], Ax) tend uniformly to 0 if n — oo, so we get A, NP =
No—, UB.([0,1], Ay). Using continuity of 4 and Remark 4.3.7 we can conclude

M(UBn([O,l],Ak)>: > M(J):W:MW. (4.11)

JeBn([0,1],Ax)

Since AN P C |JB,([0,1], Ax) by (4.10), we get pu(A) = u(ANP) < pnx by
(4.11).
Since

ANP= ﬂAka ﬂﬂUB (10, 1], Az),

k=1n=1

we get u(A) > inf{p, x; n,k € N}.
(ii) It is easy to verify that

;BB AR) Z 1B, (V, Ay)
i

Hnge = T = T %
ﬁp ,N+1 P&N—i—l : ﬂpn,N—f—l

I
VEP; N1

v v
_ ZVGP N+1 ok D_ves, (1 Ay) Hn ke

ﬁ N+1 ﬂ N+1 7

where the last equality follows from the fact that ,u}; p = 0 for all
V e Py 1 \Bs(I, A;). Thus, we have

£ B (f A)

Mnk < SUP{Mnka Ve PIN-i—l} 8P B M;k ' sup{ux’k; Ve P;NH}'

N+1

]

Let us assume that k € N is fized in the following definition, Lemma 4.3.14
and Lemma 4.3.15.
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Let j € {1,...,N}. We define an auxiliary family K; as the family of all
intervals of the form % (W; +m), m € Z. We denote ||K;|| = A(W;)/|z]|. Let
%k

S C [0, 1] be an interval. We inductively define
Ko, ={KnS% Kek;NKnS)=>|K;|/2},
N—U{’Cm ZeKi 1}, j<t<N.
Remark 4.3.13. The system Kft contains just intervals of the form K N Z,

which have length greater than one half of the length of K, where Z € ICﬁt,l and
K € K;. By definition we get the following two properties.

(i) For every Z € K3, we have \(Z) > ||| = l)\(I/V)/|zi|
(ii) If Sy C Sy C [0,1] are intervals and K € le%, then there exists K € IC52
with K C K.

Lemma 4.3.14. Let 0 < j <t < N and S C [0,1] be an interval with A\(S) >
1/|22]. Then A (UK3,) = A(S) - (41)I=1,

Proof. 1f 1 <i < N and J C [0, 1] is an interval with A(J) > 1/|zi|, then

1
A (U Kii) > SACDAWS). (4.12)
Indeed, we have §K/; > [A(J)|z4]] = 1A(J)|zi| and using Remark 4.3.13(i)
get
AW 1
AMLUKL) =1k, > “A(AW).
(Ue) =125 Laan
Using this for J := S, ¢ := j and (4.9) we get
A(S)
S > 2L
MUK = 5 (4.13)

Further we proceed by induction on t. We assume that the desired inequality
holds for ¢t =i > j. Let Z € K%;. By Remark 4.3.13(i) and (4.6) we have

ANZ) > A2(|W¢‘) > ; z5+1‘ > : 1+1| Thus we can use (4.12) for J := Z and i := i + 1.
We get

MUKA i) 2 PEAW)

and we infer

MUK = 2 3 (UK ) 2 X @AW

ZeICS ZeICS

_)\<UIC ) Z“ > A\(S)(41) 72,

The last inequality follows from induction hypothesis and (4.9) and we are done.
O
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Lemma 4.3.15. Let 0 < o < p < N be integers,n € N, I € P,,_1 ny1 and G C [
be a closed interval. Suppose that the following conditions are satisfied

n> 12’ (4.14)
ANG) 1
_ 4.1
1
NG 2 o 2 [Pl o <i<p (4.16)
k

Let a € (0,1]. We define D* as the family of all intervals V € PSNH for which
there exist a closed interval O C V' such that A(O) > aX(V) and O N Ay, , = 0.

(i) Then we have
t D7 AG)
>
fPanir  18A(T)

. A(W,) }
T=min4 1, £ . 4.17
{ 6122 - [Pumvr] (4.17)

(41)°7°, where

) B iDL o AG)
(i1) If o = p, then we have - Z o)

(iii) If o = p and G = I, then we have § D" = § P} .

Proof. (i) Since D! C D7 the case 0 = p will follow from (ii). Here we will
assume that ¢ < p. Let o € (0,1], S C [0,1] be an interval, s < N + 1 and
i,j€{o,...,p},i < j. Then we define

DS — {ve P2 3K € K7, 30 € KNV closed interval: A\(O) > ax(V)}.

1,7,8 n,s’ i+1,5
Note that for & = 1 we have by definition
Dzljss - {V < Pﬁg,s§ 3K € K:erl,j :VC K} = U 7758. (4.18)
KeK?

it+1,5

Clearly, Ay, NUKS,,, = 0. Thus, we have

D* DD (4.19)
Claim 4.3.16. Let 0 < j < p and let s < N + 1 be such that
1
— > [Pl (4.20)

Then we have

1D 5 o AG)
ﬁ,Pé,s—H N 3/\(I>

(40)779,
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Proof of Claim. By (4.9) we have ||C;|| > l|1j|. Using (4.14) we get
ke

1
1] > —
Since ”yjz"s’ﬂ” > n we have
||IC|| > \/ﬁ“/Pn,s-i-lH
il > =
EAR|

By (4.20) we have
11l = v/l P sl
Let Z € KG,, ; be arbitrary. By (4.9), (4.14) and Remark 4.3.13(i) we have

A(Z) = 50 P .

Using Lemma 4.3.3 we obtain

MUPEn) = Q. (4.21)
Clearly,

ﬁDUJSH UD s UDJ]5+1
Pl ((U MH)) z d X(T) ) (4:22)

By (4.18), (4.21), Lemma 4.3.14 and (4.16) we have

MUPa) = 3 A (UPL)

ZE’CGH g (4.23)
(G) o-
> /\ (UKE.,) = 22 (@
Now Claim follows from (4.22) and (4.23). O

Claim 4.3.17. Let 0 < 7 < p. Then we have

ﬂD ZJEPG IjD le+1 fOTj=U+1,
N = ZJGDIG ﬁD “ipNt1 Jorj>o+1

Proof of Claim. Clearly, PG SDN . forallj > o+ 1. IfJy,Js € 737?:]- and

oj—Lj
Ji # Jo then D" JlleH N D]T_Jf’p,NH = (). So, it is sufficient to prove that

DTPGNHD U DI v (4.24)

JEPnngrl
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and

7,G T,J .
Diova D> |J Dines G0+l (4.25)

1,G
JED, i 1,

The formula (4.24) is obvious. Assume j > o + 1. Let J € DY | and V €

Uaj_lvj
D;gl,p,NH be arbitrary. Then there exists K1 € K, ;_; with J C K and there
exist Ky € K7, and a closed interval O C V' N K; such that A(O) > 7A(V). By
Remark 4.3.13(ii) there exists K, € Kf; such that Ky O K. Thus, we have

K, € KS,,,and O C VN K. Thus V € D;:[C)’:NH and the formula (4.25) is
proved. [l

We distinguish two possibilities. We have either
(a) 1= [Pupll - |2] or
(b) there exists j € N such that o < j < p, 1 < [Pyl - |2]| and for every
o <i<jwehave 1> || Pl |zl
(a) Since p < N, we have 1 > || P, | - |24] > [Pl - |25]. By Claim 4.3.16
and (4.19) we have

DT iDL AG)

> > 41)°~°,
T - V75 L

(b) Let J € PS¢, and Z € K, be arbitrary. By A(J) = ||P,;|| > 1/|2]| and
Lemma 4.3.14 we have

A (U K;{p) > A(J) - (4l L, (4.26)
By (4.17) and Remark 4.3.13(i) we have
AW,) _ A2
o < L < ) 4.2
Pl < Gt <25 (1.27
Since J € P, ; we have
UPinin =17 (4.28)

We find v, s > 0 such that Z = (2,=£2) If V e P/, and VN (2, =£2) £ ()
then V. C Z or A(V N Z) > $A(Z). In the first case the interval Z witnesses

1,J J : .
V€D vy C D7, n- In the second case there exists a closed interval

O C VN Z such that A(O) > $A(Z). By (4.27) we have

MO) z SAMZ) Z 7l[Puniall = TAV).

Wl =
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Consequently, V € D;’Jl pNAL-

1The2consldelramoms of the previous paragraph and (4.28) gives U 1 PN+ D
( s+1 s+2

v 7w

). Thus, we have

A (UID;'—:]L;),N—}-I) S 1
ANUK) T3
Thus, by (4.26) and (4.28) we have

A DTJ
<U ji— 1pN+1> > (4l>j_p_1-1

MUP v) 3
So,
DT,J )
FDit1pn R () L (4.29)
8P N1 3

We distinguish two cases.
(bl) Assume j = o + 1. By (4.1) and (4.5) we have A\(I) > n||P,1||. Using
(4.14), (4.15), and [ > 100 we get

AT
AMG) > % > /|| Puill > 100 - [|[Poill > 9 |Prosill- (4.30)

G
Using Lemma 4.3.3 we obtain gzz:i > ;‘/\(8)) By Claim 4.3.17, (4.19), Re-
mark 4.3.2 and (4.29) we have

JjDT > ZJ€P§U+1 0’pN+1 ﬁ 0'+1 (4[)0’ l
ﬁ N+l N QZRE’PI ﬂ N+1 N ﬁ nU+1 6

(b2) Let j > 0+ 1. By Claim 4.3.17, (4.19), Remark 4.3.2 and (4.29) we have

> (407’

o,j—1,5

> >
ﬁ Pé,N-i—l 2 ZREPI ﬁ N+1 ﬂ

By Claim 4.3.16 we get the desired inequality.

T,J
1D7 ZJEDIG DJ 1PN+1 > ﬁDch 1,j '(4l)j—ﬂ—1 1
. 6

(ii) If o0 = p then Ay, , = 0. If V € Ply,,, weset O = V. So, A(O) = A(V)
and O N A, = 0. So,

=Py (4.31)
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G
By Lemma 4.3.3 and (4.30) we have ﬁzﬁ“l > %8)) Thus, by (4.31) and
,1
Remark 4.3.2 we have

n

1D EPIn S ZReP,ﬁlﬁPﬁNH 4P - AG)
EPonver EPing 22126797{71 8PN 28P0 — 6A(I)

(iii) We use (4.31) and G = I and we are done. O

Lemma 4.3.18. There exists K > 0 such that for every n,k € N there exist
n(n,k) € N and k(n,k) € N such that

Pk kne) < (1= K+ i .

Proof. Fix n,k € N. We set ny = max {n + 1,361*}. We will construct ky > k,
s < N and sequences ng < n; < --- <ngand 0 =vg < vy < --- < vy =N such
that

. . 1
VO <1< sV <j<vpt ||Panal < W < Pri—1v41l-
ko
Since z € QN(Q*) and (4.6) we have lim|[2}| = oo and |2/™'| > 10|} for
every ¢ € N,j < N. Thus, we can find ky > k such that ﬁ < || Prg.n+1l]. We
k
set vg = 0. Assume that we have already constructed ny, . .. ,Onl- and vy, ..., v; for

some ¢ > 0. If v; = N we set s = ¢ and we are done. If v; < N we find n;;; € N
such that

| Prir N1l < W < || Prisr—1.511l-
ko
Further we find the largest v;41 € {v; + 1,..., N} such that
1
Tl‘ > || Py 1

Zko

and we are done.
Forng —1<t<ng,+1 we set

min < 1, viA(W”i) , ift=mn; forsomei=1,...,s,
Tt = 6 Zko Hpni,N-&-lu
1, otherwise.
Clearly,
1 1
. (4.32)

> —.
6l = /o
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Further we set

['Ui—bvi]? lft: ni,
o4, p] = < [vic1,vim1], i nio <t <ny, t=1,...,s.
[N, NJ, ift=n,+1,

We set n(n, k) == n, + 1, k(n,k) := kg and K := 275N375N]=3N " Gince
k(n,k) > k we have Ay r) C Ag. Thus we have B, ([0, 1], Agnr)) C Bn([0,1], Ay)
and

Hn e(n.y < i - (4.33)

By Lemma 4.3.12(ii) and n; — 1 > n we have
Ly 1) < H(nik) * SUPLL, 1 kniyi L € Prvaa} < (k- (4.34)
Using Lemma 4.3.12(ii) again we have
Lk (k) < Ean—1k(nk) * SUP Ly k(i 1 € Pra—1,n41}- (4.35)
Fix some I € P,, 1 ny4+1. By (4.33), (4.34) and (4.35), it is sufficient to prove that
Ly ko) < 1— K. (4.36)

Suppose that ny <t <n,+ 1 and G, J are closed intervals such that G C J
and

(1) J e PtI—l,N—i-lu

—

(i) 35 > 71,

~

(ili) if t = n; and oy < j < py, then \(G) > | 1 B
Zko
Since 7,1 > \%TO > \/Li one can verify that J, G, t, kg, 0; and p; satisfy the
assumptions of Lemma 4.3.15 for I, G, n, k, o and p. For such ¢, J,G we set

>

F(t,J,G) = {R € Py, 1; 3C C R closed interval : M) > i ACN Ak o000 = 0}

(R)
(4.37)

>~

and Lemma 4.3.15 gives

28 ypyer-e pe & = {n; 1<i< s},

F(t,J,G 18
ﬂtﬁ(ﬂ ) > A te&={n+1; 1<i<s}\&, (4.38)
PN 1, td & UE.
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In particular, (¢, J, G) is nonempty. We set

A1)t =Pt
e, te &,

Kt: %7 teg?a

1, tédE UL

By (ii) and (4.32) we get /\((J)) > 7;-1 > ;- This and (4.38) imply

jj]-"(t J,G)

ﬁ tN+1

> K. (4.39)

We will inductively define systems of intervals F;, t = ny,...,ns+ 1, with the
following properties.

o F, =F(ny, 1, 1),

o Fru=U{F(t+1,0,C())); Je R},

e for each J € F; there exists a closed interval C'(J) C J such that
(a) C(J) N Akyor,p0 = 0,
(b) AL 5 o

A()
(c) ift+1€& and 0441 < J < pyy1, then N(C(J)) >

B |Zk0|

Suppose that we have already defined F;, t < ng, and corresponding intervals
C(J) for every J € F;. We set

Foa = J{Ft+1,0.C(0)); Je R}

Observe that Fyyy C P/ nyq by (4.37). Fix J € Fiy1. Find C(J) satisfying
(a) and (b) by (4.37). Now we verify the condition (c) for C(J). Let t + 2 = n,
for some ¢ and 0,45 < J < prra. Thus o440 = vy < . Ift+1# n;,
then 71 = 1 and M(C(J)) = A(J) = | Prsiniil = ]|73m_1 ~N+1l|- Then by the
definition of v;’s we get A(C'(J)) = | Pp,inpall > = It +1=n 1 =n; — 1,

E =N
AWy, _1)

then 7,11 = Pl Using (b) and (4.6) we get
~ ~ AWy, _,
MO 2 ) = Pl = i)
10 - 1 1
S

Thus we verified (c) and the construction of F;’s is finished.
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Using (a) we have

Fringy C Pn(n,k),NH \ Brne) (s Ak(ngy )
Mo n,k),k(nk) — <1l— ——727777.
()8 ﬂ 7)I(n k),N+1 ]j Pé(n,k:),N—i—l

Finally, using (4.39) we estimate

t

i F

—_ >
1Ping
N+ Jj=n1

Kj, t:nl,...,ns—i—l,
and this implies

k) - o )7i=pi 1 (™ 1
K, = — > :
> 11 H 108l 16_[& 361 = (1081)N  (361)N

vpI
1:1737L7Lk)N+1 i=n1 &

Thus we have (4.36). O
Now we can prove Lemma 4.2.4.

Proof of Lemma 4.2.4. Using Lemma 4.3.12(i) and Lemma 4.3.18 we get

p(A) = inf{p,r; n,k € N} =0.

4.4 Proof of Theorem 4.2.5

Notation 4.4.1. Let N\n €N, a € QV(R), y e R and J C R, J =[]}, J/
[0, 1]V be open sets. We set

T(y,J) ={z €0, 1]' (zy) € ()},
H"(a, o1\ﬂTaPJP

Remind Notation 4.3.9 and Remark 4.3.10.

Remark 4.4.2. Let N € N,a = {a;} € QN(Q*), {jx} be an increasing sequence

of integers and J C U C [0,1]" be open intervals. Then the following assertions
hold.

(i) {a;} € QY (Q")
(”) H(a,L{) - H<{a’jk}7u>
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(iii) H(a,U) = ,en H"(a,U)

iv) Let L € e a reqular matriz. Then there exists an increasing sequence
w) Let L € QV*N b l triz. Then th st ' ‘
{v} of positive integers such that {L(a,,)} € QN (Q*).

(v) Lety € Q" and J C R be an open interval. ThenT(y,J) = U,z %(J—I— n)N
[0,1].

(vi) Let m € Z \ {0}, y € Q* and u,r € R. Then we have T'(y, B(u,r)) D
T(%, B(%, ﬁ)), where the symbol B(x,s) = (x — s,x + s).

(vii) Lety € Q*, J CR and V C (J) be open intervals. Then T(y,J) D T(y,V).
We will use the following well known approximation theorem.

Lemma 4.4.3. [13, Dirichlet’s Theorem on Simultaneous Approximations| Let
Qai,...,qn be real numbers and () > 1 be an integer. Then there exist integers

Lemma 4.4.4. Let N € Nya € QN(Q*) and U,, = U' x --- x UN"P x UN C
0,1V, n € N be open intervals. If there exists a > 0 such that N(UN) > « for

all n € N then there ezist an increasing sequence {jn} of positive integers and an
open interval J = Ut x -+ x UN=V x JN c [0,1] such that

(i) ¥n € N:4X\(JN) > \UN),
(1) Mnen 7" ({5}, Un) € H({a;,}, T).

Proof. Since inf{\(UY); n € N} > a > 0 there exists an increasing sequence v,,
of positive integers such that

4inf{MUN); n e N} > 3sup{MUY); n e N},
We find [ € N such that

~| D

3
< inf{A(U;); n €N} < <.
For all j € N we find b; € Ny and an open interval JJN = (bTJ, ble) such that
JJN - Ué}’ . Since the set {JJN ; j € N} is finite there exists an increasing sequence

{p,} of positive integers and an open interval JV such that JpNn = JN for all
neN Weset J=U"x---x U x J" and j, = vp,. Thus,

ﬂ Hn({aj}7un) - H<{ajn}7'~7)'

neN
Clearly,
4 4
AN = 7 2 ginfAU): n € N} > sup{AU): n € N} 2 A(U))
for all m € N.
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The following lemma was inspired by Zajicek [17].

Lemma 4.4.5. Let y,z € Q*, y # z, U = B(u,r),V = B(v,rs) be subsets of
[0,1] and § < min{’\(v) A(U)}. If 4ly| > 3|z| then

lyl 7 12

T(y, V)N T(z,U) DT(Z,B(U,%)) ﬂT(y—z,B(v—u,Z>).

Proof. Since |z[0/4 < ry we have B (u, |z|0/4) C U. Thus,
T(2,U) DT (z,B(u, |2/6/4)) .

Let x € T(z,B(u, |Z|5/4)) N T(y— z,B(v —u,r2/4)). Then there exist £ €
B(0,7r9/4), u € B(0,|z|0/4) and m,n € Z such that

1
r=(+v—u+n)—,
y—z

1
xr = (u—l—u—l—m);.
Thus, z = (é—l—,u—irv—l—m—i—n)%. Since [£+ | < %—l—% < %—l—@ <y2e oo
we have ¢+ p+wv € V. Thus, z € T(y, V).
O]

Lemma 4.4.6. Let N € Nya € QN(Q*), U = [[L,U" C [0,1)Y be an open
interval, L € N and §; = min {)“g;); 1=1,... ,N}. Then there exist a reqular
J
matriz L € , an increasing sequence {v,} of positive integers and an open
interval J = [[, J* € [0,1]N such that
(a) = {L(a,,)} € Q¥ (Q),

(b) H(a,U) C H(z,J),

QNXN

zp M(J?)

7
Ty

(¢) Vn e NVi< N :

> L

)

(d)

Proof. Going to a subsequence and permutate indexes if necessary, we can assume
that |a}| < |a;!] for all n € Noand i < N. We find @ € N such that 5 <
min{\(U?); i=1,...,

AN
Ut > 4,,/16.

N} By Lemma 4.4.3 for every j € N there exist 4D - - - ,pj-v’l €EZ

SL
such that
1<qg < Q¥
a; i| < 1 )
q]@—pj ~ a’ /1/217...,]\]_1. (4»40)
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1
X
‘aj |

to a subsequence if necessary, we can assume that there exist ¢, p!,...,p" ! such
that ¢ = ¢;,p" = pj for every j € N. Clearly, there exists 0 < s < N such that

p' = 0 if and only if 7 < s. Denote by u’ the center of the interval U and set

la

Since < 1, we have |pj| < Q"' for every j e Nand i = 1,..., N — 1. Going

a’ for i <s,
7 N

i %Y ; ;

y; = A for s <i < N, jeN.
% for i = N,

Further we define

o Ji="U'fori<s,

° f:B(“—:—ﬂ MU?) fors<i< N
p g 8pt] ’

[s2]

° jN:B(%, jly%) for j € N,

j 1
o« JV = ijﬂ(O,l).

Since % € (0,1) we have A\(J)Y) > %)\(j;N) Going to a subsequences if
necessary and using Remark 4.4.2(iv) we have that y = {(y],... ,ij)}j is in
QN(Q*). For each s < i < N we find an open interval J* C [0, 1] such that
AJY) > % and J' C (J%). By Remark 4.4.2(vi) we have

_— as (ut AU
T, UN>T (-, B(—, 2%
(@02 <p“ (p“ 2[p’| ))

N )\UN
T(aY,UN) > T (ij, B (“7 %)) . (4.41)
Since . ' o
qa—]{,—pi §l< min{\(U"); i=1,...,N} < 1’
a; Q 8L 8

> 3|yN|. Since Z—Z —y =y, and y € QV(Q*), we have % #yN.
By Lemma 4.4.5 we have

(%5 (42 (.5 (2 200)) 5 17, 3 0.

P P 2pi] g’ 2q
(4.42)

at
we have 4 ‘ p—ﬁ

By Remark 4.4.2(vii) and our choice of sets .J*, J)¥ we have

Ty, I N Ty, J) D TN, JN) N T, J). (4.43)
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By (4.41), (4.42) and (4.43) we have
H"(a,U) C H"(y,J" x --- x JV71 x gV, (4.44)

Observe that we have

1wy 1 1] _ 1min{A(U?);i=1,...,N}|a]
M) = 5)‘<JJN) = jlfsj‘y]]'v‘ = 15;' ; > 1 o ;
J
1min{A(U");i=1,...,N}
=1 p .

Thus we can use Lemma 4.4.4 to get an open interval JV and an increasing
sequence v,, of positive integers such that

(YH (y, J" x - x TN Iy € H({yu, }, T x - x TV, (4.45)
neN

ANIN) = M)

We set !, :=y! and J = J' x---x JV. By the definition of y we simply get
that £ is triangle matrix without any zero element on diagonal. Thus we have
(a). By (4.44) and (4.45) we get (b). Assume i < s. Since

't al, 1 in{\U"); i=1,...,N
_]{[ — q_]\][ ot S < mln{ ( ) ¢ }
; Wy, Q 8L
we have
Ny/( 7i Ny(TTi N
x )\i(J) | )\EU) > :Uji8L _—
5 T 50
Let s <7 < N. Since
zip’ a,, .| 1 min{\UY); i=1,...,N
! ay Q@
we have ' - '
D) [ _ || |
T - 27 8xipt | :vz-QpZ -

Thus we have (c). Clearly,
L6A(IY) 2 AN(J3)) 2 20(J)) = v, |2

for all n € N. Thus we have (d).
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Lemma 4.4.7. Let N € Nya € QN(Q*), U = [[L, U’ C [0,1]" be an open

interval, L € N and 0; = min{’\l(an;); 1= 1,...,N}. Then there exist x €
J

(QN)N, a regular matriv M € QNN an increasing sequence {v,} of positive

integers and an open interval J = [[oy J* C [0,1]N such that

(a) = {M(a,,)} € QV(Q"),
(b) H(a,U) C H(x,J),

5PN (TY)

(¢) VneNVi< N: | 200>,

Un

Proof. We will proceed by induction over N. The case N =1 is trivial. Assume
that our statement holds for some N — 1 € N, we show that it also holds for N.
By Lemma 4.4.6 there exist a regular matrix £ € QV*¥, an increasing sequence
{pn} of positive integers and an open interval V = [, V? € [0,1]" such that

(i) y:={L(ap,)} € QV(Q),
(ii) H(a,U) C H(y,V),

(i) Vn e NVi < N :

MM > 16,
. N
(iv) 2 > 6, /16.

By induction hypothesis there exist {z,} € (QN _1)N, a regular matrix 7 €
QW=Dx(N=1) "an increasing sequence {jn} of positive integers and open intervals
J' C[0,1], 0 < i < N, such that

(1) {zn} = {T (y;,)} € Q"H(Q),
(2) H({y;}. ITL" V) € H({wa} ITL T,

&P (TY)
:Ei

n

(3) VneNVi<N—1:

> L,

A(JN-1 : :
(4) (71:771|) > - min{ w15 1= 1,...,N—1}.

We set v, = pj,, ) =y and J¥ = VN Using (i) and (1) we easily obtain (a).
Using (ii) and (2) we easﬂy obtain (b) Usmg (3) we obtain (c) fori < N —1.
From (iii) we have min{’?éyz‘); i = —1} = )‘(V . Using this, (4) and

(iii) again we get the case i = N — 1. The formula (1V) easﬂy gives (d).

]
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Proof of Theorem 4.2.5. The inclusion HY (Q*) D HY(Q*) is trivial.

Let A € HY(Q*) be arbitrary. Then there exists a € Q™ (Q*) and an open
interval U C [0,1]" such that A C H(a,U). By Lemma 4.4.7 there exists
x € (@N)N and an open interval J C [0,1]" such that H(a,U) C H(z,J) €
HY(Q*). So, A€ HY(Q"). O



Bibliography

[1]

N. K. Bary. A treatise on trigonometric series. Vols. I, II. The Macmillan
Co., New York, 1964.

F. Jordan. Ideals of compact sets associated with Borel functions. Real Anal.
Ezchange, 28(1):15-31, 2002/03.

F. Jordan. Collections of compact sets and functions having Gs-graphs. Real
Anal. Exchange, 32(2):287-302, 2007.

R. Kaufman. M-sets and measures. Ann. of Math. (2), 135(1):125-130,
1992.

A. S. Kechris. Classical descriptive set theory, volume 156 of Graduate Texts
in Mathematics. Springer-Verlag, New York, 1995.

A. S. Kechris and A. Louveau. Descriptive set theory and the structure of
sets of uniqueness. London Mathematical Society Lecture Note Series, 128.
Cambridge: Cambridge University Press., 19809.

A. S. Kechris, A. Louveau, and W. H. Woodin. The structure of o-ideals of
compact sets. Trans. Amer. Math. Soc., 301(1):263-288, 1987.

R. Lyons. Characterizations of measures whose Fourier-Stieltjes transforms
vanish at infinity. Bull. Am. Math. Soc., New Ser., 10:93-96, 1984.

R. Lyons. The size of some classes of thin sets. Stud. Math., 86:59-78, 1987.

E. Matheron and M. Zeleny. Descriptive set theory of families of small sets.
Bull. Symb. Logic, 13(4):417-481, 2007.

I. 1. Piatetski-Shapiro. On the problem of uniqueness of the expansion of
a function into a trigonometric series. Dokl. Akad. Nauk SSSR, n. Ser.,
85:497-500, 1952.

A. Rajchman. Rectification et addition a ma note “Sur l'unicité du
développement trigonométrique”. Fund. Math., 4:366-367, 1923.

93



BIBLIOGRAPHY 54
[13] W. M. Schmidt. Diophantine approximation, volume 785 of Lecture Notes

in Mathematics. Springer, Berlin, 1980.

[14] V. Vlasdk. The size of the classes of HY sets. submitted to Studia Mathe-
matica.

[15] V. Vlasdk. Countable compacta of continuity for projective functions. Topol-
ogy Appl., 158:1090-1097, 2011.

[16] V. Vlasdk and M. Zeleny. Compact sets of continuity for Borel functions.
Topology Appl., 155(15):1672-1676, 2008.

[17] L. Zajicek. An unpublished result of P. Sleich: sets of type H®) are o-
bilaterally porous. Real Anal. Ezch., 27(1):363-372, 2002.



