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Abstract: Tato práce se skládá ze tř́ı článk̊u ([16],[15],[14]).
V kapitole 2 se zabýváme souvislostmi mezi složitost́ı dané funkce f z polského

prostoru X do polského prostoru Y a složitost́ı množiny C(f) = {K ∈ K(X); f �

K je spojitá}, kde symbol K(X) označuje prostor všech kompaktńıch podmnožin
prostoru X opatřený Vietorisovou topologii. Dokážeme, že jestliže C(f) je ana-
lytická, pak f je borelovská. Za předpokladu ∆1

2-determinovanosti ukážeme, že f
je borelovská právě tehdy když C(f) je koanalytická. Předkládáme též podobné
výsledky pro projektivńı tř́ıdy.

V kapitole 3 pokračujeme ve zkoumáńı systému C(f) a taktéž studujeme re-

strikci tohoto systému na konvergentńı posloupnosti(C̃(f)). Ukážeme, že systém

C̃(f) je borelovský právě tehdy když f je borelovská. Předkládáme též podobné
výsledky pro projektivńı tř́ıdy.

V kapitole 4 pojednáváme o HN -množinách, které tvoř́ı d̊uležitou podtř́ıdu
tř́ıdy množin jednoznačnosti pro trigonometrické řady. Velikost těchto tř́ıd je zk-
oumána pomoćı systému měr zvanému polára, který měř́ı nulou každou množinu
patř́ıćı do daného systému. Hlavńı výsledek této kapitoly je zodpovědět negativně
otázku položenou Lyonsem [9], zda poláry tř́ıd HN -množin jsou stejné.
Kĺıčová slova: Deskriptivńı teorie množin, kompaktńı množina, spojitost, har-
monická analýza, HN -množiny, množiny jednoznačnosti.
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Author’s e-mail address: vlasakmm@volny.cz

Abstract: This work consists of three articles ([16],[15],[14]).
In Chapter 2, we dissert on the connections between complexity of a function

f from a Polish space X to a Polish space Y and complexity of the set C(f) =
{K ∈ K(X); f �K is continuous}, where K(X) denotes the space of all compact
subsets of X equipped with the Vietoris topology. We prove that if C(f) is
analytic, then f is Borel; and assuming ∆1

2-Determinacy we show that f is Borel
if and only if C(f) is coanalytic. Similar results for projective classes are also
presented.

In Chapter 3, we continue in our investigation of collection C(f) and also

study its restriction on convergent sequences (C̃(f)). We prove that C̃(f) is
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Borel if and only if f is Borel. Similar results for projective classes are also
presented.

The Chapter 4 disserts on HN -sets, which form an important subclass of the
class of sets of uniqueness for trigonometric series. We investigate the size of these
classes which is reflected by the family of measures called polar which annihilate
all the sets belonging to the given class. The main aim of this chapter is to answer
in the negative the question stated by Lyons [9], whether the polars of the classes
of HN -sets are same.
Keywords: Descriptive set theory, compact sets, continuity, harmonical analy-
sis, HN -sets, sets of uniqueness.
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Chapter 1

Introduction

This thesis deals with descriptive set theory and some important collections of
sets that are studied in harmonic analysis. According to [5], descriptive set theory
is the study of ”definable sets” in Polish (i.e., separable completely metrizable)
spaces. The task of the descriptive set theory is to classify these sets according
to the complexity of their definitions.

Let X be a Polish space. We will work with the so-called Hyperspace of

Compact Sets, which is the space of all compact subsets of X equipped with the
Vietoris topology. We will denote such a space as K(X). We remind that Vietoris
topology is generated by the sets of the form

{K ∈ K(X); K ⊂ U},

{K ∈ K(X); K ∩ U 6= ∅},
for U open in X. Let ρ ≤ 1 be a compatible complete metric on X and dH be
the corresponding Hausdorff metric. It is well known that dH is compatible with
the Vietoris topology.

Let us assume that we have a function f from one Polish space to another
Polish space. We focus ourselves on investigation of connections between the
descriptive properties of the function f and the complexity of the collection of
compact sets, on which this function is continuous. We denote this collection as
C(f). This topic was studied first by F. Jordan in [2, 3]. Besides other results
he showed that, if f is Borel, then f is a Baire class one function provided C(f)
is an Fσδ subset of K(X). He also proved that if f is Borel and C(f) is analytic,
then C(f) is Borel.

It is possible to show that there are nontrivial interactions between descriptive
properties of collections of compact sets and their set structure. These general
results play important role in different parts of analysis, mainly in the theory of
exceptional sets in harmonic analysis.

One of the most important collections of compact sets (i.e. in the harmonic
analysis) are sets of uniqueness. The idea of a set of uniqueness arose from the

7



CHAPTER 1. INTRODUCTION 8

problem: If a function f : [0, 1] → R admits a trigonometric expansion f(x) =∑
n cne

2πinx, is this expansion unique? A set P ⊂ [0, 1] is a set of uniqueness if
every trigonometric series which converges to 0 outside P is identically 0. We
denote collection of closed sets of uniqueness as U . It is very difficult to recognize
whether some set is a set of uniqueness or not. So, there were developed some
collections of sets which help us with this task, i.e. U0-sets or HN -sets which will
be defined in Chapter 4. It is well known that

H1 ⊂ H2 ⊂ · · · ⊂ U ⊂ U0.

There are many results comparing the size of these collections. The size of these
collections is reflected by the family of measures called polar which annihilate
all the sets belonging to the given collections. There are some interesting results
concerning this topic (see [4], [9]).

This thesis consists of three articles which coincide with individual chapters.
We have only done a minimum changes in these articles. The reason for this is
that we want to keep the former articles in the original form. The only main
change is in the proof of Theorem 3.2.7. We hope that the explanation in the
proof is now more clear and easy to understand.

Chapter 2 is based on the article [16] which is a joint work with the supervisor
M. Zelený. We prove in this chapter that f is Borel provided C(f) is analytic.
This result allows us to improve several Jordan results from [2]. We also charac-
terize Borel functions (under assumption of ∆1

2-determinacy) by the descriptive
quality of C(f).

Chapter 3 is based on the article [15] which is the author’s own result. In this
chapter, we continue in our investigation of collection C(f) and also investigate
the collection

C̃(f) := {K ∈ K(X); f �K is continuous and K has exactly one limit point},

where f : X → Y . We find a characterization of Borel functions using collection
C̃(f). The advantage of this approach is that we do not need any determinacy
axiom. We also show several connections between a Baire class of a function f
and descriptive properties of C̃(f). We also study the property C(f) = C(g).
We show that the descriptive qualities of two functions satisfying this property
are very similar.

Chapter 4 is based on the article [14] which is the author’s own result. This
chapter disserts on HN -sets, which form an important subclass of the class of
sets of uniqueness. Lyons in [9] asked a question about the size of collections of
HN -sets. He asked, whether the polar of HN is equal to the polar of HN+1. We
answer this question negatively for arbitrary N ∈ N.



Chapter 2

Compact sets of continuity for

Borel functions

This chapter is based on the paper [16]. We investigate the connections be-
tween complexity of a function f from a Polish space X to a Polish space Y and
complexity of the set C(f) = {K ∈ K(X); f � K is continuous}, where K(X)
denotes the space of all compact subsets of X equipped with the Vietoris topology.
We prove that if C(f) is analytic, then f is Borel; and assuming ∆1

2-Determinacy
we show that f is Borel if and only if C(f) is coanalytic. Similar results for pro-
jective classes are also presented.

2.1 Introduction

Let X be a Polish space. Denote the space of all compact subsets of X, which
is equipped with the Vietoris topology, by K(X). At least since the important
paper [7] it is well known that descriptive properties of families of compact sets
and their set structure (like being σ-ideal or ideal) can interact in a nontrivial
way (see [10] for a recent survey). These general results were applied in different
parts of analysis, mainly in the theory of exceptional sets in harmonic analysis.

F. Jordan ([2, 3]) studies the following situation. Let f be a function from X
to a Polish space Y and

C(f) := {K ∈ K(X); f �K is continuous}.

Jordan investigates relationships between descriptive properties of the function
f and the ideal C(f). Besides other results he showed that, if f is Borel, then
f is a Baire class one function provided C(f) is an Fσδ subset of K(X). He also
proved that if f is Borel and C(f) is analytic, then C(f) is Borel. In this note
we show that the assumption of Borelness of f can be omitted by proving the
following result.

9



CHAPTER 2. COMPACT SETS OF CONTINUITY 10

Theorem 2.1.1. Let X,Y be Polish spaces and f : X → Y be a function. If
C(f) is an analytic subset of K(X), then f is Borel.

One can show that if f is Borel, then C(f) is coanalytic (see Theorem 2.2.5(i)).
This and Theorem 2.1.1 imply the next corollary giving a restriction on complex-
ity of ideals of compact sets of the form C(f).

Corollary 2.1.2. Let X,Y be Polish spaces and f : X → Y be a function. If the
ideal C(f) is an analytic subset of K(X), then C(f) is Borel.

Compare this result with those of [7], which are of a similar nature.
Further we show that, assuming ∆1

2-determinacy, Borelness of f can be actu-
ally characterized by descriptive properties of C(f).

Theorem 2.1.3. (Det(∆1
2)) Let X,Y be Polish spaces and f : X → Y be a

function. Then f is Borel if and only if C(f) is a coanalytic subset of K(X).

Remark 2.1.4. We do not know whether the assumption on determinacy of ∆1
2

games can be omitted in Theorem 2.1.3.

The next section contains more detailed versions of our results. We formulate
them also for projective classes. Proofs are given in the last section. Throughout
the paper we follow the notation used in [5], where one can also find all needed
definitions.

2.2 Results

A connection between complexities of C(f) and graph f is established by the
following result.

Theorem 2.2.1. Let X,Y be Polish spaces, f : X → Y be a function and Γ
be a class of subsets of Polish spaces which is closed under Borel preimages. If
C(f) ∈ Γ, then K(graph f) ∈ Γ and graph f ∈ Γ.

The next corollary immediately follows from Theorem 2.2.1. Note that it is
easy to see that f is ∆1

n-measurable if and only if graph f ∈ Σ1
n.

Corollary 2.2.2. Let X,Y be Polish spaces, n ≥ 1, and f : X → Y be a
function. If C(f) is Π1

n (Σ1
n respectively), then graph f is Π1

n (Σ1
n respectively).

In the latter case f is ∆1
n-measurable.

More general forms of Theorem 2.1.1 and Corollary 2.1.2 read as follows.
Theorem 2.2.3 was proved by Jordan [2] using an additional assumption that f
is Borel.

Theorem 2.2.3. Let X,Y be Polish spaces and f : X → Y be a function. Then
the following are equivalent:
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(i) C(f) is Borel,

(ii) C(f) is analytic,

(iii) f has Gδ graph.

Theorem 2.2.4. Let X,Y be Polish spaces and f : X → Y be a function. If
C(f) is Σ1

n, then C(f) is ∆1
n.

The following theorem provides a characterization of ∆1
n-measurable functions

(the assertions (i) and (ii)) and of functions having Π1
n graph ((iii) and (iv))

assuming Det(∆1
n+1).

Theorem 2.2.5. Let X,Y be Polish spaces, n ≥ 1, and f : X → Y be a function.

(i) If f is ∆1
n-measurable, then C(f) is Π1

n.

(ii) (Det(∆1
n+1)) If C(f) is Π1

n, then f is ∆1
n-measurable.

(iii) If f has Π1
n graph, then C(f) is ∆1

n+1.

(iv) (Det(∆1
n+1)) If C(f) is ∆1

n+1, then f has Π1
n graph.

Corollary 2.2.2 and Theorem 2.2.5(i) give a ZFC result on projective functions,
i.e., on functions which are ∆1

n-measurable for some n ≥ 1.

Corollary 2.2.6. Let X,Y be Polish spaces and f : X → Y be a function. Then
f is a projective function if and only if C(f) is projective.

2.3 Proofs

2.3.1 Notation

Let X and Y be Polish spaces and f : X → Y be a continuous function. Then
the function f̂ : K(X) → K(Y ) is defined by f̂(K) = f(K). If A ⊂ X, then
K(A) stands for the set of all compact subsets of A. The symbols πX and πY

denote the projections from X × Y to X and to Y respectively. If x ∈ X, then
U(x) denotes the family of all open neighborhoods of x.

2.3.2 Proof of Theorem 2.2.1

Lemma 2.3.1. Let X,Y be Polish spaces and f : X → Y be a function. Then
C(f) = π̂X(K(graph f)).
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Proof. Define Ψ : X → X × Y by Ψ(x) = (x, f(x)). Let K ∈ C(f). Then
Ψ is continuous on K. Consequently, Ψ(K) ⊂ graph f is compact. So, K ∈
π̂X(K(graph f)).

Let K ∈ π̂X(K(graph f)) be arbitrary. Then graph(f �K) is compact and f �K

is clearly continuous.

Lemma 2.3.2. Let X be a Polish space and D be a countable dense subset of
X. Then there exists a Borel function Φ : K(X) → K(X) such that for every
K ∈ K(X)

• K ⊂ Φ(K) ⊂ K ∪D,

• Φ(K) ∩D = Φ(K).

Proof. Let ρ be a compatible complete metric on X with ρ ≤ 1. Let dH be the
corresponding Hausdorff metric on K(X). Let (Fi)i∈ω be a sequence of all finite
subsets of D. For every n ∈ ω we define an auxiliary function ϕn : K(X) → K(X)
as follows. The value ϕn(K) equals Fj where j ∈ ω is the smallest number with
dH(K,Fj) <

1
n+1

. Since {Fi; i ∈ ω} is dense in K(X), the definition is correct
and limn ϕn(K) = K for every K ∈ K(X). Thus K ∪⋃n∈ω ϕn(K) ∈ K(X).

We define Φ : K(X) → K(X) by

Φ(K) = K ∪
⋃

n∈ω

ϕn(K).

Let V ⊂ X be open. Since ϕn is obviously Borel for each n ∈ ω and Φ(K) ∩
V 6= ∅ if and only if

K ∩ V 6= ∅ or ∃n ∈ ω : ϕn(K) ∩ V 6= ∅,

we see that the set {K ∈ K(X); Φ(K)∩ V 6= ∅} is Borel. Now it is easy to infer
that Φ is a Borel function.

Let K ∈ K(X). Then K ⊂ Φ(K) ⊂ K ∪D by definition. Further, we have

Φ(K) ⊂
⋃

n∈ω

ϕn(K) ⊂ Φ(K) ∩D ⊂ Φ(K)

and we are done.

Proof of Theorem 2.2.1. Find a set D ⊂ graph f which is countable and dense in
graph f . Let Φ : K(D) → K(D) be the function from Lemma 2.3.2, where X is
replaced by D. We show

(π̂X ◦ Φ)−1 (C(f)) = K(graph f). (2.1)

Let K ∈ K(graph f) be arbitrary. Since Φ(K) ⊂ K ∪ D ⊂ graph f , we
have Φ(K) ∈ K(graph f). By Lemma 2.3.1, π̂X(Φ(K)) ∈ C(f) and therefore
K ∈ (π̂X ◦ Φ)−1 (C(f)).
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Let K ∈ (π̂X ◦ Φ)−1 (C(f)). The graph of f �πX(Φ(K)) is compact and Φ(K) ∩
D ⊂ graph(f �πX(Φ(K))). Then

K ⊂ Φ(K) = Φ(K) ∩D ⊂ graph(f �πX(Φ(K))) = graph(f �πX(Φ(K))) ⊂ graph f.

Thus, K ∈ K(graph f) and (2.1) is proved.
Let C(f) ∈ Γ. The formula (2.1) implies that K(graph f) ∈ Γ. Further,

the function S : X → K(X) defined by x 7→ {x} is continuous. Then we have
graph f = S−1(K(graph f)). This implies graph f ∈ Γ.

2.3.3 Proof of Theorem 2.2.3

(iii) ⇒ (i) According to the well-known fact that K(A) is Gδ provided that A is
a Gδ set, we have that K(graph f) is Gδ. The function π̂X �K(graph f) is injective
and by Lemma 2.3.1 we have C(f) = π̂X(K(graph f)). Thus, C(f) is Borel.

(ii) ⇒ (iii) The set K(graph f) is clearly a σ-ideal and it is analytic by
Theorem 2.2.1. Theorem 11 of [7, Section 1] says that each analytic σ-ideal is in
fact Gδ. Thus, K(graph f) is Gδ and, consequently, graph f is Gδ as well.

(i) ⇒ (ii) This implication is trivial.

2.3.4 Proof of Theorem 2.2.4

Assume that C(f) is Σ1
n. Then Corollary 2.2.2 gives that f is ∆1

n-measurable.
Now the fact that K(A) is Π1

n provided A is Π1
n and the next lemma give that

C(f) is Π1
n. Thus, C(f) is ∆1

n.
The next lemma is inspired by [3].

Lemma 2.3.3. Let X,Y be Polish spaces, n ≥ 1, and f : X → Y be a function.
If f is ∆1

n-measurable, then there exist sets H i
l ∈ ∆1

n(X), i, l ∈ ω, such that
C(f) =

⋂
l∈ω

⋃
i∈ω K(H i

l ).

Proof. Let ρ and β be compatible complete metrics on X and Y respectively. Set
Ax = πY (A ∩ ({x} × Y )) for x ∈ X and A ⊂ X × Y . Let V and U be countable
bases for X and Y respectively containing only closed balls. Let W be the set of
all finite collections Z of sets of the form B1 ×B2 with B1 ∈ V , B2 ∈ U . Further
we define Wl, l ∈ ω, as the system of all Z ∈ W such that diamβ ((

⋃Z)x) < 1
l+1

whenever x ∈ πX(
⋃Z). Let Wl = {Z i

l ; i ∈ ω}. Set H i
l = πX((

⋃Z i
l ) ∩ graph f).

We have that H i
l is ∆1

n by ∆1
n-measurability of f . Set T =

⋂
l∈ω

⋃
i∈ω K(H i

l ).
We prove T = C(f).

Let K ∈ T , x ∈ K, and ε > 0 be arbitrary. Then there exist l ∈ ω and
Z ∈ Wl such that 1

l+1
< ε and K ⊂ πX((

⋃Z) ∩ graph f). Set P = {B1 × B2 ∈
Z; x /∈ B1}. Since Z is finite, one can find δ > 0 with Bρ(x, δ) ∩ πX(

⋃P) = ∅.
Let x̃ ∈ Bρ(x, δ) ∩K be arbitrary. Then f(x̃) ∈ πY (

⋃
(Z \ P)) = (

⋃Z)x. Thus,
β(f(x), f(x̃)) < ε since diam(

⋃Z)x < 1
l+1

< ε. This gives K ∈ C(f).
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Let K ∈ C(f) and l ∈ ω be arbitrary. Then there exists m ∈ ω such that for
every x, x̃ ∈ K with ρ(x, x̃) < 2

m
we have β(f(x), f(x̃)) < 1

4l+4
. Then for every

x ∈ K there exist B1,x ∈ V and B2,x ∈ U such that

(a) x is in the interior of B1,x,

(b) diamρB1,x <
1
m

,

(c) f(B1,x ∩K) ⊂ B2,x, and

(d) diamβ B2,x <
1

4l+4
.

Clearly, the union of interiors of B1,x, x ∈ K, covers K. Since K is compact,
we can find finitely many points x1, . . . , xm inK such that the ballsB1,x1

, . . . , B1,xm

cover K. Set
Z = {B1,xs

×B2,xs
; s = 1, . . . ,m}.

Let x̂ ∈ πX(
⋃Z) and y, z ∈ (

⋃Z)x̂. Then there exist 1 ≤ i, j ≤ m such that y ∈
B2,xi

, z ∈ B2,xj
, and x̂ ∈ B1,xi

∩B1,xj
. This yields ρ(xi, xj) ≤ 2

m
and, consequently,

β(f(xi), f(xj)) <
1

4l+4
. Using (c) and (d) we also have β(f(xi), y) ≤ 1

4l+4
and

β(f(xj), z) ≤ 1
4l+4

. Therefore, β(y, z) < 3
4l+4

and, consequently, diamβ(
⋃Z)x̂ <

1
l+1

. This implies Z ∈ Wl. Using (c) we get that Z covers graph(f �K). Thus,
we have K ∈ T .

2.3.5 Proof of Theorem 2.2.5

Lemma 2.3.4. Let X,Y be Polish spaces, n ≥ 1, and f : X → Y be a function.
If f is not ∆1

n-measurable then there exist x ∈ X and U ∈ U(f(x)) such that, for
every Ũ ∈ U(f(x)) and V ∈ U(x), the set f−1(Ũ) ∩ V cannot be separated from
the set f−1(Y \ U) ∩ V by a Π1

n subset of V .

Proof. Let V and U be countable open bases of X and Y respectively. Since f
is not ∆1

n-measurable one can find an open set W ⊂ Y such that f−1(W ) is not
in Π1

n. For Ũ ∈ U and V ∈ V , let G(Ũ , V ) be a Π1
n subset of V separating

f−1(Ũ)∩V from f−1(Y \W )∩V , if such a set exists, otherwise set G(Ũ , V ) := ∅.
Suppose towards a contradiction that the desired x and U do not exist. Then

f−1(W ) =
⋃{G(Ũ , V ); Ũ ∈ U , V ∈ V}. Since U and V are countable, we have

that f−1(W ) is Π1
n, a contradiction.

Lemma 2.3.5. (Det(∆1
n+1)) Let X be a Polish space, n ≥ 1, A,B ∈ ∆1

n+1(X),
and A∩B = ∅. If there is no Π1

n set separating A from B, then there is a compact
set C ⊂ A∪B such that C∩A is Σ1

n-hard. In particular, if D ⊂ X is ∆1
n+1 \Π1

n,
then D is Σ1

n-hard.
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Proof. First assume that X = ωω. Let Q ⊂ 2ω be Π1
n-complete. Consider

the separation game SG(Q;B,A) as in [5, 21.F]. This game is determined by
Det(∆1

n+1). Since there is no Π1
n set separating A from B, player I cannot have

a winning strategy. So II has a winning strategy, which gives a compact set
C ⊂ A ∪B such that C ∩ A is Σ1

n-hard (see [5, 21.F]).
Now consider the general case. Let ϕ : ωω → X be a continuous surjection.

Denote Ã = ϕ−1(A) and B̃ = ϕ−1(B). The sets Ã, B̃ are ∆1
n+1. Assume that

T ⊂ ωω is a Π1
n set separating Ã from B̃. Then X \ ϕ(ωω \ T ) is a Π1

n set
separating A from B, a contradiction. Thus, Ã cannot be separated by a Π1

n set
from B̃. This means that there is a compact set C̃ ⊂ Ã ∪ B̃ such that C̃ ∩ Ã is
Σ1

n-hard. Setting C := ϕ(C̃) we are done.

The next lemma is also inspired by [3].

Lemma 2.3.6. (Det(∆1
n+1)) Let X,Y be Polish spaces, n ≥ 1, and f : X → Y

be a function. If f is not ∆1
n-measurable and f is ∆1

n+1-measurable, then C(f)
is Σ1

n-hard.

Proof. Let ρ be a complete compatible metric on X and let β be a complete
compatible metric on Y . By Lemma 2.3.4, there are p ∈ X, U ∈ U(f(p)), and
decreasing sequences (Vl) and (Ul) of open sets in X and Y respectively such that

• liml diamρ Vl = 0,

• liml diamβ Ul = 0

and, for every l ∈ ω,

• p ∈ Vl, f(p) ∈ Ul ⊂ U ,

• Al := f−1(Ul) ∩ Vl cannot be separated from the set Bl := f−1(Y \ U) ∩ Vl

by a Π1
n subset of Vl.

Since Al, Bl ∈ ∆1
n+1(X) and Al ∩Bl = ∅, Lemma 2.3.5 guarantees that there

is a compact set Kl ⊂ Al ∪Bl ⊂ Vl such that Dl := Kl ∩ Al is Σ1
n-hard.

Set K := {p} ∪⋃l∈ω Kl. The set K is clearly compact, since Kl → {p}. Let
h :
∏

l∈ω Kl → K(K) be defined by

h(σ) = {σ(l); l ∈ ω} ∪ {p}.
It is easy to verify that h is well-defined, continuous, and that

T := h−1(C(f �K)) = {σ ∈
∏

l∈ω

Kl; ∃i0 ∈ ω ∀i > i0 : σ(i) ∈ Di}.

We show that T is Σ1
n-hard. Let B be a Σ1

n subset of ωω. Find a continuous
function ϕl : ωω → Kl such that ϕ−1

l (Dl) = B. Let ψ : ωω →∏
l∈ω Kl be defined

by ψ(ν)(l) = ϕl(ν). It is easy to see that ψ−1(T ) = B and ψ is continuous. Thus,
C(f �K) is Σ1

n-hard. So, C(f) is Σ1
n-hard.



CHAPTER 2. COMPACT SETS OF CONTINUITY 16

Proof of Theorem 2.2.5. (i) Let f be ∆1
n-measurable. By Lemma 2.3.3 there

exist sets H i
l ∈ ∆1

n(X) such that C(f) =
⋂

l∈ω

⋃
i∈ω K(H i

l ). Since K(H i
l ) is Π1

n,
we get C(f) ∈ Π1

n(K(X)).
(ii) Let C(f) be Π1

n. By Corollary 2.2.2 the function f is ∆1
n+1-measurable.

Suppose f is not ∆1
n-measurable. According to Lemma 2.3.6, C(f) is Σ1

n-hard,
a contradiction.

(iii) Let f have Π1
n graph. Then K(graph f) is Π1

n in K(X × Y ). By
Lemma 2.3.1 we have C(f) = π̂X(K(graph f)). This gives that C(f) is Σ1

n+1.
Now Theorem 2.2.4 implies the desired conclusion.

(iv) Suppose that C(f) is ∆1
n+1 and graph f is not Π1

n. Then by Theo-
rem 2.2.1, graph f is in ∆1

n+1 \ Π1
n. Using Lemma 2.3.5 we have that graph f

is Σ1
n-hard. Using Lemma [10, Lemma 1.1] (cf. Lemma 1 in [7, Section 1]) we

have that K(graph f) is Π1
n+1-hard. On the other hand, K(graph f) is ∆1

n+1 by
Theorem 2.2.1. This is a contradiction.



Chapter 3

Countable compacta of continuity

for projective functions

This chapter is based on the paper [15]. We investigate connections between
complexity of a function f from a Polish space X to a Polish space Y and complex-
ity of the set C̃(f) = {K ∈ K(X); f �K is continuous and K has exactly one limit

point}. We prove that C̃(f) is Borel if and only if f is Borel. Similar results for
projective classes are also presented.

3.1 Introduction

Let X,Y be Polish spaces. In this chapter we investigate the collection

C̃(f) := {K ∈ K(X); f �K is continuous and K has exactly one limit point},
where f : X → Y . Compacta with one limit point are in fact convergent se-
quences with limit point. So, we investigate continuity of functions on conver-
gent sequences. But, by Heine theorem we have that continuity on convergent
sequences characterizes continuity on general sets. We show that Borelness of
f can be actually characterized by descriptive properties of C̃(f) assuming no
determinacy axiom.

Theorem 3.1.1. Let X,Y be Polish spaces and f : X → Y be a function. Then
the following are equivalent:

(i) C̃(f) is Borel,

(ii) C̃(f) is analytic,

(iii) f is Borel.

One can show that C̃(f) is coanalytic if and only if C(f) is coanalytic (see
Lemma 3.3.9). Thus, Theorems 2.1.3 and 3.1.1 imply the next corollary giving a

restriction on complexity of sets of the form C̃(f).

17
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Corollary 3.1.2. (Det(∆1
2)) Let X,Y be Polish spaces and f : X → Y be a

function. Then C̃(f) is Borel if and only if C̃(f) is a coanalytic subset of K(X).

We do not know whether the assumption on determinacy of ∆1
2 games can be

omitted in Corollary 3.1.2. In fact, the following two statements are equivalent
in ZFC:

(i) C̃(f) ∈ ∆1
n(K(X)) if and only if C̃(f) ∈ Π1

n(K(X)),

(ii) f is ∆1
n-measurable if and only if C(f) ∈ Π1

n(K(X)).

This equivalency simply follows from Theorem 3.2.1 and Lemma 3.3.9. So, if we
proved Corollary 3.1.2 using a weaker axiom, then we would be able to prove
Theorem 2.1.3 using the same axiom.

We also show several connections between a Baire class of a function f and
descriptive properties of C̃(f).

We also study the property C(f) = C(g). Clearly, C(f) = C(g) if and only

if C̃(f) = C̃(g). We show that two Borel functions f and g with C(f) = C(g)
belong to the same Baire class. We also show that if f is Lebesgue measurable
and C(f) = C(g) then g is also Lebesgue measurable.

As for the notation and all needed definitions we refer to [5].

3.2 Results

Let us describe the main results of the paper. The following theorem provides
a characterization of ∆1

n-measurable functions. This is a generalization of Theo-
rem 3.1.1 to projective classes, Theorem 3.1.1 is a special case of Theorem 3.2.1
for n = 1.

Theorem 3.2.1. Let X,Y be Polish spaces, n ∈ N and f : X → Y be a function.
Then the following are equivalent:

(i) C̃(f) ∈ ∆1
n(K(X)),

(ii) C̃(f) ∈ Σ1
n(K(X)),

(iii) f is ∆1
n-measurable.

The next corollary is a more general version of Corollary 3.1.2.

Corollary 3.2.2. (Det(∆1
2)) Let X,Y be Polish spaces, f : X → Y be a function

and n ∈ N. Then C̃(f) ∈ ∆1
n(K(X)) if and only if C̃(f) ∈ Π1

n(K(X)).

Let X and Y be Polish spaces. The symbol Bα(X,Y ) stands for the set of
all functions of Baire class α from X to Y . Now we define the classes Eα. These
classes were studied by Jordan [3] who showed their interesting connections with
Baire classes and collections C(f).
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Definition 3.2.3. Let X,Y be Polish spaces, 2 ≤ α < ω1. We define Eα(X,Y )
as a collection of functions f such that for all x ∈ X and W open neighborhood
of f(x) there exist G ∈ Π0

β(X) with β < α and open sets U ⊂ X, V ⊂ Y such
that x ∈ f−1(V ) ∩ U , f−1(V ) ∩ U ⊂ G and f(G) ⊂ W .

The following theorem shows us that if functions f and g satisfy C(f) = C(g)
then descriptive properties of f are very similar to descriptive properties of g.

Theorem 3.2.4. Let X,Y be Polish spaces, 1 ≤ α < ω1, A be a σ-algebra on X
containing ∆1

1(X) and f, g : X → Y be functions with C(f) = C(g).

(i) If α ≥ 2, then we have f ∈ Eα(X,Y ) if and only if g ∈ Eα(X,Y ).

(ii) We have f ∈ Bα(X,Y ) if and only if g ∈ Bα(X,Y ).

(iii) We have f is A-measurable if and only if g is A-measurable.

Using (iii) from previous theorem we can simply prove the following two corol-
laries.

Corollary 3.2.5. Let n ∈ N, f, g : Rn → R be functions and C(f) = C(g). Then
f is Lebesgue measurable if and only if g is Lebesgue measurable.

Corollary 3.2.6. Let X,Y be Polish spaces, f, g : X → Y be functions and
C(f) = C(g). Then f is Baire measurable if and only if g is Baire measurable.

Jordan [2] shows that f ∈ B1 implies that C(f) is Π0
4. He also shows that

C(f) is Borel if and only if f has Π0
2 graph. Thus, there exists f ∈ B2 such that

C(f) is not Borel. So, we cannot find any upper bound on descriptive quality of

C(f) for higher Baire classes. This is why we use collection C̃(f) instead of C(f)
to study higher Baire classes.

Theorem 3.2.7. Let X,Y be Polish spaces, 1 ≤ α < ω1, and f : X → Y be a
function.

(i) If C̃(f) ∈ Π0
α+1(K(X)) and α ≥ 2, then f ∈ Eα(X,Y ).

(ii) If f ∈ Eα+1(X,Y ), then C̃(f) ∈ Π0
α+4(K(X)).

(iii) If f ∈ Eα(X,Y ) and α is a limit ordinal, then C̃(f) ∈ Π0
α+1(K(X)).

Theorem 3.2.8. Let X,Y be Polish spaces, 1 ≤ α < ω1, and f : X → Y be a
function.

(i) If C̃(f) ∈ Π0
α+2(K(X)), then f ∈ Bα(X,Y ).

(ii) If f ∈ Bα(X,Y ), then C̃(f) ∈ Π0
α+5(K(X)).
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3.3 Proofs

3.3.1 Notation

Let us recall the notation from Chapter 2 and add some new terms. Let X and
Y be Polish spaces and f : X → Y be a continuous function. Then the function
f̂ : K(X) → K(Y ) is defined by f̂(K) = f(K). Let Γ be a collection of subsets
of X. We define its dual collection Γ̌ by

Γ̌ = {A ⊂ X; X \ A ∈ Γ}.
The symbol dCB denotes the Cantor-Bendixson derivative. If A ⊂ X, then K(A)
stands for the set of all compact subsets of A. We also define collections O(A),
Sn(A), S<ω(A) by

O(A) = {K ∈ K(A); card(dCB(K)) = 1},
Sn(A) = {K ⊂ A; card(K) ≤ n}, n ∈ N,

S<ω(A) = {K ⊂ A; card(K) < ω}.
The symbols πX and πY denote the projections from X × Y to X and to Y
respectively. The symbol N denotes the Baire space NN. If x ∈ X, then U(x)
denotes the family of all open neighborhoods of x.

3.3.2 Proof of Theorem 3.2.1

Lemma 3.3.1. Let X be a Polish space. Then O(X) ∈ Π0
3(K(X)).

Proof. Set M := {{x}; x ∈ X}. Clearly, M is closed in K(X) and O(X) =
d−1

CB(M). Since dCB : K(X) → K(X) is a Baire class two function (see [5, 24.9]),
we have O(X) ∈ Π0

3(K(X)).

Lemma 3.3.2. Let X be a Polish space, n ∈ N, 3 ≤ α < ω1 and A ⊂ X.

(i) If A ∈ Π0
α(X), then S<ω(A) ∈ Π0

α(K(X)).

(ii) If A ∈ ∆1
n(X), then S<ω(A) ∈ ∆1

n(K(X)).

Proof. (i) Clearly, S<ω(X) =
⋃

n∈N Sn(X) and Sn(X) is closed in K(X). So,
we have S<ω(X) ∈ Σ0

2(K(X)). Let F ⊂ X be closed. Then S<ω(F ) = K(F ) ∩
S<ω(X). Thus we have S<ω(F ) ∈ Σ0

2(K(X)). Let B ∈ Π0
2(X). Then S<ω(B) =

K(B) ∩ S<ω(X). Thus we have S<ω(B) ∈ Σ0
3(K(X)), since K(B) ∈ Π0

2(K(X)).
Let Ai, i ∈ N, be arbitrary subsets of X. Clearly,

S<ω

(⋂

i∈N

Ai

)
=

⋂

i∈N

S<ω(Ai),

S<ω

(⋃

i∈N

Ai

)
=

⋃

k∈N

S<ω

(⋃

i≤k

Ai

)
.
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For α ≥ 3 and A ∈ Π0
α(X) we have by transfinite induction that S<ω(A) ∈

Π0
α(K(X)).
(ii) Assume A ∈ Π1

n(X). Since classes Π1
n are closed under coprojection and

S<ω(A) = {K ∈ S<ω(X); ∀x ∈ X : x /∈ K ∨ x ∈ A}

we have S<ω(A) ∈ Π1
n(K(X)).

Assume n = 1. So, A is a Borel set. Then A is coanalytic. So, S<ω(A) is
coanalytic. The set A is also analytic. So, there exists a closed set B ⊂ X ×N
such that A = πX(B). Clearly, S<ω(A) = π̂X(S<ω(B)). So, S<ω(A) is analytic.
Thus, S<ω(A) is Borel.

Now assume n > 1. Then A ∈ Π1
n(X). So, S<ω(A) ∈ Π1

n(K(X)). The set
A also belongs to Σ1

n(X). So, there exists a set B ∈ Π1
n−1(X × N ) such that

A = πX(B). Clearly, S<ω(A) = π̂X(S<ω(B)). So, S<ω(A) ∈ Σ1
n(K(X)). Thus,

S<ω(A) ∈ ∆1
n(K(X)).

Definition 3.3.3. Let X be a Polish space, ρ ≤ 1 be a compatible metric on X
and v ≥ s > 0. Define Φ : O(X) → X and Λv,s,ρ : O(X) → K(X) by

{Φ(A)} = dCB(A),

Λv,s,ρ(K) = K ∩ P (Φ(K), s, v),

where P (x, s, v) is defined by

P (x, s, v) = {y ∈ X; s ≤ ρ(x, y) ≤ v}, x ∈ X.

Lemma 3.3.4. Let X be a Polish space. Let Φ : O(X) → X be as in Definition
3.3.3. Then Φ is a Baire class one function.

Proof. Let U be an arbitrary open subset of X and ρ ≤ 1 be a compatible metric
on X. Set Fn := {x ∈ X; dist(x,X \ U) ≥ 1

n
}. Let K ∈ Φ−1(U). Then K ∩ U is

compact. So, dist(K ∩ U,X \ U) > 0. Thus we have

Φ−1(U) =
⋃

n∈N

⋃

i∈N

{K ∈ O(X); card(K ∩ (X \ Fn)) ≤ i}.

Clearly, {K ∈ O(X); card(K∩(X \Fn)) ≤ i} is closed. So, Φ−1(U) ∈ Σ0
2(O(X)).

Lemma 3.3.5. Let X be a Polish space and ρ be a fixed compatible metric on
X. Then Λv,s,ρ ∈ B2(O(X),K(X)).

Proof. Let Φ : O(X) → X be as in Definition 3.3.3. By Lemma 3.3.4 Φ is a Baire
one function from O(X) → X. Thus, it is enough to verify that g : O(X)×X →
K(X) defined by

g(K, x) = K ∩ P (x, s, v)
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is a Baire class one function. The sets of the form K(U) and MU := {K ∈
K(X); K ∩ U 6= ∅}, where U is open in X, form a subbase of the Vietoris
topology. Let U ⊂ X be an arbitrary open set. There exist open sets Un ⊂ X,
n ∈ N such that

⋂
n∈N Un = X \ U . Thus, MU = K(X) \ ⋂n∈N K(Un). So, it is

enough to verify that g−1(K(U)) is open in O(X) ×X.
Suppose towards a contradiction that there exist (Kn, xn) /∈ g−1(K(U)), n ∈ N

and (K, x) ∈ g−1(K(U)) such that

(Kn, xn) → (K, x).

Thus for every n ∈ N there exists zn ∈ (Kn∩P (xn, s, v))\U . Clearly, K∪⋃j∈NKj

is compact. Since zn ∈ K ∪⋃j∈NKj there exist z ∈ X and a subsequence {zni
}

converging to z. Thus, z ∈ (K ∩ P (x, s, v)) \ U , a contradiction.

Lemma 3.3.6. Let X be a Polish space, n ∈ N, 1 ≤ α < ω1 and A ⊂ X.

(i) If A ∈ Π0
α(X), then O(A) ∈ Π0

α+2(K(X)).

(ii) If A ∈ ∆1
n(X), then O(A) ∈ ∆1

n(K(X)).

Proof. Let Λv,s,ρ,Φ be as in Definition 3.3.3. By Lemma 3.3.5 we have

Λv,s,ρ ∈ B2(O(X),K(X)).

By Lemma 3.3.4 we have that Φ is a Baire one function. Clearly,

O(A) = {K ∈ O(X); Φ(K) ∈ A ∧ ∀s, v ∈ Q, v ≥ s > 0 : Λv,s,ρ(K) ⊂ A}.

Thus we have

O(A) = {K ∈ O(X); Φ(K) ∈ A ∧ ∀s, v ∈ Q, v ≥ s > 0 : Λv,s,ρ(K) ∈ S<ω(A)}.

So,

O(A) = Φ−1(A) ∩
⋂

s,v∈Q,v≥s>0

Λ−1
v,s,ρ(S<ω(A)).

(i) Assume α ≥ 3. By Lemma 3.3.2(i) we have S<ω(A) ∈ Π0
α(K(X)). Thus,

we have O(A) ∈ Π0
α+2(O(X)). Using Lemma 3.3.1 we are done.

On the other hand, if α < 3 then O(A) = O(X) ∩ K(A) ∈ Π0
3(K(X)).

(ii) By Lemma 3.3.2(ii) we have S<ω(A) ∈ ∆1
n(K(X)). Since classes ∆1

n are
closed under Borel preimages and countable intersections (see [5, Proposition
37.1]), we have O(A) ∈ ∆1

n(O(X)). Using Lemma 3.3.1 we are done.

Lemma 3.3.7. Let X,Y be Polish spaces and f : X → Y be a function. Then

C̃(f) = π̂X(O(graph(f))).
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Proof. The proof is similar to Lemma 2.3.1.

Lemma 3.3.8. Let X be a Polish space and M ⊂ X be a countable set. Then

S := {K ∈ K(X); K ∩M = K} ∈ Π0
3(K(X)).

Proof. Let W be a countable open base of X. Then for A,B ⊂ X we have

A = B ⇔ ∀V ∈ W : (A ∩ V = ∅ ⇔ B ∩ V = ∅).

Thus,

S = {K ∈ K(X); ∀V ∈ W : (K ∩ V = ∅) ∨ (∃d ∈ V ∩M : d ∈ K)}.

So, S ∈ Π0
3(K(X)) since M is countable.

Proof of Theorem 3.2.1. (iii) ⇒ (i) According to [5, Exercise 37.3] we have that
graph(f) ∈ ∆1

n(X×Y ). By Lemma 3.3.6 we have O(graph(f)) ∈ ∆1
n(K(X×Y )).

By Lemma 3.3.7 we have C̃(f) = π̂X(O(graph(f))). Thus C̃(f) ∈ Σ1
n(K(X)). By

Theorem 2.2.5(i) we have that C(f) ∈ Π1
n(K(X)). Since C̃(f) = C(f) ∩ O(X)

we have C̃(f) ∈ Π1
n(K(X)). Thus, C̃(f) ∈ ∆1

n(K(X)).

(i) ⇒ (ii) This implication is trivial.

(ii) ⇒ (iii) Let F be an arbitrary closed subset of Y . It is sufficient to prove
that

f−1(F ) ∈ Σ1
n(X).

Find a set D ⊂ X × Y which is a countable and dense subset of

A := graph(f) ∩ (X × F ).

By Lemma 3.3.8 we have

V := (S<ω(X) ∪ C̃(f)) ∩ {K ∈ K(X); K ∩ πX(D) = K} ∈ Σ1
n(K(X)).

We prove that f−1(F ) =
⋃V , which implies that f−1(F ) ∈ Σ1

n(X).
Let x ∈ f−1(F ) = πX(A). Since D is dense in A there exist xn ∈ πX(D),

n ∈ N, such that (xn, f(xn)) → (x, f(x)). Clearly, {x}∪{xn; n ∈ N} ∈ V . Thus,
x ∈ ⋃V .

Let K ∈ V . Then there exists B ⊂ D such that graph(f) ∩ (πX)−1(K) = B.
So, graph(f) ∩ (πX)−1(K) ⊂ A. Thus, K ⊂ πX(A) = f−1(F ).
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3.3.3 Proof of Corollary 3.2.2

Lemma 3.3.9. Let X,Y be Polish spaces, f : X → Y be a function and n ∈ N.
Then C(f) ∈ Π1

n(K(X)) if and only if C̃(f) ∈ Π1
n(K(X)).

Proof. Let C(f) ∈ Π1
n(K(X)). Clearly, C̃(f) = C(f) ∩ O(X). By Lemma 3.3.1

we have C̃(f) ∈ Π1
n(K(X)).

Let C̃(f) ∈ Π1
n(K(X)). By Heine theorem we have

C(f) = {K ∈ K(X); O(K) ⊂ C̃(f)}.

Thus we have

C(f) = {K ∈ K(X); ∀L ∈ K(X) : (L /∈ O(K) ∨ L ∈ C̃(f))}.

So, C(f) ∈ Π1
n(K(X)).

Proof of Corollary 3.2.2. Let C̃(f) ∈ Π1
n(K(X)). By Lemma 3.3.9 we have

C(f) ∈ Π1
n(K(X)). Using Theorem 2.2.5(ii) we have f is ∆1

n-measurable. By

Theorem 3.2.1 we have C̃(f) ∈ ∆1
n(K(X)). The converse implication is triv-

ial.

3.3.4 Proof of Theorem 3.2.4

Definition 3.3.10. Let X,Y be Polish spaces and Γ ⊂ 2X . We define Ω1(X),
Ω2(X), Ω(X), MΓ(X,Y ), EΓ(X,Y ) by

(i) Ω1(X) = {V ⊂ 2X ; V is closed under countable unions},

(ii) Ω2(X) = {V ⊂ 2X ; V is closed under finite intersections ∧ (V ⊃ Π0
1(X) ∨

V ⊃ Σ0
1(X))},

(iii) Ω(X) = Ω1(X) ∩ Ω2(X),

(iv) MΓ(X,Y ) = {f ∈ Y X ; f is Γ-measurable},

(v) EΓ(X,Y ) denotes the family of all functions f : X → Y such that

∀x ∈ X∀W ∈ U(f(x))∃U ∈ U(x)∃V ∈ U(f(x))∃G ∈ Γ :

G ⊃ f−1(V ) ∩ U and f(G) ⊂ W.

Recall that by Lebesgue-Hausdorff-Banach theorem ([5, Theorem 24.3]) we
have

Bα(X,Y ) = M
Σ

0
α+1(X)(X,Y ).

Lemma 3.3.11. Let X,Y be Polish spaces and Γ ∈ Ω1(X). Then we have
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(i) EΓ̌(X,Y ) ⊃ MΓ(X,Y ),

(ii) EΓ(X,Y ) = MΓ(X,Y ).

Proof. (i) Let f ∈ MΓ(X,Y ), x ∈ X, and W ∈ U(f(x)) be arbitrary. We find
V ∈ U(f(x)) such that V ⊂ W . Set G := f−1(V ) and U := X. Then G ∈ Γ̌,
G ⊃ f−1(V ) ∩ U and f(G) ⊂ W . Thus we have f ∈ E Γ̌(X,Y ).

(ii) The inclusion EΓ(X,Y ) ⊃ MΓ(X,Y ) can be proved similarly to (i) by
setting V := W , G := f−1(V ) and U := X.

Now we prove EΓ(X,Y ) ⊂ MΓ(X,Y ). Let f ∈ EΓ(X,Y ) and an open set
W ⊂ Y be arbitrary. Let {Un; n ∈ N} and {Vn; n ∈ N} be countable open bases
of X and Y respectively. We set

M := {(n,m) ∈ N2; ∃G ∈ Γ : G ⊃ f−1 (Vm) ∩ Un ∧ f(G) ⊂ W}.

For each (n,m) ∈ M we fix Gn,m ∈ Γ satisfying Gn,m ⊃ f−1 (Vm) ∩ Un and
f(Gn,m) ⊂ W . Since f ∈ EΓ(X,Y ) we have that for all x ∈ f−1(W ) there exists
(nx,mx) ∈ M such that Unx

∈ U(x) and Vmx
∈ U(f(x)). Since x ∈ Gnx,mx

⊂
f−1(W ) for all x ∈ f−1(W ) we have f−1(W ) =

⋃
x∈f−1(W )Gnx,mx

. Since Γ ∈ Ω1

and the set {Gnx,mx
; x ∈ f−1(W )} is countable, we have f−1(W ) ∈ Γ.

Lemma 3.3.12. Let X,Y be Polish spaces and 1 ≤ α < ω1. Then

Bα(X,Y ) ⊃ Eα+1(X,Y ) ⊃ Eα(X,Y ) ⊃
⋃

β+1<α

Bβ(X,Y ).

Proof. Clearly, Σ0
β(X) ∈ Ω1(X) for all 1 ≤ β < ω1. So,

Bα(X,Y ) = M
Σ

0
α+1(X)(X,Y ) = E

Σ
0
α+1(X)(X,Y ) (Lemma 3.3.11)

⊃ E
Π

0
α(X)(X,Y ) = Eα+1(X,Y ) ⊃ Eα(X,Y ).

Clearly,

Eα(X,Y ) = E⋃
β<α Π

0
β(X)(X,Y ) ⊃ E⋃

β+1<α Π
0
β+1

(X)(X,Y )

⊃
⋃

β+1<α

E
Π

0
β+1

(X)(X,Y ).

By Lemma 3.3.11(i) we have

E
Π

0
β+1

(X)(X,Y ) ⊃ M
Σ

0
β+1

(X)(X,Y ).

Thus,
⋃

β+1<α

E
Π

0
β+1

(X)(X,Y ) ⊃
⋃

β+1<α

M
Σ

0
β+1

(X)(X,Y ) =
⋃

β+1<α

Bβ(X,Y ).
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Lemma 3.3.13. Let X,Y be Polish spaces, f, g : X → Y be functions, and
C(f) ⊃ C(g). Then for all x ∈ X, V ∈ U(f(x)) there exist Ṽ ∈ U(g(x)),

Ũ ∈ U(x) such that

f−1(V ) ⊃ g−1(Ṽ ) ∩ Ũ . (3.1)

Proof. Let x ∈ X and V ∈ U(f(x)) be arbitrary. Let {Un; n ∈ N} and {Vn; n ∈
N} be decreasing sequences of open sets, which form bases of neighborhoods of

x and g(x) respectively. Assume towards contradiction that there are no Ũ and

Ṽ satisfying (3.1). Thus, there is a sequence {xn ∈ X; n ∈ N} such that

xn ∈
(
g−1(Vn) ∩ Un

)
\ f−1(V ). (3.2)

So, xn → x and g(xn) → g(x). Thus, {xn; n ∈ N} ∪ {x} ∈ C(g) ⊂ C(f). By
(3.2) we have {xn; n ∈ N} ∪ {x} /∈ C(f), a contradiction.

Lemma 3.3.14. Let X,Y be Polish spaces, Γ ∈ Ω2(X), f, g : X → Y be func-
tions and C(f) = C(g). Then f ∈ EΓ(X,Y ) if and only if g ∈ EΓ(X,Y ).

Proof. Assume that f ∈ EΓ(X,Y ) and g /∈ EΓ(X,Y ). For every x ∈ X let
{Un(x); n ∈ N}, {Vn(x); n ∈ N} and {Wn(x); n ∈ N} be decreasing sequences of
open sets, which form bases of neighborhoods of x, f(x) and g(x) respectively. Let
{Gγ(x); γ ∈ Γn(x)} be the family of all G ∈ Γ satisfying G ⊃ g−1(Wn(x))∩Un(x).
Since g /∈ EΓ(X,Y ) we have that there exist x ∈ X and W ∈ U(g(x)) such that
for all n ∈ N and γ ∈ Γn(x) there exists xγ

n ∈ Gγ(x) such that

g(xγ
n) /∈ W. (3.3)

Since f ∈ EΓ(X,Y ) we have that for all s ∈ N there exist Ũ s ∈ U(x), Ṽ s ∈
U(f(x)) and G̃s ∈ Γ such that G̃s ⊃ f−1(Ṽ s) ∩ Ũ s and f(G̃s) ⊂ Vs(x). Set

U s := Us(x) ∩ Ũ s and V s := Vs(x) ∩ Ṽ s. If Γ contains open sets, then we set

Gs := Us(x)∩ G̃s. If Γ contains closed sets, then we set Gs := Us(x)∩ G̃s. Thus,

f−1(V s) ∩ U s ⊂ Gs ∈ Γ (3.4)

and f(Gs) ⊂ Vs(x). By Lemma 3.3.13 we have that for all s ∈ N there exists
m(s) ∈ N such that

f−1(V s) ∩ U s ⊃ g−1(Wm(s)(x)) ∩ Um(s)(x).

By (3.4) we have that there exists γs ∈ Γm(s)(x) such that Gs = Gγs(x). Set
ys := xγs

m(s) for s ∈ N. Since ys ∈ Gs ⊂ f−1(Vs(x)) we have ys → x and

f(ys) → f(x). Since C(f) = C(g) we have g(ys) → g(x). It contradicts (3.3).

Lemma 3.3.15. Let X,Y be Polish spaces, Γ ∈ Ω(X), f, g : X → Y be functions
and C(f) = C(g). Then f ∈ MΓ(X,Y ) if and only if g ∈ MΓ(X,Y ).
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Proof. This follows from Lemmas 3.3.11(ii) and 3.3.14.

Proof of Theorem 3.2.4. (i) This follows from Lemma 3.3.14 and

Eα(X,Y ) = E⋃
β<α Π

0
β(X)(X,Y ),

⋃

β<α

Π0
β(X) ∈ Ω2(X).

Since Σ0
α+1(X),A ∈ Ω(X), (ii) and (iii) follow from Lemma 3.3.15.

3.3.5 Proof of Theorem 3.2.7

We fix some compatible complete metrics on X and Y . Let S ⊂ X and g : S → Y
be a function. We define osc(g) = diam(rng(g)). The following Remark compare
our definition of Eα(X,Y ) with Jordan’s definition in [3].

Remark 3.3.16. Let 2 ≤ α < ω1 and f ∈ Eα(X,Y ). Then for every x ∈ X and
ε > 0 there exist sets U ∈ U(x), V ∈ U(f(x)) and G ∈ ⋃β<α Π0

β(X) such that

f−1(V ) ∩ U ⊂ G and osc(f �G) ≤ ε.

Let us begin with the proof of the Theorem.
(i) This statement is similar to [3, Theorem 3]. We only replace C(f) by

C̃(f). Proof is also similar. In fact the only difference between the proof of this
statement and the proof of [3, Theorem 3] lies in [3, Lemma 10]. For completeness
of this work, we show here the changed version of this lemma.

Lemma 3.3.17. Let X, Y be Polish spaces, α ≥ 2 be a successor ordinal and
f : X → Y be a function. If C̃(f) ∈ Π0

α+1(K(X)) then f ∈ Eα.

Proof. Let β + 1 = α. Suppose f /∈ Eα. There is an p ∈ X and ε > 0 such that
for every pair of open sets U and V such that U ∈ U(p) and V ∈ U(f(p)) we
have osc(f �G) ≥ ε for any G ∈ Π0

β(X) containing f−1(V ) ∩ U .
Let {Vn}n∈N be a decreasing sequence of open neighborhoods of f(p) such

that diam(Vn)
< 1/2n for every n ∈ N. Let {Un}n∈N be a decreasing sequence of open neigh-
borhoods of p such that diam(Un) < 1/2n for every n ∈ N. Fix n ∈ N such that
1/2n−1 < ε. Since osc(f �G) ≥ ε for every G ∈ Π0

β(X) containing f−1(Vn)∩Un, we

conclude that f−1(Vn)∩Un cannot be separated from the set Un\f−1(B(f(p), ε/2))

by a Π0
β-subset of Un. Since C̃(f) ∈ Π0

α+1(K(X)) we have by Theorem 3.2.1
that f is a Borel function. Thus, the non-separable sets are Borel in X. Now,
[5, 22.13, 24.20] guarantees that there is a compact set Kn ⊂ Un and a Σ0

β-
complete Dn ⊂ Kn such that Dn = Kn ∩ (f−1(Vn) ∩ Un) and Kn \ Dn =
Kn ∩ (Un \ f−1(B(f(p), ε/2))).
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Let K = {p} ∪ ⋃n∈NKn. Let h :
∏

n∈N Kn → K(K) be defined by h(σ) =

{σ(n); n ∈ N} ∪ {p}. Notice that h is continuous and that h−1(C̃(f � K)) is
precisely the set of all σ ∈ ∏n∈N Kn such that σ(n) ∈ Dn for all n sufficiently

large. Since each Dn is Σ0
β-complete, [3, Proposition 9] guarantees that h−1(C̃(f �

K)) is Σ0
β+2-complete. Thus, C̃(f �K) is Σ0

β+2-hard in K(K). Since K(K) is closed

in K(X) we have C̃(f) /∈ Π0
β+2(K(X)) = Π0

α+1(K(X)).

A similar argument establishes the limit case (see [3, Proposition 8]).

(ii) The case f ∈ E2 immediately follows from [3, Theorem 7]. Thus we can
assume that α > 1. Following ideas of the proof of [3, Theorem 6] one can find

sets Hs
l ∈ Π0

α(X), s, l ∈ N, such that C̃(f) =
⋂

l∈N

⋃
s∈N O(Hs

l ). By Lemma

3.3.6(i) we have O(Hs
l ) ∈ Π0

α+2(K(X)). Consequently, C̃(f) ∈ Π0
α+4(K(X)). For

completeness of this work we show here the way of finding of these sets H s
l . The

following Lemma is inspired by [3, Lemma 26].

Lemma 3.3.18. Let α > 2, f ∈ Eα(X,Y ), ε > 0 and D1, D2 be countable open
bases for X and Y respectively. If x ∈ A ⊂ X and f �A is continuous then there
exist D1 ∈ D1, D2 ∈ D2 and G ∈ ⋃β<α Π0

β(X) such that x ∈ D1 ∩ f−1(D2),

f−1(D2) ∩D1 ⊂ G, osc(f �G) ≤ ε and f
(
A ∩D1

)
⊂ D2.

Proof. Since f ∈ Eα there exist open sets U ∈ U(x), V ∈ U(f(x)) and G ∈⋃
β<α Π0

β(X) such that f−1(V ) ∩ U ⊂ G and osc(f �G) ≤ ε. Pick D1 ∈ D1 and

D2 ∈ D2 so that D1 ⊂ U , D2 ⊂ V , x ∈ D1 and f(x) ∈ D2. Now f−1
(
D2

)
∩D1 ⊂

f−1(V ) ∩ U ⊂ G and osc(f �G) ≤ ε. Since f �A is continuous we may assume D1

is small enough that f
(
A ∩D1

)
⊂ D2.

Let A be a collection of subsets of X × Y . We define

M(A) =
⋃

x∈X

(
π−1

X ({x}) ∩
⋂

{A ∈ A; x ∈ πX(A)}
)
.

Let ε > 0 and S ⊂ X. We say that a function f : S → Y is ε-continuous if

inf{osc(f �S∩B(x,δ); δ > 0} ≤ ε

for all x ∈ S. It is easy to verify that f is continuous if and only if f is 0-
continuous. The following Lemma is inspired by [3, Lemma 27].

Lemma 3.3.19. Let α > 2, ε > 0 and A be a finite collection of closed boxes
in X × Y such that for every A ∈ A : diam

(
πY (A)

)
≤ ε/5, there is GA ∈⋃

β<α Π0
β(X) such that πX(A ∩ graph(f)) ⊂ GA and osc(f � GA

) ≤ ε/5. Then

there is G ∈ ⋃
β<α Π0

β(X) such that πX(M(A) ∩ graph(f)) ⊂ G and f � G is
ε-continuous.
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Proof. Let G1 =
⋃

A∈A
(
GA∩πX(A ∩ graph(f))

)
. Clearly, G1 ∈

⋃
β<α Π0

β(X) and

πX(M(A) ∩ graph(f)) ⊂
⋃

A∈A
πX(A ∩ graph(f)) ⊂ G1 ⊂

⋃

A∈A
πX(A).

Let

G = G1 ∩πX(M(A)) = G1 \
(⋃{ s⋂

i=1

πX(Ai); s ∈ N∧Ai ∈ A∧
s⋂

i=1

πY (Ai) = ∅
})
.

Now G ∈ ⋃β<α Π0
β(X) and

πX(M(A) ∩ graph(f)) ⊂ G ⊂ πX(M(A)).

We now show that f �G is ε-continuous. Let x, xn ∈ G be such that xn → x. Let
{xbn

} and {xcn
} be subsequences of {xn} such that there exist A,B,C ∈ A such

that

x ∈ GA ∩ πX(A ∩ graph(f)) ⊂ πX(A),

{xbn
;n ∈ N} ⊂ GB ∩ πX(B ∩ graph(f)) ⊂ πX(B),

{xcn
;n ∈ N} ⊂ GC ∩ πX(C ∩ graph(f)) ⊂ πX(C).

Since πX(B) and πX(C) are closed, we have x ∈ πX(B) ∩ πX(C). Since x ∈
πX(M(A)) we have A ∩B ∩ C 6= ∅. Since

diam(πY (A) ∪ πY (B) ∪ πY (C)) ≤ 2ε/5 and

max{osc(f �GA
), osc(f �GB

), osc(f �GC
)} ≤ ε/5

we have
diam(f({xbn

; n ∈ N} ∪ {xcn
; n ∈ N} ∪ {x})) ≤ 4ε/5.

Thus, we simply get that f �G is ε-continuous.

The following Lemma is inspired by [3, Lemma 28].

Lemma 3.3.20. Let α > 2, f ∈ Eα(X,Y ). Then there exist sets

Hs
l ∈ ⋃β<α Π0

β(X), s, l ∈ N such that C̃(f) =
⋂

l∈N

⋃
s∈N O(Hs

l ).

Proof. Let l ∈ N. Let D1 = {Dk
1 ; k ∈ N} and D2 = {Dk

2 ; k ∈ N} be countable
bases for X and Y respectively. Let W be the collection of all finite collections

Z = {W1, . . . ,Wm} of sets of the form Di
1 ×Dj

2 for some i, j ∈ N satisfying

• diam(Dj
2) ≤ 1/(2l · 5) and

• there exists a G ∈ ⋃β<α Π0
β(X) such that πX

(
graph(f) ∩

(
Di

1 ×Dj
2

))
⊂ G

and
osc(f �G) ≤ 1/(2l · 5).
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Let Z ∈ W . By Lemma 3.3.19, there is a HZ ∈ ⋃
β<α Π0

β(X) such that

πX(M(Z) ∩ graph(f)) ⊂ HZ and f �HZ
is 1/2l-continuous. We enumerate collec-

tion {HZ ; Z ∈ W} as {Hs
l ; s ∈ N}. Clearly, f �C is 1/2l-continuous for every

C ∈ ⋃s∈N O(Hs
l ).

We set τ =
⋂

l∈N

⋃
s∈N O(Hs

l ). Since C ∈ τ implies that f �C is 1/2l-continuous

for all l ∈ N we have τ ⊂ C̃(f).

Let C ∈ C̃(f) and l ∈ N be arbitrary. We will construct a finite collection

W = {W1, . . . ,Wm} of sets of the form Wk = Di
1×Dj

2 for some i, j ∈ N such that

(a) graph(f �C) ⊂ ⋃W ,

(b) there is G ∈ ⋃β<α Π0
β(X) such that πX(graph(f) ∩Wk) ⊂ G and osc(f �

G) < 1/(2l · 5),

(c) diam(Dj
2) < 1/(2l · 5) and

(d) graph(f �C∩πX(Wk)) ⊂ Wk.

By Lemma 3.3.18, for every x ∈ C there exist i(x), j(x) ∈ N such that D
i(x)
1 ∈ D1,

D
j(x)
2 ∈ D2 andG ∈ ⋃β<α Π0

β(X) such that x ∈ D
i(x)
1 ∩f−1

(
D

j(x)
2

)
, diam

(
D

j(x)
2

)
<

1/(2l · 5), f
(
D

i(x)
1 ∩ C

)
⊂ D

j(x)
2 , πX

(
graph(f) ∩Di(x)

1 ×D
j(x)
2

)
⊂ G and osc(f �

G) ≤ 1/(2l · 5). Since graph(f � C) is compact we may find a finite subcover

W ∗ = {W ∗
1 , . . . ,W

∗
m} of {Di(x)

1 × D
j(x)
2 ; x ∈ C}. For every 1 ≤ k ≤ m we set

Wk = W ∗
k . The collection W = {W1, . . . ,Wm} clearly satisfies conditions (a),

(b), (c) and (d).
By (b) and (c), W ∈ W . Let x ∈ C. By (a), there is some Wk ∈ W such that

(x, f(x)) ∈ Wk. By (d), for any Wo ∈ W if x ∈ πX(Wo) then (x, f(x)) ∈ Wo.
Thus, (x, f(x)) ∈M(W ) ∩ graph(f). So, x ∈ πX(M(W ) ∩ graph(f)). Therefore,

C ⊂ πX(M(W ) ∩ graph(f)) ⊂ HW . Thus, C̃(f) ⊂ ⋃s∈N O(Hs
l ).

It now follows that C̃(f) ⊂ τ .

(iii) Similarly as in the previous case, we find sets H i
l ∈ ⋃β<α Π0

β(X), i, l ∈
N, such that C̃(f) =

⋂
l∈N

⋃
i∈N O(H i

l ). By Lemma 3.3.6(i) we have O(H i
l ) ∈⋃

β<α Π0
β(X) since α is limit. Consequently, C̃(f) ∈ Π0

α+1(K(X)).

3.3.6 Proof of Theorem 3.2.8

(i) By Theorem 3.2.7(i) we have f ∈ Eα+1(X,Y ). By Lemma 3.3.12 we have
f ∈ Bα(X,Y ).

(ii) By Lemma 3.3.12 we have f ∈ Eα+2(X,Y ). By Theorem 3.2.7(ii) we have

C̃(f) ∈ Π0
α+5(K(X)).



Chapter 4

The size of the classes of HN sets

This chapter is based on the paper [14]. We investigate the size of HN -sets
which is reflected by the family of measures called polar which annihilate all the
sets belonging to the given class. The main aim of this paper is to answer in
the negative the question stated by Lyons [9], whether the polars of the classes of
HN -sets are same.

4.1 Introduction

Let M be a collection of closed subsets of [0, 1] and M([0, 1]) be the set of all
Radon measures on the interval [0, 1]. Then the polar M⊥ ⊂ M([0, 1]) is defined
by

M⊥ = {ν ∈ M([0, 1]); ∀B ∈M : ν(B) = 0}.
We say that µ ∈ M([0, 1]) is Rajchman if lim|n|→∞ µ̂(n) = 0. The family of all
Rajchman measures is denoted by R. Let us recall that closed sets of extended
uniqueness (U0 sets) are those closed sets which are annihilated by every Ra-
jchman measure. Thus by definition we have that R ⊂ U⊥

0 . Lyons [8] showed
that R = U⊥

0 . Thus there appears a natural question, whether there are some
other interesting classes A ⊂ U0 with the property A⊥ = R. More generally, one
can consider two families of closed sets A ⊂ B and may ask whether B⊥ ( A⊥.
If this is the case then B can be considered much larger than A. For example,
Kaufman [4] proved that U0 is in this sense larger than the family of closed sets
of uniqueness U , i.e., R = U⊥

0 ( U⊥ (see [6] for the definition).
Rajchman [12] introduced an important subclass of U -sets, so called H-sets

(or H1-sets) (see the next section for the definition). Rajchman conjectured that
every set of uniqueness is a countable union of H-sets. This was disproved by
Pyatetskii-Shapiro in [11], where he also introduced the classes of HN -sets. We
have HN ⊂ HN+1 ⊂ U ⊂ U0 for every N ∈ N and for each N there is an HN+1-set
which cannot be written as a countable union of HN -sets. Lyons [9] showed that

R (
(⋃

N∈N H
N
)⊥

. Thus, classes HN are “small” in U0 in the sense given above.

31
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Lyons [9] posed a question whether HN+1⊥ = HN⊥
. The aim of this chapter is to

prove the next theorem which answers Lyons’ question in the negative for every
N ∈ N.

Theorem 4.1.1. Let N ∈ N. Then HN+1⊥ 6= HN⊥
.

There also arises an open question, whether
(⋃

N∈N H
N
)⊥

) U⊥.

4.2 Proof of Theorem 4.1.1

Notation 4.2.1.

(i) We denote the Lebesgue measure on R by λ and the number of elements of
a finite set A by ]A.

(ii) The symbols [x] and 〈x〉 stand for the integer part and fractional part of
x ∈ R respectively, i.e., 〈x〉 = x − [x]. Further, for B ⊂ R we denote
〈B〉 = {〈x〉; x ∈ B}.

(iii) The symbols Q and Q∗ stand for the set of rational numbers and nonzero
rational numbers respectively.

(iv) For N ∈ N and a ∈
(
RN
)N

, we employ the following coordinate notation
a = {aj}j∈N and aj = (a1

j , . . . , a
N
j ) ∈ RN .

(v) By an open interval J ⊂ RN we mean any product of nonempty open in-
tervals J i ⊂ R, i = 1, . . . , N .

Definition 4.2.2. Let N ∈ N, L ∈ R, and P ⊂ R \ {0}.
(i) A sequence of vectors a ∈ (RN)N is quasi independent if for every nonzero

λ ∈ ZN we have limj |(λ, aj)| = ∞, where (u, v) denotes the scalar product
of vectors u, v ∈ RN . The set of all quasi independent sequences of vectors
from PN is denoted by QN(P ).

(ii) A closed set A ⊂ [0, 1] is in HN(P ) if there exist a ∈ QN(P ) and an open
interval J ⊂ [0, 1]N such that for every x ∈ A and every j ∈ N we have
〈xaj〉 = (〈xa1

j〉, . . . , 〈xaN
j 〉) /∈ J . We will write just HN instead of HN(N).

The elements of HN are called HN -sets.

(iii) A closed set A ⊂ [0, 1] is in HN
L (P ) if there exist a ∈ QN(P ) and an open

interval J ⊂ [0, 1]N witnessing A ∈ HN(P ) and satisfying
∣∣∣∣∣
ai+1

j λ(J i)

ai
j

∣∣∣∣∣ ≥ L

for every i ∈ {1, . . . , N − 1} and j ∈ N.
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Remark 4.2.3. (i) Let N,M ∈ N, N ≤ M , L,K ∈ R, L ≤ K, and P ⊂ R \
{0}. Then we clearly have HN

K (P ) ⊂ HM
L (P ), HN(P ) = HN

0 (P ), and HN
L (N) ⊂

HN
L (Q∗). Further the families HN(P ) and HN

L (P ) are hereditary.
(ii) In the role of P we will use N or Q∗. Note that each set from HN(Q∗) is a

finite union of HN -sets (see [1, pp. 919–921]). Consequently, HN(Q∗)
⊥

= HN⊥
.

The proof of the main result is based on the following two results which will
be proved in the next sections.

Lemma 4.2.4. Let N ∈ N. Then HN+1⊥ ( HN
10(Q

∗)
⊥
.

Theorem 4.2.5. Let N,L ∈ N. Then HN
L (Q∗) = HN(Q∗).

Granting these results the proof goes as follows.

Proof of Theorem 4.1.1. Using Lemma 4.2.4, Theorem 4.2.5, and Remark 4.2.3
we get

HN+1⊥ ( HN
10(Q

∗)
⊥

= HN(Q∗)⊥ = HN⊥
.

4.3 Proof of Lemma 4.2.4

Throughout this section N ∈ N will be fixed. We will construct a measure

µ ∈ HN
10(Q

∗)
⊥ \HN+1⊥.

4.3.1 Construction of the measure µ.

Notation 4.3.1. For n ∈ N, j = 1, . . . , N+1, and I ⊂ [0, 1] we fix the following:

xj
n = 2(N+1)n+j((N + 1)n+ j)!, xn = (x1

n, . . . , x
N+1
n ). (4.1)

Note that the numbers xj
n are chosen so that x

j+1
n

2x
j
n

and
x1

n+1

2xN+1
n

are natural numbers

bigger than n.

Pn =
{
x ∈ [0, 1]; 〈x · xi〉 /∈ (1/2, 1)N+1, i = 1, . . . , n

}
, (4.2)

Pn,j =

{[
i− 1

2xj
n

,
i

2xj
n

]
⊂ [0, 1]; i ∈ N,

(
i− 1

2xj
n

,
i

2xj
n

)
∩ Pn 6= ∅

}
, (4.3)

PI
n,j = {V ∈ Pn,j ; V ⊂ I}, (4.4)

‖Pn,j‖ = 1/(2xj
n). (4.5)

Remark 4.3.2.

(i) If V ∈ Pn,j, then ‖Pn,j‖ = λ(V ).
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(ii) Let I, J ∈ Pn,N+1, k > n and j ≤ N+1. By definition we get ]P I
k,j = ]PJ

k,j.

(iii) Let I ∈ Pn−1,N+1 and j ≤ N + 1. By definition we get

]PI
n,N+1 ≤ 2

∑

R∈PI
n,j

]PR
n,N+1.

Lemma 4.3.3. Let n, s ∈ N, s ≤ N + 1, I ∈ Pn−1,N+1 and let Z ⊂ I be an
interval with λ(Z) ≥ 9‖Pn,s‖. Then λ(

⋃PZ
n,s) ≥ 1

3
λ(Z).

Proof. Let S be the system of all intervals of the form
[

i−1
2xs

n
, i

2xs
n

]
, i ∈ N, which

are contained in Z. Then we have λ(Z) ≤ (]S + 2)‖Pn,s‖. If intervals
[

i−1
2xs

n
, i

2xs
n

]

and
[

i
2xs

n
, i+1

2xs
n

]
are in S, then at least one of them belongs to PZ

n,s by (4.2), (4.3)

and Z ⊂ I ∈ Pn−1,N+1. Then we have

λ
(⋃

PZ
n,s

)
≥
[1
2
]S
]
‖Pn,s‖ ≥ 1

2
(]S − 1)‖Pn,s‖

=
1

2
(]S + 2)‖Pn,s‖ −

3

2
‖Pn,s‖ ≥ 1

2
λ(Z) − 3

2
· 1

9
λ(Z) =

1

3
λ(Z).

Construction 4.3.4. We define a Radon measure µn, n ∈ N, on the interval
[0, 1] such that

µn(A) =
(
1 − 2−(N+1)

)−n
λ(A ∩ Pn),

whenever A ⊂ [0, 1] is Borel.

Lemma 4.3.5.

(i) For each n ∈ N, µn is a continuous probability measure.

(ii) If Q =
[

i−1

2xN+1
n

, i

2xN+1
n

]
, where n, i ∈ N, i ≤ 2xN+1

n , then

µk(Q) = µn(Q) =

{
1

]Pn,N+1
for Q ∈ Pn,N+1,

0 for Q /∈ Pn,N+1,

for every k ≥ n.

Proof. (i) Since µn is a restriction of a multiple of Lebesgue measure, µn is con-
tinuous. Since

λ(P1) = 1 − 2−(N+1),

λ(Pn+1) =
(
1 − 2−(N+1)

)
λ(Pn), n ∈ N,
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we get that µn is a probability.
(ii) Let k ∈ N, k ≥ n. If Q /∈ Pn,N+1, then Q0 ∩ Pk ⊂ Q0 ∩ Pn = ∅.

Consequently, µk(Q) = µn(Q) = 0. Otherwise we have

µk(Q) = µk(Q ∩ Pk) =
∑

J∈PQ
k,N+1

µk(J) =
∑

J∈PQ
k,N+1

(1 − 2−(N+1))−kλ(J).

Using Remark 4.3.2(i) and (i) we infer

µk(Q) =
∑

J∈PQ
k,N+1

(1 − 2−(N+1))−kλ(J) =
∑

J∈PQ
k,N+1

1

]Pk,N+1

=
]PQ

k,N+1

]Pk,N+1

=
]PQ

k,N+1∑
V ∈Pn,N+1

]PV
k,N+1

.

By Remark 4.3.2(ii) we get µk(Q) = 1
]Pn,N+1

and the statement follows.

Lemma 4.3.6. The sequence {µn} w∗-converges to a continuous Radon measure
µ.

Proof. Let Q be any interval with endpoints i−1

2xN+1
n

, i+1

2xN+1
n

, where n, i ∈ N, which

is contained in [0, 1]. By Lemma 4.3.5(ii) we have that limk µk(Q) exists finite.
Since each continuous function can be uniformly approximated by a function∑m

j=1 cjχQj
, where Qj, j = 1, . . . ,m, are intervals of the above form, we get

that limk

∫
fdµk exists finite for each continuous function f on [0, 1]. Thus {µk}

w∗-converges to a Radon probability measure µ.
Let x ∈ [0, 1] and ε > 0. One can find an interval Q of the above form and

corresponding n with x in the interior of Q considered with respect to [0, 1] and
µn(Q) ≤ 2/ ]Pn,N+1 < ε by Lemma 4.3.5(ii). Then

µ({x}) ≤ µ(Q0) ≤ lim inf
k

µk(Q
0) ≤ 2/ ]Pn,N+1 < ε.

Thus µ is continuous.

As a simple corollary of continuity of measure µ and Lemma 4.3.5(ii) we get
the following.

Remark 4.3.7. If V ∈ Pn,N+1, then µ(V ) = 1
]Pn,N+1

.

4.3.2 Verification of µ /∈ HN+1⊥

Lemma 4.3.8. Set

P =
{
x ∈ [0, 1]; ∀i ∈ N : 〈x · xi〉 /∈ (1/2, 1)N+1

}
.

Then P is an HN+1-set and µ(P ) = 1.
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Proof. We have {xn}n∈N ∈ Q(N) by (4.1) and therefore P ∈ HN+1. By (4.2) we
have P =

⋂
k∈N Pk. Using the definition of µ and continuity of µ we get

µ(P ) = lim
k→∞

µ(Pk) = lim
k→∞

lim
n→∞

µn(Pk) = 1,

where the last equation follows from µn(Pk) = 1 for all n ≥ k. Indeed, µn is a
probability, supp(µn) = Pn and Pn ⊂ Pk.

4.3.3 Verification of µ ∈ HN

10(Q
∗)

⊥

We will need the following notation.

Notation 4.3.9. Let ρ ∈ N, I ⊂ [0, 1]ρ be an interval and z ∈ Qρ(Q). Then we
define

H(z, I) = {x ∈ [0, 1]; ∀k ∈ N : 〈x · zk〉 /∈ I}.
Remark 4.3.10. Let ρ ∈ N.

(i) If A ∈ Hρ(Q∗) then there exist z ∈ Qρ(Q∗) and an open interval W ⊂ [0, 1]ρ

such that A ⊂ H(z,W ).

(ii) If I ⊂ J ⊂ [0, 1]ρ are open intervals and r ∈ Qρ(Q), then H(r, J) ⊂
H(r, I).

Now we fix an arbitrary X ∈ HN
10(Q

∗). We find an open interval W =∏N

j=1Wj ⊂ [0, 1]N and z ∈ QN(Q∗) witnessing X ∈ HN
10(Q

∗). Thus, we have
∣∣∣∣∣
zj+1

i λ(Wj)

zj
i

∣∣∣∣∣ ≥ 10 for every i ∈ N, j ∈ {1, . . . , N − 1}. (4.6)

We have X ⊂ H(z,W ). We want to show that µ(X) = 0, so it is sufficient to
prove µ(H(z,W )) = 0. Denote A = H(z,W ).

Let 0 ≤ σ ≤ ρ ≤ N be integers. We set

Ak,σ,ρ = {x ∈ [0, 1];∃σ < j ≤ ρ : 〈x · zj
k〉 /∈ Wj}, (4.7)

Ak = {x ∈ [0, 1];∀i ≤ k : 〈x · zi〉 /∈W} =
⋂

i≤k

Ai,0,N . (4.8)

Further fix a constant l ∈ N such that

l > 100 and l > 1/λ(Wj), j = 1, . . . , N. (4.9)

Notation 4.3.11. Let n, k ∈ N and S, T ⊂ [0, 1]. We define

Bn(S, T ) = {V ∈ PS
n,N+1; V ∩ T 6= ∅},

and if PS
n,N+1 6= ∅, then we set

µS
n,k =

]Bn(S,Ak)

]PS
n,N+1

and µn,k = µ
[0,1]
n,k .
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Lemma 4.3.12.

(i) We have µ(A) = inf{µn,k; n, k ∈ N}.

(ii) If n, t, s, k ∈ N, n ≥ s ≥ t and I ∈ Pt,N+1 then µI
n,k ≤ µI

s,k · sup{µV
n,k; V ∈

PI
s,N+1}.

Proof. (i) For every k, n ∈ N we have

Ak ∩ P ⊂ Ak ∩ Pn ⊂
⋃

Bn([0, 1], Ak). (4.10)

The set Ak ∩ P is closed and
⋂∞

n=1

⋃Bn([0, 1], Ak) ⊂ P . The diameters of in-
tervals from Bn([0, 1], Ak) tend uniformly to 0 if n → ∞, so we get Ak ∩ P =⋂∞

n=1

⋃Bn([0, 1], Ak). Using continuity of µ and Remark 4.3.7 we can conclude

µ
(⋃

Bn([0, 1], Ak)
)

=
∑

J∈Bn([0,1],Ak)

µ(J) =
]Bn([0, 1], Ak)

]Pn,N+1

= µn,k. (4.11)

Since A ∩ P ⊂ ⋃Bn([0, 1], Ak) by (4.10), we get µ(A) = µ(A ∩ P ) ≤ µn,k by
(4.11).

Since

A ∩ P =
∞⋂

k=1

Ak ∩ P =
∞⋂

k=1

∞⋂

n=1

⋃
Bn([0, 1], Ak),

we get µ(A) ≥ inf{µn,k; n, k ∈ N}.
(ii) It is easy to verify that

µI
n,k =

]Bn(I, Ak)

]PI
n,N+1

=
∑

V ∈PI
s,N+1

]Bn(V,Ak)

]PI
s,N+1 · ]PV

n,N+1

=

∑
V ∈PI

s,N+1

µV
n,k

]PI
s,N+1

=

∑
V ∈Bs(I,Ak) µ

V
n,k

]PI
s,N+1

,

where the last equality follows from the fact that µV
n,k = 0 for all

V ∈ PI
s,N+1\Bs(I, Ak). Thus, we have

µI
n,k ≤ sup{µV

n,k; V ∈ PI
s,N+1} ·

]Bs(I, Ak)

]PI
s,N+1

= µI
s,k · sup{µV

n,k; V ∈ PI
s,N+1}.

Let us assume that k ∈ N is fixed in the following definition, Lemma 4.3.14
and Lemma 4.3.15.
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Let j ∈ {1, . . . , N}. We define an auxiliary family Kj as the family of all
intervals of the form 1

z
j
k

(Wj + m), m ∈ Z. We denote ‖Kj‖ = λ(Wj)/|zj
k|. Let

S ⊂ [0, 1] be an interval. We inductively define

KS
j,j =

{
K ∩ S0; K ∈ Kj, λ(K ∩ S) ≥ ‖Kj‖/2

}
,

KS
j,t =

⋃
{KZ

t,t; Z ∈ KS
j,t−1}, j < t ≤ N.

Remark 4.3.13. The system KS
j,t contains just intervals of the form K ∩ Z,

which have length greater than one half of the length of K, where Z ∈ KS
j,t−1 and

K ∈ Kt. By definition we get the following two properties.

(i) For every Z ∈ KS
j,t we have λ(Z) ≥ 1

2
‖Kt‖ = 1

2
λ(Wj)/|zj

k|.

(ii) If S1 ⊂ S2 ⊂ [0, 1] are intervals and K ∈ KS1

j,t , then there exists K̃ ∈ KS2

j,t

with K ⊂ K̃.

Lemma 4.3.14. Let 0 < j ≤ t ≤ N and S ⊂ [0, 1] be an interval with λ(S) ≥
1/|zj

k|. Then λ
(⋃KS

j,t

)
≥ λ(S) · (4l)j−t−1.

Proof. If 1 ≤ i ≤ N and J ⊂ [0, 1] is an interval with λ(J) ≥ 1/|zi
k|, then

λ
(⋃

KJ
i,i

)
≥ 1

4
λ(J)λ(Wi). (4.12)

Indeed, we have ]KJ
i,i ≥

[
λ(J)|zi

k|
]
≥ 1

2
λ(J)|zi

k| and using Remark 4.3.13(i) we
get

λ
(⋃

KJ
i,i

)
≥ ]KJ

i,i ·
λ(Wi)

2|zi
k|

≥ 1

4
λ(J)λ(Wi).

Using this for J := S, i := j and (4.9) we get

λ
(⋃

KS
j,j

)
≥ λ(S)

4l
. (4.13)

Further we proceed by induction on t. We assume that the desired inequality
holds for t = i ≥ j. Let Z ∈ KS

j,i. By Remark 4.3.13(i) and (4.6) we have

λ(Z) ≥ λ(Wi)

2|zi
k
| ≥ 5

|zi+1

k
| ≥

1

|zi+1

k
| . Thus we can use (4.12) for J := Z and i := i + 1.

We get

λ
(⋃

KZ
i+1,i+1

)
≥ 1

4
λ(Z)λ(Wi+1)

and we infer

λ
(⋃

KS
j,i+1

)
=
∑

Z∈KS
j,i

λ
(⋃

KZ
i+1,i+1

)
≥
∑

Z∈KS
j,i

1

4
λ(Z)λ(Wi+1)

= λ
(⋃

KS
j,i

) λ(Wi+1)

4
≥ λ(S)(4l)j−i−2.

The last inequality follows from induction hypothesis and (4.9) and we are done.
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Lemma 4.3.15. Let 0 ≤ σ ≤ ρ ≤ N be integers, n ∈ N, I ∈ Pn−1,N+1 and G ⊂ I
be a closed interval. Suppose that the following conditions are satisfied

n ≥ l2, (4.14)

λ(G)

λ(I)
>

1√
n
, (4.15)

λ(G) ≥ 1

|zi
k|

≥ ‖Pn,N+1‖, σ < i ≤ ρ. (4.16)

Let α ∈ (0, 1]. We define Dα as the family of all intervals V ∈ PG
n,N+1 for which

there exist a closed interval O ⊂ V such that λ(O) ≥ αλ(V ) and O ∩ Ak,σ,ρ = ∅.

(i) Then we have

]Dτ

]PI
n,N+1

≥ λ(G)

18λ(I)
(4l)σ−ρ, where

τ = min

{
1,

λ(Wρ)

6 · |zρ
k| · ‖Pn,N+1‖

}
. (4.17)

(ii) If σ = ρ, then we have ]D1

]PI
n,N+1

≥ λ(G)
6λ(I)

.

(iii) If σ = ρ and G = I, then we have ]D1 = ]PI
n,N+1.

Proof. (i) Since D1 ⊂ Dτ the case σ = ρ will follow from (ii). Here we will
assume that σ < ρ. Let α ∈ (0, 1], S ⊂ [0, 1] be an interval, s ≤ N + 1 and
i, j ∈ {σ, . . . , ρ}, i < j. Then we define

Dα,S
i,j,s =

{
V ∈ PS

n,s;∃K ∈ KS
i+1,j ∃O ⊂ K ∩ V closed interval: λ(O) ≥ αλ(V )

}
.

Note that for α = 1 we have by definition

D1,S
i,j,s =

{
V ∈ PS

n,s;∃K ∈ KS
i+1,j : V ⊂ K

}
=

⋃

K∈KS
i+1,j

PK
n,s. (4.18)

Clearly, Ak,σ,ρ ∩
⋃KG

σ+1,ρ = ∅. Thus, we have

Dα ⊃ Dα,G
σ,ρ,N+1. (4.19)

Claim 4.3.16. Let σ < j ≤ ρ and let s < N + 1 be such that

1∣∣zj
k

∣∣ ≥ ‖Pn,s‖. (4.20)

Then we have

]D1,G
σ,j,s+1

]PI
n,s+1

≥ λ(G)

3λ(I)
(4l)σ−j.
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Proof of Claim. By (4.9) we have ‖Kj‖ ≥ 1

l|zj
k| . Using (4.14) we get

‖Kj‖ ≥ 1∣∣zj
k

∣∣√n
.

Since ‖Pn,s‖
‖Pn,s+1‖ ≥ n we have

‖Kj‖ ≥
√
n‖Pn,s+1‖∣∣zj
k

∣∣ ‖Pn,s‖
.

By (4.20) we have
‖Kj‖ ≥ √

n‖Pn,s+1‖.
Let Z ∈ KG

σ+1,j be arbitrary. By (4.9), (4.14) and Remark 4.3.13(i) we have

λ(Z) ≥ 50‖Pn,s+1‖.

Using Lemma 4.3.3 we obtain

λ
(⋃

PZ
n,s+1

)
≥ λ(Z)

3
. (4.21)

Clearly,

]D1,G
σ,j,s+1

]PI
n,s+1

=
λ
(⋃D1,G

σ,j,s+1

)

λ
(⋃PI

n,s+1

) ≥
λ
(⋃D1,G

σ,j,s+1

)

λ(I)
. (4.22)

By (4.18), (4.21), Lemma 4.3.14 and (4.16) we have

λ
(⋃

D1,G
σ,j,s+1

)
=

∑

Z∈KG
σ+1,j

λ
(⋃

PZ
n,s+1

)

≥ 1

3
λ
(⋃

KG
σ+1,j

)
≥ λ(G)

3
(4l)σ−j.

(4.23)

Now Claim follows from (4.22) and (4.23).

Claim 4.3.17. Let σ < j ≤ ρ. Then we have

]Dτ,G
σ,ρ,N+1 ≥

{∑
J∈PG

n,j
]Dτ,J

j−1,ρ,N+1 for j = σ + 1,
∑

J∈D1,G
σ,j−1,j

]Dτ,J
j−1,ρ,N+1 for j > σ + 1.

Proof of Claim. Clearly, PG
n,j ⊃ D1,G

σ,j−1,j for all j > σ + 1. If J1, J2 ∈ PG
n,j and

J1 6= J2 then Dτ,J1

j−1,ρ,N+1 ∩ Dτ,J2

j−1,ρ,N+1 = ∅. So, it is sufficient to prove that

Dτ,G
σ,ρ,N+1 ⊃

⋃

J∈PG
n,σ+1

Dτ,J
σ,ρ,N+1 (4.24)
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and

Dτ,G
σ,ρ,N+1 ⊃

⋃

J∈D1,G
σ,j−1,j

Dτ,J
j−1,ρ,N+1, j > σ + 1. (4.25)

The formula (4.24) is obvious. Assume j > σ + 1. Let J ∈ D1,G
σ,j−1,j and V ∈

Dτ,J
j−1,ρ,N+1 be arbitrary. Then there exists K1 ∈ KG

σ+1,j−1 with J ⊂ K1 and there

exist K2 ∈ KJ
j,ρ and a closed interval O ⊂ V ∩K2 such that λ(O) ≥ τλ(V ). By

Remark 4.3.13(ii) there exists K̃2 ∈ KK1

j,ρ such that K̃2 ⊃ K2. Thus, we have

K̃2 ∈ KG
σ+1,ρ and O ⊂ V ∩ K̃2. Thus V ∈ Dτ,G

σ,ρ,N+1 and the formula (4.25) is
proved.

We distinguish two possibilities. We have either

(a) 1 ≥ ‖Pn,ρ‖ · |zρ
k| or

(b) there exists j ∈ N such that σ < j ≤ ρ, 1 < ‖Pn,j‖ · |zj
k| and for every

σ < i < j we have 1 ≥ ‖Pn,i‖ · |zi
k|.

(a) Since ρ ≤ N , we have 1 ≥ ‖Pn,ρ‖ · |zρ
k| ≥ ‖Pn,N‖ · |zρ

k|. By Claim 4.3.16
and (4.19) we have

]Dτ

]PI
n,N+1

≥ ]D1

]PI
n,N+1

≥ λ(G)

3λ(I)
(4l)σ−ρ.

(b) Let J ∈ PG
n,j and Z ∈ KJ

j,ρ be arbitrary. By λ(J) = ‖Pn,j‖ > 1/|zj
k| and

Lemma 4.3.14 we have

λ
(⋃

KJ
j,ρ

)
≥ λ(J) · (4l)j−ρ−1. (4.26)

By (4.17) and Remark 4.3.13(i) we have

τ‖Pn,N+1‖ ≤ λ(Wρ)

6 |zρ
k|

≤ λ(Z)

3
. (4.27)

Since J ∈ Pn,j we have

⋃
PJ

n,N+1 = J. (4.28)

We find v, s ≥ 0 such that Z = ( s
v
, s+3

v
). If V ∈ PJ

n,N+1 and V ∩ ( s+1
v
, s+2

v
) 6= ∅

then V ⊂ Z or λ(V ∩ Z) > 1
3
λ(Z). In the first case the interval Z witnesses

V ∈ D1,J
j−1,ρ,N+1 ⊂ Dτ,J

j−1,ρ,N+1. In the second case there exists a closed interval

O ⊂ V ∩ Z such that λ(O) ≥ 1
3
λ(Z). By (4.27) we have

λ(O) ≥ 1

3
λ(Z) ≥ τ‖Pn,N+1‖ = τλ(V ).
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Consequently, V ∈ Dτ,J
j−1,ρ,N+1.

The considerations of the previous paragraph and (4.28) gives
⋃Dτ,J

j−1,ρ,N+1 ⊃
( s+1

v
, s+2

v
). Thus, we have

λ
(⋃Dτ,J

j−1,ρ,N+1

)

λ
(⋃KJ

j,ρ

) ≥ 1

3
.

Thus, by (4.26) and (4.28) we have

λ
(⋃Dτ,J

j−1,ρ,N+1

)

λ
(⋃PJ

n,N+1

) ≥ (4l)j−ρ−1 · 1

3
.

So,

]Dτ,J
j−1,ρ,N+1

]PJ
n,N+1

≥ (4l)j−ρ−1 · 1

3
. (4.29)

We distinguish two cases.
(b1) Assume j = σ + 1. By (4.1) and (4.5) we have λ(I) > n||Pn,1||. Using

(4.14), (4.15), and l > 100 we get

λ(G) >
λ(I)√
n
>

√
n‖Pn,1‖ > 100 · ‖Pn,1‖ > 9 · ‖Pn,σ+1‖. (4.30)

Using Lemma 4.3.3 we obtain
]PG

n,σ+1

]PI
n,σ+1

≥ λ(G)
3λ(I)

. By Claim 4.3.17, (4.19), Re-

mark 4.3.2 and (4.29) we have

]Dτ

]PI
n,N+1

≥
∑

J∈PG
n,σ+1

]Dτ,J
σ,ρ,N+1

2
∑

R∈PI
n,σ+1

]PR
n,N+1

≥ ]PG
n,σ+1

]PI
n,σ+1

· (4l)σ−ρ · 1

6
≥ λ(G)

18λ(I)
· (4l)σ−ρ .

(b2) Let j > σ+1. By Claim 4.3.17, (4.19), Remark 4.3.2 and (4.29) we have

]Dτ

]PI
n,N+1

≥
∑

J∈D1,G
σ,j−1,j

]Dτ,J
j−1,ρ,N+1

2
∑

R∈PI
n,j
]PR

n,N+1

≥
]D1,G

σ,j−1,j

]PI
n,j

· (4l)j−ρ−1 · 1

6
.

By Claim 4.3.16 we get the desired inequality.

(ii) If σ = ρ then Ak,σ,ρ = ∅. If V ∈ PG
n,N+1, we set O = V . So, λ(O) = λ(V )

and O ∩ Ak,σ,ρ = ∅. So,

D1 = PG
n,N+1. (4.31)
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By Lemma 4.3.3 and (4.30) we have
]PG

n,1

]PI
n,1

≥ λ(G)
3λ(I)

. Thus, by (4.31) and

Remark 4.3.2 we have

]D1

]PI
n,N+1

=
]PG

n,N+1

]PI
n,N+1

≥
∑

R∈PG
n,1
]PR

n,N+1

2
∑

R∈PI
n,1
]PR

n,N+1

=
]PG

n,1

2 ]PI
n,1

≥ λ(G)

6λ(I)
.

(iii) We use (4.31) and G = I and we are done.

Lemma 4.3.18. There exists K > 0 such that for every n, k ∈ N there exist
n(n, k) ∈ N and k(n, k) ∈ N such that

µn(n,k),k(n,k) ≤ (1 −K) · µn,k.

Proof. Fix n, k ∈ N. We set n0 = max {n+ 1, 36l2}. We will construct k0 > k,
s ≤ N and sequences n0 < n1 < · · · < ns and 0 = v0 < v1 < · · · < vs = N such
that

∀0 < i ≤ s ∀vi−1 < j ≤ vi : ‖Pni,N+1‖ ≤ 1∣∣zj
k0

∣∣ < ‖Pni−1,N+1‖.

Since z ∈ QN(Q∗) and (4.6) we have lim |z1
i | = ∞ and

∣∣zj+1
i

∣∣ ≥ 10
∣∣zj

i

∣∣ for
every i ∈ N, j < N . Thus, we can find k0 > k such that 1

|z1
k0
| < ‖Pn0,N+1‖. We

set v0 = 0. Assume that we have already constructed n0, . . . , ni and v0, . . . , vi for
some i ≥ 0. If vi = N we set s = i and we are done. If vi < N we find ni+1 ∈ N

such that

‖Pni+1,N+1‖ ≤ 1∣∣zvi+1
k0

∣∣ < ‖Pni+1−1,N+1‖.

Further we find the largest vi+1 ∈ {vi + 1, . . . , N} such that

1∣∣zvi+1

k0

∣∣ ≥ ‖Pni+1,N+1‖

and we are done.
For n1 − 1 ≤ t ≤ ns + 1 we set

τt =





min

{
1,

λ(Wvi
)

6|zvi
k0
|‖Pni,N+1‖

}
, if t = ni for some i = 1, . . . , s,

1, otherwise.

Clearly,

τt ≥
1

6l
≥ 1√

n0

. (4.32)
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Further we set

[σt, ρt] =





[vi−1, vi], if t = ni,

[vi−1, vi−1], if ni−1 < t < ni,

[N,N ], if t = ns + 1,

i = 1, . . . , s.

We set n(n, k) := ns + 1, k(n, k) := k0 and K := 2−6N3−5N l−3N . Since
k(n, k) ≥ k we have Ak(n,k) ⊂ Ak. Thus we have Bn([0, 1], Ak(n,k)) ⊂ Bn([0, 1], Ak)
and

µn,k(n,k) ≤ µn,k. (4.33)

By Lemma 4.3.12(ii) and n1 − 1 ≥ n we have

µn1−1,k(n,k) ≤ µn,k(n,k) · sup{µI
n1−1,k(n,k); I ∈ Pn,N+1} ≤ µn,k(n,k). (4.34)

Using Lemma 4.3.12(ii) again we have

µn(n,k),k(n,k) ≤ µn1−1,k(n,k) · sup{µI
n(n,k),k(n,k); I ∈ Pn1−1,N+1}. (4.35)

Fix some I ∈ Pn1−1,N+1. By (4.33), (4.34) and (4.35), it is sufficient to prove that

µI
n(n,k),k(n,k) ≤ 1 −K. (4.36)

Suppose that n1 ≤ t ≤ ns + 1 and G, J are closed intervals such that G ⊂ J
and

(i) J ∈ PI
t−1,N+1,

(ii) λ(G)
λ(J)

≥ τt−1,

(iii) if t = ni and σt < j ≤ ρt, then λ(G) ≥ 1

|zj
k0
| .

Since τt−1 ≥ 1√
n0

≥ 1√
t

one can verify that J , G, t, k0, σt and ρt satisfy the

assumptions of Lemma 4.3.15 for I, G, n, k, σ and ρ. For such t, J,G we set

F(t, J,G) = {R ∈ PG
t,N+1; ∃C ⊂ R closed interval :

λ(C)

λ(R)
≥ τt∧C∩Ak0,σt,ρt

= ∅}
(4.37)

and Lemma 4.3.15 gives

]F(t, J,G)

]PJ
t,N+1

≥





λ(G)
18λ(J)

(4l)σt−ρt , t ∈ E1 := {ni; 1 ≤ i ≤ s},
λ(G)
6λ(J)

, t ∈ E2 := {ni + 1; 1 ≤ i ≤ s} \ E1,

1, t /∈ E1 ∪ E2.

(4.38)
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In particular, F(t, J,G) is nonempty. We set

Kt =





(4l)σt−ρt

108l
, t ∈ E1,

1
36l
, t ∈ E2,

1, t /∈ E1 ∪ E2.

By (ii) and (4.32) we get λ(G)
λ(J)

≥ τt−1 >
1
6l

. This and (4.38) imply

]F(t, J,G)

]PJ
t,N+1

≥ Kt. (4.39)

We will inductively define systems of intervals Ft, t = n1, . . . , ns +1, with the
following properties.

• Fn1
= F(n1, I, I),

• Ft+1 =
⋃{F(t+ 1, J, C(J)); J ∈ Ft},

• for each J ∈ Ft there exists a closed interval C(J) ⊂ J such that

(a) C(J) ∩ Ak0,σt,ρt
= ∅,

(b) λ(C(J))
λ(J)

≥ τt,

(c) if t+ 1 ∈ E1 and σt+1 < j ≤ ρt+1, then λ(C(J)) ≥ 1

|zj
k0
| .

Suppose that we have already defined Ft, t ≤ ns, and corresponding intervals
C(J) for every J ∈ Ft. We set

Ft+1 =
⋃

{F(t+ 1, J, C(J)); J ∈ Ft}.

Observe that Ft+1 ⊂ PI
t+1,N+1 by (4.37). Fix J̃ ∈ Ft+1. Find C(J̃) satisfying

(a) and (b) by (4.37). Now we verify the condition (c) for C(J̃). Let t + 2 = ni

for some i and σt+2 < j ≤ ρt+2. Thus σt+2 = vi−1 < j. If t + 1 6= ni−1,
then τt+1 = 1 and λ(C(J̃)) = λ(J̃) = ‖Pt+1,N+1‖ = ‖Pni−1,N+1‖. Then by the
definition of vi’s we get λ(C(J̃)) = ‖Pni−1,N+1‖ > 1

|zj
k0

| . If t+ 1 = ni−1 = ni − 1,

then τt+1 =
λ(Wvi−1

)

6|zvi−1

k0
|‖Pni−1,N+1‖

. Using (b) and (4.6) we get

λ(C(J̃)) ≥ τt+1λ(J̃) = τt+1‖Pni−1,N+1‖ =
λ(Wvi−1

)

6|zvi−1

k0
|

≥ 10

6|zvi−1+1
k0

|
>

1

|zvi−1+1
k0

|
≥ 1

|zj
k0
|
.

Thus we verified (c) and the construction of Ft’s is finished.
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Using (a) we have

Fn(n,k) ⊂ Pn(n,k),N+1 \ Bn(n,k)(I, Ak(n,k)),

µI
n(n,k),k(n,k) =

]Bn(n,k)(I, Ak(n,k))

]PI
n(n,k),N+1

≤ 1 − ]Fn(n,k)

]PI
n(n,k),N+1

.

Finally, using (4.39) we estimate

]Ft

]PI
t,N+1

≥
t∏

j=n1

Kj, t = n1, . . . , ns + 1,

and this implies

]Fn(n,k)

]PI
n(n,k),N+1

≥
ns+1∏

i=n1

Ki =
∏

i∈E1

(4l)σi−ρi

108l

∏

i∈E2

1

36l
≥ (4l)−N

(108l)N
· 1

(36l)N
= K.

Thus we have (4.36).

Now we can prove Lemma 4.2.4.

Proof of Lemma 4.2.4. Using Lemma 4.3.12(i) and Lemma 4.3.18 we get

µ(A) = inf{µn,k; n, k ∈ N} = 0.

4.4 Proof of Theorem 4.2.5

Notation 4.4.1. Let N,n ∈ N, a ∈ QN(R), y ∈ R and J ⊂ R,J =
∏N

j=1 J
j ⊂

[0, 1]N be open sets. We set

T (y, J) = {x ∈ [0, 1]; 〈xy〉 ∈ 〈J〉},

Hn(a,J ) = [0, 1] \
N⋂

p=1

T (ap
n, J

p).

Remind Notation 4.3.9 and Remark 4.3.10.

Remark 4.4.2. Let N ∈ N,a = {aj} ∈ QN(Q∗), {jk} be an increasing sequence
of integers and J ⊂ U ⊂ [0, 1]N be open intervals. Then the following assertions
hold.

(i) {ajk
} ∈ QN(Q∗)

(ii) H(a,U) ⊂ H({ajk
},U)
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(iii) H(a,U) =
⋂

n∈N H
n(a,U)

(iv) Let L ∈ QN×N be a regular matrix. Then there exists an increasing sequence
{vk} of positive integers such that {L(avk

)} ∈ QN(Q∗).

(v) Let y ∈ Q∗ and J ⊂ R be an open interval. Then T (y, J) =
⋃

n∈Z
1
y
(J+ n)∩

[0, 1].

(vi) Let m ∈ Z \ {0}, y ∈ Q∗ and u, r ∈ R. Then we have T (y,B(u, r)) ⊃
T
(

y

m
, B
(

u
m
, r
|m|
))

, where the symbol B(x, s) = (x− s, x+ s).

(vii) Let y ∈ Q∗, J ⊂ R and V ⊂ 〈J〉 be open intervals. Then T (y, J) ⊃ T (y, V ).

We will use the following well known approximation theorem.

Lemma 4.4.3. [13, Dirichlet’s Theorem on Simultaneous Approximations] Let
α1, . . . , αn be real numbers and Q > 1 be an integer. Then there exist integers
q, p1, . . . , pn with 1 ≤ q < Qn and |αiq − pi| ≤ 1/Q for all 1 ≤ i ≤ n.

Lemma 4.4.4. Let N ∈ N,a ∈ QN(Q∗) and Un = U 1 × · · · × UN−1 × UN
n ⊂

[0, 1]N , n ∈ N be open intervals. If there exists α > 0 such that λ(UN
n ) ≥ α for

all n ∈ N then there exist an increasing sequence {jn} of positive integers and an
open interval J = U 1 × · · · × UN−1 × JN ⊂ [0, 1]N such that

(i) ∀n ∈ N : 4λ(JN) ≥ λ(UN
jn

),

(ii)
⋂

n∈N H
n({aj},Un) ⊂ H({ajn

},J ).

Proof. Since inf{λ(UN
n ); n ∈ N} ≥ α > 0 there exists an increasing sequence vn

of positive integers such that

4 inf{λ(UN
vn

); n ∈ N} > 3 sup{λ(UN
vn

); n ∈ N}.
We find l ∈ N such that

2

l
≤ inf{λ(UN

vn
); n ∈ N} < 3

l
.

For all j ∈ N we find bj ∈ N0 and an open interval JN
j = (

bj

l
,

bj+1

l
) such that

JN
j ⊂ UN

vj
. Since the set {JN

j ; j ∈ N} is finite there exists an increasing sequence

{pn} of positive integers and an open interval JN such that JN
pn

= JN for all
n ∈ N. We set J = U 1 × · · · × UN−1 × JN and jn = vpn

. Thus,
⋂

n∈N

Hn({aj},Un) ⊂ H({ajn
},J ).

Clearly,

4λ(JN) =
4

l
≥ 4

3
inf{λ(UN

vn
); n ∈ N} > sup{λ(UN

vn
); n ∈ N} ≥ λ(UN

jm
)

for all m ∈ N.
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The following lemma was inspired by Zaj́ıček [17].

Lemma 4.4.5. Let y, z ∈ Q∗, y 6= z, U = B(u, r1), V = B(v, r2) be subsets of

[0, 1] and δ ≤ min
{

λ(V )
|y| ,

λ(U)
|z|

}
. If 4|y| > 3|z| then

T (y, V ) ∩ T (z, U) ⊃ T

(
z, B

(
u,

|z|δ
4

))
∩ T

(
y − z, B

(
v − u,

r2
4

))
.

Proof. Since |z|δ/4 ≤ r1 we have B (u, |z|δ/4) ⊂ U . Thus,

T (z, U) ⊃ T
(
z, B

(
u, |z|δ/4

))
.

Let x ∈ T
(
z, B

(
u, |z|δ/4

))
∩ T

(
y − z, B

(
v − u, r2/4

))
. Then there exist ξ ∈

B (0, r2/4), µ ∈ B (0, |z|δ/4) and m,n ∈ Z such that

x = (ξ + v − u+ n)
1

y − z
,

x = (µ+ u+m)
1

z
.

Thus, x = (ξ+µ+v+m+n) 1
y
. Since |ξ+µ| ≤ r2

4
+ |z|δ

4
< r2

4
+ |y|δ

3
< r2

4
+ 2r2

3
< r2

we have ξ + µ+ v ∈ V . Thus, x ∈ T (y, V ).

Lemma 4.4.6. Let N ∈ N,a ∈ QN(Q∗), U =
∏N

i=1 U
i ⊂ [0, 1]N be an open

interval, L ∈ N and δj = min
{

λ(U i)

|ai
j |

; i = 1, . . . , N
}
. Then there exist a regular

matrix L ∈ QN×N , an increasing sequence {vn} of positive integers and an open
interval J =

∏N

i=1 J
i ⊂ [0, 1]N such that

(a) x := {L(avn
)} ∈ QN(Q∗),

(b) H(a,U) ⊂ H(x,J ),

(c) ∀n ∈ N ∀i < N :
∣∣∣xN

n λ(Ji)
xi

n

∣∣∣ ≥ L,

(d) λ(JN )
|xN

n | ≥ δvn
/16.

Proof. Going to a subsequence and permutate indexes if necessary, we can assume
that |ai

n| < |ai+1
n | for all n ∈ N and i < N . We find Q ∈ N such that 1

Q
<

min{λ(U i); i=1,...,N}
8L

. By Lemma 4.4.3 for every j ∈ N there exist qj, p
1
j , . . . , p

N−1
j ∈ Z

such that

1 ≤ qj ≤ QN−1,∣∣∣∣qj
ai

j

aN
j

− pi
j

∣∣∣∣ ≤ 1

Q
, i = 1, . . . , N − 1. (4.40)
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Since
|ai

j |
|aN

j | < 1, we have |pi
j| ≤ QN−1 for every j ∈ N and i = 1, . . . , N − 1. Going

to a subsequence if necessary, we can assume that there exist q, p1, . . . , pN−1 such
that q = qj, p

i = pi
j for every j ∈ N. Clearly, there exists 0 ≤ s < N such that

pi = 0 if and only if i ≤ s. Denote by ui the center of the interval U i and set

yi
j =





ai
j for i ≤ s,

ai
j

pi −
aN

j

q
for s < i < N,

aN
j

q
for i = N,

j ∈ N.

Further we define

• J i = U i for i ≤ s,

• J̃ i = B
(

ui

pi − uN

q
, λ(U i)

8|pi|

)
for s < i < N ,

• J̃N
j = B

(
uN

q
,

δj |yN
j |

4

)
for j ∈ N,

• JN
j = J̃N

j ∩ (0, 1).

Since uN

q
∈ (0, 1) we have λ(JN

j ) ≥ 1
2
λ(J̃N

j ). Going to a subsequences if

necessary and using Remark 4.4.2(iv) we have that y :=
{
(y1

j , . . . , y
N
j )
}

j
is in

QN(Q∗). For each s < i < N we find an open interval J i ⊂ [0, 1] such that

λ(J i) ≥ λ(J̃i)
2

and J i ⊂ 〈J̃ i〉. By Remark 4.4.2(vi) we have

T (ai
j, U

i) ⊃ T

(
ai

j

pi
, B

(
ui

pi
,
λ(U i)

2|pi|

))
,

T (aN
j , U

N) ⊃ T

(
yN

j , B

(
uN

q
,
λ(UN)

2q

))
. (4.41)

Since ∣∣∣∣q
ai

j

aN
j

− pi

∣∣∣∣ ≤
1

Q
<

min{λ(U i); i = 1, . . . , N}
8L

≤ 1

8
,

we have 4
∣∣∣a

i
j

pi

∣∣∣ ≥ 3
∣∣yN

j

∣∣. Since
ai

j

pi − yN
j = yi

j and y ∈ QN(Q∗), we have
ai

j

pi 6= yN
j .

By Lemma 4.4.5 we have

T

(
ai

j

pi
, B

(
ui

pi
,
λ(U i)

2|pi|

))
∩ T

(
yN

j , B

(
uN

q
,
λ(UN)

2q

))
⊃ T (yN

j , J̃
N
j ) ∩ T (yi

j, J̃
i).

(4.42)
By Remark 4.4.2(vii) and our choice of sets J i, JN

j we have

T (yN
j , J̃

N
j ) ∩ T (yi

j, J̃
i) ⊃ T (yN

j , J
N
j ) ∩ T (yi

j, J
i). (4.43)
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By (4.41), (4.42) and (4.43) we have

Hn(a,U) ⊂ Hn(y, J1 × · · · × JN−1 × JN
n ). (4.44)

Observe that we have

λ(JN
j ) ≥ 1

2
λ(J̃N

j ) =
1

4
δj|yN

j | =
1

4
δj
|aN

j |
q

≥ 1

4

min{λ(U i); i = 1, . . . , N}
|aN

j |
|aN

j |
q

=
1

4

min{λ(U i); i = 1, . . . , N}
q

.

Thus we can use Lemma 4.4.4 to get an open interval JN and an increasing
sequence vn of positive integers such that

⋂

n∈N

Hn(y, J1 × · · · × JN−1 × JN
n ) ⊂ H({yvn

}, J1 × · · · × JN), (4.45)

4λ(JN) ≥ λ(JN
vj

).

We set xi
n := yi

vn
and J = J1×· · ·×JN . By the definition of y we simply get

that L is triangle matrix without any zero element on diagonal. Thus we have
(a). By (4.44) and (4.45) we get (b). Assume i ≤ s. Since

∣∣∣∣
xi

j

xN
j

∣∣∣∣ =

∣∣∣∣∣q
ai

vj

aN
vj

− pi

∣∣∣∣∣ ≤
1

Q
<

min{λ(U i); i = 1, . . . , N}
8L

we have ∣∣∣∣∣
xN

j λ(J i)

xi
j

∣∣∣∣∣ =

∣∣∣∣∣
xN

j λ(U i)

xi
j

∣∣∣∣∣ ≥
∣∣∣∣∣
xN

j 8L

xi
jQ

∣∣∣∣∣ ≥ 8L.

Let s < i < N . Since

∣∣∣∣
xi

jp
i

xN
j

∣∣∣∣ =

∣∣∣∣∣q
ai

vj

aN
vj

− pi

∣∣∣∣∣ ≤
1

Q
<

min{λ(U i); i = 1, . . . , N}
8L

we have ∣∣∣∣∣
xN

j λ(J i)

xi
j

∣∣∣∣∣ ≥
∣∣∣∣∣
xN

j λ(J̃ i)

2xi
j

∣∣∣∣∣ =

∣∣∣∣∣
xN

j λ(U i)

8xi
jp

i

∣∣∣∣∣ ≥
∣∣∣∣∣
xN

j L

xi
jQp

i

∣∣∣∣∣ ≥ L.

Thus we have (c). Clearly,

16λ(JN) ≥ 4λ(JN
vn

) ≥ 2λ(J̃N
vn

) = δvn
|xN

n |

for all n ∈ N. Thus we have (d).
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Lemma 4.4.7. Let N ∈ N,a ∈ QN(Q∗), U =
∏N

i=1 U
i ⊂ [0, 1]N be an open

interval, L ∈ N and δj = min
{

λ(U i)

|ai
j |

; i = 1, . . . , N
}
. Then there exist x ∈

(
QN
)N

, a regular matrix M ∈ QN×N , an increasing sequence {vn} of positive

integers and an open interval J =
∏N

i=1 J
i ⊂ [0, 1]N such that

(a) x := {M(avn
)} ∈ QN(Q∗),

(b) H(a,U) ⊂ H(x,J ),

(c) ∀n ∈ N ∀i < N :
∣∣∣x

i+1
n λ(Ji)

xi
n

∣∣∣ ≥ L,

(d) λ(JN )
|xN

n | ≥ δvn
/16.

Proof. We will proceed by induction over N . The case N = 1 is trivial. Assume
that our statement holds for some N − 1 ∈ N, we show that it also holds for N .
By Lemma 4.4.6 there exist a regular matrix L ∈ QN×N , an increasing sequence
{pn} of positive integers and an open interval V =

∏N

i=1 V
i ⊂ [0, 1]N such that

(i) y := {L(apn
)} ∈ QN(Q∗),

(ii) H(a,U) ⊂ H(y,V),

(iii) ∀n ∈ N ∀i < N :
∣∣∣yN

n λ(V i)
yi

n

∣∣∣ ≥ 16L,

(iv) λ(V N )
|yN

n | ≥ δpn
/16.

By induction hypothesis there exist {xn} ∈
(
QN−1

)N
, a regular matrix T ∈

Q(N−1)×(N−1), an increasing sequence {jn} of positive integers and open intervals
J i ⊂ [0, 1], 0 < i < N , such that

(1) {xn} := {T (yjn
)} ∈ QN−1(Q∗),

(2) H({yj},
∏N−1

i=1 V i) ⊂ H({xn},
∏N−1

i=1 J i),

(3) ∀n ∈ N ∀i < N − 1 :
∣∣∣x

i+1
n λ(Ji)

xi
n

∣∣∣ ≥ L,

(4) λ(JN−1)

|xN−1
n | ≥ 1

16
min

{
λ(V i)

|yi
jn

| ; i = 1, . . . , N − 1
}
.

We set vn = pjn
, xN

n = yN
jn

and JN = V N . Using (i) and (1) we easily obtain (a).
Using (ii) and (2) we easily obtain (b). Using (3) we obtain (c) for i < N − 1.

From (iii) we have min
{

λ(V i)

|yi
jn

| ; i = 1, . . . , N − 1
}

= λ(V N−1)

|yN−1

jn
| . Using this, (4) and

(iii) again we get the case i = N − 1. The formula (iv) easily gives (d).
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Proof of Theorem 4.2.5. The inclusion HN(Q∗) ⊃ HN
L (Q∗) is trivial.

Let A ∈ HN(Q∗) be arbitrary. Then there exists a ∈ QN(Q∗) and an open
interval U ⊂ [0, 1]N such that A ⊂ H(a,U). By Lemma 4.4.7 there exists

x ∈
(
QN
)N

and an open interval J ⊂ [0, 1]N such that H(a,U) ⊂ H(x,J ) ∈
HN

L (Q∗). So, A ∈ HN
L (Q∗).
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bilaterally porous. Real Anal. Exch., 27(1):363–372, 2002.


