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Preface

The aim of this work is to extend that part of modern variational theory consid-
ering the basic variational objects as a Lagrangian, Euler-Lagrange equations and
Helmholtz equations as elements of a differential sequence, introduced by D. Krupka
as the variational sequence, from its basic structures of fibred manifolds and their
finite order jet prolongations to Grassmann prolongations of manifolds. The classes
of differential forms, entering the second order variational sequence, are determined
by means of charts. We find that the meaning of classes is different from the fibred
situation; this also implies important consequences for the global considerations
which is a part of author’s present studies.

I wish to thank my advisor Professor Demeter Krupka for all the scientific and
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Abstract

Extension of the variational sequence theory in mechanics to the Grassmann fibra-
tions (prolongations) of 1-dimensional submanifolds is presented. The coordinate
expressions of classes of differential forms, entering the variational sequence, are
determined for arbitrary second order forms. In particular, the meaning of classes as
the well-known variational objects (Lagrangian, Euler-Lagrange form, Helmholtz-
Sonin form) is pointed out. The correspondence with the variational theory of
parameter-invariant problems on manifolds is discussed in terms of the theory of
jets (slit tangent bundles) and contact elements.

Key Words: jet, contact element, Grassmann fibration, contact form, variational se-
quence, Euler-Lagrange equations, Helmholtz conditions, parameter-invariant vari-
ational theory.

Abstrakt

Tato práce se zabývá zobecněnı́m teorie variačnı́ posloupnosti na Grassmannova
prodlouženı́ 1-rozměrných podvariet. Třı́dy diferenciálnı́ch forem, jakožto ele-
menty variačnı́ posloupnosti, jsou určeny lokálně pro libovolné formy druhého řádu.
Zabýváme se variačnı́m významem třı́d (Lagrangián, Eulerova-Lagrangeova forma,
Helmholtzova-Soninova forma). Pomocı́ teorie jetů a kontaktnı́ch elementů ukazu-
jeme vztah s variačnı́ teoriı́ parametricky invariatnı́ch problemů.

Klı́čová slova: jet, kontaktnı́ element, Grassmannova fibrace, kontaktnı́ forma,
variačnı́ posloupnost, Eulerovy-Lagrangeovy rovnice, Helmholtzovy podmı́nky, in-
variantnı́ variačnı́ teorie.
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1. INTRODUCTION

This work is devoted to the problem of extension of the variational sequence
theory, whose basic geometric structures are fibred manifolds, to Grassmann fibra-
tions, the underlying structures for global variational functionals, describing sub-
manifolds; we refer to Urban and Krupka [57]. The approach is based on Ehres-
mann’s theory of jets and contact elements [8]; we refer to Saunders [51] and, for
the most appropriate setting, to Grigore and Krupka [15], D. Krupka and M. Krupka
[31, 39], Krupka and Urban [38].

The theory of variational sequences on finite order jet bundles, as introduced by
Krupka [25], was a consequence of previous results from 70’s on the Lepage forms
[20, 23] and was supported by ideas of the variational bicomplexes [61, 54, 56, 1, 2].
The basic purpose of these theories was to introduce adequate variational construc-
tions which allow us to understand global characteristics of the Euler–Lagrange
mapping, the problem of characterizing the kernel and the image of the Euler-
Lagrange mapping. It is not our aim in this work to compare these two approaches;
for differences between these theories we refer to e.g. Krupka [29] and Vitolo [60].

Generally speaking, the underlying structure for both variational sequences and
bicomplexes is a fibred manifold and its jet prolongations. However, there is an im-
portant class of variational principles with a different underlying structure, namely
integral variational functionals for parameter-independent curves in a manifold. Our
objective is to study the variational sequences, associated with variational func-
tionals for 1-dimensional submanifolds or, in other words, functionals for non-
parametric curves in a manifold. The basic concept, defining the variational in-
tegral, we introduce by means of a differential form; the notion of the Lagrange
function appears as a secondary one. In this sense we follow basic ideas on varia-
tional theory on fibred manifolds (Krupka [20, 21, 22, 23, 25], Krupková [40, 41],
and references therein). The underlying structures, the manifolds of higher order
velocities (higher order tangent bundles) are comparatively simple, and allow us to
avoid technicalities, present in multidimensional problems; in particular, we wish
to make basic formulas explicit, to give clear ideas for proofs. We also discuss dif-
ferences between the variational sequence theory for submanifolds and the fibred
mechanics (cf. Krupka [27], Krupková and Prince [43, 42] and Musilová [48]). For
the classical and modern geometric analysis of parameter-invariant integrals and
geometric structures, related with them, we refer to Gelfand and Fomin [9], Grigore
[13, 14], Grigore and Krupka [15].

The variational principles, corresponding with the theory explained in this work,
belong to the foundations of the Riemann-Finsler geometry (the theory of geodesics,
see e.g. Gromoll et al. [16], Chern et al. [5]); it turns out that if a Lagrangian satis-
fies a positive homogeneity conditions, the corresponding variational functional can
be defined by means of a 1-form, the well-known Hilbert form (Crampin and Saun-
ders [6], Chern et al. [5], Urban and Krupka [58]). It should also be pointed out that
the variational principles of the same type appear in relativistic particle mechanics
(see e.g. Landau and Lifshitz [44]) and in physical applications of Finsler geometry
(see e.g. Ingarden [17]).
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To characterize differences between “parameter-invariant” and “fibred” varia-
tional integrals, consider for example the two variational principles in Finsler ge-
ometry. Let X be a manifold and T X \{0} its slit tangent bundle. Any regular curve
t→ γ(t) in X induces a curve t→ γ̃(t) in T X \{0}. If a Finsler function F is given,
we have two integrals of the form

L(γ) =
∫ b

a
F(γ̃(t))dt

and

E(γ) =
1
2

∫ b

a
F2(γ̃(t))dt,

the length and the energy of the segment γ : [a,b]→X . While the energy depends on
parametrization, the length is parameter-invariant. The homogeneity of F implies
that the integrand of L(γ) can be written by means of a differential form (the Hilbert
form). The number L(γ) depends on the “directions” (i.e. contact elements) of γ

rather than on its tangent vectors. We consider in this work the variational sequence
for the integrals of the type L(γ).

In standard classical sources, usually only basic properties of parameter-invariant
variational integrals are considered (see e.g. Gelfand and Fomin [9]). Our aim is
not only to extend the classical theory to global theory whose underlying spaces are
manifolds, but also state some new results on the local and global structure of those
integrals. One of our principal results is an analogue of the Helmholtz variationality
conditions, which are very-well known for the integrals of the type E(γ).

Basic ideas and the method of constructing the variational sequence are formu-
lated for higher order Grassmann fibrations. Nevertheless, the classes of differential
forms are completely determined for second order variational sequence. The theory
can be extended to variational sequences for n-dimensional submanifolds; however,
this is not the objective of this work. In a different geometric setting, for particle
mechanics with constrains, represented by smooth manifolds, and “higher order me-
chanics”, we refer to Grácia et al. [11] and Krupková [41]. For different approach to
the subject we refer to Manno and Vitolo [46]; however, we do not compare the ob-
tained results because [46] is more or less oriented to applications, and we consider
a detail comparison non-adequate.

In Section 2 we present the concepts and properties of the jet theory of manifolds
of higher order velocities, the parameter groups, acting on these manifolds, and
the higher order Grassmann fibrations, whose points are the orbits. In particular,
the structure of first order grassmannians is considered separately. Our treatment
in next sections is based on introducing of specific invariant coordinate systems,
needed, among others, for the proofs. For further use, we also discuss the concepts
of formal derivative morphism, horizontal and vertical vectors and horizontalization
in associated charts on manifolds of regular velocities.

Section 3 is devoted to contact forms both on manifolds of regular velocities and
Grassmann fibrations. In particular, on the basis of theory of contact forms on fibred
manifolds (Krupka [24, 28]), we study the canonical decomposition of forms into
its contact components.
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Main results of this work are contained in Section 4. The observation that the
exterior algebra Ω̃r

kY of smooth differential k-forms on the r-th Grassmann pro-
longation GrY of a manifold Y contains an ideal of “contact” forms, allows us
to introduce the “contact subsequence” and the corresponding quotient sequence
of the De Rham sequence on GrY . The “horizontalization” mapping that can be
used for this construction differs from an analogous concept applied in the fibred
case. The sequence can serve as an abstract framework for introducing basic vari-
ational concepts like Lagrangian, Euler-Lagrange expressions and Helmholtz ex-
pressions, known from the local theory. Utilizing existence of charts, adapted to
immersions, we transform the study of the sequence morphisms to the form that
has been applied in the fibred case (Krupka [27]). The classes of forms then repre-
sent the Lagrangians (1-forms), Euler-Lagrange expressions (2-forms), Helmholtz
expressions (3-forms), etc. We derive explicit formulas for classes entering first
and second order sequence by the method used by Krupka [27, 33], and we find
that the local expressions of classes coincides with formulas described in the fibred
situation (Krupka [25, 27], Krbek and Musilová [19]). The mapping, assigning to
the Lagrange class its Euler-Lagrange expressions, represents the Euler-Lagrange
mapping; assigning to a system of source Euler-Lagrange expressions its Helmholtz
expressions, we get the Helmholtz mapping. The meaning of the classes, however,
differs essentially from the variational sequence in fibred mechanics. This is explic-
itly apparent from the transformation laws of the components of the classes.

In Section 5 we introduce, in the context considered, the integral variational func-
tionals for parametrized problems on velocity spaces, and study independence of
the integral on parametrization. In our geometric setting this is equivalent to pro-
jectability of the Lagrangian onto Grassmann fibration. We also give a direct in-
terpretation of classes and their morphisms in terms of the variational theory of
differential forms on first order Grassmann fibrations.

As a principal consequence of the variational sequence we find that the global
properties of the Euler-Lagrange mapping for submanifolds can be derived in the
same way as in the fibred case. The presented theory shows that the variational se-
quence admits a sheaf representation; this implies, in particular, that we can always
characterize differences between local and global properties of the Euler-Lagrange
and Helmholtz morphisms in terms of the cohomology groups, measuring local and
global variationality, of the underlying manifolds GrY ; for fibred mechanics, com-
pare with Krupka [27]. However, we do not include in this work the discussion of
global aspects of the theory of parameter-invariant problems, which lie outside the
classical variational theory (e.g. the global inverse problem).
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CONVENTIONS.

Throughout this work, we denote by Y a smooth manifold of dimension m+ 1,
with m ≥ 1 be an integer. For the local coordinates on Y we reserve the letters
y1,y2, . . . ,ym+1, or briefly (yK), and their jet prolongations (yK,yK

1 , . . . ,y
K
r ). In

lower order considerations, we use the dot symbol to denote ẏK, ÿK,
...y K instead

of yK
1 ,y

K
2 ,y

K
3 , respectively. All mappings and curves are supposed to be smooth on

their domain of definition. As usual, the k-th derivative of a function f : R→ R is
denoted by Dk f = dk f/dtk, and the i-th partial derivative of a function F : Rn→ R
is denoted by DiF = ∂F/∂ t i, with t and (t1, t2, . . . , tn) the canonical coordinates on
R and Rn, respectively.

We use the Einstein summation convention. Also, we often distinguish anti-
symmetric indices in this way: Aσ1σ2...σk,ν1ν2...νl is antisymmetric in two mutually
distinct sets of indices, {σ1σ2 . . .σk} and {ν1ν2 . . .νl}. The symbol

alt(σ1σ2 . . .σkν1ν2 . . .νl)

then means that we antisymmetrize in all the indices.
Let l ≥ 1 and 1 ≤ p ≤ l be fixed integers. We need a convention regarding

summation through all partitions of the set {i1, i2, . . . , il} of integers. A p-tuple
(I1, I2, . . . , Ip) is called a p-partition of the set {i1, i2, . . . , il}, if all I j, 1≤ j ≤ p, are
mutually disjoint subsets of {i1, i2, . . . , il}, and ∪ jI j = {i1, i2, . . . , il}. In particular,
we consider in this work the case when i1 = i2 = . . .= il = 1. By the length |I j| we
mean simply the number of its elements. Then the symbol

(1.1) ∑
(I1,I2,...,Ip)

denotes the summation through all p-partitions of the set {i1, i2, . . . , il}, where i1 =
i2 = . . .= il = 1.

The composite of two differentiable mappings is again differentiable, and the
formula for its derivative is known as the chain rule. We often need the higher order
generalization of this formula in the following form.

Lemma 1.1. Let U ⊂ R and V ⊂ Rm be open sets. Let g : U → V , g = (gσ ),
1≤ σ ≤ m, and f : V → R be smooth mappings. Then

Dl( f ◦g)(t)

=
l

∑
p=1

∑
(I1,I2,...,Ip)

Dσp . . .Dσ2Dσ1 f (g(t))D|Ip|gσp(t) . . .D|I2|gσ2(t)D|I1|gσ1(t).

(1.2)

Proof. The proof can be found in D. Krupka and M. Krupka [31]; see also Munkres
[47]. �

Example 1.1. Let us give the formula 1.2 without the summation convention; for
l = 3 we have

D3( f ◦g)(t) = Dσ3Dσ2Dσ1 f (g(t))Dgσ3(t)Dgσ2(t)Dgσ1(t)

+3Dσ2Dσ1 f (g(t))D2gσ2(t)Dgσ1(t)+Dσ1 f (g(t))D3gσ1(t).
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Because of frequent use, we state here the standard result.

Theorem 1.1 (Rank Theorem). Let X and Y be manifolds, n = dimX, m = dimY ,
and let q be a positive integer such that q ≤min(n,m). Let W ⊂ X be an open set,
and let f : W → Y be a Cr mapping. The following two conditions are equivalent:

(a) f has constant rank on W equal to q.
(b) To every point x0 ∈W there exists a chart (U,ϕ), ϕ = (xi), at x0, an open

rectangle P⊂Rn with centre 0∈Rn such that ϕ(U) = P, ϕ(x0) = 0, a chart (V,ψ),
ψ = (yσ ), at y0 = f (x0), and an open rectangle Q ⊂ Rm with centre 0 ∈ Rm such
that ψ(V ) = Q, ψ(y0) = 0, and

yσ ◦ f = xσ , σ = 1,2, . . . ,q,

yσ ◦ f = 0, σ = q+1,q+2, . . . ,m.
(1.3)

Proof. This theorem is proved in standard books on analysis on manifolds, see e.g.
Krupka [30], Narasimhan [49]. �
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2. MANIFOLDS OF JETS AND CONTACT ELEMENTS OF CURVES

In this section we present some basic aspects of the jet theory of higher order
velocities and regular velocities, the associated parameter group actions, and the
higher order Grassmann fibrations of 1-dimensional submanifolds. The latter form
natural underlying structures of variational functionals for non-parametric curves in
a manifold. The basic references for this material are Ehresmann [8], Grigore and
Krupka [15], Krupka and Krupka [31], Krupka and Urban [38] and Saunders [51].
Another reference for differential invariants on velocity spaces is Olver [50].

2.1. Velocities.

Basic notions and statements. Let r ≥ 0 be an integer. By a velocity of order r at
a point y ∈Y we mean an r-jet P ∈ Jr

(0,y)(R,Y ), P = Jr
0ζ , such that y = ζ (0), whose

representative is a curve ζ in manifold Y , defined on a neighbourhood of the origin
0 ∈ R. Velocities of order r are also called tangent vectors of order r. We denote

T rY =
⋃
y∈Y

Jr
(0,y)(R,Y ),

and define surjective mappings, the canonical r-jet projections τr,s : T rY → T sY ,
where 0≤ s≤ r, by τr,s(Jr

0ζ ) = Js
0ζ .

We consider the set T rY with standard geometric structures. Recall that every
chart (V,ψ) on Y , with coordinate functions ψ = (yK), where 1 ≤ K ≤ m+ 1, in-
duces on the set V r =(τr,0)−1(V ) a collection of functions ψr =(yK,yK

1 ,y
K
2 , . . . ,y

K
r ),

defined by
yK

l (J
r
0ζ ) = Dl(yK

ζ )(0).

Denoting trK
ξ

the K-component of the translation x→ x− ξ of Rm+1, note that we
can also use an equivalent formula yK

l (J
r
0ζ ) =Dl(trK

ψζ (0)ψζ )(0). Then it is straight-
forward to verify that the pairs (V r,ψr), the associated charts, define a smooth
structure of T rY . In particular, the higher order chain formula (1.2) shows that the
coordinate transformation is polynomial in coordinate functions. Together with this
structure, we call T rY the manifold of velocities of order r over Y , and its dimension
is equal (m+1) · (r+1). The associated local trivialization

(2.1) V r 3 Jr
0ζ → (ζ (0),Jr

0(trψζ (0)ψζ )) ∈V × Jr
(0,0)(R,Rm+1)

shows that T rY is a fibration with base Y , projection τr,0, and type fibre the manifold
of r-jets with source 0 ∈ R and target 0 ∈ Rm+1, Jr

(0,0)(R,Rm+1).

Group actions. Recall here the standard definition of a group action on a differ-
entiable manifold. We say that a Lie group G acts differentiably to the right on
a manifold X if there is a differentiable map φ : X ×G → X such that for any
element a ∈ G the map p → φ(p,a) is a diffeomorphism of P onto itself, and
φ(φ(p,a),b) = φ(p,ab) for any a,b ∈ G and p ∈ X . If for any element a ∈ G that
is not the identity element of G and for any p ∈ X we have φ(p,a) 6= p, then we say
that the group action of G on X is free. For details on the geometry of G-structures,
see e.g. Sternberg [52].
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The r-th differential group of R, denoted by Lr, is the set of r-jets Jr
0α of diffeo-

morphisms α : I→ J, where I and J are open intervals in R containing the origin 0,
such that α(0) = 0. The group operation is given by the composition of jets then.
The canonical coordinates a1,a2, . . . ,ar on Lr are defined by al(Jr

0α) = Dlα(0). In
these coordinates Lr = {Jr

0α ∈ Jr
(0,0)(R,R) | a1(Jr

0α) 6= 0}.
The differential group Lr acts on itself and on T rY to the right by composition of

jets; we have

(2.2) Lr×Lr 3 (Jr
0α,Jr

0β )→ Jr
0α ◦ Jr

0β = Jr
0(α ◦β ) ∈ Lr,

and

(2.3) T rY ×Lr 3 (Jr
0ζ ,Jr

0α)→ Jr
0ζ ◦ Jr

0α = Jr
0(ζ ◦α) ∈ T rY,

respectively. To formulate the coordinate equations of these actions, denote al =
al(Jr

0α), bl = al(Jr
0β ), āl = al(Jr

0α ◦Jr
0β ), and ȳK

l = yK
l (J

r
0ζ ◦Jr

0α) in a chart (V,ψ),
ψ = (yK).

Lemma 2.1. The group actions (2.2) and (2.3) are expressed by the equations

(2.4) āl =
l

∑
p=1

∑
(I1,I2,...,Ip)

ap b|I1|b|I2| . . .b|Ip|,

(2.5) ȳK = yK, ȳK
l =

l

∑
p=1

∑
(I1,I2,...,Ip)

yK
p a|I1|a|I2| . . .a|Ip|,

respectively.

Proof. In the chart (V,ψ), ψ = (yK) on Y , yK
l (J

r
0ζ ◦Jr

0α) = Dl(yKζ ◦α)(0). Hence,
using the higher order chain rule (Lemma 1.1),

yK
l (J

r
0ζ ◦ Jr

0α) =
l

∑
p=1

∑
(I1,I2,...,Ip)

Dp(yK
ζ )(0)D|I1|α(0)D|I2|α(0) . . .D|Ip|α(0),

proving (2.5). By the same argument we obtain equations (2.4) of the group opera-
tion in Lr. �

Jet prolongation of curve. We introduce the concept of the prolongation of a curve
in Y to a curve in the manifold of velocities T rY .

Let γ be a smooth curve in Y , defined on an open interval I ⊂ R. Then for any
t ∈ I we have the mapping s→ γ ◦ tr−t(s), defined on a neighbourhood of the origin
0 ∈ R so that the r-jet Jr

0(γ ◦ tr−t) is defined; we get the curve

(2.6) I 3 t→ T r
γ(t) = Jr

0(γ ◦ tr−t) ∈ T rY.

We call T rγ the r-jet prolongation of the curve γ .
Note that for every µ : J→ I, an isomorphism of open intervals, and every s ∈ J,

the r-jet Jr
0(trµ(s) ◦µ ◦ tr−s) belongs to the differential group Lr; denote

µs = trµ(s) ◦µ ◦ tr−s, µ
r(s) = Jr

0µs.
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Lemma 2.2. (a) The mapping (2.6) has the chart expression

(2.7) yK
l ◦T r

γ(t) = D(yK
l−1 ◦T r−1

γ)(t).

(b) The mapping (2.6) satisfies

(2.8) T r(γ ◦µ)(s) = T r
γ(µ(s))◦µ

r(s).

Proof. (a) Differentiating the curve s→ yK
l−1 ◦T r−1γ(s) = Dl−1(yKγ)(s) at a point

t ∈ I, we get

D(yK
l−1 ◦T r−1

γ)(t) = D(Dl−1(yK
γ))(t) = Dl(yK

γ)(t)

= Dl(yK
γ ◦ tr−t)(0) = yK

l ◦T r
γ(t).

(b) By the definition of T rγ and µr, we have on J,

T r(γ ◦µ)(s) = Jr
0(γ ◦µ ◦ tr−s) = Jr

0(γ ◦ tr−µ(s) ◦ trµ(s) ◦µ ◦ tr−s)

= Jr
0(γ ◦ tr−µ(s))◦ Jr

0(trµ(s) ◦µ ◦ tr−s) = T r
γ(µ(s))◦µ

r(s),

which proves the property (2.8). �

Formal differentiation. We now introduce the concepts of formal derivative mor-
phism and of formal derivative of a function, both on r-th order velocities bundle.
Formal derivatives play a basic role in higher order computations. In the context
of this work the reader can find its definition and basic properties in D. Krupka
and M. Krupka [31], Tulczyjew [55]; for analogues in jet prolongations of fibred
manifolds we refeer to Krupka [28].

We can canonically identify the tangent space T0R and the vector space R. De-
note by t the canonical coordinate on R, and (d/dt)0 the vector of canonical basis
of the 1-dimensional vector space T0R. We define a mapping δ : T rY → T T r−1Y
by

(2.9) δ (Jr
0ζ ) = T0T r−1

ζ ·
(

d
dt

)
0
,

with T r−1ζ the (r− 1)-jet prolongation of the representative ζ , defined by (2.6).
δ (Jr

0ζ ) is a tangent vector of T r−1Y at the point T r−1ζ (0) = Jr−1
0 ζ = τr,r−1(Jr

0ζ ).
From the definition, note that δ does not depend on the choice of a chart. The
morphism of fibrations δ is a vector field along the projection τr,r−1, meaning that
the following diagram is commutative

T T r−1Y

��

T r−1Y
τr,r−1

// T rY

δ

ddIIIIIIIII
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We express δ in terms of the chart (V r,ψr) on T rY . Using Lemma 2.2, (2.7), for
arbitrary Jr

0ζ ∈ T rY we obtain

δ (Jr
0ζ ) = T0T r−1

ζ ·
(

d
dt

)
0
=

r−1

∑
l=0

D(yK
l ◦T r−1

ζ )(0)
(

∂

∂yK
l

)
Jr−1

0 ζ

=
r−1

∑
l=0

yK
l+1 ◦T r

ζ (0)
(

∂

∂yK
l

)
Jr−1

0 ζ

=
r−1

∑
l=0

yK
l+1(J

r
0ζ )

(
∂

∂yK
l

)
Jr−1

0 ζ

.

Let W ⊂ Y be an opet set, W r−1 = (τr−1,0)−1(W ), and let f : W r−1 → R be
a function. In analogy with the formal derivative morphism δ , (2.9), (2.12), for
every chart (V,ψ), ψ = (yK), on Y such that V ⊂W , formula

(2.10) δ f (Jr
0ζ ) =

r−1

∑
l=0

yK
l+1(J

r
0ζ )

(
∂ f (ψr−1)−1

∂yK
l

)
ψr−1τr,r−1(Jr

0ζ )

defines a function δ f : W r = (τr,0)−1(W )→ R.
Note, in particular, that if f = yK

l is a coordinate function, it holds on V l+1

(2.11) δyK
l = yK

l+1.

Then by 2.2, (2.7), for any smooth curve γ in Y we have

D(yK
l ◦T r−1

γ)(t) = Dl+1(yK ◦ γ)(t) = Dl+1(yK ◦ γ ◦ tr−t)(0)

= yK
l+1(J

r
0(γ ◦ tr−t)) = yK

l+1(T
r
γ(t)),

hence

D( f ◦T r−1
γ)(t) = D( f ◦ (ψr−1)−1 ◦ψ

r−1 ◦T r−1
γ)(t)

=
r−1

∑
l=0

(
∂ ( f ◦ (ψr−1)−1)

∂yK
l

)
ψr−1(T r−1γ(t))

D(yK
l ◦T r−1

γ)(t)

=
r−1

∑
l=0

yK
l+1(T

r
γ(t))

(
∂ ( f ◦ (ψr−1)−1)

∂yK
l

)
ψr−1(T r−1γ(t))

= δ f (T r
γ(t)) = (δ f ◦T r

γ)(t).

We call δ the formal derivative morphism of order r, and δ f the formal derivative
of a function f . The following lemma summarize their properties.

Lemma 2.3. (a) δ has a chart expression

(2.12) δ =
r−1

∑
l=0

yK
l+1

∂

∂yK
l
.

(b) For any functions f ,g : W r−1→ R,

δ ( f +g) = δ ( f )+δ (g), δ ( f ·g) = δ ( f ) ·g+ f ·δ (g).

(c) For every function f : W r−1→ R and every curve I 3 t→ γ(t) ∈ Y ,

δ ( f )(T r
γ(t)) = D( f ◦T r−1

γ)(t).
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In the following lemma we give explicit transformation formulas between charts,
needed for proofs. Suppose we have the transformation equations from a chart
(V,ψ), ψ = (yK), to a chart (U,ϕ), ϕ = (ȳM), of the form ȳM = FM(yK). We
want to determine the functions FM

l , defining the induced transformations ȳM
l =

FM
l (yK,yK

1 ,y
K
2 , . . . ,y

K
r ).

Lemma 2.4. Let (V,ψ), ψ = (yK), and (U,ϕ), ϕ = (ȳM), be two charts on Y such
that V ∩U 6= /0. Suppose that the transformation equations from (V,ψ), ψ = (yK),
to (U,ϕ), ϕ = (ȳM), are known in the form

(2.13) ȳM = FM(yK).

Then, by means of associated charts on T rY , the transformation equations from
(V r,ψr), to (U r,ϕr), are given by

(2.14) FM
l =

l

∑
p=1

∑
(I1,I2,...,Ip)

∂ pFM

∂yK1∂yK2 . . .∂yKp
yK1
|I1|y

K2
|I2| . . .y

Kp
|Ip|, 1≤ l ≤ r.

Proof. We proceed by induction. First note that for l = 1, (2.14) is of the form

FM
1 =

∂FM

∂yK yK
1 = δFM.

Since the functions FM : V ∩U → R satisfy equations (2.13), we have on V 1∩U1

ȳM
1 (J1

0 ζ ) = D(ȳM
ζ )(0) = D(FM

ψ
−1 ◦ψζ )(0)

=

(
∂FMψ−1

∂yK

)
ψζ (0)

D(yK
ζ )(0) = yK

1 (J
1
0 ζ )

(
∂FMψ−1

∂yK

)
ψτ1,0(J1

0 ζ )

= δFM(J1
0 ζ ),

thus the assertion holds for r = 1.
Suppose now that r > 1 and (2.14) holds for some fixed l, 1 < l < r−1. We shall

prove the assertion for l+1, provided the functions FM, (2.13), are defined on V l+1.
By assumption, we have

ȳM
l = FM

l (yK,yK
1 ,y

K
2 , . . . ,y

K
l )
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on V l ∩U l . Then by (2.10), and (2.11), δ ȳM
l = ȳM

l+1,

FM
l+1 = δ ȳM

l = δFM
l

=
l

∑
p=1

∑
(I1,I2,...,Ip)

δ

(
∂ pFM

∂yK1∂yK2 . . .∂yKp

)
yK1
|I1|y

K2
|I2| . . .y

Kp
|Ip|

+
l

∑
p=1

∑
(I1,I2,...,Ip)

∂ pFM

∂yK1∂yK2 . . .∂yKp

·
(

δyK1
|I1|y

K2
|I2| . . .y

Kp
|Ip|+ yK1

|I1|δyK2
|I2| . . .y

Kp
|Ip|+ . . .+ yK1

|I1|y
K2
|I2| . . .δyKp

|Ip|

)
=

l

∑
p=1

∑
(I1,I2,...,Ip)

∂ p+1FM

∂yK∂yK1∂yK2 . . .∂yKp
yK

1 yK1
|I1|y

K2
|I2| . . .y

Kp
|Ip|

+
l

∑
p=1

∑
(I1,I2,...,Ip)

∂ pFM

∂yK1∂yK2 . . .∂yKp

·
(

yK1
|I1|+1yK2

|I2| . . .y
Kp
|Ip|+ yK1

|I1|y
K2
|I2|+1 . . .y

Kp
|Ip|+ . . .+ yK1

|I1|y
K2
|I2| . . .y

Kp
|Ip|+1

)
=

l+1

∑
p=1

∑
(J1,J2,...,Jp)

∂ pFM

∂yK1∂yK2 . . .∂yKp
yK1
|J1|y

K2
|J2| . . .y

Kp
|Jp|,

where (J1,J2, . . . ,Jp) denotes p-partitions of the set { j1, j2, . . . , jl+1}, with j1 =
j2 = . . .= jl+1 = 1. �

2.2. Regular velocities.

Basic notions and statements. From now on we are concerned with velocities which
are regular by means of the jet composition. A velocity P ∈ T rY , P = Jr

0ζ , is said
to be regular, if there exists an r-jet Q ∈ Jr

(y,0)(Y,R), y = ζ (0), such that Q ◦P =

Jr
0 idR. The following two equivalent conditions, characterizing regular velocities,

are direct consequences of the rank theorem on manifolds (cf. Theorem 1.1).

Lemma 2.5. A velocity P ∈ T rY , P = Jr
0ζ , is regular if and if only one of the equiv-

alent conditions is satisfied:
(a) Every representative of P is an immersion at the origin 0 ∈ R.
(b) There exists a chart (V,ψ), ψ = (yK), at y = ζ (0) and an index L, 1 ≤ L ≤

m+1, such that

(2.15) D(yL
ζ )(0) 6= 0.

Denote by ImmT rY the subset of regular velocities in T rY , and analyze its basic
topological and differentiable structure. Let P ∈ ImmT rY , P = Jr

0ζ , be a point. Fix
a chart (V,ψ), ψ = (yK), at y = ζ (0), and consider the associated chart (V r,ψr),
ψr = (yK,yK

1 ,y
K
2 , . . . ,y

K
r ), on T rY ; restricting the coordinate functions to the set

V r ∩ ImmT rY , we get a chart on ImmT rY . Then by Lemma 2.5, we can suppose
that yL

1(P) 6= 0 for some L, 1≤ L≤ m+1. From the continuity of coordinate func-
tions, it follows that the point P has a neighbourhood on which yL

1 is not vanishing.
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Also, since for every local diffeomorphism α at 0 ∈ R and every immersion ζ the
composition ζ ◦α is again an immersion, we see that P◦A belongs to ImmT rY for
every A = Jr

0α . Thus, the canonical right action on T rY , defined by (2.3), induces
a right action on ImmT rY , and we have

Lemma 2.6. The set of regular velocities ImmT rY forms an open, dense, and Lr-
invariant subset of T rY . The manifold structure of ImmT rY is induced by the
canonical structure of T rY .

Note that local trivialization (2.1) of T rY induces local trivialization of ImmT rY
over Y with projection τr,0 and type fibre Imm Jr

(0,0)(R,Rm+1).

For a regular velocity P = Jr
0ζ , the structure of manifold ImmT rY allows us to

assign to every chart (V,ψ), ψ = (yK), at y = ζ (0), the collection of (m+1) charts
(V r,L,ψr,L), 1≤ L ≤ m+1, at P ∈ ImmT rY , by shrinking the coordinate functions
ψr = (yK,yK

1 ,y
K
2 , . . . ,y

K
r ) to the domains of the form

V r,L = {P ∈V r |yL
1(P) 6= 0}.

We set ψr,L = (yL,yL
1 ,y

L
2 , . . . ,y

L
r ,y

σ ,yσ
1 ,y

σ
2 , . . . ,y

σ
r ) for every index L, with, accord-

ing to this new coordinates on ImmT rY , the index σ is supposed to run through the
sequence (1,2, . . . ,L− 1,L+ 1, . . . ,m,m+ 1), complementary to the index L. Ob-
viously, the domains V r,L, 1 ≤ L ≤ m+ 1, cover the set V r = (τr,0)−1(V ), and the
charts (V r,L,ψr,L) form an atlas on ImmT rY .

Consider the group action ImmT rY×Lr 3 (P,A)→ P◦A∈ ImmT rY , induced by
the canonical right action (2.3) on T rY , and the equivalence relation R on ImmT rY
“there exists A ∈ Lr such that Q = P ◦A”. The following lemma characterizes this
equivalence and is used to prove invariance of certain new coordinates on ImmT rY ,
adapted to the canonical group action of Lr.

Lemma 2.7. Let P,Q ∈ ImmT rY . The following conditions are equivalent:
(a) (P,Q) ∈ R.
(b) There exist a chart (V,ψ), ψ = (yK), on Y , an index L, 1≤ L≤m+1, and an

element A ∈ Lr such that P,Q ∈V r,L, and the coordinates yK
l = yK

l (P), ȳK
l = ȳK

l (Q),
al = al(A) satisfy

(2.16) ȳK = yK, ȳσ
l =

l

∑
p=1

∑
(I1,I2,...,Ip)

yσ
p a|I1|a|I2| . . .a|Ip|,

and the recurrence formula

(2.17) a1 =
ȳL

1
yL

1
, al =

1
yL

1

ȳL
l −

l

∑
p=2

∑
(I1,I2,...,Ip)

yL
pa|I1|a|I2| . . .a|Ip|

 .

Proof. First suppose that (a) is satisfied. There exists a chart (V,ψ), ψ = (yK), on
Y such that P,Q ∈ V r, and the group action (P,A)→ Q = P ◦A is expressed by
(2.5) of Lemma 2.1. Then in terms of L-adapted chart, for some L, 1≤ L ≤ m+1,
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P,Q ∈V r,L and (2.5) becomes of the desired form

ȳL = yL, ȳσ = yσ , ȳσ
l =

l

∑
p=1

∑
(I1,I2,...,Ip)

yσ
p a|I1|a|I2| . . .a|Ip|,

and

yL
1al = ȳL

l −
l

∑
p=2

∑
(I1,I2,...,Ip)

yL
pa|I1|a|I2| . . .a|Ip|.

Conversely, assume that condition (b) is satisfied. Then (2.16) and (2.17) are equiv-
alent with the chart expression of the Lr-action meaning that P and Q belong to the
same Lr-orbit which is the condition (a). �

Vertical vectors, horizontal forms. Let (V,ψ), ψ = (yK), be a chart on Y , and con-
sider a tangent vector ξ to Imm T rY at a point P ∈V r,L, P = Jr

0ζ . Note that an r-jet
Q ∈V r, Q = Jr

0γ , belongs to V r,L if and only if the mapping t→ yL ◦γ(t) is a diffeo-
morphism at 0∈R. The mapping (yL◦ζ )−1◦yL◦τr,0 is defined on a neighbourhood
of P in V r,L, and it stands here for a projection.

Then, we call ξ L-vertical, if

(2.18) TP((yL ◦ζ )−1 ◦ yL ◦ τ
r,0) ·ξ = 0.

One can now define the induced concept of a horizontal form as follows. A differ-
ential k-form η on V r,L is said to be L-horizontal, if the contraction iξ η(P) vanishes
for every point P ∈V r,L and whenever ξ is an L-vertical vector tangent to Imm T rY
at P. However, in this sense every k-form, k ≥ 2, is horizontal if and only if it is
everywhere zero form. Horizontal 1-forms are then of the form AdyL.

We can easily find the chart expression of an L-vertical vector. Suppose that ξ is
expressed in the chart (V r,L,ψr,L) by

(2.19) ξ =
r

∑
l=0

ξ
K
l

(
∂

∂yK
l

)
P
.

Denoting t the canonical coordinate on R, we get

(2.20) TP((yL ◦ζ )−1 ◦ yL ◦ τ
r,0) ·ξ =

1
yL

1(P)
ξ

L
(

d
dt

)
0
,

(no summation through L) hence (2.18) gives us ξ L = 0. Thus, the vertical vector
ξ , (2.19), is expressed by

(2.21) ξ = ξ
σ

(
∂

∂yσ

)
P
+

r

∑
l=1

ξ
K
l

(
∂

∂yK
l

)
P
,

with σ running through 1,2, . . . ,m+1, σ 6= L.

Remark 1. Note that the definition of a vertical vector to ImmT rY is not chart
independent. However, if we restrict ourselves to the choice of charts with a fixed
non-vanishing coordinate wL on ImmT rY , we get a good geometric meaning of
this vertical vector. For that purpose, consider two charts on Y , (V,ψ), ψ = (yK),
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and (U,ϕ), ϕ = (ȳK), such that V ∩U 6= /0. Then also V r,L ∩U r,M 6= /0 for some
1≤ L,M ≤ m+1. Let ξ be a tangent vector to Imm T rY at a point P = Jr

0ζ ,

ξ =
r

∑
l=0

ξ
N
l

(
∂

∂yN
l

)
P
=

r

∑
l=0

ξ̄
K
l

(
∂

∂ ȳK
l

)
P
,

and let the coordinate transformation ϕψ−1 be expressed by the equations

ȳK = ȳK(yN).

Hence, on V 1,L∩U1,M, we get

ȳK
1 (P) = D(ȳK

ζ )(0) = DN(ȳK
ψ
−1)(ψζ (0))D(yN

ζ )(0),

and

ξ
L = D(yL

ζ )(0) = DK(yL
ϕ
−1)(ϕζ (0))D(ȳK

ζ )(0) = DK(yL
ϕ
−1)(ϕζ (0))ξ̄ K.

Suppose now that ξ is L-vertical in the chart (V r,L,ψr,L), i.e. (2.18) holds hence
ξ L = 0. Then

1
ȳM

1 (P)
ξ̄

M
(

d
dt

)
0
=

Dσ (ȳMψ−1)(ψγ(0))ξ σ

DN(ȳMψ−1)(ψζ (0))yN
1 (P)

does not vanish for non-zero tangent vector and ξ is not M-vertical in the chart
(U r,M,ϕr,M).

Horizontalization of vectors. In the next paragraph, the concept of horizontaliza-
tion of tangent vectors to the manifold of regular velocities ImmT rY is consid-
ered. Similarly to fibred manifolds, the horizontalization mapping is introduced as
a morphism of fibrations over the canonical projection. But since here we are not
equipped with the base manifold projection, the construction is proceeded with the
help of non-vanishing coordinate functions again.

A new mapping on V r,L⊂ Imm T rY with values in T ImmT r−1Y , arising from the
formal derivative morphism δ and associated with the non-vanishing L-coordinate,
we define by

(2.22) ∆L =
1
yL

1
δ .

Choose now a point P ∈ V r,L, P = Jr
0ζ . Its representative ζ then defines the

(r−1)-prolongation of ζ , the curve t→ T r−1ζ (t) in ImmT r−1Y , defined on some
neighbourhood of the origin 0 ∈ R by (2.6). Then the composite

T r−1
ζ ◦ (yL ◦ζ )−1 ◦ yL ◦ τ

r,0

is a mapping from a neighbourhood of P in Imm T rY into τr,r−1(V r,L)⊂ Imm T r−1Y .
Further, let ξ be a tangent vector to Imm T rY at the point P, locally expressed by
(2.19), and consider the vector hLξ ,

(2.23) hL
ξ = TP(T r−1

ζ ◦ (yL ◦ζ )−1 ◦ yL ◦ τ
r,0) ·ξ .
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Then hLξ is tangent to Imm T r−1Y at the point T r−1ζ ◦ (yL ◦ ζ )−1 ◦ yL ◦ τr,0(P) =
τr,r−1(P). Applying the chain rule, we get

hL
ξ = T(yL◦ζ )−1yLτr,0(P)T

r−1
ζ ◦TP((yL ◦ζ )−1 ◦ yL ◦ τ

r,0) ·ξ

= T0T r−1
ζ ◦TP((yL ◦ζ )−1 ◦ yL ◦ τ

r,0) ·ξ .

Then

t ◦ (yL ◦ζ )−1 ◦ yL ◦ τ
r,0 ◦ (ψr)−1(yK,yK

1 ,y
K
2 , . . . ,y

K
r ) = t ◦ (yL ◦ζ )−1(yL),

hence

TP((yL ◦ζ )−1 ◦ yL ◦ τ
r,0) ·ξ =

(
d(yL ◦ζ )−1

dt

)
yL(y)

ξ
L
(

d
dt

)
0
=

1
yL

1(P)
ξ

L
(

d
dt

)
0
,

and consequently by Lemma 2.2, (a),

hL
ξ =

1
yL

1(P)
ξ

L T0T r−1
ζ ·
(

d
dt

)
0
=

1
yL

1(P)
ξ

L
r−1

∑
l=0

yK
l+1(P)

(
∂

∂yK
l

)
τr,r−1(P)

=
1

yL
1(P)

ξ
L

δ (P) = ∆L(P)ξ L

(2.24)

(with no summation through L). The assignment ξ → hLξ from T Imm T rY to
T Imm T r−1Y is called L-horizontalization, and vector hLξ the L-horizontal com-
ponent of ξ . It is easy to verify that hL is a morphism of fibrations over τr,r−1, in
other words, the following diagram is commutative

T Imm T rY ⊃ TV r,L

τT rY
��

h
// T Imm T r−1Y

τT r−1Y
��

Imm T rY ⊃V r,L
τr,r−1

// Imm T r−1Y

The transformation properties of the morphism ∆L are described as follows.

Lemma 2.8. Let (V,ψ), ψ = (yK), and (U,ϕ), ϕ = (ȳK), are two overlapping
charts such that V r,L∩U r,M 6= /0 for some 1≤ L,M ≤ m+1. Then

∆̄M =
yL

1
ȳM

1
∆L.

Proof. The proof is straightforward. �

Remark 2. In comparison with the fibred manifolds, we have now a set of m+ 1
horizontalization morphisms. However, it is worth to note that the structure of chart
expression of horizontal component of tangent vector to regular velocity bundles is
different from that one tangent to prolongations of fibred manifolds. This concept
of L-horizontalization of vectors can be generalized to regular n-velocities whose
representatives are immersions from Rn. The morphism ∆ could be then defined by
the inverse of regular matrix of appropriate coordinate functions.
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In an analogous way to the fibred case, we can now use the complementary con-
struction to introduce the contact components of a tangent vector ξ ∈ TPImm T rY ,
P = Jr

0ζ ∈ V r,L. Keeping the notation from preceding paragraphs, we observe that
both vectors hLξ and TPτr,r−1 · ξ belong to the tangent space of Imm T r−1Y at the
same point τr,r−1(P). We define the L-contact component pLξ of ξ by

(2.25) pL
ξ = TPτ

r,r−1 ·ξ −hL
ξ .

The chart expression of pLξ follows immediately from the definition and (2.24).
Since

TPτ
r,r−1 ·ξ =

r−1

∑
l=0

ξ
K
l

(
∂

∂yK
l

)
τr,r−1(P)

,

we obtain

pL
ξ =

r−1

∑
l=0

(
ξ

K
l −ξ

L yK
l+1

yL
1
(P)

)(
∂

∂yK
l

)
τr,r−1(P)

=
r−1

∑
l=1

η
L
l (P)ξ

(
∂

∂yL
l

)
τr,r−1(P)

+
r−1

∑
l=0

η
σ
l (P)ξ

(
∂

∂yσ
l

)
τr,r−1(P)

,

(2.26)

where

(2.27) η
L
l = dyL

l −
yL

l+1

yL
1

dyL, η
σ
l = dyσ

l −
yσ

l+1

yL
1

dyL.

Note that the L-contact component pLξ of ξ is L-vertical in the sense of (2.18).

Invariant charts. In what follows, we prove the structure theorems on invariant
coordinates and orbit manifolds of regular velocities with respect to the differential
group Lr (for details, see Section 2.1). By means of a quotient projection, the Lr-
invariant functions on ImmT rY constitute new coordinates on an orbit manifold.

Theorem 2.1. Let (V,ψ), ψ = (yK), be a chart on Y , let L be an index, 1 ≤ L ≤
m+1, and let σ be an index, belonging to the complementary sequence.

(a) There exist unique functions wσ ,wσ
1 ,w

σ
2 , . . . ,w

σ
r , defined on V r,L, such that

(2.28) yσ = wσ , yσ
l =

l

∑
p=1

∑
(I1,I2,...,Ip)

yL
|I1|y

L
|I2| . . .y

L
|Ip|w

σ
p .

These functions are Lr-invariant and satisfy the recurrence formula

(2.29) wσ
l+1 = ∆Lwσ

l .

(b) The pair (V r,L,χr,L), χr,L =(wL,wL
1 ,w

L
2 , . . . ,w

L
r ,w

σ ,wσ
1 ,w

σ
2 , . . . ,w

σ
r ), in which

the functions wσ ,wσ
1 ,w

σ
2 , . . . ,w

σ
r are defined by (2.28), and

wL = yL, wL
1 = yL

1 , wL
2 = yL

2 , . . . , wL
r = yL

r ,

is a chart on ImmT rY .
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(c) The canonical group action of the differential group Lr on ImmT rY is de-
scribed by the equations

w̄L = wL, w̄σ = wσ , w̄σ
l = wσ

l ,

w̄L
l =

l

∑
p=1

∑
(I1,I2,...,Ip)

wL
pa|I1|a|I2| . . .a|Ip|.

Equations of the orbits are

wL = cL, wσ = cσ , wσ
l = cσ

l ,

where cL,cσ ,cσ
l ∈ R.

Proof. We proceed by induction to prove existence of wσ ,wσ
1 ,w

σ
2 , . . . ,w

σ
r .

For r = 1, let ψ1,L = (yK,yK
1 ) be associated coordinates on V 1,L, and consider

functions wσ ,wσ
1 , defined by relations wσ = yσ ,yσ

1 = yL
1wσ

1 (2.28). Then, obvi-
ously, wσ

1 = yσ
1 /yL

1 , and wσ ,wσ
1 are unique and well-defined functions on V 1,L. The

functions wσ ,wσ
1 are L1-invariant. To show this, we need equations of L1 action on

ImmT 1Y ; from Lemma 2.1, we have ȳK = yK , ȳK
1 = yK

1 a1. Hence w̄σ = wσ , and
w̄σ

1 = ȳσ
1 /ȳL

1 = (yσ
1 a1)/(yL

1a1) = yσ
1 /yL

1 = wσ
1 . It remains to show the recurrence

formula. From the expression of formal derivative δ of coordinate functions (2.11)
it follows that wσ

1 = (1/yL
1)y

σ
1 = (1/yL

1)δyσ = (1/yL
1)δwσ = ∆wσ proving (2.29).

Now suppose that we are given the functions wσ ,wσ
1 , . . . ,w

σ
l , 1 ≤ l ≤ r− 1,

satisfying properties of (a). We apply induction and prove (a) for the functions
wσ ,wσ

1 , . . . ,w
σ
l ,w

σ
l+1, where wσ

l+1 = ∆Lwσ
l . Using the formal derivative of a func-

tion (2.11) and morphism ∆L we get

yσ
l+1 = δyσ

l =
l

∑
p=1

∑
(I1,I2,...,Ip)

δ

(
yL
|I1|y

L
|I2| . . .y

L
|Ip|w

σ
p

)
=

l

∑
p=1

∑
(I1,I2,...,Ip)

δ

(
yL
|I1|y

L
|I2| . . .y

L
|Ip|

)
wσ

p

+
l−1

∑
p=1

∑
(I1,I2,...,Ip)

yL
|I1|y

L
|I2| . . .y

L
|Ip|y

L
1∆Lwσ

p +(yL
1)

l+1
∆Lwσ

l

=
l

∑
p=1

∑
(I1,I2,...,Ip)

(
yL
|I1|+1yL

|I2| . . .y
L
|Ip|w

σ
p + yL

|I1|y
L
|I2|+1 . . .y

L
|Ip|w

σ
p

+ . . .+ yL
|I1|y

L
|I2| . . .y

L
|Ip|+1wσ

p

)
+

l−1

∑
p=1

∑
(I1,I2,...,Ip)

yL
|I1|y

L
|I2| . . .y

L
|Ip|y

L
1wσ

p+1 +(yL
1)

l+1wσ
l+1.

(2.30)

But we need to sum through partitions (J1,J2, . . . ,Jp) of the set {1,1, . . . ,1} of
l + 1 elements in order to obtain yσ

l+1 in the form (2.28). However, such parti-
tions (J1,J2, . . . ,Jp) arise from partitions (I1, I2, . . . , Ip) either by adding the ele-
ment 1 to some Is, or by adding the element 1 to get a new partition of the form
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(I1, I2, . . . , Ip,{1}). One can see that these partitions are exactly applied in (2.30)
hence

yσ
l+1 =

l

∑
p=1

∑
(J1,J2,...,Jp)

yL
|J1|y

L
|J2| . . .y

L
|Jp|w

σ
p +(yL

1)
l+1wσ

l+1

=
l+1

∑
p=1

∑
(J1,J2,...,Jp)

yL
|J1|y

L
|J2| . . .y

L
|Jp|w

σ
p .

(2.31)

This proves the existence of functions wσ ,wσ
1 , . . . ,w

σ
r satisfying (2.28) and (2.29).

Uniqueness of these functions follows immediately from the fact that yσ
l , 1≤ l ≤

r, are polynomial in functions wσ ,wσ
1 , . . . ,w

σ
l , and wL

1 is not equal zero on V l,L. The
Lr-invariance condition is a consequence of Lemma 2.7.

The assertions (b) and (c) are immediate. �

Each of the charts (V r,L,ψr,L) and (V r,L,χr,L) is referred to as subordinate to the
chart (V,ψ).

Remark 3. We can introduce the coordinates wK,wL
l ,w

σ
l , l = 1,2, . . . ,r, on the set

V r,L less formally as follows. First consider the first order r = 1. Let J1
0 ζ ∈ V 1,L.

Then by definition, D(yLζ )(0) 6= 0, so the function t → (yLζ )(t) is a diffeomor-
phism on a neighbourhood of the origin 0 ∈ R. We assign to this diffeomorphism
another one, with the same domain of definition, by the formula

(2.32) αζ (t) = (yL
ζ )(t)− (yL

ζ )(0) = (tryLζ (0) ◦yL
ζ )(t).

Then

(yL
ζ )(t) = αζ (t)+(yL

ζ )(0) = (tr−yLζ (0) ◦αζ )(t).

αζ may be viewed as a reparametrisation of R, satisfying αζ (0) = 0. Clearly,

J1
0 ζ = J1

0(ζ α
−1
ζ
◦αζ ) = J1

0 ζ α
−1
ζ
◦ J1

0 αζ ,

ẏK(J1
0 ζ ) = D(yK

ζ α
−1
ζ

)(0)Dαζ (0) = ẏK(J1
0(ζ α

−1
ζ

))Dαζ (0),

and all derivatives of yLζ and αζ coincide. We set

wK(J1
0 ζ ) = yK

ζ α
−1
ζ

(0) = yK
ζ (0) = yK(J1

0 ζ ),

ẇL(J1
0 ζ ) = D(yL

ζ )(0) = ẏL(J1
0 ζ ),

ẇσ (J1
0 ζ ) = D(yσ

ζ α
−1
ζ

)(0),

(2.33)

σ = 1,2, . . . ,L−1,L+1, . . . ,m+1. These formulas define real functions wK, ẇL, ẇσ

on the set V 1,L. Note that from the identity D(α−1
ζ

αζ )(0) = Dα
−1
ζ

(0)Dαζ (0) = 1
and from (2.32) and (2.33) it follows that

Dα
−1
ζ

(0) =
1

Dαζ (0)
=

1
ẏL(J1

0 ζ )
.
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Then

wK(J1
0 ζ ) = yK(J1

0 ζ ),

ẇL(J1
0 ζ ) = ẏL(J1

0 ζ ),

ẇσ (J1
0 ζ ) = D(yσ

ζ )(0)Dα
−1
ζ

(0) =
ẏσ (J1

0 ζ )

ẏL(J1
0 ζ )

,

or, which is the same,

wK = yK,

ẇL = ẏL,

ẇσ =
ẏσ

ẏL ,

σ = 1,2, . . . ,L−1,L+1, . . . ,m+1.
More generally, for higher order derivatives, we set

wK(Jr
0ζ ) = yK

ζ α
−1
ζ

(0) = yK
ζ (0) = yK(Jr

0ζ ),

wL
p(J

r
0ζ ) = Dp(yL

ζ )(0) = yL
(p)(J

r
0ζ ),

wσ
p (J

r
0ζ ) = Dp(yσ

ζ α
−1
ζ

)(0),

(2.34)

σ = 1,2, . . . ,L−1,L+1, . . . ,m+1. Let for example, r = 2. We have

Dα
−1
ζ

(αζ (t))Dαζ (t) = 1;

differentiating at t = 0 we obtain

D2
α
−1
ζ

(0)Dαζ (0)Dαζ (0)+Dα
−1
ζ

(0)D2
αζ (0) = 0,

and

D2
α
−1
ζ

(0) =−
Dα
−1
ζ

(0)D2αζ (0)

Dαζ (0)Dαζ (0)
=−

ÿL(J1
0 ζ )

(ẏL(J1
0 ζ ))3 .

Thus, we have on V 2,L

wK(J2
0 ζ ) = yK(J2

0 ζ ),

ẇL(J2
0 ζ ) = ẏL(J2

0 ζ ),

ẇσ (J2
0 ζ ) =

ẏσ (J2
0 ζ )

ẏL(J2
0 ζ )

,

ẅL(J2
0 ζ ) = ÿL(J2

0 ζ ),

ẅσ (J2
0 ζ ) = D2(yσ

ζ α
−1
ζ

)(0)

= D2(yσ
ζ )(α−1

ζ
(0))Dα

−1
ζ

(0)Dα
−1
ζ

(0)+D(yσ
ζ )(α−1

ζ
(0))D2

α
−1
ζ

(0)

= D2(yσ
ζ )(0)Dα

−1
ζ

(0)Dα
−1
ζ

(0)+D(yσ
ζ )(0)D2

α
−1
ζ

(0)

= ÿσ (J2
0 ζ )

1
(ẏL(J2

0 ζ ))2 − ẏσ (J2
0 ζ )

ÿL(J2
0 ζ )

(ẏL(J2
0 ζ ))3 .
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Omitting the argument J2
0 ζ , we have

wK = yK,

ẇL = ẏL,

ẇσ =
ẏσ

ẏL ,

ẅL = ÿL,

ẅσ =
ÿσ

(ẏL)2 −
ÿLẏσ

(ẏL)3 ,

σ = 1,2, . . . ,L−1,L+1, . . . ,m+1. These equations can be solved with respect to
yK, ẏK, ÿK; we get

yK = wK,

ẏL = ẇL,

ẏσ = ẏLẇσ = ẇLẇσ ,

ÿL = ẅL,

ÿσ = (ẏL)2ẅσ +
ÿLẏσ

ẏL = (ẇL)2ẅσ + ẅLẇσ ,

(2.35)

σ = 1,2, . . . ,L−1,L+1, . . . ,m+1.

Remark 4. Let us find the coordinate transformation equations from (V 1,L,χ1,L) to
(V̄ 1,M, χ̄1,M). Suppose we have two charts on Y , (V,ψ), ψ = (yK), and (V̄ , ψ̄), ψ̄ =
(ȳK), such that V ∩ V̄ 6= /0. Let the coordinate transformation ψ̄ψ−1 be expressed
by the equations

ȳK = ȳK(yN).

Then on V 1∩V̄ 1

˙̄yK =
∂ ȳK

∂yN ẏN .

We restrict both sides of this transformation equation to the set V 1,L ∩ V̄ 1,M, and
write on this set

˙̄yν = ∑
σ 6=L

∂ ȳν

∂yσ
ẏσ +

∂ ȳν

∂yL ẏL, 1≤ ν ≤ m+1, ν 6= M,

˙̄yM = ∑
σ 6=L

∂ ȳM

∂yσ
ẏσ +

∂ ȳM

∂yL ẏL.

But from (2.35), for 1≤ ν ,σ ≤ m+1, ν 6= M, σ 6= L,

˙̄yν = ˙̄wM ˙̄wν ,

˙̄yM = ˙̄wM,

ẏσ = ẇL ẇσ ,

ẏL = ẇL,
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so we have

˙̄wM ˙̄wν = ẇL

(
∑

σ 6=L

∂ ȳν

∂yσ
ẇσ +

∂ ȳν

∂yL

)
,

˙̄wM = ẇL

(
∑

σ 6=L

∂ ȳM

∂yσ
ẇσ +

∂ ȳM

∂yL

)
,

hence

˙̄wν =

∑
σ 6=L

(∂ ȳν/∂yσ ) ẇσ +(∂ ȳν/∂yL)

∑
σ 6=L

(∂ ȳM/∂yσ ) ẇσ +(∂ ȳM/∂yL)
,

˙̄wM = ẇL

(
∑

σ 6=L

∂ ȳM

∂yσ
ẇσ +

∂ ȳM

∂yL

)
.

Note that the functions ˙̄wν are independent of ẇL.

Remark 5. We wish to express ∆L in terms of the chart (V r,L,χr,L) (Theorem 2.1,
(b)). The local expressions

∂

∂yK ,
∂

∂yK
1
, . . . ,

∂

∂yK
r−1

are tangent vectors to ImmT r−1Y , which determines the transformation properties
of δ and ∆L. We have

δ =
r−1

∑
l=0

yK
l+1

∂

∂yK
l
=

r−1

∑
l=0

yK
l+1

r−1

∑
p=0

∂wM
p

∂yK
l

∂

∂wM
p

=
r−1

∑
p=0

(
r−1

∑
l=0

yK
l+1

∂wL
p

∂yK
l

)
∂

∂wL
p
+

r−1

∑
p=0

(
r−1

∑
l=0

yK
l+1

∂wσ
p

∂yK
l

)
∂

∂wσ
p

= yL
1

∂

∂wL +
r−1

∑
l=1

wL
l+1

∂

∂wL
l
+

r−1

∑
p=0

r−1

∑
l=0

(
yν

l+1
∂wσ

p

∂yν
l
+ yL

l+1
∂wσ

p

∂yL
l

)
∂

∂wσ
p
.

By the definition of the formal derivative (2.10),

wσ
p+1 = ∆Lwσ

p =
1
yL

1
δwσ

p =
1
yL

1

(
r−1

∑
l=0

yL
l+1

∂wσ
p

∂yL
l
+

r−1

∑
l=0

yν
l+1

∂wσ
p

∂yν
l

)
,

hence we get

(2.36) ∆L =
∂

∂wL +
r−1

∑
p=0

wσ
p+1

∂

∂wσ
p
+

r−1

∑
l=1

wL
l+1

wL
1

∂

∂wL
l
.
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2.3. Contact elements, Grassmannians and Grassmann fibrations.

Contact elements. We denote by

(2.37) GrY = ImmT rY/Lr

the quotient set, endowed with the quotient topology. The points of GrY are called
contact elements of order r and type 1. Clearly, the type refers to immersions of
open intervals in R = R1 into Y ; in this work, we do not consider contact elements
of type different from 1. The contact element, containing a regular velocity P ∈
ImmT rY , P = Jr

0ζ , is denoted by [P]; the r-jet Jr
0ζ is called a representative of

[P]. Let us consider two Cr immersions ζ1,ζ2 in Y , defined on a neighbourhood of
0 ∈ R. We say that ζ1 and ζ2 have contact up to order r at 0, if there exist charts
(V,ψ) and (U,ϕ) at 0 such that Jr

0(ζ1ψ−1 tr−ψ(0)) = Jr
0(ζ2ϕ−1 tr−ϕ(0)). ”ζ1 and ζ2

have contact up to order r” is equivalence on the set of immersions in Y , defined on
a neighbourhood of 0, and this relation induces an equivalence on the manifold of
regular velocities ImmT rY . The next lemma is a simple observation.

Lemma 2.9. For any two immersions ζ1 and ζ2 in Y , defined on a neighbourhood
of 0 ∈ R, the following two conditions are equivalent:

(a) ζ1 and ζ2 have contact of order r at 0.
(b) There exists an element Jr

0α ∈ Lr such that Jr
0ζ1 = Jr

0ζ2 ◦ Jr
0α , i.e. [Jr

0ζ1] =
[Jr

0ζ2].

We denote by πr : ImmT rY → GrY the quotient projection P→ [P]. By the
definition of the quotient topology, the quotient projection πr is continuous, and by
Lemma 2.1, we can make the diagram

(2.38) ImmT rY

τr,0

��

πr
// GrY

Y

commutative by putting ρr,0([Jr
0ζ ]) = τr,0(Jr

0ζ ). Generally, we have the canonical
projections ρr,s : GrY → GsY , where 0≤ s≤ r and G0Y = Y , that satisfy

(2.39) ρ
r,s ◦π

r = π
s ◦ τ

r,s, ρ
r,0 ◦π

r = τ
r,0.

The mapping ρr,0 is also continuous: this observation follows from the continuity
of projections τr,0 and πr, and from the properties of final topology on GrY .

The next theorem shows the quotient set of Imm T rY with respect to the differ-
ential group Lr to be the base manifold of a principal Lr-bundle. Roughly speaking,
a manifold M is called the principle G-bundle, if (a) the quotient set of M modulo
G has a manifold structure, (b) M is locally trivial over M/G and (c) G acts freely
on M (for details see Bourbaki [4] and Dieudonné [7]).

As a consequence of Theorem 2.1, we have the following assertion.

Theorem 2.2. If Y is Hausdorff, then the canonical action of Lr defines on ImmT rY
the structure of a right principal Lr-bundle with base GrY . The projection πr of this
principal Lr-bundle is an open mapping.
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Proof. We can trivialize the manifold ImmT rY over GrY , (2.37), in a natural way
by the mapping Jr

0ζ → ([Jr
0ζ ],Jr

0(trwL
1ζ (0)wL

1ζ )) (cf. local trivialization of ImmT rY
over Y (2.1)).

It remains to show that (1) the equivalence relation on ImmT rY from Lemma
2.7, (P,Q) ∈R if and only if there exists an element A ∈ Lr satisfying Q = P◦A, is
a closed submanifold of the manifold product ImmT rY × ImmT rY , and (2) that the
right group action of Lr on ImmT rY , (P,A)→ P◦A (cf. 2.3), is free.

From Theorem 2.1, (c), it is immediate that the relation R is a submanifold of
ImmT rY × ImmT rY . We shall verify that the complement set to R in this manifold
product is open. Let (P,Q) be a point of ImmT rY × ImmT rY where P and Q are
not equivalent velocities, i.e. (P,Q) 6∈ R. Obviously then P 6= Q, and since Y is
Hausdorff, there exist open neighbourhoods of P and Q which do not intersect, and
the product of which does not intersect the equivalence R. It doesn’t matter whether
there is a chart V r with P,Q ∈V r, or not. Hence we see that R is closed.

Let us prove that the action (2.3) on ImmT rY is free. To this purpose, suppose
that there exist P ∈ ImmT rY , P = Jr

0ζ , and A ∈ Lr such that P = P◦A. Since P is
a regular velocity, there is an r-jet Q∈ Jr

(ζ (0),0)(Y,R) such that Q◦P = Jr
0 idR, hence

A = Jr
0 idR, the identity element of Lr.

Finally, we show that the principle bundle projection, πr, is an open mapping.
For every open set W in ImmT rY , the set τr,0(W ) is open in Y since the projection
τr,0 : ImmT rY → Y is an open mapping. From the continuity of ρr,0 : GrY → Y , it
follows that πr(W ) = (ρr,0)−1(τr,0(W )) is an open set in GrY . �

In this section we suppose that the manifold Y is Hausdorff. We study the struc-
ture of the base GrY of the principal Lr-bundle ImmT rY .

For simplicity, first let us consider grassmannians of the first order.

Grassmannians of type
( 1

m+1

)
as jet manifolds. The set J1

(0,0)(R,Rm+1) of 1-jets
with source 0 ∈ R and target 0 ∈ Rm+1 is canonically identified with the tangent
space T0Rm+1, and also with Rm+1, and is considered with its canonical vector
space, topological and smooth structures. The open set Imm J1

(0,0)(R,Rm+1) =

J1
(0,0)(R,Rm+1)\{0} consists of regular 1-jets J1

0 µ , whose representatives are curves
µ : I → Rm+1 that are immersions at the origin 0 ∈ R. Denote by z1,z2, . . . ,zm+1

the canonical global coordinates on J1
(0,0)(R,Rm+1) and Imm J1

(0,0)(R,Rm+1). By
definition, an element J1

0 µ ∈ J1
(0,0)(R,Rm+1) belongs to the set Imm J1

(0,0)(R,Rm+1)

if and only if there exists an integer L such that 1 ≤ L ≤ m+ 1, and zL(J1
0 µ) =

D(zLµ)(0) 6= 0. The manifold Imm J1
(0,0)(R,Rm+1) is endowed with the right group

action of the differential group of R of order 1, L1 = Imm J1
(0,0)(R,R),

Imm J1
(0,0)(R,Rm+1)×L1 3 (J1

0 µ,J1
0 α)

→ J1
0 µ · J1

0 α = J1
0(µα) ∈ Imm J1

(0,0)(R,Rm+1)
(2.40)

(see also (2.3)). We denote the quotient set Imm J1
(0,0)(R,Rm+1)/L1 by G1

m+1. The
class of an element J1

0 µ ∈ Imm J1
(0,0)(R,Rm+1), i.e., the L1-orbit of J1

0 µ , is denoted
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by [J1
0 µ], and the quotient projection Imm J1

(0,0)(R,Rm+1) 3 J1
0 µ → [J1

0 µ] ∈ G1
m+1

is denoted by π1. We consider G1
m+1 with the quotient topology. Our aim now will

be to study topological and smooth properties of G1
m+1.

Since D(µα)(0) = Dµ(α(0))Dα(0), the group action (2.40) is expressed in the
canonical coordinates zK on Imm J1

(0,0)(R,Rm+1) and the canonical coordinate a on
L1 by

(2.41) zK(J1
0 µ · J1

0 α) = a(J1
0 α) · zK(J1

0 µ).

We introduce some charts on Imm J1
(0,0)(R,Rm+1), adapted to the group action

(2.40). Denote for every integer L such that 1≤ L≤ m+1

(2.42) UL = {J1
0 µ ∈ Imm J1

(0,0)(R,Rm+1) |zL(J1
0 µ) 6= 0}.

UL is an open subset of Imm J1
(0,0)(R,Rm+1), and we can write

(2.43) Imm J1
(0,0)(R,Rm+1) =

m+1⋃
K=1

UK.

Note that UL is canonically diffeomorphic with the product Rm× (R\{0}).
Two points J1

0 µ1 and J1
0 µ2 belong to the same orbit of the group action (2.40) if

and only if there exists J1
0 α ∈ L1 such that zK(J1

0 µ2) = a(J1
0 α) · zK(J1

0 µ1) for all K.
Suppose we have J1

0 µ1 and J1
0 µ2. Then by hypothesis, zL(J1

0 µ1) 6= 0 for some L,
and since a(J1

0 α) is always different from 0, also zL(J1
0 µ2) 6= 0. For this index L

condition zL(J1
0 µ2) = a(J1

0 α) · zL(J1
0 µ1) implies

(2.44) a(J1
0 α) =

zL(J1
0 µ2)

zL(J1
0 µ1)

,

so according to (2.41), for all σ = 1,2, . . . ,L−1,L+1, . . . ,m+1

(2.45)
zσ (J1

0 µ1)

zL(J1
0 µ1)

=
zσ (J1

0 µ2)

zL(J1
0 µ2)

.

In particular, the functions uσ : UL→ R, defined by

(2.46) uσ (J1
0 µ) =

zσ (J1
0 µ)

zL(J1
0 µ)

,

are constant along the L1-orbits. We set uL(J1
0 µ) = zL(J1

0 µ). We claim that the pair
(UL,χL), χL = (uL,uσ ), is a chart on Imm J1

(0,0)(R,Rm+1). We have on UL

(2.47) uL = zL, uσ =
zσ

zL .

Clearly, the image of the mapping χL consists of the solutions of equations (2.47)

(2.48) zL = uL, zσ = uLuσ ,

and can be canonically identified with the open set UL. The charts (UL,χL) are said
to be subordinate to the canonical chart on Imm J1

(0,0)(R,Rm+1) (cf. Theorem 2.1).
Transformation equations (2.47) and (2.48) are obviously of class C∞.
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The group action (2.40) is expressed in the subordinate chart (UL,χL) by

uσ (J1
0 µ · J1

0 α) =
zσ (J1

0 µ · J1
0 α)

zL(J1
0 µ · J1

0 α)
=

zσ (J1
0 µ)

zL(J1
0 µ)

= uσ (J1
0 µ),

(2.49)
uL(J1

0 µ · J1
0 α) = zL(J1

0 µ · J1
0 α) = a(J1

0 α)zL(J1
0 µ) = a(J1

0 α)uL(J1
0 µ).

Suppose we have two subordinate charts (UK,χK), χK = (uK,uν), and (UL,χL),
χL = (vL,vσ ), such that K 6= L, and a point J1

0 µ ∈UK ∩UL. Then

uK(J1
0 µ) = zK(J1

0 µ),

uL(J1
0 µ) =

zL(J1
0 µ)

zK(J1
0 µ)

,(2.50)

uν(J1
0 µ) =

zν(J1
0 µ)

zK(J1
0 µ)

, ν ∈ {1,2, . . . ,m+1}, ν 6= K,L,

and

zL(J1
0 µ) = vL(J1

0 µ),

zK(J1
0 µ) = vL(J1

0 µ)vK(J1
0 µ),(2.51)

zσ (J1
0 µ) = vL(J1

0 µ)vσ (J1
0 µ), σ ∈ {1,2, . . . ,m+1}, ν 6= K,L.

Substituting from (2.51) in (2.50), we have

uK(J1
0 µ) = zK(J1

0 µ) = vL(J1
0 µ)vK(J1

0 µ),

uL(J1
0 µ) =

zL(J1
0 µ)

zK(J1
0 µ)

=
vL(J1

0 µ)

vL(J1
0 µ)vK(J1

0 µ)
=

1
vK(J1

0 µ)
,(2.52)

uν(J1
0 µ) =

zν(J1
0 µ)

zK(J1
0 µ)

=
vL(J1

0 µ)vν(J1
0 µ)

vL(J1
0 µ)vK(J1

0 µ)
=

vν(J1
0 µ)

vK(J1
0 µ)

,

thus, the transformation equations are

(2.53) uK = vLvK, uL =
1

vK , uν =
vν

vK .

The inverse transformation is indeed of the same form,

(2.54) vK =
1
uL , vL = uKuL, vσ =

uσ

uL .

We are now in a position to define a smooth structure on the topological space
G1

m+1. First we show that every subordinate chart (UL,χL), χL = (uL,uσ ), on
Imm J1

(0,0)(R,Rm+1), induces a chart on G1
m+1. By equation (2.49), the functions

uσ : UL→ R are constant along the L1
1-orbits; we set ũσ ([J1

0 µ]) = uσ (J1
0 µ) for ev-

ery point J1
0 µ ∈UL. This formula can equivalently be written as

(2.55) ũσ ◦π
1 = uσ ,
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and defines some functions ũσ : ŨL → R, where ŨL = θ(UL). Denote by χ̃L the
mapping of ŨL into Rm whose components are ũσ ; we have the commutative dia-
gram

(2.56) UL

θ

��

χL
// Rm× (R\{0})

pr1
��

ŨL
χ̃L

// Rm

The pair (ŨL, χ̃L), is obviously a chart on G1
m+1: by the definition of the quotient

topology, the projection ŨL of the set UL is an open set in G1
m+1, the set χ̃L(ŨL)⊂

Rm is also open, and χ̃L is a homeomorphism.
Let (UK,χK), χK = (uK,uν), and (UL,χL), χL = (vL,vσ ), be subordinate charts

such that K 6= L, and let (ŨK, χ̃K), χ̃K = (ũν), and (ŨL, χ̃L), χ̃L = (ṽσ ), be the
associated charts on G1

m+1. Suppose we have an element [J1
0 µ] of the intersection

ŨK ∩ ŨL. Since the orbit [J1
0 µ] is contained in UK ∩UL, any representative J1

0 µ

belongs to UK ∩UL, and its coordinates satisfy the transformation equations (2.53).
Consequently, the classes [J1

0 µ] ∈ ŨK ∩ŨL satisfy the transformation equations

ũL =
1

ṽK ,

(2.57)

ũσ =
ṽσ

ṽK , σ = 1,2, . . . ,K−1,K +1, . . . ,m+1.

The inverse transformation has equations of the same form.
In the next lemma, we summarize properties of the topological and smooth struc-

tures on the sets Imm J1
(0,0)(R,Rm+1) and G1

m+1.

Lemma 2.10. The canonical group action (2.40) defines the structure of a right
principal L1-bundle on the manifold Imm J1

(0,0)(R,Rm+1). The base of the bundle

G1
m+1 is compact and Hausdorff.

Proof. Lemma 2.10 is a special case of Theorem 2.2 for r = 1 and Y = Rm+1.
Let us show the local trivialization in this case. For this purpose, consider a subor-

dinate chart (UL,χL), χL = (uL,uσ ), and the associated chart (ŨL, χ̃L), χ̃L = (ũσ );
obviously, UL = θ−1(ŨL). We have the commutative diagram

(2.58) UL

��

χL
// Rm× (R\{0})

��

(χ̃L)−1×id
// ŨL×L1

��

ŨL
χ̃L

// Rm
(χ̃L)−1

// ŨL

defining a local trivialization of Imm J1
(0,0)(R,Rm+1) over ŨL ⊂ G1

m+1 with projec-
tion π1 and type fibre L1 = R\{0},

(2.59) UL 3 J1
0 µ → ([J1

0 µ],uL(J1
0 µ)) ∈ ŨL×L1.
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This local trivialization is L1-equivariant by formula (2.49).
It remains to prove compactness of G1

m+1. We have a continuous mapping π1 of
Rm+1 \{0} onto G1

m+1, sending a (nonzero) vector to the vector subspace of Rm+1,
generated by this vector. Then G1

m+1 is compact as the continuous image of the unit
sphere. �

Grassmann fibrations. If Y = Rm+1, we have the canonical projections

τ
r,0 : ImmT rRm+1→Rm+1, π

r : ImmT rRm+1→GrRm+1, ρ
r,0 : GrRm+1→Rm+1.

The fibre over 0 ∈ Rm+1 in ImmT rRm+1, Imm Jr
(0,0)(R,Rm+1), is a closed, Lr-

invariant submanifold. We define

Gr
m+1 = Imm Jr

(0,0)(R,Rm+1)/Lr.

Since Gr
m+1 = (ρr,0)−1(0), Gr

m+1 is a closed submanifold of GrRm+1. We call Gr
m+1

the Grassmannian of order r and type 1 over Rm+1.

Lemma 2.11. The canonical group action of Lr defines the structure of a right prin-
cipal Lr-bundle on Imm Jr

(0,0)(R,Rm+1). If r = 1, then the base Gr
m+1 is compact.

If r 6= 1, the base is not compact.

Proof. This is a direct consequence of Theorem 2.2 and Lemma 2.10. �

We now give an explicit description of the smooth structure on GrY . Let (V r,L,χr,L),
χr,L = (wL,wL

1 ,w
L
2 , . . . ,w

L
r ,w

σ ,wσ
1 ,w

σ
2 , . . . ,w

σ
r ), be a subordinate chart on ImmT rY

to the chart (V,ψ) on Y . Denote Ṽ r,L = πr(V r,L), and χ̃r,L =(w̃L, w̃σ , w̃σ
1 , w̃

σ
2 , . . . , w̃

σ
r ),

where
w̃L([P]) = wL(P), w̃σ ([P]) = wσ (P),

w̃σ
1 ([P]) = wσ

1 (P), w̃σ
2 ([P]) = wσ

2 (P), . . . , w̃σ
r ([P]) = wσ

r (P).

Then the pair (Ṽ r,L, χ̃r,L) is a chart on GrY , which is said to be associated with the
subordinate chart (V r,L,χr,L).

We describe transformation equations between associated charts.

Lemma 2.12. Let (V,ψ), ψ = (yK), and (U,ϕ), ϕ = (ȳK), be two charts on Y
such that V ∩U 6= /0, and let (Ṽ r,L, χ̃r,L) and (Ũ r,M, φ̃ r,M) be charts on GrY , associ-
ated with the subordinate charts (V r,L,χr,L) and (U r,M,φ r,M), respectively. Let the
transformation formulas from (V,ψ) to (U,ϕ) be given by the equations

ȳM = FM(yL,yσ ), ȳν = Fν(yL,yσ ).

Then

(2.60) ¯̃wν
1 =

w̃L
1

¯̃wM
1

(
∂Fν

∂yL + w̃σ
1

∂Fν

∂yσ

)
,

and the functions ¯̃wν
l+1 satisfy the recurrence formula

(2.61) ¯̃wν
l+1 =

w̃L
1

¯̃wM
1

∆L ¯̃wν
l .



28

Proof. From Theorem 2.1 (a), (2.29), and Lemma 2.8, we obtain

¯̃wν
l+1 = ∆̄M ¯̃wν

l =
w̃L

1
¯̃wM

1
∆L ¯̃wν

l ,

which proves (2.61). The expression (2.60) is now a consequence of the chart ex-
pression of ∆L (cf. (2.36)). �

Note that from the structure of the morphism ∆L (2.22), we can write ∆L =
d/dw̃L.

It is easily seen that every chart (V,ψ) on Y induces a local trivialization

(ρr,0)−1(V ) 3 [Jr
0ζ ]→ (ζ (0), [Jr

0(trψζ (0)ψζ )]) ∈V ×Gr
m+1.

Summarizing, we have this direct consequence of Theorem 2.1. For details on
fibration structures, we refer the reader e.g. Krupka [30].

Theorem 2.3. The orbit manifold GrY has the structure of a fibration with base Y ,
projection ρr,0, and type fibre Gr

m+1. The dimension of GrY is

dimGrY = m(r+1)+1.

The manifold GrY together with the fibration structure described by Theorem 2.3,
is called the Grassmann fibration of order r over the manifold Y .

If γ : I→ Y is an immersion, such that T rγ(I)⊂V r,L for some L, then the curve

(2.62) I 3 t→ [T r
γ](t) = [T r

γ(t)] ∈ GrY

is called the Grassmann prolongation of γ of order r. We have

Lemma 2.13. The mapping (2.62) has the chart expression

w̃L ◦ [T r
γ](t) = wL ◦ γ(t) = µ(t),

w̃σ
l ◦ [T

r
γ](t) = D(w̃σ

l−1 ◦ [T
r−1

γ]◦µ
−1)(µ(t)), 1≤ l ≤ r.

(2.63)

Proof. The chart expression of [T rγ] (2.62) easily follows from Lemma 2.2 and
Remark 3, (2.34), in Sect. 2.1. �
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3. CONTACT FORMS

In this section we study differential forms, defined on manifolds of regular veloc-
ities and Grassmann fibrations, that vanish identically with respect to the canonical
prolongations of curves in these manifolds. In Section 2.1, we have introduced the
canonical projections τr,0 and ρr,0 of ImmT rY and GrY , respectively. Let Y be a
smooth manifold of dimension m+ 1, m ≥ 1. For an open subset W of Y we put
W r = (τr,0)−1(W )⊂ ImmT rY , and W̃ r = (ρr,0)−1(W )⊂ GrY .

3.1. Contact forms.

Contact forms on ImmT rY . We denote by Ωr
0W the ring of smooth functions on

W r, and by Ωr
kW the Ωr

0W -module of smooth differential k-forms on W r. Let η ∈
Ωr

1W be a 1-form. We say that η is contact, if

(3.1) T r
ζ
∗
η = 0

for all immersions ζ , defined on an open interval in R with values in W , where T rζ

is the canonical jet prolongation (see Sect. 2.1, (2.6)). We note that in the context
of this definition of contactness, every function f on W r is contact if and only if f
vanishes identically, and every k-form, k ≥ 2, is contact.

In the next lemma we give a description of the contact ideal in terms of charts.

Lemma 3.1. Let W be an open set in Y , let η be a 1-form on (τr,0)−1(W ), and let
(V,ψ), ψ = (yK), be an arbitrary chart on Y such that V ⊂W.

(a) η is contact if and only if for every subordinate chart (V r,L,ψr,L),

η =
r−1

∑
s=1

As
η

L
s +

r−1

∑
l=0

Al
σ η

σ
l ,

where

(3.2) η
L
s = dyL

s −
yL

s+1

yL
1

dyL, η
σ
l = dyσ

l −
yσ

l+1

yL
1

dyL.

The forms (3.2) are linearly independent.
(b) η is contact if and only if for every subordinate chart (V r,L,χr,L),

η =
r−1

∑
s=1

Bs
ω

L
s +

r−1

∑
l=0

Bl
σ ω

σ
l ,

where

(3.3) ω
L
s = dwL

s −
wL

s+1

wL
1

dwL, ω
σ
l = dwσ

l −wσ
l+1dwL.

The forms (3.3) are linearly independent.

Proof. (a) Let I 3 t→ γ(t) ∈Y be a curve (immersion), defined on an open interval
in R with values in W ⊂ Y . We derive a formula for the pull-back T rγ∗η . Let η be
expressed in associated chart (V r,L,ψr,L) by

η =
r

∑
l=0

Al
LdyL

l +
r

∑
l=0

Al
σ dyσ

l .
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Since by Lemma 2.2, (a), yK
l ◦T rγ(t) = Dl(yKγ)(t), we have for every t0 ∈ I, and

for every ξ ∈ Tt0R, ξ = ξ0(d/dt)t0 ,

(T r
γ
∗
η)(t0) ·ξ =

r

∑
l=0

(Al
K ◦T r

γ)(t0)d(yK
l ◦T r

γ)(t0) ·ξ

=
r

∑
l=0

(Al
K ◦T r

γ)(t0)D(yK
l ◦T r

γ)(t0)dt(t0) ·ξ

=
r

∑
l=0

Al
K(J

r
0(γ tr−t0))y

K
l+1(J

r+1
0 (γ tr−t0))dt(t0) ·ξ .

(3.4)

If the expression (3.4) vanishes for all γ , we have

Ar
L = 0, Ar

σ = 0,

A0
LyL

1 +A1
LyL

2 + . . .+Ar−1
L yL

r +A0
σ yσ

1 +A1
σ yσ

2 + . . .+Ar−1
σ yσ

r = 0,

hence on V r,L

A0
L +A1

L
yL

2
yL

1
+ . . .+Ar−1

L
yL

r

yL
1
+A0

σ

yσ
1

yL
1
+A1

σ

yσ
2

yL
1
+ . . .+Ar−1

σ

yσ
r

yL
1
= 0.

Now we get

η =
r−1

∑
l=1

Al
LdyL

l +
r−1

∑
l=0

Al
σ dyσ

l

−
(

A1
L

yL
2

yL
1
+ . . .+Ar−1

L
yL

r

yL
1
+A0

σ

yσ
1

yL
1
+A1

σ

yσ
2

yL
1
+ . . .+Ar−1

σ

yσ
r

yL
1

)
dyL

=
r−1

∑
l=1

Al
L

(
dyL

l −
yL

l+1

yL
1

dyL

)
+

r−1

∑
l=0

Al
σ

(
dyσ

l −
yσ

l+1

yL
1

dyL
)
.

(b) Using the following chart properties of the canonical prolongation I 3 t →
T rγ(t) ∈V r,L of an immersion γ : I→ Y ,

(wσ ◦T r
γ)(t) = wσ ◦ γ ◦µ

−1(µ(t)),

(wσ
k ◦T r

γ)(t) = D(wσ
k−1 ◦T r−1

γ ◦µ
−1)(µ(t)),

(wL ◦T r
γ)(t) = µ(t) = (wL ◦ γ)(t),

(wL
k ◦T r

γ)(t) = Dk(µ)(t),

the proof of assertion (b) is proceeded analogously to (a). �

The ideal of the exterior algebra Ωr
cW of differential forms on W r, locally gen-

erated by contact 1-forms, is called the contact ideal. By a contact k-form we
mean any k-form, belonging to the contact ideal. We note that the sets of forms
{dyL,ηL

s ,η
σ
l ,dyL

r ,dyσ
r }, {dwL,ωL

s ,ω
σ
l ,dwL

r ,dwσ
r }, where l = 0,1, . . . ,r− 1, s =

1,2, . . . ,r− 1, both define a basis of linear forms on V r,L ⊂ ImmT rY , called the
contact basis.
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Contact forms on GrY . Our aim now is to analyze contact forms on Grassmann
fibration GrY . We denote by Ω̃r

0W the ring of smooth functions on W̃ r ⊂ GrY , and
by Ω̃r

kW the Ω̃r
0W -module of smooth differential k-forms on W̃ r. Let η be a 1-form,

η ∈ Ω̃r
1W . We say that η is contact, if

[T r
ζ ]∗η = 0

for all immersions ζ , defined on an open interval in R with values in W , where
[T rζ ] denotes the Grassmann prolongation of a curve ζ (see Sect. 2.3, (2.62)).

In the following lemma we give a description of the ideal Ω̃r
cW in terms of charts.

Lemma 3.2. Let W be an open set in Y , let η be a 1-form on W̃ r, and let (V,ψ),
ψ = (yK), be an arbitrary chart on Y such that V ⊂W. Then η is contact if and
only if for every chart (Ṽ r,L, χ̃r,L), χ̃r,L = (w̃L, w̃σ , w̃σ

1 , w̃
σ
2 , . . . , w̃

σ
r ), associated with

the subordinate chart (V r,L,χr,L),

η =
r−1

∑
i=0

Bi
σ ω̃

σ
i ,

where

(3.5) ω̃
σ
i = dw̃σ

i − w̃σ
i+1dw̃L.

Proof. We can express η in chart (Ṽ r,L, χ̃r,L) in the form

η = BLdw̃L +
r

∑
l=0

Bl
σ dw̃σ

l .

Let I 3 t → T rγ(t) ∈W be an immersion such that T rγ(I) ⊂ V r,L. The Grassmann
prolongation of γ , t→ [T rγ](t) (2.62), has the chart expression

(w̃L ◦ [T r
γ])(t) = µ(t) = wL ◦ γ(t),

(w̃σ ◦ [T r
γ])(t) = w̃σ ◦ γ ◦µ

−1(µ(t)),

(w̃σ
l ◦ [T

r
γ])(t) = D(w̃σ

l−1 ◦ [T
r−1

γ]◦µ
−1)(µ(t)) = Dl(w̃σ ◦ γ ◦µ

−1)(µ(t)),

(3.6)

l = 1,2, . . . ,r. We have for every t0 ∈ I,

([T r
γ]∗η)(t0) = (BL ◦ [T r

γ])(t0)d(w̃L ◦ [T r
γ])(t0)

+
r

∑
l=0

(Bl
σ ◦ [T r

γ])(t0)d(w̃σ
l ◦ [T

r
γ])(t0).

Using (3.6), we obtain

d(w̃σ
l ◦ [T

r
γ])(t0) = d(Dl(w̃σ

γµ
−1)◦µ)(t0) = D(Dl(w̃σ

γµ
−1)◦µ)(t0)dt(t0)

= Dl+1(w̃σ
γµ
−1)(µ(t0))Dµ(t0)dt(t0) = Dl+1(w̃σ

γµ
−1)(µ(t0))dµ(t0).

Thus we have
([T r

γ]∗η)(t0) = (BL ◦ [T r
γ])(t0)dµ(t0)

+
r

∑
l=0

(Bl
σ ◦ [T r

γ])(t0)Dl+1(w̃σ
γµ
−1)(µ(t0))dµ(t0).
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Now, if [T rγ]∗η vanishes for all γ , we have

(BL ◦ [T r
γ])(t0)+

r−1

∑
l=0

(Bl
σ ◦ [T r

γ])(t0)Dl+1(w̃σ
γµ
−1)(µ(t0))

+(Br
σ ◦ [T r

γ])(t0)Dr+1(w̃σ
γµ
−1)(µ(t0)) = 0.

Then, however, because γ is arbitrary,

Br
σ = 0, BL +

r−1

∑
l=0

Bl
σ w̃σ

l+1 = 0,

and turning back to 1-form η , we get the desired result. �

In particular, the 1-forms ω̃σ
i , 0 ≤ i ≤ r− 1, are contact, and every contact 1-

form is expressible as a linear combination of ω̃σ
i . By definition, we see that ω̃σ

i
are linearly independent.

The ideal of the exterior algebra of differential forms on W̃ r, locally generated by
contact 1-forms, is called the contact ideal, and is denoted by Ω̃r

cW . By a contact
k-form we mean any k-form, belonging to the contact ideal.

From now on, we adopt this notational convention: we will not distinguish be-
tween coordinates on ImmT rY and GrY , and so we will omit the sign ˜ upon the
w-coordinates and the 1-forms ω as well; it is always clear from the context where
the coordinates or forms are defined.

A smooth differential k-form η ∈ Ω̃r
kW is said to be locally generated by l-forms

ω
σ1
i1 ∧ω

σ2
i2 ∧ . . .∧ω

σl
il if in some associated chart on W̃ r = (ρr,0)−1(W )⊂GrY , η is

expressible as

(3.7) η = ω
σ1
i1 ∧ω

σ2
i2 ∧ . . .∧ω

σl
il ∧η

i1i2...il
σ1σ2...σl ,

for some (k− l)-form η
i1i2...il
σ1σ2...σl ∈ Ω̃r

k−lW . We call k-form η locally l-contact if
in the decomposition (3.7) at least one (k− l)-form η

i1i2...il
σ1σ2...σl does not contain any

contact 1-form ωσ
i .

Lemma 3.3. (a) Let W be an open set in Y , and let (V,ψ), ψ = (yK), be an arbitrary
chart on Y such that V ⊂W. If (Ṽ r,L, χ̃r,L) is a chart on W̃ r ⊂ GrY , associated with
the subordinate chart (V r,L,χr,L), then the forms

(3.8) dwL, ω
σ
i , dwσ

r ,

where 0≤ i≤ r−1, define a basis of linear forms on Ṽ r,L.
(b) Let W be an open set in Y . If (V,ψ), ψ = (yK), and (U,ϕ), ϕ = (ȳK), are

two charts on Y such that V,U ⊂W, V ∩U 6= /0, and if (Ṽ r,L, χ̃r,L) and (Ũ r,M, φ̃ r,M)
are charts on W̃ r ⊂ GrY , associated with the subordinate charts (V r,L,χr,L) and
(U r,M,φ r,M) respectively, then

(3.9) ω̄
ν
l =

(
∂ w̄ν

l
∂wσ

− w̄ν
l+1

∂ w̄M

∂wσ

)
ω

σ +
l

∑
p=1

∂ w̄ν
l

∂wσ
p

ω
σ
p , 0≤ l ≤ r−1.
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Proof. The proof of assertion (a) is straightforward.
Let us prove (b). To derive the transformation formula (3.9) for 1-forms ωσ

l ,
we consider two associated charts (Ṽ r,L, χ̃r,L), χ̃r,L = (wL,wσ ,wσ

1 ,w
σ
2 , . . . ,w

σ
r ), and

(Ũ r,M, φ̃ r,M), φ̃ r,M = (w̄M, w̄ν , w̄ν
1 , w̄

ν
2 , . . . , w̄

ν
r ), on W r. On V ∩U we have w̄M =

w̄M(wL,wσ ), w̄ν = w̄ν(wL,wσ ), where 1 ≤ σ ,ν ≤ m+ 1, σ 6= L, ν 6= M, and let
ωσ

l = dwσ
l −wσ

l+1dwL, ω̄ν
l = dw̄ν

l − w̄ν
l+1dw̄M, l = 0,1, . . . ,r− 1, be 1-forms on

Ṽ r,L and Ũ r,M, respectively. Since w̄ν
l = w̄ν

l (w
L,wσ ,wσ

1 , . . . ,w
σ
l ), we have

dw̄ν
l =

∂ w̄ν
l

∂wL dwL +
l

∑
p=0

∂ w̄ν
l

∂wσ
p

dwσ
p

=

(
∂ w̄ν

l
∂wL +

l

∑
p=0

∂ w̄ν
l

∂wσ
p

wσ
p+1

)
dwL +

l

∑
p=0

∂ w̄ν
l

∂wσ
p

ω
σ
p ,

dw̄M =
∂ w̄M

∂wL dwL +
∂ w̄M

∂wσ
dwσ =

(
∂ w̄M

∂wL +
∂ w̄M

∂wσ
wσ

1

)
dwL +

∂ w̄M

∂wσ
ω

σ .

and applying the transformation properties of morphism ∆, Lemma 2.8, we get

w̄ν
l+1 = ∆̄Mw̄ν

l =
wL

1
w̄M

1
∆Lw̄ν

l =
wL

1
w̄M

1

(
∂ w̄ν

l
∂wL +

l

∑
p=0

∂ w̄ν
l

∂wσ
p

wσ
p+1

)
.

Hence

ω̄
ν
l = dw̄ν

l − w̄ν
l+1dw̄M

=

(
∂ w̄ν

l
∂wL +

l

∑
p=0

∂ w̄ν
l

∂wσ
p

wσ
p+1

)
dwL +

l

∑
p=0

∂ w̄ν
l

∂wσ
p

ω
σ
p

−
wL

1
w̄M

1

(
∂ w̄ν

l
∂wL +

l

∑
p=0

∂ w̄ν
l

∂wσ
p

wσ
p+1

)((
∂ w̄M

∂wL +
∂ w̄M

∂wσ
wσ

1

)
dwL +

∂ w̄M

∂wσ
ω

σ

)
.

(3.10)

Since
wL

1
w̄M

1

(
∂ w̄M

∂wL +
∂ w̄M

∂wσ
wσ

1

)
=

wL
1

w̄M
1

∆Lw̄M = ∆̄Mw̄M = 1,

the terms in (3.10) containing dwL vanish, and we obtain

ω̄
ν
l =

l

∑
p=0

∂ w̄ν
l

∂wσ
p

ω
σ
p −

(
∂ w̄ν

l
∂wL +

l

∑
p=0

∂ w̄ν
l

∂wσ
p

wσ
p+1

)
wL

1
w̄M

1

∂ w̄M

∂wσ
ω

σ

=
l

∑
p=0

∂ w̄ν
l

∂wσ
p

ω
σ
p −

wL
1

w̄M
1

∆Lw̄ν
l

∂ w̄M

∂wσ
ω

σ

=

(
∂ w̄ν

l
∂wσ

− w̄ν
l+1

∂ w̄M

∂wσ

)
ω

σ +
l

∑
p=1

∂ w̄ν
l

∂wσ
p

ω
σ
p .

�

Corollary. Locally k-contact k-forms on W̃ r form a submodule of the module of
differential k-forms Ω̃r

kW, which we denote by Ω̃r
k,cW.
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The basis of 1-forms, constituted by the forms (3.8), is said to be the contact basis
on Ṽ r,L.

We conclude this section with a version of Volterra-Poincaré lemma for contact
forms, with domain of definition to be the Cartesian product of open sets in Eu-
clidean spaces. The standard Volterra-Poincaré lemma for forms on star-shaped
open subsets in Euclidean spaces can be found in e.g. Narasimhan [49], Warner
[63]. Let U be an open interval in R, V an open ball in Rm with centre 0. We de-
fine the homotopy mapping χ : [0,1]× (U×V )→U×V by χ(s,(t,yσ )) = (t,syσ ),
where (t,yσ ) are the canonical coordinates on U ×V . Consider a k-form η , k ≥ 1,
on U ×V . The pull-back χ∗η is a k-form on the set [0,1]×U ×V . Clearly, we
can uniquely decompose χ∗η = ds∧η0(s)+η ′(s), where η0(s) and η ′(s) are k-
forms that do not contain ds; the dependence on s is in coefficients only. Define
Iη =

∫ 1
0 η0(s), where the right-hand side means that we integrate the coefficients

of the form η0(s) over s from 0 to 1. I is called the homotopy operator. Denot-
ing π the first Cartesian projection of U ×V , and ζ : U →U ×V the zero section,
ζ (t) = (t,0), then it is standard to prove that

(3.11) η = Idη +dIη +π
∗
ζ
∗
η ;

for the proof we refer to e.g. Krupka [30]. Regarding the structure of contact forms,
from (3.11) we now obtain the following result.

Lemma 3.4 (Volterra-Poincaré lemma). Let U be an open interval in R, V be an
open ball in Rm with centre 0. Let π be the first Cartesian projection of U×V onto
U. If η ∈ Ω̃r

k,c(U ×V ) is a k-contact k-form such that dη = 0, then there exists
a (k−1)-contact (k−1)-form τ ∈ Ω̃r

k−1,c(U×V ) satisfying dτ = η .

3.2. Canonical decomposition of forms. For our purpose of calculus of differ-
ential forms, we establish the basic considerations of decomposition of forms on
ImmT rY and GrY into contact components. It is well-known that the decomposi-
tions play a fundamental role in the geometric variational theory on fibred spaces;
the general theory of modules of contact forms on fibred spaces can be found in
Krupka [25], [28]. In particular, it is shown that a certain pull-back of every k-form
defined on JrY (the manifold of r-jets of smooth sections γ : X →Y ) can be decom-
posed into its horizontal and contact components. We note that this decomposition
is, however, different in the case of manifolds of regular n-velocities for n ≥ 2. In
this work we consider n = 1 only, and it shows up that the local decompositions
by means of associated charts on ImmT rY are formally of the same formula as in
the fibred case. However, by means of subordinate charts (cf. Sec. 2.2, Theorem
2.1) on ImmT rY we get different formulas for the contact components. We note
that, with respect to the structure of our manifolds, contact decompositions on GrY
are naturally induced by decompositions on ImmT rY . In Section 4, the crucial
computational task is to determine certain classes of differential forms. We start
with a particular but in calculations important case of the contact decomposition of
1-form d f , where f is a function defined on V r,L in ImmT rY .

Decomposition of forms on ImmT rY . Let W ⊂Y is open and consider charts (V,ψ),
ψ =(yK), on Y with V ⊂W , and associated chart (V r,L,ψr,L), ψr,L =(yK,yK

1 , . . . ,y
K
r )
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on ImmT rY . For a Cr−1 function f : W r−1→R, where W r−1 = (τr−1,0)−1(W ), d f
is 1-form on W r−1. Let Jr

0ζ ∈ V r,L ⊂W r be an arbitrary point, and let ξ be a tan-
gent vector to ImmT rY at this point, expressed by ξ = ξ K

l (∂/∂yK
l )Jr

0ζ . Using the
notation of horizontal and contact components of a tangent vector (cf. (2.24) and
(2.26)), we have

(τr,r−1)∗d f (Jr
0ζ ) ·ξ = d f (Jr−1

0 ζ ) · (TJr
0ζ τ

r,r−1 ·ξ )

= d f (Jr−1
0 ζ ) · (hL

ξ + pL
ξ ),

= d f (Jr−1
0 ζ ) ·hL

ξ +d f (Jr−1
0 ζ ) · pL

ξ ,

where hLξ and pLξ are the L-horizontal and L-contact components of ξ , respec-
tively. We put

hLd f (Jr
0ζ ) ·ξ = d f (Jr−1

0 ζ ) ·hL
ξ = ∂hLξ f ,

pLd f (Jr
0ζ ) ·ξ = d f (Jr−1

0 ζ ) · pL
ξ = ∂pLξ f .

(3.12)

Then

hLd f (Jr
0ζ ) ·ξ = d f (Jr−1

0 ζ ) ·hL
ξ = ∂hLξ f

=
r−1

∑
l=0

(
∂ f
∂yK

l

)
Jr−1

0 ζ

yK
l+1

yL
1
(Jr

0ζ )dyL(Jr−1
0 ζ ) ·ξ

=

(
r−1

∑
l=0

(
∂ f

∂wσ
l

)
Jr−1

0 ζ

wσ
l+1(J

r
0ζ )+

r−1

∑
l=0

(
∂ f

∂wL
l

)
Jr−1

0 ζ

wL
l+1

wL
1
(Jr

0ζ )

)
dwL(Jr−1

0 ζ ) ·ξ

= ∆L f (Jr
0ζ )dwL(Jr−1

0 ζ ) ·ξ ,
and

pLd f (Jr
0ζ ) ·ξ = d f (Jr−1

0 ζ ) · pL
ξ = ∂pLξ f

=
r−1

∑
s=1

(
∂ f
∂yL

s

)
Jr−1

0 ζ

η
L
s (J

r
0ζ ) ·ξ +

r−1

∑
l=0

(
∂ f
∂yσ

l

)
Jr−1

0 ζ

η
σ
l (J

r
0ζ ) ·ξ

=
r−1

∑
s=1

(
∂ f

∂wL
s

)
Jr−1

0 ζ

ω
L
s (J

r
0ζ ) ·ξ +

r−1

∑
l=0

(
∂ f

∂wσ
l

)
Jr−1

0 ζ

ω
σ
l (J

r
0ζ ) ·ξ ,

where ηL
s and ησ

l are contact forms defined by (3.2). Hence we have the following

Lemma 3.5. Let W be an open set in Y , and let (V,ψ), ψ = (yK), be a chart on Y
such that V ⊂W. If f ∈Ωr

0W, then

(3.13) (τr,r−1)∗d f = hLd f + pLd f ,

where

hLd f =

(
r−1

∑
l=0

∂ f
∂wσ

l
wσ

l+1 +
r−1

∑
l=0

∂ f
∂wL

l

wL
l+1

wL
1

)
dwL = (∆L f )dwL,

pLd f =
r−1

∑
l=0

∂ f
∂wσ

l
ω

σ
l +

r−1

∑
s=1

∂ f
∂wL

s
ω

L
s .

(3.14)
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In (3.14), 1-forms ωσ
l ,ω

L
s and morphism ∆L are given by Lemma 3.1, (3.3), and by

(2.22), respectively.

Note that the decomposition of d f , given by (3.13), concerns the pull-back of d f
rather than d f itself. The 1-forms hLd f and pLd f , defined by (3.12) and satisfying
(3.14), are called the L-horizontal and L-contact components of d f .

Consider now a general k-form η ∈Ω
r−1
k W , and let ξ1,ξ2, . . . ,ξk be tangent vec-

tors to ImmT rY at a point Jr
0ζ . From (2.25), we have

(3.15) TJr
0ζ τ

r,r−1 ·ξ j = hL
ξ j + pL

ξ j

for every j = 1,2, . . . ,k. By the definition of pull-back of a differential form, we get

(τr,r−1)∗η(Jr
0ζ )(ξ1,ξ2, . . . ,ξk)

= η(Jr−1
0 ζ )(TJr

0ζ τ
r,r−1 ·ξ1,TJr

0ζ τ
r,r−1 ·ξ2, . . . ,TJr

0ζ τ
r,r−1 ·ξk)

= η(Jr−1
0 ζ )(hL

ξ1 + pL
ξ1,hL

ξ2 + pL
ξ2, . . . ,hL

ξk + pL
ξk),

and decomposing this k-form into terms homogeneous of order k− l, l = 0,1, . . . ,k,
in horizontal components hLξ j, j = 1,2, . . . ,k, we can write

(τr,r−1)∗η =
k

∑
l=0

pL
l η ,

where

pL
l η(Jr

0ζ )(ξ1,ξ2, . . . ,ξk)

=
1

l!(k− l)!
ε

i1i2...il il+1...ikη(Jr−1
0 ζ )(pL

ξi1 , pL
ξi2, . . . , pL

ξil ,h
L
ξil+1, . . . ,h

L
ξik)

with summation through all values of the indices i1, i2, . . . , ik. But it follows from
the definition of L-horizontal components that hLξ j, j = 1,2, . . . ,k, all belong to
a 1-dimensional subspace of the tangent space to ImmT rY at Jr

0ζ (cf. (2.24)). Thus

(3.16) (τr,r−1)∗η = pL
k−1η + pL

k η ,

where

pL
k−1η(Jr

0ζ )(ξ1,ξ2, . . . ,ξk)

=
1

(k−1)!
ε

i1i2...ik−1ikη(Jr−1
0 ζ )(pL

ξi1 , pL
ξi2, . . . , pL

ξik−1 ,h
L
ξik)

= η(Jr−1
0 ζ )(hL

ξ1, pL
ξ2, . . . , pL

ξk)

+η(Jr−1
0 ζ )(pL

ξ1,hL
ξ2, pL

ξ3 . . . , pL
ξk)

+ . . .

+η(Jr−1
0 ζ )(pL

ξ1, pL
ξ2, . . . , pL

ξk−1,hL
ξk),

and
pL

k η(Jr
0ζ )(ξ1,ξ2, . . . ,ξk) = η(Jr−1

0 ζ )(pL
ξ1, pL

ξ2, . . . , pL
ξk).

We call the forms pL
k−1η (resp. pL

k η) the (k− 1)-contact (resp. k-contact) com-
ponent of η , associated to the chart (V r,L,ψr,L). The k-form η is then called
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(k− 1)-contact (resp. k-contact) with respect to (V r,L,ψr,L), whenever pL
k η = 0

(resp. pL
k−1η = 0).

If k = 1, it is convenient to denote hLη = pL
0η and pLη = pL

1η , and extend the
definition of hL to functions. For a function f ∈ Ωr

0W , we put hL f = (τr,r−1)∗ f .
Now, the decomposition (3.16) is of the form

(3.17) (τr,r−1)∗η = hL
η + pL

η .

Formulas (3.16), (3.17) are referred to as the canonical decomposition of the form
η , associated to the chart (V r,L,ψr,L). However, this decomposition concerns rather
(τr,r−1)∗η than η itself.

The next lemma describes the (k−1)-contact and k-contact components of a form
in any associated chart on ImmT rY .

Lemma 3.6. Let W be an open set in Y , (V,ψ), ψ = (yK), a chart on Y such that
V ⊂W, and (V r,L,ψr,L), ψr,L = (yL,yσ

l ,y
L
s ) an associated chart on ImmT rY where

l = 0,1, . . . ,r, s = 1,2, . . . ,r.
(a) If a 1-form η ∈Ω

r−1
1 W has a chart expression

(3.18) η = AdyL +
r−1

∑
l=0

Bl
σ dyσ

l +
r−1

∑
s=1

Cs
LdyL

s

(no summation through index L), then

hL
η =

(
A+

r−1

∑
l=0

Bl
σ

yσ
l+1

yL
1

+
r−1

∑
s=1

Cs
L

yL
s+1

yL
1

)
dyL,

pL
η =

r−1

∑
l=0

Bl
σ η

σ
l +

r−1

∑
s=1

Cs
Lη

L
s ,

(3.19)

where ηL
s and ησ

l are contact forms defined by (3.2).

(b) Let a k-form η ∈Ω
r−1
k W, k ≥ 2, has a chart expression of the form

η = φ ∧dyL +χ,

where the forms φ ∈Ω
r−1
k−1W, χ ∈Ω

r−1
k W are expressed by

φ =
k−1

∑
j=0

1
j!(k−1− j)!

A
l1 ... l j s j+1...sk−1
σ1...σ j dyσ1

l1
∧ . . .∧dyσ j

l j
∧dyL

s j+1
∧ . . .∧dyL

sk−1
,

χ =
k

∑
j=0

1
j!(k− j)!

B
l1 ... l j s j+1...sk
σ1...σ j dyσ1

l1
∧ . . .∧dyσ j

l j
∧dyL

s j+1
∧ . . .∧dyL

sk
,
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with coefficients A
l1 ... l j s j+1...sk−1
σ1...σ j and B

l1 ... l j s j+1...sk
σ1...σ j antisymmetric in the double

indices
( l1

σ1

)
, . . . ,

( l j
σ j

)
, and in the indices s j+1, . . . ,sk−1,sk. Then

pL
k−1η =

1
(k−1)!

(
Al1 l2 ... lk−1

σ1σ2...σk−1 +Bl1 l2 ... lk
σ1σ2...σk

yσk
lk+1

yL
1

)
η

σ1
l1
∧η

σ2
l2
∧ . . .∧η

σk−1
lk−1
∧dyL

+
1

(k−1)!
Bl1 l2 ... lk−1 sk

σ1σ2...σk−1 η
σ1
l1
∧η

σ2
l2
∧ . . .∧η

σk−1
lk−1
∧η

L
sk
,

(3.20)

and

(3.21) pL
k η =

1
k!

Bl1 l2 ... lk
σ1σ2...σk η

σ1
l1
∧η

σ2
l2
∧ . . .∧η

σk
lk
.

Proof. The assertion (a) is a particular case of (b) for φ = A and χ = Bl
σ dyσ

l +

Cs
LdyL

s . Note that using the coordinate expressions (2.24) and (2.26) of horizontal
and contact components of a tangent vector we immediately obtain

dyL(Jr−1
0 ζ )(pL

ξ ) = 0,

dyL
s (J

r−1
0 ζ )(pL

ξ ) = η
L
s (J

r
0ζ )(ξ ),

dyσ
l (J

r−1
0 ζ )(pL

ξ ) = η
σ
l (J

r
0ζ )(ξ ),

dyK
l (J

r−1
0 ζ )(hL

ξ ) =
yK

l+1

yL
1

dyL(Jr
0ζ )(ξ ),

(3.22)

s = 1,2, . . . ,r− 1, l = 0,1, . . . ,r− 1, for every tangent vector ξ to ImmT rY at the
point Jr

0ζ . Consider now, for instance, the (k− 1)-contact component of η . From
linearity of pL

k−1 we obtain pL
k−1η = pL

k−1(φ ∧ dyL)+ pL
k−1χ . Applying the coor-

dinate expression of χ , the non-vanishing terms in the (k− 1)-contact component
pL

k−1χ are such where at most one exterior derivative of yL
s coordinate appears.

Thus, it is sufficient to consider χ of the form

χ =
1

(k−1)!
Bl1 l2 ... lk−1 sk

σ1σ2...σk−1 dyσ1
l1
∧dyσ2

l2
∧ . . .∧dyσk−1

lk−1
∧dyL

sk

+
1
k!

Bl1 l2 ... lk
σ1σ2...σk dyσ1

l1
∧dyσ2

l2
∧ . . .∧dyσk

lk
.

Using (3.22), it is straightforward to compute

χ(Jr−1
0 ζ )(hL

ξ1, pL
ξ2, pL

ξ3, . . . , pL
ξk)

=
1
k!

Bl1 l2 ... lk
σ1σ2...σk

yσk
lk+1

yL
1

η
σ1
l1
∧η

σ2
l2
∧ . . .∧η

σk−1
lk−1
∧dyL(Jr

0ζ )(ξ1,ξ2, . . . ,ξk)

+
1

(k−1)!
Bl1 l2 ... lk−1 sk

σ1σ2...σk−1 η
σ1
l1
∧η

σ2
l2
∧ . . .∧η

σk−1
lk−1

(Jr
0ζ )(ξ2,ξ3, . . . ,ξk)η

L
sk
(Jr

0ζ )(ξ1),



39

hence we get

pL
k−1χ =

1
(k−1)!

Bl1 l2 ... lk
σ1σ2...σk

yσk
lk+1

yL
1

η
σ1
l1
∧η

σ2
l2
∧ . . .∧η

σk−1
lk−1
∧dyL

+
1

(k−1)!
Bl1 l2 ... lk−1 sk

σ1σ2...σk−1 η
σ1
l1
∧η

σ2
l2
∧ . . .∧η

σk−1
lk−1
∧η

L
sk
.

Analogously, we obtain

pL
k−1(φ ∧dyL) =

1
(k−1)!

Al1 l2 ... lk−1
σ1σ2...σk−1 η

σ1
l1
∧η

σ2
l2
∧ . . .∧η

σk−1
lk−1
∧dyL.

The coordinate expression of the k-contact component pL
k η can be derived by the

same way. �

Remark 6. It is not difficult to express the (k−1)-contact and k-contact components
of a form in a subordinate chart (V r,L,χr,L), χr,L = (wL,wσ

l ,w
L
s ), l = 0,1, . . . ,r, s =

1,2, . . . ,r, on ImmT rY . For simplicity, consider a 1-form η ∈ Ω
r−1
1 W , expressed

by (3.18). Obviously, for the horizontal component hLη in (3.19) we get

hL
η =

A+
r−1

∑
l=0

Bl
σ

1
wL

1

l+1

∑
p=1

∑
(I1,I2,...,Ip)

wL
|I1|w

L
|I2| . . .w

L
|Ip|w

σ
p +

r−1

∑
s=1

Cs
L

wL
s+1

wL
1

dwL,

where we sum through all p-partitions of the set {i1, i2, . . . , il, il+1} with i1 = i2 =
. . . = il+1 = 1. To express the contact component pLη of η (3.19) by means of
a subordinate chart, it is sufficient to find the expression of the contact 1-forms ηL

s
and ησ

l . We get ηL
s = ωL

s , s = 1,2, . . . ,r−1, and after straightforward calculation

η
σ = ω

σ ,

η
σ
1 = wL

1ω
σ
1 +wσ

1 ω
L
1 ,

η
σ
2 = (wL

1)
2
ω

σ
2 +wL

2ω
σ
1 +2wL

1wσ
2 ω

L
1 +wσ

1 ω
L
2 ,

η
σ
3 = (wL

1)
3
ω

σ
3 +3wL

1wL
2ω

σ
2 +wL

3ω
σ
1

+3(wσ
3 (w

L
1)

2 +wσ
2 wL

2)ω
L
1 +3wL

1wσ
2 ω

L
2 +wσ

1 ω
L
3 ,

...

η
σ
l =

l

∑
p=1

∑
(I1,I2,...,Ip)

wL
|I1|w

L
|I2| . . .w

L
|Ip|ω

σ
p

+
l

∑
s=1

(
l
s

)
ω

L
s

l−s

∑
p=1

∑
(I1,I2,...,Ip)

wL
|I1|w

L
|I2| . . .w

L
|Ip|w

σ
p+1,

(3.23)

where l = 0,1, . . . ,r−1, and in the latter term of ησ
l we sum through all p-partitions

of the set {i1, i2, . . . , il−s} with i1 = i2 = . . .= il−s = 1.
Note that from (3.23) it follows that for a general k-form η ∈Ω

r−1
k W the k-contact

component pL
k η (3.21) is a linear combination of k-forms ω

σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σs
ls ∧

ωL
js+1
∧ωL

js+2
∧ . . .∧ωL

jk .
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Decomposition of forms on GrY . Let πr be the quotient projection from ImmT rY
to GrY (cf. (2.38)), and ρr,r−1 the canonical projection from GrY to Gr−1Y (cf.
(2.39)). Consider a general k-form η ∈ Ω̃

r−1
k W , defined on W̃ r−1 ⊂ Gr−1Y .

Analogously to the preceding paragraphs, we can construct the contact decompo-
sition of forms, defined on the Grassmann fibration GrY . To this end, consider first
the concept of horizontalization of a tangent vector. Choose a point [Jr

0ζ ] ∈ GrY ,
and let (Ṽ r,L, χ̃r,L) be an associated chart at [Jr

0ζ ]. Let ξ be a tangent vector to GrY
at a point [Jr

0ζ ], locally expressed by

ξ = ξ
L
(

∂

∂wL

)
+

r

∑
l=0

ξ
σ
l

(
∂

∂wσ
l

)
.

We assign to ξ a tangent vector h̃Lξ as follows (cf. (2.23)). Define

(3.24) h̃L
ξ = T[Jr

0ζ ]([T
r−1

ζ ]◦ (wL
ζ )−1 ◦wL ◦ρ

r,0) ·ξ ,

and we can easily observe that (3.24) is a tangent vector to Gr−1Y at a point [Jr−1
0 ζ ],

with a coordinate expression given by

h̃L
ξ = dwL([Jr−1

0 ζ ]) ·ξ

((
∂

∂wL

)
[Jr−1

0 ζ ]

+
r−1

∑
l=0

wσ
l+1(J

r
0ζ )

(
∂

∂wσ
l

)
[Jr−1

0 ζ ]

)
.

Using complementary construction, we define a tangent vector p̃Lξ by the formula
(cf. 2.25)

(3.25) T[Jr
0ζ ]ρ

r,r−1 ·ξ = h̃L
ξ + p̃L

ξ ,

where

p̃L
ξ = ω

σ
l ([J

r
0ζ ]) ·ξ

(
∂

∂wσ
l

)
[Jr−1

0 ζ ]

.

The tangent vectors h̃Lξ and p̃Lξ are again called the L-horizontal and L-contact
components of ξ , respectively.

Let ξ1,ξ2, . . . ,ξk be tangent vectors to GrY at a point [Jr
0ζ ], and compute the pull-

back of η by the canonical projection ρr,r−1. By the definition of pull-back and
applying (3.25) we get

(ρr,r−1)∗η([Jr
0ζ ])(ξ1,ξ2, . . . ,ξk)

= η([Jr−1
0 ζ ])(T[Jr

0ζ ]ρ
r,r−1 ·ξ1,T[Jr

0ζ ]ρ
r,r−1 ·ξ2, . . . ,T[Jr

0ζ ]ρ
r,r−1 ·ξk)

= η([Jr−1
0 ζ ])(h̃L

ξ1 + p̃L
ξ1, h̃L

ξ2 + p̃L
ξ2, . . . , h̃L

ξk + p̃L
ξk).

Now, using similar arguments as in (3.16), we get

(3.26) (ρr,r−1)∗η = p̃L
k−1η + p̃L

k η ,
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where

p̃L
k−1η([Jr

0ζ ])(ξ1,ξ2, . . . ,ξk)

=
1

(k−1)!
ε

i1i2...ik−1ikη([Jr−1
0 ζ ]) · (p̃L

ξi1, p̃L
ξi2, . . . , p̃L

ξik−1, h̃
L
ξik)

= η([Jr−1
0 ζ ])(h̃L

ξ1, p̃L
ξ2, . . . , p̃L

ξk)

+η([Jr−1
0 ζ ])(p̃L

ξ1, h̃L
ξ2, p̃L

ξ3 . . . , p̃L
ξk)

+ . . .

+η([Jr−1
0 ζ ])(p̃L

ξ1, p̃L
ξ2, . . . , p̃L

ξk−1, h̃L
ξk),

and
p̃L

k η([Jr
0ζ ])(ξ1,ξ2, . . . ,ξk) = η([Jr−1

0 ζ ])(p̃L
ξ1, p̃L

ξ2, . . . , p̃L
ξk).

are the (k−1)-contact and k-contact components of η , respectively.
Now, we can describe the contact components of a form by means of associated

charts on GrY .

Lemma 3.7. Let W be an open set in Y , (V,ψ), ψ = (yK), a chart on Y such that
V ⊂W, (V r,L,χr,L), χr,L = (wL,wσ

l ,w
L
s ), be subordinate chart on ImmT rY , and

let (Ṽ r,L, χ̃r,L), χ̃r,L = (wL,wσ
l ), be associated chart on GrY , where l = 0,1, . . . ,r,

s = 1,2, . . . ,r.
(a) If a 1-form η ∈ Ω̃

r−1
1 W has a chart expression

(3.27) η = BLdwL +
r−1

∑
l=0

Bl
σ dwσ

l

(no summation through index L), then

h̃L
η = p̃L

0η =

(
BL +

r−1

∑
l=0

Bl
σ wσ

l+1

)
dwL,

p̃L
η = p̃L

1η =
r−1

∑
l=0

Bl
σ ω

σ
l ,

(3.28)

where ωσ
l are contact forms defined by (3.5).

(b) Let a k-form η ∈ Ω̃
r−1
k W, k ≥ 2, has a chart expression of the form

η = φ ∧dwL +χ,

where the forms φ ∈ Ω̃
r−1
k−1W, χ ∈ Ω̃

r−1
k W are expressed by

φ =
1

(k−1)!
Al1 l2 ... lk−1

σ1σ2...σk−1 dwσ1
l1
∧dwσ2

l2
∧ . . .∧dwσk−1

lk−1
,

χ =
1
k!

Bl1 l2 ... lk
σ1σ2...σk dwσ1

l1
∧dwσ2

l2
∧ . . .∧dwσk

lk
,

with coefficients antisymmetric in the double indices
( l1

σ1

)
,
( l2

σ2

)
, . . . ,

( lk−1
σk−1

)
,
( lk

σk

)
.
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Then

p̃L
k−1η =

1
(k−1)!

(
Al1 l2 ... lk−1

σ1σ2...σk−1 +Bl1 l2 ... lk
σ1σ2...σk wσk

lk+1

)
ω

σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk−1
lk−1
∧dwL

(3.29)

and

(3.30) p̃L
k η =

1
k!

Bl1 l2 ... lk
σ1σ2...σk ω

σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk
lk
.

Proof. Analogously to the proof of Lemma 3.6, the result is now straightforward.
�

Corollary. For function f ∈ Ω̃
r−1
0 W, (ρr,r−1)∗d f = h̃Ld f + p̃Ld f , where

h̃Ld f =

(
∂ f

∂wL +
r−1

∑
l=0

∂ f
∂wσ

l
wσ

l+1

)
dwL = ∆L f dwL,

p̃Ld f =
∂ f

∂wσ
l

ω
σ
l .

(3.31)

Corollary. A k-form η ∈ Ω̃
r−1
k W is k-contact if and only if p̃L

k−1η vanishes or, which
is the same,

(3.32) η =
1
k!

Bl1 l2 ... lk
σ1σ2...σk ω

σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk
lk
,

where 0≤ l1, l2, . . . , lk ≤ r−2.

We note that for n= 1, a k-contact k-form corresponds to the concept of a strongly
contact form, introduced by Krupka [25] in the context of fibred manifolds with an
n-dimensional base manifold.

Note that, of course, the formula (3.28) for contact component of a 1-form coin-
cides with the expression for a contact 1-form, Lemma 3.2.

Remark 7. We can obtain the results of Lemma 3.7 in a slightly different way. Note
that for an arbitrary tangent vector ξ to ImmT rY at Jr

0ζ , TJr
0ζ πr · ξ is a tangent

vector to GrY at πr(Jr
0ζ ) = [Jr

0ζ ], and one can consider tangent vectors to GrY of
this form. Indeed, an arbitrary tangent vector ξ̃ to GrY at [Jr

0ζ ], represented by
a curve t → [T rζ ](t) (see 2.62), has its pre-image in the tangent mapping T πr,
represented by t → T rζ (t). From (2.39), the quotient projection πr and canonical
projections ρr,r−1 : GrY → Gr−1Y and τr,r−1 : ImmT rY → ImmT r−1Y satisfy the
identity ρr,r−1 ◦πr = πr−1 ◦ τr,r−1. Hence and from (3.15) we obtain

T[Jr
0ζ ]ρ

r,r−1 ◦TJr
0ζ π

r ·ξ = TJr
0ζ (ρ

r,r−1 ◦π
r) ·ξ

= TJr
0ζ (π

r−1 ◦ τ
r,r−1) ·ξ = TJr−1

0 ζ
π

r−1 ◦TJr
0ζ τ

r,r−1 ·ξ

= TJr−1
0 ζ

π
r−1 · (hL

ξ + pL
ξ ).

(3.33)
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The tangent vectors TJr
0ζ πr−1 · hLξ and TJr

0ζ πr−1 · pLξ have then the following co-
ordinate expressions,

TJr−1
0 ζ

π
r−1 ·hL

ξ = ξ
L
(

∂

∂wL

)
[Jr−1

0 ζ ]

+
1

wL
1

ξ
L
(

∂wν
p

∂yK
l

)
Jr−1

0 ζ

yK
l+1

(
∂

∂wν
p

)
[Jr−1

0 ζ ]

,

TJr−1
0 ζ

π
r−1 · pL

ξ =

(
∂wν

p

∂yK
l

)
Jr−1

0 ζ

η
K
l (J

r
0ζ ) ·ξ

(
∂

∂wν
p

)
[Jr−1

0 ζ ]

,

and for arbitrary tangent vectors ξ1,ξ2, . . . ,ξk to ImmT rY at a point Jr
0ζ , we com-

pute the pull-back of η by the canonical projection ρr,r−1. By the definition of
pull-back and using (3.33) we get

(ρr,r−1)∗η([Jr
0ζ ])(TJr

0ζ π
r ·ξ1,TJr

0ζ π
r ·ξ2, . . . ,TJr

0ζ π
r ·ξk)

= η([Jr−1
0 ζ ])(TJr−1

0 ζ
π

r−1 · (hL
ξ1 + pL

ξ1),TJr−1
0 ζ

π
r−1 · (hL

ξ2 + pL
ξ2),

. . . ,TJr−1
0 ζ

π
r−1 · (hL

ξk + pL
ξk)).

Hence
(ρr,r−1)∗η = p̃L

k−1η + p̃L
k η ,

where

p̃L
k−1η([Jr

0ζ ])(TJr
0ζ π

r ·ξ1,TJr
0ζ π

r ·ξ2, . . . ,TJr
0ζ π

r ·ξk)

=
1

(k−1)!
ε

i1i2...ik−1ikη([Jr−1
0 ζ ])

· (TJr−1
0 ζ

π
r−1 · pL

ξi1 ,TJr−1
0 ζ

π
r−1 · pL

ξi2, . . . ,TJr−1
0 ζ

π
r−1 · pL

ξik−1,TJr−1
0 ζ

π
r−1 ·hL

ξik)

and

p̃L
k η([Jr

0ζ ])(TJr
0ζ π

r ·ξ1,TJr
0ζ π

r ·ξ2, . . . ,TJr
0ζ π

r ·ξk)

= η([Jr−1
0 ζ ])(TJr−1

0 ζ
π

r−1 · pL
ξ1,TJr−1

0 ζ
π

r−1 · pL
ξ2, . . . ,TJr−1

0 ζ
π

r−1 · pL
ξk).

Now, if η ∈ Ω̃
r−1
1 W is a 1-form on W̃ r−1, expressed by

η = BLdwL +
r−1

∑
l=0

Bl
σ dwσ

l ,

then

h̃L
η([Jr

0ζ ])(TJr
0ζ π

r ·ξ ) =

(
BL +

1
wL

1

r−1

∑
l=0

Bl
σ

∂wσ
l

∂yK
p

yK
p+1

)
dwL(Jr

0ζ ) ·ξ ,

p̃L
η([Jr

0ζ ])(TJr
0ζ π

r ·ξ ) =
r−1

∑
l=0

Bl
σ ω

σ
l (J

r
0ζ ) ·ξ ,

where ωσ
l are contact forms defined by (3.3). The contact components of a k-form,

k ≥ 2, can be derived analogously.
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Remark 8. Finally, let us mention here the basic formulas for exterior derivative of
contact forms, useful in many coordinate calculations. We restrict to first order case
since the various higher order analogues are straightforward. We have the following
contact k-forms, antisymmetric in all indices,

dω
σ =−ω

σ
1 ∧dwL,

d(ωσ1 ∧ω
σ2) = (ωσ1

1 ∧ω
σ2−ω

σ2
1 ∧ω

σ1)∧dwL,

d(ωσ1 ∧ω
σ2 ∧ω

σ3) =−(ωσ1
1 ∧ω

σ2 ∧ω
σ3−ω

σ2
1 ∧ω

σ1 ∧ω
σ3

+ω
σ3
1 ∧ω

σ1 ∧ω
σ2)∧dwL,

...

d(ωσ1 ∧ω
σ2 ∧ . . .∧ω

σk)

= (−1)k
k

∑
j=1

(−1) j−1
ω

σ j
1 ∧ω

σ2 ∧ . . .∧ω
σ j−1 ∧ω

σ j+1 ∧ . . .∧ω
σk ∧dwL.
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4. VARIATIONAL SEQUENCES: MECHANICS

In this section we define the variational sequence on r-th order Grassmann fibra-
tion GrY and we prove the basic structure results. The classes of differential forms,
entering the variational sequence, are determined for an arbitrary first and second
order k-form. The ideas and methods are motivated by the existing theory on fi-
bred manifolds; we refer to D. Krupka [25, 27], M. Krbek and J. Musilová [18],
D. Krupka and J. Šeděnková [34] and references therein. We consider the struc-
ture of manifolds of velocities which arise in the study of variational principles for
curves in the manifold Y . It should be pointed out that in this context higher order
prolongations of manifolds of regular velocities are considered.

4.1. The structure of T 4Y . To illustrate the basic structures, we collect here coor-
dinate formulas, needed in the theory of variational sequences on first order Grass-
mann fibration G1Y where the prolongations of fourth order arise. The higher order
case is proceed analogously.

We use a simplified notation for the charts on manifolds of regular velocities
ImmT 1Y , ImmT 2Y , ImmT 3Y and ImmT 4Y , and the corresponding charts on the
Grassmann fibrations G1Y , G2Y , G3Y and G4Y . For a given chart (V,ψ), ψ =
(yK), on Y , we denote by (V 1,ψ1), ψ1 = (yK, ẏK), (V 2,ψ2), ψ2 = (yK, ẏK, ÿK),
(V 3,ψ3), ψ3 = (yK, ẏK, ÿK,

...y K) and (V 4,ψ4), ψ4 = (yK, ẏK, ÿK,
...y K,

....y K) the as-
sociated charts. The corresponding subordinate charts on the manifold of regular
velocities ImmT 1Y are denoted by (V 1,L,ψ1,L), ψ1,L = (yL, ẏL,yσ , ẏσ ), etc.; the
second subordinate charts are denoted by (V 1,L,χ1,L), χ1,L = (wL, ẇL,wσ ,wσ

1 ), etc.
For further use we need transformation formulas between these subordinate charts.
The transformation equations between (V 4,L,ψ4,L) and (V 4,L,χ4,L) are of the form

wL = yL, ẇL = ẏL, ẅL = ÿL,
...wL =

...y L,

wσ = yσ , wσ
1 =

1
ẏL ẏσ , wσ

2 =
1

(ẏL)2

(
ÿσ − ÿL

ẏL ẏσ

)
,

wσ
3 =

1
(ẏL)3

(
...y σ −3

ÿL

ẏL ÿσ − 1
ẏL

(
...y L−3

(ÿL)2

ẏL

)
ẏσ

)
,

wσ
4 =

1
(ẏL)4

(
....y σ −6

ÿL

ẏL

...y σ − 1
(ẏL)2

(
4...y LẏL−15(ÿL)2) ÿσ

− 1
(ẏL)3

(
(ẏL)2....y L−10ẏLÿL...y L +15(ÿL)3) ẏσ

)
(4.1)

and

yL = wL, ẏL = ẇL, ÿL = ẅL,
...y L =

...wL,

yσ = wσ , ẏσ = wσ
1 ẇL, ÿσ = wσ

2 (ẇ
L)2 +wσ

1 ẅL,
...y σ = wσ

3 (ẇ
L)3 +3wσ

2 ẇLẅL +wσ
1

...wL,
....y σ = wσ

4 (ẇ
L)4 +6wσ

3 (ẇ
L)2ẅL +wσ

2 (4ẇL...wL +3(ẅL)2)+wσ
1

....w L.

(4.2)
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Consider the differential group L4; in the context of this subsection, L4 describes
the change of parameters in variational functionals for parametric variational prob-
lems, whose Lagrangians are of order 4. L4 acts canonically on T 4Y and ImmT 4Y
to the right by composition of jets,

(4.3) T 4Y ×L4 3 (J4
0 ζ ,J4

0 α)→ J4
0 ζ ◦ J4

0 α = J4
0(ζ ◦α) ∈ T 4Y.

Recall that the canonical coordinates a1,a2,a3 and a4 on L4 are defined by ȧ(J4
0 α)=

Dα(0), ä(J4
0 α) = D2α(0), ...a (J4

0 α) = D3α(0), and ....a (J4
0 α) = D4α(0). To derive

the equations of this action we consider the coordinate expression t→ (yKζ ◦α)(t)
of a representative of J4

0(ζ ◦α). Denote the coordinates of regular velocities J4
0 α ,

J4
0 ζ and J4

0(ζ ◦α) by (ȧ, ä, ...a , ....a ), (yK, ẏK, ÿK,
...y K,

....y K) and (zK, żK, z̈K,
...z K,

....z K),
respectively. Differentiating at t = 0, we obtain the equations of the group action
(4.3), expressed in the subordinate chart (V 4,L,ψ4,L), ψ4,L = (yK, ẏK, ÿK,

...y K,
....y K),

zK = yK, żK = ẏK ȧ,

z̈K = ÿK(ȧ)2 + ẏK ä,
...z K =

...y K(ȧ)3 +3ÿK ȧä+ ẏK ...a ,
....z K =

....y K(ȧ)4 +6...y K(ȧ)2ä+ ÿK(4ȧ...a +3(ä)2)+ ẏK ....a .

In the subordinate chart (V 4,L,χ4,L), denote the coordinates of J4
0 ζ and J4

0(ζ ◦α) by
(wL, ẇL, ẅL,

...wL,
....w L,wσ ,wσ

1 ,w
σ
2 ,w

σ
3 ,w

σ
4 ) and (zL, żL, z̈L,

...z L,
....z L,zσ ,zσ

1 ,z
σ
2 ,z

σ
3 ,z

σ
4 ),

respectively. The group action (4.3), restricted to ImmT 4Y , is then expressed in the
chart (V 4,L,χ4,L) by the equations

zL = wL, żL = ẇLȧ,

z̈L = ẅL(ȧ)2 + ẇLä,
...z L =

...wL(ȧ)3 +3ẅLȧä+ ẇL...a ,
....z L =

....w L(ȧ)4 +6...wL(ȧ)2ä+ ẅL(4ȧ...a +3(ä)2)+ ẇL....a ,

zσ = wσ , zσ
1 = wσ

1 , zσ
2 = wσ

2 , zσ
3 = wσ

3 , zσ
4 = wσ

4 .

Hence, equations of the L4-orbits of (4.3) are

(4.4) wL = cL, wσ = cσ , wσ
1 = cσ

1 , wσ
2 = cσ

2 , wσ
3 = cσ

3 , wσ
4 = cσ

4 ,

where cL,cσ ,cσ
1 ,c

σ
2 ,c

σ
3 ,c

σ
4 ∈ R.

Let G4Y be the Grassmann fibration of order 4 over Y . Recall that the elements of
G4Y , called the contact elements of order 4, are such classes of regular velocities of
ImmT 4Y , whose representatives belong to the same L4-orbit. We denote by [J4

0 ζ ]

the contact element represented by J4
0 ζ . For a chart (V,ψ), ψ = (yK), on Y , we have

a subordinate chart (V 4,L,χ4,L), χ4,L = (wL, ẇL, ẅL,
...wL,

....w L,wσ ,wσ
1 ,w

σ
2 ,w

σ
3 ,w

σ
4 ),

on ImmT 4Y . By (4.4), we get real valued functions on Ṽ 4,L = π4(V 4,L), defined by

w̃L([J4
0 ζ ]) = wL(J4

0 ζ ), w̃σ ([J4
0 ζ ]) = wσ (J4

0 ζ ), w̃σ
k ([J

4
0 ζ ]) = wσ

k (J
4
0 ζ ),

for all J4
0 ζ ∈ V 4,L, where 1 ≤ k ≤ 4. For every index L, 1 ≤ L ≤ m+ 1, the pair

(Ṽ 4,L, χ̃4,L), χ̃4,L = (w̃L, w̃σ , w̃σ
1 , w̃

σ
2 , w̃

σ
3 , w̃

σ
4 ), is a chart on G4Y .
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Let γ be a smooth curve in Y , defined on an open interval I ⊂ R. The canonical
4-jet prolongation of γ is a smooth curve in T 4Y , defined by

I 3 t→ T 4
γ(t) = J4

0(γ ◦ tr−t) ∈ T 4Y.

Let I 3 t→ γ(t) ∈ Y be an immersion such that T 4γ(I)⊂V 4,L. Then the canonical
prolongation T 4γ of γ has the chart expressions

yK ◦T 4
γ(t) = yK ◦ γ(t), ẏK ◦T 4

γ(t) = D(yK ◦ γ)(t),

ÿK ◦T 4
γ(t) = D2(yK ◦ γ)(t), ...y K ◦T 4

γ(t) = D3(yK ◦ γ)(t),
....y K ◦T 4

γ(t) = D4(yK ◦ γ)(t),

and

wL ◦T 4
γ(t) = µ(t) = wL ◦ γ(t),

ẇL ◦T 4
γ(t) = Dµ(t) = D(wL ◦T 3

γ)(t),

ẅL ◦T 4
γ(t) = D2

µ(t) = D2(wL ◦T 2
γ)(t),

...wL ◦T 4
γ(t) = D3

µ(t) = D3(wL ◦T 1
γ)(t),

....w L ◦T 4
γ(t) = D4

µ(t) = D4(wL ◦ γ)(t),

wσ ◦T 4
γ(t) = wσ ◦ γ ◦µ

−1(µ(t)),

wσ
k ◦T 4

γ(t) = D(wσ
k−1 ◦T 3

γ ◦µ
−1)(µ(t)), 1≤ k ≤ 4,

compare with Lemma 2.2, Sect. 2.1, and Lemma 2.13, Sect. 2.3.

4.2. The contact subsequence. Let W ⊂ Y be an open set, ρr,0 : GrY → Y the
canonical projection (2.39), W̃ r = (ρr,0)−1(W ), and Ω̃r

kW the module of smooth
differential k-forms on W̃ r. Let Ω̃r

k,cW be the submodule of Ω̃r
kW of k-contact k-

forms on W̃ r, defined by (3.7). Recall that by Lemma 3.7, k-contact k-forms are
expressed as a linear combinations of ω ∧ω ∧ . . .∧ω (k factors). We extend the
definition of Ω̃r

kW = ker p̃L
k−1, k ≥ 1, in the following sense. We put Ω̃r

0W = {0},
Θ̃r

1W = Ω̃r
1,cW , and

(4.5) Θ̃
r
kW = Ω̃

r
k,cW +d Ω̃

r
k−1,cW,

meaning that a k-form η ∈ Ω̃r
kW belongs to Θ̃r

kW if and only if every point of W̃ r

has a neighbourhood where η is decomposable as η = µ +dµ ′ for some k-contact
k-form µ ∈ Ω̃r

k,cW and some (k− 1)-contact (k− 1)-form µ ′ ∈ Ω̃r
k−1,cW . Θ̃r

kW is
a subgroup of the Abelian group Ω̃r

kW , and we get a subsequence of Abelian groups

(4.6) 0 // Θ̃r
1W // Θ̃r

2W // Θ̃r
3W // . . . // Θ̃r

MW // 0

of the De Rham sequence 0→ R→ Ω̃r
0W → Ω̃r

1W → Ω̃r
2W → . . .→ Ω̃r

NW → 0,
where M = mr+1, N = dimGrY = m(r+1)+1. In both preceding sequences, all
arrows denote the exterior derivative operator d.

If any misunderstanding may not arise with previous definitions of contactness
of differential forms, the elements of Θ̃r

kW are simply said to be the contact forms.
In all following diagrams we omit the underlying set W .
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Remark 9. The subset Θ̃r
kW of Ω̃r

kW has the structure of a real vector space but not
of a submodule of the module Ω̃r

kW . For if f ∈ Ω̃r
0W is a function and η belongs to

Θ̃r
kW , η = µ+dµ ′ on some neighbourhood in W̃ r, then we have f η = f µ+ f dµ ′=

f µ +d( f µ ′)−d f ∧µ ′, which belongs to Θ̃r
kW if and only if f is constant.

Theorem 4.1. The subsequence (4.6) of the De Rham sequence is exact.

Proof. We prove this theorem directly, employing the structure of spaces Θ̃r
kW of

contact forms. Let W ⊂Y be open, (V,ψ), ψ = (yK), a chart on Y such that V ⊂W ,
and (Ṽ r,L, χ̃r,L), χ̃r,L = (wL,wσ ,wσ

1 ,w
σ
2 , . . . ,w

σ
r ), the associated chart on W̃ r.

Let k = 1. For 1-form η ∈ Θ̃r
1W , η = Al

σ ωσ
l (the sum through 0 ≤ l ≤ r−1), it

is sufficient to show that if dη = 0, then η = 0. We have 0 = dη = dAl
σ ∧ωσ

l +

Al
σ dωσ

l = dAl
σ ∧ωσ

l −Al
σ dwσ

l+1∧dwL. Since the term dAl
σ ∧ωσ

l does not contain
dwσ

l+1 ∧ dwL of the contact basis, it follows that Al
σ = 0, and η = 0. This is the

exactness of (4.6) in the first term Θ̃r
1W .

Let 2≤ k≤m+1, and let η ∈ Θ̃r
kW . By the definition of Θ̃r

kW (4.5), η = µ+dµ ′

on some neighbourhood in W̃ r, where µ ∈ Ω̃r
k,cW and µ ′ ∈ Ω̃r

k−1,cW . We wish to
show that if dη = 0, then there exists a contact (k− 1)-form η0 ∈ Θ̃r

k−1W such
that η = dη0. The condition dη = 0 implies dµ = 0. Suppose that µ is of the
form µ = Al1 l2 ... lk

σ1σ2...σk ω
σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk
lk

(the sum through 0≤ l1, l2, . . . , lk ≤ r−1;

cf. (3.32)). Differentiating µ we get dµ = dAl1 l2 ... lk
σ1σ2...σk ∧ω

σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk
lk

+

Al1 l2 ... lk
σ1σ2...σk d(ωσ1

l1
∧ω

σ2
l2
∧ . . .∧ω

σk
lk
), where the first term does not contain dwσs

ls ∧dwL,
ls = max{l1, l2, . . . , lk}+ 1, whereas in the latter term d(ωσ1

l1
∧ω

σ2
l2
∧ . . .∧ω

σk
lk
) is

a linear combination of terms of contact basis, all containing dwL and dwσs
ls ; for

details see Remark 8 of Sect. 3.2. Hence we get Al1 l2 ... lk
σ1σ2...σk = 0, and µ = 0. This

means η = dµ ′, and we put η0 = µ ′, an element of Θ̃r
k−1W . This however verifies

the exactness of (4.6) in the term Θr
kW . �

The subsequence (4.6) is called the contact subsequence of the De Rham se-
quence of smooth differential forms on an open subset W̃ r in the Grassmann fibra-
tion GrY .

Remark 10. The space of contact k-forms Θ̃r
kW is a direct sum of the module Ω̃r

k,cW
and of the image of the module Ω̃r

k−1,cW in the mapping d. In other words: For
every contact form η ∈ Θ̃r

kW there exist a unique k-contact k-form µ ∈ Ω̃r
k,cW and

a unique (k−1)-contact (k−1)-form µ ′ ∈ Ω̃r
k−1,cW such that η = µ +dµ ′. For if

η = 0, then it is sufficient to prove that µ = 0 and µ ′ = 0. Differentiating η , we
get dµ = 0. Applying the same steps used in the proof of Theorem 4.1 we get the
desired result.

Remark 11. We note that Theorem 4.1 is indeed a direct consequence of Volterra-
Poincaré lemma for contact forms on GrY , Lemma 3.4. Suppose η ∈ Θ̃r

kW is
a contact form, uniquely decomposed as η = µ + dµ ′ for some µ ∈ Ω̃r

k,cW and
µ ′ ∈ Ω̃r

k−1,cW . From the assumption dη = 0 it follows that dµ = 0, and by Lemma
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3.4 we get dµ0 = µ , where µ0 belongs to Ω̃r
k−1,cW . Now, we have η = dη0 for

η0 = µ0 +µ ′, the element of Θ̃r
k−1W .

4.3. The variational sequence. Now, we are in a position to define the Krupka’s
variational sequence as the quotient sequence of De Rham sequence by its subse-
quence of contact forms (4.6).

It is well known that the quotient sequence by a subsequence is exact if and only
if the subsequence is exact (see e.g. Warner [63]). Thus, for the quotient sequence

(4.7) 0→ R→ Ω̃
r
0→ Ω̃

r
1/Θ̃

r
1→ . . .→ Ω̃

r
m+1/Θ̃

r
mr+1→ . . .→ Ω̃

r
N → 0

we have the following result.

Theorem 4.2. The quotient sequence (4.7) is exact.

We call (4.7) the r-th order variational sequence on Grassmann fibration GrY .
Let [η ] denotes the class of a differential k-form η ∈ Ω̃r

kW , and we define quotient
mappings E : Ω̃r

kW/Θ̃r
kW → Ω̃r

k+1W/Θ̃r
k+1W in the variational sequence (4.7) by

(4.8) E([ρ]) = [dρ].

We have the diagram

. . . // Ω̃r
k−1/Θ̃r

k−1
// Ω̃r

k/Θ̃r
k

// Ω̃r
k+1/Θ̃r

k+1
// . . .

. . .
d

// Ω̃r
k−1

d
//

OO

Ω̃r
k

d
//

OO

Ω̃r
k+1

d
//

OO

. . .

. . .
d

// Θ̃r
k−1

d
//

OO

Θ̃r
k

d
//

OO

Θ̃r
k+1

d
//

OO

. . .

where the upper arrows denote the quotient mappings E, making all upper squares
commutative.

Our goal now is to study the inclusion of the r-th order variational sequence to
variational sequence of order (r+1). The situation is represented by the following
“section” diagram

0 0 0

0 //___ Θ̃
r+1
k /Θ̃r

k

OO

// Ω̃
r+1
k /Ω̃r

k

OO

// Ψ //_____

OO�
�
�

0

0 // Θ̃
r+1
k

ι
//

OO

Ω̃
r+1
k

//

OO

Ω̃
r+1
k /Θ̃

r+1
k

//

OO

0

0 // Θ̃r
k

ι
//

(ρr+1,r)∗
OO

Ω̃r
k

//

(ρr+1,r)∗
OO

Ω̃r
k/Θ̃r

k
//

OO

0

0

OO

0

OO

0

OO�
�
�

(4.9)
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where ι and ρr+1,r denote the canonical injection Θ̃r
kW → Ω̃r

kW and the canonical
projection Gr+1Y → GrY , respectively, and Ψ is well defined by

Ψ = (Ω̃r+1
k W/Ω̃

r
kW )/(Θ̃r+1

k W/Θ̃
r
kW ).

The quotient mappings E,

Ω̃
r
kW/Θ̃

r
kW → Ω̃

r+1
k W/Θ̃

r+1
k W, Θ̃

r+1
k W/Θ̃

r
kW → Ω̃

r+1
k W/Ω̃

r
kW

are defined independently of the choise of a representant, making all correspon-
dent squares commutative. The exactness of diagram (4.9) insure the correctness of
using the increasing degree method for differential forms, the technique used to cal-
culating explicit expressions of the quotient mappings in the variational sequence.
What remains to show is the exactness of the upper row and the right column of
(4.9).

Theorem 4.3. The quotient mapping Ω̃r
kW/Θ̃r

kW → Ω̃
r+1
k W/Θ̃

r+1
k W is injective.

Proof. Let η ∈ Ω̃r
kW be a k-form on W̃ r. It is necessary and sufficient to show that

if η satisfies (ρr+1,r)∗η ∈ Θ̃
r+1
k W , then η ∈ Θ̃r

kW . By assumption, (ρr+1,r)∗η is
uniquely decomposable as

(ρr+1,r)∗η = µ +dµ
′,

where µ ∈ Ω̃
r+1
k,c W and µ ′ ∈ Ω̃

r+1
k−1,cW . The forms µ ′ and µ have the following

expressions in the contact basis dwL,ωσ ,ωσ
1 , . . . ,ω

σ
r ,dwσ

r+1 on Ω̃
r+1
1 W ,

µ
′ =

1
(k−1)! ∑

0≤l1,l2,...,lk−1≤r
Al1 l2 ... lk−1

σ1σ2...σk−1 ω
σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk−1
lk−1

,

µ =
1
k! ∑

0≤l1,l2,...,lk≤r
Bl1 l2 ... lk

σ1σ2...σk ω
σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk
lk
,

where Al1 l2 ... lk−1
σ1σ2...σk−1 , Bl1 l2 ... lk

σ1σ2...σk are smooth functions on W̃ r+1 ⊂ Gr+1Y , antisym-
metric in double indices (ls,σs). Because of the ρr+1,r-projectability of the form
(ρr+1,r)∗η , the terms in (ρr+1,r)∗η containing the base form dwν

r+1 should vanish.
Obviously, these terms appear only in the form dµ ′. We obtain

(4.10) ∑
0≤l1,l2,...,lk−1≤r

∂Al1 l2 ... lk−1
σ1σ2...σk−1

∂wν
r+1

ω
σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk−1
lk−1
∧dwν

r+1 = 0,

hence ∂Al1 l2 ... lk−1
σ1σ2...σk−1/∂wν

r+1 = 0. From analysis of the exterior derivative of contact
forms in

∑
0≤l1,l2,...,lk−1≤r
l1+l2+...+lk>0

Al1 l2 ... lk−1
σ1σ2...σk−1 d(ωσ1

l1
∧ω

σ2
l2
∧ . . .∧ω

σk−1
lk−1

),

we immediately obtain that dwν
r+1 is contained in such terms d(ωσ1

l1
∧ω

σ2
l2
∧ . . .∧

ω
σk−1
lk−1

) where some ων
r appears. Hence Al1 l2 ... lk−1

σ1σ2...σk−1 = 0 whenever lk−1 = r. Thus,
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the form µ ′ must be of the form

µ
′ =

1
(k−1)! ∑

0≤l1,l2,...,lk−1≤r−1
Al1 l2 ... lk−1

σ1σ2...σk−1 ω
σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk−1
lk−1

,

and is defined on GrY . Then, however, the form µ is also defined on GrY , and so
is the form dµ . The terms in dµ containing dwν

r+1∧dwL should vanish separately.
From this requirement, we derive similar conditions for coefficients Bl1 l2 ... lk

σ1σ2...σk of µ ,
defined on GrY , and we get

µ =
1
k! ∑

0≤l1,l2,...,lk≤r−1
Bl1 l2 ... lk

σ1σ2...σk ω
σ1
l1
∧ω

σ2
l2
∧ . . .∧ω

σk
lk
,

and the form µ belongs to Ω̃r
k,cW .

Then, however, the form η = µ + dµ ′, defined on W̃ r, belongs to Θ̃r
kW as re-

quired. �

The following theorem now completes the exactness of diagram (4.9) in all terms,
and it is immediate consequence of the 3×3 lemma (see e.g. Greub, Halperin and
Vanstone [12]).

Theorem 4.4. The quotient mapping Θ̃
r+1
k W/Θ̃r

kW → Ω̃
r+1
k W/Ω̃r

kW is injective.

4.4. Classes as elements of variational sequence. In this part we give a varia-
tional meaning to the classes of differential 1, 2, and 3-forms, the elements of the
variational sequence. The classes of first and second order k-forms are determined
by means on certain prolongations of a Grassmann fibration. Naturally, we may ask
whether there exists an appropriate representative of a class of differential forms be-
longing to this class. This is the representation problem of the variational sequence
by means of forms. For its general solution on fibred manifolds, we refer to Krbek
and Musilová [18, 19]. In this context, one of the main requirements on represen-
tatives was to be a globally defined differential form satisfying the transformation
rules. However, considering the Grassmann prolongations as the underlying struc-
tures we shall see that important variational object such as the Euler-Lagrange class
or Helmholtz class are not longer represented by differential forms.

As usual, we denote

ω
σ
l = dwσ

l −wσ
l+1dwL, l ≥ 0,

the contact linear forms defined on prolongation of a Grassmann fibration. The
contact basis on GrY is formed by dwL, ωσ

l , dwσ
r , where 0≤ l ≤ r−1.

Classes entering 1st order variational sequence. The next theorem describes the
classes of first order variational sequence by means of associated charts.

Theorem 4.5. Let (V,ψ), ψ = (yK), be a chart on Y , and let (Ṽ 1,L, χ̃1,L), χ̃1,L =
(wL,wσ ,wσ

1 ), be an associated chart on W̃ 1 ⊂ G1Y .
(a) Let η ∈ Ω̃1

1W be expressed in the contact basis by η = AdwL + Bσ ωσ +
Cσ dwσ

1 . Then the class [η ] is an element of Ω̃2
1W/Θ̃2

1W defined by

(4.11) [η ] = (A+Cσ wσ
2 )dwL.
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(b) Let η ∈ Ω̃1
2W be expressed in the contact basis by

η = Aσ ω
σ ∧dwL +Bνdwν

1 ∧dwL

+
1
2

Cσ1σ2ω
σ1 ∧ω

σ2 +Dν ,σ dwν
1 ∧ω

σ +
1
2

Dν1ν2dwν1
1 ∧dwν2

1 .

Then the class [η ] is an element of Ω̃3
2W/Θ̃3

2W defined by

[η ] = Eσ ([η ])ω
σ ∧dwL,

where

Eσ ([η ]) = Aσ −Dν ,σ wν
2 −

d
dwL (Bσ +Dσνwν

2 ) .(4.12)

(c) Let η ∈ Ω̃1
3W be expressed in the contact basis by

η =
1
2

Aσ1σ2ω
σ1 ∧ω

σ2 ∧dwL

+ Bν ,σ dwν
1 ∧ω

σ ∧dwL +
1
2

Bν1ν2dwν1
1 ∧dwν2

1 ∧dwL

+
1
6

Cσ1σ2σ3ω
σ1 ∧ω

σ2 ∧ω
σ3 +

1
2

Dν ,σ1σ2dwν
1 ∧ω

σ1 ∧ω
σ2

+
1
2

Dν1ν2,σ dwν1
1 ∧dwν2

1 ∧ω
σ +

1
6

Dν1ν2ν3dwν1
1 ∧dwν2

1 ∧dwν3
1 .

Then the class [η ] is an element of Ω̃4
3W/Θ̃4

3W defined by

[η ] =
1
2

Eσ1σ2([η ])ω
σ1 ∧ω

σ2 ∧dwL +Fν ,σ ([η ])ω
ν
1 ∧ω

σ ∧dwL

+
1
2

Fν1ν2([η ])ω
ν1
2 ∧ω

ν2 ∧dwL,

where

Eσ1σ2([η ]) = Aσ1σ2 +Dµ,σ1σ2wµ

2 +
1
2

d
dwL

(
Bσ2,σ1−Bσ1,σ2 +(Dµσ2,σ1−Dµσ1,σ2)w

µ

2

+
d

dwL (Bσ1σ2 +Dσ1σ2µwµ

2 )

)
,

Fν ,σ ([η ]) =
1
2
(
Bν ,σ +Bσ ,ν +(Dµν ,σ +Dµσ ,ν)w

µ

2
)
,

Fν1ν2([η ]) = Bν2ν1 +Dν2ν1µwµ

2 .

(c′) The class [η ] of η ∈ Ω̃1
3W, expressed as in (c), is an element of Ω̃3

3W/Θ̃3
3W

defined by

[η ] =
1
2

E ′σ1σ2
([η ])ω

σ1 ∧ω
σ2 ∧dwL +F ′ν ,σ ([η ])ω

ν
1 ∧ω

σ ∧dwL

+
1
2

F ′ν1ν2
([η ])ω

ν1
1 ∧ω

ν2
1 ∧dwL,
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where

E ′σ1σ2
([η ]) = Aσ1σ2 +Dµ,σ1σ2wµ

2 −
d

dwL

(
Bσ1,σ2 +Dµσ1,σ2wµ

2
)

alt(σ1σ2),

F ′ν ,σ ([η ]) =
1
2
(
Bν ,σ +Bσ ,ν +(Dµν ,σ +Dµσ ,ν)w

µ

2
)
,

F ′ν1ν2
([η ]) = Bν1ν2 +Dµν1ν2wµ

2 .

(d) Let k ≥ 3. Let η ∈ Ω̃1
kW be expressed in the contact basis by

η =
1

(k−1)!
Aσ1σ2...σk−1ω

σ1 ∧ω
σ2 ∧ . . .∧ω

σk−1 ∧dwL

+ ∑
1≤ j≤k−1

1
j!(k−1− j)!

Bν1ν2...ν j,σ1σ2...σk−1− jdwν1
1 ∧dwν2

1 ∧ . . .∧dwν j
1

∧ω
σ1 ∧ω

σ2 ∧ . . .∧ω
σk−1− j ∧dwL

+
1
k!

Cσ1σ2...σkω
σ1 ∧ω

σ2 ∧ . . .∧ω
σk

+ ∑
1≤ j≤k

1
j!(k− j)!

Dν1ν2...ν j,σ1σ2...σk− jdwν1
1 ∧dwν2

1 ∧ . . .∧dwν j
1

∧ω
σ1 ∧ω

σ2 ∧ . . .∧ω
σk− j .

Then the class [η ] is an element of Ω̃3
kW/Θ̃3

kW defined by

[η ] =
1

(k−1)!
Eσ1σ2...σk−1([η ])ωσ1 ∧ω

σ2 ∧ . . .∧ω
σk−1 ∧dwL

+ ∑
1≤ j≤k−1

1
j!(k−1− j)!

Fν1ν2...ν j,σ1σ2...σk−1− j([η ])ων1
1 ∧ω

ν2
1 ∧ . . .∧ω

ν j
1

∧ω
σ1 ∧ω

σ2 ∧ . . .∧ω
σk−1− j ∧dwL,

where

Eσ1σ2...σk−1([η ]) = Aσ1σ2...σk−1 +(−1)k−1Dµ,σ1σ2...σk−1wµ

2

− d
dwL

(
Bσ1,σ2σ3...σk−1 +(−1)k−1Dµσ1,σ2σ3...σk−1wµ

2

)
alt(σ1σ2 . . .σk−1),

Fν1,σ1σ2...σk−2([η ]) =
k−2
k−1

(
Bν1,σ1σ2σ3...σk−2 +Bσ1,ν1σ2σ3...σk−2

+(−1)k−1 (Dµν1,σ1σ2σ3...σk−2 +Dµσ1,ν1σ2σ3...σk−2

)
wµ

2
)

alt(σ1σ2 . . .σk−2),

Fν1ν2...ν j,σ1σ2...σk−1− j([η ]) =

Bν1ν2...ν j,σ1σ2...σk−1− j +(−1)k−1Dµν1ν2...ν j,σ1σ2...σk−1− jw
µ

2 , 2≤ j ≤ k−1.

Proof. We compute pull-backs of forms η in projections ρr,s : GrY → GsY , and
factorize by contact forms in sense of (4.5).

(a) The result is immediate from (ρ2,1)∗η = (A+Cσ wσ
2 )dwL +Bσ ωσ +Cσ ωσ

1 .
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(b) For the 2-form η we obtain

(ρ2,1)∗η = (Aσ −Dν ,σ wν
2 )ω

σ ∧dwL +(Bν1 +Dν1,ν2wν2
2 )ων1

1 ∧dwL

+
1
2

Cσ1σ2ω
σ1 ∧ω

σ2 +Dν ,σ ω
ν
1 ∧ω

σ +
1
2

Dν1ν2ω
ν1
1 ∧ω

ν2
1 .

But from dων =−ων
1 ∧dwL, we have

(Bν1 +Dν1,ν2wν2
2 )ων1

1 ∧dwL = d(Bν1 +Dν1,ν2wν2
2 )∧ω

ν1−d((Bν1 +Dν1,ν2wν2
2 )ων1)

=− d
dwL

(
Bν1 +Dν1,ν2wν2

2
)

ω
ν1 ∧dwL−d((Bν1 +Dν1,ν2wν2

2 )ων1)

+ p̃Ld(Bν1 +Dν1,ν2wν2
2 )∧ω

ν1 ,

where a function is decomposed by Lemma 3.7, (3.31). Hence we get the class of
(ρ3,1)∗η (4.12).

(c) From dwσ
1 ∧dwL = ωσ

1 ∧dwL, dwσ
1 = ωσ

1 +wσ
2 dwL we have

(ρ2,1)∗η =
1
2
(Aσ1σ2 +Dν ,σ1σ2wν

2 )ω
σ1 ∧ω

σ2 ∧dwL

+(Bν ,σ −Dνµ,σ wµ

2 )ω
ν
1 ∧ω

σ ∧dwL

+
1
2
(Bν1ν2 +Dν1ν2ν3wν3

2 )ων1
1 ∧ω

ν2
1 ∧dwL + contact forms.

(4.13)

First, we apply the formula

d(ων
1 ∧ω

σ ) = (ων
2 ∧ω

σ +ω
ν
1 ∧ω

σ
1 )∧dwL,

and obtain η pull-backed on W̃ 3,

(ρ3,1)∗η =
1
2
(Aσ1σ2 +Dµ,σ1σ2wµ

2 )ω
σ1 ∧ω

σ2 ∧dwL

+

(
(Bν ,σ −Dνµ,σ wµ

2 )+
1
2

d
dwL

(
(Bσν +Dσνµwµ

2 )
))

ω
ν
1 ∧ω

σ ∧dwL

+
1
2
(Bσν +Dσνµwµ

2 )ω
ν
2 ∧ω

σ ∧dwL + contact forms.

(4.14)

Decomposing the middle term in (4.14) into forms with antisymmetric and sym-
metric coefficients, and utilizing the formula

(4.15) d(ων ∧ω
σ ) = (ων

1 ∧ω
σ −ω

σ
1 ∧ω

ν)∧dwL,

we easily obtain 3-form on W̃ 4,(
Bν ,σ −Dνµ,σ wµ

2 +
1
2

d
dwL

(
(Bσν +Dσνµwµ

2 )
))

ω
ν
1 ∧ω

σ ∧dwL

=
1
2
(
(Bν ,σ +Bσ ,ν)+(Dµν ,σ +Dµσ ,ν)w

µ

2
)

ω
ν
1 ∧ω

σ ∧dwL

− 1
4

d
dwL

(
(Bν ,σ −Bσ ,ν)+(Dµν ,σ −Dµσ ,ν)w

µ

2 +
d

dwL (Bσν +Dσνµwµ

2 )

)
·ων ∧ω

σ ∧dwL + contact forms.

Hence and from (4.14) we get (ρ4,1)∗η of the required form.
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(c′) Since the second term in (ρ2,1)∗η (4.13) is not antisymmetric in indices ν1,
σ , we utilize formula (4.15) to obtain

(Bν1,σ −Dν1ν2,σ wν2
2 )ων1

1 ∧ω
σ ∧dwL

=−1
2

d
dwL (Bν1,σ −Dν1ν2,σ wν2

2 )ων1 ∧ω
σ ∧dwL alt(ν1σ)

+
1
2
(Bν1,σ +Bσ ,ν1− (Dν1ν2,σ +Dσν2,ν1)w

ν2
2 )ων1

1 ∧ω
σ ∧dwL

+ contact forms.

This implies (ρ3,1)∗η of the required form.
(d) The class of a k-form, k ≥ 3, on G1Y , can be derived analogously to the

method used in (c′) (compare also with Krupka [27, 33]). We use the elementary
theory of Young diagrams, decomposing tensors into its symmetric and antisym-
metric components. To the author’s knowledge, there is no adequate reference for
this material. However, since we discuss only the four ”variational” terms in the
sequence, we omit here a tedious calculation. �

Now we determine the quotient mappings (4.8) in first order variational sequence.

Theorem 4.6. Let (V,ψ), ψ = (yK), be a chart on Y , and let (Ṽ 1,L, χ̃1,L), χ̃1,L =
(wL,wσ ,wσ

1 ), be an associated chart on W̃ 1 ⊂ G1Y .
(a) If f ∈ Ω̃1

0W, then E( f ) = (d f/dwL)dwL.
(b) Let η ∈ Ω̃1

1W be expressed in the contact basis by η = AdwL + Bσ ωσ +
Cσ dwσ

1 . Then

(4.16) E([η ]) = Eσ ([dη ])ω
σ ∧dwL,

where

Eσ ([dη ]) =
∂A

∂wσ
+

∂Cν

∂wσ
wν

2 −
d

dwL

(
∂A

∂wσ
1
+

∂Cν

∂wσ
1

wν
2

)
+

d2Cσ

d(wL)2 .

(c) Let η ∈ Ω̃1
2W be expressed in the contact basis by

η = Aσ ω
σ ∧dwL +Bνdwν

1 ∧dwL

+
1
2

Cσ1σ2ω
σ1 ∧ω

σ2 +Dν ,σ dwν
1 ∧ω

σ +
1
2

Dν1ν2dwν1
1 ∧dwν2

1 .

Then

E([η ]) =
1
2

Eσ1σ2([dη ])ω
σ1 ∧ω

σ2 ∧dwL +Fν ,σ ([dη ])ω
ν
1 ∧ω

σ ∧dwL

+
1
2

Fνσ ([dη ])ω
ν
2 ∧ω

σ ∧dwL,

(4.17)
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where

Eσν([dη ]) =
∂Aσ2

∂wσ1
− ∂Aσ1

∂wσ2
+

(
∂Dµ,σ1

∂wσ2
−

∂Dµ,σ2

∂wσ1

)
wµ

2 −
1
2

d
dwL

(
∂Aσ2

∂wσ1
1
− ∂Aσ1

∂wσ2
1

+
∂Bσ2

∂wσ1
− ∂Bσ1

∂wσ2
+

(
∂Dµ,σ1

∂wσ2
1
−

∂Dµ,σ2

∂wσ1
1

+
∂Dσ2µ

∂wσ1
−

∂Dσ1µ

∂wσ2

)
wµ

2

)
+

1
2

d2

d(wL)2

(
∂Bσ2

∂wσ1
1
− ∂Bσ1

∂wσ2
1

+

(
∂Dσ2µ

∂wσ1
1
−

∂Dσ1µ

∂wσ2
1

)
wµ

2

)
+

1
2

d3Dσ1σ2

d(wL)3 ,

Fν ,σ ([dη ]) =
1
2

(
∂Aσ

∂wν
1
+

∂Aν

∂wσ
1
− ∂Bσ

∂wν
− ∂Bν

∂wσ
−
(

∂Dµ,σ

∂wν
1

+
∂Dµ,ν

∂wσ
1

+
∂Dσ µ

∂wν

+
∂Dνµ

∂wσ

)
wµ

2 +
d

dwL (Dν ,σ +Dσ ,ν)

)
,

Fνσ ([dη ]) =
∂Bν

∂wσ
1
− ∂Bσ

∂wν
1
+Dσ ,ν −Dν ,σ +

(
∂Dνµ

∂wσ
1
−

∂Dσ µ

∂wν
1

)
wµ

2 −
dDνσ

dwL .

Proof. (a) By definition of quotient mapping E : Ω̃1
0W → Ω̃1

1W/Θ̃1
1W (4.8), we have

E( f ) = E([ f ]) = [d f ]. We obtain the result immediately from

(ρ2,1)∗(d f ) =
d f

dwL dwL +
∂ f

∂wσ
ω

σ +
∂ f

∂wσ
1

ω
σ
1 .

(b) Differentiating η ∈ Ω̃1
1W we have

dη = Pσ ω
σ ∧dwL +Qνdwν

1 ∧dwL

+
1
2

Rσ1σ2ω
σ1 ∧ω

σ2 +Sν ,σ dwν
1 ∧ω

σ +
1
2

Sν1ν2dwν1
1 ∧dwν2

1 ,

where

Pσ =
∂A

∂wσ
− ∂Bσ

∂wL −
∂Bσ

∂wµ
wµ

1 , Qν =
∂A

∂wν
1
−Bν −

∂Cν

∂wL −
∂Cν

∂wµ
wµ

1 ,

Rσ1σ2 =
∂Bσ2

∂wσ1
− ∂Bσ1

∂wσ2
, Sν ,σ =

∂Bσ

∂wν
1
− ∂Cν

∂wσ
, Sν1ν2 =

∂Cν2

∂wν1
1
− ∂Cν1

∂wν2
1
.

(4.18)

Now we find the class of 2-form dη , as determined by Theorem 4.5, (b), (4.12). We
get

[(ρ3,1)∗dη ] = Eσ ([dη ])ωσ ∧dwL,

where

Eσ ([dη ]) =

(
Pσ −Sν ,σ wν

2 −
d

dwL (Qσ +Sσνwν
2 )

)
ω

σ ∧dwL.

Substituting the coefficients from (4.18) into Eσ ([dη ]), we obtain (4.16).
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(c) Differentiating η ∈ Ω̃1
2W we have

dη =
1
2

Pσ1σ2ω
σ1 ∧ω

σ2 ∧dwL

+Qν ,σ dwν
1 ∧ω

σ ∧dwL +
1
2

Qν1ν2dwν1
1 ∧dwν2

1 ∧dwL

+
1
6

Rσ1σ2σ3ω
σ1 ∧ω

σ2 ∧ω
σ3 +

1
2

Sν ,σ1σ2dwν
1 ∧ω

σ1 ∧ω
σ2

+
1
2

Sν1ν2,σ dwν1
1 ∧dwν2

1 ∧ω
σ +

1
6

Sν1ν2ν3dwν1
1 ∧dwν2

1 ∧dwν3
1 ,

where

Pσ1σ2 =
∂Aσ2

∂wσ1
− ∂Aσ1

∂wσ2
+

∂Cσ1σ2

∂wL +
∂Cσ1σ2

∂wµ
wµ

1 ,

Qν ,σ =
∂Aσ

∂wν
1
− ∂Bν

∂wσ
+Cνσ +

∂Dν ,σ

∂wL +
∂Dν ,σ

∂wµ
wµ

1 ,

Qν1ν2 =
∂Bν2

∂wν1
1
− ∂Bν1

∂wν2
1

+Dν1,ν2−Dν2,ν1 +
∂Dν1ν2

∂wL +
∂Dν1ν2

∂wµ
wµ

1 ,

Rσ1σ2σ3 =
Cσ1σ2

∂wσ3
+

Cσ2σ3

∂wσ1
+

Cσ3σ1

∂wσ2
, Sν ,σ1σ2 =

Dν ,σ1

∂wσ2
−

Dν ,σ2

∂wσ1
+

Cσ1σ2

∂wν
1
,

Sν1ν2,σ =
Dν2,σ

∂wν1
1
−

Dν1,σ

∂wν2
1

+
Dν1ν2

∂wσ
, Sν1ν2ν3 =

Dν1ν2

∂wν3
1

+
Dν2ν3

∂wν1
1

+
Dν3ν1

∂wν2
1
.

(4.19)

We apply Theorem 4.5, (c), and find the class of 3-form dη . We get

[(ρ4,1)∗dη ] =
1
2

Eσ1σ2([dη ])ω
σ1 ∧ω

σ2 ∧dwL +Fν ,σ ([dη ])ω
ν
1 ∧ω

σ ∧dwL

+
1
2

Fν1ν2([dη ])ω
ν1
2 ∧ω

ν2 ∧dwL,

where

Eσ1σ2([dη ]) = Pσ1σ2 +Sν ,σ1σ2wν
2 +

1
2

d
dwL

(
Qσ2,σ1−Qσ1,σ2 +(Sνσ2,σ1−Sνσ1,σ2)w

ν
2

+
d

dwL (Qσ1σ2 +Sσ1σ2νwν
2 )

)
,

Fν ,σ ([dη ]) =
1
2
(
Qν ,σ +Qσ ,ν +(Sµν ,σ +Sµσ ,ν)w

µ

2
)
,

Fν1ν2([dη ]) = Qν2ν1 +Sν2ν1µwµ

2 .

Substituting back the coefficients from (4.19) into Eσ1σ2([dη ]), Fν ,σ ([dη ]) and
Fν1ν2([dη ]), we obtain (4.17). �
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Classes entering higher order order variational sequence. The next theorem de-
scribes the classes of second order variational sequence by means of associated
charts. Classes of 1 and 2-forms are described also for arbitrary finite order.

Theorem 4.7. Let (V,ψ), ψ = (yK), be a chart on Y , and let (Ṽ r,L, χ̃r,L), χ̃r,L =
(wL,wσ ,wσ

1 ,w
σ
2 , . . . ,w

σ
r ), be an associated chart on W̃ r ⊂ GrY .

(a) Let η ∈ Ω̃r
1W be expressed in the contact basis by

η = AdwL +
r−1

∑
l=0

Bl
σ ω

σ
l +Cσ dwσ

r .

Then the class [η ] is an element of Ω̃
r+1
1 W/Θ̃

r+1
1 W defined by

(4.20) [η ] = (A+Cσ wσ
r+1)dwL.

(b) Let η ∈ Ω̃r
2W be expressed in the contact basis by

η =
r−1

∑
l=0

Al
σ ω

σ
l ∧dwL +Bνdwν

r ∧dwL

+
1
2

r−1

∑
l=0

Cl
σ1σ2

ω
σ1
l ∧ω

σ2
l +

r−1

∑
l=1

l−1

∑
s=0

Cl,s
ν ,σ ω

ν
l ∧ω

σ
s

+
r−1

∑
l=0

Dl
ν ,σ dwν

r ∧ω
σ
l +

1
2

Dν1ν2dwν1
r ∧dwν2

r .

(4.21)

Then the class [η ] is an element of Ω̃
2r+1
2 W/Θ̃

2r+1
2 W defined by

[η ] = Eσ ([η ])ω
σ ∧dwL,

where

Eσ ([η ]) =
r−1

∑
l=0

(−1)l dl

d(wL)l

(
Al

σ −Dl
ν ,σ wν

r+1

)
+(−1)r dr

d(wL)r

(
Bσ −Dνσ wν

r+1
)
.

(4.22)

(c) Let η ∈ Ω̃2
3W be expressed in the contact basis by

η =
1
2

Aσ1σ2ω
σ1 ∧ω

σ2 ∧dwL +A1
ν ,σ ω

ν
1 ∧ω

σ ∧dwL +
1
2

A1
ν1ν2

ω
ν1
1 ∧ω

ν2
1 ∧dwL

+ Bν ,σ dwν
2 ∧ω

σ ∧dwL +B1
ν ,σ dwν

2 ∧ω
σ
1 ∧dwL +

1
2

Bν1ν2dwν1
2 ∧dwν2

2 ∧dwL

+
1
6

Cσ1σ2σ3ω
σ1 ∧ω

σ2 ∧ω
σ3 +

1
2

C1
ν ,σ1σ2

ω
ν
1 ∧ω

σ1 ∧ω
σ2

+
1
2

C1
ν1ν2,σ

ω
ν1
1 ∧ω

ν2
1 ∧ω

σ +
1
6

C1
ν1ν2ν3

ω
ν1
1 ∧ω

ν2
1 ∧ω

ν3
1
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+
1
2

Dν ,σ1σ2dwν
2 ∧ω

σ1 ∧ω
σ2 +

1
2

Dν1ν2,σ dwν1
2 ∧dwν2

2 ∧ω
σ

+
1
6

Dν1ν2ν3dwν1
2 ∧dwν2

2 ∧dwν3
2 +D1

ν ,µ,σ dwν
2 ∧ω

µ

1 ∧ω
σ

+
1
2

D1
ν ,σ1σ2

dwν
2 ∧ω

σ1
1 ∧ω

σ2
1 +

1
2

D1
ν1ν2,σ

dwν1
2 ∧dwν2

2 ∧ω
σ
1 .

Then the class [η ] is an element of Ω̃7
3W/Θ̃7

3W defined by

[η ] =
1
2

Eνσ ([η ])ω
ν ∧ω

σ ∧dwL

+Fν ,σ ([η ])ω
ν
1 ∧ω

σ ∧dwL +
1
2

Fνσ ([η ])ω
ν
2 ∧ω

σ ∧dwL

+Gν ,σ ([η ])ω
ν
3 ∧ω

σ ∧dwL +
1
2

Gνσ ([η ])ω
ν
4 ∧ω

σ ∧dwL,

where

Eνσ ([η ]) = Aνσ +Dµ,νσ wµ

3 −
1
2

d
dwL

(
A1

ν ,σ −A1
σ ,ν +(D1

µ,ν ,σ −D1
µ,σ ,ν)w

µ

3

)
+

1
2

d2

d(wL)2 (A
1
νσ +D1

µ,νσ wµ

3 )−
1
4

d3

d(wL)3

(
B1

ν ,σ −B1
σ ,ν +(D1

µν ,σ −D1
µσ ,ν)w

µ

3

)
+

1
2

d4

d(wL)4 (Bνσ +Dµνσ wµ

3 ),

Fν ,σ ([η ]) =
1
2

(
A1

ν ,σ +A1
σ ,ν +(D1

µ,ν ,σ +D1
µ,σ ,ν)w

µ

3

− d
dwL

(
Bν ,σ +Bσ ,ν +(Dµν ,σ +Dµσ ,ν)w

µ

3
)

+
d2

d(wL)2

(
B1

ν ,σ +B1
σ ,ν +(D1

µν ,σ +D1
µσ ,ν)w

µ

3

))
,

Fνσ ([η ]) = A1
σν +D1

µ,σνwµ

3 +(Bν ,σ −Bσ ,ν)+(Dµν ,σ −Dµσ ,ν)w
µ

3

+
1
2

d
dwL

(
B1

ν ,σ −B1
σ ,ν +(D1

µν ,σ −D1
µσ ,ν)w

µ

3

)
−2

d2

d(wL)2 (Bνσ +Dµνσ wµ

3 ),

Gν ,σ ([η ]) =−1
2

(
B1

ν ,σ +B1
σ ,ν +(D1

µν ,σ +D1
µσ ,ν)w

µ

3

)
,

Gνσ ([η ]) = Bν ,σ +Dµνσ wµ

3 .
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(d) Let k ≥ 3. Let η ∈ Ω̃2
kW be expressed in the contact basis by

η =
1

(k−1)!
Aσ1σ2...σk−1ω

σ1 ∧ω
σ2 ∧ . . .∧ω

σk−1 ∧dwL

+ ∑
1≤ j≤k−1

1
j!(k−1− j)!

A1
µ1µ2...µ j,σ1σ2...σk−1− j

ω
µ1
1 ∧ω

µ2
1 ∧ . . .∧ω

ν j
1

∧ω
σ1 ∧ω

σ2 ∧ . . .∧ω
σk−1− j ∧dwL

+ ∑
1≤ j≤k−1

1
j!(k−1− j)!

Bν1ν2...ν j,σ1σ2...σk−1− jdwν1
2 ∧dwν2

2 ∧ . . .∧dwν j
2

∧ω
σ1 ∧ω

σ2 ∧ . . .∧ω
σk−1− j ∧dwL

+ ∑
1≤ j≤k−2

∑
1≤l≤k−1− j

1
j!l!(k−1− j− l)!

B1
ν1ν2...ν j,µ1,µ2,...,µl ,σ1σ2...σk−1− j−l

dwν1
2 ∧ . . .∧dwν j

2 ∧ω
µ1
1 ∧ . . .∧ω

νl
1 ∧ω

σ1 ∧ . . .∧ω
σk−1− j−l ∧dwL

+ ∑
1≤ j≤k

1
j!(k− j)!

Dν1ν2...ν j,σ1σ2...σk− jdwν1
2 ∧dwν2

2 ∧ . . .∧dwν j
2

∧ω
σ1 ∧ω

σ2 ∧ . . .∧ω
σk− j

+ ∑
1≤ j≤k−1

∑
1≤l≤k− j

1
j!l!(k− j− l)!

D1
ν1ν2...ν j,µ1,µ2,...,µl ,σ1σ2...σk− j−l

dwν1
2 ∧ . . .∧dwν j

2 ∧ω
µ1
1 ∧ . . .∧ω

νl
1 ∧ω

σ1 ∧ . . .∧ω
σk− j−l + contact forms.

Then the class [η ] is an element of Ω̃5
kW/Θ̃5

kW defined by

[η ] =
1

(k−1)!
Eσ1σ2...σk−1([η ])ωσ1 ∧ω

σ2 ∧ . . .∧ω
σk−1 ∧dwL

+ ∑
1≤ j≤k−1

1
j!(k−1− j)!

E1
µ1µ2...µ j,σ1σ2...σk−1− j

([η ])ω
µ1
1 ∧ω

µ2
1 ∧ . . .∧ω

µ j
1

∧ω
σ1 ∧ω

σ2 ∧ . . .∧ω
σk−1− j ∧dwL

+ ∑
2≤ j≤k−1

1
j!(k−1− j)!

Fν1ν2...ν j,σ1σ2...σk−1− j([η ])ων1
2 ∧ω

ν2
2 ∧ . . .∧ω

ν j
2

∧ω
σ1 ∧ω

σ2 ∧ . . .∧ω
σk−1− j ∧dwL

+ ∑
1≤ j≤k−2

∑
1≤l≤k−1− j

1
j!l!(k−1− j− l)!

F1
ν1ν2...ν j,µ1µ2...µl ,σ1σ2...σk−1− j−l

([η ])

ω
ν1
2 ∧ . . .∧ω

ν j
2 ∧ω

µ1
1 ∧ . . .∧ω

µl
1 ∧ω

σ1 ∧ . . .∧ω
σk−1− j−l ∧dwL,

where

Eσ1σ2...σk−1([η ]) = Aσ1σ2...σk−1 +(−1)k−1Dµ,σ1σ2...σk−1wµ

3

− d
dwL

(
A1

σ1,σ2σ3...σk−1
+(−1)k−1D1

ν ,σ1,σ2σ3...σk−1
wν

3

)
+

d2

d(wL)2

(
Bσ1,σ2σ3...σk−1 +(−1)k−1Dµσ1,σ2σ3...σk−1wµ

3

)
alt(σ1σ2 . . .σk−1),
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E1
µ,σ1σ2...σk−2

([η ]) =
k−2
k−1

(
A1

µ,σ1σ2...σk−2
+A1

σ1,µσ2...σk−2

+(−1)k−1(D1
ν ,µ,σ1σ2...σk−2

+D1
ν ,σ1,µσ2...σk−2

)wν
3

− d
dwL

(
Bµ,σ1,σ2...σk−2 +Bσ1,µσ2...σk−2

+(−1)k−1(Dνµ,σ1σ2...σk−2 +Dνσ1,µσ2...σk−2)w
ν
3

))
alt(σ1σ2 . . .σk−2),

E1
µ1µ2,σ1σ2...σk−3

([η ]) = A1
µ1µ2,σ1σ2...σk−3

+(−1)k−1D1
ν ,µ1µ2,σ1σ2...σk−3

wν
3

− (Bµ1,µ2σ1...σk−3−Bµ2,µ1σ1...σk−3)+(−1)k(Dνµ1,µ2σ1...σk−3−Dνµ2,µ1σ1...σk−3)w
ν
3 ,

E1
µ1µ2...µ j,σ1σ2...σk−1− j

([η ])

= A1
µ1µ2...µ j,σ1σ2...σk−1− j

+(−1)k−1D1
ν ,µ1µ2...µ j,σ1σ2...σk−1− j

wν
3 , 3≤ j ≤ k−2,

E1
µ1µ2...µk−1

([η ]) = A1
µ1µ2...µk−1

+(−1)k−1D1
ν ,µ1µ2...µk−1

wν
3

− d
dwL

(
B1

µ1,µ2...νk−1
+(−1)k−1D1

νµ1,µ2...µk−1
wν

3

)
alt(µ1µ2 . . .µk−1),

Fµ1µ2...µ j,σ1σ2...σk−1− j([η ])

= Bν1ν2...ν j,σ1σ2...σk−1− j +(−1)k−1Dµν1ν2...ν j,σ1σ2...σk−1− jw
µ

3 , 2≤ j ≤ k−1,

F1
ν ,µ1µ2...µk−2

([η ]) =
k−2
k−1

(
B1

ν ,µ1µ2...µk−2
+Bµ1,νµ2...µk−2

+(−1)k−1
(

D1
σν ,µ1µ2...µk−2

+D1
σ µ1,νµ2...µk−2

)
wσ

3

)
alt(µ1µ2 . . .µk−2),

F1
ν1ν2...ν j,µ1µ2...µl ,σ1σ2...σk−1− j−l

([η ])

= B1
ν1ν2...ν j,µ1µ2...µl ,σ1σ2...σk−1− j−l

+(−1)k−1D1
τν1ν2...ν j,µ1µ2...µl ,σ1σ2...σk−1− j−l

wτ
3,

1≤ j ≤ k−2, 1≤ l ≤ k−3.

Proof. Factorizing by contact forms in sense of (4.5) we obtain the classes in a rou-
tine way.

(a) The result follows from (ρr+1,r)∗η =(A+Cσ wσ
r+1)dwL+∑

r−1
l=0 Bl

σ ωσ
l +Cσ ωσ

r .
(b) Using dwσ

r = ωσ
r +wσ

r+1dwL and dωσ
l =−ωσ

l+1∧dwL, l = 0,1, . . . ,r−1, in
chart expression (4.21) of 2-form η we get

(ρr+1,r)∗η = (Aσ −Dν ,σ wν
r+1)ω

σ ∧dwL−
r−1

∑
l=1

(Al
σ −Dl

ν ,σ wν
r+1)dω

σ
l−1

− (Bσ +Dσνwν
r+1)dω

σ
r−1

up to contact forms. But from − f dω = d f ∧ω − d( f ω) for arbitrary function f ,
applied to Al

σ −Dl
ν ,σ wν

r+1 and Bσ +Dσνwν
r+1, we obtain

(ρr+2,r)∗η =

(
Aσ −Dν ,σ wν

r+1−
d

dwL (A
1
σ −D1

ν ,σ wν
r+1)

)
ω

σ ∧dwL

+
r−1

∑
l=2

d
dwL (A

l
σ −Dl

ν ,σ wν
r+1)dω

σ
l−2 +

d
dwL (Bσ −Dνσ wν

r+1)dω
σ
r−2
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up to contact forms. Taking now for f the derivatives of functions Al
σ −Dl

ν ,σ wν
r+1

and Bσ +Dσνwν
r+1, we obtain after r− 1 steps the pull-back (ρ2r+1,r)∗η of η , as

required.
The proofs of assertions (c) and (d) are routine and follows from the previous

analysis of contact forms. �

Now we analyze the quotient mappings (4.8) in second order variational se-
quence which are related to basic variational concepts as we shall see later; namely
the mappings E : Ω̃r

0W → Ω̃r
1W/Θ̃r

1W , E : Ω̃r
1W/Θ̃r

1W → Ω̃r
2W/Θ̃r

2W , and E :
Ω̃r

2W/Θ̃r
2W → Ω̃r

3W/Θ̃r
3W ; the first two mappings are determined also for arbitrary

finite order.

Theorem 4.8. Let (V,ψ), ψ = (yK), be a chart on Y , and let (Ṽ r,L, χ̃r,L), χ̃r,L =
(wL,wσ ,wσ

1 ,w
σ
2 , . . . ,w

σ
r ), be an associated chart on W̃ r ⊂ GrY .

(a) If f ∈ Ω̃r
0W, then E( f ) = (d f/dwL)dwL.

(b) Let η ∈ Ω̃r
1W be expressed in the contact basis by

η = AdwL +
r−1

∑
l=0

Bl
σ ω

σ
l +Cσ dwσ

r .

Then

(4.23) E([η ]) = Eσ ([dη ])ω
σ ∧dwL,

where

Eσ ([dη ]) =
∂A

∂wσ
+

∂Cν

∂wσ
wν

r+1

+
r

∑
l=1

(−1)l dl

d(wL)l

(
∂A

∂wσ
l
+

∂Cν

∂wσ
l

wν
r+1

)
+(−1)r+1 dr+1Cσ

d(wL)r+1 .

(c) Let η ∈ Ω̃2
2W be expressed in the contact basis by

η = Aσ ω
σ ∧dwL +A1

νω
ν
1 ∧dwL +Bνdwν

2 ∧dwL

+
1
2

Cσ1σ2ω
σ1 ∧ω

σ2 +
1
2

C1
ν1ν2

ω
ν1
1 ∧ω

ν2
1 +C1

ν ,σ ω
ν
1 ∧ω

σ

+Dν ,σ dwν
2 ∧ω

σ +D1
ν ,σ dwν

2 ∧ω
σ
1 +

1
2

Dν1ν2dwν1
2 ∧dwν2

2 .

Then

E([η ]) =
1
2

Eνσ ([dη ])ω
ν ∧ω

σ ∧dwL

+Fν ,σ ([dη ])ω
ν
1 ∧ω

σ ∧dwL +
1
2

Fνσ ([dη ])ω
ν
2 ∧ω

σ ∧dwL

+Gν ,σ ([dη ])ω
ν
3 ∧ω

σ ∧dwL +
1
2

Gνσ ([dη ])ω
ν
4 ∧ω

σ ∧dwL,

(4.24)
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where

Eνσ ([dη ]) =
∂Aσ

∂wν
− ∂Aν

∂wσ
+

(
∂Dµ,ν

∂wσ
−

∂Dµ,σ

∂wν

)
wµ

3 −
1
2

d
dwL

(
∂Aσ

∂wν
1
− ∂Aν

∂wσ
1

+
∂A1

σ

∂wν
− ∂A1

ν

∂wσ
+

(
∂Dµ,ν

∂wσ
1
−

∂Dµ,σ

∂wν
1

+
∂D1

µ,ν

∂wσ
−

∂D1
µ,σ

∂wν

)
wµ

3

)

+
1
2

d2

d(wL)2

(
∂A1

σ

∂wν
1
− ∂A1

ν

∂wσ
1
+

(
∂D1

µ,ν

∂wσ
1
−

∂D1
µ,σ

∂wν
1

)
wµ

3

)

− 1
4

d3

d(wL)3

(
∂A1

σ

∂wν
2
− ∂A1

ν

∂wσ
2
+

∂Bσ

∂wν
1
− ∂Bν

∂wσ
1
+

(
∂Dµν

∂wσ
1
−

∂Dµσ

∂wν
1

)
wµ

3

+ (Dν ,σ −Dσ ,ν)+

(
∂D1

µ,ν

∂wσ
2
−

∂D1
µ,σ

∂wν
2

)
wµ

3

)

+
1
2

d4

d(wL)4

(
∂Bσ

∂wν
2
− ∂Bν

∂wσ
2
+

1
2
(D1

ν ,σ −D1
σ ,ν)+

(
∂Dµν

∂wσ
2
−

∂Dµ,σ

∂wν
2

)
wµ

3

)
+

1
2

d5

d(wL)5 (Dνσ ),

Fν ,σ ([dη ]) =
1
2

(
∂Aσ

∂wν
1
+

∂Aν

∂wσ
1
− ∂A1

σ

∂wν
− ∂A1

ν

∂wσ
−
(

∂Dµ,σ

∂wν
1

+
∂Dµ,ν

∂wσ
1

+
∂D1

µ,ν

∂wσ
+

∂D1
µ,σ

∂wν

)
wµ

3

)
− d

dwL

(
∂Aσ

∂wν
2
+

∂Aν

∂wσ
2
−
(

∂Bσ

∂wν
+

∂Bν

∂wσ

)
−
(

∂Dµ,ν

∂wσ
2

+
∂Dµ,σ

∂wν
2
−

∂Dµσ

∂wν
−

∂Dµν

∂wσ

)
wµ

3

)
+

d2

d(wL)2

(
∂A1

σ

∂wν
2
+

∂A1
ν

∂wσ
2
−
(

∂Bσ

∂wν
1
+

∂Bν

∂wσ
1

)
+

(
∂Dµν

∂wσ
1

+
∂Dµσ

∂wν
1

−
∂D1

µ,ν

∂wσ
2
−

∂D1
µ,σ

∂wν
2

)
wµ

3 +
d

d(wL)3 (D
1
ν ,σ +D1

σ ,ν)

)
,

Fνσ ([dη ]) =

(
∂Aσ

∂wν
2
− ∂Aν

∂wσ
2

)
+

(
∂A1

ν

∂wσ
1
− ∂A1

σ

∂wν
1

)
+

(
∂Bσ

∂wν
− ∂Bν

∂wσ

)
+

(
∂Dµν

∂wσ
−

∂Dµσ

∂wν
+

∂Dµ,ν

∂wσ
2
−

∂Dµ,σ

∂wν
2

+
∂D1

µ,σ

∂wν
1
−

∂D1
µν

∂wσ
1

)
wµ

3

+
1
2

d
dwL

(
∂A1

σ

∂wν
2
− ∂A1

ν

∂wσ
2
+

∂Bσ

∂wν
1
− ∂Bν

∂wσ
1
+

(
∂Dµν

∂wσ
1
−

∂Dµσ

∂wν
1

+
∂D1

µ,ν

∂wσ
2
−

∂D1
µσ

∂wν
2

)
wµ

3

)
+

3
2

d
dwL (Dν ,σ −Dσ ,ν −

d
d(wL)

(D1
ν ,σ −D1

σ ,ν))

−2
d2

d(wL)2

(
∂Bσ

∂wν
2
− ∂Bν

∂wσ
2
+

(
∂Dµν

∂wσ
2
−

∂Dµσ

∂wν
2

)
wµ

3

)
−2

d3

d(wL)3 (Dνσ ),
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Gν ,σ ([dη ]) =−1
2

(
∂A1

ν

∂wσ
2
+

∂A1
σ

∂wν
2
−
(

∂Bσ

∂wν
1
+

∂Bν

∂wσ
1

)
+(Dν ,σ +Dσ ,ν)

+

(
∂Dµν

∂wσ
1

+
∂Dµσ

∂wν
1
−

∂D1
µ,σ

∂wν
2
−

∂D1
µν

∂wσ
2

)
wµ

3 +
d

dwL (D
1
ν ,σ +D1

σ ,ν)

)
,

Gνσ ([dη ]) =
∂Bσ

∂wν
2
− ∂Bν

∂wσ
2
+D1

ν ,σ −D1
σ ,ν +

(
∂Dµν

∂wσ
2
−

∂Dµσ

∂wν
2

)
wµ

3 +
d

dwL (Dνσ ).

Proof. Analogously to the proof of Theorem 4.6, all the classes can be determined
by direct computation. �

Remark 12. We remark that in the previous theorem, for example the class [dη ] =
E([η ]) of η ∈ Ω̃2

2W can be described in a different basis, and on a different prolon-
gation of a manifold. Namely,

E([η ]) =
1
2

E ′νσ ([dη ])ω
ν ∧ω

σ ∧dwL

+F ′ν ,σ ([dη ])ω
ν
1 ∧ω

σ ∧dwL +
1
2

F ′νσ ([dη ])ω
ν
1 ∧ω

σ
1 ∧dwL

+G′ν ,σ ([dη ])ω
ν
2 ∧ω

σ
1 ∧dwL +

1
2

G′νσ ([dη ])ω
ν
2 ∧ω

σ
2 ∧dwL;

(4.25)

please compare with (4.24). The reason why to prefer some class of a form and
why another not lies in the fact that classes of forms need not to be well-defined
forms. This circumstance is even more apparent in the case of fibred manifolds; in
Grassmann fibrations, in general, the classes do not define forms. Roughly speak-
ing, we prefer such classes witch correspond to the variational objects, known from
the local theory. This fact suggests to study invariance of classes with respect to
isomorphisms of underlying manifolds.

In Theorem 4.6 we deal with the quotient mappings E, defined in Sect. 4.3 by
(4.8). Now we wish to characterize the mappings E : Ω̃2

1W/Θ̃2
1W → Ω̃2

2W/Θ̃2
2W

and E : Ω̃2
2W/Θ̃2

2W → Ω̃2
3W/Θ̃2

3W in a different way.
Although the classes (4.11) and (4.12) are defined in an abstract way in the vari-

ational sequence theory, they are closely related to the variational theory on Grass-
mann fibrations (cf. Sect. 5). This is the motivation for the terminology, we now
introduce.

Let (V,ψ), ψ = (yK), be a fixed chart on Y . Consider a 1-form ρ ∈ Ω̃1
1W , ex-

pressed in the contact basis by η = AdwL+Bσ ωσ +Cσ dwσ
1 , and define a Lagrange

function LL : Ṽ 2,L→ R by

(4.26) LL = A+Cσ wσ
2 .

The corresponding Euler-Lagrange expressions Eσ (LL) : Ṽ 3,L→R are of the form

(4.27) Eσ (LL) =
∂LL

∂wσ
− d

dwL
∂LL

∂wσ
1
+

d2

d(wL)2
∂LL

∂wσ
2
.

Then by Theorem 4.5 we have [η ] = LL dwL.
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Let a 1-form η ∈ Ω̃r
1W be expressed in the contact basis by AdwL+∑

r−1
l=0 Bl

σ ωσ
l +

Cσ dwσ
r . We define a Lagrange function for η , LL : Ṽ r+1,L→ R, by

(4.28) LL = A+Cσ wσ
r+1,

and the corresponding Euler-Lagrange expressions Eσ (LL) : Ṽ 2r+1,L → R are of
the form

(4.29) Eσ (LL) =
∂LL

∂wσ
+

r

∑
l=1

(−1)l dl

d(wL)l
∂LL

∂wσ
l
.

Let η ∈ Ω̃1
2W be a 2-form, expressed in the contact basis by

η = Aσ ω
σ ∧dwL +Bσ dwσ

1 ∧dwL

+
1
2

Cσνω
σ ∧ω

ν +Dν ,σ dwν
1 ∧ω

σ +
1
2

Dσνdwσ
1 ∧dwν

1 ,

and we set

(4.30) εσ = Aσ −Dν ,σ wν
2 −

d
dwL (Bσ +Dσνwν

2 ) ,

the class of η (cf. Theorem 4.5, (4.12)). Then the Helmholtz expressions, defined
by εσ , are given by

H 3
σν(εκ) =

∂εσ

∂wν
3
+

∂εν

∂wσ
3
,

H 2
σν(εκ) =

∂εσ

∂wν
2
− ∂εν

∂wσ
2
− 3

2
d

dwL

(
∂εσ

∂wν
3
− ∂εν

∂wσ
3

)
,

H 1
σν(εκ) =

1
2

(
∂εσ

∂wν
1
+

∂εν

∂wσ
1
− d

dwL

(
∂εσ

∂wν
2
+

∂εν

∂wσ
2

))
,

H 0
σν(εκ) =

∂εσ

∂wν
− ∂εν

∂wσ
− 1

2
d

dwL

(
∂εσ

∂wν
1
− ∂εν

∂wσ
1
− 1

2
d2

d(wL)2

(
∂εσ

∂wν
3
− ∂εν

∂wσ
3

))
.

(4.31)

Let η ∈ Ω̃r
2W be a 2-form, expressed in the contact basis by

η =
r−1

∑
l=0

Al
σ ω

σ
l ∧dwL +Bνdwν

r ∧dwL +
1
2

r−1

∑
l=0

Cl
σ1σ2

ω
σ1
l ∧ω

σ2
l

+
r−1

∑
l=1

l−1

∑
s=0

Cl,s
ν ,σ ω

ν
l ∧ω

σ
s +

r−1

∑
l=0

Dl
ν ,σ dwν

r ∧ω
σ
l +

1
2

Dν1ν2dwν1
r ∧dwν2

r .

and we set
(4.32)

εσ =
r−1

∑
l=0

(−1)l dl

d(wL)l

(
Al

σ −Dl
ν ,σ wν

r+1

)
+(−1)r dr

d(wL)r

(
Bσ −Dνσ wν

r+1
)
,
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the class of η (cf. Theorem 4.7, (4.22)). Then for r = 2 the Helmholtz expressions,
defined by εσ , are given by

H 5
σν(εκ) =

∂εσ

∂wν
5
+

∂εν

∂wσ
5
,

H 4
σν(εκ) =

∂εσ

∂wν
4
− ∂εν

∂wσ
4
− 5

2
d

dwL

(
∂εσ

∂wν
5
− ∂εν

∂wσ
5

)
,

H 3
σν(εκ) =

1
2

(
∂εσ

∂wν
3
+

∂εν

∂wσ
3
−2

d
dwL

(
∂εσ

∂wν
4
+

∂εν

∂wσ
4

))
,

H 2
σν(εκ) =

∂εσ

∂wν
2
− ∂εν

∂wσ
2
− 3

2
d

dwL

(
∂εσ

∂wν
3
− ∂εν

∂wσ
3

)
+

5
2

d3

d(wL)3

(
∂εσ

∂wν
5
− ∂εν

∂wσ
5

)
,

H 1
σν(εκ) =

1
2

(
∂εσ

∂wν
1
+

∂εν

∂wσ
1
− d

dwL

(
∂εσ

∂wν
2
+

∂εν

∂wσ
2

)
+

d3

d(wL)3

(
∂εσ

∂wν
4
− ∂εν

∂wσ
4

))
,

H 0
σν(εκ) =

∂εσ

∂wν
− ∂εν

∂wσ
− 1

2
d

dwL

(
∂εσ

∂wν
1
− ∂εν

∂wσ
1

)
+

1
4

d3

d(wL)3

(
∂εσ

∂wν
3
− ∂εν

∂wσ
3

)
− 1

2
d5

d(wL)5

(
∂εσ

∂wν
5
− ∂εν

∂wσ
5

)

(4.33)

One can see that Euler-Lagrange expressions (4.27) and (4.29) and Helmholtz
expressions (4.31) and (4.33) coincide with the coefficients of classes (4.16), (4.23),
(4.17) and (4.24), respectively. The following result is important for applications.

Theorem 4.9. Let (V,ψ), ψ = (yK), be a chart on Y , let (Ṽ 1,L, χ̃1,L), χ̃1,L =
(wL,wσ ,wσ

1 ,w
σ
2 , . . . ,w

σ
r ), be an associated chart on W̃ r ⊂ GrY .

(a) Let η ∈ Ω̃r
1W be expressed in the contact basis by AdwL + ∑

r−1
l=0 Bl

σ ωσ
l +

Cσ dwσ
r . Then

E([η ]) = Eσ ([dη ])ω
σ ∧dwL,

where

Eσ ([dη ]) = Eσ (LL),

and LL is defined by (4.28), resp. (4.26) for r = 1.
(b) Let η ∈ Ω̃1

2W be expressed in the contact basis by

η = Aσ ω
σ ∧dwL +Bσ dwσ

1 ∧dwL

+
1
2

Cσνω
σ ∧ω

ν +Dν ,σ dwν
1 ∧ω

σ +
1
2

Dσνdwσ
1 ∧dwν

1 .

Then

E([η ]) =
1
2

Eσν([dη ])ω
σ ∧ω

ν ∧dwL +Fν ,σ ([dη ])ω
ν
1 ∧ω

σ ∧dwL

+
1
2

Fνσ ([dη ])ω
ν
2 ∧ω

σ ∧dwL,
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where

Eνσ ([dη ]) = H 0
σν(εκ), Fν ,σ ([dη ]) = H 1

σν(εκ),

Fνσ ([dη ]) = H 2
σν(εκ), H 3

σν(εκ) = 0,

are the Helmholtz expressions (4.31) and εκ is defined by (4.30).
(c) Let η ∈ Ω̃2

2W be expressed in the contact basis by

η = Aσ ω
σ ∧dwL +A1

νω
ν
1 ∧dwL +Bνdwν

2 ∧dwL

+
1
2

Cσ1σ2ω
σ1 ∧ω

σ2 +
1
2

C1
ν1ν2

ω
ν1
1 ∧ω

ν2
1 +C1

ν ,σ ω
ν
1 ∧ω

σ

+Dν ,σ dwν
2 ∧ω

σ +D1
ν ,σ dwν

2 ∧ω
σ
1 +

1
2

Dν1ν2dwν1
2 ∧dwν2

2 .

Then

E([η ]) =
1
2

Eνσ ([dη ])ω
ν ∧ω

σ ∧dwL

+Fν ,σ ([dη ])ω
ν
1 ∧ω

σ ∧dwL +
1
2

Fνσ ([dη ])ω
ν
2 ∧ω

σ ∧dwL

+Gν ,σ ([dη ])ω
ν
3 ∧ω

σ ∧dwL +
1
2

Gνσ ([dη ])ω
ν
4 ∧ω

σ ∧dwL,

where

Eνσ ([dη ]) = H 0
σν(εκ), Fν ,σ ([dη ]) = H 1

σν(εκ), Fνσ ([dη ]) = H 2
σν(εκ),

Gν ,σ ([dη ]) = H 3
σν(εκ), Gνσ ([dη ]) = H 4

σν(εκ), H 5
σν(εκ) = 0,

are the Helmholtz expressions (4.33) and εκ is defined by (4.32).

Proof. The proof follows from Theorems 4.6, 4.8 and is routine. �

The following theorem describes the transformation properties of coefficients of
quotient mappings in first order variational sequence.

Theorem 4.10. Let (Ṽ 1,L, χ̃1,L) and (Ũ1,M, φ̃ 1,M) be associated charts on W̃ 1 such
that Ṽ 1,L∩Ũ1,M 6= /0, where χ̃1,L = (wL,wσ ,wσ

1 ), φ̃ 1,M = (w̄M, w̄ν , w̄ν
1 ).

(a) If η ∈ Ω̃1
1W, and its class [η ] ∈ Ω̃2

1W/Θ̃2
1W is expressed by [η ] = L dwL =

L̄ dw̄M, then

L =L̄
dw̄M

dwL .

(b) If η ∈ Ω̃1
2W, and if [η ] ∈ Ω̃3

2W/Θ̃3
2W is expressed by

[η ] = Eσ ([η ])ω
σ ∧dwL = Ēν([ρ]) ω̄

ν ∧dw̄M,

then

Eσ ([η ]) =
m+1

∑
ν=1
ν 6=M

Ēν([η ])

(
∂ w̄ν

∂wσ
− w̄ν

1
∂ w̄M

∂wσ

)
dw̄M

dwL .

Proof. Both results (a), (b) are immediate consequences of coordinate transforma-
tions on G1Y . �
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Remark 13. Theorem 4.10 shows that in the Grassmann fibrations the transforma-
tion properties of local expressions for classes are completely different as in the
fibred case. In particular, the Euler-Lagrange class and the Helmholtz class can-
not be described by a differential form on some suitable higher order Grassmann
fibration.
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5. APPLICATIONS: THE CALCULUS OF VARIATIONS

5.1. Variational functionals. Suppose we have a 1-form η on ImmT 1Y . Let I be
an open interval, and let γ : I→ Y be an immersion. Any compact subinterval K of
I defines the variational integral, associated with η ,

(5.1) ηK(γ) =
∫

K
(T 1

γ)∗η .

Lemma 5.1. Let γ : I→ Y be an immersion, J an open interval, and µ : J→ I an
isomorphism. The following conditions are equivalent:

(a) For any two compact intervals L⊂ J and K ⊂ I such that µ(L) = K,

ηK(γ) = ηL(γ ◦µ).

(b) η satisfies

(5.2) (T 1
γ)∗η = (µ−1)∗T 1(γ ◦µ)∗η .

Proof. We show that (a) implies (b). We transform the variational integral ηL(γ ◦µ)
by means of the change of variables formula. We have

ηL(γ ◦µ) =
∫

K
(µ−1)∗(T 1(γ ◦µ))∗η .

If ηK(γ) = ηL(γ ◦µ), then∫
K
(T 1

γ)∗η =
∫

K
(µ−1)∗(T 1(γ ◦µ))∗η .

Since this equality is satisfied for all K, we have the condition (5.2).
The converse is obvious. �

Condition (5.2), called the invariance condition, expresses independence of the
variational integral (5.1) on parametrization. We say that the 1-form η and the
immersion γ satisfy the invariance condition, if condition (5.2) holds for all diffeo-
morphisms µ .

Let ΨJ1
0 α

denote the diffeomorphism J1
0 ζ → J1

0 ζ ◦ J1
0 α of T 1Y .

Lemma 5.2. Let γ : I→ Y be an immersion. The following conditions are equiva-
lent:

(a) η satisfies the invariance condition for all diffeomorphisms µ : J→ I.
(b) For all J1

0 α ∈ L1

T 1
γ
∗
η = T 1

γ
∗
ΨJ1

0 α

∗
η .

Proof. This is just a restatement of Lemma 5.1. �

If the invariance condition is satisfied, we denote

(5.3) Ω = γ(K).

Then the number ηK(γ) depends only on the segment Ω, and we sometimes denote

ηK(Ω) =
∫

K
(T 1

γ)∗η .
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For every compact interval K ⊂ I the variational integral (5.1) defines the varia-
tional functional, associated with η ,

(5.4) C2
KY 3 γ → ηK(γ) =

∫
K
(T 1

γ)∗η ∈ R,

where C2
KY is the set of immersions γ : K→ Y of class C2.

As before, let W be an open set in Y , and let γ : I→ Y be an immersion. By the
Grassmann prolongation of γ of order r we mean the curve [T rγ] in the Grassmann
fibration GrY , defined by

[T r
γ](t) = T r

γ(t).

Let η be expressed in a chart (V,ψ), ψ = (yK), by

η = ALdwL +Aσ ω
σ +BLdẇL +Bσ dwσ

1 ,

and let γ : I→Y be an immersion of an open interval I⊂R into Y such that γ(I)⊂V
and T 1γ(I)⊂V 1,L for some index L. One can easily determine the chart expression
for the 1-form T 1γ∗η . We get

T 1
γ
∗
η =

(
(AL ◦T 1

γ)+(BL ◦T 1
γ)

D2(wLγ)

D(wLγ)

+(Bσ ◦T 1
γ)

D2(wσ γ)D(wLγ)−D(wσ γ)D2(wLγ)

D(wLγ)3

)
dwL.

Introducing the Lagrange function LL by

LL = AL +Bσ wσ
2 +BL

ẅL

ẇL ,

we can also write

(5.5) T 1
γ
∗
η = (LL ◦T 2

γ)dwL.

Lemma 5.3. η satisfies the invariance condition if and only if

BL = 0, AL = AL(wL,wσ ,wσ
1 ), Bσ = Bσ (wL,wσ ,wσ

1 ).

If η satisfies the invariance condition, then η is projectable onto G1Y ; the varia-
tional integral (5.4) depends only on the Grassmann prolongation [T 1γ]. Denoting
the projection of η by the same letter, we can write

(5.6) ηK(Ω) =
∫

K
[T 1

γ]∗η .

From now on we suppose that the 1-form η satisfies the invariance condition. In
this case

(5.7) LL = AL +Bσ wσ
2 ,

where AL = AL(wL,wσ ,wσ
1 ), Bσ = Bσ (wL,wσ ,wσ

1 ). The integral (5.6) can be writ-
ten as

(5.8) ηK(Ω) =
∫

K
(LL ◦T 2

γ)dwL.

Formula (5.7) shows that LL coincides with the class of η in the variational se-
quence (Theorem 4.5, (a)).
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5.2. The Euler-Lagrange equations. Let η be a 1-form, satisfying the invariance
condition (5.2), and let LL (5.7) be the corresponding Lagrange function. In this
case we can regard the functions wL,wσ ,wσ

1 ,w
σ
2 as coordinates on G2Y (previously

denoted by w̃L, w̃σ , w̃σ
1 , w̃

σ
2 ). From (5.8) it now follows that the extremals of the

variational functional ηK are determined by the Euler-Lagrange expressions

(5.9) Eσ (LL) =
∂LL

∂wσ
− d

dwL
∂LL

∂wσ
1
+

d2

d(wL)2
∂LL

wσ
2

.

Note that the 1st order form η defines a 2nd order Lagrangian and, from (5.7), 3rd
order Euler-Lagrange expressions (5.9). Thus, the extremals satisfy the system of
the 3rd order differential equations Eσ (LL)◦T 3γ = 0 for a curve γ .

The Euler-Lagrange expressions define a 2-form on V 3,L,

(5.10) E = Eσ (LL)ω
σ ∧dwL.

In the variational problems on fibred manifolds, (5.10) is a global 2-form on the
corresponding jet space. On the Grassmann fibration G2Y , the expressions Eσ (LL)
do not define a global 2-form; instead, we have a class as expressed in the variational
sequence theory in Sect. 4.4.

In particular, this observation illustrates the differences in the geometric struc-
tures of variational principles on fibred manifolds and Grassmann fibrations.

5.3. The Helmholtz equations. We are now interested in the variationality of the
expressions

(5.11) εσ = εσ (wL,wν ,wν
1 ,w

ν
2 ,w

ν
3 ).

The basic local theory is well known. It was discovered by direct calculation that
the system of functions εσ is variational if and only if the Helmholtz expressions
(4.31) vanish identically,

∂εσ

∂wν
3
+

∂εν

∂wσ
3
= 0,

∂εσ

∂wν
2
− ∂εν

∂wσ
2
− 3

2
d

dwL

(
∂εσ

∂wν
3
− ∂εν

∂wσ
3

)
= 0,

∂εσ

∂wν
1
+

∂εν

∂wσ
1
− d

dwL

(
∂εσ

∂wν
2
+

∂εν

∂wσ
2

)
= 0,

∂εσ

∂wν
− ∂εν

∂wσ
− 1

2
d

dwL

(
∂εσ

∂wν
1
− ∂εν

∂wσ
1
− 1

2
d2

d(wL)2

(
∂εσ

∂wν
3
− ∂εν

∂wσ
3

))
= 0.

(5.12)

Originally, these expressions were discovered for functions εσ of the form εσ =
εσ (t,qν , q̇ν , q̈ν) by Helmholtz.

In this work we derived (5.12) from the variational sequence theory, and we gen-
eralized the results to second order variational sequence. In particular, the observa-
tion that the mapping assigning to the expressions εσ (5.11) the Helmholtz expres-
sions (5.12) is a part of the variational sequence (see Sect. 4.3, (4.7), and Sect. 4.4,
Theorem 4.9, (b), and higher order analogues), allows us to discuss the concept of
global variationality by the same way as in the fibred case (Krupka [27]).
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The variational sequence theory allows us to assign to an arbitrary 2-form ρ de-
fined on ImmT 1Y its class [ρ] in the quotient Ω1

2/Θ1
2. The factorization defines an

expression for [ρ] explicitly. If ρ is of the form dη for some 1-form η on ImmT 1Y ,
whose class is [η ] = LLdwL, then the class [dρ] is uniquely determined by the
functions (5.12). For the second order, compare with (4.33).

Thus, the variationality problem for differential equations on Grassmann fibra-
tions is locally described in adapted formulas similarly as in the fibred case. Differ-
ences arise in the structure of classes, see Remark 13.

The existence of the interpretation of the Helmholtz mapping as one arrow of an
exact sequence allows us to understand differences between local and global aspects
of the inverse variational problem for submanifolds; the differences are character-
ized by the cohomology of the manifold GrY .
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