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Chapter 1

Introduction

An idea of a regression analysis was used by Francis Galton1
Regression
analysis: for the first time in the 19th century. He studied the dependence

of average heights between parents and their sons. Since that
time the concept of regression analysis has become very popular and a useful
tool for mathematical statistics. Standard methods have been improved and new
computational approaches for regression analysis have been proposed.

Regression analysis is usually posed in statistics as an optimization problem
where we are attempting to find a solution to some problem while the error is
at a minimum. The aim of regression analysis is to estimate the conditional ex-
pectation of a random variable Y given X = (X1, . . . XJ) on the basis of a random
sample {(Xi, Yi), i = 1, . . . N}. The components of X are called the predictor
variables and the random variable Y is called the response. The dependence be-
tween variables is usually described by the given regression function. We can take
many different assumptions on modelling of dependence between the variable X
and Y . On the other hand sometimes only minimum conditions are necessary
to get an ideal approximation of exploring dependence. With respect to different
assumptions we take on a regression function we distinguish different approaches
to the problem solution.

Let (X, Y ) be a pair of random variables, each ranging over some space, and
let f be an unknown regression function that depends on a joint distribution of
variables X and Y . Suppose that the joint distribution of the variables X and Y
is also unknown and consider a problem of estimating the regression function

f(x) = E
[
Y |X = x

]
, (1.1)

based on a random sample {(Xi, Yi), i = 1, . . . , N} from the joint distribution.
According to assumptions we take on the function f , we choose an estimation
technique which will be used to estimate the regression function f .

1Francis Galton (1822-1911) was an English explorer and anthropologist. He was the first
who used a notion “regression”. He is therefore considered as a pioneer of statistical correlation
and regression.
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Additive Regression Models

In general we distinguish between parametric and nonparametric approaches:

• Parametric regression estimates:
The parametric approach starts with an assumption of an a priori model

for the function f that contains only finite number of unknown parameters.
Those parameters are estimated and their estimates define the estimate
of the regression function f (e.g. maximum likelihood, likelihood ratio,
least squares method, minimum variance estimation and others).

• Nonparametric regression estimates:
At the opposite site of the parametric approach nonparametric methods

take the function f as an unrestricted function. Sometimes f is a sub-
ject to some smoothness assumptions. The estimate of f is driven directly
from the data points and do not depends on parameters in global character.

In this thesis I will focus on nonparametric estimation techniques2, especially
the thesis highlights the different spline estimates in univariate and multivariate
regression estimation problem.

Let (X, Y ) be a pair of random variables such that X =Problem
formulation: (X1, . . . , XJ). Suppose that Xj ∈ [0, 1], for 1 ≤ j ≤ J and let

Y is a real valued variable with mean µ = EY , and a finite
second moment EY 2 < ∞. Suppose also that the distribution of the variables X
and Y is unknown.

Let f be the regression function of Y on X, so that f(x) = E
[

Y |X = x
]

for x ∈ C where C := [0, 1]J . Let µ = EY = Ef(X). Suppose from now on that
f is an additive function which means f can be written in a form

f(x1, . . . , xJ) = µ +
J∑

j=1

fj(xj), (1.2)

where Efj(Xj) = 0, for 1 ≤ j ≤ J . We assume that f is a smooth function
with smooth derivatives up to some degree and f is bounded on C. Functions fj

for 1 ≤ j ≤ J are called functional components. Under the specific conditions3

the functional components fj are uniquely determined up to sets of measure
zero and there is at most one continuous version of each such function. Even if
the regression function f is not genuinely additive, an additive approximation to
f may be sufficiently accurate. It will be shown that such additive function is an

2Nonparametric regression approaches are briefly mentioned in the next chapter.
3Conditions which are required to hold the statements will be mentioned in later chapters.
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Introduction

adequate approximation of the real regression function. Let f ∗j for 1 ≤ j ≤ J ,
be chosen subject to the constraints Ef ∗j (Xj) = 0 for 1 ≤ j ≤ J to minimize
E[f ∗(X)− f(X)]2, where function f ∗ is written as an additive combination

f ∗(x1, . . . , xJ) = µ +
J∑

j=1

f ∗j (xj). (1.3)

The functional components f ∗j are also uniquely determined up to sets of measure
zero under the same conditions as in (1.2). In a case that function f is a genuinely
additive then of course f ∗ = f .

Let (X1, Y1), (X2, Y2), (X3, Y3), . . . , (XN , YN) denote an in-Splines
estimates: dependent random sample where each pair (Xi, Yi), i = 1, . . . , N

from this sample has the same distribution as (X, Y ). Let Xi

denotes a J-dimensional random vector (Xi1, . . . , XiJ).

We will consider different additive spline estimates f̂N of the regression func-
tion f or f ∗ respectively, which are based on the random sample (X1, Y1), (X2, Y2),

(X3, Y3), . . . , (XN , YN). Spline estimates f̂N of the true underlying regression
function f or its approximation f ∗ are thought as nonparametric techniques.
Therefore we will discuss nonparametric regression models. Although, splines
are an evolution of classical parametric interference indeed and they bridge the
gap between parametric and nonparametric estimation methods. A variety of
nonparametric regression models will be discussed in relation to three aspects. It
is the flexibility, the dimensionality, and the interpretability of a regression model.

• Flexibility:
It is an ability of the model to provide accurate fits in a wide variety of sit-
uations. Inaccuracy here leading to bias in estimation. The nonparametric
regression methods try to provide a flexible model which could be useful
for many situations. Too many assumptions decrease the model flexibility.

• Dimensionality:
It can be thought of in terms of the variance in estimation. Problems
occur in high dimensions. It is known as the curse of dimensional-
ity4. It means that the amount of data required to avoid an unacceptably
large variance increases rapidly with increasing dimensionality. Therefore,
there is an inevitable trade-off needed between flexibility and dimensional-
ity. In practice it is known as Bias-Variance trade-off.

4The curse of dimensionality problem will be closely discussed in chapter 4. The problem
of Bias-Variance trade off will be also briefly mentioned there.
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Additive Regression Models

• Interpretability:
Interpretability is an ability to simply explain the dependence of the variable
Y on variables X given by the regression model. Usually we try to achieve
easy interpretable models. However, it depends on the model dimensional-
ity, on the form of a regression function and many other aspects. In real
regression problem it is especially easy to interpret low dimensional5 models
(number of dimensions up to two - easy graphical interpretation) or models
with a simple functional form (e.g. additive models).

It is necessary to know what kind of model do we want to fit. Sometimes there
is not enough data to fit high-dimensional models so lower-dimensional models
are automatically taking in advance. Sometimes even if there is enough data to fit
a high-dimensional model and if the presence of interactions6 is even detected,
lower-dimensional models may be preferable because of greater interpretability.
It is an important objective to chose the right model to achieve an optimal flexi-
bility and an ideal trade-off between bias and variance. Optimal selection criteria
will be mention later as well.

In the next chapter a brief overview on nonparametric regression problem will
be given. A complex view on splines in statistics and different methods used to fit
regression models will be given in chapter 3. Chapter 4 focuses on some prob-
lems arising from multivariate regression (curse of dimensionality, bias-variance
trade-off). Generalization of spline estimation methods into more dimensions is
formulated in chapter 5. For additive spline estimates it will be shown (chapter
6) that under some smoothness assumptions on functional components fj, for
1 ≤ j ≤ J , these estimates achieve the same rate of convergence for a general
J as they do for J = 1. Such estimates are consistent. In chapters 7 and 8
the model selection criteria are discussed. The right positions of knots used to fit
a model (chapter 7) and the optimal choice of smoothing parameter (chapter
8). More sophisticated regression strategies as Projection Pursuit Regression and
Multivariate Adaptive Regression Splines algorithm are gone through in chapters
9 and 10.

This diploma thesis draws especially from the articles of Charles J. Stone
(Stone [23] and Stone [24]) which highlight the optimal rate of convergence
for nonparametric regression models.

5It is convenient to think of an arbitrary function of d real variables as being
”d-dimensional.” Consider a nonparametric model in which function f is defined explicitly
in terms of other functions (e.g. f1, . . . , fJ), at least one of which is d-dimensional (another
functions are lower dimensional). Such a model will also be thought of as being d-dimensional.
More dimensional function can be thought as an interaction between variables.

6Once we include interactions into the model we necessarily increase the model dimension-
ality which makes worse the interpretability.

Diploma Thesis 4



Chapter 2

Nonparametric Regression

The most common regression model used in parametric approach in statistics
is to fit a simple parametric function defined by a set of parameters which are
usually estimated by the least-squares method. The estimate of a regression
function f takes a form

f̂(x) = g
(
x | {π̂t}T

t=1

)
, (2.1)

where parameters {π̂t}T
t=1 are real valued and are given by the following equation

{π̂t}T
t=1 = arg min

{πt}T
t=1

N∑
i=1

[
yi − g

(
xi | {πt}T

t=1

)]2
. (2.2)

Such parametric regression model has only a limited flexibility and is likely
to produce an accurate approximation only if the form of the true underlying
regression function f(x) is close to the prespecified parametric form1 (2.1).

To overcome such limitation of the flexibility in parametric regression we try
to employ nonparametric strategies. These methods are nonparametric in global
character but can be parametric in local character which means that the behav-
ior of a function can be determined by sets of parameters in small subregions.
The object of nonparametric regression is to estimate the regression function f
directly, rather than to estimate single parameters. Unlike parametric regression
the regression function which is estimated by nonparametric approaches can be
totally unrestricted (sometimes we need some smoothness assumption). Most
methods of nonparametric regression implicitly assume that the regression func-
tion f is a smooth, continuous function2. The final shape of the regression surface
is determined by data-driven techniques used to fit the model. There are three
related paradigms used in nonparametric regression - piecewise and local paramet-

1A limitation is generally given by a set of parameters which define the general form
of the function estimate. The advantage is that parametric models are easy to interpret.

2Continuity conditions can be also imposed on low order derivatives of a regression function.
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ric methods and roughness penalty methods. Statistical methods used in non-
parametric regression analysis are based on those three paradigms. The idea
of a piecewise parametric fitting is to approximate the function f by several
simple parametric functions (usually polynomials) where each one is defined over
a different subregion of the domain. The roughness penalty methods are used
to control the trade-off between bias and variance of the estimate.

Let (X, Y ) be a pair of random variables such that X =Nonparametric
models: (X1, . . . , XJ) and Y is a real valued variable. Let (X1, Y1),

(X2, Y2) . . . (XN , YN), N > 0 be independent pairs of random
variables each having the same distribution as (X, Y ). The general nonparametric
regression model is written in a similar manner as the parametric model

Yi = f(X1, X2, . . . , XJ) + εi, i = 1, 2, . . . , N, (2.3)

where the random error εi is an independent random value with a distribution
N(0, σ2), 0 < σ ≤ B ∈ R and the function f is let unspecified. The aim of the non-
parametric regression is to give a function f̂ which is a reasonable approximation
of the true underlying function f .

To measure a rationality of the approximation we define a lack of accuracy3

as the integral error (2.4) or the expected error (2.5)

I(f, f̂) =

∫
w(x)ρ(f(x), f̂(x))dx, (2.4)

E(f, f̂) =
1

N

N∑
i=1

w(xi)ρ(f(xi), f̂(xi)), (2.5)

where ρ(., .) is a measure of distance (euclidean, maximum) and w(x) is an op-
tional weight function. The integral error characterizes the average accuracy
over the entire domain whereas the expected error reflects average accuracy only
on the design points. There are many different methods4 for nonparametric re-
gression (Kernel estimation, M-smoothers, spline estimates, etc.) which often use
different types of simple, local models in different sections of the data to build up
an overall model of the data. This makes nonparametric regression a good al-
ternative to nonlinear regression for modelling situations in which a theoretical
model is not known, or is difficult to fit. Nonparametric regression models can
generally be used for the same types of applications, estimation, prediction, cali-
bration, and optimization, that traditional regression models are used for.

3The idea of using the Lack of Accuracy as defined above to measure the rationality of the fi-
nal fit was proposed J.H. Friedman in [13].

4I will discuss spline estimation techniques and some adaptive methods related to splines.
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Chapter 3

Splines in Statistics

3.1 Classical Spline Theory

Spline1 approximation techniques are probably the most successful approxima-
tion methods for practical applications so far discovered. They have found a great
use as approximating functions in mathematics and statistics especially because
of some of their excellent properties. In the most general setting a mathematical
spline can be thought as the solution to a constrained optimization problem.

Definition 1 (Piecewise polynomial spline)

A simple spline function is defined as a piecewise polynomial of nth

degree, where n ∈ N. The single pieces join in the points, so called
knots and they fulfill continuity conditions for the function itself and
the first n− 1 derivatives. Thus a spline function of degree n is
a continuous function with n− 1 continuous derivatives.

While splines are not parametric in functional form, in most cases they may be
written as a linear combination of basis functions that usually have a polynomial
representation. Locally they are defined by parameters. Thus there is certainly
a parametric flavor. However, the set of admissible functions that may be splines
has the cardinality of RR so there is an extremely rich class of all admissible
functions. This is the reason why they are treated as “overparametric” or non-
parametric estimates techniques. A feature of being piecewise polynomial causes
that splines behavior in one region may be totally unrelated to their behavior
in another region. Polynomials and most other functions have just the opposite
property. Their behavior in a small region determines their behavior everywhere

1The original mechanical spline was a thin, flexible piece of wood (used by draftsmen) curved
to desired shape and tacked down at selected points. Using of splines in regression analysis was
presented in works of different authors (Svante Wold [26], Edward Wegman and Ian Wright
[25], Patricia L. Smith [20] and R. L. Eubank [11]).
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Additive Regression Models

else. Another advantage of spline functions as piecewise polynomials with con-
tinuity conditions is that they can represent any variation of variable y with x
arbitrarily well over wide intervals of a variable x. Furthermore, due to the local
properties of the spline function, they are excellent tools for differentiation and
integration of empirical data. Since the splines are everywhere represented by sim-
ple polynomials, they are computationally easy to handle and their integrals and
derivatives are also spline function of degree higher or lower respectively.

Probably the most common choice of the spline order n and also the recom-
mended choice by different authors (S. Wold [26], E. Wegman and I. Wright [25])
is n = 3. Splines of 3rd degree represent nice and smooth curves in the physical
world2. The same feature is satisfied for any n ≥ 3 but then it is much more
difficult to handle the problem. Anyway, splines of degree n = 3 are computa-
tionally simple and they have sufficient flexibility for most purposes.

All those properties make spline functions excellent for use in mathematical
statistics and curve fitting problem. They are used to interpolate a curve through
specific points in a plane (interpolation splines) or to fit a smooth curve through
the data with random components (smoothing splines). Interpolation splines will
be briefly mentioned in the next section however, they are not so used in statistics
because they can not work with noisy data. Smoothing splines will be discussed
in various modifications.

3.2 Interpolation Splines in Statistics

The simplest task regarding to splines is to interpolate data in a plane.
The interpolation problem3 means to fit a smooth curve though specific points
in the plane (e.g. to fit a curve through the points {(xi, yi), i = 1, . . . N}).
Piecewise polynomials (all of degree n) joint in the points called knots obeying
the continuity conditions for the function itself and its first n − 1 derivatives.
To interpolate a curve through the points {(xi, yi), i = 1, . . . N} a mesh ∆ =
{ξi; 1 ≤ i ≤ K; x1 = ξ1 < ξ2 < · · · < ξK = xN} has to be chosen. Points ξi for
i ≤ i ≤ K are knots. For computational reasons the knots usually correspond
to the original points {xi, i = 1, . . . N}. The most frequently used splines are cubic
splines (n = 3). Such interpolation curve is smooth and it obeys the continuity
conditions also for the first and the second derivative.

2The cubic spline (n = 3) is a nice and smooth curve in a physical world because the human
eye is skilled at picking up second and lower order discontinuities, but not higher. So it seems
to be nice and smooth for human.

3I will focus on the one dimensional problem regarding splines estimation problem.
Multivariate problems will be discussed later for smoothing splines.

Diploma Thesis 8



Splines in Statistics

Let the mesh ∆ coincides with {xi, i = 1, . . . N} and suppose that si(x) is
a polynomial interpolation of (xi, yi) and (xi+1, yi+1) defined as:

si(x) = ai(x− xi)
3 + bi(x− xi)

2 + ci(x− xi) + di, x ∈ (xi, xi+1],

where coefficients ai, bi, ci, di, for i = 1, . . . , N − 1, are specified for each interval
(xi, xi+1] separately. Then the whole interpolating spline s∆(x) of 3rd degree
with the mesh ∆ can be written as

s∆(x) =
N−1∑
i=1

I{x∈(xi,xi+1]}
[
ai(x− xi)

3 + bi(x− xi)
2 + ci(x− xi) + di

]
. (3.1)

Coefficients ai, bi, ci, di can be easily computed by simple system of linear
equations. Let hi = xi+1 − xi for i = 1, . . . , N − 1 and define Mi as the second
derivative of s∆(x), where Mi = s′′∆(xi), for i = 1, . . . , N .
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or

m
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,1
)

Figure 3.1: Interpolating spline of 3rd de-
gree with the mesh ∆ = {xi, i = 1, . . . N}

By taking various derivatives of the in-
terpolating spline and evaluating them
at the knot points (Mi values), coeffi-
cients can be expressed as

bi =
Mi

2
,

ai =
(Mi+1 −Mi)

6hi

,

ci =
(yi+1 − yi)

hi

− 2(hiMi + hiMi+1)

6
,

di = yi, i = 2, 3, . . . , n− 1.

Fitting problem reduces to find values of Mi. With a special requirement that
M0 = MN = 0 and using the continuity of the first derivative of the spline
problem can be solved by finding a solution to the following equations:

hi−1Mi−1 +
2hi−1

Mi

+ hiMi+1 = 6
(

yi+1−yi

hi
− yi−yi−1

hi−1

)
(3.2)

for i = 2, 3, . . . , N − 1. It can be solved by Gaussian elimination for example.
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3.3 Smoothing Splines in Statistics

Interpolating splines as mentioned before were predicated on nonnoisy data.
Therefore it was desirable to create a new type of splines (called smoothing
splines) that could pass near in some sense to the data but not be constrained
to interpolate exactly. Smoothing splines represent an important alternative
to kernel regression. It was even shown that in a certain sense, spline smoothing
corresponds approximately to smoothing by a kernel method with bandwidth
depending on the local density of design points (B. W. Silverman [19]). Unfor-
tunately, smoothing splines do not generally admit closed forms that make them
easy to present or interpret.
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Figure 3.2: Smoothing spline of 3rd degree
with 10 equidistant knots and the smoothing
parameter λ = 0.06. (same data as in fig. 3.1)

There are two different approaches to
spline fitting methods corresponding
to different points of view in dealing
with the “noise” in the data.

The most frequently used method
is parallel to the least squares curve-
fitting procedure by minimizing a cri-
terion that depends on a least-squares-
like term plus a term penalizing rough-
ness. This method is called Penal-
ized Least Squares (S. Wold [26]).

In a case when we are able to set
fairly 100% confidence limit for each
data point 100 Percent Confidence
Intervals method is recommended.

3.3.1 Penalized Least Squares

It is appropriate to use the Penalized Least Squares method when error shocks
have an infinite or semi-infinite support. Suppose that the x values of the data
lie in a finite interval. Without any loss of generality, we can assume the interval
is [0,1] and that we have 0 ≤ x1 ≤ · · · ≤ xN ≤ 1. The fitted spline is then
the solution to the optimization problem

Minimize

N∑
i=1

(
f(xi)− yi

)2
+ λ

∫ 1

0

(dnf(x))2dx, (3.3)

subject to functions f ∈ Wn and a smoothing parameter λ > 0. The symbol
Wn denote the set of functions f on interval [0, 1] such that djf is absolutely
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continuous for j ≤ n − 1 and dnf is in L2. Symbol d denotes a differentiation
operator and L2 is the set of measurable square integrable functions on [0, 1].
The first term in (3.3) measures the closeness to the data while the second term
penalizes the curvature in the function. The most common smoothing splines
are cubic smoothing splines. They are solutions to the following optimization
problem:

Minimize

N∑
i=1

(
f(xi)− yi

)2
+ λ

∫ 1

0

(f ′′(x))2dx, (3.4)

subject to all functions f ∈ W3 with two continuous derivatives. The smoothing
parameter λ in (3.3) and (3.4) controls the amount of smoothing. Large values
of the parameter λ produce smoother curves while smaller values produce more
wiggly curves. At the one extreme, as λ →∞, the penalty term dominates, forc-
ing dnf(x) = 0 everywhere, and thus the solution is the least-squares line, which
removes not only the noise but also the signal. At the other extreme, as λ → 0,
the penalty term becomes unimportant and the solution tends to an interpolat-
ing n-differentiable function. The correct choice of the smoothing parameter λ
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Figure 3.3: Smoothing spline of degree n = 3 with 10 equidistant knots and the smoothing
parameter λ = 0.1 in the first case, and λ →∞ in the second case.

is a sophisticated problem. Different methods are used to estimate parameter λ.
They will be discussed in detail later.

3.3.2 100 Percent Confidence Interval

An alternative approach to fit a smooth spline is 100 Percent Confidence
Interval method. This method can be used if 100% confidence intervals can be
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set for the values yi, i = 1, . . . , N (e.g. if data are taken from a calibrated
instrument). Suppose that [ai, bi] is a 100% confidence interval for ordinate at xi,
where ai < bi. Then fitting problem reduces to

Minimize

∫ 1

0

(d nf(x))2dx, (3.5)

subject to f ∈ Wn and ai ≤ f(x) ≤ bi. The solution to this problem is a piece-
wise polynomial spline of degree 2n − 1 with knots at those data points where
the constraints are active.

3.4 Regression Splines in Statistics

Regression Splines method is quite similar to smoothing splines with penal-
ties. It can be even said that in some certain ways those two methods are even
the same (see Eubank [11]). The regression splines were progressively derived
from smoothing splines and the main difference is that regression splines are
closely related to regression model. Moreover regression splines allow for arbitrary
chosen knot points not even from the data points.

Regression splines are also piecewise polynomial of degreeNecessary
parameters: n, where single pieces join smoothly and fulfill the continuity

conditions for the function itself and the first n− 1 derivatives.
They could be thought as a generalization of smoothing splines, where we omit
the penalty term and we minimize the problem subject to basis coefficients.

1. The most important parameter is the degree of the regression spline. The
most reasonable and the most frequently used choice is n = 3 which defines
cubic regression splines.

2. Another parameters - the number of knots, where polynomial pieces joint
together satisfying the continuity conditions up to order n− 1.

3. Once the number of knots is known their exact positions have to be deter-
mined - setting a mesh ∆ = {ξi, i = 1, . . . , K}.

4. The last parameters which are required are free (basis) coefficient of the
spline function. In a case of regression splines the basis coefficient are esti-
mated.

Diploma Thesis 12
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Suppose that u+ = u if u > 0 and let u+ = 0 otherwise. Then the general
form of a polynomial spline estimate for a regression function f is following

s∆(xi) =
n∑

j=0

β0jx
j
i +

K∑

k=1

βkn(xi − ξk)
n
+. (3.6)

Spline estimate s∆ satisfies the continuity conditions up to and including
order n − 1. Coefficients β0j for j = 0, . . . , n and βkn for n = 1, . . . , K are free
coefficients and they can be determined by the ordinary least squares estimate
method. There are n + 1 + K coefficients which habe to be estimated. Function
s∆ as defined in (3.6) evidently has the required properties:

• Function s∆ is a polynomial function of degree n in any subinterval [ξk, ξk+1).

• Function s∆ has n− 1 continuous derivatives.

• Function s∆ has an nth derivative which is a step function with jumps at K
points ξ1, . . . , ξK .

The problem of estimating the regression function f is then the minimizing
problem where we compute s∆(x) based on a least squares approach

Minimize

N∑
i=1

(s∆(xi)− yi)
2, (3.7)

subject to coefficients β00, β01, . . . , β0n, β1n, β2n, . . . , βKn ∈ R, where s∆(x) is de-
fined by (3.6) and functions x0, . . . , xn, (x − ξ1)

n
+, . . . , (x − ξK)n

+ can be thought
as spline basis functions.

In regression splines there is usually no smoothing parameter available4 which
would control the amount of smoothness in a regression fit. Therefore the role
of knots positions is much more important than at smoothing splines. It is
the only way how to fairly influence the smoothness of the regression fit. The
amount of smoothness is regulated by the number and the positions of knots.

3.5 B-Splines in Statistics

Although (3.6) has a nice algebraic appeal, it is not the recommended form
for estimating the regression function based on a regression splines method. For
a real problem it is usually more convenient to define regression splines in terms
of B-splines5. Using of B-splines brings some nice properties and it is also
simpler because of computational and interpretation reasons.

4Some authors have proposed methods whose use a combination of the regression splines
method and a penalty term (so called Regression Splines with Penalties).

5The idea of using B-splines in regression curve fitting problem is mentioned in de Boor [3]
and Dierckx [8]
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3.5.1 Classical B-splines

B-splines are defined in the similar way as regression splines as piecewise
polynomials of nth degree with n − 1 continuous derivatives. They are used
to define a spline basis which is necessary to estimate the unknown regression
function. B-splines became favorite because of some of their nice properties.

• Each B-spline function consists of n + 1 polynomial pieces, where number
n is a degree of B-spline (the degree of each spline basis function).

• Single polynomial pieces join at n inner knots obeying the continuity con-
ditions.

• At the joining points (knots) all derivatives up to order n−1 are continuous.

• The B-spline function is positive on a domain spanned by n + 2 knots,
everywhere else it is zero by definition.

• B-spline is overlap by 2n another polynomials (except boundary B-splines).

• At a given x in a domain, there are n + 1 B-splines which are nonzero in x.

Let ∆ = ξ1, ξ2, . . . , ξK is a given mesh of K knots. Then the classical B-spline
estimate of nth degree is defined as a linear combination

s∆(x) =
K+n+1∑

k=1

ϑk ·Bkn(x), (3.8)

where ϑk ∈ R for k = 1, . . . , K + n + 1 and Bk,n are singe B-splines of nth degree
whose are defined by means of divided differences as

Bkn(x) = (−1)n+1 · I[x ≤ ξk] ·
k∑

t=k−n−1

(
(x− ξt)

n
+/

∏k
l=k−n−1

l 6=t
(ξt − ξl)

)
. (3.9)

We consider a mesh ∆ = {ξ1, ξ2, . . . , ξK} but in a definition of B-splines in (3.9)
we use also some additional knots. For example if we take n = 3, we need K + 8
knots. So we have to define formally 2(n + 1) additional knots. They are defined
by the next equations:

ξt =

{
ξ1 − (1− t) · (ξ1 −min x) for t ≤ 0

ξK + (t−K) · (max x− ξK) for t ≥ K + 1
(3.10)

B-splines are very attractive as base functions for nonparametric regression. It
means single B-splines are used to set up a spline basis of functions which will be
applied to estimate a regression function f . The main feature of such a basis is
that any given basis spline function Bkn(x), k = 1, . . . , K +n+1 is nonzero only
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Figure 3.4: B-spline basis of 1st degree (in the left part) over the interval [0,10] with four
equidistant inner knots and B-spline basis of 3rd degree (in the right part) over the same interval
with the same inner knots.

over a span of n + 2 distinct knots. Two different B-spline bases for the same
interval with the same number of equidistant inner knots but different degree
of spline basis are illustrated in the figure 3.4.

Let the Bkn(x), k = 1, . . . , K + n + 1 be the B-splines basis functions. Then
the problem of estimating a regression function f based on B-splines is formulated
as a following minimization problem:

Minimize

N∑
i=1

(s∆(xi)− yi)
2 (3.11)

where the spline estimate s∆(x) of a regression function f is defined as a simple
linear combination

s∆(x) =
K+n+1∑

k=1

ϑk ·Bkn(x), (3.12)

where {Bkn(x), k = 1, 2, . . . , K + n + 1} is a B-spline basis (each B-spline of nth

degree) and ϑk ∈ R for k = 1, 2, . . . , K +n+1, are the free coefficients of a linear
combination (3.12) leading to minimization of (3.11).

Hence the fitting of a spline function is a linear problem once the set of knots
is specified. I treat only equidistant set of knots but B-splines work also for any
arbitrary knots selection6.

6Once we specify non-equidistant set of knots we have to remember that all additional knots
derived from (3.10) will be equidistant.
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3.5.2 B-splines with Penalties

Consider a problem of estimating a regression function f based on B-splines
approach. Once we specify a mesh ∆ = {ξ1, ξ2, . . . , ξK}, where K is relatively
large the fitted curve will show more variation than we expect or than is justified
by the data. Similar to regression splines method there is no smoothing para-
meter λ to control the amount of smoothness. To make the fitted curve more
flexible a new method was presented by O’Sullivan [18] by including a penalizing
term in the minimizing problem (3.11). The objective function for the spline
minimizing problem with a penalty term can be formulated as

Minimize

N∑
i=1

(s∆(xi)− yi)
2 + λ ·

∫ ξK+1

ξ0

(s′′∆(x))2dx, (3.13)

subject to parameter λ and coefficients ϑk ∈ R for k = 1, 2, . . . , K + n + 1 where
s∆(x) is defined by (3.12) as a linear combination of B-spline basis functions.
The integral of the square of the second derivative of a fitted function s∆(x) in
(3.13) can be thought as smoothness penalty. There is nothing special about the
second derivative in the penalty term so in fact lower and or higher orders of
derivative may be used as well.

In (3.13) we use the second derivative of s∆(x). A simple formula for deriva-
tives of B-splines in the linear combination (3.12) was given by De Boor [3]

s′∆(x) =
K+n+1∑

k=1

ϑk ·B′
kn(x) (3.14)

where
K+n+1∑

k=1

ϑk ·B′
kn(x) =

K+n+1∑

k=1

ϑk ·B′
k n−1(x)−

K+n∑

k=1

ϑk+1 ·B′
k+1 n−1(x).

More general version of B-splines method with penalties can also be used. When
we base the penalty term on a higher order of finite differences of the coefficients
ϑk we can formulate the minimizing problem as

Minimize

N∑
i=1

(s∆(xi)− yi)
2 + λ ·

K+n+1∑

k=p+1

(∆pϑk)
2, (3.15)

subject to smoothing parameter λ and coefficients ϑk where we define ∆pϑk

in a recursive way as ∆pϑk = ∆p−1ϑk −∆p−1ϑk−1. B-splines are usually known
as P-splines7. Their the most important properties are inherited from classical
B-splines. Smoothing parameter λ is taken by model selection criteria.

7New method (B-Splines method with penalties) has been proposed by Paul H. Eilers and
Brian D. Marx [10]. B-splines with penalties are known as P-splines.
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Chapter 4

Problems Arising with
Multidimensional Data

In physical situations there usually arises a need to interpolate data using mul-
tiple predictors. In many cases the interpolated surface required for application is
two or even more dimensional. It is theoretically simple to generalize one dimen-
sional methods into multivariate approaches and to use them to fit a multivariate
data. But there is a problem to do that in real data. A common problem that
arises when fitting multivariate data is that smoothing methods are usually lim-
ited by the fact that estimating a J-variate function with no constraints on its
structure, apart from smoothness, requires data sets of impractical size for larger
values of J . To be more precise, number of required data to fit J dimensional
plane increases exponentially with increasing number of dimensions J . This prob-
lem is referred to as the curse of dimensionality.

4.1 Curse of Dimensionality

The term “curse of dimensionality” (Bellman [1], Bishop [2]) generally refers
to the difficulties involved in fitting models, estimating parameters, or optimizing
a function in many dimensions. As the dimensionality of the input data space
(i.e., the number of predictors) increases, it becomes exponentially more difficult
to find global optima for the parameter space, i.e., to fit models.

Let X,X1,X2, . . . ,XN be independent and identically distributed (i.i.d) ran-
dom variables with X uniformly distributed in the hypercube [0, 1]J . If Xi, i =
1, . . . , N take values in a high-dimensional space (it means that J >> 2) it is not
possible to densely cover the space of X (hypercube [0, 1]J) with finitely many
sample points, even if the sample size N is very large. I will illustrate this with
a simple example.
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Additive Regression Models

We will generate N random uniformly distributed variables in the hypercube
[0, 1]J for different choices of number of dimensions (J = 1, J = 2, J = 3, J =
5, J = 10, J = 20). We will observe the average minimum distance between
variables Xi, i = 1, . . . , N and the random variable X. We will take two different
norms to measure the distance between two variables.

Supremum-norm:

‖ x ‖sup = max
j=1,...,J

|xj| (4.1)

Euclidean-norm:

‖ x ‖2
euc =

∑
j=1,...,J

x2
j (4.2)

The results are shown in next tables. The size N of the random sample was
chosen from 100 observations to 100000 observations and number of dimensions
was chosen in a range from one to twenty. For each combination of N and the
dimension J a calculation was repeated 20 times. The average minimum distance
between variables X and Xi was written down into the tables:

Supremum-norm

J = 1 J = 2 J = 3 J = 5 J = 10 d = 20
n = 100 0.003838 0.054951 0.094651 0.232593 0.366015 0.571504
n = 1000 0.000506 0.015051 0.053464 0.129761 0.273968 0.440982
n = 10000 0.000044 0.004691 0.021613 0.044339 0.213186 0.402223
n = 100000 0.000006 0.001178 0.009108 0.030709 0.159703 0.353620

Euclidean-norm

J = 1 J = 2 J = 3 J = 5 J = 10 d = 20
n = 100 0.003838 0.060434 0.118966 0.328987 0.660090 1.264582
n = 1000 0.000506 0.017274 0.063800 0.191530 0.498007 1.000749
n = 10000 0.000041 0.005546 0.027003 0.060081 0.376753 0.909363
n = 100000 0.000005 0.001376 0.011672 0.052891 0.289131 0.795231

As we see in the tables when the number of dimensions is increased just a little
then the minimum distance between variables rapidly increases and problem be-
comes difficult to solve. To avoid that, an unacceptably large sample is necessary
to populate a high dimensional space.

We can even give an approximate lower bounds for the Supremum-norm and
the Euclidean-norm as well. We will show there are numbers Bsup(N, J) and
Beuc(N, J) such that

E[ min
i=1,...,N

‖ X−Xi ‖sup ] ≥ Bsup(N, J), (4.3)

Diploma Thesis 18



Problems Arising with Multidimensional Data

and
E[ min

i=1,...,N
‖ X−Xi ‖euc ] ≥ Beuc(N, J). (4.4)

At first we will show an existence of the bound Bsup(N, J).
Set Y = mini=1,...,N ‖ X−Xi ‖sup. Then the random variable Y is a non-negative
random variable so for EY we can write

EY =

∫ ∞

0

P
[

mini=1,...,N ‖ X−Xi ‖sup > t
]
dt =

=

∫ ∞

0

1− P
[

mini=1,...,N ‖ X−Xi ‖sup ≤ t
]
dt.

If we use a property of uniformly distributed random variables Xi and X we
can bound the probability

P
[

mini=1,...,N ‖ X−Xi ‖sup ≤ t
] ≤ N · P [ ‖ X−X1 ‖sup ≤ t

]
=

= N ·P [
maxj=1,...,J

∣∣Xj −X1j

∣∣ ≤ t
] ≤ N · {P [∣∣X1 −X11

∣∣ ≤ t
]}J ≤ N · (2t)J ,

where N · (2t)J ≤ 1. Therefore t ∈ [0, 1/2n1/J ] and we can express the lower
bound for expected minimum distance in supremum norm.

EY ≥
∫ 1

2N1/J

0

(1−N · (2t)J) dt =
[
t−N · 2J · tJ+1

J+1

] 1

2N1/J

t=0
=

1

2 ·N1/J
· J

1 + J

By analogy we can also express the lower bound Beuc(N, J) for the expected
average minimum distance in Euclidean norm. Set Z = mini=1,...,N ‖ X−Xi ‖euc.
Then we can write

EZ =

∫ ∞

0

P
[

mini=1,...,N ‖ X−Xi ‖euc > t
]
dt =

=

∫ ∞

0

1− P
[

mini=1,...,N ‖ X−Xi ‖euc ≤ t
]
dt.

Using the uniformly distributed variables we can bound the probability as

P
[

mini=1,...,N ‖ X−Xi ‖euc ≤ t
] ≤ N.P

[ ‖ X−X1 ‖euc ≤ t
]

=

= N · P [∑
j=1,...,J(Xj −X1j)

2 ≤ t2
] ≤ N · {P [

(X1 −X11)
2 ≤ t2

J

]}J =

= N · {P
[∣∣X1 −X11

∣∣ ≤ t√
J

]
}J ≤ N · (2t/√J

)J
.
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where N · (2t/√J
)J ≤ 1. Now we can express the lower bound for the expected

average minimum distance between two uniformly distributed variables in Euclid-
ean norm.

EZ ≥
∫ √

J/2N1/J

0

(1−N(2t/
√

J)J) dt =
[
t− N2J

JJ/2 · tJ+1

J+1

] √
J

2N1/J

0
=

√
J

2N1/J
· J

J + 1

The lower bounds for the expected average minimum distance between two
uniformly distributed variables in d-dimensional hypercube are:

Bsup(N, J) =
1

2
· 1

N1/J
· J

J + 1
, Beuc(N, J) =

1

2
·
√

J

N1/J
· J

J + 1
(4.5)

The only common way to overcome the “curse of dimensionality” problem
is to incorporate additional assumptions about the regression function beside
the sample. Now I have to remark that problem mentioned above is not longer
valid if the components of a variable X are not independent (e.g. there is no
problem to fit a regression curve in multidimensional cube if all values X lie
on a line in a hypercube [0, 1]J).

4.2 Bias-Variance Trade-Off

I have already mentioned a relation between flexibility and dimensional-
ity in a regression fit. These two aspects work in opposite way. In many
cases the improvement of flexibility leads to the increase of dimensionality. This
problem is in statistics referred to as a “Bias-Variance Trade-Off” (see Laszlo
Gyorfi and coll. [15]).

Consider a regression function f such that f(x) = E[Y |X = x]. Let f̂N is
an estimate of f based on a random sample. Than we can write the expected
squared error (ESE) of f̂N at x as:

ESE = E
[
|f̂N(x)− f(x)|2

]
(4.6)

We can also express the expected squared error ESE as a sum of two components

ESE = E
[
|f̂N(x)− f(x)|2

]
= E

[
|f̂N(x)− E(f̂N(x))|2

]
+E

[
|E(f̂N(x))− f(x))|2

]
,

where the first component is the variance of f̂N(x) and the second component is

athe squared bias(f̂N(x)). Therefore it is called “Bias-Variance Trade-Off”.

There is still an important task to choose an optimal decomposition of bias
and variance. If we reduce variance too much bias increases. On the other hand
if we excessively reduce the bias then variance increases as well.
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Chapter 5

Multivariate Spline Regression

We have discussed only one dimensional regression problem so far and
a problem of estimating one variable regression function f based on a ran-
dom sample {(X1, Y1), (X2, Y2), . . . , (XN , YN)} where Xi and Yi are real valued
variables. The nonparametric estimate of the univariate regression function f
was based on a spline approach. However, in real regression problem we are
usually forced to use multiple predictors, which means we have to expand the re-
gression problem to more dimensions. As a consequence of such extension the re-
gression surface becomes more dimensional. Consider a problem of estimating
a regression function f(x) = f(x1, . . . , xJ) where J > 1 and f(x) = E[Y |X = x]
based on a multivariate random sample {(X1, Y1), (X2, Y2), . . . , (XN , YN)}, where
Xi = (Xi1, . . . , XiJ). Now we want to construct a function f̂ which is a reason-
able approximation to an unknown multivariate regression function f where f̂ is
based on spline approach1.

The direct extension of univariate piecewise polynomial semi-parametric spline
modelling (smoothing splines, smoothing splines with penalties, regression splines,
B-splines, or B-splines with penalties) is straightforward in principle but too dif-
ficult in practice. These difficulties are related as mentioned to the curse-of-
dimensionality problem. There are two separate common methods used to by-
pass the curse of dimensionality problem and to estimate the!multivariate regres-
sion function f based on spline approach. The!first one is to use generalized
spline approaches, so called low dimensional expansions which means to use a set
of lower dimensional functions (usually one or two dimensional) to estimate the
true underlying function. The other way is to employ more sophisticated strate-
gies so called adaptive spline methods2 which try to overcome some limitations
associated with high dimensions.

1Different nonparametric multivariate methods could be thought as a generalization of uni-
variate splines methods (smoothing splines, regression splines, B-splines, P-splines).

2Adaptive methods for estimation of a multivariate regression function f will be discussed
in chapter 9 and chapter 10.
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In the case of generalized spline approach the subregions in high dimensions
are constructed as tensor products of K + 1 indexknotsintervals defined by K
knots over the J variables. The corresponding global basis is then the tensor
product over the K + n + 1 basis functions associated with each one variable.
This gives rise to (K + n + 1)J coefficients to be estimated from the data points.
Even with a coarse grid3 a very large data sample is required.

The ability of the nonparametric methods to adequately approximate func-
tions in low dimensions, has motivated approximations that take the form of
an expansion in low dimensional functions

f̂(x) =
T∑

t=1

ĝt(zt), (5.1)

where each zt is a comprised of a small preselected subset of (x1, . . . , xJ). Any
variable x1, . . . , xJ can be supplied in more than just one subset zt. Such an ex-
pansion means that one J-dimensional function is estimated by more low dimen-
sional functions. The functions {ĝt(zt)}T

1 are taken to minimize

Minimize

N∑
i=1

[∑T
t=1 gt(zit)− Yi

]2
+

T∑
t=1

λtρ(gt), (5.2)

subject to all admissible functions gt. The second term in (5.2) is an optional
roughness penalty4. Parameter λ = (λ1, . . . , λT ) is a multiple smoothing para-
meter. The optimal choice is provided by some of the model selection criteria5.

The most intensively used low dimensional expansion is the additive regres-
sion model which takes a form (1.2). Because estimation strategies as already
mentioned work best for one-dimensional functions it is also the most useful
low dimensional expansion model. The underlying regression function is esti-
mated as a sum of one dimensional functions (functional components). Moreover,
the number of functional components in the sum is the same as the number of
variables that is why additive models have such easy interpretation and popular-
ity. Such additive model overcomes curse of dimension problem and is a simple
extension of standard spline methodology for multivariate regression problem.
The another advantage of such a model is a property that many true underlying
functions can be approximated fairly well by a function in additive form.

3The effect of a coarse grid is causes by a small number of knots K and the high number
of dimensions. (effect of the curse of dimension)

4The roughness penalty term is an optional with an arbitrary choice of penalty functional
form ρ. The most common choice of ρ is an integral of nth derivative of the function gt over
the particular domain of z.

5Model selection criteria are in detail discussed in chapter 8
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In general we can write the additive estimate of the multivariate regression
function f(x), for x = (x1, . . . , xJ) in a form

f̂(x) =
J∑

j=1

f̂j(xj), (5.3)

where f̂j are estimates of the appropriate functional components in the additive
model based on univariate spline approach.

Let the response Y is centered which means
∑N

i=1 Yi = 0. Then once a
regression function takes an additive form (1.2) or the true underlying regression
function is estimated as an additive function the regression problem is formulated
as a minimizing problem

Minimize

N∑
i=1

(∑J
j=1 fj(Xij)− Yi

)2

, (5.4)

subject to all acceptable functions fj, j = 1, . . . , J from sets of all admissible
functions for single variables. Since we formulated a regression problem based
on a spline approach the classes of admissible functions are composed by splines
of the same degree over the span of each variable xj.

More general we can omit the condition of centered response Y . Then the ad-
ditive estimate of the regression function6 f is written in a form

f̂(x) = f̂(x1, . . . , xJ) = µ̂ +
J∑

j=1

f̂j(xj), (5.5)

where µ̂ = Y N = N−1
∑

i Yi, and spline estimates are determined by the least
squares minimizing problem

Minimize

N∑
i=1

[
Yi − Y N −

∑J
j=1 fj(Xij)

]2

+
J∑

j=1

λj

∫ 1

0

f
(n)
j (xj)dxj, (5.6)

subject to all admissible functions fj, j ∈ {1, 2, . . . , J} and a multivariate smooth-
ing parameter λ = (λ1, . . . , λJ). Regarding to the assumption Efj(Xj) = 0 we

have to consider that
∑N

i=1 fj(Xij) = 0 for j = 1, 2, . . . , J . The second term
in (5.6) is an optional roughness penalty which is taken as a sum of individ-
ual smoothness penalties for each functional component fj with an univariate
smoothing parameter7 λj ∈ R.

6The true underlying regression function does not even have to be in the additive form.
7Once a smoothing parameter is different for each variable in (5.6) we discuss a multivariate

smoothing parameter. If the weight of smoothness penalty is the same for each variable, we talk
about single smoothing parameter λ ∈ R.
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The optimal choice of the smoothing parameters is selected in respect to the op-
timal model which can be established by the model selection criteria. The smooth-
ness penalty in (5.6) is taken as an integral of nth derivative of each func-
tional component where n is a degree of splines used to estimate components fj.
However, the order of derivative is optional and the most common choice is
the second derivative where we penalize the roughness. The lower and upper
bounds used in integral appear from the assumption Xj ∈ [0, 1] for each j ∈
{1, . . . , J} from the chapter 1.
A question of knots positions and their number is similar to the univariate prob-
lem. The set of knots define subintervals8 on interval [0, 1] for each single vari-
able xj and single spline estimates of the function components fj are constructed
in the same way as spline estimates in the case of one-dimensional regression
problem.

Sometimes it might happened that the estimate of a multivariate regression
surface made by one-dimensional expansion is not sufficient and there arises a
need to estimate a dependence not only on single variables but also using some
interactions. An implementation of interaction between two single variables is
not as simply as it appears. In the sense of definition of a multivariate regression
model once we include interaction into the model it becomes more dimensional.
Such model with double interactions takes a form

f(x) = f(x1, . . . , xJ) = µ +
N∑

i=1

fj(xj) +
N∑

i=1

∑

l<i

fil(xi, xl),

where functional components fil are two dimensional function. This strategy
is not very convenient because at first we use a one dimensional expansion to
overcome curse of dimensionality next we increase the dimension and the curse of
dimension problem appears again. Although, in the next chapter a convergence
of spline approach will be shown also for a case of including interaction terms in
a model.

More sophisticated methods which intend to limit some restrictions and at-
tempt to approximate regression functions in high dimensions are based on adap-
tive computation. An adaptive computation is one that dynamically adjusts its
strategy to take into account the behavior of the particular problem to be solved.
An adaptive computation is not limited by the amount of data as much as additive
models therefore we can consider also some interaction terms without a problem
of exponential increase of necessary parameters. Such methods will be briefly
mentioned in chapter 9 (Multivariate Adaptive Regression Splines) and chapter
10 ((Projection Pursuit regression).

8As we assume each xj ∈ [0, 1] therefore we can use the same knots to define subintervals for
each variable separately. Then we construct the regions as tensor products over all J dimension.
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Chapter 6

Rates of Convergence for
Additive Models

In this chapter it will be shown that the additive spline estimates f̂N of the ad-
ditive regression function f ∗ as mentioned above are consistent for N → ∞ and
the rate of convergence does not depend on the number of dimensions J (the op-
timal rate of convergence for additive spline estimates is the same for general J as
for J = 1). Stone [21] derived a proof of consistence for a rich class of nonparamet-
ric regression estimates (nearest neighbor estimates, kernel estimates, partition
estimates, local polynomial estimates). Later he derived (Stone [22] and Stone
[23]) the optimal rate of convergence for nonparametric regression estimates.

Let ‖ · ‖q denotes the Lq norm for a collection of functions on C = [0, 1]J where
q ∈ (0,∞]. Let ‖ g ‖q= supx∈[0,1]J |g(x)|, for q = ∞ and ‖ g ‖q= (

∫
C
|g(x)|qdx)1/q

for q ∈ (0,∞). Let {bN} be a sequence of positive constants. The sequence {bN}
is called an optimal rate of convergence if is it a lower rate of convergence and
an achievable rate of convergence at the same time. The sequence {bN} is called
the lower rate of convergence if

lim
c→0

lim inf
N→∞

sup
f∈κ

P(‖ T̂N − T (f) ‖q > c · bN) = 1, (6.1)

and the sequence {bN} is called the achievable rate of convergence if

lim
c→∞

lim sup
N→∞

sup
f∈κ

P(‖ T̂N − T (f) ‖q > c · bN) = 0, (6.2)

where T̂N is a sequence of estimators of T (f) based on a random sample of size N
and T (f) represents a derivative1 of the true underlying regression function f ∈ κ
of the mth order where κ is the collection of k-times continuously differentiable
functions on [0, 1]J and m ≤ k.

1Let α = (α1, . . . , αJ) represents a J-tuple of nonnegative integers where m =
∑

j αj . Then

the derivative of f of the mth order is written as a functional T where T (f) = ∂α1+···+αJ

∂x
α1
1 ... ∂x

αJ
J

f .
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Theorem 6.1 (Rates of Convergence for Nonparametric Estimates)
Let conditions 2 hold. Let β ∈ (0, 1] and set p = k + β. Let 0 < q ≤ ∞ and
set r = p−m

2p+J
. Then the optimal global rate of convergence for nonparametric

estimates T̂N of the derivative T (f) is

{N−r} for q ∈ (0,∞),

and
{(N−1 · ln N)r} for q = ∞.

A proof was given in Stone [23]. Some notes can also be found in Stone [22].
The optimal global rate of convergence given by Theorem 6.1 is strictly depended
on the number of dimensions J . Generally, the increasing number of predictor
variables used in a regression model causes a lower rate of convergence (according
to the fact r = p−m

2p+J
).

Theorem 6.1 can be successfully generalized if the usual Lq norm in (6.1) and

(6.2) is replaced by | T̂N(x0) − T (f)(x0) | where x0 ∈ [0, 1]J is fixed. Stone [22]

showed that n−r is also the optimal rate of convergence for | T̂N(x0)−T (f)(x0) |.
Such a rate of convergence can be thought as a local rate of convergence.

In the case of additive regression models a special dimensional reduction prin-
ciple can be established not only for the function f (written in the form (1.2)) but
even for the optimal global rate of convergence for the estimates based on the ran-
dom sample of size N where the optimal global rate of convergence does not
depend on the number of predictor variables used in the final fit. Problems
can arise if the additive estimate is given to a non-additive regression function.
However, the additive approximation to the true underlying regression function
can be successfully obtained be minimizing the least squares term. In such a case
the dimensional reduction principle is established for a sequence of estimators
of the additive approximation f ∗ which has the form (1.3).

6.1 Additive Approximation - Decomposition

Let f(x) = f(x1, . . . , xJ) be a function on [0, 1]J which is not genuinely
additive. Then the function f can be easily decomposed into “main effects” (if
interactions are required they can be obtained be the same decomposition).

2Conditions required to hold the statement are in detail listed in Stone [23]. Generally three
conditions are required. We assume that the logarithm of h(y|x, f(x)) which is a conditional
density of Y is locally bounded by another function M(y|x, f(x)) with a bounded conditional
mean. The second condition required that E[exp(s|y−f(x)|)|X = x] is bounded for some s > 0
and the third condition required a densely packed space [0, 1]d with increasing N .
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Condition 1
Let the distribution of X is absolutely continuous and let its density g is bounded
away from zero and infinity (∃b > 0, ∃B > 0, b ≤ g ≤ B on C = [0, 1]J).

Let EY 2 = E(f(x))2 < ∞. Let the variables Xj, . . . , XJ are independent.
Then the additive decomposition3 of the function f which minimize the least
squares term can be written in the form

f ∗(x) = E(f(x)) +
J∑

j=1

[
E[f(x)|Xj = xj]− E(f(x))

]
, (6.3)

where f ∗j = E[f |Xj] − E(f) is a function of the variable xj, for j = 1, . . . , J and
it also satisfies the condition that Ef ∗j (Xj) = 0 because

E
[
E[f(x)|Xj = xj]

]− E(f(x)) = 0.

Lemma 1
Let the random variable

∑
j hj(Xj) has a finite second moment where hj are

functions on [0, 1]. Set δ1 =
√

(1− b/B) and let SD(·) denotes the standard
deviation. Then each hj(Xj) has a finite second moment and it holds that

SD(
∑

j hj(Xj)) ≥ ((1− δ1)/2)(J−1)/2 · (SD(h1(X1)) + · · ·+ SD(hJ(XJ))).

Under the Condition 1 and Lemma 1 and considering the fact that the conditional
mean is uniquely determined up to set of measure zero the additive decomposition
defined by (6.3) is uniquely determined up to sets of measure zero.

Condition 2
Let the regression function f is bounded on C = [0, 1]J and let the conditional
variance Var(Y |X = ·) is also bounded on C.

Let H be a collection of functions on [0, 1] whose kth derivative exists and
satisfies the Hölder condition with exponent β

∀h∈H∀x1,x2∈[0,1] : ‖h(k)(x1)− h(k)(x2)‖ ≤ M‖x1 − x2‖β,

where M ∈ (0,∞). The following smoothness assuption has to be imposed
on the functional components of the additive approximation4 f ∗ to hold the state-
ments of the main results.

Condition 3
Let f ∗j , j = 1, . . . , J be the functional components of the additive approximation
f ∗ and let f ∗j ∈ H for j = 1, . . . , J .

3The additive decomposition was proposed in Efron [9]. Similar decomposition was pro-
posed by Hegland and Pestov [16] where the functional components were defined as f∗j =
[f −E(f |x1, . . . , xj−1, xj+1, . . . , xJ)] ·E[f |xj ] which is a function of the variable xj and by using
The Fubini Theorem and properties of the conditional mean it also satisfies Ef∗j = 0.

4From now on without any loss of generality the additive approximation f∗ will be assumed
rather then the additive function f . If f is additive function then of course f∗ = f .

27 Matúš Maciak



Additive Regression Models

6.2 Convergence for Additive Estimates

Let ‖ ϕ ‖ denote the L2 norm of a function ϕ defined on C = [0, 1]J , defined
by ‖ ϕ ‖2= Eϕ2(X) =

∫
C

ϕ2(x)g(x)dx. For 1 ≤ j ≤ J let ‖ h ‖2
j denotes the L2

norm of a function h on [0, 1], defined by ‖ h ‖2
j= Eh2(Xj) =

∫ 1

0
h2(xj)gj(xj)dxj.

The existence of the marginal density gj of the variable Xj follows easily from
the condition 1. From the fact that the density g is bounded away from zero
and infinity on C it also follows that gj are bounded away form zero and infinity
on [0, 1]. Set γ = 1/(2p + 1).

Let NN denote a positive integer and let INν , for 1 ≤ ν ≤ NN , denote the
subintervals of [0, 1] defined by

INν = [ (ν−1)
NN

, ν
NN

) for 1 ≤ ν ≤ NN − 1, and INNN
= [1− 1

NN
, 1].

Let (X1, Y1), (X2, Y2), . . . , (XN , YN) denote independent random pairs, each
having the same distribution as (X, Y ) and consider an additive spline estimate
in the form (5.5) (piecewise polynomial on intervals INν , ν = 1, 2, . . . , NN) of the
regression function f ∗ based on the random sample of size N . The dimensional
reduction principle for the rate of convergence of additive spline estimates is
established by the following theorem of Stone [24].

Theorem 6.2 (Rate of Convergence for Additive Estimates)
Suppose that Conditions 1, 2, 3 hold and let NN ∼ Nγ. Recall that r = p−m

2p+1
,

where 0 ≤ m ≤ k. Then

E(‖ f̂
(m)
Nj − (f ∗j )(m) ‖2

j |X1, . . . , XN) = Opr(N
−2r), for 1 ≤ j ≤ J, (6.4)

E(‖ f̂Nj − f ∗j ‖2
j |X1, . . . , XN) = Opr(N

−2r), for r = p/(2p + 1), (6.5)

E((Y N − µ)2|X1, . . . , XN) = Opr(N
−2r), for r = p/(2p + 1), (6.6)

E(‖ f̂N − f ∗ ‖2 |X1, . . . , XN) = Opr(N
−2r), for r = p/(2p + 1). (6.7)

The rates of convergence in Theorem 6.2 do not depend on the dimension J
of the random vector X. It was shown in Stone [23] that these rates of conver-
gence are optimal for J = 1 (it satisfies (6.1) and (6.2)).

The last statement (6.7) follows easily form (6.5) and (6.6) by using the de-
finition of the norm ‖ · ‖, the linearity of integral, the Fubini Theorem and the
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fact that Ef ∗j (Xj) = 0. Recall that functions f ∗, f̂N are additive which means
∂2f∗

∂xj1
∂xj2

= ∂2 bfN

∂xj1
∂xj2

= 0 if j1 6= j2. The only reasonable derivatives are partial

derivatives for the same variable ∂mf∗
∂xm

j
= (f ∗j )(m) and by analogy for f̂N . In such

a case the rate of convergence is defined by the statement (6.4) in Theorem 6.2.

If we define the derivative of the mth order of the function f ∗ or f̂N respectively,
as a linear combination of partial derivatives we can write

(f ∗)(m) =
∂mf ∗

∂xm
1

+ · · ·+ ∂mf ∗

∂xm
J

= (f ∗1 )(m) + · · ·+ (f ∗J )(m). (6.8)

Under the Condition 3 the functional components (f ∗j )(m) are (k −m)-times
continuously differentiable on [0, 1] thus from Theorem 6.2 {N−r} is also the

optimal global rate of convergence for ‖ f̂
(m)
N − (f ∗)(m) ‖ where r = p−m

2p+1
.

6.3 Proof of Theorem 6.2

Consider an additive spline estimate f̂N of the regression function f ∗ where we
minimize the least squares term

∑
i(fN(x)−Yi)

2 subject to functional components
fNj ∈ H such that a restriction of fNj to INν is a polynomial of degree l ≤ k
and fNj is (l− 1)-times continuously differentiable on [0, 1] and

∑
i fNj(Xij) = 0.

Firstly it will be shown that such an estimate is uniquely determined up to set
of measure zero.

Lemma 2
Let NN ∼ Nγ and let δ2 ∈ (δ1, 1), where δ1 is defined in Lemma 1. Let SDN(Hj(h))
denotes the standard deviation corresponding to the empirical distribution of Xi

of a function on [0, 1]J such that Hj(h)(x) = h(xj), where h ∈ H is a function on
[0, 1]. Then except on an event whose probability tends to zero with N →∞, the
following statement holds for arbitrary choices of spline functions h1, . . . , hJ ∈ H:

SDN(
∑

j Hj(hj)) ≥ ((1− δ1)/2)(J−1)/2
∑

j SDN(Hj(hj))

The proof of Lemma 2 follows from Lemma 1 and it is obtained in Stone [24].

Consider two additive spline estimates f̂
[1]

N , f̂
[2]

N of the same regression function
such that

P
[
|f̂ [1]

N (X)− f̂
[2]

N (X)| = 0
]
−→ 1

If we define functions Hj(hj) from Lemma 2 as Hj(hj) = f̂
[1]

Nj − f̂
[2]

Nj then
it follows from Lemma 2 that under the Condition 1 the functional components
are uniquely determined except on an event whose probability tends to zero.
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If the constrained minimization problem has a unique solution then the functional
components of the additive estimate of f ∗ can by written as

f̂Nj(xj) =
N∑

i=1

WNij(xj)Yi, (6.9)

where WNij(·) are weight functions on [0, 1], for 1 ≤ i ≤ N and 1 ≤ j ≤ J .

From Lemma 2 it also follows that the weight functions are uniquely deter-
mined WNij except on an event whose probability tends to zero. Moreover

sup
xj∈[0,1]

|WNj(xj)|2 = sup
xj∈[0,1]

[∑N
i=1 W 2

Nij(xj)
]

= Opr(N
−1 ·NN) (6.10)

Let µ = 1
N

∑
i f(Xi) and consider an additive function fN(x) = µ+

∑
j fNj(xj)

where the function fN minimize the least square term

N∑
i=1

(fN(Xi)− f(Xi))
2.

Now, reformulate the problem: f̂
(m)
Nj − (f ∗j )(m) = (f̂

(m)
Nj − f

(m)

Nj ) + (f
(m)

Nj − (f ∗j )(m)).
To give a proof of Theorem 6.2 it will be shown that all following statements
hold. The results of Theorem 6.2 than follow easily from the definition of the
norm ‖ · ‖ and the triangle inequality. Recall that r = (p−m)/(2p + 1).

‖ f̂Nj − fNj ‖2
j = Opr(N

−2r), for m = 0 (6.11)

‖ fNj − f ∗j ‖2
j = Opr(N

−2r), for m = 0 (6.12)

‖ f̂
(m)
Nj − f

(m)

Nj ‖2
j = Opr(N

−2r), (6.13)

‖ f
(m)

Nj − (f ∗j )(m) ‖2
j = Opr(N

−2r), (6.14)

The first equation follows from (6.9) and (6.10). Let f̂Nj(xj) =
∑

i WNij(xj)Yi

and fNj(xj) =
∑

i WNij(xj)f(Xi). Consider N ∈ N fixed. Then

‖ f̂Nj − fNj ‖2
j =

∥∥∑
i WNij(·)Yi −

∑
i WNij(·)f(Xi)

∥∥2

j

=
∥∥∑

i WNij(·)(Yi − f(Xi))
∥∥2

j

≤
∑

i

∥∥WNij(·) max1≤i≤N |Yi − f(Xi)|
∥∥2

j

≤ K2 ·
N∑

i=1

∫

[0,1]

W 2
Nij(xj)gj(xj)dxj

≤ K2

∫

[0,1]

sup
xj∈[0,1]

(∑
i W

2
Nij(xj)

)
gj(xj)dxj

= K2 · sup
xj∈[0,1]

(∑
i W

2
Nij(xj)

)
,

(6.15)
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which follows from the triangle inequality for L2 norm and The Lebesgue Theorem
and the fact that the conditional variance is bounded on C. Thus for N → ∞
the desired conclusion holds and ‖ f̂Nj − fNj ‖2

j = Opr(N
−2r).

Lemma 3
Suppose that Conditions 1, 2 and 3 hold and let NN ∼ Nγ. Then

‖ fNj − f ∗j ‖2
Nj =

1

N

N∑
i=1

(fNj(Xij)− f ∗j (Xij))
2 = Opr(N

−2r) (6.16)

where the norm ‖ · ‖Nj denotes the L2 norm of a function on [0, 1] with respect
to the empirical distribution.

Lemma 4
Let NN ∼ Nγ. Then there is a number M1 ∈ (0,∞) such that, except on an
event whose probability tends to zero with N → ∞, the next statement holds
for an arbitrary choice of h ∈ H and a spline function s ∈ H:

‖ s− h ‖2
j ≤ M1

[
N−2p

N + ‖ s− h ‖2
Nj

]
(6.17)

Lemma 5
Let NN ∼ Nγ. Then there is a number M2 ∈ (0,∞) such that, for an arbitrary
choice of h ∈ H and a spline function s ∈ H:

‖ s(m) − h(m) ‖2
j ≤ M2

[
N
−2(p−m)
N + N2m

N ‖ s− h ‖2
j

]
(6.18)

The proofs of Lemmas 3, 4 and 5 are given in Stone [24]. To prove the statement
(6.12) we use Lemma 4:

‖ fNj − f ∗j ‖2
j ≤ M1

[
N−2p

N + ‖ fNj − f ∗j ‖2
Nj

]

= M1N
−2p
N + M1 ‖ fNj − f ∗j ‖2

Nj

= Opr(N
−2r),

(6.19)

which follows from Lemma 3 and the fact NN ∼ Nγ. Similarly, we proof (6.13):

‖ f̂
(m)
Nj − f

(m)

Nj ‖2
j ≤ M2

[
N
−2(p−m)
N + N2m

N ‖ f̂Nj − fNj ‖2
j

]

= M2N
−2(p−m)
N + M2N

2m
N ‖ f̂Nj − fNj ‖2

j

= Opr(N
−2(p−m)

2p+1 ) + Opr(N
−2(p−m)

2p+1 ) = Opr(N
−2r),

(6.20)

which follows from Lemma 5 and (6.15). The statement (6.14) can be shown
by analogy from Lemma 5, Lemma 4 and finally from Lemma 3:

‖ f
(m)

Nj − (f ∗j )(m) ‖2
j ≤ M ′

2

[
N
−2(p−m)
N + N2m

N ‖ fNj − f ∗j ‖2
j

]

≤ M ′
2N

−2(p−m)
N + M ′

2N
2m
N ‖ fNj − f ∗j ‖2

j

≤ Opr(N
−2r) + M ′

1M
′
2N

2m
N ‖ fNj − f ∗j ‖2

Nj

= Opr(N
−2r) + Opr(N

−2r) = Opr(N
−2r),

(6.21)
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for r = p−m
2p+1

. Thus the statements (6.4) and (6.5) follows easily from (6.15) and

(6.19) – (6.21). Finally, to complete the proof of Theorem 6.2 the validity of
(6.6) has to be shown. We use an inequality for a norm ‖ · ‖ in a Hilbert space
‖ v ‖2≤ (maxi ‖ vi ‖) · (

∑
i ‖ vj ‖), where v =

∑
i vi. Then

∥∥(Y N − µ)
∥∥2

= (Y N − µ)2 ≤ 1

N

(
max1≤i≤N |Yi − µ|) ·

N∑
i=1

|Yi − µ|
N

. (6.22)

Thus for N →∞ the desired conclusion holds.

6.4 Rate of Convergence for Supremum Norm

Now we want to generalize the previous results and to set the optimal rate of
convergence for the additive estimates in the Supremum L∞ norm. Suppose that
the response Y has a zero mean µ = 0.

Theorem 6.3 (Rate of Convergence for Supremum Norm)
Let Conditions 1, 2 and 3 hold and let NN ∼ Nγ Suppose that µ = 0. Then

‖f̂N − f ∗‖∞ = sup
x∈[0,1]J

|f̂N(x)− f ∗(x)| = Opr(N
−r · logr N), (6.23)

‖f̂Nj − f ∗j ‖∞,j = sup
xj∈[0,1]

|f̂Nj(xj)− f ∗j (xj)| = Opr(N
−r · logr N). (6.24)

The first statement follows easily from (6.24). The validity of the second state-
ment can be showed through Theorem 6.1 for a special case of J = 1, since we sep-
arate the multivariate regression problem into J univariate regression problems.
Since the functional components f ∗j are defined by the additive decomposition
(6.3) as

f ∗j (xj) = E[f(x)|Xj = xj]− E(f(x)) for j = 1, . . . , J, (6.25)

one can estimate the functional components f ∗j as simple univariate regression

problems based on random samples (Xij, Y
∗
ij) where f̂Nj is a solution to

Minimize

N∑
i=1

(Y ∗
ij − fNj(Xij))

2, where Y ∗
ij = Y Nij − Y N ,

subject to all spline functions fNj ∈ H (the same constraints than the multiva-
riate regression case), where Y Nij = N1−J

∑
ι, ιj=i Ỹι, where5 ι = (ι1, . . . , ιJ) and

1 ≤ ιj ≤ N . Then all necessary conditions hold and the statement (6.24) follows
from Theorem 6.1 for J = 1.

5The number Y Nij can be thought as an empirical conditional mean and Ỹι is defined by
an alternative experiment (see Stone [24]) (X̃ι, Ỹι) having NJ cases (something like a permu-
tation of vector components of X1, . . . ,XN ), where X̃ι ∈ [0, 1]J is defined as X̃ιj = Xιjj .
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Chapter 7

Positioning of the Knots

In the previous chapters some estimation techniques for a regression function
f(x) = E[ Y |X = x ] were mentioned. The regression estimate of the true under-
lying function f (univariate or multivariate) is defined as a minimization problem
where we minimize some penalty term (e.g. least-squares term) through a class
of all admissible functions. In the case of spline approaches we take the class
of admissible functions to be a set of piecewise polynomial functions (splines).
However, splines, B-splines or P-splines eventually are uniquely determined by
the number n ∈ N which is a degree1 of all piecewise polynomials which com-
pose a spline and by the number of knots and their exact positions. The number
of knots K used to fit a curve and their positions (a mesh ∆ = {ξ1, . . . , ξK}) have
to be determined otherwise one is not able to minimize the regression fitting prob-
lem in the right way. Therefore the number K and the mesh ∆ = {ξ1, . . . , ξK} can
be thought as parameters or semi-parameters2 of the spline regression problem.
To reap the full benefits of the spline approach, the right choice of the number
K and the positions of the knots (the mesh ∆) is a necessary and usually also
a difficult problem. Once we specify the number and the positions of the knots
the fitting problem usually becomes a simple linear problem.

In general one can not separate decisions made on the number of knots and
their positions. It is a complex and related task. By the number of knots one can
control the smoothness of the final fit and by the positioning of the knots one can
control the shape of the regression curve (surface). Many different instructions
for knots selection have been proposed by different authors but there is hardly
one good universal method used in real regression problems.

1In our case the degree of spline estimates is n = 3 because splines of 3rd degree are smooth
enough. Of course the problem of selection the right number K and the mesh ∆ remains the
same for any choice of spline degree n ∈ N. In general the degree of the spline function depends
on what is a realistic assessment of the number of derivatives available in the regression function.

2It is possible to set a number and positions of knots by minimizing some criterion (Cross-
Validation or Generalized Cross-Validation) which measures the goodness of the final fit.
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7.1 Positions of Knots for Interpolation Spline

Once we use interpolation splines for fitting problem there is nothing to worry
about considering the number of knots and their positions. For computational
reasons the mesh ∆ = {ξ1, . . . , ξK} usually coincides with individual observations
Xi, i = 1, . . . , N , therefore the number K and the positions of knots are defined
by the number of observations and the values of single data points. Moreover, if
knots are placed in each observed data point each point will be treated equiva-
lently which is an important property for working with interpolation splines.

7.2 Positions of Knots for Smoothing Spline

Another problems arise when one wants to use smoothing splines for fitting
some regression function. The idea of using all observations as knot points is not
available because it leads to high overfitting of the regression problem and the
large number of observations can cause an efficiency increase. Therefore, some
another methods have to be used to define the set of knots, a mesh ∆. One can
take a mesh as a subset of {X1, . . . , XN} (in the case of smoothing splines) or
a new set of knots can be determined and it does not even have to coincide with
single observations Xi, i = 1, . . . , N (in the case of regression splines).

Generally, the problem of positioning of knots is much more important than
the selection of the number of knots K. The knots placement can be crucial
for both, the shape and the quality of the spline fit. Therefore, it is impor-
tant to choose the positions of knots as well as possible. Some known strategies
for the knots positioning will be mentioned in the next sections.

7.2.1 Equidistant Knots

Probably the simplest method for a determination of knots positions is
the method of Equidistant knots. It means we place K uniformly spaced knots
over a span of the variable X. The accurate choice of the number K is not so
important. However, one has to remember that a large number of knots leads
to overfitting a problem and a small number of knots will cause an inaccurate
estimate of the regression function f . The recommended choice of K is at about
K ∼ N

5
(see S. Wold [26]).

This method is not very popular in real data fitting problem. The spline
estimates based on uniformly spaced knots are often too loose. It is clear also from
the figure 7.1 that more intuitive placing of knots over the span of the variable X
brings much better estimation of the behavior of data points than the estimate
based on the uniformly spaced knots.
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7.2.2 Intuitive Placement of Knots

An opposite method to uniformly spaced knots is an intuitive placing of knots.
Such a strategy is based on an a priori information regarding to the shape
of the regression function f and is an implementation of rules of thumb men-
tioned later. An intuitive placing of knots is closely associated with the degree
of splines used to fit a curve. Another placements of knots are necessary for lin-
ear spline fitting problem and different knots have to be defined for cubic splines.
The knots should be chosen to correspond to the overall behavior of the data3.

The difference between two curves fitted using uniformly spaced knots and
intuitive selected knots can be seen in figure 7.1.
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Figure 7.1: The smoothing curve on the left side was fitted by smoothing spline of 3rd degree
with equidistant knots while the curve on the right part of the figure was fitted by using more
intuitive placing of the knots (simulated data with number of observations N = 100).

The intuitive knots placing strategy works quite well with real data anyway,
sometimes some simulations are used to recondition the positions of knots and
to find the best positions for the knots. Moreover, some regression problems
are formulated as minimizing problems where a penalty term is even minimized
subject to all possible positions of knots.

3The behavior of data means for example the number of single observations, positions of
minima and maxima points and positions of flex points, etc.
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7.2.3 Rules of Thumb

The Rules of Thumb4 strategy for knots positioning is based on some intuitions
and some practical experiences from the real regression problems solved by dif-
ferent authors. The notion “rules of thumb” has came from Svante Wold [26].
The Rules of Thumb strategy works well when the number of observations is
larger than about 30− 40 and more. However, with fewer observations they are
a little bit useless because one can not get an adequate information about a real
behavior of data points. In real problem the Rules of Thumb usually serve as
a starting points for the design of the simulations. The real knots positions are
then derived from a subsequent simulation study.

The following rules are used with cubic splines:

1. To make an afford to have as few knot points as possible, ensuring that
there are at least 4− 5 data points between two neighboring knots.

2. To have mostly one extremum data point in each interval defined by two
nearest knots, where the minimum, maximum respectively is centered in
the interval.

3. To have mostly one inflection point between two knots, where the inflection
point is situated close to the knot.

If the number of observations is sufficiently large or if the X values are roughly
equidistant5 the Rules of Thumb strategy is not recommended.

7.2.4 Some Another Strategies for Knots Placement

More objective knot selection strategies can be accomplished by optimi-
zing the estimation criterion of interest with respect to both the knot set ∆ =
{ξ1, . . . , ξK} and the class of all admissible functions.

Another method for knots placing is based on the sum of squared residuals
between two neighboring knots. It means a start mesh ∆1 is chosen6 at first
and then the sum of squared residuals is calculated for each interval (ξi, ξi+1],
i = 1, . . . , K − 1. The knot positions are thereafter systematically varied until
the sum of squared residuals gets to the minimum. Such a mesh ∆ is then used
as a final mesh to fit a regression spline estimate.

4The Rules of Thumb are different for any choice of spline degree n. The Rules of Thumb
as presented are designated only for the spline degree n = 3. For another choice of the spline
degree n they can be easily generalized.

5The notion “roughly equidistant” means that the random variable Xi−Xi−1 remains almost
the same for more than 50% of all data points.

6The inceptive set of knots can be taken as a mesh of uniformly spaced knots over the span
of the variable X.
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Chapter 8

Model Selection Criteria

Once we consider a regression situation where the information available
on the problem under the consideration does not favor a specific model then
one has to choose a good one from those models being tentatively proposed.
In the least squares methods for fitting smoothing splines or B-splines respectively
with the smoothness penalty term like in (3.3), (3.4), (3.13) or (3.15) the amount
of smoothness can be easily influenced by a different choice of a smoothing para-
meter λ, where λ ∈ [0,∞). However, different values of the parameter λ define
different models. These models belong to the class of all admissible models which
are good approximates in some sense. Therefore, we need to define some way how
to choose an “optimal” value for the smoothing parameter λ which means to take
one model from the class of admissible models to be the final model. The right
choice of the smoothing parameter is of a substantial importance1 for the fitting
problem and there are many different methods to choose it. The optimal choice
of the smoothing parameter determines the final appearance of the regression
surface. Model selection criteria will be mentioned in the next sections.

The most popular model selection criteria are based on the cross-validation2

CV and the generalized cross-validation GCV. Both criteria can be thought
as estimates of the mean squared error of prediction MSEP of the fit where

MSEP =
1

N

N∑
i=1

E
[
f̂(xi)− yi

]2

, (8.1)

where f̂ is an estimate of the original regression function f . Because we use a
class of admissible functions defined by different values of λ we modify (8.1) to be

1It was mentioned earlier that different choices of the smoothing parameter λ allow to easily
control the Bias-Variance trade-off in the final fit.

2Model selection criteria based on the cross-validation was proposed by S. Wold and G.
Wahba [27]. The selection criteria based on generalized version of CV were introduced by P.
Graven and G. Wahba [6].
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a function of λ, for different values λ ∈ [0,∞) as follows:

MSEP(λ) =
1

N

N∑
i=1

E
[
f̂λ(xi)− y∗i

]2

, (8.2)

where the function f̂λ is a spline estimate of the true regression function f for
the appropriate value of the parameter λ and the variables y∗i are new observa-
tions3 taken at xi as y∗i = f(xi) plus an independent centered random error.

Model selection procedure could by
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Figure 8.1: Fitted curves for a regression
problem with five different choices of a smooth-
ing parameter λ.

ideally thought as a minimizing prob-
lem where we minimize the MSEP(λ)
subject to all allowable values of a pa-
rameter λ. Unfortunately the MSEP(λ)
is unknown therefore, one has to use
another method to take the optimal
smoothing parameter. We want to es-
timate the MSEP(λ) and then we will
take λ which minimize the estimate of
the MSEP(λ). We can write4

MSEP(λ) = MSE(λ) + σ2,

where σ2 is an error variance and MSE
is the mean squared error. Such es-
timates of MSEP are cross-validation
and generalized cross-validation. We
can also think of some another esti-
mates of MSEP(λ) but methods based
on CV and GCV have a great advan-

tage - they do not require an estimation of the error variance which is a positive
quality. The most popular MSEP estimates used in practical applications is the
cross-validation criterion .

Cross-validation criterion and Generalized Cross-validation criterium work by
leaving points (xi, yi) out one at a time and estimating the smooth at xi based
only on the remaining N − 1 data points. The main difference between CV and
GCV is in the weights which are used to compute the residuals. The optimal
smoothing parameter λ is chosen to minimize the estimate of MSEP(λ).

3The single observations y∗i , i = 1, . . . , N can be thought as bootstraped values (Model-based
resampling bootstrap for a regression model).

4Mean squared error of prediction MSEP(λ) can be easily write using the fact that the cross
product term is zero as a sum of mean squared error MSE(λ) and the error variance σ2 where
the MSE(λ) function of λ is defined as MSE(λ) = 1

N ·∑N
i=1 E[f̂λ(xi)− f(x)]2
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8.1 Cross-validation

Cross validation is a model evaluation method which gives better insight
on model than residuals. The problem with residual evaluations is that they do
not give an indication of how well the learner will do when it is asked to make new
predictions for data it has not already seen. One way to overcome this problem
is to not use the entire data set when training a learner. Some of the data is
removed before training begins. Then when training is done, the data that was
removed can be used to test the performance of the learned model on “new” data.

The cross-validation function criterion is defined as follows:

CV(λ) =
1

N
·

N∑
i=1

[
yi − (−i)f̂λ(xi)

]2

, (8.3)

where the function (−i)f̂λ(x) is the spline estimate for the regression function
f computed by leaving out the ith data point. The optimal smoothing parameter
λ is taken to minimize CV(λ) function.
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Figure 8.2: Figure with three different choices of the smoothing parameter λ. The optimal
choice of the parameter λ was provided using cross-validation criterion. In the first row CV(λ)
function is drawn and the appropriate choice of λ. In the second row a fitted curve is drawn
for the appropriate choice of the smoothing parameter λ.
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To overcome some difficulties regarding to CV criterion especially in nonlinear
regression a modification is used where yi is substituted by its estimate instead
of omitting it. It is called the full cross-validation criterion

FCV(λ) =
1

N
·

N∑
i=1

[
yi − f̃λ(xi)

]2
, (8.4)

where f̃λ(xi) is the least squares prediction at xi with substituting yi by f̂λ(xi).

By assuming that (−i)f̂λ(xi) ≈ f̂λ(xi) we can write5 the fact E[CV(λ)] ≈ MSEP(λ).

8.2 Generalized Cross-validation

Craven and Wahba [6] have proposed a generalized version of CV method
called the generalized cross-validation GCV. The GCV weights the ordinary
residuals (yi − f̂λ(xi)) with a weight function which depends on the parameter
λ. The most common choice of the weight function is the average of the weights
used for ordinary CV criterion. Such a selection of the weights is usually easier
to compute. We can write the GCV(λ) function as

GCV(λ) =
1

N
·

N∑
i=1

wi(λ) ·
[
yi − (−i)f̂λ(xi)

]2

, (8.5)

where wi(λ) is a weight function which depends on λ and the function (−i)f̂λ(x) is
an estimate computed by leaving out the ith data point. The optimal smoothing
parameter λ is chosen to minimize GCV(λ) function.

Let ŷ(λ) = (ŷ1(λ), . . . , ŷN(λ))T, where ŷi(λ) = f̂λ(xi) for i = 1, 2, . . . , N .
Then we can write ŷ(λ) as a uniquely determined projection of y = (y1, . . . , yN)T

ŷ(λ) = H(λ)y,

where H(λ) is the uniquely determined N × N hat matrix. Once we have the
projection matrix H(λ) we can rewrite (8.3) as weighted ordinary residuals

CV(λ) =
1

N
· (y − ŷ(λ))Hd(λ)(y − ŷ(λ))T, (8.6)

where the matrix Hd(λ) is a diagonal matrix with components defined by the

equation h
(ii)
d (λ) = 1/(1 − hii(λ))2, where H(λ) = (hij(λ))N

i,j=1. For GCV(λ)
function we use the average of the weights used for CV function defined by (8.6).

5Such an approximation is an application of the fact MSEP(λ) = MSE(λ) + σ2 and the fact
that E[yi − (−i)f̂λ(xi)]2 = E[yi − f(xi) + f(xi)− (−i)f̂λ(xi)]2 = E[f(xi)− (−i)f̂λ(xi)]2 + σ2
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The generalized cross-validation function GCV(λ) has the following form

GCV(λ) =
1

N
·

N∑
i=1

(yi − f̂λ(xi))
2

(1− 1
N
· tr(H(λ)))2

, (8.7)

which means that identical weights wi(λ) = (1+ 1
N
· tr(H(λ)))−2 has to be taken.

Analogous to ordinary cross-validation criterion one can modify GCV(λ) function
to the generalized full cross-validation as

GFCV(λ) =
1

N
·

N∑
i=1

(yi − f̂λ(xi))
2

(1 + 1
N
· tr(H(λ)))2

. (8.8)

It was shown that FCV and GFCV are in some sense even better estimates6 of
MSEP. In particulary, the absolute values of the biases of FCV and GFCV are
smaller than those for CV and GCV.

0.00 0.01 0.02 0.03

0.
01

12
0.

01
18

0.
01

24

lower lambda

smoothing parameter

ge
ne

ra
liz

ed
 c

ro
ss

 v
al

id
at

io
n

cross−validation
lambda = 0.000 013

0.00 0.01 0.02 0.03

0.
01

12
0.

01
18

0.
01

24

optimal lambda

smoothing parameter

ge
ne

ra
liz

ed
 c

ro
ss

 v
al

id
at

io
n

cross−validation
lambda = 0.005 583

0.00 0.01 0.02 0.03

0.
01

12
0.

01
18

0.
01

24

higher lambda

smoothing parameter

ge
ne

ra
liz

ed
 c

ro
ss

 v
al

id
at

io
n

cross−validation
lambda = 0.037 821

0.0 0.2 0.4 0.6 0.8 1.0

1.
0

1.
5

2.
0

2.
5

3.
0

x values

y 
va

lu
es

0.0 0.2 0.4 0.6 0.8 1.0

1.
0

1.
5

2.
0

2.
5

3.
0

x values

y 
va

lu
es

0.0 0.2 0.4 0.6 0.8 1.0

1.
0

1.
5

2.
0

2.
5

3.
0

x values

y 
va

lu
es

Figure 8.3: Three different choices of the smoothing parameter λ. The optimal choice
of the parameter λ was taken to minimize the generalized cross-validation criterion.

6Under the assumption of normally distributed errors the next results hold:
Var(GFCV) < Var(GCV) and also Var(FCV) < Var(CV)
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8.3 Another Model Selection Criteria

For the sake of completeness some another alternative criteria are mentioned.
The can be also used to select an optimal model. They may also be interpreted
as estimates of the mean squared error of prediction (MSEP). Indeed, they are

functions of the residual sum of squares RSS(λ) = 1
N
‖ y − f̂λ(x) ‖2.

Akaike Information Criterion: AIC(λ) = log(RSS(λ)) +
2 · tr(H)

N

Bayesian Information Criterion: BIC(λ) = log(RSS(λ)) +
log(N) · tr(H)

N

Mallows Information Criterion: Cp(λ) = RSS(λ) + 2 · tr(H)σ2

N
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Figure 8.4: Three different choices of the smoothing parameter λ for the final fit. The optimal
choice of the parameter λ was provided using Akaike information criterion. The optimum
value (plots in the middle) was chosen to minimize the Akaike criterion function AIC(λ).

6Data used it figures (8.2), (8.3) and (8.4) were simulated and they are the same for all three
different methods of selecting the optimal parameter λ. The value of λ ∈ [0,∞) was taken in
discrete way with a step ∆s = 0.005 therefore, it might possible that optimal λ0 is a little bit
different but not more than ±0.005.
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Chapter 9

MARS - Adaptive Regression
Splines Approach

More sophisticated way to multivariate nonparametric spline regression is the
Multivariate Additive Regression Spline (so called MARS) approach. The MARS
Algorithm was proposed by J. Friedman [13] in 1991 and it presents an alternative
way for dealing with multivariate regression and a multivariate function. The goal
of this procedure is to overcome some limitations associated with the multivariate
regression as curse of dimensionality or insufficient interpretability. Multivariate
Adaptive Regression Spline approach can be thought as a generalization of a re-
cursive partitioning regression1. Therefore recursive partitioning method will be
mentioned firstly despite it is not a spline approach indeed.

9.1 Recursive Partitioning Regression

The Partitioning Regression is a recursive procedure which is based on splitting
of the entire domain of the predictor variable X ∈ RJ . At each stage of the parti-
tioning algorithm all existing subregions are split into two daughter subregions
where the split is optimized over all covariates x1, . . . , xJ and a split bound-
ary. Such a procedure generates hyper-rectangular axis orientated subregions
Dv. In general the recursive partitioning regression model takes the form

f̂(x) = gv

(
x|{π̂vt}T

t=1

)
, x ∈ Dv ⊆ RJ , (9.1)

where Dv are rectangular disjoint subregions of the entire domain of the variable
X ∈ RJ and {π̂vt}T

t=1 are parameters which define the parametric form of the
function estimate f̂ for each subregion Dv separately.

1Recursive partitioning regression strategy has been proposed by Morgan and Sonquist [17].
More details on RPR can be found in works of Brieman and Meisel [5] or Friedman [12].
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The most frequently used choice (e.g. proposed by Morgan and Sonquist
[17]) of a function gv is a simple constant function for each disjoint subregion
Dv. The regression surface is than estimated as a piecewise constant without
continuity conditions between two regions which could be a problem especially
if the true underlying regression function f is continuous.

Once the estimate of the regression function f is defined as a piecewise con-
stant over disjoint subregions Dv one can formulate the partitioning regression
problem as a problem to derive a good set of basis functions (which means
to define disjoint subregions) and adjust the coefficients to best fit the data.
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Recursive Partitioning Regression

Figure 9.1: Multivariate regression surface
fitted by the Recursive Partitioning proce-
dure for simulated 2-dimensional data.

The estimate of the function f given
by RPR algorithm takes a form

f̂(x) =
V∑

v=1

π̂vBv(x), (9.2)

where {Bv(x)}V
v=1 are basis functions

which take forms of simple indicator
functions

Bv(x) = I[x∈Dv ],

and {πv}V
v=1 are coefficients which val-

ues are optimized to give the best fit
to the data.

Recursive Partitioning Regression2

is designed to be very good at finding
a local low dimensional structure

in functions that show a high dimensional global dependence. It means that
the multivariate regression function which usually depends on too many vari-
ables in global character can be dependent only on few variables in local charac-
ter. These few variables may be different in different subregions Dv. This method
is consistent and it has a powerful graphic representation as a decision tree which
increases interpretability.

However, many elementary functions are awkward for this method and it
is difficult to discover when the fitted piecewise constant model approximates
a standard smooth function. Another problem is a discontinuity of the estimate
given by RPR even if the true underlying regression function f is continuous.

2A complex view on Recursive Partitioning Regression Method was given e.g. by L. Breiman,
J. Friedman, R. Olshen and C. Stone [4]. More details on Recursive Partitioning Regression
especially partitioning algorithms can be found in J. Friedman [13].
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9.2 Multivariate Adaptive Regression Splines

Multivariate Adaptive Regression Splines (MARS) is a nonparametric re-
gression procedure that makes no assumption about the underlying functional
relationship between dependent and independent variables. Instead, MARS con-
structs this relation from a set of coefficients and basis functions that are entirely
“driven” from the regression data. In a sense, the method is based on the ”divide
and conquer” strategy, which partitions the input space into regions, each with
its own regression equation. This makes MARS particularly suitable for problems
with higher input dimensions (i.e., with more than 2 variables), where the curse
of dimensionality would likely create problems for other techniques.

The same process is done by the

x values y v
alu

es

z values

Multivariate Adaptive Regression Splines

Figure 9.2: Multivariate (J = 2) Regres-
sion surface with the same simulated data
as in a case of partitioning regression fitted
by MARS Algorithm.

Recursive Partitioning Regression al-
gorithm but unlike recursive partition-
ing MARS approach was established
to produce continuous models with con-
tinuous derivatives3.

Actually, MARS algorithm4 can be
thought as a simple generalization of
Partitioning Regression Algorithm (See
J. Friedman [13] for details) where we
replace a discontinuous step function
in the algorithm by a continuous func-
tion with continuous derivatives. Usu-
ally we take a truncated two sided func-
tion of the form

K±
n (x− t) =

[±(x− t)
]n

+
, (9.3)

where K±
n (x − t) is a univariate con-

tinuous function and n is an arbitrary
integer value5 and t can be thought as a knot or split location. By including
such functions into the MARS algorithm we ensure continuous conditions for
spline estimates and their derivatives up to degree n−1. The estimate computed
by the Recursive Partitioning Regression can be thought as a spline of zero degree.

3The number of continuous derivatives depends on the degree of spline basis used to fit
the data. If basis of nth degree is used then all derivatives up to order n− 1 will be continuous.

4MARS algorithm has been successfully generalized by S. Bakin, M. Hegland and
M. Osborne, using B-splines instead of truncated power basis (CompStat 1999).

5The choice of the number n is influenced by a requirement on number of continuous
derivatives - it is the order of the spline approximation. The most common choice is n = 3.
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The idea of MARS fitting algorithm is to use basis functions as tensor products
of univariate spline functions. Once we use two sided truncated functions as
defined by (9.3) to create multivariate basis functions we can write the basis
functions in the following form

B(n)
v (x) =

Kv∏

k=1

[
skv · (xj(kv) − tkv)

]n

+
. (9.4)

The number Kv in (9.4) is the quantity of recursive splits in the MARS algorithm

that gave rise to spline functions B
(n)
v (x). The term skv takes values (± 1) and

a concrete value depends on splitting phase k and the order v of the spline basis
function B

(n)
v (x). The value xj(kv) is the jth component of the vector x and the

number tkv is a real valued and defines the split boundary for xj(kv).

The result of applying Multivariate Adaptive Regression Splines algorithm is
a general model in the form

f̂(x) = π̂0 +
V∑

v=1

π̂v ·B(n)
v (x), (9.5)

where π0 is the coefficient of the constant basis and the sum is over all basis
functions B

(n)
v (x) constructed by (9.4).

MARS algorithm as just mentioned is often discussed as Multivariate Addi-
tive Regression Splines algorithm6. MARS algorithm gives an approximation to
a function in additive form indeed or the estimate of the true underlying func-
tion is in additive form. If all basis functions that involve identical predictor
variable will be put together into one sum MARS model as defined by (9.5) can
be rewritten into the form

f̂(x) = π̂0 +
∑
Kv=1

∑
j∈Vv

π̂vB
(n)
v (xj) +

∑
Kv=2

∑

j,k∈Vv

π̂vB
(n)
v (xj, xk) + . . . , (9.6)

where the first sum is over all basis functions that involve only a single variable
and the second is over single basis functions which include only xj. In the sec-
ond term the first sum is over all basis functions that involve two variables - two
variable interactions and the second sum is over all basis which include variables
xj and xk. By the similar way one can include three variable interactions, etc.

Once a notation (9.6) is used then the interpretation of the MARS model
becomes facilitated. Such a representation identifies the particular variables
the level of interactions and the other variables that participate in them.

6Multivariate Additive Regression Splines or the additive form of the estimated regression
function given by MARS algorithm is known as MARS ANOVA Decomposition (Friedman [13]).
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Chapter 10

Projection Pursuit Regression

Projection pursuit regression can be viewed as a low dimensional expansion
method where the low-dimensional arguments are not prespecified but instead
are adjusted to best fist the data. This method models the regression surface as
a sum of general smooth functions of linear combinations of the predictor vari-
ables in an iterative manner. It constructs a model of the regression surface based
on projections of the data usually into the one dimension. For our purposes we
will assume that general smooth functions used in Projection Pursuit Regression
are estimated as splines, B-splines1 respectively.

Let (X, Y ) be a pair of random variables such that X = (X1, . . . , XJ), where
Xj ∈ [0, 1] and let Y ∈ R. Consider a random sample (Xi, Yi), i = 1, . . . , N ,
where all (Xi, Yi) have the same distribution as (X, Y ). Let f is a regression
function of Y on X such that f(x) = E[Y |X = x]. Then the approximation of
a regression function f based on the Projection Pursuit approach assumes the
following form:

f̂(x) =
V∑

v=1

gv

(
bT

v x
)

=
V∑

v=1

gv

(∑J
j=1 bvjxj,

)
(10.1)

where functions gv are smooth functions (according to the assumption, gv are
spline functions, B-splines respectively) and bT

v x denotes the inner product (it
is a projection of J-dimensional vector x into R1). It was shown (Diaconis and
Shahshahani [7]) that any smooth function of J variables can be represented well
enough by equation (10.1) for V ∈ N large enough. The effectiveness of the
approach lies in the fact that even for relatively small values of V ∈ N many
classes of functions can be closely fit by approximations given by Projection Pur-
suit Regression method. The main advantage of the projection pursuit regression
method is an easy interpretation of interactions in a model. Standard additive

1In statistics also another methods are used to estimate smooth functions which appear
in Projection Pursuit Regression. (e.g. nearest neighbor, kernel estimate, local averaging, etc.)
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models as mentioned above approximate the regression surface as a sum of func-
tions of the individual predictors. In such a definition of the additive model
it is difficult to include interactions (interactions can be included as separated
functions of multiple predictors).

10.1 PPR Algorithm

The projection pursuit algorithm was proposed by Jerome H. Friedman
and Werner Stuetzle [14]. The algorithm works in an iterative manner which
means one formulates a hierarchy of models of increasing complexity2. At each
step of the algorithm the model of the subsequent level of the hierarchy that
best fits the data is selected. The aim is to find a particular model that when
estimated from the data, best approximates the regression surface. Algorithm
attempts to overcome the limitations of the recursive partitioning and some prob-
lems arising with splitting of regions and reducing the sample.

1. Step (Projection Pursuit Algorithm)

We assume that the response variable Y is centered (
∑

i Yi = 0). The algorithm is
a recursive method hence, we assume we already have determined the first ν − 1
terms, which means we have determined vectors bv and smooth functions gv

for v = 1, . . . , ν − 1, in the approximation defined by (10.1). Let rν−1
i are partial

residuals of the regression fit defined by (10.2) after the first ν − 1 cycles.

rν−1
i = Yi −

ν−1∑
v=1

gv(b
T
v Xi) (10.2)

2. Step (Projection Pursuit Algorithm)

Let b ∈ RJ be any unit vector and let ci = bTXi is a projection of J-dimensional
vectors Xi into R1. Consider a simple regression problem of estimating a regres-
sion function g(ci) = E[ rν−1

i | ci ]. Once a smooth estimate of the regression
function g is given one can calculate the sum of the squared residuals related
to function g and the sum is minimized subject to all possible vectors b ∈ RJ .

Minimize
N∑

i=1

(rν−1
i − g(bTXi))

2 (10.3)

2The complexity of a regression model can be thought as a number of degrees of freedom
used to fit the final model.
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Once we posed a condition on regression functions gv to be a spline estimate (B-
splines respectively) we have to consider a partial regression problem mentioned
in the second step as a spline regression problem for every cycle in the algorithm.

3. Step (Projection Pursuit Algorithm)

When we find the vector b ∈ RJ which minimize (10.3) we define the vector bν

and the function gν as follows:

bν := b gν := g (10.4)

The previous process is iterated until the improvement defined by (10.3) becomes
acceptable small.

The algorithm directly follows the successive refinement concept. The mod-
els at the νth level of the hierarchy are sums of ν smooth functions (splines
or B-splines respectively) of arbitrary linear combinations of the predictors.

10.2 PPR Properties

Although, simple in concept, Projection Pursuit Regression method overcomes
many limitations of other nonparametric regression approaches. PPR does not
require a specification of a metric in the predictor space. Unlike recursive parti-
tioning, PPR does not split the sample, thereby allowing, when necessary, more
complex models.

I have already mentioned a simplicity of including interactions into the fit esti-
mated by Projection Pursuit Regression method. For example, consider a simple
interaction between two variables: Z = X1X2. A standard additive models can
not represent this multiplicative dependence by a simple inclusion into the fit.

Once we use Projection Pursuit Regression method to estimate a regres-
sion function f we can express the interaction Z in a term (10.1) for a spe-
cial choice of vectors b1,b2 ∈ RJ such that b1 = (1/2, 1/2, 0, . . . , 0) and b2 =
(1/2,−1/2, 0, . . . , 0). For the optimal choice of smooth functions g1(y) = y2 and
g2(y) = −y2 we obtain a dependance of the response variable Y on the interaction
Z. By an analogous way any similar interaction can be included in the final fit.

To be objective it has to be mentioned that Projection Pursuit Regression
method brings also some problems when fitting a multidimensional regression
surface. There exist some simple functions that require relatively too large V for
good approximation given by PPR. Therefore sometimes it is not suitable to use
Projection Pursuit Regression because of wicked interpretation.
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Figure 10.1: Projection Pursuit Regression model fitted from simulated 2-dimensional data
where the regression surface was given by PPR algorithm as a sum of two smooth functions
(estimated by smoothing spline method with penalty - two bottom plots) of one dimensional
projection, where the projection vectors are b1 = (0.3416,−0.9398) and b2 = (−0.6320, 0.7749).
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Chapter 11

Application in Real Regression
Problem

A simple example of using multivariate nonparametric regression techniques
based on spline approaches is given in this section. Examples are not supposed
to serve as a manual for nonparametric regression it is just a brief overview
of using different methods in multivariate spline regression. Data used for this
example were obtain from the Statistical Database of University of Massachusetts
Amherst1. We want to search for the dependence of the average Life Expectancy
in forty largest countries in the world on two predictor variables (the number
of people per TV and the number of people per physician in each country).
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Figure 11.1: The dependence of Life Expectancy on two predictors (people per physician and
people per TV). The regression curves were fitted by nonparametric B-splines of the 3rd degree
for both cases. For both predictors the logarithm transformation has been used.

1Data I used for this example were designed for multivariate nonparametric regression. More
notes can by found in Database archive of University of Massachusetts USA on the following web
site http://www-unix.oit.umass.edu/ statdata/statdata. I used low dimensional data because
of better graphical interpretation (3D Plots).

51



Additive Regression Models

From the Figure 11.1 we can measure the dependence on singe variables.
However, if one wants to find a dependence on both variables at the same time one
has to employ multivariate regression techniques. The next regression surfaces
were fitted by four multivariate regression methods based on spline approach.
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Figure 11.2: Multivariate regression surfaces fitted by four different regression methods.

From the figure 11.2 we can make a decision about interpretability of proposed
regression models. While additive regression method and MARS Algorithm give
pretty easy interpretable regression surfaces (in general one can say that with
an increasing number of TVs (it could be thought as an increasing standard
of living style) and an increasing number of physicians (which could be thought
as an increasing medical care in a country) the average life expectancy increases)
polynomial regression and PPR Algorithm give much more precise regression sur-
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Application in Real Regression Problem

face but a cost of that is a wicked interpretability (almost impossible in a case
of PPR Algorithm). The lowest variance in estimation in the additive surface is
supply by the highest bias in estimation. On the other hand Projection Pursuit
Regression can give the best fit to the data (the lowest bias in estimation) but
the cost of that is the highest variance in estimation (Bias - Variance Trade Off).

Additive models are usually preferred because of their easy interpretation.
Even if the high dimensional regression surfaces fitted be the additive regression
method one can always extracts functional components which allows for an easy
interpretation of the dependence on single predictor variables.
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Figure 11.3: The first two plots give a dependence of the average life expectancy on sin-
gle predictor variables as estimated by additive regression and 95% confidence area for both
functional components. The dependence given by Additive Regression is almost linear. The
last two plots give a dependence of the average live expectancy on both predictor variables
(at the same time) projected into the one dimensional space where the projection vectors are
b1 = (−0.8894247,−0.4570817),b2 = (0.8916017,−0.4528206). Such a dependence is difficult
to interpret (almost impossible) once the number of term functions is more than two.
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The same dependence for single predictor variables (the first two plots in the
Figure 11.3) can be extract also from the regression surface fitted by MARS but
MARS algorithm implicitly includes all order interactions (in this case MARS
includes the second order interactions) therefore the regression surface fitted
by MARS is more precise once the interactions are present.

Of course, one can include the interaction terms in the additive model too
(up to the same order as in MARS) - then the regression surfaces fitted by MARS
algorithm and the additive regression method are very similar.

To compare four regression methods used to estimate the dependence of the
average Life Expectancy on both predictor variables (people per TV, people
per physicians) the residual sum of squares are displayed below for each method
used to estimate the regression function:

Additive Regression: MARS Algorithm:

[1] 11.89261 [2] 11.32777

Polynomial Regression: PPR Regression:

[3] 10.56021 [4] 6.129001

Regarding to the fact that Projection Pursuit Regression usually gives the
best fit to the data the residual sum of squares is nearly always the lowest for
PPR. However, it is rather due the overfitting the data, therefore, if one considers
the ability to interpret the researched dependence, residual sum of squares is not
an optimal decision criterion anyway.
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Conclusion

In this work I tried to give an insight on using of nonparametric regression
estimation techniques with a special emphasis on spline approaches used in multi-
variate regression. I have mentioned problems which arise in multivariate regres-
sion (curse of dimensionality, low interpretation ability) and I proposed some
recommended methods how to avoid most of problems. The multivariate addi-
tive regression splines approach was presented as a successful tool for multivariate
regression which offers a great interpretability, simpleness of fitting a regression
model and a convenient limitation of many multivariate problems. Function
estimates computed by additive splines are smooth functions of predictor vari-
ables even with continuous derivatives up to the specific order. A proof that spline
estimates are consistent (with the same rate of convergence for any dimension)
was given for additive regression splines. Moreover, additive splines are great
at simple interpretability of single dependencies between the response variable
and predictor variables. Another advantage is a straightforward identification
of interactions as a simple function of included variables.

I have discussed also some sophisticated methods for multivariate regres-
sion analysis as Projection Pursuit Regression which can be thought as spline
regression approach if one defines the estimates of the term functions to be splines.
However, using of Projection Pursuit Regression algorithm has an unseemly pro-
perty of very low interpretation ability once that more than just one term func-
tion is used to estimate the primary dependence. Another discussed algorithm
used for multivariate regression is MARS algorithm which can be also thought as
splines regression strategy moreover, the estimate given by MARS can be thought
as an additive spline approximation.

In the end some simple examples have been shown to present the using
of multivariate regression techniques in real situations. The examples are not
supposed to be a manual for solving regression problems it just should serve as a
brief overview on different procedures and their properties.
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Software

Software R 2.2.0 and the following packages:

• STATS - the standard package includes splines and PPR algorithm

• SPLINES, PSPLINE - smoothing splines, interpolation splines

• LMESPLINES, XGOBI - some additional spline functions

• MGCV - additive regression methods

• RPART - recursive partitioning regression and regression trees

• MDA - Multivariate Adaptive (Additive) Regression Splines

All another functions and procedures which have been used for this diploma
thesis and are not listed in packages mentioned above were programmed by my-
self. The source codes are attached on CD on the last cover (together with PDF
version, figures used in diploma thesis and all required packages for R 2.2.0).

Data which has been used to present some multivariate regression techniques
in Chapter 11 are also uploaded on the attached CD together with the original
description from the Database Archive of the University of Massachutsetts, USA.
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model selection criteria, 37
AIC, 42
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