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Kryštof Touška
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Introduction

The plastic materials exhibits almost no deformation until a certain level of stress
is reached - so called yield stress. Materials start to flow above this level. A
suspensions of concentrated solid particles in Newtonian liquids exhibits a yield
stress followed by almost Newtonian behaviour. These compounds are often
called Bingham fluid or Bingham plastic after E. C. Bingham who studied plastic
materials early in the 20th century [9]. He observed paints and described such
behaviour in 1919. But not only paints, also pastes, food substances like ketchup
or mayonnaise [35], petroleum [15], ice slurries [27] and industry materials as
ceramics obey these laws.

It is mentioned in [28] that existence of the yield stress was a subject of many
discussions in scientific community. Former investigations showed that alumina
slurries exhibited only highly increased viscosity at low shear rates. Reliable data
are usually available at higher shear rates and yield stress values are determined
by extrapolations. Such behavior is similar to the techniques we use, however our
effort is to get as close as possible to the ideal model.

Our main focus lies in the numerical implementation of several different ap-
proaches. We would like to start with standard finite elements implementation
and make all the alterations on the level of problem formulation. Such process
should make itself easily reproducible and also possibly usable for wider spectrum
of materials. An article with the similar targets has been published in 2011 [3].

The first chapter shows why there is a need for visco-plasticity and the con-
sidered problems. In the second chapter we make a short step aside and present
related existing results in the field of analysis, both classical and modern. The
last chapter demonstrates numerical results. We start with a testing problem, two
benchmark two real-world problems follow. At the end we devote a short section
to the Herschel-Bulkley model, which might be considered as a generalization of
Bingham model.
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Chapter 1

Considered problems

In this chapter we would like to introduce considered problems and their role. As
we want for this work to be related to real-world problems as much as possible,
we present five different problems.

First three of them act as so called toy-problems and we use them mainly for
testing our approach. These three problems are well suited, because of available
analytical solution (Poiseuille flow) or previously published results of numerical
simulations (lid-driven cavity and flow around cylinder).

Last two problems are examples of common industry situations. Also for those
there were some published results that we can compare with.

But before we do that, let us say, what visco-plastic means and, in the spirit
of this chapter, present some real-world examples of both materials and their
application.

1.1 Elastic, plastic and visco-plastic laws

Consider a cylindrical specimen, a bar of length l0 and cross-section S. We
perform loading experiment, i.e. we subject the cylinder to the force P (t) at both
ends. The quantity σ is defined as

σ(t) =
P (t)

S
, (1.1)

where σ can be interpreted as the stress. We also define the relative extension ε
by the equality

ε(t) =
l(t)− l0

l0
. (1.2)

If we measure both these quantities during loading experiment, we obtain stress-
strain diagram as in Fig. 1.1.

The part between points O and A is a linear one as the relation between stress
and strain really is. The proportionality limit denoted as σA can be established
experimentally. Following part AB is curved, hence the stress-strain relation is
no longer linear.

If we stopped increasing the force P and on the contrary we decrease it to zero,
we would perform unloading experiment. Should this test take part for stresses
low enough, the stress-strain relation is retraced along the same curve back to

9
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Figure 1.1: Stress-strain diagram, [25]

the point O. The linear relation is studied in the theory of elasticity and is called
Hooke’s law

σ = Eε (1.3)

Non-linear relation can be described in the general form

σ = f(ε) . (1.4)

Three dimensional equivalent of Hooke’s law is

σ = Aε , (1.5)

where A is a fourth-order tensor and (1.4) takes the form

σ = F (ε) , (1.6)

where F is a tensorial function.
Furthermore we extend previous loading experiment as shown in Fig. 1.2,

which corresponds to steel.

ε

σ

O

A

B

M
C

N

σA

σB

σM
σC

Q

Figure 1.2: Stress-strain diagram for steel, [25]
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At point B the strain increases with only a small or no change in the stress.
The stress σB is called the yield limit. Following the curve up to the point C, we
would reach the strength limit. Further stretching would break the specimen.

Regarding the unloading experiment, let us follow the loading as far as point
M , where the stress σM exceeds yield limit σB. For the majority of metals the
unloading would follow the MN line, which is roughly parallel to the line OA.
After the experiment a part of the strain NQ vanishes and the other part ON
remains permanently. The vanishing portion is called the elastic strain and the
remaining portion is called the plastic strain.

Such behavior cannot be described by previous elastic laws, hence plastic
constitutive laws must be derived.

The classical theory of plasticity works with stress rate and strain rate having
them proportional, while the coefficient is usually a function of the stress, the
strain and the strain rate.

σ̇ = E(σ, ε, ε̇)ε̇ . (1.7)

Classical plasticity theory presumes that the coefficient E is a positively ho-
mogeneous function in its last argument, hence a theory based on a (1.7) is a
time-independent theory. Constitutive law retains its form after a change in the
time variable τ = h(t).

An example of plastic constitutive law with a domain of elastic behaviour can
be

E(σ, ε, ε̇) =

{
E if |σ| < σY or (|σ| = σY and σ · ε̇ < 0)
0 if |σ| = σY and σ · ε̇ ≥ 0 ,

(1.8)

where σY is the yield limit. This model is called a perfectly plastic model.
Now let us stop loading experiment at the point P in Fig. 1.3. The stress is

to be held on a constant level, a soft testing machine would allow us to do so. In
a long time interval a slow increase of strain can be observed. Direction PQ in
Fig. 1.3 represents such phenomenon called the creep.

ε

σ

O

P

R

Q

Figure 1.3: Long-range test (creep and relaxation), [25]
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A creep strain-time diagram is presented in Fig. 1.4. For small applied stresses
the strain is going to stabilize, it has a horizontal asymptote. However should the
applied stress exceed a certain limit, the strain-time curve is strictly increasing
and the specimen is going to break.

t

ε

O

PεP

Figure 1.4: Time evolution of strain during the creep phenomenon, [25]

Instead of soft testing machine, one could use a hard testing machine for
diagnostic tests. In the point P in Fig. 1.3 the strain is maintained constant,
while the stress can be measured. Unlike the strain during the creep test, the
stress decreases in time. The time interval of the decreasing is much longer
than those in unloading experiments. This decrease is called relaxation. The
stress would follow the direction PR in Fig. 1.3, its time dependency is shown in
Fig. 1.5.

t

σ

O

PσP

Figure 1.5: Time evolution of stress during the relaxation phenomenon, [25]

Given the relaxation phenomenon the stress can decrease almost to zero, or
the curve in Fig. 1.5 may tend to a horizontal asymptote. The asymptote location
depends on the initial stress-strain state.

The creep phenomenon and the relaxation phenomenon cannot be described
neither by elastic constitutive laws nor by the plastic constitutive laws. To de-
scribe these phenomena, more advanced constitutive laws were developed, for
example rate-type viscoplastic laws.

Further in the text are concerned mainly with the model of the Bingham
fluid. Constitutive equations are derived in the section 2.1.1. Such fluid omits
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elastic behaviour and rather presents rigid-body behaviour, which changes into
viscous flow after exceeding yield stress. E.C. Bingham described paint in this
way in 1919 and further continued with the model in [9]. These materials were
analyzed by Oldroyd [32], [33], Reiner [39] and Prager [36]. Apart from paints,
[22] mentions also slurries, pastes, and food substances are examples of Bingham
plastics. Another example is a toothpaste that behaves like a rigid body at rest
inside the tube. While being pressed out, it flows with a certain level of viscosity
and finally it retains its shape outside the tube.

Figure 1.6: Toothpaste, [46]

The material presented in this section is standard and can be found in [25],
[16] and [35].

1.2 Poiseuille flow

Poiseuille flow is one of the simplest examples of Bingham fluid flows. Yet it can
be very useful object of studies, mainly for two reasons. The first one is that the
analytical solution is available, hence we can evaluate the achieved precision of
our simulations in terms of L2 error, but also in its main characteristics as the
maximal velocity (‖u‖∞) or a width of an unyielded region. The other reason is
that the Poiseuille flow of the Bingham fluid is often a part of larger problems,
both in real world, such as flows in cooling systems (see [19]), and also in numerical
simulations, like a pressure driven flow around cylinder in [47].

Poiseuille flow is a pressure driven flow between two parallel plates, which are
stationary. A no-slip boundary condition is prescribed on the plates.

Such flow of Bingham fluid has several interesting properties. Unlike the case
of the Newtonian fluid, the velocity profile isn’t parabolic in the entire width of
the channel, but rather exhibits a rigid body, often called a plug, moving with the
fluid in the middle section. A simple visualisation is on the Fig. 1.7. The flow
is also known to cease in a finite time after removing the acting pressure, more
details of this phenomenon can be found in [14].

1.3 Lid-driven cavity

If we had to name the most common testing problem for viscoplastic flows, it
would be a lid-driven cavity. A well known test has been used as a validation for

13



Figure 1.7: Poisseuille flow

many codes and solution methods.
Lid-driven cavity geometry is a unit square. The boundary conditions are

simple enough as well, a tangential velocity is prescribed on the top boundary and
the other three sides are motionless. Of course difficulties with the discontinuity
of boundary conditions arise, some authors regularize the velocity on the top
boundary as in [18], while the others rely on the interpolation on the element
edge, see also [18] or [30].

There are many results for Bingham fluid, mostly they omit convective term
and concentrate on the Stokes problem. Usually the presented results, see [45],
[30], [3], [18], include the growth of the unyielded region with higher yield stress
level and the vortex position and intensity.

Figure 1.8: Lid-driven cavity

List of additional resources for the original problem can be found in [13].

1.4 Flow around cylinder

A flow of a fluid around cylinder has been studied already by Stokes in 1850, [42].
His article presented so called Stokes paradox. He concluded that with certain
restrictions such flow would never be a steady state flow. Many articles has been
written on the topic, one of the recent [44] states, that the setting led to an
ill-posed problem, because one cannot assume to be at infinite distance from an
infinite cylinder.

14



For the purpose of numerical simulations many different settings have been
studied, for example [20] features results for Newtonian fluid including high pre-
cision values of drag and lift coefficients of forces acting on the cylinder and also
a pressure difference on the cylinder.

In the case of Bingham fluid let us mention two articles by Mitsoulis [29] and
Mitsoulis and Zisis [47]. Their results include large scale of yield stresses and also
different geometrical settings. Besides the unyielded region, a drag coefficient
progress is also calculated.

L

H

R

Figure 1.9: Flow around cylinder

1.5 Wire-drawing problem

Wire-drawing is a metalworking process for reducing diameter of a wire by pulling
it through a die or a series of dies. According to [1], wire was originally made
by cutting strips from plates and afterwards rounded by beating. Wire-drawing
became known in the 14th century.

Modern wiring machines consists of many dies, area reduction is up to 30%
per drawing pass. To lessen the wear on surface, the wires are lubricated with
oil, soapy water or sulphates. For more details about wire-drawing, see [43].

[25] models wire going through a die as a Bingham fluid, similar setting is
used for our problem, geometrical setting can be seen in Fig. 1.10.

8◦

0.47mm
0.373mm

Figure 1.10: Wire-drawing
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1.6 Tape-casting unit

Many ceramic products for electronics industry are made by tape-casting tech-
nology. It has been developed in the 1940s for producing miniaturized capacitors.
Current products examples are microcapacitors or covers for integrated circuits.
A whole chapter about tape-casting can be found in [40].

A schematic example of tape-casting machine is in Fig. 1.11. It consists of
an open reservoir on the left side and the channel on the bottom. A belt with
constant speed runs under the channel.

This machine has been thoroughly studied in [28]. Both experimental and
computed date are presented, which make basis for our simulation results evalu-
ation. For the process itself, the fluid is a mixture of α-Al2O3 powder, cellulose
acetate, dibutyl phthalate, fish oil, acetone and cyclo-hexanone. We aim to re-
produce the shape of the free surface as well as to find unyielded regions in the
reservoir for different belt speeds.

24mm

20mm

107mm

h
1.5mm

Figure 1.11: Tape-casting machine
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Chapter 2

Analysis of the problems

Our main concern lies in the numerical simulations, but even though we would to
include some existing results to include necessary part of mathematical modelling
and also to compare two different approaches, both related to the constitutive
relations we use.

2.1 Classical approach

We start with classical variational approach. Firstly we derive constitutive equa-
tion for Bingham fluid and later we show existence and uniqueness for the Stokes
problem. Whole section follows first part of the fifth chapter in [25].

2.1.1 Bingham fluid

We shall start by deriving the constitutive equation of the Bingham fluid. We
denote the symmetric part of velocity gradient as D,

D =
1

2

(
∇u+∇Tu

)
(2.1)

and its deviator with a prime,

D′ = D − 1

3
(trD) I . (2.2)

We denote Cauchy stress tensor T and analogously its deviator

T ′ = T + pI . (2.3)

Then the Bingham model for viscoplastic materials is based on the following
equations

T ′ = S + 2ηD′ , (2.4)

f(S) = |S|2 − g2 ≤ 0 , (2.5)

D′ = 2λS . (2.6)

η is a viscosity coefficient, g is the yield stress and λ satisfies

λ(t) = 0 if f(S) < 0 or f(S) = 0 and ḟ(S) < 0 ,

λ(t) > 0 if f(S) = 0 and ḟ(S) = 0 . (2.7)

17



The equation (2.4) basically divides stress tensor deviator into plastic and
viscous part. Second equation (2.5) is so called Von Mises yield criterion. Finally
equations (2.6) and (2.7) states that the symmetric part of the velocity gradient
can vary only if S is moving along the surface f(S) = 0.

Usually also we assume the incompressibilty condition,

trD = 0 . (2.8)

We simply start by putting (2.6) into (2.4),

T ′ = (1 + 4ηλ)S (2.9)

and also
|T ′| = (1 + 4ηλ)|S| . (2.10)

If |T ′| ≤ g, then either |S| = g and (2.10) implies that λ = 0 or |S| < g meaning
that f(S) < 0 and from (2.7) we also get λ = 0. In this case (2.6) and (2.8) give
us D = 0.

Let us consider |T ′| > g. (2.10) and (2.5) implies λ > 0. From (2.7) it follows
that f(S) = 0 and thus |S| = g > 0. (2.10) is then equal to

λ =
1

4

(
|T ′|
g
− 1

)
(2.11)

and hence from (2.6), (2.9) and (2.8) we derive

D =
1

2η

(
1− g

|T ′|

)
T ′ . (2.12)

Altogether the constitutive equation of the Bingham fluid is

D =

{
1
2η

(
1− g

|T ′|

)
T ′ if |T ′| > g

0 if |T ′| ≤ g .
(2.13)

Such constitutive relation can be inverted to more traditional form of T (D).
Let |D| = 0, it follows that |T ′| ≤ g. Now let |D| 6= 0, we get

|T ′| = 2η|D|+ g , (2.14)

which together with (2.13) implies

T ′ = 2ηD + g
D

|D|
. (2.15)

Hence we can write

T ′ = 2ηD + g D
|D| if |D| 6= 0

|T ′| ≤ g if |D| = 0 .

}
(2.16)

Moreover one can invert also (2.16) and obtain (2.13), meaning that consti-
tutive relations (2.13) and (2.16) are equivalent. (2.16) is a common form of
constitutive equation of the Bingham fluid.

18



2.1.2 Solution existence and uniqueness

Consider the following problem in bounded domain Ω ⊂ R3 with a smooth bound-
ary Γ.

divT + b = 0 , (2.17)

divu = 0 , (2.18)

T ′ = 2ηD + g D
|D| if |D| 6= 0

|T ′| ≤ g if |D| = 0 .

}
(2.19)

D =
1

2

(
∇u+∇Tu

)
. (2.20)

We divide Γ into disjoint parts Γ = Γ1 ∪ Γ2 ∪ Γ3 ∪ Γ4 ∪ Γ5 and prescribe
boundary conditions

u = U on Γ1 , (2.21)

t = F on Γ2 , (2.22)

uτ = 0 t · ν = fv on Γ3 , (2.23)

u · ν = 0 tτ = 0 on Γ4 , (2.24)

u · ν = 0

|tτ | ≤ µS


if |tτ | < µS then uτ = 0
if |tτ | = µS then there exists λ ≥ 0
such that uτ = −λtτ

 on Γ5 . (2.25)

ν is the exterior unit normal of boundary Γ, stress vector t = T · ν and uτ
is the tangential component of u. Boundary condition on Γ5 is a friction law, µ
is the friction coefficient.

Let us define

K =
{
u ∈

[
H1(Ω)

]3 | divu = 0 in Ω,u|Γ1 = U ,uτ |Γ3 = 0,u · ν|Γ4∪Γ5 = 0
}
,

(2.26)
which is the set of admissible fields.

In addition following must be satisfied

K 6= ∅ , (2.27)

F ∈
[
L2(Γ2)

]3
, (2.28)

fν ∈ L2(Γ3) , (2.29)

b ∈
[
L2(Ω)

]3
, (2.30)

µ ∈ L∞(Γ5), µ ≥ 0 a.e. on Γ5 , (2.31)

S ∈ L∞(Γ5), S ≥ 0 a.e. on Γ5 . (2.32)

Before we give the variational formulation for the problem (2.17)–(2.25), let
us denote several functionals

a : [H1(Ω)]3 × [H1(Ω)]3 → R, a(u,v) = η

∫
Ω

D(u) ·D(v)dx , (2.33)
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j̃ : [H1(Ω)]3 → R, j̃(v) = g

∫
Ω

|D(v)|dx+

∫
Γ5

µ|S||vτ |dΓ , (2.34)

f̃ : [H1(Ω)]3 → R, f̃(v) =

∫
Ω

b · vdx+

∫
Γ2

F · vdΓ +

∫
Γ3

fνv · νdΓ , (2.35)

J : [H1(Ω)]3 → R, J(v) =
1

2
a(v,v) + j̃(v)− f̃(v) . (2.36)

Considering (2.27)–(2.36), for (u,T ) smooth solution of the problem (2.17)–
(2.25), then following inequality holds

u ∈ K, J(u) ≤ J(v) ∀v ∈ K . (2.37)

It can be shown that the minimum point problem (2.37) holds if and only if the
following variational inequality remains valid

u ∈ K, a(u,v − u) + j̃(v)− j̃(u) ≥ 〈f,v − u〉 ∀v ∈ K . (2.38)

〈, 〉 is the duality pairing between real normed space and its dual.
Further we obtain homogeneous boundary condition. With u0 ∈ K we define

another admissible field

V = K − u0 =
{
u ∈

[
H1(Ω)

]3 | divu = 0 in Ω,u|Γ1 = 0,uτ |Γ3 = 0,u · ν|Γ4∪Γ5 = 0
}
,

(2.39)
functional and element

j : [H1(Ω)]3 → R, j(v) = j̃(v + u0) , (2.40)

f ∈ V ′, 〈f,v〉 = 〈f̃ ,v〉+ a(u0,v) , (2.41)

where V ′ is the dual of V .
Then u ∈ K is a solution for the (2.38) if and only if ū = u − u0 ∈ V solves the

following inequality

ū ∈ V, a(ū,v − ū) + j(v)− j(ū) ≥ 〈f,v − ū〉 ∀v ∈ V . (2.42)

If (u,T ) is a smooth solution of the original problem (2.17)–(2.25), than u− u0 is
a solution of (2.42). Hence apart for the involved translation, every solution of (2.42)
is a solution of the problem (2.17)–(2.25). Because we want to apply Korn’s inequality,
it is necessary to suppose that

meas Γ1 > 0 . (2.43)

Then if (2.27)–(2.32) holds, there exists a unique solution ū = u−u0 of the variational
inequality (2.42).

Proofs of all statements in this subsection can be found either in [25] or many other
textbooks.

2.1.3 Regularized constitutive equation

For numerical simulations we use a smooth approximation of constitutive relation
(2.16), i.e.

T ′ε = 2ηD + g
D√

|D|2 + ε2
. (2.44)
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Then, according to [18], for solutions u and uε of original and regularized stationary
problem, we have

‖uε − u‖2L2Ω ≤
g|Ω|
µλ0

ε , (2.45)

where λ0 > 0 is the smallest eigenvalue of the operator −∇2 on Ω for the homogeneous
Dirichlet boundary conditions.

We have thus
lim
ε→0

uε = u in L2(Ω) . (2.46)

2.2 Implicit constitutive theory

Newtonian fluids cannot exhibit several phenomena observed on many real fluids. A
simplest attempt to obtain a more general model is by setting a nonlinear relation
between T and D. The main idea of implicit constitutive theory is to replace an
explicit functional of the symmetric part of the velocity gradient D

T = T (D) (2.47)

by the implicit relation between T and D,

G(T ,D) = 0 . (2.48)

Implicit constitutive theory makes a robust framework that can easily extend models
by other quantities and relations. Important part for us is that it can be used not only
for describing new material models with various non-linear phenomena, but it can also
easily describe well known and examined effects like in our case a yield stress.

Such description of Bingham fluid [31] is

2ηD
(
g + (|T ′| − g)+

)
=
(
|T ′ − g|

)+
T ′ , (2.49)

where (·)+ denotes max(·, 0). Equivalence with (2.13) is obvious.
For more about implicit constitutive theory, see articles [37], [38].

2.2.1 Construction of solution

We are solving the following problem

−divT ′ = b, G(T ′,D) = 0 (2.50)

with response as in (2.49). For simplicity of solution construction, u = 0 on ∂Ω.
A couple (T ′,u) ∈ L2(Ω)d×dsym ×W

1,2
0 (Ω)d is a weak solution to (2.50) if and only if∫

Ω
T ′ ·D(u)dx =

∫
Ω
b · udx for all u ∈W 1,2

0 (Ω)d . (2.51)

In this section we would like to outline a different approach how to prove an existence
of the solution. More details and much broader scope as well as all the proofs can be
found in [11], [12]. Many arguments from [10] are presented.

At first we introduce the graph A ⊂ Rd×dsym × Rd×dsym by identifying with G.(
T ′,D

)
∈ A ⇐⇒ G(T ′,D) (2.52)

and we require fulfilling of the following assumptions

(0, 0) ∈ A , (2.53)
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(T ′1 − T ′2) · (D1 −D2) ≥ 0 for all (T ′1,D), (T ′2,D) ∈ A , (2.54)

if
(
T̄ ′ − T ′

)
·
(
D̄ −D

)
≥ 0 for all

(
T̄ ′, D̄

)
∈ A then

(
T ′,D

)
∈ A , (2.55)

there are positive c∗, d∗ and an N -function ψ such that

T ′ ·D ≥ c∗
(
ψ(D) + ψ∗(T ′)

)
− d∗ for all (T ′,D) ∈ A . (2.56)

ψ is an N -function if ψ is an even continuous convex function such that

lim
|s|→0+

ψ(s)

|s|
= 0 and lim

|s|→∞

ψ(s)

|s|
=∞ . (2.57)

ψ∗ is defined as the Legendre transform

ψ∗(s) := sup
l∈R

(s · l − ψ(l)) . (2.58)

Let us have (2.49) in the form

D =
1

2η

T ′(|T ′| − g)+

|T ′|
(2.59)

The assumption (2.53) obviously holds.

Monotonicity (2.54) is satisfied as well, because 1
2η

T ′(|T ′|−g)+
|T ′| is monotone.

Regarding the maximality we set T̄ ′ = T + δB, where B ∈ Rd×dsym arbitrary. We obtain

1

2η
δB

(
(T ′ + δT ′)(|T ′ + δB|)

|T ′ + δV |
−D

)
, (2.60)

which after dividing by δ a then δ → 0 together with continuity of all expressions
implies (T ′,D) ∈ A.
(2.56) is fulfilled with ψ(|D|) = 1

2 |D|
2, ψ∗(T ′) = 1

2 |T
′|2 and with matching c∗ and d∗.

Now let A satisfy (2.53)–(2.56) and

T ′n ⇀ T ′ weakly in L2(Ω)d×dsym , (2.61)

Dn ⇀D weakly in L2(Ω)d×dsym , (2.62)

(T ′n(x),Dn(x)) ∈ A for all n and a.a. x ∈ Ω , (2.63)

lim sup
n→∞

∫
Ω
T ′n ·Dndx ≤

∫
Ω
T ′ ·Ddx . (2.64)

Then (T ′(x),D(x)) ∈ A for a.a. x ∈ Ω. A proof can be found in all cited references
[10], [11] and [12].

Further we define finite k-dimensional subspace ofW 1,2
0 (Ω)d that satisfies limk→∞ V

k

is dense in W 1,2
0 (Ω)d.

We introduce an approximation (T ′k,Dk) ∈ L2(Ω)d×dsym × V k∫
Ω
T k ·Dk(v)dx =

∫
Ω
b · vdx for all v ∈ V k (2.65)

(T ′k,Dk) ∈ A a.e. in Ω . (2.66)

Let v = uk, then it follows from (2.53)∫
Ω
ψ(D(vk)) + ψ∗(Sk)dx ≤ C(b) . (2.67)

We extract further convergent subsequences leading directly to −divT ′ = b in weak
sense.

To get (T ′,D) ∈ A a.e. in Ω, we follow the same procedure following (2.61).
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Chapter 3

Numerical simulations

3.1 Problem formulations

As N. J. Walkington with J. S. Howell in [23] we start with standard primal mixed
formulation with velocity and pressure. Further we introduce stress tensor deviator as
an extra unknown and finally we also add symmetric part of velocity gradient as an
unknown.

3.1.1 Primal mixed formulation

Consider Stokes like system

−divT = b (3.1)

divu = 0 (3.2)

T = −pI + T ′ = −pI +A(D(u)) (3.3)

We seek (u, p) ∈ U× P satisfying∫
Ω

(A(D(u)) : D(v)− p div v) =

∫
Ω
b · v +

∫
Γ1

t · v , ∀v ∈ U , (3.4)∫
Ω
q divu = 0 , ∀q ∈ P . (3.5)

This is a saddle point problem in the form[
Ã − divT

div 0

] [
u
p

]
=

[
b+ γT (t)

0

]
. (3.6)

where 〈divT (p),u〉 = (p,div(u)) is the dual operator and 〈γT (t),v〉 = (t, γ(v))Γ1 is the
dual of the trace operator γ. (·, ·) is the L2(Ω) inner product and 〈·, ·〉 is the induced
duality pairing.

3.1.2 Extended formulation

Let us introduce to the unknowns u and p an extra unknown S corresponding to the
Cauchy stress tensor deviator T ′. Then we seek (u, p,S) ∈ U× P× S such that∫

Ω
(S : D(v)− p div v) =

∫
Ω
b · v +

∫
Γ1

t · v , ∀v ∈ U , (3.7)
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∫
Ω
q divu = 0 , ∀q ∈ P , (3.8)∫

Ω
(S −A(D(u))) : T = 0 , ∀T ∈ S . (3.9)

or in the form  0 −divT DT (·)
div 0 0

Ã 0 −I

  u
p
S

 =

 b+ γT (t)
0
0

 , (3.10)

where similarly to the previous dual operators 〈DT (S),u〉 = (S,D(u)).
With these equations one can already prescribe implicit constitutive equations in

the form G(T ,D) = 0 replacing the term S −A(D(u)).

3.1.3 Dual mixed formulation

In addition to the previous formulation we add symmetric part of the velocity gradient
D resulting in the full system of equations. Then (u, p,S,D) ∈ U×P× S×D satisfies∫

Ω
(S : D(v)− p div v) =

∫
Ω
b · v +

∫
Γ1

t · v , ∀v ∈ U , (3.11)∫
Ω
q divu = 0 , ∀q ∈ P , (3.12)∫

Ω
(S −A(D)) : T = 0 , ∀T ∈ S , (3.13)∫

Ω
(D −D(u)) : E = 0 , ∀E ∈ D (3.14)

also written as
0 −divT DT (·) 0

div 0 0 0

0 0 −I Ã
D(·) 0 0 −I



u
p
S
D

 =


b+ γT (t)

0
0
0

 . (3.15)

In the discrete version of the last formulation spaces Sh and Dh coincide, hence
(3.15) is basically the same as “Alternative dual mixed formulation” with pressure in
[23].

3.2 Used FEM software

All simulations were carried out using FEM software developed by Jaroslav Hron.
Software description can be partially found in [24] and [17]. Let us just mention basic
principles this computation code builds on. We omit time discretization, since all the
problems covered in the text are stationary.

The discretization in space, as already mentioned, is done by finite element method.
The considered domain Ω is approximated by the polygonal domain Ωh covered with
quadrilaterals Th. Any two quadrilaterals are disjoint or have a common node or edge.
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Let us consider primal mixed formulation, i.e. equations (3.4)–(3.5), which take
following discrete form∫

Ω
(A(D(uh)) : D(v)− ph div v + q divuh) =

=

∫
Ω
f · v +

∫
Γ1

t · v , ∀(v, q) ∈ Uh × Ph (3.16)

We denote {vi} a basis for Vh and {qi} a basis for Ph, then

uh =
∑

Uiv
i , (3.17)

ph =
∑

Piq
i . (3.18)

Denoting X = (U,P ), the finite dimensional nonlinear system is

F(X) = 0 . (3.19)

Such system of nonlinear algebraic equations is solved using Newton method. One
iteration step is given by

Xn+1 = Xn −
[
∂F
∂X

(Xn)

]−1

F(Xn) . (3.20)

These iterations converge quadratically for ‖X −X0‖ small. To ensure global conver-
gence, solution update step is replaced by

Xn+1 = Xn + ωδX , ω ∈ [−1, 0) . (3.21)

The Jacobian is computed by finite differences from the residual vector F(X)[
∂F
∂X

]
ij

(Xn) ≈ [F ]i(X
n + αjej)− [F ]i(X

n − αjej)
2αj

, (3.22)

where ej are unit basis vectors in Rn and αj are coefficients generally iteration-dependent.
A direct sparse solver UMFPACK has always been used for matrix inversion.
Finally we address the choice of finite element spaces. For the primal mixed formula-

tion we use Q2/P
disc
1 element pair satisfying Ladyzhenskaya-Babuška-Brezzi condition,

see [26].
Analogically we would derive discrete versions of both other formulations with in-

terpolation to spaces Sh and Dh. Retracing and considering Bingham fluid for the
approach in [21], [6], [5], [4] or [7], these spaces must comply with following points.

The velocity-pressure interpolation must satisfy the usual LBB condition. Both
continuous and discontinuous interpolation may be used for extra stress tensor. If a
discontinuous interpolations of the extra stress tensor S is used, the space of the sym-
metric part of the velocity gradient D as obtained after differentiation of the velocity
field u must be included in the interpolation space of the extra stress tensor S, i.e.
D ⊂ S.

Meeting the criteria above, we consider either Q2 or Qdisc
2∗ elements for extra stress

and the same space for the symmetric part of the velocity gradient.
The finite dimensional spaces are as follows

Uh =
{
uh ∈ [H1

0 (Ωh)]2|uh|T ∈ [Q2(T )]2 ∀T ∈ Th
}
, (3.23)

Ph =
{
ph ∈ L2(Ωh)|ph|T ∈ P1(T ) ∀T ∈ Th

}
, (3.24)
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Sh = Dh =
{
xh ∈ [H1

0 (Ωh)]4|xh|T ∈ [Q2(T )]4 ∀T ∈ Th
}
, (3.25)

or
Sh = Dh =

{
xh ∈ [L2(Ωh)]4|xh|T ∈ [Q2∗(T )]4 ∀T ∈ Th

}
. (3.26)

Consider ∀T ∈ Th bilinear transformation ψT : T̂ → T from the reference element
T̂ to the unit square T . Then

Q2(T ) =
{
q ◦ ψ−1

T |q ∈ span〈1, x, y, xy, x2, y2, x2y, xy2, x2y2〉
}
. (3.27)

Local degrees of freedom are located at the nodes, edges’ midpoints and center of T .

P1(T ) =
{
q ◦ ψ−1

T |q ∈ span〈1, x, y〉
}

(3.28)

with value and both partial derivatives located in the center of T .

Q2∗(T ) =
{
q ◦ ψ−1

T |q ∈ span〈1, x, y, xy, x2, y2, x2y, xy2〉
}
, (3.29)

value and all derivatives are again located in the center of T .

(a) Q2
(b) P1 (c) Q2∗

Figure 3.1: Location of degrees of freedom

3.3 Governing equations

All computed problems are considered as stationary, isothermal flows with small inertia.
Such model reduction leaves us with governing equations

divT ′ −∇p = 0 , (3.30)

divu = 0 . (3.31)

For constitutive relation G(T ,D) we considered two options. The first one is a
regularized version of a classical constitutive equation as in section 2.1.3, i.e.

T ′|Dε| − 2ηD|Dε|+ gD = 0 , (3.32)

where |Dε| =
√
|D|2 + ε2. The other one is a modified relation from section 2.2.

2ηD
(
g +

(
|T ′| − g

)+
ε

)
=
(
|T ′| − g

)+
ε
T ′ , (3.33)

where (·)+
ε denotes max(·, ε).

|D(u)| is a Frobenius norm of tensor D(u), meaning

|D(u)| =

 ∑
1≤i,j≤2

|Dij(u)|2
1/2

. (3.34)
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This choice of norm (same as in [18]) requires scaling factor of
√

2 for yield stress to
keep same dimensionless characteristics as for example in [47] or others with the same
choice of norm.

Velocity components are denoted u and v, i.e

u = (u, v) . (3.35)

3.4 Poiseuille flow

The problem of the creeping flow of a viscoplastic material under the a pressure gradient
is schematically shown in Fig. 3.2. The governing equations remains (3.30)–(3.34).

Constitutive equation (3.32) is labeled for use in graphs and tables as T, while
equation (3.33) is labeled as D.

Prescribed boundary conditions are as follows. For the y-component v of velocity,
we set homogeneous Dirichlet boundary condition on the whole boundary. For the
x-component u of velocity, we prescribe homogeneous Dirichlet boundary condition on
the plates and Neumann boundary conditions on the inlet and outlet.

u = 0 on Γ2 , (3.36)

t∗n = 0 , v = 0 on Γ1 , (3.37)

t∗n = −32 , v = 0 on Γ3 . (3.38)

Γ2 u = 0, v = 0

Γ2 u = 0, v = 0

Γ1

p∗ = 0

Γ3

p∗ = −8{L}

L

H

Figure 3.2: Schematic representation of boundary conditions

As for the analytical solution to the problem,

Y =
g√
2

1
dp
d x

, (3.39)

Y denotes the distance of yield surface from the channel midpoint H/2. Then

u =
1

2η

dp

dx
y(H − y)− g√

2

1

η
y , 0 ≤ y ≤ H

2
− Y (3.40)

and

u =
1

2η

dp

dx
y(H − y)− g√

2

1

η
(H − y) ,

H

2
+ Y ≤ y ≤ H . (3.41)

The solution in the middle part of the channel is constant, and continuous,

u = u(H/2− Y ) = u(H/2 + Y ) ,
H

2
− Y ≤ y ≤ H

2
+ Y , (3.42)

where values u(H/2 − Y ) and u(H/2 + Y ) are given by (3.40) and (3.41). Velocity
component v is zero and pressure distribution is linear along the channel.
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Following results are given in dimensionless quantities. Lengths are scaled with
corresponding channel dimension. All velocities with UN , which is a maximal velocity
of Newtonian fluid under the same conditions, pressure and stress with ηUN/H

x∗=
x

L
, y∗=

x

H
, u∗=

u

UN
, p∗=

pH

ηUN
. (3.43)

It is appropriate to introduce dimensionless yield stress and dimensionless Bingham
number Bn, for example as in [2]

g∗=

√
2gH

ηUN
, Bn =

√
2gH

ηUB
, (3.44)

where UB is a maximal velocity of flow with corresponding yield stress g. Newtonian
fluid corresponds to Bn = 0, while an unyielded solid to Bn → ∞ or g∗ reaches
dimensionless pressure gradient defined by

∆p∗=
dp

dx

H2

ηUN
. (3.45)

In the first part we would like to present the results of a thorough testing of different
formulations, different elements for added unknowns and also different constitutive
equations. We have to say that u-p (primal mixed) fomrulation is omitted. The
reason is that we were unable to converge to the the satisfying results for yield stresses
higher than insignificant. All remaining 8 combinations were tested in more than 200
simulations of Poiseuille flow.

Meshes were always divided into 4 cells along the channel and into 16–512 cells
across the channel. An example of the mesh with 64 cells in total is in Fig. 3.3. ∆p∗

was set to 8.0. Simulations covered the whole range 0 ≤ Bn <∞.

Figure 3.3: Example of used mesh, h = 1/16

Computations usually starts with high regularization parameter ε and then contin-
ues with one or more following iterations, when ε is taken down to the values close to
zero. An iteration always takes previous result as an initial solution vector for Newton
method. The stepping is heavily dependent on the problem, mesh, elements and used
formulation.

For the yield stress Bn = 10.3 (g∗ = 3.4), different approaches were compared in
terms of maximal velocity achieved and the width of unyielded region. As a criterion to
determine whether a region is unyielded or not, a |D| < 0.001 as in [35] was chosen .The
results are presented in Tab. 3.1, 3.2 and corresponding visualisations in Fig. 3.4, 3.5.

In addition simple convergence tests we carried. For the same yield stress on the
different meshes we set regularization parameter ε to the certain value and start the
simulation with the flow of Newtonian fluid as the initial solution vector without any
other ε iterations. Lowest achieved εs are in Tab. 3.3 and in Fig. 3.6. Actual numbers
of nonlinear iterations are in the last part of the thesis as an attachments.
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10−8

10−7

10−6

10−5

10−4

10−3

10−2

16 32 64 128 256 512

H/h

u-p-S Q2 T
u-p-S Q2 D

u-p-S Qdisc
2∗ T

u-p-S Qdisc
2∗ D

u-p-S-D Q2 T
u-p-S-D Q2 D

u-p-S-D Qdisc
2∗ T

u-p-S-D Qdisc
2∗ D

Figure 3.4: umax error for Poiseuille flow with Bn = 10.3 (g∗= 3.4)

const. H/h
formulation S, D el. eq. 16 32 64 128 256 512

u-p-S
Q2

T 4.73e-3 3.10e-4 6.35e-3 1) 1) 1)

D 8.96e-4 1.00e-4 4.97e-5 2.98e-6 3.76e-6 8.72e-6

Qdisc
2∗

T 9.04e-4 1.75e-4 2.14e-6 7.94e-6 1) 1)

D 1.98e-4 1.75e-4 4.90e-6 4.79e-6 1.73e-6 2.74e-8

u-p-S-D
Q2

T 4.17e-4 8.88e-5 8.56e-6 2.84e-6 6.73e-7 8.48e-7
D 1.98e-4 1.75e-4 4.90e-6 4.79e-6 2) 2)

Qdisc
2∗

T 9.04e-4 1.75e-4 2.14e-6 7.94e-6 3.81e-6 2.47e-7
D 1.98e-4 1.75e-4 4.90e-6 4.79e-6 1.73e-6 2.74e-8

Table 3.1: u∗max error for Poiseuille flow with Bn = 10.3 (g∗= 3.4)
1) did not converge, 2) ran out of memory during matrix inversion
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10−3

10−2

10−1

100

16 32 64 128 256 512

H/h

u-p-S Q2 T
u-p-S Q2 D

u-p-S Qdisc
2∗ T

u-p-S Qdisc
2∗ D

u-p-S-D Q2 T
u-p-S-D Q2 D

u-p-S-D Qdisc
2∗ T

u-p-S-D Qdisc
2∗ D

Figure 3.5: Unyielded region width error for Poiseuille flow with Bn = 10.3
(g∗= 3.4)

const. H/h
formulation S, D el. eq. 16 32 64 128 256 512

u-p-S
Q2

T 4.24e-1 4.24e-1 4.24e-1 1) 1) 1)

D 4.24e-1 4.24e-1 4.24e-1 4.24e-1 4.24e-1 4.24e-1

Qdisc
2∗

T 1.60e-1 4.53e-2 3.87e-2 1.47e-2 1) 1)

D 1.66e-1 4.53e-2 4.35e-2 1.47e-2 7.86e-3 4.06e-3

u-p-S-D
Q2

T 1.66e-1 1.47e-1 6.43e-2 2.06e-3 2.06e-3 3.87e-3
D 3.07e-1 1.92e-1 7.57e-2 2.89e-2 2) 2)

Qdisc
2∗

T 1.60e-1 4.53e-2 3.85e-2 1.43e-2 7.06e-3 2.26e-3
D 1.66e-1 4.53e-2 4.33e-2 1.47e-2 7.86e-3 4.06e-3

Table 3.2: Unyielded region width error for Poiseuille flow with Bn = 10.3
(g∗= 3.4)
1) did not converge, 2) ran out of memory during matrix inversion
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10−8

10−7

10−6

10−5

10−4

10−3

10−2

10−1

100

16 32 64 128 256 512

ε

H/h

u-p-S Q2 T
u-p-S Q2 D

u-p-S Qdisc
2∗ T

u-p-S Qdisc
2∗ D

u-p-S-D Q2 T
u-p-S-D Q2 D

u-p-S-D Qdisc
2∗ T

u-p-S-D Qdisc
2∗ D

Figure 3.6: ε achieved without any regularization stepping starting from solution
for ε→∞, Poiseuille flow with Bn = 10.3
(g∗= 3.4)

const. H/h
formulation S, D el. eq. 16 32 64 128 256 512

u-p-S
Q2

T 1e-8 1e-8 1e-8 1e-3 1e-2 1e-2
D 1e-5 1e-6 1e-5 1e-5 1e-4 1e-4

Qdisc
2∗

T 1e-5 1e-4 1e-3 1e-3 1e-2 1e-1
D 1e-5 1e-3 1e-4 1e-2 1e-2 1e-2

u-p-S-D
Q2

T 1e-8 1e-8 1e-8 1e-7 1e-7 1e-8
D 1e-4 1e-7 1e-5 1e-4 1) 1)

Qdisc
2∗

T 1e-8 1e-8 1e-5 1e-5 1e-4 1e-4
D 1e-6 1e-4 1e-5 1e-2 1e-3 1e-2

Table 3.3: ε achieved without any regularization stepping starting from solution
for ε→∞, Poiseuille flow with Bn = 10.3
(g∗= 3.4)
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Considering previous data from comparison we conclude the following chart

u-p-S u-p-S-D
Q2 Qdisc

2∗ Q2 Qdisc
2∗

criteria T D T D T D T D

precision 6 6 6 4 4 6 4 4

convergence 6 4 6 ␖ 4 6 4 ␖

Table 3.4: Comparison conclusion chart

The Tab. 3.4 shows:

• Adding D as an extra unknown has two different effects

– if it is interpolated into continuous space, then it will improve accuracy
heavily, especially in regions with low |D|

– it improves convergence of Newton method independently of used elements,
the problem is more coupled

• Usage of classical regularized formulation (3.32) requires u-p-S-D formulation
as it helps with the problematic term |D|

• Usage of classical regularized formulation (3.32) allows us to use both continuous
and discontinuous elements for extra stress and velocity gradient

• Usage of regularized formulation from implicit equation (3.33) with continuous
elements for extra stress and velocity gradient carries higher memory require-
ments for matrix inversion, hence discontinuous elements for extra stress and
velocity gradient are advised

• Usage of regularized formulation from implicit equation (3.33) converges in only a
few iterations, making it very fast, but on the other hand it requires fine stepping
in ε iterations

Further we focus mainly on u-p-S-D formulation with discontinuous elements for
extra stress and velocity gradient. This combination allows us to use both constitutive
equations, achieves high precision and is reliable.

Other suitable combinations are:

1. u-p-S, with discontinuous elements for extra stress and velocity gradient with
constitutive equation (3.33). As mentioned earlier there is no difference in preci-
sion in comparison with u-p-S-D formulation, however such combination requires
even finer ε-stepping in comparison to the preferred combination.

2. u-p-S-D with continuous elements for extra stress and velocity gradient with
constitutive equation (3.32). Such combination is similar to the preferred one
both in terms of precision and convergence. It might even seem like that this
combination is superior considering convergence test, but additional tests in more
complicated geometries reveals that both are comparable and on par. Continuous
elements carry less degrees of freedom, but the matrix inversion during each step
of Newton iterations are more memory and CPU time demanding.

Finally we present results for u-p-S-D formulation with discontinuous elements for
extra stress and symmetric part of velocity gradient and (3.32) constitutive equation
on the finest mesh H/h = 512, i.e. 2048 elements in total.
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Growth of the unyielded region is in Fig. 3.7, linear pressure distribution is shown
in Fig. 3.8 and several velocity profiles are in Fig. 3.9.

Last figures 3.10 and 3.11 pictures dependency of previously studied u∗max and width
of the plug on the Bingham number Bn and yield stress g∗.
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Figure 3.7: Unyielded region for different yield stresses
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Figure 3.8: Pressure distribution along the channel
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Figure 3.9: Computed velocity profiles across the channel
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Figure 3.10: Maximal velocities for different yield stresses
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Figure 3.11: Unyielded region width for different yield stresses
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3.5 Lid-driven cavity

In this section we would like to present our results of typical benchmark simulation.
As mentioned in the first chapter, this problem has already been studied, beginning
with [8] in 1980, and published recently in [34] from 2009 and 2011 preprint [3]. All
these simulations were carried in range of Bingham number 0–10. The only article that
came to our knowledge presenting simulations going a way further is [30] with Bingham
number up to 100,000.

We introduce Bingham number

Bn =

√
2gH

ηU
, (3.46)

where
√

2 results from the used norm. Characteristic dimension H (width and height
of the domain), velocity U (velocity of the lid) and viscosity η are set as unity.

Our problem setting is the same as in [47] using previously described methods and
formulations. The governing equations are (3.30)–(3.34).

Boundary conditions are in Fig. 3.12. As it can be seen, tangential velocity on the
top boundary is not regularized, instead an interpolation on the side boundaries by the
top corners guarantees that the velocity is continuous. This also means that there is
an inflow/outflow through the left/right boundary nearby the top corners.

u∗= 1 on Γ2 , (3.47)

u∗= 0 on Γ1 \ ε , (3.48)

v∗= 0 on Γ1 ∪ Γ2 . (3.49)

Γ2 u∗ = 1, v∗ = 0

Γ1 u∗ = 0, v∗ = 0

Γ1

u∗ = 0

v∗ = 0

Γ1

u∗ = 0

v∗ = 0

u∗ = 1 u∗ = 1 u∗ = 1

u∗ = 0

u∗ = 0

Figure 3.12: Boundary conditions

Whole range of 0 ≤ Bn ≤ 100, 000 has been studied. Both regularized versions
of constitutive relations were applied and the results were basically the same. Since
convergence and iterating over regularization coefficient ε was easier with (3.32), all
the presend results are achieved with this constitutive relation. Used mesh consists of
1024 same elements in 32× 32 grid, see Fig. 3.13.

The unyielded region grows as the Bingham number increases. Such behaviour has
been reported in all cited related articles. One possible criterion for visualisation of
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Figure 3.13: Used mesh, 32× 32 elements

unyielded regions is Von Mises condition (2.5), this approach is supposed to be more
precise an relies only on variables directly connected with the problem. However we
have encountered a problem with zig-zag behaviour as mentioned in [30], [29] or [47].
The other possibility is to mark area, where |D| < ε as we did in previous section.
Remaining question is how to determine a correct value of ε, too low values lead to
underestimation of the unyielded area and vice versa. Our method combines both of
these approaches. Firstly we start with the Von Mises criterion and then for the final
form of figure, we set the ε to match the Von Mises criterion, but without zig-zag
artifacts. For the lid-driven cavity, the ε value has been set as 0.005, i.e. gray area
in Fig. 3.14 represents |D| < 0.005. These results are, given the figures comparison,
similar to those presented in [30]. We see the main difference in the shape of the upper
unyielded region, the lower unyielded regions exhibits basically the previously reported
size and shape.

Except the unyielded regions, also the pressure along the lid, vortex intensity and
eye of the vortex position were computed in [30]. Our results are in Fig. 3.15–3.17. Re-
garding the pressure, our computed values are nearby the corners about 25–35% lower,
further improvement of these values would require finer mesh. The vortex intensity
(value of the stream function in the eye of the vortex) is in accordance with [30] for
the Bn ≈ O(102), further Mitsoulis and Zisis calculated almost stable vortex intensity,
we have observed alike behaviour for Bn ≈ O(104), about 10-times higher. Vortex
center lies from the symmetry at x/H = 0.5, the vertical coordinate y/H vs. Bingham
number is in Fig. 3.17. General shape of the curve agrees with the one in the article,
the values for Bn = 0 and Bn > 1000 differs by less than 1%. However in the middle
area finer mesh would certainly improve the results.
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(f) Bn = 500.0

Figure 3.14: Growth of the unyielded zone
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3.6 Flow around cylinder

A flow around cylinder between two parallel plates is another example of common
benchmark. Regarding the viscoplastic fluids, at least two variations of a problem were
previously published in [47] and [29]. The first one assumes a Poiseuille flow velocity
profile to appear in a large distance from the cylinder, while the flow is a pressure-driven
and no-slip boundary conditions are prescribed on the plates. We’ve preformed similar
simulations, but due to the rather vaguely defined dimensionless quantities, the results
cannot be compared to our full satisfaction. Fortunately the second article describing
flow of cylinder through viscoplastic fluid is clear in terms of used quantities and we
present the results for the same problem as in [29].

The governing equations take the usual form of (3.30)–(3.34). We introduce di-
mensionless Bingham number Bn, dimensionless velocity u∗ and dimensionless drag
coefficient F ∗B.

Bn =

√
2g(2R)

ηU
, u∗=

u

U
, F ∗B=

FD
ηULC

, (3.50)

where R is the cylinder radius, U is the x-component of the velocity far from the
cylinder, FD is the drag force acting on the cylinder (the x-component of the force
acting on the cylinder) and LC is the length of the cylinder in the cross-section.

Boundary conditions can be seen in Fig. 3.18, all around the channel there is a unit
velocity in the direction of the channel and on the cylinder there is a no-slip condition.

u∗= 1 , v∗= 0 on Γ1 , (3.51)

u∗= 0 on Γ2 . (3.52)

Velocity and viscosity were set as unity, the channel width ratio is H/R = 2 : 1
and the channel length ratio is L/R = 12 : 1. All the results presented show only
the middle area of the channel around cylinder, since the areas of the inlet and outlet
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Figure 3.18: Boundary conditions

don’t feature anything interesting. Used mesh is in Fig. 3.19. Bingham numbers range
0 ≤ Bn ≤ 1000.
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Figure 3.19: Used mesh

For the unyielded region visualisation the same procedure as for the lid-driven cavity
is used. We start with Von Mises criterion and then proceed with |D| low that matches
the results of Von Mises criterion. The limiting value was determined as 0.007, i.e dark
areas in the following figures represents |D| < 0.007. Our results in Fig. 3.20 match
those in [29] quite well. Especially in the size of the larger unyielded area, the smaller
ones by the cylinder seem to be bit larger in x-direction and smaller in y-direction in
our case.

Additionally streamlines and isobars of Newtonian fluid and Bingham fluids with
Bn = 10 and Bn = 1000 are in Fig. 3.21. Streamlines show us, how the Bingham fluid
is getting closer to the cylinder and hence increasing the acting force.

Last comparison for the flow around cylinder is the relation between drag coefficient
and Bingham number. The computed data were fitted in gnuplot by the equation

F ∗B= F ∗N(1 + aBn)b 0 ≤ Bn ≤ 1000. (3.53)

Fitting results are displayed in the box below. The value of F ∗N differ from the reported
by less than 0.2%, value b by 1.6%, however parameter a is about 25% lower. Such
difference shows us that in our case the acting force doesn’t grow enough with rising
Bingham number. This difference goes hand in hand with the different shapes of
unyielded regions by the cylinder. Drag coefficient progress and fitting function are in
Fig. 3.22.
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(f) Bn = 1000

Figure 3.20: Growth of unyielded region
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(f) Bn = 1000

Figure 3.21: Streamlines on the left, isobars on the right

Final set of parameters Asymptotic Standard Error

======================= ==========================

F*_N = 99.1766 +/- 0.8149 (0.8217%)

a = 0.116953 +/- 0.001461 (1.249%)

b = 0.955355 +/- 0.00129 (0.135%)
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3.7 Wire-drawing problem

A similar problem was published in [25], however their domain Ω ∈ R3 was reduced
to (z, r) plane in cylindrical coordinates. Our simulation is as before in x, y plane.
Governing equations are (3.30)–(3.34). In this case, we use the symmetry of the problem
and compute only on the top half of the domain. Boundary conditions are shown in
Fig. 3.23.

u ≈ 14.3 mm s−1 , v = 0 on Γi
1 , (3.54)

u = 18.0 mm s−1 , v = 0 on Γo
1 , (3.55)

∂u

∂y
= 0 , v = 0 on Γ2 , (3.56)

tτ = 0 , v = 0 on Γ3 , (3.57)

u · ν = 0

|tτ | ≤ µS


if |tτ | < µS then uτ = 0
if |tτ | = µS then there exists λ ≥ 0
such that uτ = −λtτ

 on Γl4 ∪ Γd4 , (3.58)

where S = |T ′| = g + 2η|D(u)|. Boundaries Γl4 and Γd4 differ in µ.

Γi1

u ≈ 14.3 mm/s

v = 0

Γ2
∂u
∂y = 0, v = 0

Γo1

u = 18.0 mm/s

v = 0

Γ3Γl4
Γd4

Γ3

u · ν = 0, tτ

Figure 3.23: Boundary conditions

Actual data for the problem are ri = 0.47 mm, ro = 0.373 mm, which are the radii
of the inlet and outlet. θ = 8◦ and the legth of the land is 0.362 mm. Velocity in inlet is
chosen to satisfy an incompressibility condition. η = 2.94 N s mm−2, g = 289 N mm−2,
µd = 0.09 and µl = 0.08. Used mesh is in Fig. 3.24.
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Figure 3.24: Used mesh

Computed streamlines are in Fig. 3.25a. Fig. 3.25b shows us how the velocity
increases as the cone gets tighter, moreover the acceleration is delayed near the die
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surface because of the friction. Notice in Fig. 3.25c that the velocity component v
is positive by the exit of the die, the wire is undergoing die swelling phenomenon.
Fig. 3.25d shows what one would expect, wire enters and leaves the die as a rigid body,
highest strain rates appears at the enter and the exit of the die.
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Figure 3.25: Wire-drawing problem results

Our simulations features the same phenomena as the results in [25], exact numbers
cannot be compared due to the different coordinates, but even though we find the
results satisfying.
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3.8 Tape-casting unit

3.8.1 ALE finite element method

We shall derive governing equations in Arbitrary Lagrangian-Eulerian (ALE) formalism
to allow us to solve free boundary problem. Nice introduction to ALE is in [41] and we
follow first few pages to derive necessary transformations.

Free boundary problems can be solved using three types of numerical methods, La-
grangian, Eulerian and Arbitrary Lagrangian-Eulerian. In Lagrangian methods each
point of free boundary moves with fluids. These methods are very accurate, but re-
quire often remeshing. Group of Eulerian methods places free boundary points into a
fixed mesh. Such mesh must be refined enough to obtain sufficient accuracy. Also the
equations are solved on the larger domain and the occupied one with the fluid may be
distinguished by means of the characteristic function. ALE methods combine advan-
tages of both approaches mentioned. Mesh nodes are related to the fluid velocity on
the free boundary and inside the domain one an independent motion can be prescribed
and frequent remeshing can be avoided.

The material body B occupies open region in Rn. Let us denote Ω another open
region in Rn as well and φ a motion of B. x = φ(X, t) is the position of material point
X at time t. The velocity and acceleration can be defined in a standard way

u(x, t) =
∂φ

∂t
(X, t) , (3.59)

a(x, t) =
du

dt
. (3.60)

x̂ ∈ Ω follows referential motion λ to take a position x = λ(x̂, t). Its velocity is

w(x, t) =
∂λ

∂t
(x̂, t) . (3.61)

Functions defined on Ω will be denoted with hat, i.e. w(x, t) = w(λ(x̂, t), t) =
ŵ(x̂, t). Then the updated referential configuration λt(Ω) is determined by the velocity
field ŵ(x̂, t) or by the gradient deformation tensor

F̂ij =
∂xi
∂x̂j

. (3.62)

A point occupying λt(Ω)∩ φt(B) relates original points X and x̂ with the equation

x̂ = λ−1(φ(X, t), t) = Ψ(X, t) . (3.63)

The mapping Ψ is a motion of B over Ω. And it also holds

x = λ(Ψ(X, t), t) , (3.64)

which after time differentiating results in

u(x, t) = w(x, t) + F̂ (x̂, t) · c̄(x̂, t) . (3.65)

c̄ is the relative velocity

c̄(x̂, t) =
∂Ψ

∂t
(X, t) . (3.66)

The acceleration of point X as a function of x̂ is

a(x, t) = â(x̂, t) =
dû

dt
, (3.67)
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which can be expanded into

â(x̂, t) =
∂û

∂t
(x̂, t) + (c̄(x̂, t) · ∇̂)û(x̂, t) , (3.68)

where ∇̂ denoted gradient operator in the x̂ coordinates. With (3.65) we can rewrite
last equation as

â(x̂, t) =
∂û

∂t
(x̂, t) + [(F̂−1 · (û− ŵ)) · ∇̂]û(x̂, t) . (3.69)

We can now reformulate basic conservation equations. Let us start with the mo-
mentum equation in form

ρ(x, t)a(x, t) = b(x, t) + divT (x, t) , (3.70)

ρ denotes the density, b the body forces and T is the Cauchy stress tensor. Changing
the coordinates into x̂ transforms the last equation in

ρ̂(x̂, t)Ĵ â(x̂, t) = Ĵ b̂(x̂, t) + d̂iv(ĴT (F̂−T )) , (3.71)

Ĵ = detF . â(x̂, t) can be substituted from (3.69),

ρ̂(x̂, t)Ĵ

(
∂û

∂t
(x̂, t) + [(F̂−1 · (û− ŵ)) · ∇̂]û(x̂, t)

)
= Ĵ b̂(x̂, t) + d̂iv(ĴT (F̂−T )) .

(3.72)
Conservation of mass takes after transformation following form

Ĵ
∂ρ̂

∂t
+ d̂iv(ρ̂ĴF̂−1û) = 0. (3.73)

3.8.2 Simulation results

Following numerical simulation based on the experimental data as in [28] aims to de-
termine the shape of free surface at the exit of tape-casting machine and also describe
the flow behaviour in the reservoir. Unlike the other simulations, governing equations
had to be modified for use of ALE method. As the Reynolds number (3.78) is in all
three cases of the order 10−3 we will omit the inertia. Apart from the other unknowns
in u-p-S-D formulation, we introduce the mesh velocity w, the governing equations
are

d̂iv(ĴT ′(F̂−T )) + Ĵ ĝ(x̂) = 0 , (3.74)

d̂iv(ρ̂ĴF̂−1û) = 0 , (3.75)

∆w = 0 , (3.76)

T ′|Dε| − 2ηD|Dε|+ gD = 0 , (3.77)

with Frobenius norm (3.34).
Boundary conditions are on Fig. 3.26. Along the border AB the tangential velocity

is prescribed, along the exit BC no surface tractions are imposed and v = 0. Along
the free surface CD a no-cross boundary condition is imposed and also surface tension
effect are omitted. On both boundaries DE and EF a no-slip boundary condition is
present. Along the reservoir inlet FG no surface traction a u = 0 are imposed. The
reservoir wall GA has again no-slip velocity condition. The discontinuity of velocity in
point A is again solved by the interpolation on the bottom element of GA boundary.
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Figure 3.26: Tape-casting machine boundary conditions

The geometrical dimensions of the experiment are in Fig. 1.11. The speed of belt
is kept at constant value UB = 7.58 mm s−1. The slurry density was measured at
ρ = 1825.5 ± 0.7 kg m−3. Yield stress found by extrapolation is g = 12.1 Pa and the
material viscosity η = 4.46 Pa s. All measurements were carried at 20◦C. Apart from
this setting (Case II), also belt speeds 3.79 mm s−1 (Case I) and 15, 18 mm s−1 (Case III)
were considered.

The dimensionless Reynolds number is defined as

Re =
ρUBh

µ
. (3.78)

All numerical simulations were carried on mesh shown in Fig. 3.27, the mesh in
the channel is uniform and exactly same as its shown part in the figure. Simulations
started on the fixed mesh with Newtonian fluid, then continued on fixed mesh until
numerical solution for Bingham fluid was found and only after that the ALE method
with moving nodes took part. Such procedure led to a fast convergence without any
problems. The results are presented in figures 3.28. As a condition for unyielded region
combination of Von Mises criterion and |D| < ε were used, see section 3.5 for more
details. In this case |D| < 0.01 are used, such high value is a result of coarse mesh grid.
Due to the coarse mesh in the reservoir only main characteristics in unyielded regions
were rendered, the exact position shown isn’t absolutely reliable. Our main focus was
aimed at the area of exit, where there are experimental data available. In comparison
with results published in [28], our seem to capture the shape of free boundary better,
used meshes were approximately same.
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Figure 3.28: Tape-casting, results
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3.9 Herschel-Bulkley fluid

Apart from Bingham fluid previously mentioned process is also applicable to other
fluid models. One of the models most resembling Bingham fluid is Herschel-Bulkley
fluid. It extends Bingham fluid with shear-thinning / shear-thickening property. The
constitutive equation is

T ′ = 2η|D|r−2D + g D
|D| if |D| 6= 0

|T ′| ≤ g if |D| = 0 .

}
(3.79)

Herschel-Bulkley fluid reduces to a Bingham fluid for r = 2.
The only difference in modelling flows of Herschel-Bulkley fluid is that for r distant

from 2 more iterations in r are needed, however convergence and precision properties
remains similar to those presented in section 3.4.

The main drawback considering our aims is less available results for comparing both
benchmark problems and more perceptibly problems from common industry. Let us
just present short illustration of shear-thinning and shear-thickening effect on Bingham
fluid in Poiseuille flow. Governing equations alter only in constitutive equations, i.e.
the system is described with (3.30), (3.31), (3.34) and

T ′|Dε| − 2η|D|r−2D|Dε|+ gD = 0 , (3.80)

where |Dε| =
√
|D|2 + ε2.

Boundary conditions are same as in section 3.4, i.e. (3.36)–(3.38) and Fig. 3.2. Also
the used mesh is same with 2048 elements.

For the proper description it remains to introduce dimensionless velocity u∗ and
dimensionless yield stress g∗,

u∗=
u

UN
, g∗=

√
2gH

ηUN
, (3.81)

UN is maximal velocity of Newtonian fluid in the considered problem, channel width
and viscosity are unit. Fig. 3.29 presents velocity profiles for Newtonian fluid, Bingham
fluid (g∗= 2.3) and Herschel-Bulkley fluid (g∗= 2.3, r = 1.8 and 2.2).
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Figure 3.29: Velocity profiles, except Newtonian fluid (g∗= 0), g∗= 2.3
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Conclusion

Finite element simulations have been undertaken for several different problems. We
managed to improve our previous, mostly unsuccessful, results we were able to achieve.
At the end we have a quite simple method, how to enrich a common primal mixed
formulation in a standard finite element implementation and obtain a robust system
for solving problems of visco-plastic flows. The results are comparable with those
presented in many articles.

We see the main disadvantage in higher computational requirements as in terms
of CPU time and memory usage. However we believe that given the current state of
computer technology, this shouldn’t be much of an issue. On the other hand results
acquired by Mitsoulis and Zisis [29], [30] and [47] covered the same range of Bingham
numbers and should be much less hardware demanding. Unfortunately we weren’t able
to reproduce their approach.

Concerning the visco-plastic materials, possible future efforts might try to reduce
zig-zag phenomenon. Doing so would primarily lead to more accurate yield surface
detection. Another possible field of development is tailoring a special preconditioner
and reducing the required number of iterations and more importantly the regularization
parameter stepping.

Moreover we hope that presented results could be a valuable source of data for
modelling materials described by implicit constitutive relations. We hope that used
approaches could be potentially modified to better fit new material models and that
the established framework could join the results achieved in the field of analysis.
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Attachments

1 Nonlinear iterations in convergence test

H/h
ε 16 32 64 128 256 512

1e-1 6 6 6 6 6 6
1e-2 8 25 9 8 8 8
1e-3 8 10 22 46
1e-4 8 12 25
1e-5 8 12 25
1e-6 8 12 25
1e-7 8 12 25
1e-8 8 12 25

H/h
ε 16 32 64 128 256 512

1e-1 2 2 2 2 3 3
1e-2 2 2 2 2 3 3
1e-3 2 2 2 2 4 5
1e-4 3 2 2 3 6 20
1e-5 3 3 3 4
1e-6 3
1e-7
1e-8

Table 3.5: Number of nonlinear iterations, u-p-S, Q2, T (left), D (right)

H/h
ε 16 32 64 128 256 512

1e-1 6 6 6 6 6 6
1e-2 8 8 8 8 8
1e-3 9 9 10 10
1e-4 8 31
1e-5 25
1e-6
1e-7
1e-8

H/h
ε 16 32 64 128 256 512

1e-1 5 2 2 2 3 5
1e-2 5 17 5 7 6 5
1e-3 5 14 7
1e-4 5 6
1e-5 5
1e-6
1e-7
1e-8

Table 3.6: Number of nonlinear iterations, u-p-S, Qdisc
2∗ , T (left), D (right)

56



H/h
ε 16 32 64 128 256 512

1e-1 6 6 6 6 6 6
1e-2 8 8 8 8 8 8
1e-3 9 10 9 9 10 10
1e-4 11 11 16 13 10 10
1e-5 20 9 25 28 19 21
1e-6 19 9 25 22 17 28
1e-7 20 9 25 23 16 23
1e-8 23 9 25 18

H/h
ε 16 32 64 128 256 512

1e-1 2 2 2 2
1e-2 2 2 2 2
1e-3 2 2 2 2
1e-4 2 2 3 2
1e-5 2 3
1e-6 3
1e-7 3
1e-8

Table 3.7: Number of nonlinear iterations, u-p-S-D, Q2, T (left), D (right)

H/h
ε 16 32 64 128 256 512

1e-1 6 6 6 6 6 6
1e-2 8 8 8 8 8 8
1e-3 9 9 10 9 10 10
1e-4 8 30 11 23 11 11
1e-5 9 12 16 43
1e-6 9 13
1e-7 8 12
1e-8 8 10

H/h
ε 16 32 64 128 256 512

1e-1 5 2 2 2 3 5
1e-2 5 17 5 6 5 3
1e-3 5 14 6 14
1e-4 5 38 6
1e-5 5 17
1e-6 7
1e-7
1e-8

Table 3.8: Number of nonlinear iterations, u-p-S-D, Qdisc
2∗ , T (left), D (right)
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