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Introduction 
This Master’s thesis is focused on the application of artificial neural networks to 

three dimensional data. Artificial neural networks (ANN) belong to well-known 

paradigms providing powerful means for data analysis, classification and various 

processing of data in general. Applications comprise not only the field of the 

theoretical computer science, but also many real world problems. For example, ANNs 

were used in medicine to identify brain structures in magnetic resonance images 

[Magnotta, Heckel, Andreasen, Cizadlo, Corson, Ehrhardt, Yuh 1999], or to 

discriminate between malignant and benign adnexal masses [Timmerman, Verrelst, 

Bourne, De Moor, Collins, Vergote, Vandewalle 1999]. Further, it can be used for 

digital watermarking of 3D models [Motwani, Bryant, Dascalu, Harris, Jr. 2010] or for 

analysis of 3D seismic data volumes [Strecker, Uden 2002]. 

There has been a lot of research regarding two dimensional image data. However, 

computing and hardware capabilities are advancing literally in every moment, and the 

advances allow currently the three dimensional data to be both accessible and 

exploitable. The 3D data are not really new in the field of computer science; 

nevertheless, their amount started to grow recently. Moreover, the real world 

measured 3D data are becoming an important resource, especially since the 3D 

scanners are more available. For example, they are useful in medicine [Kurjak, 

Miskovic, Andonotopo, Stanojevic, Azumendi, Vrcic 2007], forensic analysis 

[Brüschweiler, Braun, Dirnhofer, Thali 2003] and geology [Hansen, Cartwright 2006]. 

This thesis explores the options and techniques applicable to roughly 

pre-processed three dimensional facial scans. Several ANN models are examined and 

applied to the given data. One of the objectives is to determine what facial features 

emerge when self-organizing models are used. Further, a technique using the ANNs to 

classify general 3D data is introduced in this thesis. Gender classification of the 3D 

face models is picked as an instance of this problem. The convolutional neural 

networks seem to have the appropriate properties for such task – they require little 

pre-processing and they are robust to noise, rotations and skewing to certain degree. 
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However, they are designed to process 2D images instead of 3D data and this issue 

must be solved. 

The 3D facial scans were kindly provided by RNDr. Jana Velemínská, Ph.D. from 

the Department of Anthropology and Human Genetics, Faculty of Science, Charles 

University. The faces of real people were scanned, the faces are mostly of students 

from the Faculty of Science and from the Faculty of Mathematics and Physics at 

Charles University. As the 3D face models are private data which must be protected, 

only artificially created faces are used in this thesis for illustration, although the 

performed experiments involved all the provided scans. 

This thesis consists of two parts. In the first part, the theoretical background is 

provided and new modification of CNN is introduced. The second part discusses the 

results of supporting experiments. 

The theoretical background comprises the description of self-organizing models: 

Kohonen’s Self-organizing maps, Growing Grid, Incremental Growing Grid, Growing 

Cell Structures, Growing Neural Gas, Evolving Tree and Growing Hierarchical 

Self-Organizing Maps. Also some supervised models are examined: the feed-forward 

neural networks and convolutional neural networks. Moreover, the novel 

푁-dimensional convolutional neural networks (푁D-CNN) are presented and analysed. 

In the end, the problem of knowledge representation within the discussed supervised 

models is examined. 

The second part discussing the results achieved within the framework of the 

conducted experiments starts with the description of the used three-dimensional data 

and of their pre-processing.  

The description of the experiment which tests the capability of detecting 

significant facial features in the 3D face scans follows. Firstly, the used techniques are 

examined and then the results and their evaluation are presented. The visual evaluation 

uses the artificially generated face models.   

A similar structure has the description of the subsequent experiment which 

demonstrates the application of a more general technique for gender classification of 

the 3D faces. This experiment consists of two sub-experiments. The first 
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sub-experiment transforms the 3D data into 2D images which are then processed; the 

second sub-experiment uses the 3D data directly. 

Details about the implementation of the accompanying software follow as well as 

the details for a user of this software. I used the FaceDisplay application, which I have 

designed and implemented, for the pre-processing and testing of the models during the 

experiments.  

Existing source codes and software package Theano were used for the 

implementation of CNN and 푁D-CNN in the second experiment. [Bergstra, Breuleux, 

Bastien, Lamblin, Pascanu, Desjardins, Turian, Warde-Farley, Bengio 2010]  
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1. Preliminary Definitions 

1.1. Input Space 

Metric space is a pair (푀, 훿), where 푀 ≠ ∅ is a set and 훿:푀 ×푀 → ℝ is a 

metric which must fulfil for all 푥, 푦, 푧 ∈ 푀: 

1. 훿(푥, 푦) ≥ 0 

2. 훿(푥, 푦) = 0	 ⟺ 	푥 = 푦 

3. 훿(푥, 푦) = 훿(푦, 푥) 

4. 훿(푥, 푦) + 훿(푦, 푧) ≥ 훿(푥, 푧) 

Models of neural networks described in the following chapters will operate with an 

input space. The input space can be in general any metric space; however, we will limit 

it to subsets of ℝ , for some positive integer 푛. Hence, elements of input space can be 

regarded as vectors. 

When subset 푃 ⊂ 푀 of metric space (푀, 훿) is given, then for some 푥 ∈ 푃  a 

Voronoi cell or Voronoi region 푅 ⊂ 푀 for 푥 is defined as a set of elements in 푀 

which are closer to 푥 than to any other element in 푃. Formally: 

 푅 = {푦 ∈ 푀	|	∀푧 ∈ 푃:	훿(푦, 푥) ≤ 훿(푦, 푧)}  (Eq. 1.1.1) 

If the set 푃 is implied by the context, sometimes we will omit it and use just 푅  

instead of 푅 . 

Voronoi tessellation is the tuple of Voronoi cells (푅 ) ∈ 	.  

If we assign each Voronoi cell 푅  a vertex 푣  and we define a set of edges 퐸 

such that 푣 , 푣 ∈ 퐸  if and only if 푅 ∩ 푅 ≠ ∅  (i.e. cells 푅  and 푅  have 

common border), we obtain a dual graph to Voronoi tessellation. 

1.2. Vector Quantization and Error Rate 

Vector quantization is a classical technique for signal-approximation. It allows 

approximating the distribution of vectors 푥⃗ ∈ ℝ  by using a codebook, i.e. a finite set 

of code vectors 푚⃗ ∈ ℝ , 푖 ∈ 1,2, . . 푘	. Given a distortion measure (for example 퐿  or 

퐿  distance), we define the closest code vector 푄(푥⃗): 
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 푄(푥⃗) = argmin
∈ , ,..

‖푥⃗ − 푚⃗‖.  (Eq. 1.2.1) 

The problem of vector quantization is to minimize the quantization error: 

 퐸 = ∫ 푥⃗ − 푚⃗ ( ⃗) 푝(푥⃗)푑푥⃗	,  (Eq. 1.2.2) 

where 푝 is probability density function of 푥⃗. Integral is taken over whole metric 

space. [Kohonen 2001, 59] 

When a finite set of vectors 퐼 and codebook 푚⃗,푚⃗,…푚⃗ are given, we are 

often interested in the quantization error for such 퐼: 

 퐸 = 푥⃗ − 푚⃗ ( ⃗)
⃗∈

  (Eq. 1.2.3) 

and also in the average quantization error: 

 퐸 =
1
|퐼| 퐸  (Eq. 1.2.4) 

It is often convenient to choose a Manhattan distance (퐿  distance) in the formula 

for the average quantization error, as it requires no multiplications to calculate it. 

1.3. Entropy 

Entropy is a measure of a level of disorder or unpredictability of the system. For 

purposes of this thesis, the usage of entropy will refer to classification and clustering.  

Assume there are classes 1. . 푘, and each element 푥	from some set 푋 belongs to 

exactly one of the classes. Let us denote such classification 푐푙: 푋 → 1. . 푘, and also 푁  

the number of elements in class 푖. If all classes contain approximately same number of 

elements, the entropy is high. In contrast, if all the elements belong to exactly one 

class, the entropy is zero. The formula for entropy is given as follows: 

 푆 = 	−
푁
|푋| log

푁
|푋| = − 푝 log 푝   (Eq. 1.3.1) 

where 푝  is a substitute for 푁 /|푋| and therefore denotes the relative probability of 

class 푖. 
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2. Self-organizing Models 
One of the tasks of this thesis is to detect significant facial features in the 3D data 

obtained from a laser scanner. The detection should be performed by means of 

artificial neural networks. There is no exact definition of the correct outcome; the 

required output is only vaguely formulated in terms of subjective human perception. 

Consequently, I decided to examine models which possess the ability to 

self-organize and to reflect the structure of the presented data. These models should 

allow the detection of significant regions in the data and serve as a tool to provide 

some visual output. 

Several existing models are reviewed, both the recent models and the models 

which appear in the literature for some time already. The review comprises the 

well-known Kohonen’s Self-organizing map, Growing Grid and Incremental Growing 

Grid. Also the Growing Cell Structures, Growing Neural Gas, Evolving Tree and 

Growing Hierarchical Self-Organizing Map will be examined. 

2.1. Kohonen’s Self-organizing Map 

Self-organizing map (SOM), or sometimes referred to as Kohonen feature map, is 

a neural network based on the paradigm of competitive learning. It is a very popular 

model which inspired many researchers. Unlike feed-forward neural networks, SOM 

does not directly map input signals to output signals. In fact, it can be stated that every 

neuron in SOM “merely” codes some subset of the input space. Whenever an input 

from such subset is presented to the network, a corresponding neuron – the so-called 

best matching unit – is activated, which is the final information related to the presented 

input. On the other hand, trained SOM itself is valuable, as it provides a similarity 

graph of the processed input data. The basic idea is that inputs close one to each other 

in the input space are coded by topologically close neurons, which has a great 

importance for clustering with SOM. [Kohonen 1990] 
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Figure 2.1.1 SOM neurons in rectangular 

lattice 

 

Figure 2.1.2 SOM neurons in hexagonal grid 

 

Neurons are typically organized into one- or two-dimensional lattice, where the 

size is given beforehand, which is also one of the downsides; therefore, many derived 

models introduce an ability of the networks to grow. The most common choice for a 

two-dimensional topology is a rectangular (Figure 2.1.1) or hexagonal grid ( 

Figure 2.1.2).  

The figures above are to be interpreted in a way that each of the fields has a neuron 

inside. Then two neurons are immediate topological neighbours if and only if the fields 

they are located in are two neighbouring fields (neighbouring side by side, not just 

corners). Hence, every neuron except border neurons has four neighbours arranged in 

a rectangular lattice, or six neighbours arranged in a hexagonal lattice respectively. 

The topology remains fixed and never changes, which can be viewed as a positive or a 

negative, depending on the problem.  

The dimension of the chosen topology is independent of the dimensionality of the 

input space. In fact, this property may serve the purpose of the dimensionality 

reduction of the input data. 

As was already mentioned, every neuron codes some subset of the input space. 

This subset depends on the neuron position and on a used metric. Every neuron 푖 has 

associated vector 푤⃗  in the input space, which can be viewed as a weight vector, 

similarly to traditional models, or more conveniently as a position in input space. 

Authors refer to it as to a codebook, reference or model vector. Term weight vector 

will be used in this thesis. [Chow, Cho 2007, 176–177; Kohonen 2001, 109–110] 

The weight vectors can be initialized randomly; however, any preceding 

knowledge of the properties of the input data may suggest more beneficial initial 
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positions, as the learning process will advance faster to the desired state of network. 

[Kohonen 2001, 142–143] 

When SOM is learning from the input set, the input vectors are presented 

iteratively to the network, one by one, until the network weights stabilize. There is 

often some other stopping criterion given, for example a threshold value for an average 

quantization error or a maximum number of iterations. The whole learning process can 

be roughly divided into two phases: Self-organizing or ordering phase, where the 

topological ordering of weight vectors takes place, and convergence phase, where the 

fine tuning occurs and weight vectors are adjusted locally to minimize the quantization 

error. [Haykin 1999, 474–475] 

During learning process, three important phenomena are applied: competition, 

cooperation and synaptic adaption. [Haykin 1999, 469–470] 

Competition occurs when an input vector 푥 is presented to the network and the 

best matching unit must be found. Given some metric ‖∙‖, the winning neuron for the 

vector 푥⃗ is denoted as 푖(푥⃗) = argmin 푥⃗ −	 푤⃗ . As each neuron 푖 codes the subset 

of input space, whose elements are closer to 푖 than to any other neuron, we observe 

that these subsets form a Voronoi tessellation. [Kohonen 2001, 59]  

Having found the best matching unit, the network should adapt appropriately. 

However, in case of SOM, the synaptic adaptation does not involve solely the winning 

neuron, but also its neighbourhood. Involvement of the neighbouring neurons is called 

cooperation. [Haykin 1999, 471–473] 

There are two important rules for the cooperation: firstly, further the cooperating 

neuron resides from the winning one, the less cooperative it is; secondly, the level of 

cooperation decreases with time. Regarding the first rule, the distance from neuron 푗 

to winner 푖 is independent of the metric ‖∙‖ in the input space. Instead, it is defined 

as a path length 푑(푖, 푗) from 푗 to 푖 in the lattice, respectively in a graph defining the 

topology. [Haykin 1999, 471–473] 

The weight vectors of all affected neurons are shifted towards the presented input 

vector 푥⃗ . It was already mentioned that the level of the synaptic adjustment of 

a neuron depends on the distance from the winning neuron and on time 푡, which is 
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usually a number of current iteration. Therefore, we usually use a Gaussian-like 

neighbourhood function 

 ℎ ( ⃗), (푡) = exp − ( , )
( )

, (Eq. 2.1.1) 

where radius 

 휎(푡) = 휎 ∙ exp − . (Eq. 2.1.2) 

The adjusted neuron weight for next iteration is: 

 푤 (푡 + 1)⃗ = 푤 (푡)⃗ +	휂(푡) ∙ ℎ , ( ⃗)(푡) ∙ 푥⃗ − 	푤 (푡)⃗ , (Eq. 2.1.3) 

where usually 휂(푡) = 휂 ∙ exp − . [Haykin 1999, 471–474] 

There are several parameters which have to be determined beforehand, or tuned on 

trial and error basis: the initial neighbourhood radius 휎 , the initial learning rate 휂 , 

the time constant for neighbourhood function 휏  and also the time constant for 

learning rate 휏 . 

Ordering phase usually does not need more than 1000 iterations to obtain rough 

ordering. [Kohonen 2001, 143] Given that, recommended choices for the parameters 

are 휏 = 1000 and 휏 = . The learning rate should be close to 0.1 and decrease 

with time, but not under 0.01. The number of steps needed by the convergence phase 

may be about 500 times the number of neurons. During that, 휂(푡) ≈ 0.01  and 

ℎ ( ⃗), (푡) should shrink. When the convergence phase comes to the end, only the 

neurons in the immediate neighbourhood, or even only the winning neuron, should 

have 1 ≥ ℎ ( ⃗), (푡) ≫ 0. [Haykin 1999, 474–475] 

After the learning process is finished, the network can process real data. In this 

phase it is competition and search for the winning neuron that give the desired result. 

The result is given either as the index of the winning neuron or as its weight vector 푤⃗ . 

[Haykin 1999, 470] 

2.1.1. Speeding Up the Learning Process 

Calculations involved are not computationally complex, yet with considerable 

amount of data, the learning process may become time-consuming. There are few 

points where the algorithm can be sped up, with or without sacrifice of accuracy. 
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Search for the best matching unit can be improved, when the input vectors are 

presented repeatedly. When the network is roughly ordered in iteration 푡, the best 

matching unit 푖 (푥⃗) in iteration 푡 for the input 푥⃗ should not be topologically distant 

from the best matching unit 푖 (푥⃗) in following iterations 푡 > 푡. [Kohonen 2001, 

170–172]  

Let us assume that we use the two-dimensional lattice topology of size 푚× 푛 and 

neurons are indexed by integer pairs (푖, 푗), 1 ≤ 푖 ≤ 푚, 1 ≤ 푗 ≤ 푛. Some input vector 

푥⃗ is presented repeatedly, its previous best matching unit was (푖, 푗), the current one is 

(푖 , 푗 ). The idea is, that ‖(푖, 푗) − (푖 , 푗 )‖ is relatively small number, probably lesser 

than some threshold 푑.  

Let us also assume that we use ‖(푖, 푗) − (푖 , 푗 )‖ = max(|푖 − 푖 |, |푗 − 푗 |) . 

Consequently, if we choose some threshold 푑, the search for the best matching unit 

can be limited to only those (푖 , 푗 ) which fulfil ‖(푖, 푗) − (푖 , 푗 )‖ < 푑. 

Implementation part of this thesis uses this enhancement, introducing adaptive 

threshold 푑  to limit the neighbourhood distance, where the search is performed. 

Whenever the whole input set is presented to the network, the threshold 푑  is 

recalculated according to the maximum distance where the new best matching units 

were found. 

Another opportunity to spare the computation time is the synaptic adjustment 

performed in the neighbourhood of the best matching unit. For very small values of the 

neighbourhood function, the adjustment to weight vector is negligible. We can 

therefore use another adaptive threshold 푑′ which cut-offs the topological distance 

where the neighbouring neurons are adjusted.  

One can also use a different approach, where the width of the neighbourhood 

function is constant, but the new neurons are added in between the existing ones to 

interpolated positions. [Luttrell 1988]  

Nevertheless, I decided to follow the preceding approach, where the adaptive 

threshold 푑  for topological distance is applied. It allows simple looping through 

neurons which are located in certain limited distance while performing the synaptic 

adjustment. 
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2.1.2. SOM as Topology Preserving Mapping 

Suppose that two-dimensional SOM is applied to a data from two-dimensional 

input space, hence it is very easy to display the trained lattice in the input space. Two 

different trained networks are shown in the Figure 2.1.3 and the Figure 2.1.4. The 

input data are not displayed. 

 

Figure 2.1.3 Unwrapped SOM 

 

Figure 2.1.4 Twisted SOM 

There is a certain notion of an ordering in the Figure 2.1.3, as the network is 

stretched in the space. However, the network in the Figure 2.1.4 is twisted and it does 

not provide intuitive mapping back to the input space. Particularly in the middle, 

several topologically distant neurons are very close to each other in the input space. In 

fact, they might be even closer to each other than to their immediate topological 

neighbours. It can be stated about the network in the Figure 2.1.3 that it preserves 

topology, unlike about the one in the Figure 2.1.4.  

It is very common effect to be observed, that trained SOM tend to approximate 

distribution of input vectors in an orderly fashion, as in Figure 2.1.3. [Kohonen 2001, 

116] Regions with higher density of the input vectors attract the neurons of SOM 

towards them stronger, using the mechanism of the cooperation. The cooperation 

ensures that the rest of network is shifted there together with the winning neuron.  
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Figure 2.1.5 Unwrapped SOM and discontinuous data 

Suppose that the learning succeeded in respect to the unwrapping of the lattice as 

in Figure 2.1.3 and Figure 2.1.5. Visualization of the network in the input space shows 

us the grid stretched over the regions where the input vectors are located. Neurons are 

positioned densely where the distribution of inputs is high, whereas the neurons occur 

scarcely in the areas with low distribution of inputs. Neurons occupy even the regions 

where no input vectors are located.  

It is a result of the cooperative nature of the learning process together with the rigid 

topology. SOM suffers from discontinuity of the input data, because it is connected 

itself. To keep neurons away from the white area (Figure 2.1.5), the network has to be 

either disconnected, i.e. consist of several connected components, or it has to supress 

the cooperation significantly. None of these options is usually desirable.  

It must be also noted, that capturing high-dimensional structures into 푚 × 푛 gird 

can be problematic in general. [Blackmore, Miikkulainen 1993] 

2.1.3. Border Effect 

Despite that SOM was the ingenious contribution to the field of ANNs, it has its 

shortcoming as any model. Well-described one is the so-called “border effect”. 

Kohonen illustrates this deficiency on the SOM with one dimensional topology 

operating in ℝ . Neurons, following this topology, are connected in line. The first and 

the last neuron (border neurons) on this line have only one neighbour, unlike the other 

ones. If we simplify it, it also means that the cooperation process pulls them only one 

way. Border neurons are therefore not allowed to reflect the distribution of the inputs 

the same way as the others. 
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One option to overcome this is the conditional weighting of the input vectors 

which have border neurons as their best matching units. Weighting cannot be applied 

straightforwardly to the vector, but to the learning rate instead; however, a batch 

learning (described in chapter 2.1.4) is an exception. [Kohonen 2001, 140] 

Other authors suggested different approaches. As this effect can be viewed as a 

consequence of the chosen topology, one can opt for a borderless topology, for 

example a spherical one. [Wu, Takatsuka 2006] Another described technique involves 

virtual neurons connected to the border ones, leading to a different handling of border 

and interior neurons. [Nechaeva 2010] 

I decided to follow the idea of different considerations for border and interior 

neurons and allowed the user to train them separately. However, user is also given an 

option to lock the border neurons, so their positions remain fixed. 

2.1.4. Batch Learning 

If the training data are all available beforehand, the SOM can be trained in a batch 

mode. The learning does not present the input vectors one by one, but sums the 

contributions of the whole input set over the neurons, performing the synaptic 

adjustment at the end. This has positive impact to the amount of time consumed by 

calculations (allowing for various optimizations), but the resulting network is not the 

same one we would receive by sequential one-by-one learning. Nevertheless, the batch 

learning converges as well; though when the batch learning technique was applied on 

the data associated with this thesis, particularly the first iterations did not appear very 

promising. Implemented algorithm updated the weight vectors in iteration 푡 + 1 

according to this formula: 

 푤 (푡 + 1)⃗ = 휆푤 (푡)⃗ +	(1 − 휆)
∑ 푛 ℎ , 휔 푥
∑ 푛 ℎ , 휔

 (Eq. 2.1.4) 

where 휆  is the learning momentum (0.1  by default), 푛  is the number of input 

vectors coded by a neuron 푗, 푥 	is the averaged input vector, ℎ ,  the neighbourhood 

function and 휔  the weighting coefficient to supress the border effect (see chapter 

2.1.3). [Kohonen 2001, 138–140] 
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The learning process with iterative updates uses the rule (Eq. 2.1.3). The rule can 

be simplified to form which stresses the idea of the shift of a vector towards another 

vector:  

 푤⃗ (푡 + 1) = 푤⃗ (푡) + 훼 푥⃗ − 푤⃗ (푡)  (Eq. 2.1.5) 

That may seem different from (Eq. 2.1.4). Therefore, let us define a batch update 

formula (Eq. 2.1.6) following the same form as (Eq. 2.1.5) and stressing the shift of a 

vector. Notice the substitution of 훼 for (1 − 훼) at the very beginning:  

 

푤⃗ (푡 + 1) = 푤⃗ (푡) +	(1 − 훼)
∑ 푛 ℎ , 휔 푥 − 푤⃗ (푡)

∑ 푛 ℎ , 휔
	

= 푤⃗ (푡) +	(1 − 훼)
∑ 푛 ℎ , 휔 푥 − ∑ 푛 ℎ , 휔 푤⃗ (푡)

∑ 푛 ℎ , 휔
	

= 푤⃗ (푡) +	(1 − 훼)
∑ 푛 ℎ , 휔 푥
∑ 푛 ℎ , 휔

− 푤⃗ (푡) 	

= (1 − (1 − 훼))푤⃗ (푡) +	(1 − 훼)
∑ 푛 ℎ , 휔 푥
∑ 푛 ℎ , 휔

	

= 훼푤⃗ (푡) +	(1 − 훼)
∑ 푛 ℎ , 휔 푥
∑ 푛 ℎ , 휔

 

(Eq. 2.1.6) 

	

It should be obvious from (Eq. 2.1.6), that both (Eq. 2.1.3) and (Eq. 2.1.4) follow the 

same idea of vector shifting towards the best matching unit. In both cases, the 

constraint 0 < 훼, 휆 < 1 should hold. 

2.2. Growing Grid 

One of the aforementioned shortcomings of SOMs is their rigid topology. One 

must choose the size of the network beforehand. Fritzke described a model, which is 

able to adapt the size of the lattice to a presented data. It starts with a rectangular grid 

of neurons 푐 = (푐표푙 , 푟표푤 ) which have weight vectors 푤⃗. This is same as the 

SOM, but every neuron 푐 has also a certain resource 휁  assigned. The idea of the 

resource is to indicate the size of the input subset which the neurons code, i.e. their 

Voronoi region. [Fritzke 1995b] 
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When the network is initialized, resource for all neurons is zero. The learning 

phase of the Growing Grid, compared to the Kohonen’s SOM, has three adjustments. 

Firstly, the learning rate 휂  is fixed until the target size of the network is reached. 

Secondly, whenever the best matching unit 푐  is found, its resource is increased 

휁 = 휁 + 1. Finally, if the network has a current size 푚 × 푛, every time the number 

of iterations reaches 푚 × 푛 × 휆 , a growing step is performed; iterations shall be 

counted then from zero again. [Fritzke 1995b] 

2.2.1. Growing 

The growing step inserts a new column or row into the current lattice. The location 

where the new column or row will be inserted is between the neuron 푐 with the 

highest 휁  in the whole network and one of its topological neighbours 푑 with the 

highest 휁 . 

Without loss of generality, suppose that neither of the neurons 푐 or 푑 is a border 

neuron and that the neurons 푐  and 푑  belong to a same row, i.e. 푟표푤 = 푟표푤 . 

Hence, they belong to neighbouring columns |푐표푙 − 푐표푙 | = 1. In such case, the new 

column 푐표푙  is inserted between the columns 푐표푙  and 푐표푙 . The positions of new 

neurons are interpolated from their neighbours: 

 
푤⃗( , ) =

푤⃗( , ) + 푤⃗( , )

2 , 1 ≤ 푟 ≤ 푛 (Eq. 2.2.1) 

Resource counters 휁  in the whole network are set to zero, when the growing step 

is done. [Fritzke 1995b] 

It is surely desirable to avoid indefinite growth of network; therefore, a stopping 

criterion for the growth must be defined. Simplest method is to limit the maximum 

number of units in the network, but we might not know the appropriate number in 

advance. Therefore, we usually prefer to use more indirect criteria, for example how 

well the neurons cover the input space. However, network cannot be expected to 

distribute the inputs uniformly, hence we may impose a minimum or maximum 

threshold on the number of inputs per unit. Then the growth stops when the share of 

inputs drops below the minimum threshold for some neuron or below the maximum 

threshold for all neurons. [Fritzke 1995b] 
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2.2.2. Fine-tuning 

When the growth process is finished, positions of weight vectors are just roughly 

organized and a fine-tuning convergence phase must follow. Fine-tuning is necessary 

due to the fixed learning rate 휂  which theoretically prevents the network from 

reaching a near-optimal state. The convergence phase must therefore use a time 

dependent learning rate like: 

 
휂(푡) = 휂 ×

휂
휂  (Eq. 2.2.2) 

 

Since the size of the network remains fixed and resource variables are no longer used, 

convergence phase can be considered identical to the one for Kohonen’s SOM. 

[Fritzke 1995b] 

2.2.3. Conclusion 

Resource variables represent a generalization for input vector counters. In one case 

they can accumulate local distortion error, thus giving the network tendency to 

minimize error instead of distribution approximation. [Fritzke 1995b] 

This model avoids the necessity to determine the size of the network in advance, 

especially the ratio of the width and height. On the other hand, stopping criterion must 

be provided, which might be a similarly complex question.  

Also a new parameter 휆  for period of growth process is introduced. Topology is 

no longer fixed in size, but remains fixed in form. Two dimensional grid is a typical 

choice, but not the only possible one, as stated in chapter 2.1. On the one hand, 

two-dimensional structure cannot fit to data with arbitrary dimensionality. On the 

other hand, lattices can be simply visualized. Hence, user must decide whether the 

model is suitable for the task.  

2.3. Incremental Growing Grid 

Model named Incremental Growing Grid was described by Blackmore and 

Miikkulainen before the Fritzke’s Growing Grid. It addresses the issues of fixed 

topology of SOM again, while preserving a rectangular topology, yet no longer fully 

connected. Discontinuous input data are no longer processed by a connected model. 
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Consequently, we can overcome the problem of finding boundaries of clusters and 

specific regions in map. Clusters are now represented by connected components of the 

Incremental Growing Grid. Topology of the input data is now better reflected by the 

structure of the network. [Blackmore, Miikkulainen 1993] 

Incremental Growing Grid starts with a small number of nodes which are 

organized into pre-defined structure. Their number and mutual connections are 

changed incrementally, while the whole network remains to be a subgraph of some 

enclosing rectangular grid at every moment. [Blackmore, Miikkulainen 1993] 

The training starts with four neurons connected to rectangle. Their weight vectors 

are chosen randomly. The main iteration consists of standard adaptation used in 

Kohonen’s map, growing and finally removing and/or adding connections. 

[Blackmore, Miikkulainen 1993] 

Similarly to Fritzke’s resource counters (see 2.2), error is accumulated during the 

adaptation phase; however, the error is counted only for boundary neurons. Boundary 

neuron is any neuron which has 3 or less direct topological neighbours. This is 

illustrated in Figure 2.3.1. [Blackmore, Miikkulainen 1993] 

 

Figure 2.3.1 Node (a) is an example of non-boundary node, (b) and (c) are boundary with 3 resp. 1 

missing neighbour 

The error 휁  of neuron 푐 can grow by one 휁 = 휁 + 1 whenever 푐 is the best 

matching unit for vector 푥⃗. Or it can accumulate distortion error 휁 = 휁 + ‖푤⃗ − 푥⃗‖. 

The adaptation of the weight vectors was already described in chapter 2.1. We will 

now focus on the growing and on the insertion and removal of connections. 
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2.3.1. Growing 

Growing step of the main iteration finds a neuron with highest accumulated error 

휁 . Such node 푐 is supposed to be worst representing the inputs. New neurons 푐  are 

added to all unoccupied neighbouring positions. There must be at least one unoccupied 

neighbouring position, because 푐 is a boundary node.  

 

Figure 2.3.2 New neurons (circles) in Incremental Growing Grid 

The newly added neurons 푐  are connected to the neuron 푐. Their weight vectors 

푤 ⃗ are chosen according to their neighbourhood in the enclosing grid, i.e. we do not 

require the neighbours to be connected. If there is at least one other neighbour of 푐  

except 푐 and 푁(푐 ) denotes the set of neighbouring nodes of 푐 , we choose 푤 ⃗ as: 

 푤 ⃗ =
∑ 푤⃗∈ ( )

푁(푐 )
	; (Eq. 2.3.1) 

therefore, it is an average of the weight vectors of neighbouring neurons. It may 

happen that the only neighbour is 푐, as in Figure 2.3.2. In that case, the weight vector 

푤 ⃗ is chosen in a way that weight vector 푤⃗ of the neuron 푐 is an average of its 

neighbours: [Blackmore, Miikkulainen 1993] 

 푤⃗ =
푤 ⃗ + ∑ 푤⃗∈ ( )

1 + |푁(푐)| 	. (Eq. 2.3.2) 

However, (Eq. 2.3.2) presented in [Blackmore, Miikkulainen 1993] seems 

ambiguous, as it is omitting the case when there are more new neurons without 

neighbours. It is the case in Figure 2.3.2. If the formula is applied sequentially, second 

and occasionally third new neuron receives zero weight vector 0⃗. Otherwise, if all new 

neurons should be calculated at once, their position can be arbitrary except for one 

neuron. 
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2.3.2. Insertion and Removal of Connections 

New nodes 푐  are initially connected only to the neighbour 푐, but this is subject to 

change in the third step of main iteration. All pairs of non-connected neighbouring 

neurons are checked for their distance in input space. If the distance is lower than the 

value defined by the 훿 , a new connection between them is added. Similarly 

the distances of connected neighbouring nodes are checked against 훿  and 

removed if necessary. [Blackmore, Miikkulainen 1993] 

2.3.3. Conclusion 

Incremental Growing Grid addresses the fixed topology shortcoming of 

Kohonen’s map and also enables clusters to differentiate implicitly by disconnecting. 

However, new parameters 훿  and 훿  are introduced. An important 

advantage represents the two-dimensional lattice topology which allows simple 

visualization. 

Model refers to error values and the growth process is expected to stop when the 

number of nodes reaches its maximum; nevertheless, it can be easily generalized using 

the same ideas as Growing Grid, i.e. resource variables and arbitrary stopping criteria. 

2.4. Growing Cell Structures 

 

Figure 2.4.1 Example of Growing Cell Structures (k=2), model has split into 3 components 

Growing Cell Structures replace the planar lattice topology with a topology 

consisting of hypertetrahedrons. As in previous cases, the dimensionality 푘 of the 

model must be given beforehand. The topology consists of a set of 푘-dimensional 
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simplexes, which need not to be connected altogether. It means they can constitute 

several connected components (as in Figure 2.4.1). [Fritzke 1994] 

If 푘 is equal to one, the neurons connections form lines. For 푘 = 2, the neurons 

are connected to groups of triangles (as in Figure 2.4.1). For greater 푘, the model 

consists of either tetrahedrons or hypertetrahedrons. The dimensionality 푘  of the 

model should be lower than or equal to the dimensionality of the input data. In general, 

푘 should correspond to the number of independent variables in the input vectors such 

that the model reflects the topology of the data properly. [Fritzke 1994] 

Initially, there are exactly 푘 + 1 neurons mutually inter-connected to form one 

polytetrahedron. The neurons have their weight vectors 푤⃗, as in previous models. The 

scheme of the weight vector adjusting step learning of the Growing Cell Structures is 

similar to those of the Kohonen’s SOM. Additionally there is Growing and deleting 

step. 

2.4.1. Weight Vector Adjusting 

Firstly, the input vector 푥⃗ is presented to the Growing Cell Structures model 푀 

and corresponding best matching unit 푐 is found. The weight vector 푤⃗ is shifted 

towards 푥⃗. In contrast to SOM, the learning rate is constant and does not decrease with 

time. In addition, only the immediate neighbours of 푐 are adapted as well. The level of 

their adaptation is constant as well. [Fritzke 1994] 

Let 휂  and 휂  denote the learning rate for the best matching unit and for the 

neighbouring neurons respectively. Being 푐 the best matching unit, the adaptation is 

done as follows: 

 푤⃗(푡 + 1) = 푤⃗(푡) + 휂 푥⃗ − 푤⃗(푡)  (Eq. 2.4.1) 

 푤⃗(푡 + 1) = 푤⃗(푡) + 휂 푥⃗ − 푤⃗(푡) , ∀푞 ∈ 푁(푐) (Eq. 2.4.2) 

 

where 푁(푐) denotes the immediate neighbours of 푐. [Fritzke 1994] 

Each neuron also has its resource 휁  assigned. In case of the Growing Cell 

Structures, the resource is defined as a counter of the input vectors. Whenever the 

neuron 푐 is selected as the best matching unit, its resource 휁  is increased according 
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to this formula: 휁 (푡 + 1) = 훼(휁 (푡) + 1). If 푐 is not the best matching unit, the new 

value for the resource is 휁 (푡 + 1) = 훼휁 (푡). The constant 훼 represents a decay of 

the counter, it can be regarded as forgetting mechanism. Consequently, the neurons 

which were recently and repeatedly the best matching units have higher 휁 than the 

others. The resource 휁 allows estimating the distribution of the input vectors. [Fritzke 

1994] 

Having such input counter 휁  for neuron 푐 , we also define the relative input 

frequency as: 

 푓 = 휁 / 휁
∈

	 (Eq. 2.4.3) 

During the learning process, not only is the best matching unit and its 

neighbourhood adjusted, but also insertions and deletions of the neurons occur. 

2.4.2. Growing 

After every 휆  steps, a new neuron 푠 is inserted. Firstly, the neuron 푟 with the 

highest relative input frequency 푓 ≥ 푓 		∀푐 ∈ 푀  is found. Subsequently, in the 

immediate neighbourhood of 푟  a neuron 푞  with the highest frequency 푓 ≥ 푓  

	∀푐 ∈ 푁(푟) is located. The new unit 푠 is inserted in between 푟 and 푞, formally: 

 푤⃗ =
푤⃗ + 푤⃗

2  (Eq. 2.4.4) 

For 푘 = 2, i.e. in two dimensional case, edge between 푟 and 푞 is a side of one or 

two triangles. This side is split in the middle and the corresponding triangle(s) as well, 

which can be observed in the Figure 2.4.2. 

 

Figure 2.4.2 Inserting new neuron s between r and q 
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In this chapter, one simplification is assumed – that the input space is finite 

subspace of ℝ , it can be for example a hypercube < 0,1 > . Therefore the Voronoi 

regions of the neurons are also finite. 

With the new neuron 푠 inserted into the network 푀, the Voronoi regions 푅 ∪{ } 

(Eq. 1.1.1) of its neighbours 푐 ∈ 푁(푠) have shrunken. Since 푠  is added in some 

iteration 푡 + 1, we will denote 푅 (푡) = 푅  and 푅 (푡 + 1) = 푅 ∪{ }. The difference 

between |푅 (푡)| and |푅 (푡 + 1)|	 is used for the update of the input frequency in the 

formula (Eq. 2.4.6). 

Of course, it is not really efficient to compute the exact value |푅 (푡)| for the 

neuron 푐 at iteration 푡. The approximation suggested in the original paper uses the 

average distance between weight vector 푤⃗  of neuron 푐  and weight vectors 

푤⃗, 푎 ∈ 푁(푐), of the neurons 푁(푐) neighbouring with 푐. The approximation is: 

 |푅 (푡)| ≈
∑ ‖푤⃗ − 푤⃗‖∈ ( )

|푁(푐)|  
(Eq. 2.4.5) 

[Fritzke 1994] 

When we have some approximate values for |푅 (푡)| and |푅 (푡 + 1)|, we can 

update the input frequency for neighbours 푁(푠) of the newly added neuron 푠: 

 휁 (푡 + 1) = 휁 (푡) 1 −
|푅 (푡 + 1)| − |푅 (푡)|

|푅 (푡)| 	 , ∀푐 ∈ 푁(푠) (Eq. 2.4.6) 

[Fritzke 1994] 

The input frequency for the new neuron is: 

 휁 (푡 + 1) = 휁 (푡)
|푅 (푡 + 1)| − |푅 (푡)|

|푅 (푡)|
∈ ( )

	 (Eq. 2.4.7) 

[Fritzke 1994] 

The motivation for (Eq. 2.4.7) and (Eq. 2.4.7) is that the input frequencies of 푠 

and 푐 ∈ 푁(푠)  should have values as if 푠  was between 푟  and 푞  from the very 

beginning. 

2.4.3. Neuron Deletion 

Some neurons might be located in the areas with low input distribution and they 

should be removed. The input distribution around neuron 푐 can be approximated by 

the relative input frequency as follows: 
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 푝~ =
푓
|푅 |	 (Eq. 2.4.8) 

Hence, whenever the value 푝~  drops beyond some threshold 휏  for some 

neuron 푐 , such neuron is deleted. The value 푝~  has a disadvantage; we need to 

choose 휏  according to the properties of the given input distribution. This can be 

avoided by using normalized 푝 = 푝~ ∑ |푅 |∈ . [Fritzke 1994] 

It should be noted that when a neuron is deleted, some others can be deleted as 

well. The invariant of the Growing Cell Structures is that the neurons are connected in 

푘-dimensional hypertetrahedrons. Therefore, not only the neuron must be removed, 

but also the whole hypertetrahedrons the neuron pertained to. If there should be any 

edge left which does not pertain to any polytetrahedron, it must be removed as well. 

Moreover, if any neuron should have no topological neighbours, such neuron must be 

deleted. [Fritzke 1994] 

2.4.4. Conclusion 

To sum it up, the learning process iteratively presents the input vectors to the 

model and the updates of weight vectors and resource variables are done accordingly. 

We periodically check if the normalized input distribution 푝  of some neuron 푐 

drops below 휏  and we delete such 푐. Also after each 휆  steps a new neuron 푠 is 

inserted near the neuron 푟 with the highest relative input frequency 푓 . As defined by 

Fritzke, the learning process ends when the target number of neurons in the model is 

reached. [Fritzke 1994] 

The model can be generalized in the already observed manner: the resource 휁  can 

estimate some local error distortion instead of the input frequency. On the other hand, 

a generalization of the stopping criterion can be tricky. As the learning rates are 

constant, the learning process described above may not converge, i.e. the weight 

vectors 푤⃗(푡) may not converge to any final position for 푡 → ∞. Formally, there is 

푡 ∈ ℕ and 휖 > 0 such that |푤⃗(푡) − 푤⃗(푡 + 1)| > 휖 for all 푡 > 푡 . Consequently, 

any stopping criterion related to a quantization error is not guaranteed to be fulfilled. 
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2.5. Growing Neural Gas 

This model goes even further in reducing the a priori decisions about topology, as 

neither the dimensionality of any grid is defined beforehand. It is based on Neural Gas 

model [Martinetz, Schulten 1991]. Fritzke’s Growing Neural Gas not only grows, but 

also enhances the importance of topology during learning. [Fritzke 1995a] Topology is 

changing online in accordance with “competitive Hebbian learning” rule, which brings 

in the element of topological learning. [Martinetz 1993] 

Growing Neural Gas consists of neurons represented by their weight vectors; the 

neurons are mutually interconnected by edges to form a topological model. Edges are 

created and removed during learning in accordance with the input data. Number of 

neurons is increasing during the training phase. Once the neuron is added, it remains in 

the model. [Fritzke 1995a] 

Initially, two neurons with random weight vectors are given. Main iteration of the 

learning algorithm comprises synaptic adaptation, edge removal/addition and insertion 

of new nodes. For edge updates, each edge is assigned its age 휙 . Neuron 푐 

accumulates resource 휁 , to determine suitable position for new nodes, such 

mechanism already appeared in previous chapters. [Fritzke 1995a] 

 휁 (푡 + 1) = 휁 (푡) + 푥⃗ − 푤 ⃗  (Eq. 2.5.1) 

When input vector 푥⃗ is presented, the nearest neuron 푐  and second nearest 푐  

are selected. Before the synaptic adaptation occurs, age and resource variables must be 

updated. All edges 푒  incident with 푐  and 푐  are aged 휙 = 휙 + 1 . Only the 

resource 휁  of the neuron 푐  is changed according to (Eq. 2.5.1). [Fritzke 1995a] 

Synaptic adaptation shifts the winning neuron and its neighbours toward the input 

푥⃗, this is similar to the Kohonen’s map. Yet there is no learning rate and only the best 

matching unit 푐  and its immediate topological neighbours 푁(푐 ) are concerned. 

Immediate topological neighbour of 푐  is any neuron 푛 connected by edge to 푐 . 

Instead of neighbourhood function, two constants for BMU and neurons from 푁(푐 ) 

are defined: 휖  and 휖 . Weight vectors are updated according to (Eq. 2.5.2) and 

(Eq. 2.5.3). [Fritzke 1995a] 

 Δ푤 ⃗ = 	 휖 (푥 − 푤 ) (Eq. 2.5.2) 
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 Δ푤⃗ = 휖 (푥 − 푤 ), ∀푛 ∈ 푁(푐 ) (Eq. 2.5.3) 

 

Edge insertion occurs when there is no edge connecting 푐  and 푐 . This edge’s 

age 휙, either if edge is newly created or existing one, is set to zero. All edges 푒 with 

휙 > 휙  are removed, where 휙  is a parameter of learning algorithm. [Fritzke 

1995a] 

Whenever a multiple of 휆  main iterations is performed, new neuron 푐  is added. 

It is placed between neuron 푐  with maximum resource value 휁  and its neighbour 

푐  with highest available resource 휁  from all neighbours of 푐 , formally 휁 ≥ 휁  

for ∀푛 ∈ 푁(푐 ). Edge between 푐  and 푐  is removed and two new edges – first one 

connects 푐  with 푐 , second one is between 푐  and 푐 . Weight vector 푤 ⃗ is set as 

an average of neighbours, according to (Eq. 2.5.4). Resource values are updated 

according to (Eq. 2.5.5) and (Eq. 2.5.6), where 훼 is constant parameter. [Fritzke 

1995a] 

 푤 ⃗ =
1
2 (푤 ⃗ + 푤 ⃗) (Eq. 2.5.4) 

 휁 (푡 + 1) = 휁 (푡 + 1) = 훼휁 (푡) (Eq. 2.5.5) 

 휁 (푡 + 1) = 훼휁 (푡) (Eq. 2.5.6) 

Value of the resource variables is being decreased as the last step of the main 

iteration by multiplying 휁 (푡 + 1) = 푑 ⋅ 휁 (푡)  for all neurons 푐 . 0 < 푑 < 1  is 

another constant parameter of the learning algorithm. [Fritzke 1995a] 

Learning process continues until specified stopping criteria is met. It can be for 

example maximum number of neurons or threshold on performance. [Fritzke 1995a] 

Let us denote 퐺  the dual graph of the Voronoi tessellation corresponding to 

weight vectors 푤⃗ of all neurons 푐  in the network. Then Growing Neural Gas’s 

resulting topology is induced graph of 퐺, which differs significantly from models with 

fixed lattice topology. Possible usage comprises clustering and vector quantization; 

however, there is virtually no aptness for visualization. Even though there are several 

constant parameters whose values needs to be determined in advance, model is quite 

flexible. [Fritzke 1995a] 
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2.6. Evolving Tree 

Evolving Tree has nodes with assigned weight vectors, similarly to SOM. Nodes 

have also a resource variable 휁 indicating number of times the neuron was the best 

matching unit. Nodes are organized into usual tree as defined in graph theory. 

Learning process starts with one root node, possibly placed in the centre of input data 

mass. [Pakkanen, Iivarinen, Oja 2004] 

Kohonen’s SOM and Evolving Tree have a lot of similarities, like competitiveness 

and cooperation of the neurons. These models also share the weight vector updating 

rule, but the topological distance measure used in neighbourhood function differs. 

However, it is still derived from the length of the shortest path in graph which 

represents the topology of the model. Important difference is, except topology, that 

positions of non-leaf nodes remain fixed. All the adaptation takes place on leaf nodes. 

Consequently, the topological distance between some 푐  and 푐  is needed merely for 

leaf nodes. [Pakkanen, Iivarinen, Oja 2004] 

The topological distance between neurons of Evolving Tree is defined as a length 

of shortest path in the tree between 푐  and 푐  minus one. One is subtracted in order 

to retain the distance of sibling leaves to be one, as the shortest path has length two. 

[Pakkanen, Iivarinen, Oja 2004] 

Noteworthy is difference in search for the best matching unit. Instead of examining 

all neurons and finding the closest one in input space, Evolving Tree is used as a search 

index structure. Search starts at root of the tree and child neuron with lowest distance 

from presented input vector is selected. If such neuron is a leaf node of Evolving Tree, 

then it is the best matching unit and the search ends. Otherwise, children are searched 

recursively in the same manner. When the best matching unit 푐 is found, its resource 

휁  is increased 휁 (푡 + 1) = 휁 (푡) + 1. [Pakkanen, Iivarinen, Oja 2004] 

On the one hand, this approach significantly restricts the number of computations 

needed to find BMU. On the other hand, there is certain sacrifice in accuracy, as there 

is no guarantee that the closest neuron from all possible will be found. However, 

Pakkanen et al. claims that 70% of all searches yield the very same result as complete 

search. [Pakkanen, Iivarinen, Oja 2004] 



29 

 

The most important part is the growth of the model. Whenever the resource value 

휁  of any leaf node 푞 reaches value  휁 , 푞 is split into 휃 new nodes. 휁 , a 

splitting threshold, and 휃, a branching factor, are constant parameters of the learning 

process. Newly added 휃 nodes 푐 … 푐  are children of 푞, turning 푞 into non-leave 

(i.e. trunk) node. Nevertheless, determining their weight vectors is not straightforward, 

though it is possible to place them to the very same position as parent 푞. When more 

neurons are equally distant to input vector 푥⃗, the best matching unit will be selected 

randomly from them. Authors of the structure suggest to spread the weight vectors 

along a two-dimensional subspace spanned by the eigenvectors of parent’s Voronoi 

region. Such initialization improves the speed of convergence. Just to be precise, given 

the modified search for best matching unit, it is not exactly Voronoi region in input 

space what the parent neuron 푞 codes. [Pakkanen, Iivarinen, Oja 2004] 

Authors state, that the resulting size of tree depends on the length of training. After 

휁 × 푛 steps, the tree consists of approximately 푛 × 휃 nodes. Nevertheless, being 

inspired by previous chapter, one can stop the splitting of the tree nodes when some 

stopping criterion is met and switch to some form of convergence phase. It is 

suggested in original text, that one can also control the growth rate by adjusting 휁 , 

perhaps to very large value to suppress further splitting. [Pakkanen, Iivarinen, Oja 

2004] 

Evolving Tree is computationally efficient due to the fast search for the best 

matching unit, whereas it also introduces flexible topology. However, it is more 

suitable for classification and quantization than for visualization. [Pakkanen, 

Iivarinen, Oja 2004]  

2.7. Growing Hierarchical Self-Organizing Map 

Problem of fixed number of nodes and dimensions of Kohonen’s SOM was 

already addressed by previously presented models. Yet, there is other issue which has 

not been discussed yet. Kohonen’s SOM is able to project similar subsets of the input 

data close to each other in terms of topological distance. However, there is no obvious 

representation of hierarchical relations between data in their projection onto SOM’s 

neurons. There are some modified models employing several SOM layers, but they 

often require their topology to be determined in advance. Growing Hierarchical 
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Self-Organizing Map (GH-SOM) has no such prerequisite. [Dittenbach, Merkl, 

Rauber 2000] 

Idea of this model is to use multiple hierarchically ordered layers where each layer 

can contain multiple SOMs. There is a layer at the top of the hierarchy with exactly 

one SOM which has only one neuron Α. The neuron 퐴 is a root; initially whole 

GH-SOM starts just with this one layer 0 and one SOM with size 2 × 2 in layer 1 – 

this layer is subordinate to the root neuron 퐴. Each SOM, except the topmost one, is 

allowed to grow until its performance reaches given threshold. Afterwards, each 

neuron which has its mean quantization error higher than certain boundary is assigned 

new underlying SOM in the subordinate layer. New layers are trained and further 

expanded, recursively as long as the quantization requires. [Dittenbach, Merkl, Rauber 

2000] 

Newly created SOMs are always trained and incrementally grown, before 

expansion occurs. This process of training and growing requires appropriate model; 

consequently, authors of GH-SOM decided to use Growing Grid (see chapter 2.2). It is 

worth to notice that the Growing Grid allows minimizing quantization error, instead of 

purely approximating the distribution of the input data. Very briefly, the Growing Grid 

is iteratively presented with input vectors and it counts the error rate for each neuron. 

New columns and rows are always added between neuron with highest error rate and 

its neighbour with highest error rate possible. Dittenbach et al. points out that they do 

not use exactly the Growing Grid, as they use decreasing learning rate and 

neighbourhood function. Moreover, it is not desirable to create large SOMs in any 

layer, preferably fine graining is reached through multiple levels of hierarchy. 

[Dittenbach, Merkl, Rauber 2000] 

Algorithm requires two constant parameters that affect the hierarchical topology: 

휏  defining relative threshold of error rate for particular SOMs and 휏  determining 

the boundary when a neuron should be expanded into the subordinate SOM. Each 

neuron 푐  has its variable containing error rate 휁  assigned, and so does the root 

neuron Α in layer 0. The root 퐴 is placed in the centre of input data. Layer 1 contains 

only one SOM network, subordinate to the root neuron 퐴. This network is trained and 

grown until its mean quantization error falls beyond 휁 /휏 . Next step is to examine all 

neurons of this network and for those neurons 푐 with 휁 > 휏 , a new network of size 
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2 × 2 is added into the next layer, i.e. layer 2. Performance threshold of the new SOM 

is relative to parent neuron’s 푐 error rate, i.e. 휁 /휏 . This is repeated recursively for 

all layers and their SOMs as long as there are neurons 푛 with 휁 > 	 휏 . Hence, 휏  

defines the desired granularity of the trained model, whereas 휏  affects the relation 

between width and depth of the GH-SOM hierarchy. [Dittenbach, Merkl, Rauber 

2000] 

It should be remarked, that no regularity about the topology should be expected. 

SOMs in one layer can vary in sizes and also the depth of particular branches might be 

disproportionate, as they reflect the characteristics of the input data. Whole GH-SOM 

topology is derived adaptively from input data during unsupervised learning process. 

Model is especially convenient for clustering of hierarchical data.[Dittenbach, Merkl, 

Rauber 2000] 

In later article, Dittenbach et al. suggest slight modification to preserve the 

orientation of subordinate SOMs. Such modification requires that the weight vectors 

of newly created 2 × 2 SOMs are shifted towards the weight vectors of the parent’s 

neighbours. [Dittenbach, Merkl, Rauber 2001] 

2.8. Comparison 

All of the examined models are self-organizing and take into account the 

distribution of the input data. Yet, they differ in their topology and in the amount of 

parameters which are required for the training phase.  

From all models, only the Kohonen’s SOM has a fixed number of neurons, all 

other models support the dynamical adjustment of its topology. Moreover, there is a 

family of models which have their neurons arranged into a planar lattice – it comprises 

Kohonen’s SOM, Growing Grid, Incremental Growing Grid and to some extent also 

the Growing Hierarchical Self-Organizing Map. 

Growing Cell Structures, Evolving Tree and Growing Neural Gas do not impose 

the lattice-like topology. However, the Growing Cell Structures keep their neurons 

arranged into components constituted of polytetrahedrons and Evolving Tree retains a 

tree structure. Consequently, the Growing Neural Gas can be viewed as the least 

restricting model. 
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Only the Evolving Tree and GH-SOM provide some hierarchical relations among 

the input data. Nevertheless, the GH-SOM arranges the neurons at the same 

hierarchical level, unlike Evolving Tree. There is no further relation between children 

neurons of any neuron in the tree. 

I decided to use and implement the Kohonen’s SOM and Growing Neural Gas 

(GNG) model. Kohonen’s SOM is a good representative of the models with the 

lattice-like topology. It is well-known and many authors applied it to various 

problems. The GNG model is also well-known and has the least restrictive topology. 

Therefore, it is a good representative of growing models with a flexible topology. 
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3. Supervised Models 
In addition to the facial feature detection, our goal was to classify 3D data 

according to their shape by means of artificial neural networks. As a representative 

task for this general problem we focused on the classification of the scanned faces by 

their gender. 

Feed-forward neural network (also called multi-layer perceptron) are probably the 

best known neural network model. They are known to be universal approximators. 

[Hornik, Stinchcombe, White 1989] This can be very useful for classification, which is 

a typical problem that can be solved by feed-forward neural networks. Therefore, the 

model of feed-forward neural networks is examined in chapter 3.1. 

3D data are special in a way, that they can represent objects in space. A general 

feed-forward neural network does not reflect the specific structure of the 3D data in 

any way. However, there is a model, called convolutional neural networks, which is 

specialized to deal with 2D data. It is able to detect shapes in images and it is robust to 

translation, rotation and skewing to some degree. It possesses properties which are 

relevant for my task, but it does not fit its dimensionality.  

Hence, I examine the convolutional neural network model and then I provide its 

new modification – I generalize it to 푁-dimensional convolutional neural network. 

The generalized model is then used for 푁 = 3 in my experiments. The arbitrary 

dimensionality is not a purely theoretical concept limited to 푁 = 3 in reality. We can 

go further and, for example, apply the model for 푁 = 4 and analyse the movements 

of 3D object in time. The model is described in chapter 3.3. 

The internal representation of the data processed by the artificial neural network 

model is also interesting, because it may suggest what features the network uses to 

classify the data. It requires the model to unveil some of its ‘hidden’ knowledge. This 

problem is examined in chapter 3.4. 

3.1. Feed-forward Neural Networks 

The Perceptron model belongs to the first models of a neural network. It was 

developed by Frank Rosenblatt in 1962. The perceptron has 푛 inputs 푥 , … , 푥 ∈ ℝ, 
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푛 weights 푤 ,… , 푤 ∈ ℝ connected to these inputs and a bias 푏. Its output, denoted 

as 푦, is typically +1 or −1.  

To simplify the formalism, we use the vector notation 푥⃗ = (푥 ,… , 푥 )  and 

푤⃗ = (푤 , … ,푤 ).  

Potential 휉 of the perceptron is calculated as a linear combination of the inputs: 

 휉 = 푥 푤 = 푥⃗ ⋅ 푤⃗ (Eq. 3.1.1) 

If the potential 휉 is greater than the bias 푏, the output 푦 is +1, otherwise it is −1. 

The perceptron therefore separates the input space of 푥⃗ by hyperplane determined by 

the weight vector 푤⃗ and the bias 푏 as follows: 푥⃗ ⋅ 푤⃗ + (−푏) = 0. The perceptron 

model can classify its input into two classes, but the inputs must be separable by a 

hyperplane in the input space. [Chow, Cho 2007, 11–12] 

The formalism can be further simplified if the bias 푏 is considered as one of the 

weights 푤  (where 푤 = −푏) connected to a constant input 푥 = 1. 

The feed-forward neural network (often called Multi-layer perceptron) consists of 

3 or more layers of neurons. The neurons in the feed-forward model are basically 

perceptrons, but their output is typically not restricted to +1 and −1 and can yield 

any value from (−1,1). The first layer of the network is an input layer; the last layer is 

an output layer. The outputs of the 푙-th layer constitute the inputs of the (푙 + 1)-th 

layer. Successive layers are fully connected, i.e. every neuron of layer 푖 is connected 

to every neuron in layer 푙 + 1.  

An example scheme of the network can be seen in the Figure 3.1.1. The layers 

between the input layer and the output layer are called hidden layers. Each hidden 

layer can have an arbitrary number of neurons, but at least one neuron. Size of the 

input and output layer depends on the dimensionality of the input and output vectors, 

respectively. 
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Figure 3.1.1 Example scheme of the feed-forward neural network 

A neuron in the feed-forward network is a modified version of the perceptron, its 

output 푦	is calculated as 푦 = 푓(휉) = 푓(푥⃗ ⋅ 푤⃗), where 푓 is an activation function. 

We want 푓 to be non-linear function, in order to enable the output of the network to be 

non-linearly dependent on the input. 

The common choice of the activation function is a logistic function 푓(휉) = . 

It has a sigmoidal shape and it is inspired by the behaviour of biological neurons. 

Moreover, the logistic function is differentiable everywhere – see (Eq. 3.1.2) – which 

is useful for the error back-propagation learning algorithm as will be shown later. The 

derivative of the sigmoidal activation function corresponds to: 

 

푓 (휉) =
1

1 + 푒
=

1
(1 + 푒 ) 푒 =

1 + 푒 − 1
(1 + 푒 )

=
1

1 + 푒
−

1
(1 + 푒 )

=
1

1 + 푒
1 −

1
1 + 푒

= 푓(휉) 1 − 푓(휉)  

 (Eq. 3.1.2) 

Another choice of the activation function is a hyperbolic tangent function: 

 푓(휉) = tanh	(휉) =
1 − 푒
1 + 푒

 (Eq. 3.1.3) 

The hyperbolic tangent is the default activation function which I am using in this 

thesis. This function is also differentiable everywhere, its first order derivative 

corresponds to: 
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 푓(휉) = 1 + 푓(휉) ⋅ 1 − 푓(휉) = 1 − 푓 (휉) (Eq. 3.1.4) 

Let us index the layers from 0 to 퐿, giving the index 0 to the input layer and the 

index 퐿 to the output layer. 푚  denotes the number of neurons in the layer 푙. The 

neuron 푗 in the 푙-th layer has a weight vector 푤⃗ , = (푤 , , 푤 , , … , 푤 , ). Neuron’s 

inputs are the outputs of all neurons from the whole (푙 − 1)-th layer, which is 

푦⃗ = (푦 ,… , 푦 ). For 푙 > 0, the potential 휉  	of the 푗-th neuron in the 푙-th 

layer is defined as:  

 휉 = 푦⃗ ⋅ 푤⃗ , = 푦 푤 , 	   (Eq. 3.1.5) 

The output of the 푗-th neuron in the 푙-th layer is (again only for 푙 > 0): 

 푦 = 푓 휉    (Eq. 3.1.6) 

The case of 푙 = 0, i.e. the input layer, is special. The output 푦⃗  of the input layer 

is simply the input vector 푥⃗, formally 푦⃗ = 푥⃗. It implies that the size 푚  of the input 

layer must be equal to the dimensionality of the input vector 푥⃗. 

The output 푦⃗  of the output layer represents then the output 푦⃗  of the entire 

feed-forward neural network. The output of the network is computed sequentially, 

starting the computation at the input layer (assigning 푦⃗ = 푥⃗) and ending at the output 

layer. After the output vector 푦⃗  of the (푙 − 1)-th layer is ready, the output vector 

of the 푙-th layer 푦⃗  can be computed. 

Feed-forward neural networks produce their output vector 푦⃗(푥⃗)  for each 

presented input vector 푥⃗. This is different from the self-organizing models described 

in this thesis, as their result is the best matching unit for one input. Moreover, the 

feed-forward model’s learning process is supervised – it requires to be presented with 

both the input pattern and the desired response.  

3.1.1. The Learning Process 

Having 푃, 1 ≤ 푝 ≤ 푃 training patterns 푥⃗ , 푑⃗  consisting of an input vector 푥⃗  

and the corresponding desired output vector 푑⃗ , we want the actual output of the 

network 푦⃗(푥⃗ ) = 푦⃗ ,  to be as close to 푑⃗  as possible for every pattern 푝, where 

1 ≤ 푝 ≤ 푃. Denote 푒  the error at 푗-th neuron of the output layer:  
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 푒 = 푦⃗(푥⃗ ) − 푑 = 푦 , − 푑  (Eq. 3.1.7) 

 

Let us define the so-called squared error function: 

 퐸 =
1
2 	푒 			 	=

1
2 푦 , − 푑  (Eq. 3.1.8) 

for some pattern 푝, where 푚  is the number of neurons in the output layer and 

푦 ,  is the output of the 푗-th neuron in the output layer for the pattern 푝. The squared 

error function is zero if the output vector 푦⃗(푥⃗ ) is equal to the desired output vector 

푑⃗  for the given input vector 푥⃗ . 

To consider all input vectors within one error value, an average squared error 퐸  

is defined as an average over all patterns: [Haykin 1999, 183] 

 퐸 =
1
푃 퐸  (Eq. 3.1.9) 

For neuron 푗 in the layer 푙, the weight 푤 ,  connects the output of neuron 푖 from 

the layer 푙 − 1 to the input of neuron 푗. When a feed-forward neural network learns 

the pairs 푥⃗ , 푑⃗ , it adjusts the weights 푤 ,  of the neurons to minimize 퐸 . 

We assume that the activation function is differentiable everywhere, which for 

example the hyperbolic tangent fulfils. The formula used to calculate 푦⃗  (and 

consequently also 퐸  and 퐸 ) is also differentiable everywhere. Therefore, the 

gradients ∇퐸  and ∇퐸  can be determined. If we focus on the neurons 푗 in the 

output layer 퐿, the following relationship can be seen immediately: 

 
휕퐸
휕푤 , =

1
푛

휕
휕푤 , 퐸 =

1
푛

∂E
휕푤 , 	 

(Eq. 3.1.10) 

 

From now on, the gradient for only one single pattern 푝 will be computed. For the 

sake of simplicity, the index 푝 will be omitted.  

Applying the chain rule, we receive: 
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휕퐸
휕푤 , =

휕퐸
휕푦

휕푦

휕푤 , 	 (Eq. 3.1.11) 

Using (Eq. 3.1.8), we obtain the first factor: 

 
휕퐸
휕푦

= (푦 − 푑 )	 (Eq. 3.1.12) 

From (Eq. 3.1.5) and (Eq. 3.1.6) we get the second factor: 

 

휕푦

휕푤 , =
휕푦
휕휉

⋅
휕휉

휕푤 , = 푓 휉 ⋅
휕

휕푤 , 푤 , 푦

= 푓 휉 ⋅ 푦  

(Eq. 3.1.13) 

Combining (Eq. 3.1.11), (Eq. 3.1.12) and (Eq. 3.1.13) together yields: 

 
휕퐸
휕푤 , = 푦 − 푑 푓 휉 푦  (Eq. 3.1.14) 

For the convenience of further description, let us substitute 훿 = 휕퐸/휕휉  from 

(Eq. 3.1.14), where: 

 훿 =
휕퐸
휕휉

=
휕퐸
휕푦

⋅
휕푦
휕휉

= 푦 − 푑 푓 (휉 ) (Eq. 3.1.15)  

We will call 훿  the local gradient. [Haykin 1999, 185] 

Then we can express 휕퐸/휕푤 ,  as: 

 
휕퐸
휕푤 , = 훿 푦  (Eq. 3.1.16) 

Knowing the gradient of the error function, the weight 푤 ,  can be adjusted. The 

adjustment is proportionate to the gradient, but oriented against it, since we want to 

minimize the error. Using a learning parameter 휂 (0 < 휂 < 1), the adjustment for 

푤 ,  is: 

 Δ푤 , = −휂
휕퐸
휕푤 , = −휂훿 푦  (Eq. 3.1.17) 

This was the case of the neurons in the output layer 퐿. The contribution of the 

weights between other layers to the final error is more complex. Such weights in 

general affect every error 푒 , ∀	푗 ∈ 1…푚 . Let us focus on layers 푙 < 퐿. 
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Figure 3.1.2 The change of weight 풘풊
풋,풍 will impact outputs of neurons in the layer 풍 + ퟏ,  

i.e. all 풚풌풍 ퟏ, ퟏ ≤ 풌 ≤ 풎풍 ퟏ  

Consider the weight 푤 ,  as is shown in Figure 3.1.2. It is obvious that a change of 

푤 ,  will affect the potential of each neuron 푘, 1 ≤ 푘 ≤ 푚  in the layer 푙 + 1; 

however, the potential 휉  also depends on the weight 푤 , . To determine 

휕퐸/휕푤 ,  we use (Eq. 3.1.5): 

 
∂E
∂푤 , =

휕퐸
휕휉

⋅
휕휉

휕푤 , =
휕퐸
휕휉

⋅ 푦 = 훿 ⋅ 푦  (Eq. 3.1.18) 

Again, we substituted 훿 = 휕퐸/휉 . Now we apply (Eq. 3.1.6): 

 훿 =
휕퐸
휕휉

=
휕퐸
휕푦

⋅
휕푦
휕휉

=
휕퐸
휕푦

⋅ 푓′(휉 ) (Eq. 3.1.19) 

The partial derivative 휕퐸/휕푦  is further expanded by (Eq. 3.1.5), but this time we 

focus on potential 휉  of neurons in the next layer 푙 + 1 (for clarification see Figure 

3.1.2): 

 

휕퐸
휕푦

=
휕퐸
휕휉

⋅
휕휉
휕푦

=
휕퐸
휕휉

⋅ 푤 ,

= 훿 ⋅ 푤 ,  

(Eq. 3.1.20) 

Putting (Eq. 3.1.19) and (Eq. 3.1.20) together, we obtain: 

 훿 = 훿 ⋅ 푤 , ⋅ 푓′(휉 ) (Eq. 3.1.21) 
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This is an important result, because we see that the local gradient 훿  in the layer 푙 

can be determined from the local gradients 훿  in the next layer 푙 + 1. Moreover, if 

푙 + 1 = 퐿, the 훿 = 훿  is not depending on any other local gradient as is shown in 

(Eq. 3.1.15). 

Using (Eq. 3.1.18) and (Eq. 3.1.21), we can finally generalize (Eq. 3.1.17) for all 

layers: 

 Δ푤 , = −휂
휕퐸
휕푤 , = −휂훿 푦  (Eq. 3.1.22) 

Where the value 훿  is: 

for 푙 < 퐿 훿 = 훿 ⋅ 푤 , ⋅ 푓′(휉 ) from (Eq. 3.1.21) 

for 푙 = 퐿 훿 = 푦 − 푑 ⋅ 푓 (휉 ) from (Eq. 3.1.15) 

Further, if we use the hyperbolic tangent as an activation function, using (Eq. 

3.1.4) we obtain:  

for 푙 < 퐿 훿 = 훿 ⋅ 푤 , ⋅ 	1 − 푦  from (Eq. 3.1.21) 

for 푙 = 퐿 훿 = 푦 − 푑 ⋅ 	1 − 푦  from (Eq. 3.1.15) 

Knowing the gradient for each weight in the feed-forward neural network, and also 

having the weight adjustment rule (Eq. 3.1.22), the Back-propagation learning 

algorithm can be described, see Figure 3.1.3. 
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Inputs: training patterns 푥⃗ , 푑⃗ , 1 ≤ 푝 ≤ 푃, feed-forward neural network 

Parameters: desired error threshold 휏, learning parameter 휂 

Outputs: trained neural network 

1. Initialize the network 

2. While 퐸 > 휏 and 퐸  is still decreasing, run an epoch of learning: 

2.1. For each 푝 ∈ {1, … , 푃} learn the pattern (푥⃗ , 푑⃗ ) 

2.1.1. Set 푦⃗ = 푥⃗  

2.1.2. For 푙 = 1, 2, … , 퐿  (so-called forward phase) 

2.1.2.1. Calculate 푦  and 휉 , 1 ≤ 푗 ≤ 푚  using 푦⃗ ,  

(Eq. 3.1.5) and (Eq. 3.1.6) 

2.1.3. Calculate 퐸 , 훿  and Δ푤 ,  using 푑⃗ , (Eq. 3.1.15) and (Eq. 3.1.17) 

2.1.4. For 푙 = 퐿 − 1, 퐿 − 2,… ,1 (so-called backward phase) 

2.1.4.1. Calculate 훿 , Δ푤 ,  using 훿 , (Eq. 3.1.21) and (Eq. 3.1.22) 

2.1.5. Adjust 푤 ,  by Δ푤 ,  for all 푙, 푖, 푗,  

where 1 ≤ 푙 ≤ 퐿, 1 ≤ 푗 ≤ 푚 , 1 ≤ 푖 ≤ 푚   

2.2. Update 퐸  

3. Back-propagation algorithm ends  
Figure 3.1.3 Back-propagation algorithm 

The Back-propagation algorithm sequentially adjusts the weights by repeatedly 

learning the pairs (푥⃗ , 푑⃗ ), one by one. The learning proceeds in two phases – the 

forward phase and the backward phase. 

During the forward phase, 푥⃗  is presented to the network. Firstly, we set 푦⃗ = 푥⃗  

and then all 휉  and 푦  are computed using (Eq. 3.1.5) and (Eq. 3.1.6), for 푙 = 1…퐿. 

As we proceed from the input layer towards the output layer, thus “going forward”, we 

call it forward phase. At the end of the forward phase, we can determine for the 

presented pattern (푥⃗ , 푦⃗ ) the errors at output neurons 푒  using (Eq. 3.1.7) and 

consequently 퐸  using (Eq. 3.1.8). 

Then we continue with the backward phase, where we compute 훿  and Δ푤 ,  

using (Eq. 3.1.14), (Eq. 3.1.20) and (Eq. 3.1.22). As the values of 훿  depend on the 
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values of 훿  from the upper layer, we have to perform the computation for 

푙 = 퐿, … ,1, thus “going backwards”. Note, that we have all 휉  and 푦  ready from the 

forward phase. At the end of the backward phase, we adjust all 푤 ,  by their 

corresponding Δ푤 , . 

One epoch of learning is completed after we have presented all patterns 

푥⃗ , 푑⃗  to the network and adjusted its weights accordingly.  

We continue with the next epoch of learning and the network learns the same 

patterns again until the 퐸  drops below some desired value, or the performance of 

the network is no longer improving.  

It is preferable to present the patterns to the network in a random order. It makes 

the search through the space of weights 푤 ,  less dependent on the chosen dataset, it 

can speed up learning and it also limits the possibility of being trapped in a local 

minimum. 

The improvement of the network performance can be measured on a validation set 

of patterns 푇 = 푥⃗′ , 푑⃗ , which were not contained in the training set 

푇 = 푥⃗ , 푑⃗ . If the performance of the network on the validation set is 

decreasing for several epochs already, the learning should stop. It means that the 

network is starting to specialize on the training samples only, while losing the ability 

to generalize for other data. 

We can also stop training when the size of Δ푤 ,  is getting too close to zero, which 

means some, perhaps local, minimum in the weights’ space has been reached. 

It is also possible to train the network not sequentially pattern-by-pattern, but to 

use the so-called batch learning. In such a case we present the whole training set to the 

network and adjust the weights afterwards. Using (Eq. 3.1.10) and (Eq. 3.1.22): 

 Δ푤 , = −휂
휕퐸
휕푤 , = −

휂
푛 ⋅ 훿 , 푦 ,  (Eq. 3.1.23) 

The forward and backward computations for the back-propagation must be performed 

for every pattern 푝, in order to determine the values  훿 ,  and 푦 , . 
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3.2. Convolutional Neural Networks 

Convolutional neural networks represent a specific type of feed-forward neural 

networks. Their architecture is specialized for the task of shape recognition, and they 

are inspired by the neurobiological behaviour of cat’s visual cortex. [Hubel, Weisel 

1968] 

The input of the convolutional neural network (CNN) is a two-dimensional matrix 

of values which represent pixels of an image. There are three important characteristics 

of CNNs: a local receptive field, shared weights and a subsampling. Their purpose is to 

make the network robust to translation, rotation and skewing of the input image to a 

certain degree. 

3.2.1. The Architecture 

There are two main types of layers in the CNN, the convolutional layers and the 

subsampling layers. Each of these layers consists of the so-called feature maps. A 

feature map is constituted by neurons arranged into a two-dimensional grid. Neurons 

inside each feature map share weights. The following description of the CNN 

architecture is inspired by Lecun’s LeNet-5 model published in [Lecun, Bottou, 

Bengio, Haffner 1998]. 

Let 퐹  be the set of feature maps of a layer 푙. Further let us denote by 푚 × 푛  the 

shape of all feature maps 퐹  in the layer 푙 – they all have the same size. Then 푦 ,
픣,  

will be the output of a neuron (푖, 푗, 픣, 푙), which is a neuron at the position 푖, 푗 in the 

feature map 픣 of the layer 푙, where 0 ≤ 푖 < 푚  and 0 ≤ 푗 < 	푛 .  

The first layer (푙 = 0) is the input layer that contains the input image. The input 

image can be represented as a matrix of size 푚 × 푛  containing real values. Hence 

the input layer can be considered to contain one feature map. 

The input layer is followed by pairs of convolutional and subsampling layers (see 

Figure 3.2.1). The convolutional and subsampling layers alternate starting with 

a convolutional layer first. Neurons of a feature map 픣 in a convolutional layer 푙 take 

input from a set of feature maps 퐹픣, ≠ ∅ located in the previous layer (퐹픣, ⊂ 퐹 ).  
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3.2.1.1. The Convolutional layer 

Neurons in the convolutional layer 푙 have a receptive field of size 푟 × 푟 . It 

means that the neuron (푖, 푗, 픣, 푙) is connected to neurons (푖 + Δ푖, 푗 + Δ푗, 픣 , 푙 − 1) for 

픣 ∈ 퐹픣, , 0 ≤ Δ푖, Δ푗 < 푟 .  Usually all convolutional layers in the network use the 

same size of the receptive fields. We will limit ourselves to a description where the 

receptive fields of neighbouring neurons overlap in 푟 − 1 columns, respectively 

rows. It means that if we consider two neurons (푖, 푗, 픣, 푙)  and (푖 + 1, 푗, 픣, 푙) , the 

receptive field of (푖 + 1, 푗, 픣, 푙) is shifted by one column compared to the receptive 

field of (푖, 푗, 픣, 푙). 

A weight 푤 ,
픣,픣 ,  connects the neuron (푖, 푗, 픣, 푙) from the layer 푙 to the neuron 

(푖 + Δ푖, 푗 + Δ푗, 픣 , 푙 − 1) from the layer 푙 − 1. This weight is shared for all 푖 and 푗, 

which is the essence of sharing weights by neurons within one feature map. The 

potential 휉 ,
픣,  and output 푦 ,

픣,  of the neuron (푖, 푗, 픣, 푙) are defined as: 

 
푦 ,
픣, = 휉 ,

픣, = 	 푦 ,
픣 , ⋅ 푤 ,

픣,픣 , 	
픣 ∈ 픣,

	 (Eq. 3.2.1) 

The size 푚 × 푛  of all feature maps in the convolutional layer 푙 is imposed by 

the size of the feature maps in layer 푙 − 1 and by the size of the receptive field 

푟 × 푟 . Each neuron’s receptive field must be located within the bounds of the feature 

maps in previous layer. Therefore, we obtain values 푚 = 푚 − 푟 + 1  and 

푛 = 푛 − 푟 + 1. 

The receptive fields of neighbouring neurons in the convolutional layer’s feature 

maps are overlapping. The receptive fields are usually small, for example LeNet-5 

uses 푟 = 5 for input images of size 32 × 32. The reason for having small receptive 

fields and shared weights is to detect simple local features anywhere in the image. 

Such feature can be for example an oriented line or a corner. A neuron’s position 

within the feature map corresponds to a position where it detects the feature. That is 

the reason for a name “feature map”. 
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The weight sharing performs what one would otherwise implement by sequential 

scanning of the feature maps. It enables a CNN to remain robust against a translation 

of  input patterns.[Lecun, Bottou, Bengio, Haffner 1998] 

Let us examine the time complexity of processing inputs by a convolutional layer 

푙. In the convolutional layer 푙, each neuron sums 푂(|퐹 | ⋅ 푟 ) values within its 

receptive field. There are 푂(|퐹 | ⋅ 푚 ⋅ 푛 ) neurons in the layer 푙, which yields the 

time complexity 푂(|퐹 | ⋅ |퐹 | ⋅ 푟 ⋅ 푚 ⋅ 푛 ) of processing by the 푙 alone. 

3.2.1.2. The Subsampling layer 

The subsampling layer 푙 has the same number of feature maps as the layer 푙 − 1, 

but it reduces their size. Formally, if previous layer 푙 − 1 had feature maps 퐹 , 

the feature maps in subsampling layer 푙 are 퐹 = 퐹 . Moreover, the feature maps of 

the two layers are connected in 1:1 manner, i.e. 퐹픣, = {픣} ⊂ 퐹 .  

The size of the feature maps is changed according to subsampling parameters 푟  

and 푟 , both are usually equal to 2. Given the size of previous layer 푚 × 푛 , 

the size after subsampling is 푚 = 푚 /푟 , 푛 = 푛 /푟 . If the subsampling 

parameter does not divide the corresponding dimension size without reminder, 

the feature maps’ borders can be either clipped or padded with zeroes. We will 

describe the subsampling where no overlapping of the subsampled areas is allowed. It 

means that each neuron from layer 푙 − 1 is connected to exactly one neuron in layer 푙. 

A neuron within a subsampling layer first combines together values of several 

neurons from the preceding layer. This is done either by averaging (Eq. 3.2.2) or by 

choosing a maximum value (Eq. 3.2.3). The obtained value is multiplied by a trainable 

coefficient 푎픣, , summed with trainable bias 푏픣,  and passed to an activation function 

(Eq. 3.2.4). For neuron (푖, 푗, 픣, 푙) in the subsampling layer 푙 we define the potential 

휉 ,
픣,  and output 푦 ,

픣,  as: 

a) 

Averaging: 휉 ,
픣, =

1
푟 ⋅ 푟

	 푦 ⋅ ,	 ⋅
픣, 		 (Eq. 3.2.2) 
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b) 

Maximizing: 
휉 ,
픣, = max

∈{ ,…,	 },	
∈{ ,… , }

푦 ⋅ , ⋅
픣, 	 

(Eq. 3.2.3) 

 푦 ,
픣, = 푓 푎픣, ⋅ 휉 ,

픣, + 푏픣,  (Eq. 3.2.4) 

As opposed to a convolutional layer, the feature map in a subsampling layer has its 

neurons connected to exactly one feature map from the preceding layer. Moreover, 

there is no overlapping of the values that are combined together. Subsampling layer 

also has far less trainable parameters – two parameters per one feature map. 

The benefit of subsampling is a better generalization of shape information. It is 

usually not that important whether two detected features are one or two pixel distant 

from each other. Important are relative positions and those are preserved. Another 

advantage is that subsequent layers operate on significantly smaller feature maps. 

Consequently, the processing becomes faster. 

First convolutional and subsampling layer detects simple features in the input 

picture. Subsequent pairs of convolutional and subsampling layers combine the 

obtained results into more complex features. LeNet-5 is able to recognize digits this 

way, as they are a combination of line segments. [Lecun, Bottou, Bengio, Haffner 

1998] 

The number of computational steps performed by subsampling layer 푙 is linear 

with the number of neurons in the preceding layer 푙 − 1. Outputs of neurons in 푙 − 1 

are used exactly once, which yields the complexity of processing of the layer  

푂(|퐹 | ⋅ 푚 ⋅ 푛 ). 

Further processing layers follow after the convolutional and subsampling layers. It 

can be an ordinary perceptron layer as in the feed-forward neural networks, radial 

basis function layer or a layer implementing a logistic regression. Regarding the radial 

basis function networks, the reader can refer to [Haykin 1999, 278–339]. Both of the 

mentioned models are well-described in other sources and they will not be discussed in 

detail in this thesis. 
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3.2.2. The Learning Process 

As convolutional neural networks belong to the family of Feed-forward neural 

networks, they are also trainable by back-propagation. The goal of the learning process 

is thus to minimize an error 퐸 using a gradient descent technique. 

There are few issues to be resolved to calculate the error gradient in convolutional 

neural networks. Again, we need to proceed with the calculations from the last layer to 

the first one. 

To simplify the notation, we denote outputs of neurons in layer 푙 as 푦 ,
픣,  even if 

the layer 푙  is neither a convolutional nor a subsampling layer. Without loss of 

generality, it is just a matter of re-indexing of neurons in layer 푙 where we do not 

require the indices 픣, 푖, 푗 to have any semantic meaning. 

In this chapter, we will also assume that we know all partial derivatives 휕퐸/휕푦 ,
픣, . 

This assumption is obviously true for the last layer, as it is shown in chapter 3.1.1, 

particularly in (Eq. 3.1.8). Moreover, if the layer 푙 + 1 is an ordinary feed-forward 

neural network layer, it was already shown how to determine the partial derivatives 

휕퐸/휕푦 ,
픣, . The key part to determine these derivatives is shown in (Eq. 3.1.20). 

As we will not consider RBF-like neurons further in this thesis, we will also omit 

error gradient computations for radial basis network layers. 

3.2.2.1. The Subsampling layer 

Let us start with the subsampling layer. It does not have any variable weight 

parameters, as can be seen in (Eq. 3.2.2), (Eq. 3.2.2) and (Eq. 3.2.3). There is only one 

trainable bias 푏픣,  and one trainable coefficient 푎픣,  per feature map. When training 

the network, we have to consider just the terms 휕퐸/푎픣,  and 휕퐸/푏픣, in the 

subsampling layer 푙. Applying the chain rule and using (Eq. 3.2.4), we obtain: 

 
휕퐸
휕푎픣, =

휕퐸
휕푦 ,

픣, ⋅
휕푦 ,

픣,

휕푎픣,
,

=
휕퐸
휕푦 ,

픣, ⋅ 푓 푎픣, ⋅ 휉 ,
픣, + 푏픣, ⋅ 휉 ,

픣,

,

 (Eq. 3.2.5) 

 
휕퐸
휕푏픣, =

휕퐸
휕푦 ,

픣, ⋅
휕푦 ,

픣,

휕푏픣,
,

=
휕퐸
휕푦 ,

픣, ⋅ 푓 푎픣, ⋅ 휉 ,
픣, + 푏픣, ⋅ 1

,

 (Eq. 3.2.6) 
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Now, we can focus on the partial derivative 휕퐸/휕푦 ,
픣, , which enables us to 

continue with gradient calculations for the layer 푙 − 1. Again, we start with the chain 

rule: 

 
휕퐸

휕푦 ,
픣 , 	

=
휕퐸
휕푦 ,

픣, ⋅
휕푦 ,

픣,

휕휉 ,
픣, ⋅

휕휉 ,
픣,

휕푦 ,
픣 ,  (Eq. 3.2.7) 

The derivative 휕퐸/휕푦 ,
픣,  is assumed to be known. 휕푦 ,

픣, /휕휉 ,
픣,  follows from (Eq. 

3.2.4): 

 
휕푦 ,

픣,

휕휉 ,
픣, = 푓 푎픣, ⋅ 휉 ,

픣, + 푏픣, ⋅ 푎픣,  (Eq. 3.2.8) 

The remaining derivative 휕휉 ,
픣, /휕푦 ,

픣 ,  depends on the type of subsampling we 

have chosen – either by averaging or by maximum value. These two cases are 

calculated using (Eq. 3.2.2) respectively (Eq. 3.2.3): 

a) 

Averaging: 

휕휉 ,
픣,

휕푦 ,
픣 , =

1
푟 ⋅ 푟

	 (Eq. 3.2.9) 

b) 

Maximizing: 

휕휉 ,
픣,

휕푦 ,
픣 , =	 1									if	푦 ,

픣 , 	is	the	maximum	
0																																	if	otherwise

		 (Eq. 3.2.10) 

This completes the case of subsampling layers, as we are able to determine the 

error gradients of the trainable parameters. We also fulfilled the necessary 

assumptions to propagate the calculation of error gradients for layer 푙 − 1. 

3.2.2.2. The Convolutional layer 

The case of the convolutional layer is even less complicated. While there are 

shared weights, there is no activation function. The only trainable parameters are the 

shared weights. 

We have the error 퐸 depending on the outputs 푦 ,
픣,  of neurons (푖, 푗, 픣, 푙) of the 

convolutional layer 푙. These outputs depend on the preceding layer as mentioned in 

(Eq. 3.2.1). The partial derivatives 휕퐸/휕푤 ,
픣,픣 ,  can be obtained using the chain rule 

again and (Eq. 3.2.1): 
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휕퐸

휕푤 ,
픣,픣 , = 	

휕퐸
휕푦 ,

픣, ⋅
휕푦 ,

픣,

휕푤 ,
픣,픣 , 		

= 	
휕퐸
휕푦 ,

픣, ⋅ 푦 ,
픣 , 	 

(Eq. 3.2.11) 

Note that the derivative 휕퐸/휕푦 ,
픣,  is assumed to be known. 

One property of local receptive fields is that the corner neurons of the feature maps 

in the layer 푙 − 1 occur only in the corners of the receptive field of other neuron. In 

contrast, the neurons in the middle of the feature map may impact all locations within 

the receptive field. This would complicate the next step, where we need to know the 

set 푂푈푇(푝, 푞, 픣 , 푙 − 1)  of neurons from layer 푙  which are connected to the 

output 푦 ,
픣 , . To avoid an extensive indexing in further formulas, let us refer to 

neurons from this set as 풌 ∈ 푂푈푇(푝, 푞, 픣 , 푙 − 1) and to their outputs as 푦풌 . Also 

denote 푤풌 the weight that connects the neuron (푝, 푞, 픣 , 푙 − 1) to the neuron 풌. 

The next step is to determine the partial derivatives 휕퐸/휕푦 ,
픣 , . We apply the 

chain rule and use (Eq. 3.2.1): 

 휕퐸

휕푦 ,
픣 , =

휕퐸
휕푦풌

⋅
휕푦풌

휕푦 ,
픣 ,

풌∈ ( , ,픣 , )

	

=
휕퐸
휕푦풌

⋅ 푤풌
풌∈ ( , ,픣 , )

 
(Eq. 3.2.12) 

The derivative 휕퐸/휕푦풌 is assumed to be known, as 푦풌 is in fact some of the 푦 ,
픣, . 

That was the last step necessary to finish the case of a convolutional layer, as we 

have derived the terms used to evaluate both the error gradient and partial derivatives 

for layer 푙 − 1. 

3.2.2.3. Time complexity 

We will derive the amortized time complexity of adjustment for one pattern for the 

layer 푙. The amortization will apply for both the convolutional layers and for the 

subsampling layers. We assume that 휕퐸/휕푦 ,
픣 ,  is known when we are calculating the 
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error gradient for the parameters from the layer 푙 and for the parameters related to the 

connections between neurons from the layer 푙 and neurons from the layer 푙 − 1.  

It requires certain amount of computational steps to determine the partial 

derivatives 휕퐸/휕푦 ,
픣 , . However, we do not include them in the time complexity of 

adjustment of the layer 푙. We will include them in the estimation of time complexity 

for the layer 푙 + 1. Similarly, the computation of the partial derivatives 휕퐸/휕푦 ,
픣 ,  

will be attributed to the layer 푙. Results of layers 푙 > 푙 are used to compute the partial 

derivatives 휕퐸/휕푦 ,
픣 , . That is the reason why all the layers share the computation 

costs. 

3.2.2.3.1. The Convolutional layer 

Now, let us consider the case when we have a convolutional layer 푙 connected to 

the layer 푙 − 1 , where the layer 푙  has |퐹 |  feature maps of size 푚 × 푛  with 

receptive fields of size 푟 × 푟 . Layer 푙 − 1  has |퐹 |  feature maps of size 

푚 × 푛 . Then there are 푂(|퐹 | ⋅ |퐹 | ⋅ 푟 ⋅ 푟 ) weights in the layer 푙 that can 

be trained. According to (Eq. 3.2.11) each of these weights needs 푂(푚 ⋅ 푛 ) 

computational steps to determine its error gradient 휕퐸/휕푤 ,
픣,픣 , . 

To compute one partial derivative 휕퐸/휕푦 ,
픣 , , (Eq. 3.2.12) has to sum up 

to 푂 푟 ⋅ |퐹 |  connections 푤풌 . There are altogether 푂(푚 ⋅ 푛 ⋅ |퐹 |) 

neurons in layer 푙 − 1 . This yields 푂 |퐹 | ⋅ |퐹 | ⋅ 푟 ⋅ 푚 ⋅ 푛  steps to 

calculate the partial derivatives 휕퐸/휕푦 ,
픣 ,  in the layer 푙 − 1. 

We know from the description given in chapter 3.2.1.1 that 푚 ≤ 푚  and 

푛 ≤ 푛 . Therefore the time complexity to adjust the convolutional layer 푙 for one 

pattern by back-propagation is 푂 |퐹 | ⋅ |퐹 | ⋅ 푟 ⋅ 푚 ⋅ 푛 . It does not include 

the complexity of computation of partial derivatives 휕퐸/휕푦 ,
픣 ,  for layer 푙 as was 

stated above. It is amortized in the computations of subsequent layers 푙 > 푙. 
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3.2.2.3.2. The Subsampling layer 

For a subsampling layer 푙, the learning process is much faster. It was already noted 

that the layer 푙 needs time 푂(|퐹 | ⋅ 푚 ⋅ 푛 ) to calculate its output for one 

pattern. The error gradients for the trainable bias 푏픣,  and the trainable coefficient 푎픣,  

described in (Eq. 3.2.5) and (Eq. 3.2.6) require 푂(|퐹 | ⋅ 푚 ⋅ 푛 ) computation steps. 

The computation of partial derivatives 휕퐸/휕푦 ,
픣 ,  as described in (Eq. 3.2.7) 

requires time 푂(|퐹 | ⋅ 푚 ⋅ 푛 ).  

Because |퐹 | = |퐹 | , 푚 ≥ 푚  and 푛 ≥ 푛 , the time complexity of 

adjustment of the subsampling layer 푙 for one pattern is 푂(|퐹 | ⋅ 푚 ⋅ 푛 ). 

3.3. N-Dimensional Convolutional Neural Network 

This thesis is focused on application of artificial neural networks on 

three-dimensional data, as one of the undertaken tasks required processing of 

three-dimensional data by convolutional neural networks. However, the CNN model 

has been designed to process two-dimensional images. Therefore, a novel 

modification 푁-dimensional Convolutional neural network (ND-CNN) of the original 

CNN model will be introduced in this thesis. 

The dimensionality 푁  higher than 3  might allow further applications. 

For example, we can process the motion of 3D object in time (푁 = 4) or extrapolate 

how the shape of a face is changing with age. Similarly, 푁D-CNN for 푁 = 4 could 

be applied to 4D sonograms which are important tool in clinical praxis. [Kurjak, 

Miskovic, Andonotopo, Stanojevic, Azumendi, Vrcic 2007] Moreover, if we have the 

sonograms available for multiple (ultra)sound frequencies, we can combine them into 

5D sonograms and process them by 푁D-CNN with 푁 = 5. Another example could be 

processing of radio astronomic data; the fifth dimension would represent measured 

data in various wave lengths. [Wilson, Rohlfs, Hüttemeister 2009] Suppose we could 

locate the observed mass in space and time and perform the measurements in multiple 

radio spectra. Then, for example, one 5D ‘voxel’ would represent part of a gas cloud in 

time 푡 in roentgen spectrum, whereas another ‘voxel’ would represent the same part 

of the gas cloud in time 푡 but in infra-red spectrum. If we used 푁D-CNN model to 

process such data, we would set 푁 = 5. 
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The three-dimensional CNN model was already described and used in [Ji, Xu, 

Yang, Yu 2012]. Though their 3D CNN is formally equivalent to ND-CNN where 

푁=3, they did not use the third dimension as spatial but as a temporal dimension in 

video processing.  

The input for the CNN model was represented as a matrix of values. The input 

values 푦 ,
,  were placed in the layer 0 in the feature map 0 – the only feature map in 

the input layer. Now, in order to process higher-dimensional data we will use an 

푁th-order tensor of values 푦풛
,  as an input to the network. The 푁-dimensional index 

풛 is an 푁-tuple 풛 = (푧 ,… , 푧 ) . The function of convolutional and subsampling 

layers must be adjusted to this structure of the input data.  

Each feature map of the layer 푙 has now the shape 푚 ×푚 ×…×푚 , where 

푚  is the size of all feature maps of the layer 푙 in dimension 푑. Consequently, there 

are |퐹 | ⋅ ∏ 푚  neurons in the layer 푙 . The 푦풛
픣,  is the output of a neuron 

(푧 , 푧 , … , 푧 , 픣, 푙) , which is a neuron at the position 풛 = (푧 ,… , 푧 )  in an 

푁-dimensional feature map 픣 of the layer 푙, where 0 ≤ 푧 < 푚 . We will also write 

(풛, 픣, 푙) as shorthand for (푧 , 푧 ,… , 푧 , 픣, 푙). 

The other types of layers are not dependent on the internal structure of 

convolutional or subsampling layers. Assume that the layer 푙 − 1 is a convolutional 

or a subsampling layer. If, for example, the layer 푙 is an ordinary feed-forward layer, 

its neurons are connected to all neurons from the layer 푙 − 1 , despite their 

organization inside the layer 푙 − 1.  

The feed-forward layer indexes the neurons and their outputs 푦  from 

preceding layer 푙 − 1 by one number 푖 ∈ ℕ . It is just a matter of re-indexing. Let us 

index all pairs 픣 , 풛 , where 픣 , 풛  are valid indices to the outputs 푦풛
픣 ,  of 

neurons (풛 , 픣 , 푙 − 1) from the layer 푙 − 1 and 푃 is the total number of such pairs. 

Then we can put 푦 = 푦풛
픣 , . Therefore, the change of the dimensionality of feature 

maps is irrelevant for the other types of layers. 
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3.3.1. The Convolutional Layer 

The receptive field of the convolutional layer 푙 has now the size (푟 ) . The 

neuron (풛, 픣, 푙)  is then connected to all neurons (푧 + Δ푧 ,… , 푧 + Δ푧 , 픣 , 푙 − 1) 

with 픣 ∈ 퐹픣, , 0 ≤ Δ푧 < 푟 , 1 ≤ 푑 ≤ 푁. We will denote 횫풛 = (Δ푧 , … , Δ푧 ). We 

will also use the shorthand (풛 + 횫풛, 픣 , 푙 − 1) for (푧 + Δ푧 , … , 푧 + Δ푧 , 픣 , 푙 − 1) 

to simplify the notation. We limit ourselves to a description where the receptive fields 

are shifted by exactly one neuron in the respective dimension. 

A weight 푤횫풛
픣,픣 ,  connects thus every neuron (풛, 픣, 푙) from the 푙-th layer with the 

neuron (풛 + 횫풛, 픣 , 푙 − 1)  from the (푙 − 1) -th layer for all applicable 횫풛 . This 

weight is shared by all the neurons from the same feature map located at any 

position 풛. The potential 휉풛
픣,  corresponding to the output 푦풛

픣,  of the neuron (풛, 픣, 푙) is 

defined as: 

 푦풛
픣, = 휉풛

픣, = 푦풛 횫풛
픣 , ⋅ 푤횫풛

픣,픣 ,

횫풛∈ ,…,	픣 ∈ 픣,

	 
(Eq. 3.3.1) 

The shape 푚 ×푚 ×…×푚  of all feature maps in the convolutional layer 푙 is 

again imposed by the size of the feature maps in layer 푙 − 1 and by the size of the 

receptive field ∏ 푟 . We obtain 푚 = 푚 − 푟 + 1 for all 1 ≤ 푑 ≤ 푁. 

 

Figure 3.3.1 Convolution of 4x4x4 feature map with 3x3x3 receptive field, 3 dimensions 

3.3.2. The Subsampling Layer 

A subsampling layer in the ND-CNN model has to reduce the size of the feature 

maps in all 푁 dimensions. Otherwise its function remains the same.  
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The size of the feature maps will be changed according to the subsampling 

parameters 푟 , , … , 푟 , . Given the shape of the preceding layer 푚 ×…×푚 , 

the size of the layer 푙 after subsampling will be 푚 = 푚 /푟 ,  for all 1 ≤ 푑 ≤ 푁. 

The feature maps from the layer 푙 − 1 can be clipped or padded with zeroes if their 

dimensions are not divisible by the respective subsampling parameters. Again, we will 

describe the subsampling where no overlapping of the subsampled areas is allowed. It 

means that each neuron from layer 푙 − 1 is connected to exactly one neuron in layer 푙. 

Further, the formula for the potential of the neuron in the subsampling layer 푙 

must be altered as well. The original (Eq. 3.2.2) and (Eq. 3.2.3) are replaced by (Eq. 

3.3.4) and (Eq. 3.3.5). The formula (Eq. 3.2.4) remains the same, except for indexing. 

We will define an auxiliary set 푆 and an auxiliary function 푔: 

 푆 = 0, … , 푟 , − 1  (Eq. 3.3.2) 

 푔(풛) = 푔(푧 , 푧 ,… , 푧 ) = 푧 	 ⋅ 푟 , , 푧 ⋅ 푟 , , … , 푧 ⋅ 푟 , 	 (Eq. 3.3.3) 

Formally, for the neuron (풛, 픣, 푙) in the subsampling layer 푙 we determine the 

potential 휉풛
픣,  and the output 푦풛

픣,  as: 

a) 

Averaging: 
휉풛
픣, =

1
∏ 푟 , 푦 (풛) 횫풛

픣,

횫풛∈

	 (Eq. 3.3.4) 

b) 

Maximizing: 
휉풛
픣, = max

횫풛∈
푦 (풛) 횫풛
픣, 	 (Eq. 3.3.5) 

 푦풛
픣, = 푓 푎 , ⋅ 휉풛

픣, + 푏픣,  (Eq. 3.3.6) 

3.3.3. The Learning Process 

The architectural modifications of the ND-CNN model also imply changes in the 

formulas for error gradient. Otherwise the learning process remains unchanged. 

All formulas from (Eq. 3.2.5) to (Eq. 3.2.12) have to be replaced with their 

푁-dimensional analogies. They must reflect the definitions shown in (Eq. 3.3.1) to 

(Eq. 3.3.6). Mainly the sums over the feature maps and over the receptive field must 

follow the increased dimensionality. 
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3.3.3.1. The Subsampling Layer 

When we are training the network, we have to consider just the terms 휕퐸/푎픣,  and 

휕퐸/푏픣,  in the subsampling layer 푙. Applying the chain rule and using (Eq. 3.3.6), we 

obtain: 

 
휕퐸
휕푎픣, =

휕퐸
휕푦풛

픣, ⋅
휕푦풛

픣,

휕푎픣,
풛

=
휕퐸
휕푦풛

픣, ⋅ 푓 푎픣, ⋅ 휉풛
픣, + 푏픣, ⋅ 휉풛

픣,

풛

 (Eq. 3.3.7) 

 
휕퐸
휕푏픣, =

휕퐸
휕푦풛

픣, ⋅
휕푦풛

픣,

휕푏픣,
풛

=
휕퐸
휕푦풛

픣, ⋅ 푓 푎픣, ⋅ 휉풛
픣, + 푏픣, ⋅ 1

풛

 (Eq. 3.3.8) 

Now, we need the derivative 휕퐸/휕푦풛
픣 , , which enables us to continue with 

gradient calculations backwards for the layer 푙 − 1. Again, we start with the chain 

rule: 

 
휕퐸

휕푦풛
픣 , 	

=
휕퐸
휕푦풛

픣, ⋅
휕푦풛

픣,

휕휉풛
픣, ⋅

휕휉풛
픣,

휕푦풛
픣 ,  (Eq. 3.3.9) 

The derivative 휕퐸/휕푦풛
픣,  is assumed to be known. 휕푦풛

픣, /휕휉풛
픣,  follows from (Eq. 

3.3.6): 

 
휕푦풛

픣,

휕휉풛
픣, = 푓 푎픣, ⋅ 휉풛

픣, + 푏픣, ⋅ 푎픣,  (Eq. 3.3.10) 

The remaining derivative 휕휉풛
픣, /휕푦풛

픣 ,  depends on the type of subsampling we 

have chosen – either by averaging or by maximum value. These two cases are 

calculated using (Eq. 3.3.4) respectively (Eq. 3.1.19): 

a) 

Averaging: 

휕휉풛
픣,

휕푦풛
픣 , =

1
∏ 푟 , 	 (Eq. 3.3.11) 

b) 

Maximizing: 

휕휉풛
픣,

휕푦풛
픣 , =	 1									if	푦풛

픣 , 	is	the	maximum	
0																																	if	otherwise

		 (Eq. 3.3.12) 

We are now able to determine the error gradients of the trainable parameters and 

we can also propagate the calculation of error gradients to layer 푙 − 1. 

3.3.3.2. The Convolutional Layer 

The error 퐸 depends on the outputs 푦풛
픣,  of neurons (풛, 픣, 푙) of the convolutional 

layer 푙. These outputs depend on the preceding layer as mentioned in (Eq. 3.3.1). 
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Let us define an auxiliary set 푆 : 

 푆 = 0, … ,푚 − 1  (Eq. 3.3.13) 

The derivatives 휕퐸/휕푤횫풛
픣,픣 ,  can be obtained using the chain rule again and (Eq. 

3.3.1): 

 

휕퐸

휕푤횫풛
픣,픣 , =

휕퐸
휕푦풛

픣, ⋅
휕푦풛

픣,

휕푤횫풛
픣,픣 ,

퐳∈

	

=
휕퐸
휕푦풛

픣, ⋅ 푦풛 횫풛
픣 ,

풛∈

 

(Eq. 3.3.14) 

Note that the derivative 휕퐸/휕푦풛
픣,  is assumed to be known. 

Denote 푂푈푇(풛, 픣 , 푙 − 1) the set of neurons from the layer 푙 which are connected 

to the output 푦풛
픣 , . Let us refer to neurons from this set as 풌 ∈ 푂푈푇(풛, 픣 , 푙 − 1) and 

to their outputs as 푦풌 . Also denote 푤풌  the weight which connects the neuron 

(풛, 픣 , 푙 − 1) to the neuron 풌. Note that all the neurons indexed by 풌 are from the 

layer 푙. Further, their position in the feature map 픣 in the layer 푙 has to be considered, 

unlike the simpler record described by the index 풛. 

We will determine the partial derivatives 휕퐸/휕푦풛
픣 , . We apply the chain rule and 

use (Eq. 3.3.1): 

 휕퐸

휕푦풛
픣 , =

휕퐸
휕푦풌

⋅
휕푦풌

휕푦풛
픣 ,

풌∈ (풛,픣 , )

	

=
휕퐸
휕푦풌

⋅ 푤풌
풌∈ (풛,픣 , )

 
(Eq. 3.3.15) 

The derivative 휕퐸/휕푦풌 is assumed to be known, as 푦풌 is in fact some of the 푦풛
픣, . 

We have derived the terms used to evaluate both the error gradient and partial 

derivatives for layer 푙 − 1. 

3.3.4. Time Complexity 

The time complexity of training a convolutional and a subsampling layer in 

ND-CNN model will be analyzed.  
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3.3.4.1. The Convolutional Layer 

The convolutional layer 푙  requires 푂(|퐹 | 	 ⋅ 	 |퐹 | 	 ⋅ (푟 ) ⋅ 	∏ 푚 	)	 

computational steps to process its input. This follows from the (Eq. 3.3.1) and from the 

fact that there are |퐹 | ⋅ ∏ 푚 	 neurons in the layer 푙. 

The time complexity to adjust a two-dimensional convolutional layer 푙  for 

one pattern is 푂(|퐹 | ⋅ |퐹 | ⋅ (푟 ) ⋅ 푚 ⋅ 푛 ). Now the receptive field has 푁 

dimensions of size 푟  and the size of the feature maps will be ∏ 푚  (respectively 

∏ 푚  for the layer 푙 − 1 ). Combining these terms together yields 

the complexity 푂 |퐹 | ⋅ |퐹 | ⋅ (푟 ) ⋅ ∏ 푚  for the adjustment of the 

convolutional layer 푙 in the 푁D-CNN model for one pattern. Note that the following 

holds: ∏ 푚 ≤ ∏ 푚 . 

3.3.4.2. The Subsampling Layer 

The number of steps required by a subsampling layer 푙 to process the input is 

linear in the number of neurons from the layer 푙 − 1. Therefore the time complexity of 

the processing is 푂 |퐹 | ⋅ ∏ 푚 . 

A subsampling layer in a two-dimensional CNN required 푂(|퐹 | ⋅ 푚 ⋅ 푛 ) 

steps to adjust for one input pattern. Analogically, in an 푁-dimensional case it is 

푂 |퐹 | ⋅ ∏ 푚  computational steps. 

3.3.4.3. Comparison with CNN 

There is one interesting difference between CNN and higher-dimensional 

ND-CNN. The size of a receptive field has greater impact on time complexity in 

ND-CNN. Nevertheless, the subsampling layers reduce the size of a feature maps 

much faster than in CNN if we focus on a total number of neurons. 

Let us assume that CNN takes an input of size √푀 ×√푀 where 푀 is a total 

number of pixels in the input image. We omit the effect of convolutional layers and 

assume that all subsampling layers 푙  have the same subsampling parameters 

푟 = 푟 = 푟. Then there must be log √푀 = log 푀 subsampling layers to obtain 

feature maps with one neuron. For ND-CNN the initial feature map size would be √푀 
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and there would be log 푀 layers. Let us note that the subsampling does not allow 

overlapping of the subsampled areas. 

Assume that a CNN and a 푁D-CNN has an input layer with 푀 neurons. The 

푁D-CNN reduces it with a lesser number of pairs of convolutional and subsampling 

layers. Moreover, the feature maps in 푁D-CNN shrink faster; therefore, the total 

number of neurons is smaller.  

Denote 푚 × 푛  the size of feature maps in the two-dimensional case and 

푚 ×푚 ×…×푚  in the N-dimensional case. As we assumed the size of the input 

layer being 푀 neurons, we can further conclude that ∏ 푚 ≤ 푚 ⋅ 푛  for 푙 and 

푁 big enough and receptive fields 푟  of the same size. Hence the time complexity of 

both the processing and training phase of a subsampling layer 푙 is asymptotically 

equal for CNN and 푁D-CNN. Processing and training phase of a convolutional layer 

푙 in 푁D-CNN is slower by factor of (푟 )  when compared to the two-dimensional 

CNN model. However, 푟  is usually a small number chosen often the same for all 

layers 푙 of the network, e.g. 3 ≤ 푟 ≤ 5. 

It is, however, important to note that with an increasing 푙, the product ∏ 푚  

is getting significantly lower than 푚 ⋅ 푛  in most cases. Under such circumstances, 

the difference in the factor (푟 )  can become less important. The ND-CNN would 

actually calculate its output and adjust its weights faster than the CNN.  

To conclude, not only does the ND-CNN enrich the original CNN model by higher 

dimensionality. It also keeps its computational complexity comparable to or even 

lower than is the complexity of traditional CNNs when considering input patterns of a 

similar size. 
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3.3.5. Further Modifications 

In comparison with the traditional CNN model, the 푁D-CNN introduced in 

chapter 3.3 allows to consider additional dimensions present in the input data.  The 

development of this new model has been strongly motivated by the need to detect and 

process three-dimensional shapes.  

The third dimension was used in [Ji, Xu, Yang, Yu 2012] to process time sequence 

of 2D images. ND-CNN can enable us to use a fourth temporal dimension to process 

for example movements of 3D objects in time and space. We can go further and 

employ fifth dimension if we combine information from multiple spectra, e.g. 

electromagnetic spectra or sound spectra as was already mentioned at the beginning of 

chapter 3.3. 

There are other ways to further improve the CNN model than just to increase the 

dimensionality of the processed patterns. A significant drawback of the general CNN 

represents the need of a predefined structure. Both the size of the feature maps and the 

number of network layers must be defined beforehand. This drawback was already 

challenged by other researchers. For example in [Mrázová, Kukačka 2010] the 

network topology is adjusted automatically.  

Finding a convenient configuration for ND-CNN might be in general a tedious task 

and requires the user to perform many experiments before a suitable network structure 

is formed. Obviously, the network must be re-trained during the experiments and 

training of a CNN model is usually time-consuming. Therefore, an approach that uses 

a self-adjusting topology might lead to improvements both in terms of speed and 

accuracy. 

3.4. Knowledge Representation 

Suppose that we have a trained feed-forward neural network or a trained CNN 

model that is able to classify the patterns from a testing set as required. In such a 

moment a trained model represents a certain knowledge – how to determine a correct 

pattern class from the given input data. If we want to gain this knowledge, we need to 

understand how the model works internally. 
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When the model is trained, its weights are no longer adjusted. Therefore, only the 

potentials and the outputs of neurons within the model change with the inputs 

presented to the network during recall. As the neuron’s output 푦 is a function of its 

potential 휉 , 푦 represents the same information as 휉 , though coded with different 

values. Hence, we can focus only on the output 푦. 

Assume that we use a hyperbolic tangent (Eq. 3.1.3) as an activation function. 

 

Figure 3.4.1 Hyperbolic tangent 

It can be observed in Figure 3.4.1, that for each neuron 푖 the output 푦  will be in 

the interval < −1, 1 > . However, if the outputs 푦  cover the interval almost 

uniformly, it is difficult to distinguish between neurons’ contributions to the final 

classification. Therefore, it is preferred if hidden neurons can be divided into these 

groups: the active neurons (푦 ~1), the passive neurons (푦 ~ − 1) and the silent 

neurons (푦 ~0). It is called a condensed knowledge representation. Beside the 

transparency of network’s function, it also improves its generalization and robustness. 

[Mrázová, Reitermanová 2007] 

The grouping of neurons’ outputs 푦  close to the values {−1, 0, 1}  can be 

enforced during the training process. A neural network trained by the 

back-propagation is minimizing an error 퐸  defined in (Eq. 3.1.9). The objective 

function minimized during the learning process can include a term which penalizes the 

distance of neurons’ outputs from the values {−1, 0, 1}. Let us note that only the 

hidden neurons should be subject to this penalization. A term performing the 

penalization, shown in (Eq. 3.4.1), is mentioned in [Mrázová, Reitermanová 2007]. In 

(Eq. 3.4.1) 푝 indexes the training patterns and 푗 indexes the hidden neurons. 
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 퐻 = 1 + 푦 ⋅ 1 − 푦 ⋅ 푦  (Eq. 3.4.1) 

 퐻 =
1
푃 ⋅ 퐻 

(Eq. 3.4.2) 

Experiments suggest to choose 푠 = 4. [Mrázová, Wang 2007] explained that for 

the choice of 푠 = 4, the term 1 + 푦 ⋅ 1 − 푦 ⋅ 푦  comprises both the first- 

and second-order derivatives of the logistic sigmoid function. See (Eq. 3.1.2) and (Eq. 

3.4.3) regarding the derivatives. Consequently, smoother network functions are 

favoured, as both the curvature and the input-output sensitivity of the hidden neurons 

are penalized. [Mrázová, Wang 2007] 

 
logsig(휉) = (logsig(휉) ) 	

= logsig(휉) ⋅ 1 − logsig(휉) ⋅ 1 − 2 ⋅ logsig(휉)  
(Eq. 3.4.3) 

Value of the product inside (Eq. 3.4.1) with respect to neuron’s output 푦  is 

illustrated in Figure 3.4.2 for some fixed 푝 and 푗. 

 

Figure 3.4.2 Penalization term for neuron's output, s=4 

The objective function to be minimized during the learning has a following form: 

 퐺 = 퐸 + 푐 ⋅ 퐻  (Eq. 3.4.4) 

The coefficient 푐  tunes the influence of the penalization term. 푐  should be low, 

as its high value would exacerbate the classification error. 

The new objective function also requires new formulas for gradient descent. 

However, as 퐺  is a sum of original error function and penalization function, the 

partial derivatives of 퐺 with respect to any variable 푥 will have the form: 

 휕퐺
휕푥 =

휕퐸
휕푥 +

휕(푐 ⋅ 퐻)
휕푥 =

휕퐸
휕푥 + 푐

휕퐻
휕푥  (Eq. 3.4.5) 
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We already know the necessary partial derivatives of 퐸 . The derivatives of the 

penalization term 푐 ⋅ 퐻  can be determined analogically. Particularly for the 

potential 휉 	of a neuron 푖, its output 푦  and for the weight 푤 ,  connecting it to a 

neuron 푗, we would once again proceed from the last layer to the first one.  

This technique is applicable to both the feed-forward neural networks from chapter 

3.1 and to the Convolutional neural networks described in chapter 3.2. The new 

formulas enforcing the condensed knowledge representation will follow the scheme of 

(Eq. 3.1.22) and (Eq. 3.2.11). The derivatives with respect to variables from the layer 

푙 depend again on the derivatives with respect to variables from the layer 푙 + 1. 

We will assume that neurons in the network use a hyperbolic tangent transfer 

function, whose first-order derivate was shown in (Eq. 3.1.4). 

Without loss of generality, let us enforce the knowledge representation for the 

layer 푙 only. If we would require applying the same for more layers, i.e. for the layers 

푙 , 푙 , … , 푙 , we would simply adjust the formula (Eq. 3.4.4) to comprise them all: 

 퐺 = 퐸 + 푐 ⋅ 퐻  (Eq. 3.4.6) 

Obviously, 푙  (respectively 푙 ) must not be the output layer of the network. 

Besides that, any parameter 푥  related to any subsequent layer 푙 > 푙 does not affect 

the value of the term 퐻 . Hence 휕퐻 /휕푥 = 0 for all 푥 , 푙 > 푙. 

To simplify the notation we will focus on partial derivatives of 퐻 instead of 퐻 , 

since for all considered variables 푥 holds: 

 휕퐻
휕푥 =

1
푃 ⋅

휕퐻
휕푥  (Eq. 3.4.7) 

In the following description, we will determine the partial derivatives 휕퐻/푤 ,  

for feed-forward layers, 휕퐻/푤횫풛
픣,픣 ,  for convolutional layers and 휕퐻/푎픣,  and 

휕퐻/푏픣,  for subsampling layers for all 푙 ≤ 푙. Thus we consider the feed-forward 

layers and ND-CNN convolutional and subsampling layers, because CNNs are special 

case of ND-CNNs for 푁 = 2. We will also consider two special cases: 푙 = 푙 and 

푙 < 푙. And again, we will derive the formulas for just one pattern to simplify the 

notation. 
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Let us first focus on the partial derivative 휕퐻/휕푦 , which will prove useful for all 

other computations. Using (Eq. 3.4.1) and (Eq. 3.1.4) for the substitution at the end, we 

obtain: 

 

휕퐻
휕푦

=
휕
휕푦

1 + 푦 ⋅ 1 − 푦 ⋅ 푦 	

=
휕
휕푦

1 − 푦 ⋅ 푦 	

= 1 − 푦 ⋅ 2푦 − 푠 1 − 푦 ⋅ 2푦 ⋅ 푦 	

= 2푦 ⋅ 1 − 푦 1 − 푦 − 푠 ⋅ 푦 	

= 2푦 ⋅ 1 − 푦 1 − (푠 + 1)푦  

(Eq. 3.4.8) 

For 푓(휉) = tanh(휉), we can perform the following substitution: 

 

휕퐻
휕푦

= 2푦 ⋅ 1 − 푦 1 − 푦 − 푠 ⋅ 푦 	

= 2푦 ⋅ 푓 (휉 ) 1 − (푠 + 1)푦  
(Eq. 3.4.9) 

3.4.1.1. The Feed-forward Layers 

For feed-forward layer and 푙 = 푙, we obtain the partial derivatives 휕퐻/푤 ,  from 

(Eq. 3.4.1), (Eq. 3.1.5), (Eq. 3.1.6), chain rule and (Eq. 3.4.9): 

 

휕퐻
푤 , =

휕퐻
휕휉

⋅
휕휉

푤 , =
휕퐻
휕푦

⋅
휕푦
휕휉

⋅
휕휉

푤 , 	

=
휕퐻
휕푦

⋅ 푓 휉 ⋅ 푦 	

= 2푦 ⋅ 푓 휉 1 − (푠 + 1)푦 ⋅ 푦  

(Eq. 3.4.10) 

We will use the substitution 휌  for 휕퐻/휕휉  in further computations. The 

substitution for the case 푙 = 푙 is: 

 휌 =
휕퐻
휕휉

= 2푦 ⋅ 푓 휉 1 − (푠 + 1)푦  (Eq. 3.4.11) 

We will now examine the case when 푙 < 푙. There is one more assumption in the 

formula (Eq. 3.4.12) – that 푙 + 1 is also a feed-forward layer. This assumption 
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corresponds with the architecture of the CNN model described in chapter 3.2.1; of 

course the same assumption applies to the ND-CNN model. For feed-forward layers 

푙 < 푙, we obtain 휕퐻/푤 ,  from (Eq. 3.1.5) and (Eq. 3.1.6): 

 

휕퐻

푤 , =
휕퐻
휕휉

⋅
휕휉

푤 , 	

=
휕퐻

휕휉
⋅
휕휉
휕푦

⋅
휕푦
휕휉

⋅ 푦 	

=
휕푦
휕휉

⋅
휕퐻

휕휉
⋅
휕휉
휕푦

⋅ 푦 	

= 푓 휉 ⋅
휕퐻

휕휉
⋅ 푤 , ⋅ 푦 	

= 푓 휉 ⋅ 휌 ⋅ 푤 , ⋅ 푦  

(Eq. 3.4.12) 

Again, we substitute 휌  for 휕퐻/휕휉 , but this time for 푙 < 푙: 

 휌 =
휕퐻
휕휉

= 푓 휉 휌 ⋅ 푤 ,  (Eq. 3.4.13) 

3.4.1.2. The Convolutional Layers 

We will now describe the necessary formulas for the enforced knowledge 

representation in the convolutional and subsampling layers. As was already 

mentioned, convolutional neural networks detect features (within feature maps) and 

combine them into more complex features. One of the goals of the enforced 

knowledge representation in the convolutional and subsampling layers is to make the 

detected features clear and ‘sharp’ for human as much as possible. This enables us to 

extract and visualize the detected features more easily.  

It appeared during the experiments performed in this thesis that it is preferable to 

enforce the knowledge representation in subsampling layers. It is probably caused by 

the presence of a non-linear activation function in a subsampling layer. However, the 

enforced knowledge representation will be described both for the convolutional and 

for the subsampling layer. 
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When the layer 푙 = 푙 is a convolutional layer, we need the partial derivatives 

휕퐻/푤횫풛
픣,픣 ,  for the back-propagation algorithm. We start (Eq. 3.4.14) by applying 

chain rule to (Eq. 3.3.1) and (Eq. 3.4.1), while using an auxiliary set 푆  from (Eq. 

3.3.13); in the end we use (Eq. 3.4.9) and obtain: 

 

휕퐻

푤횫풛
픣,픣 , =

휕퐻
휕푦풛

픣, ⋅
휕푦풛

픣,

휕푤횫풛
픣,픣 ,

퐳∈

	

=
휕퐻
휕푦풛

픣, ⋅ 푦풛 횫풛
픣 ,

퐳∈

	

= 2푦풛
픣, ⋅ 푓 휉풛

픣, 1 − (푠 + 1)푦풛
픣, ⋅ 푦풛 횫풛

픣 ,

퐳∈

 

(Eq. 3.4.14) 

The presence of the hyperbolic tangent function 푓  in (Eq. 3.4.14) might be 

surprising as the convolutional layer does not use any activation function. The 

function 푓 appears here due to a substitution performed in the formula (Eq. 3.4.9). 

The next step is to determine the partial derivatives 휕퐻/푤횫풛
픣,픣 ,  for convolutional 

layer 푙 < 푙. We apply the chain rule to (Eq. 3.3.1): 

 

휕퐻

푤횫풛
픣,픣 , =

휕퐻

휕푦풛
픣, ⋅

휕푦풛
픣,

휕푤횫풛
픣,픣 ,

퐳∈

	

=
휕퐻

휕푦풛
픣, ⋅ 푦풛 횫풛

픣 ,

퐳∈

 

(Eq. 3.4.15) 

The partial derivatives 휕퐻/휕푦풛
픣, depend on the layer 푙 + 1. There are now three 

special cases depending on the type of the layer 푙 + 1: In the first it is a feed-forward 

layer, in the second case it is a convolutional layer and a subsampling layer is the third 

case. The situation is illustrated in Figure 3.4.3. 



68 

 

 

Figure 3.4.3 The three cases to determine the partial derivatives 

When 푙 + 1  is a feed-forward layer, the partial derivative 휕퐻/휕푦풛
픣,  can be 

derived similarly as (Eq. 3.4.12): 

 휕퐻

휕푦풛
픣, =

휕퐻
휕휉

⋅
휕휉

휕푦풛
픣, = 휌 ⋅ 푤  (Eq. 3.4.16) 

If the (푙 + 1)-th layer is either a convolutional or subsampling layer, we use the 

same approach as in chapter 3.3.3.  

 

Figure 3.4.4 The partial derivatives are pre-computed by layer l' 

We change the point of view and instead of determining the partial derivative 

휕퐻/휕푦풛
픣,  with respect to the type of (푙 + 1) -th layer, we rather expect that 

휕퐻/휕푦풛
픣,  is known beforehand. In other words, the partial derivatives 휕퐻/휕푦풛

픣, are 

calculated together with the calculations related to the layer 푙 + 1 and propagated 

backwards. These derivatives are then used by the calculations related to the layer 푙′. 

The same must be done for the layer 푙′ with respect to the layer 푙 − 1. Thus we 
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propagate the partial derivatives backward, as we already did in the back-propagation 

algorithm. Current situation is illustrated in Figure 3.4.4. 

Hence, we have to determine 휕퐻/휕푦풛
픣,  when the layer 푙′ is convolutional and 

the same will be done in chapter 3.4.1.3 for the case of a subsampling layer 푙′. We 

have already determined the partial derivatives 휕퐻/휕푦풛
픣,  for a feed-forward layer 

푙′ in (Eq. 3.4.16). The formula (Eq. 3.4.16) actually determines the partial derivative 

휕퐻/휕푦풛
픣,  for the feed-forward layer 푙 + 1 ; however, we can simply substitute 

푙 = 푙 + 1 and obtain 휕퐻/휕푦풛
픣,  for a feed-forward layer 푙 . 

We will need 푂푈푇(풛, 픣 , 푙 − 1) – the set of neurons from the layer 푙  which are 

connected to the output 푦풛
픣 ,  as before in chapter 3.3.3.2.We will determine the 

partial derivatives 휕퐻/휕푦풛
픣 ,  by applying the chain rule and using (Eq. 3.3.1): 

 휕퐻

휕푦풛
픣 , =

휕퐻
휕푦풌

⋅
휕푦풌

휕푦풛
픣 ,

풌∈ (풛,픣 , )

	

=
휕퐻
휕푦풌

⋅ 푤풌
풌∈ (풛,픣 , )

 
(Eq. 3.4.17) 

The partial derivative 휕퐻/휕푦풌 is assumed to be known as was stated above.  

This completes the case of the convolutional layers, because we have determined 

the necessary terms for (Eq. 3.4.16) and also the partial derivatives 휕퐻/휕푦풛
픣 ,  for 

the preceding layer 푙 − 1. 

3.4.1.3. The Subsampling Layers 

If the layer 푙  is a subsampling layer, the partial derivatives 휕퐻/푎픣,  and 

휕퐻/푏픣,  are required by the back-propagation algorithm. 

We use (Eq. 3.4.1) and (Eq. 3.3.6) to obtain: 

 
휕퐻
휕푎픣,

=
휕퐻

휕푦풛
픣, ⋅

휕푦풛
픣,

휕푎픣,
풛

=
휕퐻

휕푦풛
픣, ⋅ 푓 푎픣, ⋅ 휉풛

픣, + 푏픣, ⋅ 휉풛
픣,

풛

 (Eq. 3.4.18) 

 
휕퐻
휕푏픣,

=
휕퐻

휕푦풛
픣, ⋅

휕푦풛
픣,

휕푏픣,
풛

=
휕퐻

휕푦풛
픣, ⋅ 푓 푎픣, ⋅ 휉풛

픣, + 푏픣, ⋅ 1
풛

 (Eq. 3.4.19) 
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The only term to be resolved is the partial derivative 휕퐻/휕푦풛
픣, . Surprisingly, we 

have already determined it. If the layer 푙 = 푙, the partial derivative 휕퐻/휕푦풛
픣,  comes 

from (Eq. 3.4.8). If 푙 < 푙 and 푙 + 1 is a feed forward layer, we follow (Eq. 3.4.16) . 

When 푙 < 푙  and 푙 + 1 is a convolutional or subsampling layer, we assume the 

partial derivative 휕퐻/휕푦풛
픣, 	 to be known, analogically as we did in chapter 3.4.1.2.  

Hence, we need the derivative 휕퐻/휕푦풛
픣, , which enables us to continue with 

gradient calculations for the layer 푙 − 1. We start with the chain rule: 

 
휕퐻

휕푦풛
픣 , 	

=
휕퐻

휕푦풛
픣, ⋅

휕푦풛
픣,

휕휉풛
픣, ⋅

휕휉풛
픣,

휕푦풛
픣 ,  (Eq. 3.4.20) 

The derivative 휕퐻/휕푦풛
픣,  is assumed to be known. The remaining derivatives 

휕푦풛
픣, /휕휉풛

픣,  and  휕휉풛
픣, /휕푦풛

픣 ,  were determined in (Eq. 3.3.10), (Eq. 3.3.11) and 

(Eq. 3.3.12). 

We are now able to express the gradients for the trainable parameters and we can 

also propagate the calculations to the layer 푙 − 1. 

3.4.1.4. Time Complexity 

The enforced knowledge representation comes at a price of more computational 

steps during the training phase. However, the formulas for enforced knowledge 

representation for one layer 푙  are as computationally complex as those for error 

gradients. Therefore, the additional term 푐 ⋅ 퐻 in the objective function (Eq. 3.4.4) 

increases the time complexity by multiplicative constant, which is asymptotically 

negligible. 

If we require to enforce the knowledge representation in 푡 layers 푙 , we 

might expect the time complexity to be asymptotically multiplied by 푡, because of the 

(Eq. 3.4.6). However, we will show that this is not the case. Let us denote: 

 퐻 = 푐 ⋅ 퐻  (Eq. 3.4.21) 

 퐻 =
1
푃퐻 (Eq. 3.4.22) 
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 휕퐻
휕푥 = 푐 ⋅

휕퐻
휕푥  (Eq. 3.4.23) 

At most each hidden layer 푙 , 0 < 푙 < 퐿 (0-th layer is the input layer, 퐿-th is the 

output layer) has its own penalization term 퐻 . When we calculate the partial 

derivatives 휕퐻/휕푥  for some variable 푥  related to the layer 푙 , we need to 

calculate 휕퐻 	/휕푥  for all 푙 ≥ 푙  according to (Eq. 3.4.23).  

We stated above that for one penalization term, denote it 퐻  respectively 

푐 ⋅ 퐻 , the computation costs of 휕퐻 	/휕푥  can be amortized in the computation 

of the error gradient. We can amortize also the computation of 휕퐻 	/휕푥  in the same 

way. It means that we can asymptotically neglect the computation of 휕퐻 	/휕푥  for 

any layer 푙  and also the computation of 휕퐻 	/휕푥  but only for the current layer 푙  

whose knowledge representation is to be enforced by 퐻 . Now, we will show that the 

rest of calculations can be performed together with the calculations of 휕퐻 	/휕푥 . 

This will prove that the asymptotical complexity of the back-propagation remains 

asymptotically the same. 

The remaining issue are the calculations of 휕퐻 	/휕푥  for layers 푙  where 

푙 ≠ 푙 > 푙′. If we have a look at formulas in chapters 0, 3.4.1.2 and 3.4.1.3, we notice 

that the partial derivatives 휕퐻 /휕푥  for such 푙  contain many identical terms. 

Moreover, only the terms 휕퐻 /휕푦  in case of feed-forward layer and 휕퐻 /휕푦풛
픣,  in 

case of convolutional and subsampling layer depend on the choice of 푙 . 

Substitute 푞풛  for the trainable parameters 푤 , , 푤횫풛
픣,픣 , , 휕푎픣,  and 휕푏픣,  in the 

formulas (Eq. 3.4.12), (Eq. 3.4.14), (Eq. 3.4.15), (Eq. 3.4.18) and (Eq. 3.4.19). Then 

they can be all written in the form: 

 휕퐻
휕푞풛

=
휕퐻
휕푦

⋅ 푇푒푟푚  (Eq. 3.4.24) 

The substitution 푇푒푟푚  replaces the other terms in the corresponding formulas. 

Consequently, the partial derivative 휕퐻/휕푞풛 	 can be reformulated as: 
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 휕퐻
휕푞풛

= 푐 ⋅
휕퐻
휕푦풛

픣, ⋅ 푇푒푟푚 	

= 푇푒푟푚 푐 ⋅
휕퐻
휕푦

	

= 푇푒푟푚 ⋅
휕퐻
휕푦

 

(Eq. 3.4.25) 

We can see in (Eq. 3.4.25) the we do not have to sum 푡 terms, but we can replace 

them by 휕퐻/휕푦 . The partial derivative 휕퐻/휕푦 can be propagated to the layer 

푙 − 1 as 휕퐻/휕푦  and thus be reused again. This is possible because we do not 

require to know all 휕퐻 /휕푞풛 	 but only their sum 휕퐻/휕푞풛 .  

Consequently, the whole computation can be still asymptotically amortized in the 

computation of error gradient and the time complexity estimates need not to be 

changed. 
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4. Face Model Input Data 

4.1. Source Format 

The source data used in this thesis were obtained by a 3D scanner. The scanned 

models are faces of real persons. The data were kindly provided by RNDr. Jana 

Velemínská, Ph.D from the Department of Anthropology and Human Genetics at the 

Faculty of Science of Charles University. 

 

Figure 4.1.1 Three triangles defined on 5 vertices,  

each triangle is given as list of 3 indices 

 

Figure 4.1.2 Normal vectors of two triangles 

The models are saved in files in a VRML standard format. [Web3D Consortium 

2003] Nevertheless, the files use only a limited subset of the specification, which 

allowed a simplified implementation of the software part of this thesis.  

… 
  geometry IndexedFaceSet { 
      coord Coordinate { 
          point [ 
                 0.514507671197255 0.000901438761502504 0.352660040060679, 
                 0.510099448263645 0.00186396900971886 0.353058695793152, 
                 0.502644207328558 0.00440317958418746 0.355012383311987, 
… 
                 0.0814220905303955 0.851317867636681 0.0137489661574364, 
                 0.075354122556746 0.843637019395828 0.0112003394169733, 
                 0.0723659719030062 0.839748620986938 0.0101821144732336 
          ] # point Field 
      } # Coordinate Node 
      coordIndex [ 
                  0, 101, 1, -1, 
                  0, 100, 101, -1, 
                  1, 102, 2, -1, 
                  1, 101, 102, -1, 
… 
                  49, 49, 50, -1, 
                  49, 50, 50, -1, 
      ] # coordIndex Field 
… 

Figure 4.1.3 Code snippet of the VRML model 



74 

 

Each model contains several basic environment definitions, for example lighting 

conditions, material properties and link to a texture. The important data is the three 

dimensional mesh describing the surface model of the face in the space. The surface 

model is a composition of geometric primitives.  

In our case, the face models consist only of triangles, see Figure 4.1.3. Triangles 

are defined by the positions of their vertices, but there is also additional information 

about the texture mapping. The vertices are often shared; therefore, firstly the 

sequence of the three dimensional vectors defining the positions of the vertices is 

given. Following triangle definitions then contain only the indices to the vertex 

sequence, for example see Figure 4.1.1.  

 

Figure 4.1.4 Face model and its default orientation 

Vertices of the triangles are listed clockwise, assuming that we look at the model 

of the face from the front side. The orientation of the face model can be seen in Figure 

4.1.4. This is important to determinate the normal vectors of the triangles, see Figure 

4.1.2. A normal vector is calculated for a triangle as a cross product of the vectors 

corresponding to triangle’s two incident sides. The order of the triangle vertices is thus 

important for the orientation of the normal vector. In our case, the normal vectors 

should be mostly oriented towards the viewer. Let us have a triangle 푇 = 푥⃗, 푥 	⃗, 푥⃗ , 

where 푥⃗, 푥⃗	, 푥⃗ ∈ ℝ  are the position vectors of the triangle vertices. Firstly, take 

the two vectors 푢⃗, 푣⃗ for two incident sides as follows: 푢⃗ = 푥⃗ − 푥⃗, 푣⃗ = 푥⃗ − 푥⃗. 

Then the normal vector of the triangle 푇 is: 

푛⃗ = 푢⃗ × 푣⃗ =
푢 푣 − 푢 푣
푢 푣 − 푢 푣
푢 푣 − 푢 푣

. 

As mentioned above, each of the triangles is covered by a texture. The texture is 

generally a bitmap and the mapping between the pixels of the bitmap and the pixels of 
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the triangle must be defined. Each of the triangles vertices has its corresponding 

position in the bitmap given. The rest of the mapping is linearly interpolated. 

The scanned face models consist of big amount of triangles. The triangles are 

relatively small and their surface does not require any complex texture. Consequently, 

having one texture per trianhle would be quite inefficient. Therefore, all the 

triangle-shaped textures are placed into one image. Each of the vertices is mapped to 

corresponding part of this bigger image. 

The positions of the triangles’ vertices, their normal vectors and the texture 

mapping are sufficient information for plausible display of the face model. 

4.2. Extracted Features 

The face models described in the previous chapter are the source of data; however, 

they have to be pre-processed. The various models of neural networks require the input 

to be a set of vectors, a subset of the input space of some fixed dimension. The input 

space is chosen to be ℝ , 푛 ∈ ℕ in this thesis. Elements of the pre-processed input 

vectors are called features and their values must be derived from the source data.  

 

Figure 4.2.1 Face mesh, it consists of triangles and vertices over which the triangles span 

Every input vector corresponds to one of the vertices of the face mesh (see an 

example of the face mesh in Figure 4.2.1). But in general, the input vector is not the 

position of the vertex. Although the vertex’ position is usually a part of the input 

vector, it is not always so. All of the features used in the software part of this thesis will 

be now described. 



76 

 

As it is often convenient to visualize the trained networks graphically, the vertex’ 

푥, 푦, 푧 position will be encoded in the feature vector. The position uses three features 

whose values are the 푥, 푦, 푧 Cartesian coordinates, each of them normalized to range 

< 0, 1 >⊂ ℝ separately. Actually, this is performed immediately after the face model 

is loaded. The user is then presented by default with the graphic representation of the 

model after the normalization of the position vectors. 

The normal vectors of the triangles are also used to define features, yet the normal 

vector is assigned to triangle, not to the vertex of the face mesh. Moreover, the vertex 

can belong to several triangles; therefore normal vectors of those triangles have to be 

considered to determine the vertex’ normal vector. If the vertex belongs to some 

triangles 푡 , 푡 , … 푡  with normal vectors 푛 ⃗, 푛 ⃗,… 푛 ⃗, then the normal vector for 

the vertex is defined as 푛⃗ = ∑ 푛 ⃗. This enables to derive three more features, the 

푥, 푦, 푧 coordinates of the normal vector. Nevertheless, these features are normalized to 

range < 0, 1 >⊂ ℝ separately as well. 

 

Figure 4.2.2 Extracted features for vertex v incident with two triangles 

The next feature is called “normal-difference”. The normal vector of the vertex is 

indifferent to the degree of difference between the normal vectors of the incident 

triangles. Two vertices can have identical normal vectors, while one is in perfectly 

planar area and the other one represents some local peak. If the normal vectors of the 

incident triangles are 푛 ⃗, 푛 ⃗, … 푛 ⃗, the normal difference 푛푑 is defined as 

푛푑 = max
, ∈ ..

푛 ⃗ − 푛 ⃗ . 

The set of the normal difference values of all vertices in the model is normalized to 

range < 0, 1 >⊂ ℝ. 



77 

 

We say that vertex 푥 is incident with vertex 푦 if and only if 푥 ≠ 	푦 and there 

exists a triangle 푇 such that 푥, 푦 ∈ 푇. Let 푆  be the set of vertices incident with the 

vertex 푥. Then the feature “neighbouring vertices” 푛푣  for the vertex 푥 is given by: 

 푛푣 =
|푆 | − min

∈
푆

max
∈

푆 − min
∈
|푆 |

	. (Eq. 4.2.1) 

Value of the feature “neighbouring vertices” is in range < 0,1 > by definition. 

The only assumption in the (Eq. 4.2.1) is that, there are at least two vertices with 

different number of neighbours. It can be easily remedied but it is not included in the 

(Eq. 4.2.1) for the sake of clarity. 

4.3. Feature Selection 

Although there is a need for good and informative features, it is not necessarily 

good to have huge amounts of them. The feature selection keeps only the most 

informative ones, which is helpful in various tasks, mainly classification and 

clustering. However, there must be some measure of performance loss defined, which 

allows to identify when the feature selection is beneficial and when it removes useful 

information.  

There are several reasons to remove the unnecessary features. In case that there are 

far too many of them, the feature selection might lead to better performance of the 

classifiers. It may also improve the generalization of the models. Moreover, it is then 

faster to construct the models and easier to interpret them. [Maiorana 2009] 

The feature selection will be offered as a tool to the user and will work on a 

“backward” basis. It means that the importance of the features will be evaluated and 

the least important one removed. Similar approach is described in [Benabdeslem, 

Lebbah 2007]. 

Firstly, let us assume that we can separate the input vectors to two classes, denote 

them class 0  and class 1 . Let Ψ  denote some function, which measures some 

classification performance with respect to a Kohonen’s SOM 푀. Ψ describes how 

well the classes are separated in 푀, the higher is the value of Ψ, the better are the 

classes separated.  
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For example, we can select for each neuron 푐 the input vectors which belong to its 

Voronoi region and divide them to 퐼 ,  and 퐼 ,  according to their classification. Ψ 

could then evaluate for each neuron the ratio between |퐼 , | and |퐼 , |. Having such 

function Ψ, the performance of two network models can be compared. 

There are two modes of feature selection, the supervised one and the unsupervised 

one. In supervised mode, the classification of the input vectors is provided, in contrast 

to the unsupervised mode, where the classes must be automatically determined. The 

unsupervised mode thus requires automatic cluster detection where the classification 

will be derived from the clusters. 

There is a question which of the features 풻 , … , 풻  should be removed, if any. 

When the classes are determined, the result of the removal of one feature 풻  can be 

evaluated. We could train Kohonen’s SOM 푀 on the input data with all the features 

풻 , … , 풻  and another SOM 푀  on the input data with the same features except the 

feature 풻 . Then the impact of the removal of the feature 풻  can be estimated by the 

difference of values Ψ(푀) and Ψ(푀 ), i.e. we can estimate the importance of 풻 . 

It is possible to try to remove each one of the features and compare the results; 

however, that would be very slow. After removal of the feature 풻 , a new neural 

network 푀  would have to be trained. It is desirable to use some heuristic technique to 

either approximate the result of the removal, or to directly assign the importance value 

to the particular features. 

To sum it up, the selection process starts with training of the Kohonen’s SOM 푀. 

Then the importance values imp  for each feature 풻  are evaluated using some 

heuristic technique. Subsequently, the feature with lowest imp  is removed and a new 

Kohonen’s SOM 푀∗ is trained and replaces the 푀. The training data for the new 

SOM 푀∗  are the projection of the training data for the 푀  (features used by 푀 

without 풻 ). The performance of the new model 푀∗  is compared, either to the 

previous SOM 푀 , or to the initial one before any feature was removed. If the 

comparison favours preservation of the feature 풻 , the feature selection process stops 

and the feature remains. Otherwise, the feature is removed, marked unnecessary, and 

the feature selection can be repeated to further prune the feature set. 
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4.3.1. Unsupervised SOM Clustering 

Cluster detection is a well-known problem. When detecting clusters in a trained 

SOM, it is possible to use some of the already existing techniques. For example, one of 

them computes a special function that assigns a special value to each neuron of the 

grid. If these values represent altitude, it can be viewed as a kind of landscape which is 

called Clusot surface and was introduced by [Brugger, Bogdan, Rosenstiel 2008]. 

Clusters then correspond to mountains and the space between the clusters is 

represented by valleys. [Brugger, Bogdan, Rosenstiel 2008] 

However, for feature selection, we do not require sophisticated cluster detection 

methods, as we simply need to estimate the impact of feature removal. The clustering 

does not have to be very precise, but it should be computationally efficient. 

Below, we will introduce a heuristic technique which performs reasonably well 

and it provides a simple and fast means for rough clustering. The technique belongs to 

a bottom up family of clustering techniques – it starts with each neuron in its own 

cluster and it merges the clusters in subsequent steps. 

Initially, there exists one cluster for each neuron. Each cluster has its centroid 푥⃗, 

the vector that positions the centre of the cluster in the input space. Clusters have 

assigned also their frequency 푓. If the set of the input vectors represented by neuron 푐 

is denoted as 퐼 ⊂ 퐼, where 퐼 denotes the whole input data set, the frequency of its 

initially assigned cluster is 푓 = |퐼 |/|퐼|. The clusters with frequency very close to 

zero (in our case 푓 < 10 ) are omitted. 

When the initialization phase is done, pairs of the closest clusters are being merged 

together until the desired number of clusters remains. A distance between two clusters 

is defined as a distance between their centroids. The metric function determining the 

distance between centroids is the same function which is used by the SOM. 

When two clusters 푎 and 푏 are merged to a new one, denote it 푐, the position of 

the new centroid 푥⃗ is given as: 

 푥⃗ =
푓 푥 ⃗ + 푓 푥⃗
푓 + 푓  (Eq. 4.3.1) 

 

The new frequency 푓  is simply 푓 = 푓 + 푓 . 
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However, the desired number of clusters needs to be determined in advance. 

A general suggestion is that the number of clusters is close to the square root of the 

half of the number of neurons. The software part of this thesis enables user to supply 

the hint for a number of clusters required.  

Another possibility is to define a stopping criterion for the merging process of the 

clusters. One of the requirements for such a criterion is to be computationally efficient. 

It seems natural to employ the knowledge of distances between neurons and also the 

frequencies of the clusters again. Actually, after several experimental tests, 

the following stopping criterion emerged: 

4.3.1.1. Stopping Criterion for the Merging of Clusters 

Firstly, every cluster 푐 needs to have a value to assess the distances between its 

elements, let us denote it 푟 . The clusters containing exactly one neuron have 푟 = 0. 

When a cluster 푎	of size 푟 = 0 is to be merged with cluster 푏, the value 푟  is set to 

푟 = ‖푥 ⃗ − 푥⃗‖ first. A new cluster 푐, the result of merging 푎 and 푏, has 푟  defined 

as: 

 푟 =
푓 푟 + 푓 푟
푓 + 푓  (Eq. 4.3.2) 

 

 

Figure 4.3.1 Merging of three clusters into one 
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The value 푟  has no simple interpretation related to cluster 푐, instead it strongly 

depends on the values 푟  and 푟  of its “sub-clusters” 푎 and 푏. For 푎 and 푏 applies 

the same and we can recursively go further until we obtain sub-clusters with just two 

elements. Figure 4.3.1 illustrates that even though the neurons within last cluster 푐6 

are relatively distant, the 푟  is relatively small. 

Hence, a stopping criterion involving the distance 푟 can be defined: two clusters 

푎 and 푏 can be merged only if ‖푥 ⃗ − 푥⃗‖ < 푟 + 푟  or if one of the 푟 , 푟  is zero. 

Formerly, the pairs of the closest clusters were merged. Now, only the closest pair of 

clusters which satisfies the distance condition can be merged. When there is no such 

pair, the merging process is stopped. 

4.3.2. SOM Performance Measure 

Let 푀 be a SOM and let a classification of the input set 퐼 to classes 1,… , 푘 be 

given (⋃ 퐼∈ ,…, 	= 퐼). The task is to return a real number that measures how well 

these classes correspond to clusters encountered by the 푀. 

Intuitively, neuron 푐  contributes to good separation of the clusters if all the 

vectors it represents belong to one class only. If 푅  is the Voronoi region of neuron 푐, 

we prefer that 퐼 ∩ 푅 ⊂ 퐼 . However, this is rarely the case. 

One of the possible measures could be a classification error. Assume that every 

neuron 푐 is labelled by the class 푗 which has the majority occurrence there – it means 

that the most of the inputs represented by 푐 belong to class 푗. As a result, we simply 

determine the percentage of the mislabelled input vectors. Yet, it is probably better to 

penalize the network more for the neurons where the inputs are assigned to several of 

their respective classes uniformly. Such a uniform classification suggests that there is 

little or no information gain in the neuron. 

For each neuron, the ratio of separation is defined as 푝 = 퐼 ∩ 푅 /|퐼 ∩ 푅 |	. 

Hence we can define the performance measure as a weighted entropy for each neuron: 

 Ψ(푀) = −
|퐼 ∩ 푅 |
|퐼| 푝 log 푝

∈ .. 	

	
∈

 (Eq. 4.3.3) 

 

 



82 

 

4.3.3. A Heuristic Assessment of Feature Importance 

The evaluation of feature importance is vital for the decision which feature should 

be removed. The corresponding function 푧 should thus assign a real value 푧(풻) to 

each feature 풻 that takes into account the currently trained SOM 푀 as well as the 

classification of the input to classes 1,… , 푘. A simple idea would be to try to remove 

the feature and evaluate the change of the performance measure. 

Since we want to avoid the simulation of the feature removal, we can try to simply 

approximate the result of such simulation. If the feature 풻 was removed and a whole 

new SOM 푀′  trained, we would only calculate the difference between the 

performance measures.  

The idea of the presented heuristic is based on this assumption: The new 푀′ might 

be probably quite similar to the original 푀 assuming that we set the value of the 

feature 풻 to zero for all the weight vectors of the neurons in 푀 and we perform the 

same for all the input vectors. This enables us to reuse 푀 without training the new 푀′ 

from scratch. Let 푀 풻  denote the modified network 푀, where the neuron weight 

vectors have the element which codes feature 풻 zeroed. Analogically, let us denote 

퐼 풻 , 퐼 풻  using the original 퐼, 퐼 . 

The performance measure for 푀 풻 can be easily evaluated. Thus the value of the 

heuristic function 푧 for 풻 is based on the difference between Ψ(푀) and Ψ(푀 풻). 

Note that when Ψ(푀 풻) is calculated, 퐼 풻  and 퐼 풻  must be used instead of the 

original 퐼 and 퐼 . 

4.4. Predefined Types of Input Data 

The implementation part of this thesis recognizes several types of input data. They 

differ in dimensionality and they include different subsets of features. However, they 

all use only the described features, which are assigned to the vertices. These features 

were described in chapter 4.2. 

Firstly, the type Raw3D input comprises all vertices and their position vector only. 

Therefore the input vectors have only three elements. 
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The extension of the type Raw3D is VertexWithNormal, which also includes the 

three elements of the normal vector.  

VertexWithNormalDifference includes the position of the vertices and also their 

normal difference. Raw3DFilteredDifference is practically the same as the 

VertexWithNormalDifference; however, only a certain percentage of the inputs with 

normal difference below some threshold are preserved. Both the percentage and the 

threshold can be specified by user. 

Finally, the most general FullFlexible contains all the features and comprises all 

vectors. The type FullFlexible is the only one, which can be adjusted to user’s needs. 

This includes the capability to remove features. It should be noted, that FullFlexible is 

specially designed for feature selection as described in chapter 4.3. 

The reason why several input types are defined is simple. It is because of the speed 

and because of the convenience. The lower is the dimensionality and the less 

complicated are the data, the faster runs the learning of neural network models. 

However, these types of inputs are probably useful for advanced users only. Typical 

user should always use the FullFlexible format. 
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5. Supporting Experiments 
Two supporting experiments will be described in chapters 6 and 7. These 

experiments should provide practical evaluation of the theoretical concepts introduced 

in chapters 2, 3 and 4. These two experiments do not examine exhaustively all aspects 

of applying artificial neural networks to three-dimensional data. They merely illustrate 

the potential of the ANNs on the selected problem instances.  

The experiment in chapter 6 explores the application of self-organizing neural 

network models to three dimensional data. It focuses on the use case of detection of 

features in a 3D model. This experiment is also important because its results are used 

to pre-process the data for the experiment in chapter 7. 

Classification of a 3D model is examined in chapter 7. This is different from the 

recognition of a 3D model. The classification requires the model to generalize its 

function for data which were not encountered by the model before. 

5.1. Related Work 

Of course, there are other approaches to 3D classification; however, the artificial 

neural networks seem not to be popular in this field. Some authors use an object part 

classification, where objects are decomposed into set of parts which are subsequently 

clustered into classes. The classification is based on matching of local shape signatures 

against the signatures of part classes.[Huber, Kapuria, Donamukkala, Hebert 2004] 

But it is also possible to transform the object directly into signatures and then use some 

classifier, like support vector machines. [Atmosukarto, Shapiro 2008] 

Another approach uses the idea of multiple-views, often employed in object 

recognition. [Campbell, Flynn 2001] In such a case, each of the views is an input 

vector which is further processed and subsequently classified, for example by k-means 

clustering. [Wu, Fukui 2008] 

A functional approach is completely different. It simulates an application of a set 

of actions to the object and checks the corresponding functionality of the object. This 

should resemble the human behaviour, as for example the chair is checked if it has the 

functionality which allows one to sit on it. [Bar-Aviv, Rivlin 2006] 
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6. Detection of Facial Features 
This experiment had to determine the ability of the artificial neural networks to 

detect significant facial features in the scanned models of human faces. Humans 

recognize a nose, eyes and lips intuitively. Such recognition is easy for human, but this 

may be due to a preceding knowledge we gained during our lives. However, we are 

able to notice interesting features even in objects like clouds or roots of tree stumps.  

The software I implemented in order to perform this experiment used no preceding 

knowledge of the structure of a human face. Therefore, it should provide some insight 

whether the artificial neural networks can notice interesting information in 3D shapes 

as we humans do. 

6.1. The Course of the Experiment 

The 3D models of faces were transformed to a FullFlexible format. This format 

was constituted by a set of five dimensional input vectors. There was one input vector 

푥⃗ for each vertex 푣. The elements of the input vector 푥⃗ were the 푋, 푌, 푍 position 

of the vertex 푣  and 푋, 푌  values of the vertex’ interpolated normal vector. These 

elements of the input vectors were selected according to the feature selection process 

described in the chapter 4.3. 

Let us give a short overview of main steps of the experiment; the details will 

follow afterwards:  

The experiment was performed for several scanned faces. For each face there were 

two trials performed. The first trial used the Kohonen’s SOM for further processing, 

the second one used the Growing Neural Gas. Input data were extracted from a given 

face and they were used to train a given self-organizing model.  

When the training was finished, the neurons of the trained model were clustered. 

Each cluster was assigned a colour (shade of grey) according to neurons it contained. 

A vertex 푣 which had its corresponding input vector 푥⃗ in the Voronoi region of a 

neuron 푚  obtained the same colour as the cluster to which the 푚  belonged. The 

model was rendered in a way that each triangle of the face model had the same colour 
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as the majority of its vertices. If each vertex of the triangle had different colour, the 

colour of one of its vertices was chosen. The rendered results were visually evaluated. 

The Kohonen’s SOM had size 20 × 20 neurons, and used following parameter 

settings: initial learning parameter 휂 = 0.1 , learning period 휏 = 50 , initial 

neighbourhood radius 휎 = 2 , neighbourhood period 휏 = 21 . The learning 

parameter was forced to be at least 0.01  during the learning. Network used a 

rectangular topology. In order to supress the border effect, the corner neurons of SOM 

had the learning parameter multiplied by 81. The rest of the border neurons had the 

learning parameter multiplied by 9.  

SOM was trained for 60 epochs. All the input vectors were sequentially presented 

iteratively one by one to the network during each epoch. The input vectors were 

permuted randomly at the beginning of each epoch. One epoch was considered to be 

one time step, i.e. the neighbourhood radius and the learning parameter were fixed 

during one epoch. 

The Growing Neural Gas model (GNG) was restricted to have at most 400 

neurons. It was trained for 60 epochs, but the training stopped earlier if the maximum 

number of neurons was reached. The 휆  parameter, which defines how often a new 

neuron is added, referred to a number of presented input vectors. Therefore, several 

neurons could have been added during one epoch depending on the size of the input 

vector set. The parameters’ values were set as follows: 휆 = 1000 , learning 

parameters 휖 = 0.2  and 휖 = 0.006  and resource decay parameters 훼 = 0.5 

and 푑 = 0.995. The input vectors were permuted randomly at the beginning of each 

epoch as well as in previous case. 

The input model is shown in Figure 6.1.1 and Figure 6.1.2. It does not have the 

natural proportions due to a normalization described in chapter 4.2.  

The trained Kohonen’s SOM is displayed in Figure 6.1.3 and Figure 6.1.4, it is 

projected to a 3D subspace of the 5D input space – the last two elements corresponding 

to normal vectors were omitted. It can be observed that the area around nose, eyes and 

lips attracted neurons. The case of the trained GNG in Figure 6.1.5 and Figure 6.1.6 is 

similar. However, the structure of the trained GNG seems to be visually more fitting 

than the one of the SOM. I attribute this difference to a more flexible topology of 
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GNG. The GNG in Figure 6.1.5 and Figure 6.1.6 has 400 neurons, i.e. the same as the 

SOM in Figure 6.1.3 and Figure 6.1.4. Therefore, the different structures are not 

a result of differing sizes of the trained models. 

The neurons of the trained Kohonen’s SOM model were clustered by the algorithm 

described in 4.3.1. The auto-stop criterion yielded 30 clusters in case of Figure 6.1.7 

and Figure 6.1.8.  

The neurons of the trained Growing Neural Gas were clustered by the same 

algorithm as the SOM model. The clustering algorithm requires the model to consist of 

neurons and it requires the neurons’ weight vectors to represent a position in the input 

space. Therefore, the same clustering algorithm is applicable both to SOM and to 

GNG models. The auto-stop criterion yielded 32 clusters in case of Figure 6.1.9 and 

Figure 6.1.10. 

When the clustering was finished, each cluster of neurons 푐  had its centroid 

푥⃗ = ([푥 ] , [푥 ] , [푥 ] , [푥 ] , [푥 ] ). The centroid is a 5D vector, same as the input 

vectors. The software implementation offers two approaches to determine a grey shade 

푔  assigned to the cluster. 

The first approach uses only elements [푥 ]  and [푥 ]  of the centroid 푥 . These 

elements correspond to values of an interpolated normal vector. Components of 

interpolated normal vectors were normalized to a range < 0, 1 >. Due to the nature of 

the applied clustering algorithm, [푥 ]  and [푥 ]  must be in the range < 0, 1 > as 

well. The grey shade 푔  must be in range < 0, 1 >, where 0 is black and 1 is white. 

The following formula for 푔  is used: 

 푔 =
1
1
2

⋅ ([푥 ] − 0.5) + ([푥 ] − 0.5)  (Eq. 6.1.1) 

If the angle between the interpolated normal vector and vector (0, 0, 1) is close to 

zero, the 푔  is close to 1. The default orientation of the face model is that the nose is 

pointing approximately in parallel with the 푍 -axis, see Figure 4.1.4. Hence the 

formula should assign lighter grey shades to the forehead, to the chin and to the tip of 

the nose. 
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The second approach, which was actually used in this experiment due to more 

visually contrasting results, focused on the 푍-order of the clusters. The clusters were 

ordered in descending order by the [푥 ]  element of their centroids 푥⃗. Denote the 

ordered clusters 푐 , 푐 ,… 푐 , i.e. [ 푥 ] ≤ [푥 ] ≤ ⋯ ≤ [푥 ] . Then the 

formula for 푔  is defined as follows: 

 푔 = 1 − 0.9 ⋅
푖

푘 − 1 (Eq. 6.1.2) 

The second approach defines the cluster’s grey shade to be a function of its relative 

푍-order with respect to the other clusters. 

Each vertex 푣  had its corresponding input vector 푥⃗ . Denote 푚  the best 

matching unit, i.e. winning neuron, for vector 푥⃗. The neuron 푚  belongs to some 

cluster of neurons, let us denote the cluster 푐푙(푚 ). We assume that grey shades 푔  

are already computed for each cluster 푐. Then we define 푔  the colour of vertex 푣 

as: 

 푔 = 푔 ( ) (Eq. 6.1.3) 

Now we can proceed to the description of rendering. The 3D model is rendered 

from geometric primitives, which are triangles in our case. It is required to know the 

colour of each pixel of the triangle, not only of its vertices. To visualize the results of 

this experiment, following approach was adopted: Each pixel of a triangle 푡 has the 

same colour 푔 . Denote the vertices of the triangle 푣 , 	푣 , 푣 . If 푔 = 푔  for some 

푖 ≠ 푗 where 푖, 푗 ∈ {1,2,3}, then 푔 = 푔 . Otherwise all three vertices have different 

colours and we simply set 푔 = 푔 . 

Examples of the resulting images of this experiment can be seen in Figure 6.1.7 - 

Figure 6.1.10. Figure 6.1.7 and Figure 6.1.8 show the result of one experiment using 

SOM on the model artificial_m (male model) from two angles. Second experiment 

performed on the same model but using GNG is in Figure 6.1.9 and Figure 6.1.10. 
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Figure 6.1.1 3D Face model, forward view 

 

Figure 6.1.2 3D Face model, view from left above 

 

Figure 6.1.3 Trained SOM, forward view 

 

Figure 6.1.4 Trained SOM, view from left above 

 

Figure 6.1.5 Trained GNG, forward view 

 

Figure 6.1.6 Trained GNG, view from left above 
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Figure 6.1.7 SOM clusters, forward view 

 

Figure 6.1.8 SOM clusters, view from left above 

 

Figure 6.1.9 GNG clusters, forward view 

 

Figure 6.1.10 GNG clusters, view from left above 

6.2. Results 

There are several output images of this experiment displayed in this thesis. It is not 

desirable to show the results for all models. Small set of the images should illustrate 

the overall results well. Moreover, I had to protect privacy of the real human persons 

whose models were also used for evaluation. Hence, the images in this thesis are the 

results for the artificially created models only. 

If we compare the Figure 6.1.7 and Figure 6.1.9, we notice differences. However, 

we can clearly recognize that we see a human face. Both self-organizing models 

yielded images where the interesting facial features are visible. We can see the nose, 

the lips, the chin and the area with eyes. In contrast, the forehead and the cheeks are 

clustered roughly. This corresponds to human interest in facial features. 
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The differences between the results yielded by SOM and GNG are not structural, 

i.e. the facial features are recognizable in both cases. One of the obvious differences is 

when a larger cluster was split to few smaller ones. For example, compare the grey 

area above the right eye in Figure 6.1.7 and Figure 6.1.9– note that the right eye is in 

the left half of the picture. The second difference is where the boundaries of the grey 

areas are located. For example, compare the grey area above the nose.  

The differences of the results are clearly visible. However, they can be considered 

negligible if we have only the concern to identify significant facial features.  

What seems to be important is the number of clusters in the image. The experiment 

in Figure 6.1.7 - Figure 6.1.10 used the auto-stop criterion for the clustering algorithm. 

Nevertheless, the target approximate number of clusters can be set manually. For the 

comparison, see Figure 6.2.1 - Figure 6.2.6 which uses the same trained SOM. 

 

Figure 6.2.1 5/5 clusters 

 

Figure 6.2.2 10/10 clusters 

 

Figure 6.2.3 20/20 clusters 

 

Figure 6.2.4 39/40 clusters 

 

Figure 6.2.5 77/80 clusters 

 

Figure 6.2.6 150/160 clusters 

The 푛푢푚푏푒푟	표푓	푐푙푢푠푡푒푟푠  / 푡푎푟푔푒푡	푛푢푚푏푒푟	표푓	푐푙푢푠푡푒푟푠  is stated in the 

captions of each of the Figure 6.2.1 - Figure 6.2.6. These two numbers differ, because 

too small clusters (consisting of 1 neuron) are merged to the larger ones. This is done 

to avoid undesirable artefacts with few pixels in size. 

Interestingly the face can be recognized even with 5 clusters in Figure 6.2.1. When 

the number of clusters is greater than 40, the resulting image seems blurry and the 
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actual facial features less striking. The number of clusters around 30, which was 

yielded by the auto-stop criterion, is therefore reasonable. 

There is one more noteworthy property of the results in Figure 6.2.2 - Figure 6.2.4. 

The images differ, the total numbers of clusters differ, but the overall highlight of the 

facial features seems quite stable. 

For further visual comparison, see Figure 6.2.7 - Figure 6.2.10. It is the result of 

the same experiment on the female model. The trained SOM and auto-stop criterion 

yielded 35 clusters. The trained GNG and auto-stop criterion yielded 35 clusters as 

well. Again, the facial features are well recognizable. We can clearly distinguish the 

nose, the eyes, the lips and the chin. The SOM model and the GNG performed 

comparably again. 

 
Figure 6.2.7 SOM clusters, forward view 

 
Figure 6.2.8 SOM clusters, view from left above 

 
Figure 6.2.9 GNG clusters, forward view 

 
Figure 6.2.10 GNG clusters, view from left above 
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This experiment was performed on personal notebook HP Compaq 6710s, with 

4GiB of RAM and 32-bit processor Intel Core 2 Duo T7200. The operating system 

was Microsoft Windows Vista Business. 

The training of the SOM network required 51 seconds in average. The subsequent 

clustering took 9 seconds in average. The training of the GNG model required 26 

seconds in average. The subsequent clustering took 14 seconds in average. 

The GNG model is faster particularly during the initial epochs. The reason for that 

is that it searches the best matching unit in relatively small set of neurons. In contrast, 

the SOM is working with the whole network all the time. In fact, once the number of 

neurons in GNG model reaches the maximum, the training process ends. 

Consequently, there is no fine-tuning stage for the GNG model, which aggravates the 

time consumption of the training process of the SOM model. 

The SOM model uses few improvements mentioned in chapter 2.1.1. One of their 

side-effects is that the best-matching unit cache can be reused after the learning 

process. Where the clustering algorithm needs to find the winning neuron for each 

input vector in case of the GNG, it merely looks up the cache in case of the SOM. It is 

the reason why the SOM model is clustered faster, though the underlying algorithm is 

identical. 

Despite the slower clustering, the GNG model outperforms the SOM regarding the 

time efficiency. As we can consider the results of both models to be comparable, the 

GNG model was a better approach for this experiment.  
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7. Gender Classification 
The second task I challenged in this thesis was to perform a classification of 3D 

data using the artificial neural networks. It is a quite general task; therefore, I decided 

to focus on one particular case. I tried to classify the scanned 3D models of human 

faces by their gender. Convolutional neural networks were used for these purposes. It 

should be stressed though, that the method I devised should be generally applicable to 

classification of any 3D object. The case of the gender recognition should serve as an 

example usage and as an evaluation of the method. 

The convolutional neural networks (CNN) are particularly suited for recognition 

of shapes in 2D images. Hence, the first approach I adopted transformed the input 3D 

objects into 2D images. These were then processed by the CNN model. The trained 

model was expected to distinguish men from women using solely the shape 

information, i.e. the original textures were not used. 

The second approach was more focused on the direct usage of the 3D data. The 

input face model was transformed into a third-order tensor. In order to process it, 

a novel 푁D-CNN model was used; for details see chapter 3.3. The neural network was 

expected to extract the important 3D features and use them for the classification. 

Again, I focused solely on the shape information and omitted the texture from 

any processing. 

In this chapter, the input data extracted from the 3D models of faces are in a 

FullFlexible format using 5 dimensions, exactly the same as in chapter 6. 

7.1. Classification Using 2D Images 

In this experiment, I firstly transformed the set of 3D face models into a set of 2D 

images. Such transformation can be done in many different ways; I decided to employ 

two basic approaches. First of them directly rendered the 3D model without any 

texture; it will be called a raw transformation. The second one used the results of 

experiment in chapter 6. The models were pre-clustered and the faces with 

grey-colourized clusters were rendered. The second approach will be called a som 

transformation. 
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The set of images was extended by applying various rotations and resizing before 

the application of the transformation. It is a common approach, because larger training 

sets are useful for the learning process of the CNN model, which was used afterwards. 

The rotations and resizing simulate noise, which improves the generalization of the 

trained neural network model. Moreover, small training sets usually lead to slow 

convergence of the training process. 

The set of images was split randomly into three sets – the training set, the 

validation set and the testing set. The training set was used to train the convolutional 

neural network, while the validation set was used to decide at which moment the 

network was performing best. The selected model then classified the models from the 

testing set, which was used for the evaluation of the model. 

There are many possible choices for the architecture of the CNN models. Each 

parameter, such as number of layers and the size of a receptive field, can affect the 

resulting performance. To try out the settings, it is necessary to retrain the whole 

convolutional neural network, which is very time consuming. It took hours in this 

experiment, and even days in experiment described later in chapter 7.2. Therefore the 

usual methods such as 푘-fold cross validation were not used to find out the best 

architecture. Method similar to 푘-fold cross validation was reserved for the evaluation 

of the selected candidates only. 

7.1.1. The Course of the Experiment 

The first step was to transform the set of 3D faces into 2D images. This was 

performed by the software I implemented. The model was transformed into 2D images 

of size 20 × 20 pixels which were padded to size 32 × 32 pixels by black colour, 

see Figure 7.1.1 and Figure 7.1.2. The padding ensures that the pixels from the original 

20 × 20 image can occur in the middle of receptive fields of neurons from CNN’s 

feature maps. The same approach and reason for the padding was presented in [Lecun, 

Bottou, Bengio, Haffner 1998]. Now the transformations will be described. 
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Figure 7.1.1 Original image, 20x20 pixels 

 

Figure 7.1.2 Padded image, 32x32 pixels 

7.1.1.1. Transformations 

The raw transformation rendered the model in an orthographic projection. The 

rendered scene was a standard OpenGL scene with ambient white light, smooth 

shading model and black background. The material of the face had light grey specular 

highlight. To sum it up, the resulting images were only in grey shades. 

The motivation for raw transformation was to provide natural 2D representation. 

In fact, the resulting images resemble the traditional experiments with the CNN model, 

where the presence of a face should be detected. However, in this case the presence of 

a face is expected, but its gender should be detected. 

During the som transformation a Kohonen’s SOM was trained on the face model 

first. The SOM’s neurons were clustered and colourized. It was then used to colourize 

the face model’s triangles according to colours of neuron clusters. The exact 

description of this process can be found in chapter 6.1. The parameters for SOM 

training and subsequent clustering were identical to those used in chapter 6.1.  

The grey-shade colourized face model was rendered similarly as in the raw 

transformation. However, no shading or specular colour was used. 

The Kohonen’s SOM instead of Growing Neural Gas was used because during 

first trials the SOM yielded slightly better classification results. This, however, does 

not necessarily imply that the SOM model is superior to the GNN model in this 

experiment, more trials would be necessary. However, I focused more on the 

classification itself rather than on the experiments with transformations. I am 

convinced that the chosen transformations provide good overview of this technique. 

The motivation for the som transformation is to help the convolutional neural 

network to pre-extract some features. Hopefully, the grey-clusters would highlight 

facial features which would be in turn used for easier gender classification. 
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There were altogether 122 3D face models available, which would lead to set of 

122 images. As we noted earlier, it is desirable to have more samples in the training 

set, not to mention the validation and testing set. Along with the som and raw 

transformations, several noise-like generating techniques were used. 

 

Figure 7.1.3 Normalized face model 

 

Figure 7.1.4 Face model after resizing 

The rotations were applied to the model before rendering and before clustering in 

case of SOM. The model was rotated around its centre ( , , ) around the 푋 and 푌 

axis. There were 17 different model positions generated, but only some of them were 

used afterwards. The model was rotated by {−4,−3,… ,3,4} degrees around 푋 axes 

and then by same amounts around 푌 axes. It is 9 positions per one axis, but rotation 

per 0 degrees yields the same result for both axis. 

The resizing was applied right before the rendering. Default behaviour of the 

software implementation of this thesis is to normalize the 3D models in 푋, 푌, 푍 

dimensions separately. Hence they fit to cube < 0,1 > , but the original proportions 

are neglected. The resizing normalizes the original 3D model with regard to the 

original proportions. Therefore the 푋, 푌, 푍 coordinates are resized in the same ratio. 

The difference can be seen in Figure 7.1.3 and Figure 7.1.4. In case of som 

transformation, the clustering was performed after the resizing. 

The perturbation applied only to the som transformation. It affected directly the 

weight vectors of SOM neurons. Each element (푤⃗ )  of a weight vector 푤⃗  was 

shifted by 푢 , , where 푢 , 	 was sampled from uniform distribution 풰(−0.01,0.01). 

The weight vectors of all neurons were shifted. The process from chapter 6.1 was 

repeated after the perturbation but it used the resulting perturbed SOM .  

The noise generating techniques were applied together in this order: firstly the 

perturbation respectively no perturbation, i.e. 2 options; secondly the rotations, i.e. 

17 options; thirdly the resizing respectively no resizing, i.e. 2 options. Multiplied 
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together, each 3D model could be transformed into 2 × 17 × 2 = 68 images by som 

transformation. The raw transformation could not apply the perturbation, 

consequently it could yield at most 17 × 2 = 34 resulting images. 

The size of the generated image set actually exceeded the hardware/software limits 

of the implementation of the convolutional neural network. Therefore, only a selected 

subset of noise-generated images was used. The raw transformation used all the 34 

images. The som transformation in the end did not use the perturbation, therefore only 

34 images were used as well. There was another reason for not using the perturbation 

– the results on raw and som dataset will provide better comparison of those two 

transformations. 

7.1.1.2. Training, Testing and Validation Set 

The generated image set was split into 3 subsets – the training set, the validation set 

and the testing set. Their sizes were mutually in the ratio 7: 1: 3, the numbers follow 

this order – training : validation : testing. The original set was permuted randomly 

with a fixed seed before splitting. The seed was fixed to ensure repeatability of results 

during the selection of candidate CNN models. The three sets were transformed into 

Python friendly form and reused by the CNN models, which were also implemented in 

Python. Nevertheless, the implementation details will be given in chapter 8. 

A set of images was represented as a set of two-dimensional matrices. Each value 

in a matrix represented one pixel of an image. Images were in shades of grey. A black 

pixel was represented by value 0 and a white pixel by value 1. Consequently, all 

pixel colours were represented by values from range < 0,1 >. 

It should be noted that the images which were generated by noise generating 

techniques from one 3D face model could be scattered across the training, validation 

and testing set, i.e. these sets were not perfectly independent. This is, however, a 

common technique which is used when the amount of patterns is deficient.  

7.1.1.3. Convolutional Neural Networks Model 

I used an implementation of convolutional neural networks which was based on a 

Theano Python package and on an example implementation available at 
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[DeepLearning 2012]. The input layer contained the image and was followed by first 

convolutional and subsampling layer.  

The tested candidates had between zero and two more pairs of a convolutional and 

a subsampling layer. The candidates differed also in number of feature maps and sizes 

of their receptive fields. A traditional feed-forward network layer (multi-layer 

perceptron layer) followed after the last subsampling layer (a convolutional layer was 

always followed by a subsampling layer). The last layer performed a logistic 

regression. The logistic regression layer had always exactly two neurons 

corresponding to two genders. The number of neurons in feed-forward layer differed 

per candidate as well. 

One specific limitation of the implemented CNN model was that a feature map 

from a convolutional layer was connected to each feature map from previous layer. 

Formally, 퐹픣, = 퐹  for each feature map 픣 from the convolutional layer 푙. 

The candidate architectures also used the technique described in chapter 3.4 to 

enforce an internal knowledge representation. It was applied selectively to only some 

layers and with various coefficients 푐 . 

7.1.1.4. Training and Output Representation 

The convolutional neural network was trained by using the so-called minibatch 

stochastic gradient descent. Instead of computing the error gradients per one pattern or 

per whole training set, as would be the case of batch learning, the error gradient was 

computed for few patterns – called minibatch. The size of the minibatch was fixed to 2 

patterns and this constant was the same for all candidates. 

The learning rate parameter was set to 0.1. The learning was performed for 100 

epochs for all candidate architectures. Results of a network on the validation set were 

used to determine the stage when the network was evaluated on the testing set.  

When the learning process finished, the trained model which reached best score at 

the validation set was selected and returned as a result of the training process. Such 

network was evaluated on the testing set to provide the comparison of candidates. 

The selected best candidate architectures were determined only by the parameter 

settings of the CNN model, i.e. they were not the instances of the networks. To provide 
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statistically significant results, the candidates were tested using repeated validation 

process. The original image set was partitioned to 10 parts. 10 trials, where always 

7 parts constituted the training set, 1 part the validation set and 2 parts the testing 

set, were used to determine the mean classification error and the standard deviation of 

the classification error. The parts constituting the sets were shifted with each trial, 

similarly to the 푘-fold cross validation. 

For further evaluation of the internal processing of the CNN model, the outputs of 

neurons inside feature maps were saved. These values were normalized to range 

< 0, 1 > and then transformed into colours – again 0 was represented by black colour 

and 1 by white colour. Feature maps were then visualized as images, where each pixel 

corresponds to exactly one neuron. 

7.1.2. Results 

The raw and som transformation used the same best candidates. You can see the 

best candidates and their classification error in Table 7.1.1. The “Architecture” 

column has a following form: #feature maps, #feature maps – #neurons. For example, 

8 , 48  – 48 means that there are 8  feature maps in the first convolutional and 

subsampling layer, 48 feature maps in the next convolutional and subsampling layer 

and finally 48 neurons in the feed-forward layer. As there are only two numbers 

before the hyphen, there are only two pairs of convolutional and subsampling layers in 

the CNN candidate. The architecture 24 – 120 used only one convolutional and 

subsampling layer with 24 feature maps. The subsampling layer was followed by a 

feed-forward layer with 120  neurons. All the architectures used the enforced 

knowledge representation (see chapter 3.4.1.3) for each of their subsampling layers 

with parameter setting: 푐 = 10 . 

We can see in Table 7.1.1 that the raw transformation performed better than the 

som transformation. Both methods required the same amount of time for the learning 

process for given architecture. The raw transformation required 4.6  seconds per 

model for pre-processing, while som transformation required 2151  seconds per 

model, because Kohonen’s SOM had to be trained 34-times for each model.  
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Table 7.1.1 Evaluated candidates, 2D
 

24 – 120 

8, 48 – 48 

6, 64 – 48 
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rchitecture 

1.9444 

0.8454 
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ean error (%

) 
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0.4770 

0.3821 

Standard deviation 
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14.4685 

14.5531 
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ean error (%

) 

Som
 

1.4308 

1.2207 

1.1332 

Standard deviation 

118.72 

51.56 

56.95 
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verage training 

tim
e, 100 epochs 
(m
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The candidate selection and pre-processing was performed on personal notebook 

HP Compaq 6710s, with 4GiB of RAM and 32-bit processor Intel Core 2 Duo T7200. 

A personal computer with AMD Athlon(tm) 64 X2 Dual Core Processor 3800+ and 

2GiB of RAM was used for the final evaluation. 

Figure 7.1.5 illustrates how the first convolutional and subsampling layer 

processed the raw input image. The 8 pictures in the right side are the visualization of 

outputs of neurons from 8 feature maps in the first subsampling layer. The network 

focused more on the edges of the face than on the features which are significant for 

human. There can be observed very little about the encoded internal knowledge. 

 

Figure 7.1.5 Input image and first subsampling layer, raw transformation 

Figure 7.1.6 illustrates the processed som image. Even though the evaluation 

suggests that som leads to worse performance, the internal processing of the CNN 

model was more interesting. Look at the last picture (labelled A) in the set of pictures 

on the right side of Figure 7.1.6. The function of the corresponding feature map can be 

interpreted as a detection of the left and right half of the face. The picture (labelled B) 

in the upper right corner of Figure 7.1.6 highlights the eyes, the mouth and perhaps the 

nose as well. 
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Figure 7.1.6 Input image and first subsampling layer, som transformation 

It is unclear how the particular feature maps contributed to the final classification 

decision. Despite that the trained CNN model in Figure 7.1.6 implicitly coded some 

knowledge about faces which seems to correspond with human comprehension of 

facial features. 

The overall performance of all candidate architectures is satisfactory, though they 

performed significantly better with raw transformation. The task of gender 

classification is not a simple one and obtained results are reasonably good. 

7.2. Classification Using Third-order Tensor 

In this experiment, the input data described in chapter 4 are transformed to a 

third-order real-valued tensor, which can be viewed as a coarse-grained 3D image. 

Three different transformations of the input models are considered. As in previous 

experiment in chapter 7.1, the set of the resulting tensors is extended by rotations and 

resizing. 

The set of tensors is then split randomly to training, validation and testing set. The 

푁D-CNN model, where 푁 = 3, is trained and the results are then evaluated.  

The number of layers, the number of feature maps in particular layer and also the 

number of hidden neurons in a feed-forward layer are architectural parameters which 

had to be determined on a trial and error basis. Training of one 푁D-CNN model 

required usually between 5 to 10 hours; consequently, few candidate architectures 

were selected by experiments which put little stress on the statistical significance. The 

candidate architectures were then evaluated in a more statistically significant manner.  
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7.2.1. The Course of the Experiment  

All face models were transformed into tensors of predefined size 푠 × 푠 × 푠 . 

Each component of the tensor represents a topological subspace of the input space. 

From now on, we will refer to these tensor components as to voxels since they are an 

analogy to pixels of a 2D image. The value of the voxel will be regarded as its colour. 

Let us first denote an auxiliary function 푔: {0,… , 푠 − 1} → 푃(ℝ) as follows: 

 

푔(푥) =

⎩
⎨

⎧<
1
푠 ⋅ 푥, 	

1
푠 ⋅ (푥 + 1))			, 푥 < 푠 − 1

<
1
푠 ⋅ 푥, 	

1
푠 ⋅ (푥 + 1) >, 푥 = 푠 − 1

 (Eq. 7.2.1) 

A tensor 푇 consists of 푠  voxels arranged to a cube, i.e. 0 ≤ 푥, 푦, 푧 < 푠 , where 

푇 , , 	 ∈	< 0, 1 > for all 푥, 푦, 푧. The voxel (푥, 푦, 푧) whose colour is 푇 , ,  represents 

a subspace 퐽 , , , see (Eq. 7.2.2), of the input space 퐼 , where 퐼  has 푑 ≥ 3 

dimensions.  

 퐽 , , = {푣⃗|	푣⃗ ∈ 퐼	 ∧ [푣⃗] ∈ 푔(푥)	

∧ [푣⃗] ∈ 푔(푦)	

∧ [푣⃗] ∈ 푔(푧)} 

(Eq. 7.2.2) 

From (Eq. 7.2.1) and (Eq. 7.2.2) we can see, that 퐽 , ,  considers only the first 

three elements of an input vector. Those elements are spatial coordinates of the vertex 

which corresponds to the input vector – see chapter 4 – and all the vertices are located 

in < 0,1 > ⊂ ℝ  due to a normalization. Hence, 퐽 = 퐽 , , 	0 ≤ 푥, 푦, 푧 < 푠 } slices 

the 3D space containing the vertices into a set of cubes and 퐽 , ,  is a set of input 

vectors which have their corresponding vertex within a cube 푔(푥) × 푔(푦) × 푔(푧). 

Thus, the tensor 푇 discretizes the input data and 푠  can be seen as 3D analogy to 

a resolution of 2D images. The value 푠 = 22 is used in this whole experiment. 

We will now discuss how to obtain colour 푇 , ,  from the set 퐽 , , . There are 

altogether 3 transformations of 퐽 , ,  to a colour used in this experiment. 

7.2.1.1. Transformations 

The direct transformation should represent a 3D analogy of raw transformation 

introduced in chapter 7.1.1.1. In first step, the representing vector 퐽⃗ , ,  for each 퐽 , ,  
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is determined. The vector 퐽⃗ , ,  is a weighted average of input vectors 푣⃗  which 

belong to 퐽 , , , i.e.:  

 
퐽⃗ , , =

∑ weight ⃗⃗∈ , , ⋅ 푣⃗
∑ weight ⃗⃗∈ , ,

 (Eq. 7.2.3) 

Denote 푣∗ the corresponding vertex 푣∗ = ([푣⃗] , [푣⃗] , [푣⃗] ) of the input vector 

푣⃗ ∈ 퐼. The term weight ⃗ is a one third of surface of all triangles 푡  which have 푣∗ as 

one of its vertices. 

The direct transformation determines the colour 푇 , ,  from 퐽⃗ , ,  according to 

formula (Eq. 6.1.1), i.e. only from the components of 퐽⃗ , ,  which reflect the 푋, 푌 

axis of an interpolated normal vectors. Note that in (Eq. 6.1.1) we replace 푔  with 

푇 , ,  and 푥⃗ with 퐽⃗ , , . 

The clustered transformation is almost the same as the direct, but it clusters all the 

퐽 , ,  according to their representing vectors 퐽⃗ , ,  and all 퐽 , ,  within one cluster 

have the same colour.  

The clustering algorithm is the same as described in chapter 6.1 and their colour is 

based on the relative 푍 order of the cluster centroids. Therefore if 퐽 , ,  belongs to 

a cluster 푐 with centroid 푤⃗, we obtain the colour 푇 , ,  from the formula (Eq. 6.1.2). 

Note, that 푔  in formula (Eq. 6.1.2) represents a colour of cluster 푐 which is 푖-th in 

the sequence of all clusters ordered by their 푍-position element [푤⃗]  of centroid 푤⃗. 

The 푠표푚 transformation applies a pre-processing, where each triangle 푡 of the 

face model is coloured by practically the same process as described in experiment in 

chapter 6. The Kohonen’s SOM with the very same parameters as in chapter 6 is 

trained and used to cluster the model. This time, the minimum number of resulting 

clusters is set 50 and the auto-stopping is turned off. From this moment, the 푠표푚 

transformation uses only the colourized triangles in 3D space, the input space vectors 

participated only in the pre-processing phase. 

When each triangle 푡 has its colour 푐  assigned, the triangles are separated into 

sets 퐽 , , . Let us denote 푡⃗ the centre of the triangle 푡. The 퐽 , ,  set is similar to 

퐽 , , , but it operates with triangle’s centres: 푡⃗ ∈ 퐽 , , ⟺ 푡⃗ ∈ 푔(푥) × 푔(푦) × 푔(푧). 



106 

 

The colour 푇 , ,  is a colour which wins in 퐽 , , . A colour 푐′ wins if it covers the 

largest surface in set 퐽 , , . Let us denote 푠  the surface of the triangle 푡. Then colour 

푐′ wins in 퐽 , ,  if and only if: 

 ∀푐 : 푠
∈ , , ∧

≥ 푠
∈ , , ∧

 (Eq. 7.2.4) 

If there are more winning colours – i.e. they cover the area of the same size – any of 

them is picked. Note that triangles in 퐽 , ,  may extend beyond the corresponding 

cube 푔(푥) × 푔(푦) × 푔(푧). However, the triangles of the face models are comparably 

smaller than the cubes. Hence, even if we cared about the overlap of triangles with the 

neighbouring cubes, it is negligible. 

To ensure enough training, testing and validation patterns, the set of tensors was 

extended by rotations and sizing. 

Similarly to the resizing in chapter 7.1.1.1, the model was used in its normalized 

form, when the 푋, 푌, 푍 axis are not scaled proportionally, and also in its re-scaled 

form, when the proportions were preserved. The resizing was performed before the 

transformation to a tensor and before the pre-processing in case of som. Hence the 

SOM, which was used for pre-processing, was always trained on slightly different data 

and the resulting colorization differs as well. 

The face model was set into 5 different positions by rotation around the centre 

point , , , i.e. 5 tensors can be generated from one model. Beside the original 

position, the model was rotated around 푋 axis by −4° and 4°, around 푌 by −4° 

and 4° . The rotation was performed before the transformation and before the 

pre-processing in case of som. 

This yields altogether 2 ⋅ 5 = 10 tensors from one original model. The resulting 

set of tensors contains arguably less patterns than in previous case. However, each 

pattern has 22  voxels instead of 32  pixels. Consequently, the amount of 10 

tensors produced from one model was found to be sufficient, while the computational 

demands of further processing were kept in hardware and software limits. 
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7.2.1.2. Training, Testing and Validation Set 

This part is similar to the one described in 7.1.1.2. The generated tensor set was 

split into 3 subsets – the training set, the validation set and the testing set. The sizes of 

the sets were mutually in the ratio 7: 1: 3, numbers follow this order – training : 

validation : testing. The original set was permuted randomly with a fixed seed. The 

seed was fixed to ensure repeatability of results during the selection of candidate 

푁D-CNN models. The three sets were transformed into Python friendly form and 

then reused by the 푁D-CNN models, which were also implemented in Python. 

Nevertheless, the implementation details will be given later in chapter 8. 

Values 푇 , ,  in the tensors are in range < 0,1 >, which obeys the assumption 

given at the beginning of chapter 7.2 and it is kept by the transformations in chapter 

7.2.1.1. 

It should be noted that the tensors which were generated by transformation from 

one 3D face model could be scattered across the training, validation and testing set, i.e. 

these sets are not perfectly independent as in previous case in chapter 7.1. 

7.2.1.3. ND-CNN Model 

The 푁D-CNN model, 푁 = 3, was implemented using the same software platform 

as in 2D version of this experiment, see chapter 7.1.1.3. Hence, the same limitation 

applies – feature maps of convolutional layers take their input from all feature maps in 

the preceding layer. 

The first layer represents the input, it has one feature map of size 22 × 22 × 22. 

Then, there are up to three pairs of convolutional and subsampling layers, followed by 

a feed-forward layer and a layer which performs logistic regression. Only the first and 

last layer have fixed number of neurons – there are two neurons in the output, one for 

each gender. 

The architectural parameters which depend on candidate are the number of 

convolutional and subsampling layers, the number of feature maps in these layers, the 

size of the receptive fields and the number of neurons in the feed-forward layer. Also 

the 푐  terms used for the enforced knowledge representation (see chapter 3.4) in 

selected layers are the choice of the candidate. 
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7.2.1.4. Training and Output Representation 

The same training process with identical parameter settings as in chapter 7.1.1.4 

was used. However, the architecture of the model and structure of data is changed. 

Moreover, the training was performed for 300 epochs. 

The outputs of hidden neurons for particular patterns were saved to allow the 

examination of the internal workings of the model. The three-dimensional 

arrangement of neurons was preserved where applicable and again, the user is 

presented with voxels in shades of grey. White represents the highest output value 

within a layer while black is the lowest. 

To view the results a special tool ShowLenetOutput had to be developed. Some of 

the visualizations required filtering out of the less important outputs and few other 

enhancements were needed to provide concise and understandable representation. 

7.2.2. Results 

The direct, clustered and som transformations used the same best candidates for 

final evaluation. You can see the best candidates and their classification error in Table 

7.2.1. The “architecture” column has a same form as in Table 7.1.1, see chapter 7.1.2 

for more information. All the architectures used enforced knowledge representation 

(see chapter 3.4.1.3) for each of their subsampling layers with parameter setting: 

푐 = 10 . 

We can see in Table 7.2.1 that in this experiment the som transformation 

performed better than the direct transformation. The direct transformation is an 

analogy to raw transformation used in chapter 7.1.1.1. The time required by the 

learning process was dependent on the architecture, but not on the used 

transformation, which is an empirical result.  

The transformation of one model required on average 3.7  seconds by direct 

transformation. The clustered transformation required 24 seconds per model. The 

slowest was the som transformation because of the training of Kohonen’s SOM – it 

required 632 seconds per model.  
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Table 7.2.1 Evaluated candidates, 3D
 

12, 24, 64 – 24 

8, 32, 64 – 32 

6, 64, 64 – 24 
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rchitecture 

8.1557 
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) 

D
irect 

1.6336 
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0.4693 

0.8223 

9.1397 

Standard 
deviation 

387.68 

388.65 
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Selection of best architecture candidates and pre-processing was performed on 

personal notebook HP Compaq 6710s, with 4GiB of RAM and 32-bit processor Intel 

Core 2 Duo T7200. A personal computer with AMD Athlon(tm) 64 X2 Dual Core 

Processor 3800+ and 2GiB of RAM was used for the final evaluation. 

 

Figure 7.2.1 Input layer, a male model (left) and a female model (right) 

In Figure 7.2.1 is shown a visualization of input for male model and female model. 

The colours are inversed for printing purposes. Each of the cubes in the picture 

corresponds to a neuron; the size of the cube corresponds to a value 푦 of such neuron. 

Consequently, the neurons with zero 푦 value are not displayed. This visualization is 

used also in Figure 7.2.2 and Figure 7.2.3 where even more cubes (small ones) are 

removed to keep the visualization informative. 

 

Figure 7.2.2 Comparison of a same feature map for a male model (left) and for a female model (right) 

Figure 7.2.2 shows a visualization of one feature map in first subsampling layer for 

two different inputs – for a male model and for a female model. This feature map was 
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detecting certain shapes in the input layer and incidentally we can notice a highlighted 

nose and chin in the male model while there is no such thing for the female model. 

Though, we cannot make conclusive observations about the contribution of such 

feature map to the final classification. The network model is taking into account a lot 

of information from all its layers and feature maps. However, the enforced knowledge 

representation helped to highlight certain neurons. The most active neurons seem to 

have an interpretation which corresponds with human comprehension of a face. 

 

Figure 7.2.3 Comparison of a same feature map for a male model (left) and for a female model (right) 

Similarly, the Figure 7.2.3 compares the neurons in another feature map in the 

same subsampling layer. We can notice that the male model in the left side had sharper 

chin than the female model. 

To sum it up, the 푁D-CNN model was able to learn from the provided data and 

yielded satisfactory results for all of the transformations to a third-order tensor. The 

reached results are comparable with those of two-dimensional CNN. Hence, it 

suggests that the new 푁D-CNN model is well applicable and is not only a theoretical 

construct. 

7.3. Comparison 

In Table 7.3.1 you can see an overall comparison of the best achieved results for 

the 2D and 3D sub-experiment and particular transformations. The candidates with the 

lowest mean classification error were selected. Table 7.3.1 is a compilation of data 

from Table 7.1.1 and Table 7.2.1. 
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The results suggest that the convolutional neural networks can be applied to gender 

classification task. Moreover, it suggests that the novel 푁D-CNN model can solve the 

classification tasks for input with higher dimensionality – in this case for 푁 = 3. 

Transformation Best performing architecture Mean error  Standard deviation 
2D, raw 8, 48 – 48 0.85%       0.48 
2D, som  8, 48 – 48 14.15%       1.43 

3D, direct 12, 24, 64 – 24 8.15%       1.63 
3D, clustered 6, 64, 64 – 24 5.37%       1.52 

3D, som 12, 24, 64 – 32 1.28%       0.47 
Table 7.3.1 Overall comparison of classification results 

7.3.1. Human Performance 

The problem of a gender classification might seem simple, at least from a human 

perspective. Humans recognize the gender of people who they randomly meet on 

a street without giving it much thought. Yet, we are using many secondary hints like a 

body shape, hair and clothes. However, what if we should use only the shape of the 

human face?  

Such assumption is not as artificial as it may appear. There are known cases when 

women participating in beauty contests used to be men. In such a case, clothes, hair 

and the body shape can no longer serve their original purpose. Even the texture of the 

face can be altered by make-up or surgery. Hence, the shape of the face is a piece of 

visually available information which is relatively reliable and may help the gender 

classification purposes. 

To provide an idea how difficult the task is, 21 persons participated in experiment 

where they had to identify the gender of persons whose face shape was shown in 

pictures in a questionnaire. There were 60 faces selected from the original dataset 

containing 122 faces. The selected faces were used in a questionnaire, 33 of them 

were female faces and 27 male faces. The participators were not professionals in the 

field of anthropology. Each face was presented to them as an orthographic projection 

in shades of grey. 

The results can be seen in Table 7.3.2. The success rate was calculated as number 

of correct answers (true positives) divided by number of faces. For example, the 

success rate of one person on the female faces is calculated as number of correctly 

labelled women divided by 33 – the total number of female faces in the questionnaire. 
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 Gender of the faces 
Men Women All 

G
en

de
r o

f t
he

 
pa

rti
ci

pa
to

rs
 

Men 78.1% 54.5% 65.2% 

Women 76.8% 51.0% 62.6% 

All 77.4% 52.7% 63.8% 
Table 7.3.2 Success rates of participants on the face models 

We can observe that the artificial neural networks performed very well compared 

to humans. Besides, there were few interesting facts about the results of humans. One 

of them is that the participants more often labelled the faces as male. 

However, some other interesting facts cannot be found in the table Table 7.3.2. For 

example, 3 male models were labelled correctly by all participants while the highest 

rate of one female model was 95.2%. The worst success rate of male model was 

28.6% while one female model had 0% and another one 4.8% success rate. 

Consequently, the classification of the gender is probably not an easy task even for 

humans, or at least for humans with no expertise in the field. 
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8. Implementation 
There were several programmes developed for this thesis and they were developed 

using various technologies.  

The essential programme is FaceDisplay which was implemented in C# 4.0 in 

Microsoft Visual Studio C# Express 2010. It requires .NET 4.0 and OpenGL. The 

whole solution is accessible online at: https://sourceforge.net/projects/ann3d/. The 

solution consists of several projects, but FaceDisplay is the executable application 

while the other projects are class libraries. The FaceDisplay is not only able to read the 

input data as the name may suggest, but it provides graphical user interface (GUI) for 

various experiments with the loaded face model and available neural networks models. 

The next important piece of software is the implementation of the convolutional 

neural networks and 푁D-CNN model for 푁 = 3. This was done using Python 2.7.2, 

which was part of Pythonxy 2.7.2.1, with Theano package. See chapter 8.4 for more 

details. 

There are also other programmes which are in fact auxiliary tools. The 

ImagePadding is a tool for transforming the output of FaceDisplay to Python source 

which is subsequently used by the CNN respectively 푁 D-CNN model. The 

ShowLenetOutput processes the output of the CNN respectively 푁D-CNN model. It 

creates the HTML page with results for the CNN model respectively interactively 

shows the 3D results for the 푁D-CNN model. 

8.1. FaceDisplay 

The FaceDisplay programme and all accompanying libraries in the Visual Studio 

solution were programmed solely by the author of this thesis. The external libraries 

used by FaceDisplay are those of .NET and one for OpenGL – the OpenTK which is 

available at http://www.opentk.com/ (accessed 26.7.2012).  

One of the class libraries – Rendering – is responsible for the 3D graphical output 

presented to user and it is using OpenGL. It provides classes to render both the face 3D 

model and the visualization of trained self-organizing neural networks. 
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The self-organizing neural networks – the Growing Neural Gas and Kohonen’s 

self-organizing map – are implemented in SOMS library. The network models 

implemented in classes BasicSOM and GrowingNeuralGas are both descendants of a 

predecessor ControlableANN class. The whole programme was designed with stress 

on further extendibility; therefore, any additional models should be descended from 

ControlableANN as well. 

In Figure 8.1.1 we can see a code snippet from the GrowingNeuralGas class. The 

network models are implemented in a way which enables the programmer to re-use 

them. Even the custom metric function can be provided. 

        Private void LearnOneExample(double[] p, MetricFunction metricFunction) 
        { 
            int[] bestI = FindBest2(p, metricFunction); 
            int s1 = bestI[0], s2 = bestI[1]; 
            for (int i = 0; i < V[s1].E.Count; i++) 
            { 
                Edge e = V[s1].E[i]; 
                e.Age += 1; 
            } 
            double dist = metricFunction(p, V[s1].W); 
            V[s1].Error += dist * dist; 
            for(int d = 0; d < Dimension; d++) 
            { 
                V[s1].W[d] += (p[d] - V[s1].W[d]) * EpsilonB; 
            } 
            int connected = -1; 
            var Es1 = V[s1].E; 
            for (int i = 0; i < Es1.Count; i++) 
            { 
                Vertex sn = Es1[i].Opposite(V[s1]); 
                if (sn == V[s2]) connected = i; 
                for (int d = 0; d < Dimension; d++) 
                { 
                    sn.W[d] += (p[d] - sn.W[d]) * EpsilonN; 
                } 
            } 
            if (connected != -1) 
            { 
                Edge e = Es1[connected]; 
                Es1[connected].Age = 0; 
                Es1.Decreased(connected); 
                V[s2].E.Decreased(V[s2].E.IndexOf(e)); 
            } 
            else 
            { 
                AddEdge(V[s1], V[s2]); 
            } 
            List<Vertex> toRemove = null; 
            while(Es1.Count > 0 && Es1[0].Age > AlphaMax) 
            { 
                Vertex t = Es1[0].Opposite(V[s1]); 
                RemoveEdge(V[s1], t); 
                if (t.E.Count == 0) 
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                { 
                    if (toRemove == null) toRemove = new List<Vertex>(); 
                    toRemove.Add(t); 
                } 
            } 
            if (Es1.Count == 0) 
                V.RemoveAt(s1); 
            if (toRemove != null) 
            { 
                foreach (Vertex v in toRemove) 
                    V.Remove(v); 
            } 
        } 

Figure 8.1.1 Code snipet from the GrowingNeuralGas class 

The project Tools provides the class for loading of the VRML face models as 

described in chapter 4. There are also some other auxiliary classes. However, the Tools 

project, part of the solution containing FaceDisplay application, should not be 

confused with the tools ImagePadding and ShowLenetOutput described in chapter 8.3. 

FaceDisplay was also developed to transform a batch of input 3D face models into 

output patterns for the CNN respectively ND-CNN model. However, these patterns 

must be translated into special Python format by ImagePadding tool. 

8.2. Convolutional Neural Networks 

The implementation of CNN and 푁D-CNN model is completely dependent on the 

Theano package.[Bergstra, Breuleux, Bastien, Lamblin, Pascanu, Desjardins, Turian, 

Warde-Farley, Bengio 2010] 

Theano package was, beside others, created with intention to provide almost ready 

neural networks. The CNN model used in this thesis follows the example 

implementation available at http://deeplearning.net/tutorial/lenet.html (Accessed 

26.7.2012). 

I have altered the input and output routines of the original source code. Specifically 

the input is expected to be in one input Python file. The input is loaded as a source code 

and the data inside are instantly available while very little additional processing is 

needed. The output comprises the definition of the CNN model in pickled state (*.pkl 

file) – using the Python package cPickle. The output values of neurons in the model for 

particular inputs are saved in text file (*.pkl.out) with custom format readable by 

ShowLenetOutput tool. 
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Because the state of the network is pickled, in an exact state as it is represented in 

memory by Python, it is necessary to run the software with identical versions of all the 

packages listed in the beginning of chapter 8. 

I have also added the enforced knowledge representation as a term to the objective 

function. However, symbolical derivatives are an intrinsic feature of Theano package 

and so they did not have to be implemented.  

8.2.1. N-dimensional Neural Networks 

Similarly, the 푁D-CNN model which was implemented only for 푁 = 3  was 

based on the same sources as the CNN model. However, the 3D functionality is not 

directly provided by Theano. The 3D convolutional layer use the existing source code 

available at https://github.com/jaberg/TheanoConv3d2d (Accessed 26.7.2012). The 

code was created by James Bergstra, co-author of the Theano package. Nevertheless, 

the functionality of 3D subsampling layer was implemented by the author of this 

thesis, specifically in file down3d.py in the directory with 푁D-CNN implementation. 

See Appendix B: Accompanying CD for details about directory layout. 

8.3. Tools 

The ImagePadding tool enables user to take a set of files – either bitmap images 

containing the 2D representations of the transformed models or *.3d files containing 

the 3D representations of the transformed models – and export them into Python 

source code. The resulting Python file can be then used by the 푁D-CNN respectively 

by the CNN implementation for training or testing. It should be noted that common 

user is not expected to use ImagePadding directly as it is a part of a stream-lined 

process to test the loaded model. User should use the actions in the FaceDisplay 

programme. 

The ShowLenetOutput takes the output *.pkl.out file of the CNN respectively of 

the 푁D-CNN model and visualizes it in a graphical form. For the CNN case (2D) a 

HTML page with images was chosen as a convenient visualization; the 

ShowLenetOutput creates both the images and the HTML page that integrates them. 

The output of the 푁D-CNN model for 푁 = 3 is graphically displayed to user directly 
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in the ShowLenetOutput as there is no generic interactive 3D visualization tool 

available in most computers. 

If ShowLenetOuput is executed by user directly, i.e. not from FaceDisplay, the 

output must be loaded from a file selected by the user. The file is in a special text 

format which contains hierarchical lists of numbers. We are not speaking about 

푁-dimensional arrays as they impose regular shape, the output is in fact closer to a list 

of such arrays. 

The ImagePadding and ShowLenetOutput are designed to work with multiple 

patterns, because these tools were developed for training of the CNN and ND-CNN 

models. If you decide to train your own model on your own input patterns, use 

ImagePadding to produce the input file from all the patterns at once. 

ShowLenetOutput is able to visualize the results for multiple patterns as well. 

8.4. Requirements 

To run the FaceDisplay application and to be able to use all the functionality, there 

are several requirements on the computer environment which must be met. The 

FaceDisplay program works in Microsoft Windows XP/Vista/7 operating systems 

only.  

The other software requirements are: 

 .NET Framework 4 
 OpenGL 
 Pythonxy 2.7.2.1[pythonxy 2012]   

o Python 2.7.2 
o Numpy 1.6.1 
o Scipy 0.9.0.1 
o Mingw 4.5.2.1 – set up the PATH variable to point to directory with 

g++.exe 
o Theano package, version 0.5.0 

 
The FaceDisplay application does not require Python to be installed; only the .NET 

Framework and OpenGL are necessary. However, to be able to use the trained CNN 

and ND-CNN models, Python and all packages and software listed above have to be 

installed and properly configured. 
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 Conclusion 

Artificial neural networks are universal tool applicable to many tasks. However, 

initial research suggested that they are not commonly used in the attractive field of 3D 

data processing. 

Contemporary research is focusing on the processing of multimedia which also 

comprises 3D data whose amount can be expected to grow rapidly in near future. The 

3D data are too big for the usual processing by classic methods which are also prone to 

issues caused by changes of input – e.g. by rotations or noise. As a result, our goal was 

to identify or modify, if necessary, existing models of artificial neural networks and 

apply them to the 3D data. 

Firstly, I examined the ability of neural networks to detect significant features in 

the 3D data. For that purpose I analysed several existing self-organizing models and 

selected two representatives which were subsequently tested. The tests were 

performed on the 3D face models obtained from RNDr. Jana Velemínská, Ph.D. and 

Faculty of Science, Charles University. 

The self-organizing models and proposed clustering method were able to 

distinguish various facial features such as nose, lips and eye area. Hence, let us hope 

that the artificial neural networks can be used to extract important features from a 

surface of general 3D model. Perhaps it could be used to assign semantics to 

significant parts of 3D models. 

The next challenge was to classify 3D surface models according to their shapes. 

This is in general a difficult task and the same is true for the chosen instance of this 

problem. In our task, the ANN had to determine the gender of the 3D face model, 

which seems to be difficult as was proved in an experiment involving real people 

evaluation of the same data. 

The classification of 3D models required to extend the existing theoretical models. 

In particular, a novel generalization 푁-dimensional convolutional neural networks of 

the existing convolutional neural networks was introduced in this thesis. However, it 

was also required to interpret the internal processing of the model. Consequently, the 
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enforced knowledge representation was discussed and applied together with the novel 

푁D-CNN model. 

The performance of the theoretical model was assessed on the already mentioned 

3D face models and also compared to the results of the existing CNN model. The 

푁D-CNN model yielded comparable results to the CNN model. Moreover, the 

artificial neural networks were able to outperform humans in this task, or to be precise 

– humans with no expertise in the field of anthropology. 

The main contribution of this thesis can be summed up as follows: 

 It demonstrated that artificial neural networks can be successfully used to 

process various types of 3D data or classify them.  

 A new network model was introduced.  

 The new model performed well compared to the existing one, both when 

considering accuracy and time-efficiency.  

 As a part of the thesis, new software is presented to process 3D data and 

detect significant facial features using Growing Neural Gas and Kohonen’s 

SOM. The software also pre-processes the data for the experiments with 

푁D-CNN networks. 

Further research: 

The new model represents a promising technique applicable to efficient 

classification of 3D data. Unfortunately, both the hardware and software limits as well 

as relatively few data available did not allow us to provide a more extensive evaluation 

of the proposed technique on considerably larger datasets so far. Such experiments are, 

however, planned to be performed within the framework of our future work. 

Further, the model requires the user to determine the architecture of the model in 

advance which has been already challenged by other researchers. A logical next step 

would therefore be to examine those alternative models and adopt their functionality 

for the 푁D-CNN model as well. 

Another point of interest might involve the transformations, when the 3D model is 

turned into the third-order tensor. Supporting experiments suggest that these 
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transformations impact the resulting error rate. Therefore, either new transformations 

should be examined or a more general framework which would minimize the 

dependency of the technique on such transformations should be developed. 
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Appendix A: User Manual 

 
Fig. I FaceDisplay application window 

There are few basic controls and many more extending controls at your disposal. 

You can see the basic ones numbered in Fig. I. We will now refer to those controls by 

the corresponding numbers. 

The fastest way to use the tool needs no more than controls (1) and (2). (1) is an 

‘Open file’ button to load the face model. However, if the face model ‘artificial_w’ is 

present in the ‘data’ subdirectory, the model is loaded by default. (2) is a menu with 

shortcuts for user convenience. If you just want to try the functionality (and the Python 

environment is installed and configured), use the items whose name ends with ‘demo’. 

You will be asked to select a network model, but it is best to just click ‘Run’ and use 

the pre-defined selection. After a while, you should be presented with output. 

If you chose a 2D experiment, your web browser should open up with results for 

the CNN model. For a 3D experiment, the ShowLenetOutput tool will show you the 

results, as in Fig. II. Use the track-bars at the bottom of the window to alter the view at 

selected feature map. Especially useful is the ‘Filter’, which enables you to remove 

grey boxes which represent low output values. To switch to another feature map, use 

the list-boxes on the left side. You can see the actual output (woman/man) of the 

network and also the label of the model in the upper right corner. 
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Fig. II Output for the 3D test, ShowLenetOutput tool 

We will now address the rest of controls in the window of FaceDisplay application, 

as you can see them in Fig. I. 

To rotate the view, you can use track-bars at the bottom (6).  You can also use 

mouse in the view area (10) to manipulate the view, try holding left/right mouse button 

and moving the mouse. 

If you want to train some (self-organizing) neural network model on the displayed 

face, use the menu (3). When the model is created, some items appear in the pane (7). 

You can train your model by clicking button ‘Run’ (5). ‘Run’ does not start with clear 

model, it continues from the current state and performs limited number of steps – to 

change the number, use (9). To clear the model state and start from the beginning, use 

the control (8). 

If you want to classify the result in 2D, adjust the settings first – use the 

corresponding shortcut ‘2D image settings’ in menu (2). Then use the ‘Run 2D test’ 

menu item in ‘Process’ menu (4). 

To run a 3D test, you must generate grey boxes – use ‘3D boxes directly’ from the 

‘Process’ menu (4), or train a network, as was described above, and make sure that 

‘DataSpecial’ is checked (11). You should see the grey boxes displayed in (10). Then 

run the 3D test from the ‘Process’ menu (4). 

It should be noted that two artificially created models in ‘data’ directory were not 

used for training. Therefore, they constitute completely new input samples for the 

CNN and ND-CNN models. 
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Appendix B: Accompanying CD 
An optical disk is enclosed to the printed version of this thesis. This CD contains 

the application and two artificially created face models. There is also a documentation 

and source codes. 

There are three main directories: 

 Application – The FaceDisplay application, the main tool for the user, 

is located here. It also contains the example face models in the subdirectory 

data. The trained CNN and ND-CNN models are placed in the 

subdirectory cnntools and have the extension *.pkl. Also the external 

tools ShowLenetOutput and ImagePadding are placed there; however, user 

is not supposed to execute them directly.  

 Doc – the reference to the source codes is placed here. The reference was 

generated by the Doxygen tool. [van Heesch 2012] There is also the user 

guide to the software. 

 Sources – the most important subdirectory is ANN3D because it contains 

the C# solution for the FaceDisplay application and the accompanying 

projects (class libraries). There are also subdirectories with the solutions 

for two external tools ImagePadding and ShowLenetOutput. The 

subdirectory CNN contains the Python implementation of the CNN model, 

whereas the NDCNN subdirectory contains the implementation of the 

ND-CNN model. 

There is also an electronic version of this thesis in the root directory. 

 


