Charles University in Prague

Faculty of Mathematics and Physics

MASTER THESIS

Peter Kalnai

Kompaktni objekty v kategoriich
modulu

Department of Algebra

Supervisor of the master thesis: Mgr. Jan Zemlicka, Ph.D.
Study programme: Mathematics

Specialization: Mathematical structures

Prague 2012



In the first place I would like to thank the supervisor of this master thesis, Mgr.
Jan Zemlicka, Ph.D. who supported my work with valuable and motivating com-
ments.



I declare that I carried out this master thesis independently, and only with the
cited sources, literature and other professional sources.

I understand that my work relates to the rights and obligations under the Act
No. 121/2000 Coll., the Copyright Act, as amended, in particular the fact that
the Charles University in Prague has the right to conclude a license agreement
on the use of this work as a school work pursuant to Section 60 paragraph 1 of
the Copyright Act.

In Prague, 12 April 2012 Peter Kalnai



Nazev prace: Kompaktni objekty v kategoriich modult

Autor: Peter Kalnai

Katedra: Katedra algebry

Vedouci diplomové prace: Mgr. Jan Zemlicka, Ph.D., Katedra algebry

Abstrakt: V praci uvedeme zdkladni prehled vlastnosti kompaktnich objektu ve
vhodnych kategoriich ako napr. kategorie modulu, stabilni faktor kategorie nad
perfektnim okruhem a Grothendieckovy kategorie. Najdeme okruh nad kterym
je tfida malych moduli za dodate¢ného mnozinové-teoretického ptredpokladu
uzaviend na direktni souciny. Na zavér zkoumame podminky, kdy jsou spocetné
generované projektivni moduly konecné, vyjadiené tvarem ich Grothendieckova
monoidu.

Klicova slova: kompaktni, maly modul, stabilni kategorie modulu, projektivni,
samomaly

Title: Compact objects in categories of modules

Author: Peter Kalnai

Department: Department of Algebra

Supervisor: Mgr. Jan Zemlicka, Ph.D., Department of Algebra

Abstract: In the thesis we state baic properties of compact objects in various
appropriate categories like categories of modules, stable factor category over a
perfect ring and Grothendieck categories. We find a ring R such that the class of
dually slender R-modules is closed under direct products under some set-theoretic
assumption. Finally, we characterize the conditions, when countably generat-
ed projective modules are finitely generated, expressed by their Grothendieck
monoid.

Keywords: compact, dually slender module, stable module category, projective
module, self-small



Contents

Introduction

1 Dually Slender Modules

2 Self-Dually Slender Modules

3 Compact objects in Grothendieck Categories
4 Grothendieck monoids of projective modules

Bibliography

13

16

21

30



Introduction

Compactness conditions appear in various parts of topology and algebra and
the general idea behind them is the possibility to deal with properties involving
infinitely many objects using only some finite subset of them.

In the first chapter we focus on the category of right modules Mod-R over
an associative ring R with identity 1z. Here we introduce a dually slender right
module as the compact object. From the categorical point it is one whose induced
covariant Hom functor preserves all direct sums. It turns out that this is equiva-
lent to not being a countably infinite sum of its own submodules. Consequently,
a finitely generated R-module is a natural representative of a compactness. We
will also observe the amount of dually slender modules present in a particu-
lar category of modules. If they only coincide with finitely generated ones, the
category of modules seems not to be a rich supply. The situation is complete-
ly different if they are closed under arbitrary direct products (moreover, dually
slender modules are closed under factormodules). The main result states that for
a particular non-artinian Von Neumann regular ring this happens, taking some
set-theoretic assumption consistent with Zermelo-Fraenkel set theory with the
Axiom of Choice.

In the second chapter we make another generalization for right R-modules.
For a module M we weaken the categorical condition for Hompg(M, —) to preserve
only direct sums of copies of some fixed module N. In case M = N we say that M
is self-dually slender. Again we take a look on direct products of these modules.

The third chapter is a purely categorical point of view on compact objects. We
state the characterization for Grothendieck categories. Then we step out of these
and we describe compact objects in a stable module category over a right perfect
rings. Recall that stable module category is a factor category where projective
morphisms are killed.

Finally we study when countably generated projective modules are finitely
generated (and therefore compact), assuming the finite generation of some factor
over a submodule generated by an ideal contained in the Jacobson radical of a
ring. We use the notion of Grothendieck monoid of countably generated projective
modules which is a set of their isomorphism classes endowed with a commutative
binary operation + imposed by taking the isomorphism class of direct sum of its
arguments and zero module as a zero constant.

The very basic notation and results could be found in [AndFul92] in the first
place or in [Lam99] in the second.



Chapter 1

Dually Slender Modules

The are two fundamental isomorphisms of (abelian) homomorphism groups re-
lating the direct sum and the direct product over a family (A; | i € I) of R-
modules of an arbitrary cardinality /. Let M be a right R-module. The functor
Hompg(M,—) : Mod-R — AB preserves direct products via the canonical iso-
morphism:

71 : [ [ Homp(M, A;) — Homp(M, ] ] A) (1.1)

iel iel

and the contravariant functor Homg(—, M) : Mlod-R — A converts coproducts
into products via the isomorphism:

Ty HHomR(Ai,M) — HomR(@ A;, M) (1.2)

i€l i€l

Let us exchange the direct product with the direct sum in the equation (1.1)
and we consider the canonical mapping:

p - @ Homp (M, Ay) — Homp(M, D Ay) (1.3)
AEA AEA

defined by p((- - , fr, -+ ))(m) = (-, fa(m), -+ for fy € Homp(M, A)), A € A.

The mapping p is always injective but we will see that generally it is not
an isomorphism and therefore it will make a sense to establish the following
definition:

Definition 1. We call a right R-module Mg dually slender if the mapping p is an
isomorphism, i.e. the covariant functor Homg(Mpg, —) commutes with arbitrary
direct sums of modules.

Dually slender modules are known under various names (module of type X,
Y-compact, U-compact and small). The notion small module is quite common
but we will rather not use it because of the similarity with small (superfluous)
submodules.

First we observe that for a dually slender R-module it is enough to consider
preservations of direct sums of families of countable cardinality. Now we provide
the basic characterization.

Theorem 1. Let R be a ring. For a right R-module M the following is equivalent:



(D1) M is dually slender,

(D2) for every countable family of R-submodules (M; | i € w) of M such that
> M; = M there is ann € w with Y M; = M,

€W 1=0
(D2’°) for every countable increasing chain of R-submodules (M; | i € w) such that
U M; = M there is an n € w with M,, = M,
1€wW
(D3’) for every countable family of R-modules (A; | i € I) and every R-homomor-
phism ¢ : M — @ A; there is an n € w with im (p) C P A;.
icw i=0
Proof. (D1) — (D2): Let N, := Y " ,M;. Denote by m, : M — M/N,, the
canonical projection and define ¢ := € m,. Then p € Homgr(M, @ M/N,), so

n<w n<w
by (D1) ¢ has an inverse by p in @ Hompg(M, N,,). Because the sum is direct,
n<w
there exists some m € w such that M = N,,.

(D2) — (D2'): Let M = |J M, for an increasing chain (M, | n < w) of
n<w

submodules of M. Then M, = > ..., M;. By (D2) there exists m € w such
that M = M,,. -

(D2") — (D3'): The inverse image of a submodule under R-homomorphism is
a submodule so if (D3’) is not true than there exists a countably infinite strictly
increasing chain of M, := ¢~ '[P,,], n < w such that the union of M,,n < w is
M and (D2’) is not true. -

(D3') — (D1): Let ¢ € Homg(M,EP, ) By (D3’) it follows that there is
some n < w such that 7, o ¢ = 0 for all £ > n. Denote ¢ := @?:0 mj o . Then

b € @, Homp(M, A;) and p(v) = . .

As a corollary we get that the class of dually slender modules are closed under
factormodules. The usual characterization of finitely generated module M is
following: for every set of submodules (M) | A € A) of M such that >, M\ =M
there is a finite subset Ag such that > ren, M = M. Now it is obvious that every
finitely generated module is dually slender. Let us provide an example that the
converse is not true:

We call a right R-module M wuniserial if the submodules of M are linerly
ordered by inclusion. These provide a trivial source of dually slender modules
that are not finitely generated.

FExample 1. Every uncountably generated uniserial module is dually slender.

Some classes of rings represent the least possible source of dually slender
modules, i.e. only the finitely generated ones. We call these rings right resp. left
steady depending on the category of modules involved. Examples of right steady
rings are classes satisfying some finitness conditions. Recall that a ring R is right
perfect if every right R-module M has a projective cover and that the following
characterize them.

Fact 2. Let R be a ring and J(R) be its Jacobson radical. Then R is left perfect
if and only if R/J(R) is semisimple and J(R) is left T-nilpotent if and only if

MJ(R) is superfluous for every nonzero R-module M. In particular for every
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right R-module M, if the radical factor M/RadM is finitely generated, then M
1s finitely generated.

Proof. Proved in [[AndFul92], Lemma 28.3, Theorem 28.4(Bass)]. The additional
statement follows from [[AndFul92], Corolary 15.18] which states that M J(R) =
Rad(M). ]

Proposition 3. If R is a right perfect ring. Then R s right steady.

Proof. Let M be a dually slender module and let 0 - K — P — M — 0 be
its projective cover. Assume that M is not finitely generated. Thus, P is not
finitely generated and P is a countable union of strictly increasing chain of its
submodules, P = J P,. Because 7 is surjective, M = J 7[P;] so there is some

i<w <w
n < w such that M = «[P,]. Then P = ker 7 + P,. Because ker 7 is superfluous,
P = P,, a contradiction. [

Let S be a representative set of all simple R-modules. We say that M has a S-
socle filtration (S, | @ < ), if it is an increasing continuous chain of submodules
of M starting with Sy = 0, ending in S(0) = M satisfying S,11/5, is isomorphic
to a direct sum of modules from § for all & < . The ordinal o we call the S-socle
length of M.

A ring is R called right semiartinian if Rr has a S-socle filtration, where S
is a representative set of simple modules. It is proved in [EGT97], Proposition
2.1, that every right semiartinian ring with the countable S-socle length is right
steady.

Proposition 4. If R is right noetherian, then R is right steady.

Proof. The proof is based on the fact that any category of modules has a cogen-
erator K := €,.; £(S;) which is injective in this case, because injective modules
are closed under direct sums in right noetherian rings and it is a characterization
of them [AndFul92], Proposition 18.13. It is located in [[Ren67], 7°]. ]

Let us provide some definitions of cardinals that will be useful in the sequel.
Definition 2. We say that a cardinal  is

e Ulam-measurable if there is a countably complete (i.e. o-complete) non-
principal ultrafilter on K

e measurable if there is a k-complete nonprincipal ultrafilter on k
e strongly inaccesible if k = cf(k) and for all A\ < K, 2* < K

We say that a R-module M is wy-reducing (also countably finite or (w, w)-
reducing )if every countably generated submodule N of M is contained in a finitely
generated submodule. The class of w;-reducing modules lies strictly between
finitely generated ones and dually slender. Let us provide an example of dually
slender module that is not w;-reducing. Recall that for an infinite set X with
a discrete topology the Cech-Stone compactification B(X) is a set of ultrafilters
on X with the basis B given {O(Y) | Y € X} where O(Y) = {p € 5(X) |
Y € p}. Then (X)) with the topology generated by B is a compact Hausdorff
topological space satisfying that the closure of any open set in 5(X) is open (so
called extremely disconnected space) [Eng89], 6.2.28.
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Lemma 5. Let X be an infinite set with the discrete topology and let U be an
ultrafilter on X. If p = (U, Fi for an increasing chain of subfilters of p, then
there is some n < w such that p = F,.

Proof. For a contradiction assume that there is a strictly increasing chain (F; | i <
w) of filters such that p = J,,_, Fi. For every i < w define a set W} := {X\A}UF;
for a choise of a set A such that A € F;;1\F,. Then all W/ have an finite
intersection property so for all i < w there exist an ultrafilter W; extending W/
such that F; 1 € W;. Define:

U:=pU{W;|i<w}

Then U is a countably inifinite subset of Cech-Stone compactification 5(X). In-
deed, we show that U is closed in B(X). Let ¢ € B(X)\U and we find an open
neighborough of ¢ that is disjoint with &/. Because 5(X) is Hausdorff, there is
an open subset O(Y) C F(X) for some Y containing ¢ but not containing p.
Hence X\Y € p and there is kg < w such that X\Y € Fj, for all £ > ky. Then
W; & O(Y) for every k > ko. Set B:=O(Y) N ﬂfZOB(X)\WZ-, then B is an open
neighborough containing ¢ and it is disjoint with .

We have found a countably infinite closed subset of S(X). Recall that every
infinite closed subset of an infinite Hausdorff space contains a copy of the set of
natural numbers with the discrete topology. Because it is closed it contains also
a copy of B(N) and by [[Eng89], Proposition 3.6.12], it has the cardinality 2%,
which leads to a contradiction. ]

FExample 2. Let K be a field. Let k > Ny be not a Ulam-measurable cardinal.
Then there is a dually slender right K*-module that is w;-reducing.

Proof. The proof is in [Trl95]. The idea is following:
First, denote by F be the lattice of all filters on x and by Z the lattice of all
two-sided ideals of K*. Define ¢ : F — Z by

Frof{k:=(ky|a<r) €K |IXEF:mk)=0VaecX}

for all F € F. Then ¢ is an injective lattice homomorphism.

Let p € F be a non-principal ultrafilter on k. By Lemma 5 p is not a strictly
increasing countably infinite chain of its subfilters. By [Trl95], Lemma 2.4(i),
©(p) is dually slender. Because k is not Ulam-measurable, the non-principal
ultrafilter p is not countably complete and by [Trl95], Lemma 2.2(ii) ¢(p) is not
wi-reducing. ]

Now we study rings with larger classes of dually slender modules. Let us start
with a question.

Question 1. Does there exist a ring R such that dually slender right R-modules
are closed under direct products? (definitely not right steady). Denote it as the
condition (DS-P).

The question has also an another reason, because an analogical statement
holds in the categorically dual situation for so called slender modules (if the
coproduct is exchanged with the product and vice versa in equation 1.2) - slender
modules are closed under arbitrary direct sums.

For a ring () we observe that every dually slender ()-module keeps this prop-
erty in the module category over any subring of ) in which @ is dually slender.
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Lemma 6. Let R be a unital subring of a ring ), M be a right ()-module and
suppose that Qr is dually slender as an R-module. Then M is a dually slender
Q-module if and only if it is dually slender as an R-module.

Proof. Assume that M is a dually slender @-module. Let M = [J,_, M; for
a countable chain of R-submodules My C M; C .... For each 7 < w define
N, ={m € M | m@Q C M;}. Obviously, Ny C N; C ... forms a chain of Q-
submodules of M and N; C M, for every i < w. For every m € M, (mQ)r as
the homomorphic image of dually slender module Q) is dually slender so there
exists k < w such that m@ C My, hence M = J,_, N;. Now, by the assumption
there exists n < w such that N,, = M, hence M,, = M.

The converse is clear, because every (-module is also an R-module. ]

Proposition 7. Let R be a subring of simple Von Neumann reqular non-artinian
ring Q such that Qg is finitely generated as a right R-module.
Then every injective QQ-module is dually slender as an R-module.

Proof. By Lemma 6 it is enough to prove that every injective J- module is dually
slender (or wi-reducing). Let Eg be any injective right @-module and Eg =

J N,. For a contradiction assume that (N,, | n € w) is strictly increasing chain
n<w
of submodules of F, i.e. N, C N, for all n € w. The ring @) contains an infinite

set (e; | © < w) of orthogonal idempotents and because @ is simple Qe,Q = @
for all n < w. Then Fe,QQ = FE and for all n € w there exists z,, € E such that
Tpen@ € Ny. Define ¢ : @, _ e.Q — E by e,q — z,e,q. By Baer’s Criterion
applied for the injective module E the following diagram commutes for some @:

0— P e.Q ——Qq

new
©
|
1C
Eq

and there is some m € E such that ¢(¢q) = mgq for all ¢ € Q. Hence ) _ ,e,Q
is contained in a cyclic -module m@) C E and therefore in N,, for some n < w,
a contradiction. [

The class of projective modules sis not a rich source of dually slender modules.
By Kaplansky’s Theorem every projective module is a direct sum of countably
generated projective modules [AndFul92], Corollary 26.2. and those are not du-
ally slender unless finitely generated.

For a right R-module define:

Z(Mg) :={m € M | ranng(m) essential in R }

where submodule U of V' is essential in V if UNW = 0 implies W = 0 for a
submodule W of V.

We say that ring R is right non-singular, if Z(Rr) = 0. We observe that
simple rings are an example of a class of non-singular rings and as a fact we state
a deep statement about their maximal right rings of quotients.

Proposition 8. (i) Every simple ring is right and left non-singular.
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(ii) if R is a right non-singular ring, then Qumax(R) the mazimal right ring of
quotients of R is Von Neumann reqular and right self-injective.

Proof. (i) First we prove that Z(Rp) is two-sided ideal. It is an abelian group
because ranng(u) N ranng(v) € ranng(u — v) for all u,v € Rp and essential
right ideals are closed under finite intersections and oversets.

Let u € Z(Rg) and r € R be arbitrary. We can assume ur # 0. Let a
be arbitrary and we want to prove ranng(ur) NaR # 0. If wra = 0, then
there is nothing to prove so assume ura # 0. Therefore ra ¢ ranng(u), but
raR N ranng(u) # 0 from the essentiality of ranng(u). It follows uras = 0 for
some ras # 0. Then 0 # as € aRN ranng(ur). On the other hand, ranng(u) C
ranng(ru), so we are done.

Assume R is not right singular. Then Z(R) # 0 and Z(R) = R by simplicity
of R. But ranng(lg) = 0 is not an essential right ideal, a contradiction.

(ii) Proved in [[Ste75], Proposition XII.2.1]. ]

Lemma 9. Let R satisfy (DS - P). Denote QQ = Quax(R) the mazimal right ring
of quotients of R.

(i) Every injective right R-module is dually slender.
(i) If R is a non-singular ring, then Q satisfies (DS - P).
(iii) Every factorring of R satisfies (DS - P)

Proof. (i) Let Er be an injective R-module and let 7 : R®) — E be an epi-
morphism. Since the canonical injection R*) — R* is a monomorphism, by the
injectivity of E, 7 can be extended to an epimorphism R* — E. Because (Rg)"
is dually slender by the hypothesis, the module F is a homomorphic image of a
dually slender module and therefore also dually slender.

(ii) By Proposition 8(ii) Qg is injective, so by (i) it is dually slender as an R-
module. Thus every product of dually slender (-modules is dually slender as an
R-module by the hypothesis and Lemma 6, hence it is a dually slender @-module.

(iii) Modules over any factor ring have a natural structure of R-modules. &

Corollary 10. If a ring R satisfies (DS - P) and I is a maximal two-sided ideal,
then R/I is (right) non-singular and Qumax(R/I) is a non-artinian self-injective
simple ring satisfying (DS - P).

Definition 3. A ring S is said to be Dedekind finite if for all r,s € S, rs =1
implies sr = 1. We say that a ring R is right purely infinite if R has no nonzero
idempotent e = €* such that eRe is Dedekind finite.

Lemma 11. Let k be an infinite cardinal, R be a non-artinian self-injective purely
infinite ring and (M, | o < k) be a system of R-modules.

(i) if every M, in the system is wy-reducing, then [][ M, is wi-reducing as

a<K
well.

(i) the product of any system of finitely generated modules is wy-reducing.

(iii) if kK = w, then [[ Ma/ @ M, is wi-reducing.

a<w a<w



Proof. Put M = [[ M,. For any product [[, M, denote by v, : My — ], Ma

a<k

the natural embedding and m, : [, Mo — M, the natural projection.

Similarly we define v; and 7; for any subset of {a}.

(i) First we show that for every injective module M is w;-reducing. Because
R is right purely infinite we can form a sequence 0 — K(~ R®) — R with
K < R a right ideal of R. Choose C' = {m; | i < w} C M arbitrary. Let
(x; | i < w) be a free basis of K and define ¢ : K — M,z; — m;. So ¢ is
an R-homomorphism and by injectivity of M we can extend it to ¢ : R — M
such that m; = ¢(z;) = @(1gx;) = @(1g)x; for all i < w, so C C P(lg)R is
wi-reducing. [[Trl95], Example 2.8].

Note that J] R™) = R® is injective for all finite n,, hence wi-reducing.
a<k

Fix a countable set D := {m, | n < w} € M. By hypothesis on M,, for
each a < k there is some finitely generated submodule F, of M, such that
{ma(m,) | n < w} C F, and there is some n, such that we can write F, as a
factormodule of a finitely generated free R-module R("). Hence D C [Ioe. Fa
and the exact sequence [[,_, R™) — [],_. Fu — 0 shows that the middle term
is a factor-module of an wy-reducing R-module and it is itself w;-reducing. Then
there exists a finitely generated R-module F of [],_, F, such that D C F(C M).

(ii) As finitely generated R-modules are w;-reducing, (ii) is a consequence of
(i).

(iii) Put S = @,., M.. Fix a countable set D" := {m,, | n < w} € M and
for each a < w define (a finitely generated) R-module Go = >, ma(m;)R .
Observe that D" C ], ., Ga- By (ii) [],., Ga is wi-reducing, hence a factor-
module [ [, Go+S5/S is also wy-reducing. Then there exists a finitely generated
module F' C [],,., Go(C M) such that m, +S € F+5/S for all n < w. ]

a<w

Definition 4. For a set X, we call a system I of subsets of X an (set-theoretic)
ideal if it is

e closed under subsets, i.e. if A€ Z and B C A, then B € 1.
e closed under finite unions, i.e. if AB €T , then AUB € T.

Moreover, we call a system I a prime ideal if it is an ideal and for all subsets
A, Bof X, ANB €1 implies A€ XL or Be€Z. Itis easy to seet that this is
equivalent to statement that for every AC X, A€ Z or X\A€Z. IfY C X we
say that the set T|Y :={Y NA| A€} isatrace of Z onY. Observe that the
trace of an ideal is also an ideal.

Remark 1. Let X be a set. Then there is a dual corresponcence between ultrafil-
ters and prime ideals on X defined by I — P(X)\I for an ideal I.

Lemma 12. Let R be a non-artinian self-injective purely infinite ring and let
(Mo | a € I) be a family of dually slender modules. Let M = [],c; Mo be the
direct product of the family and let M = \J, ., Nn be a union of a countable

increasing chain of submodules (N, | n < w). Denote A, ={J CI| [[ M, C
acJ

N} and A= |J A,. Assume M is not dually slender. Then the following holds:

nw

(i) A, is an (set-theoretic) ideal



(ii) A is closed under countable unions of sets
(111) There exists n < w for which A= A,

(iv) there exists a subset Iy C I such that the trace of A on Iy is prime

Proof. (i) Obviously # € A and because M is not dually slender, I ¢ A. The
closure of A, under subsets is obvious by the definition. The closure of A,
under finite unions follows from the decomposition ], . x Mo = [[,ec; Ma ©
HaeK\JMa C N,.

(ii) First we show that A is closed under countable unions of pairwise disjoint
unions. Let K; € A be pairwisely disjoint subsets of I for all j < w. We
show that there exists k¥ < w such that K; € Aj for each j < w. Assume by
contradiction that for every n < w there exists (possibly distinct) i(n) such that
Kim) ¢ A,. Hence there is f, € HaeKi(n) M, for which uKi(n)(fn) ¢ N,. Since
[[ic. fiR = U, (fiRN N;) is dually slender by Lemma 11(ii) there is k¥ < w
such that ve,, (fr) € [1;., [ € Ny, a contradiction.

Put P; = HaeKj M, for j < w. Observe that there is some k£ < w such that
P; C Ny, and it follows that €, _, P; € Ny. Let P =[[,_, P =[[{Mo | a €
U;<. K} be a countably generated module. As P/€D;_, P; is dually slender by
Lemma 11(iii) there exists some [ > k such that P =J;_, (PN N;) C N,.

Now let J;, j < w be any subsets of I and put Jy = Ky and J; = K;\ Uj<i K;
for i > 0. So U;, J; = U,., K; and by the preceding we get the result.

(iii) Assume that A # A,,. Then there exists a sequence (J,, € A\A, | n € w).
Since ;. J; € A, we obtain a contradiction with (ii).

(vi) There exists Iy C I such that for every K C Iy, K € Aorly)\K € A.
Assume that such I does not exist. Then we may construct a countably infinite
sequence of disjoint sets (K; | i < w) (K; non-empty for ¢ > 0) in the following
way: Put Ky = 0 and Jy = [,. There exist disjoint sets J;.1, K;.1 C J; such
that J; = Jiy1 U K41 where Jiq, Kiy1 ¢ A. Now, for each n > 1 there exists
gn € HaeKn M, such that vk, (g,) ¢ N, which contradicts to the fact that
[I;519;R € Ny, for some m < w (cf. the proof of (iii)). ]

Proposition 13. Let R be a non-artinian self-injective purely infinite ring. Then
the following holds:

(i) A countable product of dually slender R-modules is dually slender.

(i1) If there exists a system (M, | @ < k) of dually slender R-modules such that
the product [],_.. M, is not dually slender, then there exists an uncountable
cardinal A\ < Kk and an o-complete ultrafilter on \.

Proof. (i) Follows immediatelly from Lemma 12(iii).

(ii) If we take M = [] M, which is not dually slender and a set-theoretic
ael

ideal A and Iy C I from Lemma 12 and if we define F = {[, \ A | A € A} then
from Lemma 12(i),(iii) it follows that F is an ultrafilter and by Lemma 12(ii) it
is o-complete. [ |

The relation to the set theory is established in the following proposition.
Recall that Goedels Second Incompleteness Theorem states that a consistent
axiomatizable theory containing a fragment of arithmetic (like ZFC set theory)
does not prove its own consistency.
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Proposition 14. The following is true:

(i) every Ulam-measurable cardinal is greater or equal to the first measurable
cardinal

(ii) every measurable cardinal is strongly inaccesible.
(i11) it is consistent with ZFC' that there is no strongly inaccesible cardinal

Proof. (i) because every cardinal greater then Ulam-measurable is also Ulam-
measurable, it is enough to show that the first Ulam-measurable cardinal is mea-
surable. Denote it x and let p € U(k) be a nonprincipal countably complete
ultrafilter on k.

Assume that p is not k-complete. Then there is pg < k and a partition
(Ao | @ < pp) such that A, & p for all A,, a < pp. Indeed, let

A:={u<r|3I{C, €p|a<pu}such that mCa§Zp}

a<p

Then by the assuption A is nonempty and therefore it has the smallest element,

denote it po. Because Cp\ [ C, € p for all &/ < py we can assume
a<po,aFa’

(| C, = 0. Define By := k and B, := () Cp for all 0 < a < puo and set

a<po B<a

A, := By\Bay for all a < pg. Then the system (A, | @ < pp) forms a partition

of k (because sets B, form a chain) and A, ¢ F for all & < pg, because B,,1 € F
by minimality of p9 and so K\ B,11 (an overset of A,) is not in F' by the ultrafilter
property.

Define a function f : k — po that maps very element of x to the index of a
member of the partition it belong to, i.e. §+— «aif § € A, for all 5 < k. Observe
that f[F] is a nonprincipal countably complete ultrafilter on 1, a contradiction
with minimality of k.

(ii) let k be measurable and let F' be a nonprincipal k-complete ultrafilter on
K.

First assume that cf(k) < k and let (ko | @ < ¢f(k)) be a cofinal sequence

of cardinals in k. If k\k, € F for every a < ¢f(k), then ) = () k\ka € F
a<cf(k)
because F'is k-complete. So there is some a < ¢f (k) such that k, € F. Obviously

N ka\{B} = 0. Since F is nonprincipal, k,\{5} € F for all § < k, (otherwise
B<ka
{8} = ka N (kK\Kka U{B}) € F) and since F is k-complete, () ko\{8} € F.
B<ka
Let A < k be a cardinal such that x < 2% Then there exists an injective

function F : k — 2*. For every i < 2 and every v < \ define:
A= {a < x| Fla)(y) = i}

Observe that (A) € p or (A} € p for every v < A. Pick the function g €* 2 such

that A2 € p for all v < A. Because £ is x-complete [._, A" € p and

y<A

(A7 = {a < | Fla)(y) = g(n)Vy <A} =

Y<A

={a<k|F(a)=g}=F[g]

11



By injectivity of F' it follows that the intersection of all A,,v < A is a singleton
and p is not a principal ultrafilter, a contradiction.

(iii) Define V4 := 0 and by induction V() := P(V,) for a successor ordinal
S(a) and V,, = |J Vj for a limit ordinal . The proof will follow from the

B<a

fact ([Jec97], Lemma 12.13) that V is a model of ZFC for a strongly inaccesible
cardinal x. Let xk be a strongly inaccesible cardinal.

Let Inac denote a statement ”there is a strongly inaccesible cardinal”. Assume
the consistency of ZFC implies the consistency of ZFC + Inac. By ([Jec97],
Lemma 12.13) the theory ZFC + Inac proves the existence of a model V,, of ZFC
and therefore a consistency of ZFC. So we have that ZFC + Inac is consistent.
But we got that ZFC + Inac proves its own consistency, a contradiction with
Goedel’s Second Incompleteness Theorem. ]

Using Proposition 14(iii) and Corolary 13 we can state our main result:

Corollary 15. Let R be a non-artinian self-injective, purely infinite ring.
If we assume that there is no inaccesible cardinal, then the class of dually
slender R-modules is closed under direct products.

12



Chapter 2
Self-Dually Slender Modules

It this chapter we will step even farther from finitely generated modules. Recall
that the Hompg (M, —) functor with a dually slender module M commutes with all
direct sums. If we weaken the property such that we want the canonical isomor-
phism only with all direct sums of some fixed module N we get a generalization of
dually slender modules and we will call the module M a N -dually slender module.
In the case M = N we speak about self-dually slender (or self-small) modules
and they are precisely the compact objects in the category of Add(M).

Let M be a R-module. For a subset X C M define X* := {f € Endr(M) |
fIX] = 0} and for a subset D C E the set D* := {m € M | f(m) =
0 for all f € D }. Obviously, X* is a left ideal of F, D* is a submodule of M and
X C X* and D C D*™. We call a left ideal L € Endg(M) an annihilator left
tdeal if L = L™ and a submodule N of M a kernel submodule if N = N**. We
say that a system of morphism (fy € Homg(M, M) | A € A) is summable if for
every m € M there is only finitely many A € A such that f\(m) # 0.

Theorem 16. Let R be a ring, M a right R-module. The following is equivalent:
(1) M 1is self-dually slender
(2) every summable family S C Endgr(M) of endomorphisms of M s finite

(8) for every decreasing chain of left annihilator ideals (L; | 1 € w) of End(M)
such that M = |J L} there is an n € w such that L, =0
1<w
(4) for every countable increasing chain of kernel submodules (K; | i € w) of M
such that |J K; = M there is an n € w with K,, = M
(S
Proof. (1) — (2) : assume there is an infinite summable system S C Endgr(M)

and define a mapping ¢ : M — @ M, by m — > a(m). The system S is
a€esS a€gsS
summable so ¢ is a correctly defined homomorphism. But im ¢ € € M, for
a€ESy
any finite subset Sy C S and M is not self-dually slender.

(2) — (3): for every i € w choose some f; € L;\L;.; or f; = 0 if no such
exists. This forms a system S := (f; | i € w). Choose m € M. Then there exists
some n € w such that m € L} and so f(m) = 0 for all f € L,,, for all n’ > n.
By (2) S is finite, so only finitely many nonzero f; were posible to choose and
L; = Ly, for some [. But this should be zero, because every element of M could

13



be otherwise annihilated by a nonzero function from the least annihilator ideal,
a contradiction with the assumption that M is union of the sets L.

(3) — (4): Let (K; | i € w) is an increasing chain of kernel submodules such
that A = |J K;; Then (K | i € w) is a decreasing chain of left annihilator ideals.

IS

By (3) there is some n € w such that K = 0. But K, is a kernel submodule, so
there is some L C Endg(A) such that L* = K,,. Then L** = K} =0,s0 L =0
and it follows that L* = M.

(4) — (1): Assume M is not self-dually slender. Then there is some ¢ :

M — € A such that m; 0 ¢ # 0 for all i € w. Define A; .= {x € M | m0¢p #
€W

0forall j>4i}. Then Ay C A; C Ay C --- A, C .-+ is an increasing chain of

submodules of M such that M = [ A;. Because A,, C A", we get an increasing

S

chain of kernel submodules such that M = [ Af*. By (4) then there is some
IS

n € w with A% = M. Then A} = 0, a contradiction with the strictly increasing

chain of A;. [

It is known that a countable generated self-dually slender projective R-module
is necessary finitely generated.

Here we have a sufficient condition (which is relatively strong) when the prod-
uct of a system of self-dually slender modules stays self-dually slender.

Proposition 17 ([ZemO8], Proposition 1.6). Let (M; | i € I) be a system of
self-dually slender modules satisfying the condition Homg( [] M;,M;) =0 for
Jen{i}
every i € I. Then [[ M; is self-dually slender.
il

Proof. Denote the product of the system by M and suppose M = |J N, for an
new
increasing chain of submodules of M.

For each i € I consider the set S; := {n € w | f[m[N,]] = 0 implies f = 0}.
Observe that M; = |J m[N,]. Then M; = |J (m;[N,])** and (m;[N,]* | n € w) is

necw new
a decreasing chain of left annihilator ideals. By assumption then there is n € w

such that m;[IV,,]* = 0, S; is nonempty and has the least element. Form a sequence
of integers (n; | i € ).

If it is unbounded, by minimality of its elements, for every n € w there is
some i, € I, i, < n; with (m; [V,])* # 0. But then m; [N,] # M;, so we can
choose m € M such that m ¢ N, for every n € w, a contradiction.

So the sequence is bounded with an upper bound say n. We consider [[ M;

ie\{j}
as a submodule of [[M;. Let ¢ € Endr(M) be such that ¢[N,] = 0. We
i€l
want to show that ¢ = 0. By assumption, for every i € I, m;o [ [[ M| =
i€l\{j}
0. Let us observe that for every m € M, m — (¢; o m;)(m) € [] M, so
iel\{j}

(mi0p) o (t;0omi(m) —m) =0 for every m € M, ie. m0p =mopo om. Since
for every i € I, (m;[N,])* and 7; 0 p o 1; € Endgr(M;), it follows m; 0 9 0 1; = 0 for
every ¢ € I, hence m; 0 o = 0 for every ¢ € I and finally it implies ¢ = 0. ]

Remark 2. Let S be a co-abstract set of simple R-modules, i.e. all members of S
are pairwisely non-isomorphic. Let 7" € § and denote P := []. S\(T} S. If Risa
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principle ideal domain then Hompg(P,T) = 0. Indeed, let f € Homgr(P,T). It is
known that annihilator of a module is an ideal hence anng(T) = Ra for some a €
R. Fix an arbitrary simple R-module S € S, S % T. Then anng(S) € anng(T)
and anng(T) € anng(S) so Sa # 0. Because S is simple, S = Sa = SaR.
Finally P = PaR = Panng(T) Cker f, f = 0.

Now let us provide an example of a self-dually slender module that is not
dually slender. Denote by PP the set of all positive primes and let (Z, | p € P)
be a system of abelian groups. Then Homz(][,cp\, Zp: Zq) = 0 by the previous
part. By previous theorem HPE]P Z, is self-dually slender Z-module that is not
dually slender, because Z is noetherian and hence (right) steady.
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Chapter 3

Compact objects in Grothendieck
Categories

Let C be a category. A category is locally small if for every object C' € C the class
of subobjects is a set. We say that C is an additive category if it is locally small
with an abelian group operation on Home(A, B) for all pairs if objects A,B of C
such that composition is biadditive:

(a+B)oy=aoy+foy
ao(y+d)=aoy+aod

whenever the sums and compositions are defined.

The category C is an abelian if it is an additive category with a zero object,
biproducts, kernels, and cokernels, in which every monomorphism is a kernel and
every epimorphism is a cokernel.

We call a cocomplete abelian category C Grothendieck category if direct limits
are exact in C and C has a generator. A Grothendieck category is an example of
a locally small category, because it contains a generator and by [Ste75], Propo-
sition IV.6.6 every such a category is locally small. We say that a category is
pseudo-complemented if for every object C' € C the lattice of subobjects of C' is
pseudocomplemented, i.e. for every subobject A of C' there is a subobject M of
C such that ANM =0 and AN B = 0 implies B < M for every subobject B of
C. A Grothendieck category is an example of a pseudo-complemented category
by [Ste75], Proposition I11.6.3.

Let C be an abelian category with arbitrary coproducts. We call an object M
of C dually slender if the functor Home (M, —) preserves arbitrary direct sums.
By [Ste75], Exercise V.3.13 it is enough to consider only countable direct sums.
Let N be an object of C. It is said that an object M in C is N-dually slender if
the functor Homeg (M, —) preserves direct sums of N. For M, N € C and any X a
subobject of M denote Vi n(X) = {f € Hom¢(M, N) | X C ker f}. A subobject
Xp of X is essential if XoNY = 0 implies Y = 0 for every Y subobject of X. We
say that a monomorphism o € Home(X,Y) is essential if im « is an essential
subobject in Y. Recall that an essential monomorphism p : 0 — M — @ with
@ injective is called injective envelope of M. The following two facts imply the
existence of injective envelopes in Grothendieck categories.

Fact 18 ([Ste75], Proposition V.2.5). Let C be a locally small, pseudocomple-
mented abelian category. Then if C' is a subobject of an injective object then C
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has an injective envelope.

Fact 19 ([Ste75], Proposition X.4.3). Let C be a Grothendieck category. Then
every object is a subobject of an injective object.

Now we are able to formulate a generalization of compact objects for Grothen-
dieck categories.

Proposition 20. Let C be a Grothendieck category and let M be an object of C
Then M is dually slender if and only if M is Q-dually slender for every injective
objects () in C.

Proof. Let (A; | i < w) be a countable family of objects of C and denote A :=
[L;, Ai- Let f € Home(M, A) be a morphism. Because C is a Grothendieck
category, for every i < w there exists an injective envelope v; € Home(A;, E(A;)).
Let Q := E(A) and let u; € Home(E(A;), Q) be the canonical inclusion for every
i < w. By the assuption the morphism €,_, v; o @,_, pi o f € Home (M, QW)
factors through a finite coproduct Q" for some n < w and so im (P,_, mio f) €
P, E(A;). By essentiality of the morphism v;, i < w it follows that f factors
through a finite coproduct, which concludes the proof. ]

Proposition 21. Let C be a Grothendieck category and let M, N be objects of
C. Then

(1) M is N-dually slender

(2) for every increasing chain My C My C My --- C M of proper subobjects of
M, either Y M; is proper subobject of M or there is some n < w such that

€W

Vun(M,) =0.

Proof. (1) — (2): let My C M; € My--- C M be an increasing chain of proper
subobjects of M such that Y M; = M and V(M;) # 0 for all i < w. Then
i<w

for every ¢ € w exists a nonzero homomorphism f; € Home(M, N) such that
filM;] = 0. Let ¢ € Home(M, N*) be a morphism such that ;09 = f;,i < w
where 7, € Home(N®, N) is a natural projection. Since fr[M,] = 0 for all
k > n, it follows (m 0 p)[M,] = 0 for all k > n and im ¢ C N®@. Then there
is a morphism % € Home (M, N®)) such that m; 0 0 = f;,i < w. By (1) f factors
through a finite coproduct and so there exists some n < w such that m, 09 =0
for all k£ > n, a contradiction.

(2) — (1): assume there exists f € Home(M, N®)) such that m; 0 f # 0
for all i € w, where m; € Home(N®)| N) is a natural projection. Define M, :=
N ker(m; o f). Then My C M; C Ms--- is an increasing chain of subobjects of

i<w
M. Observe that if X is a finitely generated subobject of M, then there exists
n < w with (7 o f)[X] = 0 for every k > n and so X C [ ker(m; o f). Hence
i>n
M = Z M;. |
<w

An easy example of a Grothendieck category is the category of R-modules over

a ring R. But the previous theorem provides a characterization of dually slender
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objects also for another Grothendieck categories like the category of all abelian p-
groups (with group homomorphisms between its objects) or the functor category
between an additive category and abelian groups ([Ste75], V.1. Examples).

Let C be an additive category and let 7 be a full additive subcategory. The
stable category C obtained from C is the category whose objects are the same as
C and whose morphisms Homg (X, Y') are the equivalence classes with equivalence
defined on Home (X, Y') such that two morphisms are equivalent if their difference
factors through an object of T.

Recall that a pushout (in a category theory) (P, u,v) of (B, f) and (C, g) is a
colimit of the diagram

ALHB
C 'sP

Later we will need to know how epimorphisms look in a stable category C.
The next lemma shows that they can be represented by epimorphisms of C. For
a morphism f € Home(X,Y) we denote f* the kernel of f.

Lemma 22. Let f E_Homc(X, Y) be an epimorphism in an abelian category C
and assume that also f € Home(X,Y') is also an epimorphism. Then for every

h € Home(X,T) with T € T there is a morphism h € Home(X, im (ho f*))
such that h and h coincide on ker(f)

Proof. Let (P,u,v) be a pushout of (h,T) and (f,Y) by X. Then 0 = oh = vo f
in C. Because f is an epimorphism it follows that T = 0 and v factors through
some T" € T, say via vy and v;. By projectivity of 7" we get a homomorphism
¢ € Home(T",T) such that uo @ = vy.From the equality v = vy 0v; = (uop)ov;
we get 0 =uoh—vo f=u(h—powv of). Denote h' := h—powv,of. From the
universal property of the kernel of u we get a morphism h € C(X, ker(u)) such
that u¥ o h = h':

O—>ker 0

\ /
\

It follows that u* o ho f* = ho f*. (]

'ﬂ{\«_~

0 —— ker(u) —

Recall that a split epimorphism (monomorphism) f € Home(X,Y) is a mor-
phism such that there is ¢ € Home(B, A) such that fog=1x (9o f =1x), i.ef
has a left (right) inverse.

Theorem 23. Let C be an abelian category and let f € Home(X,Y) be an epi-
morphism. Then the following is equivalent:

(1) f is an isomorphism in C
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(2) f is a split epimorphism in C with ker(f) € T

(3) f is a split epimorphism in C whose kernel map f* factors through an object
of T

Proof. (1) — (3): f is an isomorphism, so we can choose some g € C(Y, X) such
that g = f~!. Then 1y —go f =1—1 =0, so the morphism 1x — g o f factors
through some object 7" € T via some h and v:

1 o
X x—gof

\/

We have that (voh)o f¥ = (1x —gofloff=fk—gofoff=fF—-—go0=fF
so f* factors through an object 7" € T with morphisms h o f* and v.

There exists © € Home( im ho f* ker f) such that and f*o? = vom. Indeed,
by the universal property of the kernel f* we need to show fo (vom) = 0. We
have

fo(vom)oe:fovo(hofk):fo(l—gof)ofk:(]
and e is an epimorphism so the result follows.
Let ho f* = moe be the epi-mono factorization of ho f* through im ho f’i
Because f is an epimorphism in C, so applying Lemma 22 for / there is some A
such that mo ko f* = ho f¥ in the diagram:

fk

0 —— ker(f)

v
L\\

0—— im (voho f¥)

Finally, f*o (Uohofk) (fkov)oﬁofk (vom)ohof’“—vo(mohof’“)
vo (ho f*) = f*. But f* is a monomorphism, so (G0 h) o f¥ = Ly and f*is a
split monomorphism.

(3) = (2) : By (3) f* is a split monomorphism so there exists a morphism ¢
such that t o f¥ = Lier(g)- But f* also factors through an object T € T, lets say
f* =boa. Then Lier(s) = to(boa) = (tob)oa, so a is a split monomorphism and
ker(f) is a direct summand of 7. The class T is closed under direct summands,
so ker(f) € T.

(2) — (1): We have that X ~ Y @ ker(f) via g = [g1, g2)” with ker(f) € T so
f=0y,000[g, 52" =1o0g7 +004; is an isomorphism. ]

Let R be a ring and let C = Mod-R the corresponding category of right R-
modules. Consider 7 the subcategory of all projective right R-modules. We will
call the category C the stable module category of R and denote it Mod-R.

The following theorem describes a method how compact objects transfer from
the category of modules over a left perfect ring R to the stable module category
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of R. The assumption on the ring is relatively strong and the proof is not so
obvious as in the case of the particular category of modules.

Theorem 24 ([Miy07], Theorem 3). Let R be a perfect ring, M € Mod-R a
compact object. Then there is a finitely generated module M' € Mod-R such that
M ~ M'" in Mod-R.

Proof. Because R is a perfect ring M := M/MJ(R) is semisimple i.e. it is
isomorphic to @ S; via ¢ with S; simple for every i € I. Let p be a composition
el
of ¢ with the canonical projection 7 : M — M /M J(R). Because M is a compact
object in Mod-R, there is an R-homomorphism f : M — T3, where T ~ € S;
i€lp
for a finite subset Iy C I and T} is a complement of 7} in M such that p — (f,0)
P1
factors through a projective R-module, say Q. Write (M 5 @ S;) = (M @
il

T, ® T,). So we have a commutative diagram:

()
PP

o \ [

M—)Tl@TQ

(7a=0)
|
0

71041
2092

because boa = p — f and b = ( ) for a R-homomorphism ¢ (exists by the
projectivity of Q).

Epimorphism 7y is superfluous and 7 0 (g2 0 a) (= ps) is an epimorphism, so
by [AndFul92][Corollary 5.15] g2 o a is also an epimorphism. By the projectivity
of P; it follows that M 25t P, — 0 splits (i.e. there is a R-homomorphism z such

that (go0a) oz =1p,. We have M ~ ker(gs 0 a) @& Ps.
P1
We show that M’ := ker(gs0a) is finitely generated. Write (M (3) TaT,) =

(P11P12)

(M' @ P, ™2 Ty & Ty). We get commutative diagrams:

(P11P12) (P11P12)

M & P22ET & T, M a P22 T,
(0 1)J l(o 1) ¢ O)l l(l 0)
P—T M —T
™2 P11

i.e. equations (my 0 0,m01) = (00 p1; + p21,0 0 p1a + pag) imply po; = 0 and
pag = ma. So 0 — ker(pyy) — M’ — Ty — 0 is a short exact sequence with T}
finitely generated and ker(p;;) € M'J(R) which si superfluous in M’ by Fact 2
and we conclude the proof. [
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Chapter 4

Grothendieck monoids of
projective modules

Let R be a ring with identity. We consider a commutative monoid (V*(Rg), &, 0)
where V*(Rpg) is a set of isomorphism classes of countably generated projectives
and @ is a binary operation of taking direct sums and 0 is the zero module
and we call it a Grothendieck monoid of countably generated projective right
R-modules. Denote V(Rg) the analogical monoid of finitely generated projective
right R-modules.

Let I be a two-sided ideal of R. Then we define

Vi(Rg) := {(P) | P projective, P/PI is finitely generated}

Observe that V(RR) = ‘/()(RR), V*(RR) = VR(RR)

Let ¢ : R — S be a ring homomorphism. Then V(¢) : V(R) — V(S) induced
via the functor — ®z S by (P) — (P ®pr.S) for every finitely generated projective
module P is a monoid homomorphism of corresponding Grothendieck monoids.
In case S = R/I we have one more expression for elements of V'(.S), because R/I
is an R-R/I-bimodule and Pr ®p R/I is isomorphic to P/PI in Mod-R/I via
p®(r+1)— pr+ Al. Let m: R — R/I be a canonical ring isomorphism, then
V(m) is an injective monoid homomorphism.

We are interested in a situation when V;(Rg) = V(R), i.e. if a projective
module is finitely generated modulo some ideal factor then it is itself finitely
generated. First observe that V7(Rgr) C V*(Rg) if I is contained in J(R). Indeed,
by Kaplansky’s Theorem P ~ @ P, with P, countably generated for all A € A.

AEA
Then

AEA AEA AEA

By the assuption there is a finite subset Ag C A such that Py/P\I = 0 for all
A € A\Ay. By an analogical statement of [[Pri07], Theorem 2.2] for I C J(R) it

follows Py ~ 0 for such all A € A\Ag. So P~ € P, is countably generated.
AEA
We say that a submodule N of an R-module ]\/[0 is pure in M if NNMP = NP

for every right ideal K of R. It is known that M /N is flat if and only if N is pure
in M. There is a useful criterion how to test if a module is flat.
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Fact 25. Let R be a ring and let 0 — K = F — C — 0 be a short exact sequence
of R-modules with F free with the basis (e; | i € I). Then C is flat if and only
if for every finite set uy,us,--- ,u, € K there is a homomorphism ¢ : F' — K
1dentical on the given elements.

Proof. Proved in [Lam99], Proposition 4.23. ]

Definition 5 (Ideal-supplement, Ideal projectivity). Let R be a ring and let I
be a two-sided ideal of R. Then an R-module P is I-projective if for all right
R-modules X and Y with YI = 0, every R-epimorphism f : X — Y and every
homomorphism ¢ : P — Y there exists a homomorphism g : P — X such that
fog=y, ie the diagram

P

ol

XT>Y*>O

commutes.

We call a submodule N of an R-module M an I-supplement if there is a
submodule G in M such that N+ G = M and N NG C NI. (Note that direct
summands are exactly 0-supplements.)

Denote
T/ (M) ={f € Endg(M) | im f C MI}
fEndp(M) :={f € Endg(M) | 3a: M — R",b: R" — M with f =boa}

A property of being I-projective can be for a special case of finitely generated
modules characterized like this:

Lemma 26. Let I < R be a two-sided ideal and let M be a finitely generated
right R-module. Then the following is equivalent:

(1) M is I-projective

(2) for every epimorphism A % B and every morphism ¢ : M — B there is a
morphism g : M — A such that im (p — fog) C BI

(8) for the canonical projection m: M — M/MI there are homomorphisms ¢,
W such that the diagram

M —" M/MI
Jdp ) Tﬂ
Foo oM

commutes for some finitely generated free R-module F.

(4) [Endg(M) +Ti(M) = Endr(M)
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Proof. (1) — (2): We get the following commutative diagram:

M % BI

g k

h T

A\\\ - T
7Tof\ ~ 4

B/BI

Indeed, by I-projectivity of M there is a homomorphism A : M — A such that
mog = (wo f)oh, so mo(g— foh) = 0. Obviously Tor* = 0 where 7* is a kernel map
of m and so by the universal property of the cokernel there is a homomorphism
k: M — BI such that 7ok = g— foh. Then im (g— foh) C im (%) = BI
and (2) follows.

(2) — (1) : Let A J, B = 0 be an exact sequence with Bl = 0 and let
g : M — B be arbitrary. By (2) there is a homomorphism A : M — A such that
im (foh—g) C BI =0, so h is also a witness of [-projectivity of M.

(1) — (4): It is enough to prove that 1y, € fEndr(M) + Tr(M). Write M
as the homomorphic image of some finitely generated free right module F, i.e.
F % M — 0. Because (M/MI)I = 0, by (1) there is some homomorphism
f: M — F such that m = (mog)o f,ie. mo(lyy —go f) =0. It follows that
im (1yy —go f) € MI and of course go f € fEndr(M).

(3) = (1) Let g : A — B — 0 be an epimorphism with Bl =0and ¢ : M — B
some homomorphism. Let 7 : M — M/MI be a canonical projection. Because
o(MI) C o(M)I = 0 by the Homomorphism Theorem ¢ = ¢ o 7w for some
¢ : M/MI — B. By (3) there is a free module F' and some homomorphisms
a: M — Fb:F — M such that 1 = m o bo a. By projectivity of F' we get a
homomorphism ¢ : F' — A such that goc = ¢ob. Then go(coa) = (goc)oa =
(pob)oa=((Fom)ob)oa=Fo(roboa) = For=p.

(4) = (3): Let 1)y = x+y with z € fEndr(M) and y € T7(M). So x factors
through a finitely generated free R-module F' via homomorphisms a : M — F
and b : F - M. Then 0 =7moy =mo(lyy —z) = mo(lyy —aob) and (3)
follows. ]

A finitely generated R-module P is projective if and only if fEndg(P) =
Endgr(P). Indeed, fEndgr(P) is an ideal, hence a finitely generated module P is
projective if and only if 1p € fEndgr(P). Similarly like in the case of modules,
we say that an ideal I of a ring R is superfluous in R if [ + J = R implies J =0
for every two-sided ideal J of R. It would be interesting to know whether the
ideal T7(R) is superfluous in Endg(M).

Remark 3. Let R be a ring and K < R a nonzero ideal. Denote by G(R) the
Brown-McCoy radical of R. Recall that a Brown-McCoy radical is the intersection
of all maximal two-sided ideals of R or the intersection of all two-sided ideals K
such that R/K is a simple ring. Then K is superfluous in R if and only if K C G.

Proof. Let K C G(R). Assume that I is not superfluous in R, i.e. K+ L = R for
some proper nonzero ideal L of R. Then L is contained in some maximal ideal M
of R, hence K + M = R. Then R/M is simple and G(R) C M, a contradiction
with K + M = R.
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Let K be superfluous in R and assume K ¢ G(R). Then there is some ideal
L of R such that K ¢ L with R/L a simple ring, so L is a maximal ideal and
K + L = R. But by the assumption L. = R, a contradiction. ]

Fact 27 ([AndFul92], Theorem 10.4). A right R-module M is finitely generated
if and only if Rad(M) is superfluous in M and M/Rad(M) is finitely generated.

If P,Q are projective modules and f : P — @ is a R-homomorphism, then
by the induced homomorphism f : P/PI — Q/QI it is meant the natural map
defined by p + PI — f(p) + QI for all p € P. For any R/I-homomorphism
a: P/PI — Q/QI there exists an R-homomorphism f : P — @ such that the
induced homomorphism f equals a and we say that f is a lift of o

Proposition 28 ([FacHerSak05], Proposition 6.1). Let R be a ring and I < R
be an ideal contained in J(R). Let P, Q be projective right R-modules and let
a: P/PI — Q/QI be an R/I-homomorphism. Let f be a lift of . If « is a pure
monomorphism, then f is a pure monomorphism.

Proof. First choose an R-module P’ such that P& P’ is free, then an R-module )’
such that (Q® P') @ Q' is free. Let € : P’ — P'@® Q' denote the inclusion onto the
direct summand. Without lack of generality we now suppose that P and @ are
free, because if f @ € is a pure monomorphism then f is a pure monomorphism.

Fix a finitely generated free direct summand M of P with a complement M’.
We show that the image f[M] is a direct summand of (). We find a free submodule
N of @ such that f[M] C N and N is a direct summand with a complement N'.
Denote j : N — @ and i : M — P be the inclusions, fj; the restriction of f on
M and let ¢ : Q — N and p : P — M be homomorphisms such that poi = 1,
and g o j = 1y. Then we have a commutative diagram with exact rows:

KT
0 M——P M’ 0
Iy lf J{
0 Kfr Ny N 0

|

Inducing with — ®g R/I we get a commutative diagram in Mod-R/I with split
exact rows:

0—— M/MI——P/PT —— M'/M'I ——0

ol
0~ N/NI——Q/QI —— N'/N'T ——0

J

Coker fu

Both a, i are pure monomorphisms so o1 is also a pure monomorphism. Hence
j o far is a pure monomorphism. It follows that fj, is a pure monomorphism and
Coker fy is a finitely presented flat R/I-module, so there is a homomorphism
B:N/NI — M/MI such that 8o far = Lyya. Let g be any lift of 3.
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We get that g o fj; is an automorphism of M. In particular, f,; is a split
monomorphism. This concludes the observation that f[M] = fi[M] is a direct
summand in Q).

We show that f injective. Let x € ker f be arbitrary. Then there is a finitely
generated free summand fy/[M] of @ containing f(x) for some M, hence x €

ker(fa) = 0.
Now f is a direct limit of split short exact sequences arising from fy,, M
finitely generated so by [Lam99], Examples 4.84(c), f is pure exact. ]

Recall that a projective dimension of a module M equals one if there exists a
projective presentation 0 - K — P — M — 0 of M with K projective.

Lemma 29. Let R be a ring and let M be a right R-module. Then the following
holds

(i) (Schanuel Lemma) Assume we have two presentations 0 — K L p5

M—=0and0— L% Q5 M — 0 of M with P projective. Then we have
a short exact sequence 0 > K — L& P — @ — 0.

(ii) every countably presented flat R-module has the projective dimension < 1.

In particular, if a countably presented flat R-module has a presentation 0 — K —
P — M — 0 with P projective, then K is also projective.

Proof. (i) Proved in [Lam99], Lemma 5.1.
(ii) Proved in [Laz69], Théoreme 3.2. ]

Lemma 30. For a commutative diagram in Mod-R with exact rows

0 Al —— DB (o 0

holds that there exists ¢ : B — A’ such that @ o i = « if and only if there exists
Y : C — B’ such that 1 o q = . In particular, if v is an isomorphism and the
first commutative square admits a diagonal fill-in from B to A’ then the lower
row splits.

Proof. We show only one direction, the second is categorically dual. Assume that
there exists ¢ : B — A’ such that ¢ 0o i = a. Then

0O=pfoi—joa=LFoi—jo(poi)=(f—jop)oi

By the universal property of cokernel C' there exists a homomorphism ¢ : C — B’
such that ¢Yop = [ — jop. We show that v is required homomorphism. Because
p is an epimorphisms it is enough to show that v op = g o o p. Indeed,

go(op)=qo(f—joyp)=qof—(qojlop=qof=vo0p "
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Now we give an equivalent conditions connecting ideal supplements and ideal
projectivity with the equality V;(Rg) = V(Rg) for an ideal I contained in the
Jacobson radical. Recall that a homomorphism 7 : P — M is a projective cover
of M if and only if 7 is a P-cover where P is a class of all projective modules,
i.e. P € P two conditions holds: the first, for every () € P and every ¢ : Q — M
there is ¥ : G — P such that m oY = ¢ and the second, if ) = P and ¢ = 7
then every endomorphism ¢ is an automorphism.

Theorem 31. Let R be a ring and I < R be an ideal contained in J(R). Then
the following s equivalent:

(A) for every finitely generated projective R-module P, every finitely generated
I-supplement in P s 0-supplement

(B) every finitely generated (presented) I-projective R-module is projective

(C) every finitely generated flat R-module M with projective R/I-module M /M I
18 projective

(D) for every projective R-module Q, if the factor-module Q/QI is finitely gen-
erated then () is finitely generated

Proof. (A) — (B) : Let K be a finitely generated I-projective right R-module and
let m: K — K/KI be the canonical projection. Then by Proposition 26(1) — (3)
there are homomorphisms p : K — P and ¢ : P — K such that mo (qop) =
7 for some finitely generated projective (free) R-module P. Then we have a
commutative diagram:

0 K—7" P Coker(p) — 0

T

0—— K/KI—— P/KI—— (P/KI)))/(K/KI) —0

L

0 0

Choosing ¢ := moq, by Lemma 30 we get that the lower row is split exact and so
there is some submodule C' of P such that p(K)+ C = P and p(K)NC C K.
This just means that p(K) is an I-supplement of C' in P. By the condition
(A) it means that p[K] is a direct summand of a projective module, hence it is
projective.

(B) = (C) : Let M be a finitely generated flat right R-module. Then there
is a short exact sequence 0 — ker(p) — F % M — 0 with F finitely generated
free. Denote K := ker(p). By assumption on M the induced sequence 0 —
K/KI — F/FI — M/MI — 0 splits in Mod-R/I. Then K/KI is finitely
generated and so K = Ky + K1 for a finitely generated submodule Kj of K. By
Lemma 25 applied on M there is a homomorphism f : F' — K that is identical
on generators of Ky and therefore on the whole K. Define a (finitely presented)
module P := F/K,. Because Ky C ker(1r — f) we have some homomorphism ¢
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that makes the diagram commuting:

F/K,

We want to show that P is [-projective. By characterization of I-projectivity
it is enough to show that the square commutes:

F/KO Uy F/KO

(Ko+FI)/Ko
g Tm
Fo LRk,

Observe that
T omR, 0 (gomr,) = (mromy,) o (1— f)=m50mk,,

because im f C K C Ky + FI. Because 7k, is an epimorphism the square
commutes.

By (B) P is projective and so Kj is a direct summand of F. Denote by
G a complement of Ky in F', which is obviously projective, because it is also a
direct summand of F'. Then the factormodule G/(GNK) ~ (K +G)/K = F/K
is isomorphic to M and therefore it is flat. Denote by ¢ : G — G/(G N K)
the canonical projection and let x € G N K be arbitrary. Because G is finitely
generated Rad(G) is superfluous in G. We have the inclusion

GNKCGN(Ko+ (Kog+G)I) =GN (Ko+ HG) = (GN Ky) +GI =GI

and GI C GJ(R) C Rad(G) so by Fact 27 it follows that G N K is superfluous
in G, i.e. ¢ is a projective cover of G/(G N K). Now by Lemma 25 applied on
G /G N K there is a homomorphism f, : G — G N K identical on x and it follows
go (1 — f.) = q. Because ¢ is a projective cover, (1 — f,) is an automorphism so
ker(1 — f,) =0 and x = 0. This is true for all x € GN K and GN K = 0. Then
G ~ M and M is projective.

(C) — (D) : Let @ be projective and the ideal factor Q/QI be finitely gener-
ated. Then there is an embedding 0 — Q/QI = (R/I)™ such that « is a split
monomorphism. By Proposition 28 there exists f : @ — R™ such that f = «
and it is a pure monomorphism. Denote M := Coker f. Then M is a finitely
generated flat R-module such that M ®pg R/I is isomorphic to a direct summand
of (R/I)™ so by the condition (C) M is projective. We have that f is a split
monomorphism and @ is finitely generated.

(D) — (A): Let P be a finitely generated projective R-module and N be
a finitely generated submodule of P such that it is an [-supplement, denote
by ¢ the embedding N into P. That means there exists a submodule G of P
such that N + G = P and N NG C PI and the short exact sequence 0 —
N/(NNG) — P/(NNG) — G/(NNG) — 0 is split exact. Let M := P/N.
Because P is projective, there is some v € Endgr(P) such that im v C N and

im (1p —v) CG.
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Observe that im v? = im v = N. Indeed, im 7>+ im (yo(1—7))+G = P.
But im (yo(l—7))= im (1 =)oy C NNG C NI which is superfluous in P,
hence im 4> +G = P. Then N = (im 7?+G)NN = im v+ (GNN) = im ~?
by modularity of modules and because N N G is superfluous in N. By induction
we get that N = im ~” for all n € N.

By projectivity of P there exists a homomorphism 7 € Endgr(P) such that

the diagram commutes:
EI}/ l
gl

P~ N——0
Y
By induction we get that v = 4"*! o 7 for every n € N.

Define Gy := ;2 ker~". Then G; C G and N + G; = P. We claim that G,
is pure in P. We show that P/G} is flat using Lemma 25. Let x € G, so there is
some m € N depending on z such that m € ker~y™. Define o, := 1p—7"07" for all
n € N. Then im a,, C G;. Indeed, 7" o(1p—7m0y™) = 4™+ —y04™ = () and
so im ay, C kery™™ and Gy =Y 07 | im «,. Finally, a(z) = 1p — 7m0y (z) =
x.

Observe that G1/G41 is finitely generated. Indeed, from N NGy C PI we get

N+PI@G1+P[
PI PI

Because G is pure in P we have G; N PI = G1I. Then

= P/PI

and G /G4 1 is isomorphic to a direct summand of a finitely generated R/I-module
P/PI.

The factormodule P/G is countably presented, finitely generated and flat,
so by Lemma 29 G is projective. By the condition (D) G is finitely generated,
hence G7 = kery™ for some m € N. Let y € G; N N. Then y = v™(z) for some
z € P and y"(y) = 0. It follows that z € kerv*™ = kery™ and so y = 0. We
have showed that N = im 4™ is a direct summand of P. ]

We say that a subset X of R is locally nilpotent if for every finite subset X
of X there exists k = k(X) € N depending on X such that every product of k
elements from Xy is zero. Now we show that V() (Rr) = V(Rg) where L(R) is
the Levitzki radical of the ring R which is the set of all x € R such that zR is
locally nilpotent subset of R. Observe that the sum of two locally nilpotent right
ideals are locally nilpotent. Let A € M, (L(R)) and Xo = {x1, 29, -+, 2,2} be
the set of entries of A. Then X is a finite subset of a locally nilpotent Z:il xR
and AFXo) = .

Proposition 32 (based on [MohSan89], Corollary 3.5). Let R be a ring and
I < R be an ideal contained in J(R). If the ideal M, (I) contains only nilpotent
elements, then Vi(R) = V(R).

Proof. We check the condition (B) from the previous theorem. Let P = ) Ry;
i=1
be n-generated left R-module and denote E := Endg(P). Since P is I-projective,
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it is enough to show that 77(P) contains only nilpotent elements because then it
is trivially contained in the Brown-McCoy radical of Endg(P) and so Tj(P) is
superfluous in £ which concludes that P is projective.

Let t € T;(P) and write t(y;) = > a;;y; for i =1,2,...,n and a;; € I, write
j=1

them in a matrix A. Let F be a ﬁn;tely generated free R-module with a basis

{e1,€9,...,e,} and define g : FF — P by e; — y;. Then we have a commutative
diagram:
FAsp typ b
O O
p-t-p-t.p-?
because g(Ae;) = g(z1 a;je;) = Zlaijg(ei) = Zlaijyi = t(y;) = (t o g)(e;) for
j= j= j=

i=1,2,...,n and by induction we get (t™ o g) = go A™ for all m € N. But A is
contained in M, (I) that contains only nilpotent elements by the assumption, so
there is an index mgy € N such that ¢"° o g = 0. Because ¢ is an epimorphism, it
follows t™0 = 0. ]

There is a construction of a ring R such that Vg (Rg) # V(Rg) [GerSaks4].
Together with the last proposition it makes a sense to state the following question.

Question 2. Let I be a nil ideal. Does it hold that Vi(R) = V(R)?
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