
Charles University in Prague 
Faculty of Social Sciences 

Institute of Economic Studies 
 

 

    

Bachelor Thesis 

    

Modeling financial markets using heterogeneous agent 
models 

 

 

 

 
 
Author:  Daniel Benčík 
Supervisor: PhDr. Lukáš Vácha, PhD. 
Year: 2009/2010 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Declaration 
 
Prohlašuji, že jsem svou bakalářskou práci napsal samostatně a pouze za použití uvedených zdrojů. 
 
I hereby declare that I have elaborated this thesis on my own and that I have used only the sources 
listed. 
 
Prague, 21.7.2010         ……………….. 

 



 
Abstrakt 

 
 Tato práce se zabývá aplikacemi heteroagentních modelů (HAM) v oblasti finančních trhů. V 
první části práce je obecně vyložena metodologie HAM spolu s prezentací několika dřívějších 
modelů tak, aby získal čtenář obecnou představu o aplikacích HAM v oblasti finančních trhů. Dále 
podáváme popis původního modelu vyvinutého v Brock, Hommes (1998), dále navazujeme popisem 
jeho rozšíření představeného v Baruník, Vácha, Vošvrda(2009). V analytické části se věnujeme 
analýze chování rozšířeného modelu včetně jeho schopnosti simulovat stylizovaná fakta typická pro 
reálné finanční trhy. Práci zakončujeme shrnutím výsledků provedených experimentů a navržením 
případných témat pro budoucí vývoj modelu. 
 

Abstract 
 

This thesis deals with the application of heterogeneous agent models (HAM) in the area of 
financial markets. In the first part, we introduce the concept of HAMs, review examples of several 
earlier models in order to provide the reader with a general picture of applications of HAMs in 
finance. Subsequently, we move on to describe the original model developed by Brock, Hommes 
(1998) and continue by describing modifications proposed by Barunik, Vacha and Vosvrda (2009). 
Next, we move to the analysis of the modified model’s behavior, including its ability to simulate 
stylized facts observed in real financial markets. In the last part of this work, we provide descriptions 
of our simulation/experimental setups and conclude by summarizing the results of these. We finish 
this thesis by suggesting possible future research topics regarding the investigated model that might 
shed more light on its behavior and thus hopefully enhance our understanding of how real financial 
markets operate. 
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1| Introduction 

 
Few areas of interest in economics are paid as much attention as financial market. Academic 

theorists try to capture the ways financial markets work and evolve, be it out of pure scientific 

curiosity or possibly out of a desire for better regulation, allowing for the prevention of economy-

damaging events like stock market crashes. Nowadays, the list of marketable instruments ranges 

from stocks and treasury bills, through foreign exchange instruments and lean hog futures to 

derivatives like CDO and CDS1, whose mispricing was as one of the culprits of the current financial 

crisis. Such a wide range of instruments offering different risk-reward ratios attract a large amount of 

capital – for example, on 6th April, 2010 the value of stocks traded solely on the New York Stock 

Exchange reached 43 498 mil U.S. dollars2.  

Research into the economics of financial markets finds itself in an unsatisfactory condition. 

Mainstream approaches - the Efficient Market Hypothesis and the Rational Expectations theory, 

briefly said, do not allow for excess profits (i.e. profits that are higher than profits on other 

investment opportunities with the same risk). In laymen terms, one cannot beat the market and 

successive profits of world-known investors such as Warren Buffet are explained to be driven by 

pure luck. While the success of such traders cannot imply the non-validity of aforementioned 

theories due to its softness (in the end, luck might well be one of the explanations), the inability of 

modern financial market theories to explain the statistical properties of returns realized on real 

markets (so called stylized facts) already puts these theories at a question.  

Another surprising fact, leading one to doubts about mainstream theories, is the difference in 

viewpoints of these theories and market practitioners (traders) themselves. Theorists assume the 

market to compose of identical investors who share rational expectation of an asset’s future price, 

capable of performing highly complex optimization problems instantly. Under such conditions, when 

available market information is immediately reflected in price, it automatically follows that no room 

for speculative trading exists and technical trading (using pattern in past prices to forecast future 

ones) can be profitable only out of luck and in short-term. Traders themselves, however, sees the 

market as providing speculative opportunities and technical trading as profitable, which was 
                                                 

1 Collateralized Debt Obligation is a form of credit risk transfer product, which assembles a portfolio of credit exposures, 
segments these exposures into tranches with different risk/return and maturity conditions which are then sold to 
investors.  
    Credit Default Swap is a swap contract in which the buyer of protection (CDS) pays the seller of protection a series of 
premium payments in return for receiving a payoff in case the underlying credit instrument (usually bond or loan) goes 
into default. The interested reader is referred to Kolb, R., Overdahl, J. A. (2002) for more information. 
2 http://www.nyse.com/financials/1108407157455.html, retrieved on 11.4.2010 



documented in e.g. Frankel and Froot (1987), where exchange rate financial specialists admitted to 

had been using technical (also called charting) strategies for creating short run 

expectations/predictions, while long run expectations were formed rather on the basis of mean 

reverting fundamental models3.  

As a response to the failure of modern financial market theories to satisfactorily explain   

real-world financial markets related phenomena, several new approaches have emerged. Some of 

them find inspiration in quantum physics (this branch of economics was coined econophysics4), 

others try to find characteristics of bid and ask orders distributions and via their interaction try to 

approximate the real-world order books behavior. The class of models of our interest, agent-based 

computational models in finance or heterogeneous agent models (HAM), deals with markets 

composed of heterogeneous economic subjects who try to maximize their utility while being only 

boundedly rational, as opposed to complete rationality proposed by the Rational Expectations theory. 

Simpler models of this class compose of a set of equations determining e.g. the shares, beliefs and 

wealth of different agents in the market, whereas complex models use more sophisticated 

evolutionary dynamics (e.g. genetic algorithms, agent/strategy die-off, adaptation of strategies to 

changing market environment) that cannot be translated into simple equations5. An interesting 

feature of HAMs is, contrary to the majority of aforementioned theories, their general analytical non-

tractability, resulting from the level of their complexity and non-linearity. While some might argue 

that this is a crucial weakness of this approach, simple (analytically tractable) models will hardly 

ever capture the mechanics of a complicated world. Moreover, even in case of methods based on 

simulations with zero analytical tractability, we are able to obtain statistically robust results via 

Monte Carlo experiments6. Unlike mainstream models, HAMs are capable of replicating real-world 

market phenomena (stylized facts) which makes them an elegant and plausible way of researching 

these. Moreover, they provide modelers with free choice over theoretical building blocks from which 

to build a model. 

In the first part of this thesis, we give a broader introduction to the field of HAM. We give 

examples of some existing models employing this methodology in finance. We also include a review 

                                                 

3 For a broader list of modern theories critique, we refer the interested reader to Hommes (2005), pp. 3-5 
4 Namely, these methods utilize mechanical/physical statistics to macroeconomic modeling and/or financial time-series 
modeling. The interested reader is referred to Mantegna, Stanley, H. E. (1999) for an introduction. 
5 The interested reader is referred to Zeeman (1974), Brock, Hommes (1997) or Brock, Hommes (1998) for examples of 
simpler models. More complex models are discussed e.g. in Ehrentreich (2008) or LeBaron (2001). 
6 Monte Carlo method encompasses any technique of sampling an unknown distribution in order to obtain approximate 
solutions to a problem or, as in our case, to obtain a distribution of possible model outcomes and their change under 
different initial conditions.  



of so called stylized facts. In the second part, we apprise of the model originally introduced in Brock 

and  Hommes (1997), further developed in Brock and Hommes (1998) and modified in Barunik, 

Vacha and Vosvrda (2009). We describe the main features of the model followed by a description of 

our experimental analysis of its properties. We finish by a conclusion regarding the obtained results 

and providing suggestions for future research. 

 

2| On Heterogeneous Agent Models 
 

2.1 | General properties of heterogeneous agent models 
 
In this chapter, we describe the general properties of heterogeneous agent models, a 

methodology that lies at the core of this thesis. Later on, we briefly describe some examples of 

HAMs in finance. We finish this chapter by describing phenomena related to the real-world financial 

markets, the stylized facts.  

Before exploring the matter of HAMs, let us first introduce the term agent. From here on, 

agents represent sets of bundled data (e.g. initial wealth, income, utility function of an individual) 

coupled with methods of behavior (e.g. rules for trading strategies selection etc.). Examples of agents 

can most commonly be economic subjects such as consumers, employees, financial market traders, 

governments and many others.  

Heterogeneous agent models or agent-based models in general, are models that are built from 

the bottom-up. It means, that rather than assuming unrealistic qualities of economic subjects (e.g. 

their homogeneity) and thus avoiding the impact of their mutual interactions on the macro-level 

outcome, agent based models define an economy as a set of agents. Further, they define initial 

conditions of the modeled economy (aforementioned initial wealth of agents, etc.), coupled with 

descriptive characteristics of agents, their behavior and their mutual interactions. Outcomes of the 

model on a macro-level are then caused solely by the interaction of agents whose main task is to 

maximize their own utility under constraints given by a changing environment (e.g. the level of 

available capital). Changes in the environment most often reflect agents’ actions in the past and as a 

result we obtain highly complicated behavior that is often analytically non-tractable. 

Not requiring agent based models to be analytically tractable at all costs allows modelers to 

avoid the necessity of adopting overly strong, unrealistic assumptions, the cause of failure of most 

analytically tractable models to replicate phenomena seen in the real world. Instead of requiring fully 

rational agents who are moreover homogeneous, agent based models can directly specify the level of 

intelligence by which agents are endowed as well as the level of their heterogeneity. As we will see 



in examples provided later, this heterogeneity can take the form of using technical or fundamental 

trading rules, but also different initial endowments or different risk aversions, which lead to different 

outcomes of each agent’s utility optimization and thus different actions across agents.  

The most common level of intelligence given to agents is called bounded rationality. 

Boundedly rational agents, as opposed to absolutely rationality agents assumed by mainstream 

theories, do not have access to all the available information and their decision rules take the form of 

heuristics or rule of thumb strategies which are not perfect, but perform reasonably well. This 

approach seems to be in line with reality as experiments described in e.g. Kahneman and Tversky 

(1973) show, that when facing simple decision problems under uncertainty, human behavior can be 

described by simple heuristics, biases or simply habits. Also, bounded rationality forces agents to 

base their decisions solely on publicly available information, such as the past prices of an instrument 

and possibly omit the effect of fundamentals lying beneath the price formation process due to the 

impossibility to capture all the fundamental forces driving price evolution. The inability of real-

world economic subjects to use all the available information (as modern theories expect) was already 

pointed out in Keynes (1936, p. 157), where the author argues that gathering all the available 

information might either be impossible or very, possibly prohibitively, costly. Further, Keynes 

argues, that it is hard to tell, which variables are really fundamental to the price development of a 

given instrument. Information is only fundamental for the price if enough traders agree on its 

relevance and believe that other traders will share this opinion too. Therefore, leaving agents in 

HAMs only boundedly rational seems to copy reality to a greater extent than presuming their ability 

to gather all information (moreover, costlessly) and correctly process this information in no time.  

An important feature of agent based models in general is that certain behavior of agents on a 

micro-level (or small change to an agents’ behavior) can cause unexpected outcomes on the macro-

level, a phenomena called emergence. To illustrate this point, we reference the results of Shelling 

(1971). In this paper, the author presents a model where agents have preference regarding the 

optimal composition of their neighborhood. Concretely, each agent can only tolerate a certain 

fraction of agents of the other type in their close neighborhood, e.g. highly educated people might 

want to live in a place where most of their neighbors are educated too. The model is composed of 

several agents (city block or street inhabitants) who can change their place of residence once in every 

period, if the composition of their neighborhood does not comply with their requirements, without 

the resulting distribution of agent types over the stress/city block influencing any agent’s decision. 

The surprising outcome of the model is that even slight preference towards one type of agents leads 

to a segregation, where e.g. educated and non-educated people form clusters and in the most extreme 

of cases, all educated agents move to one side of the street and non-educated ones move to the other.  



Agent-based models (including HAMs) have different aspirations than classical models. 

While classical economic models seek the equilibrium price/output given the initial conditions, agent 

based models are more focused on the process of getting to the equilibrium, on finding the necessary 

conditions for the attainment of the equilibrium and on finding the relationships between micro-level 

actions and the macro level outcome. Even though many of the agent based models designed for 

financial markets can be calibrated, so that the resulting price dynamics reflect to some extent real-

world price dynamics of a chosen instrument, price predictions are not the main aim of these models. 

Tesfatsion (2006), in an excellent introduction to agent based modeling, recognizes four main 

objectives of research employing agent based models: 

 

• Empirical understanding – models try to describe why particular global regularities evolved 

from the interaction of heterogeneous agents and persisted in time even without the presence of 

central planning or control. The key issue of these models is whether the aforementioned global 

regularities can be reliably generated just by agents’ mutual interaction or whether there is a 

causality not related to agents’ actions. An example of such a model can be the aforementioned 

Shelling’s model of neighborhood segregation.  

• Normative understanding – agent based models can be run with no costs under different settings 

and therefore provide a great opportunity for controlled experiments, which are impossible to 

carry out in real world. Researchers in agent based modeling try to ascertain whether e.g. 

proposed policy changes will lead to desirable outcomes, taking into consideration self-centered 

agents, who will try to gain advantage through strategic behavior.  

• Qualitative insight and theory generation – here, the aim is to explain how changes in the initial 

conditions change the dynamics and the resulting outcome of models. Knowledge in this area 

enables modelers to answer, why some global regularities emerge while others do not. 

According to Tesfatsion, an example of a topic puzzling researchers in this area might be the 

process, through which some kind of self-organization emerges in a decentralized market 

together with conditions that are necessary and/or sufficient for the emergence of such self-

organization.   

• Methodological advancement – as agent based models in economics are a relatively new 

discipline which requires researchers not only to possess fundamental understanding of 

economics but also behavioral studies and computer science, one usually has to invest a lot of 

time before being able to create/modify a model. Therefore, much work needs to be done in 

order to make the development of agent based models easier to attract more research interest. 



Languages designed specifically for implementing agent based models, sparing the designers of 

computer technicalities, etc. might be good examples of work in this field.  

 

2.2 | Examples of HAMs in finance 
 
 In this section, we provide the reader with a brief overview of several selected models. Our 

intention is to show at least a bit of diversity of approaches that HAMs offer, as well as differing 

levels of their complexity. All herein listed models can generate at least some phenomena seen in 

real world, be it the existence of speculative bubbles, stylized facts, etc. 

 In most HAMs dealing with financial markets, there are several types of agents, namely 

fundamentalists and chartists. Fundamentalists base their expectations and trading decisions on the 

belief that the asset’s price must converge (at least in the long run) to its fundamental value given by 

economics factors such as dividends, overall macroeconomic growth, inflation etc. For fundamental 

traders, market sentiment is a non-existent term and these traders sell (buy) an asset only when its 

price is above (below) its fundamental price. Chartists (also called technical traders), on the other 

hand, try to exploit past patterns. They search for patterns in price action that were followed by 

significant movements in prices in the past and hope that the market will react in the same way in the 

future, when these pattern reappear. The simplest of these patterns might be e.g. the well-known 

crossover of two exponential moving averages – buy (sell) when the shorter period EMA crosses the 

longer period EMA from below (above). Another simple rule might be going long (short), when a 

momentum indicator of some kind (RSI, CCI, etc.) gets into oversold (overbought) region. The 

profitability of trading signals generated by a moving average strategy was investigated in Brock, 

Lakoshinok and LeBaron(1992) with positive results. Moreover, the authors conclude, that such 

technical rules have predictive power that other methods, e.g. EGARCH modeling, cannot explain. 

The importance of this finding lies in its contradictive power against some of the modern market 

theories, namely EMH, which regard the profitability of technical trading impossible. 

 
2.2.1 | An Exchange Rate Model – Frankel and Froot 
 
 Frankel and Froot (1990ab) present a model whose aim is to explain the volatile behavior of 

the US dollar exchange rate in the eighties. The authors try to explain USD exchange rate 

movements by movements of a weighted basket of G-10 currencies plus Swiss franc and real interest 

rate differentials between the US and a weighted average of the aforementioned foreign countries’ 

rates in the investigated period. The model shows, that between June 1984 and February 1985, the 

20% appreciation of the American dollar was not supported by macroeconomic fundamentals and the 



authors suspect that this event might have been an example of a speculative bubble, where exchange 

rate development is driven by self-confirming market expectations. This conclusion, coupled with 

the aforementioned questionnaire surveys described in Frankel and Froot(1987) led the authors to 

create a heterogeneous agent model of exchange rate. 

In this model, three types of traders are assumed: fundamentalists, chartists and portfolio 

managers. As described above, fundamentalists expect the asset’s price to revert to its fundamental 

value. If there were no chartist present in the market, fundamentalists would always be right and 

price deviations would only be caused by changes in the economic fundamentals such as mergers 

and acquisitions, unemployment etc. Chartists, on the other hand, only try to extrapolate past trends 

without considering the fundamentals. Portfolio managers, finally, are considered as the actors who 

actually buy/sell foreign assets and form their expectations as a weighed average of chartists’ and 

fundamentalists’ predictions. Portfolio managers update the weights given to both trader types in a 

Bayesian manner according to past accuracy of their predictions.  

For simplicity, the authors assume that chartists believe the market to follow a random walk, 

hence  
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where c
ts 1+∆ is the change in spot rate predicted by chartists for period 1+t . Fundamentalists’ and 
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where s,υ are the speed of adjustment and fundamental exchange rate, respectively. Weights 

assigned by portfolio manages to fundamentalists’ predictions take the form of  
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where 1ˆ, −tωδ  are speed of adaptation and the weight (computed ex post), that would have predicted 

the realized spot rate change perfectly, i.e.  
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 Through analysis of differential equations derived from the model above, the authors showed 

that speculative bubbles in which prices diverge from the fundamental price and fundamental traders 



are driven out of the market can emerge. These market conditions, however, are sustainable only 

until price moves too far from the fundamental value. After that, the share of fundamentalists begins 

to increase and price is driven close to its fundamental value. 

 

2.2.2 | Switching among traders types – Lux (1995, 1998), Lux and Marchesi (1999,2000) 
 
 In their model, Lux and Marchesi consider a financial market populated by a constant number 

of N traders of two kinds. Fundamentalists behave in the way described in the previous model. 

Chartists, on the other hand, use a combination of imitative and trend following strategies. At time t, 

we denote the number of fundamentalist f
tn  and the number of chartists ctn . Furthermore, chartists 

are divided into two subgroups: optimistic chartists ( +c
tn ) believe in a future increase of the asset’s 

price while pessimistic chartists (−c
tn ) believe in the opposite. For clarity’s sake, we omit the time 

index in following text. 

 Traders in the market can change their nature – both shifting between fundamental and 

charting view as well as between optimistic and pessimistic charting views are possible. Chartists 

consider changing their direction based on what the average chartist believes (we could call this the 

market sentiment)7. By this, they try to find out, in what direction the herd will trade in order to join 

the this herd and reap the profit from a trend to be formed that is not backed by a change in 

fundamentals but is only brought about by a growing demand for (supply of) shares. Complementing 

this behavior, chartists’ decision to change direction is influenced by the current trend in prices. 

Formally, if we define the average chartist opinion by  

c
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and the share of chartists to all traders as 
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authors define probabilities −+
tπ  and +−

tπ  for chartists to switch from pessimistic to optimistic and 

vice versa by  

                                                 

7 The share of both types of chartists is thus publicly known, which is unrealistic, as well as knowing the share of 
chartists and fundamentalists. 
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where 21,αα  measure the sensitivity of traders to the opinion index and actual price trends 

respectively and 1v  represents the frequency of opinion revaluation. 1U  is a kind of a fitness measure 

telling the strength on the current up-trend. Chartists are going to prefer being on the optimistic side 

only if they see an overall positive share of optimistically oriented chartists as well as an increase in 

price. On the other hand, if one of these signals fails (e.g. drop in price or negative share of 

optimists) the incentive to become or remain an optimist will be largely reduced. Chartists therefore 

follow a trading strategy that we might call “trend riding”, which can actually be observed in real 

markets on days of high volatility.  

 Traders can also switch from fundamentalists to chartists and vice versa. Lux and Marchesi 

define that these transitions are dependent on realized profits (chartists) or expected profits 

(fundamentalists). Realized excess profits for chartists takes the form of 
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where variabley is the nominal dividend of the asset and r is the risk adjusted return from other 

investment possibilities. Fundamental traders believe that price will eventually revert to its 

fundamental value fp . Therefore, they buy (sell) an asset when it is underpriced (overpriced). 

Fundamentalists’ expected excess profit is then given as  

p
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where s  represents a discount factor. This represents the fact, that while chartists’ profits are paid 

always in the next period, the reversal of price to its fundamental value is expected to happen rather 

in the long run and therefore fundamentalists get paid in some later period. Fitness measures of each 

trader type, similar to 1U above, are defined as 
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where 2v  is the frequency of choice between fundamentalists and chartists and 3α represents how 

sensitive traders are to profit differences. 1,2U  represents the difference in excess profits of optimistic 

chartists and fundamentalists. With quickly growing prices and/or high dividend rates, the optimistic 

chartists’ fitness grows. On the other hand, 2,2U  represents the excess profits of pessimistic chartists, 

who try to minimize their losses by finding other investment opportunities yielding r . Using these 

fitness measures, the switching probabilities are given as 
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where f−π is the probability of switching between a fundamentalist and a pessimistic chartist, etc. 

 Price changes in this model are determined by aggregate excess demand. In every period, 

each chartist buys or sells a fixed number of shares ct  regardless of circumstances. We can with the 

help of (7) and (8) write 

cccc xzTxzNttnnED ==−= −+ )(        cc NtT = , (16) 

where cT is the maximum excess demand chartists can create. Fundamentalists’ excess demand is 

based on the current deviation of price from its fundamental value, i.e.  

( ) ( ) ( ) ( ) ( )ppTzppNzppnED ffffff −−=−−=−= 11 γγ          γNT f = , (17) 

where fT  is the maximum excess demand fundamentalists can generate and γ  measures the 

sensitivity of fundamentalists to price deviations.  

 The process of price formation is the following. Excess demand is converted into price 

changes via the market maker (auctioneer), who reacts to positive excess demand by raising the price 

and vice versa, by the following mechanism 

[ ]fc EDED
dt

dp += β , (18) 

with β  being the sensitivity of price to aggregate excess demand. This version of the price 

adjustment was stated in the first versions of the model. For their numerical simulations, however, 

the authors use a Poisson rate stochastic adjustment – the market maker is expected to 

increase/decrease the asset’s price by one tick, i.e. the minimum amount of change in price that the 



asset exchange allows (cent or pence in stock markets, pips in FX markets, etc.), with probability 

depending on the imbalance between supply and demand. Moreover, additional liquidity traders, 

whose excess demand is stochastic are added to the model, which brings a noise term µ  into the 

total excess demand. The probabilities for the price to go up or down by one tick are then defined as 

follows 
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  The above described model leads to a set of differential equations (see Lux(1995,1998)), 

upon the solving of which we arrive at three equilibria: 

a. fppx == ** ,0  and an arbitrary value of 10 ≤≤ z .  

b. 1,0 ** == zx  and an arbitrary value of p .  

c. fppz == ** ,0  and an arbitrary value of 11 ≤≤− x  

The equilibrium of type (a) has a balanced share of optimistic and pessimistic chartists, 

whose opinions cancel out (due to the fixed amount ct  of shares bought/sold by each chartist) and 

since fundamentalists see no price deviation to react to, the price remains at its fundamental value. 

This kind of equilibrium corresponds to the no-trade outcomes of the current market paradigm 

theories. In equilibria of type (b) and (c) the market is dominated by one type of traders (chartists in 

(b), fundamentalists in (c)). These cases are absorbing states of the system, i.e. once one trader type 

starts to dominate, without the addition of borderline conditions (Lux, Marchesi(1999,2000)), future 

absolute dominance of this trader type is inevitable. 

Analysis of the conditions under which the (a) type equilibrium remains stable leads to the 

following conclusions. If the values of parameters 321 ,, ααα  reach a critical value, the equilibrium is 

unstable and the system ends up in one of the absorbing states. If the values of these parameters are 

below their critical value, the final equilibrium of the model depends on the share of chartists. When 

their share reaches a critical value, fundamentalists are unable to keep the system balanced and thus 

the system reaches an absorbing state again.  

An important feature of this model is its ability to generate price deviations whose statistical 

properties are close to those seen in real world (under parameter settings which make price evolve 

around its fundamental value). These properties will be in detail described in the following section, 

hence we restrict ourselves to mentioning that the generated price series exhibit fat tails of returns 

whose distribution is moreover well fitted by a power-law, coupled with bursts of volatility in returns 



followed by periods of tranquility. The interested reader is referenced to the original paper for 

detailed properties of obtained price series.  

 

2.2.3 | Santa Fe Institute Artificial Stock Market 
 

The unresolved puzzle of whether or not would adaptive agents in an artificial stock market 

soon discover the rational expectations equilibrium led to the development of the SFI-ASM model at 

the beginning of 1990´s. The model’s aim was to create a simplified reality that would, to the most 

possible extent, copy mechanisms present in the real world. As a result, compared to the previously 

mentioned models, SFI-ASM differs in many aspects. First of all, the Santa Fe model is actually 

inhabited by separate agents who trade based on their own prediction rules, which evolve differently 

for all traders. Unlike in previous models where traders are divided into only few groups with 

different beliefs (technicians, fundamentalists) regarding future price, in the Santa Fe model all 

agents are different when it comes to their predictions.  

The basic structure of the model is the following: a fixed number of agents, sharing identical 

constant absolute risk aversion (CARA) utility function decide in each period whether to hold a risk-

free asset (cash) generating a return of fr  or whether to invest into a risk-bearing instrument which 

pays a stochastic dividend 1+td  given by a mean-reverting autoregressive process  

( ) 11 ++ +−+= ttt dddd ερ , (20) 

where d denotes the dividend mean, ρ  the speed of mean reversion and tε  refers to a stochastic 

external shock to the dividend satisfying ( )εσε ,0Nt ≈ . The aforementioned traders’ utility function 

takes the form of  

( ) 1,
1,

+−
+ −= tWi

ti eWU λ , (21) 

where 1, +tiW  is the level of wealth expected by the agent for period 1+t  and λ  a term representing 

the agent’s risk aversion (the same for all agents). At the beginning of each simulation, each agent is 

given initial capital of 20,000 units of cash and during the whole simulation each agent operates 

facing a budget constraint in the form of  

( ) ( )( )tittiftttiti xpWrdpxW ,,,1, 1 −+++=+ , (22) 

where ttti dpx ,,,  are the number of stock held by agent i  at period t , stock price in period t  and 

dividend paid in period t , respectively. Under the assumption of normally distributed returns, the 

amount of the risk-bearing instrument that agent i wants to hold in period t  is given by  



[ ] ( )
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11,
,

1
ˆ

t

tttti
ti

rpdpE
x

λσ
+−+

= ++ , (23) 

where [ ]11, ++ + ttti dpE  is i ‘s expected price and dividend for period 1+t  and 2σ  is an empirically 

observed variance of the price and dividend process.  

 The most innovative part of the Santa Fe Institute model was expectations creation. Each 

agent is endowed with a set of forecasting rules from which to choose in every period. Each of these 

rules consists of three parts:  

• The condition part which describes whether an expectation formula (trading strategy) can be 

used at a particular period. Market conditions, that have to be met take the form of technical 

conditions (e.g. the market price is above the 100 period MA) or fundamental conditions (e.g. 

the actual stock price is n-times higher than its fundamental value). Market descriptors, as 

well as condition parts of trading strategies, are expressed as strings in the {0,1,#} alphabet, 

where a value of 1 means “Condition fulfilled”, value “0” means “Condition not fulfilled” 

and “#” represents “Doesn’t matter”. The condition part of a trading strategy matches the 

state of market, if the strategy’s condition descriptor and the market descriptor match in all 

non-# cells. This means that in a period where the market condition is represented by a  

“0110” descriptor a strategy whose condition descriptor is “00#0” cannot be used, while 

strategies with descriptors both “0#10” and “01#0” can be used. In each of the periods, only 

those strategies whose descriptors match the market descriptor are available for use. The 

strategy that is chosen by the agent from the set of available strategies is the one with the 

highest past predictive accuracy. 

• The action part is in actuality a forecasting rule of the form  

[ ] ( ) jitttjitttit bdpadpE ,,,,11, ++=+ ++ , (24) 

where jitjit ba ,,,, ,  are real-valued parameters different both across strategies as well as across 

agents.  

• The accuracy measure, which describes past predictive accuracy of the given strategy.   

 

In order to imitate learning, i.e. forgetting poorly performing strategies and deriving new ones 

instead (which is a feature not present in the aforementioned models) authors used the concept of 



genetic algorithms8, where each agent creates new strategies for the worst 20 ones once in every K 

periods.  

 According to LeBaron et al. (1999), simulation outcomes of the discussed model are 

generally of two types, depending on parameter settings. One of the outcomes shows a tranquil stock 

market with a low number of agents trading at a given moment. Price fluctuations are mild and the 

equilibrium price attained by the market is not far from the asset’s fundamental price. Under these 

settings the model behaves in a fashion we would expect from a market under the validity of the 

rational expectations theorem. In the other kind of outcomes, price fluctuates heavily and does not 

settle near any equilibrium level. Moreover, the observed price time series exhibit features seen in 

real world. Bubbles and crashes in price are accompanied by trading volume outbreaks and overall 

the traded volume is much higher than in the rational expectations case.  

 

2.3 | Stylized facts of financial time series 
  
 The statistical properties of financial time series have been thoroughly analyzed ever since 

the beginning of the efficient market hypothesis era with the aim to prove or falsify its validity. 

However, already Mandelbrot(1963) pointed out that returns on cotton are, contrary to expectations, 

not distributed normally. Furthermore, following research revealed several anomalies in asset returns 

behavior that share the same qualitative properties across instruments and persist across various time 

horizons9. The expression “stylized facts” of financial time series has been adopted for these 

anomaly characteristics. In this section, we provide a description of the minimum set of facts that are 

widely acknowledged, at least for the prices of equities, together with statistical methods that we will 

employ when testing for these facts.  

 
 
 
 
 
 
 
 

                                                 

8 Condition parts are recombined using crossover and mutation operators, while new values of parameters 
jitjit ba ,,,, ,  are 

calculated in three different ways. We refer the interested reader to Ehrentreich(2008) for a detailed description of 
technicalities  
9 Meaning, e.g. that even though kurtosis of returns might be different for different markets, instruments or time horizons,  
the finding of leptokurtosis is more or less invariant, etc. 



2.3.1 | Fat tails of the empirical distribution of returns 
 
 Let tp  be the price of a financial asset at time t . Then we define its return over a period of 

time τ  as 

( ) ( ) ( )
( ) ( )( ) ( )( )tptp
tp

tptp
tr lnln, −+≈−+= τττ . (25) 

It has been largely observed that the distributions of returns are heavy-tailed, i.e. leptokurtic. The 

extent of kurtosis for separate instruments depends on period τ 10 - e.g. Gopikrishnan et al.(1999) 

show, that for periods 4<τ  days, excess kurtosis is significant and behavior of returns distribution 

can be asymptotically characterized by a power-law11 distribution with 3≈α  while returns for 

longer periods approach normal distribution. However, other authors fitted the returns with other 

types of distributions such as normal inverse Gaussian, exponentially truncated stance and others. 

Therefore, no general consensus exists on the nature of returns which is the reason why most 

practical economic modeling expects returns to be distributed normally. Unfortunately, this 

assumption underestimates the probability of sudden booms and crashes, which negatively influences 

e.g. risk assessment or portfolio management performance. 

 In our analysis, we will use the following estimate of excess kurtosis  
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coupled with Jarque-Bera test for normality testing. For a skewness estimate  
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the Jarque-Bera test statistic is defined as  

2
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 += x
xx

n
JB , (28) 

with the null hypothesis of normally distributed variable tx . 

                                                 

10 Across instruments, however, kurtosis may be different. For example, kurtosis values calculated in Cont(2001) range 
from 15.95 for S&P futures to 75 for USD/DEM futures, min5=τ  
11 The probability density function of a power-law distribution has the form of 1;)( >= − ααCxxp and C  normalized so 

as to satisfy ∫
∞

∞−

= 1)( dxxp  



2.3.2 | Absence of auto-correlations of returns 
  
 Another well-known stylized fact is that price movements in liquid markets do not exhibit 

any significant autocorrelations, where the autocorrelation function sρ  with lag s  of price changes 

is defined as 

( ) ( )[ ]
0

,,,
γ
γττρ s

s strtrcorr =−= ; 

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]∑
∞

=

−−−−−=−=
0

,, ,,,,,cov
i

trtrs istritrstrtr ττ µτµτττγ  ; 0≥s . 
(29) 

In samples of finite size, correlation is measured by  
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1
,, ,,ˆ ττ µτµτγ  ; 0≥s , (30) 

with T being the length of time series at hand. The autocorrelation function rapidly decays to zero, 

depending on τ  and s . In the short-term, autocorrelation is insignificant after only few lags of  

min1=τ  and for min15≥τ it is insignificant for any lag s , while weekly or monthly returns do 

show significant autocorrelations, as mentioned in Cont(2001)12. The absence of linear relationship 

between past and current returns had been cited as a support for the efficient market hypothesis, 

since it indicates that no abnormal profits can be made by looking at past prices. However, non-linear 

relationships in returns were later found which we describe in 2.3.3.  

 In order to assess the presence of autocorrelations in generated data, the Ljung Box Q test is 

usually employed, proposed in Ljung and Box(1978). The Ljung-Box test statistic is equal to  

( ) ( ) 2
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  (31) 

with the null hypothesis of all autocorrelations of lags lower or equal to p  being zero and the 

alternative hypothesis of at least one significant autocorrelation coefficient.  

 

 

 

 

 

 

                                                 

12 Cont also warns that for such long-period returns the amount of observations is largely limited which leads to varying 
results across samples. 



2.3.3 | Clustering of volatility  
 
 At first, the absence of autocorrelations indicated that return of financial assets might follow a 

random walk which requires independence of returns. In order for the returns to be independent, 

however, any non-linear transformation of returns should not exhibit autocorrelation which does not 

hold. Namely, absolute returns’ and squared returns’ autocorrelation function decays only slowly, 

and thus, as Mandelbrot(1963) puts it, “large price changes tend to be followed by large changes – of 

either sign - and small changes tend to be followed by small changes.” Therefore, volatility can be 

predicted with some success, while the sign of the next return is unpredictable.  

 Chakraborti et al. (2009) investigate the nature of volatility clustering for the Paris Stock 

Bourse. For absolute returns, they find a significant dependence of autocorrelation on lag and time 

period. They report maximum autocorrelation of 70% on first lag for min5≥τ and further comment 

that even after hours of trading, the autocorrelation is above 10% regardless of τ . Moreover, they fit 

the autocorrelation function with power-law decay having 4.0≈α . 

 Ding, Granger and Engle (1983) investigate the autocorrelation of power transformations of 

returns, i.e. ( ) ( )( )dd
strtr ττ ,,,cov − , 0>d , 1=τ  day on the S&P 500 instrument. The highest 

autocorrelation is obtained for 1=d 13 and for d  getting further from this value, the autocorrelation 

drops monotonically. Moreover, regardless of values of d  the autocorrelation remains statistically 

positive at least until the 100th lag. This indicates that returns are driven by a long-memory process14.  

 In our experiments, testing for volatility clustering will be carried out using the 
aforementioned Ljung Box Q test applied on absolute and squared returns with the rejection of null 
hypothesis confirming the presence of clustering.  
 

2.3.4 | Other stylized facts of financial markets 

 
 The aforementioned list of stylized facts is by no means complete. More facts emerge when 

we investigate the statistical properties of bid/ask orders arrivals, when we use a measure of time 

different from calendar time (e.g. when a unit of time passes with the arrival of each new order, with 

each new trade or with each movement of price, as summarized in Chakraborti et al.(2009)). These 

facts, however, cannot be tested with the outputs of the model discussed herein, therefore we refer 

                                                 

13 However, when performing the same analysis on foreign exchange markets, Ding and Granger(1996) find the highest 
autocorrelation for 25.0=d , therefore this kind of behavior is instrument-dependent. 
14 Actually, for most values of d , autocorrelation is found to be positive even for the 2500th lag, which implies positive 

autocorrelation for over 10 years. 



the interested reader to the mentioned excellent review Chakraborti et al. (2009), where authors also 

give examples of agent based models from the field of econophysics. 

 

2.3.5 | The Hurst exponent 
 
 One of the alternative financial market theories which lost to the efficient markets hypothesis 

was the theory of Benoît Mandelbrot from 1960´s which was further refined and summarized by 

Edgar Peters in e.g. Peters (1994) as the fractal market hypothesis. Despite fractal market hypothesis 

never became a financial market paradigm, the Hurst exponent which is a measurement of fractality 

of a time series is a widely recognized characteristics for the description of real-market returns.  

 The Hurst exponent can distinguish whether or not does a certain time series follow a random 

walk. The interval of possible values ( ) [ ]1,0, ∈τtrH  is divided into three separate regions 

• ( ) 5,0, <τtrH  indicates an anti-persistent or mean-reverting time series in which 

positive returns are more likely to be followed by negative ones and vice versa. The 

degree of mean reversion grows with ( )τ,trH  approaching zero.  

• ( ) 5,0, =τtrH  indicates a random-walk time series 

• ( ) 5,0, >τtrH  indicates a persistent series in which positive returns are more likely to 

be followed by positive ones and vice versa. Again, the degree of persistence grows as 

( )τ,trH  approaches one. Most economic time series are persistent15.  

From the vast array of method for computing the Hurst exponent, authors of the original 

paper Barunik, Vacha, Vosvrda (2009) chose the rescaled range method (R/S). However, current 

research presented in Barunik and Kristoufek (2010) indicates that even though the R/S method is 

well suitable for non-normally distributed data, the efficiency of this method of estimation is inferior 

to the efficiency of other techniques. Authors find that the most efficient estimation method is the 

General Hurst Exponent (GHE) technique, which will be described in the next paragraph. Readers 

interested in details the of R/S estimation, as well as other techniques, are referred to Barunik and 

Kristoufek (2010). 

The GHE method is based on the scaling of q-th moment of the increments of the investigated 

process tx . Formally, the computation relies on a statistic of the following form 

                                                 

15 Interested readers are referred to Barunik, Kristoufek (2010) for information on values of the Hurst exponent observed 
in real markets together with their development and the methodology of their assessment. 



( )
[ ]

1
, 0

−−

−
=
∑

−

=
+

τ
κ

τ

τ

τ T

xx
qx

T

t

q

tt

,   
(32) 

where T denotes the length of time series tx  at hand. The statistics then scales according to  

( ) ( )qqHcq τκτ ≈ .  (33) 

In order to obtain results comparable to the results of other methods 2=q has to be taken. A step-by-
step description of the algorithm for obtaining the GHE is the following: 

• Calculate the series of cumulative sums, i.e. create tX  

∑
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0

, Tt ,..,2,1=  (34) 

• Calculate the logarithm of the aforementioned statistics, i.e. ( )( )qX ,log τκ , 20..2=τ  

• Using the OLS method, regress the equation  
( )( ) ( )τβακτ log,log +=qX , 20..2=τ ,  (35) 

 where q
β  is the desired Hurst exponent.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



3| The Model 
 
 In this section, we provide a detailed overview of the model first published in Brock and 

Hommes(1998). We show the basic properties as well as conclusions drawn from the first version of 

the model. Next, we introduce the modification published in Barunik, Vacha, Vosvrda (2009), which 

significantly alters the model’s behavior and whose analysis is the main topic of this thesis.  

 

3.1 | Derivation of the original model 
 
 The original model is in actuality a simple present discounted value asset pricing model 

enriched by evolutionary dynamics. The model is inhabited by a specified number of agents who 

choose from a finite set of publicly known prediction rules in order to estimate the future price of a 

risky asset while the future price of a risk-free asset is always known. Let us start the derivation by 

denoting tp  the ex dividend price of a risky asset per share at time t  and { }ty~ 16 the stochastic 

dividend of the same asset per share. If we further denote the return of the risk-free asset as 1>R , 

we obtain the following equation for wealth (cash) dynamics of each agent 

tttttt zRpypRWW )~~(
~

111 −++= +++ , (36) 

where tz  denotes the number of shares of risky asset purchased (held) at period t .  

Let htht VE ,  denote the ‘belief’ of type h  agent concerning conditional expectation tE  and 

conditional variance tV  operators of the investigated price series based on past realizations, i.e. on 

the set { },...,,...;, 11 −−= ttttt yyppF .  By assuming agents to be myopic mean-variance maximizers, 

the number of shareshtz  demanded by an agent of type h in time t  maximizes 

( ) ( )11

~
2

~
++ − thttht WV

a
WE , (37) 

where 0>a is a real-valued parameter representing the agent’s risk aversion17. From (36) we get  

( ) ( )ttthtttht RpypVzWV −+= +++ 11
2

1
~~~

, (38) 

where ( )tttht RpypV −+ ++ 11
~~  is the conditional variance of excess returns. By further assuming this 

conditional variance to be constant in time and across all agents, the solution *htz  maximizing (37) 

has the form of  
                                                 

16 In the following text, we will stick to authors’ labeling of random variables by a ripple 
17 In the original model, the value of this parameter is constant for all agents 
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where 2σ is the aforementioned conditional variance. Denoting htn  the share of agents of type h at 

time t  and stz  the external supply of shares per investor, we can write the market equilibrium 

condition, where supply matches demand,  
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 Considering a special case of (40) with zero external supply of risky shares, we obtain  

( )∑ ++ +=
h

tththtt ypEnRp 11
~~ . (41) 

If all the market participants had rational expectations the risky asset’s price would be 

determined solely by fundamentals. In such a situation, the price is given as a sum of discounted 

future dividends 
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 If we assume that process { }ty~  is an independent and identically distributed process, the 

fundamental price is given by  
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 Bearing in mind the last assumption, all traders can derive the fundamental price. For 

convenience purposes, we shall now decompose price tp  into fundamental price *
tp  and a deviation 

from it  

*
ttt ppx −= . (44) 

 At this point, let us propose that for each agent, their belief takes the following form 

( ) ( ) ( )Ltthtttht xxfpEpE −−++ += ,...,~~
1

*
11 , (45) 

where ( )Ltth xxf −− ,...,1  is some deterministic function giving trader h  a prediction of the next 

deviation from the fundamental price. With the help of (45) we can rewrite equation (41) into a form 

using solely deviations tx  

( )∑ −−=
h

Ltththtt xxfnRx ,...,1 , (46) 



Lastly, a randomly generated noise term [ ]05.0,05.0−≈ Utε  is added to the newly formed 

price in every iteration. This term is intended to replicate imperfect information acquisition by 

traders or imperfect evaluation of acquired information.  

 Having defined the price formation process, we need to describe the evolutionary mechanics. 

At the beginning of each period, before new price deviation tx  is observed, agents choose their 

strategy for the next period based on a fitness measure reflecting past performance of the given 

strategy. At this point, we meet bounded rationality again, since past performance of a strategy 

implies in no way its future predictive accuracy. In Brock and Hommes (1998), authors consider 

defining strategy fitness as a weighted average of past realized excess profits, given by the following 

formula  

( ) thtttth zRpyp ,1, +−+=π , (47) 

1,,, −+= ththth UU ηπ , (48) 

where th,π is the excess profit realized in period t  after the new price has been observed, thU ,   is the 

fitness measure of strategy h  at time t  before the new price has been observed and parameter η  

dictates the speed at which past profits are forgotten (in order to preserve analytical tractability, η  

has to be zero). Having computed a fitness for each strategy, its share htn  valid for period t is given 

by multinomial logit probabilities of discrete choice 

( )
t

th
ht Z

U
n 1,exp −=

β
, (49) 

( )∑ −=
h

tht UZ 1,exp β , (50) 

where β  is the “intensity of choice” parameter, which measures the speed at which agents replace 

their strategies. This parameter has the most radical impact on the model’s outcome. For high values, 

agents increasingly use the strategy with highest fitness. For values approaching zero, strategies are 

chosen by groups of agents of even size. Therefore, we can take this parameter as a proxy for agent 

rationality, where rationality increases with growing β . 

 Trading strategies assumed by Brock and Hommes (1998) have the form of  

hththt bxgfx +== −1,ˆ . (51) 

Different combinations of the trend and bias parameters hg , hb  produce behavior similar to those in 

previous models. A strategy with 0>hg  can be called an optimistic technical strategy, or a trend 



chasing strategy, a strategy having 0<hg  represents a pessimistic chartist or a so called contrarian. 

In the special case of 0=hg  we talk about a trader who has an upward ( 0>hb ) or downward 

( 0<hb ) bias in their belief and expects the price to rise (fall) under any circumstances. Finally, 

fundamentalists who assume that price will not move from its fundamental value are defined by 

0== hh bg .  

 In this original model, the authors theoretically consider another trader type – the (absolutely) 

rational type of agent who can predict the next period’s deviation perfectly, i.e. their predictor takes 

the form of  

ttRt xfx == ,ˆ . (52) 

Brock and Hommes (1997b) point out that as long as the aforementioned rational prediction can be 

acquired costlessly and the fitness measure (48) has infinite memory ( 1=η ), the efficient market 

hypothesis holds in the model and in an infinite horizon { } 0→tx . Under such conditions, all agents 

except for rational ones are gradually driven out of the market. The aim of numerical simulations in 

Brock and Hommes (1998) is to examine the assumptions upon the relaxation of which even 

boundedly rational agents are capable of surviving in the market and/or under which conditions can 

the EMH equilibrium still occur. In order to preserve analytical tractability, all simulations are 

carried out with a small number of agents (four at maximum) and the fitness measure has zero 

memory ( 0=η ). In spite of an exhaustive analysis of bifurcations and equilibria stability conditions 

provided by authors for a number of different combinations of agent types and their numbers, no 

general conclusion is achieved.  

 The aim of simulational approach used in this thesis, in Barunik, Vacha, Vosvrda (2009) and 

others is to make the models more realistic (by increasing the number of driving variables, number of 

agents, etc.) or to equip the model with some kind of a complex behavior. The price to be paid is 

losing analytical tractability. However, the model’s behavior can be well studied even under such 

conditions by means of Monte Carlo simulations so as to achieve robust results regarding values the 

describing model’s behavior (e.g. the mean values of the tx  process, etc.). Eventually, from a large 

enough number of simulations we can even estimate the distribution functions of these describing 

values.  

 

 

 

 



3.2 | Modified model – Barunik, Vacha, Vosvrda (2009) 
  

In their version of the model, Barunik, Vacha and Vosvrda (2009) extend the model by 

introducing the concept of smart agents. While original agents’ strategies do not evolve over time, 

smart agents respond to changes in observed price series. They believe that price deviations follow 

an AR(1) process and thus, in each period, smart traders evaluate the trend parameter hg  from the 

information set of past price deviations using a maximum-likelihood estimator. Therefore, the model 

is populated by two types of agents: smart traders and normal traders whose predictions have the 

form of (51) with parameters stochastically generated at the beginning of each simulation. Moreover, 

Worst-Out Algorithm is used, which periodically replaces a percentage of normal strategies with 

lowest performance by stochastically generated new ones. Both of these modifications are intended 

to significantly improve the model by bringing it closer to reality.  

Furthermore, the strategy fitness function (48) has been changed by authors to a moving 

average of past realized profits of the given strategy. Denoting hm  the length of moving average 

filter, which is also randomly distributed across agents, fitness of strategy h  in time t  is defined as 
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As compared to the initial model without smart traders, authors show that the introduction of 

smart traders significantly alters the model’s behavior. The introduction of a non-trivial share of 

smart traders changes the price series distribution from platykurtic to leptokurtic. Kruskall-Wallis 

test is used to investigate the differences in median, skewness and kurtosis and the null hypothesis of 

equality of these values is rejected for series generated by models with different shares of smart 

traders. The authors show that as the share of smart traders increases, the price deviation series 

distribution changes from bimodal to unimodal and moreover, an increase in the Hurst exponent 

occurs. Therefore, the introduction and the varying share of smart traders alters the model’s outcome 

dramatically.  

 

 

 

 

 



4 | Simulations 
 
 The objectives of our simulations were to study the impact of changing several driving 

parameters of the smart-traders augmented model on its outcome. Furthermore, since the original 

paper of Barunik, Vacha, Vosvrda (2009)  examines just some specific combinations of normal and 

smart traders, we intended to extend their model and analyze the model behavior with the count of 

smart traders changing continuously up to the point of complete smart traders´ dominance.  

For this purpose, the model originally developed in Wolfram Mathematica was ported to 

C/C++ and has subsequently undergone thorough optimization in order to provide peak performance. 

 In our simulations, we carried out several experiments with different versions of the model as 

well as different setups regarding model parameters. The next section contains exact descriptions of 

these different models and their respective setups. Subsequently, we provide a description of 

acquired results together with their interpretation.  

 

4.1 |  Simulation settings 
 
 In order to obtain valid, robust results without devoting unnecessary computational capacity, 

optimal values for several general parameters (number of iterations, number of simulations) had to 

be found. For example, a low number of iterations (cycles of determining new price deviation) 

decreases time consumed by a simulation but can lead to improper results, since the model need not 

have yet reached a relatively stable state. In order to find optimal values of such parameters, we 

designed specific experiments.  

 The model’s outcomes were quantified via the four centered moments of the deviation 

process tx  and via the statistics mentioned in Section 2.3. For determining the number of iterations, 

that would ensure correct testing statistics and at the same time would not consume unnecessary 

time, we plotted the values of four mentioned statistics against the number of iterations, for which a 

given model was run – we used the model from Barunik, Vacha and Vosvrda (2009). From the 

results18 it was apparent that after approximately 3 500 iterations all statistics stabilize and there is no 

need to simulate further.  

 Quantifying the impact of parameter change on the model’s outcome under the condition of 

random initialization of the model (e.g. trend parameters of normal strategies, see Section 4.2) leaves 

us with no other choice than performing Monte Carlo simulations. In this methodology, the 

                                                 

18 For brevity reasons, the results of these simulations are not included in this thesis.  



experiment at hand is repeated several times under different random number generator (RNG) 

settings (different so called ‘seeds’) and the results (e.g. mean values of tx , etc.) acquired from 

individual simulations represent samples taken from the true distribution of these statistics. The 

impact of a parameter change on the model’s outcome is then assessed by investigating its impact on 

the expected values or medians of these distributions.  

Finding a proper value for the number of different RNG settings under which the model is run 

(i.e. the number of draws from the distribution of a test statistics) is crucial. In order to investigate 

the impact of increasing this number (from hereon denoted run count) on the sample quantiles of test 

statistics, we investigated the impact of increasing the share of smart traders on GHE for five 

different run counts19. Figures A.a to A.e in Appendix A summarize the results. It is obvious that 

with increasing run count the acquired 2.5%, 50% and 97.5% quantile lines become smoother. We 

are especially interested in the 50% quantile. While for run count = 40 and run count = 100, even 

settings with different but close numbers of smart traders show markedly differing Hurst Exponents, 

the true image given by figure A.e) demonstrates that the Hurst exponent hardly changes before the 

number of smart traders reaches 3020.  

 From these results, we concluded that performing 1000 simulations for each setting should be 

fairly enough, since the marginal accuracy of additional runs is obviously decreasing and the results 

of 1000 runs give a clear idea of what is happening in the model. Moreover, recalling the results in 

Barunik, Vacha, Vosvrda (2009), we suspect that running each model 40x is not enough and that this 

low number of runs can partially be responsible for acquired differences across models with different 

numbers of smart traders21. Note however, that direct comparisons between the Fig A.a) and Fig. 2 in 

[4] cannot be made since Hurst exponent estimation techniques used differ. 

 

 

 

 

 

 

                                                 

19 The exact settings of the model used in this experiment will be given in Section 4.2.2, β=500 
20 Regrettably, running 100 000 runs is very time-costly. Data generation for Figure A.e) with only 41different model 
setups took 6 hours on an eight core CPU of the latest generation.  
21 See Section 4.2.1 for more information regarding experiments with the original model from [4]. 



4.2 | Simulation setups 
 
 In our simulations, we used two distinct versions of the model: 

a. The original model used in Barunik, Vacha and Vosvrda (2009) 

b. A new model augmented by randomly assigned lengths hk  of smart traders´ 

information sets together with different distributions for randomly chosen parameters 

of the model (normal traders’ trend parameters, etc.) 

In the next subsections, both of these models will be described in greater detail together with 

their outcomes. 

 

4.2.1 | The original model with smart traders  
 

Simulations carried out using this model were to serve as a follow-up to the original paper 

introducing smart traders. Hence, we adopted the same design, both regarding the numbers and 

information sets of smart traders as well as the distributions of randomly chosen parameters of the 

model. For brevity reasons, the interested reader is referred to Barunik, Vacha and Vosvrda (2009).  

Here, we limit ourselves to mentioning the parts of the setup that differed in our experiments: 

• In each simulation, the first three hundred price deviations were drawn from 

( )25.0,0Nxt ≈ , 300..1=t . Iteration count for each simulation was set to 3600=N  in 

order to provide a little factor of safety (see Section 4.1), test statistics were therefore 

calculated from the last 3300 iterations of each simulation. 

• Each of the setups was run separately for [ ]449..0∈β  and for each β  one thousand 

simulations were performed. Different runs for the same parameter settings were 

distinguished by a different random number generator seed. In case the simulated price 

deviation series started to diverge22, the simulation was restarted with an increased RNG 

seed until 1000 non-divergent series were collected.  

• Even tough the prediction function of smart traders has the form of bxgx tht += −1ˆ , the 

trend parameter is obtained by regressing a model with intercept, i.e. cxgx ihi += −1  for 

                                                 

22 Such behavior can arise, if e.g. a pure trend chasing strategy acquires a dominant share among all strategies for several 
iterations, and therefore has major impact on the price deviation. Further iterations only strengthen this domination and 
price deviation divergence is in some cases inevitable. Specifically, if the deviation time series reached out of the 

[ ]12,12−  band, it was considered divergent. 



all i  within the respective information set. The bias parameter b  is generated for smart 

traders exactly as for normal traders23 as a normally distributed random variable. 

• The Worst-Out Algorithm was enabled in one set of simulations and disabled in another 

one. With WOA active, 4 worst-performing normal strategies were replaced by randomly 

generated ones once in every 40 iterations. 

 

The detailed results of these simulations can be found in Appendices B1 to B4. In Appendix 

B1 (WOA=off) and B2 (WOA=on), we provide the development of all measured test statistics with 

changing β  for the setup with 10 smart traders. Results for other shares of smart traders are not 

listed, since the results look nearly identically for all shares investigated in Barunik, Vacha and 

Vosvrda (2009)24. We illustrate this lack of difference by comparing the development of [ ]txVar  in 

models with different shares of smart traders in Appendix B3 (WOA=off) and Appendix B4 

(WOA=on). 

This finding is in sharp contrast to the conclusion of the original paper, where strong 

differences in model behavior are found for different setups. Since both models are exactly the same, 

the only explanation that comes to mind is the low number of runs realized in the original paper that 

led to improper data obtained. For making conclusions regarding the model, it is therefore sufficient 

to analyze the outcome of just one share of smart traders. 

 In the model with WOA inactive, the development of LjungBox statistics provide results 

resembling reality. Recalling the critical value ( ) 41.312005.0 ==αχ , roughly for values 50>β  we 

observe the rejection of the null hypothesis of no autocorrelations in tx  and 2
tx .  Surprisingly, with 

growing β , the share of cases where significant autocorrelations are found in tx  rises (growing 

2.5% and 50% quantile line), which is counter-intuitive. If taking β  as a proxy for trader rationality, 

this model implies that growing rationality brings the stock market to a state where prices are 

increasingly predictable by means of extrapolating previous price changes.  

Focusing on [ ]txE , we see that in the average case (50% quantile line) prices evolve steadily 

around the fundamental price. The indispensable variance of [ ]txE   indicates that there are numerous 

settings, under which the prices either consistently increase or decrease, which is in sharp contrast to 

any EHM-like theory. The development of [ ]txVar  indicates a growing impact of traders´ rationality 

                                                 

23 This trait was already present in the original model. However, it was not explicitly mentioned.  
24 Readers interested in the results for all of the setups are directed to the included CD. High similarity of results for all 
investigated smart setups was achieved regardless of WOA setting. 



on the volatility of prices. This finding is intuitive – with high β , more agents tend to give priority 

to better-off strategies and the consensus of more traders regarding future price becomes a self-

fulfilling prophecy, thanksgiving to the price generation mechanism (54). The intuitive zero-value of 

the third centered moment in the average case is no surprise. However, the asymmetry of this 

moment (i.e. relative positions of the 2.5% and 97.5% quantile line respectively) is an unexpected 

result and so is the development of excess kurtosis. Firstly, in the average case, excess kurtosis is 

only slightly different from zero. For 80<β  the distribution of tx  is platykurtic, slightly leptokurtic 

behavior is achieved only for higherβ . Low absolute values of kurtosis in these cases, coupled with 

a rather constant development of the 50% quantile line as well as a decline in the 97.5% line are 

counter-intuitive. Just as in the case of [ ]txVar , higher trader rationality and consensus over the next 

period’s price should lead to higher excess kurtosis due to a stronger tendency to over/undershoot the 

fundamental price.  

 The development of JarqueBera statistics implies a rejection of the normality of deviations 

under most values of β . High scale of the figure makes it impossible to see, thus we mention here 

that the lowest value of the 50% quantile is 119.58 and only in a tenth of all cases does the 2.5% 

reach below the critical value ( ) 991.5205.0 ==αχ .  

Finally, Hurst exponent in the average case is statistically higher than 0.525 which supports 

the non-normality of generated price deviations. Values seen in real-world are attained only for very 

small values of β , on the other hand for larger values the Hurst exponent declines or remains rather 

constant, which goes against our assumptions. Larger β  implies a larger share of agents pursuing 

any dominant strategy at a given moment which makes it easier for the strategy to move the market. 

Reinforced by a success in this iteration, the next iteration can be expected to bring about an even 

stronger pressure for a price increase (in case of a positive strategy). Thus for growing β , stronger 

persistence of price-deviations should be observed and our results indicate the presence of other 

effects. 

Turning to the model with WOA active, our findings are the same as for the previous model. 

While the values of test statistics are higher, the general pattern is very similar. The marked increase 

of LjungBox[xt] quantiles with growing β  is a puzzling result, possibly indicating increasing 

cyclicity of generated price series as β  grows (see Brock, Hommes (1998), Fig. 11a, b).  

                                                 

25 From Barunik and Kristroufek (2010), the confidence interval for GHE method applied on times series with 2048 
observations and Hurst exponent 0.5 is [0.4459,0.5377]. Thus any series with GHE lying outside of this interval is 
significantly anti/persistent. 



Focusing on [ ]txE , while the average case remains the same as in the previous model, 

[ ][ ]txEVar  reaches significantly lower values and is growing with increasing β . We hypothesize 

that the first difference might be explained by stronger competition among strategies. For example, 

in case of a dominance of trend-chasing strategies obviously contrarian strategies will be replaced. 

Since new strategies are generated from distributions with zero mean, their fitness will be on average 

higher than the fitness of replaced strategies, therefore the influence of the previously dominant 

group of strategies in the price formation process will be weakened and the next price deviation will 

step closer to zero. With higher β , dominant strategies are chosen by more traders and thus price 

deviates further from the fundamental price. Even though newly generated strategies disturb this 

dominance, from growing [ ][ ]txEVar  we judge that higher β  lead to a quicker renovation of the 

previous dominance, otherwise [ ][ ]txEVar  would be constant just as in the model without WOA. 

These results show that WOA serves as a balancing factor that temporarily destroys the dominance 

of well-off strategies and thus makes the prices grow/fall slower. Analyzing the development of 

[ ]txVar  confirms this explanation. The second centered moment is much lower than in the previous 

model, since WOA does not allow dominant strategies to push prices too high/low. The positive 

slope of all quantile lines demonstrates quicker dominance-gaining with higherβ , however generally 

even for large values of the rationality parameter, volatility remains low. While the behavior of 

skewness remained without much change as opposed to the model without WOA, excess kurtosis 

attains significantly positive values for 100>β  in the average case and with growing β , even the 

2.5% quantile line reaches above 0. However, note the gradual decline in all three quantile lines.  

Jarque-Bera statistics again shows a dominance of setups which generate non-normally 

distributed data. In comparison to the previous model, the 2.5% quantile line is above the critical 

( )205.0=αχ  for all tested values of β  with a minimum value of 7.76. Obviously, this is caused by an 

increase in the third and fourth centered moments when WOA is active. 

The development of GHE in this model is very realistic, resembling some less mature market 

according to Barunik, Kristoufek (2010). Not only does the average case exhibit a value close to 3
2  

across all considered β , the lower quantile line moreover remains steadily above the considered 

[0.4459,0.5377] confidence interval. Generally speaking, the introduction of WOA induced a 

dramatic approximation of the model to reality in all inspected stylized facts. Since strategy 

replacement mechanism can intuitively be expected in reality, this suggests that the underlying 

model mechanics could well describe the working of real financial markets.  



4.2.2 | Modified model with an arbitrary share of smart traders 
 
 Another model under examination differed significantly from the one used in the previous 
section. The following changes were made: 

• Total number of agents is 40 with number of smart ranging from 0 to 40. 

• For each setting of [ ]1000,0∈β , we ran 1000 runs with the same divergence-

detection rules. 

• The trend parameter hg  of normal traders was drawn from ( )16.0,0N . 

• The bias parameter hb  of normal traders was drawn from ( )01.0,0N . 

• While the trend parameter in smart traders’ predictions was always acquired via 
regression, we implemented three different forms of acquiring the bias parameter26: 

o no bias – smart traders did not use a constant in their predictions, therefore the 

prediction for period t  was given by 1,ˆ −= ttht xgx   

o with bias – biases hb  used by smart traders were generated in the same manner 

as biases for normal traders, i.e. behavior identical with the model from 
Section 4.2.1.  

o with constant – in their predictions, smart traders used both the trend 
parameter and bias parameter obtained via regression of a number of last price 
deviations, i.e. the bias parameter changed with every iteration for each smart 
agent 

• The memory parameters hm  from (55) were drawn from ( )50,1U . 

• The lengths hk  of  smart traders’ information sets were drawn from ( )50,5U . 

 
 Experiments carried out using this model aimed at the evaluation of the influence of both β  

and the share of smart traders on the model. An increasing share of smart traders represents an 
increase in trader heterogeneity by adding more non-static elements to the market. We utilized three 
different methods of smart traders’ bias acquisition to further investigate the impact of heterogeneity 
of agents on the market, with heterogeneity growing from the first to the second model (randomly 
assigned as opposed to fixed biases) and from the second one to the third one (replacing time-
invariant biases with biases varying across smart traders and in time). We expected growing 
heterogeneity induced by bias acquisition models and by increasing shares of smart traders to 
complement and to have similar effects.  

For robustness, we needed to evaluate the role of tε  magnitude on the model’s outcome. 

Therefore, for each of the above mentioned settings of predictions used by smarts, we considered 

three cases of noise term distribution. Namely, this term was drawn from ( )02.0,02.0−≈ Utε , 

( )05.0,05.0−≈ Utε  and ( )10.0,10.0−≈ Utε  respectively.  

 

                                                 

26 Note, however, that in all three modifications, smart traders used a model with intercept for obtaining gh, just as in 
Section 4.2.1 



4.2.2.1 | The influence of noise on market behavior 
 

 When assessing the role of increasing variance of noise term tε , we examined the results of 

each model run under different noise settings. Herein, we present the results.  
 Some of the impacts of noisier information on the market are intuitive and occurred in all 
examined models with increasing noise variance. Namely these are decreasing autocorrelations of 

tx , tx  and 2
tx  due to the i.i.d character of the noise term, no visible impact on the dependency of 

[ ]txE  on the number of smarts and β  due to [ ] 0=tE ε .  Also, the Hurst exponent exhibited a 

decreasing tendency with growing noise, while the general evolution of GHE with β  and smart 

traders’ concentration were similar for all levels of noise. It follows that higher [ ]tVar ε  causes the 

resulting deviation series to behave more like white noise, hence decreases the Exponent. Lastly, 

with a few exceptions [ ]txVar  was growing with growing noise variance27. 

 Excess kurtosis, on the other hand, did not exhibit expected results28. In all models, changing 
noise variance induced a dramatic change in excess kurtosis. Calculating excess kurtosis for all noise 

terms29 and considering [ ] [ ] [ ]( )BKurtAKurtBAKurt +×=+ 25.0 , we observe that not only did 

excess kurtosis change despite very low levels of noise excess kurtosis, it also significantly 
decreased while the opposite should happen. From this, we conclude, that higher noise variance 
increases strategy equality in terms of fitness and thus does not allow any temporarily dominant 
strategy to drive the price too far. This conclusion holds in all investigated models, except for the 
limit case of near smart traders´ dominance in the model with randomly generated smart biases. 

 
4.2.2.2 | Comparing different models 

 
 Due to similarity of models across noises, in this section we examine the differences between 

individual models for ( )05.0,05.0−≈ Utε  only30. 

 All examined models exhibit significant differences, therefore observing similar patterns in 
all models supports their validity and generality. While exact values of certain statistics may differ 
significantly, it is the changing tendency in model behavior with changing parameters that remains 

untouched. The results concerning autocorrelations in tx  and 2
tx  show a general increase of 

autocorrelations with β  for any share of smart traders. Intuitively, with growing β  the dominance 

of a strategy with highest fitness is becoming prohibitive for other strategies to influence the price 
and the dominant strategy controls price development for a number of iterations, until it is replaced 
by another one. In all models, once the number of smart traders reaches above 35 a steep continuous 
growth of all tested LjungBox statistics occurs. Trend estimation technique used by smart traders is 
invariant in all models hence the explanation should be sought here. In setups with a large share of 
                                                 

27 In the model with randomly generated smart biases, the same growth of Var[xt] can be observed as in the other models, 
however the scale of images does not allow to see this. 
28 See Appendix B5 for illustrations. 
29 ( )[ ] 8102.302.0,02.0 −×=−UKurt , ( )[ ] 4102.002.0,02.0 −×=−UKurt , ( )[ ] 61025.105.0,05.0 −×=−UKurt  
30 See Appendices B6 (zero smart bias), B7 (random smart bias) and B8 (regression-acquired smart bias) for illustrations. 



normal traders, the distribution of trend parameters should be more or less symmetric. On the other 
hand, with a high fraction of smart traders, once e.g. a positive trend is established for a long enough 
period agents with longer information sets can end up with a zero or slightly positive trend estimate 
while smarts with short information set estimate a clear positive trend. Hence, a general consensus 
on price growth is established. With more smart traders in the model (up to the limit case of 40), the 
consensus in such a situation is stronger, hence we observe larger autocorrelations. Interesting is the 
fact, that such an increase in LjungBox statistics appears only after the share of smart traders reaches 
that high number.  
 The first centered moment exhibit the same behavior in all three models owing to 

[ ] 0, =thbE 31. Similarly, skewness shows no difference with regard to the model used.  

Contrariwise excess kurtosis shows completely different behavior in the latter model, 

exhibiting leptokurtic distribution of tx  for practically all setups, while in the model with no/OLS 

acquired bias, the statistic behaves identically and non-trivial share of the parameter space indicates 
non-realistic platykurtosis in both of these models. The same anomaly can be seen in Jarque-Bera 

development. However, in the whole parameter space, the normality of tx is strongly rejected.  

Variance of deviation process increases sharply for 500>β , but only for setups with few 

smart traders in all models. From a decline of [ ]txVar  with an increasing share of smart traders, we 

judge that the variance of trend parameter estimates [ ]thgVar ,ˆ  is lower that the variance of normal 

traders´ trend parameters. Additionally, in the model with randomly generated smart biases, we 
observe a sharp 1000-fold increase in variance in setups with 38-40 smart traders and 200>β . 

Considering that normal strategies we drawn ( )16.0,0Ngh ≈  with a  ]784.0,784.0[−   95% 

confidence interval followed by [ ] [ ]002.0,001.0−∈txE  in the average case under all settings, we see 

that in this model it was the randomly generated bias term ( )01.0,0Nbh ≈  with a 95% confidence 

interval of [ ]196.0,196.0−  that was the driving force in prediction determination. Further considering 

very high excess kurtosis in this region, it follows that high [ ]txVar  in this region is caused by 

prolonged periods of strategy dominance. 
Lastly, we investigate the behavior of GHE. Let us remind that in the model with zero smart 

biases, introducing more smart agents reduces heterogeneity, in the randomly generated smart bias 
model heterogeneity remains the same while in the last model, adding more smart agents translates 
into increased heterogeneity. Obviously, two factors are influencing the Hurst exponent: 
 

• Increasing the rationality of agents translates into a decline of the Hurst exponent with values 

statistically undistinguishable from 2
1  for extreme cases.  

• Increasing heterogeneity among agents increases the Hurst exponent significantly. This 
observation is remarkably obvious from the results of all models.  

 

                                                 

31 In the model with zero smart biases and the model with randomly generated smart biases, this is given implicitly. In the 
last model, without this condition the deviation series would diverge. 



Low Hurst exponents can be seen only in cases with sufficiently large β  and with a sufficient 

share of randomly distributed biases. This strong influence of random biases is not surprising, 
considering their dominant price-forming role mentioned above. Hence, in this area, the randomness 

and independence of hb  determines white-noise properties of tx . Decreasing Hurst exponent with 

growing β  in this region is in contrast with a rising LjungBox[x] statistics, possibly indicating long-

term properties of generates times series for which calculating LjungBox with the maximum lag of 
20 is not sufficient. Proper analysis of such long-term dependencies is not possible using the data at 
hand. On the other hand, in areas of extremely low or extremely high traders’ heterogeneity, the 
sensitivity of Hurst exponent to β  is negligible.  

 
4.2.2.3 | Analysis of bifurcation diagrams 
 
 For the possibility to further study the impact of β  as well as the impact of the growing share 

of smart traders, bifurcations diagrams were recorded during the first 10 runs of each experiment32. 
The development of selected examples with growing smart trader concentration is shown in 
Appendices B19-B11. For comparison, bifurcation diagrams for a simplified version of the 
investigated model are shown in Brock and Hommes (1998), Figs. 3, 6, 9, 12. 
 Again, the models with zero/regression-acquired smart biases exhibit strikingly similar 
properties. While for small shares of smart traders, the existence of locally stable solutions lying 
outside the chaotic area requires a threshold 100≈β , for larger shares the emergence of these 

attractors is not bound by β  and furthermore, large shares of smart traders seems to make the model 

less chaotic, as described by an increasing number of attractors. Lastly, we observe a growing 
insensitivity of the model with regard to β  as smart traders start to dominate these models. 

 The model with randomly generated smart biases exhibits a completely opposite behavior. 
While for small shares of smart traders, the presence of locally stable solutions is preserved across  
β , with growing number of smarts the market exhibits more chaos and an extreme sensitivity to 

small changes of β  as illustrated by the absence or discontinuity of attractor lines.  

 Similarities in the zero/regression-acquired bias models leads us to the conclusion that in 
general, smart traders estimate an intercept that is nearing zero, as seen from the development of 
most test statistics, but is at the same time significant. It is most likely the general consensus of smart 
traders over the sign of regression-acquired bias that creates a growing persistency. Recalling that 
smart traders’ trend parameter estimates usually have lower variance than normal agents’ trend 
parameters, it follows that with an increasing share of smart traders on the market, price formation is 
gradually more formed by means of biases rather than trend parameters. It is this consensus over bias 
that creates unnaturally persistent time-series.  
  
 
 

                                                 

32 Each bifurcation diagram represents the development of the model with changing β  for a fixed value of the RNG seed. 

Thus, randomly chosen parameters are identical across all values of β  in each diagram. 



5 | Conclusion 
 
 Via our simulations, we managed to show that the role of noise in the discussed models is 
predictable. Even though the noise term remains a necessary part of the model, it seems that once its 
level is set to a high enough value, its impact remains the same and thus simulations can be carried 
out using just one noise setting without fear of non-robustness. 
 With changing parameter β  the investigated models exhibit expected features like higher 

volatility clustering and increasing variance. Returns remains zero mean-valued under all setting, 
while kurtosis shows a steady increase for lower values of β  and starts to decline once a certain 

value of this parameter is reached. The development of the Hurst exponent, measuring persistency in 
time series, is model-dependent and is further shown to evolve with the share of smart traders in each 
model.  
 A changing ratio of normal and smart traders induces changes that depend on the nature of 
bias acquisition. For smart biases set to zero or acquired via regression, we observe significant but 
decreasing volatility clustering as the number of smart traders increases, together with highly 
abnormally distributed returns and excess kurtosis reaching from platykurtosis to leptokurtosis. 
However, once the concentration of smart agents reaches a critical point, the behavior changes 
strikingly - volatility clustering rises sharply and the modeled time series start to return to normally 
distributed. Moreover, models dominated strongly by smart traders exhibit much weaker reactions to 
changing rationality of choice.  

Contrariwise, in the model with randomly generated smart biases, we do not observe much 
change in model behavior with increasing smart traders´ concentration until these start to dominate 
the market nearly completely. When this happens, strongly platykurtic, abnormally distributed and 
strongly persistent returns appear, which does not reflect reality.  
 The Hurst exponent was shown by our experiments to be strongly dependent on the chosen 
model as well as β  and the share of smart traders. For low shares of smart traders, growing β  leads 

to a decline of the Hurst exponent. The behavior for mediocre and high smart traders´ concentration 
are unfortunately model dependent, therefore we cannot make any general conclusion except for that 
the Hurst exponent changes significantly, as the share of smart traders nears complete dominance 
where we moreover observe a lack of its sensitivity to β  across all examined values. 

Considering the impact of increasing market heterogeneity on the Hurst exponent, the zero-
bias model shows a general increase of persistence with growing heterogeneity (decreasing number 
of smart traders). In the regression-acquired bias model we observe an increase of persistence as 
well, but the quality of heterogeneity is hard to define here, since traders are more powerful but at the 
same time estimate biases nearing zero and trend parameters lower than their normal counterparts 
have. Thus, making a definite conclusion is difficult. 
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Figure A.a): The development of GHE[x,2] for run_count=40 
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Figure A.b): The development of GHE[x,2] for run_count=100 
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Figure A.c): The development of GHE[x,2] for run_count=1 000 
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Figure A.d): The development of GHE[x,2] for run_count=10 000 

0.10

0.20

0.30

0.40

0.50

0.60

0.70

0.80

0.90

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34 36 38 40

# smart agentů

G
H

E
[x

,2
]

2.5% quantile 50% quantile 97.5% quantile

 
Figure A.e): The development of GHE[x,2] for run_count=100 000 

 

 



Appendix B 

Appendix B1 

The development of test statistics with changing β  in case of 10 smart agents and woa=off. 

 

 

 

 
 

 



Appendix B2 

The development of test statistics with changing β  in case of 10 smart agents and woa=on. 

  

  

  

  
 

 

 



Appendix B3 

The comparison of the dependency of [ ]txVar  on β  in all six setups of the original paper, woa=off.  

Figure B3.a: Development of [ ]txVar , 0 smarts, woa=off 
 

Figure B3.b: Development of [ ]txVar , 1 smart, woa=off 

Figure B3.c: Development of [ ]txVar , 2 smarts, woa=off 
 

Figure B3.d: Development of [ ]txVar , 3 smart, woa=off 

Figure B3.e: Development of [ ]txVar , 5 smarts, woa=off 
 

Figure B3.f: Development of [ ]txVar , 10 smarts, woa=off 

 

 

 

 

 

 

 



Appendix B4 

The comparison of the dependency of [ ]txVar  on β  in all six setups of the original paper, woa=on.  

 
Figure B4.g: Development of [ ]txVar , 0 smarts, woa=on 

 
Figure B4.h: Development of [ ]txVar , 1 smart, woa=on 

 
Figure B4.i: Development of [ ]txVar , 2 smarts, woa=on 

 
Figure B4.j: Development of [ ]txVar , 3 smart, woa=on 

 
Figure B4.k: Development of [ ]txVar , 5 smarts, woa=on 

 
Figure B4.l: Development of [ ]txVar , 10 smarts, woa=on 

 

 

 

 

 

 

 

 



Appendix B5 

The development of excess kurtosis with increasing [ ]tVar ε  in all three models from Section 4.2.2. 

   
Figure B5.a: The development of excess kurtosis in the model with zero smart bias for εt ≈ U(-0.02,0.02) (left), εt ≈ U(-0.05,0.05) (right) and 

εt ≈ U(-0.10,0.10) 

 

   
Figure B5.a: The development of excess kurtosis in the model with randomly generated smart bias for εt ≈ U(-0.02,0.02) (left), εt ≈ U(-

0.05,0.05) (right) and εt ≈ U(-0.10,0.10) 

 

   
Figure B5.a: The development of excess kurtosis in the model with regression-acquired smart bias for εt ≈ U(-0.02,0.02) (left), εt ≈ U(-

0.05,0.05) (right) and εt ≈ U(-0.10,0.10) 

 

 



Appendix B6 

   

   

  

Figure B6: The development of test statistics with changing β  and smart traders’ concentration, zero smart bias, εt ≈ U(-0.05,0.05) . 

 

 

 

 

 

 



Appendix B7 

   

   

  

Figure B7: The development of test statistics with changing β  and smart traders’ concentration, randomly generated smart bias,  

εt ≈ U(-0.05,0.05) . 

 

 

 

 

 

 



Appendix B8 

   

   

  

Figure B8: The development of test statistics with changing β  and smart traders’ concentration, regression-acquired smart bias,  

εt ≈ U(-0.05,0.05) . 

 

 

 

 

 

 



Appendix B9 

   

   

   

Figure B9: Bifurcation diagrams for the zero smart bias model with εt ≈ U(-0.05,0.05) and an increasing number of smart agents from 0 (upper 
left) to 40 (lower right) with a step of five. 

 

 

 

 

 

 

 

 



Appendix B10 

   

   

   

Figure B10: Bifurcation diagrams for the random smart bias model with εt ≈ U(-0.05,0.05) and an increasing number of smart agents from 0 
(upper left) to 40 (lower right) with a step of five. 

 

 

 

 

 

 

 

 



Appendix B11 

   

   

   

Figure B11: Bifurcation diagrams for the regression-acquired smart bias model with εt ≈ U(-0.05,0.05) and an increasing number of smart 
agents from 0 (upper left) to 40 (lower right) with a step of five. 

 

 

 

 

 

 

 

 

 



Appendix C 

 The included CD contains the following: 
• src directory contains the source codes. For Windows, Visual Studio 2008 projects are 

provided for both the main application and required libraries. For unix-based systems, 
the application can be compiled by running install.sh 

• ghe vs run_count directory contains data used for generating Appendix A  

• original model directory contains the development of descriptive statistics with 
increasing β for all smart setups from Barunik, Vacha, Vosvrda (2009) 

• augmented model directory contains all the data generated for models from Section 
4.2.2. For each model, three different noise settings. For each of these settings, we 
provide calculated quantiles of descriptive statistics in 2D_data subdirectory. Their 
graphical representation can be found in the 3D_charts subdirectory where Lows, 
Mids and Highs subdirectories contain information on the 2.5%, 50% and 97.5% 
quantiles.  
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