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Abstrakt: Pedkldan disertan prce studuje binrn operaci, kter byla zskna abstrakc vlast-
nost mnoinov symetrick diference. Pidnm tto operace k teorii ortokomplementrnch svaz
byla zskna nov tda algeber, takzvan ortokomplementrn diferenn svazy (znaen ODL). Ne-
jdve je ukzno, e tda ODL obsahuje Booleovy algebry a je obsaena v td ortomodulrnch
svaz. Dle byly studovny rozlin algebraick vlastnosti tdy ODL (identity platn v nkterch
podtdch tdy ODL, zvltnosti volnch ODL, atd.) a byla nalezena charakterizace mnoinov-
reprezentovatelnch ODL. V dalm textu je poloena pirozen otzka, kdy lze dan ortomodulrn
svaz vnoit nebo rozit do ODLu. Je ukzna metoda konstrukce specifickch typ ODL, kter
prohlubuje chpn vnitnch vlastnost tchto algeber (nap. monost jejich zskn ze systmu po-
dalgeber Booleovy algebry). Dle je ukzna ponkud pekvapiv souvislost mezi tdou ODL
a Zs-hodnotovmi mrami. V zvru prce je uinno zobecnn - msto svaz se uvauj ortokom-
plementrn diferenn posety. V tto sti jsou formulovny a rozebrny nkter otzky souvisejc s
nesvazovmi kvantovmi logikami.
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class of algebras. We call these algebras orthocomplemented difference lattices (ODLs).
We first see that the ODLs form a class that contains Boolean algebras and is contained in
orthomodular lattices (OMLs). In the subsequent analysis we study algebraic properties
of ODLs (identities valid in classes of ODLs, peculiarities connected with free ODLs, etc.)
and find a characterization of set-representable ODLs. We then ask a natural question
of which OML can be made (resp. can be enlarged to) an ODL. We exhibit several con-
structions - quite involved in places - that deepen the understanding of intrinsic properties
of ODLs. As a rather surprising result in this line we find a connection with Z,-valued
measures. In the end we relax the lattice condition imposed on ODLs. We obtain ortho-
complemented difference posets. We then formulate and clarify several questions related
to non-lattice “quantum logics”.
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The summary of the PhD thesis

Important questions related to the study of multivalued logics are problems that come
into existence in connection with the “logic” of quantum mechanical experiments. In
1936, G. Birkhoff and J. von Neumann postulated that a suitable semantics for such a
logic are modular lattices. Later on K. Husimi, 1937, suggested that a more appropriate
semantics is the class of orthomodular lattices. On these lattices one can contemplate
an analogy of classical logical connectives. For instance, J. Abbott, 1967, studied a
type of implication connective. An important connective, with a broader mathematical
bearing, is the “either..or” connective (also known as “alternative” or “exclusive or”).
The treatment of this connective could be done either by considering an appropriate term
in orthomodular lattices or by adding a new operation symbol as well as new axioms to
the theory of orthomodular lattices. The latter approach together with initially obtained
results is the contents of this thesis.

The connective “either..or” considered on Boolean algebras is expressed by means of
the symmetric difference. Thus, extracting properties of the Boolean symmetric difference,
we obtain a class of orthocomplemented lattices endowed with a “symmetric difference”.
This class has, as we believe, rather interesting properties in its own right. Besides, this
class seems to be worth investigating in view of its relation to orthomodular lattices and
Boolean algebras. Considered purely algebraicly, a variety of algebras has therefore been
introduced that enriches the realm of orthomodular structures.

Let us come to the review of technical results. The thesis is based on the papers [1]
- [5] enclosed to which we shall refer in the sequel (they are also listed at the end of this
summary).

Let L be a 7-tuple, L = (X, A, V,=,0,1,A), where (X,A,V,+,0,1) is an orthocom-
plemented lattice and A : X? — X is a binary operation. Then L is said to be an
orthocomplemented difference lattice (an ODL, [1], Def. 3.1), if L is subject to the follow-
ing requirements:

(ODLy) 2 A (y A z) = (z A y) Az,
(ODLy) x Al =zt 1 Ax=at,
(ODL;) s Ay <z Vy.

Obviously, the notion of ODL generalizes the notion of Boolen algebra, when A gen-
eralizes the notion of symmetric difference. The initial questions we first have to ask (and
answer) are the characterization of Boolean algebras among ODLs and the description of
the compatibility. This is done in [1], Prop. 3.6. Then we prove an important result that
an ODL is always orthomodular, i.e. if L is an ODL and if we forget the operation A,
we obtain an orthomodular lattice (an OML). It is worth noting already now that not all
OMLs are induced by ODLs in this way - a question that deserves attention and will be
discussed later in the thesis.

Analysing further intrinsic properties of ODLs, a natural question occurs of whether
(when) an ODL allows for a set representation. Main results of [1] provide the answer:
Not all ODLs are set-representable. In fact, it can be proved that every Boolean algebra
can be embedded in an ODL that is not set-representable ([1] Thm. 1.18). In the study
of the set-representable ODLs, however, it is proved that they constitute a rather huge



class - they form a variety ([1], Thm. 6.12). A characterization of this vatiety in terms
of two-valued ODL-states is provided ([1], Thm. 6.7). To obtain this characterization, a
thorough analysis of ODL-ideals is presented ([1], Thm. 6.10).

As indicated above, the other papers further pursue the relationship of OMLs and
ODLs. One asks the following question: Given an OML, can it always be made an
ODL ? Though sometimes it is the case (e.g. for L(R?) or for MO, with k = 2", [1],
Thm. 8.7), it is not so in general (e.g. for MOy with k& # 27! [1], Thm. 8.7). A
more combinatorially involved question then reads: Which OML is ODL-embeddable ?
It would be instrumental for the study of OMLs if such was every OML. However, it is
not the case - in the paper [2] a construction is exhibited which produces OMLs that
are not ODL-embeddable. When analysed more in depth, a rather surprising necessary
condition for the embedding to exist can be derived: If an OML is ODL-embeddable then
it has to have an abundance of Zy-valued measures ([2], Thm. 3.2). This result allows
us to see that some OMLs familiar within the theory of orthomodular lattices cannot be
ODL-embeddable. A finite example of this kind is exhibited bellow (a prerequisity here
is the Greechie paste job; out of the other important examples of non ODL-embeddable
OMLs, such are L(R™) for n > 4 as the result of [2], Thm. 3.8 establishes).

The paper [3] and [4] iniciate the investigation of ODLs along the universal algebraic
line. The first result of [3] characterizes the free ODL with 2 generators - it is the (set-
representable) ODL MO3 x 2* ([3], Thm. 2.3). The characterization of the free ODL
with 3 generators remains open - so far it can only be proved that this ODL is not set-
representable. In fact, a rather involved construction is presented in ([3], Thm. 3.11) that
manufactures a non set-representable ODL with 3 generators. Here we may deal with
a formidable problem as the comparison with OMLs suggests. As regards the note [4],
it concerns identities in ODLs. It is shown that relatively simple identities distinguish
Boolean algebras among ODLs ([4], Thm. 2.2). In addition, an identity in ODLs is found
that is valid only in the set-representable ODLs ([4], Thm. 2.6). This identity could be
potentially utilized in constructing ODLs with preassigned properties (e.g. there is a non
set-representable ODL that induces a set-representable non-modular OML ([4], Obs. 2.9).

In the last paper included, [5], the condition (ODL3) of L being a lattice is relaxed -
instead we require
(ODP;) z<z&y<z=zAy<z,
the other two axioms we leave unchanged. We obtain orthocomplemented posets with a
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symmetric difference (ODPs). Out of the results obtained, let us mention only a few. The
class of set-representable ODPs forms a quasivariety ([5], Thm. 5.4). It should be observed
that this quasivariety is rather big and contains several (non-lattice) examples familiar
within the quantum logic theory - notably it contains the standard examples built up on
the ODPs of all even-cardinality subsets of an even-cardinality set. Furthermore, different
construction techniques of ODPs are obtained ([5], Prop. 4.13). Finally, a modification
of Frink ideals is then adopted that allows one to show that a pseudocomplemented ODP
must be set-representable ([5], Thm. 6.8).

The results of the thesis appeared very recently (see the references bellow). They
therefore present a topical line in lattice theory and constitute a research area lying
between the theory of orthomodular lattices and Boolean algebras. The solutions of open
questions related to this research area (see again [1] - [5] for some of these open questions)
are supposed to indicate further prospects and applications of the affort iniciated in the
thesis.
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Orthocomplemented lattices with a symmetric difference

MILAN MATOUSEK

ABSTRACT. Modelling an abstract version of the set-theoretic operation of symmetric dif-
ference, we first introduce the class of orthocomplemented difference lattices (ODL). We
then exhibit examples of ODLs and investigate their basic properties finding, for instance,
that any ODL induces an orthomodular lattice (OML) but not all OMLs can be converted
to ODLs. We then analyse an appropriate version of ideals and valuations in ODLs and
show that the set-representable ODLs form a variety. We finally investigate the question of
constructing ODLs from Boolean algebras and obtain, as a by-product, examples of ODLs
that are not set-representable but that “live” on set-representable OMLs.

1. Introduction and basic notions

The class of orthocomplemented lattices (OCLs) was intensely studied in recent
years. The investigation was often motivated by the theory of quantum logic (see,
e.g., [8, 15, 22, 24, 25]). The algebraic theory of OCLs was carried out in several
papers and monographs (see, e.g., [1, 2, 3, 4, 5, 16]). In this paper we shall study
orthocomplemented lattices endowed with an abstract symmetric difference, ob-
taining thus a natural class of algebras that properly contains the class of Boolean
algebras. It should be noted that certain attempts to model the symmetric differ-
ence have been made (see [10, 9, 23]). However, in contrast to the previously used
attitude based on term operations within OMLs, our approach presents an alge-
braic abstraction of the symmetric difference of sets and gives rise to a completely
new variety of algebras. This variety (denoted by ODL) has rather interesting
properties in its own right as well as in relation to the formerly studied variety of
OMLs.

In the present paper we first study algebraic properties of ODLs. Then we focus
on the question of when an ODL is set-representable. We find that such are many
ODLs—a large subvariety of ODL—but not all. In fact, an ODL may induce a
set-representable OML without being itself set-representable. Related questions
are also investigated.
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Let us introduce some notation and notions as we shall use them in the sequel.
The logical connectives will be denoted by standard symbols: & (conjunction),
V (disjunction), = (implication) and < (equivalence). Identities will be denoted
by s ~ t, where s,t are terms. If X,Y are classes, the expression X C Y will
mean X CY & X #Y. If f: X — Y is a mapping, S C X, then we write
f1S] = {f(z); z € S}. The cardinality of a set X will be denoted by | X|.

Let A be a structure of the type L (see [6, p. 192]). Then its underlying set will
be denoted by A. If there is no danger of confusion, we simply write z € A, resp.
X C A instead of the more correct z € A, resp. X C A. Analogously, we shall write
|A| instead of |A]. A structure A will be called trivial provided |A| = 1, and A will
be called nontrivial if |A| > 2. If F € L is an operation symbol, we shall denote
the corresponding n-ary operation by Fj if there is a need for specification. By
Sub(A) we shall denote the set of all substructures of A. If A, B are two isomorphic
structures of the same type, we shall write A = B. The notation f: A =2 B will
mean that f is an isomorphism of the structure A onto B.

Let us recall some standard notions of the theory of orthocomplemented lattices.
The reader may consult the monographs [1] and [16] for more details.

Definition 1.1. Let L = (X,A,V,+,0,1) be an algebra of the type (2,2,1,0,0).
Then L is said to be an orthocomplemented lattice (abbr., an OCL) if (X, A,V) is a
lattice and if the following formulas hold in L:
rAzt =0, zvValtxl (@Ht=z, z<y=yt<zt
If, moreover, L satisfies the orthomodular law,
r<y=ymrV(yra),

then L is called an orthomodular lattice (abbr., an OML).

Let us denote by OCL, resp. OML, resp. BA, the variety of orthocomplemented
lattices, resp. orthomodular lattices, resp. Boolean algebras. Of course, BA C
OML cC OCL.

It should be noted that instead of “orthocomplemented lattice” one often uses
the term ortholattice.

Proposition 1.2. Let L be an OCL. Then L is an OML if and only if the following
formula holds in L: x <y & yAzt ~0=2x~y.

Proof. It reduces to a routine verification (see, e.g., [16, p. 22]). O

Definition 1.3. Let L be an OML. For x,y € L, let com(z,y) denote the commu-
tator of z,y, i.e., let us write com(z,y) = (x Vy) A ( Vyt) A (zt Vy) A (2t vyt).
The elements z,y of L are called commutative (abbr., z C' y, or more specifically
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x Cp y) if com(z,y) = 0. If x C y is false, we say that the elements z,y are not
commutative and we shall write x | y (or, more specifically, = |1, y).
For any = € L, let us write C(z) = {a € L; = C a}.

Proposition 1.4. Let L be an OML and let x,y € L. Then the following conditions
are equivalent:

(a) = Cy,

(b) z=(zAy)V(zAyh),

(c) z=(zVy)A(zVyh),

(d) x,y are contained in a Boolean subalgebra of L.

Proof. See, e.g., [16, p. 26]. d

Proposition 1.5. Let L be an OML and let x € L. Then the set C(z) is a
subalgebra in L. Moreover, if y € L and the elements x,y are comparable (i.e.,
x<yory<z) theny € C(x).

Proof. See, e.g., [16, p. 24]. O

Definition 1.6. Let L be an OML. A maximal Boolean subalgebra of L is called
a block of L. The collection of all blocks of L will be denoted by BI(L). The set
C(L) = Npepi(r) B is called the centre of L and the elements of C(L) are called
central.

Proposition 1.7. Let L be an OML. Let M be such a subset of L that x C' y for
any x,y € M. Then there exists a block, B, in BI(L) such that M C B.

Proof. See, e.g., [16, p. 38]. O

Convention 1.8. Let x > 0 be a cardinal. Let us denote by B(K) the Boolean
algebra of all finite and co-finite subsets of x. Thus, if & is finite, then [B,)| = 2",
and if  is infinite, then |B(,)| = &.

2. Difference algebras

In this section we introduce auxiliary algebras and list their basic properties.
They will be used later.

Definition 2.1. Let D = (X,¢,0,1) be an algebra of the type (2,0,0). Then D is
said to be a difference algebra (abbr., a DA) if the following formulas hold in D:
(di) zo(yoz) = (zoy)oz,
(d2) 200 ==,

(d3) zox =0,

(dg) Fz:2%0)=1%0.
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Let us observe that the difference algebra D = (X,¢,0,1) is nontrivial if and
only if 1 # 0. This follows immediately from (d4).

Proposition 2.2. Let D = (X,0,0,1) be a DA. Then the operation ¢ is commu-
tative.

Proof. Let us first prove that 0 ¢ x = x for any x € X . We see that
Ocx=(zozx)or=xo(zox)=x00=u2.
Now, we have
zoy=(zoy)o0=(zoy)ollycx)o(yox)|=xzoyoyoxo(yox)

=z000z0o(yoz)=zozo(yox)=00(yox)=yox. O

Proposition 2.3. Let D be a finite DA. Then |D| = 2", where n > 0 is a natural
number.

Proof. Let us introduce the operation —: X — X by putting —x = x. Then we
infer that the algebra G = (X, ¢, —,0) is a group such that each element of G has
order 2. Thus G is a 2-group and the number of elements of G must be a natural
power of 2 (see, e.g., [17]). O

It should be noted that the notion of a difference algebra is synonymous with
the notion of a 2-group, together with a distinguished element 1 (not the identity,
in the nontrivial case). If DAs are viewed as 2-groups, many of the proofs in this
section can be viewed as exercises in groups. If D = (X,¢,0,1) is a DA, then, for
each x € D with z # 0,1, the algebra D, = (X,¢,0,z) is also a DA. Moreover, it
is isomorphic to D (Proposition 7.7).

Example 2.4. Let B be a Boolean algebra and let z,y € B. Let x Ap y be the
standard symmetric difference of x and y. Thus, r Agy = (z Ayt)V (yAat) =
(xVy)A(xAy)t. Then Dg = (B,Ap,0p5,15) is a DA.

As we shall see later, all difference algebras can be obtained in this way (see
Proposition 7.8).

Prior to the next proposition, let us make the following convention: If D is a
difference algebra, z € D, then write 2+ =z o 1.

Proposition 2.5. Let D be a DA. Then for any x,y, z € D the following statements
hold true:

(a) 0+ =1,1+ =0,

(b) ztt =z,

(c) at =yt ==y,

(d) zoyt =atoy=(zoy),
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)
) zox— =1,
yroy=z&r0z=yS oyt =zt
) zoy=xzoz=y=z,

yzoy=0< 2=y,

() roy=1<z=y".
Proof. (a): 0+ =001=1,1"=101=0.

(b): 2ttt =(zol)ol=20(lol)=200=2.

(c): It follows from (b).

(d): zoyt=x0(yol)=(zoy)ol=(roy)t.

(e): Using (d) we obtain z+ oyt = (zt oy)t = (zoy)tt =z oy.

(f): zoxt =(zox)t =0t =1.

(g): Let zoy =2 Thenzoz=z0¢(xoy) = (rox)oy =00y =y. The reverse
implication can be proved analogously. The second equivalence follows from (d)
and (b).

(h): Suppose oy =z ¢z Then zo (xoy) =z (xoz), and hence (zox)oy =
(xox) oz It follows that 0oy = 0 ¢ z and therefore y = 2.

(i): If z = y, then x oy = 0 by condition (d3). Conversely, suppose z ¢y = 0.
Then (z¢y) oy =0¢y. This means that z ¢ (y ¢ y) = y and therefore z = y.

() zoy=1ezoyt =0 =y O
Proposition 2.6. Let D be a nontrivial DA and let x € D. Then x # xr .

Proof. Let x = 2. Then rox = zox® and therefore 0 = 1, which we excluded. [0
3. Orthocomplemented difference lattices

In this section we define the basic notion of this article—the notion of an ortho-
complemented difference lattice (ODL). We investigate basic properties of ODLs
and find their relationships to other orthocomplemented structures.

Definition 3.1. Let L = (X,A,V,+,0,1,A), where (X,A,V,1,0,1) is an OCL
and A: X2 — X is a binary operation. Then L is said to be an orthocomplemented
difference lattice (abbr., an ODL) if the following formulas hold in L:
D) zAyAz)=(xlhy) Az,
(D) rAl=at, 1Az ~at,
(D3) zAy<zVy.
Obviously, the class of all ODLs forms a variety. We will denote it by ODL.

Let L = (X,A,V,+,0,1,A) be an ODL. Then the OCL (X, A,V,+,0,1) will be
denoted by Lg,pp and called the support of L. Occasionally, the ODL L will be
identified with the pair (Lgupp, A).
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Let us adopt the convention that in writing a formula with A, A, V we will give
preference to the operation A over the operations A and V. Thus, for instance,
z Ay Az means z A (y A z).

Proposition 3.2. Let L = (X,A,V,+,0,1,A) be an ODL. Then the algebra Dy, =
(X, A\,0,1) is a difference algebra. Moreover, for any x € L we have z*-Pr = gzt

Proof. Let us first observe that the property (D) yields 1 A1 = 1+ = 0. Let us
verify the properties (d2), (d3) and (d4) of Definition 2.1. Suppose that = € L.

(do): 2 AO0=0A(1A1)=(zA1)Al=2tA1= (1)t =2

(d3): Let us first show that z+ Axt = zAz. We consecutively obtain z+ Azt =
(A1) A1A2)=(xA1A1)Axz=(xA0)Ax=2xAx. Moreover, we have
zNx<zVz=xzaswellasz Az =zt Azt <zt vzl =zt This implies that
zNz<zAzlt=0.

(d4): If there exists an element € L such that x # 0, then L is a nontrivial
OCL and therefore 1 # 0.

As for the rest of the proof of Proposition 3.2, we have ztPr = 2 Ap, 1 =
xAp1=zgtr. O

Corollary 3.3. Let L be a finite ODL. Then |L| = 2™, where n is a natural number.
Proof. Tt follows from Propositions 3.2 and 2.3. |
Proposition 3.4. Let L be an ODL and let x,y € L. Then

@Ay Vyrat) <z Ay<(zVy) AlAy)t.

Proof. The property (D3) together with the properties (d), (e) of Proposition 2.5
imply that s Ay < zVy, 2 Ay <zt vyt = (xAyt sAyt <2z Ay and
ztAy<zAy. a

The following result shows that we do not leave the realm of orthomodular
lattices when we deal with ODLs.

Theorem 3.5. Let L be an ODL. Then its support Lgupp s an OML.

Proof. Suppose that z,y € L, # < y, y Axt = 0. Let us prove that * = y (see
Proposition 1.2). Since x < y, we conclude that (z Ayt)V (yAzt) =yAat =0
and (zVy) A (z Ay)t =y Azt = 0. By Proposition 3.4, we see that = A y = 0.
By Proposition 2.5(i), we infer that x = y. O

Following our convention, all notions defined for OMLs or difference algebras
can be transferred to any ODL L by considering the support Lg,p,, or the difference
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algebra Dy. Thus, for instance, if L is an ODL and x,y € L then we say that the
elements z,y commute (in L) if they commute in the OML Lgypp.

Proposition 3.6. Let L be an ODL and let x,y € L. Then the following conditions
are equivalent:

(a) z Cy,

(b) Ay =(zAyh)V(yAat),
(c) zAy=(xzVy AlzAy*,
(d) zC (zAy).

Proof. Let us first prove that (a) = (b) and (a) = (¢). Suppose therefore that
2 Cy. Then (z Ayt)V (yAxt) = (zVy) A(zAy)t, and the equalities z Ay =
(@Ayt)V (yAxt) = (zVy)A(xAy)* follow from Proposition 3.4.

Further, let us prove that (b) = (d) and (¢) = (d). For example, let z Ay =
(@Ayh)V(yAat). Asz CaAyt, o Cynaxt, wehave z C ((z Ayt)V (yAaxt))
and therefore z C' (x A y).

Finally, let us prove that (d) = (a). Let z C (x A y). From the implication
(a) = (d) wehave z C (z A (z Ay)) but z A (z Ay) =y. O

Let us exhibit some simple examples of ODLs. Firstly, each Boolean algebra can
be made into an ODL as the following proposition shows.

Proposition 3.7. Let B be a BA. There is exactly one mapping \: B x B — B
which fulfils all the conditions (D1), (D2) and (D3) of Definition 3.1.

Proof. To prove the existence, take for A the standard symmetric difference in
Boolean algebras. In other words, let us set # Ay = (x Ay*) V (y A xzt). The
properties (D1), (D2) and (Dg3) of Definition 3.1 are then obviously fulfilled.

Let us prove the uniqueness of A. Let A1: B x B — B be a mapping that fulfils
conditions (D), (D2) and (Ds). Thus, the pair (B,A;) is an ODL. If z,y € B,
then x C'y, and so x Ay y = (x Ayt) V (y Azt) = 2 Ay (Proposition 3.6). O

In view of Proposition 3.7 we can (and shall) view any Boolean algebra as an
ODL with uniquely defined operation A.

Example 3.8. Let L be the OML MOs (see, e.g., [16]) with the elements {0, 1, z,
xt,y,yt, 2,21}, Then one can easily show that there is exactly one mapping
A: L x L — L such that £ Ay = z and (L, A) is an ODL. The ODL obtained in
this way will again be denoted by MOs.
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There are much more involved examples of ODLs than those depicted in Propo-
sition 3.7 and Example 3.8, of course. We will meet them later. For the reader’s
intuition, Construction 8.5 dealt with at the end of the paper—a kind of horizontal
sum—>provides a large class of ODLs and gives some more idea about their intrinsic
properties (see also Proposition 8.7). The construction is independent of the other
text and can be read now, but Section 8 also brings certain applications.

Let us shortly consider the independence of the conditions required for the op-
eration A to define an ODL (Definition 3.1). First, let us recall some notions from
model theory. If ¢ is a (first-order) formula, let us denote by Lng(y) (language of
©) the set of all relational and operational symbols which occur in the formula ¢.
If S is a set of (first-order) formulas, let us put Lng(S) = U, Lng(y).

Let T be a (first-order) theory and let S be a set of formulas. Let us write
L = Lng(T US). Then the set S is called independent relative to the theory T
(abbr., T-independent) if, for any formula ¢ € S, there is a structure A of £ such
that A =T U(S\ {¢}) but A & ¢. Obviously, if T3 C T and S is Th-independent,
then S is T1-independent as well.

Let BA be the theory of Boolean algebras (BA is a theory of the language
{A,V,+,0, 1}, thus the symbol A does not occur in the language of BA). As usual,
the formula s <t is an abbreviation of the formula s A t = s.

Proposition 3.9. Suppose that
S={zAyA2) =LAy Az Al~zt 1Az~azt 2 Ay<zVy)
Then S is BA-independent.

Proof. Let us first deal with the formula 1 A x ~ 2*. Let B = {0,1,a,a"} be a
four-element Boolean algebra. Let A: B? — B be the mapping defined as follows:

0 a ot 1
0 0 a ot 1
a a a at at
atlat a at a
1 1 a at 0

In particular, a A 1 = a* and 1 A a = a. Let us denote by A the algebra (B, A).
Then A is of type {A,V,*,0,1, A} and, moreover, A = BA. Further, because
1A a=a# a’, wesee that A £ 1 Az ~ x. It remains to prove that all
the formulas * A (y A 2) = (z Ay) Az, 2 A1~z 2 Ay < xVyhold in A.
Let z,y,z € A be arbitrary elements. The validity of the conditions z A 1 = zt,
Ay < xVy is immediately seen from the table that defines the operation A. We
have to check the associativity of /. Let us distinguish three possibilities.

e If z = 0, then the equality follows from the neutrality of 0 with respect to A.
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o If z = a or z = a', then the equality follows from the “right aggressiveness”
of the elements a,a™’.

e Finally,let z=1. Thenz A (yAz) =2 A(yAl)=zAyt and (zAy) ANz =
(x Ay) A1 = (xAy)t. It remains to be checked that z Ayt = (z Ay)*t, but
it can be easily seen from the table.

As a result, the formula 1 Az ~ z+

is “independent” of the other formulas.
The “independence” of the formula 2 A1 = z' can be derived by considering the
dually defined operation A. Finally, the “independence” of formulas x A (y A z) ~

(x Ay)Azand x Ay <xVy is obvious. d

4. Symmetric difference and OML-term operations

Let us show that, for an ODL L and for a,b € L, the element a/Ab is generally not
expressible by means of elements a, b and the operations A, V,®,0,1. This implies
that the present approach essentially differs from the attempts made in [10, 9, 23].
Recall that the term ¢ is called an OML-term if ¢ contains only operation symbols
from the set {A,V,+,0,1}.

Proposition 4.1. Let L be an ODL and let a,b € L. Then there is an OML-term
t(z,y) such that a Ab=tr(a,b) if and only if a C, b.

Proof. If a Cy, b, then by Proposition 3.6 we can take t(z,y) = (x AyL) V (y Azt).
Conversely, assume that a Ab = t1(a,b) for some OML-term ¢(z,y). Let Fa be the
free OML over the set {x,y}. We can assume that t(z,y) € Fa. Let f: Fo — Lgupp
be the uniquely determined homomorphism such that f(z) = a, f(y) = b. Then
f(t(z,y)) = to.,,,(f(x), f(y) = tr(a,b) = a Ab. Since Fo = B4y x MO (see
[1, p. 80]), Fo possesses exactly two blocks, say By and Bs. Since z |, y, we
can assume that ¢ € By,y € By. Now, if, e.g., t(z,y) € By, then x Cr, t(z,y).
But then f(z) Cp f(t(z,y)), i.e., a Cr (a A D). By Proposition 3.6 we see that
a CL b. O

Making use of Proposition 4.1 we are in a position to prove the following char-
acterization of Boolean algebras in the classes ODL and OML.

Proposition 4.2. Let L be an ODL. Then there is an OML-term t such that
aAb=tr(a,b) for any a,b € L exactly when L is a Boolean algebra.

Proof. If L is a Boolean algebra, then x Ay = (z A y*) V (y A zt). Conversely,
suppose that there is an OML-term ¢ such that a A b = ¢y (a,b) for any a,b € L.
Then, according to Proposition 4.1, a C', b holds for any a,b € L. Hence L is a
Boolean algebra. O
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Proposition 4.3. Let L be an OML. For x,y € L, set x Ayy = (x Ayt)V (yAxt)
and x Ny y = (x Vy) A (x Ay)*t. Then, for each i € {1,2}, the operation A; is
associative exactly when L is a Boolean algebra.

Proof. If L is a Boolean algebra, then both A;, A, are obviously associative. Con-
versely, suppose that A; is associative. This means that A; fulfils the condition
(D1). The conditions (D3) and (D3) are fulfilled automatically. Hence the pair
(L,Ay) is an ODL. As a consequence, x C' y for any z,y € L (Proposition 4.1).
This shows that L is a BA. The associativity of As is argued similarly. |

It should be noted that Proposition 4.3 can be proved directly without using the
notion of ODL, see, e.g., [1, p. 272], [9] or [23].

5. Intrinsic properties of ODLs

Let us go on with the analysis of the algebraic properties of the operation A.
We shall be mainly interested in the commutativity relation in ODLs.

Proposition 5.1. Let L be an ODL and let x,y € L. Then the following two
statements hold true:

r<yszlAy=yAzt, rlyszrzlAy=xzVy
(where x L 3y stands for x < y=*).

Proof. Suppose first that < y. Then = C y and 2 Ay~ = 0. As a consequence
(Proposition 3.6), x Ay = (x Ay*) V (y Axt) =y Axt. Conversely, suppose that
Ay =yAzt. Then
r=2A0=zA(yAy) =@LyAy<(@AhyVy=@yArz)Vy=y.
Let us take up the second equivalence. Using the equalities (z Ayt)t =z Ayt =
x Ay, we have
rlysr<ytezAyt=ytrzt o @AyH)t =@ aghH)?t

ScAy=yVz. O

Lemma 5.2. Let L be an OML. Let x,y,x1,22 € L and let y = 1 V x2, 1 < z,

2o <al. Thenx Cyandxi =y Az, To =y Axt.

Proof. Since x1 < z and x5 < zt, we see that z; < z < xQL Thus, the elements
Z1, T2, are mutually commutative. By Proposition 1.7 we infer that x C (21 V x2)
and therefore x C' y. Moreover,

yANr=(x1Va) Az =(r1 Ax)V (z2Az) =21 V0 =21, and
y/\CCJ':(l‘l\/CEQ)/\J)L:(1’1/\JCJ')\/(1’2/\SUJ'):O\/$2:Z’2. O
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Proposition 5.3. Let L be an ODL. Let x,y,z € L with x C y and x C z. Then
z2C(yAz)andxzANyAz)=(xAy) A (zAz).
Proof. The commutativity of the pair x C' y and x C z yields the equations

y=(wAz)V(yAzt) and z=(zAz)V(zAzb).
Since (y Ax) L (y Axt) and (z Az) L (2 Axt), we see by Proposition 5.1 that
y=WyAz)A(yAzt)and z = (z Az) A (2 Azt). But we also have

yAz=(yAn) D AT Az AD) A (2 Aab)

—lyAD) B EAD ALY AT A (2 nab))

Let us write 1 = (y Ax) A (2 Ax) and 3 = (y Aat) A (2 Axt). Then we have
r1 < (yAx)V (2 Ax) < 2. Analogously, x5 < xt. This implies that z; L .

By Proposition 5.1, y A z = x1 V x5. Finally, the proof is completed by using
Lemma 5.2. (I

Proposition 5.4. Let L be an ODL and let x € L. Then the set C(x) (see
Definition 1.3) is a subalgebra of L.

Proof. According to Proposition 1.5, the set C(z) is a subalgebra of Lgupp. The
closedness of the operation A on C(z) follows from Proposition 5.3. d

Proposition 5.5. Let L be an ODL and let x,y € L. Then
(a) zV(zAy)=aVy,
(b) zA(zAy)=xAy .

Proof. Recall the convention of the preference of A over the operations A and V
(thus, for instance, z Vy A\ z means z V (y A z)).

(a): The inequality x Vz Ay <z V y is obvious. We have to show that x Vy <
zVzAy. But x < xVax Ay and therefore we need to show y < xVaAy. According
to (D3), wehave z Ve Ay >z A (z Ny)=y.

(b): The equality follows from (a) via the following calculation:

sAhzAy=(zAhzAy)tt=@tvetAy)t=@tvy)t=zaryt O

It is worthwhile observing that the equality (a) of Proposition 5.5 can be viewed
as a strengthening of the condition (D3) from the definition of ODLs.

Proposition 5.6. Let L be an ODL and let x € L. Then either x lies in exactly
one block or x lies in at least three blocks.

Proof. Seeking a contradiction, let x lie in exactly two blocks By and By. Then there
exist elements y € By, z € By such that y, z do not commute. Since x C' y, x C' z,
we see that z C' (y A z) (Proposition 5.3). As a consequence, either y A z € By
or y Az € By. In view of the symmetry in the role of y, z, let us assume that
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y A z € By. Since y € By, we infer that y C (y A z). By Proposition 3.6, we see
that y C z, which is absurd. O

Let us take up the intervals in ODLs. Consider first the situation in OMLs.
Let K be an OML and let a € K. Let us write [0,a]x = {z € K; =z < a}. As
known, the interval [0,a] constitutes an OML. We will denote it by K*. Let us
shortly recall the construction of K* (see, for example, [16, p. 20]): If z,y € [0, a],
then z Ay € [0,a] and © V y € [0,a]. The element 0, resp. a, is the least, resp.
the greatest, element of K. The orthocomplement of = in K¢, z1 <, is defined by
setting z+e = 2% Aa. It can be easily seen that K¢ = ([0,a], A, V, 12,0, a) is an
OML.

Now let L be an ODL and let a € L. If z,y € [0,a], then z A y € [0,a]. Let us
consider the algebra L® = ([0, a], A, V,%+,0,a,A) = ((Lsupp)®, D).

Proposition 5.7. Let L be an ODL and let a € L. Then the algebra L* is again
an ODL. Moreover, (L*)supp = (Lsupp)®-

Proof. Tt is sufficient to show that the conditions (D), (D2) and (D3) of Defini-
tion 3.1 hold in L*. The conditions (D7) and (Dg3) can be verified easily. It remains
to check the condition (Ds). For that, suppose = € [0,a]. Then 2 Apa 1. =z Aa.
From Proposition 5.1 we obtain 2/Aa = aAz® = x+e. The equality Ly« Apex = zte
follows from the commutativity of A. The equality (L%)supp = (Lsupp)® is then ob-
vious. O

In the following proposition we show that an ODL can be decomposed with the
help of a central element by the way analogous to the situation known in OMLs.

Proposition 5.8. Suppose that L is an ODL and a € C(L). Then L = L* x e,
More explicitly, the mapping h: L — L* X Lo defined by h(z) = (x Aa, x A aL) 18
an isomorphism of L onto L* X e,

Proof. The mapping h is an isomorphism between the OMLS Lgypp and (L*)supp X
(L“L)Supp, see [16, p. 20]. It remains to show that the mapping h preserves the
operation A. Suppose that z,y € L. Then by Proposition 5.3 we consecutively
obtain

h(z Apy) = ((x Apy) Aa, (x Ap y) Aat)
zAa)Ar (yAa),(zAat) A (yAat))
(xAa)Ape (yAa), (xAat) VA (y Aat))

zAa,zAat) A ot (WAa,yAat) = h(z) ANpaypar My). O

~—~ ~ ~

LaxL
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6. Set-representable ODLs

A natural question occurs if (when) an ODL allows for a set representation. We
will see later that there are some ODLs which are not set-representable and we will
present a method how to construct them (Section 7). In this section, however, we
concentrate on those ODLs which are set-representable. We will show that these
ODLs form a variety and we will characterize this variety. Prior to that, let us
introduce a few notions of the theory of orthomodular lattices. As usual, if A, B
are sets, we write A\ B={z € A; ¢ B} and AAB=(A\B)U(B\A).

Definition 6.1. Let X be a set and let Q C P(X), where P(X) stands for the set
of all subsets of X. Then the pair (X, ) is said to be a D-ring if

(1) X e Q,
(2) for any A, B € Q we have AA B € Q.

Proposition 6.2. Let (X,Q) be a D-ring. Then

(a) D eQ,

(b) for any A € Q we have A° € Q (where A° is the complement of A in X,
A=X\A),

(¢c) for any A, B € Q the following implication holds: if ANB = (), then AUB € Q.

Proof. A routine verification. O

Definition 6.3. Let L be an ODL. Let us say that L is a set-representable ODL
(abbr., SRODL) if there is a D-ring (X, Q) such that (L7 <,0,1,A) is isomorphic
to (2,5, 0, X, A).

Let us denote by SRODL the class of all set-representable ODLs.

Proposition 6.4. Let L be an ODL. Then L is an SRODL if and only if there is
a set M and a mapping f: L — P(M) such that the following two conditions hold
true for any x,y € L:

r<y<s f(z) C fly), flxApy) = flz) A fy).

Proof. Let us prove that the conditions are sufficient; the rest is obvious. Set
X = f(1) € M, Q = f[L] = {f(z); = € L}. Then the second condition implies
that the pair (X,Q) is a D-ring. Further, the first condition implies that f is an
isomorphism of the poset (L, <) onto the poset (2, C). Finally, f(0) = f(0AL0) =
£(0) A £(0) = 0. O
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The class of SRODLs is considerably large and contains some rather complex as
well as some rather simple ODLs. The simplest ones are presented in the following
example.

Example 6.5. (a) Every Boolean algebra is an SRODL.
(b) The ODL MOj (see Example 3.8) is an SRODL.

Proof. (a) This follows from the Stone representation of Boolean algebras.

(b) Let S = {0,1,z,2%,y, y*, 2 2} be the underlying set of MO3. Set M =
{1,2,3,4}. Then the mapping f: S — P(M) defined by putting f(0) =0, f(1) =
M, f(z) = {1,2}, f(xl) = {3,4}, f(y) = {1,3}, f(yL) = {2,4}, f(2) = {2,3},
f(z+) = {1,4} has both properties of Proposition 6.4. (Let us note that f[S] =
{A C M; |A] is an even number}.) O

In the rest of this section we shall be proving that the class SRODL is a vari-
ety. It should be noted that the central strategic line of the investigation of set-
representable OMLs as used in [11, 19, 20, 21] was instrumental in places. However,
the presence of the operation A required to invent some new techniques. These
techniques—in particular those concerning the ODL evaluations—seem to be of
interest in their own right.

Let @ stand for addition modulo 2 on the set {0,1} (i.e., 00 =1®1 = 0,
04 1=140=1). The following notion is crucial in characterizing SRODLs:

Definition 6.6. Let L be an ODL and let e: L — {0,1}. Then e is said to be an
ODL-evaluation (abbr., evaluation) on L if the following properties are fulfilled for
any z,y € L:

(E1) e(1z) =
(E2) 2 <y= 6(95) <e(y),

)
)
(Es) e(z Ay) = e(z) @ e(y).
Let £(L) be the set of all evaluations on L.
The following result provides a characterization of SRODLs in terms of £(L).
Theorem 6.7. Let L be an ODL. Then L is an SRODL if and only if
Va,b € Lya £b3Jee€ &(L) :e(a) =1, eb) =0.

Proof. (=): Suppose that (L,SQLA) = (Q,C,0,X,A), where (X,Q) is a D-
ring.
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Choosing an x € X, define a mapping e, : @ — {0,1} by

1 if A
eI(A):{ nTreA,

0 otherwise.

Let us check that the mapping e, is an evaluation on L. Obviously, e,(1.) =
ex(X)=1. If A,B e Qand A <p B, then A C B, and therefore e,(A) < e,(B).
That e, (A A B) = e, (A) ® e, (B) follows from a straightforward case analysis.

Finally, if A,B € Q and A € B, then there exists an z € A such that = ¢ B.
Then e;(A) =1 and e, (B) = 0.

(«<): Let us assume that the condition on evaluations is fulfilled. For z € L,
let us write f(z) = {e € E(L); e(x) = 1}. We will check that this mapping
f: L — P(E(L)) fulfills both conditions of Proposition 6.4. First suppose that
z <y. Let e € f(x). Thus, e(z) = 1. According to (Eg) we have e(z) < e(y). As a
result, e(y) = 1 and hence e € f(y). We have shown that f(z) C f(y). Conversely,
suppose that x £ y. Then there is e € £(L) such that e(z) = 1, e(y) = 0. We see
that f(z) Z f(y). To complete the proof, we use the equalities

flxopy)={ec&(L); e(x Apy) =1} ={ec &E(L); e(z)De(y) =1}
={ec&(L); (efzx)=1&e(y) =0) V (e(z) =0 & e(y) =1)}
= f(z) A f(y). O
Let L be an ODL. Consider the discrete topology on the set {0,1} and form

the topological product {0,1}¥. Then (Tichonov’s Theorem) {0,1}" is a compact
topological space.

Lemma 6.8. £(L) is a closed subset in {0,1}F.

Proof. For any x € L, let us denote by 7, the z-th projection of {0,1}¥ onto {0, 1},
i.e., for e € {0,1}* let us have 7, (e) = e(x). Then for z € L both the sets 7, 1(0)
and 7, 1(1) are closed subsets in {0,1}%.

Let us write L2 = {(z,y) € L? x < y}. For (x,y) € L%, let us further write
Ry = {e € {0, 1}L e(x) < e(y)} and, for (x,y) € L2, let us write Si;,) =
{e €{0,1}F; e(x AN y) = e(z) @ e(y)}. Tt is easy to see that

E(L) = ﬂle(l) N ( ﬂ R(Iyy)) N ( m S(m’y)).
(z,y)€LL (z,y)eL?

It remains to show that the sets R, ,) and S(,,,) are closed subsets in {0, 1}~. For
(z,y) € L2 we have

Ry = {e € {0,1}F; e(z) < e(y)}
={eec{0,1}%; e(x) =0 V e(y) = 1} = 7;(0) Um, (1)
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For (z,y) € L? we have
Stey) = {e € {0,1}75 e(x A y) = e(z) D e(y)}
={e€{0,1}%; (e(z) =0 & e(y) =0 & e(z Ay) = 0)

Vie(x)=0&e(y) =1&e(zANy)=1)

Vie(z)=1&e(ly) =0&e(zAy)=1)
Vie(z)=1&e(y)=1&e(xLy)=0)}
= [ ' 0) N, (0) N, AL (0)] U [t (0) Ny (1) N A, (1)]

Ul () ) Amsh, (W] U [m ) A ) A, )] O

Let us recall the definition of an ideal (resp. filter) in an OML [1, 16]:

Definition 6.9. Let L be an OML and let I C L, F C L.

(A) Let us call I an ideal in L if the following are satisfied for any x,y € L:
(a) 0y €1,
by zel, y<z=yel,
(¢) zmyyeI=zVyel.
The ideal I is called properif 11 & I (or, equivalently, I # L).
(B) Let us call F a filter in L if the following are satisfied for any z,y € L:
(a) 1, € F,
(b) zeF, z<y=yekF,
(¢) ;,ye F=xzAy€eF.
The filter F is called proper if 07, ¢ F' (or, equivalently, F' # L).

In accord with our convention, if L is an ODL and I, resp. F', is an ideal, resp.
filter, in Lg,pp we shall refer to it as an ideal, resp. filter, in the ODL L.

Proposition 6.10. Let L be an SRODL. Let I be an ideal in L and let F' be a filter
in L with INF = 0. Then there is e € E(L) such that e[I] = {0} and e[F] = {1}.

Proof. Let (z,y) € I x F. Set £,y = {e € E(L); e(z) = 0, e(y) = 1}. Since
Eay) = EL) N1 (0) N7yt (1), Eay) is a closed subset in {0, 1}

Let us now go over all choices of (x,y) € I x F. We claim that {E; ) }(z,y)erxF i
a centered system of sets, i.e., each finite subsystem has a non-empty intersection.
Indeed, let (z1,%1),-.-, (@n,yn) € IX F. Put x =21 V---Vaz, € [ and y =
Yy1 A+ Ayn € F. Since y £ x, so by Theorem 6.7 we see that &, ) # 0. Take
some e € &.,). Then the property (Eg) implies that e(z;) = --- = e(x,) = 0 and
e(y1) = -~ = e(yn) = 1. It follows that e € E, ) N ---NE &, yn)-

We have verified that {£(; ) }(z,y)erxF 15 a centered system of closed subsets in
the compact topological space {0,1}X. As a result, ﬂ(m,y)EIXF Ezy) # 0. Take an
arbitrary e € ﬂ(xﬁy)ele E(z,y)- Then e is the evaluation we looked for. O
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Proposition 6.11. Let K,L be ODLs. Let f: K — L be a surjective homomor-
phism. Let e € E(K) be such that e(z) = 0 for any x € f~1(0r). Then there exists
ec€ &(L) such that e = foe.

Proof. If y € L with y = f(z), then we set €(y) = e(z). Let us show that the
definition of € is correct. To this end, suppose that y = f(xz1) = f(z2). Then
f(z1) AL f(x2) = 01, and therefore f(z; Ak x2) = 0r. Hence e(z; Ag x2) = 0.
This implies that e(z1) ® e(x2) = 0 and therefore e(z1) = e(x2). Let us prove in
the next step that € € £(L). We have to verify the conditions of Definition 6.6.

(E1) e(1z) = e(f(1k)) = e(1k) = L.

(E2) Suppose that y1,y2 € L, y1 < ya. Let y1 = f(z1) and yo = f(x2). Then
f(x1 Axe) = f(x1) A f(x2) = y1 Ays = y1. Moreover, 1 A xo < x2. This yields
that e(z1 A x2) < e(z2). As a consequence, e(y1) = e(z1 A z2) < e(z2) = €(y2).

(E3) Suppose that y1,y2 € L and y1 = f(21), y2 = f(z2). Then we see that

e(yr Ap y2) = e(f(21) Ar f(22)) = e(f(w1 Ak x2)) = e(21 Ak 72)
= e(z1) © e(w2) = e(y1) @ e(y2). g

Theorem 6.12. The class SRODL of all set-representable ODLs forms a variety.

Proof. We shall show that the class SRODL is closed under the formation of sub-
algebras, products and homomorphic images.

(a) Closedness under subalgebras:
Suppose that L € SRODL and K is a subalgebra of L. Suppose a,b € K, a £ b.
Then there exists e € £(L) such that e(a) = 1 and e(b) = 0. It suffices to observe
that the restriction of e to K is an evaluation on K.

(b) Closedness under products:
Suppose L; € SRODL, i € I. For any j € I, let us denote by m; the j-th
projection [[,.; Li — Lj. Suppose that a,b € [],.; L; and a £ b. Then there
exists an index ig € I such that a;, € b;,, where a;, = m;,(a), b, = mi,(b).
Take an evaluation e € £(L;,) such that e(a;,) = 1 and e(b;,) = 0. Consider the
evaluation 7, o e on [[,.; L;. Then (m;, oe)(a) = e(m,(a)) = e(a;,) = 1 and
(7ri0 o 6)(b) = e(ﬂ-io (b)) = e(bio) =0.

(c) Closedness under homomorphic images:
Suppose that f: K — L is a surjective homomorphism and K € SRODL. Suppose
that z,y € L and x £ y. Then there are x1,y; € K such that z = f(z1), y = f(y1)-
Write I = {a € K; a < bV y; for some b € f~1(0r)} and write F = [z1,17] =
{a € K; 1 < a}. Then I is an ideal in K and F is a filter in K. Let us prove
that T N F = (). Looking for a contradiction, let « € TN F. Then a < bV y;
for some b € f~1(07) and z; < a. This implies that z; < bV y; and therefore
flx) < fOVy)=fO)V f(y1) =0V f(y1) = f(y1). This is a contradiction.
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By Proposition 6.10 we can find an e € £(K) such that e[l] = {0} and e[F] =
{1}. Since f=1(01) C I, we infer by Proposition 6.11 that there is an ¢ € £(L)
such that e = f oe. In particular, we obtain e(z) = €(f(z1)) = e(z1) = 1 and
€(y) = e(y1) = 0. This concludes the proof. O

7. Quasiideals and d-ideals

We have shown in the previous section that the possibility to find a set repre-
sentation of an ODL is closely related to the existence of evaluations with certain
properties. We have also seen that, if e is an evaluation on an ODL L, then the
set e~1(0) shares certain properties with the prime ideals in Boolean algebras. Tt is
these properties which serve as another characterization of set representation (see
Theorem 7.17). This characterization will be then applied in the constructions of
Section 8.

Through this section, let D denote a difference algebra (see Definition 2.1).

Definition 7.1. Let I C D. Let us say that I is a quasiideal in D provided the
following two conditions are satisfied:

(a) 0 €1,

(b) Ve,yel:zoye€l.

If, moreover, 1 & I, let us say that I is a proper quasiideal.

Proposition 7.2. Let I C D be a quasiideal. Then I is proper exactly when, for
any x € D, at most one of the elements x, x belongs to I.

Proof. Let I be proper. Suppose that both 2 and z' belong to I. Then z o

belongs to I and therefore 1 € I. This is a contradiction.
Conversely, suppose that at most one of the elements z, 2 belongs to I. Since
0 € I, then 0% ¢ I, and therefore 1 ¢ I. |

Proposition 7.3. Let I C D be a proper quasiideal. Let x € D be such an element
that x+ ¢ I. Set J =T U{iox; i € I}. Then J is also a proper quasiideal in D
and, moreover, x € J and - & J.

Proof. Obviously, J is a quasiideal. Let us show that 1 ¢ J. Suppose that 1 € J.
Then 1 = i o x for some i € I. Since the equality 1 = i o x implies z+ = 7, we see
that z+ € I, which is a contradiction. Further, z = 0oz € J. If 2+ € J, then
1 =gxoxt € J, which is also a contradiction. O

Proposition 7.4. Let I C D be a quasiideal. Then I is a maximal proper quasiideal
in D exactly when, for any x € D, either x € I or 2+ € 1.
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Proof. (=): Suppose I is a maximal proper quasiideal. Let z € D. Seeking a
contradiction, suppose that = & I, z+ & I. According to Proposition 7.3, there is a
proper quasiideal, J, I C J, which contradicts the maximality of I. It follows that
at least one of the elements z, z* belongs to I. Since I is proper, both of z, z+
cannot belong to I.

(«): Suppose that the right-hand side condition is fulfilled. Since 0 € I, we see
that 0+ ¢ I, and therefore 1 ¢ I. As a result, I is a proper quasiideal. Suppose
further that I C J and J is a quasiideal in D. Let us show that 1 € J. Since
I C J, there is an = such that z € J, + ¢ I. Since ¢ I, we have 2+ € I in
view of our condition. Summarizing, we see that « € J and 2+ € J, and therefore
l=gzoztel. O

The property “for any = € D, either € I or - € I” shall be referred to as
“the selectivity property”.

Proposition 7.5. Let Iy C D be a proper quasiideal, b € D and b+ & Iy. Then
there exists a mazximal proper quasiideal J in D such that Io C J and b € J.

Proof. Let Jo = IpU{iob; i € In}. By Proposition 7.3, Jy is a proper quasiideal
inDand b€ Jy. Write Z = {I C D; I is a proper quasiideal in D, Jy C I}. Since
Jo € Z, we see that Z # (). Further, the system Z is closed under the formation of
the union of its chains. By Zorn’s Lemma the set Z contains a maximal element,
say some quasiideal J. Since b € Jy and Jy C J, we have b € J. Thus, J is the
maximal proper quasiideal we looked for. ([l

Proposition 7.6. Let I be a mazimal proper quasiideal in D. Then |D| =2-|I|.

Proof. Tt is easily seen (Propositions 2.6 and 7.4) that * is a bijection between I
and D\ I. O

Proposition 7.7. Let Dy and Dy be DAs with |D1| = |D2|. Then D1 = Dy (i.e.,
the algebras Dy, Dy are isomorphic).

Proof. Choose two maximal proper quasiideals I, resp. J in Dj, resp. Do. Then
|I| = |J| (Proposition 7.6). Further, (I,op,,0p,) and (J,¢p,,0p,) are commuta-
tive groups the elements of which have order 2. But the theory of commutative
groups in which each element has the order of a given prime number is categori-
cal in each cardinality (see, for instance, [7, p. 40]). Hence there exists a (group)

isomorphism f of (I,¢p,,0p,) onto (J,op,,0p,). Let us define g: Dy — Dy by
f(x) ifxel,
g(‘r) = 1 1 . 3
(f(z+p1))=p2 ifx € Dy \ I

Then one can easily check that g is an isomorphism of the algebras Dy, Ds. O



204 M. Matousek Algebra univers.

Proposition 7.8. Let D be a DA. Then there is a Boolean algebra, B, such that
D= Dpg.

Proof. By Proposition 7.7 it is sufficient to show that there is a Boolean algebra B
such that |D| = |B|. If D is finite, then |D| = 2™ (Proposition 2.3). In this case
one takes the Boolean algebra B, for B. If D is infinite and |D| = &, one takes
By for B (compare with Convention 1.8). O

The following notion seems quite useful in the study of DAs and ODLs.

Definition 7.9. Let X C D. We shall say that X is an independent set in D if
x1 0 ox, # 1 for any choice z1,...,z, € X.

Proposition 7.10. Let X C D. Write
Iixy={0}U{z10--0omp; n>1, x1,...,2, € X}.
Then I x) is the smallest quasiideal in D which includes X. Moreover, if D is
nontrivial then the following result holds true:
I xy is a proper quasiideal in D if and only if X is an independent set in D.

Proof. One can easily show that I(x) is the smallest quasiideal in D including X.
Suppose that D is nontrivial. If I(xy is a proper quasiideal in D, then 1 ¢

I(xy, and therefore 1 # x1 ¢ --- o x, for any z1,...,2, € X. This implies
that X is independent. Conversely, suppose that X is independent. Then 1 ¢
{z10---0oxy; n>1, 21,...,2, € X}. Since D is nontrivial, we have 1 # 0. This
implies that 1 & Ix. O

Remark 7.11. Let X C D. If X = (), then I(x) = {0}. If X # 0, then I(x) =
{z10--0xn; n>1, 21,...,2, € X}. Moreover, if X is infinite, then |I(x)| = | X]|.

Corollary 7.12. Let D be nontrivial and let X C D. Then X is an independent
set in D if and only if there exists a proper quasiideal I in D such that X C I.

Proof. Tt follows from Proposition 7.10. (]

Definition 7.13. Let L be an ODL and let I C L. Let us call I a difference-ideal
(abbr., a d-ideal) in L if the following conditions are satisfied for any x,y € L:

(a) 0 €1,

(b)yzel, y<z=vyel,

(¢c) zmyyel=zAyel.

If, moreover, I has the selectivity property (i.e., for any « € L either z € I or
xt € I), then we call I a prime d-ideal in L.

In the following propositions we find an explicit relation between ideals and

d-ideals.
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Proposition 7.14. Let L be an ODL. Then every ideal in L is also a d-ideal in L.

Proof. Let I be an ideal in L. Let us check condition (c) of Definition 7.13. Let
z,y€I. Then xVy € I. Since x Ay < xVy, we also have x Ay € I. O

Proposition 7.15. Let B be a Boolean algebra and let I C B. Then I is a d-
ideal in B if and only if I is an ideal in B.

Proof. If I is an ideal in B, then [ is a d-ideal as the previous proposition states.
Conversely, suppose that I is a d-ideal in B. Let z,y € B. Since B is Boolean,
we have zVy =2 A (yAxt). AsyAxt <yandy € I, we see that y Azt € 1.
Condition (c) of Definition 7.13 then implies that @ A (y A x*) € I. It means that
xVyel. (Il

Let us note that in general the d-ideals do not have to be ideals. For instance,
take the ODL MOj3 of Example 3.8. In this ODL the set I = {0, z,y, z} constitutes
a d-ideal (indeed, it constitutes a prime d-ideal) but I is not an ideal.

Proposition 7.16. Let L be an ODL.
(1) If e is an evaluation on L, then the set I, = {x € L; e(xz) = 0} is a prime
d-ideal in L.
(2) Conversely, if I is a prime d-ideal in L, then the mapping e; defined by the
requirement
ef(x) =0 forxel, ei(x)=1forxeL\I

is an evaluation on L.

Proof. The only fact that needs to be checked is that the set I. has the selectivity
property, the rest is a simple direct verification. Let z € L with = ¢ I.. Then
e(z) = 1. Further, e(z) =e(x A1) =e(zx)@e(l)=1®1=0. Thusazt € I,. O

In conclusion of this section, let us formulate a result that characterizes the set-
representable ODLs in terms of prime d-ideals. The proof of this theorem follows
immediately from the previous proposition and from Theorem 6.7.

Theorem 7.17. Let L be an ODL. Then L is an SRODL (i.e., L is set-represent-
able) if and only if the following condition holds true:

Whenever x,y € L and x* £ y, then there exists a prime d-ideal I in L such
that x,y € I.

8. Horizontal sums of Boolean algebras as ODLs

In this section we will exhibit a construction of ODLs with the help of which
we can produce examples of ODLs with specific or rather peculiar properties. In



206 M. Matousek Algebra univers.

particular, we exhibit a construction of ODLs which are not set-representable. The
construction is based on the horizontal sum of Boolean algebras borrowed from the
theory of OMLs.

Definition 8.1. Let L be a nontrivial OML. We say that L is the horizontal sum
of its blocks if By N By = {OL, ]-L} for all blocks B1,B5 € BI(L) with B; 7& Bs.

Let us denote by HOR the class of ODLs L such that Lg,p;, is the horizontal
sum of its blocks.

Lemma 8.2. Let L be the horizontal sum of its blocks.

(a) Suppose that x,y € L, v # 1, y <z and x € B € BI(L). Theny € B.

(b) Ifz € L, x & {0,1}, then the element x lies in exactly one block of L.

(c) Let z,y € L and let = |1, y. Then there ezxists a unique block By € BI(L) and
a unique block By € BI(L) such that © € By and y € Bs.

Proof. The statements (a), (b) are trivial. To show the statement (c), observe that
the assumption z | y implies that neither of the elements x,y can be equal to 0
or 1. The rest follows from the statement (b). O

Let B be a nonempty set of Boolean algebras such that By N By = {0,1} for all
By, By € B with By # By. Then L = |J B carries in a natural way the structure of
an orthomodular lattice which is the horizontal sum of its blocks (see [16, p. 59]).
Let us call the OML L the horizontal sum of the system B.

Let ¥ > 1 be a cardinal number. Recall that MO,, denotes the horizontal sum
of k copies of the four-element Boolean algebra Bsy. Obviously, MO, is an OML
and [MO| = 2k + 2.

Definition 8.3. Let B be a nontrivial Boolean algebra and let B C Sub(B). Let
us say that B is a disjoint system of subalgebras of B if for all By, By € B with
By # By we have By N By = {0,1} and the algebras By, By are not comparable
(i.e., By € By and By € By). Moreover, if | JB = B, then the system B is said to
be a partition of the algebra B. Let us denote by Part(B) the set of all partitions
of B.

Proposition 8.4. Let C be the following relation on Part(B): By C Bs if for any
By € By there exists By € By such that By C By. Then the relation C is a partial
ordering on Part(B).

Proof. Reflexivity and transitivity of C is obvious. Let By,Bs € Part(B) with
B1 C By and By C B;. We are going to show that B; = By. Let By € By. Since
B C By, there is By € By such that By C Bs. Since By C By, there is By € By such
that By C Bs. From the inclusions By C By and By C Bs we infer that B; C Bs.
Hence the algebras By and Bs are comparable. According to the definition of a
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disjoint system of subalgebras, By = B3 holds. Since B; C By C Bs and B; = Bs,
we have By = By € Bs. It gives us that B; C By. The opposite inclusion By C By
follows analogously. |

Construction 8.5. Let B be a Boolean algebra and let B be a disjoint system of
subalgebras of B. Let us construct an OML, K, and the mapping Ax: K2 — K
as follows:

In the first step we construct a system B’ C Sub(B) determined by the following
requirement: If |JB = B (i.e., if B is a partition of B), then we set B’ = B. If
UB C B, then we add to B all necessary four-element subalgebras of B such that
the resulting system B’ is a partition of B. In the second step we take for K
the horizontal sum of the system B’. And finally, if z,y € K (= B), let us set
v Axgy=xApy. The pair (K, Ax) so obtained will be denoted by LZ# (abbr.,
LB).

Proposition 8.6. The algebra L® is an ODL. Thus, L® € HOR.

Proof. Conditions (D) and (D3) are obvious. Let us verify condition (D3). Let
x,y € B. If there is By € B such that z,y € By, then Vg y = Vg y. As a result,
zAy=zApy<zxVpy=axVgy. If there is no block B; such that z,y € By,
then x Vi y = 1. The inequality * A y < x Vi y is then valid automatically and
the proof is complete. O

Let B be a Boolean algebra, |B| > 4. Let us take the least element of Part(B)
in the ordering C. Obviously, this element consists of all four-element subalgebras
of B. Let us consider the algebra L5. Obviously, the OML qupp is isomorphic to
MO,. We want to take up the question of the existence and uniqueness of an ODL

L with Leypp = MO,

Proposition 8.7. Let k > 1 be a cardinal number. Then the necessary and suffi-
cient condition for the existence of an ODL L such that Lg,p, = MO, is that K is
either finite with k = 2™ — 1 for some natural number n > 1 or k is infinite.

Proof. Let there be an ODL L such that Lg,p, = MO, and let x be finite. Then
|L| = IMO,| = 2k + 2. On the contrary, the result of Corollary 3.3 implies that
|L| = 2™ (m > 2). This gives us that xk = 2m~! — 1.

Conversely, let « be finite and x = 2™ — 1 for some natural n > 1 or let &
be infinite. Choose a Boolean algebra, B, such that |B| = 2k + 2. In other
words, let us choose B with |B| = 2"+! if k = 2" — 1, and let us choose B with
|B| = & if & is infinite. Further, take a prime ideal, I, in B. Consider the partition
B={{0p,15,z,2*}; x € I\{0p}} of B. Then |B| =|I\{05}| = « and therefore
LB~ =MO,. O

supp
Proposition 8.8. Let K, L be ODLs with Kgpp & Leupp = MO,,. Then K = L.
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Proof. By Proposition 7.7 there is an isomorphism, f, of the difference algebra D g
onto the difference algebra Dy. Let us show that f is also an isomorphism of K
onto L. Observe first that f(0x) = 0r, f(1x) = 11. Further, for any z € K we
have f(z%) = f(x Ag 1x) = f(z) A f(1x) = f(z) AL 1 = (f(2))*r. Let
us finally show that f(z Ak y) = f(x) Ap f(y) for any x,y € K. Suppose that
z,y € K. If z = y or if at least one of the elements x,y belongs to {Ox,1x}, then
the equality we are proving is trivial. Suppose therefore that = # y, O < x < 1
and O < y < 1x. Then z Ak y = Ox and therefore f(x Ax y) = f(0x) = Of.
On the other hand, since f is injective we have f(x) # f(y), 01, < f(x) < 11, and
0. < f(y) < 1r. Hence f(z) AL f(y) = Or, which we wanted to show. O

In the rest of this section let us demonstrate some applications of the construction
of horizontal sums. The first application concerns a potential converse to Corol-
lary 3.3: Is every OML of 2" elements a support for some ODL? The answer is no.
Indeed, let us take for L the horizontal sum of two copies of four-element Boolean
algebras with the OML given by the following Greechie diagram (see [14, 16]):

a

Then the element a lies in exactly two blocks of L. By Proposition 5.6, L cannot
be the support of any ODL.

In the second application we will see that the class HOR contains a proper class
of ODLs which are set-representable and a proper class of ODLs which are not.
Before formulating the main results, we need to derive some more properties of
d-ideals in the ODLs that belong to HOR.

Proposition 8.9. Let L € HOR and let I C L. Then the following statements
hold true:
(A) I is a d-ideal in L if and only if
(1) I is a quasiideal in the difference algebra Dy, and
(2) VBeBL)Vz,ye B: (ze€l &y<z)=yel
(B) I is prime d-ideal in L if and only if
(1) I is a maximal proper quasiideal in Dy, and
(2) VBeBIL)Vz,ye B: (ze€l &y<z)=yel

Proof. (A): If I is a d-ideal in L, then conditions (1) and (2) are obviously satisfied.
Conversely, let conditions (1) and (2) be satisfied. Let z,y € L, z € I and y < z.
Let B € BI(L) be such a block that z,y € B. From condition (2) we have y € I.
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(B): If I is a prime d-ideal in L, then conditions (1) and (2) are again satisfied.
Conversely, if (1) and (2) are satisfied, then it follows from part (A) that I is
a d-ideal in L. According to Proposition 7.4, I has the selectivity property and
therefore I is a prime d-ideal in L. O

Theorem 8.10. Let L € HOR. Then L is an SRODL if and only if the following
condition holds true:

Va,y € L: if x |, y, then there exists a prime d-ideal I in L such that x,y € I.

Proof. (=): Let L be an SRODL of HOR and let z,y € L be such elements that
z |r y. Then 2t < y cannot hold (if z+ < y, then y C x, which is not the case).
According to Theorem 7.17, there is a prime d-ideal I in L such that z,y € I.
(«<): If L is Boolean, then L is obviously an SRODL. Suppose that L is not
Boolean. Let z,y € L be such elements that 2+ £ y. According to Theorem 7.17
we want to show that there exists a prime d-ideal I in L such that z,y € I. If
Z |1 y, then the existence of I follows directly from our assumption. Let us assume
that = C y. Let B be a block in L such that z,y € B. Since z+ £ y, we have
xVy < 1. Let us write a = x Vy € B. We will show that there exists a prime
d-ideal I in L such that a € I. The case a = 0 is trivial. Otherwise let b € L such
that @ and b do not lie in the same block (such an element b € L exists because L is
not Boolean). Then «a |1, b and, according to our assumption, there exists a prime
d-ideal I in L such that a,b € I. |

Theorem 8.11. Let L € HOR. Assume there ezists a block By € BI(L) such that
|B| =4 for any block B € BI(L), B # By. Then L is an SRODL.

Before giving the proof of Theorem 8.11, let us prove the following lemma:

Lemma 8.12. Let L be an ODL that satisfies all the assumptions of Theorem 8.11.
Let Iy be a prime ideal in the Boolean algebra By and let J be an independent set
in L such that Iy C J. Then there exists a prime d-ideal I in L such that J C I.

Proof. Let us choose such a maximal proper quasiideal I in the difference algebra
Dy, that J C I. (Such a quasiideal exists as can be seen from Corollary 7.12 by
applying Zorn’s Lemma.) We will show that I is a prime d-ideal we are looking for.
It is sufficient to prove that I fulfils condition (B2) of Proposition 8.9. Consider
a block B € BI(L). We will prove that the set BN I is an ideal in the Boolean
algebra B. There are two cases to be argued.

(1): B = By. In this case we will show that BNI = Iy. The inclusion Iy € BoNI
is obvious. Let us assume that x € Bo NI but = ¢ Ip. Since Iy is a prime ideal
in By and © € By, x € Iy, it must hold z+ € Iy. Now, = € I, '+ € Iy C I, and
therefore both of the elements x, 2z belong to I. This is a contradiction because I
is a proper quasiideal.
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(2): B # By. Then |B| = 4. Let B = {0,a,a*,1}. Since I has the selectivity
property, we have either I N\ B = {0,a} or I N B = {0,a"}. In both cases the set
B N1 is an ideal in B. ]

Proof of Theorem 8.11. Let z,y € L with x | y. Then = ¢ {0,1} and y ¢ {0,1}.
We will prove that there is a prime d-ideal I in L such that x,y € I. To this end,
let us distinguish the following two cases.

(D): {z,y} N By # 0. We may assume that z € By and y & By.

Let Ip be a prime ideal in the algebra By such that z € Iy (such a prime ideal
exists because z # 1). Then the set J = Iy U {y} is an independent set in Dy,
(otherwise we would have y € By). The existence of I follows directly from the
previous lemma.

(I): {z,y} N By =10, i.e., x & Bo,y & Bo.

Let us distinguish another two cases.

(ITa): Suppose z Ay € By. Let us write 2 = 2 A y. From case (I) specified to
the elements z and x it follows that there exists a prime d-ideal I in L such that
z,z€l. Theny=a2Azel.

(ITb): Suppose = Ay & By. Let us choose a prime ideal Iy in the Boolean
algebra By. The set J = IpU{z,y} is now an independent set in Dy. According to
Lemma 8.12, there exists a prime d-ideal I in L such that J C I. As a consequence,
z,y €1. (I

Corollary 8.13. Let L be an ODL such that Lgypp = MO,.. Then L is a modular
SRODL.

Proof. According to Theorem 8.11, L is an SRODL. Moreover, L is modular since
L does not contain the pentagon as a sublattice (see [16, p. 16]). O

Corollary 8.14. Let L € HOR such that L is not a Boolean algebra. Let us
suppose that there exists a block By € BI(L) such that |By| > 8 and |B| = 4 for any
block B € BI(L), B # By. Then L is a non-modular SRODL.

Proof. According to Theorem 8.11, L is an SRODL. It remains to prove that L is not
modular. Let us choose the elements z, y in the algebra By such that 0 < x <y <1
(this choice is possible because |By| > 8). Since L is not Boolean, there is an element
z € L such that z ¢ By. But the set {0,z,y,2,1} is a pentagon in L. O

Example 8.15. We will construct an ODL L, L € HOR, such that L is not an
SRODL. Let B be the Boolean algebra of all subsets of the set {1,...,5}. Then
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O0p =0 and 15 = {1,...,5}. Let us consider the following elements of B:

x=1{1,2,4,5}, a; = {1,2}, as = {4,5}, as = {3},
y=1{2,3,4}, by = {3,4}, by = {2}, bs = {1,5},
C1 = {173}, Cy = {274}7 C3 = {5}

Let us consider the following subalgebras of B:

Bl = {OBa 13,@1,@2,&3,@%,@%‘,@?}7 BZ = {037 leblvanbBabf_?bé_J%_L

1 L1
B3 - {OBalB7claCQ7C37cl , Co 763 }

It is easy to show that B; N B; = {0p,1p5} for any i # j. Moreover, z = a3 €
By, y = by € By. If we write B = {Bj, By, B3}, then B is a disjoint system of
subalgebras of the algebra B. Let us set L = L? (see Construction 8.5). Then
z |z y. In order to show that L is not an SRODL, it is sufficient to show that there
is no prime d-ideal I in L such that z,y € I. Indeed, let I be a d-ideal in L such that
x,y € I. Since a1 < x,as < z and by < y,by <y, we have ay,as,b1,bs € I. Since
the set I is closed with respect to the operation A, we also have a; Aby, a3 Aby € 1.
But a; Aby = {1,2,3,4} = c3 and as A by = {2,4,5} = c¢i. Because ¢; < cy €I,
we have ¢; € I. Now, c1,ci € I and therefore I is not a prime d-ideal.

By examining the foregoing example we see that the possibility to have Lgupp
set-representable (as an OML) does not imply that L is set-representable as an
ODL. Indeed, for the ODL L of Example 8.15, Lgypp, is obviously a set-representable
OML since it is a horizontal sum of Boolean algebras (see [24]). As a matter of fact,
Example 8.15 is the smallest ODL for this circumstance to occur as Proposition 8.17
shows.

Lemma 8.16. Let L be an OML with |L| = 16. Suppose that there exist an atom
a € L and mutually distinct blocks By, Ba, B3 € BI(L) such that a € By N Ba N Bg,
|B1| = |Bz2| = |B3| = 8. Then L is the OML with the following Greechie diagram:
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Proof. Since Bi, By, By are 8-element blocks, they can have at most one atom in
common. It means that By N By = By N B3 = By N By = {0,1,a,a*}. The set
Bl UBQ UBg contains exactly 16 elements, i.e., L= Bl UBQ UBg‘ Let us prove that
By, By, Bs are precisely all blocks in L. Let B € BI(L). We will prove that B = By,
for some k € {1,2,3}. First, let us exclude the case |B| = 4. Let us suppose that
B = {0,1,b,b+}. Then there is an i € {1,2,3} such that b € B;. This means
B C B;, which is a contradiction with the definition of a block. Therefore |B| = 8.
Let by, be,bs be all atoms in B. Since {b1,bo, b3} is a three-element set, at least
two of its elements are distinct from a. Let, e.g., by # a, ba # a. Let us suppose
that by € By, by € By, k,1 € {1,2,3}. Then by, a are distinct atoms in the algebra
By, and therefore b; < a*t. Analogously, by < at. Tt follows that by V by < at.
Let us suppose that b; V by < a®. Then the chain 0 < by < by Vb < a’ < 1is
contained in some block, B’, such that the cardinality of B’ is at least 16. But this
is a contradiction. Hence, by V by = at. Because b1,bs € B, we see that a+ € B.
Thus a € B. The blocks By, B have the atoms by, a in common, and because both
the blocks are eight-element, we have B = By. Thus, B € {B, B2, B3}. Hence,
BI(L) = {B1, B2, Bs}. |

Proposition 8.17. Let L be an ODL such that |L| < 16. Then L is an SRODL.

Proof. We may suppose that L is not Boolean. Then either |L| = 8 or |L| = 16. If
|L| = 8, then L = MOj3 and L is an SRODL. Suppose that |L| = 16. Let us write
Blg(L) = {B € BI(L); |B| = 8}. Then there are only three cases possible.

(1): Blg(L) = 0. Then L = MO7 and L is an SRODL.

(2): |Blg(L)] = 1. Let Blg(L) = {B}. Because the other blocks of L are four-
element blocks, L is a horizontal sum of its blocks. According to Theorem 8.11, L
is an SRODL.

(3): |Blg(L)| > 2. Let us choose Bi, By € Blg(L) with By # By. We will prove
that BiNBy # {0,1}. Seeking a contradiction, let us assume that BN Bz = {0, 1}.
Then |B; U Bsy| = 14. Let {a1,az2,a3} be the set of all atoms in the algebra By. Let
us choose an atom b € Bs. Then the elements a; A b, as A b, ag A b are pairwise
distinct because if, for instance, a; Ab = as Ab then (a3 Ab) Ab = (aa Ab) Ab and
therefore a; = as which is a contradiction. Moreover, the elements a; A b, as A b,
ag A b belong to the set L\ (B; U By). Indeed, let e.g. a3 Ab € By. Since a; € By,
we see that a1 A (a1 Ab) € By. But a1 A (ag Ab) = b, and therefore b € By
which we excluded. Obviously, |L \ (B U Bs2)| = 16 — 14 = 2. We have obtained a
contradiction. Therefore By N By = {0,1,a,a"}, where a is an atom. According to
Proposition 5.6, the element a lies in at least three blocks. Therefore there exists
another block B3 € Blg(L) such that a € Bs. Then Lemma 8.16 implies that
BI(L) = {B1, Bo, B3}. This means that a € C(L). According to Proposition 5.8,
L= L%x L% . Moreover, |L%| = [[0,a]| = 2 and [L®" | = [[0,a*].| = 8. Therefore
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both ODLs L® and L®  are SRODLs. Because the class SRODL is closed under
the formation of products, we infer that L is an SRODL. ]

In the final result, let us revisit Example 8.15 to demonstrate that there are
non-set-representable ODLs that contain preassigned Boolean algebras. As a con-
sequence, there are “as many” non-set-representable ODLs as Boolean algebras.

Theorem 8.18. Let B be a nontrivial BA. Then there is an ODL, M, such that
B is a subalgebra of M and M is not set-representable.

Proof. Let L be the ODL of Example 8.15. Let M = B x L and let us denote
by 71 the projection of M onto L. Because L is not set-representable and L is a
homomorphic image of M (L = 7, (M)), M cannot be set-representable. It remains
to show that there is an embedding of B into M. For this purpose, let us fix some
prime ideal, I, in B. (The existence of I follows from the nontriviality of B.) Let
us set F = B \I. Obviously, F' is an ultrafilter in B. Now, we can define a mapping

f: B — M as follows:
fa) = {(x,OL) ?fxe[,
(x,11) ifz e F.
We are going to show that f is the embedding we are looking for. Obviously, f is
an injective mapping. Further, ,f(OB) = (OB7OL) = OM, f(lB) = (13, ]-L) = 1]\/1.
Suppose z,y € B. We will prove that f(x Vpy) = f(z) Vi f(y) and f(z Apy) =

f(x) B f(y).
We have to distinguish three possibilities.

e Firstly, z,y € I. Then x Vgy € I, x Apy € I and therefore
fleVvpy)=(zVpy,0L)=(z,0L) Vi (¥,0r) = f(z) Vi f(y),
fleApy) = (xApy,0r) = (2,0) An (y,0L) = f(x) A f(y).

e Secondly, exactly one of the elements z,y lies in I. Let, eg., zx € I, y € F. In
this case x Vpy € F, x Ag y € F and therefore

flavpy)=(zVpy,1L) = (z,00) Vi (¥, 1) = f(2) Vi f(y),
fl@bpy)=(xlhpy,1L) = (2,00) Anm (y,11) = f(z) D f(y).
e Thirdly, z,y € F. Then xVpy € F, x Apy € I and therefore

fxVpy)=(xVpy 1) = (z,11) Vi (y,11) = f(z) Vi f(y),
flxApy) = (x Apy,0r) = (2,11) A (y,11) = f(2) Dar f(y)-

Finally, because the equalities 2+ = 2 A1 and x Ay = (2 V y*)* hold in any
ODL, the mapping f preserves both operations - and A. Hence, f is an injective
homomorphism of the algebra B into M. (Let us note that Mgupp = Bsupp X Lsupp
and therefore Mypp is a set-representable OML.) O
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Concluding the article, let us finally formulate some open questions related to
the investigation presented.

(1) Which OMLs are embeddable into Lgyp, for some ODL L? This interesting
question also deserves attention because of a potential application of ODLs within
quantum theories. In particular, it seems desirable to clarify the question for set-
representable OMLs and for OMLs £(H) of projections in a Hilbert space H. It
should be noted in connection with the latter class that for £(R') and £(R?) the
answer is obviously yes—these OMLs can be even converted to ODLs (Proposi-
tion 8.7). Further, each L(R"), 3 < n < oo, cannot be converted to an ODL as
one finds out easily upon testing the axioms of ODLs, but it seems conceivable that
L(R"™) allows for an ODL extension.

(2) Is the variety SRODL finitely based? We conjecture it is not.
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Symmetric difference on orthomodular

lattices and Z,-valued states

MILAN MATOUSEK, PAVEL PTAK

Abstract. The investigation of orthocomplemented lattices with a symmetric dif-
ference initiated the following question: Which orthomodular lattice can be em-
bedded in an orthomodular lattice that allows for a symmetric difference? In
this paper we present a necessary condition for such an embedding to exist. The
condition is expressed in terms of Za-valued states and enables one, as a conse-
quence, to clarify the situation in the important case of the lattice of projections
in a Hilbert space.

Keywords: orthomodular lattice, quantum logic, symmetric difference, Boolean
algebra, group-valued state

Classification: 06A15, 03G12, 28K99, 81P10

1. Introduction and preliminaries

In the paper [11] the author introduces algebras that can be viewed as “ortho-
modular lattices with a symmetric difference”. Their definition is as follows (the
standard definition of an orthocomplemented lattice can be found in [9], [10], [16],
ete.).

Definition 1.1. Let L = (X,A,V,%,0,1,A), where (X,A,V,~,0,1) is an or-
thocomplemented lattice and A : X2 — X is a binary operation. Then L is said
to be an orthocomplemented difference lattice (abbr., an ODL) if the following
formulas hold in L:

(D1) 2 A(yLz)=(xhy) Lz,

(D) s Al=at, 1 Ax=2at,

(D3) zAy<zVy.

Let us first formulate basic properties of ODLs as we shall use them in the
sequel (see also [11]). We shall adopt the convention that in writing a formula
with A and *, we give the preference to the operation * over the operation A.
Thus, for instance, z A y* means z A (y*), etc.

Proposition 1.2. Let L = (X,A,V,~,0,1,A) be an ODL. Then the following
statements hold true:

The authors acknowledge the support of the research plans MSM 0021620839 and MSM
6840770038 that are financed by the Ministry of Education of the Czech Republic.
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PROOF: Suppose that z,y € L and verify the properties (1)—(7).

(1) Let us first see that the property (D) yields 1 A1 = 1+ = 0. Using this,
wehave z AO=2 A (1A1)=(xA1)Al=2tA1=(2')t = 2. Analogously,
0Az=(1ANAz=1A1Az)=1Azt= (")t =x.

(2) Let us first show that 2~ Azt = xAz. We consecutively obtain - Azt =
ANAAAZ)=(zAQA1)Ax=(xA0)Ax=ax/z. Moreover, we have
zAz <zaswellasz Az =zt Azt < ', This implies that t Az < z Azt = 0.

(B)zlAy = (Ay) A0 = (zAy) A(yAz) Ay L)) = s Ay Ay) AxA(yAx) =
e A0AzAN(yLhz)=azhazA(yLhx)=0AyAz)=yAx.

(4) xAyt = zA(yAl) = (zAy) Al = (zAy)t. The equality 2t Ay = (zAy)t
follows from x A y*+ = (z A y)* by using the equality (3).

(5) Applying (4), we obtain 2+ Ayt = (z- Ay)t =z Ay)tt =z Ay

(6) If = y, then z A y = 0 by the condition (2). Conversely, suppose that
xAy=0.Thenz=zA0=2xAyAy)=(xlAy) Ay=0~Ay=y.

(7) The property (D3) together with the properties (4), (5) imply that z Ay <
sVy,zAy<ztvyl=@Aryt zryt<zAy ztry<azAy. O

Our interest in this paper is the relationship of ODLs to orthomodular lattices
(OMLs). Let us recall the definition of OML (the acquaintance with basic facts
about OMLs will be helpful in the sequel — see [1], [9], [10], etc.).

Definition 1.3. Let L be an orthocomplemented lattice. If L satisfies the
orthomodular law,

r<y=sy=aV(yAar),
then L is said to be an orthomodular lattice (abbr., an OML).

Though the orthomodular law is not explicitly stated among the axioms of
ODL, it can be easily shown ([11]) that an ODL is automatically orthomodular.
More precisely, if K is an ODL and Kg,pp is the orthocomplemented lattice ob-
tained from K by forgetting A, then Kgupp is an OML. A question arises: Given
an OML, L, can L be made an ODL? Or, in case the above question answers in
the negative too often, can L be at least enlarged to an ODL? If L allows for
such an enlargement, the algebraic “calculus” of L would be enriched and these
ODL-enlargeable OMLs might find an application in quantum logic theory, or
elsewhere (see [3], [6], [18], etc.).
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Let us comment on “the state of art” in this line of problems and agree on some
terminology. In [11] the author shows that several OMLs are ODL-convertible,
i.e. they are such OMLs that can be endowed with A to become ODLs. Such are,
for instance, the lattices MO, for k = 2" — 1, the lattice MO, for any infinite
cardinal k, certain pastings of Boolean algebras (this will also be commented on
later), several “non-concrete” OMLs, etc. On the other hand, there are OMLs
that are far from being ODL-convertible (such as, for instance, each finite OML
the cardinality of which differs from 2™). In fact, there are even OMLs that are
not ODL-embeddable (an OML, L, is said to be ODL-embeddable if there is an
ODL, K, such that L is a sub-OML of Kg,p) — a rather elaborate construction
presented in [12] provides such an example. In considering the ODL-embeddable
OMLs a rather interesting connection came into existence. It turned out that if L
is ODL-embeddable then it has to possess an abundance of Z,-states. This allows
us to show, in an interplay with [15], that if n > 4 then the projection lattice L(R™)
is not ODL-embeddable. The same question about L(R?) remains open (see also
[8], [15]). However, a purely ODL consideration (Theorem 3.10) clarifies the ODL-
convertibility of L(R?): The lattice L(R?) is not ODL-convertible (Theorem 3.11).
The lattice L(R?) is ODL-convertible and, of course, so is L(R!).

Let L be an OML. Let us recall that two elements a,b € L are called compatible
in L (a C b) if they lie in a Boolean subalgebra of L (see [1] and [9] for the
properties of compatible pairs). If a,b € L are not compatible, we write a— C b.
Further, let us recall that by a block in L we mean a maximal Boolean subalgebra
of L. Finally, let us call the set C(L) = {c € L; ¢ C a for any a € L} the centre
of L (i.e., C(L) is the set of all “absolutely compatible” elements of L). Obviously,
C(L) is the intersection of all blocks of L.

It is convenient to adopt the following convention.

Convention 1.4. Let L be an ODL. Then any OML notion can be referred to
L as well by applying this notion to the corresponding OML Lgypp.

Proposition 1.5. Let L be an ODL and let a,b € L with a C'b. Then a Ab =
(anbt)V (bAat) = (aVb)A(aAb)t. A corollary: If a C b, then a C a Ab.

PROOF: It follows from Proposition 1.2(7). O

In concluding this paragraph let us observe the following consequence of Propo-
sition 1.5: For each block B of L, the operation /A on L acts on B as the standard
symmetric difference.

2. OMLs with 8-element blocks

In this section we shall be interested in some intrinsic properties of the OMLs
whose blocks are of cardinality 8 and whose pairs of atoms, a and b, satisfy the
inequality a Vb < 1. We will then apply the results obtained in the constructions
enabling us to prove our main result formulated in Theorem 3.10. (It should be
noted that the class of OMLs considered in this section contains, as an important
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example, the lattice L(R?) of projections of R3. The paper [17] studies, with the
motivation coming from theoretical physics, the existence of sub-orthoposets of
L(R?). Incidentally, our result of Theorem 2.5 adds to Proposition 6.5 of [17].)

Proposition 2.1. Let L be an OML such that the cardinality of each block of L
is 8. Then

(i) for any pair a and b of atoms in L, the following statement holds true:
aV b < 1 if and only if there is an atom c such that a C ¢ and b C ¢;

(ii) for any pair of distinct atoms a and b in L there is at most one atom c
such that a C' ¢ and b C c.

PROOF: The statement (i) is trivial. For the statement (ii) suppose that a,b are
atoms and a # b. Suppose that ¢, d are such atoms that ¢ C a, ¢ C' b, d C a and
dCb. Then we have 0 < a < aV b < ¢+ Adt < ¢! < 1. Since each block of L
has 8 clements, we infer that ¢ A d+ = ¢*. Thus, ¢+ < d* and therefore d < c.
As ¢, d are atoms, it follows that ¢ = d. O

Definition 2.2. An OML L is said to be a 3-star if L is isomorphic with the
product {0,1} x MO, for k > 1.

The figure below indicates the Greechie diagram of the 3-star {0,1} x MOj.
Note that the number of blocks of this 3-star is .

Proposition 2.3. Let L be an OML. Then L is a 3-star if and only if the
cardinality of each block of L is 8 and C(L) # {0, 1}.

PROOF: The proof is evident. O

Prior to the main result of this section, let us recall some notions of orthomo-
dular combinatorics (see also [4] and [16]).

Definition 2.4. Let L be an OML such that the cardinality of each block of
L is 8. For three mutually distinct and compatible atoms aq, as, a3 of L, let us
denote by [a1,as, as]r the block of L generated by these atoms.

An n-path in L (n > 1) is a sequence By, ..., B, of blocks of L such that there

are pairwise distinct atoms by, a1, ba, ..., an,bpt1 € L with B; = [b;, a;,bi+1]1,
t=1,...,n.

An n-loop in L (n > 3) is a sequence Bi,...,B, of blocks of L such that
there are pairwise distinct atoms by, ay,bs,...,a, € L with B; = [b;, a;,bi41]1,

i:l,...,n—l, Bn: [bn,an,bl]L.
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We shall also need the following corollary of Greechie’s lemma ([4]): An OML
satisfying the assumptions of Def. 2.4 cannot contain any n-loop for n < 4.

Theorem 2.5. Let L be an OML. Let the cardinality of each block of L be 8
and let C(L) = {0,1}. Let for any pair a,b of atoms in L the inequality aV b < 1
hold true. Then any block of L is contained in a 5-loop.

PrOOF: We shall need three lemmas (the OML L dealt with in the lemmas
satisfies the assumptions of Theorem 2.5).

Lemma 1. Fach block in L is contained in a 2-path.

PRrOOF: Consider a block B = [a1, ag,as]r. Since L is not a Boolean algebra, we
see that L # B. Hence there is an atom b € L with b ¢ B. The assumptions
required for L obviously guarantee the existence of an atom ¢ € L such that a1 C ¢
and b C ¢. Let us complete the lemma arguing by cases. If ¢ € {a1, a2, a3}, then
the couple [a1,az,as3]r,[c,b,ct A bL] is a 2-path. If ¢ ¢ {ai,as,a3}, then the
couple [ay,az,a3]r, [¢,a1,ct Aai]r is a 2-path. The proof is done. O

Lemma 2. FEach 2-path in L is contained in a 3-path.

ProoOF: Cousider a 2-path, some By = [b1, a1, b2]r, B2 = [ba, a2, bs]r. Since by ¢
C(L), there is an atom d € L such that bo— C d. It follows that d ¢ {b1, a1, a2, bs}.
We have two possibilities to argue.

(I) First, d is compatible with some of the atoms by, a1, ag, b3. Without any loss of
generality, suppose that d C by. Then a;— C d, as— C d and b3— C' d. Indeed, if
a1 C dthend=0b. If ap C d or b3 C d then L contains a 4-loop which is excluded
by the Greechie lemma. Thus, we obtain the following Greechie diagram:

b1 d

a1 e

*——o—o
b2 as bg

(IT) Second, d is not compatible with any of the elements b1, a1, as,bs3. By our
assumption, there is an atom ¢ € L such that b; C ¢ and d C ¢. Since d is not
compatible with any of the elements b1, a1, b2, as, by and since d C ¢, we see that
¢ ¢ {b1,a1,ba,as,bs}. Mimicking the reasoning of the part (I) we obtain a 3-path
portrayed below:
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bl (&
¢——o—9o

a; e

o ——o—9o
b2 ag bg

This completes the proof of Lemma 2. O
Lemma 3. Each 3-path in L is contained in a 5-loop.

PRrOOF: Consider a 3-path, some By = [b1,a1,b2]r, B2 = [ba,a2,b3]r, Bz =
[bs, a3, bar. By our assumption on L, there is an atom d € L such that d C by
and d C by. Obviously, d ¢ {a1, b2, as, bs, as}. In other words, we have completed
the proof of Lemma 3 by constructing a 5-loop in L with the following Greechie
diagram:

b2 al bl
q

as ® d
[

b3 as ba

O

Let us return to the proof of Theorem 2.5. Let us choose a block B of L. Then a
consecutive application of Lemma 1, Lemma 2 and Lemma 3 allows us to obtain
the desired 5-loop. O

3. Results

Let Zs stand for the group {0,1} understood with the modulo 2 addition &
(thus, 11 =040=0,1060=041=1). Let L be an OML and let s : L — Z
be a mapping. Then s is said to be a Zy-valued state (abbr., a Zs-state) provided
5(1) = 1 and s(z V y) = s(z) @ s(y) whenever x,y € L, z < y*. The following
definition is a variant of “fullness” dealt with in the quantum logic theory ([7])
and it is crucial in our consideration.

Definition 3.1. Let L be an OML. Then L is called Zs-full if for any x,y € L,
x £y, x#0,y # 1 there exists a Zy-state, s, on L such that s(x) = 1 and
s(y) =0.

Our first result reads as follows.
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Theorem 3.2. Let L be an OML. If L is ODL-embeddable then L is Zs-full.

The proof of Theorem 3.2 will be obtained in a series of propositions. Let us
first examine a certain type of ideals in ODLs. They will correspond to Z,-states.

Definition 3.3. Let K be an ODL and let I be a subset of K. Then I is said
to be a A-ideal if 0 € I and whenever a,b € I, then a A b € I. Further, if 1 ¢ I,
then I is called a proper A-ideal. Finally, I is called maximal if I is proper and
for any proper A-ideal J with I C J we have [ = J.

Proposition 3.4. Suppose that K is an ODL and I is a proper A-ideal in K.
Suppose that * € K and neither x nor x* belongs to I. Let us write J =
TU{aAx; a€l}. Then J is also a proper A-ideal in K and, moreover, x € J
and x+ ¢ J.

PROOF: The set J is obviously a A-ideal. Let us see that 1 ¢ J. Suppose
on the contrary that 1 € J. Then 1 = a A x for some element a € I. The
equality 1 = a A x implies that a = z* (indeed, by Proposition 1.2 we have
0= (aAz)t =al 2" and therefore a = z*). But 2t does not belong to I
which is a contradiction. Thus, 1 ¢ J. Further z = 0 Az € J. If - € J, then
1=z Azt € J — a contradiction again. O

Proposition 3.5. Let K be an ODL and let I be a maximal A-ideal in K. Then
card({z,z+} N1I) =1 for any x € K.

PROOF: Suppose that I is maximal and 2 € K. Suppose further that « ¢ I and,
also 2+ ¢ I. Then (Proposition 3.4) there is a A-ideal, J, such that I C J and
I # J. As a result, at least one element of the set {z, 21} belongs to I. Looking
for a contradiction, suppose that {z,2+} C I. Then x A z+ = 1 which means
that 1 € I — a contradiction (I is supposed to be proper). O

Proposition 3.6. Let K be an ODL and let a,b € K, a # b, a <1 and 0 < b.
Then there is a maximal A-ideal, J, such that a € J and b ¢ J.

ProOF: Write Z = {I C K; I is a proper A-ideal, a € T and b ¢ I}. Then
{0,a} € T and therefore Z # (). By a standard application of Zorn’s lemma,
the set Z ordered by inclusion contains a maximal element, J. Of course, J is a
proper A-ideal. Moreover, b+ € .J (otherwise the A-ideal J' = JU{cAbt; ¢ € J}
extends J, Proposition 3.4, and J' belongs to the system 7). Let us show that J is
maximal. Suppose therefore that J C I for a proper A-ideal I, J # I. Thus, [ is
strictly larger than J and therefore I ¢ Z. Therefore b € I and since b+ € J C I,
we see that 1 = b A b+ € I. This means that I is not proper and the proof is
complete. O

Proposition 3.7. Let K be an ODL and I be a maximal N-ideal in K. Let
us define a mapping s : K — Zy as follows: s(a) = 0 (resp., s(a) = 1) if a € I
(resp., a ¢ I). Then s(x Ay) = s(z) ® s(y) for any z,y € L. A consequence: The
mapping s is a Zy-state on Kqupp.

541
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PROOF: Let us consider two elements xz,y € K. We are to prove the equality
s(x Ay) = s(z) ® s(y). We will argue by cases. If both  and y belong to I, then
x Ay € I and therefore s(x Ay) =0=000=s(z)®s(y). fxelandy ¢ I,
then 2 Ay ¢ I (indeed, should z Ay be an element of I, then y = 2 A (x Ay) € I
which is a contradiction). Hence s(x Ay) =1=0®1 = s(z) ® s(y). The case of
x ¢ I and y € I argues analogously. Let us suppose that ¢ I and y ¢ I. Since
I is a maximal A-ideal, we infer that 2~ € I and y* € I. Then z* Ayt € I.
But 2t Ayt = 2 Ay (Proposition 1.2(5)) and therefore + Ay € I. Hence
s(xAhy)=0=1d01=s(z) ® s(y).

It remains to show that the mapping s defined above is a Z-state on Kgypp.
Of course, s(1) = 1. Let us take x,y € K with z < y*. Then z C' y and therefore
(Proposition 1.5) we see that z Ay = (x Vy) A (z Ay)t = (zVy) A0t =2 Vy.
Then s(z Vy) = s(x Ay) = s(x) ® s(y) by the analysis above. The proof of
Proposition 3.7 is complete. |

PROOF OF THEOREM 3.2: Let L be an ODL-embeddable OML. Then there is
an ODL, K, such that L is a sub-OML of Kg,pp. Let x,y be elements of L with
x#y,xz#0andy # 1. According to Proposition 3.6 there is a maximal A-ideal
J in K such that y € J and = ¢ J. Let us set s(a) =0 for a € J and s(a) =1 for
a € K, a¢ J. Then, according to Proposition 3.7, the mapping s is a Z>-state on
Kqupp. If we denote by s; the restriction of s to the OML L, then s; is a Z>-state
on L. Moreover, s1(z) = s(z) =1 and s1(y) = s(y) = 0. O

The link of ODL-embeddable OMLs with Zs-states revealed in Theorem 3.2
allows us to shed light on the ODL embeddability of the lattice L(H) of projections
in a (real) Hilbert space H.

Theorem 3.8. Let H be a Hilbert space. If dimH > 4, then L(H) is not
ODL-embeddable.

PROOF: In [15] it is shown that for dimH > 4 the OML L(H) does not allow for
any Zs-state. The rest follows from Theorem 3.2. 0

The case of L(R?) remains open — it seems still open whether or not L(R?)
possesses a Za-state (see [8] and [15]). However, it is not difficult to show that
L(R3) cannot be made an ODL (i.e., it can be proved that L(R?) is not ODL-
convertible). In fact, even relatively mild lattice-theoretic conditions shared by
L(R3) prevent us from introducing A on L(R?). We are going to prove this by
deriving a characterization of 3-stars — a result which may be of separate interest
in the theory of ODLs.

Recall first a result already referred to in the introduction (for a detailed proof,
see [11]; let us provide a sketch for the convenience of the reader).

Proposition 3.9. Let k be a cardinal number. Let k = 2™ — 1 for a natural
number n € N or let x be infinite. Then the horizontal sum MO, is, up to an
ODL-isomorphism, uniquely ODL-convertible.
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PROOF: Let k = 2" — 1 (resp. & be infinite). Then there is a Boolean algebra,
B, with card(B) = 2"*! (resp. card(B) = k). Take a prime-ideal on B, some
I and set, for any a € I\ {0}, B, = {0,a,a*,1}. Since card(I \ {0}) = &, we
see that MO, is OML-isomorphic with the horizontal sum of B,, a € I \ {0}.
Moreover, MO, and B have the same underlying set. Thus, elements ¢,d € MO,
can be viewed as elements of B and hence we can define ¢c/Ad as the corresponding
symmetric difference in B (understood in MO, this time). It can be shown that
MO, endowed with this symmetric difference is an ODL and that A is (up to an
ODL-isomorphism) the only one which converts MO, to an ODL. O

Before we formulate the main result of this section let us again make use of
Convention 1.4 allowing ourselves to call an ODL K a 3-star provided so is Kgypp.

Theorem 3.10. Let K be an ODL. Then the following two statements are equi-
valent:
(i) K is a 3-star,
(ii) the cardinality of each maximal Boolean subalgebra of K is 8, and for
any pair a,b € K of atoms in K the inequality a V b < 1 holds true.

PROOF: The implication (i)=-(ii) is obvious. Let us launch on (ii)=-(i). Let us
first formulate and prove a few auxiliary propositions.

Lemma 1. Suppose that K is as in Theorem 3.10(ii). Let a,b be atoms of K.
Then

(i) a Ab is a co-atom of K if and only if a # b and a C' b,
(i) if a is not compatible with b, then a A b is an atom of K.

PrOOF: (i) If a # b and a C b, then a < b+ and therefore a A b = a V b. Since
both a, b belong to an 8-element Boolean subalgebra of K, the element a A b must
be a co-atom.

Suppose for the reverse implication that a Ab = d* for an atom d € K. Choose
an atom, ¢, such that @ C' ¢ and b C ¢. Then a < ¢+ and b < ¢*. It follows that
aAb<aVb<ct Thus, d- < ¢t and therefore ¢ < d. Since ¢, d are atoms,
we see that ¢ = d. The equality a A b = ¢t gives us a Aa A b = a A ct.
According to Proposition 1.2 we have b = a A ¢*. Since a C c¢*, we see in view
of Proposition 1.5 that a C' a A ¢*+. Hence a C'b.

(ii) Suppose that a— C' b. As known ([1] and [9]), a C b precisely when a C b*.

It follows that a # b+ and @ # b. Then a Ab# 1 and a A b # 0. If a A b were a
co-atom, the part (i) gives us a C' b. This implies that a A b is an atom in K. O

Lemma 2. Suppose that K is as in Theorem 3.10(ii). Let a,b, ¢ be atoms in K.
Then aAb/Ac =1 if and only if the atoms a, b, ¢ are pairwise distinct and pairwise
compatible.

PROOF: If a, b, c are pairwise distinct and pairwise compatible, they must be the
atoms of a block of K. In this case a AbAc=1.
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Suppose that a Ab A ¢ = 1. Then a,b, c are pairwise distinct. Indeed, if e.g.
a=bthenaAbAc=alalAc=0Ac=c#1. Further, a Ab= c" and
therefore a A b is a co-atom. It follows that a C' b (Lemma 1). Analogously, a C ¢
and b C ¢ and this completes the proof. O

Lemma 3. Suppose that K is as in Theorem 3.10(ii). Then K does not contain
a 5-loop.

PROOF: Suppose that it is not the case. Then there must be a configuration of
blocks indicated by the following figure.

b
Qy as
bs b3
as a2
b1 ai bo

We see that we obtain the following collection of identities:

51Aa1Ab2 = 1, bgAGgAbg = 1, bgAag,AlM = 1, b4Aa4Ab5 = 1, and
b5 A as A b1 =1.

As a result, we have the equality
(b1AalAbg)A(bgAaQAbg)A(bgAa3Ab4)A(b4Aa4Ab5)A(b5Aa5Ab1) =
IATATATAL Since x Ax =0 for any x in K, the right-hand side of the
equality above equals to 1 and the left-hand side equals to a1 Aas Aas ANag A as.
Thus, a1 A as A ag AN ag A as = 1. Let us rewrite the last equality as follows:
(a1 D ag) A (as Aag) A as =1. Lemma 1 gives us that a; A as as well as az A ay
are atoms in K. Further, Lemma 2 implies that a3y A as and as are compatible
atoms. Moreover, a1 < bé‘ and as < bé‘. This means that a1 Aas < aj; Vas < bé‘.
We therefore see that by C (a1 A ag). But then by and a; A as are distinct atoms
that are compatible with as and be. This contradicts Proposition 2.1(ii). The
proof of Lemma 3 is complete. O

PRrOOF OF THEOREM 3.10: It is easily seen that the proof of Theorem 3.10 can
be obtained as an interplay of the Lemma 3 and Theorem 2.5. Indeed, suppose K
satisfies the conditions of Theorem 3.10(ii). Then as K does not contain a 5-loop,
to avoid a contradiction with Theorem 2.5 we must have C(K) # {0,1}. But this
means that K is a 3-star (Proposition 2.3). O

Theorem 3.11. The OML L(R?) is not ODL-convertible.
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PROOF: Suppose that L(R3) is ODL-convertible. Then L(R?) must be a 3-star
(Theorem 3.10). But C(L(R?)) = {0,1} and we have reached a contradiction.
The proof is complete. O

Theorem 3.12. The OMLs L(R?) and L(R') are ODL-convertible.

ProoF: Of course, L(R') = {0, 1} and there is nothing to prove. Let us consider
L(R?). Obviously, L(R?) is nothing but MO,,, where x = 2*° (= the cardinality
of continuum). This OML is ODL-convertible (Proposition 3.9). O

We have seen that a lack of Zs-states on L prevents L from being ODL-
embeddable (and, in turn, from being ODL-convertible). It should be noted
that in [14] and [19] the authors construct finite OMLs without any group-valued
state at all. Their technique therefore provides another type of OMLs that are not
ODL-embeddable. However, the technique is very involved and even computer-
proved in places. A relatively simple OML without any Zs-states can be con-
structed on the ground of the following proposition. This proposition allows us to
extend the class of non-embeddable OMLs, and it also slightly adds to the area of
orthomodular peculiarities (see [4], [13], etc.). It should be noted that the result
generalizes Proposition 7.2 of the paper [12].

Proposition 3.13. Suppose that L is an OML. Suppose that there are blocks
By, Bs, ..., By, of L such that the following two conditions are satisfied:
(1) each B;, 1 < i < n is finite and n is an odd number,
(2) if @ € L is an atom in L, then a lies in an even number of blocks
By, Ba, ..., By (i.e. the cardinality of the set {i; a € B;} is even).

Then there is no Zs-state on L.

PROOF: Seeking a contradiction, let s : L — Z3 be a Zs-state. Let {a;1,...,aik
be the set of all atoms of the algebra B;, i = 1,...,n. Then the elements
ai,-..,a;k are mutually orthogonal and, moreover, a; 1 V...V a;x, = 1. Since
s is a Zy-state, we have s(a;1 V ...V a;i,) = s(ai1) @ ... @ s(a;r). Since
a1V ...Va g =11, we obtain s(a;1 V... Va;k) = s(ly) = 1. Summarizing,
s(ai1)®...®s(aj k) =1forany i € {1,...,n}. As a consequence,

(s(a11) @ ... ®s(a1k,)) D ... B (S(an1)®...Ds(ang,))=1®...0 1L

The right-hand side of the latter identity contains the element 1 exactly n-many
times. Since n is odd, the right-hand side equals to 1. Moreover, if a is an arbitrary
atom of L, then the assumption of Proposition 3.13 gives us that the left-hand
side of the identity contains the expression s(a) an even number of times. By
the property of the operation @, the left-hand side must be equal to 0. We have
derived a contradiction and the proof is complete. O

This result enables us to construct OMLs that do not possess a Zs-state (and,
as a consequence, the OMLs that are not ODL-embeddable). Let us conclude
our paper by exhibiting a simple example of an OML in this class (the OML
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portrayed below by its Greechie diagram obviously satisfies the assumptions of
Proposition 3.13; a proper class of such OMLs can be constructed in an analogous
manner).
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Orthocomplemented difference lattices with few
generators

Milan Matousek and Pavel Ptak !

ABSTRACT. The algebraic theory of quantum logics overlaps in places with certain areas of
cybernetics, notably with the field of artificial intelligence (see, e.g., [19, 20]). Recently an af-
fort has been exercised to advance with logics that possess a symmetric difference ([13, 14])
- with so called orthocomplemented difference lattices (ODLs). This paper further con-
tributes to this affort. In [13] the author constructs an ODL that is not set-representable.
This example is quite elaborate. A main result of this paper somewhat economizes on this
construction: There is an ODL with 3 generators that is not set-representable (and so the
free ODL with 3 generators cannot be set-representable). The result is based on a specific
technique of embedding orthomodular lattices into ODLs. The ODLs with 2 generators are
always set-representable as we show by characterizing the free ODL with 2 generators - this
ODL is MO3 x 24,

AMS Class: 06C15, 03G12, 81B10.
Key words: orthomodular poset, quantum logic, symmetric difference, Godel’s coding,

Boolean algebra, free algebra.

1 Introduction. Basic notions.

The notion of ODL has been introduced in [13] and further studied in [14] and [15]. The
axiomatic setup of ODLs came into existence by taking an abstract form of set theoretic
symmetric difference as a primitive operation (see Def. 1.1). As it turns out, an ODL is
automatically orthomodular and therefore it forms an orthomodular lattice (an OML).
This situates the variety of ODLs between OMLs and Boolean algebras. In a potential
application, the ODLs add to the instances considered previously as quantum logics (see
[4, 7,10, 19] etc.). In this paper we find a minimal number of generators of an ODL that
is not set-representable. This number is 3. We shall make use of the Greechie’s paste
job for OMLs together with certain techniques of embeddings of OMLs into ODLs. An
acquitance with the theory of OMLs is assumed in places (see, e.g., [1, 12, 19] for basics
on OMLs). For some specific properties of ODLs, let us refer the reader to [13].

Let us first recall the definition of an ODL.

Definition 1.1 Let L = (X, A,V,2,0,1,A), where (X,A,V,%,0,1) is an OCL and A :
X? — X is a binary operation. Then L is said to be an orthocomplemented difference
lattice (abbr., an ODL) if the following identities hold in L:

D) zA(yLz)=(xlhy) Az,

(Dy) z Al=2zt, 1 Az =at,

D) zAy<aVy.

IThe authors acknowledge the support of the research plans MSM 0021620839 and MSM 6840770038
that are financed by the Ministry of Education of the Czech Republic.



Obviously, the class of all ODLs forms a variety. We will denote it by ODL.

Let L = (X,A,V,1,0,1,A) be an ODL. Then the OCL (X, A,V,%,0,1) will be de-
noted by Lg,, and called the support of L. Occasionally, the ODL L will be identified
with the couple (Lgypp, A).

Let us list basic properties of ODLs as we shall use them in the sequel.

Proposition 1.2 Let L be an ODL. Then the following statements hold true:
(H)zAO0=2z, 0 Az =ur,

Proof. Let us first observe that the property (D;) yields 1 A1 = 1+ = 0. Let us verify
the properties (1)-(7). Suppose that z,y € L.

Ma2A0=2A1A1) =E@A1)A1l=1aA1=(21) = 2. Further, 0 Az =
AAN)Az=1A0Az)=1 Azt = (@)t =x.

(2) Let us first show that 2t A 2zt = x A x. We consecutively obtain z+ A 2t =
(AN)A1Az)=(zA(1AL) Az = (xA0)Ax =z Az. Moreover, we have t Az < x
as well as ¢ Az = 2+ A ot < 2t This implies that z Az <z Azt = 0.

B zlhy=@@lhy) A0=@ly AlyLz)AyLr)=zA(yLy)LhzA(ylLz)=
e ANOANz A (yAzr)=xzAzA(yAz)=0A(yAz)=yAx.
Wahyt=xAyALl)=(@Ay)Al=(xAy)t. The equality 2+ Ay = (x Ay)*
follows from x A y*+ = (x A y)* by applying the equality (3).

(5) Using (4) we obtain 2t Ayt = (zt Ay)t =z Ay)tt =z Ay

(6) If x = y, then x A y = 0 by the condition (2). Conversely, suppose that = Ay = 0.
Thenz =2 A0=zAyly) =@lhy) Ay=0~Ay=uy.

(7) The property (D3) together with the properties (4), (5) imply that + Ay < z Vy,
rANy<aztvyl=@Ay)t oAyt <zAy atry<azAy.

Theorem 1.3 Let L be an ODL. Then its support Lgpp is an OML.

Proof. Suppose that z,y € L, x <y, y Axt = 0. Let us prove that x = y. Since z < y,
we conclude that (z AyH)V (yAzt) =yAxt =0and (zVy) Az Ay)t=yAzt =0.
By Prop. 1.2, (6), (7) we see that A y = 0 and therefore = y.

In view of the above proposition, all notions of OMLSs can be referred to in ODLs, too. In
particular, we shall say that two elements z,y in an ODL L commute (in symbols, x C' y)
if they commute in Lgupp. Similarly, we shall denote by C'(L) the set of all elements of L
that commute with all elements of L. Let us call C'(L) the centre of L. It can be easily
shown that C'(L) is a subalgebra of L ([13]).

Let us suppose that B is a Boolean algebra. Let us denote by Apg the standard symmetric
diffrence on B. Thus, if x,y € B then x Ag y = (z Ayt)V (yAzt) = (zVy) A (z Ay)t.

Proposition 1.4 Let L be an ODL. Let z,y € L withx C'y. Then x Ny = (x Ayt)V
(Aat)=(xVy) Az Ay



A consequence: If B is a Boolean sub-algebra of L and x4, ...,x, € B, thenxt1A\...Ax, =
l‘lAB...ABl'n.

Proof. According to Prop. 1.2, (7), we have the inequalities (x Ayt)V (yAxt) <z Ay <
(x Vy) A (x Ay)t. Since the elements x,y commute, the left-hand side of the previous
inequality coincides with the right-hand side and therefore + Ay = (z Ayt) V (y Azt) =
(zVy) A @Ay

Let us exhibit some simple examples of ODLs. Firstly, each Boolean algebra can be
understood as an ODL which the following proposition shows.

Proposition 1.5 Let B be a BA. Then there exists exactly one mapping /N : Bx B — B
which fulfils the conditions (D1), (Dy) and (D3) of Def. 1.1.

Proof. To prove the existence, take for the operation A the standard symmetric difference
Ap in B. The properties (D;), (D2) and (D3) of Def. 1.1 are then obviously fulfilled.

Let us prove the uniqueness of A. Let /A1 : B x B — B be a mapping that fulfils
the conditions (D;), (Dy) and (D3). So the couple (B,A;) is an ODL. If z,y € B, then
x Cy, and therefore A\ y = x Ap y =2 Ay (Prop. 1.4).

Example 1.6 Let MO3 be the OML obtained as the horizontal sum of three 4-element
BA’s (see, e.g., [12]). Write MOz = {0,1,z, v+, y,y", 2z, 2-}. Then one can easily show
that there is exactly one mapping A : MOz x MO3 — MOj such that * A y = 2z and
(MO3,A) is an ODL. The ODL obtained in this way will again be denoted by MOsj.
Obviously, the ODL MOj is generated by the elements z,y. (It might be noted that MOy
can be viewed as an ODL exactly when k& = 2" 4 1, [13]. We shall only use MOj3 in this

paper.)

Proposition 1.7 Let L be an ODL and let x,y € L. Then
(a) zV(zly)=aVy,
) zA(xAy) =2 Ayt

Proof. Before verifying the equalities, recall the convention of the preference of A over
the operations A and V (thus, for instance, x V y A z means x V (y A z) etc.).

(a) The inequality Vo Ay < zVy is obvious. We have to show that zVy <z VzAy.
But 2 <z Vx Ay and therefore we need to check y < x VvV x Ay. According to (Dj3), we
have x Va Ay > x A (x Ay) =y. (It is worthwhile observing that this equality can be
viewed as a strenghtening of the condition (D3) from the definition of ODL’s.)

(b) The equality follows from (a) via the following calculation: z Az Ay = (zAxAy)tt =
(rtvat Ayt =(atvyt=zryt

Proposition 1.8 Let L be an ODL and let x,y € L. Thenx <y <z Ay <y.

Proof. Let us suppose that © < y. As y <y, the condition (D3) implies that x Ay < .
Conversely, suppose x A y < y. Making again use of y < y, the condition (D3) implies
that (x Ay) Ay <y. But (x Ay)Ay=xzA(yAy)=x/A0=uz.

We shall need the following simple fact on OMLs.

Lemma 1.9 Let L be an OML. Let x,y, 21,29 € L and let y = £,V 22, 11 < , 19 < .
Thenxz Cy and x1 =y Ax, x9 =y Ax+.



Proof. Since 71 < z and 2, < z+, we see that z; < z < xj- Thus, the elements x1, x9,
are mutually commutative. As known, x C' (z; V x2) and therefore x C' y. Moreover,
yANr=(x;Vr)ANx=(x;ANz)V (raAx) =21 V0=2z, and
yAat = (rVa) Azt =(z1 Axt)V (za Axt) =0V xy = 2o

Proposition 1.10 Let L be an ODL. Let x,y,z € L with x C' y and x C z. Then
xCyAz)andzANyAz)=(xANy)A(xAz).

Proof. The commutativity of the pair x C' y and x C' z yields the equations y = (y Ax)V
(yAzt), z=(zAz) V(2 Azt). Since (yAx) L (yAat)and (zAz) L (2 Azt), we see
by Prop. 1.8 that y = (y Az) A (y Azt) and z = (2 Az) A (2 Azt). But we also have
YAz = [(AZ) D (yATh] Al Az) A (hab)] = [(yAc) A (AD)] AllgAzt) A Azb).
Let us write 71 = (yAz) A(2Ax), 13 = (yAzt) A(zAxt). Then 2y < (yAx)V(zAz) < .
Analogously, 5 < z*. This implies that 2; L x5. By Prop. 1.8, y A 2z = 21 V 25. The
proof is completed by using Lemma 1.9.

Let us take up the intervals in ODLs. We will need them for the decomposition property
with respect to a central element. Consider first the situation in OMLs. Let K be
an OML and let a € K. Let us write [0,a]x = {# € K; = < a}. As known, the
interval [0,a] constitutes an OML. We will denote it by K® Let us shortly recall the
construction of K* (see, for example, [12], p. 20): If z,y € [0,qa], then x Ay € [0, a] and
xVy € [0,a]. The element 0, resp. a, is a least, resp. a greatest, element of K*. The
orthocomplement of z in K¢, x+4, is defined by setting 21* = 215 A a. It can be easily
seen that K¢ = ([0, al, A\, V,%*,0,a) is an OML.

Let L be an ODL and let a € L. If 2,y € [0,a] then z Ay € [0,a]. Let us consider
the algebra L% = ([0, a], A, V,%,0,a, ) = ((Leupp)®, ).

Proposition 1.11 Let L be an ODL and let a € L. Then the algebra L* is again an ODL.
Moreover, if a € C(L), then the mapping 7, : L — [0,a] defined by putting m,(x) = x A a
s a surjective homomorphism of L onto L°.

Proof. In order for L* to be an ODL, it is sufficient to check that the conditions (Dy), (D2)
and (D) of Def. 1.1 hold in L®. The conditions (D) and (D3) can be easily verified . It
remains to check the condition (Ds). For that, suppose = € [0,a]. Then zApe1. = zAa.
From Prop. 1.8 we obtain the equalities zAa = aAz* = xt. The equality 17« Apax = 2xte
follows from the commutativity of A.

Suppose further that a € C(L). Then the mapping 7, is an OML-homomorphism
Lgwpp — (L*)supp (see [12], p. 20). It remains to show that the mapping 7, preserves the
operation /AA. Suppose that z,y € L. Then by Prop. 1.10 we consecutively obtain
Tt Apy) = (xApy) Na=(xANa) A (yANa) =m(x) Apa ma(y). This completes the
proof.

In the final auxiliary result, let us show that an ODL can be decomposed with the help
of a central element in the way analogous to the situation known in OMLs.

Proposition 1.12 Suppose that L is an ODL and a € C(L). Then the mapping i :
L —[0,a] x [0,at] defined by putting i(z) = (7.(x), mer (x)) is an isomorphism of L onto
Lt x L™



Proof. The mapping 7 is an isomorphism between the OMLS Lgypp, and (L%)supp X (L“L )supp
(see again [12], p. 20). Since both the mappings 7,, 7,1 preserve the operation A, so
does the mapping ¢ and the proof is done.

In the conclusion of preliminaries, let us recall an important class of ODLs - the ODLs
that are set-representable. They form a variety ([13]) and represent some ‘nearly Boolean’
ODLs. Though the name itself suggests their definition, let us recall it in more formal
terms. Let X be a set and let D a family of subsets of X such that

(1) X € D,

(2) the family D forms a lattice with respect to the inclusion relation, and

(3) D is closed under the formation of the set symmetric difference.

Obviously, D constitutes an ODL. Let us call it concrete. If L is an ODL that is isomorphic
with a concrete one, then L is said to be set-representable.

2 Each ODL with two generators is set-representable
(a characterization of the free ODL with two gene-
rators).

Let us show in this section that the free ODL on 2 generators coincides with 24 x MOj
(where, as usual, 2* stands for the Boolean algebra with 4 atoms). Since the ODL 2*x MOy
is set-representable, and since a homomorphic image of a set-representable ODL is again
set-representable ([13]), we see that any ODL with two generators is set-representable.

In order to characterize the free ODL with 2 generators, we shall need two auxiliary
results. For the sake of a transparent formulation of these results, let us assume that
the generators of the Boolean algebra 2* are elements x1,7; and the generators of the
ODL MOj are elements xq,ys (compare with Example 1.6 - we have renamed z,y of
Example 1.6 with zo, y9).

Proposition 2.1 Let L be an ODL and let a,b € L. Let us suppose that a Ab = a Ab*+ =
at ANb=at Abt =0. Then there exists a homomorphism h : MO3 — L with h(zy) = a,
h(y2) = b.

Proof. Let us denote zy = xo A yo. Let us set h(Omos) = 0z, h(1lymos) = 11, h(xe) = a,
h(zy) = a*, h(yz) = b, h(yy) = bt, h(zs) = a A b, h(zy) = a A b, where 2y = x5 Ay in
The definition of A implies that h preserves the least and greatest element. Also, the
operations ~ and A are obviously preserved. Let us check that A preserves the operation
A, too. Suppose therefore that z,y € MOj3 and let us ask whether or not we have
hz ANy) = h(x) A h(y). If x,y commute in MOg, this equality is obvious. Suppose
that x,y do not commute. Without any loss of generality, it is sufficient to consider the
images of the elements x5 A yo and o A zo. We firstly see that h(xs A yo) = h(zg A 29) =
h(Omo,) = O, and further we have h(za) A h(y2) = a Ab = 0, as well as, by Prop. 1.7,
h(ze) Ah(29) = aA(aAb) = aAbt = 0r. The preservation of the operation V is a simple
consequence of de Morgan’s law. The proof is complete.



Proposition 2.2 Let L be an ODL with two generators s,t. Let us set a = (s At)V (s A
tHYV (st AtV (st At). Then a € C(L) and there exist homomorphisms g : 24 — L,
h:MOs; — L% such that

g(xl) = WG(S)vg(yl) = Wa(t)}

h(x2) = ma1 (), h(ye) = mar(t).
Proof. It is obvious that the element s At commutes with both s and ¢. Since s, t generate
the ODL L, we see that s At € C(L). Analogously, all the elements s A t-, st At and
st Att belong to C(L). As a consequence, (sAt)V (sAtL)V (stAt)V (st Att) =a € C(L).

Let us go on with the proof. Since the elements s,¢ generate L and since 7, is a
surjective homomorphism onto L%, it follows that the elements 7,(s), m,(t) generate the
ODL L®. Making use of the Foulis-Holland theorem ([12]) we infer that

Ta(s) =sANa=(sAt)V(sAth),

Tty =tANa=(sAt)V (st AtL).
As a consequence of the above identities we see that the elements 7,(s), 7, (t) commute
and therefore L® is a Boolean algebra. Since 2* is a free Boolean algebra on the set
{1, 91}, the existence of the homorphism ¢ is evident.

Let us take up the construction of the morphism h. It is sufficient to check (Prop. 2.1)
that

Tt () ATt (£) = Tt (8) A (Tt (D)) = (s (5)) - Ags () = (s (5)) A (s () - = 0.
Let us prove that 7,1 (s) A (7,1 (t))* = 0, the other equalities can be derived analogously.
Since m,. : L — L preserves the operation +, we see that (s (t))* = (me. (t)) 2ot =
7.1 (t11). As a consequence we obtain

Tal (8) A (T (1)) = T (8) Apr (tH2) = mau (s AtHE) = (s AtE) Aat = (s AtH) A
(sPVEDAEVHA(GVE)A(sVE) = (sAtH)A(sTVE) = (sAth) A(sAth)t =0.

Theorem 2.3 Suppose that the elements x1,y; are generators of the free Boolean algebra
2% and suppose that the elements x5, 1y, are generators of the ODL MQOs. Then the product
24 x MOj3 is a free ODL on the set {x,y}, where x = (x1,23) and y = (y1,ys).

Proof. Write F' = 2% x MO3. Let us first show that the set {x,y} generates F. Let
us denote by S the subalgebra of F' generated by {z,y}. Suppose that a € F. Then
a = (ai,a2) = (a1,0) V (0,az), where a; € 2* and az € MO3. We therefore have to
show that all elements of the form (ay,0), (0, az) lie in S. Since z,z+,y, y* are elements
of S, so are the elements z Ay, = Ay, o+ Ay, o+ A y*t. Taking into account that
Ty Ays = To ANYy = T3 Ays = 75 Ays = 0, we infer that all elements (z; A y1,0), (21 A
v, 0), (1 A y1,0), (z1 A 9, 0) belong to S. But o1 A yi, 21 Ay, o1 Ay, 21 A yi
are precisely all atoms of the Boolean algebra 2%. This implies that (a;,0) € S. As
a consequence, (aj,1) € S. Further, observing (0,73) = (a1,1) A (z1,22), We see that
(0,z2) € S. Analogously, (0,y2) € S and, also, (0,22) = (0,z2) A (0,y2) € S. We have
shown that S = F.

In order to show that F' is free, let K be an ODL and let fy : {z,y} — K be a
mapping. We have to show that f; can be extended as a homomorphism f : F — K.
Write s = fo(x), t = fo(y) and suppose that L is the subalgebra of K generated by the
set {s,t}. Set a = (sAt)V (s Att)V (st At)V (st Att). By Prop. 2.2 we have that
a € C(L) and, moreover, there exist homomorphisms g : 2* — L h: MOz — L such
that

g(xl) = ﬂa(s)ag(yl) = ’/Ta(t)7



h(z2) = T2 (s), h(y2) = mar ().

Let i : L — L* x L* be the isomorphism of Prop. 1.12. Let us consider the mapping
g x h defined by setting (g x h)(p,q) = (9(p), h(q)), where (p,q) € 2* x MOs. Obviously,
gxh:2*xMOs — L% x L* is a homomorphism. Let us set f = (g x h) oi !, ie.
for any (p,q) € 2* x MOj3 let us set f(p,q) = i 1(g(p), h(q)). Then f : 2% x MOs — L
is a homomorphism and since L is a subalgebra of K, we see that f : 2* x MO3 — K
is a homomorphism, too. Moreover, f(x) = i~ (g(x1),h(x2)) = i Y (ma(s), M1 (s)) =
i~'(i(s)) = s = fo(x). Analogously, f(y) = fo(y). We have verified that f extends f, and
the proof is complete.

It should be noted in the conclusion of this paragraph that the result of Thm. 2.3 has
already been obtained in [11] (a student thesis under the supervision of the authors of
this paper). However, the methods used here differ considerably from those of [11] and
allow us to prove the result in a simpler way.

3 There is an ODL with three generators that is not
set-representable (so the free ODL with three gene-
rators is not set-representable).

In this section we develop an embedding technique of OMLs into ODLs. This will allow
us to prove the assertion stated in the heading of this paragraph. Let us start with a few
conventions.

Let N stand for the set of all natural numbers, N = {0,1,2,...}. Let B be the Boolean
algebra of all finite and cofinite subsets of V. Let us denote by A the standard set-
theoretic difference on B. In considering countable ODLs we can visualise, with the help
of B, the operation A set-theoretically . The following proposition formalizes it.

Proposition 3.1 If L = (X,A,V,1,0,1,A) is at most countable ODL, then the algebra
(X, A, 0,1) can be embedded into the algebra (B, A,0p,15), where Og =0, 15 = N.

Proof. Let us choose a Boolean algebra B’ such that B’ is a sub-algebra of B and
card(B’) = card(X). Obviously, the algebra (B, A, 0g, 15) is a sub-algebra of the algebra
(B, A,0p,15). Moreover, the study of ultrafilters in (X, A,0,1) made in [13], Prop. 7.7
implies that the algebras (B, A, 0g, 15) and (X, A, 0, 1) are isomorphic.

The above result will be frequently used in the sequel. Before, let us agree on a con-
vention. In order to avoid rather inconvenient referring to finite and cofinite subsets
of N, let us make use of the standard coding of finite subsets of N by natural num-
bers. If A is finite, A C N, let us assign to A the number k(A) as follows: k(D) = 0,
k({ay,...,a,}) = 2% 4+ ...+ 2% . Thus, so defined k is nothing but the famous Gadel’s
coding. As known, the assignment k is injective. Take copies of 0,1,2, ..., some 0,1,2,.. ..
For any cofinite B, B = N \ A with A finite, let us set k(B) = k(A). Denoting by D, the
set {0,0,1,1,2,2,...}, we see that k is a bijection of B onto D,,. Further, let us introduce
an operation, @, on the set Dy, by setting z &y = k(k~'(z) A k7 (y)). The following
two assertions bring the properties of the operation @. The proofs are not difficult and
we omit them.




Lemma 3.2 The mapping k is an isomorphism of the algebra (B,A,0g,15) onto the
algebra (Do, 6,0, 0).

Lemma 3.3 If n € N, then the set {0,0,1,1,...,2" — 1,2 — 1} is a subalgebra of the
algebra (Duy, @, 0,0).

We shall utilize the following mapping * : Dy, — Ds. If n € N, we set n* = n and
(n)* = n.

Lemma 3.4 Ifx € Dy, thenz* =2 ®0=0® x.
Proof. We have ®0 = k(k~!(z) A k71(0)) = k(k~'(z) A N) = k(N\ k(). f z =n,
then k(N \ k~'(x)) = k(k~'(x)) = T = x*. Alternatively, suppose that x = fi. Take a set
A such that k(A) = n. We then see that z =n = k(A) = k(N \ A), i.e. k71 (z) =N\ A.
Consequently, k(N \ k71(x)) = k(N \ (N \ 4)) = k(A) =n = z*.

Since @ is commutative, we infer that 0 @ x = 2* and this completes the proof.

The objective of the following consideration is to show that mappings into D, allow us
to embed certain OMLs into ODLs. Let us first introduce a few new notions.

Definition 3.5 Let K be an OML and let L be an ODL. Let us agree to write K < L if
K is a sub-OML of Lgypp, and a Ab € K for any a,b € K withaV b < 1.

Lemma 3.6 (1) Let K be an OML and let L be an ODL. Let us suppose that there is an
OML M such that Ly, ts a horizontal sum of OMLs K and M. Then K < L.
(2) Let L be an ODL and let K be a sub-ODL of L. Then Kgypp < L.

Proof. It is routinne and we will omit it.

Let K be an OML and let BI(K') be the set of all blocks (= the set of all maximal Boolean
subalgebras) of K. Let At(K) stand for the set of all atoms of K. Let us denote by OM Ly
the class of all OMLs K such that card(B) = 8 for any B € BI(K). So, for instance,
each horizontal sum of 8-element Boolean algebras belongs to OMLg and so does the
projection lattice L(R?). More involved examples will be encountered in the sequel.

Let K € OMLg and let p,q € At(K). Let us write p &~ ¢ provided p # ¢ and p C q.
Further, let us write p ~ ¢ if there exists an r € At(K) such that p C' r and r C ¢ and,
moreover, p does not commute with gq.

Lemma 3.7 Let K € OMLg and let p,q € At(K) with p ~ q. Let r € At(K) such that
rCopandr Cq. Thenr =p*+ Aqgt.

Proof. Since p does not commute with ¢, we have p # ¢. Further, the element r € At(K)
with » C' p and r C' ¢ must be different from both p and ¢. Since p C' r and p # r we see
that r < p*. For an analogous reason, r < ¢g*. As a result, r < pt A ¢t < p*. We infer
that » = p~ A ¢ and this completes the proof.

Definition 3.8 Let K € OMLg be finite and let | : At(K) — Dy be a mapping. We
say that | is a labelling of the atoms in K if

(1) for any pair a,b € At(K) with a # b we have (a) # (b), I(a) # 1(b)*,

(2) for any B € BI(K) such that At(B) = {a,b,c} we have l(a) & 1(b) ®(c) = 0,

(3) for any pair a,b € At(K) with a ~ b there is an s, s € At(K) such that s ~ a* A b+
and l(s) = l(a) ® (D).



Before justifying this definition in the next theorem, let us explicitely formulate the fol-
lowing simple fact.

Lemma 3.9 Suppose that | is a labelling of the atoms of K and suppose that a € At(K).
Then l(a) & {0,0}.

Proof. Let B beablock in K witha € B. Let At(B) = {a, b, c}. Then l(a)®l(b)®l(c) =
If {(a) = 0, then I(b) & (c) = 0. This means that [(b) = I(c)* which is absurd. If [(a)
then [(b) @ I(c) = 0. This means that {(b) = I(c) which is again absurd.

Theorem 3.10 Let K € OMULg be finite. Then the following two statements are equiv-
alent:

(1) There is a finite ODL, L, such that K < L,

(2) there is a labelling of the atoms of K.

Proof. Suppose first that there is a finite ODL, L, such that K < L. Then there is an
embedding, f, of the algebra (L, A,0,1) into the algebra (D, ®,0,0) (see Prop. 3.1 and
Lemma 3.2). Let [ be the restriction of f to the set At(K). In order to show that [ is a
labelling, we are to verify three conditions.

(1) Suppose that a,b € At(K) with a # b. Then a # b+ and the rest follows from the
injectivity of f.

(2) Let B € BI(K). Write At(B) = {a,b,c}. Then a Ap b Ag ¢ = 1. Since B is a
Boolean sub-algebra of L we have a Ab/Ac=a Ag b Ap ¢ (see Prop. 1.4). It means that
a AbAc=1,and therefore f(a) ® f(b) ® f(c) = 0.

(3) Suppose that a,b € At(K) with a ~ b. Obviously, a Vb < 1. Set s =a A b € L.
Then s € K (compare the Def. 3.5). If s = a Vb, then a L b in view of a Vb = a Ab.
This is a contradiction. If s = 0, then a = b - a contradiction again. Summarizing the
previous considerations, we conclude that 0 < s < aVb. And this implies that s € At(K).
Since s < a Vb, we have s C (a V b) and therefore s C' (a* A bY). If s = at A b*, then
(aV b)t < aVbwhich cannot be the case since this would imply a V b = 1. We conclude
that s ~ at A bt and therefore [(s) = f(s) = f(a Ab) = f(a) D f(b) = l(a) DI(b). So the
implication (1) = (2) has been verified.

Conversaly, assume that there is a labelling I : At(K) — D.,. We can suppose that KN
D, = ). Choose an n, n € N, such that [[At(K)] C {1,1,2,2,...,2"—1,2" — 1}. Rewrite
the set {1,1,2,2,...,2"— 1,27 —1}\ {l(a),l(a)*; a € At(K)} as {i1, 11,192,102, - -+, Gm, im }-
Let M be the copy of MO,,, where M = {0,1,iy,41, 42,02, - -, im, i} under the under-
standing of i), = zf’ 1 < k < m. Consider the horizontal sum K with M and denote it
by L'. It remains to show that there is an ODL L such that Lgy,, = L.

Let e: L' —{0,0,1,1,...,2" — 1,2 — 1} be the mapping that is defined as follows:

6(0L/) = 0, 6(1[/) = 6,

e(a) = l(a), e(at) = l(a)* for a € At(K),

and e acts as identity on {iy, 41, %2, 9, - - - by G -

Obviously, e is a bijection of L' onto {0,0,1,1,...,2"—1,2" — 1}. Let us set, for z,y € L',
rANy=et(e(z) ®e(y)) and verify that L = (L', A) is an ODL.

The associativity as well as commutativity follows immediately from the algebra iso-
morphism of (L', A) on ({0,0,1,1,...,2" — 1,27 — 1}, ®). Further, z A1 = e !(e(z) ®
e(1z/)) = e !(e(x) ®0) = e *(e(z)*). Consider now the possibilities for z in order. If
r € K, then e l(e(x)*) = e 1(l(2)*) = e ((zh)) = e He(zh)) = 2t If 2 = iy,
then z A 1 = e e(in)*) = %) = e (i) = i, = ip. Finally, if z = i, then
e A1y = e Ye(in)) = e (@) = e (i) = ix = i5 . Thus, A1y = 2t for any z € L.

0.
0,
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It remains to check the last axiom of ODL’s, s Ay < zVy. Let x,y € I'. f zvy =1,
there is nothing to check. If x = y, then x A y = 0r and the inequality in question is
clear. Let us finally suppose that  Vy < 1 with  # y. Then z,y € K. Let us discuss
the possibilities for x,y € K which may occur.

First, suppose that  C' y. Let us choose a block B, B € Bl(K) such that z,y € B.
Then either both z,y are atoms or not. In the former case, when At(B) = {z,y, z}, we
have I(z) & (y) ®1(z) = 0. It means that z Ay = o (p(z) D p(y)) = ¢ Hl(z) B l(y)) =
o HI(2)*) = ¢ (p(zF) = 2t = 2 Vy. In the latter case, when at least one of z and y
is not an atom, we have x # y and = V y < 1. Thus, exactly one of x and y is a coatom.
Suppose, for instance, that x is an atom and y a coatom. Then x < y. Suppose that
At(B) = {x,y*, 2}. Then l(x)®I(y+)®I(z) = 0 and we obtain z Ay = e (e(x) De(y)) =
e elw) @ e(yt1)) = e (i) BI(yH)) = e 1(U(=)) = e H(el2)) = 2 Sy = 2 V. Again,
xANy<zVy.

Secondly, z— C'y. Then neither of x and y coincides with 0 or 1. We are going to show
that both x and y are atoms. Looking for a contradiction, suppose that x is a coatom.
Then x < x Vy < 1 and therefore x = x V y and this means that y < x - a contradiction
with x— C'y. We see that both x and y are atoms. So x < x Vy < 1 and therefore x V y
is a coatom. If we set z = (zV y)*, we obtain that z ~ y. According to the condition (3)
in the definition of labelling, an element s € At(K) is guarranteed such that s ~ z and
I(s) = I(x) & I(y). Consequently, one derives the equalities © Ay = e (e(z) D e(y)) =
e L(l(z) @ l(y)) = e 1(I(s)) = e L(e(s)) = s < 2 = 2 Vy. This completes the proof.

The previous result will be applied in our final construction to provide a proof of a main
result of this paper.

Theorem 3.11 There is an ODL L with 3 generators that is not set-representable. A
consequence: The free ODL on 3 generators is not set-representable.

Proof. Consider the ODL K portrayed by the following figure. Let us make use in the
figure the conventions of the Greechie paste job ([9, 12]) and the labelling notation agreed
on in Thm. 3.10.

62*

30
32
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As shown in [8], in each set-representable OML (and, in turn, in each set-representable
ODL) the following inequality holds true: = A (y V 2) < @.(y) V @ 2 (2), where @4(b) =
(bV at) Aais the well-known Sasaki projection ([1, 12]).

Let us see that this inequality fails in the OML K depicted by the figure. Indeed, let
us take © = 16*, y = 4 and z = 6*. Then z A (y V z) = 16* A (4 V 6*) = 16* A 2* =
whereas ¢, (y) = (4V 16) A 16* = 8* A 16* = 24" and ¢,1 (2) = (6" V4) N4" = 2" N4* = 6*
which gives us ¢,(y) V ¢,1(2) = 24* vV 6* = 32* < 1. By Thm. 3.10, there is an ODL,
L, such that K < L. Let Ly be the sub-ODL of L generated by z,y and z. Then the
inequality = A (y V 2) < ¢.(y) V ¢, (2) does not hold true in L; and therefore L, is not
set-representable. Obviously, L; has 3 generators and we have completed the proof.

In the series of papers [13] - [16] together with this note we have iniciated a systematic
study of axiomatic symmetric difference. The algebras which came into existence, the
ODLs, lie between orthomodular lattices and Boolean algebras and might therefore find
application in quantum logic theory or elsewhere in algebra. In the former area of appli-
cation it would be desirable to investigate ’states’ on ODLs. In the latter area, a natural
step in the effort to understand the intristic structure of ODLs is the investigation of
free objects in the variety ODL (the complexity of this problem indicates the analogous
study in OMLs, see [2]). A problem linked with the last question is whether this variety
is locally finite. Though we conjecture it is not, the problem is still open to us.
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On identities in orthocomplemented difference
lattices
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ABSTRACT. In this note we continue the investigation of algebraic properties of orthocom-
plemented (symmetric) difference lattices (ODLs) as initiated in [10] and further studied in
[11, 12]. We take up a few identities that we came across in the previous considerations.
We first see that some of them characterize, in a somewhat non-trivial manner, the ODLs
that are Boolean. In the second part we select an identity peculiar for set-representable
ODLs. This identity allows us to present another construction of an ODL that is not set-
representable. We then give the construction a more general form and consider algebraic

properties of the ‘orthomodular support’.

AMS Class: 06C15, 03G12, 81B10.
Key words: orthomodular poset, quantum logic, symmetric difference, Boolean algebra.

1 Basic notions and preliminaries

Let us first recall the definition of ODL.

Definition 1.1 Let L = (X,A,V,2,0,1,A), where (X,A,V,=,0,1) is an orthocomple-
mented lattice and A\ : X% — X is a binary operation. Then L is said to be an orthocom-
plemented difference lattice (abbr., an ODL) if the following identities hold in L:

D)z AyLz)=(xly Az,

(D) xAl=2zat 1Az =2t

Ds) zAy<azVvy.

Obviously, the class of all ODLs forms a variety. We will denote it by ODL. (It should
be noted that a certain version of symmetric difference has been dealt with in the area
of orthomodular lattices - see [4, 5, 13]. Our approach essentially differs from the above
quoted papers since we take the operation A as primitive.)

Let L = (X,A,V,5,0,1,A) be an ODL. Then the orthocomplemented lattice (X, A, V,
+,0,1) will be denoted by Lgup, and called the support of L. Occasionally, we allow
ourselves to harmlessly abuse the notation by identifying an ODL L with the couple
(Lsupp, D).

IThe authors acknowledge the support of the research plan MSM 0021620839 that is financed by the
Ministry of Education of the Czech Republic and the grant GACR 201/07/1051 of the Czech Grant
Agency.



Let us list basic properties of ODLs as we shall use them in the sequel. Let us note that
in this list (and in other results of preliminary nature like Thm. 1.3 and Thm. 2.5) this
paper overlaps with [10]. Main novelties lie in Thm. 2.2 and in the proof technique of
Thm. 2.8.

Proposition 1.2 Let L be an ODL. Then the following statements hold true (x,y € L):
HzA0=z, 00z ==z,

Proof. Let us first observe that the property (D;) yields 1 A1 = 1+ = 0. Let us verify
the properties (1)-(7). Suppose that x € L.
MzA0=2/AAA1)=@A)A1l=0"A1=(z)r = 2. Further, 0 Az =
AAN) Az=1A0Az)=1A Azt = (@)t =x.

(2) Let us first show that 2t A 2zt = 2 A x. We consecutively obtain z+ A 2t =
(AN)A1Az)=(xA(1AL) Az = (xA0)Ax =z Az. Moreover, we have t Az < x
as well as ¢ Az = 2+ Azt < 2t This implies that x Az <z Azt = 0.
B)IfyeL,ithenz Ay=(xAy) A0=(xlAy) Ayl z)AN(yAz)=xA(yAy) A
A (yLx)=xA0AzA(yAzr)=clhazA(yLz)=0A(yAz)=yAu.
@Waehyt=xAyALl)=(xAy)Al=(xAy)t. The equality 2+ Ay = (x Ay)*
follows from x A y*+ = (x A y)* by applying the equality (3).

(5) Using (4) we obtain 2+ Ayt = (zt Ay)t = (x Ay)tt =z Ay

(6) If z =y, then x A y = 0 by the condition (2). Conversely, suppose that = Ay = 0.
Thenz =2 A0=zA(ylLy) =@@lhy) Ay=0~Ay=0.

(7) The property (D3) together with the properties (4), (5) imply that + Ay < z V y,
rANy<aztvyl=@Ay)t oAyt <azAy atry<azAy.

The following observation links ODLs with orthomodular lattices (OMLs) and, in turn,
with quantum logics (for a link of quantum logics with theoretical physics, see [3, 6, 8]).

Theorem 1.3 Let L be an ODL. Then its support Lgpp is an OML.

Proof. Assume that z,y € L and z < y, y Ax+ = 0. Let us prove that = y. Since
x <y, we conclude that (zAyt)V(yAzt) = yAzt = 0and (xVy)A(zAy)t = yAxzt =0.
By Prop. 1.2, (6), (7), we infer that x A y = 0 and therefore x = y.

In view of the above proposition, all notions of OMLSs can be referred to in ODLs, too. In
particular, we may say that two elements z,y in an ODL commute (in symbols, x C' y) if
they commute in Ly, (for the notion of commutativity in OMLs, see [1, 9, 14]).

The following proposition shows that for the commutative pairs the operation A in L can
be recovered from Lgpp.

Proposition 1.4 Let L be an ODL. Let z,y € L withx C'y. Then x Ny = (x Ayt)V
(Azh)=(zVy) Al Ay



Proof. According to Prop. 1.2, (7), we have the inequalities (z Ayt)V (yAzt) <z Ay <
(x Vy)A(x Ay)t. Since the elements x,y commute, the left-hand side of the previous
inequality coincides with the right-hand side and therefore x Ay = (x Ayt) V (y Azt) =

(xVy) A (xAy)t.

Let us note that each Boolean algebra can be viewed as an ODL (more general ODLs will
be met later, see also [10, 12]).

Proposition 1.5 Let B be a BA. Then there exists exactly one mapping A\ : Bx B — B
which fulfils all the conditions (D), (D) and (D3) of Def. 1.1.

Proof. To prove the existence, take for A the standard symmetric difference in Boolean
algebras. In other words, let us set * Ay = (x Ayt)V (y Azt). The properties (D), (Do)
and (Dj) of Def. 1.1 are then obviously fulfilled.

Let us prove the uniqueness of A. Let A : B x B — B be a mapping that fulfils
conditions (Dy), (Dg) and (D3). Thus, the couple (B,A;) is an ODL. If z,y € B, then
x Cy, and therefore z Ay = (x Ayt) V (y Azt) =2 Ay (Prop. 1.4).

2 Results

In view of Prop. 1.5 we can (and shall) understand any Boolean algebra as an ODL with
the uniquely defined operation A. A natural question arises how to characterize Boolean
algebras (= Boolean ODLs) among ODLs in terms of the operation A. The departure
point is the following result (observe that what we claim is that a strenghtening of the
condition (D3) makes the ODL in question Boolean).

Proposition 2.1 Let L be an ODL. Then L is a Boolean algebra exactly when the formula
rAy<axV(yAzt)iswvalid in L.

Proof. If L is a Boolean algebra, then for any pair of elements x,y € L we have x V (y A
rt) =axVy >z Ay. Conversely, let L fulfil the above formula. In order to prove that L
is Boolean, let us use [9], p. 31. Consider elements z,y € L with x Ay = 0. According to
our assumption, z- Ay <zt Vv (y A (zh)) =2t vV (y Ax) = 2t Since xt < 2t we see
in view of the condition (D3) that we have 2+ A (2t Ay) < at. But 2t A (2t Ay) =y.
Therefore y < 2t and we find that L is Boolean.

The identity of Prop. 2.1 inspires one to consider other natural identities with the potential
to be "Boolean”. The following result summarizes this effort. In a certain sense it provides
a definition of Boolean algebra in terms of ‘abstract symmetric difference’.

Theorem 2.2 Let L be an ODL. Then L is a Boolean algebra exactly when L fulfils any
of the following four identities:

(a) (V) A (V) Sw Ay,

(b) 2 A (zVy) <z Ay,

(c)zVy=azlbyA(zAy),

(dzdyA(@vy <zlhyl(zAy),

Proof. Evidently, if L is Boolean, then all identities (a)-(d) hold true. In proving the
vice versa part, we first prove that (a) = (b) and (b) = L is Boolean. Let us suppose



the condition (a). By setting z = z, we obtain x A (y V z) < x Ay, which is the
condition (b). Assuming the condition (b) and taking into account = C' x V y, we see that
zANy>xAN(@Vy) = (xVy) Azt Then (x Ay)t < ((zVy)Aat)t. It follows that
(xAy)t =a Ayt <av(ytAzt). Writing y instead of y, we obtain z Ay < 2V (yAxt)
which is the identity of Prop. 2.1.

To complete the the proof, let us verify (c) = (d) and (d) = L is Boolean. Let us
suppose the condition (c). Then z AyA(zVy) =z Ay A (z Ay A (zAy)) and therefore
rAyA(zVy) = xAy. It follows that t AyA(zVy) = xAy < zVy = zAyA(xAy) and so
we have derived the condition (d). Finally, having the condition (d), it is sufficient to show
that any pair z,y € L with o Ay = 0 satisfies v < y*. But then 2 Ay A (zVy) <z Ay,
Since x Ay < x Ay, we utilize (D3) to obtain t Ay A (x AyA(xVy) <xzAy. As
rAyAN(zAyA(xzVy)) = xVy, we infer that xVy < zAy. But tAy < 2Vy and therefore
r Ay =xVy. This implies that y < 2 A y and therefore z A y+ < y*. Since y*+ < yt,
we utilize (D3) to obtain (z Ayt) Ayt <yt But (z Ayt) Ayt =z Ayt Ayt) =2
and the proof is complete.

In the next considerations we take up ‘nearly Boolean ODLs’ - the ODLs that are set-
representable. We will find out that there is a formula which allows us to see that not
all ODLs are nearly Boolean. With the help of Boolean algebras we will first introduce a
class of ODLs. We will utilize it in the crucial example of the next section. Prior to that,
let us fix some notation. Let B be a non-trivial Boolean algebra and let B be a system
of subalgebras of B. Let us say that B is a disjoint system of subalgebras of B if for all
By, By € B with By # By we have BN By = {0, 1}, and neither of the inclusions B; C By
and By C By is valid. Moreover, if |JB = B, then the system B is said to be a partition
of the algebra B.

Let B be a Boolean algebra and let B be a disjoint system of subalgebras of B. Let us
construct an OML, K, and the mapping Ak : K? — K as follows:

In the first step we construct a partition B’ of B determined by the following require-
ment: If B is a partition of B, then we set B’ = B. Otherwise, we add to B all necessary
four-element subalgebras of B such that the resulting system B’ is a partition of B. In
the second step we take for K the horizontal sum of the system B’ (the horizontal sum
alias the {0, 1}-pasting is a standard construction in OMLs, see [9, 14]). And finally, if
x,y € K, let us set x Ay =x Apy (note that K and B live on the same set).

The couple (K, Ak) so obtained will be denoted by L5.

Proposition 2.3 The algebra L® is an ODL.

Proof. Conditions (D7) and (D) are obvious. Let us verify condition (D3). Let x,y € B.
If there is By € B such that x,y € Bj, then x Vg y = x Vgy. As aresult, z Ay =
Ay <xVpy=xVgy. If there is no By such that z,y € By, then x Vi y = 1. The
inequality * Ay < x Vi y is obvious and the proof is done.

Let B be a Boolean algebra, |B| > 4. Let us take the finest partition of B, B. Thus, the
elements of B consist of all four-element subalgebras of B. Let us consider the algebra L5.
Obviously, the OML qupp coincides with the familiar MO, for an aproppriate cardinal
number x (in fact, if B is finite, it is easily seen that k = 2" — 1 for some n € N). We
will allow ourselves to denote the ODL L? by MO, too.



Let us return to the ODLs that are set-representable. They form a variety ([10]) and in
view of the Stone set representation for Boolean algebras they could be seen as nearly
Boolean. Though the name itself suggests their definition, let us recall it in more formal
terms.

Let X be a set and let D a family of subsets of X such that

(1) X € D,

(2) the family D forms a lattice with respect to the inclusion relation, and

(3) D is closed under the formation of the set symmetric difference.

Obviously, D constitutes an ODL. Let us call it concrete. If L is an ODL that is isomorphic
with a concrete one, then L is said to be set-representable (abbr., a SRODL). Let us denote
by SRODL the class of all such ODLs.

The set-representable ODLs can be characterized in terms of certain evaluations. Let @&
stand for the addition modulo 2 on the set {0,1} (i.e., 0660 =101 =0,001 = 100 = 1).

Definition 2.4 Let L be an ODL and let e : L — {0,1}. Then e is said to be an ODL-
evaluation (abbr., evaluation) on L if the following properties are fulfilled for any x,y € L:
(E1) e(1r) =1,

(E2) z <y = e(zx) <e(y),

(Es) e(z Ay) = e(z) S e(y).

Let £(L) be the set of all ODL-evaluations on L. The following result provides a charac-
terization of SRODL in terms of £(L). The proof is straightforward ([10]) and we will
omit it.

Theorem 2.5 Let L be an ODL. Then L is a SRODL if and only if
Va,be Lia £b3eec &(L):e(a) =1,e(b) =0.

The variety of SRODLs is rather large. For instance, the ODLs MO, are SRODLs. We
will see that in general L® does not have to be a SRODL (though qupp is always a set-
representable OML !). It is the objective of this section to show this - it will be established

as a consequence of a certain identity valid in SRODLs.

Let us start off with the following result that concerns the intrinsic property of SRODLs.
It could be viewed, in a sense, as a contribution to a general research plan indicated in

[7].
Theorem 2.6 Every SRODL L satisfies the following formula (z,y, 21,20 € L):

rly = (@A z)AN (YD z) <z V2.

Proof. Let us suppose that there are elements z,y,z1,22 € L with x L y but (x A
21) AN (YA z3) £ 21V z9. As L is set-representable, there is an ODL-evaluation e such that
e((xAz)N(yDz)) =1, e(z1Vzy) = 0. Since 21, 20 < 21V 2z it has to be e(z1) = e(z2) = 0.
By the same reasoning, e(x A z1) = e(y A 25) = 1. Because 1 = e(x A z1) = e(z) B e(z1)
and e(z1) = 0, we have e(z) = 1. Analogously, e(y) = 1. But this is absurd in view of the
orthogonality of elements = and y.

Let us note that the previous result allows us to formulate the following identity valid in

SRODL.



Proposition 2.7 Let L be an ODL. Then the formula of Thm. 2.6 holds in L exactly
when the following identity holds in L:

(DN 2)AN (T AY) A z) <z Voz.

Proof. It is sufficient to take into account that = L y is equivalent with y = 2+ A y.

The identity of Thm. 2.6 allows us to prove the following result.

Theorem 2.8 There is a Boolean algebra B and a disjoint system B of subalgebras of B
such that LB is not set-representable ODL.

Proof. Take B = exp{1,2,3,4,5}. Let us make use of the following notation. Set O = ()
and 15 = {1,2,3,4,5}. Let us denote by n;...n, where n; < ... < ny and k < 5, the
element a C {1,2,3,4,5} such that a = {ny,...,nx}. For any a C {1,2,3,4,5}, let us
write at = {1,2,3,4,5} \ a. Thus, for instance, 12+ = {3,4,5}.
Let us go on with the construction. Consider the following subalgebras of B:

By ={0p,12,3,45, 12+ 3+ 45+ 13},

B, ={05,15,2,34,15+,2+ 34+ 15},

Bs = {05,13,24,5,13+,24* 5% 15}.
Let us set B = {By, By, Bs}. It is easily seen that B is a disjoint system of subalgebras
of B. Consider L? and test this ODL for the formula of Thm. 2.6. Set = = 12,y =
3,20 = 34,20 = 234 (= 151). Then o L y, 2 Az = 1234 (= 5) and y A 2, = 24.
We see that both elements x A z; and y A 25 lie in B, and (z A 21) A (y A z9) = 24.
But z; V 2o = 34 # 24. It follows that LB does not satisfy the formula of Thm. 2.6 and
therefore L? is not a set-representable ODL.

The following fact given by the previous construction (one takes the ODL L7 exhibited
above) could be of a mild separate interest.

Observation 2.9 There is a non set-representable ODL, L, such that L, s a non-
modular set-representable OML.

The above construction of LB allows one not only to find an ODL with rather surprising
properties but also to show that a certain class of OMLs (the horizontal sums of Boolean
algebras) are embeddable into ODLs. The following proposition clarifies this situation in
general.

Proposition 2.10 Let L be an OML obtained as a horizontal sum of Boolen algebras.
Then L is OML-embeddable into an ODL.

Proof. Let L be a horizontal sum of Boolean algebras B,, a € I. As known (see e.g.
[15]), there exists a Boolean algebra, B, such that each B, (« € I) is a subalgebra of B
and, moreover, if oy # «ay then B,, N B,, = {0,1}. As a result, the system B,, a €
constitutes a disjoint system of subalgebras of B. It is clear that L is embeddable into
LB and this completes the proof.

The horizontal sums of Boolean algebras constitute an important class of OMLs, [2]. It
would be therefore desirable, in connection with the interplay between OMLs and ODLs,
to answer the following questions. We will formulate them in the conclusion of this paper.



1. Could any horizontal sum of Boolean algebras be OML-embedded in a set-representable

ODL ?

2. If Lgyyp is a set-representable and modular OML, does the ODL L have to be set-
representable ?
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Abstract We endow orthocomplemented posets with a binary operation—an abstract
symmetric difference of sets—and we study algebraic properties of this class, ODP.
Denoting its elements by ODP, we first investigate on the features related to
compatibility in ODPs. We find, among others, that any ODP is orthomodular. This
explicitly links ODP with the theory of quantum logics. By analogy with Boolean
algebras, we then ask if (when) an ODP is set representable. Though we find that
general ODPs do not have to be set representable, many natural ODPs are shown to
be. We characterize the set-representable ODPs in terms of two valued morphisms
and prove that they form a quasivariety. This quasivariety contains the class of
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1 Introduction

In this paper we introduce certain “quantum logics with a symmetric difference”. So
we enrich the area of quantum logics (see e.g. [1, 9, 13, 14, 22, 24], etc.) with some
“enriched” quantum logics (called ODPs). We analyze intrinsic properties of ODPs,
proving results highlighted in the abstract.

Two remarks are in place. First, there have been attempts to model the operation
of symmetric difference within orthomodular structures (see [7, 8] and [21]). Our
approach differs essentially from the previous ones—we start with the abstract
symmetric difference as an extra operation and obtain orthomodularity as a con-
sequence. Second, this paper complements the paper [17] in a sense-the paper [17]
studies lattice ODPs in the universal algebra vein whereas this paper mostly pursues
natural (non-lattice) questions of quantum logics. The present paper and [17] overlap
a little, typically when one generalizes results obtained in the lattice ODPs to general
ODPs (Sections 2 and 3). The Sections 4-7 are essentially non-lattice though an
application of the method used in Proposition 7.2 allows one to give a partial answer
to an open question on lattice ODPs formulated in [17].

2 Orthocomplemented Difference Posets

In this section we shall define the notion of orthocomplemented difference poset
(ODP). We shall collect basic properties of ODPs and find their relationships to other
orthocomplemented structures. Before formulating the basic definition, let us recall
that by an orthocomplemented poset (OCP, [22]) we mean a 5-tuple (X, <,%,0, 1)
such that < is a partial ordering on the set X with a smallest element, 0, and a greatest
element, 1, and * is a unary operation on X with x Ax* =0, xvxt =1, xH)t =x
andx <y =yt <x'(x,y e X).

Definition 2.1 Let P = (X, <,+,0, 1, A), where (X, <,%,0,1) is an OCP and A :
X? — X is a binary operation. Then P is said to be an orthocomplemented difference
poset (abbr., an ODP) if P is subject to the following axioms:

D) xA(yAz)=xAy) Az,
Dy) xAl=xtH1Ax=xt,
D3) x<z&y<z=>xAy<z

Obviously, the class of all ODPs is defined by a set of quasiidentities and therefore
it forms a quasivariety ([4]). Let us denote this quasivariety by ODP.

Let P= (X, <,%,0, 1, A) be an ODP. Then the orthocomplemented poset (X, <,
+,0, 1) will be denoted by Pgupp and called the support of P. Occasionally, the ODP P
will be identified with the couple (Pgypp, A) when a misunderstanding cannot occur.

Example 2.2 Let Q ={1,2,...,2k — 1,2k} be a set, k € N. Let Qcyen be the col-
lection of all subsets of Q2 consisting of an even number of elements. Then Qeyen
endowed with the inclusion ordering and with the standard symmetric difference is
an ODP. (Note that Qcye, is a lattice exactly when k < 2.)
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Example 2.3 Let P be the well known “chinese lantern” lattice MO; (see, e.g., [14]),
P=1{0,1,x,x,y, y*, z,z}}. Then there is exactly one mapping A: Px P— P
suchthatx A y = zand (P, A) isan ODP. The ODP obtained in this way will be again
denoted by MO;. (More generally, it can be proved with a slightly more involved
combinatorial argument that any MO,._; allows for converting into an ODP, see
[17] for more on this type of lattice ODPs.)

Before we formulate our first result, let us adopt the convention that in writing the
formula with A, + we will give the preference to the operation L over the operation
A. Thus, for instance, x A y* means x A (y*), etc.

Proposition 2.4 Let P = (X, <,%,0, 1, A) be an ODP. Then the following statements

hold true:

(1) xA0=x,
2) xAx=0,
B) 0Ax=x

@) xAy=yALx,

G) xayt=xtay=@xay*,
6 xtAyt=xnAy,

(7)) xAy=0&x=y.

Proof Let us first observe that the property (D) yields 1 A 1 = 1+ = 0. Let us verify
the properties (1)-(7). Suppose that x, y € L.

1) xA0=xA0AD)=xADAl=xtA1l=@EHt=x

(2) Let us first show that x* A xt = x A x. We consecutively obtain x* A xt =
xADAAQAX)=xAAA1))AXx=(xA0)Ax=xAx. Moreover, we have
xAx<x as well as xAx=x"Axt <x!. This implies that xAx <
infp{x, x'} = 0.

(B) 0Ax=xAx)Ax=xA (x Ax)=xA0=xaccording to (2).

(4) xAy=@xAYNA0=@xAYA[YAXNAYAN)]=XxA(YAY)AXA(yAX) =
XAOAXA(YAX)=xAxA(yAx)=0A(yAXx)=yAx.

(B) xAyt=xA(A) =AYy Al=(xAy)t. The equality x* Ay = (x A y)*
follows from x A y* = (x A y)* by applying the equality (4).

(6) Using (5) weobtainx* Ayt = (xt Ayt =@xAytt=xAy.

(7) If x=1y, then x A y =0 by the condition (2). Conversely, suppose that x A
y=0.Thenx=xA0=xA(YAy)=xAyY)Ay=0Ay=y. O

Corollary 2.5 Let P be a finite ODP. Then card(P) = 2", where n is a natural number.

Proof Let us introduce the operation — : P — P by putting —x = x. Then we see
that the algebra G = (P, A, —,0) is a group such that each element of G has the
order 2. Thus G is a 2-group and the number of elements of G must be a natural
power of 2 (see [16]). ]

Proposition 2.6 Let Pbean ODPandletx,y € P. Thenx <y < xAy < y.
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Proof Let us suppose that x < y. As y <y, the condition (D3) implies that x A
y < y. Conversely, suppose x A y < y. Making again use of y < y, the condition (D3)
impliesthat x A y) Ay<y.But(xAy)Ay=xA(yAy)=xA0=x. O

Proposition 2.7 Let P bean ODP and letx, y, z € P. Then z is an upper bound of the
set {x, y} if and only if z is an upper bound of the set {x, x A y}. A consequence: The
supremum x V' 'y exists in P if and only if the supremum x v (x A y) exists in P and if
either of the suprema exist, we have the equality x vV (x A y) = x V y.

Proof Suppose first that x < z and y < z. According to (D3), we see that x Ay < z.
Conversely, let x <z and x Ay < z. According to (D3) again, we obtain x A
xAy)<z.ButxAxAy)=xAx)Ay=y. O

In what follows, instead of writing x < y* we shall often use an equivalent
expression x L y (and say that x is orthogonal to y) as customary in quantum logic
theories.

Proposition 2.8 Let P be an ODP and let x, y € P. Then

(a) x L yifand only if the supremum x Vv y exists in Pand x vy =x Ay,
(b) x < yifand only if the infimum y A x* exists in Pand y Ax* =x A y.

Proof

(a) Let us suppose that x L y. We shall show that x A y is the least upper bound
of {x, y}.

(i) First, let us show that x A y is an upper bound of {x, y}. Because of
the symmetric role of the elements x and y, it is sufficient to verify
the inequality x < x A y. Since x L y, we have y < x*. The condition
(D3) then implies that y A x* < x*. This means that (x1)* < (y A x1H)*L.
Moreover, xH)t =x, y AxHt=yAHt=yAx=xAy.

(ii) Second, the element x A y is the least upper bound of {x, y}. Suppose that
some z € P is an upper bound of {x, y}. Thus, x < z and y < z. But then
the condition (Dj3) gives us x A y < z which we were to show.

Let us verify the reverse implication. Let us suppose that x A y = x v y. Then
y < x A y. Hence, x A y* < y*. By Proposition 2.6 this yields that x < y* and
therefore x L y.

(b) Suppose that x < y. Then x < (y*)* which means that x L y*. By the previous
statement (a) we see that x A y* =x Vv y*. This implies that (x A yt)* =
(xVvybHt. Asaresult, x AyHt =xAyand (x v yH)t =xt Ay,

Conversely, let x A y = y A x*+. Then x A y < y. By Proposition 2.6 we obtain that
X =)y O

We are going to show (Theorem 2.10) that the supports of ODPs are orthomod-
ular posets (hence the abbreviation ODP could be read “orthomodular difference
poset”). Recall that an OCP is said to be orthomodular ([22]) if the following
implication holds true:

Ifx <y, theny=xV (y Axb).
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In proving Theorem 2.10, we will find it convenient to use the following character-
ization of orthomodularity.

Proposition 2.9 Let P be an OCP such that the supremum x V' y exists in P whenever
x L y. Then P is orthomodular if and only if the following implication holds true: If
x<yandyAnxt =0, thenx = y.

Proof If P is orthomodular then the condition obviously holds true. Conversely,
suppose x < y. Then x L y* and therefore the element x v y* exists in P. Moreover,
x < x Vv y*. This implies that x L (x v y*)*. Therefore the element x Vv (x v y-)*
exists in P. But (x vV y-)* = y A x*. It remains to show that y = x V (y A x1). Obvi-
ously, x V (y A x+) < y. Further, y A (x V (y AxD)t =y Axt A (y A xH)L = 0. This
means that y = x V (y A x*) and therefore P is orthomodular. O

Theorem 2.10 Let P be an ODP. Then its support Py is an orthomodular poset.

Proof Since P is an ODP, its support Pgpp is an OCP. Moreover, the supremum
x Vv y exists in P whenever x L y (Proposition 2.8). So the characterization of
orthomodularity in Proposition 2.9 can be used. Suppose that x, y € P with x <y
and y A x* = 0. Let us show that x = y. According to Proposition 2.8, we see that
x Ay =y Axt =0. By the condition (7) of Proposition 2.4 we infer thatx =y. 0O

Obviously, all notions defined for OMPs can be transferred to ODPs by consider-
ing the supports. Thus, for instance, if P is an ODP and x, y € P then we say that the
elements x, y are compatible (in P) if they are compatible in the OMP Pyp,. Recall
that two elements x, y of an OMP P are said to be compatible, in symbols x C y, if
they lie in a Boolean subalgebra of P. As known ([22]), B is a Boolean subalgebra
of an OMP P if and only if (1) 0 € B, (2) if x € B, then x* € B, (3) if x, y € B and
x L y,thenxV ye Band (4) B is a distributive lattice.

In the rest of this paragraph we will situate Boolean algebras within ODPs. Let us
first formulate an auxiliary proposition.

Proposition 2.11 Let P be an OMP. Let x, y € Pwithx C y. Let B be a Boolean sub-
algebra of P such that x, y € B. Then both x vV y and x A y exist in P and, moreover,
XVy=xVpyandXx ANy =X Ap ).

Proof Let us only argue the case of x Vv y, the case of x A y follows then by de
Morgan’s laws. Since B is a Boolean algebra, we have x Vg y = x Vg (y Ap x*). The
elements x and y Ap x* are orthogonal and they lie in B. But then the element
xV (y Ap xt) exists in P and since B is a Boolean subalgebra of P, we have x v
(y Ag x*) € B. Then one easily sees that x Vg (y Ap xt) = x Vv (y Ap x1). It remains
to show that the element x v y is the supremum of x, y in P. To this aim, let us
consider an upper bound z € P of x and y. Then x <z, y Ag xt < z and hence
xV(Apx) <z.ButxVv (yAgxt) =xVvp (Y Apxt) =xVpy. u]

The following proposition recalls the well-known characterization of compatibility
in OMPs (see e.g. [22] for a detailed proof) which we shall frequently use. Leaving
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aside the routine completion of the argument, let us only indicate the basic line of
the reasoning.

Proposition 2.12 Let P be an OMP and let x,y € P. Then the following conditions
are equivalent:

(1) xCy,

(2) there exists an element ¢ € Psuchthatc < x,c < yand x Act < y*,

(3) there exist pairwise orthogonal elements a,b,c € P such that x =a Vv ¢ and
y=bve

Moreover, in cases (2) and (3), the element c is determined uniquely and ¢ = x A y.

Proof (1) = (2) One takes c=x A y. (2) = (3) One takesa=xAct, b =y Act.
(3) = (1) Itis easy to see that the elements a, b, c generate in P a Boolean subalgebra
in view of the orthogonality of a, b, c. O

Proposition 2.13 Let Pbean ODP. Letx,y € Pwithx Cy. Thenx Ay = (x A y*) v
YAxH =@V A@EApt

Proof Let B be a Boolean subalgebra in P such that x, y € B. The property (D3)
together with the properties (5), (6) of Proposition 2.4 imply thatx A y < x Vg y,x A
y<xtvpyt=@Apyt, xApyt <xAy, x"Apy<xAy. Then (xApy") Vg
(yApxt) <xAy<(xVpy) Ap(xApy)*. Since B is a Boolean algebra, the left-
hand side of the previous inequality coincides with the right-hand side and therefore
xAy=xAgy) Ve (yApxt) = (x Vg y) Ag (x Ag ¥)*. To complete the proof, it
is sufficient to observe that the infimum and the supremum of two elements in B
equals to the infimum, resp. supremum in the entire P (Proposition 2.11). O

Proposition 2.14 Let B be a Boolean algebra. Then there exists exactly one mapping
A : B x B — B which fulfils all the conditions (D), (D) and (D3) of Definition 2.1.

Proof To prove the existence, take for A the standard symmetric difference in
Boolean algebras. In other words, set x A y = (x A y1) V (y A x1). The properties
(D)), (Dy) and (D3) of Definition 2.1 are then obviously fulfilled. O

Let us prove the uniqueness of A. Let A; : B x B — B be a mapping that fulfils
the conditions (D), (D,) a (D3). Then the couple (B, A;) is an ODP. If x, y € B,
then x C y and therefore x Ay y = (x A y1) vV (y A x1) = x A y (Proposition 2.13).

In view of Proposition 2.14 we can (and shall) understand any Boolean algebra as
an ODP with a uniquely defined operation A. This ODP is a lattice, of course. The
following result strengthens Proposition 2.13 and allows us to characterize Boolean
algebras among ODPs.

Proposition 2.15 Let P be an ODP and let x, y € P. Then the following conditions
are equivalent:

(a) xCy,

(b) the elements x A y* and y A x* existin Pandx Ay = (x A yt) Vv (y A xb),
(c) theelements xVv yandx A yexistin Pandx Ay = (xV y) A (x A y)L,

(d) xC(xAvy).
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Proof The implications (a) = (b) and (a) = (c) have been verified in Proposition
2.13. Let us show (b) = (d). Since x A y* < x, we obtain x = (x A y) V [x A (x A
y1H)*]. We have assumed x A y = (x A y5) v (y A x1). It suffices to show that the
elements x A (x A y2)* and y A x* are orthogonal, i.e., x A (x A yH)* < (y A xH)L.
Butx A (xAyHt <x<ytvx=(yaxht

Further, let us prove that (c) = (d). Assuming (c), the infima x* A y* and x A
y exist and, moreover, (x A y)* = (x* A y1) v (x A y). This implies that x A y* =
@xAGHYH Vv (A xh). Since (b) = (d), we see that x C (x A y*), and therefore

xC((xAy).
Finally, let us show that (d) = (a). Letx C (x A y). From the implication (a) = (d)
wehavex C(x A(x Ay))butx A(xAy)=y. O

Proposition 2.16 Let P be an ODP. Then P is Boolean algebra if and only if P is a
lattice and any of the following three condition is satisfied:

(1) xCyforanyx,ye P,
2) xAy=@xAyH) vy Axt) foranyx,ye P,
B) xAy=xVy)AXAY* foranyx,ye P.

Proof It follows from Proposition 2.15. O

3 Further Algebraic Properties of ODPs

Let us go on with the analysis of properties of the operation A. Let us first recall a
result in OMPs.

Proposition 3.1 Let P be an OMP. Let x,x1,x, € P with x C x;, x C x5, x1 L x».
Then x C (x; Vxp) and x A (x1 V x3) = (X AX1) V (X A Xp).

Proof Since the elements x, x, are orthogonal, so are the elements x A x;, x A Xx;.
As a consequence, the element ¢ = (x A x1) V (x A Xxp) exists in P. Obviously, ¢ < x
and ¢ < x; vV xp. Itiseasy tosee that x Act = x A (X AXx)DT A X AX)T =x A (xTV
x{) A (xt v xy). Since x C xj, we have x A (x* Vv x{) = x A x{-. Analogously, x A
(x* vV x3) = x A x5. The previous two equalities imply that x A ¢t = x A x{ Axy <
x{ Axy = (x1 V x2)*. By Proposition 2.12, (2), where one sets y = x| V x,, we see
that x C (x; Vxp) and c = x A (X1 V X2). O
The previous result allows us to derive a certain form of distributivity in ODPs.

Theorem 3.2 Let P be an ODP. Let x,y,z€ Pand xCy, x Cz. Then x C (y A 2)
andx AN (yAz)=(xAY)AXAZ).

Proof The compatibility of the pairs x C y and x C z gives us the equations y = (y A
XVYAxH, z=@Ax)V(zAxH). Since (yAx) L (yAxt) and (zAXx) L (zA
x1), we see by Proposition 2.8 that y = (y Ax) A (yAx)and z = (z Ax) A (z A x1).
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But we also have
yAz=[yAx)AYAXD]A[(ZAX) A (ZAXD]
= [(y/\x) A (z/\x)] A [(y/\xJ‘)A (Z/\xl)].

Moreover, (y Ax) A (z Ax) < x. Analogously, (y A x1t) A (z Axt) < xt. This im-
plies that [(y A x) A (z AX)] L [(y AxY) A (z A xH)]. By Proposition 2.8,

yAZ=[(AD)AGEAD]IV[(yAxt)A(zAaxh)].

Finally, since we have (y A x) A (z Ax) <xand (y A x1) A (z Axt) < x*, the proof
can be completed by using Proposition 3.1 (one sets x; = (Y A X) A (Z AX), X3 = (¥ A
xH) A (z A xD). o

There are a few consequences of Theorem 3.2. The first consequence asserts that
those orthomodular posets which came into existence as supports of ODPs have a
rather curious block property (in accord with the terminology of OMPs, let us call a
maximal Boolean subalgebra of an ODP a block).

Proposition 3.3 Let P be an ODP and let x € P. Then either x lies in exactly one block
or x lies in at least three blocks.

Proof Looking for a contradiction, let x lie in exactly two blocks B; and B,. Then
there exist elements y € Bj, z € B; such that y, z are not compatible. Since x C y,
x C z, we have x C (y A z) (Theorem 3.2). As a consequence, either y A z € B or
y A z € By. In view of the symmetry in the role of y, z, let us assume that y A z € Bj.
Since y € B, we infer that y C (y A z). By Proposition 2.15, we see that y C z, which
is a contradiction. ]

In the sequel we shall need to specify the subsets of ODPs which are ODPs in their
own right.

Definition 3.4 Let P be a ODP and let Q € P. Then Q is said to be a sub-ODP of
Pif

1) 1eQ,

(2) foranyx,ye QwehavexAye Q.

Proposition 3.5 Let Q be a sub-ODP of P. Then
(a) 0€Q,

(b) ifxe Q, thenxt e Q,

(¢) ifx,ye Q,x Ly thenxvyeOQ.

A consequence: A sub-ODP of P is an ODP when endowed with the ordering and
operations inherited from P.

Proof The property (a) is trivial. The property (b) follows from the equality x* =
x A 1. According to Proposition 2.8 and the property (c), we easily see that if x L y,
thenxVvy=xAy. O
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For the last consequence, let us introduce two notions related to compatibility in
OMPs. Ifx € P, write C(x) = {y € P; x C y}. Further, write C(P) = [ C(x) and call

xeP

C(P) the centre of P. Obviously, C(P) is a Boolean subalgebra of P.

Proposition 3.6 Let P be an ODP and let x € P. Then the set C(x) is a sub-ODP of P.

Proof Obviously, 1 € C(x). The rest of the proof follows from Theorem 3.2. O

Let us take up the intervals in ODPs. Consider first the situation in OMPs. Let
P be an OMP and let a € P. Let us write [0,a] = {x € P; x < a}. As known, the
interval [0, a] can be viewed as an OMP. We will denote it by P“. Let us shortly recall
the construction of P? (see, for example, [22]): If x, y € [0, a], then we put x <, y
exactly when x < y. The element 0O, resp. a, is the least, resp. the greatest, element of
P?. The complement of x in P?, x*«, is defined by setting x*« = x* A a (since x < a,
the elements x, a are compatible in P and therefore x* A a exists). It can be easily
seen that P* = ([0, a], <,,%, 0, a) is an OMP.

Let Pbean ODPandleta € P.If x, y € [0, a] then x A y € [0, a]. Let us consider
the structure P? = ([0, a], <4,%,0,a, A) = ((Psupp)a, A).

Proposition 3.7 Let P be an ODP and let a € P. Then the structure P" is again an
a

ODP. Moreover, (P*)gpp = (Psupp) .

Proof Itis sufficient to show that the conditions (D), (D,) and (D3) of Definition 2.1
hold in P“. The conditions (D;) and (D3) can be verified easily. It remains to check
the condition (D). For that, suppose x € [0,a]. Then x A lpp =xAa=anxt=
x*e. The equality 1p. A x = x*« follows from the commutativity of A. The equality
(PYsupp = (Psupp)” is then obvious. O

In the following proposition we show that an ODP can be decomposed with the
help of the central element by the way analogous to the situation in OMPs.

Proposition 3.8 Suppose that P is an ODP and a € C(P). Then P = P° x P More
explicitly, the mapping h : P — P* x P defined by putting h(x) = (x Aa, x Aa‘) is
an isomorphism of P onto P* x P

Proof The mapping A is an isomorphism between the OMPs Pgyp, and (P)sypp X
(P"l)supp, see [22]. It remains to show that the mapping & preserves the operation A.
Suppose that x, y € P. Then by Theorem 3.2 we consecutively obtain
h(x Apy) = ((x Apy) Aa, (x Apy) Aa?)

=(xra)Ap(yna), (x nat) Ap(y Aat))

=(xra)Ap (yAa), (xnat) Aps (y Aat))

=@xnrnaxnat)Dp, pe (yAa, yAnat)

= h(x) Apaxpai h(}’)
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4 Set-representable ODPs

In this section we characterize those ODPs that are set-representable. We formulate
this characterization in terms of two-valued morphisms and use the characterization
in constructing the ODPs that are not set-representable.

Definition 4.1 Let B be a Boolean algebra and €2 be a subset of B. Then the set Q is
said to be a d-subring of B if Q is a sub-ODP of B, i.e.

1) 1egq,
(2) foranyx,ye QwehavexAyeQ.

Let us denote by Subring(B) the collection of all d-subrings of B.

Proposition 4.2 Let B be a Boolean algebra and let 2 C B be a d-subring. Then 0 € Q
and Qp = (2, <,0,1,*+, A) is an ODP.

Proof Since for all orthogonal elementsa, b € Q we havea v b =a A b, we see that
Qp is obviously an ODP. O

Let us recall two standard set-theoretic operations. If A, B are sets, let us write
A\ Bfortheset{x e A;x ¢ B} and AAB for the set (A\ B) U (B\ A).

Definition 4.3 Let P be an ODP. Let us say that P is a set-representable ODP (abbr.
SRODP) if there is a set X and a d-subring Q2 of the power Boolean algebra exp(X)
such that P = Qeyp(x), 1.€. the structures P and Q¢ (x) are isomorphic.

Let us denote by SRODP the class of all set-representable ODPs.

Proposition 4.4 Let P be an ODP. Then P is a SRODP if and only if there is a set M
and a mapping f of P to exp(M) such that the following two conditions hold for any
x,y € P:

x<y% fx) < fy),

fxApy) = f(x) A f(y).

Proof Let us prove that the conditions are sufficient, the rest is obvious. Set X =
f() € M, Q2= f[P] ={f(x); x € P}. Then the second condition implies that Q is a
d-subring of the Boolean algebra exp(X). Further, the first condition implies that fis
an isomorphism of the poset (P, <) onto the poset (2, €). Finally, f(0) = f(0 A0) =
FO) A £(0) =0. o

Proposition 4.5 The SRODPs are exactly the d-subrings of Boolean algebras. More
precisely: Let B be a Boolean algebra and let Q be a d-subring of B. Then Qp is a
SRODP. Vice versa, let P be a SRODP. Then there exists a Boolean algebra, B, and a
d-subring Q2 of B such that P is isomorphic with Qp.

Proof It follows from the Stone representation theorem for Boolean algebras. O
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Let & stand for the addition modulo 2 on the set {0, 1} (i.e,, 00=11=0,
0dl=100=1).

Definition 4.6 Let P be an ODP and let e: P — {0, 1} be a mapping. Then e is
said to be an ODP-evaluation (abbr. evaluation) on P if the following properties
are fulfilled (x, y € P):

(Ep) e()=1,
(Ey) x<y=ekx ey,
(E3) e(xAy) =ex) @e(y).

Let £(P) be the set of all evaluations on P. The following result characterizes
SRODPs in terms of £(P).

Theorem 4.7 Let P be an ODP. Then P is a SRODP if and only if for any a,b € P
with a £ b there exists an e € £(P) such that e(a) = 1 and e(b) = 0.

Proof

(=) Write P = Qexp(x), Where Q is a d-subring of the Boolean algebra exp(X).

Choosing an x € X, let us define a mapping e, : 2 — {0, 1} as follows:

If A e Q, thene,(A) =1ifx € A, otherwise e,(A) = 0.

Let us check that the mapping e, is an evaluation on P. Obviously, e,(1p) =
ex(X)=1.If A,BeQ and A <p B, then A C B, and therefore e,(A) <
ex(B). In order to show that e, (A A B) = e,(A) ® e,(B), we have four cases
toargue: x € A, x ¢ A and x € B, x ¢ B. But in any of these cases the latter
equality obviously holds.

Finally, if A, B € Q and A € B, then there exists an x € A such that x ¢ B.
Then e, (A) = 1 and e, (B) = 0.

(<) Letusassume that the condition on evaluations is fulfilled. Choosing x € P, let
us write f(x) = {e € E(P); e(x) = 1}. We will check that this mapping f: P —
P(E(P)) fulfils both conditions of Proposition 4.4. First, suppose that x < y.
Let e € f(x). This means that e(x) = 1. According to (E;) we have e(x) < e(y).
As a result, e(y) = 1 and hence e € f(y). We have shown that f(x) C f(y).
Conversely, suppose that x £ y. Then there is e € £(P) such that e(a) =1,
e(b) = 0. We see that f(x) £ f(y). To complete the proof, we use the equali-
ties f(x Apy)={eecEL);e(xApy) =1} ={ecE(P);e(x)De(y) =1} =
=fec &Py (e() =1&e(y) =0) \/ (e(x) =0&e(y) = D} = f(x) A f(y).

O
The following simple consequence of the previous theorem will be repeatedly
used in the sequel.

Proposition 4.8 The class SRODP is closed under the formation of substructures.

Proof Suppose that P € SRODP and Q is a sub-ODP of P. Suppose a,b € Q,
a £ b. Then there exists e € £(P) such that e(a) =1 and e(b) = 0. It suffices to
observe that the restriction of ¢ on Q is an evaluation on Q. O
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The SRODPs will be revisited in the next section in order to study their structure
properties. It will be seen that the SRODPs form quite a large class (they are closed
under the formation of products, etc.). However, not all ODPs are set-representable.
To show that, let us shortly examine a construction with ODPs analogous to the
horizontal sum of orthomodular posets. Let 3 be a nonempty set of OMPs such that
PN P, ={0,1} for all Py, P, € Bwith P, # P,. Then P = | B3 carries in a natural
way the structure of an orthomodular poset (see [22]). Let us call this OMP P the
horizontal sum of the system B.

Definition 4.9 Let B be a nontrivial Boolean algebra and let B € Subring(B). Let us
say that B is a disjoint system of d-subrings of B if for all Q;, Q, € B with Q; # Q, we
have Q; N Q, = {0, 1} and, moreover, if card(B) > 4 then card(2) > 4 for any Q € B.
In addition, if | B = B, then the system 55 is said to be a partition of the algebra B.

Construction 4.10 Let B a Boolean algebra and let B be a disjoint system of d-
subrings of B. Let us construct an OMP, P, and the mapping Ap : P2 — P as follows:
In the first step, let us construct a system B’ € Subring(B) determined by the
following requirement: If | J 5 = B (i.e., if B is a partition of B), then we set B’ = 55.
If it is not the case, meaning that | J B is a proper subset of B, we add to B all
necessary four-element subalgebras of B such that the resulting system B', B’ 2 B,
be a partition of B. In the second step, let us take for P the horizontal sum of the
system B'. And finally, if x, y € P,letusset x Ap y = x Ap y. The couple (P, Ap) so
obtained will be denoted by PZB or simply by P? if there is no need to refer to B.

Proposition 4.11 The structure PB is an ODP.

Proof The conditions (D)) and (D;) are obvious. Let us verify the condition (Dj3).
Letx, y € B.Ifthereis B| € Bsuchthatx, y € Bj,thenxVpy=xVpgy. Asaresult,
xXAy=xApy<xVpy=xVpy.Ifthere is no block B; such that x, y € By, then
xVpy=1.The inequality x A y < x Vp y is then valid automatically and the proof
is complete. O

Proposition 4.12 Let B, be a subalgebra of B,. Let B be a disjoint system of d-
subrings of By. Then P55 is a sub-ODP of P55,

Proof The proof is straightforward. O

In the rest of this section we will apply the above construction to obtain ODPs
that are not set-representable. In fact, we will show that any ODP is contained in a
non-set-representable ODP. To this aim, we need to prove a few propositions.

Proposition 4.13 Let P and Q be ODPs and let P possess an evaluation. Then P can
be embedded into P x Q.

Proof Let e: P — {0, 1} be an evaluation. Then e could be viewed as a homomor-
phism of P into Q (we only identify 0 and 1 with Oy and 1p). Then the mapping
f: P— P x Qsuchthat f(p) = (p,e(p)) will do the job. O
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Proposition 4.14 Let B be a Boolean algebra and B be a disjoint system of d-subrings
of B. Let P= PB and a € P with a > p Op. Then there is an evaluation e on P such
that e(a) = 1.

Proof Let us choose an ultrafilter, F, on B such that a € F. Then we set e(x) = 1
provided x € F and e(x) = 0 otherwise. O

The following proposition shows that in general we cannot hope for having
“distinguishable” set of evaluations on PZ. This will show that PB are generally not
set-representable (Proposition 4.7).

Proposition 4.15 Let B be a Boolean algebra with card(B) > 32. Then there is such a
disjoint system B of d-subrings of B that PB is not set-representable.

Proof Let Bj; be the 32-element Boolean algebra. Since card(B) > 32, the algebra
B3, can be viewed as a subalgebra of B. By Proposition 4.8 and Proposition 4.12, it
is sufficient to find a disjoint system of d-subrings on the algebra Bs, such that P#»-B
is not set-representable.

Let us identify the Boolean algebra Bs, with the algebra of all subsets of the set
{1,...,5}. ThenOp =¥Wand 1 = {1, ..., 5}. Let us consider the following elements of
B:a;={1,2},ay ={4,5},a3 = (3},b1 = {3,4}, b, = {2}, b3 = (1,5}, c; = {13}, o =
{2, 4}, c3 = {5}. Further, take the following d-subrings 2, €2,, Q3 of B:

Q) ={0p.1p. a1, a2, a3, af . a3, a3}, 2% = {0p. 15.b1. b2, b3, b{. by, by},

Lo L
Q3 ={05, 15, c1, 2,63, ¢f, ¢, ¢ ).

It is easy to show that ;N Q; = {0p, 15} for any i # j. Writing B = {Qi, 2, 3},
we see that B is a disjoint system. Let us set P = PB. Further put a = {3} = a3
and b =1{2,3,4} = b3l. Then a £ b in the poset P. In order to show that P is not
set-representable, it is sufficient to prove that there is no evaluation e on P such
that e(a) = 1 and e(b) = 0. Seeking a contradiction, let e be an evaluation on P with
e(a) = lande(b) = 0. Thene(a*) = 0. Observing thata; < a*,a, < a*,b; <b,bs <
b in P, we infer that e(a;) = e(a2) = e(b) = e(b,) = 0.Since ¢; = {1,2,3,4} =a; A
by and ¢ ={2,4,5} = a, A by, we see that e(c;) = e(a; A by) = e(a)) De(b;) =0.
Analogously, e(c{) = 0. As ¢ < ¢5 , we obtain that e(c;) = 0. It means that e(c|) =
e(ct) = 0, which is absurd. u]

Theorem 4.16 Let P be an ODP. Then there is an ODP, Q, such that Q is not set-
representable and P is embeddable into Q.

Proof If P is not set-representable then there is nothing to prove. Let P be set-
representable. By Proposition 4.14 and 4.15 there is a non-set-representable ODP R
such that there exists an evaluation e on R. Set Q = P x R. Since R is embeddable
into Q (Proposition 4.13), Q is not set-representable (Proposition 4.8). Since there
is an evaluation on P, we see that P is embeddable into Q (Proposition 4.13). This
completes the proof. O
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5 Set-representable ODPs form a Quasivariety

In this section we shall show that the class SRODP is a quasivariety (i.e. the class
SRODP is defined by a set of quasiidentities). Hence the class SRODP is rather
large and algebraically “stylish”. It should be noted that in showing that SRODP
is a quasivariety the investigation of the set-representation of orthomodular posets
was instrumental (see [18] and [19]). However, the presence of the extra operation A
required here a somewhat different reasoning in places.

We shall deal with the ultraproduct of ODPs. Let us first recall the notions and
results we shall need.

Proposition 5.1 Let I be a non-empty set and let F be an ultrafilter on 1. Let f: 1 —
{0, 1} be a mapping. Then there exists exactly one value v € {0, 1} such that f~'(v) € F
(where f~'(v) ={i e I, f(i) =v)).

Proof Obviously, f~'(1) = I'\ f~!(0). Since F is an ultrafilter on /, it is clear that
exactly one of the sets f~!(0), f~'(1) belongs to F. m]

The value v uniquely determined by the previous proposition will be denoted by
v(F, /. If fi, o: 1 — {0,1}, let us agree to write f; ~x f,, provided Eq(fi, f>) €
F,where Eq(fi, L) ={iel; fi()= ()}

Proposition 5.2 Let I be a nonempty set and let F be an ultrafilter on 1. Suppose that
fi, o I — {0, 1} are mappings with fi ~5 fo. Then v(F, fi) = v(F, fo).

Proof Suppose that a=v(F, ;). Then f '(a)NEq(fi, f) € f, '(a). Since
fl_l(a) € F and Eq(fi, f») € F, we see that fz_l(a) € F. It follows that a = v(F, f3).
O

Let X; be nonempty sets, where i € I for a nonempty set I. Let X =[] X; be
iel

the Cartesian product of the sets Xj, i € I. Let F be an ultrafilter on / and let

Y = ]_[}-Xi be the corresponding ultraproduct (i.e., let Y be the set of all classes of

iel
the equivalence x ~y < {i € I; x(i) = y(i)} € F). Let us suppose that we are given
mappings ¢; : X; — {0, 1}, i € I. Then we can construct a mapping e : Y — {0, 1} as
follows:

If a € X, let us denote by g, : I — {0, 1} the mapping defined by setting g,(i) =
ei(a(i)). Put h(a) = v(F, ga). We have therefore obtained a mapping 4 : X — {0, 1}.
Let @ € Y and o = [a]#. It means that a is such an element of X that a € «. Let us
set e(a) = h(a). We have to verify the correctness of this definition. Suppose that o =
[a]lF = [b]r. Then {i € I, a(i) =b(@)} € F. It follows that {i € I; g.(i) = gn(i)} € F.
This implies that g, ~# gp. By Proposition 5.2, v(F, g,) = v(F, gp). This means that
h(a) = h(b) and we have found that the definition is correct.

Let us denote by ]_[}—e,- the mapping e : Y — {0, 1} constructed above.
iel

Proposition 5.3 Let P; be ODPs, i€ I, I #. Let F be an ultrafilter on I. Let
P= ]_[fP,- be the ultraproduct of P, i € I. For any i € I, let e; : P; — {0, 1} be such

iel
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mappings that {i € I; e; is an evaluation on P;} € F. Then the mapping e = ]_[fei is
iel
an evaluation on P.

Proof The proof reduces to a straightforward verification. O
Theorem 5.4 The class SRODP of all set-representable OD Ps forms a quasivariety.

Proof We shall show that the class SRODL is closed under the formation of
substructures, products and ultraproducts.

(a) The closedness under the formation of substructures has been proved in
Proposition 4.8.

(b) The closedness under the formation of products:
Suppose P; € SRODP, i€ I. Write P =[] P;. For any j € I, let us denote by

iel

m; the j-th projection P — P;. Suppose that a,b € P and a £b. Then there
exists an index iy € I such that a;, £ b;,, where a;, = m;,(a), b;, = m;,(b). Take
an evaluation e € £(P;,) such that e(a;)) = 1 and e(b;,) = 0. Consider the eval-
uation m;, o e on P. Then (7;, o e)(a) = e(m;,(a)) = e(a;)) = 1 and (7;, o e)(b) =
e(miy (b)) = e(b;,) = 0.

(c) The closedness under the formation of ultraproducts:
Suppose P; € SRODP, i € I and suppose that F is an ultrafilter on /. Write

0= ]_[f P;. Suppose that o, 8 € O, a £p B, and, moreover, suppose that
iel
o =[a]F, B =[blr, a,b e ] Pi. Then {i € I; a@i) <b()} ¢ F. Since F is an
iel
ultrafilter, we infer that {i € I; a(i) £ b@i)} € F. Write J = {i € I, a(i) £ b@})}.
Suppose that, for any i € J, e; : P; — {0, 1} be such evaluations that e;(a(i)) =
1 and e;(b(?)) =0. If ie I\ J let ¢; : P, — {0, 1} be arbitrary mappings. Let
us set e = ]_[}-e,-. Then e is an evaluation on P. Furthermore, e(a) = h(a) =
iel
v(F, ga). If i € J, then g,(i) = e;(a(i)) = 1. It follows that J C {i € I; ga(i) = 1}
and therefore {i € I; g,(i) = 1} € F. Then v(F, ga) = 1. The equalities e(8) =
h(b) = v(F, g») =0 can be shown analogously. This concludes the proof of
Theorem 5.4. O

In view of the last result we see that the class SRODP is defined by a set of
quasiidentities. It would be desirable to know if one can do here with a finite number
of these quasiidentities but this seems to be a rather difficult problem.

6 Pseudocomplemented ODPs

The main result we want to prove in this section says that the pseudocomplemented
ODPs are set-representable, generalizing thus the situation in OMPs (see [15],
[20] and [23]). Let us start with the following standard definition of the theory of
complemented structures.

Definition 6.1 Let P be an OMP. Let us say that P is pseudocomplemented if for any
x, y € P the following implication is true: If 0 = x A y, then x < y*.
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It should be remarked that the pseudocomplemented OMPs play a noteworthy
role in the study of compatibility — they are exactly those “quantum logics” in which
the compatibility relation allows for the following lattice characterization. Let us
present a simple proof of this fact. It does not seem to be contained in monographs
though it is related to the question of whether the compatibility can be described
lattice-theoretically — a question relevant to quantum axiomatics.

Proposition 6.2 Let P be an OMP. Then the following conditions are equivalent:

(1) P is pseudocomplemented,
(2) foranya,b € P, the infimum a A b exists in P exactly whena C b.

Proof Suppose first that P is pseudocomplemented. Let us consider two elements
a,b € P such that a A b exists in P. Write d=aAb. Thena=dv (@andt), b =
d v (b A db). 1t is sufficient to show that a A d*+ and b A d* are orthogonal. Since P
is pseudocomplemented, it is enough to show that (a A d*+) A (b A d*) = 0. Suppose
that c is such an element that c <aAdt andc<b Ad+. Thenc<aandc<b. It
follows that ¢ < d. On the other hand, the inequality ¢ < a A d* implies ¢ < d*. Since
¢ < dand c < d*, we see that ¢ = 0 and the implication (1) = (2) is proved.

Let us take up the reverse implication (2) = (1). Suppose that a A b = 0. By
the assumption, a Cb. Then a = (@ Ab) Vv (@A bt). Since a Ab =0, we have a =
a A b+, and thereforea < bt. u]

Let P be an ODP. In accord with our convention that all notions of Py, can be
attributed to the original P, let us say that P is pseudocomplemented if so is Pgypp.
We want to prove that the pseudocomplemented ODPs are set-representable. Before
doing so, let us introduce a few notions of ordered sets.

Let P be a poset with the least and the greatest element, 0 and 1. Let us agree to
write,for AC P, A ={xe P, Vye A: y<x},AV={xe P;Vye A: x <y}

Definition 6.3 Suppose that I/ € P. We say that I is a Frink ideal in P if for any finite
subset J C [ we have J*V C I (as usual, J*Y stands for (J*)"). We say that / is proper
if I # P (equivalently, 1 ¢ I).

It should be noted that a Frink ideal, /, in P has the standard properties of an ideal
inaposet: 0 € I, and for any x, y € Psuchthatx € I, y < x we have y € I. Moreover,
a Frink ideal in an ODP respects the operation A as follows.

Proposition 6.4 Let P be an ODP and let I be a Frink ideal in P. Then for any pair
of elements x,y € I we havex Ay € I.

Proof By the condition (D3) of the Definition 2.1, x A y € {x, y}*¥ C I, which proves
the result. O

The following simple proposition gives us an information on how a set generates
a Frink ideal.
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Proposition 6.5 Let P be an OMP. Let A C P. Then the smallest Frink ideal that
contains A is the following union I 4:

IA — U XAV

XCA, Xfinite

Further, let I be a Frink ideal in P and let a € P. Then the smallest Frink ideal that
contains I and the element a is the set I[a], where

laj= |J (xufap™.

XCI, Xfinite

Proposition 6.6 Let P be a pseudocomplemented OMP, let I be a Frink ideal in P
and let a € P. Then the following statements are equivalent:

(1) thereis a proper Frink ideal J in P such that I C J and a € J,
2) at €l

Proof

(1) = (2) Suppose that I U {a} C J. Further, suppose that a* € I. Then a,at € J.
By the definition of Frink ideal, we see that {a,a'}"V € J. But
{a,a"}"Y = ({a, at}")¥ = {1p}¥ = P. This means that J = P and there-
fore J is not proper.

(2) = (1) Suppose that a* ¢ I. Let us set J = I[a]. We want to show that | ¢ J. By
Proposition 6.5, it suffices to show that 1 ¢ (X U {a})"Y for any finite X C
1. Take an arbitrary finite X C I. Since X"V C I, a* ¢ I, we infer that
at ¢ X"V. It follows that there is an element b € X" with a' £ b.
The definition of pseudocomplementarity gives us that 0 # infp{a*, b=}.
Hence, there is an element c € P such that ¢ <a' and ¢ < b+ and,
moreover, ¢ > 0. This implies that @ < ¢*, b < ¢t and ¢* < 1. We con-
clude that ¢t is an upper bound of X U {a}. But ¢+ < 1, which implies
1 ¢ (X U {a})"¥ and the proof is complete. O

Theorem 6.7 Let P be a pseudocomplemented OMP. Let I C P be a maximal proper
Frink ideal in P. Then I has the selectivity property: For any x € P either x € I or
xtel

Proof Let a e P. Suppose that a' ¢ 1. We want to show that ael. By
Proposition 6.6, the set I[a] is a proper Frink ideal. Since I € I[a] and since [ is a
maximal, we obtain I = I[a]. Thus, a € I, which was to show. O

Theorem 6.8 Each pseudocomplemented ODP is set-representable.

Proof Let P be a pseudocomplemented ODP. Leta, b € Pwitha £ b.Sincea £ b,
it follows that a # 0. Thus, a* # 1. This implies that the set I = {x € P; x <a'}is
a proper Frink ideal in P. Moreover, b+ ¢ I. By Proposition 6.6 and an obvious
application of Zorn’s lemma, we obtain that there is a maximal proper Frink ideal J
in Psuchthat IU{b} C J. Let us define a mapping e : P — {0, 1} as follows: If x € J
then e(x) =0, e(x) = 1 otherwise. Let us show that this mapping e is an evaluation
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on P. The property (E;) is implied by the fact that 1 ¢ J. Further, suppose that
x,y € Pwithx < y.Ify € J,then x € J, and therefore e(x) = e(y) = 0.If y ¢ J, then
e(y) = 1 and the inequality e(x) < e(y) is automatically valid. Finally, suppose that
x,y € P.Let us try to show that e(x A y) = e(x) @ e(y). We have to distinguish three
possibilities.

e Firstly, suppose that x, y € J. Thenx A y € J (Proposition 6.4) and the inequality
holds true.

e Secondly, suppose that exactly one of the elements x, y lies in J. Without a loss
of generality,letx € Jandy ¢ J.Ifx A y € J,thenx A (x A y) € J and therefore
y € J. But this is absurd. It follows that x A y ¢ J. As aresult, e(x) =0, e(y) = 1
ande(x Ay) = 1.

e Thirdly, x ¢ J and y ¢ J. By Theorem 6.7, we see that x* € J and y* € J. This
implies that x* A y* € J. But x* A y* = x A y. We therefore see that e(x) = 1,
e(y)=1lande(x A y)=0.

This shows that e is an evaluation. To complete the proof, we observe that a‘,
b e J, and therefore e(at) =0, e(b) = 0. In other words, e(a) = 1 and the proof
is done. O

In concluding this paragraph, let us see that there are non-Boolean pseudo-
complemented ODPs and that there are set-representable ODPs which are not
pseudocomplemented. Putting it in interplay with the results obtained above, let us
formulate the result in the following manner.

Proposition 6.9 The following inclusions are proper: BA C pseudocomplemented
ODPs c SRODP.

Proof The first inclusion is obvious, the second follows from Theorem 6.8. Obvi-
ously, M O3 is a SRODP which is not pseudocomplemented. It remains to construct a
pseudocomplemented ODP which is not Boolean. Let N denote the set of all natural
numbers. For i € {0, 1,2,3,4,5}, put N; = {n € N; n=6k+i for some natural k}.
Further, let us put A; = NoU N, U Ny (i.e., A; is the set of all even numbers),
A2:NOUN3, A3:A1 AA2:NZUN3UN4.F01‘m€{l,2,3}put Bm:N\Am
Consider A = {0, Ay, By, Ay, By, A3, B3, N}. Then the set A is a d-subring in
exp(N). Going on with the construction put @ = {X € N; X A D is finite for some
D € A}. Then Q is again a d-subring. We will show that P = (2, C, 4, N, ¢, A), where
X¢= N\ X, is apseudocomplemented ODP that is not Boolean.

Suppose that X, Y € Q such that inf{ X, Y} = 0 = @. Suppose that X N Y # @ and
look for a contradiction. Pick an element a € X N'Y and put A = {a}. Then A € Q.
Moreover, A C X and A C Y. But this contradicts the condition that inf{ X, Y} = .
As aresult, X N'Y = ¢, and therefore X C Y*.

In order to show that P is not Boolean, it suffices to prove that the elements
A}, A; donot possess an infimum in P. Take aset X € Qsuchthat X € A, X C A,.
If X were infinite, then X A D is also infinite for any D € D. But this would imply
that X ¢ Q. We therefore see that X is finite. Choose a finite set Y such that
XCYCNy).ThenYeQand Y C Ay, Y C A,. Since Y is strictly larger then X,
the set X cannot be the infimum of A;, A, in P and this completes the proof. O
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7 The OMPs not Embeddable into ODPs

In this paragraph we ask if (when) an OMP is induced by an ODP. The very
first question one would pose is whether each OMP is a Py, for some ODP P.
Obviously, this question answers to the negative if only because of Proposition 3.3.
A more natural and more challenging question is whether each OMP is a sub-OMP
of some Pgypp for an ODP P. This question answers to the negative, too, but with
a slightly less trivial argument. This argument is contained in Proposition 7.1 that
follows. To formulate it, we need a definition.

Definition 7.1 Let P, P, be orthomodular posets and let f : P; — P, be a mapping.
Then f is said to be an orthomorphism if

(1) f(lpl):lP27
(2) f(xh = (f(x)tforany x € Py,
(3) f(xvy) = f(x)V f(y) for any pair of orthogonal elements x, y € P;.

Note that if f is an orthomorphism, then the equation in the above condition (3)
can be generalized to any finite number of mutually orthogonal elements. Note also
that (a) if K, L are lattice OMPs and f: K — L is a lattice homomorphism then f
is an orthomorphism, and (b) if P, Q are ODPs and f: P — Q is a homomorphism
then fis an orthomorphism as mapping between Pgypp and Qgupp.

Proposition 7.2 Let P be a finite OMP. Let P possess an odd number of blocks and
let each atom of P lie precisely in two blocks. If Q is an ODP which consists of at least
two elements, then there is no orthomorphism P — Qgupp. A corollary: Any OMP with
the assumptions of this proposition is not embeddable into an ODP.

Proof Seeking a contradiction, let f: P — QOgpp be an orthomorphism. Suppose

that B, ..., B, are all blocks of P. By our assumption the number # is odd. Let
{ai1,...,a;x} betheset of all atoms of the algebra B;,i = 1, ..., n. Then the elements
a1, ...,a;r are mutually orthogonal and, moreover, a;; V...V a;r, = lp. Since
f is an orthomorphism, we have f(a;1) V...V f(air) = 1¢. Again, the elements
f(aiy), ..., f(aix,) are mutually orthogonal, and therefore f(a;,) V...V f(aix) =
flai)) A ... A f(aix,) (see Proposition 2.8). This shows that f(a;1) A ... A f(aix,) =
1o foranyi € {1,..., n}. As a consequence,

(fla) A . A f@p) B ... A(fap) ... A flap) =g A... A .

The right-hand side of the latter identity contains the element 1¢ exactly n-many
times. Since # is odd, the right-hand side equals to 1. Moreover, if a is an arbitrary
atom of P, then our assumption gives us that the left-hand side of the identity
contains the expression f(a) exactly two times. By the property of the operation
A, the left-hand side must be equal to 0p. Since Q is non-trivial, O¢ is distinct from
1o, and we have derived a contradiction. |

With the help of the Greechie paste job ([11, 22]) it is not difficult to construct
OMPs with the assumptions of Proposition 7.2. Thus, in figure (a) below we present
the simplest OMP non-embeddable in an ODP. In figure (b) we present a lattice
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OMP non-embeddable in a ODP (this provides a partial answer to a problem
formulated in [17]).

® @ L 4 L
® @ L L
@ @ @ L
(a) (b)

The characterisation of the OMPs embeddable in ODPs-a problem of some im-
portance within quantum logic theory—seems open. A step forward in understanding
this problem and some further link with quantum theories would be the answer to
the question of whether or not the projection OMP L(R?) is embeddable in an ODP.
Even this remains open to us for the time being though we would rather conjecture
that such an embedding of £(R?) into an ODP exists.
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