
Report for the Doctoral Thesis of Bernard Lidický

This is an excellent thesis that shows significant progress in the field of Graph
Coloring. A graph is a network consisting of nodes and links between those
nodes representing some relationship. Graph coloring involves the labeling of
the vertices of some given graph by integers called colors such that no two
adjacent vertices receive the same color. Graph Coloring is a well-known and
much-studied area within the area of Graph Theory due to its large variety of
relevant problems and its many application areas.

The main results of this thesis are the following new results:

1. There are 9 non-isomorphic 6-critical graphs that can be embedded on
the Klein bottle. Here, a 6-critical graph is a graph that is 6-colorable
but not 5-colorable and moreover has the property that each of its proper
subgraphs is 5-colorable.

2. The complete graph on 6 vertices denoted K6 is the only 6-critical graph
with crossing number at most 4; the crossing number is the minimum
number of crossings over all drawings of the graph. Moreover, there exists
at least two 6-critical graphs (one of them being the K6) with crossing
number at most 5.

3. Every triangle-free planar graph with no 7-vertex cycles and no 8-vertex
cycles is 3-choosable meaning that such graphs admit a coloring that sat-
isfies prescribed lists of permitted colors defined for every vertex whenever
these lists have size at least 3 for every vertex.

4. Every triangle-free planar graph with no 6-vertex cycles and no 7-vertex
cycles is 3-choosable. This follows from a stronger result forbidding 4-
vertex cycles adjacent to 4-vertex and 5-vertex cycles.

5. The packing chromatic number is unbounded already on two layers of the
square lattice. The packing chromatic number of a graph is the smallest
number k of colors for which the graph has a packing k-coloring. A packing
k-coloring is a special type of coloring such that any two vertices from the
ith color class are of distance at least i for i = 1, . . . , k.

6. The packing chromatic number for the square lattice is at least 12. This is
a computer-aided proof. The thesis also presents a proof without the help
of a computer showing a lower bound of 10 (which is still an improvement
of the previous known lower bound of 9).

The proofs of these results are deep and require a thorough understanding of
the problem area. All results are well embedded in the literature showing con-
nections with related work often leading to new insights and improving known
results. Examples that illustrate the merits of the thesis are as follows. Result 1
disproves a conjecture of Thomassen. It also has algorithmic consequences, e.g.,
a direct consequence of Result 1 and a result of Eppstein is a linear-time algo-
rithm for testing if a graph embedded on the Klein bottle can be colored with
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at most five colors. Result 2 strengthens the work of Oporowski and Zaho who
showed that the complete graph on 6 vertices is the only 6-critical graph with
at most three crossings. Oporowski and Zaho conjectured that K6 is the only
6-criticial graph with at most five crossings. Result 2 disproves this conjecture.
Also Results 3–6 improve or extend a number of results in the literature as ex-
plained in the thesis. Moreover, some of the results have links to more applied
areas such as the results on packing coloring, which is a recent concept that has
applications in the area of frequency assignment taking into account frequency
usage.

As such, this thesis is a strong and important contribution to the area. This
is also clear from the fact that many results have already been published or
accepted for publication by international-leading journals in the area of Graph
Theory and Combinatorics. For instance, Chapter 4 is based on two papers,
one published and one accepted for publication in SIAM Journal on Discrete
Mathematics, which is a well-known international journal of high-quality papers.
Also Chapter 5 is based on two of such journal publications (in Discrete Math-
ematics and SIAM Journal on Discrete Mathematics, respectively). Chapter 6
is based on a journal paper (European Journal of Combinatorics) and another
manuscript that is not yet published.

Finally, the thesis is written in a clear way. Before going into the new
results, the thesis first gives a very careful introduction into the problem area.
It highlights the used techniques such as discharging and Thomassen’s technique
for proving 5-choosability of planar graphs by applying them on a classical graph
coloring problem. The paper is also written in a clear way displaying a good
use of figures that are very helpful for understanding the concepts and following
the arguments of the proofs.

Summary. This thesis clearly proves that the author is very able to perform
creative scientific work on a high international level.
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