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Abstract. No exact helically symmetric solution in general relativity is known today. There are
reasons, however, to expect that such solutions, if they exist, cannot be asymptotically flat. In the
thesis presented we investigate a more general question whether there exist periodic asymptotically
flat solutions of Einstein’s equations. We follow the work of Gibbons and Stewart [12] who have
shown that there are no periodic vacuum asymptotically flat solutions analytic near null infinity I.
We discuss necessary corrections of Gibbons and Stewart proof and generalize their results for the
system of Einstein-Maxwell, Einstein-Klein-Gordon and Einstein-conformal-scalar field equations.
Thus, we show that there are no asymptotically flat periodic space-times analytic near I if as the
source of gravity we take electromagnetic, Klein-Gordon or conformally invariant scalar field. The
auxilliary results consist of corresponding conformal field equations, the Bondi mass and the Bondi
massloss formula for scalar fields. We also discuss the problem of inheritance of the symmetry. The
thesis includes theoretical introduction to the notion of helical symmetry, mathematical methods
used in the proof (spinors, conformal techniques), papers [2] and [3] published in Classical and
Quantum Gravity journal, and documentation to the program for working with the Newman-
Penrose formalism. The program was developed under software Mathematica for the purposes of
the thesis.

Keywords: helical symmetry, periodic solutions, spinors, asymptotic properties, conformal field
equations



Contents

Contents i

I Introduction 1

1 Introduction 3
1.1 Why to study General Relativity? . . . . . . . . . . . . . . . . 3
1.2 The goals of the thesis . . . . . . . . . . . . . . . . . . . . . . . 4
1.3 Organization of the thesis . . . . . . . . . . . . . . . . . . . . . 6
1.4 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7
1.5 Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . 9

2 Helical symmetry 11
2.1 Newtonian gravity . . . . . . . . . . . . . . . . . . . . . . . . . 14
2.2 Electrodynamics . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3 Helical symmetry in General Relativity 29
3.1 Helical Killing vector in flat space-time . . . . . . . . . . . . . . 31
3.2 Curved space-time . . . . . . . . . . . . . . . . . . . . . . . . . 33
3.3 Linearized gravity . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.4 Periodic solutions . . . . . . . . . . . . . . . . . . . . . . . . . . 38

4 Asymptotic properties of space-times 41
4.1 Minkowski space-time . . . . . . . . . . . . . . . . . . . . . . . 42
4.2 Asymptotic flatness . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.3 Conformal field equations . . . . . . . . . . . . . . . . . . . . . 52

5 Spinors 53
5.1 Abstract index notation . . . . . . . . . . . . . . . . . . . . . . 53
5.2 Spin basis and spin dyad . . . . . . . . . . . . . . . . . . . . . . 55
5.3 Spinors and tensors . . . . . . . . . . . . . . . . . . . . . . . . . 57
5.4 Newman-Penrose null tetrad . . . . . . . . . . . . . . . . . . . . 59
5.5 Decomposition of spinors . . . . . . . . . . . . . . . . . . . . . 60
5.6 Covariant derivative . . . . . . . . . . . . . . . . . . . . . . . . 62

6 Field equations in the NP formalism 65
6.1 Spin coefficients . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
6.2 Klein-Gordon field . . . . . . . . . . . . . . . . . . . . . . . . . 67
6.3 Conformally invariant scalar field . . . . . . . . . . . . . . . . . 69

i



ii CONTENTS

6.4 Electromagnetic field . . . . . . . . . . . . . . . . . . . . . . . . 69
6.5 Gravitational field . . . . . . . . . . . . . . . . . . . . . . . . . 71
6.6 Zero-rest-mass equations . . . . . . . . . . . . . . . . . . . . . . 77

II Results and papers 79

7 On asymptotically flat solutions of Einsteins equations
periodic in time: I. Vacuum and electrovacuum solutions 81

8 On asymptotically flat solutions of Einsteins equations
periodic in time: II. Spacetimes with scalar-field sources105

A NP formalism in Mathematica 135
A.1 Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
A.2 Working with the NP-formalism . . . . . . . . . . . . . . . . . . 138
A.3 Additional features . . . . . . . . . . . . . . . . . . . . . . . . . 141
A.4 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143

Bibliography 145



CONTENTS iii



Part I

Introduction

1





Chapter 1

Introduction

1.1 Why to study General Relativity?

General theory of relativity (GR) is the only satisfactory theory of gravitation
known today. Despite the enormous effort, no significant progress in unifying
quantum theory and general relativity has been made. Theories proposed as
alternatives to GR were either disproved by observations, or they were not com-
parable with observations at all. Even today, string theory or loop quantum
gravity are far from giving some clear experimental predictions. One of few
results of quantum gravity which we can perhaps trust is Hawking’s prediciton
of black holes’ radiation. This prediciton, however, is formulated in the frame-
work of quantum field theory on a fixed curved background, which cannot be
regarded as a full quantum theory of gravity.

For many years people thought that hypothetic theory of quantum gravity
will differ from general relativity only under extreme conditions: shortly after
Big Bang, near singularities of black holes, etc. It seems reasonable that when-
ever quantum effects are negligible, general relativity should be an excellent
approximation. For this reason, research in the area of classical general rela-
tivity is not as popular as in quantum gravity, especially string theory. Various
important properties of GR have been understood during Golden age of GR
(1960–1975). A lot of new mathematical methods have been introduced and
they led to new insights, like algebraic classification of Riemann tensor and its
relation to gravitational radiation, topological methods and their role in the
analysis of singularities and global structure of space-times, etc. Later also cos-
mology became the part of “serious physics”. As the experimental techniques
and technologies improved, predictions of GR were being justified with higher
and higher accuracy. And although gravitational radiation has never been de-
tected directly, discovery of binary pulsars provided a new “laboratory” for
testing GR. In fact, decay of orbits of such pulsars is in excellent agreement
with simulations based on GR. For a brief discussion of these issues see Chapter
3.

Thus, GR seems to be perfectly suitable for describing phenomena not
influenced by quantum effects. Studying classical GR means, roughly speaking,
solving Einstein’s equations in more and more realistic situations. Probably,
since Einstein’s equations are complicated and non-linear, we will never exhaust
their richness and there will always be what to study in GR.

3



4 CHAPTER 1. INTRODUCTION

A kind of continuing renaissance of interest in GR is due to several facts.
First, there are some deep fundamental theoretical issues like “cosmic cen-
sorship hypothesis” which remain open. Second, experimental devices have
undergone significant improvements during last years and raised a new hope
to detect gravitational radiation by terrestrial detectors. Increasing computa-
tional abilities connected with more sophisticated numerical algorithms provide
new theoretical data which can be compared with new observations. Predic-
tion of gravitational radiation is the most challenging prediction of GR and
its detection is the biggest challenge for contemporary experimentalists. This
thesis is a contribution to the theoretical background related to gravitational
radiation.

But there are antoher reasons why GR is worth to study. Since 1998 ob-
servations suggest that the Universe is not only expanding but it is expanding
with an increasing rate, the expansion is accelerating. This is in contradiction
with Einstein’s equations unless we admit the cosmological constant to be non-
zero. Thus, in words of Paul Davies, Einstein’s “biggest mistake” turns out
to be his biggest triumph. Models and solutions of Einstein’s equations with
cosmological constant (and there are many of them) have been studied with-
out direct physical motivation, but after discovery of acceleration of Universe
they became as relevant as the other ones. The origin of cosmological constant
remains unclear and is usually referred to as the problem “dark energy”.

Moreover, there are suggestions that general relativity does not give correct
predicitons in some situations when we expect the Newtonian gravity to hold.
Theories like MOND (MOdified Newtonian Dynamics) are trying to explain
effects of dark matter as a result of modified Newton’s laws. Beside this, several
theories have been formulated in which the Lorentz invariance is violated. For
example, in so-called deformed special relativity (or doubly special relativity),
the invariance of the Planck energy is postulated. However, there is no direct
experimental evidence for violation of the Lorentz invariance today.

All the theories mentioned are highly speculative and only time will show
whether any of them has a physical relevance. According to the modest opinion
of the author of this thesis, GR will appear to be the valid description of all
situations where quantum effects do not play an important rôle. Today, there
are many theorists propagating the idea that in order to find quantum theory of
gravity, also the rules of quantum mechanics have to be modified. Perhaps the
most influential contemporary mathematical physicist who considers quantum
theory incomplete is Roger Penrose. He is also one of the main authors of
mathematical methods used in this thesis.

In this context, it is necessary to test our theories again and again, to
make new predictions and compare them with observations. If we will be able
to obtain new predictions in GR and these will be confirmed (as the author
believes), our confidence in this theory will increase. If, however, GR is not
appropriate for the description of gravity, we would like to find its limits as
soon as possible.

1.2 The goals of the thesis

In this thesis we study some general properties of GR – the existence of asymp-
totically flat, periodic solutions of Einstein’s equations. The question whether
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periodic solutions in GR exist is interesting by itself, but it is also related to the
problem of gravitational radiation and its detection, mentioned in the previous
section. The most promising sources of gravitational radiation are binary sys-
tems consisting of massive black holes or neutron stars. Can such a system be
in equilibrium or does it have to loose the energy by radiation? Can a solution
describing a binary system be periodic? Or, more generaly, can an isolated
system evolve in a periodic way? Imagine a sufficiently compact system of
gravitational waves (a geon) – will it exist being periodic all the time? Will
periodic solutions exist if gravitational field interacts with some other physical
fields like electromagnetic or scalar field with zero rest mass?

There are several physical arguments to be given later that the answer is no:
isolated systems cannot move periodically. Can these arguments be justified
by rigorous mathematical proofs? There are efficient mathematical methods to
analyze the properties of isolated systems. These methods, invented by Roger
Penrose and others, include conformal techniques, spinors and the Newman-
Penrose formalism. In 1984 Gibbons and Stewart [12] used these techniques
to show that asymptotically flat solutions of Einstein’s equations cannot be
periodic. More precisely, they have shown that any periodic asymptotically
flat vacuum solution which is analytic near infinity is necessarily stationary.
This proof is very general because it does not assume anything about the
configuration or motion of the sources. But since the solution is assumed to be
vacuum near infinity, these sources are not allowed to produce some other type
of radiation. Thus, it was desirable to generalize the proof to the presence of
non-gravitational fields, especially to the electromagnetic and the scalar fields.
This was the original aim of the thesis.

It appeared, however, that the proof of Gibbons and Stewart suffers from
several drawbacks. What they have actually shown is that if the geometrical
quantities describing the gravitational field are periodic at null infinity I, then
they are in fact time-independent. In their paper [12], periodicity in time is
defined as the periodicity in coordinate v defined in such a way that

K = ∂v

is a null vector. Gibbons and Stewart were able to prove that quantities periodic
in v on I are v−independent which means that K is the Killing vector of the
metric. From this they conclude that the space-time is stationary.

The problem is that vector K is everywhere null by construction while the
stationarity requires a time-like Killing vector. It turns out that the coordinates
and the tetrad used by Gibbons and Stewart are too restrictive and impossible
to be constructed even in the Minkowski space-time! Indeed, in double null
coordinates, the conformally rescaled Minkowski metric reads

ds2 = dudv − 1

4
(u− v)2

(
dθ2 + sin2 θ dφ2

)
.

Since the metric coefficients depend on v, K = ∂v is not a Killing vector, i.e. the
Minkowski space-time is not stationary according to the definition of Gibbons
and Stewart! In addition, the conformal gauge they use is incompatible with
periodicity. All these issues are discussed in detail in paper [2] attached to the
thesis.

Thus, in order to justify the results of Gibbons and Stewart, it is necessary
to repeat their proof in a coordinate system which allows us to deduce the
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stationarity in usual sense, that is, to show that if the quantities are periodic
in time near infinity, then there exists a time-like Killing vector. In addition,
it is of interest to generalize the results for cases when other physical fields
are present. It could well happen that a physical field is time-dependent and
periodic, but its energy-momentum tensor, which is the source for gravity, is
not time-dependent so that gravitational field is stationary. Or, does a physical
field have to be stationary as well?

The goals of the thesis can be summarized as follows:

• Repeat the procedure of Gibbons and Stewart to prove the non-existence
of asymptotically flat vacuum solutions of Einstein’s equations which are
periodic near infinity, but in less restrictive coordinates and conformal
gauge and show the existence of the time-like Killing vector; proving
that vacuum periodic asymptotically flat solutions must be stationary;

• Generalize the proof for the presence of the electromagnetic and scalar
fields;

• Discuss the inheritance of the stationarity by electromagnetic and scalar
fields.

1.3 Organization of the thesis

The purpose of the thesis is twofold. Beside the presentation of the results of
the research we intend to provide also a brief pedagogical introduction to the
topic presented and the techniques used. In Chapter 2 we explain the notion
of helical symmetry and discuss selected helically symmetric solutions in the
Newtonian gravity and electrodynamics. Chapter 3 deals primarily with the
definition of helical symmetry in the framework of General Relativity. In this
chapter we also motivate the study of periodic solutions in asymptotically flat
space-times.

In Chapter 4 we introduce the concept of asymptotic flatness and discuss
asymptotic properties of the Minkowski space-time. Then we give geometrical
definition of asymptotic flatness as proposed by Penrose and briefly mention
some related issues. Chapter 5 is dedicated to spinorial techniques, in Chapter 6
we explain how the usual field equations can be rewritten in terms of spinors and
how the spinorial equations can be translated into the language of the Newman-
Penrose formalism. The author believes that the material presented in these
chapters can serve as a useful introductory text for the students interested in
the spinor formalism. Or it can be used as a reminder for the readers who
are familiar with this formalism but who do not use it regularly in their work.
In addition, we occasionally illustrate how several spinorial operations can be
done in the Mathematica program which was written for the purposes of the
thesis. Finally, sometimes we present the details of some derivations which are
hard to find in the literature.

In chapters 7 and 8 we attach papers [2] and [3] in the form they were
published in Classical and Quantum Gravity. This is the main original part of
the thesis and all results obtained are discussed there in detail.

In the thesis we use the Newman-Penrose formalism heavily. The Newman-
Penrose equations are scalar equations arising as the projections of spinorial
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field equations onto the spin basis. Especially in the case of conformal Einstein-
Klein-Gordon equations, resulting Newman-Penrose equations are extremely
long and it is impossible to derive them “by hand”. For this reason we have
developed programs for working with the Newman-Penrose formalism using
Mathematica software. These programs are attached on the CD accompanying
the thesis and their functionality is fully described in the Appendix A.

1.4 Results

In papers [2] and [3] included in chapters 7 and 8, the solutions to the problems
indicated are given. The proof of Gibbons and Stewart has been corrected and
generalized to the presence of non-gravitational fields. In Chapter 7 (paper
[2]) we discuss the differences between our approach and the approach of Gib-
bons and Stewart and show the non-existence of asymptotically flat analytic
electrovacuum solutions of Einstein’s equations periodic in time. In order to
perform the proof we derive the conformal Einstein-Maxwell equations which
are essentially the same as those of Friedrich [9]. We also prove that once the
asymptotically flat electrovacuum space-time is stationary, then the electro-
magnetic field is necessarily stationary too. This is related to the question of
inheritance: in asymptotically flat stationary space-time, the electromagnetic
field necessarily inherits the stationarity.

In Chapter 8 (paper [3]) we use the same coordinate system as in [2] to
analyze space-times with the scalar field sources. We consider two kinds of the
scalar field, the massless Klein-Gordon field and conformally invariant scalar
field. Again, we derive the conformal Einstein-scalar-field equations for both
kinds of the scalar field. These equations are believed to be new, although
some of them appear in [16].

Theorems about the non-existence of asymptotically flat periodic solutions
form the nucleus of this thesis. On the other hand, they also represent a partial
result in understanding the helical symmetry in General Relativity. Helical
symmetry and the theorems presented are the content of introductory part of
the thesis. For this reason we do not enter the discussion about them here and
we concentrate on the other, auxiliary results obtained in the thesis.

As we explain in Chapter 8, the assumption of periodicity implies the con-
stancy of the Bondi mass. Expression for the Bondi mass of an electrovacuum
space-time has been known since long time ago and we have used it in paper
[2]. For the scalar fields, both Klein-Gordon and conformal-scalar-field, no
clear expression of the Bondi mass and its loss can be found. Thus, as a part of
the proof we present also the derivation of the Bondi mass for these fields. The
derivation is based on the twistor equation. There are two surprising features
of these relations. First, in electromagnetic case only gravitational quantities
enter the expression of the Bondi mass, namely the Ψ2-component of the Weyl
spinor and the news function. We have shown, however, that in the case of the
Klein-Gordon field the relevant expression is

MB ∝
∫

dS

[
Ψ

(0)
2 +

1

3
∂u

(
φ(0) φ̄(0)

)
+ σ(0) ˙̄σ

(0)
]
,

where φ(0) is the leading term in the expansion of the scalar field itself and
variable u is to be interpreted as the time coordinate. Thus, the Bondi mass
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depends explicitly on the radiative part of the scalar field. Massloss formula
for the Klein-Gordon field reads

ṀB(u) ∝ −
∫

dS

[
σ̇(0) ˙̄σ

(0)
+ 2 φ̇(0) ˙̄φ

(0)
]
.

Although this expression is derived using asymptotic expansions of all quanti-
ties near I and the twistor equation, we present also simple physical argument
why to expect this form of the massloss formula. Notice that the decrease of
the Bondi mass is manifestly positive.

In the case of conformal-scalar-field, the Bondi mass is given by usual for-
mula, i.e. formula not involving φ(0)-terms. There is another surprise, however,
for the massloss formula

ṀB(u) ∝ −
∫

dS

[
σ̇(0) ˙̄σ

(0)
+ 2

(
φ̇(0)

)2

− φ(0) φ̈(0)

]
is now “indefinite”, so the Bondi mass can increase as well as decrease. This
is a consequence of the fact that energy-momentum tensor of the field under
consideration does not satisfy the weak energy condition Tab n

a lb ≥ 0 for ar-
bitrary future null vectors la and nb. This is a potential problem even for our
proof which relies on the positivity of the Bondi mass. Fortunately, for the pe-
riodic space-times one can integrate the massloss formula by parts and obtain
positive overal decrease during one period, which is sufficient for our proof.

As in paper [2], we again discuss the issue of the inheritance of symmetry.
For the Klein-Gordon field we have shown that in stationary asymptotically
flat space-time the scalar fields inherits the stationarity. We were not able to
arrive at any conclusion in the case of the conformal-scalar-field. The main
difficulty appears to be indefinitness of its Bondi mass. We present just two
simple arguments indicating that one can expect global positivity of the energy
of conformal-scalar-field and the inheritance of the stationarity of gravitational
field in asymptotically flat space-times.

Results presented in this thesis and explained in detail in papers attached
can be summarized as follows.

• Theorems

– In a weakly asymptotically simple space-time, all time-periodic so-
lutions of the Einstein-Maxwell equations analytic near null infinity
are stationary, i.e. they possess a Killing vector which is time-like
near infinity.

– The same theorems hold for the system of Einstein-Klein-Gordon
equations and Einstein-conformal-scalar-field equations.

• Corollaries

– In the case of electromagnetic and Klein-Gordon field, in any asymp-
totically flat stationary space-time also the non-gravitational field
(i.e. EM or KG) is stationary.

• Auxiliary results
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– Conformal Einstein-Maxwell, Einstein-Klein-Gordon and Einstein-
conformal-scalar field equations.

– The Bondi mass and Bondi massloss formulae for the Klein-Gordon
and conformal-scalar fields.
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Jǐŕı Bičák. I am grateful that he accepted me as his PhD student although he
has never heard about me before. He was very patient in the beginning when
I was a novice in GR (and is patient until today), he was helping me all the
time, he arranged the collaboration with prof. Tod, and many other things.
His wide knowledge and deep insight was an inspiration and stimulation for
my research, his personal support helped me to overcome a lot of difficulties.
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Chapter 2

Helical symmetry

The notion of symmetry belongs to the most important concepts in physics. An
intuitive feeling that symmetry is the property of ordered, regular systems has
found its mathematical formulation: the symmetry is a transformation which
leaves the system invariant. Originally, such a transformation was meant to
be a translation (crystal lattice), rotation (sphere), or another kind of space
transformation. By Noether’s theorem, each symmetry implies a correspond-
ing conservation law, e.g. rotational symmetry implies the conservation of
angular momentum. Later it was discovered that physical laws described by
mathematical formulae can have deeper, hidden symmetries, which may not be
connected with spatial transformations. Although such transformations have
less intuitive meaning, they also imply some conservation laws. A nice exam-
ple is the gauge symmetry in quantum field theory, where the invariance of the
action of, say, scalar field under a global gauge transformation implies the con-
servation of the charge. In addition, imposing invariance of the action under
the local gauge transformation, one can construct the action of coupled scalar
and electromagnetic fields. Symmetries (and their breaking) play an essential
role in our understanding of physical laws.

Beside this fundamental status, symmetries have also ”practical“ impor-
tance. In classical machanics we can use known symmetries of the system to
simplify the equations of motion, or even to solve them. Another nice example
comes from general relativity through Birkhoff’s theorem: imposing spherical
symmetry leads to unique solution of vacuum Einstein’s equations which is
necessarily asymptotically flat.

Results presented in this thesis are motivated by the study of helical sym-
metry in electrodynamics and general relativity. In the context of spatial ge-
ometry, the helical symmetry is invariance under continuous rotation combined
with translation in the direction of axis of rotation, see figure 2.1. Helical sym-
metry can be found in Nature, especially in biology, on both microscopic and
macroscopic scale, figures 2.2 and 2.3. But helically symmetric structures occur
also in technology: springs, spiral staircases, or drill bits (figure 2.4).

Helical symmetry in the context of field theories (in flat space-time) means
the invariance under a spatial rotation combined with a time translation. To
be more precise, let xµ = (t, r, φ, z) be standard cylindrical coordinates in
Minkowski space-time, so that vector field ∂t is generator of time translations
and ∂φ is generator of rotation about the z−axis. Orbits (integral curves) of

11
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z

Figure 2.1: Helical symmetry is the invariance under rotation about the
axis z connected with translation along the same axis.

Figure 2.2: A segment of DNA showing two spiraling chains forming a
helically symmetric structure.

Figure 2.3: Snail shell exhibits a kind of helical symmetry.
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Figure 2.4: Helical symmetry in everyday life: a drill bit.

∂t

∂φ

ξ

x

y

t

Figure 2.5: Helical vector field ξ = ∂t + ω∂φ describes periodic motion of
the particle in the plane z = constant with constant angular velocity ω.

∂t are straight time-like lines, while orbits of ∂φ are closed space-like curves.
Then, the vector field

ξ = ∂t + ω ∂φ,

where ω is constant, is called the helical vector field ; it generates transforma-
tions consisting of translations in t−direction and rotations about axis z, figure
2.5. The orbit of ξ is helix and represents the world line of a particle orbiting
along a circle in the plane z = constant with constant angular velocity ω.A
more detailed definition and analysis will be given in chapter

A typical example of a helically symmetric system is a binary system, i.e.
the system of two bodies or particles orbiting about their common centre of
mass with the same angular velocity, figure 2.6. Such system can consist of two
stars (neutron stars, black holes), but it can be also the system of two charged
particles acting on each other via electromagnetic interaction. Another helically
symmetric configuration consists of n particles of the same mass, uniformly
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a1

a2

m2

m1

ω

Figure 2.6: Equilibrium configuration of two particles of masses m1 and
m2 orbiting about the centre of mass with angular velocity ω. This system
possesses helical symmetry.

a

m

ω

Figure 2.7: Equilibrium configuration of n particles of mass m.

distributed along the circle of radius a and orbiting about the centre, figure 2.7.
In the rest of this chapter we discuss these helically symmetric configurations
in several theories: Newtonian gravity, electrodynamics, scalar gravity and
general relativity.

2.1 Newtonian gravity

Helically symmetric solution in the Newtonian gravity is in fact very familiar
and the existence of equilibrium configuration of two point masses orbiting
about the centre of mass is well-known. In 1922 it was shown by Lichtenstein
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[14] that helically symmetric solution exists also for two fluid bodies of finite
sizes.

To show that a helically symmetric solution for two point masses indeed
exists is rather trivial. Despite this, however, we list relevant equations here,
as they will be helpful later, when we will try to understand properties of a
helically symmetric solution in linearized Einstein’s theory. The idea of our
approach is the following. Consider a point particle with mass m1, the source
particle. Assume, in addition, that this particle is moving along the circle of
radius a1 with constant angular velocity ω. At this stage we do not ask why the
particle orbits, we simply assume that it does. Next we compute gravitational
field produced by this particle and imagine that we insert second, test particle
into this field. We derive the equations of motion of the test particle and find
conditions of equilibrium. The adjectives “source” and “test” serve merely to
distinguish the particles. In fact, to obtain an equlibrium configuration it is
necessary to assume that both particles are the sources of gravitational field.
At first stage, however, we consider just the motion of the test particle in the
field of the source particle. Once we find conditions for the test particle to move
along the circle, we can switch the roles of both particles. By the symmetry of
the problem, conditions of equlibrium are supposed to be satisfied again.

Thus, we assume that the position vector r of the source particle is, in
Cartesian coordinates xi = (x, y, z),

r(t) = (a1 cos(ωt+ φ0), a1 sin(ωt+ φ0), 0) . (2.1)

In other words, the particle is orbiting about the origin of the coordinate system
in the plane z = 0 with angular velocity ω. Initial position of the particle at
time t = 0 is determined by the initial phase φ0. According to Newton’s law
of gravitation, gravitational field K produced by source particle is given by

K(t,x) = −Gm1
x− r(t)

|x− r(t)|3 .

Equations of motion can be derived from Newton’s law of force

ẍ = K(t,x)

or, equivalently, from the Lagrange equations of the second kind. By the
symmetry of the problem it is useful to introduce cylindrical coordinates, so the
Lagrange formalism is more appropriate. Cylindrical coordinates qa = (r, φ, z)
are introduced by usual relations

x = r cosφ, y = r sinφ, z = z.

Components of K with respect to cylindrical coordinates are defined by

Ka =
∂xi
∂qa

Ki,

and they read

Kr = −Gm1
r − a1 cos θ

R3
,

Kφ = Gm1
r sin θ

R3
, (2.2)

Kz = −Gm1
z

R3
,
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where we introduced notation

R = |x− r(t)| =
√
a2

1 + z2 + r2 − 2a1r cos θ,

θ = ω t − φ + φ0. (2.3)

Equations of motion of the test particle in the field produced by the source
particle are

r̈ = − Gm1

R3
(r − a1 cos θ) + r φ̇2,

φ̈ =
Gm1

R3

sin θ

r
− 2

r
ṙ φ̇, (2.4)

z̈ = − Gm1

R3
z.

Now we want to find conditions for an equilibrium. We restrict ourselves to the
initial time t = 0 and set the initial phase of the source particle to be φ0 = 0.
Position vector of the source particle is therefore (in Cartesian coordinates)

r(0) = (a1, 0, 0).

The test particle is assumed to be at position

x = (−a2, 0, 0)

with velocity

ẋ = (0, −ω a2, 0).

Thus, the initial conditions for the test particle are

r = a2, φ = π, z = 0, ṙ = 0, φ̇ = ω, ż = 0.

Parameters θ and R then simplify to

θ = −π, R = a1 + a2.

Situation is sketched in figure 2.8. Equations of motion then reduce to

r̈ = − Gm1

(a1 + a2)2
+ a2 ω

2,

φ̈ = 0, z̈ = 0. (2.5)

The first observation is that φ̈ = 0, as the consequence of the radial char-
acter of the force in Newton’s theory. If the system is to be in equilibrium, the
quantity r̈ must vanish. This can be achieved by setting

ω =

√
Gm1

a2 (a1 + a2)2
. (2.6)

For ω given by relation (2.6) the system of two point particles will be in equi-
librium, because r remains constant (ṙ = 0, r̈ = 0), and the angular velocity
as well (φ̇ = ω, φ̈ = 0). Honestly, we derived the conditions of equlibrium only
at time t = 0. However, since the choice of instant t = 0 is arbitrary, our
equations hold for any initial phase φ0 and corresponding position of the test
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m1
m2

a1a2

F

Figure 2.8: Equilibrium configuration in Newton’s theory. The force is
purely radial, so φ̈ = 0. By appropriate choice of parameter ω we can
achieve also r̈ = 0.

particle, namely φ = φ0 + π. Consequently, if the conditions of equilibrium
hold at time t = 0, they will hold also at all later times.

Thus, we arrived at expected conclusion: helically symmetric solutions de-
scribing two particles orbiting about their centre of mass exist. If the masses of
particles m1,m2 and radii a1, a2 of circular trajectories are chosen arbitrarily,
there exists a unique angular velocity ω given by (2.6), for which the system of
two particles will be in equilibrium. Let us have a look at analogous problem
in the framework of classical electrodynamics.

2.2 Electrodynamics

Consider now a system of two charged particles of masses m1,m2 and charges
e1, e2 (with opposite sign), interacting in accordance with classical Maxwell’s
theory of electromagnetic field. Newton’s law of gravitation was historically
the first mathematical/physical law describing a fundamental force of Nature.
It is natural that after discovery and succeses of Newton’s laws people tried to
understand the other known forces in a similar manner. Perhaps the first result
obtained in this way is the Coulomb law of electrostatic force. Two particles at
rest in an inertial frame act on each other by electrostatic force of magnitude

F =
1

4πε0

e1 e2

r2
,

whith e1, e2 being the charges and r the distance between the particles. Analogy
with Newton’s law of gravitational force is obvious: both electrostatic and grav-
itational force is described by the same mathematical formula. (Un)fortuna-
tely, analogy between Newtonian gravity and electromagnetism is essentially
exhausted by Coulomb’s law. As we know, the effort spent in understand-
ing electromagnetism led to new breakthroughs, especially to the notion of
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A

B

rA(t)

rB(t)

rB(t−)

R− = |rA(t) − rB(t−)|

Figure 2.9: Particle A in the position rA(t) feels the force from particle B
when it was at rB(t−) in retarded time t− = R−/c.

the field and the discovery of Maxwell’s equations (which are valid without a
change even today). On the other hand, Newton’s theory was replaced by Ein-
stein’s general theory of relativity. It is a beautiful fact that from the modern
point of view the analogy between electromagnetic and gravitational fields goes
further beyond the formal similarity of Coulomb’s and Newton’s law.

One of the most important qualitative differences between the Newtonian
gravity and Maxwell’s electrodynamics is the finite speed of propagation. In
the standard concept of electrodynamics, a charged particle produces an elec-
tromagnetic field which “travels” at the speed of light c and propagates to
the space. If there are any other charged particles, the field acts on them by
Lorentz force. In this picture, particles are not interacting with each other
directly, only through the fields they produce.

There is, however, a different picture, the concept of action at distance,
which does not use the notion of the field. Rather it resembles original Newton’s
theory with one modification: particles act on each other directly, but the finite
speed of signal is taken into account. In other words, particle A at time t feels
the force of the particle B “produced” by it at retarded time t− = t − R−/c,
where R− is retarded distance, see figure 2.9. Formulation of electrodynamics
as action-at-distance theory can be found e.g in paper [24] by Wheeler and
Feynman. This theory explains the self-force felt by an accelerating particle as
a consequence of the interaction of the particle with so-called absorber–particles
which will absorb the radiation produced by source particle sometimes in the
future. For details see the Wheeler-Feynman absorber theory [23].

The effect of retardation apparently makes the existence of helically sym-
metric solutions in electrodynamics impossible. A charged particle moving
along circular trajectory is accelerated and therefore emits an electromagnetic
radiation (bremsstrahlung). This radiation decreases the energy of the particle
and therefore the particle must spiral into the centre of mass, see figure 2.10.
From the action-at-distance point of view, test particle feels the force from the
source particle at retarded position, so that the force is not radial but it has
non-vanishing tangential component, see figure 2.11. Naively we could expect
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(radiation)

Figure 2.10: Accelerated particle is radiating and loosing energy. Instead
of equilibrium configuration we have particle spiraling to the centre.

that resulting force will have the direction of line connecting test particle and
source particle at a retarded time. However, such force would lead to positive
angular acceleration, as it is obvious from figure 2.11. On the other hand,
angular acceleration caused by bremsstrahlung should be negative. Detailed
calculation, following soon, shows that the force will actually have direction
sketched on 2.12 and will cause expected angular deceleration.

Notice the important difference between field and action-at-distance pic-
ture. In the former, system cannot stay in equilibrium because each particle
emits radiation. This radiation is caused by motion with acceleration. In the
latter picture, system cannot stay in equilibrium because of mutual interaction:
electromagnetic force is not radial.

Following these arguments we expect that equilibrium configuration of two
charged particles cannot exist. In fact, because of bremsstrahlung, classical
electrodynamics cannot explain the stability of atoms and it was necessary to
develop quantum mechanics. Although there are no doubts about the validity
of quantum mechanics, there is a way how to achieve an equilibrium configura-
tion. We explain this from the field point of view. The system of two charged
particles will emit (outgoing) radiation and both particles will spiral to the
centre of mass because of energy loss. Now imagine that there is some ingoing
radiation coming from infinity and falling on the system of two particles, so
there is also energy gain. If the amount of the incoming radiation will exactly
compensate the energy loss, the system can stay in equilibrium, see figure 2.13.
Usually we assume that radiation is produced by the particle and then propa-
gates from the source to infinity. In this case we talk about retarded solution of
Maxwell’s equations. Ingoing radiation is equivalent to time-reversed propaga-
tion: radiation comes from infinity and ends up at the source. Such solution is
called advanced. It is well-known that Maxwell’s theory admits both retarded
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F

Fr

Fφ

B A

B’

A’

Figure 2.11: Particle B feels the force from particle A, but when it was
in retarded position A’ and vice versa. Force acting on each particle is
therefore not radial and the system is not in equilibrium.

F′

B A

A’

ω

vB

Figure 2.12: Actual direction of the force by particle A corresponds to ex-
pected negative angular acceleration (point masses are orbitting in counter-
clockwise direction).
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ingoing radiation

outgoing radiation

Figure 2.13: If the energy loss caused by outgoing radiation is compensated
by ingoing radiation, system can stay in equilibrium

and advanced solutions. The reason why advanced solutions are typically not
realized is of statistical nature. To obtain wave going from infinity to one par-
ticular point of the space we need extremely special and thus highly improbable
initial conditions. In this text, however, we do not ask wether such solution is
physically realistic. We merely ask whether such solution exists. After all, it
may well describe situations in which the effects of retardation on the system
are small.

Action-at-distance point of view suggests how to achieve equilibrium. In
the figure 2.12 we can see that particle A at retarded position A′ causes the
force F ′ acting on particle B, which has non-zero tangential component. By
the symmetry of configuration, the force F ′′ from the advanced position A′′

must be of the same magnitude, but with opposite tangential component, see
figure 2.14. Then the force

F =
1

2
(F ′ + F ′′) ,

i.e. the force corresponding to the sum of half retarded and half advanced
solution, is purely radial, and the system can stay in equilibrium for appropriate
choice of angular velocity ω.

Solution of Maxwell’s equations

We proceed analogously to the Newtonian case. For simplicity we choose units
in which c = 1. First we assume that there is a source particle orbiting in the
plane z = 0 with angular velocity ω at radius a1, so that its position vector (in
Cartesian coordinates) is given by (2.1) and its velocity reads

ṙ(t) = (− a1 ω sin(ω t+ φ0), a1 ω cos(ω t+ φ0), 0). (2.7)
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A
B

A′

A′′

F′

F′′

Figure 2.14: Equilibrium configuration can be achieved, if both retarded
and advanced fields of the source particle are taken into account.

Cartesian coordinates will be denoted by

Xα = (t, x, y, z) = (t, x)

and labelled by Greek letters α, β, . . . Later we will switch to cylindrical coor-
dinates

xµ = (t, r, φ, z)

labelled by Greek letters µ, ν, . . . Position four-vector of the particle will be
denoted by

rα = (t, r(t)).

Four-current corresponding to the source particle is

jα = (ρ, ρ ṙ) = ρ
drα

dt
,

where ρ = ρ(X) is the charge density. For the point charge we have

ρ(X) = e1 δ(x − r(t)).

Notice that charge density defined in this way is not a four-scalar, but jα is
four-vector.

Electromagnetic field produced by the source particle can be computed
from the four-potential Aα satisfying (in the Lorenz gauge) inhomogeneous
wave equation

�Aα = jα.

Advanced(+) and retarded(-) solution is given by

Aα±(X) =
1

4π

∫
jα(t± |x− x′|,x′)

|x− x′| dx′. (2.8)
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Evaluation of the integral leads to the familiar advanced/retarded Liénard-
Wiechert potential

Aα± =
e1

4π

1

R± ± ṙ ·R±
drα

dt
,

where

R± = x − r(t±), R± = |R±|, (2.9)

and t± = t±R± is advanced/retarded time. Now we impose relations for r(t)
given by (2.1) and ṙ given by (2.7) and transform all quantities to cylindrical
coordinates xµ. The result is

Aµ(x) =
e1

4π

1

ρ±

drα

dt
(2.10)

where ρ± is implicitly determined by equations

ρ± = R± ∓ a1 ω r sin θ±,

θ± = ω t± − φ + φ0, t± = t ± R±, (2.11)

R± =
√
a2

1 + r2 + z2 − 2 a1 r cos θ± .

Explicitly, covariant components of the four-potential in cylindrical coordinates
read

A±0 =
e1

4π

1

ρ±
,

A±1 =
e1

4π

ω a1 sin θ±
ρ±

,

A±2 = − e1

4π

ω a1 r cos θ±
ρ±

,

A±3 = 0. (2.12)

Thus, we have computed advanced/retarded potential of the field produced
by the source particle; components A±µ are functions of coordinates xµ. Corre-
sponding advanced/retarded electromagnetic field can be computed by taking
the curl of four-potential,

F±µν = ∂µA
±
ν − ∂νA

±
µ .

Since functions ρ± and θ± are given only implicitly, we have to use equations
(2.11) to find their derivatives with respect to space-time coordinates. Straigh-
forward but lengthy calculations yields

∂t
∂ρ±
∂t

=
ω a r

ρ±

(
1 − aω2 r cos θ±

)
sin θ± ∓ aω2 r cos θ±,

∂θ±
∂t

= ω ± aω2 r

ρ±
sin θ±,
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∂r
∂ρ±
∂r

=
r − a cos θ±

ρ±

(
1 − aω2 r cos θ±

)
∓ aω sin θ±,

∂θ±
∂r

= ± ω(r − a cos θ±)

ρ±
,

∂φ
∂ρ±
∂φ

= − a r

ρ±

(
1 − aω2 r cos θ±

)
sin θ± ± aω r cos θ±,

∂θ±
∂φ

= − 1 ∓ aω r

ρ±
sin θ±,

∂z
∂ρ±
∂z

=
z

ρ±

(
1 − aω2 r cos θ±

)
,

∂θ±
∂z

= ± ω z

ρ±
. (2.13)

Explicit form of components F±µν is quite long and not necessary for our pur-
poses, see [1] for some expressions also in NP formalism.

Conditions of equilibrium

In this section we investigate the possibility of equlibrium configuration of two
point charges. As in the Newtonian case we analyze the situation at time t = 0,
assuming that initial phase of the source particle is φ0 = 0. First we show that
taking purely retarded or purely advanced solution it is impossible to achieve
equilibrium. For this demonstration we use purely retarded solution, but the
discussion can be easily done for the advanced one.

Retarded solution

Thus, we set

Aµ = A−µ

and electromagnetic field is given by

Fµν = ∂µAν − ∂νAµ.

Initial position of the source particle is (in cylindrical coordinates)

rµ = (0, a1, 0, 0)

and its four-velocity

drµ

ds
= γ1 (1, 0, ω, 0),

where

γ1 =
1√

1 − a2
1 ω

2
.
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Position of the test particle and its velocity read

xµ = (0, a2, π, 0), uµ = γ2(1, 0, ω, 0), (2.14)

where

γ2 =
1√

1 − a2
2 ω

2
.

Situation is sketched in figure 2.15.
Let us briefly examine the meaning of parameters R±, θ± and ρ±, when

the position of test particle is given by (2.14). Since we are now interested in
purely retarded solution, let us denote

R = R−, θ = θ−, ρ = ρ−.

Equations (2.11) then simplify to

t− = −R,
R =

√
a2

1 + a2
2 − 2 a1 a2 cos θ,

θ = −ωR − π, (2.15)

ρ = R + a1 a2 ω sin θ.

Quantity R was defined as a retarded distance, i.e. the distance between the
test particle and the source particle at retarded time. Now, looking at picture
2.15 and using cosine formula we can write

R2 = a2
1 + a2

2 − 2 a1 a2 cos(π − ϑ),

where ϑ is called deficit angle and it is a measure of retardation. If the difference
between time and retarded is zero, so is the angle ϑ and no retardation effects
appear. This can happen if the speed of interaction is infinitely high, or if
the speed of the bodies is negligible. In contrary, if the retardation becomes
important (velocities of the bodies are high), deficit angle ϑ grows. From the
last equation and definition (2.15) we see that our function θ is in fact related
to deficit angle via

θ = π − ϑ.

Equations of motion of the test particle in the field Fµν produced by source
particle are

duµ

ds
=

e2

m2
Fµν u

ν .

The complication is that we want coordinates r, φ and z to be parametrized by
the time coordinate t rather than by proper time s. Since

d

ds
=

dt

ds

d

dt
= γ2

d

dt
,

on the left hand side of the equation of motion we have (for initial conditions
(2.14))

duµ

ds
= γ2

2

d2xµ

dt2
+ γ4

2 a
2
2 ω φ̈

dxµ

dt
.
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rµ = (0, a1, 0, 0)
xµ = (0, a2, π, 0)

v1 = ωa1

v2 = ωa2
R−

a1a2

ϑθ

Figure 2.15: Initial conditions for the source and test particle. Only re-
tarded solution is taken into account, so the equilibrium is impossible:
force has non-radial component (not shown in the figure).

Finally, the equations of motion are

ẍµ + γ2
2 a

2
2 ω φ̈ ẋ

µ =
e2

m2 γ2
Fµν ẋ

ν . (2.16)

Resulting equations of motion are lengthy and complicated. If we want to
understand basic properties of such configuration, it is useful to expand all
quantities into the series in ω. For ω = 0 we expect that the force will be
purely radial and its magnitude will be given by Coulomb’s law. To see what
happens in higher orders, we can use expansions assuming small ω � 1

θ = −π − (a1 + a2)ω +
1

2
a1 a2(a1 + a2)ω3

− 1

24
a1 a2 (a1 + a2) (a2

1 + 11 a1 a2 + a2
2)ω5 + O

(
ω7
)
,

ρ = (a1 + a2) +
1

2
a1 a2(a1 + a2)ω2

− 1

8
a1 a2 (a1 + a2) (a2

1 + 3 a1 a2 + a2
2)ω4 + O

(
ω6
)
. (2.17)

In this order, equations of motion acquire the following form:

r̈ =
e1 e2

4πm2

1

(a1 + a2)2
− e1 e2

8πm2

a2
1 + a2

2

(a1 + a2)2
ω2 + O

(
ω4
)
,

φ̈ =
e1 e2

6πm2

a1

a2
ω3 + O

(
ω4
)
. (2.18)

Since the charges of particles have opposite signs, we have

e1 e2 < 0.
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Figure 2.16: φ̈ as a function of ω for a1 = a2 = 1.

Then the leading term in r̈ is obviously acceleration caused by Coulomb’s force

FC = − |e1 e2|
4πm2

1

R2
0

,

where R0 = a1 + a2 is the distance of particles at t = 0.
By contrast to the Newtonian case, the angular acceleration is not identi-

cally zero. In addition, we can see that leading term of φ̈ is negative, so the
force will cause angular deceleration of the test particle, as sketched in figure
2.12. The question is whether we can find such a combination of parameters
a1, a2 and ω, that φ̈ will vanish. In order to find the answer, we have to take
full expression for φ̈ (not shown here) and numerically investigate value of φ̈
for different values of a1, a2 and ω. Here we choose fixed a1 and a2 and plot
angular acceleration as a function of ω, see figures 2.16 and 2.171. Quantity φ̈
is zero for ω = 0, but we are not interested in this solution. For bigger values
of ω the acceleration acquires bigger negative values, so φ̈ does not vanish for
any positive angular velocity.

Clearly if only retarded solution is taken into account, the equilibrium of two
charged particles is impossible and corresponding helically symmetric solution
does not exist.

Retarded+advanced solution

Let us now take the solution to be

Aµ =
(
A+
µ + A−µ

)
/2.

By the symmetry of configuration we have

R+ = R− = R.

Using relations (2.11) we find

ρ± = ρ− = ρ, cos θ+ = cos θ− = cos θ, sin θ+ = − sin θ− = − sin θ.

1In these pictures, ω must be ω ∈ (0, 1/max{a1, a2}), as the velocities of both particles
must be subluminal, i.e. ω a1 < 1
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Figure 2.17: φ̈ as a function of ω for a1 = 20, a2 = 1.

Equations of motion (2.16) then immediately give, using (2.13),

φ̈ = 0.

Thus, resulting force is purely radial as we expected.



Chapter 3

Helical symmetry in General
Relativity

In previous chapter we mentioned that a typical example of helically symmetric
system is a binary system, i.e. system of two objects orbiting about their
common centre of mass. In astrophysics, objects of particular interest are
binary systems consisting of neutron stars or black holes. Such binary systems
allow us to test general relativity in the case of strong gravitational fields. If
one of the constituents is pulsar its period is very precisely measurable. If the
pulsar is part of a binary system, the period of pulsar is periodically increasing
and decreasing as a consequence of redshift. By measuring these fluctuations
it is possible to determine physical properties, e.g. the mass of the second
component of binary system.

If the binary system is in equilibrium, i.e. its components are orbiting about
the centre along closed trajectories periodically, it possesses a helical symmetry
according to our previous definition. We have shown that in Newtonian grav-
ity there indeed exists helically symmetric solution. In general relativity an
argument similar to that in electrodynamics applies: accelerated objects emit
gravitational radiation. This will cause the loss of energy and consequently
the loss of the velocity: both stars will be continuously approaching the centre
and emitting gravitational radiation, figure 3.1. This process is called inspiral
and the orbits of stars are said to decay. During final stage of inspiral, shortly
before coalescence, energy carried by gravitational radiation is expected to be
high. At the end of inspiral both objects merge into one neutron star or black
hole.

In fact, coalescence of binary system is one of the most promising sources
of gravitational radiation. For example, the decay of orbits in the case of
pulsars causes systematic decrease of pulsar’s period. This decrease can be
measured and is in perfect accordance with predictions of general relativity
and can be regarded as indirect, but very convincing proof of the existence of
gravitational waves (until now primarily for object called PSR 1913+16). A
more direct proof is desirable, however. Gravitational radiation produced by
binary system before its coalescence can be intensive enough to be detected by
terrestrial gravitational wave detectors. Thus, much effort has been spent on
understanding this.

There is, unfortunately, no hope that complicated problem of binary inspiral

29
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Figure 3.1: Coalescence of binary system: stars are not following circular
orbits but spirals. Shortly before final merging process the system emits
intensive gravitational radiation (schematic picture).

could be solved analytically and we are devised to numerical simulations –
coalescing binary systems exhibit no symmetries and it is impossible to simplify
full set of equations. But also in numerical relativity, the two-body problem is
very difficult and delicate and was not yet fully solved.

One approach to the simulation of the binary inspiral, initiated by Black-
burn and Detweiler [4, 6], is based on an approximate helical symmetry. Nu-
merical simulations typically cannot be evolved for large times so it is difficult
to simulate the inspiral from the early stages until the final coalescence. It is
therefore necessary to choose appropriate conditions. It is generally expected
[13] that initial motion, when the distance of stars is large, can be approx-
imated by the sequence of circular trajectories – quasicircular motion, figure
3.2. The last circular trajectory is called ISCO, innermost stable circular orbit.
As the star reaches ISCO, quasicircular motion is followed by a rapid spiral, at
the end of which both stars will merge and create a new stationary black hole
or a neutron star with larger mass. As a starting point of the simulation we
can assume that initial space-time has helical symmetry.

The question, of course, arises, whether the assumption of helical sym-
metry is compatible with general relativity, i.e. whether helically symmetric
solutions of Einstein’s equations exist. Argumentation here is very similar to
the discussion in electrodynamics. Periodic motion is possible only if there is
incoming radiation compensating the energy loss, see figure 2.13. Because of
this radiation, helically symmetric binary system cannot be treated as isolated
system: for all the times there is radiation coming from infinity and falling on
the system, and the system is radiating for all times gravitational radiation
to infinity. As we shall see later, the fact that system is not isolated can be
expressed by statement that corresponding space-time is not asymptotically
flat in a precisely defined sense.

We have seen that the existence of helically symmetric solution in electro-
dynamics is not as trivial as in Newtonian case. Existence of helical symmetry
in general relativity is not only interesting fundamental question, but has also
practical importance in modelling binary inspiral. Because Einstein’s theory
is non-linear, we expect that the answer will be more involved. Closer ana-
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Figure 3.2: Before the final stage stars are moving along quasi-circular
trajectories (dashed red and blue circles). This regime can be described by
approximate helical symmetry. When the star passes ISCO (full red and
blue circles), helical symmetry is not appropriate approximation anymore
and rapid inspiral follows.

lyisis, however, shows that in curved space-time of general relativity even the
definition of helical symmetry is not fully clear.

3.1 Helical Killing vector in flat space-time

In general, space-time1 (M, g) has certain symmetry, if vector field ξ generating
corresponding transformation is the Killing vector of the metric, i.e. if the Lie
derivative of the metric with respect to ξ vanishes:

Lξ g = 0. (3.1)

Geometrically, vector field ξ generates one-parameter family of diffeomorphisms
Φt : M 7→M such that

d

dt

∣∣∣∣
t=0

Φt(P ) = ξP

at arbitrary point P ∈ M . If the metric g is invariant under diffeomorphism
Φt for any t ∈ R, we say that Φt is the symmetry of the space-time and vector
field ξ is generator of this symmetry; the Lie derivative of g is zero. Equations
(3.1) are called Killing equations.

We have already seen that the generator of the helical symmetry, called
helical Killing vector, in Minkowski space-time (M,η) can be written in the
form

ξ = ∂t + ω ∂φ,

1Manifold M equipped with metric tensor g of signature (+ − −−) and corresponding
Levi-Civita connection.
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where ∂t is the generator of translations in time direction and ∂φ is the genera-
tor of rotations about z−axis. Vector ∂t is time-like, ∂φ is space-like with closed
orbits. Both vectors ∂t and ∂φ are separately Killing vectors of Minkowski
metric, so their linear combination ξ with constant coefficients must be Killing
vector as well. The norm of the helical Killing vector expressed in cylindrical
coordinates is

N := ‖ξ‖2 = 1 − ω2 r2.

According to the sign of N we can divide the space-time into three regions.
Vector ξ is light-like/null (N = 0) on the so-called null cylinder given by the
equation

r =
1

ω
.

Outside the cylinder, vector ξ is space-like (N < 0), inside the cylinder it is
time-like (N > 0). Quantity v = ω r is in fact the velocity of the observer co-
rotating with angular velocity ω at distance r from the z−axis. Inside the null
cylinder v < 1 so that the observer is time-like, while on the cylinder, v = 1,
the “observer” is rotating with the speed of light. Outside the null cylinder
these “observers” would be super-luminal, i.e. non-physical.

Using (2.13) it is straightforward to show that electromagnetic four-poten-
tial A±µ given by (2.12) has also helical symmetry in the sense that the Lie
derivative of A±µ is zero:

LξA±µ = ξν∂νA
±
µ = 0.

Here we used the fact that the components of ξ with respect to cylindrical
coordinates are constant and therefore the Lie derivative reduces to Lξ = ξν∂ν
(even if it acts on tensors of higher orders).

Let f = f(t, r, φ, z) be tensor of arbitrary rank (including zero) with helical
symmetry, i.e. with vanishing Lie derivative Lξ:

Lξf = ξ(f) = ∂tf + ω ∂φf.

Sometimes it is useful to introduce a co-rotating frame by coordinate transfor-
mation

t̂ = t, r̂ = r, φ̂ = φ − ω t, ẑ = z. (3.2)

In these coordinates we have

∂t̂ = ∂t + ω ∂φ̂,

so helically symmetric tensor f must satisfy

∂f

∂t̂
= 0,

which means that f is not a function of t̂:

f = f(r̂, φ̂, ẑ) = f(r, φ̂, z) = f(r, φ− ωt, z).
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Helical symmetry therefore reduces the dimension of a problem to three. Ad-
vantage of co-rotating coordinates rests in the fact that the four-velocity of
orbiting particle in these coordinates has only the zeroth (time) component.

The concept of the helical symmetry on Minkowski background is clear.
What is not so clear is how to generalize the definition of the helically symmetric
Killing vector to a general curved space-time.

3.2 Curved space-time

Definition of helical symmetry in general curved space-time is neither trivial
nor straightforward. Helical symmetry is a special kind of periodicity: particles
or stars are moving along closed orbits in a periodic way and the world line of
each particle is a helix. Periodicity is, however, not a local property. For we
cannot see that system is moving periodically by local temporal and spatial
measurements. To see periodicity we have to wait at least one period. We can
say that system is periodic, if it is invariant under discrete time translation
t 7→ t+ T , where T > 0 is the period.

On the other hand, Killing vectors can be used only for description of
continuous symmetries; a Killing vector is the infinitesimal generator of finite
transformations under which the system is invariant. Obviously, a discrete
time periodicity does not have an infinitesimal generator. Helical symmetry
is a special case of periodic motion. The world line of a particle in an orbital
motion is an infinite continuous curve in space-time, but it may correspond to
a periodic motion in a three-dimensional space. In Minkowski space-time, the
generators ∂t and ∂φ guarantee that spatial trajectory of the particle moving
along ∂t+ω∂φ will be a closed circular curve. An important point is that slices
t =constant in a given inertial frame can be identified – they have the same
geometry, so it is possible to say that particle is “at the same place” at two
different times. In curved space-time, geometry of slices t =constant need not
be the same and it may be hard to see whether the particle returned to its
initial position after some finite time T .

The notion of helical symmetry naturally extends to stationary axisymmet-
ric space-times. The space-time is stationary [22, 20], if it possesses a time-like
Killing vector et. The space-time is axisymmetric if there exists a space-like
Killing vector eφ with closed orbits. Finally, the space-time is called station-
ary axisymmetric if it is stationary, axisymmetric and both Killing vectors
commute:

[et, eφ] = 0.

Then also corresponding actions of et and eφ commute, i.e. time translations
and spatial rotations commute, the corresponding group is Abelian. This con-
dition is always satisfied for asymptotically flat (see below) axisymetric station-
ary space-times. In stationary axisymmetric space-times we can define helical
Killing vector by

ξ = et + ω eφ, ω = constant.

Since ξ is an R−linear combination of Killing vectors, it is itself a Killing
vector.
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First definition of helical symmetry for the case of binary system has been
given by Bonazzola et al. [5]. It is essentialy the same as in stationary axisym-
metric case, but with a crucial difference: ω is again assumed constant, ξ is
a Killing vector, but et and eφ are not assumed to be Killing vectors. If the
distance between coalescing objects is large enough (about 50 km for neutron
stars), the evolution can be approximated by the sequence of equilibrium (heli-
cally symmetric) configurations. Since the objects emit gravitational radiation,
their orbits will tend to be circular, with zero eccentricity. Thus, according to
[5], there exists Killing vector of the form

ξ = et + ω eφ, (3.3)

where ω is constant angular velocity as measured by a distant inertial observer.
Vector et is time-like and far from the binary system it coincides with four-
velocity of the distant observer. Vector eφ is space-like with closed orbits, and
it vanishes on the axis of rotation. Vector field ξ is called the helical Killing
vector.

More precise and more general definition of helical symmetry is that of
Friedman et al. [8]. This definition tries to resolve problems mentioned in the
beginning of this section. Let χt be one-parametric family of diffeomorphisms
and ξ its generator:

ξP =
d

dt

∣∣∣∣
t=0

χt(P ), P ∈ M.

In figure 3.3, P is point of the particle’s world line at time t = 0. At time
t > 0, world line will reach point P ′ = χt(P ). We want to express the idea that
after some period T spatial trajectory returns to the initial point. Since it is
impossible to define what the “same point” for different slices really means, we
only demand the initial point P of the world line and the final point Q = χT (P )
to be time-like separated. That is, there exists a time-like curve connecting
points P and Q.

It can happen, however, that we choose the initial point P of the world line
under the horizon of a black hole. Then, of course, the world line will not be
a helix, because the particle must fall into singularity. For helical symmetry
we thus require that points P and Q must be time-like separated, if they lie
outside the space-time region swept out by black hole’s horizon.

Definition. Killing vector field ξ (with the flow χt) is called helical, if there
exists smallest T > 0 such that P and χT (P ) are time-like separated for all
P ∈M − T , where

T = {χt(S) | t ∈ R}

is the history of a space-like two-sphere S.

It is obvious that Killing vector of the form (3.3) is helical in the sense of
this definition. Now we want to show that every helical Killing vector can be
written in the form (3.3).
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Figure 3.3: World line of the particle starts at time t = 0 in the point
P = χ0(P ). At time T > 0 the world line reaches point Q = χT (P ).
If χt is to describe helical symmetry, points P and Q must be time-like
separated, which is a weaker formulation of requirement that P and Q are
the same points in a (3D) space.

Let ξ be a helical Killing vector and χt : M 7→ M its flow, let Σ be a
Cauchy hypersurface2. We can use diffeomorphisms χt to construct foliation
of the space-time by hypersurfaces

Σt = {χt(P ) |P ∈ Σ} ,

see also figure 3.4. This definition implies Σ = Σ0. Next we can define scalar
function ψ to have value t on Σt so that Σt is given by equation

Σt : ψ = t.

Now we can define (co-)vector field

ψa = ∇aψ.

This vector field is orthogonal to space-like hypersurface Σt : ψ = t, so that ψa

is time-like. Let Ψt be the flow of vector field ψa.

2For precise definitions see Wald [22]. Roughly speaking, Cauchy hypersurface is a space-
like hypersurface such that its domain of dependence is full space-time M . It means that each
point of the space-time in the future of the hypersruface can be reached by causal (time-like
or null) curve starting on the Cauchy hypersurface.
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Now choose t = T , where T is the period included in the definition of
helical Killing vector. According to this definition, point χT (P ) must be time-
like separated from P which, however, means that it must lie on a time-like
curve connecting P and χT (P ). In other words, flows of vector fields ξa and
ψa must intersect at point χT (P ):

χT (P ) = ΨT (P ),

or, equivalently,

Ψ−T ◦ χT (P ) = P. (3.4)

By the flow Ψt of vector field ψa we can project integral curves χt of ξ onto
hypersurface Σ. We define curve c by

c(t) = Ψ−t ◦ χt : R[t] 7→ Σ0.

As t varies from 0 to T , the integral curve is going from point P ∈ Σ0 to point
Q = χT (P ). For any t ∈ (0, T ), χt(P ) is point on the helix. Mapping Ψ−t then
drags point χt(P ) back to point P ′ = Ψ−t(χt(P )) lying in Σ0, figure 3.5. Thus,
c is indeed curve lying in Σ0. If χt is regarded as world line of the particle,
c is its projection onto Σ0 and therefore represents spatial trajectory of the
particle. Because of relation (3.4), curve c is necessarily closed.

On Σ0, we can define vector field eφ by

eφ|Σ =
d

dt

∣∣∣∣
t=0

c(t)

and extend it to entire space-time via Lie-dragging by flow Ψt of time-like
vector field ψa:

eφ = (Ψt)∗ eφ|Σ.

By this procedure we obtain vector field eφ with closed orbits which is always
tangent to corresponding hypersurface Σt. Helical Killing vector ξa can then
be written as a sum of part et orthogonal to Σt (i.e. proportional to ψa) and
part eφ tangent to it:

ξ = et + eφ.

Orbits of vector eφ have parametric length T by definition. In order to obtain
curves with parametric length 2π we use reparametrization

C(t) = c

(
2π t

T

)
,

and define eφ to be tangent to this new curve C. Then we obtain Killing vector
ξ to be expressed as

ξ = et + ω eφ, (3.5)

where ω = 2π/T .
We have shown that definitions of [5] and [8] are equivalent and they agree

with our intuitive understanding of helical symmetry. Decomposition (3.5) is
not unique as it depends on particular choice of the foliation of space-time by
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ψ = t

ψ = 0

ψa

Figure 3.4: A foliation of the space-time by hypersurfaces Σt using initial
Cauchy hypersurface Σ and flow χt of helical Killing vector field ξ. Helix
in the picture represents helical integral curve of vector field ξ.

χT (P ) = ΨT (P )

Σ0

ΣT

ξa

ψ = T

ψ = 0c

χt(P )

P ′

Figure 3.5: Evolution from the Cauchy hypersurface Σ0 to the hypersurface
ΣT corresponding to a period T . The dashed line connecting P and χt(P )
is integral curve of time-like vector field e0.

hypersurfaces Σt. On the other hand, not all space-times allow foliation re-
specting diffeomorphism χt, therefore definition [8] seems to be less restrictive.

It is unknown, however, whether solutions with helical symmetry defined
above exist. Moreover, it is not clear whether this definition of helical symmetry
is indeed most satisfactory and encapsulates essential properties of helically
symmetric systems as we understand them intuitively. These questions remain
open.

3.3 Linearized gravity

While the notion of a helical symmetry in general curved space-times is a
delicate issue, it has a clear meaning in the linearized Einstein’s theory. When
the gravitational field is weak enough, it can be treated as a small perturbation
of a background flat metric. If all non-linear terms are neglected, gravitational
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field can be regarded as a field propagating in Minkowski space-time. And in
Minkowski space-time, the helical Killing vector is, in cylindrical coordinates,
simply

ξ = ∂t + ω ∂φ.

One may hope that constructing helically symmetric solution in linearized grav-
ity one finds hints how to to understand helical symmetry also in curved space-
times.

Again, we can raise the question of existence of helically symmetric solution
in linearized gravity. Situation is essentially the same as in electrodynamics.
Body under acceleration produces gravitational radiation, so to obtain equilib-
rium configuration we have to include both retarded and advanced fields. At
the time of writing the thesis, we have found such a solution, but corresponding
paper is still in preparation. For this reason, helically symmetric solution of
linearized Einstein’s equation is not included in the thesis.

3.4 Periodic solutions

In this chapter we discussed the existence of helically symmetric solutions in
general relativity. We explained that this question is hard to answer as it is
difficult even to define what the helical symmetry in curved space-times is.
Space-time is helically symmetric if it possesses helical Killing vector. We
have presented definitions following [5] and [8] and shown their equivalence.
Problem with definition of helical symmetry is not present in the linearized
gravity because of fixed flat background.

Physically, however, we expect that helically symmetric solutions exist if
we take both retarded and advanced fields into account, just as in the case
of electrodynamics. That is, the energy lost by emitted radiation must be
compensated by energy of radiation coming from infinity, figure 3.6. Binary
system in equilibrium cannot be regarded as isolated, for the incoming radiation
is present for all times.

Since gravity is manifestation of space-time curvature, isolated systems
should produce space-times with curvature vanishing at large distances from
the source. Such space-times are called asymptotically flat and precise defini-
tion will be given in the next chapter. Schwarzschild’s solution is the simplest
non-trivial example of asymptotically flat space-time. Binary system of coalesc-
ing black holes is expected to produce asymptotically flat space-time as well.
But if the binary system is to be in equilibrium, both incoming and outgoing
radiation must be present, and cooresponding space-time is not asymptotically
flat in the sense to be defined later.

Helical symmetry is a special case of periodic motion and by physical ar-
gumentation, helically symmetric system cannot be asymptotically flat. New
questions here arise. First, is it possible to prove rigorously that helical sym-
metry is incompatible with asymptotical flatness? And can there be other
periodic solutions which are asymptotically flat? In other words, can an iso-
lated system be in periodic motion? Can, for example, two black holes orbit
about the centre of mass without emitting radiation?

These questions are motivated by study of helical symmetry, but they are
interesting in general. Main results of this thesis are theorems about the non-
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outgoing radiation

ingoing radiation

Figure 3.6: Radiated energy must be compensated by radiation coming
from infinity.

existence of periodic solutions of Einstein’s equations under some assumptions.
Before we state them, it is necessary to define the notion of asymptotic flatness
and introduce related mathematical tools. This is the subject of following
chapters.





Chapter 4

Asymptotic properties of
space-times

In this chapter we briefly review conformal techniques developed mainly by
Penrose for the study of asymptotically flat space-times. These methods are
useful for investigation of properties of radiation (electromagnetic or gravi-
tational) and general properties of asymptotically flat space-times. A lot of
problems related to these topics can be much easier analyzed in the spinor or
mixed spinor-tensor formalism, which was also introduced to general relativity
by Penrose and developed by others. A comprehensive treatment of spinor
formalism and asymptotic properties of space-times in spinor and twistor for-
malism can be found in Penrose and Rindler [18, 19]. Original papers are, for
example, Penrose [17] or Newman and Penrose [15]. Brief introduction to the
subject with accent on practical calculations can be found in Stewart [21]. An
useful “historical” review on the notion of asymptotic flatness and conformal
field equations, primarily aimed to applications in numerical relativity, is in
Frauendiener [7]. Geometrical aspects of asymptotically flat space-times are in
detail given in Geroch [11].

Roughly speaking, asymptotically flat space-times describe isolated grav-
itating systems. Isolated systems represent idealized models on which one
can illustrate basic properties of the theory under consideration. In Newto-
nian gravity, gravitational field is described by potential Φ satisfying Poisson’s
equation

∆Φ = 4πGρ,

where ρ is the mass density of a source. System is isolated if function ρ has a
compact support or sufficiently rapid decay. As we move from this region to
infinity, no additional mass will appear and the field will become weaker and
weaker and will vanish at infinity.

There is a simple reason why it is so easy to define isolated system in
Newtonian gravity. Total gravitational field is a sum of gravitational fields
produced by individual constituents. In general relativity, by contrast, for a
given solution of Einstein’s equations there is no way how to split resulting
field into separate individual parts. Knowing two solutions for two objects, we
cannot say what is the solution representing same objects at specific distance.
Of course, it is a consequence of non-linearity of Einstein’s equations.

41
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Gravitational field in general relativity is described by metric and curva-
ture of the space-time. Intuitively, gravitational field of isolated system must
be weak at large distances and it must vanish at infinity, just as in the New-
tonian case. We thus expect that the space-time geometry will approach the
Minkowski geometry near infinity. Such a space-time is said to be asymptoti-
cally flat, i.e. flat at large distances. If we appropriatelly define the “distance
coordinate” r, then we expect the metric tensor gµν to be

gµν = ηµν + O
(

1

r

)
for large r, where ηµν is the flat metric. This approach has been followed by
Bondi, Sachs and others and many useful result have been obtained. In [17],
however, Penrose defined asympotic flatness in a geometrical and invariant
way and in subsequent papers he was able to recover all results obtained by
older approaches. In addition, his approach is not only more elegant and
more powerful, but it provides us with a deeper insight into the geometry of
asymptotically flat space-times. Moreover, it has had an important influence
on numerical relativity.

4.1 Minkowski space-time

Before we define the notion of asymptotic flatness in the sense of Penrose, it
is useful to investigate Minkowski space-time. Minkowski space-time is flat,
so it must also be asymptotically flat, whatever “asymptotically flat” means
precisely. In this section we extract important properties of Minkowski space-
time related to its asymptotic flatness. These properties will then serve as an
inspiration for general definition.

We would like to analyze geometry of the space-time near infinity, i.e. for
large r, where r is the distance from the source in some appropriate sense. In
a general space-time it can be hard to find meaningful coordinate r, but this
is no problem in Minkowski space-time: r can be chosen to be radial spherical
coordinate. Flat metric in standard spherical coordinates reads

ds̃2 = dt2 − dr2 − r2
(
dθ2 + sin2 θ dφ2

)
.

Line element ds̃2 carries tilde for reasons to be clear soon. Quantities with tilde
will be called physical quantities, e.g. ds̃2 is physical metric. We also employ
notation

dΣ2 =
(
dθ2 + sin2 θ dφ2

)
for the line element on the unit sphere.

First we replace coordinates t and r by so-called null coordinates

v = t + r, u = t − r.

Epithet null reflects the fact that u (retarded null coordinate) and v (advanced
null coordinate) are constant along future and past null cones centred in r = 0,
see figure 4.1. Using null coordinates we can write the physical metric as

ds̃2 = dudv − 1

4
(v − u)2 dΣ2.
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Figure 4.1: Null coordinate u = t − r is constant along future null cones
emerging from the origin r = 0.

Coordinates u and v satisfy condition r = (v − u)/2 ≥ 0:

u, v ∈ (−∞,∞) , v ≥ u.

Now, infinity is the region with r → ∞. Obvious difficulty is that infinity
described in such a way is not really well-defined because the limit can be
done with various coordinates fixed. Moreover, metric components diverge for
r → ∞ because of coefficient r2 = (v − u)2/4. Idea of Penrose’s approach is,
basically, to shrink entire space-time into a finite region so that infinity will
be represented by points at a finite distance. Infinite range of u and v can be
shrunk to a finite interval defining

U = arctanu, V = arctan v,

so that

U, V ∈
(
− π

2
,
π

2

)
, V ≥ U.

Then we have

ds̃2 =
1

4 cos2 U cos2 V

(
4 dU dV − sin2(U − V ) dΣ2

)
.

Thus, infinity is located at finite value ±π/2 of U or V , but metric compo-
nents are still singular there, for the coefficient standing at dΣ2 is not regular
function. The crucial point is to introduce new, unphysical metric by transfor-
mation

ds2 = Ω2 ds̃2

where

Ω = 2 cosU cosV,
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Figure 4.2: With angular coordinates suppressed, unphysical manifold can
be visualised in U − V plane. Coordinates U and V are constrained by
condition U ≤ V , so we are interested only in red dashed region in picture
a). Rotating the triangle by +π/4 we obtain triangle in picture b).

so that the unphysical metric reads

ds2 = 4 dU dV − sin2(U − V ) dΣ2. (4.1)

This new metric is not a metric of Minkowski space-time but metric on some
new manifold called unphysical space-time. In general, replacement of physical
metric tensor g̃µν by unphysical metric

gµν = Ω2 g̃µν

is a conformal rescaling with conformal factor Ω. Some general properties of
this kind of transformation are discussed later.

Let us examine properties of manifold with metric (4.1). Since r > 0,
coordinates U and V must satisfy U −V ≤ 0, see figure 4.2. Region of interest
is therefore only triangle given by U ≤ V sketched in figure a). For plasticity it
is more convenient to rotate this triangle by angle π/4, see figure b). Picture so
obtained is called conformal or Penrose-Carter diagram. Now we are going to
relate geodesics in physical Minkowski space-time to world lines in unphysical
space-time.

First, consider lines r = constant in physical space-time. Such lines are
geodesics of time-like observers sitting at position r = constant. By definition
of U and V we have

V = arctan(t+ r), U = arctan(t− r).

Coordinates of the observer at time t → −∞ are U = V = −π/2 which
corresponds to point i− in figure 4.3. This point is called, for obvious reason,
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past time-like infinity. Later, at time t = 0 the coordinates U and V are given
by

V = arctan r, U = − arctan r,

so the point (U, V ) lies somewhere on the line U = −V , e.g. point O in the
figure. Finally, for t → ∞ we have U = V = π/2, which corresponds to point
i+, so called future time-like infinity. Thus, any time-like observer at constant
r will move from the past time-like infinity through point O to future time-
like infinity. For any r we obtain curve from i− to i+ intersecting horizontal
line U = −V . As r approaches infinity, one approaches point i0 called spatial
infinity. For special case r = 0 we get the vertical line connecting past and
future time-like infinities (vertical red line in the figure).

In Minkowski space-time there exist radial space-like geodesics, i.e. geo-
desics given by t = constant, which start on vertical line r = 0 and end at the
space-like infinity i0, see figure 4.3.

Finally we investigate radial null (light-like) geodesics. In ordinary space-
time diagram, null geodesics are represented by lines forming angle π/4 with
vertical time axis, see again figure 4.1. One of essential properties of conformal
rescalings is preserving of angles while changing lengths, so even after rescaling
of the metric, null geodesics form angle π/4 with axes. Indeed, future null
geodesics are given by equation t = r + constant or, equivalently, by

U = constant,

and, similarly, past null geodesics are given by

V = constant.

In (U, V ) plane, null geodesics are vertical or horizontal lines, but our conformal
diagram is (U, V ) plane rotated by π/4. All future null geodesics have their
endpoints on the line V = π/2 called future null infinity and denoted I+

(pronounced “scri”). Similarly, all past null geodesics end on surface U = −π/2
called past null infinity I−. Obviously, the world line of a time-like observer
can also reach I but the observer cannot stay at constant radius r (uniformly
accelerated observers serve as a good example).

Thus, all geodesics in physical Minkowski space-time have their images in
the unphysical space. These unphysical world lines are not geodesics anymore,
with the exception of null geodesics. Conformal rescaling preservers not only
angles but also null geodesics. Since null geodesics separate time-like and
space-like events, we say that they define causal structure of the space-time.
Conformal rescaling then preserves null cones and therefore also the causal
structure of the space-time.

Consider a time-like geodesic γ = γ(t) in physical space-time, such that
γ(0) is point in the interior of the space-time. For all t ∈ R, γ(t) is still the
point of physical space-time. The unphysical image of the geodesic, however,
will reach time-like infinity i+ for finite value of t. Point i+ is not part of
physical space-time but it belongs to the unphysical space. Points i0, i± and
sets I± constitute the boundary of Minkowski space-time, but they are not
parts of it. We see that the unphysical manifold is larger than the original
Minkowski space. We can even see what this unphysical manifold represents.
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Figure 4.3: Conformal diagram of Minkowski space-time in 2-dimensional
schematic picture.
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Figure 4.4: Null cones in the conformal diagram.

We have found that in double null coordinates U, V, θ, φ the unphysical metric
is given by (4.1). We can proceed further and define coordinates

T = V + U, R = V − U,

so unphysical metric acquires the form

ds2 = dT 2 − dR2 − sin2R dΣ2.

This is the metric of Einstein’s cylinder S3 ×R representing static closed uni-
verse, see figure 4.5.

Now we are almost prepared to define the notion of asymptotic flatness. In
order to elucidate still one technical detail, it is useful to dicuss properties of
the conformal factor

Ω = 2 cosU cosV

introduced above. First, notice that Ω vanishes at all points of infitity, i.e. at
points lying on the boundary ∂M . Indeed, future null infinity I+ is given by
equation V = π/2, at past null infinity we have U = −π/2, so that Ω = 0
there. Second, gradient of Ω does not vanish at ∂Ω. For the gradient dΩ reads

dΩ = − 2 (sinU cosV dU + sinV cosUdV ) ,

at I+ it has the only nonvanishing component

dΩ|I+ = − 2 cosU dV.

Gradient dV corresponds to vector orthogonal to hypersurfaces V = constant.
Thus, dV is orthogonal to I+ : V = π/2. Similar statement holds for I−,
figure 4.6.
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M

S Rx
3

i0

i+

i-

I+

I-

Figure 4.5: Minkowski space-time embedded into Einstein’s cylinder S3 ×
R. Infinity of Minkowski space is represented by the boundary ∂M =
I+ ∪ I− ∪ i0 ∪ i+ ∪ i−. Adopted from [22].

I+ : Ω = 0

I− : Ω = 0

i0

i+

i−

dΩ

dΩ

Figure 4.6: Conformal factor Ω vanishes at the boundary ∂M of M . Its
gradient dΩ is non-zero there and orthogonal to I±.
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Let us summarize what we have done. We started with physical metric of
Minkowski space-time and rewrote it in coordinates V,U, θ, φ instead of original
spherical coordinates t, r, θ, φ. Coordinates U resp. V are constant along future
resp. past null geodesics but they have finite range of values, namely they lie
in interval (−π/2, π/2). In these coordinates even the points at infinity have
finite coordinates but the metric is singular at infinity. In order to regularize
it we rescaled the metric by appropriate conformal factor. New, unphysical
metric, is regular at infinity, but it cannot be regarded as a metric on the
original Minkowski space-time. In this case, unphysical manifold is Einstein’s
cylinder into which Minkowski space-time is embedded. Points at infinity do
not belong to Minkowski space-time but form its boundary. This boundary
has non-trivial structure and can be divided into future/past null infinity I±,
future/past time-like infinity i± and space-like infinity i0.

4.2 Asymptotic flatness

We have seen how Minkowski space-time can be compactified and how points
at infinity can be attached to it. Inspired by this, we can define the prototype
of asymptotically flat space-time. Here we follow the definition presented in
[21], but in slightly modified notation. Space-time (M̃, g̃), where M̃ is smooth
manifold and g̃ smooth metric tensor on M̃ , is said to be asymptotically simple
if there exists unphysical space-time (M, g), diffeomorphism ψ : M̃ 7→ M and
function Ω : M 7→ R such that:

1. ψ(M̃) is an open submanifold of M ,

2. Ω = 0 on boundary I = ∂ψ(M̃),

3. dΩ 6= 0 on I,

4. metric g is conformally rescaled physical metric g̃, i.e. g = Ω2 ψ∗g̃,

5. for any geodesic γ̃ in M , geodesic γ = ψ∗γ̃ acquires future and past
endpoint on I.

If physical Ricci tensor vanishes near I, space-time is asymptotically flat, which
expresses that there is no matter at infinity. In fact, this requirement can be
weakened: there can be matter near infinity, but components of Ricci tensor
must fall off sufficiently fast.

Relation between M̃ and M is sketched in figure 4.7. According to require-
ment 1, physical space-time M̃ can be embedded by diffeomorphism ψ into
larger unphysical manifold M . Image of M̃ is denoted by ψ(M̃), but since
M̃ and ψ(M̃) are diffeomorphic, we do not have to distinguish between them.
Thus, for simplicity, by M̃ we mean either M̃ or its image ψ(M̃).

In M , space-time M̃ has boundary denoted by I. Physical space-time
together with its boundary is called asymptote. Requirement 2 states that the
boundary I is given by equation Ω = 0, where Ω is a real function defined on
the unphysical manifold. Function Ω can be pulled-back by diffeomorphism ψ
to obtain function

Ω̃ = ψ∗Ω = Ω ◦ ψ−1 : M̃ 7→ R
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ψ(M̃, g̃)

(M, g)

I = ∂ψ(M̃) : Ω = 0

ψ(M̃)

γ̃

dΩ

γ

Figure 4.7: Asymptotically simple space-time M̃ embedded into unphysical
manifold M via diffeomorphism ψ. Surface Ω = 0 constitutes the boundary
of M̃ in M .

on M̃ . But again, we will not distinguish between Ω̃ and Ω. By requirement
3, gradient of Ω is strictly non-vanishing on the boundary I. Requirements 2
and 3 together ensure that conformal factor Ω has asymptotic behaviour

Ω = O
(

1

r

)
, r →∞,

where r is suitable “radial distance”.

By definition, unphysical manifold M is equipped with its own metric g.
To compare g and physical metric g̃ we must first push-forward metric g̃ using
diffeomorphism ψ. Again, for the sake of simplicity, by g̃ we mean either g̃ or
ψ∗g̃. Requirement 4 can be then written simply as

g = Ω2 g̃,

so that unphysical metric is equal to physical metric conformally rescaled by
factor Ω.

Finally, any geodesic γ̃ can be lifted up to curve γ = ψ ◦ γ̃ in the unphysical
space-time. As mentioned above, γ will be geodesic only if γ̃ is null. If geodesic
γ̃ can be maximally extended, intuitively, it should reach both past and future
infinity. According to the last requirement 5, curves γ have endpoint on the
boundary I, so that they reach infinity for finite values of their parameters.

The last requirement can be satisfied only if each geodesic in the phys-
ical space-time can be maximally extended. We have seen on the example
of Minkowski spacetime, that requirement 5 is fulfilled. We cannot expect the
same for Schwarzschild space-time, however, as there exist closed null geodesics.
On the other hand, we would like to include Schwarzschild space-time into our
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definition of asymptotic flatness. Since we are interested in asymptotic prop-
erties, it is enough if our definition will be concerned with the neighbourhood
of infinity.

Space-time (M̃, g̃) is weakly asymptotically simple, if there exists asymp-
totically simple space-time (Ñ , h̃) with asymptote (M, g) and diffeomorphism
ψ : N 7→ M , and neighbourhood V ⊂ M of ∂ψ(M̃) of infinity, such that
Ṽ = ψ−1(V ) is isometric to some open subspace Ũ ⊂ M̃ .

This definition deserves a brief explanation (which seems to be not present
in the literature). We have a physical space-time (M̃, g̃) which is not asymp-
totically simple, but some neighbourhood of its infinity can be embedded into
a larger manifold. Thus we demand that there exists asymptotically simple
space-time (Ñ , h̃), which can be embedded into manifold (M, g) by diffeomor-
phism ψ. In M , space-time Ñ has well-defined boundary I = ψ(Ñ). Consider
some open neighbourhood V ⊂ N of I, such that I ∩ V = 0, i.e. the bound-
ary itself is not included in V . Subset V can be dragged back to Ñ defining
Ṽ = ψ−1(V ). Subset Ṽ is then neighbourhood of infinity of Ñ . If there exists
open subset Ũ ⊂ M̃ , such that Ũ and Ṽ are isometric, space-time M̃ is weakly
asymptotically simple. By this procedure we excluded interior of M̃ , where we
can expect problems with geodesics.

From now, by asymptotically flat space-time we mean weakly asymptotically
flat space-time, whose Ricci tensor vanishes on the boundary I. It can be non-
zero near I, but must approach zero sufficiently fast. It can be shown that
boundary I has the same structure as in the case of Minkowski space-time, i.e.
it consists of I±, i± and i0. Each point of I in the conformal diagram 4.3 is
a sphere S2. Space-like and time-like infinities in the conformal diagram are
represented by single points, while null infinity is represented by lines. In our
considerations we restrict to null infinity I = I+ ∪ I−. In vacuum, sets I±
have topology R× S2.

Thus, we have explained how asymptotic flatness can be defined geomet-
rically. The definition is manifestly coordinate-independent and the notion of
“infinity” has clear meaning: it is a hypersurface in the unphysical manifold
and it is given by equation Ω = 0. As mentioned in the beginning of this chap-
ter, in older approaches one had to define suitable radial coordinate r and then
construct expansions of geometrical quantitities near infinity. In the Penrose
approach, one can analyze asymptotic properties of the space-times by local
techniques, because in the unphysical manifold, the “physical infinity” is lo-
cated at a finite distance. Moreover, conformal factor Ω can serve as one of the
coordinates and the radial distance r̃ (in physical space-time) can be chosen in
such a way, that

Ω ∼ 1

r̃

near infinity. So, instead of expansions in r̃ for r̃ →∞ one can use expansions
in Ω for Ω→ 0, which is more convenient. Geometric formulation of asymptotic
flatness allows us to raise questions concerning geometry and topology of the
infinity. Understanding these properties of infinity provides us with the clearer
picture of asymptotic properties of the space-times, like the peeling property,
relation between ADM and the Bondi mass, and a lot of others.

In the last section we briefly discuss another advantage of this approach:
regularity of the unphysical quantities at infinity.
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4.3 Conformal field equations

In previous section we introduced the geometric definition of asymptotic flat-
ness. As we explained, asymptotically flat space-times model isolated systems.
Study of isolated systems, i.e. study of asymptotic properties of space-times, is
useful in problems of gravitational (or other) radiation. To understand asymp-
totic properties of radiation we do not have to care about the sources and
about the mechanism of radiation. Even the basic example, binary system, is
too difficult to be understood in detail. Nevertheless, the space-time describing
binary system is expected to be asymptotically flat and so we can study general
properties of radiation produced by the system at large distances. This model
seems to be appropriate, if we are interested in possibility of gravitational wave
detection.

In the conformal picture, large distances from source correspond to points
in the neighbourhood of I. Physical metric, however, is singular on I, recall
physical Minkowski metric containing r2. By contrast, unphysical, conformally
rescaled metric is regular on I. If we want to study gravitational field near
I, we have to translate all physical quantities and equations of interest to
unphysical ones. By this procedure we obtain set of regular equations in the
unphysical space-time. In the following we briefly explain, how these equations
can be derived and what are unknown variables. A lot of fundamental theorems
about conformal field equations and existence of their solutions have been found
by Friedrich. For a comprehensive review see Friedrich [10] or references in
Frauendiener[7] and Bičák, Scholtz, Tod [2, 3].



Chapter 5

Spinors

Before we discuss the existence of periodic solutions, which is the main part of
this thesis, it is necessary to introduce spinorial techniques in general relativ-
ity. Spinor formalism connected with Newman-Penrose formalism is powerful
tool for analysis of radiation, asymptotic properties of fields, but also black
holes. The Newman-Penrose formalism, which is best formulated and under-
stood in terms of spinors, is useful for the study of algebraically special fields,
perturbations of black holes, etc. In this chapter we will not go into details, we
just introduce basic terms and notation, spinor decomposition of tensors, and
covariant derivative. The Newman-Penrose null tetrad is also introduced.

5.1 Abstract index notation

Abstract index notation developed by Penrose allows us to exploit advantages of
standard index notation but without referring to a particular basis. In standard
index notation tensors are represented by their components with respect to
given coordinates or vector basis (tetrad). For example, second rank mixed
tensor t is represented by components

tµν

with respect to coordinates xµ. Advantage of this notation is that usual tensor
operations like contraction or (anti)symmetrization can be written in compact
form, e.g. the trace of tensor t is

Tr t = tµµ.

If we regard tensor t on vector space L as linear mapping

t : L∗ × L 7→ R,

and if eµ and eµ are basis vectors and covectors, the trace of tensor t is

Tr t = t(eµ, eµ).

We can see that index notation is shorter than the usual geometrical one.
It has also drawbacks, however. Geometrical definition of a tensor as a

linear mapping is coordinate independent. The tensor itself is geometrical
object which maps vectors and covectors to real numbers. Its properties do not

53
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depend on the choice of coordinate system and it can be defined globally on
entire manifold. By contrast, coordinates in general cannot be defined globally
and the manifold must be covered by several coordinate charts. Thus, the set
of components tµν is not well-defined globally. If we arrive at any statemenent
about tensor t, we must verify that this statement holds in arbitrary coordinate
system and that the components transform correctly on the overlaps of different
coordinate charts.

Penrose’s abstract notation is an original solution to this problem. Let L
be a vector space and L∗ its dual space. Vector v ∈ L is linear mapping

v : L∗ 7→ R,

while covector ω ∈ L∗ is linear mapping

ω : L 7→ R.

Acting of covector on vector in index notation is written as a scalar product

ω(v) = ωµ v
µ.

Now admit v and ω to be (co)vector fields on manifold. Then the left hand
side of the last equation is globally well-defined but the right hand side is valid
only in given coordinate chart. We would like to use the notation on the right
hand side, but in such a way that it is defined globally.

The idea is to label tensors by indices, but these indices will not mean the
components of tensors. We define the set of labels (called abstract indices) as
infinite set of symbols

Q = {a, b, c, . . .} .

Here a is not an index which acquires values 0, 1, 2, 3 as in index notation. It
is merely a symbol. Now we introduce isomorphic copies of vector space L

La, Lb, Lc, . . .

These vector spaces are different but isomorphic. Elements of Lq, q ∈ Q will
carry the same label as vector space, e.g.

va ∈ La, va /∈ Lb, vb ∈ Lb.

Similarly we introduce isomorphic copies of dual space L∗ and label them with
lower indices:

La, Lb, Lc, . . . ,

so that La is dual of La, etc. Elements of Lq, q ∈ Q will again carry corre-
sponding label, e.g.

ωa ∈ La, ωb /∈ La.

Thus, ωa is not a component of covector ω with respect to some basis, ωa is
the covector itself. Index a just indicates vector space whose element ωa is.

Covector ωa is a linear mapping

ωa : La 7→ R,
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i.e. ωa can act only on elements of La. So, if va ∈ La is vector, we can insert
it into covector ωa:

ωa(va) ∈ R.

Omitting brackets we can write

ωav
a ∈ R.

This expression is globally well-defined because it is the same expression as in
the usual geometrical approach. But since (co)vectors are labelled by indices, it
also resembles usual index notation. It is formally the same but has a different
meaning.

Notice that there is no ambiguity in this approach. Expression ωav
b cannot

be understood as covector ωa acting on vector vb, because vb is not the element
of correct vector space La. Only covector ωb can act on vb. So, expression ωav

b

must be treated as tensor product of two vectors from two different vector
spaces, which is well-defined operation. In a similar manner all expressions in
the standard index notation can be converted to abstract index notation, while
staying formally unchanged.

From now we employ abstract index notation. Indices a, b, c, . . . will al-
ways mean labels, not components of tensors. On the other hand, indices
µ, ν, α, β, . . . will denote components of tensors with respect to some coordi-
nates xµ. Components with respect to a tetrad will be denoted by bold indices
a, b, c, . . ..

5.2 Spin basis and spin dyad

In this section we introduce two-component spinors. Let S be complex two-
dimensional vector space with symplectic form

[·, ·] : S × S 7→ C.

Symplectic form is by definition bilinear, antisymetric and non-degenerate
form. Elements of S will be called spinors and symplectic form defines in-
ner product on the space of spinors. In S we can choose basis spinors o and ι
normalized by condition

[o, ι] = 1.

Pair (o, ι) is called spin basis. Arbitrary spinor τ ∈ S is then a linear combi-
nation of basis spinors,

τ = τ0 o + τ1 ι,

where τ0 and τ1 are components of τ with respect to basis (o, ι). Components
of the symplectic form with respect to a given spin basis read

ε00 = [o, o] = 0, ε01 = − ε10 = [o, ι] = 1, ε11 = [o, ι] = 0.

Symplectic form has a role similar to that of the metric tensor in Riemann
geometry. Namely, it defines canonical isomorphism of spaces S and S∗, where
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S∗ means dual space. Employing Penrose abstract index notation, we define
isomorphic copies of S labelled by indices A,B,C, . . .:

SA, SB , SC , . . . .

Corresponding dual spaces are

SA, SB , SC , . . . .

Since S is complex space, we have to define also complex conjugated spaces

SA
′
, SB

′
, SC

′
, . . .

and complex conjugated dual spaces

SA′ , SB′ , SC′ , . . .

Thus, τA is element of SA, τC′ is element of SC′ , etc. Higher valence spinors are
elements of tensor products of spinor spaces, e.g. τ B

A is element of SA⊗SB =
S B
A . If τA ∈ SA, we can define complex conjugated spinor

τ̄A′ ∈ SA′ .

Symplectic form εAB is element of S[AB] where square brackets denote anti-
symmetrization. Since SA is two dimensional, space S[AB] is one dimensional,
i.e. every antisymmetric two-form is proportional to εAB . Correspondence
between spinors and dual spinors is realized by relations

τA = εBA τ
B , τA = εAB τB ,

where εAB ∈ S[AB] is defined by

εAB ε
AB = dimS = 2.

For given spin basis, the symplectic form can be decomposed as follows:

εAB = oA ιB − oB ιA.

Next we define spin dyad as an ordered pair of basis spinors:

ε A
A = (oA, ιA), A = 0, 1. (5.1)

Dual dyad εAA is defined by normalization condition

εAA ε
B
A = ε B

A ,

which can be achieved by the choice

εAA = (− ιA, oA).

Arbitrary spinor can be then expressed as a linear combination of elements of
the dyad, e.g.

τA = τA ε A
A , τA = τA ε

A
A.



5.3. SPINORS AND TENSORS 57

5.3 Spinors and tensors

In this section we consider transformations of spin basis (oA, ιA). General linear
transformation of spinor τA reads

τA 7→ lAB τ
B ,

where lAB is arbitrary 2 × 2 complex matrix. Dual spinor τA then transforms
according to formula

τA 7→ − l BA τB .

The only additional structure given in the spinor space is symplectic form
represented by spinor εAB . It is thus natural to restrict to transformations
preserving this symplectic form or, equivalently, transformations preserving
inner product. Under general linear transformation symplectic form transforms
as

εAB 7→ l CA l DB εCD.

Transformations preserving εAB are called symplectic or spin transformations
and they are defined by condition

l CA l DB εCD = εAB .

This equation immediately implies∣∣det l BA
∣∣ = 1.

Matrix l BA with this property is called spin matrix.
There is an obvious analogy between spin tranformation in the space of

spinors and Lorentz transformations in tangent vector space of the space-time.
Let T be a tangent space at some space-time point P . Then, on T we have
metric tensor gab which defines inner (scalar) product on T . Arbitrary trans-
formation of tangent space can be written in the form

ka 7→ Λab k
b, ka ∈ T a.

Next we define the Lorentz transformation as transformation preserving inner
product induced by metric tensor, i.e. transformation satisfying

Λca gcd Λdb = gab,

which also implies

|det Λab| = 1.

Thus, metric tensor defines an inner product on the tangent space and it is
preserved by (unimodular) Lorentz transformations. Symplectic form defines
an inner product on the spin space and it is preserved by (unimodular) spin
transformations. Basic difference between symplectic form and metric tensor
is in their symmetry: the former is antisymmetric, the latter is symmetric. Let
us see, how far we can proceed with this analogy.

Spinor τ is said to be Hermitian, if it is equal to its complex conjugate, i.e.
if τ̄ = τ . Consider τA ∈ SA. Then its complex conjugate is spinor τA

′ ∈ SA′
.

Resulting complex conjugated spinor belongs to different vector space, so it
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cannot be even compared with the original one. It is therefore senseless to talk
about Hermitian univalent spinors. To get Hermitian spinor, we need at least
bivalent spinor

τAA
′ ∈ SAA

′
,

so that its complex conjugate is

τAA′ = τ̄A
′A = τ̄AA

′ ∈ SAA
′
.

This is again element of the same vector space SAA
′

and thus both spinors
can be compared. If they are equal, τAA

′
is Hermitian. We can see that on

matrix level, definition of Hermitian spinor agrees with definition of Hermitian
matrix, i.e. spinor is Hermitian, if its matrix is invariant under transposition
and complex conjugation. Hermitian 2 × 2 matrix X must have real diago-
nal elements, so they do not change under complex conjugation, and complex
conjugated non-diagonal elements:

A =

(
a b+ ic

b− ic d

)
,

where a, b, c, d ∈ R. Thus, space of Hermitian 2× 2 matrices is 4-dimensional,
and so is the space of Hermitian spinors. It has the same dimensionality as
the tangent vector space. Moreover, we know that Lorentz transformations
form 6-parametric Lorentz group. What is dimension of group of spin trans-
formations? Spin matrix l BA has 4 complex elements, i.e. 8 real components.
Condition of unimodularity decreases degrees of freedom by two (one complex
equation for the determinant). Therefore, group of spin transformation is also
6-dimensional. This suggests that spinor space SAA

′
of Hermitian spinors can

be identified with tangent vector space, and the space of spin transformations
can be identified with Lorentz group.

Identification of spinors and tensors can be realized in the following way.
Let xµ = (t, x, y, z) be arbitrary space-time vector, let σAA

′

µ be standard Pauli
matrices

σAA
′

0 =
1√
2

(
1 0
0 1

)
, σAA

′

1 =
1√
2

(
0 1
1 0

)
, (5.2)

σAA
′

2 =
1√
2

(
0 −i
i 0

)
, σAA

′

3 =
1√
2

(
1 0
0 −1

)
. (5.3)

Then we can define spinor

xAA
′

= xµ σAA
′

µ =

(
t+ z x− iy
x+ iy t− z

)
,

which is a spinor equivalent of world vector xa. Thus, each pair of primed and
unprimed spinor indices (e.g. AA′) is equivalent to one ordinary tensor index
(e.g. a).

We have seen the analogy between symplectic form and metric tensor. Now
we know that spinor equivalent of gab must be a spinor gABA′B′ constructed
from εAB . Since gab must be real, while εAB is not, the obvious choice is

gABA′B′ = εAB εA′B′ .
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Direct calculation shows

gABA′B′ σAA
′

a σBB
′

b =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

 ,

which justifies our identification.
In Penrose’s abstract index notation, indices at tensorial or spinorial objects

do not represent the components of the objects, they merely indicate vector
space where a particular object belongs to. In this formalism, one useful con-
vention can be introduced. Let us identify symbols

a and AA′, b and BB′, c and CC ′, . . . .

Then, spinor xAA
′

is an element of SAA
′
, but according to convention just

introduced we can write

xAA
′

= xa ∈ Sa = SAA
′
.

Symbols a and AA′ are identified, so they represent two different labels for the
same vector space SAA

′
= Sa. This is consistent with the fact that xAA

′
is the

spinor equivalent of xa. Details can be found in [18]. In this convention, we
can write simply

gab = εAB εA′B′ .

Here, on both sides of the equality there are spinors, elements of SAB⊗SA′B′ =
Sab, but we use different labels on the left and right hand side.

5.4 Newman-Penrose null tetrad

Consider space SAA
′

= Sa. Its elements are spinors equivalent to some (possib-
bly complex) space-time vectors. Real space-time vectors are those represented
by Hermitian spinors. Let (oA, ιA) be given spin basis of the original spinor
space SA. Basis (tetrad) of Sa is then naturally

eaa = εAA ε
A′

A′ ,

where εAA is the spinor dyad. Explicitly,

ea0 = oA ōA
′
, ea1 = ιA ῑA

′
, ea2 = oA ῑA

′
, ea3 = ιA ōA

′
.

In the notation introduced by Newman and Penrose [15], these vectors are
denoted as

la = ea0, na = ea1, ma = ea2, m̄a = ea3,

where it is explicitly emphasized that ea2 and ea3 are mutually complex conju-
gate. Notice that la and na are real, while ma is necessarily complex. Vectors
eaa form the basis of complexified tangent space and arbitrary complex space-
time vector can be written in the form

ka = ka eaa = k0 la + k1 na + k2ma + k3 m̄a,
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where tetrad components ka are complex numbers. For real vectors ka, how-
ever, relations

k0, k1 ∈ R, k2 = k3 ∈ C,

must hold. Striking feature of the tetrad induced by the spin basis is that all
its constituents are null vectors. Indeed, by direct calculation one can show
the following:

la la = na na = mama = 0, la na = −ma m̄a = 1.

For this reason, tetrad eaa is called the Newman-Penrose null tetrad. Compo-
nents of the metric tensor with respect to the null tetrad read

gab =


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 . (5.4)

Finally, it is possible to show that the spinor equivalent of the volume form
εabcd is

εabcd = i (εAB εCD εA′C′ εB′D′ − εA′B′ εC′D′ εAC εBD) . (5.5)

5.5 Decomposition of spinors

One of the most important properties of spinor-vector identification is that any
real null space-time vector ka can be written in the form

ka = κA κ̄A
′
,

where κA is some complex univalent spinor. Any vector ka of this form is
necessarily null as follows form the antisymmetry of symplectic form εAB :

εAB κ
A κB = 0.

It can be easily shown that also the converse is true: for any reall null vec-
tor ka there exists κA. Notice, however, the non-uniqueness of κA, for the
transformation κA 7→ eiθκA leaves ka invariant.

Another important property follows from the fact already mentioned: space
of anti-symmetric bivalent spinors is one-dimensional, because any such spinor
must be proportional to the symplectic form. Factor of proportionality is re-
lated to the trace of the spinor. Let τAB ∈ S[AB] be an antisymmetric spinor.
With respect to an arbitrary basis, it must be represented by antisymmetric
2× 2 matrix, which has only one independent non-zero component:

τAB =

(
0 τ01
−τ01 0

)
= τ01 εAB.

Thus, in arbitrary basis, matrix of τAB is proportional to the Levi-Civita sym-
bol. In the abstract index notation we can write

τAB = λ εAB .
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Factor λ can be obtained by contraction of the equation with spinor εAB :

εAB τAB = 2λ,

so that

λ =
1

2
τ A
A .

Consider now bivalent spinor τAB which is neither symmetric nor antisym-
metric. It still can be, however, decomposed into symmetric and antisymmetric
parts:

τAB = τ(AB) + τ[AB] = τ(AB) +
1

2
τ X
X εAB ,

where we have used the fact that antisymmetric part τ[AB] must be proportional
to εAB . Here we can see that arbitrary spinor τAB can be decomposed into

• traceless symmetric part τ(AB);

• antisymmetric part proportional to εAB carrying the trace of τAB .

For this reason, it is often said that in spinor formalism only symmetric spinors
matter: each spinor can be decomposed into irreducible symmetric part and
part proportional to symplectic form.

Let us see another important example. Electromagnetic field is described
by Faraday’s two-form Fab. Its spinor equivalent FABA′B′ can be decomposed
using the same rules applied separately on indices AB and A′B′:

Fab = F(AB)(A′B′) +
1

4
εAB εA′B′ F X X′

X X′

+
1

2
εABF

X
X (A′B′) +

1

2
εA′B′ F X′

(AB)X′ .

First two terms on the right-hand side form totally symmetric part of Fab (first
term is manifestly symmetric, while second term changes the sign twice under
a↔ b, i.e. does not change the sign). Remaining terms form totally antisym-
metric part of Fab. Since Fab in the case of electromagnetism is antisymmetric,
the symmetric part must be zero. Defining

φAB =
1

2
F X′

(AB)X′ ,

we can thus write electromagnetic tensor as

Fab = φAB εA′B′ + φ̄A′B′ εAB .

We can see that electromagnetic field can be equivalently described by sym-
metric(!) bivalent spinor φAB .

Generally, by decomposition of any tensor into its spinorial symmetric and
antisymmetric parts, we obtain equivalent representation of tensor in terms of
some spinors. If the tensor, however, has some algebraic symmetry, the number
of spinors is reduced, so that the representation of the tensor is simpler in spinor
terms. Usually, spinor parts of tensor are simpler objects and they also satisfy
simpler equations.
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5.6 Covariant derivative

The notion of tensorial covariant derivative naturally extends to spinor objects.
Spinor equivalent of ∇a is, using Penrose’s abstract index notation, ∇AA′ . No-
tice that in the spinor formalism, covariant derivative has two indices, one
primed and one unprimed. That is because covariant derivative measures the
rate of change of tensor(spinor) field in the direction of some vector field. Ar-
bitrary spinor τA does not define a direction and only null vector τAτ̄A

′
can

be constructed from τA. Covariant derivative can be defined only with respect
to two-valent spinor τAA

′
, which is simply a spinor equivalent of some vector

τa.

On the other hand, covariant derivative can be applied to an arbitrary
univalent spinors. Formally, spinor covariant derivative can be introduced ax-
iomatically in a way similar to that of defining tensor covariant derivative, see
e.g. [18]. Here we adopt the definition introduced in [21] with one modifica-
tion – using abstract indices. Covariant derivative ∇AA′ maps arbitrary spinor
space Sβ to spinor space SαAA′ . Here β is a multiindex containing both upper
and lower indices indicating the valence of spinor on which the derivative acts.
For example, if the derivative acts on spinor τB , then β = B and ∇AA′ maps
space SB to space SBAA′ . Complex conjugation is β′ = B′ in our case.

Let θβ , φβ and ψβ be spinors of the same valence, elements of Sβ , let f be
any scalar function. Spinor covariant derivative is mapping

∇AA′ : Sβ 7→ SβAA′

satisfying following properties:

1. ∇AA′
(
θβ + φβ

)
= ∇AA′θβ + ∇AA′φβ (additivity)

2. ∇AA′
(
θβ φγ

)
= θβ ∇AA′φγ + φγ ∇AA′θβ (Leibniz rule)

3. ψβ = ∇AA′θβ implies ψ̄β
′

= ∇AA′ θ̄β
′

(reality of ∇AA′)

4. ∇AA′εXY = 0 (compatibility with metric)

5. ∇AA′ commutes with any index substitution not involving A and A′

6. ∇AA′∇BB′f = ∇BB′∇AA′f (vanishing of torsion)

7. for any derivative D of degree zero on spinor fields1 there exists spinor
field τAA

′
such that Dθβ = τAA

′∇AA′θβ .

In previous sections we defined the Newman-Penrose null tetrad consisting
of vectors la, na,ma and m̄a defined by

la = oA ōA
′
, na = ιA ῑA

′
, ma = oA ῑA

′
,

1Here, by derivative we mean linear mapping obeying Leibniz rule. Derivative of degree
zero in addition does not change the valence of spinor (unlike inner product of degree -1 or
exterior derivative of degree +1)
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where oA and ιA form the spin basis. In the Newman-Penrose formalism we
denote the covariant derivative with respect to vectors of null tetrad by special
symbols:

D = la∇a = oAōA
′ ∇AA′ ,

∆ = na∇a = ιAῑA
′ ∇AA′ ,

δ = ma∇a = oAῑA
′ ∇AA′ ,

δ̄ = m̄a∇a = ιAōA
′ ∇AA′ . (5.6)

In what follows we use this notation heavily. We also often write NP instead
of Newman-Penrose for the sake of brevity.





Chapter 6

Field equations in the NP
formalism

Now we are in position to introduce spinorial equivalents of basic field equa-
tions: equations of scalar field, electromagnetic field and gravitational field.
Abstract spinor equations we obtain in this way can be made concrete by pro-
jecting them onto fixed spin basis. By this procedure we arrive at the set of
scalar equations. Choosing suitable coordinate system, these equations become
differential equations for unknown field quantities. Abstract scalar equations
are written in Newman-Penrose formalism whose elements will be introduced
in this chapter.

While the Newman-Penrose equations for electromagnetic and gravitational
fields are known from the very beginning of the invention of Newman-Penrose
formalism, equations for scalar field and especially conformal equations of scalar
field are believed to be new in this work and in the paper [3]. In our work, we
consider two types of scalar fields: the Klein-Gordon field and the conformally
invariant scalar field.

6.1 Spin coefficients

Spin coefficients are essentially the Ricci rotation coefficients and, hence, they
describe the affine connection. In this sense, discussion about them belongs to
the discussion about gravitational field. In what follows, however, we consider
several physical fields on a general curved space-time and thus the connection
plays an important role in the formulation of their equations. For this reason we
define the spin coefficients here and return to the full treatment of gravitational
field later.

In usual tensor calculus, the connection allows one to define the notion
of parallel transport and covariant derivative. Similarly, defining covariant
derivative one can deduce the connection. For the moment, we suppress ab-
stract index notation and use usual language of differential geometry. Let ea
be basis vector fields, let V be an arbitrary vector field. We define connection
form ω b

a by

∇V ea = ω b
a (V ) eb.

65
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Components of the connection form are given by

ω b
a c =

〈
eb, ∇c ea

〉
.

We can see that components of ω b
a , called the Ricci rotation coefficients, are

given by scalar products of basis covectors and vectors ∇cea. Notice that in
the Penrose index notation, ∇cea is second rank tensor, while in usual notation
it is a vector – the derivative of vector ea in the direction of vector ec.

This definition can be naturally translated to spinor language (from now we
again use abstract index notation). Let ε B

B be spin dyad and εBB its dual, cf.
(5.1). Bold index B takes values 0 and 1 and it labels spinors of dyad, index
B is an abstract one. Spinor connection coefficients Υ C

aB are defined by

∇aε B
B = Υ C

aB ε B
C .

Using dual dyad we can express connection coefficients as

ΥaBC = εCB ∇a ε B
B .

Again, connection coefficients are expressed by inner products of basis spinors
and covariant derivative of basis spinors. Not all of these coeffiecients are inde-
pendent, because of antisymmetry in BC. In the Newman-Penrose formalism,
we use special symbols for each independent connection coefficient:

κ = maDla = oADoA, τ = ma∆la = oA∆oA,
σ = maδla = oAδoA, ρ = maδ̄la = oAδ̄oA,

ε = 1
2 [naDla − m̄aDma] = ιADoA, β = 1

2 [naδla − m̄aδma] = ιAδoA,
γ = 1

2 [na∆la − m̄a∆ma] = ιA∆oA, α = 1
2

[
naδ̄la − m̄aδ̄ma

]
= ιAδ̄oA,

π = naDm̄a = ιADιA, ν = na∆m̄a = ιA∆ιA,
λ = naδ̄m̄a = ιAδ̄ιA, µ = naδm̄a = ιAδιA.

(6.1)

Recall the notation (5.6) introduced in the previous chapter. We can see that
the spinorial expression of connection coefficients is remarkably simpler than
the tensorial one.

Quantities just introduced are called the Newman-Penrose spin coefficients.
Their precise geometrical meaning depends on the choice of the spin basis or,
equivalently, the NP null tetrad. In standard choice, see e.g. [21], coefficients
ρ and σ are called optical scalars and they describe the behaviour of the con-
gruence of null geodesics. Real part of coefficient ρ describes the expansion, its
imaginary part describes the twist. Coefficient σ is so-called shear describing
the deformation of the congruence without changing its “volume”.

Let us see, how abstract spinor equations can be projected onto null tetrad
using spin coefficients. As an example we find the derivative of basis spinor
oA in the direction of vector la, i.e. we find the expression for quantity DoA.
Because D does not change the rank of spinor, DoA is again univalent spinor
and thus can be written as a linear combination of basis spinors:

DoA = x oA + y ιA.
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Unknown components x and y can be found by taking inner products of the
last equation with basis spinors. Contractions with oA and ιA yield

oADo
A = y, ιADo

A = −x,

where we remeber oAι
A = −oAιA = −1, while oAo

A = ιAι
A = 0. Comparing

x and y with (6.1) we find

x = ε, y = −κ,

so that

DoA = ε oA − κ ιA.

Similarly, we can derive relation

DιA = π oA − ε ιA.

Consider now spinor τA. In the spin basis it can be written as

τA = τ0 oA + τ1 ιA.

Covariant derivative of τA with respect to basis vector la = oAōA
′

can be found
by applying D on τA and using the Leibniz rule. The result is

D τA =
(
Dτ0 + ε τ0 + π τ1

)
oA

+
(
Dτ1 − κ τ0 − ε τ1

)
ιA. (6.2)

Thus, spinorial equations are usualy simpler than tensorial ones, but projec-
tions of spinor objects onto null tetrad in NP formalism can be quite clumsy.
We have seen that even the simplest example, the directional derivative of uni-
valent spinor, yields quite long expression in the NP formalism. Projecting of
equations is, however, straightforward procedure and can be done by computer.
In Appendix A we present scripts written in Mathematica to calculate desired
projections in the NP formalism.

6.2 Klein-Gordon field

Now we can leave the description of connection and concentrate to equations
of non-gravitational fields considered in papers [2, 3]. First, consider usual
Klein-Gordon equation of free scalar field. If we denote the scalar field by φ,
Klein-Gordon equation reads(

� + m2
)
φ = 0,

where m is the mass of particles described by field φ. These particles appear
after quantizing the field. Since we are not concerned with the quantum theory,
we say, for simplicity, that m is the mass of field φ.

Klein-Gordon (KG) equation is a scalar equation and thus it is same in the
spinor and tensor formalism. In spinor formalism we just use replacement

� = ∇a∇a 7→ � = ∇AA′ ∇AA′
.
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D’Alembert’s operator can be expressed in the NP formalism as

� = D∆ + ∆D − δ̄δ − δδ̄

+ (µ+ µ̄− γ − γ̄)D + (ε+ ε̄− ρ− ρ̄)∆

+ (α− β̄ + τ̄ − π)δ + (ᾱ− β + τ − π̄)δ̄.

Nevertheless, using spinor techniques, even this equation can be decom-
posed into the set of simpler scalar equations. To do this, we define vector field
ϕAA′ as a gradient of φ:

ϕAA′ = ∇AA′φ.

Now consider expression

∇AA′ϕA
′

B .

This expression can be decomposed by standard method described in section
5.5 into symmetric and antisymmetric parts,

∇AA′ϕA
′

B = ∇A′(Aϕ
A′

B) +
1

2
εAB �φ.

The second term on the right-hand side can be simplified using KG equa-
tion. The first term actually vanishes. Indeed, the commutator of covariant
derivatives annihilates scalar functions as the torsion is assumed to be zero.
Contracting equation

2∇[a∇b]φ = 0

by εA
′B′

and symmetrizing it in AB we arrive at

∇A′(Aϕ
A′

B) = 0.

Spinorial equation satisfied by KG field is therefore

∇AA′ϕA
′

B = − m2

2
εAB . (6.3)

Next we project this equation onto the null tetrad and write resulting equa-
tions in the NP formalism. Components of ϕAA′ will be denoted by

ϕ0 = ϕ00′ = Dφ, ϕ2 = ϕ11′ = ∆φ, ϕ1 = ϕ01′ = δφ, ϕ1̄ = ϕ10′ = δ̄φ.

Projections of the wave equation in spinor form then read

Dϕ1 − δϕ0 = (π̄ − ᾱ− β)ϕ0 + (ρ̄+ ε− ε̄)ϕ1 + σϕ1̄ − κϕ2,

Dϕ2 − δϕ1̄ = −µϕ0 + πϕ1 + (π̄ − ᾱ+ β)ϕ1̄ + (ρ̄− ε− ε̄)ϕ2 − m2

2 ,

∆ϕ0 − δ̄ϕ1 = (γ + γ̄ − µ̄)ϕ0 + (β̄ − α− τ̄)ϕ1 − τϕ1̄ + ρϕ2 + m2

2 ,
∆ϕ1̄ − δ̄ϕ2 = νϕ0 − λϕ1 + (γ̄ − γ − µ̄)ϕ1̄ + (α+ β̄ − τ̄)ϕ2.

(6.4)
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6.3 Conformally invariant scalar field

Since the proof to be presented in the thesis will take place in unphysical,
conformally rescaled space-time (in the sense of chapter 4), we will have to in-
vestigate how field equations transform under conformal transformations. We
will see that d’Alembert’s operator has complicated and inelegant transforma-
tion properties. KG equation considered above is not conformally invariant,
unlike e.g. Maxwell’s equations without sources. Fortunately, d’Alembertian
transforms in the same way as scalar curvature R. Combining d’Alembertian
and scalar curvature we arrive at equation(

� +
R

6

)
φ = 0.

This equation is conformally invariant and field φ satisfying it will be called
conformally invariant scalar field or briefly conformal scalar field. Form of this
equation is the same in both physical and unphysical space-time. We will see,
however, that R is in fact zero in the physical space-time. Thus, conformally
invariant equation in the physical space-time reduces to

�φ = 0,

which is equation of massless KG field. Equation of conformal scalar field
can be obtained by setting m = 0 in the KG equation, and therefore also
projections (6.4)–(6.4) are valid in physical space-time, if we set m = 0. More
detailed account on both kinds of scalar fields is given in [3] contained in the
second part oh the thesis.

6.4 Electromagnetic field

Electromagnetic field is described by antisymmetric tensor Fab. In section 5.5
we explained that its spinor equivalent can be written as

Fab = φAB εA′B′ + φ̄A′B′ εAB , (6.5)

where φAB is symmetric spinor. Components of φAB with respect to the spin
basis are

φ0 = φAB o
A oB , φ1 = φAB o

A ιB , φ2 = φAB o
A oB .

Maxwell’s equations without sources in tensor form read

∇[cFab] = 0, ∇aF ab = 0. (6.6)

First of these equations states that Fab is (locally) exact form, i.e. there exists
potential Aa such that

Fab = ∇aAb − ∇bAa.

Using standard rules for decomposition of spinors into symmetric and antisym-
metric parts we arrive at relation

Fab = εAB ∇X(A′AXB′) + εA′B′ ∇X′(AA
X′

B).
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Comparing this with decomposition (6.5) we find that spinor φAB and 4-
potential Aa are related by

φAB = ∇X′(AA
X′

B),

which is manifestly symmetric spinor.
Now consider the second pair of Maxwell’s equations, i.e. the second equa-

tion in (6.6). In order to obtain its spinor equivalent we define dual tensor ∗Fab
by

∗Fab =
1

2
εabcd F

cd,

where spinor equivalent of alternating tensor εabcd is given by (5.5). By quick
calculation we find

∗Fab = − i φAB εA′B′ + i φ̄A′B′ εAB .

We can see that dualization of antisymmetric tensor Fab reduces to multiplying
its individual spinor parts by ±i. Self-dual part is multiplied by i, antiself-dual
part is multiplied by −i:

φ̄A′B′ εAB 7→ i φ̄A′B′ εAB , φAB εA′B′ 7→ − i φAB εA′B′ .

Let us find equation satisfied by dual tensor ∗Fab. Applying divergence yields

∇a∗Fab =
1

2
εabcd∇aF cd =

1

2
εabcd∇[aF cd] = 0

by the first Maxwell equation. Thus, both Maxwell equations can be written
in formally the same form

∇a∗Fab = 0, ∇aFab = 0.

Antiself-dual part of Fab can be expressed using dual tensor as

φAB εA′B′ =
1

2
(Fab + i ∗Fab) .

Applying operator ∇a = ∇AA′
gives

∇AA′ φAB = 0 (6.7)

which is the desired spinor equivalent of Maxwell’s equations without sources.
Notice that both Maxwell’s equations have been used.

Finally, to write Maxwell’s equations in the NP formalism we have to project
spinor equation (6.7) onto spin basis. One can do it by hand or using Mathe-
matica and script described in Appendix A. Since equation has two free indices
and each of them can be contracted with two basis spinors o and ι (or their
complex conjugates) we arrive at four scalar equations:

Dφ1 − δ̄φ0 = (π − 2α)φ0 + 2ρφ1 − κφ2,

Dφ2 − δ̄φ1 = −λφ0 + 2πφ1 + (ρ− 2ε)φ2,

∆φ0 − δφ1 = (2γ − µ)φ0 − 2τφ1 + σφ2,

∆φ1 − δφ2 = νφ0 − 2µφ1 + (2β − τ)φ2. (6.8)
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6.5 Gravitational field

Gravitational field is the most complicated case for obvious reasons. First, field
equations themselves are complicated. Geometry of the space-time is described
by the Riemann tensor which is of order four, so its spinor decomposition leads
to more spinorial parts than it was in the case of electromagnetism. Next,
field equations are non-linear. Maxwell’s equations or scalar field equations are
equations for fields propagating on curved background and the curvature of
the space-time enters those equations through spin coefficients. But the spin
coeffiecients are not fixed given functions, but they are derived from the metric
tensor which is the unknown of Einstein’s equations.

In the standard formulation of general relativity, unknown functions are
components of metric tensor with respect to suitable coordinate system. Once
the metric tensor is found, one can calculate the connection and the Riemann
tensor. By definition, Riemann tensor automatically satisfies several differential
identities, namely those of Ricci and Bianchi. In the NP formalism, however, we
choose the tetrad in such a way that components of metric tensor are constant
and given by matrix (5.4). Thus, components of metric tensor are not unknown
variables: they are fixed. What are the unknown variables then? And what
equations do they satisfy?

Decomposition of Riemann tensor

Curvature of the space-time is described by the Riemann tensor Rabcd (assum-
ing that metric tensor is given and the connection is compatible with metric).
This tensor possesses following algebraic symmetries:

Rabcd = R[ab][cd], Rabcd = Rcdab.

As in the case of electromagnetic field, section 5.5, we can decompose spinor
equivalent of the Riemann tensor into symmetric and antisymmetric parts and
simplify them using symmetries of the Riemann tensor. We do not present the
details, which can be found in a very understandable form in [22]. Using the
rules of spinor algebra one can arrive at the following decomposition:

Rabcd = ΨABCD εA′B′ εC′D′ + Ψ̄A′B′C′D′ εAB εCD

+ ΦABC′D′ εA′B′ εCD + ΦCDA′B′ εC′D′ εAB

+ Λ [(εACεBD + εADεBC)εA′B′εC′D′

+ (εA′C′εB′D′ + εA′D′εB′C′)εABεCD] (6.9)

Although this expression looks unnecessarily complicated, it provides us
with some insight into the structure of Riemann tensor. Its first part,

Cabcd = ΨABCD εA′B′ εC′D′ + Ψ̄A′B′C′D′ εAB εCD

is the spinor equivalent of the Weyl tensor. The Weyl tensor can be equivalently
represented by totally symmetric complex spinor ΨABCD which will be called
the Weyl spinor. Its components are in the NP formalism denoted by

Ψ0 = ΨABCD o
A oB oC oD,

Ψ1 = ΨABCD o
A oB oC ιD,
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Ψ2 = ΨABCD o
A oB ιC ιD,

Ψ3 = ΨABCD o
A ιB ιC ιD,

Ψ4 = ΨABCD ι
A ιB ιC ιD. (6.10)

In vacuum, the Riemann tensor is equal to the Weyl tensor. In this sense
the Weyl tensor represents “pure” gravitational field or gravitational radiation
propagating in empty space. It describes tidal forces felt by a body moving
along geodesics. Geometrically, the Weyl tensor describes the distortion of
congurence of geodesics without changing its volume. All contractions of Weyl
tensor vanish. This fact is made manifest in spinor form by the total symmetry
of the Weyl spinor.

The second part of the Riemann tensor is related to the trace-free Ricci
tensor. Spinor ΦABA′B′ is real and it is called the Ricci spinor. It is symmetric
in both pair of indices:

ΦABA′B′ = Φ(AB)(A′B′).

The NP components of the Ricci spinor are defined by

Φ00 = ΦABA′B′ oA oB ōA
′
ōB

′
,

Φ01 = ΦABA′B′ oA oB ōA
′
ῑB

′
,

Φ02 = ΦABA′B′ oA oB ῑA
′
ῑB

′
,

Φ10 = ΦABA′B′ oA ιB ōA
′
ōB

′
,

Φ11 = ΦABA′B′ oA ιB ōA
′
ῑB

′
, (6.11)

Φ12 = ΦABA′B′ oA ιB ῑA
′
ῑB

′
,

Φ21 = ΦABA′B′ ιA ιB ōA
′
ῑB

′
,

Φ22 = ΦABA′B′ ιA ιB ῑA
′
ῑB

′
,

Because the Ricci spinor is real, the following relation holds:

Φmn = Φnm, m, n = 0, 1, 2.

Contracting Rabcd with gac and gbd it is easy to show that

− 2 ΦABA′B′ = Rab −
1

4
gabR, Λ =

1

24
R,

where Rab is the Ricci tensor and R is the scalar curvature. Tensor Rab −
Rgab/4 is the trace-free part of the Ricci tensor, which is again consistent with
symmetries of ΦABA′B′ . Real scalar Λ is proportional to the scalar curvature.
Ricci tensor measures the change of volume element caused by the curvature
of the space-time in the following sense. Let η and g be the flat and curved
metric tensors and let ωη and ωg be the volume 4-forms associated with η and
g. In the neighbourhood of any point P of the manifold we can introduce the
Riemann normal coordinates xµ. Then, the components of the metric g satisfy

gµ ν = ηµ ν −
1

3
Rµανβ x

α xβ + O
(
|x|3
)
.

The volume form ωg is related to the volume form of flat metric via

ωg =

(
1 − 1

6
Rµν x

µ xν + O
(
|x|3
))

ωη.
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We can see that the Ricci tensor describes the deviation of the volume element
from the flat volume form.

Ricci tensor is related to the energy-momentum density of the matter via
Einstein’s equations. Direct calculation shows that spinor equivalent of Ein-
stein’s tensor is

Gab = Rab −
1

2
Rgab = − 2 ΦABA′B′ − 6 Λ εAB εA′B′ .

According to convention used in this text, Einstein’s equations read

Gab = − 8π Tab,

where Tab is energy-momentum tensor with TABA′B′ being its spinor equivalent.
Substituting corresponding spinor expression for Gab we find

ΦABA′B′ + 3 Λ εAB εA′B′ = 4π TABA′B′ .

Notice, first, that the Weyl spinor does not enter Einstein’s equations at all.
Second, Einstein’s equations can be decomposed further. Symmetrization in
AB, A′B′ and contraction with εABεA

′B′
, respectively, leads to the following

pair of spinor equations:

ΦABA′B′ = 4π T(AB)(A′B′),

Λ =
1

3
T XY
XY . (6.12)

Thus, we have decomposed the Riemann tensor into three parts:

• radiative part described by the Weyl spinor ΨABCD not determined by
Einstein’s equations;

• trace-free part of Ricci tensor described by thi Ricci spinor ΦABA′B′ ; it is
related to trace-free part of energy momentum tensor through Einstein’s
equations;

• scalar curvature Λ given by the trace of energy-momentum tensor.

We see that Einstein’s equations are neither differential equations for the Weyl
spinor nor for the Ricci spinor. They are merely algebraic relations between
the Ricci spinor and the scalar curvature and energy-momentum tensor. More-
over, they do not contain spin-coefficients which must be part of the set of
unknown variables. We must therefore look for the field equations somewhere
else. The point is that while in coordinate formulation of general relativity
differential identities satisfied by the Riemann tensor (or its parts) are direct
consequences of its definition, in the NP formalism they form differential equa-
tions for Riemann tensor. We start the discussion with the simplest case of
Ricci identities.
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Commutation relations

In general relativity we assume that the torsion tensor vanishes. Consequently,
the commutator of covariant derivatives vanishes when acting on scalar function
f :

(∇a∇b − ∇b∇a)f = 0.

It is possible to rewrite this relation using spinor dyad, but for our purposes it
is not necessary. Using Mathematica script explained in appendix A, we can
obtain the NP projections by simple code:

expr = Nabla[a,Nabla[b, f]] − Nabla[b,Nabla[a, f]];
Penrose[expr l[a]n[b]]
Penrose[expr l[a]m[b]]
Penrose[expr n[a]m[b]]
Penrose[expr m[a]m̄[b]]

Here we projected expression ∇a∇bf − ∇b∇af onto the null tetrad (by an-
tisymmetry in ab, contractions with two same vectors yield zero). Resulting
equations are called commutation relations in the NP formalism and they ex-
press vanishing of the torsion. They have also practical importance, because
they can be used to simplify many calculations. On the other hand, if we
first introduce coordinate system and define operators D,∆ and δ in coordi-
nates, we can use commutation relations to calculate spin-coefficients. The NP
projections of commutation relations are following:

∆D −D∆ = (γ + γ̄)D + (ε+ ε̄)∆− (π + τ̄)δ − (τ + π̄)δ̄,

Dδ − δD = (π̄ − β − ᾱ)D − κ∆ + (ρ̄+ ε− ε̄)δ + σδ̄, (6.13)

∆δ − δ∆ = ν̄D + (β − τ + ᾱ)∆ + (γ − γ̄ − µ)δ − λ̄δ̄,
δ̄δ − δδ̄ = (µ̄− µ)D + (ρ̄− ρ)∆ + (α− β̄)δ + (β − ᾱ)δ̄.

Ricci identities

Commutation relations discussed above are special case of more general Ricci
identities. When the commutator 2∇[a∇b] acts on higher order tensors, it does
not vanish anymore. It is more or less the definition of the Riemann tensor,
that commutator acting on covector field is given by

(∇a∇b − ∇b∇a)ωc = −R d
abc ωd (Ricci identity). (6.14)

If, on the other hand, the Riemann tensor is known, this relation can be re-
garded as differential equation for the connection. To see this explicitly, we
can project it onto null tetrad. For this, we subsequently choose ωc to be

ωc = lc, nc,mc, m̄c

and contract equation (6.14) with all vectors of the null tetrad. Again, Math-
ematica is of great help. Script NPformalism includes the definition of antiself-
dual part of the Riemann tensor, see (A.1). Here we show only one projection,
when ωc = lc and the equation is contracted with lanbmc.
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Since NPformalism defines only antiself-dual part of Riemann tensor, to find
correspondning contraction we have to use the formula

Rabcd l
a nbmc ld = −Rabcd l

a nbmc ld + −Rabcd la nb m̄c ld.

In other words, to find contraction of self-dual part of the Riemann tensor we
compute the contraction of antiself-dual part with complex conjugated basis,
and complex conjugate the result. Corresponding Mathematica code reads

(* right hand side *)
ASD = −Penrose[Riemann[A,B,C,D,AA,BB,CC,DD]

lu[A,AA] nu[B,BB] mu[C,CC] lu[D,DD]];
SD = −Penrose[Riemann[A,B,C,D,AA,BB,CC,DD]

lu[A,AA] nu[B,BB] mu[C,CC] lu[D,DD]];
rhs = ASD− OverBar[SD];
(* left hand side *)
lhs = Penrose[ (Nablad[A,AA,Nablad[B,BB, ld[C,CC]]]
− Nablad[B,BB,Nablad[A,AA, ld[C,CC]]]) lu[A,AA] nu[B,BB] mu[C,CC]];

lhs == rhs

As a result, Mathematica returns the equation

[(∇a∇b −∇b∇a)lc] l
a nbmc = −Rabcd la nbmc ld

in the NP formalism:

Dτ − ∆κ = (τ + π̄)ρ+ (π + τ̄)σ + (ε− ε̄)τ − (3γ + γ̄)κ + Ψ1 + Φ01.

Obviously, this equation is the first-order partial differential equation for spin-
coefficients τ and κ. Full set of Ricci identities is not listed here as they are
contained in papers [2] (Appendix A, page 18) and [3] (Appendix A, page 19),
included in the thesis.

Bianchi identities

So far, we have derived the NP equations for spin-coefficients which are called
the Ricci identities. What we still need are differential equations for the com-
ponents of Weyl and Ricci spinor and scalar curvature. These equations are
provided by Bianchi identities.

Bianchi identity is well-known differential identity obeyed by Riemann ten-
sor,

∇[eRab]cd = 0, (Bianchi identity)

and it resembles the first of Maxwell’s equations (6.6). Indeed, the procedure
of deriving corresponding spinor equations is similar to derivation of Maxwell’s
equations in spinor form. But because of the more complicated decomposition
of the Riemann tensor, also the procedure is complicated and not necessary
for our purposes. Very clear and systematic derivation can be found in [18]. It
appears, however, that the Bianchi identity is equivalent to spinor equations

∇AA′ΨABCD = ∇B′

(CΦAB)A′B′ ,

∇BB′
ΦABA′B′ = − 3∇AA′Λ. (6.15)
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The first of these equations is not suitable for direct projection onto spin basis,
because it contains symmetrization in three indices. Term ∇A′

(CΦAB)A′B′ actu-
ally represents 3! = 6 terms and each of them becomes even more complicated
after projection. Therefore, we would like to remove the symmetrization. This
is somewhat tricky and hard to find in the literature and so we present the
procedure here.

Consider, for simplicity, spinor φABC symmetric in BC:

φABC = φA(BC).

Using this symmetry of φABC we can write

φ(ABC) =
1

3

[
φ(AC)B + φ(AB)C + φ(BC)A

]
.

Now we use the standard decomposition of spinor into symmetric and antisym-
metric parts but express the symmetric part:

φ(AB)C = φABC −
1

2
εAB φ

X
X C .

In the first step we arrive at

φ(ABC) =
1

3

[
2φ(AB)C + φACB − εA(B| φ

X
X |C) −

1

2
εBC φ

X
X A

]
.

Next we substitute for φ(AB)C again and find

φ(ABC) = φABC −
1

3
εA(B| φ

X
X |C) −

1

3
εAB φ

X
X C −

1

6
εBC φ

X
X A.

This “beautiful” relation can already be applied to our case. For if we replace
φABC by

φABC 7→ ∇B′

A ΦBCA′B′ ,

obviously having assumed symmetry in BC, and use the second Bianchi iden-
tity (6.15), we obtain

∇B′

(AΦBC)A′B′ = ∇B′

A ΦBCA′B′ − 3

2
εAB∇CA′Λ + εC(A∇B)A′Λ.

Bianchi identities in spinor form thus read

∇DA′ΨABCD = ∇B′

A ΦBCA′B′ − 3

2
εAB∇CA′Λ + εC(A∇B)A′Λ,

∇BB′
ΦABA′B′ = − 3∇BB′Λ. (6.16)

Advantage of this form is that now the equations do not containt symmetriza-
tion in three indices. It still contains symmetrization in two indices but, first,
these terms contain gradient of Λ which is much simpler object than four-valent
Ricci spinor, and second, these terms are proportional to εAB which is nonzero
only when projected onto oAιB .

Bianchi identities in the NP formalism can again be obtained using script
NPformalism for Mathematica. Complete set of equations is listed in papers [2]
(Appendix A, pages 18–19) and [3] (Appendix A, pages 19–20) attached to the
thesis.
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This completes the list of equations of gravitational field in the NP for-
malism. Einstein’s field equations are just algebraic relations among energy-
momentum tensor and the Ricci spinor and scalar curvature. In the NP formal-
ism, connection is described by twelwe spin-coefficients. The Ricci identities
are non-linear first order equations for spin coefficients. The NP components
of the Weyl and Ricci tensor are determined by Bianchi identities, also first
order non-linear equations.

6.6 Zero-rest-mass equations

We conclude this chapter by brief recapitulation. We have seen that elec-
tromagnetic field in spinor formalism can be described by bivalent symmetric
spinor φAB . In the absence of sources, Maxwell’s equations are equivalent to
equation

∇AA′φAB = 0.

Pure gravitational field is described by totally symmetric four-valent Weyl ten-
sor. In previous section we have seen that it satisfies Bianchi identities (6.15).
In the absence of matter (source of gravitational field), Ricci spinor and scalar
curvature vanish so that Bianchi identities reduce to

∇A′

A ΨABCD = 0,

which is formally the same as equation for electromagnetic field, but now the
spinor has four indices. Number of indices is in fact related to the spin of
the field. Quanta of electromagnetic field are massless photons of spin 1. Hy-
pothetic quanta of gravitational field are massless gravitons of spin 2. Thus,
massless field of arbitrary spin s is described by totally symmetric spinor with
2s indices satisfying so-called zero-rest-mass (ZRM) equation

∇A′

A φAB..C = 0.

In the absence of sources, spinor divergence of the spinor vanishes. It is not
obvious, however, what is the equation for a scalar field which has spin zero, as
it is not possible to perform spinor divergence of the scalar. In [18] it is shown
that natural limit of ZRM equation for s → 0 is the massless Klein-Gordon
equation

�φ = 0.

In the section 6.2 we derived spinor version of Klein-Gordon equation (6.3)
which for massless field reduces to

∇AA′ϕAB′ = 0.

This equation can also be regarded as a ZRM equation. Spinors with primed
indices carry positive helicity (projection of spin onto the direction of momen-
tum) while unprimed indices carry negative helicity. Because the field ϕAA′

has one primed and one unprimed index, total spin carried by field ϕAA′ is
zero, as it should be for the scalar field. In this sense Klein-Gordon equation
is ZRM equation for spin zero.
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Consider now the Dirac field with spin 1/2. It can be shown that the spinor
equivalent of massive Dirac equation is pair of spinor equations

∇AA′φA
′

= − im√
2
ψA, ∇AA′ψA =

im√
2
φA′ .

Spinors φA′ and ψA together form Dirac four-spinor. For massless field, how-
ever, these equations decouple and spinors φA′ and ψA satisfy two separate
equations,

∇AA′ψA = 0, ∇A′

A φA′ = 0.

Obviously, these equations are ZRM equations for spin 1/2, one for positive
helicity and one for the negative. These are Weyl’s equations for neutrino with
zero rest mass.

Thus, in spinor formalism equations for massless fields without sources have
all the same form, the form of ZRM equation. This unified character descrip-
tion of ZRM equations is hidden in the tensor formalism. This observation (and
many other properties of spinors) inspired Roger Penrose to that spinors are
essenetially more primitive objects than tensors; he tried to derive the notion
of space-time itself from more basic mathematical structures. These consider-
ations led him eventually to the theory of twistors as an alternative framework
for unifying quantum theory and general relativity.
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Abstract
By an argument similar to that of Gibbons and Stewart (1984 Absence of
asymptotically flat solutions of Einstein’s equations which are periodic and
empty near infinity Classical General Relativity (London, 1983) ed W Bonnor,
J N Islam and M A H Callum (Cambridge: Cambridge University Press) pp 77–
94), but in a different coordinate system and less restrictive gauge, we show that
any weakly asymptotically simple, analytic vacuum or electrovacuum solutions
of the Einstein equations which are periodic in time are necessarily stationary.

PACS numbers: 04.20.−q, 04.20.Cv, 04.20.Ha

1. Introduction

The inspiral and coalescence of binary black holes or neutron stars appears to be the most
promising source for the detectors of gravitational waves, so that there has been much effort
going into the development of numerical codes and analytic approximation methods to find
the corresponding solutions of Einstein’s equations. One of the recent approaches assumes
the existence of a helical Killing vector k (see e.g. [25]). The field is assumed stationary in
a rotating frame where k generates time translations but k becomes null at the light cylinder
and is spacelike outside. k has the form k = ∂t + ω∂φ , where ∂t is timelike and ∂φ is spacelike
with circular orbits with parameter length 2π (except where ∂φ = 0); ω = constant. The
spacetime is not stationary but it is still periodic where k is spacelike. Requiring the helical
symmetry for a binary system implies equal amounts of outgoing and incoming radiation so
that the spacetime, containing energy radiated at all times, is not expected to be asymptotically
flat. A corresponding solution in Maxwell’s theory for two opposite point charges moving

0264-9381/10/055007+23$30.00 © 2010 IOP Publishing Ltd Printed in the UK 1
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on circular orbits was considered a long time ago by Schild [19]. The properties of the field
were analysed recently in the Newman–Penrose formalism in [1]. The rather complicated
periodicity properties of the solution became apparent as well as its asymptotic behaviour: at
I− the advanced fields exhibit the standard Bondi-type expansion and peeling, whereas the
retarded fields do decay with r → ∞ but in an oscillatory manner like (sin r)/r . Hence for
the retarded plus advanced solution, no radiation field is asymptotically defined. Naturally,
one would like to go beyond the linearized theory. There are special exact, time-dependent,
solutions known, for example, as Szekeres’s dust solution, which has in general no Killing
vector, which can be matched to an exterior Schwarzschild metric [3]. One can construct
oscillating spherical shells of dust particles moving with the same angular momentum,
but in every tangential direction, or oscillating Einstein clusters which are matched to the
Schwarzschild spacetime outside [8]. Can there be periodic solutions representing ‘bound
states’ of gravitational or electromagnetic waves so that the radiation field at infinity vanishes
and the Bondi mass remains constant?

There have been various attempts to prove that while solutions of the vacuum Einstein
equations can be genuinely periodic in a suitable time coordinate (so not time independent),
these solutions cannot be asymptotically flat. These started with [15, 16], with a summary in
English in [17, 24] and more recently was considered in [10]. The method in [15] considers
vacuum metrics which are everywhere nonsingular, weak and asymptotically flat and which
can be expanded in a series in some parameter, with the flat metric as the first term in the
series. Each term in the series is assumed to be periodic in a fixed Minkowski time coordinate
and to satisfy the de Donder gauge condition. The second and third terms, call them vab and
wab respectively, are expanded as Fourier series in the background time coordinate and the
Einstein equations then imply that vab satisfies the source-free wave equation, and wab satisfies
a wave equation whose source is a quadratic expression in vab. Assuming that the solution for
vab is everywhere regular, the author shows that there cannot be an asymptotically flat solution
for wab unless vab vanishes. Therefore, the spacetime is flat. In [16], a similar calculation
when vab is regular only outside a certain radius leads to the conclusion that vab must be
time independent in order to have asymptotically flat wab, and the spacetime is stationary. In
[24] it was observed by integrating the Einstein pseudotensor and matter energy–momentum
tensor over a four-dimensional volume that ‘the mean value of power radiated by a periodic,
asymptotically Minkowskian gravitational field is equal to zero’. The question of existence of
periodic fields was left open. In [10] the authors used the spin-coefficient formalism (see e.g.
[14, 22]) to study the system of conformal Einstein equations of Friedrich [5]. A coordinate
system is based on two families of null hypersurfaces, incoming from past null infinity I−

and labelled by constant v and outgoing near I− and labelled by constant u. The authors
make a definition of periodicity which enables them to prove that, at I−, the u-derivatives
of all orders of all components of the metric are independent of v. They conclude that if
the metric is analytic in these coordinates, then it necessarily has a Killing vector, which in
these coordinates is ∂v , at least in a neighbourhood of I−. Thus any analytic metric, periodic
in their sense, has such a Killing vector. While certainly correct, there is a problem with
this conclusion in that, by construction, the Killing vector is null wherever it is defined, and
reduces at I− to a constant translation along the generators. These are strong conditions and
in fact no Killing vector in flat space has these properties (any null Killing vector is necessarily
a null translation, and a null translation is zero along one generator of I)4. Thus flat space
is not periodic according to the definition of [10] and nor is any of the familiar stationary,
asymptotically flat solutions, for example the Schwarzschild solution.

4 For example the null translation ∂t + ∂z becomes 2 cos2(θ/2) ∂v on I−, which vanishes at θ = π .
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For convenience, we follow [10] in working at I− rather than I+, though this is trivial to
switch, but we shall make a weaker definition of ‘periodic in time’ which will permit metrics
stationary near I− and indeed will allow only these for analytic, asymptotically flat vacuum
or electrovac metrics. We follow the method of [10] for both the vacuum and electrovac field
equations, deferring other cases to a second paper, but in a different coordinate and tetrad
system. Our coordinate and tetrad system is similar to the one used at I in [14], and to prove
the existence of a symmetry at the event horizon in [11] and at a compact Cauchy horizon
in [12]. We also differ from [10] in the choice of conformal gauge. In [10] the unphysical
Ricci scalar is set to zero by a choice of conformal factor obtained by solving a wave equation.
However, the solution of the characteristic IVP for this wave equation as posed in [10] will not
in general be periodic, so that the rescaled, unphysical metric would not in general share the
periodicity of the physical metric—in fact, in the particular case of the Reissner–Nordström
solution this gauge choice is compatible with periodicity only for zero mass, as we show in
appendix C. Thus we assume that there is at least one conformal factor which is periodic and
then modify this choice in the course of the calculation in order to simplify the spin coefficients.
From this point on, our method is then essentially the same as in [10], though a little more
complicated, and we arrive at the same conclusion, but now with a Killing vector which is
timelike in the interior, at least near to I−. The condition of timelike periodicity which we
impose is as follows: a spacetime is timelike periodic if there is a discrete isometry taking
any point of the physical spacetime to a point in its chronological future. To define timelike
periodicity at I− for an asymptotically flat spacetime, we require this isometry to extend to
an isometry of a neighbourhood of I− which preserves the generators of I−. In particular,
we require the existence of at least one � which conformally compactifies the spacetime and
preserves the periodicity. The isometry has to be a supertranslation [22],

v → v + a(θ, φ), (1)

on I−, in terms of the usual coordinates (v, θ, φ) on I− and we shall assume that a �= 0.
(We could imagine allowing a to vanish on some generators of I−, since as noted above
periodicity along a null translation in flat space would appear like this at I−, but this would be
null-periodicity rather than timelike periodicity.) We could assume further that a is actually
a positive constant but this turns out not to be necessary, as we shall find that, for analytic
spacetimes, this assumption of periodicity necessarily leads to a spacetime metric with a
Killing vector which, in coordinates to be defined, is ∂v and is timelike near I−. Our result is

Theorem 1.1. A weakly asymptotically simple, vacuum or electrovac, time-periodic spacetime
which is analytic in a neighbourhood of I− in the coordinates introduced below necessarily
has a Killing vector which is timelike in the interior and extends to a translation on I−.

Thus there are no non-trivial time-periodic solutions satisfying these conditions, in the
sense that they would necessarily be actually time independent if time periodic. In a later
paper, we shall prove the corresponding result for the Einstein equations coupled to either a
massless scalar field with the usual energy–momentum tensor, or a solution of the conformally
invariant wave equation with the energy–momentum tensor from p 125 of [18] (sometimes
called the ‘new improved energy–momentum tensor’).

The method of proof requires the assumption of analyticity. It was shown in [6] that there
are vacuum solutions analytic near I−. However, one would like either to drop the assumption
of analyticity, for example following the lead of [7] or [9] with a similar problem, or to prove
that it follows from the assumptions of periodicity and asymptotic-flatness. It remains to be
seen in what circumstances this can be done since, as noted above, there are non-analytic
solutions with matter in periodic motion and matched to a (static) Schwarzschild exterior.

3
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While this work is primarily motivated by an interest in the possibility or impossibility
of helical motions, it is worth noting the connection with the question of the inheritance of
symmetry. Recall that, for a solution of Einstein’s field equations with matter, the matter is said
to inherit the symmetry of the metric if any isometry of the metric is necessarily a symmetry of
the matter. There are explicit solutions of the Einstein–Maxwell equations known for which
an isometry of the metric is not a symmetry of the Maxwell field [13] but these solutions are
not asymptotically flat. In [21] some other references may be found for explicit solutions with
Maxwell fields which do not share the symmetry of the metric. The same will be true for
some Robinson–Trautman solutions with the null electromagnetic field which may depend on
time though the metric is static (see [21], section 28.2). These solutions will very likely have
wire singularities extending to infinity. From theorem 1.1 noninheritance cannot happen with
asymptotically flat, analytic solutions.

Corollary 1.2. In any weakly asymptotically simple, stationary electrovac spacetime which
is analytic in a neighbourhood of I− in the coordinates introduced below, the Maxwell field
is also stationary.

One can raise the question of inheritance also for Einstein-scalar field solutions but the
answer is rather different: for a massive (complex) Klein–Gordon field, there do exist solutions,
the so-called boson stars, for which the metric is spherically symmetric, asymptotically flat
and static but the scalar field has a phase linear in time (see e.g. [2]); however, these solutions
are not analytic at infinity and, by a scaling argument, such solutions do not exist with
massless scalar fields. In a later paper, we shall obtain this result as a corollary of the result
corresponding to theorem 1.1. In that subsequent work, we start from the conformal Einstein
field equations with a general energy–momentum tensor as a source and specialize them to
scalar field cases.

In section 2, we analyse the conformal Einstein–Maxwell equations. We first rewrite
Maxwell’s equations in the unphysical spacetime, and then translate the physical Bianchi
identities and obtain differential equations for the unphysical Weyl spinor and Ricci spinor.
In appendix A, we summarize a number of quantities, their relations and behaviour under
conformal transformations in the Newman–Penrose formalism [14]; these are extensively
used in the main text and in appendices B and C. In particular, all conformal equations for the
gravitational and electromagnetic field analysed in terms of spinors in section 2 are projected
on the spin basis (i.e. the null tetrad) and written down in the Newman–Penrose formalism
in appendix B. In section 3, a suitable coordinate system and a convenient Newman–Penrose
null tetrad which gives special values to some of the Newman–Penrose spin coefficients are
introduced in the neighbourhood of I−. As noted above, these differ from those used by the
authors of [10]. At the end of section 3, we explain in detail in what our choice of the coordinate
system and the null tetrad differs from that of [10]. In appendix C, we demonstrate that in
contrast to [10] our choice of gauge admits simple static (i.e. ‘periodic’) spacetimes like flat
space and the Reissner–Nordström metric. In section 4, we follow [10] (although in a different
conformal gauge) and study the problem in the NP formalism in the unphysical spacetime,
with data on I−. Assuming periodicity along I− we first discover that the only possibility is
the independence of all geometric quantities of an affine parameter v along I−. By induction
we then prove that all derivatives of all geometric quantities, including the physical metric
components, in the direction into the physical spacetime must also be v-independent. The
proof of theorem 1.1 and corollary 1.2 then follows from the assumed analyticity.

This paper arose from a collaboration after PT posted his work [23] on the gr-qc arXiv
and JB informed him that he and his PhD student MS were already engaged in tackling the
same problem [20].

4
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2. The conformal Einstein–Maxwell equations

We first introduce conformal equations for the gravitational and electromagnetic field in the
formalism of two-component spinors. In appendix B, these equations are written down
explicitly after the projection on a spin basis, in the form employed in the Newman–Penrose
formalism. In the physical spacetime, Maxwell’s equations without sources are simply5 (see
e.g. [22])

∇̃AA′
φ̃AB = 0. (2)

They are conformally invariant if under conformal rescaling the Maxwell spinor φAB

transforms with conformal weight 1,

φ̃AB = �φAB, (3)

when the convention used in this paper for conformal rescaling is ε̃AB = �−1εAB .
From the transformation of the derivative operator (see (A.12)), in the unphysical

spacetime, equation (2) becomes

∇AA′
φAB = 0. (4)

The situation is more complicated in the case of the gravitational field. The physical
Bianchi identities read

∇̃D
C ′	̃ABCD = ∇̃D′

(C 
̃AB)C ′D′ , (5)

where 	̃ABCD and 
̃ABC ′D′ are the Weyl and the Ricci spinor, respectively. Using the rules
for the conformal transformation of these spinors (equations (A.15) and (A.17)), we find

�2∇D
C ′ψABCD = �∇D′

(C 
AB)C ′D′ +
(∇D′

(A�
)

BC)C ′D′ + ∇D′

(C ∇A(C ′∇D′)B)�, (6)

where ψABCD = �−1	ABCD . These equations are the physical Bianchi identities written in
terms of the quantities in the unphysical spacetime. We simplify them by employing Einstein’s
equations in the physical spacetime,


̃ABA′B ′ = kφ̃AB
¯̃φA′B ′ . (7)

Here we used the fact that the physical scalar curvature vanishes for the electromagnetic field;
we put the constant factor k on the rhs of (7) equal to 1 following the convention of [14],
unlike, e.g., [18]. From equations (A.15), (7) and (3), we obtain

∇A(A′∇B ′)B� = �3φABφ̄A′B ′ − �
ABA′B ′ . (8)

Applying ∇D′
C , symmetrizing and using Maxwell’s equations (4), we can express the term

containing the third derivative of � appearing in (6) as follows:

∇D′
(C ∇A(C ′∇D′)B)�

= 3�2φ̄C ′D′φ(AB∇D′
C)� + �3φ̄C ′D′∇D′

(C φAB) − �∇D′
(C 
AB)C ′D′ − (∇D′

(C �
)

AB)C ′D′ .

Inserting this result into (6), we arrive at the conformal Bianchi identities for the Einstein–
Maxwell field expressed in terms of the quantities in the unphysical spacetime:

∇D
A′ψABCD = 3φ̄A′B ′φ(AB ∇B ′

C)� + �φ̄A′B ′ ∇B ′
(CφAB). (9)

Projecting these equations onto the spin basis, we obtain the set of the equations which
are explicitly written down (using the NP formalism) in appendix B, see (B.5a)–(B.5h).
Equations (9) are differential equations for the unphysical Weyl spinor. To obtain the equations

5 Spinor indices are labelled by A, A′, B, B ′, . . . and have values 0, 1. The metric has signature −2.
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for the Ricci spinor, we use the Bianchi identities valid for quantities in the unphysical
spacetime:

∇D
C ′	ABCD = ∇D′

(C 
AB)C ′D′ . (10)

Combining the last two equations, we get

∇B ′
(C
AB)A′B ′ = ψABCD ∇D

A′� + 3 �φ̄A′B ′φ(AB ∇B ′
C) � + �2φ̄A′B ′∇B ′

(CφAB). (11)

In the following, we shall also need the expression for quantities ∇AA′∇BB ′�. Let us
decompose ∇AA′∇BB ′� into its symmetric and antisymmetric parts

∇AA′∇BB ′� = ∇A(A′∇B ′)B� + 1
2εA′B ′∇AC ′∇C ′

B �. (12)

The first term on the rhs is given in (8); the second term can be decomposed again:

∇AC ′∇C ′
B � = ∇C ′(A∇C ′

B)� + 1
2εAB � �. (13)

Since the operator ∇C ′(A∇C ′
B) is just the commutator ∇[a∇b] contracted by εA′B ′

, it
annihilates scalar quantities. Using equations (8), (12) and (13), we obtain

∇AA′∇BB ′� = �3φABφ̄A′B ′ − �
ABA′B ′ + 1
4εA′B ′εAB ��. (14)

It will be convenient to introduce the quantity

F = 1
2�−1(∇AA′�)(∇AA′

�), (15)

which can be seen to be smooth in the unphysical spacetime from the rule for the conformal
transformation of the scalar curvature (A.15) in the form

� � = 4 �� − 4 �−1 �̃ + 4 F, (16)

since the physical scalar curvature �̃ = 0 for the electromagnetic field. From equation (14),
we now obtain the following expressions for the second derivatives of �:

∇AA′∇BB ′� = �3φABφ̄A′B ′ − �
ABA′B ′ + εA′B ′εAB (F + ��). (17)

Finally we wish to derive expressions for ∇AA′F . Directly from the definition of the
unphysical Riemann tensor and from the decomposition (A.3), we have

(∇AA′∇BB ′ − ∇BB ′∇AA′)∇BB ′
� = −2
ABA′B ′∇BB ′

� + 6 �∇AA′ �. (18)

Employing Maxwell’s equations (4) and the contracted Bianchi identities (A.21), we find
that equations (14) and (18) imply

∇AA′F = �2φB
Aφ̄B ′

A′ ∇BB ′� − 
ABA′B ′∇BB ′
� + �∇AA′�. (19)

3. Coordinates, tetrad and conformal gauge

We assume that we have an analytic, time-periodic solution of the Einstein–Maxwell equations
and an analytic, time-periodic conformal factor so that the unphysical metric with I− also has
these properties. We construct a convenient coordinate system and a Newman–Penrose null
tetrad in the neighbourhood of I− (see figures 1 and 2). We stay in the unphysical spacetime
in order to include I−. Let S ⊂ I− be a particular spacelike 2-sphere. We can introduce
arbitrary coordinates xI , I = 2, 3 on S and propagate them along I− by the condition

∇γ̇ xI = 0, (20)

where γ = γ (v) is an affinely parametrized null generator of I−. We may set v = 0 on S.
The triple (v, x2, x3) represents suitable coordinates on I−. In order to go into the interior of
spacetime, we introduce the family of null hypersurfaces Nv orthogonal to I− and intersecting

6
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Figure 1. Construction of the coordinate system.
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Figure 2. NP null tetrad.

I− in the spacelike cuts Sv of constant v. Let γ ′ = γ ′(r) be the null generators of the surface
Nv labelled by xI. Here, r is the affine parameter which can be chosen so that r = 0 on I−

and g(dv, dr) = 1 at I−. We propagate the coordinates v and xI onto Nv by the conditions

∇γ̇ ′ xI = 0, ∇γ̇ ′ v = 0. (21)

We thus have established a coordinate chart

xμ = (v, r, x2, x3), μ = 0, 1, 2, 3, (22)

in the neighbourhood of past null infinity6.
Next we construct a suitable Newman–Penrose null tetrad. Nv are null hypersurfaces

v = constant; therefore, the gradient of v is both tangent and normal to Nv; we denote it by

na = ∇a v. (23)

Since na is tangent to γ ′ along which only r varies,

n = ∂

∂r
. (24)

6 Components of tensors with respect to the basis induced by these coordinates will be labelled by Greek letters
μ, ν, . . .. Components with respect to an arbitrary tetrad will be labelled by Latin letters a, b, . . . from the beginning
of the alphabet. Indices labelled by capital letters I, J, . . . have values 2, 3.
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On each cut Svr : v, r = constant there exists exactly one null direction normal to Svr not
proportional to na. We choose the vector field la to be parallel to this direction and normalize
it by nal

a = 1. It can be written in the form

l = ∂

∂v
− H

∂

∂r
+ CI ∂

∂xI
. (25)

On I− l is tangent to the generators γ (v), so functions H and CI vanish on I−. The
conformal gauge can be chosen so that

∂�

∂r
= 1 on I−. (26)

Let us now turn to the 2-spheres Svr on which ∂I are basis vectors. Since Svr is a spacelike
sphere, we choose, following the standard procedure, a complex vector m and its complex
conjugate m̄, such that

ma ma = 0, mam̄a = −1, (27)

m has the form

m = P I ∂

∂xI
, (28)

where P 2, P 3 are complex functions. The coordinates xI can be chosen to be the standard
spherical coordinates, xI = (θ, φ). Then the appropriate choice of the null vector m at I− is
(see e.g. [22])

m = 1√
2

(
∂θ +

i

sin θ
∂φ

)
, P I = 1√

2

(
1,

i

sin θ

)
. (29)

The vectors m, m̄ are orthogonal to l and n. The contravariant components of the tetrad read

lμ = (1,−H,C2, C3),

nμ = (0, 1, 0, 0), (30)

mμ = (0, 0, P 2, P 3).

The contravariant components of the metric tensor are given, regarding the relation
gμν = 2l(μnν) − 2m(μm̄ν), by the matrix

gμν =

⎛
⎜⎜⎝

0 1 0 0
1 −2H C2 C3

0 C2 −2P 2 P̄ 2 −P 2 P̄ 3 − P 3 P̄ 2

0 C3 −P 2 P̄ 3 − P 3 P̄ 2 −2P 3 P̄ 3

⎞
⎟⎟⎠ . (31)

Using (30) and the inverse of (31) we find the covariant components of the tetrad vectors:

lμ = (H, 1, 0, 0),

nμ = (1, 0, 0, 0), (32)

mμ = (ω, 0, R2, R3),

where

R2 = P 3

P 2 P̄ 3 − P 3 P̄ 2
, R3 = P 2

P 3 P̄ 2 − P 2 P̄ 3
,

ω = −CI RI . (33)

The covariant components of the metric are

gμν =

⎛
⎜⎜⎝

2H − 2ωω̄ 1 −ωR̄2 − ω̄R2 −ωR̄3 − ω̄R3

1 0 0 0
−ωR̄2 − ω̄R2 0 −2R2R̄2 −R3R̄2 − R2R̄3

−ωR̄3 − ω̄R3 0 −R3R̄2 − R2R̄3 −2R3R̄3

⎞
⎟⎟⎠ . (34)

8
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The vectors l, n,m and m̄ constitute the NP tetrad. However, it is not unique since there is
a rotation gauge freedom m → eiχm which will be used later. Following the standard notation
of the NP formalism (e.g. [14, 22]), we define the operators

D = la∇a, � = na∇a, δ = ma∇a. (35)

We shall also employ the spin basis (oA, ιA) associated with the null tetrad

la = oAōA′
, na = ιAῑA

′
, ma = oAῑA

′
, (36)

normalized by oA ιA = 1. Note that this coordinate and tetrad system has some more gauge
freedom associated with it. In particular, we may make another choice �̂ with �̂ = ��,
where � is also periodic and takes the value 1 at I−. Thus,

g̃ab = �̂−2ĝab = �−2gab

and so ĝab = �2gab. We assume that � = 1 + f (v, r, xI ), with f = O(r). This will change
the definition of the affine parameter r, to r̂ say, and then we must accompany the change of
the conformal factor with a null rotation of the tetrad so that δ̂ is tangent to the sphere Svr̂ ;
thus,

n̂a = na,

m̂a = �(ma + Zna), (37)

l̂a = �2(la + Zm̄a + Z̄ma + ZZ̄na),

where Z, which parametrizes the null rotation, is fixed by requiring δ̂r̂ = 0. The associated
operators change according to

�̂ = �−2�,

δ̂ = �−1(δ + Z�), (38)

D̂ = D + Zδ̄ + Z̄δ + ZZ̄�.

With the coordinate v common to both systems, we define r̂ as the affine parameter with

�̂r̂ = �−2�r̂ = 1.

This can be integrated to give

r̂ =
∫ r

0
�2 dr = r + O(r2), (39)

and we need

0 = δ̂r̂ = �−1(δr̂ + Z�r̂),

so that

Z = −�−2δr̂,

which can be calculated from (39). Note that Z = O(r2). We shall need to exploit this gauge
freedom below. Next we examine what special values some of the spin coefficients take due to
the above choice of the null tetrad (we calculate for the unhatted system, but the same relations
hold in the hatted systems). Acting by the commutators (A.2) on the coordinate v, we find

γ + γ̄ = ᾱ + β − π̄ = ν = μ − μ̄ = 0. (40)

Furthermore, the commutators [δ,�]r and [δ̄, δ]r give

τ − ᾱ − β = ρ − ρ̄ = 0. (41)

Applying the remaining commutators on the variables v, r and xI leads to the ‘frame
equations’, i.e. the equations for the metric functions H,CI and PI:

9
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�H = −(ε + ε̄), (42a)

δH = −κ, (42b)

�CI = −2πP I − 2π̄ P̄ I , (42c)

δ̄P I − δP̄ I = (α − β̄)P I − (ᾱ − β)P̄ I , (42d)

�P I = −(μ − γ + γ̄ )P I − λ̄P̄ I , (42e)

δCI − DP I = −(ρ + ε − ε̄)P I − σ P̄ I . (42f )

Since the generators γ (v) of I− are affinely parametrized null geodesics, Dla = 0 on I−.
Comparing this with the general relation

Dla = (ε + ε̄)la − κ̄ ma − κm̄a, (43)

we see that

ε + ε̄ = κ = 0 on I−. (44)

Next we wish to show that the freedom in choosing the basis (m, m̄) of the space
tangential to Svr allows us to set γ = 0. From the definition of γ (equation A.1), we
have γ − γ̄ = ma�m̄a . Under the rotation through χ ,

ma → eiχma, (45)

the quantity γ − γ̄ transforms according to

γ − γ̄ → γ − γ̄ + i�χ, (46)

so by solving the equation

�χ = i(γ − γ̄ ), (47)

and regarding (40) we can set

γ = 0. (48)

Because the �-operator is the derivative with respect to the coordinate r, further rotation (45)
with an r-independent function χ does not violate equality (48). The quantity ε − ε̄ under the
rotation (45) transforms according to

ε − ε̄ → ε − ε̄ + iDχ. (49)

Solving the equation

Dχ = i(ε − ε̄) (50)

on I−, where r = 0, we set ε = ε̄ which, together with (44), implies

ε = 0 on I−. (51)

To end this section, we exploit the gauge freedom (37) and (38) to achieve a further
simplification. From the commutator [δ̂, �̂] (see (A.2) with the values of the spin coefficients
fixed above), we calculate

μ̂ = �−2(μ + �−1��),

so that we can set μ̂ = 0 by choosing

� = exp

(
−

∫ r

0
μ dr

)
.

Having done this, we omit the hats.

10
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In order to elucidate the differences between our choice of the coordinate system and the
null tetrad and those used by Gibbons and Stewart, we conclude this section by giving the
details of their construction. Instead of the affine parameter r they use coordinate u, defined
as follows. Let S ′

0 be a spacelike cut on I− and N ′,S ′
0 ⊂ N ′, the null hypersurface such that

the null generators of N ′ are orthogonal to S ′
0. Now, the real function u on N ′ is defined in

such a way, that u = 0 on S ′
0, and on spacelike two-surfaces Su u = constant. The cut Su

defines another null hypersurface Nu with null generators orthogonal to Su. The coordinate
u is obtained by setting u = constant on Nu. Similarly, the family of null hypersurfaces
N ′

v orthogonal to spacelike cuts S ′
v on I−, with v being the affine parameter along the null

generators of I−, is constructed. Coordinates xI are chosen freely on S ′
0 and propagated into

the spacetime along N ′ and Nu. The functions xμ = (u, v, x2, x3) constitute a coordinate
system in the neighbourhood of I− but note that in these coordinates the vector field ∂v is null,
which is not in our coordinates.

The NP tetrad used in [10] consists of vectors l, tangent to Nu, n, tangent to N ′
v , and m, m̄

spanning the tangent space of S ′
0 and propagated into the spacetime. Coordinate expressions

of their tetrad read (this should be compared with our expressions (24), (25) and (28))

l = Q∂v, n = ∂u + CI ∂I , m = P I ∂I , (52)

where Q,CI and PI are metric functions. In this tetrad, the following equation holds:

�na = −(γ + γ̄ )na.

Therefore, the null generators of N ′
v are geodesics, but u is not an affine parameter.

The periodicity of the spacetime is defined as the periodicity of all geometrical quantities
in the variable v. It is shown in [10] that K = ∂v is the Killing vector of the metric and
concluded that the spacetime is stationary. However, K is null everywhere by construction as
it is tangent to the null generators of Nv , while the stationarity requires the timelike Killing
vector. Thus, it is impossible to conclude that the spacetime is stationary from the fact that K
is the Killing vector. As was mentioned in the introduction, even the Minkowski spacetime
does not posses the Killing vector which is everywhere null and tangent to I−.

In the following, we use the coordinates and the tetrad introduced in the beginning of
this section. We show that K = ∂v is the Killing vector null on I− but timelike in its
neighbourhood.

4. Proof of the theorem

Having chosen coordinates and tetrad and fixed special values of some of the NP coefficients
we now analyse all geometric quantities assuming analyticity in the chosen coordinates and
periodicity on I− in v. Following [10] we introduce the notation

S0 = D�, S1 = δ�, S2 = ��,

F = 1

�
(S0S2 − S1 S̄1), ψn = 	n

�
, n = 0, 1, 2, 3, 4,

(53)

where 	n are the NP components of the Weyl spinor (see equation (A.10)). In the case of
asymptotically flat spacetime, they vanish on I−, so assuming smoothness, the ψn are regular
there. Tangential derivatives of the conformal factor vanish on I−, i.e. S0 = S1 = 0, and so,
again by smoothness, the quantity F is regular on I−. The remaining component of ∇� is S2

which is 1 on I− (cf (26)), so that its tangential derivatives also vanish on I−. Equations (17)
and (19) are explicitly written down in the NP formalism in appendix B as (B.2a)–(B.4c).
Equations (B.2d)–(B.2j ) show that on I−

11



Class. Quantum Grav. 27 (2010) 055007 J Bičák et al

σ = 0, (54a)

F = 0, (54b)

ρ = 0, (54c)

π̄ = 0 = β + ᾱ = τ, (54d)

�S0 = 0, (54e)

�S2 = 0, (54f )

�S1 = 0. (54g)

Since F = 0 on I−, also the tangential derivatives DF and δF vanish there. From
equations (B.4a) and (B.4b) we thus obtain


00 = 
01 = 0 on I−. (55)

The metric functions PI on I− are given by (29). Inserting this expression into the frame
equation (42d) and using relation (54d) we find

α = −β = − 1
2
√

2
cot θ on I−. (56)

The Ricci identity (A.20q) now shows that

� + 
11 = 1
2 on I−. (57)

In order to discover the behaviour of the other relevant quantities we shall take into account
the properties of the Bondi mass. In a general asymptotically flat electrovacuum spacetime,
the total mass energy at I+ is defined by the formula (see e.g. [4])

MB = − 1

2
√

π

∫
dS

(
	̃0

2 + σ̃ 0 ˙̃̄σ
0)

. (58)

By the superscript 0 we denote the leading term in the asymptotic expansion of a
quantity; the superscripts 1, 2, . . . then denote higher order terms, for example, σ̃ =
σ̃ 0 �2 + σ̃ 1�3 + O(�4). The rate of decrease of the Bondi mass is given by

ṀB = − 1

2
√

π

∫
dS

(
˙̃σ 0 ˙̃̄σ

0
+ φ̃0

2
¯̃φ0

2

)
. (59)

The quantities σ and φi, i = 0, 1, 2, are defined in (A.1) and (A.26). Following the
‘conversion table’ between I+ and I− (see (A.14)), we analogously define the Bondi mass at
I− by

MB = − 1

2
√

π

∫
dS

(
	̃0

2 + λ̃0 ˙̃̄
λ0

)
. (60)

Since radiation comes into the physical spacetime through I− but cannot exit through it,
the total mass energy at I− cannot decrease. Its rate of change in (advanced) time v along I−

is given by

ṀB = 1

2
√

π

∫
dS

( ˙̃λ0 ˙̃̄
λ0 + φ̃0

0
¯̃φ0

0

)
. (61)

Now we assume periodicity. But a non-decreasing periodic function must be a constant.
Hence, our assumption of periodicity of the mass energy at I− requires

˙̃λ
0 = 0, φ̃0

0 = 0. (62)

12
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The leading term in the asymptotic expansion of 	̃0 is then 	̃0
0 = ¨̄̃

λ0 = 0. Regarding
equations (A.16) and (A.18) and putting 	̃0

0 = 0, we can write the asymptotic expansion of
	0 near I− as

	0 = 	1
0�2 + O(�3), (63)

or (cf equation (53))

ψ0 = O(�). (64)

Equation (63) implies

�	0 = 0 on I−. (65)

Similarly, equation (A.27), where we put φ̃0
0 = 0, implies φ0 ∈ O(�) and

�φ0 = φ1
0 S2 on I−. (66)

The geometrical quantities consist of the tetrad components, which give the metric
functions, the spin coefficients and the components of the Weyl and the Ricci tensor on
I−. Because of our assumption of the periodicity of gravitational field, the geometrical
quantities are all assumed to be periodic in the variable v on I−. We do not assume the
periodicity of the electromagnetic field since this field may not have the same symmetries
as the gravitational field (this is the issue of inheritance which we shall return to). We have
shown that the following spin coefficients vanish on I− (and thus do not depend on v):

μ, ρ, σ, κ, ε, ν, γ, π, τ. (67)

The spin coefficients α and β are v-independent because of (56). Now we wish to show
that also the last spin coefficient λ is independent of v. The Bianchi identity (A.23a) together
with (65) and (55) shows that

D
02 = 0 on I−. (68)

If we now apply D to the Ricci identity (A.20g), we get

D2λ = 0 on I−. (69)

The general solution of this equation on I− is

λ = λ(0) + v λ(1), (70)

where λ(0) and λ(1) are functions independent of v. Since λ is assumed to be periodic and a
polynomial in v can be periodic only if it is constant, we get λ = λ(0) and

Dλ = 0 on I− (71)

(we borrow this style of argument from [10] where it is used extensively). The Ricci identity
(A.20g) then implies


02 = 0 on I−. (72)

The Ricci identity (A.20h) on I− becomes

� = 0, (73)

and then by (57) 
11 = 1/2 there. Now from (A.22c) and D on (A.20k), D
12 and D
22

vanish at I−. We collect these results and some similar ones as a lemma.

Lemma 4.1. The following are zero on I−:

H,CA, ρ, σ, π, κ, ε, S0, S1, F,ψ0,
00,
01,
02, φ0,�,

DP A,Dα,Dβ,DS2,Dλ,D
11,D
12,D
22,Dψ1,Dψ2,Dψ3,Dψ4,Dφ1,Dφ2,

D�S0,D�S1,D�S2.

13
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Proof. The first line is done already, as is the second line up to Dψ1, which comes from
(B.5a). From D applied to (B.5b)–(B.5d), we obtain D2ψi = 0 whence by periodicity
Dψi = 0 at I−, in order for i = 2, 3, 4. The same procedure applied to (A.29a), (A.29b)
takes care of Dφ1,Dφ2. Then the third line follows from D applied to (B.2h)–(B.2j ).

Now we turn to the proof of the theorem. We set up an induction with the following
inductive hypothesis. Suppose inductively that ∂v�

jQ = 0 at I− for 0 � j � k with Q one
of

H,CI , P I , ε, π, λ, β, α, ρ, σ, κ, F,ψi,
ij , φi,� (74)

and for 0 � j � k + 1 with Q = Si .
This is easily seen by the lemma to hold for k = 0, so we need to deduce it for j = k + 1

from its truth for j � k. In this calculation, we use the fact that ∂v = D at I− and make
extensive use of the commutators (A.2). Under the inductive hypothesis, the inductive step
follows

• for H,CI , P I from (42a), (42c) and (42e);
• for ε, π, λ, β, α, ρ, σ, κ , respectively, from (A.20f ), (A.20i), (A.20j ), (A.20l), (A.20o),

(A.20n), (A.20m) and (A.20c);
• for F from (B.4c);
• for φ0 and φ1 directly from (A.29c) and (A.29d), respectively; for φ2, from (A.29b), we

deduce at I−

D2�k+1φ2 = 0,

and then periodicity implies

D�k+1φ2 = 0;
• for ψi, i = 0, 1, 2, 3, from (B.5e)–(B.5h); for ψ4, under the inductive hypothesis, we

deduce at I−

D2�k+1ψ4 = 0

from (B.5d) and then periodicity implies

D�k+1ψ4 = 0;
• for 
00,
01,
02,
12 from (A.22b), (A.23b), (A.22d) and (A.23d), respectively, all

with 	n = �ψn; then for �,
11 and 
22 we use (A.20h), (A.24c) and (A.20k).

This completes the inductive step for the first set of quantities Q. For Q = Si , we use
D�k+1 applied to (B.2h)–(B.2j ). Thus r-derivatives of all orders of the quantities in (74),
which includes the metric functions H,CI and PI, are independent of v. Now analyticity in r
forces these functions to be independent of v. Therefore, by (30), the metric components are
all independent of v and so K := ∂/∂v is a Killing vector of the unphysical metric. However,
for any j ,

∂v�
j� = ∂v�

j−1S2,

at I− and the rhs vanishes for all j . Thus, by analyticity in r,� is also independent of v and
so K is a Killing vector of the physical metric too. The norm-squared of the Killing vector is

g(K,K) = 2(H − ωω̄).

This is O(r2) at I− but there

�2g(K,K) = 2�2H = −2�(ε + ε̄) = 2

so that K is null at I− but timelike just inside: the metric is stationary. �
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This completes the proof of the theorem. Note that we have shown that under the assumption
of periodicity, both fields are necessarily time independent. A slightly different question
is whether a stationary asymptotically flat gravitational field might be produced by an
electromagnetic field which is not itself stationary. The content of corollary 1.2 is that
the answer is no.

Proof of corollary 1.2. Starting from the assumption that the metric admits ∂v as a Killing
vector, we want to show that this is also a symmetry of the Maxwell field. We have


̃ij = �2φiφ̄j , (75)

and ∂v
̃ij = 0 so that, for some χ possibly depending on v, we have

φi = ei χ ϕi, (76)

where ϕi is v-independent. From the Maxwell equation (A.29a), with φ0 = 0 on I−, we find
φ1Dχ = 0 on I− so that Dχ = 0 unless φ1 = 0 there. If φ1 = 0 there, (A.29b) gives Dχ = 0
unless φ2 = 0, so we can conclude that Dφi = 0 on I−. Now we set up an induction to show
that D�nφi = 0 on I− for all n ∈ N and i = 0, 1, 2. The inductive hypothesis will be

(∀k � n) (∀i ∈ {0, 1, 2}) (D�kφi = 0 on I−). (77)

Then by D�n on (A.29c) and (A.29d), we obtain this for k = n + 1 and i = 0, 1. For
i = 2,D�n+1 on (A.29b) gives

D2�n+1φ2 = 0 on I−, (78)

which integrates to give �n+1φ2 = av + b. This would contribute a v-dependent term to 
̃22

at O(�2n+4), a contradiction unless a = 0. Then D�n+1φ2 = 0 on I−, which completes the
induction.

By assumption, the Maxwell field is analytic and so has a convergent power series in r
near to I− and we have shown that all coefficients are v-independent. Since the spinor dyad
is Lie-dragged by the Killing vector, this proves that the Maxwell field is too: in this situation
the Maxwell field inherits the symmetry. �
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Appendix A. The Newman–Penrose formalism and conformal transformations in
Einstein–Maxwell spacetimes

A.1. Gravitational field

In the NP formalism, the spin coefficients are the Ricci rotation coefficients with respect to a
null tetrad {l, n,m} with the corresponding spin basis oA, ιA; they encode the connection. The
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12 independent complex coefficients are defined by (see e.g. [14, 22] for details)

κ = maDla = oADoA, τ = ma�la = oA�oA,

σ = maδla = oAδoA, ρ = maδ̄la = oAδ̄oA,

ε = 1
2 [naDla − m̄aDma] = ιADoA, β = 1

2 [naδla − m̄aδma] = ιAδoA,

γ = 1
2 [na�la − m̄a�ma] = ιA�oA, α = 1

2 [naδ̄la − m̄aδ̄ma] = ιAδ̄oA,

π = naDm̄a = ιADιA, ν = na�m̄a = ιA�ιA,

λ = naδ̄m̄a = ιAδ̄ιA, μ = naδm̄a = ιAδιA,

(A.1)

where D = ∇l , � = ∇n, δ = ∇m. Acting on a scalar, the operators D,�, δ obey the
commutation relations:

Dδ − δD = (π̄ − ᾱ − β)D − κ� + (ρ̄ − ε̄ + ε)δ + σ δ̄,

�D − D� = (γ + γ̄ )D + (ε + ε̄)� − (τ̄ + π)δ − (τ + π̄)δ̄,
(A.2)

�δ − δ� = ν̄D + (ᾱ + β − τ)� + (γ − γ̄ − μ)δ − λ̄δ̄,

δδ̄ − δ̄δ = (μ − μ̄)D + (ρ − ρ̄)� + (ᾱ − β)δ̄ − (α − β̄)δ.

The Riemann tensor can be decomposed as follows:

Rabcd = Cabcd + 
ABC ′D′εA′B ′εCD + 
̄A′B ′CDεABεC ′D′

+ �(εACεBD + εBCεAD) εA′B ′εC ′D′

+ �(εA′C ′εB ′D′ + εB ′C ′εA′D′) εABεCD. (A.3)

The first part is the Weyl tensor whose spinor equivalent is the totally symmetric Weyl
spinor 	ABCD:

Cabcd = 	ABCDεA′B ′εC ′D′ + 	̄A′B ′C ′D′εABεCD. (A.4)

The scalar � is related to the scalar curvature R by

� = 1
24R. (A.5)

The symmetric Ricci spinor 
ABC ′D′ is equivalent to the trace-free part of the Ricci tensor:

Rab = −2
ABA′B ′ + 6�εABεA′B ′ . (A.6)

The spinor equivalent of the Einstein tensor is

Gab = −2
ABA′B ′ − 6�εABεA′B ′ , (A.7)

and the spinor equivalent of Einstein’s equations is


ABA′B ′ = − 3 �εABεA′B ′ + 4 π TABA′B ′ . (A.8)

Taking the symmetric part or contracting them with εABεA′B ′
, respectively, we obtain two

equations, equivalent to (A.8):


ABA′B ′ = 4 π T(AB)(A′B ′),

3� = π T A A′
A A′ .

(A.9)

The five complex components of the Weyl spinor are

	0 = Cabcd l
amblcmd = 	ABCD oAoBoCoD,

	1 = Cabcd l
anblcmd = 	ABCD oAoBoCιD,

	2 = Cabcd l
ambm̄cnd = 	ABCD oAoBιCιD, (A.10)

	3 = Cabcd l
anbm̄cnd = 	ABCD oAιBιCιD,

	4 = Cabcdm̄
anbm̄cnd = 	ABCD ιAιBιCιD.
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The traceless Ricci tensor has the following components (three real and three complex):


00 = − 1
2Rabl

alb = 
ABA′B ′oAoBōA′
ōB ′

,


01 = − 1
2Rabl

amb = 
ABA′B ′oAoBōA′
ῑB

′
,


02 = − 1
2Rabm

amb = 
ABA′B ′oAoB ῑA
′
ῑB

′
,


11 = − 1
4Rab(l

anb + mam̄b) = 
ABA′B ′oAιBōA′
ῑB

′
,


12 = − 1
2Rabn

amb = 
ABA′B ′oAιB ῑA
′
ῑB

′
,


22 = − 1
2Rabn

anb = 
ABA′B ′ ιAιB ῑA
′
ῑB

′
.

(A.11)

The three remaining components can be obtained via the condition 
ij = 
̄ji . Under the
conformal rescaling gab = �2g̃ab, the covariant derivative acting on a two-component spinor
transforms as

∇̃AA′ξB = ∇AA′ξB + �−1 ξA∇BA′�. (A.12)

The NP quantities also transform. To find relations between the physical and unphysical
quantities, we have to transform the null tetrad. We wish to keep na = ña = ∂av so the correct
choice is
oA = õA, ιA = �−1 ι̃A, oA = � õA, ιA = ι̃A,

la = l̃a, na = �−2ña, ma = �−1 m̃a, m̄a = �−1 ¯̃ma

la = �2 l̃a, na = ña, ma = �m̃a, m̄a = � ¯̃ma,

(A.13)

from which the transformation of the spin coefficients can be found.
The geometrical meaning of the spin coefficients depends on the choice of the null tetrad.

With our choices, the vector l is pointing into I+, while n is tangent to I+. On I− the role of
these vectors is interchanged, n is pointing from I− and l is tangent to it. To convert quantities
from I+ to I−, we have only to switch the spinors oA and ιA (and adjust some signs). The
correspondence between the quantities on I+ and I− is given in the following table:

κ ↔ ν, τ ↔ π,

σ ↔ λ, ρ ↔ μ,

ε ↔ γ, α ↔ β,

	n ↔ 	4−n, 
ij ↔ 
(2−i)(2−j).

(A.14)

The scalar curvature and the Ricci spinor transform according to the formulae

R̃ = �2R − 6��� + 12gab (∇a�) (∇b�) ,


̃ABA′B ′ = 
ABA′B ′ + �−1∇A(A′∇B ′)B�,
(A.15)

the NP components of the Weyl spinor as

	̃n = �n	n. (A.16)

The Weyl spinor is conformally invariant with weight zero:

	ABCD = 	̃ABCD. (A.17)

Because the physical Weyl spinor vanishes on I−, so does the unphysical one, and
assuming smoothness is therefore O(�). Then we get

	̃n ∈ O(�n+1). (A.18)

The Ricci identities can be written in the spinor form as follows:

∇A′(A∇A′
B)ξC = 	ABCDξD − 2�ξ(AεB)C,

∇A(A′∇A
B ′)ξC = 
CDA′B ′ξD.

(A.19)
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Substituting the basis spinors oA and ιA for ξA and projecting the last equations onto the
spin basis we obtain the Ricci identities in the NP-formalism:

Dρ − δ̄κ = ρ2 + (ε + ε̄)ρ − κ
(
3α + β̄ − π

) − τ κ̄ + σ σ̄ + 
00, (A.20a)

Dσ − δκ = (ρ + ρ̄ + 3ε − ε̄)σ − (τ − π̄ + ᾱ + 3β)κ + 	0, (A.20b)

Dτ − �κ = ρ(τ + π̄) + σ(τ̄ + π) + (ε − ε̄)τ − (3γ + γ̄ )κ + 	1 + 
01, (A.20c)

Dα − δ̄ε = (ρ + ε̄ − 2ε)α + βσ̄ − β̄ε − κλ − κ̄γ + (ε + ρ)π + 
10, (A.20d)

Dβ − δε = (α + π)σ + (ρ̄ − ε̄)β − (μ + γ )κ − (ᾱ − π̄)ε + 	1, (A.20e)

Dγ − �ε = (τ + π̄)α + (τ̄ + π)β − (ε + ε̄)γ − (γ + γ̄ )ε + τπ − νκ + 	2 − � + 
11,

(A.20f )

Dλ − δ̄π = (ρ − 3ε + ε̄)λ + σ̄μ + (π + α − β̄)π − νκ̄ + 
20, (A.20g)

Dμ − δπ = (ρ̄ − ε − ε̄)μ + σλ + (π̄ − ᾱ + β)π − νκ + 	2 + 2�, (A.20h)

Dν − �π = (π + τ̄ )μ + (π̄ + τ)λ + (γ − γ̄ )π − (3ε + ε̄)ν + 	3 + 
21, (A.20i)

�λ − δ̄ν = −(μ + μ̄ + 3γ − γ̄ )λ + (3α + β̄ + π − τ̄ )ν − 	4, (A.20j )

�μ − δν = −(μ + γ + γ̄ )μ − λλ̄ + ν̄π + (ᾱ + 3β − τ)ν − 
22, (A.20k)

�β − δγ = (ᾱ + β − τ)γ − μτ + σν + εν̄ + (γ − γ̄ − μ)β − αλ̄ − 
12, (A.20l)

�σ − δτ = −(μ − 3γ + γ̄ )σ − λ̄ρ − (τ + β − ᾱ)τ + κν̄ − 
02, (A.20m)

�ρ − δ̄τ = (γ + γ̄ − μ̄)ρ − σλ + (β̄ − α − τ̄ )τ + νκ − 	2 − 2�, (A.20n)

�α − δ̄γ = (ρ + ε)ν − (τ + β)λ + (γ̄ − μ̄)α + (β̄ − τ̄ )γ − 	3, (A.20o)

δρ − δ̄σ = (ᾱ + β)ρ − (3α − β̄)σ + (ρ − ρ̄)τ + (μ − μ̄)κ − 	1 + 
01, (A.20p)

δα − δ̄β = μρ − λσ + αᾱ + ββ̄ − 2αβ + (ρ − ρ̄)γ + (μ − μ̄)ε − 	2 + � + 
11, (A.20q)

δλ − δ̄μ = (ρ − ρ̄)ν + (μ − μ̄)π + (α + β̄)μ + (ᾱ − 3β)λ − 	3 + 
21. (A.20r)

The spinor form of the Bianchi identities is

∇D
B ′	ABCD = ∇A′

A 
BCA′B ′ + εC(A ∇B)B ′� − 3
2εAB ∇CB ′�. (A.21)

Projecting these equations onto the spin basis leads to the Bianchi identities in the NP
formalism:

D	1 − δ̄	0 − D
01 + δ
00 = (π − 4α)	0 + 2(2ρ + ε)	1 − 3κ	2 + 2κ
11

− (π̄ − 2ᾱ − 2β)
00 − 2σ
10 − 2(ρ̄ + ε)
01 + κ̄
02, (A.22a)

D	2 − δ̄	1 + �
00 − δ̄
01 + 2D� = −λ	0 + 2(π − α)	1 + 3ρ	2 − 2κ	3

+ 2ρ
11 + σ̄
02 + (2γ + 2γ̄ − μ̄)
00 − 2(α + τ̄ )
01 − 2τ
10, (A.22b)

D	3 − δ̄	2 − D
21 + δ
20 − 2δ̄� = −2λ	1 + 3π	2 + 2(ρ − ε)	3 − κ	4

+ 2μ
10 − 2π
11 − (2β + π̄ − 2ᾱ)
20 − 2(ρ̄ − ε)
21 + κ̄
22, (A.22c)

D	4 − δ̄	3 + �
20 − δ̄
21 = −3λ	2 + 2(α + 2π)	3 + (ρ − 4ε)	4 + 2ν
10

− 2λ
11 − (2γ − 2γ̄ + μ̄)
20 − 2(τ̄ − α)
21 + σ̄
22, (A.22d)
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�	0 − δ	1 + D
02 − δ
01 = (4γ − μ)	0 − 2(2τ + β)	1 + 3σ	2

+ (ρ̄ + 2ε − 2ε̄)
02 + 2σ
11 − 2κ
12 − λ̄
00 + 2(π̄ − β)
01, (A.23a)

�	1 − δ	2 − �
01 + δ̄
02 − 2δ� = ν	0 + 2(γ − μ)	1 − 3τ	2 + 2σ	3

− ν̄
00 + 2(μ̄ − γ )
01 + (2α + τ̄ − 2β̄)
02 + 2τ
11 − 2ρ
12, (A.23b)

�	2 − δ	3 + D
22 − δ
21 + 2�� = 2ν	1 − 3μ	2 + 2(β − τ)	3 + σ	4

− 2μ
11 − λ̄
20 + 2π
12 + 2(β + π̄)
21 + (ρ̄ − 2ε − 2ε̄)
22, (A.23c)

�	3 − δ	4 − �
21 + δ̄
22 = 3ν	2 − 2(γ + 2μ)	3 + (4β − τ)	4 − 2ν
11

− ν̄
20 + 2λ
12 + 2(γ + μ̄)
21 + (τ̄ − 2β̄ − 2α)
22, (A.23d)

D
11 − δ
10 + �
00 − δ̄
01 + 3D� = (2γ + 2γ̄ − μ − μ̄)
00 + (π − 2α − 2τ̄ )
01

+ (π̄ − 2ᾱ − 2τ)
10 + 2(ρ + ρ̄)
11 + σ̄
02 + σ
20 − κ̄
12 − κ
21,

(A.24a)

D
12 − δ
11 + �
01 − δ̄
02 + 3δ� = (2γ − μ − 2μ̄)
01 + ν̄
00 − λ̄
10 + 2(π̄ − τ)
11

+ (π + 2β̄ − 2α − τ̄ )
02 + (2ρ + ρ̄ − 2ε̄)
12 + σ
21 − κ
22, (A.24b)

D
22 − δ
21 + �
11 − δ̄
12 + 3�� = ν
01 + ν̄
10 − 2(μ + μ̄)
11 − λ
02 − λ̄
20

+ (2π − τ̄ + 2β̄)
12 + (2β − τ + 2π̄)
21 + (ρ + ρ̄ − 2ε − 2ε̄)
22. (A.24c)

A.2. Electromagnetic field

For the description of an electromagnetic field, we use the electromagnetic field tensor Fab

and its spinor equivalent φAB :

Fab = φABεA′B ′ + φ̄A′B ′εAB. (A.25)

The NP components of the Maxwell spinor are defined by

φ0 = Fab la mb = φAB oA oB,

φ1 = 1
2Fab[lanb − mam̄b] = φAB oAιB, (A.26)

φ2 = Fabm̄
a nb = φABιAιB.

The conformal transformation of these quantities is given by

φ̃AB = �φAB, φ̃i = �i+1φi. (A.27)

Maxwell’s equations without sources are equivalent to the (conformally invariant) spin-1
zero-rest-mass equation

∇A
A′φAB = 0. (A.28)

Projecting this onto the spin basis we obtain Maxwell’s equations in the NP formalism:

Dφ1 − δ̄φ0 = (π − 2α)φ0 + 2ρφ1 − κφ2, (A.29a)

Dφ2 − δ̄φ1 = −λφ0 + 2πφ1 + (ρ − 2ε)φ2, (A.29b)

�φ0 − δφ1 = (2γ − μ)φ0 − 2τφ1 + σφ2, (A.29c)

�φ1 − δφ2 = νφ0 − 2μφ1 + (2β − τ)φ2. (A.29d)
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Appendix B. Conformal field equations

B.1. Einstein–Maxwell fields

The projections of equation (17),

∇AA′∇BB ′� = �3φAB φ̄A′B ′ − �
ABA′B ′ + (F + ��)εA′B ′εAB, (B.1)

onto the null tetrad imply the following system of equations:

DS0 + (ε + ε̄)S0 + κ̄S1 + κS̄1 = �3φ0φ̄0 − �
00, (B.2a)

DS1 − π̄S0 + (ε̄ − ε)S1 + κS2 = �3φ0φ̄1 − �
01, (B.2b)

δS0 − (ᾱ + β)S0 + ρ̄S1 + σ S̄1 = �3φ0φ̄1 − �
01, (B.2c)

δS1 − λ̄S0 + (ᾱ − β)S1 + σS2 = �3φ0φ̄2 − �
02, (B.2d)

DS2 − F − �� − πS1 − π̄ S̄1 + (ε + ε̄)S2 = �3φ1φ̄1 − �
11, (B.2e)

δS̄1 + F + �� − μS0 + (β − ᾱ)S̄1 + ρ̄S2 = �3φ1φ̄1 − �
11, (B.2f )

δS2 − μS1 − λ̄S̄1 + (ᾱ + β)S2 = �3φ1φ̄2 − �
12, (B.2g)

�S0 − F − �� − (γ + γ̄ )S0 + τ̄ S1 + τ S̄1 = �3φ1φ̄1 − �
11, (B.2h)

�S1 − ν̄S0 + (γ̄ − γ )S1 + τS2 = �3φ1φ̄2 − �
12, (B.2i)

�S2 − νS1 − ν̄S̄1 + (γ + γ̄ )S2 = �3φ2φ̄2 − �
22. (B.2j )

The projections of equation (19),

∇AA′F = �2φB
Aφ̄B ′

A′∇BB ′� − 
ABA′B ′∇BB ′
� + �∇AA′�, (B.3)

give

DF = −S0
11 + S1
10 + S̄1
01 − S2
00

+ �2[S0φ1φ̄1 − S1φ1φ̄0 − S̄1φ0φ̄1 + S2φ0φ̄0] + �S0, (B.4a)

δF = −S0
12 + S1
11 + S̄1
02 − S2
01

+ �2[S0φ1φ̄2 − S1φ1φ̄1 − S̄1φ0φ̄2 + S2φ0φ̄1] + �S1, (B.4b)

�F = −S0
22 + S1
21 + S̄1
12 − S2
11

+ �2[S0φ2φ̄2 − S1φ2φ̄1 − S̄1φ1φ̄2 + S2φ1φ̄1] + �S2. (B.4c)

The conformal Bianchi identities (9) for the Einstein–Maxwell field projected onto the
spin basis imply the following system:

Dψ1 − δ̄ψ0 = (π − 4α)ψ0 + 2(ε + 2ρ)ψ1 − 3κψ2 − 3S1φ0φ̄0 + 3S0φ0φ̄1

+ �[2σφ1φ̄0 − 2βφ0φ̄0 + 2εφ0φ̄1 − 2κφ1φ̄1 + φ̄0δφ0 − φ̄1Dφ0], (B.5a)

Dψ2 − δ̄ψ1 = −λψ0 + 2(π − α)ψ1 + 2ρψ2 − 2κψ3 − S2φ0φ̄0 − 2S1φ1φ̄0

+ 2S0φ1φ̄1 + S̄1φ0φ̄1 + 2
3 �[φ̄0δφ1 − φ̄1Dφ1 − (γ + μ)φ0φ̄0 + τφ1φ̄0

+ (α + π)φ0φ̄1 + σφ2φ̄0 − ρφ1φ̄1 − κφ2φ̄1] + 1
3 �[φ̄0�φ0 − φ̄1δ̄φ0], (B.5b)
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Dψ3 − δ̄ψ2 = −2λψ1 + 3πψ2 + 2(ρ − ε)ψ3 − κψ4 − 2S2φ1φ̄0 − S1φ2φ̄0 + S0φ2φ̄1

+ 2S̄1φ1φ̄1 + 2
3 �[−νφ0φ̄0 − μφ1φ̄0 + λφ0φ̄1 + (β + τ)φ2φ̄0 + πφ1φ̄1

− (ε + ρ)φ2φ̄1 + φ̄0�φ1 − φ̄1δ̄φ1] + 1
3 �[φ̄0δφ2 − φ̄1Dφ2], (B.5c)

Dψ4 − δ̄ψ3 = −3λψ2 + 2(α + 2π)ψ3 + (ρ − 4ε)ψ4 − 3S2φ2φ̄0 + 3S̄1φ2φ̄1

+ �[φ̄0�φ2 − φ̄1δ̄φ2 − 2νφ1φ̄0 + 2γφ2φ̄0 + 2λφ1φ̄1 − 2αφ2φ̄1], (B.5d)

δψ1 − �ψ0 = (μ − 4γ )ψ0 + 2(β + 2τ)ψ1 − 3σψ2 − 3S1φ0φ̄1 + 3S0φ0φ̄2

+ �[−2βφ0φ̄1 + 2σφ1φ̄1 + 2εφ0φ̄2 − 2κφ1φ̄2 − φ̄2Dφ0 + φ̄1δφ0], (B.5e)

δψ2 − �ψ1 = −νψ0 + 2(μ − γ )ψ1 + 3τψ2 − 2σψ3 − S2φ0φ̄1 − 2S1φ1φ̄1 + 2S0φ1φ̄1

+ S̄1φ0φ̄2 + 2
3 �[−(γ + μ)φ0φ̄1 + τφ1φ̄1 + σφ2φ̄1 + (π + α)φ0φ̄2

− ρφ1φ̄2 − κφ2φ̄2 + φ̄1δφ1 − φ̄2Dφ1] + 1
3 �[φ̄1�φ0 − φ̄2δ̄φ0], (B.5f )

δψ3 − �ψ2 = −2νψ1 + 3μψ2 + 2(τ − β)ψ3 − σψ4 − 2S2φ1φ̄1 − S1φ2φ̄1 + S0φ2φ̄2

+ 2S̄1φ1φ̄2 + 2
3 �[−νφ0φ̄1 − μφ1φ̄1 + (β + τ)φ2φ̄1 + λφ0φ̄2 + πφ1φ̄2

− (ε + ρ)φ2φ̄2 + φ̄1�φ1 − φ̄2δ̄φ1] + 1
3 �[φ̄1δφ2 − φ̄2Dφ2], (B.5g)

δψ4 − �ψ3 = −3νψ2 + 2(2γ + 2μ)ψ3 + (τ − 4β)ψ4 − 3S2φ2φ̄1 + 3S̄1φ1φ̄2

+ �[−2νφ1φ̄1 + 2γφ2φ̄1 + 2λφ1φ̄2 − 2αφ2φ̄2 + φ̄1�φ2 − φ̄2δ̄φ2]. (B.5h)

Appendix C. Reissner–Nordström spacetime

To justify our choice of gauge and show that the choice made by [10] is too restrictive, we
shall show here how a simple spacetime, namely the Reissner–Nordström solution, appears in
our gauge. The physical metric is

ds̃2 =
(

1 − 2m

r̃
+

Q2

r̃2

)
dt2 −

(
1 − 2m

r̃
+

Q2

r̃2

)−1

dr̃2 − r̃2 d�2, (C.1)

where Q is the charge and d�2 = dθ2 +sin2 θ dφ2. In the standard conformal compactification
of the Reissner–Nordström spacetime one introduces the ‘tortoise coordinate’ r∗ and the
advanced time v by

dr̃ =
(

1 − 2m

r̃
+

Q2

r̃2

)
dr∗,

v = t + r∗.
(C.2)

In these coordinates the physical metric acquires the form

ds̃2 =
(

1 − 2m

r̃
+

Q2

r̃2

)
(dv2 − 2 dv dr∗) − r̃2 d�2. (C.3)

We compactify it by defining the coordinate

r = r̃−1 (C.4)

and the conformal factor

� = r. (C.5)
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The unphysical metric then reads

ds2 = r2(1 − 2 m r + Q2 r2) dv2 + 2 dv dr − d�2. (C.6)

Comparing this with (31)–(34), we find the metric functions to be

H = 1

2
r2 − m r3 +

1

2
Q2 r4,

CI = 0,

P 2 = 1√
2
,

P 3 = i√
2 sin θ

.

(C.7)

From the metric the other geometrical quantities follow. The spin coefficients are all zero,
except for

ε = − 1
2 r + 3

2 m r2 − Q2 r3, α = −β = − 1
2
√

2
cot θ. (C.8)

The non-zero components of the Weyl and Ricci tensor read

ψ2 = m − Q2 r,


11 = 1
2 − 3

2 m r + 3
2 Q2 r2, (C.9)

� = 1
2 m r − 1

2 Q2 r2.

The electromagnetic 4-potential and corresponding electromagnetic tensor in these
coordinates are

Aμ = (Q r, 0, 0, 0), Fμν = −Qεμν 2 3. (C.10)

The only non-vanishing NP component of Fμν is

φ1 = Q, (C.11)

as one would expect. All these results are in accordance with results obtained in the text. On
the other hand, the gauge condition � = 0 everywhere, imposed in [10], leads to a periodic
unphysical metric only if m = 0, i.e. flat spacetime. This can be seen as follows: we need to
rescale the metric (C.6) say to

ĝab = �−2gab

so that, by (A.15),

�̂ = �−2
(
�� + 1

4 ��
) = 0,

where the boundary conditions on � are that � = 1 on r = 0 and, say, v = 0 (in order to
preserve the conditions that ρ = 0 on r = 0, μ = 0 on v = 0 and � = 1 on v = r = 0). With
the metric (C.6), this wave equation on � becomes

2∂v∂r� = ∂r(A∂r�) − L2� − 2(mr − Qr2)�, (C.12)

with A = r2(1 − 2mr + Q2r2) and

L2� = 1

sin θ

∂

∂θ

(
∂�

∂θ

)
+

1

sin2 θ

∂2�

∂θ2
.

Now from (C.12) evaluated at r = 0, we calculate ∂v∂r� = 0 so that ∂r� is constant on I−,
but it vanishes at v = 0 so it is zero for all v. Then from (C.12) again at I−,

∂v∂
2
r � = −m.

Thus � cannot be periodic in v unless m = 0, in which case the physical metric is flat.
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Abstract
We extend the work in our earlier paper (Bičák J et al 2010 Class. Quantum
Grav. 27 055007 ) to show that time-periodic, asymptotically flat solutions of
the Einstein equations analytic at I, whose source is one of a range of scalar-
field models, are necessarily stationary. We also show that, for some of these
scalar-field sources, in stationary, asymptotically flat solutions analytic at I,
the scalar field necessarily inherits the symmetry. To prove these results we
investigate miscellaneous properties of massless and conformal scalar fields
coupled to gravity, in particular Bondi mass and its loss.

PACS numbers: 04.20.−q, 04.20.Cv, 04.20.Ex, 04.20.Ha, 04.40.Nr

1. Introduction

In this paper, we continue the study begun in [4] (paper I) of asymptotically flat solutions of
Einstein’s equations that are periodic in time. In [4], we showed that such spacetimes, if either
vacuum or electrovacuum and analytic at I, are necessarily stationary near I. Here we extend
this result to spacetimes whose source is one of a range of scalar-field models.

In [4], we also considered the problem of inheritance of symmetry. This is the question
of whether, if a spacetime which is a solution of Einstein’s equations with some matter source
has a symmetry, the matter source necessarily has the same symmetry. For asymptotically
flat electrovacuum spacetimes which are analytic near I we showed that the symmetry is
necessarily inherited. For scalar-field sources, we now obtain the same result in some cases
but not in others.

0264-9381/10/175011+29$30.00 © 2010 IOP Publishing Ltd Printed in the UK & the USA 1
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The scalar fields we consider fall into two broad classes. The first class includes the
complex, massless Klein–Gordon (KG) field which satisfies wave equation (1) and has an
energy–momentum tensor as in (2). Here we prove

Theorem 5.2. A weakly asymptotically simple time-periodic solution of the Einstein-
massless-KG field equations which is analytic in a neighbourhood of I− necessarily has a
Killing vector which is time-like in the interior and extends to a translation on I−.

It is also possible to include a potential for the scalar field, as in subsection (2.3), and
therefore to include a mass-term, and the above result will continue to hold subject to a weak
condition on the potential. Now one knows, for example from [5], that there exist boson-
star solutions of the Einstein-massive-KG system for which the metric is static, spherically
symmetric and asymptotically flat, while the complex scalar field takes the form f (r) eiωt :
these solutions are genuinely periodic in time but not stationary, and the source does not inherit
all the symmetries of the metric. However, it is easy to see that these solutions are not analytic
near I, which is why they do not violate our result.

The other class of scalar fields contains what we shall call the conformal scalar field,
that is, it satisfies the conformally invariant wave equation (35). For simplicity, we shall take
the field to be real, though the formalism allows a complex field. In the real case, there is
a conserved energy–momentum tensor for such a source due originally to [14] (see also [7]
and [15]), given in (36). This leads to a form of the Einstein equations (37) studied in [11],
where it was shown that there is a well-posed initial-value problem. With suitable data on
hyperboloidal surfaces extending to I, there exist asymptotically flat solutions even with a
regular point at i+ [11]. Explicit static spherically symmetric solutions were earlier given
in [2, 3]. Starting from the assumption of an asymptotically flat solution of these Einstein
equations, we may proceed as before, with the corresponding result.

Theorem 5.3. A weakly asymptotically simple time-periodic solution of the Einstein-
conformal-scalar-field equations which is analytic in a neighbourhood of I− necessarily has
a Killing vector which is time-like in the interior and extends to a translation on I−.

Turning to the question of inheritance, for the first class of fields we show (theorem 6.1)
that the only way a stationary symmetry can fail to be inherited in the class of spacetimes
under consideration is if the (necessarily complex) scalar field has the form f (xi) eiωt in terms
of the comoving space-coordinates xi and time t. This is periodic and the previous result can
be applied to deduce that the symmetry is in fact inherited. For a complex conformal scalar
field, the same argument can be used to show that there are no non-inheriting fields of this
form but this is only a partial result as we cannot characterize the non-inheriting fields in the
same way.

The plan of the paper is as follows: in section 2 we review the Einstein-massless-KG
equations and show how to formulate the conformal Einstein-massless-KG equations, by
which we mean the equations formulated for an unphysical, rescaled metric which correspond
to the physical Einstein-massless-KG equations. This enables the equations to be extended to
I. In section 3, we do the same thing for the Einstein-conformal-scalar equations, using the
conserved energy–momentum tensor proposed in [14] (see also [7]). This energy–momentum
tensor does not satisfy the dominant energy condition, but we give some arguments why it
might nonetheless lead to positive total energy. In section 4, we give expressions for the Bondi
mass and Bondi mass-loss for both classes of scalar-field sources. The Bondi mass-loss for
the conformal scalar field is not manifestly positive (at I+) but in the periodic case the average
over a period is. In section 5, we recall the coordinate and null-tetrad system used in [4]

2



Class. Quantum Grav. 27 (2010) 175011 J Bičák et al

and prove theorems 5.2 and 5.3 to show that in this setting, periodic solutions are actually
stationary. The proof is much as in [4]: one shows inductively that all radial derivatives of all
metric components at I− are v-independent so K = ∂/∂v is a Killing vector. In section 6, we
discuss inheritance and prove theorem 6.1 to show that stationarity is necessarily inherited in
an analytic, weakly asymptotically flat, Einstein-massless-KG solution.

In order to be able to follow clearly the arguments in the main text, in appendix A we
review all Newman–Penrose equations for a general source: that is, the commutation relations
of the NP operators, and the Ricci and Bianchi identities. In appendix B the conformally
rescaled scalar wave equations and conformal Bianchi identities for the massless scalar field
are written down in an unphysical space in manifestly regular form. The regular conformal
Bianchi identities for conformally invariant scalar fields follow in fact from the conformal
Bianchi identities for any matter field for which the Ricci spinor behaves as O(�2) at I. The
projections of the Bianchi identities are given in section B.4 of appendix B. The asymptotic
form of the solutions of the Einstein-massless-scalar-field equations at future null infinity I+

is discussed in appendix C; this is used in section 4 in the derivation of the Bondi mass and
the mass-loss formula for both massless KG field and conformal-scalar field. Finally, in
appendix D we give some examples of exact solutions of the Einstein-conformal-scalar
equations and discuss the possible presence of singularities.

2. The massless KG field

2.1. Basic relations

First we investigate the complex scalar field which satisfies the massless KG equation in the
physical spacetime:

�̃ φ̃ = 0. (1)

We shall consistently use the tilde to indicate quantities in the physical spacetime, untilded
quantities referring to the rescaled, unphysical spacetime. The energy–momentum tensor
whose conservation is implied by this equation is

T̃ab = 1

4π
[2(∇̃(aφ̃)(∇̃b)

˜̄φ) − g̃abg̃
cd(∇̃cφ̃)(∇̃d

˜̄φ)]. (2)

First we have to determine the conformal behaviour of the scalar field. Since wave
equation (1) is not conformally invariant, there is a priori no preferred choice. However, since
near I− (r̃ → ∞) the radiative part of the field behaves as

φ̃ ∼ 1

r̃
, (3)

and we wish to have a non-vanishing regular unphysical field on I−, we define

φ̃ = � φ. (4)

In the following, we employ the notation

ϕ̃AA′ = ∇AA′ φ̃, ϕAA′ = ∇AA′φ, sAA′ = ∇AA′�, (5)

and using the NP formalism4 we denote the components of the fields sa and ϕa by the special
symbols:

D� = s00′ = S0, δ� = s01′ = S1, δ̄� = s10′ = S1̄ = S̄1, 	� = s11′ = S2,

Dφ = ϕ00′ = ϕ0, δφ = ϕ01′ = ϕ1, δ̄φ = ϕ10′ = ϕ1̄, 	φ = ϕ11′ = ϕ2,
(6)

and correspondingly with tildes in the physical spacetime.
4 The explicit expressions for the NP tetrad, the corresponding spin basis, the NP operators, etc. in the coordinate
system (v, r, θ, φ) used in the following are introduced in section 3 and appendix A of paper I and repeated in
section 5.
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In this notation, the spinor form of Einstein’s equations in the physical spacetime is

�̃ABA′B ′ = 2 ϕ̃(A(A′ ˜̄ϕB ′)B),

6�̃ = −ϕ̃c ˜̄ϕc; (7)

the components of the Ricci spinor with respect to the spin basis are

�̃00 = 2 ϕ̃0 ˜̄ϕ0,

�̃01 = 2 ϕ̃(0 ˜̄ϕ1),

�̃02 = 2 ϕ̃1 ˜̄ϕ1,

�̃11 = ϕ̃(0 ˜̄ϕ2) + ϕ̃(1 ˜̄ϕ1̄),

�̃12 = 2 ϕ̃(1 ˜̄ϕ2),

�̃22 = 2 ϕ̃2 ˜̄ϕ2,

(8)

and the scalar curvature is

�̃ = 1
3 [− ϕ̃(0 ˜̄ϕ2) + ϕ̃(1 ˜̄ϕ1̄)]. (9)

2.2. The conformal Einstein-massless-KG equations

In this subsection, we find a system of equations regular at I for all unphysical quantities.
This system, by analogy with Friedrich’s ‘conformal Einstein equations’ [9], we shall call the
‘conformal Einstein-massless-KG equations’.

In [4] we derived the physical Bianchi identities expressed in terms of the unphysical
quantities as

�2 ∇D
A′ψABCD = �∇B ′

(C �AB)A′B ′ + sB ′
(C �AB)A′B ′ + ∇B ′

(C ∇A(A′ sB ′)B), (10)

where sAA′ is given by (5), �ABA′B ′ is the Ricci spinor and ψABCD = �−1�ABCD is the rescaled
Weyl spinor (see equation (6) in paper I). Using the rule for the conformal transformation of
the Ricci spinor,

∇A(A′sB ′)B = ��̃ABA′B ′ − ��ABA′B ′ , (11)

we find

∇D
A′ ψABCD = �−2 sB ′

(C �̃AB)A′B ′ + �−1 ∇B ′
(C �̃AB)A′B ′ . (12)

The right-hand side of this equation is not manifestly regular on I, while the left-hand side is
regular by assumption of asymptotic flatness.

Next we express the physical Ricci spinor via the unphysical quantities,

�̃ABA′B ′ = 2 �2 ϕ(A(A′ ϕ̄B ′)B) + 2 φ φ̄ s(A(A′ sB ′)B) + 2 � φ̄ ϕ(A(A′ sB ′)B) + 2 �φ ϕ̄(A(A′ sB ′)B),

(13)

and insert this expression into (12).
In order to simplify the resulting equations, we introduce the following notation: let

Xa, Ya and Za be the arbitrary vector fields and define

(XYZ) = XB ′
(C YA(A′ ZB ′)B). (14)

The expression (XYZ) is obviously symmetric in YZ. It is straightforward to derive the
relation

(XYZ) + (ZXY) + (YZX) = 0, (15)

with the special case (XXX) = 0.

4
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After inserting the Ricci spinor (13) into the Bianchi identities (12), we arrive at

∇D
A′ψABCD = 2�−1(2 φ̄(sϕs) + 2 φ(sϕ̄s) + φ(ϕ̄s s) + φ̄(ϕs s) + φφ̄(∇s s))

+ 6 (sϕϕ̄) + 2 (ϕ̄ϕ s) + 2 (ϕϕ̄ s) + 2 φ̄ (∇ϕ s) + 2 φ (∇ϕ̄ s) + 2 �(∇ϕ ϕ̄). (16)

This can be simplified using identity (15):

∇D
A′ψABCD = 2φφ̄�−1(∇s s) + 2 �(∇ϕϕ̄) + 4(sϕϕ̄) + 2φ̄(∇ϕs) + 2φ(∇ϕ̄s), (17)

where, e.g., (∇ϕs) = ∇B ′
(C(ϕA(A′sB ′)B)), so ∇ acts on both ϕ and s. The last equation is still

formally singular on I− because of the factor �−1, but using (11) we finally obtain

∇D
A′ψABCD = 2 φ φ̄ sB ′

(C�AB)A′B ′ + 4 (s ϕ ϕ̄) + 2 φ (∇ s ϕ̄) + 2 φ̄ (∇ s ϕ)

+ 4 �
[

1
2 (∇ ϕ ϕ̄) − φ φ̄2 (s ϕ s) − φ̄ φ2 (s ϕ̄ s)

] − 4 �2 φ φ̄ (s ϕ ϕ̄), (18)

which is manifestly smooth at I.
Next we wish to derive equations for the conformal factor. The commutator of covariant

derivatives annihilates scalars, so contracting ∇[a∇b]� = 0 with εA′B ′
gives the relation

∇A′(A sA′
B) = 0. (19)

By decomposing ∇AA′sBB ′ into its symmetric and antisymmetric parts and using the above
equation, we obtain

∇AA′ sBB ′ = ∇(A(A′ sB ′)B) + 1
4 εAB εA′B ′ � �. (20)

The first term on the rhs is given by (11). We now define the quantity (cf equation (15) in
paper I)

F = 1
2 �−1 gab sa sb, (21)

which is regular on I. The rule for the conformal transformation of the scalar curvature can
be written in the form (equation (16) in paper I)

�� = 4�� − 4�−1 �̃ + 4F. (22)

We thus have found an expression for the second derivatives of the conformal factor �:

∇AA′sBB ′ = ��̃ABA′B ′ − ��ABA′B ′ + εAB εA′B ′ (�� − �−1�̃ + F). (23)

The last expression contains a term �−1�̃ which again seems to be singular on I. This is
not the case, however, since by (7), (4) and (21) we have

�̃ = − 1
6 �3[�ϕc ϕ̄c + φϕ̄c sc + φ̄ ϕc sc + 2 φ φ̄ F ]. (24)

The physical scalar curvature is therefore manifestly at least O(�3).
The projections of the last equation are written down explicitly in appendix B,

equations (B.6)–(B.15). Now we wish to derive equations governing the quantity F. The
contracted Ricci identities read

∇a �� − ∇b∇a sb = Rd
a sd . (25)

Using the spinor decomposition of the Ricci tensor

Rab = −2�ABA′B ′ + 6�εAB εA′B ′ , (26)

and expression (23), we find after some arrangements

∇AA′F = 1
3 �1 ∇BB ′

�̃ABA′B ′ + 1
3 sBB ′

�̃ABA′B ′ − sBB ′
�ABA′B ′

+ �sAA′ − �−2 �̃ sAA′ + �−1 ∇AA′�̃. (27)

The first term on the rhs can be rewritten as

∇BB ′
�̃ABA′B ′ = �−2 ∇̃BB ′

�̃ABA′B ′ + 2 �−1 �̃ABA′B ′ sBB ′
. (28)

5
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Now we employ the contracted physical Bianchi identities ∇̃AA′
�̃ABA′B ′ = −3∇̃BB ′�̃ and

obtain

∇AA′F = sBB ′
�̃ABA′B ′ − sBB ′

�ABA′B ′ + (� − �−2 �̃) sAA′ . (29)

The projections of this equation can be found in appendix B, equations (B.17)–(B.19).
Finally we derive conformal equations for the field ϕAA′ . The expression (� + 4�)φ is

conformally invariant with the conformal weight 3, so

�φ = −4(� − �−2 �̃) φ, (30)

where we used wave equation (1) in the physical spacetime. The symmetric part of ∇A′
A ϕBA′

is zero and we find

∇A′
A ϕBA′ = − 1

2εAB � φ. (31)

Combining the last two equations we arrive at

∇A′
A ϕBA′ = 2 (� − �−2�̃) φ εAB. (32)

To summarize, in the unphysical spacetime we have the following variables:
{�,φ, sa, ϕa, F,ψABCD,�ABA′B ′ ,�}. The evolution of these quantities is given by
equations (18), (23), (29) and (32), together with the contracted Bianchi identities

∇AA′
�ABA′B ′ = −3∇BB ′�. (33)

2.3. Potentials

The massless KG equation (1) can be generalized to include self-interactions of the scalar field
by adding a potential term to the energy–momentum tensor (2),

T̃ab �→ T̃ab +
1

4π
g̃abV (φ̃, ˜̄φ),

so that the field equation acquires the form

�̃ φ̃ +
∂V

∂ ˜̄φ
= 0.

Since the potential term in the energy–momentum tensor is proportional to the metric, it
will contribute to the scalar curvature �̃, but not to the trace-free Ricci spinor. The new form
of Einstein’s equations (7) is therefore

�̃ABA′B ′ = 2ϕ̃(A(A′ ˜̄ϕB ′)B), 6�̃ = −ϕ̃c ˜̄ϕc + 2V. (34)

For our proof we require φ = �−1φ̃ and �−3�̃ to be regular on I−, cf (4), (29) and (24).
From (34) we can see that this will be satisfied, if �−3V is regular on I−. In this case the
proof works without change. An example is massless φ4-theory, where V = (φ̃ ˜̄φ)2 = O(�4).

If there is a mass term m2φ̃ ˜̄φ in V, the asymptotic behaviour of the unphysical field
changes to

φ = O(e−mr̃),

so

�−3m2φ̃ ˜̄φ ∼ m2r̃ e−2mr̃ ,

which is regular. The field φ is now not analytic at I−, so our argument does not apply to this
case, which is the class including the boson stars of [5]. Note, however, that in general the
asymptotic behaviour of massive fields at I is a subtle question which appears to be carefully
analysed only at the level of linearized theory [17].
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3. The conformal-scalar field

3.1. Basic relations

Consider now the conformal-scalar field, by which we mean a scalar field satisfying the
equation (

�̃ + 1
6 R̃

)
φ̃ ≡ (�̃ + 4 �̃)φ̃ = 0. (35)

This is conformally invariant if φ transforms as (4), i.e. φ̃ = �φ. For simplicity we assume the
field φ to be real, but the procedure is easily generalized to complex φ. The energy–momentum
tensor conserved due to equation (35) is (see [7, 14] or [15], Volume II, p 125)

T̃ab = 1

4π
[2 ϕ̃A(A′ ϕ̃B ′)B − φ̃ ∇̃A(A′ ϕ̃B ′)B + φ̃2 �̃ABA′B ′ ]. (36)

Furthermore, this energy–momentum tensor also has good conformal behaviour rescaling as

T̃ab = �2Tab,

but it will not satisfy any of the usual energy conditions. We shall return to this point. We
take Einstein’s equations to be, as usual,

�̃ab + 3�̃g̃ab = 4πT̃ab;
then we can solve to find

�̃ABA′B ′ = (1 − φ̃2)−1[2 ϕ̃(A(A′ ϕ̃B ′)B) − φ̃ ∇̃(A(A′ ϕ̃B ′)B)],

�̃ = 0.
(37)

These equations are singular when φ̃2 = 1 but there are known solutions which avoid this
singularity [2, 3] (for explicit examples, see appendix D) and it is known that there is a well-
posed initial-value problem [11] which with suitable data extends to I+. We shall therefore
assume that we have an asymptotically flat solution, periodic in time, with φ̃ tending to zero
at infinity, so that φ̃2 < 1 everywhere.

In the absence of the dominant energy condition, it is not clear that any version of the
positive mass theorem holds but there is some reason to expect a positive global energy. To see
this, integrate the energy density over an asymptotically flat maximal space-like hypersurface
� (assuming for the moment that one exists) with normal Na. Note from (36) and (37) that

T̃ab = 1

4π

1

1 − φ̃2
[2 ϕ̃A(A′ ϕ̃B ′)B − φ̃ ∇̃A(A′ ϕ̃B ′)B]. (38)

Then a measure of total energy at � is

E: =
∫

T̃abN
aNb d�

= 1

4π

∫
1

1 − φ̃2

[
(Naϕ̃a)

2 − 1

2
g̃abϕ̃aϕ̃b − φ̃ Na Nb ∇̃a ϕ̃b

]
d�. (39)

Now,

NaNb∇̃aϕ̃b = (hab + g̃ab)∇̃aϕ̃b = hij ∇̃i ϕ̃j = hijDiϕ̃j + (Naϕ̃a)K,

where Di is the derivative operator associated with the three-dimensional metric hij induced
on �, K is the trace of the extrinsic curvature which vanishes for a maximal surface, and we
have used �̃φ̃ = 0.

Note also

g̃abϕ̃aϕ̃b = (Naϕ̃a)
2 − hij ϕ̃i ϕ̃j ,

7
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and integrate by parts in (39) to find

E = 1

4π

∫
d� (1 − φ̃2)−1

[
3

2
(Naϕ̃a)

2 +
1

2

3 + φ̃2

1 − φ̃2
hij ϕ̃i ϕ̃j

]
,

which is manifestly non-negative. Thus, on a maximal surface the global energy is positive
without local positivity. Positive energy also holds for hyperplanes in Minkowski space with
Tab as in (36) and we shall see something similar below, namely that, while the Bondi mass-loss
is not necessarily positive at any particular cut, nonetheless the mass-loss integrated over a
period in a periodic spacetime is non-negative.

The Ricci spinor written in terms of unphysical quantities reads

(1 − �2φ2)�̃ABA′B ′ = 2 �2 ϕ(A(A′ ϕB ′)B) − �2 φ ∇(A(A′ ϕB ′)B) − �φ2 ∇(A(A′ sB ′)B). (40)

Let us define the ‘rescaled Ricci spinor’

φABA′B ′ = �−2 �̃ABA′B ′ , (41)

which should be distinguished from the unphysical Ricci spinor. Substituting the rule for the
conformal transformation of the Ricci spinor (11) into (40) we arrive at the following simple
expression for the rescaled Ricci spinor:

φABA′B ′ = 2 ϕ(A(A′ ϕB ′)B) − φ ∇(A(A′ϕB ′)B) + φ2 φABA′B ′ . (42)

This spinor is regular on I−. Note that we do not write the tilde over φABA′B ′ (as we
wrote over �̃ABA′B ′ in (7)), since we expect that the physical Ricci spinor has already been
expressed in terms of the unphysical quantities and the following relations become simpler.
The components of φABA′B ′ with respect to the spin basis are

φ00 = 2ϕ2
0 − φ[Dϕ0 − (ε + ε̄)ϕ0 + κ̄ϕ1 + κϕ1̄] + φ2 �00,

φ01 = 2ϕ0ϕ1 − 1
2φ[Dϕ1 + δϕ0 − (ᾱ + β + π̄)ϕ0 + κϕ2 + (ρ̄ − ε + ε̄)ϕ1 + σϕ1̄] + φ2 �01,

φ02 = 2ϕ2
1 − φ[δϕ1 − λ̄ϕ0 + σϕ2 + (ᾱ − β)ϕ1] + φ2 �02,

φ12 = 2ϕ1ϕ2 − 1
2φ[	ϕ1 + δϕ2 − ν̄ϕ0 + (β + τ + ᾱ)ϕ2 + (γ̄ − γ − μ)ϕ1 − λ̄ϕ1̄] + φ2 �12,

φ22 = 2ϕ2
2 − φ[	ϕ2 + (γ + γ̄ )ϕ2 − νϕ1 − ν̄ϕ1̄] + φ2 �22,

φ11 = ϕ0ϕ2 + ϕ1ϕ1̄ − 1
4φ[Dϕ2 + 	ϕ0 + δϕ1̄ + δ̄ϕ1 − (γ + γ̄ + μ + μ̄)ϕ0]

− 1
4φ[(ρ + ρ̄ + ε + ε̄)ϕ2 + (τ̄ − α + β̄ − π)ϕ1 + (τ − ᾱ + β − π̄)ϕ1̄] + φ2 �11. (43)

3.2. The conformal Einstein-conformal-scalar equations

Now, as in subsection 2.2, we obtain a system of conformal Einstein equations, regular in the
unphysical, rescaled spacetime and equivalent to the Einstein-conformal-scalar equations.

In order to derive the conformal Bianchi identities for the conformal-scalar field we return
to the general physical Bianchi identities (12). Using the rescaled Ricci spinor instead of
�̃ABA′B ′ the Bianchi identities become

∇D
A′ ψABCD = 3 sB ′

(C φAB)A′B ′ + �∇B ′
(CφAB)A′B ′ . (44)

Projections of these equations on the spin basis can be found in appendix B, equations (B.51)–
(B.58).

Next we turn to the contracted Bianchi identities in the physical spacetime

∇̃BB ′
�̃ABA′B ′ = −3∇̃AA′ �̃, (45)

where �̃ = 0 by (37). Following the rules for the conformal transformation of the covariant
derivative we find that the left-hand side transforms like

∇̃BB ′
�̃ABA′B ′ = �2 ∇BB ′

�̃ABA′B ′ − 2 �sBB ′
�̃ABA′B ′ (46)

8
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or, using (41),

∇̃BB ′
�̃ABA′B ′ = �4 ∇BB ′

φABA′B ′ , (47)

and thus the contracted Bianchi identities have a simple form, just as in the physical spacetime:

∇BB ′
φABA′B ′ = 0. (48)

Projections of these equations on the spin basis can be obtained from the Bianchi identities
(A.8a)–(A.8c) by deleting terms containing � and replacing �mn �→ φmn.

4. Bondi mass

One of the necessary ingredients in this work is to find restrictions which the assumption
of periodicity imposes on the Bondi mass. As long as the Bondi mass MB(u) on I+ is a
non-increasing function of the retarded time u, it can be periodic only if it is constant. In [4]
we used the well-known formula for the Bondi mass of an electrovacuum spacetime5,

MB(u) = − 1

2
√

π

∮
dS

(
�0

2 + σ 0 ˙̄σ 0), (49)

when its time decrease is given by the ‘mass-loss’ formula

ṀB(u) = − 1

2
√

π

∮
dS

(
σ̇ 0 ˙̄σ 0 + φ0

2 φ̄0
2

)
. (50)

This expression is manifestly non-positive. To achieve periodicity of the Bondi mass we thus
had to set σ̇ 0 = 0 and φ0

2 = 0. The loss of the Bondi mass due to the gravitational radiation is
described by the news function − ˙̄σ 0 and the electromagnetic contribution by the quantity φ0

2 .
Periodicity thus requires the absence of both gravitational and electromagnetic radiation.

In order to repeat this reasoning in the case of spacetimes with scalar fields, we need
the appropriate formula for Bondi mass-loss. The gravitational contribution will again be
expressed by the news function and there will be a contribution from the matter. The energy
flux due to the matter is described by the energy–momentum tensor Tab (omitting tildes for
clarity, in this subsection only). If we write, using the NP formalism,

Tab = A la lb + B n(alb) + C na nb + · · · , (51)

then the component A = Tabn
anb is the energy radiated out of I+ (recall that na is tangential to

I+, and la points into the spacetime towards I−). In terms of the Ricci spinor NP component,
we get

Tab na nb ∝ �22. (52)

For the complex scalar field φ, �22 ∝ φ̇ ¯̇φ, where dot means the derivative with respect to u.
For the scalar field we thus expect

ṀB(u) = − 1

2
√

π

∮
[σ̇ 0 ˙̄σ 0 + k φ̇0 ˙̄φ0] dS, (53)

where k is a positive constant factor and φ0 is the radiative part of the scalar field, i.e.
φ = φ0 r−1 + O(r−2). We shall now calculate the Bondi mass for the scalar field which will
imply the exact formula for the mass-loss.

5 In fact, in [4] we constructed the proof—and the same will be done here—at I− where the Bondi mass is non-
decreasing but it is straightforward to get one from the other. Since it is more common to work at I+, in this section
we discuss the Bondi mass there.

9
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4.1. Massless KG field

To compute the Bondi mass we use a method based on the asymptotic twistor equation as
described in [16]. More details can be found in [12] or [15]. In this approach we have to find
the asymptotic solution of the Einstein-massless-KG equations in the neighbourhood of I+ (in
the physical spacetime). We give enough of this for our present purposes in appendix C.

The Bondi mass is then given by the coefficient μ(2), which is the O(�2) term in the
expansion of the spin coefficient μ. This term is given by (C.5) and reads

μ(2) = −ððσ̄ (0) − �
(0)
2 − 2�(0) − σ (0) ˙̄σ (0).

Since the term ððσ̄ (0) vanishes on integration, we find the Bondi mass to be (with the
normalization used in paper I)

MB(u) = − 1

2
√

π

∮
dS

[
�

(0)
2 + 2�(0) + σ (0) ˙̄σ (0)

]
. (54)

Using the expansion of � given by (C.6) leads to the final expression

MB(u) = − 1

2
√

π

∮
dS

[
�

(0)
2 +

1

3
∂u(φ

(0) φ̄(0)) + σ (0) ˙̄σ (0)

]
. (55)

To find the time derivative of the Bondi mass we use the leading term in the Bianchi
identity (A.7c):

�̇
(0)
2 + 2�̇(0) = ð�

(0)
3 + �

(0)
22 + σ (0) �

(0)
4 . (56)

The term ð�
(0)
3 vanishes on integration. By (C.6) we have �

(0)
4 = − ¨̄σ (0). The leading term

of �22 is found from (8) to be �
(0)
22 = 2φ̇(0) ˙̄φ(0), and the mass-loss formula thus acquires the

form

ṀB(u) = − 1

2
√

π

∮
dS[σ̇ (0) ˙̄σ (0) + 2 φ̇(0) ˙̄φ(0)]. (57)

This expression is manifestly non-positive. If we demand the spacetime to be periodic, the
Bondi mass must be constant, i.e.

˙̄σ (0) = φ̇(0) = 0.

4.2. Conformal-scalar field

The same calculation can be repeated with minor changes in the case of the conformal-scalar
field. Now we obtain the following expressions for the Bondi mass and its ‘loss’:

MB(u) = − 1

2
√

π

∮
dS

[
�

(0)
2 + σ (0) ˙̄σ (0)

]
,

ṀB(u) = − 1

2
√

π

∮
dS[σ̇ (0) ˙̄σ (0) + 2 (φ̇(0))2 − φ(0) φ̈(0)].

(58)

Now the formula for the rate of change of the Bondi mass is not manifestly non-positive,
so it can apparently increase as well as decrease. This seems to be a consequence of the fact
that the energy–momentum tensor (36) does not obey the energy condition Tabl

anb � 0 for
the arbitrary future null vectors la and na.

However, if the Bondi mass is supposed to be periodic, its overall change 	MB during
the one period T is non-positive. Indeed,

	MB = − 1

2
√

π

∫ u+T

u

du

∮
dS[σ̇ (0) ˙̄σ (0) + 3 φ̇(0) φ̇(0)] +

1

2
√

π

∮
dS [φ(0) φ̇(0)]u+T

u , (59)

10
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where we have integrated the term containing φ̈(0) by parts. The second term in (59) vanishes
because of periodicity and we arrive at a manifestly non-positive expression for the loss of
mass during one period. Such an expression can be periodic only if it is constant, so we again
obtain the condition

˙̄σ (0) = φ̇(0) = 0.

5. Periodic solutions are necessarily stationary: proof of the theorems

5.1. The massless KG field

In this section we prove that all periodic, asymptotically flat Einstein-massless-KG spacetimes,
analytic near I− in the coordinates we shall introduce, are necessarily stationary. First we
set up a coordinate system, choose the null tetrad and fix the conformal gauge as in paper I,
and the justification for the assertions below is given there. The coordinates are denoted as
xμ = (v, r, θ, φ). Here v is the affine parameter along the generators of I− and has the meaning
of the advanced time. The coordinate r is an affine parameter along the null geodesics ingoing
from I− with the property � = r + O(r2), and (θ, φ) are the standard spherical coordinates
on the unit sphere. The NP operators D,	 and δ representing derivatives in the directions of
the vectors l, n and m (constituting the null tetrad) can be expressed in the coordinates xμ in
the following way:

D = ∂v − H∂r + CI∂I ,

	 = ∂r ,

δ = P I∂I .

(60)

The metric functions H,CI and PI are governed by the frame equations

	H = −(ε + ε̄), (61)

δH = −κ, (62)

	CI = −2 πP I − 2π̄ P̄ I , (63)

δ̄P I − δP̄ I = (α − β̄) P I − (ᾱ − β)P̄ I , (64)

	P I = −(μ − γ + γ̄ )P I − λ̄P̄ I , (65)

δCI − D P I = −(ρ + ε − ε̄)P I − σ P̄ I , (66)

which can be understood as determining the nonzero spin coefficients. We choose

P 2 = 1√
2
, P 3 = i√

2 sin θ
on I−. (67)

The metric functions H and CI vanish on I− by construction, so the operator D reduces to ∂v

there, and we have

H = CI = 0, DP I = 0 on I−. (68)

As a consequence of the choice of the coordinates and the tetrad, we have

ρ − ρ̄ = μ − μ̄ = ν = π − α − β̄ = τ̄ − β − ᾱ = 0, everywhere,

α = −β = − 1

2
√

2
cot θ, κ = 0, on I−.

(69)

11
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Exploiting the tetrad gauge freedom corresponding to the rotation of (m, m̄) we achieve

γ = 0 everywhere, ε = 0 on I−. (70)

Using the conformal gauge freedom we set

μ = 0 everywhere. (71)

Recall from (24) that the physical scalar curvature is O(�3). Equations (B.6)–(B.15) for
the conformal factor then reveal that on I−

F = ρ = σ = π = τ̄ = 0,

	S0 = 	S1 = 	S2 = DS2 = 0.
(72)

Equations (B.17) and (B.18) for derivatives of F imply

�00 = �01 = 0 on I−. (73)

We saw in the previous section that the periodicity of the solution requires the constancy
of the Bondi mass. This is expressed by the relations

ψ0 = 	�0 = 0,

ϕ0 = Dφ = 0,
on I−. (74)

These equations also imply Dϕ1 = Dϕ1̄ = 0 on I−, as can be seen from (B.2) and (A.1).
First we prove that, assuming periodicity, all NP quantities are time-independent on I−,

i.e. independent of v. This follows immediately from the choices made above for all spin
coefficients except for λ. The Ricci identity (A.5g) and Bianchi identity (A.7a) show

Dλ = �20, D�02 = 0 on I−, (75)

and therefore

D2λ = 0. (76)

By the same argument as in [10] and [4], we conclude

Dλ = 0 on I−, (77)

since equation (76) has a polynomial solution in v, but λ can be periodic only if it is constant.
Equation (75) then gives

�20 = 0 on I−. (78)

The conformal Bianchi identities (B.24), (B.26), (B.28) and (B.30) on I− simplify to

Dψ1 = 0,

Dψ2 − δ̄ψ1 = −2α ψ1,

Dψ3 − δ̄ψ2 = −2λ ψ1 + 1
3 (φDϕ̄1̄ + φ̄Dϕ1̄),

Dψ4 − δ̄ψ3 = −3λ ψ2 + 2α(ψ3 + φ̄ϕ1̄ + φϕ̄1̄) − 4ϕ1̄ ϕ̄1̄ + φ̄ δ̄ϕ1̄ + φ δ̄ϕ̄1̄.

(79)

Applying D to these equations, we immediately see that

D2ψn = 0 on I− (80)

for all n. By periodicity

Dψn = 0 on I−, (81)

so all components of the Weyl spinor are v-independent on I−. Because ψn = �−1�n, we
have

D	�n = 0 on I−. (82)

12
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Finally, we investigate the behaviour of the remaining components of the Ricci tensor, i.e.
�11,�12, �22 and �. The Ricci identity (A.5h) immediately shows

� = 0 on I−. (83)

Since μ is identically zero not only on I−, but also in its neighbourhood, the Ricci identity
(A.5k) on I− reduces to

�22 = − λ λ̄ on I−, (84)

and therefore

D�22 = 0 on I−. (85)

Applying D on the Ricci identity (A.5r) leads to

D�21 = 0 on I−. (86)

The spin coefficients α and β on I− are given by (69). Inserting these into the Ricci identity
(A.5q) we find

�11 = 1
2 on I−, (87)

so �11 is obviously v-independent on I−.
We have already shown that ϕ1 and ϕ1̄ are v-independent on I−. Equation (B.3) implies

Dϕ2 − δϕ1̄ = (β − ᾱ)ϕ1̄ on I−. (88)

Applying D and assuming periodicity of the scalar field we conclude

Dϕ2 = 0 on I−. (89)

Projections (B.4) and (B.5) of the wave equation and commutator (A.3) applied to φ reveal,
after differentiating with D, that D	Q = 0 on I−, with

Q ∈ {ϕ0, ϕ1̄, ϕ1}.
To show the same for 	ϕ2 we apply D	 to (B.3) and obtain

D2	ϕ2 + 2φD	� = ϕ1D	π − ϕ2D	(ε + ε̄ − ρ). (90)

From Ricci identities (A.5f ), (A.5i), (A.5l)–(A.5o), we find that D	Q = 0 on I− for

Q ∈ {ρ, π, α, σ, ε, β}.
Applying D	 to (A.5h) shows

D	� = 0 on I−,

and thus (90) implies D2	ϕ2 = 0 on I−, so by periodicity

D	ϕ2 = 0 on I−. (91)

Thus, we have proved the lemma

Lemma 5.1. The following quantities vanish on I−:

H,CI , ρ, σ, π, τ, κ, ε, S0, S1, F,ψ0,�00,�01,�02,�, ϕ0,

DP I ,Dα,Dβ,Dλ,DS2,	S0,	S1,	S2,

Dϕ1,Dϕ1̄,Dϕ2,D	ϕ0,D	ϕ1,D	ϕ1̄,D	ϕ2,

Dψ1,Dψ2,Dψ3,Dψ4,D�11,D�12,D�22.

(92)

Now we set up an induction, with inductive hypothesis.
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Suppose that D	jQ = 0 on I− for 0 � j � k with

Q ∈ {H,CI , P I , ε, ρ, σ, λ, π, τ, κ, α, β, F,ψn,�mn,�},
and for 0 � j � k + 1 with Q ∈ {Sm, ϕm}.

This holds for k = 0 by lemma 5.1, so we need to deduce it for j = k + 1 from its validity
for j � k. Here we closely follow the procedure we used in [4]. Applying D	k on (61) we
find

D	k+1H = −D	k(ε + ε̄),

where the rhs vanishes on I− by the inductive hypothesis. By a similar argument we can
deduce D	k+1Q = 0 on I−:

• for H,CI and PI from (61), (63) and (65);
• for κ, ε, π, τ, λ, β, σ, ρ and α from (A.5c), (A.5f ), (A.5i)–(A.5o);
• for F from (B.19), taking �̃mn from (8) and �̃ from (9) and (24);
• for �00,�20,�01 and �21 from (A.6b), (A.6d), (A.7b) and (A.7d);
• for �, �22 and �11 from (A.5h), (A.5k) and (A.5q);
• for ψ0, ψ1, ψ2 and ψ3 from (B.25), (B.27), (B.29) and (B.31).

Now, all quantities except for ψ4 are proved to satisfy D	k+1Q = 0 on I−. Applying
D	k+1 on (B.7), (B.10), (B.14), (B.4), (B.5) and (A.3) shows D	k+2Q = 0 on I− for
Q ∈ {S0, S1, S2, ϕ0, ϕ1̄, ϕ1}.

Ricci identities (A.5f ), (A.5i), (A.5l)–(A.5o) and (A.5h) in this order imply D	k+2Q = 0
on I− for

Q ∈ {ε, π, β, σ, ρ, α,�}.
Applying D	k+2 on (B.3) implies D2	k+2ϕ2 = 0 on I− and using periodicity we obtain
D	k+2ϕ2 = 0 on I−.

Finally, acting by D	k+1 on (B.30) we find D2	k+1ψ4 = 0 on I−, and therefore, by
periodicity,

D	k+1ψ4 = 0 on I−.

This completes the induction.
We have thus proved that all variables are v-independent on I− and, assuming analyticity

in r, in a finite neighbourhood. Since our set of variables also includes the functions H,CI

and PI constituting the components of the metric tensor, we can conclude that K = ∂v is a
Killing vector of the unphysical metric. However, the conformal factor is v-independent as
well, so the Lie derivative of the physical metric is

LKg̃ab = −2�−3gabLK� = 0,

i.e. K is also a Killing vector of the physical metric.
The norm of K is given by the component gvv in the coordinates xμ. The full form of the

metric tensor gμν can be found in paper I, equation (34). The norm of K is then

g(K,K) = gvv = 2H − 2ωω̄,

where ω = −CIRI and RI are the O(1) functions (see (33) in paper I). Frame equations (61)
and (63) imply H,CI = O(r2), and the Ricci identity (A.5f ) with (87) shows ε = −1/2 on
I−. From these relations we find the norm of the Killing vector to be

g(K,K) = 2r2 + O(r3).

We can see that K is null on I− and time-like in its neighbourhood. Our results are summarized
in the following theorem.
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Theorem 5.2. A weakly asymptotically simple time-periodic solution of the Einstein-
massless-KG field equations which is analytic in a neighbourhood of I− in the coordinates
introduced above necessarily has a Killing vector which is time-like in the interior and extends
to a translation on I−.

5.2. The conformal-scalar field

The proof for the conformal-scalar field is essentially the same as in the case of massless KG
field, the only difference lying in the Bianchi identities. These are not so complicated as in the
previous case and we present them in their full form in appendix B, equations (B.51)–(B.58).
Our results are summarized in the following theorem.

Theorem 5.3. A weakly asymptotically simple time-periodic solution of the Einstein-
conformal-scalar equations which is analytic in a neighbourhood of I− in the coordinates
introduced above necessarily has a Killing vector which is time-like in the interior and extends
to a translation on I−.

We briefly outline the main steps of the proof. We use the same coordinate system and
tetrad, defined by (60) and (61)–(66), so all consequences of the choice of the gauge remain
unchanged. Projections of wave equation (B.2)–(B.5) and equations for the conformal factor
(B.6)–(B.19) differ only in the presence of the physical scalar curvature �̃, which in this case
is zero. The form of the Ricci identities does not depend on the type of the matter field. On
the whole, equations (60)–(78) hold without change.

Now it is straightforward to see from the conformal Bianchi identities (B.51)–(B.54) that
the Weyl scalars ψn are v-independent on I−. Next we return to equations (83)–(91), which
are again valid. So lemma (5.1) holds.

To finalize the proof we need to repeat the induction. In the previous case, in the inductive
hypothesis we assumed that each quantity Q satisfies D	jQ = 0 on I−, where 0 � j � k,
and in addition, D	k+1Q = 0 on I− for Q ∈ {Sa, ϕa}. This was necessary, since the Bianchi
identities contained derivatives of these fields. In the inductive step we were able to prove
D	k+1Q = 0 on I− for ψn’s and for all other quantities. Moreover, we proved D	k+2Q = 0
on I− for Q ∈ {Sa, ϕa}.

In this case, the Bianchi identities actually contain the second derivatives of the fields
Sa and ϕa , i.e. the third derivatives of � and φ. This is not a problem, however, as all third
derivatives are multiplied by �. Therefore, terms with problematic D	k+2-derivatives vanish
on I−, and the induction can be repeated without change.

6. Inheritance

In the previous section, we proved that if both gravitational and scalar fields are periodic
near infinity, the spacetime is stationary there and the scalar field does not depend on time.
However, there are examples known in which the gravitational field and its matter source do
not share the same symmetries (see paper I for a longer discussion). The question therefore
is, whether a stationary gravitational field can be produced by a time-dependent source. In
paper I we showed that this is not the case with an electromagnetic field—once the spacetime
is stationary, the electromagnetic field must be too. Let us briefly recall the idea of the proof.

In the electromagnetic case, the components of the physical Ricci spinor have the simple
form φ̃mn = φ̃m

˜̄φn. It is clear that if the Ricci spinor is to be stationary, the electromagnetic field
can depend on time only through the phase of φ̃m, i.e. φ̃m = ϕ̃m eiχ , where χ = χ(v, r, xI ),
but the modulus ϕ̃ is time-independent. Now, by the Bondi mass-loss formula φ0 = 0 on I−.
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Using Maxwell’s equations we deduced that φm are time-independent on I−, and by induction
also in its neighbourhood. Therefore, if an asymptotically flat electrovacuum spacetime is
stationary, the electromagnetic field has to inherit stationarity.

The situation is more complicated in the case of the massless KG field, for now it is not
obvious what kind of time dependence of the scalar field φ̃ is compatible with the stationarity
of the spacetime. We first find this time dependence and then the result follows, using the
Bondi mass-loss formula and induction.

Theorem 6.1. In a stationary, analytic, weakly asymptotically simple solution of the
Einstein-massless-KG equations with the stationarity Killing vector K = ∂/∂v, the physical
massless-KG field must take the form φ̃ = eiωvφ̃0, where ∂vφ̃0 = 0. If the metric is analytic in
a neighbourhood of I− in the coordinates introduced above then φ̃ is in fact time-independent.

For the first part, we use the coordinate system introduced above and assume the
stationarity of the spacetime. Hence, K = ∂v is a Killing vector of the metric and the
Lie derivative LK reduces to a simple partial derivative with respect to v, which is also
denoted by a dot. Since �̃ is stationary, Einstein’s equations (7) imply

∂v(ϕ̃c ˜̄ϕc
) = 0.

The Lie derivative of the energy–momentum tensor (2) is then

4πLKT̃ab = ψ̃a ˜̄ϕb + ϕ̃a
˜̄ψb + ϕ̃b

˜̄ψa + ψ̃b ˜̄ϕa,

where ψ̃ = ˙̃φ and ψ̃a = ∇aψ̃ . Let us decompose the fields φ̃ and ψ̃ into real and imaginary
parts:

φ̃ = X + iY, ψ̃ = U + iW, (93)

with X, Y,U and W being the real functions. In this notation we have

2π ˙̃T ab = XaUb + YaWb + XbUa + YbWa = 0, (94)

where Xa = ∇aX, etc.
We first consider the case when the gradient fields Xa and Ya are proportional in some finite

region so that, by analyticity, they are proportional everywhere. Thus X and Y are functionally
dependent. If either were constant then that constant would be zero, since φ̃ = 0 at infinity.
Thus we may suppose that Y is a function of X and then

ϕ̃a = (1 + iY ′)Xa, �̃φ̃ = (1 + iY ′)�̃X + iY ′′g̃abXaXb,

where the prime indicates derivative w.r.t. X.
If Y ′′ = 0 then Y = aX +b for constants a, b, but once again b must vanish by asymptotic

flatness so φ̃ = (1 + ia)X and, after rescaling φ̃ by a constant, we may assume Y = 0 whence
also W = 0. Now (94) becomes X(aUb) = 0 from which necessarily Ua = 0 and ˙̃φ = constant,
but then asymptotic flatness forces ˙̃φ = 0.

If Y ′′ �= 0 then

�̃X = 0 = g̃abXaXb.

Now

4πT̃ab = 2(1 + Y ′2)XaXb, (95)

and one may impose on this expression the vanishing of LKT̃ab. Introduce

h := LKX,
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then this is

LK(4πT̃ab) = 4Y ′Y ′′hXaXb + 2(1 + Y ′2)(haXb + Xahb) = 0.

For nonzero h, this is only possible if ha is proportional to Xa, so that h is a function of X and
this condition becomes

4Y ′Y ′′h + 4h′(1 + Y ′2) = 0,

which can be integrated to give h2(1 + Y ′2) = C, a constant. Now from (95)

4πT̃abK
aKb = 2h2(1 + Y ′2) = 2C,

but this expression must vanish at infinity for asymptotic flatness, so C = 0 and so h = 0, and
the scalar field inherits the symmetry of the metric.

When Xa and Ya are not proportional (except possibly on a set of measure zero), we return
to (94) and choose a vector field Za with ZaXa = 0 but ZaYa �= 0. Contracting (94) with such
Za we find that Wb is a linear combination of Xb and Yb, from which we deduce

W = f (X, Y ).

Similarly, contracting (94) with a different Za satisfying ZaXa �= 0 and ZaYa = 0 we arrive at

U = g(X, Y ).

Inserting this back into (94) we obtain

gXXaXb + 2(fX + gY )X(aYb) + fY YaYb = 0,

where the subscript on f or g indicates the corresponding partial derivative. Since Xa and Ya

are assumed to be linearly independent, all terms in the last equation must vanish separately.
We thus have three differential equations for f and g. The general solution is

W = f = ωX + β, U = g = −ωY + γ,

with constants ω, β and γ . Regarding (93), for the field ψ̃ we have

ψ̃ = iω(X + iY ) + (γ + iβ).

Since ψ̃ = ˙̃φ, we can solve the last equation to find

φ̃ = φ̃0 eiωv + const. (96)

However, the constant second term must be set to zero, as the field itself must vanish at infinity.
We have shown that the most general non-stationary scalar field compatible with

stationarity of the spacetime is of the form

φ̃(v, r, xI ) = φ̃0(r, x
I ) eiωv. (97)

(It is not difficult to show that the same result is obtained with a potential term V (φ̃, ¯̃φ) added
as in subsection 2.3, with the extra condition that necessarily V must also have the form
V = F(φ̃ ¯̃φ).) We shall next show that nonzero ω leads to the vanishing of φ̃. The stationarity
of the spacetime implies the constancy of the Bondi mass, so ϕ0 is again zero on I−. Now, if
ω = 0, the field φ is v-independent everywhere and is therefore stationary. On the other hand,
if ω �= 0, then expanding φ0 in the variable r and using (96), we find

iωφ
(0)
0 = 0 on I−,

so that φ
(0)
0 = 0. Continuing by induction, suppose that φ

(j)

0 = 0 for 0 � j � k. Acting with
	k on (B.3) leads to (recall that ρ and ε vanish on I−)

iω	(k+1)φ = 0 on I−
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and since the constant ω is assumed to be nonzero, it follows immediately that

φ(k+1) = 0.

Hence, by induction and analyticity, the field φ vanishes in a neighbourhood of I−. This
completes the proof of theorem 6.1 and of inheritance for the massless KG field.

Let us now turn to the conformal-scalar field. Again, we demand the stationarity of
the metric, and therefore also the stationarity of the energy–momentum tensor, but not the
stationarity of the scalar field. Unfortunately, the complicated form of the energy–momentum
tensor (36) does not allow us to find the most general time dependence of φ̃ compatible with
the stationarity of the metric, and thus we cannot proceed as before. In addition, we cannot
deduce any concrete condition on I−, as we do not have a negative semi-definite mass-loss
formula. Because of these complications we will only show that the scalar field inherits
the symmetry in a simpler case. Let us consider a complex conformal-scalar field with the
energy–momentum tensor,

T̃ C
ab = 1

4π

[
2 ϕ̃(a ˜̄ϕb) − 1

2
g̃ab ϕ̃c ˜̄ϕc − 1

2
φ̃ ∇̃a ˜̄ϕb − 1

2
˜̄φ ∇̃aϕ̃b + φ̃ ˜̄φ φ̃ab

]
. (98)

The Bondi mass-loss formula (59) now takes the form

ṀB = − 1

2
√

π

∮
dS

[
σ̇ (0) ˙̄σ (0) + 2 φ̇(0) ˙̄φ(0) − 1

2
φ(0) ¨̄φ(0) − 1

2
φ̈(0) φ̄(0)

]
. (99)

Although we cannot exclude the existence of some more general time dependence of φ̃,
for the field of the form (97) the energy–momentum tensor (98) is stationary. In this case we
can integrate by parts in (99) to find as in (59)

	MB = − 1

2
√

π

∫ v+2π/ω

v

dv

∮
dS[σ̇ (0) ˙̄σ (0) + 3 φ̇(0) ˙̄φ(0)]. (100)

Since we assume the stationarity of the spacetime, σ̇ (0) = 0. The constancy of the Bondi mass
then implies φ̇(0) = 0, i.e.

Dφ ≡ ϕ0 = 0 on I−. (101)

Now we can proceed as in the case of the massless scalar field. By (101) we have ω = 0
or φ(0) = 0. If ω = 0, the field is time-independent everywhere. If φ(0) = 0, or equivalently,
φ = 0 on I−, we prove by induction that φ = 0 everywhere.
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Appendix A. The general Newman–Penrose equations

A.1. Commutation relations

The operators D,	, δ and δ̄ satisfy the commutation relations

Dδ − δD = (π̄ − ᾱ − β)D − κ	 + (ρ̄ − ε̄ + ε)δ + σ δ̄, (A.1)

	D − D	 = (γ + γ̄ )D + (ε + ε̄)	 − (τ̄ + π)δ − (τ + π̄)δ̄, (A.2)

	δ − δ	 = ν̄D + (ᾱ + β − τ)	 + (γ − γ̄ − μ)δ − λ̄δ̄, (A.3)

δδ̄ − δ̄δ = (μ − μ̄)D + (ρ − ρ̄)	 + (ᾱ − β)δ̄ − (α − β̄)δ. (A.4)

A.2. Ricci identities

Dρ − δ̄κ = ρ2 + (ε + ε̄)ρ − κ(3α + β̄ − π) − τ κ̄ + σ σ̄ + �00, (A.5a)

Dσ − δκ = (ρ + ρ̄ + 3ε − ε̄)σ − (τ − π̄ + ᾱ + 3β)κ + �0, (A.5b)

Dτ − 	κ = ρ(τ + π̄) + σ(τ̄ + π) + (ε − ε̄)τ − (3γ + γ̄ )κ + �1 + �01, (A.5c)

Dα − δ̄ε = (ρ + ε̄ − 2ε)α + βσ̄ − β̄ε − κλ − κ̄γ + (ε + ρ)π + �10, (A.5d)

Dβ − δε = (α + π)σ + (ρ̄ − ε̄)β − (μ + γ )κ − (ᾱ − π̄)ε + �1, (A.5e)

Dγ −	ε = (τ + π̄)α + (τ̄ + π)β − (ε + ε̄)γ − (γ + γ̄ )ε + τπ − νκ + �2 − � + �11, (A.5f )

Dλ − δ̄π = (ρ − 3ε + ε̄)λ + σ̄μ + (π + α − β̄)π − νκ̄ + �20, (A.5g)

Dμ − δπ = (ρ̄ − ε − ε̄)μ + σλ + (π̄ − ᾱ + β)π − νκ + �2 + 2�, (A.5h)

Dν − 	π = (π + τ̄ )μ + (π̄ + τ)λ + (γ − γ̄ )π − (3ε + ε̄)ν + �3 + �21, (A.5i)

	λ − δ̄ν = −(μ + μ̄ + 3γ − γ̄ )λ + (3α + β̄ + π − τ̄ )ν − �4, (A.5j )

	μ − δν = −(μ + γ + γ̄ )μ − λλ̄ + ν̄π + (ᾱ + 3β − τ)ν − �22, (A.5k)

	β − δγ = (ᾱ + β − τ)γ − μτ + σν + εν̄ + (γ − γ̄ − μ)β − αλ̄ − �12, (A.5l)

	σ − δτ = −(μ − 3γ + γ̄ )σ − λ̄ρ − (τ + β − ᾱ)τ + κν̄ − �02, (A.5m)

	ρ − δ̄τ = (γ + γ̄ − μ̄)ρ − σλ + (β̄ − α − τ̄ )τ + νκ − �2 − 2�, (A.5n)

	α − δ̄γ = (ρ + ε)ν − (τ + β)λ + (γ̄ − μ̄)α + (β̄ − τ̄ )γ − �3, (A.5o)

δρ − δ̄σ = (ᾱ + β)ρ − (3α − β̄)σ + (ρ − ρ̄)τ + (μ − μ̄)κ − �1 + �01, (A.5p)

δα − δ̄β = μρ − λσ + αᾱ + ββ̄ − 2αβ + (ρ − ρ̄)γ + (μ − μ̄)ε − �2 + � + �11, (A.5q)

δλ − δ̄μ = (ρ − ρ̄)ν + (μ − μ̄)π + (α + β̄)μ + (ᾱ − 3β)λ − �3 + �21. (A.5r)

A.3. Bianchi identities

D�1 − δ̄�0 − D�01 + δ�00 = (π − 4α)�0 + 2(2ρ + ε)�1 − 3κ�2 + 2κ�11

− (π̄ − 2ᾱ − 2β)�00 − 2σ�10 − 2(ρ̄ + ε)�01 + κ̄�02, (A.6a)

D�2 − δ̄�1 + 	�00 − δ̄�01 + 2D� = −λ�0 + 2(π − α)�1 + 3ρ�2 − 2κ�3

+ 2ρ�11 + σ̄�02 + (2γ + 2γ̄ − μ̄)�00 − 2(α + τ̄ )�01 − 2τ�10, (A.6b)
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D�3 − δ̄�2 − D�21 + δ�20 − 2δ̄� = −2λ�1 + 3π�2 + 2(ρ − ε)�3 − κ�4

+ 2μ�10 − 2π�11 − (2β + π̄ − 2ᾱ)�20 − 2(ρ̄ − ε)�21 + κ̄�22, (A.6c)

D�4 − δ̄�3 + 	�20 − δ̄�21 = −3λ�2 + 2(α + 2π)�3 + (ρ − 4ε)�4 + 2ν�10

− 2λ�11 − (2γ − 2γ̄ + μ̄)�20 − 2(τ̄ − α)�21 + σ̄�22, (A.6d)

	�0 − δ�1 + D�02 − δ�01 = (4γ − μ)�0 − 2(2τ + β)�1 + 3σ�2

+ (ρ̄ + 2ε − 2ε̄)�02 + 2σ�11 − 2κ�12 − λ̄�00 + 2(π̄ − β)�01, (A.7a)

	�1 − δ�2 − 	�01 + δ̄�02 − 2δ� = ν�0 + 2(γ − μ)�1 − 3τ�2 + 2σ�3

− ν̄�00 + 2(μ̄ − γ )�01 + (2α + τ̄ − 2β̄)�02 + 2τ�11 − 2ρ�12, (A.7b)

	�2 − δ�3 + D�22 − δ�21 + 2	� = 2ν�1 − 3μ�2 + 2(β − τ)�3 + σ�4

− 2μ�11 − λ̄�20 + 2π�12 + 2(β + π̄)�21 + (ρ̄ − 2ε − 2ε̄)�22, (A.7c)

	�3 − δ�4 − 	�21 + δ̄�22 = 3ν�2 − 2(γ + 2μ)�3 + (4β − τ)�4 − 2ν�11

− ν̄�20 + 2λ�12 + 2(γ + μ̄)�21 + (τ̄ − 2β̄ − 2α)�22, (A.7d)

D�11 − δ�10 + 	�00 − δ̄�01 + 3D� = (2γ + 2γ̄ − μ − μ̄)�00 + (π − 2α − 2τ̄ )�01

+ (π̄ − 2ᾱ − 2τ)�10 + 2(ρ + ρ̄)�11 + σ̄�02 + σ�20 − κ̄�12 − κ�21, (A.8a)

D�12 − δ�11 + 	�01 − δ̄�02 + 3δ� = (2γ − μ − 2μ̄)�01 + ν̄�00 − λ̄�10

+ 2(π̄ − τ)�11 + (π + 2β̄ − 2α − τ̄ )�02

+ (2ρ + ρ̄ − 2ε̄)�12 + σ�21 − κ�22, (A.8b)

D�22 − δ�21 + 	�11 − δ̄�12 + 3	� = ν�01 + ν̄�10 − 2(μ + μ̄)�11 − λ�02 − λ̄�20

+ (2π − τ̄ + 2β̄)�12 + (2β − τ + 2π̄)�21 + (ρ + ρ̄ − 2ε − 2ε̄)�22. (A.8c)

Appendix B. The conformal field equations

B.1. The conformally rescaled wave equation

The wave equation �̃φ̃ = 0 in the physical spacetime is not conformally invariant. If φ̃

is the solution of the physical wave equation, then the unphysical scalar field φ satisfies
equation (32),

∇A′
A ϕBA′ = 2 (� − �−2�̃) φ εAB. (B.1)

The projections of this equation are as follows:

Dϕ1 − δϕ0 = (π̄ − ᾱ − β)ϕ0 + (ρ̄ + ε − ε̄)ϕ1 + σϕ1̄ − κϕ2, (B.2)

Dϕ2 − δϕ1̄ = −μϕ0 + πϕ1 + (π̄ − ᾱ + β)ϕ1̄ + (ρ̄ − ε − ε̄)ϕ2 − 2φ(� − �−2�̃), (B.3)

	ϕ0 − δ̄ϕ1 = (γ + γ̄ − μ̄)ϕ0 + (β̄ − α − τ̄ )ϕ1 − τϕ1̄ + ρϕ2 − 2φ(� − �−2�̃), (B.4)

	ϕ1̄ − δ̄ϕ2 = νϕ0 − λϕ1 + (γ̄ − γ − μ̄)ϕ1̄ + (α + β̄ − τ̄ )ϕ2. (B.5)

Appropriate equations for the conformal-scalar field can be obtained from (B.2)–(B.5) by
setting �̃ = 0.
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B.2. Equations for the conformal factor

The projections of equation (23),

∇AA′sBB ′ = ��̃ABA′B ′ − ��ABA′B ′ + εAB εA′B ′ (�� − �−1�̃ + F),

are as follows6:

DS0 − (ε + ε̄) S0 + κ̄ S1 + κ S̄1 = ��̃00 − ��00, (B.6)

	S0 − (γ + γ̄ ) S0 + τ̄ S1 + τ S̄1 = ��̃11 − ��11 + �� − �−1 �̃ + F, (B.7)

δS0 − (ᾱ + β) S0 + ρ̄ S1 + σ S̄1 = ��̃01 − ��01, (B.8)

DS1 − π̄ S0 + (ε̄ − ε) S1 + κ S2 = ��̃01 − ��01, (B.9)

	S1 − ν̄ S0 + (γ̄ − γ ) S1 + τ S2 = ��̃12 − ��12 (B.10)

δS1 − λ̄ S0 + (ᾱ − β) S1 + σ S2 = ��̃02 − ��02, (B.11)

δ̄S1 − μ̄ S0 + (β̄ − α) S1 + ρ S2 = ��̃11 − ��11 − �� + �−1 �̃ − F, (B.12)

DS2 − π S1 − π̄ S̄1 + (ε + ε̄) S2 = ��̃11 − ��11 + �� − �−1 �̃ + F, (B.13)

	S2 − ν S1 − ν̄ S̄1 + (γ + γ̄ ) S2 = ��̃22 − ��22, (B.14)

δS2 − μS1 − λ̄ S̄1 + (ᾱ + β) S2 = ��̃12 − ��12. (B.15)

Equation (29) for the derivatives of F = (1/2)�−1scs
c,

∇AA′F = sBB ′
�̃ABA′B ′ − sBB ′

�ABA′B ′ + (� − �−2 �̃) sAA′, (B.16)

has the following projections:

DF = S2 �̃00 − S1 �̃10 + S0 �̃11 − S̄1 �̃01

− S2 �00 + S1 �10 − S0 �11 + S̄1 �01 + (� − �−1�̃)S0, (B.17)

δF = S2 �̃01 − S1 �̃11 + S0 �̃12 − S̄1 �̃02

− S2 �01 + S1 �11 − S0 �12 + S̄1 �02 + (� − �−1�̃)S1, (B.18)

	F = S2 �̃11 − S1 �̃21 + S0 �̃22 − S̄1 �̃12

− S2 �11 + S1 �21 − S0 �22 + S̄1 �12 + (� − �−1�̃)S2. (B.19)

B.3. Conformal Bianchi identities for the scalar field

Let us write the conformal Bianchi identities (18) for the scalar field in the form

XABCA′ = YABCA′, (B.20)

where (for notation see (14))

XABCA′ = ∇D
A′ψABCD − 2 φ φ̄ sB ′

(C�AB)A′B ′ ,

YABCA′ = 4 (s ϕ ϕ̄) + 2 φ (∇ s ϕ̄) + 2 φ̄ (∇ s ϕ) (B.21)

+ 4 �
[

1
2 (∇ϕϕ̄) − φφ̄2(s ϕ s) − φ̄ φ2(s ϕ̄ s)

]
(B.22)

− 4 �2 φ φ̄ (s ϕ ϕ̄). (B.23)

6 There is a misprint in paper I: in equation (B.2a) the sign of (ε + ε̄)S0 should be ‘minus’ as in (B.6). This does not
affect the results of paper I.
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Since both sides are totally symmetric in ABC, we denote their contractions with spinors
o and ι by the number of ι’s in the first index and number of ῑ’s in the second, e.g.
X20 = XABCA′oAιBιCōA′

, X01 = XABCA′oAoBoCῑA
′
.

The components of XABCA′ read

X00 = −Dψ1 + δ̄ψ0 + (π − 4α)ψ0 + 2(ε + 2ρ)ψ1 − 3κψ2

+ φφ̄(−2S1�00 + 2S0�01), (B.24)

X01 = 	ψ0 − δψ1 + (μ − 4γ )ψ0 + 2(β + 2τ)ψ1 − 3σψ2

+ φφ̄(2S0�02 − 2S1�01), (B.25)

X10 = −Dψ2 + δ̄ψ1 − λψ0 + 2(π − α)ψ1 + 3ρψ2 − 2κψ3

+ (2/3)φφ̄(S̄1�01 − S2�00 + 2S0�11 − 2S1�10), (B.26)

X11 = 	ψ1 − δψ2 − νψ0 + 2(μ − γ )ψ1 + 3τψ2 − 2σψ3

+ (2/3)φφ̄(S̄1�02 − S2�01 + 2S0�12 − 2S1�11), (B.27)

X20 = −Dψ3 + δ̄ψ2 − 2λψ1 + 3πψ2 + 2(ρ − ε)ψ3 − κψ4

+ (2/3)φφ̄(S0�21 − S1�20 + 2S̄1�11 − S2�10), (B.28)

X21 = 	ψ2 − δψ3 − 2νψ1 + 3μψ2 + 2(τ − β)ψ3 − σψ4

+ (2/3)φφ̄(S0�22 − S1�21 + S̄1�12 − S2�11), (B.29)

X30 = −Dψ4 + δ̄ψ3 − 3λψ2 + 2(α + 2π)ψ3 + (ρ − 4ε)ψ4

+ φφ̄(2S̄1�21 − 2S2�20), (B.30)

X31 = 	ψ3 − δψ4 − 3νψ2 + 2(γ + 2μ)ψ3 + (τ − 4β)ψ4

+ φφ̄(2S̄1�22 − 2S2�21). (B.31)

We do not present the projections of YABCA′ in full detail since they are too long. However,
the structure of all the terms entering this spinor allows one to reconstruct its components from
knowledge of the components of spinors (sϕϕ̄) and (∇sϕ), if appropriate interchanges of s, ϕ

and ϕ̄ are made. For expressions of type (sϕϕ̄) we get

2 (s ϕ ϕ̄)00 = 2S1ϕ0ϕ̄0 − S0(ϕ0ϕ̄1 + ϕ1ϕ̄0), (B.32)

2 (s ϕ ϕ̄)01 = −2S0ϕ1ϕ̄1 + S1(ϕ0ϕ̄1 + ϕ1ϕ̄0), (B.33)

6(s ϕ ϕ̄)10 = −S0(ϕ0ϕ̄2 + ϕ2ϕ̄0 + ϕ1ϕ̄1̄ + ϕ1̄ϕ̄1) + 2S1(ϕ0ϕ̄1̄ + ϕ1̄ϕ̄0)

− S̄1(ϕ0ϕ̄1 + ϕ1ϕ̄0) + 2S2ϕ0ϕ̄0, (B.34)

6(s ϕ ϕ̄)11 = −2S0(ϕ2ϕ̄1 + ϕ1ϕ̄2) + S1(ϕ0ϕ̄2 + ϕ2ϕ̄0 + ϕ1ϕ̄1̄ + ϕ1̄ϕ̄1)

− 2S̄1ϕ1ϕ̄1 + S2(ϕ0ϕ̄1 + ϕ1ϕ̄0), (B.35)

6(s ϕ ϕ̄)20 = −S0(ϕ2ϕ̄1̄ + ϕ1̄ϕ̄2) + 2S1ϕ1̄ϕ̄1̄

− S̄1(ϕ0ϕ̄2 + ϕ2ϕ̄0 + ϕ1ϕ̄1̄ + ϕ1̄ϕ̄1) + 2S2(ϕ0ϕ̄1̄ + ϕ1̄ϕ̄0), (B.36)

6(s ϕ ϕ̄)21 = −2S0ϕ2ϕ̄2 + S1(ϕ2ϕ̄1̄ + ϕ1̄ϕ̄2)

− 2S̄1(ϕ2ϕ̄1 + ϕ1ϕ̄2) + S2(ϕ0ϕ̄2 + ϕ2ϕ̄0 + ϕ1ϕ̄1̄ + ϕ1̄ϕ̄1), (B.37)

2(s ϕ ϕ̄)30 = −S̄1(ϕ2ϕ̄1̄ + ϕ1̄ϕ̄2) + 2S2ϕ1̄ϕ̄1̄, (B.38)
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2(s ϕ ϕ̄)31 = −2S̄1ϕ2ϕ̄2 + S2(ϕ1̄ϕ̄2 + ϕ2ϕ̄1̄). (B.39)

The expressions of type (∇sϕ) (and their projections) can be slightly simplified by
observing that both sa and ϕa are the gradients of scalar functions, namely � and φ. Since the
commutator ∇A′(A∇A′

B) annihilates any scalar quantity, we have

∇A′(AsB ′
B) = ∇A′(AϕB ′

B) = 0, (B.40)

and thus

(∇sϕ) = 1
2 sB ′(A∇B ′

C ϕB)A′ + 1
2 ϕB ′(A∇B ′

C sB)A′ = −(s∇ϕ) − (ϕ∇s). (B.41)

The components of (s∇ϕ) are

2(s∇ϕ)00 = S0[δϕ0 − (β + ᾱ)ϕ0 + ρ̄ϕ1 + σϕ1̄] + S1[−Dϕ0 + (ε + ε̄)ϕ0 − κ̄ϕ1 − κϕ1̄],

(B.42)

2(s∇ϕ)01 = S0[δϕ1 − λ̄ϕ0 + σϕ2 + (ᾱ − β)ϕ1] + S1[−Dϕ1 + π̄ϕ0 − κϕ2 + (ε − ε̄)ϕ1],

(B.43)

6(s∇ϕ)10 = S0[	ϕ0 + δϕ1̄ − (γ + γ̄ + μ)ϕ0 + ρ̄ϕ2 + τ̄ ϕ1 + (β + τ − ᾱ)ϕ1̄]

+ S1[−Dϕ1̄ − δ̄ϕ0 + (π + α + β̄)ϕ0 − κ̄ϕ2 − σ̄ ϕ1 + (ε̄ − ρ − ε)ϕ1̄]

+ S̄1[δϕ0 − (ᾱ + β)ϕ0 + ρ̄ϕ1 + σϕ1̄] + S2[−Dϕ0 + (ε + ε̄)ϕ0 − κ̄ϕ1 − κϕ1̄],

(B.44)

6(s∇ϕ)11 = S0[	ϕ1 + δϕ2 − ν̄ϕ0 + (β + τ + ᾱ)ϕ2 + (γ̄ − γ − μ)ϕ1 − λ̄ϕ1̄]

+ S1[−Dϕ2 − δ̄ϕ1 + μ̄ϕ0 − (ρ + ε + ε̄)ϕ2 + (π + α − β̄)ϕ1 + π̄ϕ1̄]

+ S̄1[δϕ1 − λ̄ϕ0 + σϕ2 + (ᾱ − β)ϕ1] + S2[−Dϕ1 + π̄ϕ0 − κϕ2 + (ε − ε̄)ϕ1],

(B.45)

6(s∇ϕ)20 = S0[	ϕ1̄ − νϕ0 + τ̄ ϕ2 + (γ − γ̄ )ϕ1̄] + S1[−δ̄ϕ1̄ + λϕ0 − σ̄ ϕ2 + (β̄ − α)ϕ1̄]

+ S̄1[	ϕ0 + δϕ1̄ − (γ + γ̄ + μ)ϕ0 + ρ̄ϕ2 + τ̄ ϕ1 + (β + τ − ᾱ)ϕ1̄]

+ S2[−Dϕ1̄ − δ̄ϕ0 + (π̄ + α + β̄)ϕ0 − κ̄ϕ2 − σ̄ ϕ1 + (ε̄ − ε − ρ)ϕ1̄],

(B.46)

6(s∇ϕ)21 = S0[	ϕ2 + (γ + γ̄ )ϕ2 − νϕ1 − ν̄ϕ1̄]

+ S1[−δ̄ϕ2 − (α + β̄)ϕ2 + λϕ1 + μ̄ϕ1̄]

+ S̄1[	ϕ1 + δϕ2 − ν̄ϕ0 + (β + τ + ᾱ)ϕ2 + (γ̄ − γ − μ)ϕ1 − λ̄ϕ1̄]

+ S2[−Dϕ2 − δ̄ϕ1 + μ̄ϕ0 − (ρ + ε + ε̄)ϕ2 + (π + α − β̄)ϕ1 + π̄ϕ1̄], (B.47)

2(s∇ϕ)30 = S̄1[	ϕ1̄ − νϕ0 + τ̄ ϕ2 + (γ − γ̄ )ϕ1̄] + S2[−δ̄ϕ1̄ + λϕ0 − σ̄ ϕ2 + (β̄ − α)ϕ1̄],

(B.48)

2(s∇ϕ)31 = S̄1[	ϕ2 + (γ + γ̄ )ϕ2 − νϕ1 − ν̄ϕ1̄] + S2[−δ̄ϕ2 − (α + β̄)ϕ2 + λϕ1 + μ̄ϕ1̄].

(B.49)

B.4. Conformal Bianchi identities for the conformal-scalar field

The projections of the Bianchi identities (44)

∇D
A′ ψABCD = 3 sB ′

(C φAB)A′B ′ + �∇B ′
(C φAB)A′B ′ (B.50)
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are as follows:

Dψ1 − δ̄ψ0 = (π − 4α)ψ0 + 2(ε + 2ρ)ψ1 − 3κψ2 − 3S1φ00 + 3S0φ01

+ �[Dφ01 − δφ00 + (2β − 2ᾱ − π̄)φ00 − 2(ε + ρ̄)φ01 − 2σφ11 + κ̄φ02],

(B.51)

Dψ2 − δ̄ψ1 = −λψ0 + 2(π − α)ψ1 + 3ρψ2 − 2κψ3

+ 2S0φ11 + S̄1φ01 − S2φ00 − S1φ10

+ 1
3�[2Dφ11 − 	φ00 + 2δφ10 − δ̄φ01

+ (2γ + 2γ̄ + 2μ − μ̄)φ00 − 2(π + α + τ̄ )φ01 − 2(π̄ + τ − 2ᾱ)φ10

+ 2(ρ − 2ρ̄)φ11 + 2κ̄φ12 + 2κφ21 + σ̄ φ02 − 2σφ20], (B.52)

Dψ3 − δ̄ψ2 = −2λψ1 + 2πψ2 + 2(ρ − ε)ψ3 − κψ4

+ S0φ21 − S1φ20 − 2S2φ10 + 2S̄1φ11

+ 1
3�[2	φ10 − Dφ21 − 2δ̄φ11 + δφ20

+ 2νφ00 − 2λφ01 + 2(μ − μ̄ + 2γ̄ )φ10 − 2(π + 2τ̄ )φ11

+ 2σ̄ φ12 + 2(ρ − ρ̄ + ε)φ21 + (2ᾱ − 2β − 2τ − π̄)φ20 + κ̄φ22], (B.53)

Dψ4 − δ̄ψ3 = −3λψ2 + 2(α + 2π)ψ3 + (ρ − 4ε)ψ4 + 3S̄1φ21 − 3S2φ20 + �[	φ20 − δ̄φ21

+ 2νφ10 − 2λφ11 + 2(α − τ̄ )φ21 + (2γ̄ − 2γ − μ̄)φ20 + σ̄ φ22], (B.54)

	ψ0 − δψ1 = (4γ − μ)ψ0 − 2(β + 2τ)ψ1 + 3σψ2 + 3S1φ01 − 3S0φ02 + �[−Dφ02 + δφ01

− λ̄φ00 + 2(π̄ − β)φ01 + 2σφ11 − 2κφ12 + (2ε − 2ε̄ + ρ̄)φ02], (B.55)

	ψ1 − δψ2 = νψ0 + 2(γ − μ)ψ1 − 3τψ2 + 2σψ3

+ S2φ01 + 2S1φ11 − 2S0φ12 − S̄1φ02

+ 1
3 �[	φ01 − δ̄φ02 + 2δφ11 − 2Dφ12

− ν̄φ00 + 2(μ̄ − μ − γ )φ01 − 2λ̄φ10 + 2(τ + 2π̄ )φ11

+ 2(ρ̄ − ρ − 2ε̄)φ12 + 2σφ21 + (2π + 2α − 2β̄ + τ̄ )φ02 − 2κφ22], (B.56)

	ψ2 − δψ3 = 2νψ1 − 3μψ2 + 2(β − τ)ψ3 + σψ4

+ 2S2φ11 + S1φ21 − S0φ22 − 2S̄1φ12

+ 1
3 �[2	φ11 + δφ21 − 2δ̄φ12 − Dφ22

− 2νφ01 − 2ν̄φ10 + 2(2μ̄ − μ)φ11 + 2(π + τ̄ − 2β̄)φ12

+ 2(β + τ + π̄)φ21 + 2λφ02 − λ̄φ20 + (ρ̄ − 2ρ − 2ε − 3ε̄)φ22], (B.57)

	ψ3 − δψ4 = 3νψ2 − 2(γ + 2μ)ψ3 + (4β − τ)ψ4 + 3S2φ21 − 3S̄1φ22 + � [	φ21 − δ̄φ22

− 2νφ11 + 2λφ12 + 2(γ + μ̄)φ21 − ν̄φ20 + (τ̄ − 2α − 2β̄)φ22]. (B.58)

Appendix C.

C.1. The asymptotic solution of the Einstein-massless-scalar-field equations

Although we want the results at I−, we follow the usual convention and find the asymptotic
solution of the field equations in the physical spacetime first in the neighbourhood of
I+. The results can easily be translated to I−. For the solution, we closely follow the
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procedure presented in [16] for the vacuum spacetimes. The coordinates, tetrad and conformal
transformations of the spin basis are identical to those used therein, and in this appendix, since
we do not consider unphysical quantities, we omit the tildes from physical quantities.

We define

ϕ0 = Dφ, ϕ1 = δφ, ϕ1̄ = δ̄φ, ϕ2 = 	φ. (C.1)

The components of the Ricci spinor and the scalar curvature are given by (8) and (9). The
asymptotic behaviour of these quantities is as follows:

�00,�01,�02 = O(�4),

�11,�12,� = O(�3),

�22 = O(�2).

(C.2)

Assuming analyticity we can expand any quantity X = O(�k) in a series of the form

X =
∞∑
i=0

X(i)(u, θ, φ)�i+k. (C.3)

Using the field equations, i.e. the Ricci and Bianchi identities and the frame equations, we
arrive at the following asymptotic solution for the spin coefficients (setting �mn = 0 and
� = 0 we recover expansions valid for the vacuum case which can be found, e.g. in [16],
section 3.10):

σ = σ (0) �2 + O(�4),

ρ = −� + ρ(2) �3 + O(�4),

α = a � + α(1) �2 + O(�3),

β = −a � − a σ (0) �2 + O(�3),

π = ðσ̄ (0) �2 + O(�3),

λ = ˙̄σ (0) � + λ(2) �2 + O(�3),

γ = γ (2) �2 + O(�3),

μ = − 1
2 � + μ(2) �2 + O(�3),

ν = O(�),

(C.4)

where

ρ(2) = −[
σ (0) σ̄ (0) + �

(0)
00

]
,

a = − (2
√

2)−1 cot θ,

α(1) = ðσ̄ (0) + a σ̄ (0),

γ (2) = aðσ̄ (0) − að̄σ (0) − 1
2 (�

(0)
2 + �

(0)
11 − �(0)),

λ(2) = 1
2 σ̄ (0) − ð̄ðσ̄ (0),

μ(2) = − ððσ̄ (0) − �
(0)
2 − 2 �(0) − σ (0) ˙̄σ (0),

(C.5)

For the relevant Weyl scalars and Ricci tensor components we have

�2 = �
(0)
2 �3 + O(�4),

�4 = − ¨̄σ (0) � + O(�2),

�11 = − 1
2∂u(φ

(0) φ̄(0)) �3 + O(�4),

� = 1
6 ∂u(φ

(0) φ̄(0)) �3 + O(�4).

(C.6)
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Appendix D. Selected solutions to the Einstein-conformal-scalar equations

We first briefly survey some explicit stationary solutions to the Einstein-conformal-scalar
equations which satisfy the requirements of our theorem. To explore the field equation (37)
further, we also present two families of time-dependent solutions. Some are singular when
φ2 = 1, some are not and in some φ2 never takes the value 1.

D.1. Stationary solutions

Over 50 years ago Buchdahl [6] demonstrated how from any given static vacuum solution a
one-parameter family of pairs of solutions of Einstein’s equations with the massless scalar
field can be constructed. Later Bekenstein [2] showed how from any Einstein-scalar field
solution the corresponding Einstein-conformal-scalar field solution can be found. In particular,
considering any static vacuum solution in the form

ds2 = W 2dt2 − W−2 hij dxi dxj , (D.1)

the two Einstein-conformal-scalar solutions are

ds2 = 1

4
(Wβ ± W−β)2[W 2α dt2 − W−2αhij dxi dxj ],

φ =
√

3

4π

1 ∓ W 2β

1 ± W 2β
,

(D.2)

where α = (1 − 3β2)1/2, and β ∈ 〈− 1√
3
, 1√

3

〉
is a free parameter. Upper and lower signs,

respectively, in (D.2) correspond to two types of solutions A and B. If the solution (D.1)
is asymptotically flat, so it is the type A solution. Hence, many solutions satisfying our
assumptions are available.

A special spherically symmetric solution—after choosing a suitable radial coordinate—
reads

ds2 =
(

1 − m

r̄

)2
dt2 −

(
1 − m

r̄

)−2
dr̄2 − r̄2 (dθ2 + sin2 θ dφ2),

φ =
√

3

4π

m

r̄ − m
.

(D.3)

The geometry is identical to that of an extreme Reissner–Nordström black hole, so it can
be analytically continuated to r̄ < m. However, φ and (∇aφ)(∇aφ) diverge at the ‘horizon’
r̄ = m. Nevertheless, this infinite scalar field does not imply an infinite barrier for test scalar
charges and the solutions are often regarded as ‘black holes with scalar charge’ [3]. In any
case, both geometry and scalar fields are analytic at r̄ → ∞ satisfying our requirements.

Bekenstein’s work inspired a number of more recent papers: for example, Einstein-
conformal-scalar-field solutions were analysed in arbitrary dimensions [18], self-interacting
scalar fields were considered [8] and transversable wormholes from massless conformally
coupled and other scalar fields non-minimally coupled to gravity were constructed [1].

D.2. FLRW metric

In this section, we present simple homogenous isotropic solutions of the Einstein-conformal-
scalar equations. We shall take the metric in the standard form

ds2 = dt2 − a2(t)

[
dr2

1 − k r2
+ r2 (dθ2 + sin2 θ dφ2)

]
, (D.4)
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where k ∈ {−1, 0, 1}. The energy–momentum tensor is given by (38). Since this tensor is
traceless, the scalar curvature must vanish:

R = 6

a2
[k + ȧ2 + äa] = 0.

Solutions to this equation are

a(t) =
√

c1 − k(t + c2)2 for k �= 0,

a(t) = c1

√
2t + c2 for k = 0.

(D.5)

The conformally invariant scalar field in the physical spacetime satisfies d’Alembert’s
equation � φ = 0. Because the spacetime is assumed to be homogeneous and isotropic, we
suppose that the field does not depend on the spatial coordinates. D’Alembert’s equation then
reduces to

�φ(t) = φ̈ +
3 ȧ φ̇

a
= 0. (D.6)

For given a(t), the solution can be found explicitly:

φ(t) = C3 + C4

∫
dt

a3(t)
.

In the following short discussion we consider three cases for the three possible values of
k. We solve the wave equation, find the components of the energy–momentum tensor and see
that these components do not exhibit the singularity formally present in (38).

(1) k = 0. Imposing the initial condition a(0) = 0 leads to

a(t) =
√

2 C t, (D.7)

where C is an arbitrary positive constant. The general solution of (D.4) is

φ(t) = α +
β√
t
.

Einstein’s equations then imply

α = ±1,

and β is nonzero but arbitrary. Note that φ2 = 1 at t = β2/4 if αβ/|β| = −1, but φ2 is
never 1 if αβ/|β| = +1. The components of the energy–momentum tensor are

Tab = 1

16 π
diag

(
3

2 t2
,
C

t
,
C r2

t
,
C r2 sin2 θ

t

)
. (D.8)

Obviously, Tab is regular unless t = 0. This is the expected initial curvature singularity
(for example, the Kretschmann invariant Rabcd Rabcd = 3/(2t4) diverges for t = 0). As
noted above, the term (1 − φ2) may or may not vanish depending on the constants of
integration but even when it does there is no singularity in Tab despite the form of (38).

(2) k = −1. Again, we demand a(0) = 0, so a(t) is of the form

a(t) =
√

t (t + C).

The general solution of the wave equation is

φ(t) = α + β
2t + C

2a(t)
, (D.9)

and Einstein’s equations give

α = cosh χ, β = sinh χ, (D.10)
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where χ is an arbitrary constant. Now (1 − φ2) will vanish at some t > 0 for χ < 0 but
not for χ > 0. The components of the energy–momentum tensor are

Tab = C2

32πa2(t)
diag

(
3

a2(t)
,

1

1 + r2
, r2, r2 sin2 θ

)
, (D.11)

and they are again singular only for t = 0, and not at φ2 = 1.
(3) k = 1. Now we impose the conditions a(0) = 0 and ȧ(T ) = 0, so that

a(t) =
√

t (2T − t).

The solution of the wave equation is

φ(t) = α + β
T − t

a(t)
, (D.12)

and Einstein’s equations imply

α = cos χ, β = sin χ. (D.13)

In this case, φ2 always takes the value 1 for some time, but the components of the
energy–momentum tensor are

Tab = T 2

8 π a2(t)
diag

(
3

a2(t)
,

1

1 − r2
, r2, r2 sin2 θ

)
, (D.14)

and are nonsingular at φ2 = 1.
In [2], cosmological solutions were also considered (both conformal scalar field and

incoherent radiation); however, singularities in Tab for scalar field were not discussed.

D.3. pp-waves

We can find pp-wave solutions with this source: consider the pp-wave with the metric given
by

ds2 = 2 H(u, x, y) du2 + 2 du dv − dx2 − dy2. (D.15)

For simplicity, we assume that the scalar field φ = φ(u, x, y) does not depend on v. The wave
equation is then

�φ = −φxx − φyy = 0, (D.16)

with subscripts denoting corresponding derivatives. We can take the general real solution to
be

φ(u, x, y) = f (u, x + iy)/2 + f (u, x − iy)/2, (D.17)

where f is an arbitrary real function of two variables. Let us denote

Kab = Rab + 8 π Tab, (D.18)

so that Einstein’s equation are Kab = 0. One of these equations is

K01 = φ2
x + φ2

y

1 − φ2
= 0, (D.19)

from which we find

φ = f (u). (D.20)

Then the only remaining nonzero component of Kab is

K00 = Hxx + Hyy +
2

1 − f 2

(
f fuu − 2f 2

u

)
. (D.21)
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Solving the equation K00 = 0 with respect to H we arrive at

H = C(u, x + iy) + C(u, x − iy) +
x2 + y2

2

(
2f 2

u − f fuu

)
1 − f 2

. (D.22)

Here, C and f are the arbitrary real functions. As we can now see, the metric function H is
singular if ever f ≡ φ = ±1 and this, if it occurs, will be a curvature singularity.

In [13], a large class of solutions of the Einstein-conformal-scalar equations for colliding
plane waves was found by employing the Bekenstein transformation [2].

References
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Appendix A

NP formalism in Mathematica

Spinor formalism provides an efficient way how to treat problems discussed in
this thesis. However, the Newman-Penrose equations, which are projections of
spinor equations onto null tetrad or spin basis, are usually very long. Examples
of simple equations were described in section 6.1. Obviously, procedure of
projecting the equation is straightforward but for more complicated equations
tedious. Thus, the most efficient way how to find the NP equations for given
spinor equations is to calculate them using computer and software which is able
to perform analytic computations. For all calculations in this thesis software
Mathematica has been used. In this appendix we present short guide on the
script in Mathematica programmed for the purposes of the thesis. Source
code of the script is contained in the file NP-formalism.nb attached on CD
accompanying the thesis. The file itself contains brief instructions.

A.1 Conventions

In the script we try to follow standard NP notation as far as possible. Basis
spinors oA and ιA are represented by symbols

oA 7→ ou[A] ιA 7→ ιu[A]

oA 7→ od[A] ιA 7→ ιd[A]

Letters u (up) and d (down) indicate the position of index. Symbol ιu[A] can
be typed by pressing

ESC i ESC u[A]

Complex conjugated spinors must be typed with bar. Program does not dis-
tinguish between primed and unprimed indices, but it uses the convention that
primed index A′ is written as AA. So, the correspondence between usual nota-
tion and notation we used is following:

ōA
′ 7→ ou[AA] ῑA

′ 7→ ιu[AA]

ōA′ 7→ od[AA] ῑA′ 7→ ιd[AA]

Symbol ou[AA] can by typed pressing
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ou CTRL+& _ [AA]

Program can work with both spinor and tensor structures. Beside spin basis
it defines also null tetrad indexed by small Latin letters:

la, l
a 7→ l[a] na, n

a 7→ n[a]

ma,m
a 7→ m[a] m̄a, m̄

a 7→ m[a]

Notice that the program does not distinguish between upper and lower tensor
indices. That is because contraction can be made only through indices in
different positions, but the result is symmetric, i.e. for any contraction we
have

ta s
a = ta sa.

In the case of spinors, however, we must be careful because there the contrac-
tions are antisymmetric.

NPformalism defines also spinor equivalents of vectors of null tetrad. For
example,

la = lAA
′

= oA ōA
′
.

If we project spinor equivalents of tensors, we have to contract them with spinor
equivalents of the null tetrad. Since it is annoying to write oAōA

′
, our program

employs following notation:

lAA
′ 7→ lu[A,AA] nAA

′ 7→ nu[A,AA]

mAA′ 7→ mu[A,AA] m̄AA′ 7→ mu[A,AA]

Beside spin basis and null tetrad one often needs to use their special com-
binations, namely Levi-Civita symbol

εAB = oA ιB − oB ιA

and metric tensor

gab = la nb + lb na − ma m̄b − m̄amb.

Thus, the program defines following symbols:

εAB 7→ Ed[A,B] εA′B′ 7→ Eccd[AA,BB]

εAB 7→ Eu[A,B] εA
′B′ 7→ Eccu[AA,BB]

ε B
A 7→ Edu[A,B] ε B′

A′ 7→ Eccdu[AA,BB]

εAB 7→ Eud[A,B] εA
′

B′ 7→ Eccud[AA,BB]

gab, g
ab 7→ g[a, b]

Covariant derivative ∇a = ∇AA′ is represented by several versions of symbol
Nabla:
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∇AA′x 7→ Nablad[A,AA, x] ∇AA′
x 7→ Nablau[A,AA, x]

∇A′

A x 7→ Nabladu[A,AA, x] ∇AA′x 7→ Nablaud[A,AA, x]

∇ax,∇ax 7→ Nabla[a, x]

The NP operatorsD,∆, δ and δ̄ are naturaly represented by symbols DD,∆, δ, δ̄
(operator D is reserved for the differentiation and cannot be used as a symbol):

Dx 7→ DD[x] ∆x 7→ ∆[x] δx 7→ δ[x] δ̄x 7→ δ̄[x]

In Mathematica, Greek letters can be typed using ESC, e.g. letter ∆ can be
typed by pressing

ESC D ESC

Program has built-in definitions of the spin coefficients and their complex
conjugates. They are denoted by the symbols

α, β, γ, ε, κ, λ, µ, ν, pi, ρ, σ, τ.

The only exception is π coefficient, because the symbol π is reserved for Lu-
dolph’s constant. Thus, for example, Mathematica evaluates expression DD[π]
as a derivative of constant which is zero. For this reason we used symbol pi
instead of more natural π.

The other built-in NP quantities are the Weyl and Ricci spinor. The Weyl
spinor is totally symmetric four-valent spinor ΨABCD and in the program it
is represented by symbol ψ[A,B,C,D]. Ricci spinor is also four-valent, but its
first two indices are unprimed and the other two are primed. Riemann tensor
related NP quantities are therefore

ΨABCD 7→ ψ[A,B,C,D], ΦABA′B′ 7→ Φ[A,B,AA,BB]

Ψ0 7→ Ψ[0] . . . Ψ4 7→ Ψ[4]

Φ00 7→ Φ[0, 0] . . . Φ22 7→ Φ[2, 2]

Symbol ψ[A,B,C,D] is in fact Weyl spinor expanded into its components with
respect to spin basis in terms of NP quantities Ψ0, . . .Ψ4, i.e.

ΨABCD = Ψ0 ιA ιB ιC ιD − 4 Ψ1 o(A ιB ιC ιD) + · · · .

Similarly, symbol Φ[A,B,AA,BB] is Ricci spinor expanded in terms of NP quan-
tities:

ΦABA′B′ = Φ00 ιA ιB ῑA′ ῑB′ − 2 Φ01 ιA ιB ō(A′ ῑB′) + · · · .

Finally, NPformalism defines the spinor equivalent of Riemann tensor. For
simplicity, however, script defines only the antiself- dual part of Riemann ten-
sor, cf. (6.9):

−Rabcd = ΨABCD εA′B′ εC′D′ + ΦABC′D′ εA′B′εCD

+ Λ εA′B′ εC′D′ (εAC εBD + εAD εBC) . (A.1)
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Complete Riemann tensor is then sum of its self-dual and antiself-dual part,

Rabcd = +Rabcd + −Rabcd,

where +Rabcd is complex conjugate of −Rabcd. In the script, antiself-dual part
of Riemann tensor is represented by symbol

−Rabcd 7→ Riemann[A,B,C,D,AA,BB,CC,DD].

This review exhausts built-in symbols of the program presented. For ex-
ample, symbol φAB for electromagnetic spinor is not defined in order to avoid
possible collisions, since the letter φ is used in many situations. Several addi-
tional symbols are defined in a separate file and are briefly described later.

A.2 Working with the NP-formalism

After introducing basic notation and conventions used, we list few examples
illustrating properties of the program and its possibilities. Central function
of the script is called Penrose and its purpose is to translate expresion into
Newman-Penrose formalism. The algorithm si very simple: expression is ex-
panded so that no brackets remain. Then the Leibniz rule for derivatives is
being applied until each derivative acts on a single symbol. Finally, the pro-
gram looks for contractions of spinors or vectors which can be evaluated or
simplified using standard rules of spinor and tensor calculus.

For example, spin coefficient ε is defined as

ε = oADιA.

Function Penrose expects expression like that on the right hand side and tries
to re-express it in terms of spin coefficients. Typing

Penrose[ ou[A] DD[ιd[A]] ]

yields

ε.

To see that function Penrose works correctly with spinor and tensor contractions
one can try following examples and compare them with calculation made by
hand:
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Mathematica command Standard notation Result
(argument of function Penrose)

od[A] ιu[A] oA ι
A 1

ou[B] ιd[B] oB ιB -1

od[A] ιu[B] oA ι
B od[A] ιu[B]

l[d] n[d] ld n
d, ld nd 1

g[a, b] g[a, b] gab gab 4

g[a, b] l[b] gab l
b l[a]

Ed[A,B] ou[B] εAB oB −od[A]

ψ[A,B,C,D] ou[A] ιu[B] ou[C] ou[D] ΨABCD oA ιB oC oD Ψ[1]

Eu[A,B] od[A] ιd[B] εAB oA ιB 1

Φ[A,B,AA,BB] Eccu[AA,BB] ΦABA′B′ εA
′B′

0

ou[A] ou[AA] Nablad[A,AA, x] oA ōA
′
∇AA′x DD[x]

od[A] ou[B] ∆[ιd[A]ιd[B]] oA oB ∆(ιA ιB) −2γ

Let us see another example. In section 6.1 we have seen how to express
quantity DτA in the NP formalism, if τA is an arbitrary spinor. In Mathe-
matica we can proceed as follows. First we define spinor τA in terms of its
components with respect to spin basis by

τu[A ] = τ0 ou[A] + τ1 ιu[A].

Now Mathematica can calculate contractions of τA with basis spinors:

Penrose[ τu[X] od[X] ] → τ1

Penrose[ τu[X] ιd[X] ] → −τ0

Applying function Penrose to expression DD[τu[A]] will insert our definition of
τA into operator DD. Then, by additivity of the derivative and by the Leibniz
rule, our program arrives (internally) at expression

DD[τ0] ou[A] + τ0 DD[ou[A]] + DD[τ1] ιu[A] + τ1 DD[ιu[A]].

Now relations

DoA = ε oA − κ ιA, DιA = π ouA − ε ιA

will be used, so Mathematica gives the result

ε τ0 ou[A] + pi τ1 ou[A] + DD[τ0] ou[A] − κ τ0 ιu[A] − ε τ1 ιu[A] + DD[τ1] ιu[A].

This is already final expression but it is worth to give it more ”tidy“ form. The
first possibility is to contract it with basis spinors to find the components with
respect to oA and ιA, but we must be careful because of signs. More efficient
way is to extract factors standing in front of basis spinors using Mathematica
function Coefficient. Code suitable for convenient reading coefficients off can
look like follows:
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τu[A ] = τ0 ou[A] + τ1 ιu[A];
expr = Penrose[DD[τu[A]]];
Coefficient[expr, ou[A]]
Coefficient[expr, ιu[A]]

This code produces two expressions,

ε τ0 + pi τ1 + DD[τ0]
−κ τ0 − ε τ1 + DD[τ1]

which implies

DτA =
(
Dτ0 + ε τ0 + π τ1

)
oA +

(
Dτ1 − κ τ0 − ε τ1

)
ιA.

Consider yet another example. Let φA′ be spinor defined by equation

φA′ = ∇AA′τA. (A.2)

In the NP formalism, the components of spinors are usually indexed according
to the number of contractions with spinor ι, i.e. the NP components of φA′ are
defined as

φ0 = φA′ ōA
′
, φ1 = φA′ ῑA

′
.

Let us find components of spinor φA′ defined by equation (A.2) using Mathe-
matica and function Penrose. First we define spinor

τA = τ1 oA − τ0 ιA,

so that

τ0 = τA o
A, τ1 = τA ι

A,

following convention of the NP formalism. Spinor τA is then

τA = εAB τB .

Next we define

φA′ = ∇AA′ τA

and compute φ0 and φ1. Corresponding Mathematica code reads

τd[A ] = τ1 od[A] − τ0 ιd[A];
τu[A ] = Eu[A,B] τd[B];
φd[AA ] = Nablad[A,AA, τu[A] ];
expr1 = Penrose[ φd[AA] ou[AA] ]
expr2 = Penrose[ φd[AA] ιu[AA] ]

Looking at resulting expression (and perhaps using Coefficient) we find

φ0 = Dτ1 − δ̄τ0 + (α− π) τ0 + (ε− ρ) τ1,

φ1 = ∆τ0 − δτ1 + (γ − µ) τ0 + (β − τ) τ1.
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A.3 Additional features

In the spinor formalism one often uses symmetrization and antisymmetrization.
Library offers routine for symmetrization in two and three indices. Syntax is
straightforward, e.g.

Symmetrize[ τ [A,B], A, B ]

yields

1

2
(τ [A,B] + τ [B,A]).

and similarly for three indices. For example, the NP projections of the so-
called univalent twistor equation (this equation was used in the paper [3] for
the calculation of the Bondi mass)

∇A′(A τB) = 0

can be found by taking projections of expression

expr = Symmetrize[ Nablad[A, AA, τd[B]], A, B];
Penrose[expr ou[A] ιu[B] ou[AA] ]

Here we define expression ∇A′(AτB) and then contract it with oA ιB ōA
′
.

Antisymmetrization makes sense only for two indices, because antisym-
metrization for three and more indices gives zero. Antisymmetrization in AB
replaces AB by dummy indices XY and multiplies expression under antisym-
metrization by

1

2
εAB ε

XY .

There are four routines for antisymmetrization, depending on position and type
of indices:

AntiSymmd[Q, A, B] lower unprimed indices

AntiSymmccd[Q, AA, BB] lower primed indices

AntiSymmu[Q, A, B] upper unprimed indices

AntiSymmccu[Q, AA, BB] upper primed indices

For example, antisymmetrization of εAB must leave this spinor unchanged:

ε[AB] =
1

2
εAB ε

XY εXY = εAB ,

because trace of symplectic form is εXY εXY = 2. We can verify that our
program gives correct result by

AntiSymm[Ed[A,B],A,B]

which yields

od[A] ιd[B] − ιd[A] o[B],
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expression equal to εAB .
Additional definitions of objects used in calculations necessary for the thesis

are contained in separate file NPextra.nb. Electromagnetic spinor φAB is defined
as

φAB = φ0 ιA ιB − 2φ1 o(A ιB) + 2φ2 oA oB .

Maxwell’s equation are equivalent to spinor equation

∇AA′φAB = 0.

Its NP projections can be obtained by

expr = Nablaud[A,AA, φd[A]] ∇AA′φAB
Penrose[expr ou[B] ou[AA]]

(
∇AA′φAB

)
oB ōA

′

which gives equation

Dφ1 − δ̄φ0 = (π − 2α)φ0 + 2 ρ φ1 − κφ2.

As it is explained in the main text, scalar field φ is described by its gradient,
i.e. vector field

ϕAA′ = ∇AA′φ.

Since we consider also complex fields, our script defines eight spinor fields:

ϕAA′ 7→ ϕd[A,AA] ϕAA′ 7→ ϕd[A,AA]

ϕA
′

A 7→ ϕdu[A,AA] ϕA
′

A 7→ ϕdu[A,AA]

ϕAA′ 7→ ϕud[A,AA] ϕAA′ 7→ ϕud[A,AA]

ϕAA
′ 7→ ϕu[A,AA] ϕAA

′ 7→ ϕu[A,AA]

Components of these vector fields are denoted as follows:

Dφ 7→ ϕ[0] ∆φ 7→ ϕ[2]

δφ 7→ ϕ[1] δ̄φ 7→ ϕ[1̄]

Dφ 7→ ϕ[0] ∆φ 7→ ϕ[2]

δφ 7→ ϕ[1] δ̄φ 7→ ϕ[1̄]

Finally we define the last vector field, gradient of conformal factor Ω denoted
by

sAA′ = ∇AA′Ω.

Because conformal factor is real, it is sufficient to define only four fields:

sAA′ 7→ sd[A,AA] sAA
′ 7→ su[A,AA]

sA
′

A 7→ sdu[A,AA] sAA′ 7→ sud[A,AA]
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Components of sAA′ are denoted in following way:

DΩ 7→ S0 ∆Ω 7→ S2

δΩ 7→ S1 δ̄Ω 7→ S1

As the last example, consider scalar product

sa ϕa = (∇AA′Ω)(∇AA′
φ).

Straightforward command

Penrose[su[A,AA]ϕd[A,AA]]

yields correct expression

S2ϕ[0] + S0ϕ2 − S1ϕ[1̄] − S1ϕ[1].

A.4 Conclusion

In this appendix we introduced scripts written in Mathematica for projecting
spinor/tensor equations onto the spin basis/null tetrad and writing resulting
equations in the NP formalism. We explained how any spinor/tensor equa-
tion can be converted to the notation used by script and listed a number of
examples.
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