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Abstract: Presented work deals with the choice of optional parameters determining
partial forgetting. The main objective is to design an algorithm for the development
of the optional parameters in time in the optimal way, which would be better than us-
age of constant parameters. For this purpose, the Bayesian dynamic decision making,
general principles of tracking the slowly varying parameters via forgetting and partial
forgetting method are presented. To make computations feasible the exponential family



of probability distribution functions is used. Applied algorithm is described mathemat-
ically using Bayesian learning. The stress is laid on the forgetting factor’s choice, that
is regarded as a Bayesian hypothesis testing. Moreover, the set of hypotheses on the
forgetting factor varies in time. To hypotheses, forgetting is also applied. The presented
methods are then applied to the normal regression model. However, the generality of
the theoretical part allows the application to other models, e.g. Markov chain model,
too. The algorithm is then programmed within the Python environment and tested on
the real traffic data and on the simulated data as well.
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Chapter 1

Introduction

The main goal of this work is to familiarize the reader with methods of dynamic decision
making, Bayesian learning and especially partial forgetting. Furthermore, by their
application, to develop an algorithm for the optimal choice of optional parameters
determining partial forgetting.

1.1 State of the art

In the theory of adaptive systems various models for prediction or control are used (e.g.
[1, 2, 3]). These models need to be accurately defined and correct parameter estimates
are presumed. Fulfillment of these assumptions becomes more difficult when the model
parameters vary in time. Dealing with time-varying parameters is one of the most
important motivations for designing adaptive controllers [1].

In the case of tracking of slowly varying parameters, different methods and tech-
niques of forgetting the obsolete information have been developed. One of the most
popular methods is the estimation from a group of recent data. Example of this method
can be found in [1]. Many other methods are based on exponential forgetting [5, 6]. The
disadvantage of these approaches is that when noninformative data are coming, because
it leads to the problem of information loss. Because of that, various modifications of
exponential forgetting, such as directional forgetting [7, 8], have been developed. Other
popular methods are forgetting-factor least square algorithm [9] with its modifications
[10] or methods based on the Kalman filter [11, 12]. Some approaches of dealing with
fast varying parameters can be found in [13, 14].

The above mentioned methods lack the ability to reflect the situation when each
element of slowly varying multivariate parameter varies with different rate. To overcome
this limitation, partial forgetting [15] has been developed. This method is in detail



described in Chapter 3 of this work.

Since all these methods depend (more or less) on various optional parameters, we
should choose them with special diligence. Obviously, the most important parameter
appears to be a forgetting factor. There exist various methods for optimal choice of the
forgetting factor (e.g. [16]). However, the optimal forgetting factor is usually chosen
manually. The algorithmic choice has been presented, as far as author is aware, only
in a very few works (e.g. [17]).

1.2 Aim of the work

The aim of the work is to improve the current state of the art as described in Section 1.1
by designing an algorithm for the optimal choice of the optional parameters determining
partial forgetting.

Choosing the optimal forgetting factor in each time instant will be regarded as
Bayesian hypothesis testing on the regression model. To make computations feasible
the exponential family of probability density functions will be used. Because the validity
of hypotheses should develop in time, the second-level forgetting will be applied to them.
The algorithmic choice of the alternative probability density function will be discussed
as well.

For these reasons it is necessary to become acquainted with dynamic decision making
and Bayesian learning [18]. Furthermore, we should familiarize ourselves with Bayesian
hypothesis testing and acquaint ourselves with partial forgetting and its Bayesian ap-
proach. Knowledge of some optimization methods [19] will be necessary as well.

The key task will be the development of an algorithm for the optimal choice of the
parameters determining partial forgetting. The algorithm will be described mathemat-
ically and then tested within Python environment [20)].

1.3 Work layout

With regard to the aims of the work presented in Section 1.2 we need to prepare
theoretical background first before constructing the algorithm.

Section 2.1 presents notations and notions used in the work.

In Chapter 2 underlying theory is presented. Section 2.2.1 deals with basics of
Bayesian learning. Its elementary theorems are presented. Then the Bayesian approach
is used in hypothesis testing, which is the purport of Section 2.2.2. Section 2.3 presents
the exponential family of probability density functions used in our case. Within this
family, computation are much friendlier. Section 2.4 presents the Bayesian approach to



the Markov chain models, whereas Section 2.5 deals with hypothesis on the regression
model.

The main part of the work is in Chapter 3. This chapter is split into five sec-
tions. Section 3.1 serves like an introduction into the general idea of forgetting and
presents the theoretical background needed later. Section 3.1.1 introduces the reader
into the problems of tracking of slowly varying parameters. Section 3.1.2 presents the
Kullback-Leibler divergence with a special order of its arguments. This order of argu-
ment leads to the special type of forgetting — exponential forgetting, which is presented
in Section 3.1.3 and which will be used as a benchmark for comparing the developed
algorithm. Next Section 3.1.4 discusses and justifies the opposite order of arguments in
the Kullback-Leibler divergence. Section 3.2 deals with the partial forgetting method.
Firstly, the idea of this new forgetting method is described, Section 3.2.1 presents the
hypotheses on the true probability density function of the varying estimated parameters
used in this method and Section 3.2.2 deals with the approximation of this true proba-
bility density function by a probability density function from the family of probability
density functions needed. Next Section 3.3 deals with the optional-parameters choice
and therefore presents the main results. Consecutively, Sections 3.3.1, 3.3.2 and 3.3.3
deal with the optimal choice of the forgetting factor in the partial forgetting method,
which is regarded as a Bayesian hypothesis testing with a time-varying set of hypothe-
ses, with the choice of the second-level forgetting applied to those hypotheses and with
the choice of the alternative probability density function of the parameters. Next two
sections deal with theoretical application of the methods described in the preceding
sections to the regression model (Section 3.4) and to the Markov chain model (Section
3.5).

Both of the chapters mentioned above are written as general as possible. The
algorithm is tested on a specific optimization problem but it can be easily transformed
to solving other problems because of generality of the underlying theory.

The algorithm for optimal choice of optional parameters determining partial forget-
ting is then applied in Chapter 4. There it is shown how the algorithm behaves within
the Python environment against classical exponential forgetting.

In Chapter 5 results of the work are recapitulated. Last two chapters summarize
the theorems and lemmas (Chapter 6) and the code of the program (Chapter 7).



Chapter 2

Underlying theory

2.1 Notations and notions

Notations and notions are taken, out of few exceptions, from [21].

2.1.1 Notations

f is reserved for the probability (density) function (p(d)f) whose meaning is given
through its argument.

x* denotes the range of x.
Z denotes cardinality of the set x*.
x* denotes length of the vector z.

A" stands for the vector [A],...,A}]’,; where the symbol ' denotes transposi-
tion.

The sign o stands for equality up to the normalization factor, which is uniquely
determined.

= is equality by definition.

tr(A) denotes the trace of the matrix A.
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No formal distinction is made between a random variable, its realization and
the pdf argument. All integrals are multivariate and definite over the argument
domain.

The continuous real-valued random variables are considered up to a few exceptions
concerning the Markov chains. The probability space used is therefore (R",B", P)
and a multivariate random variable X is a Borel measurable function that maps this
probability space to (R, B), where n = X¢ R" is an n-dimensional space with real
coordinates and B is the Borel o-algebra on the set of real numbers. Then, the pdf f
is the Radon-Nikodym derivative of the probability distribution of the random variable
with respect to the Lebesgue measure (for details see [22, 23]).

The theory presented in this work can be easily reformulated for the discrete random
variables using the counting measure as a reference one instead of the Lebesgue measure,
which is not done in this work since it is not the core of it.

2.1.2 Notions

In this section the notions needed in this work are presented. The notions used are very
similar to the notions used in [21] where you can look for more.

Decision a € a* # () is a value of quantity, which the decision maker can directly
choose to reach his goals.

(Decision) experience P,- € P is a knowledge, which has the decision maker about
the system for the selection of the decision a € a*.

(Decision) ignorance F,« € Fp. is a knowledge, which is considered but not available
to the decision maker about the system for the selection of the decision a € a*.

Innovation A; € A} contains quantities included in Pes,, \ {a:} but not in P,y

(System) behavior Q is a sequence, which shows to decision maker how does the
system behave in a considered time range. It can be split into Q = (Py«, a, Fo+)
for any decision a and relevant P,, F,-. For behaviors consisting of observed and
opted data only, Q = (a1, Ay, a2, Ag, .. .).

2.2 Bayesian learning

The decision making is executed under uncertainty, it means we do not know the be-
havior of some parameters affecting the random variables used in the system model.

11



Within the frame of Bayesian learning the parameters of the system model are treated
as random variables. The prior knowledge of these, represented by their prior pdf, can
be improved using experimentally obtained data to evaluate the posterior pdf through
which we try to predict the evolution of the unknown parameters. This way of “learn-
ing” from data is the eminency of Bayesian estimation [24].

2.2.1 General Bayesian learning

This section deals with the problem that the considered behavior Q € Q* contains
quantities, which cannot be observed directly. Quantities of that kind are here called
parameters. Even in this situation, it is necessary to have outer model for the optimal
decision-making, which relates observed and opted data only (more in [21]).

Definition 1 (Outer model of the system). The collection of pdfs

{f(At|at’ Pa?)}tet*
required for the optimal design of decision strategies, is called outer model of the system.

Here two theorems are presented, which provide us with the outer model and with
the estimates of parameters.

Theorem 2 deals with general case when the outer model relies on the filtering
whereas Theorem 3 is appropriate when the outer model relies on the special version
of filtering called estimation. In other words, in the first case the parameters are time
variant, while in the second case they are not. Both of the theorems are taken from
21].

Both of them require some special assumptions (natural conditions of decision mak-
ing), which are introduced now:

1. The relation of innovation A; to experience P, and the decision a; is given trough
the observation model

{f(At|a/t7 Pa:; ®t>}t€t*
that is given up to unknown parameters ©; € ©; C F,x,Vt € t*.

2. The temporal development of the parameters O! € ©* is described by a known
collection of pdfs called the time-evolution model, which is given as

{f<@t’a‘t7 Pa:; @tfl)}tet*

12



3. The parameters ©f are not known to the strategies considered. The natural condi-
tions of decision making postulate an independence of a; and ©, when conditioned
on 'Pa;

flar|Paz, ©1) = flar|Pay) < f(Otlar, Po;) = f(O4|Pay) (2.1)
Remark: for the equivalence in (2.1) go to [21].

4. The initial experience P, add nothing new to the prior information on ©g, so
that the prior pdf

f(©0) = f(O0|Paz) = f(Oolar, Pa:)

Theorem 2 (Generalized Bayesian filtering). Let all requirements written above be met.
Then the outer model of the system (required for the optimal design of strategies) has
the form

F(Adar, Pus) = / F(Adar, Pa, ©,) £(04|Pus ) d,
o;

The evolution of the pdf f(©:|P.:), called (generalized Bayesian) filtering of un-
known quantities Oy, is described by the following recursion that starts from the prior

pdf (o)

e Data updating

. f(At‘atv ,Paf? ®t)f(®tllpaf>
f(@twyat*“) B f(At‘at,PaI>

that incorporates the innovation A; and the decision a;, and

(2.2)

o Time updating

[@ilPa) = [ SOumloc,Pu 005 @R, a0 (23)
o7
that reflects the time evolution ©, — O, 1.

Proof. 1t can be found in [21]. O

Theorem 3 (Generalized Bayesian estimation). Let requirements written above be met
with time invariant ©; = © € ©* C F,+, Vt € t*. Then the outer model of the system
15 given by the formula

FaPi) = [ f(Aia, P ©)5(©IPs) do (2.4

13



The evolution of the pdf f(O|P,x), called (generalized Bayesian) parameter estimation,
generating parameter estimate coinciding with the posterior pdf of unknown parameter,
is described by the recursion identical with data updating (2.2)

f(Alar, Py, ©) f(OPoy)
f(©[Pq;,,) =
f(At Qg, Paf)
It starts from the prior pdf f(©) = f(O|Pa:,a1) = f(O|Paz).
The simplicity of the estimation formula allows us to write down its batch (non-
recursive) variant

(2.5)

[1<: f(Ar]ar, Pu:, ©) f(O) L(O,Pay,,) [(O)
f(OlPa;,,) = = = e (2.6)
f@* Hrgt f(AT|aT7 Paf;v @>f(®) d@ I(Pa;ﬁrl)
The introduced likelihood function
L(O,Pa,,) = [ f(Arlar, Pas, ©) (2.7)

T<t

evolves according to the recursion identical to that for the posterior pdf (2.5) but it
starts from the L(©, Pyx) identically equal to one.
The normalization factor Z(-) is defined by the formula

I(Py,) = [ £(6.P;,)f(6)d0 (2.
With (2.8), the outer model of system can be alternatively expressed as
Z(Pa* )
A ) = . tH17
Hdow Pa) =7,
Proof. Tt can be found in [24]. O

Note that for time-invariant © the observation model is mostly called parametric
model. The outer model is also called predictive pdf.

2.2.2 Bayesian hypothesis testing

This section deals with hypothesis testing based on the Bayes’ Theorem (see e.g. [22]).
Thanks to this theorem, the hypothesis testing is reduced to the determination of the
posterior probability (based on given data) of each hypothesis.

14



Suppose that we have 1 hypotheses H;. We begin with placing prior probabilities
P(H;) on each hypothesis. In accordance with the assumption that one of the hypothe-
ses is valid it must hold

21: P(H,

Bayes’” Theorem implies that the posterior probability P(H;|[Pq;, ) has the form

f(Pay,, | H;) P(H;)
Sy f(Par, |H;)P(H;)

which is actually (2.6) for a discrete case with correspondence © « H € {Hq,..., H;}.

Sometimes some of the hypotheses Hy, ..., H; are compound with unknown param-
eters. Let us denote them ©;. When this happens it is necessary to put prior f(0;|H;)
on these parameters as well. In this case, Bayesian hypothesis testing demonstrates its
substantive advantage. We obtain, using Theorem 11 and the law of total probability,

P(H|Pa;,,) = (2.9)

f(Pa;‘+l|Hi> = f( at+17@i|Hi)d@ =

@*

_ /f(Pa?+1|®i,Hi)f(@i|Hi)d@:
_ /f ar,,10:) (64| H;) dO; (2.10)

At this point, it is useful to define the Bayes factor.

Definition 4. The fraction
f(Paz, [ H;)

f(Paz,, | Hj)
is called the Bayes factor of hypotheses H; and H;.

Bi; =

Note that the Bayes factor is actually the fraction of two likelihood functions (2.7)
with aforementioned correspondence © < Hy, k =i, j where ,5 € {1,...,1}.

Using the Bayes factor, it is quite easy to express the fraction of posterior
probabilities of hypotheses H; and H;

P(H;)

H;| P,
( ’ t+1) — 627]
P(H;)

P(H;| P,

t+1)

15



When none of the hypothesis is more likely than the others, i.e.,

1
P(HZ):j,VZ:]_,,i
1

it is useful and it makes computation much easier when P(H;|P,;,,) is expressed as

,P“:H |

L P 1)) :
P(Hi‘,Pa?H) - (Z:; W) - (2:; BN)

2.3 Exponential family

In this section the exponential family of pdfs, which is used in this work, is presented
(more about exponential family in [21]).

The theory presented in Section 2.2 can be often unfeasible for practical use. The
feasibility depends on the chosen parametric model f(A|a;, Pyr,©). To make com-
putations friendlier, it is worth to consider the parametric (observation) model from
the exponential family. One of the advantages of this choice is that multiplication of
exponential function is nothing more than addition of their exponents.

Definition 5. Suppose the parametric model can be written in the form

f(Aay, Pa:;, 0) = A(©) eXP{B/(‘I’t)C(@)} (2.11)

where the vector W, = [A;, 4] has a finite dimension and it is determined by the
experience Pgy,  and the decision a;y1 and can be recursively updated by a known
formula. A(-) is a non-negative scalar function defined on ©*, B(-) and C(-) are vector
functions of the same fixed finite dimension defined on ¥* and ©*, respectively. Then,
we say that f(A|a, P,r, ©) belongs to the exponential family.

As it was mentioned above, computations within the exponential family are much
friendlier. Let us now rewrite some expressions from Section 2.2.1, especially from
Theorem 3.

The predictive pdf (2.4) has the form

I(Viey + B(W,), iy + 1)

an,Pa:: ~ -
(Aelar, Por) T(Vie1, Dy

where the recursions for V and 7 go as
Vi=Via+B(W), Vo=0; 5, =i+ 1, 5% =0 (2.12)

16



and the normalization factor Z(-,-) is given by the formula

Z(V,0) = / * A7(©) exp{V'C(0)}f(©)dO (2.13)

in which f(©) is the prior pdf.
The posterior pdf (2.6) is given by the formula

F(OP) = A”“@)@;P({;’%(@)}f(@)

from which also the form of the likelihood function (2.7) is clear

(2.14)

L£(©, Vi, in) = A™(©) exp{V/C(O)}
We adopt the conjugate prior to the exponential family. It is given by the formula

f(©) oc A (0) exp{V;C(0)} (2.15)

where V) and 1 are given.
Using (2.15), we can define

Vi=Vi+ 7,
Vt:ﬁt‘i‘l/o

These quantities evolve according to (2.12) with non-trivial initial conditions Vj, v9. In
(2.13) then f(©) “disappears” and (V,v) replace (V, ).

Let us now make a short remark about forgetting, which will be discussed mainly in
Chapter 3. Until now the unknown parameters © were considered unknown but time
invariant. When they are not time invariant, the situation slightly changes. Suppose
we have forgetting factor A € (0, 1) and an alternative pdf of © given in the conjugate
form with a pair of sufficient statistics 4V; and “v,. Then Bayesian estimation remains
the same except for the recursions

Vi = AMViei + B(1) + (1 = N4, (2.16)

and

vi= Ay 1)+ (1 =N, (2.17)

where V; and 1 are given.

17



2.4 Markov chains

Sometimes we need to work with a discrete variable modeled by a Markov chain [25].
The situation is quite easy when the transition probabilities are known. The goal of
this section is to prepare the theoretical background of learning in the situation when
the transition probabilities are unknown. Again, the Bayesian approach is used. Only
results needed later in this work are presented, for more see [21].

Firstly, suppose that a variable A, € A* = {1,... ,A} is discrete and is to be mod-
eled by a Markov chain. Suppose also, that the decision experience Pyr = (A1 a'71).
The pf describing such a situation is as follows.

FALATE ) = f(Adley, © H H SIN" 5[Aw]/ Aol = Op, |y (2.18)

AEA* pep*

where 1, € 1)* is a regression vector with a finite dimension and a range of finite
cardinality. ¢.. is a Kronecker delta and © € ©* are transition probabilities, i.e.,

0 = {@AW’ > 0, Z @AW, = 1, Vw S w*}
AeA*
that are supposed to be unknown.

The form (2.18) can be expressed as the form (2.11) with A(©) =1, B(¥;) = du.v,
and C(©) = In(©ay), where V' = [A 9] and ¥, € U*. Thus, the Markov chains
(2.18) belong to the exponential family (see Section 2.3), and that is why there exists
a conjugate prior. In our case the conjugate prior (2.15) is called Dirichlet pdf and is

defined as

HAEA* [Tycy-[Oars] "2 xe-(O)

Dig(V) = f(O|V 2.19
where xe-(0©) is indicator of ©*. For properties and moments of Dirichlet function
see [21]. For now it is only important to mention that the normalization factor Z(V)

in (2.19) is finite iff Vajy > 0, V& € ¥* and that when it holds Vj oy > 0 then the
condition is met for all entries of the posterior statistics V; ajy-

Let us now again rewrite some expressions from Section 2.2.1, especially from The-
orem 3.

We naturally suppose that all assumptions of Theorem 3 are met. In addition let
us consider Markov chain (2.18) as a treated factor with a Dirichlet conjugate prior
Dig(Vo) (2.19), where Vo = [Vo 1y, - - -,V Al- Then the posterior pdf is also Dirichlet

18



pdf Dig(V;) with V, = [‘/;7“'4’7""‘/;,&‘1/)]' V, is a sufficient statistic, for which the
recursion follows

Viaw = Vicrap + 0w, (2.20)

with Vp ajy given.
The predictive pdf (2.4) has the form

Viap
fAARY, V) = =——
t ZAEA* Vui\w

Mind that in this section the transition probabilities ©® were unknown but time invari-
ant. When they are not time invariant the recursion (2.20) changes in accordance with
(2.16) namely

Vialw = A (Vicrap +dww,) + (1 -2V, (2.21)

where Vp A is again given and A € (0,1) is a forgetting factor and “V; defines a
conjugate alternative Dig(“V;). Let us now left the equation (2.21) without any further
comments as the whole Chapter 3 is dedicated to forgetting.

2.5 Hypothesis on the regression model

This section deals with hypothesis testing using Bayesian learning for normal regression
model serving as parametric, since this type of model shall be used predominantly in
the work.

We are considering the regression model for real scalar A; within ith hypothesis H;

At = 9;¢t —+ €t,i (222)

where 1; is a known finite-dimensional vector function of a;, P,x and the noise e; is
normally distributed with conditionally independent e, ;, e;; V ¢ # 7 and conditionally
independent e ;, 1.

€t NN(O,T,’), r; >0
It makes 1 hypotheses

Hi . Atldjt NN(@;'@ZJt,Ti), Z: ]_,...,i
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where parameters 6; and r; are unknown. Let us denote them as ©;, i.e., ©; = [0, r;]".
Within ith hypothesis, the considered normal regression model belongs to the expo-
nential family. Let us now find the conjugate prior. As the hypothesis is fixed, we can
drop the subscript .

Firstly, let us show, how the prior pdf of the unknown parameters is chosen. The
posterior pdf (2.6) has the form

t

[(OIPay,,) o< [ [ F(Arlar, Paz, ©)£(O)

T=1

where [[._, f(A/|ar, Pur, ©) is the likelihood function E(@ Patﬂ)
We choose prior pdf of the same type as £(O, Pa;, ), i

0
H f(A7'|a7'7 Pa:a 9) (2.23)
for some natural scalar min. That means, we suppose we have some data from which
we are constructing the prior pdf.
Let us rearrange £(0©, P,+ ), where © = [/, r]".

agyy

t

E( at+1 H

1 / 2
1] o exp{ QT(AT—QQ/JT) }oc

X 772 exp {—2—17” Z(AT - 0’1/17)2} (2.24)

=1

First, we rewrite > ' _ (A, — 04),)?

o s (1o 1[2])

=1 =1

Let us denote [ 27 1 as W, (identically as in Definition 5) and continue in modifying

the sum.
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(0 [3]) - g e [3]-

T=1 T=1
g ~1
= [-196 }TEI\IJT\IJT{ p ]

Now we denote Y2\, W, ¥’ as V;. The (0!, ¥¢)-dimensional matrix V; is called
extended information matrix and by construction it is positive semi-definite. It can be
updated by the following recursion (for comparison see (2.12)).

V, = Vo1 + 0,0,

Updating of t appearing as power of P2 s obviously

t=0t—-1)+1

Because the prior pdf (2.23) of unknown parameter © was chosen of the same type
as L(©, Py, ) it has a following form.

j(@)zzfﬂﬁr)m7’ﬂﬁgu23mp{—é&[ 1 e']va[‘él]} (2.25)

where vy > 0 and Vj must be positive definite to obtain a proper pdf.

As it will be mentioned and explained bellow this pdf is of Gauss-inverse-Wishart
(GiW) (see Theorem 12), which coincides with Gauss-inverse-gamma in the consid-
ered scalar case. Gi)V is conjugate to normal regression model, which belongs to the

exponential family. Because of that, we can use (2.14) for evaluating f(O[Pq;, ).

f(G‘Pa* ) = f(ear"])a* )OC

t+1 t+1

vt 1 , -1
x r 2 exp{—2—[—1 9]\/}{9}}

r

Or explicitly
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) SR
(QW)_%T_W exp{—lr[ -1 ¢ ](\Zﬁ-Vo) 1 }

B Z(Vo.r0) - } _
f(@lpat“) N ¢ ttvg+Ul42 [ 1

(2m) 27 *ﬁexp{—;_[ -1 & }(‘ZH—VO) _61 }
- d©

/@* Z(Vo,vo)
t+u, ¢ ~ _
7"+0+2\P+2exp{—%[—1 9’](%—1—‘/0)[ Ql]}

I(‘z+%7t+V0)

The recursions for V; and v; are

Vi=Vi+ Vo=V, + V0,7

vp=1t4+1vy=1_1+1

where 1y > 0 and matrix Vj is positive definite. Consequently, V; is positive definite,
too.

f(©|Pay,,) is thereby GiW(V;,1;). Thanks to that, we can drop time indexes and
add them at the very end of our further calculation.

On the ground of the numerical stability we will now decompose the positive definite
matrix V' by the L' DL decomposition, which always exists and it is unique, see Theorem
13.

V =LDL (2.26)

where L is lower triangular matrix with a unit diagonal and D is diagonal matrix with
positive diagonal entries.

To make further computations easier let us split matrix V' and also corresponding
matrices L and D from (2.26) in the following way

Ay Ay 10 2D 0

where 2V and 2D are scalars. Now we can modify [ -1 ¢ } V { -1 ] from (2.25)

7

using completion of squares, see Theorem 14.
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R R L

= (0—-60) L' YD YL (6—6) + “D
where

6= VL1 AYL (2.28)

Note that for Vo = 0, 6 is least-squares estimate of € with the covariance matrix
C=YL'YDY(YL~1) and 2D is the least-squares remainder.
So finally we obtain the pdf f(0,r|V,v)

2 T T

wlo A AV Urr Uy U )
f(Q,T|V,1/)o<r_U+2e+ exp{—ll D+(9 by L' °D "L (6 9)]} (2.29)

From (2.29) we acquire
Ol ~ Ny (8,7 ("L’ *D *1)7")

and

f(r) « r exp {—%}

So the pdf f(0,r|V,v) is pdf of Gauss-inverse-Wishart. From now on we will write the
lower time index again. The conjugate prior is hence Gauss-inverse-Wishart with some
parameters Vi, v, which are known, but can be different for different hypotheses.
The lower index ¢ therefore stands for the ith hypothesis.
Now we can move to computing P(H;|P,;, ). We will use the Bayes” Theorem (2.9).
The prior probability for each hypothesis we choose as
P(H;) =

1. .
-, i=1,...,1
1

Firstly, we will compute f(Pqu;  |H;). It is an integral of f(Pa:  [0:)f (0 H;) (see
(2.10)) where f(Pq;,,10;) is (2.24) and f(©;|H;) are GiW(Vi, vig).
So we have (according to (2.7))
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t

E(Hiu@iaparJrl) = Hf(ATlafTupaiy@i) =

T=1
_t 1 L1 -1
= (2mr;) "2 exp{—Q—ri [ =1 0] Viy [ . }} (2.30)
and
vio+ T2 1 —1
E(Hi,@i,Pa;) = (2mr;))” " 2 exp {—5 [ -1 @ } Vio [ 0. }} (2.31)

Integrating the product of (2.30) and (2.31) gives us

I(V;;O + f/i;t; Vi:o + t)
(27)51(‘/1';07 Vi;O)

Secondly, we will evaluate the Bayes factor B;;.

f(Pay, | Hi) =

I(Vj;O"'Vj;t’”j;O""t)
T
B' - (2m)2Z(Vj;0,v5,0) —
2t I(‘/'i;0+‘/:£;t:Vi;O+t)
(2m) 2 T(Vi i)
Z(Vio + Vius vjo + )I(Vi, vio)

B I(‘/i;() + ‘;;L;tv Vi + t)I(‘/j;()’ Vj§0) N
I(V};ta Vj;t)I(‘/;;Oa Vi;O)
Z(Vit, vit) L (Vio, Vj;O)

where the value of Z(V,v) can be found in Theorem 12, which uses the L'DL decom-
position (2.26).

And finally we can put everything together to enumerate the probability P(H;|P,;, )
foreachi=1,...,1.

1
P(Hi|Py:, ) = ———
( | t+1) Z}:l B]ﬂ
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Chapter 3

Forgetting

This chapter deals with the main part of the work — forgetting. The idea of forgetting
and some basic theory, necessary for later work, are presented. Following sections then
discuss the partial forgetting method and the choice of its optional parameters.

3.1 General forgetting

This section shall clarify the usage of forgetting in general and present the theoretical
background needed later.

3.1.1 Tracking of slowly varying parameters

As it was mentioned above there are sometimes unknown parameters in the observation
model of the system. In Section 2.2.1 it was shown how to estimate these parameters
even if they vary in time. In time updating formula (2.3) f(®t+1’at+17pa2‘+l7@t) is
needed. However, when we do not have this pdf or we cannot handle it we want to
substitute this lack in a logical and feasible way by forgetting.

We would like to use as much information concerning the behavior of the estimates
of the parameters in the time instant ¢ + 1, that we have based on the data up to time
t as possible. Because this updating depends on the data some problems might occur.
The main problem is when data bring only little information. Then, when we have only
vague information concerning how the parameters actually vary it may be better not to
follow such information and suppose the estimates of the parameters will be the same
as the are at the time instant .

The task is therefore to construct the pdf f(O;1|ai1, Pat*ﬂ) from f(©|a;i1, Pat*+1)
and some pdf, which describes knowledge available to the decision maker on the
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parameters at time instant ¢ + 1 based on the data up to time ¢t. Let us de-
note this pdf Af(@t+1|at+1,73a;+1). We construct an operator F, which will do
f(@t+1‘at+1,7)a:+l) = ]:(f(@t\atH,Pa;H), Af(@t+1‘at+1,7)a:+l>). We assume that
f(©]at1, Py, ,) and Af(@t+1|at+1,73a;+1) are from the same family of pdfs. Let us
denote this family PF. In the situation when none of the parameters change we choose
f(Ors1]ai, Pat*+1) as f(Oq|ai1, Pa;+1)-

Let us now look closely on the construction of the operator F. The construction
of this operator can be grasped as a statistical decision problem of a suitable choice
of f(@t+1|at+1,77at*+l) while two hypotheses Hy : f(O;1 = @|at+1,77ar+1) = f(6, =
@\at+1,73a;+1) and Hy : f(O41 = @]atH,Paal) = (O, = @|at+1,77a;+1) are given.
For details about choosing the operator see [20].

f(@t+1|at+1a73a;‘+1) =
= arg J}ggjlt[/\tD(fa f(O¢]ag1, Pa,’;ﬂ)) + (1= A)D(f, Af(@t+1|at+1, Pa;;l))] (3.1)

where D(+,-) is a functional whose choice is discussed in the following section. In this
principle, probabilities A\; € (0,1) on Hy and (1 — \;) on H; are placed.

3.1.2 Kullback-Leibler divergence

The problem that remains is how to choose the functional D(-,-) in (3.1). This func-
tional is to measure distance or divergence of its arguments. There are plenty of mea-
sures with various properties but we will choose (in accordance with [20]) the Kullback-
Leibler divergence [27].

Definition 6. Let f and g are two pdfs defined on the same set x* then the Kullback-
Leibler divergence D (f||g) is defined by the formula

f(x)
ngz/fxln(— dx 3.2
Moy = [ s (£2 (32
From now on the divergence measure D(-,-) will be denoted as D (+||-). Basic prop-
erties of Kullback-Leibler divergence are mentioned in Theorem 15.

The following theorem provides solution of (3.1) for (3.2).

Theorem 7. Suppose that the product of f(@t|at+1,77a;+1) and Af(®t+1]at+1,77a;+l) is
not equal zero almost everywhere and f(@t|at+1,73az«+l) and Af(0441]ars1, P, e PF.
Then (3.1) with the divergence measure (3.2) has the unique solution

)
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f(Og1lag, 73@;+1) X [f(@t|at+1,Pa;+1)]/\t[Af(@t+1|at+1aPa;;l)]l_/\t (3.3)
Proof. See [20]. O

If PF is the exponential family, then (3.3) is transformed into (2.16) and (2.17).

3.1.3 Exponential forgetting

Since the exponential forgetting dominates the methods for tracking of slowly varying
parameters, it is presented in this section. This type of forgetting is used later in order
to set a benchmark for comparing the developed algorithm (partial forgetting with the
optimal choice of optional parameters).

In [5] the solution of (3.3) with Af(@t+1|at+1,73a;ﬂ) x 1 was suggested. This type
of forgetting is called exponential because it can be imagined as flattening the latest
posterior pdf by the forgetting factor A € (0,1).

The choice of the forgetting factor is usually very close to one, which relates to
the nature of slowly varying parameters. The algorithmic approach to the choice of
forgetting factor in the frame of exponential forgetting can be found in [17].

3.1.4 Kullback-Leibler divergence with opposite order of ar-
guments

In Section 3.1.2 the Kullback-Leibler divergence as the functional D(-,-) in (3.1) was
chosen. In that section, the order of arguments in D (-||-) was chosen without any
further discussion. However, since the Kullback-Leibler divergence is not symmetric
(see Theorem 15) there arises a question what if the opposite order of arguments is
chosen.

The reason for the choice made in Section 3.1.2 is that it assures that the recursive
estimator approximating a member of the exponential family will map the prior pdfs
from a set of conjugate pdfs back to the set of conjugate pdfs.

Let us now shortly discuss the reasons for the opposite choice. At first, it is useful
to present some new notation and drop temporarily time index and conditions. It
can be done without harm as we approximate time-updating step (2.3), which does not
process new data. Until now we did not need the “true” pdf of the unknown parameters
© € ©* which is supposed to be unknown. To distinguish this pdf from the prior pdf
f(©), let us from now on denote Tf(O) the true pdf of the unknown parameters ©.
This pdf 7f is to be approximated by a pdf f € f*.
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Within the frame of Bayesian learning f is to be the minimizer of a suitable ex-

pected loss E(Z) = [,. THO)Z(f(-),0)dO, for a loss functional Z(f(-),0). When

the unrestricted minimum is finite and attained for f = 7f, 7 f-almost surely then the
functional is defined properly. In [28] the loss functional is also required to depend only
on the realized value f(©). Under these conditions, in [28] it is shown that the loss is
to be the Kullback-Leibler divergence. Also the order of arguments (opposite to the
order mentioned in Section 3.1.2) is to be used.

In [16] both orders of arguments of the Kullback-Leibler divergence were inspected.
The results are summarized in the following theorem where we assume a finite number
of hypotheses on the approximated pdf Tf, i.e., Tf = f; with probability \; € (0, 1),
1 € i*, Ziei* )\z =1.

Theorem 8 (Approximation of the random Tf, [16]). The unrestricted minimizer f
of the expected Kullback-Leibler divergence (with expectation E taken over the random

'f)

ED("f||/)] = EED(AINITf = £ = Y NED(fll )]

iev*

over the pdfs f € f* on ©F is the mixture

=> " \ifi(©) (3-4)

1€1*

Furthermore, when [],.,. fi(©) is not equal zero almost everywhere, the mmimizefr’f of
E[D(f||Tf)] is the geometric mean

0) o [[If:(0) (3.5)

Proof. See [10]. O

It is obvious that (3.3) is a special form of (3.5). In the case when the functions f;
all have a distribution from the exponential family the minimizer f of (3.5) also has
such distribution. The problem is that this is not true in the case of the minimizer f of
(3.4), except for the cases with discrete-valued ©. Therefore it is necessary to look for
the pdf as close as possible to the mixture (3.4) within the exponential family. This is
done later in Section 3.2.2 using the Kullback-Leibler divergence again.
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3.2 Partial forgetting

This section presents a new variation of forgetting called partial forgetting [15]. In
Section 3.1.1 it was shown how to track (even multidimensional) unknown parameter
of the system model. However, even in the case of multidimensional parameter only
one forgetting factor is used. It means, the rate of expected changes of all parameters
is common. To overcome the problem when different forgetting factor should be used
on each of the parameter, i.e., allow the tracking of parameters individually, the partial
forgetting method has been developed.

The basic idea of this method lies in the optimal approximation of the true pdf
Tf describing the behavior of the unknown parameters. The approximation is to be
found via formulating various hypotheses on the variability of individual elements of
the parameters.

The main goal is therefore to find an optimal approximation of f which is unknown
to us. Since we are dealing with the slowly varying parameters, i.e., ©; =~ ©;_1, and
since we are approximating the time-updating step (2.3) as mentioned above, the time
index will be temporarily dropped.

3.2.1 Hypotheses

The structure of hypotheses is symptomatic for partial forgetting, so it will be discussed
in this section in detail.

Again we are dealing with the problem that the true pdf of the parameters is un-
known to us. The partial forgetting method uses point estimates of this pdf (expec-
tations E of Tf), which are based on various hypotheses on the parameters’ behavior.
Similarly to Section 3.1.1 two pdfs are involved in the hypotheses. First represents the
situation when the unknown parameters do not change and the second one, denoted
Af the situation when the unknown parameters change in the way the decision maker
supposes.
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The full set of hypotheses for © = [6;,...,60,], where n = 6%, is as follows.

Hy : E[T ( |at+17Pat+1)|® at+1,Pat+17Ho] f(@lat+1> at+1>
Hy : [Tf<6‘at+1a7)a;‘+1)‘®>at+la7)a;f+17 1] = f(0z,...,0, |917at+1773a,+1)Af( 1)
(

H . [Tf(@|at+17 at+1)|®7at+177)a2‘+17 ] f 917837" 9 |927at+177)af+1)14f(02)

H E[Tf<®|at+17 a‘t+l)|®7 at+177)a2‘+17 Hn] - f(ela CC 7‘9n—1|9n7 At41, Pa;:rl) Af(9n>
Hn+1 . E[ (@|6Lt+1,7) *

at+1)|@,at+1,7>a;‘+laHn+1] =
= f(03,...,0n]01, 02, &t+177)at*+1) Af(91, 02)
Hn+2 : E[Tf<®|at+177) )|®7at+1773 Hn+2] =

* *
A1 A1

= f(927 947 CIC 79n|91a 937 at+177)a:+1) A.f<017 93)

Hyny - B[Tf(Olari1, Paz, )0, ars1, Par,,, Han o] =
_f<8 |81,... n— 1,at+1,77a;+1)‘4f(91,...,Gn,l)

Hoyn_y: E[Tf f(©latt1, Paz, )]0, arir, Py, s Hona] = 4f(0) (3.6)

Each of the hypotheses (3.6) represents one possible combination of the parameters,
which vary and those that do not. For instance, Hy represents the situation when
no parameter varies, hypotheses H; to H, situation when only one parameter varies
whereas the others do not and so on up to the Hyn_; representing the situation where
no parameter remains the same.

At this place it is also necessary to stress out that in (3.6) the random element is
the whole pdf 7f whereas all other variables, i.e., parameters and data, are considered
to be fixed. The expectation is therefore taken over all possible forms of Tf.

Since multiple hypotheses are considered, we need to put weight, i.e., prior prob-
ability of becoming true, of each hypothesis H; equal to \;. Evidently it holds
A € (0,1),i=0,...,2 =1 and Y7 ;'\, = 1. Those weights define a forgetting
factor A = [\, ..., /\gn_l] The expectatlon of the true pdf 7f may be then easily ex-
pressed as a convex combination of the expectation of this pdf according to individual
hypotheses.

E["f(Olar1, Paz, )0, ar1, Paz,, ] = B[E[TF(Olarr, Par,,)|0, ari1, Py, Hil|©, s,
2" —1
= Z )\ E @’at+177)af+1>’@7 @t+177)a:+17 HZ]
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3.2.2 Approximative pdf

The task that follows is to find an approximative pdf f of the mixture (3.7) that is
from the same family of pdfs f*(©|asi1, Pa?+1) as f(Olagi1, Pa;+1) corresponding to H
because, as it was already mentioned in Section 3.1.4, the mixture (3.7) usually does
not have a distribution from exponential family. As it was already mentioned in Section
3.1.4 Bernardo in [28] proposed a solution to this task. As the loss functional is used
the Kullback-Leibler divergence with the order of arguments presented in Section 3.1.4.
The approximative pdf f (©lait1, Pay,,) can be therefore found as a solution of the

following optimization.

ar min ED(T Ala P =
gf*(e‘az+1,'Pa:+1) [ ( f|’f)| t+1 t+1]

Tf(O|asi1, Py
— arg min E Tf(Olas1, Pa:,) In f(Olan t“)d@|at+1,73a;1 =
fr(Olats1,Pax ) o+ i f(Olag, Pa;+1) !
1
= ar min E[Tf(Olas1, Par, V|ars1, Por. ] In — de =
gf*((%am,?’a;«ﬂ)/* [ f( | t+1 t+1>| t+1 z+1] f(@!atH,Pa;H)
o1 1
= arg min / NE[Tf(Ola s Par, )aey1, Par, , Hi] In = d©
f*(@‘at+1,73a:+1) * ; [ [ ( | i + )| i * ] f((_)’a/t+177)a2k+l)
(3.8)

The solution f of (3.8) ideally approximates the true pdf 7f.

3.3 Choice of optional parameters

This section presents general methods for the choice of the optional parameters deter-
mining the partial forgetting. As indicated by the title of the work the main results
will be presented. The section is divided into three subsections each dealing with a
different parameter. First subsection deals with the forgetting factor, second with the
second-level forgetting and third with the choice of the alternative pdf.

3.3.1 Hypothesis on the forgetting factor

Every forgetting method supposes the choice of some forgetting factor A, which is
obviously the most important parameter. The decision maker can leave the choice of
the forgetting factor for consideration of an expert or make a choice based on one of
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many methods for optimal choice of the forgetting factor (e.g. [16]). However, according
to these methods, the optimal forgetting factor is chosen manually. That is why this
section presents the algorithmic approach to the choice.

The choice of the optimal forgetting factor will be considered as a Bayesian
hypothesis testing presented in Section 2.2.2. In accordance with this section let us
suppose we have 1 hypotheses on the forgetting factor A in each time instant, i.e.,

Hz>\t:)\za Z:1,,i (39)

In each time instant, we want to choose the optimal one.

Since we are using the Bayesian hypothesis testing, we will use the equation (2.9)
to choose the best hypothesis, i.e., the hypothesis with the highest probability, in each
time instant. When nothing is supposed to be known about the prior probability of
each hypothesis we set P(H;) = 1 for i = 1,...,1. Using the fact that (2.9) is actually
a special case of (2.6), we can choose the best hypothesis only by comparing the values
of the likelihood function (2.7) for each hypothesis. To make computations easier the
logarithmized likelihood function is usually used.

During the time period, the forgetting factor is supposed to vary. Therefore it is
reasonable to let also the set of hypotheses on the forgetting factor vary in time so
it can reflect the development of the optimal forgetting factor. Using the logarithmic
likelihood criterion we can rank the hypotheses (3.9) from the best to the worst in each
time instant. Suppose that

argieﬁ}.a} LN\, Pa?+1) =k
for some k € {1,...,1}. To make the set of hypotheses up to date also in the next step
we will replace the hypothesis Hy : A\; = A\, with a new value of \;, considering all the
knowledge we have about the objective function we are trying to maximize. The best
solution would be obviously the maximum of the likelihood function.

The problem is that the objective likelihood function (2.7) is difficult (at least com-
putationally) to be enumerated. However, we can utilize 1 points Aq,...,A; at which
we know the functional values. One of the possibilities, which will be used later in this
work, is the usage of the Nelder-Mead method [29], which does not need the derivation
of the objective function. For our purpose it is not necessary to let the Nelder-Mead
algorithm find the local maximum, which would take several iterations, it is sufficient
to take the first point Nelder-Mead algorithm suggests as a new candidate for a new ;.
The justification of this choice lies in the nature of slowly varying parameters we are
considering. In such case the forgetting factor varies also quite slowly and therefore,
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the lack of iterations of the Nelder-Mead algorithm performed within one time instant
is substituted by the iterations performed during the time run.

At this point it is necessary to point out that theoretically it would be best to let
the Nelder-Mead method find the (at least local) maximum of the objective function.
However, in the case of dynamic decision making one has to keep in mind that the
decisions have to be done almost online or at least in the shortest time possible.

3.3.2 Second-level forgetting on hypothesis

The validity of hypotheses presented in Section 3.3.1 varies in time. The problem is that
we do not know the model of its behavior. Therefore, we need to substitute this lack
of knowledge once again using the forgetting. The development of the true hypothesis
in time can be expressed as H;; : Ay = \; (so it is ©; = A;). This leads us to usage of
second-level forgetting also on hypothesis. The form, which is used thereinafter in the
algorithm is

S(Higlagpr, Par, ) o< [f(Adlag, Pay, Hig) f (Higlaz, Pa;)]" (3.10)

where L € (0,1) and i = 1,...,1. The forgetting used is classical exponential forgetting
presented in Section 3.1.3.
After applying logarithm to the (3.10) we obtain, up to constant (same for each i),

In f(Hi;t’atH,Pat*H) x Lln f(At|@t,7)a;>Hi;t) + Lln f(Hi;t’anPa;)

The choice of the optimal second-level forgetting factor L is of far less importance
than the choice of the optimal forgetting factor. On the other hand, the absence of the
second-level forgetting would lead to the markedly worse results.

Also the choice of the optimal second-level forgetting factor can be treated as
Bayesian hypothesis testing as described above. Its influence is, however, much weaker.
This makes us to select it “manually”.

3.3.3 Choice of the alternative pdf

In the preceding sections two pdfs were used for performing the time update (2.3) in
the form of forgetting. lLe., construction of f(Ou1|air1, Pay,,) from f(Oasir, Pay )
and Af(©p41lair, Par, ), see (3.6). First one corresponds to the situation when no
parameters change, i.e., they are time invariant, and therefore it is obtained from data
update (2.2). The second one is the alternative pdf denoted “f. This alternative pdf
is the subject of this section. The approach to the choice is taken from [16] where the
interested reader can look for more.
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The idea of a choice of the alternative pdf 4f lies in the consideration that we would
obtain the best results when the alternative pdf was set equal to the true pdf, which is
unknown to us at the actual time instant. Nevertheless, since we are trying to estimate
the true pdf based on the alternative pdf that shall be an estimator of the true pdf too,
it is possible to do it recurrently and that way to ameliorate our estimate.

As a first guess of the alternative pdf can be taken the estimator of the true pdf
obtained in the preceding time instant. It is not without interest that it is better when
the recursive algorithm do not converge to the pdf f (@t\atH,Pa;H). The stopping
rule was therefore proposed by the authors as divergence between f (@t|at+1,77a;+l)
and Af(Os41]ass1, Paz,,) is close enough but not zero. Since this result was achieved
experimentally it could be a subject of a future work.

At present the relevant alternative “f for each hypothesis (3.6) is chosen as its
flattened latest posterior pdf by some parameter A4 € (0,1). This choice is in accor-
dance with the partial forgetting method, since we are flattening only the corresponding
marginal and not the whole joint pdf.

3.4 Partial forgetting applied to the normal regres-
sion model

This section deals with the application of the previous results on the regression model.
Let us suppose the mathematical system model has a form of a normal regression model
(2.22) presented in Section 2.5.

Then, as it was mentioned in Section 2.5, the unknown parameters © = [0’ 7]’ r
varies together with 6, have the Gi)V distribution with the form, considering the L'DL
decomposition (2.26) (see Theorem 13),

A EVNE IR 5
r r

which is actually (2.29) with the terms defined in (2.27). The time index of the un-
known parameters has been dropped in conformity with the nature of the slowly varying
parameters as it was already mentioned above.

This pdf is the pdf obtained from (2.2) while performing the data updating. Before
we could move to the next step, i.e., the time updating (2.3) we have to construct the
hypotheses (3.6) on the behavior of the unknown parameters.

Let us now present an useful theorem that will make further work easier.

34



Theorem 9 (Low-dimensional pdfs related to GiWW pdf, [21]). Let the L' DL decompo-
sition of the extended information matriz determining the pdf GiW ap vy (L, D, V) be
split in accordance with the splitting of regression coefficients 6 = [%0', %')!

1 D
L=| %L 9L . D= D
dbL abL bL bD
Then,
a . 1 D
f( 97T)_QZW“97T(|: dag, aL:| > |: aD:|’V)
and
f( be’ ae) T) — Nb9 (bL—l[dbL o abL ae]’ 7“( bLl bD bL)_l)
Proof. It can be found in [21]. O

Thanks to this theorem, it is sufficient to change proper rows in the L'DL decom-
posed information matrix with a matching alternatives, when changing the marginal
pdf of the parameter “ as it is done in equations (3.6). Now, when we have all GiWW
pdfs needed we have to find a mixture (3.7) and its approximation that has the GiW
distribution. The solution to this task could be done by taking relevant partial deriva-
tives of the Kullback-Leibler divergence of two GiW pdfs (see Theorem 16) with respect

to 5, C, 2D and 7. The solution (taken from [15]) is as follows.

The least-squares estimate of the regression coefficients 0

. r-1 -1 yon_g o




The degrees of freedom v

where
2" —1 » 2" —1 2" —1
— E ¢ E A E
A=1In ( — )\ZA—DZ> —+ — >\2 In DZ — — A1¢0(051/Z)

where 9y(+) is a digamma function [30].

The GiWW pdf with such terms may be then used in (2.3).

Suppose now we have 1 hypotheses on the forgetting factor A = [Ag, ..., Aan_1]"
In each time instant we want to choose the optimal one. This task was described in
detail in Section 3.3.1. Because we want to let the forgetting factor develop in time and
because we do not know the model of the development we must apply the forgetting also
to the posterior probabilities of various hypothesis, i.e., use a second-level forgetting,
as described in Section 3.3.2. The choice of the alternative pdf used in hypotheses (3.6)
was discussed in Section 3.3.3.

Since everything needed for application of partial forgetting together with the choice
of the determining parameters has been already discussed above in detail, let us now
describe the algorithm of partial forgetting applied to the normal regression model.

Suppose we have some data to work with. The main loop of the algorithm goes
through selected time range. First thing to do is the construction of the hypotheses
(3.6) with regard to the unknown parameters of the regression model used. In these
hypotheses the alternative pdf “f is needed. Therefore, the next step is tuning of this
pdf as it is described in Section 3.3.3.

Then comes the estimation step for each hypothesis on the forgetting factor. That
means another nested loop. The prediction step results from the general Bayesian
estimation described by Theorem 3. Because we want to choose the optimal forgetting
factor in each time moment we use Bayesian hypotheses testing (see Section 2.5) in
this loop as well. We evaluate probability of each hypothesis (H; : A\ = ;) and
choose the hypothesis with the highest probability. Because we assume that P(H;) = %
for i = 1,...,1 we can compare only their likelihood functions (2.7) considering the
second-level forgetting (see Section 3.3.2). In the end of the loop over hypotheses on
the forgetting factor we generate a new set of hypotheses as described in Section 3.3.1.

For the best hypothesis or forgetting factor, respectively, we do the prediction step,
which predicts the behavior of A demanded number of steps ahead.

Finally we present the scheme of the algorithm.
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Algorithm 10. Scheme of the algorithm
loop over time t = 1,2, ...
construction of the hypotheses (3.6)
tuning the alternative pdf used in (3.6) (see Sections 3.2.2 and 3.3.3)
loop over hypothesis on forgetting factor A, = A;;
evaluation of the likelihood function (2.7)
choosing hypothesis with the highest likelihood
generating a new set of hypotheses (see Section 3.3.1)
end of loop over hypothesis on forgetting factor

estimation of the parameters of the regression model using the partial forgetting
with the chosen optional parameters

end of loop over time

3.5 Forgetting applied to the Markov chains

As it was shown in Section 2.4 the Markov chain model represented by the form (2.18)
belongs to the exponential family. So do the conjugate Dirichlet function (2.19).

In the end of Section 2.4 in equation (2.21) it is shown how the forgetting can be
applied to the Markov chains. Since it is not the core of the work we confine to ourselves
to the statement that it is possible to use the analogy of the L' DL decomposition used in
the case of partial forgetting as presented in Theorem 9 and using the similar methods to
find the solution of the posterior (Dirichlet as shown in Section 2.4) pdf of the unknown
transition probabilities.

Having this pdf we can use general Theorem 3 to do the prediction. One has to
keep in mind the transformation of the theory presented in this work for the case of
continuous random variables to the case of discrete random variables. As it was already
mentioned, it is not the aim of this work and therefore it could be a subject of a future
work.
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Chapter 4

Experimental testing

This chapter will illustrate the advantages of the theoretical methods presented above in
comparison with the constant exponential forgetting presented in Section 3.1.3. These
forgetting methods are tested both on the real and simulated data within the Python
environment.

4.1 Description of the program

Procedures used it the program were created by Kamil Dedecius from Institute of
Information Theory and Automation of Academy of Science of Czech Republic.

Let us now move to the program, which is situated in Chapter 7. The program
begins with initialization of packages needed for handling multidimensional arrays and
matrices (numpy [31]), creating 2D plots (matplotlib [32]) and importing data from
mat-files (scipy [33]). Procedures used in the program are also initialized. On a next
few lines the data are uploaded.

The following section is the only one, which can be tuned by user. In this section
the choice of forgetting method can be made. For each method, its optional parameters
can be set: forgetting factor for exponential forgetting and hypotheses on the forgetting
factor (because of technical reasons the hypotheses are in reversed order than presented
in Section 3.3.1), second-level forgetting factor (see Section 3.3.2) and a factor used
for tuning the alternative pdf (see Section 3.3.3) for partial forgetting. Order of the
autoregressive model and number of prediction steps ahead can be set in this section
as well. The next section deals with fixed settings and initialization of the models and
some other technical parameters.

Now we are getting to the body of the program, which is divided by if statement
into two parts according to the forgetting method chosen. The first part deals with the
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partial forgetting method, while the second one with the exponential forgetting.

The part for partial forgetting method begins with the loop over time. Next line
initializes a variable used later when choosing the best forgetting factor. Next comes a
loop over the hypotheses on the forgetting factor. For each hypothesis the estimation
step, which is theoretically described in Section 2.2.1 is performed. This step uses the
theory presented in Section 3.4 as well. Then, we would like to compare each forgetting
factor with the others. For that reason we compute the logarithmic likelihood for each
of them. We want to compare f(Hi;t]aHl,Pa;H), where Hyy : Ay =X\, fori=1,... .1
Using the function log likelihood and the theory from Section 2.5 we compute the
difference between log Z(V;, ;) and log Z(V;_1,v,_1). However, since we need the value
of the logarithmized likelihood function in the current time instant, and not just its
increment, we have to add each log_likelihood value to the preceding. Because we want
to let forgetting factor change in time we have to use the second-level forgetting with
forgetting factor L as described in Section 3.3.2.

Next step is to sort the values of the likelihoods. After doing so, we are ready
to choose the best hypothesis. On the other hand, we also know which hypothesis
is to be replaced. In the next few lines the new candidate for a hypothesis on the
forgetting factor is constructed. Firstly, the centroid of three hypotheses with the
highest likelihood is computed. The new candidate is then constructed as a reflection
point in the Nelder-Mead algorithm [29]. Since we demand the forgetting factor lies in
(0,1) x ... x (0,1) we need to check for it and correct if needed, which is done as the

J

ot
next step. Because we are dealing with the slowly varying parameters we have to assure

the dominating position of the weight of the hypothesis that none of the parameters
change. Since we do not know the likelihood of the new hypothesis and since we do not
want to disqualify it, we set its current likelihood equal to the likelihood of the best
hypothesis multiplied by 0.95.

Then, the estimation step for the best hypothesis is done once again and the pre-
diction step as well.

The part of the program when the exponential forgetting method is used is much
shorter. In the loop over time the estimation step and prediction step are executed.

The rest of the program deals only with displaying results.

4.2 'Transport data

The goal is to predict the behavior of traffic intensities in Prague in future from the
current state represented by a set of related traffic data.
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The data batch consists of traffic intensities measured in Prague. The sampling
period was 5 minutes. The batch contains intensities measured during one working day
and therefore it contains both traffic peaks. The data set was provided by Institute of
Information Theory and Automation of Academy of Science of Czech Republic. For
testing purpose a window sample of 350 observations is used.

The model used is autoregressive of the first order, i.e., A; = 0y + 01 A;_1 + e; with
the assumptions mentioned in Section 2.5. Thus, © = [fy, 0] and the variance r of
the white noise e; varies together with the regression coefficients. We will estimate the
regression parameters 0y, 6. Therefore, the hypotheses (3.6) are as follows.

Hy: E[Tf(90,91,7"|at+1, aHl)’@o’@lﬂ’, agy1, P, aliq Hy| = (90791, r)

Hy : B["f(60,601,7]arsr, Paz, )00, 01,7, arsr, Paz Hi] = f(00l0r, 7, arr, Paz, ) f (61,7)
Hy o B["f(00,01,7|ars1, Paz, )00, 01,7, arsr, Paz,,, Ho] = f(01100, 7, ari1, Paz, ) *f (6o, 7)
Hs : E[Tf(0y,0,,7|ai41, at+1)|6’0,91,r, atr1, Paz, ,» Ha] = (00,01, 7|ari1, Paz, )

(4.1)

Mind the reversed order of hypotheses (4.1) in comparison to hypotheses (3.6), which is
in conformity with the program and is caused by technical reasons. Naturally it holds
for forgetting factor A € (0,1) x (0,1) x (0,1) x (0,1) and elements of the forgetting
factor sum up to one.

4.2.1 Tuning of the algorithm

Let us now discuss some of the results of different settings of the program.

Firstly, to the settings of the exponential forgetting. The forgetting factor is set
equal to 0.99 because this choice led to one of the best results out of forgetting factors
of the exponential forgetting.

Now to the settings of the initial values of the parameters of partial forgetting
method. Considering the set of hypotheses on the forgetting factor it showed up that
it is not necessary to consider more than 8 hypotheses. A higher number of hypotheses
made the algorithm markedly slower while the results were almost the same. Since we
are dealing with slowly varying parameters, it turned out to be important to set the
initial hypotheses with the weight of the hypothesis H3 from (4.1) greater than 0.9 and
the rest of the weights set at least approximately uniform over the domain fulfilling the
assumption Z?:o A; = 1. The best initial choice of the hypotheses was as follows.
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A = [0.06,0.02,0.02,0.9]’
A = [0.02,0.03,0.01,0.94]'
As = [0.03,0.03,0.02,0.92]'
A4 = [0.04,0.04,0.01,0.91]'
As = [0,0.01, 0.01,0.98]’
As = [0.01,0,0,0.99]

Az = [0.01,0.01,0.01,0.97]'
As = [0.01,0.08,0.01,0.9]'

During the experiment was found that the second-level forgetting factor settings
does not have a great influence. However, one of the best results had L = 0.5. Much
stronger influence had the A4, presented in Section 3.3.3, which was set equal to 0.8.

4.2.2 Experimental results

As a main criterion for comparing the results we use relative prediction error (RPE)
defined as follows.

T YA
RPE — 1\/Zi—1<APﬂ Al)
s T

where A; is the real system innovation, A, ; predicted innovation, 7" is the length of a
selected time range and s is the standard deviation of the data on this time range.

The results are summarized in Table 4.1. The partial forgetting with algorithmi-
cally chosen optional parameter beats the constant exponential forgetting almost in
every way. The main criterion, relative prediction error, is lower in the case of partial
forgetting and so is mean squared error (the second moment about the origin of the
error). Average prediction error is markedly lower for the partial forgetting too. On
the other hand, values of maximal positive prediction error and maximal negative pre-
diction error are slightly better in the case of exponential forgetting. Looking on Figure
4.1 we can see that the prediction errors are almost the same, however, in the case of
partial forgetting they are somehow clearer and they converge to zero faster (see Figure
4.1, time instant c. 70 and following and c. 250 and following).

Figure 4.2 shows the main different between exponential and partial forgetting.
The evolution of the estimates of regression coefficients of the model using the partial
forgetting is incomparably more variable as it can be seen in the second part of the
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tested time period. This figure also shows that the changes in the traffic intensities are
caught mainly by the absolute term 6.

Table 4.1: Table of comparison of the exponential forgetting with a constant forgetting
factor and the partial forgetting with algorithmically chosen optional parameters. For
settings of the methods see Section 4.2.1.

’ Statistics Exponential forgetting ‘ Partial forgetting ‘
Relative prediction error 0.497 0.473
Mean squared error 52.780 47.771
Maximal positive prediction error 29.256 29.908
Maximal negative prediction error -30.141 -32.247
Average prediction error -0.461 -0.206
Prediction-error standard deviation 7.261 6.919

Figure 4.1: Prediction errors for the constant exponential forgetting and the partial
forgetting with algorithmically chosen optional parameters. For settings of the methods
see Section 4.2.1.

Prediction errors - expopentia[ forgetlting - Prediction errors - partial forgetting

prediction error
prediction error

time time
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Figure 4.2: Estimates of regression parameters for the constant exponential forgetting
and the partial forgetting with algorithmically chosen optional parameters. For settings
of the methods see Section 4.2.1.
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4.3 Simulated data

The aim of this section is to illustrate the advantages of the partial forgetting over
the exponential forgetting on the artificially simulated data set. The main advantage
of such data set is that we can observe the behavior of the estimates of the regression
coefficients in time as compared with their true development. In the same time examine
the behavior of both methods facing the problems we want to test.

Once again the autoregressive model of the first order, described in Section 4.2, is
used. Using the data simulator, which is written in Matlab environment [31] and located
on the enclosed CD, the regression coefficients 6y, 6; have been simulated. Figure 4.3
shows their development on a testing window sample of 250 observations. From Figure
4.3 it results that the coefficients are slowly varying, however, sometimes their mean
steeply changes. Figure 4.3 also shows that both parameters have the “steps” in the
same points. All this knowledge can be used when constructing the hypotheses (3.6)
on the forgetting factor.

4.3.1 Tuning of the algorithm

Let us now shortly comment the settings of the program. The forgetting factor of the
exponential forgetting (see Section 3.1.3) is set equal to 0.985. This choice corresponds
to the nature of the data used.
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Figure 4.3: True development of the regression coefficients.
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Considering the partial forgetting, the initial parameters were set with regard to the
knowledge of the testing data. Therefore, it is sufficient to consider only a few hypothesis
on the forgetting factor since we have a solid prior knowledge of the parameters’ behavior
from Figure 4.3. Those hypotheses are as follows.

A = [0.02,0,0,0.98]'

A2 = [0.03,0.01,0,0.96)
A; = [0.01,0,0,0.99]

A4 = [0.03,0.01,0.05,0.91]'
A5 = [0.08,0.01,0.01,0.9]
A = [0.04,0.03,0.03,0.9]’

As mentioned in Section 4.2 the sum of elements of \; is equal one for i = 1,...,6 and
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the element corresponding to the hypothesis H3 in (4.1) is greater than 0.9.

The value of the second-level forgetting factor L (see Section 3.3.2) is set equal to
0.3 because of the results it had in comparison to other settings. This low value of the
second-level forgetting factor arises from the fact that values of the likelihood function
(2.7) are also quite low in consequence of the low (absolute) values of the testing data.

The value of A4 determining the choice of the alternative pdf as described in Sec-
tion 3.3.3 is set equal to 0.7. Again, this parameter had a greater influence than the
second-level forgetting factor.

4.3.2 Experimental results

The criteria used for evaluating the results are the same as in Section 4.2.2.

The results are summarized in Table 4.2. Let us now shortly discuss them. The
quality of one-step-ahead prediction measured by the main criterion RPE is better
in the case of partial forgetting. The same holds for the mean squared error. On
the other hand it is not true for the average prediction error. Looking at Figure 4.4
we can see that the predictions using the partial forgetting are slightly better. This
becomes obvious especially when the “step” occurs in the data. For the prediction
errors, plotted in Figure 4.5, it holds the same as written in Section 4.2.2. After the
peaks the prediction errors of the partial forgetting method returns faster to zero (see
Figure 4.5, time instant c¢. 100 and following). Also the absolute extreme values are
lower in case of partial forgetting.

Table 4.2: Table of comparison of the exponential forgetting with a constant forgetting
factor and the partial forgetting with algorithmically chosen optional parameters. For
settings of the methods see Section 4.3.1.

’ Statistics Exponential forgetting ‘ Partial forgetting
Relative prediction error 0.390 0.363
Mean squared error 11.450 9.919
Maximal positive prediction error 15.286 15.286
Maximal negative prediction error -16.344 -14.158
Average prediction error -0.007 0.016
Prediction-error standard deviation 3.391 3.156

The development of the estimates of regression coefficients as it is shown in Figure
4.6 is much more variable in the case of partial forgetting. However, neither of the
methods is obviously close to the true values of the regression coefficients (see Figure
4.3). Nevertheless, the estimates using the partial forgetting method are converging to
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the true values after the “steps”

, despite the early fluctuation, which is definitely not

true when using the exponential forgetting. This can be understood as one of the main
advantages of partial forgetting method. Because of that and RPE, the main criterion,
being better in the case of partial forgetting we can say that the partial forgetting

method had a better results in this case.

Figure 4.4: True and predicted values of A; for the constant exponential forgetting and
the partial forgetting with algorithmically chosen optional parameters. For settings of

the methods see Section 4.3.1.
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Figure 4.5: Prediction errors for the constant exponential forgetting and the partial
forgetting with algorithmically chosen optional parameters. For settings of the methods

see Section 4.3.1.
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Figure 4.6: Estimates of regression parameters for the constant exponential forgetting
and the partial forgetting with algorithmically chosen optional parameters. For settings
of the methods see Section 4.3.1.
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Chapter 5

Conclusions

In the work we familiarized ourselves with Bayesian decision making and Bayesian
hypothesis testing. We also became acquainted with Bayesian approach to forgetting
and with the partial forgetting method as well. For choosing the forgetting factor of the
partial forgetting method Bayesian hypothesis testing was used. Second-level forgetting
was used also on hypothesis, which widely improved the algorithm. The algorithm for
modifying the set of hypotheses on the forgetting factor has been proposed. Also the
optimal choice of other parameters determining the partial forgetting was discussed.

The algorithm was applied to both real and simulated data with a positive result. It
was shown that it is better than using constant exponential forgetting. The hypotheses
on forgetting factor and other parameters were chosen experimentally and it seems that
they were close to the optimal choice.

Unfortunately the algorithm did not achieve breathtaking results. The results for
both forgetting methods were quite similar. Still, one has to keep in mind that the
main advantage of the partial forgetting method with algorithmically chosen determin-
ing parameters lies in its robustness. In the case of constant exponential forgetting we
can reach outstanding results when using the optimal forgetting factor, on the other
hand when the forgetting factor is chosen far from the optimal one, the results can be
catastrophic. This cannot happen when using the partial forgetting method with algo-
rithmically chosen optional parameters. Mostly because the adjusting set of hypotheses
on the forgetting factor.

Since the aim of Section 4 was only to illustrate the behavior of the algorithm, the
proper experimental testing should be done in the future.

In Section 4 turned out the importance of the parameter A4 determining the choice
of the alternative pdf. In Section 3.3.3 was discussed the different approach to the
choice of the alternative pdf than is used in the work. Therefore, a comparative study
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of these two methods can be proceed in the future research as well.

In the work it has been shown in detail how to apply the partial forgetting method
to the normal regression model. It has been also shown that the generality of presented
methods allows the application to the Markov chain model as well. However, this was
not carried out in detail and therefore it should be a subject of the future work.

In Section 4 some pitfalls of the algorithm occurred. Firstly, the overmuch vari-
ability of the estimates of the regression coefficients should be reduced. Secondly, the
unreasonable peaks (when the data does not change rashly) in prediction errors should
be restrained. And finally, we must not forget to try to quicken the computation speed
of the algorithm. All of this will be part of a future research.
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Chapter 6

Theorems and lemmas

Theorem 11 (Calculus with pdfs). For generic (o, 3,7) € («, 3,7)* it holds:

Non-negativity

fla, Bly), f(elB, ), f(Bla,v), f(Bly) = 0

Normalization

/ f(a, B1) dardp = / f(al8,~) da = / F(Blas) dB = 1
(a,3)* a* B*
Chain rule

fla, Bly) = f(alB,7)f(Bl7) = f(Bla,v) f(aly)

Marginalization

0 = [ ste s da. o) = [ st ds

Bayes rule

CH@IBDIBR)  F@l8)F6h)
Tl =5 = T, @l 7 (6h) 43

Proof. For motivation see [5]. O

Theorem 12 (Basic properties of the GiWW pdf, [21]). When we decompose matriz V
into L' DL decomposition (2.27) the normalization integral has a form

I(L, D,v) = T(0.50) D=0 |Y D[ " 20.5%(277)05%
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(z) = /0 e legp{— 2} d

Thus, it is finite iff v > 0 and V is positive definite (iff all entries on the main diagonal
of the matriz D are positive).

Proof.

LI {_% [(YLO — AYLY "D("LO — ~VL) + AD]} df dr =

I(L,D,v) = /

(0,r)*

= {:E = 7,*0‘5 \I}D0.5( \I/Le _ A\I/L)’ dr = 7'*0-5\11Z ‘ \I/D|0-5 de}
— (27.{_)0.5\1/5 |\I/D‘—0.5/ T—0.5(1/+2) exp {_0.57,—1 AD} dr =
0

= {:B =05r"12D, r =05%D27 Y, de = —0.5°Dx 2 d:l:}
= (27)05% | ‘I’D‘_O'E) (0.52D) _0'51// 205D exp{—z} dx =
0

_ F(O.Ew) Apy—0.5v ‘ \IID|—0-5 20.51/(27T)o.5\1ﬂ
OJ

Theorem 13 (L’DL decomposition). Let V' be a positive definite symmetric matriz
with U* rows. Then, its L' DL decomposition, where L is lower triangular matriz with
a unit diagonal and D s diagonal matriz with positive diagonal entries, exists and it is
unique.

Proof. Proof and the algorithm for construction of L'DL can be found in [21], Chapter
8.1.2.
O

Theorem 14 (Completion of squares). Let a symmetric positive matriz V' be partitioned
i the following way

A BT
v=15 ¢ ]
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where A and C' are square matrices. Further, let Q be symmetric positive definite and X,
Y rectangular matrices of appropriate dimensions. Then the following relation holds.

(o[¥T 3 €] [3])mrasarmeeson-

= tr(QY —=Y)TCly —Y)) + tr(QXT[A — BTC'B]X)
where
Y =-C7'BX
Proof. Proof by inspection. m

Theorem 15 (Basic properties of Kullback-Leibler divergence, [21]). Let f,g be a pair
of pdfs acting on the same set. It holds

1. D(fllg) = 0
2. D(fllg)
3. D(fll9)

fllg) = oo iff on a set of a positive dominating measure f >0 and g =0

0 iff f =g (almost everywhere)

4. D(fllg) # D(gllf) and the Kullback-Leibler divergence does nmot obey triangle
mequality

Proof. For proof see [35]. O

Theorem 16 (Kullback-Leibler divergence of two GiW pdfs, [21]). Let f and f be two
GiW pdfs of the parameter © = [0',r]'. The Kullback-Leibler divergence of them has
the form as follows

A . [(0.50) o _. 2D _ :
D <f||f> = I =050 CO™ 4057 In = 4+ 0.5(r — 7)4(0.50) — 0.50 —

— 050+ 0.5tr(CCY) + 0‘5%1) [(é — Y- 0) + A[)]

where 1y(-) denotes a digamma function [30] and C' = YL=YYD=Y(YL=1Y is the covari-
ance matriz of the least-squares estimate (2.28) of 6.

Proof. For proof see ibid. ]
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Chapter 7

Program

The program is located on the enclosed CD together with the Bayes library created by
Kamil Dedecius from Institute of Information Theory and Automation of Academy of
Science of Czech Republic who kindly agreed with its submission on the CD.

The CD contains also the data simulator programmed within the Matlab environ-
ment to provide the interested reader with the possibility to test the program by himself.
Data used in Section 4.3 are included too.

The program was tested using Python 2.6, Numpy 1.4.1, SciPy 0.8.0 and matplotlib
1.0.0.

#!/usr/bin/python

A ——

# laoding packages needed #

e

import numpy as np # package for scientific computing with Python

import matplotlib.pyplot as plt # plotting library

from scipy.io import loadmat # enables loading .mat files

from bayes import * # library of bayes procedures needed

from copy import deepcopy

# simulated data

datafile = loadmat(’data_AR_stairs.mat’)
datarecord = datafile[’Y’][0, 200:450]

# transportation data

#datafile = loadmat (’doprava—data.mat’)
#datarecord = datafile[’Dat’][8, 1660:2010]

= VARIABLE INITIALIZATION
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# choice of a forgetting method (’partial’,’exponential’)
method = ’partial’

# forgetting factor of exponential forgetting
EF_factor = 0.985

# initial hypotheses on the forgetting factor of partial forgetting
PF_hypotheses = np.array([ [.02,.0,.0,.98]

,[.03,.01,.0,.96]

,[.01,.0,.0,.99]

,[.03,.01,.05,.91]

,[.08,.01,.01,.9]

,[.04,.03,.03,0.911)

# elements of each forgetting factor shall sum up to one

PF_hypotheses = np.transpose(np.transpose (PF_hypotheses)/
sum(np.transpose (PF_hypotheses)))

# value of second—level forgetting factor

L =0.3

# "alternative" forgetting factor
lambdaA = 0.7

ar_order = 1 # order of AR model
steps = 1 # number of prediction
f==========================c=========#

# parameters not to be tuned by user #
f====================================#

# settings of the initial values of GiW pdf
VO = np.eye(ar_order + 2) * 0.01

steps ahead

vo[0,0] = 0.1 # extended information matrix

nu0 = 5 # degrees of freedom

# auxilliary variables definition
pamet_tmp = np.zeros(len(PF_hypotheses))
pamet_tmp = 1000+pamet_tmp

pamet = list(pamet_tmp)

# settings of the model using exponential forgetting
modelEF = RegmodelEF(VO, nuO, factor=EF_factor)

# setting of the model using partial forgetting
modelPF = RegmodelPF(VO, nuO, factor=PF_hypotheses[0])
modelPF.alternative_info (method=’exponential’, parameters={’fact’:

# data adjustment
datamatrix = data_matrix(datarecord, ar_order)

data = iter(datamatrix)

# prediction settings
predictor = Predictor(true_data=datamatrix[:, 0], steps=steps)
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SCRIPT START =

===============================c==c=======y
f=========================================§
#=== used forgetting mehtod is partial ===
fe=========================================/{
if method == ’partial’:
for dt in data: # loop over time
best_weights = -1 # has only technical meaning

for i in xrange(len(PF_hypotheses)): # loop over hypotheses
tmp_modelPF = deepcopy(modelPF) # partial forgetting method
tmp_modelPF.factor = PF_hypotheses[i] # with ith weights

tmp_modelPF.model_update (dt) # estimation step
pamet [i] = L*pamet[i] + tmp_modelPF.log_likelihood # likelihood evaluation
sort_pamet = sorted(pamet) # sorted likelihoods

best_weights = pamet.index(sort_pamet[len(pamet)-1]) # best hypothesis
# algorithm for generating new hypothesis
centroid = np.zeros(len(PF_hypotheses[0])) # has only technical meaning
# calculation of centroid of three best hypotheses
for i in xrange(len(PF_hypotheses[0])):
centroid[i]=(PF_hypotheses [pamet.index(sort_pamet [len(pamet)-1]),i]+
PF_hypotheses [pamet.index(sort_pamet[len(pamet)-2]),i]+
PF_hypotheses [pamet.index(sort_pamet [len(pamet)-3]),1i] )/3
# definition of new hypothesis
new_hypothesis = centroid + (centroid-PF_hypotheses[pamet.index(sort_pamet[0])])
for i in xrange(len(new_hypothesis)): # checking the assumptions on weight
if new_hypothesis[i] > 1:
new_hypothesis[i] = 1
if new_hypothesis[i] < O:
new_hypothesis[i] = 0
if new_hypothesis[len(new_hypothesis)-1] < 0.6:
new_hypothesis[len(new_hypothesis)-1] = 0.6
new_hypothesis = new_hypothesis / sum(new_hypothesis)
# replacing the worst hypothesis
PF_hypotheses [pamet.index (sort_pamet [0])] = new_hypothesis
# replacing the likelihood of the old hypothesis

pamet [pamet.index (sort_pamet [0])] = .95*pamet[best_weights]

modelPF.factor = PF_hypotheses[best_weights] # choice of the best hypothesis
modelPF.model_update (dt) # estimation step

est_theta = modelPF.est_theta # estimate of theta

regressor = np.hstack((dt[0:-2], np.array([1.]1))) # has only technical meaning
predictor.predict (est_theta, dt[1:]) # prediction

#========================================={
= used forgetting mehtod is exponential =#
#========================================={
elif method == ’exponential’:
for dt in data: # loop over time
modelEF .model_update (dt) # data update
est_theta = modelEF.est_theta # estimate of theta
regressor = np.hstack((dt[0:-2], np.array([1.]))) # has only technical meaning
predictor.predict (est_theta, dt[1:]) # prediction
f===========================¢f
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if method == ’partial’:
true_model = modelPF
else:
true_model = modelEF

true_model.plot_est_theta_hist ()
predictor.plot ()
plt.show ()

# has only technical meaning

# development of theta
# prediction quality plots
# showing results and plots
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