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Chapter 1

Introduction

The existence of maximum principles is an important aspect of many mathe-
matical models based on elliptic and parabolic partial di�erential equations (see
e.g. [18], [30], [31]). It is a widely used analytic tool in the study of second order
linear and nonlinear equations. It can help to determine many qualitative proper-
ties about solutions of these equations without the need of knowing the solution
in advance. It also forms an important part of several proofs of existence and
uniqueness theorems.

The maximum principle is not only a mathematical feature. It �nds important
applications especially in real-life problems with physically non-negative quantities
like the temperature, density, or concentration, because it adequately mirrors the
real behavior of physical systems. Since the exact solutions of these problems
satisfy the maximum principle, it is quite natural to require the preservation
of similar property by the corresponding approximations. We speak about the
discrete maximum principle.

Hence, it is not surprising that many authors concentrate their e�ort on the
large �eld of construction of approximations satisfying the discrete maximum prin-
ciple. The �rst work dealing with the validity of the discrete maximum principle
for elliptic problems in the context of the �nite di�erence method was probably
[34] in 1966. Later on, many other works on this subject were presented (e.g. [2],
[3], [7], [10], [19], [20], [26], [27] and many others). The validity of the discrete
maximum principles was studied also for nonlinear elliptic equations, e.g. in [24]
or [29], for parabolic equations, see e.g. [12], [13], [14], [15] or [17]. There are
also results of analysis of the discrete maximum principle for higher-order �nite
elements, presented e.g. in [22], [35], [36], [37], [39].

Besides the previous results for the �nite element approximations, several new
methods were developed, that preserve the discrete maximum principle without
any restriction on the underlined mesh. These schemes, however, are typically
nonlinear even for linear problems � see e.g. [4] for Laplacian or [38] for a
convection-di�usion problem.

The aim of this thesis is to summarize the known results for the reaction-
di�usion problem numerically solved by the lowest order �nite element approxi-
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mations on di�erent types of meshes. We systematically investigate 1D, 2D and
3D problems and analyze the corresponding �nite elements: intervals, triangles,
rectangles, tetrahedra, blocks and triangular prisms. We present su�cient con-
ditions for the validity of the discrete maximum principle in these special cases
and show their geometrical interpretations as restrictions on shapes and sizes of
speci�c �nite elements.

The thesis is organized as follows. Chapter 1 brings in six sections the required
theoretical background. It includes the de�nitions of the reaction-di�usion prob-
lem and of the continuous maximum principle (Section 2.1), description of the
Galerkin and �nite element methods (Sections 2.2 and 2.3), de�nition of the dis-
crete maximum principle and certain general results concerning its validity (Sec-
tion 2.4), and �nally the last two sections of this chapter are about M-matrices
and local mass and sti�ness matrices. In the following chapters results for the spe-
ci�c types of �nite elements are presented. In Chapter 3 we analyze 1D meshes, in
Chapter 4 triangles, in Chapter 5 rectangles, in Chapter 6 tetrahedra, in Chapter
7 blocks (i.e. cartesian products of intervals) and in Chapter 8 triangular prisms.
Chapter 9 then gives a summary and points out possible generalizations and open
problems.
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Chapter 2

General framework

2.1 De�nition of the problem

Assume an open bounded domain Ω ⊂ Rd, d ≥ 1, with Lipschitz-continuous
boundary ∂Ω. We consider the following problem whose classical formulation
reads:
Find u ∈ C(Ω) ∪ C2(Ω) such that

−∆u+ κ2u = f in Ω, u = 0 on ∂Ω, (2.1)

where κ2 ∈ C(Ω) and f ∈ C(Ω) are given functions. To solve this problem by the
�nite element method we introduce its weak formulation �rst.

Weak formulation

To derive the weak formulation of problem (2.1), we multiply (2.1) by a test
function v ∈ C∞0 (Ω) and integrate it over Ω. Then by using Green's theorem and
the fact that v = 0 on ∂Ω we get the following identity:∫

Ω

(
∇u · ∇v + κ2uv

)
dx =

∫
Ω

fv dx

All these integrals remain �nite even for u, v ∈ V , where f ∈ L2(Ω), κ2 ∈ L∞(Ω)
and

V = H1
0 (Ω) =

{
w ∈ H1 (Ω) , w = 0 on ∂Ω in the sense of traces

}
.

This motivates the following de�nition.

De�nition 2.1 (Weak formulation). Given f ∈ L2(Ω) and κ2 ∈ L∞(Ω). Find
u ∈ V such that ∫

Ω

(
∇u · ∇v + κ2uv

)
dx =

∫
Ω

fv dx ∀v ∈ V. (2.2)
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Now we de�ne a bilinear form a(·, ·) : V × V 7→ R,

a(u, v) =

∫
Ω

(
∇u · ∇v + κ2uv

)
dx, (2.3)

and a linear form F : V 7→ R,

F (v) =

∫
Ω

fv dx. (2.4)

Thus, the weak formulation can be written as follows:
Find u ∈ V such that

a(u, v) = F (v) ∀v ∈ V. (2.5)

Existence and uniqueness of the weak solution

The existence and uniqueness of the weak solution of problem (2.5) follows
from the well known Lax-Milgram lemma. For completeness, we recall this lemma
and verify its assumptions.

Lemma 2.1 (Lax-Milgram). Let V be a Hilbert space, a (·, ·) : V × V 7→ R a
bounded V-elliptic bilinear form and F ∈ V ′ (V ′ is a dual space to V ). Then there
exists a unique weak solution to problem (2.5).

Proof.

See e.g. [32, p. 18].

2

A bilinear form a(u, v) is said to be bounded if there exists a constant Ca > 0
such that |a(u, v)| ≤ Ca ‖u‖V ‖v‖V for all u, v ∈ V , where the norm ‖·‖V =
‖·‖H1(Ω). Similarly a(u, v) is V-elliptic if there exists a constant Cb > 0 such that
a(u, u) ≥ Cb ‖u‖2

V for all u ∈ V . The boundedness of bilinear form (2.3) follows
from the Hölder inequality (see e.g. [32, p. 381]). Obviously,

|a(u, v)| ≤
∫

Ω

(
|∇u · ∇v|+ κ2 |uv|

)
dx ≤ max

{
1,
∥∥κ2
∥∥
L∞(Ω)

}(∫
Ω

|∇u · ∇v| dx

+

∫
Ω

|uv| dx
)
.

Then the Hölder inequality yields∫
Ω

|∇u · ∇v| dx ≤
(∫

Ω

|∇u|2 dx

)1/2(∫
Ω

|∇v|2 dx

)1/2

= |u|H1(Ω) |v|H1(Ω)

and ∫
Ω

|uv| dx ≤
(∫

Ω

|u|2 dx

)1/2(∫
Ω

|v|2 dx

)1/2

= ‖u‖L2(Ω) ‖v‖L2(Ω) .

9



Using the Cauchy-Schwarz inequality (see e.g. [32, p. 391]) we obtain

|u|H1(Ω) |v|H1(Ω) + ‖u‖L2(Ω) ‖v‖L2(Ω) ≤
(
|u|2H1(Ω) + ‖u‖2

L2(Ω)

)1/2 (
|v|2H1(Ω)

+ ‖v‖2
L2(Ω)

)1/2

= ‖u‖V ‖v‖V .

Therefore
|a(u, v)| ≤ Ca ‖u‖V ‖v‖V ,

with Ca = max
{

1, ‖κ2‖L∞(Ω)

}
. To prove the ellipticity we use the Fridrichs in-

equality (see e.g [32, p. 422]):

|a(u, u)| =
∫

Ω

(
|∇u|2 + κ2u2

)
dx ≥

∫
Ω

|∇u|2 dx = |u|2H1(Ω) ≥ Cb ‖u‖2
V .

Hence, all the assumptions of Lax-Milgram lemma are ful�lled and problem (2.5)
has a unique solution.

The maximum principle

Problem (2.1) is well known to satisfy the maximum principle. Here we present
a version of this principle in the weak setting.

De�nition 2.2 (The maximum principle (MaxP)). Let u ∈ V be the weak solution
of problem (2.5) with f ∈ L2(Ω). This problem satis�es the maximum principle if

ess sup
Ω

u ≤ max

{
0, ess sup

∂Ω
u

}
for all f(x) ≤ 0 for a.e. x ∈ Ω,

where the essential supremum of u in Ω is given by

ess sup
Ω

u := inf
{
a ∈ R : µ

({
x ∈ Ω : f(x) > a

})
= 0
}

and µ denotes the Lebesgue measure on Rd.

Remark 2.1. Clearly, due to homogeneous Dirichlet boundary condition, we have

max

{
0, ess sup

∂Ω
u

}
= 0

for problem (2.5). Hence, the discrete maximum principle is equivalent to the
following conservation of non-positivity:

f(x) ≤ 0 for a.e. x ∈ Ω =⇒ u(x) ≤ 0 for a.e. x ∈ Ω .
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The following lemma shows the validity of the maximum principle for problem
(2.5), see e.g. [30].

Lemma 2.2 (The maximum principle). Problem (2.5) satis�es the maximum
principle.

Proof.

De�ne

v(x) :=
u(x) + |u(x)|

2
= u(x)+ ≥ 0 for a.e. x ∈ Ω .

We can see that

v(x) =

{
0 if u(x) ≤ 0

u(x) if u(x) > 0
for a.e. x ∈ Ω .

Since u ∈ V , we have v ∈ V as well and we can use it as a test function in (2.2). As
v(x) ≥ 0 for a.e. x ∈ Ω and f(x) ≤ 0 for a.e. x ∈ Ω we have F (v) =

∫
Ω
fv dx ≤ 0.

Hence,

0 ≥ F (v) = a(u, v) =

∫
Ω

(∇u · ∇v + κ2uv) dx =

∫
Ω+

(∇v · ∇v + κ2vv) dx ≥ 0,

where Ω+ = {x ∈ Ω; v(x) 6= 0}.
Thus ∫

Ω

∇v · ∇v dx = 0,

which implies
∇v(x) = 0 for a.e. x ∈ Ω .

Therefore v(x) = const. for a.e. x ∈ Ω . Further, since v = 0 a.e. on ∂Ω and
v = const. a.e. in Ω we have v = 0 a.e. in Ω. Consequently u ≤ 0 a.e. in Ω .

2

There exist two other principles equivalent to the maximum principle:

De�nition 2.3 (The comparison principle (ComP)). Let u1 ∈ V be the weak
solution of (2.5) with the right-hand side f1 ∈ L2(Ω) and u2 ∈ V the weak solution
of (2.5) with the right-hand side f2 ∈ L2(Ω). We say that problem (2.5) satis�es
the comparison principle if

f1(x) ≤ f2(x) for a.e. x ∈ Ω =⇒ u1(x) ≤ u2(x) for a.e. x ∈ Ω .

De�nition 2.4 (The minimum principle (MinP)). Let u ∈ V be the weak solu-
tion of (2.5) with f ∈ L2(Ω). We say that problem (2.5) satis�es the minimum
principle if

ess inf
Ω

u ≥ min
{

0, ess inf
∂Ω

u
}

for all f(x) ≥ 0 for a.e. x ∈ Ω,

where the essential minimum of u in Ω is given by

ess inf
Ω

u := sup
{
a ∈ R : µ

({
x ∈ Ω : f(x) < a

})
= 0
}
.
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Remark 2.2. Similarly to the maximum principle, due to homogeneous Dirichlet
boundary condition,

min
{

0, ess inf
∂Ω

u
}

= 0

for problem (2.5). Hence, the discrete minimum principle is equivalent to the
conservation of non-negativity:

f(x) ≥ 0 for a.e. x ∈ Ω =⇒ u(x) ≥ 0 for a.e. x ∈ Ω .

Theorem 2.1. Assume problem (2.5). The following statements are equivalent:

1. The maximum principle holds.

2. The comparison principle holds.

3. The minimum principle holds.

Proof.

The equivalence 1.⇔ 2. is an easy consequence of the multiplication (2.5) by
−1. It remains to prove 1.⇔ 3.:

Let the maximum principle be satis�ed by problem (2.5). Let u1 ∈ V be the
weak solution of (2.5) with the right-hand side f1 ∈ L2(Ω) and u2 ∈ V the weak
solution of (2.5) with the right-hand side f2 ∈ L2(Ω), f1 ≤ f2 a.e. in Ω. Then it
is obvious that f1−f2 ≤ 0 a.e. in Ω and u1−u2 is the weak solution of (2.5) with
f1 − f2. Because the maximum principle holds we have ess supΩ u1 − u2 ≤ 0 so
u1 ≤ u2 a.e. in Ω and the comparison principle holds.

Analogically, we can show that if the comparison principle holds then also the
maximum principle holds.

2

2.2 Galerkin method

The Galerkin method is based on a replacement of the in�nite-dimensional
space V by a �nite dimensional one. Therefore, we consider a sequence of �nite-
dimensional subspaces {Vh} ⊂ V, h > 0. In analogy with problem (2.5) we solve
in each Vh the following discrete problem.

De�nition 2.5 (Discrete problem). Find uh ∈ Vh such that

a(uh, vh) = F (vh) ∀vh ∈ Vh. (2.6)

As every Vh is obviously a Hilbert space (because it is a �nite-dimensional
subspace of the Hilbert space V ) and the form a(·, ·) restricted to Vh×Vh remains
bilinear, Vh-elliptic and bounded, according to Lax-Milgram lemma there exists a
unique solution uh ∈ Vh of the discrete problem (2.6) and under suitable assump-
tions the sequence of these approximate solutions converges to the exact solution
of (2.5).
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Lemma 2.3 (Céa). Let V be a Hilbert space, a (·, ·) : V × V 7→ R a bounded
V-elliptic bilinear form and F ∈ V ′. Let u ∈ V be the solution of problem (2.5).
Let Vh be a subspace of V and uh ∈ Vh the solution of the discrete problem (2.6).
Let Ca, Cb be the continuity and V-ellipticity constants of the form a (·, ·). Then

‖u− uh‖V ≤
Ca
Cb

inf
vh∈Vh

‖u− vh‖V .

Proof.

First proved by Céa [5] in 1964, the proof can be found also e.g. in [32, p. 49].

2

Thus the su�cient condition for convergence to the exact solution of (2.5) is
the existence of a system {Vh} of subspaces of V such that for every v ∈ V

lim
h→0

inf
vh∈Vh

‖v − vh‖V = 0.

This condition is equivalent to ⋃
h>0

Vh
V

= V.

In the following we show that problem (2.6) is equivalent to a system of linear
algebraic equations.

Every solution uh ∈ Vh can be written as a linear combination of basis functions
of the �nite-dimensional space Vh :

uh =

Nh∑
j=1

cjϕj, (2.7)

whereNh is the dimension of Vh, {ϕj}Nh

j=1 is a basis of Vh and cj ∈ R, j = 1, . . . , Nh,
are unknown coe�cients. Notice, that the discretization error u−uh depends only
on the subspace Vh and does not depend on the choice of the basis. If we substitute
(2.7) into (2.6), we get

a

(
Nh∑
j=1

cjϕj, vh

)
= F (vh) ∀vh ∈ Vh.

Hence, thanks to the linearity of the form a(·, ·) we obtain

Nh∑
j=1

cja(ϕj, vh) = F (vh) ∀vh ∈ Vh. (2.8)
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The validity of (2.8) for all test functions vh ∈ Vh is equivalent to the validity of
(2.8) tested by all basis functions. This fact yields the following equivalent system
of linear algebraic equations:

Nh∑
j=1

cja(ϕj, ϕi) = F (ϕi) ∀i = 1, . . . , Nh. (2.9)

This motivates the de�nition of the �nite element matrix.

De�nition 2.6 (Finite element matrix (FE-matrix) Ah).

Ah = {aij}Nh

i,j=1 , aij = a(ϕj, ϕi) =

∫
Ω

(∇ϕj · ∇ϕi + κ2ϕjϕi) dx. (2.10)

Then (2.9) can be written in a matrix form

Ahch = Fh,

where ch = {cj}Nh

j=1 is the vector of unknown coe�cients and Fh = {Fj}Nh

j=1 , Fj =
F (ϕj), is called the load vector.

The FE-matrix Ah consists of two components, the sti�ness and the mass
matrices:

De�nition 2.7 (Sti�ness matrix Sh).

Sh = {sij}Nh

i,j=1 , sij =

∫
Ω

∇ϕj · ∇ϕi dx. (2.11)

De�nition 2.8 (Mass matrix Mh).

Mh = {mij}Nh

i,j=1 , mij =

∫
Ω

ϕjϕi dx. (2.12)

Clearly, if κ2 is a constant a.e. in Ω then

Ah = Sh + κ2Mh, (2.13)

otherwise
Ah ≤ Sh +

∥∥κ2
∥∥
L∞(Ω)

Mh. (2.14)

The matrix Ah corresponding to problem (2.6) is symmetric and it can be
proved that Ah is positive de�nite and invertible: We consider an arbitrary vector
0 6= y = (y1, y2, . . . , yNh

)T . Then the function v =
∑Nh

i=1 yiϕi is in Vh and by the
V-ellipticity of the form a(u, v) we obtain

yTAhy =

Nh∑
i=1

Nh∑
j=1

yiaijyj =

Nh∑
i=1

Nh∑
j=1

yia(ϕj, ϕi)yj = a

(
Nh∑
j=1

ϕjyj,

Nh∑
i=1

ϕiyi

)
= a(v, v) ≥ Cb ‖v‖2

V > 0.
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Thus Ah is positive de�nite and hence invertible (Otherwise there would exist a
vector ỹ = (ỹ1, ỹ2, . . . , ỹNh

)T 6= 0 such that Ahỹ = 0. But then ỹTAhỹ = 0 which
would be in contradiction with the positive de�niteness of Ah.). This allows to
express the vector of coe�cients ch as

ch = A−1
h Fh. (2.15)

2.3 Finite element method

The �nite element method can be understood as a special case of the Galerkin
method in which we take piecewise-polynomial functions as basis functions for
every Vh and in which the FE-matrices Ah are sparse. We consider problem (2.5),
where a(u, v) and F (v) are de�ned by (2.3) and (2.4). The �nite-dimensional
subspace Vh ⊂ V is constructed by the following two steps:

1. We cover the domain Ω ⊂ Rd, d ≥ 1, by a mesh Th, which divide Ω into
the �nite number of subdomains K1, K2, . . . , KDh

, called the �nite elements.
The discretization parameter is chosen as h = max {DiamKi, i = 1, 2, . . . , Dh}.
The �nite elements Ki ∈ Th are usually intervals (for d = 1), triangles or
quadrilaterals (for d = 2), tetrahedra, blocks (i.e. cartesian products of in-
tervals), triangular prisms or pyramids (for d = 3). The �nite element mesh
is assumed to met the following conditions:

• Ω =
⋃

Ki∈Th
Ki

• every Ki ∈ Th is a closed set whose interior K0 is not empty

• K0
i ∩K0

j = ∅ holds for every Ki, Kj ∈ Th, Ki 6= Kj

• every Ki ∈ Th has a Lipschitz-continuous boundary

• every side of Ki ∈ Th is either a subset of ∂Ω or a side of some other
element Kj ∈ Th

2. Second we create subspace Vh ⊂ V such that

Vh =
{
vh ∈ V

∣∣ vh ∈ C(Ω), vh
∣∣
Ki
∈ PKi

, ∀Ki ∈ Th
}
, (2.16)

where PK is a suitable �nite dimensional space of functions de�ned on K.
For example if K is an interval, triangle or tetrahedron, we choose

PK = P k(K) := {v; v(x) =
k∑
i=1

d∑
j=1

αijx
i
j + α0, αij ∈ R, i = 1, . . . , k,

j = 1, . . . , d; x = (x1, . . . , xd) ∈ K ⊂ Rd } ,
(2.17)
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in the case K is a quadrilateral or block we set

PK = Qk(K) := {v; v(x) =
k∑

l1=0

k∑
l2=0

· · ·
k∑

ld=0

αl1l2...ldx
l1
1 x

l2
2 . . . x

ld
d ; αl1l2...ld ∈ R

∀l1l2 . . . ld; x = (x1, . . . , xd) ∈ K ⊂ Rd } .
(2.18)

From now on, we take into consideration only the case k = 1. Thus the space
Vh de�ned by (2.16) and (2.17) is a space of piecewise-linear functions, Vh
de�ned by (2.16) and (2.18) is either a space of piecewise-bilinear functions
(for d = 2) or a space of piecewise-trilinear functions (for d = 3).

De�nition 2.9 (Vertex of a mesh). We say that B ∈ Ω is a vertex of the mesh
Th if B is a vertex of any element K ∈ Th.

De�nition 2.10 (Interior vertex). We say that a vertex B ∈ Th is the interior
vertex if B /∈ ∂Ω.

Every vh ∈ Vh can be then uniquely de�ned by the so-called set of degrees of
freedom

∑
h. These degrees of freedom are linear functionals giving the function

values at the interior vertices B1, B2, . . . , BNh
of the mesh Th:∑

h
= {φi ∈ V ′h : φi(vh) = vh(Bi); Bi is an interior vertex, i = 1, . . . , Nh} .

In every vertex B ∈ ∂Ω, there is vh(B) = 0 because Vh ⊂ V and all v ∈ V vanish
on ∂Ω.

We can select a basis ϕ1, ϕ2, . . . , ϕNh
of Vh where every function ϕi has a small

support: Let B1, B2, . . . , BNh
∈ Ω be the interior vertices of the mesh Th. We

de�ne basis functions ϕi ∈ Vh such that ϕi ≥ 0 and

ϕi(Bj) =

{
1 if i = j
0 if i 6= j

i, j = 1, 2, . . . , Nh. (2.19)

Figures 2.1 and 2.2 present examples of such basis functions in one dimensional
and two dimensional cases.

2.4 Discrete maximum principle

De�nition 2.11 (The discrete maximum principle). Let uh ∈ Vh be the weak
solution of problem (2.6). We say that the discrete problem satis�es the discrete
maximum principle if

f(x) ≤ 0 for a.e. x ∈ Ω =⇒ max
Ω̄

uh ≤ max
{

0,max
∂Ω

uh

}
. (2.20)
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jiHB jL=0
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Figure 2.1: Example of basis function for Ω ⊂ R1.

jiHBiL

jiHB jL ji

jiHBiL

jiHB jL ji

Figure 2.2: Examples of basis functions on meshes formed by triangles and squares
for Ω ⊂ R2.
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Since in our case uh ∈ Vh ⊂ H1
0 (Ω) we have uh = 0 on ∂Ω and we can

reformulate (2.20) as

f(x) ≤ 0 for a.e. x ∈ Ω =⇒ max
Ω̄

uh = 0.

We know that uh can be written in the form (2.7), where {ϕj}Nh

j=1 is the basis
of Vh de�ned by (2.19). Hence, uh ≤ 0 everywhere in Ω if and only if all the
coe�cients cj, j = 1, . . . , Nh, are non-positive.

De�nition 2.12. We say that a matrix A ∈ RN×N is non-negative (A ≥ 0) if
all entries of A are non-negative. Analogically, A is non-positive (A ≤ 0) if all
entries of A are non-positive. The same notation is used also for vectors.

The following theorem provides the important su�cient and necessary condi-
tion for the validity of the discrete maximum principle.

Theorem 2.2. Let uh ∈ Vh be the weak solution of problem (2.6). The discrete
maximum principle holds if and only if A−1

h ≥ 0.

Proof.

First, let A−1
h be non-negative. It is obvious that Fh ≤ 0 for an arbitrary

f ≤ 0. Hence we have ch = A−1
h Fh ≤ 0 for f ≤ 0. This implies uh ≤ 0 and

therefore the discrete maximum principle is satis�ed.
The other implication can be proved by contradiction: We suppose that the

discrete maximum principle holds and A−1
h = {ãij}Nh

i,j=1 � 0, i.e. there exists
ãkl < 0, k, l ∈ {1, . . . , Nh}. Then if we choose f ∈ L2(Ω), f ≤ 0, such that
the corresponding Fh = {Fj}Nh

j=1 has entries Fl = −1 and Fi = 0 for all i 6= l,
i ∈ {1, . . . , Nh}, we get

ck = ãkl > 0.

This implies uh � 0 for f ≤ 0 which is in contradiction with the assumption that
the discrete maximum principle holds. A problem with the above reasoning is
that the function f yielding the vector Fh with the needed properties would be
the negative Dirac function δxl , which is not in L2(Ω). However, a sequence of
functions {fm}∞m=1 can be constructed , such that 0 ≥ fm ∈ L2(Ω) and

fm
L2(Ω)−→ −δxl .

For solutions uh,m of problem (2.6) with fm we obtain

uh,m
V−→ uh,

where uh � 0 is the solution of (2.6) with f = −δxl . Hence, there exists m0 ∈ N
such that 0 ≥ fm0 ∈ L2(Ω) and uh,m0 � 0.

2

Thus, if we want the maximum principle to be satis�ed we need the matrix Ah
to be monotone, i.e. such that A−1

h is non-negative. The question is: What are
the conditions for the matrix Ah to have a non-negative inverse? This question
will be the core of the following section.
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2.5 M-matrices

In this section we show that su�cient conditions for matrix Ah to have a
non-negative inverse is that Ah is symmetric, positive de�nite and all o�-diagonal
entries of Ah are non-positive.

Theorem 2.3 (Perron-Frobenius). Let A = {aij}Ni,j=1 ∈ R
N×N be a matrix such

that A ≥ 0. Then

1. the spectral radius ρ(A) = max {|λ| : λ ∈ σ(A) is an eigenvalue} is an eigen-
value of A and

2. there exists a non-negative eigenvector v ∈ RN belonging to ρ(A).

Proof.

See, e.g., [16, p. 102].

2

Before we formulate another theorem we de�ne the following class of matrices:

ZN =
{
M ∈ RN×N ;mij ≤ 0 for i 6= j, i, j = 1, . . . , N

}
.

Theorem 2.4. Let A = {aij}Ni,j=1 ∈ ZN be a symmetric, positive de�nite matrix.

Then A−1 ≥ 0.

Proof.

This is a consequence of [16, Theorem 5.1]. However for the readers conve-
nience, we present a direct proof. We de�ne k := max {aii, i = 1, 2, . . . , N} and the
matrix C := kI−A, where I ∈ RN×N is an identity matrix. Then C ≥ 0. Perron-
Frobenius theorem implies that ρ(C) is an eigenvalue of C and that there exists
a non-negative eigenvector w ∈ RN such that Cw = ρ(C)w. Since A = kI − C
we have

Aw = (kI − C)w = kw − Cw = kw − ρ(C)w = (k − ρ(C))w

and k − ρ(C) is an eigenvalue of A. As A is symmetric and positive de�nite all
eigenvalues of A are positive. Thus k − ρ (C) > 0 and

k > ρ(C) ≥ 0 =⇒ 1

k
ρ(C) = ρ

(
1

k
C

)
< 1.

This enables us to express A−1 in terms of the Neumann series. Indeed

A = kI − C = k

(
I − 1

k
C

)
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and therefore

A−1 =
1

k

(
I − 1

k
C

)−1

=
1

k

(
I +

1

k
C +

1

k2
C2 +

1

k3
C3 + . . .

)
,

where we utilized the fact that ρ
(

1

k
C

)
< 1. Finally, since C ≥ 0 and k ≥ 0 we

conclude that
A−1 ≥ 0.

2

De�nition 2.13 (M-matrix).
Nonsingular matrix A ∈ ZN which is monotone (i.e. A−1 ≥ 0) is called M-matrix.

The FE-matrix Ah associated to problem (2.6) is automatically symmetric and
positive de�nite, therefore in order to have A−1

h ≥ 0 we only need to show that
all o�-diagonal entries of Ah are non-positive. These o�-diagonal entries will be
investigated using the fact that the FE-matrix Ah can be expressed as a sum of
so-called local matrices.

2.6 Local matrices

The �nite element method is characterized by a division Th of the domain
Ω into subdomains K ∈ Th (called �nite elements). This enables us to replace
integrals over the domain Ω by the sum of integrals over subdomainsK in formulas
(2.11), (2.12) and (2.10). Thus

sij =
∑
K∈Th

∫
K

∇ϕj · ∇ϕi dx, mij =
∑
K∈Th

∫
K

ϕjϕi dx

and
aij =

∑
K∈Th

∫
K

∇ϕj · ∇ϕi dx+
∑
K∈Th

∫
K

κ2ϕjϕi dx.

This splitting motivates the following de�nitions of local matrices.

De�nition 2.14 (Local sti�ness matrix SKh ).

SKh =
{
sKij
}Nh

i,j=1
, sKij =

∫
K

∇ϕj · ∇ϕi dx. (2.21)

De�nition 2.15 (Local mass matrix MK
h ).

MK
h =

{
mK
ij

}Nh

i,j=1
, mK

ij =

∫
K

ϕjϕi dx. (2.22)
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De�nition 2.16 (Local FE-matrix AKh ).

AKh =
{
aKij
}Nh

i,j=1
, aKij =

∫
K

∇ϕj · ∇ϕi dx+

∫
K

κ2ϕjϕi dx. (2.23)

Analogously to conditions (2.13) and (2.14) for the matrices Sh, Mh and Ah
we obtain the following relations for the local matrices SKh , M

K
h and AKh . If κ

2 is
a constant a.e. in K then

AKh = SKh + κ2MK
h , (2.24)

otherwise
AKh ≤ SKh +

∥∥κ2
∥∥
L∞(K)

MK
h . (2.25)

Further,
sij =

∑
K∈Th

sKij , mij =
∑
K∈Th

mK
ij and aij =

∑
K∈Th

aKij .

Thus a su�cient (but not necessary) condition for Ah to have non-positive o�-
diagonal entries is the non-positivity of all o�-diagonal entries of all local FE-
matrices AKh , K ∈ Th:

Observation 2.1. If

aKij ≤ 0 ∀i 6= j, i, j = 1, . . . , Nh, ∀K ∈ Th,

then
aij ≤ 0 ∀i 6= j, i, j = 1, . . . , Nh.

Furthermore since all basis functions are de�ned by (2.16) and (2.19) we can
see that

ϕi |K ≡ 0 for all i such that Bi is not a vertex of K.

Therefore,

sKjk = mK
jk = aKjk = 0 for all j, k such that Bj or Bk is not a vertex of K.

Hence, there are only few non-zero entries in every local matrix MK
h , SKh and AKh

and we can de�ne condensed matrices M̄K
h =

{
m̄K
ij

}l
i,j=1

, S̄Kh =
{
s̄Kij
}l
i,j=1

and

ĀKh =
{
āKij
}l
i,j=1

, where l is the number of vertices of the element K (i.e. l = 2

in case that elements are intervals, l = 3 for triangles, l = 4 for rectangles and
tetrahedra, l = 8 for blocks and l = 6 for triangular prisms). These condensed
matrices are such that contain all non-zero entries of corresponding local matrices
and we can for simplicity operate with M̄K

h , S̄Kh and ĀKh instead of MK
h , AKh and

SKh .

Observation 2.2. If

āKij ≤ 0 ∀i 6= j, i, j = 1, . . . , l, ∀K ∈ Th,

then
aij ≤ 0 ∀i 6= j, i, j = 1, . . . , Nh.
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Finally we come to the following conclusion:

Theorem 2.5. The discrete maximum principle holds if

āKij ≤ 0 ∀i < j, i, j = 1, . . . , l, ∀K ∈ Th.

Proof.

It follows from Theorem 2.2, Theorem 2.4 and Observation 2.2 and from the
symmetry of the matrix ĀKh .

2

22



Chapter 3

Finite elements in 1D � intervals

In this chapter we show the results of the validity of the discrete maximum
principle for the meshes consisting of intervals. We consider problem (2.6) in a
domain Ω = (α, β) ∈ R1 with a mesh Th, which divide Ω into the �nite number of
intervals Ki = [Bi−1, Bi], i = 1, 2, . . . , Nh + 1, −∞ < α = B0 < B1 < B2 < · · · <
BNh+1 = β <∞. Let hKi

= Bi−Bi−1 be the lengths of the intervals Ki ∈ Th and
h = max {hKi

, Ki ∈ Th}. The space Vh is de�ned by (2.16), where PK = P 1(K),
thus Vh is a space of continuous and piecewise-linear functions. The basis of Vh
are functions ϕ1, ϕ2, . . . , ϕNh

∈ Vh de�ned by (2.19). Thus support of every ϕi is
formed by two adjacent intervals that contain the vertex Bi (see Figure 2.1). It
is ϕi = 0 elsewhere in Ω. Therefore

aij =

∫
Ω

(∇ϕj · ∇ϕi + κ2ϕjϕi) dx = 0 whenever |i− j| ≥ 2

and Ah is a tridiagonal matrix.
We are dealing with the question what are the su�cient conditions for the

validity of the discrete maximum principle of problem (2.6). Theorem 2.5 provides
the following condition for the discrete maximum principle: the local condensed
FE-matrices ĀKi

h of problem (2.6) should be such that

āKi
1,2 ≤ 0 ∀Ki ∈ Th. (3.1)

If we take into consideration that

ϕj |Ki
= 0 for all j 6= i, i− 1,

then the condensed matrices are de�ned as follows:

S̄Ki
h =

(
sKi
i−1,i−1 sKi

i−1,i

sKi
i,i−1 sKi

i,i

)
, M̄Ki

h =

(
mKi
i−1,i−1 mKi

i−1,i

mKi
i,i−1 mKi

i,i

)
and

ĀKi
h =

(
aKi
i−1,i−1 aKi

i−1,i

aKi
i,i−1 aKi

i,i

)
,

where sKi
ij , m

Ki
ij and aKi

ij are given by (2.21)�(2.23).
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3.1 Reference element and reference mapping

In this section we de�ne the reference element K̂ which enable us to compute
the entries of the matrices M̄Ki

h and S̄Ki
h in a simpler way. We choose the reference

element
K̂ = [−1, 1].

The reference element can be transformed into an arbitrary Ki ∈ Th by the refer-
ence mapping χKi

.

De�nition 3.1 (The reference mapping). Mapping χKi
: K̂ 7→ Ki, Ki ∈ Th, such

that

χKi
(ξ) = x = Bi−1 +

1 + ξ

2
(Bi −Bi−1) = Bi−1 +

1 + ξ

2
hKi

, ξ ∈ [−1, 1], (3.2)

is called the reference mapping.

De�nition 3.2 (Jacobian matrix of f : Rn 7→ Rn).

J (f) :=


∂f1(x)
∂x1

· · · ∂f1(x)
∂xn

...
. . .

...
∂fn(x)
∂x1

· · · ∂fn(x)
∂xn

 . (3.3)

De�nition 3.3 (Jacobian of f : Rn 7→ Rn).

I (f) := det J(f). (3.4)

From (3.2), (3.3) and (3.4) we obtain

I (χKi
) = J (χKi

) =
∂χKi

(ξ)

∂ξ
=
hKi

2
.

In K̂ we de�ne shape functions `0, `1 (see Figure 3.1) such that:

`0 (ξ) =
1− ξ

2
, `1 (ξ) =

1 + ξ

2
, ξ ∈ [−1, 1].

The basis functions ϕi−1(x) and ϕi(x) restricted to the element Ki ∈ Th (see
Figure 3.1) are such that

ϕi−1 |Ki
(x) =

Bi − x
hKi

, ϕi |Ki
(x) =

x−Bi−1

hKi

, x ∈ [Bi−1, Bi].

It can be shown that

ϕi−1 |Ki
(χKi

(ξ)) =
Bi − χKi

(ξ)

hKi

=
Bi −Bi−1 −

1 + ξ

2
hKi

hKi

=
hKi
− 1 + ξ

2
hKi

hKi

=
1− ξ

2
= `0 (ξ)

(3.5)
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Figure 3.1: Shape functions `0, `1 in K̂ and basis functions ϕi−1(x), ϕi(x).

and analogously

ϕi |Ki
(χKi

(ξ)) =
χKi

(ξ)−Bi−1

hKi

=
1 + ξ

2
= `1 (ξ) , for ξ ∈ [−1, 1], (3.6)

for all i = 1, 2, . . . , Nh. Then also

∂ϕi−1 |Ki
(x)

∂x
=
∂`0(χ−1

Ki
(x))

∂x
=
∂`0(χ−1

Ki
(x))

∂ξ

∂χ−1
Ki

(x)

∂x
=
∂`0 (ξ)

∂ξ
I(χKi

)−1 (3.7)

and

∂ϕi |Ki
(x)

∂x
=
∂`1(χ−1

Ki
(x))

∂x
=
∂`1(χ−1

Ki
(x))

∂ξ

∂χ−1
Ki

(x)

∂x
=
∂`1 (ξ)

∂ξ
I(χKi

)−1, (3.8)

for all i = 1, 2, . . . , Nh.

3.2 Local mass and sti�ness matrices

Using the theorem of substitution and relations (3.5), (3.6), (3.7), (3.8) we
can transform the integral over Ki into the integral over K̂ in the calculation of
entries of local mass and sti�ness matrices of every element Ki. Then

m̄Ki
jk =

∫
Ki

ϕk+i−2 (x)ϕj+i−2 (x) dx

=

∫
K̂

ϕk+i−2 (χKi
(ξ))ϕj+i−2 (χKi

(ξ)) I(χKi
) dξ

=

∫
K̂

`k−1 (ξ) `j−1 (ξ)
hKi

2
dξ =

hKi

2
m̄K̂
jk, j, k = 1, 2,
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and

s̄Ki
jk =

∫
Ki

∂ϕk+i−2 (x)

∂x

∂ϕj+i−2 (x)

∂x
dx

=

∫
K̂

(
∂`k−1 (ξ)

∂ξ
I(χKi

)−1

)(
∂`j−1 (ξ)

∂ξ
I(χKi

)−1

)
I(χKi

) dξ

=

∫
K̂

∂`k−1 (ξ)

∂ξ

∂`j−1 (ξ)

∂ξ
I(χKi

)−1 dξ

=

∫
K̂

∂`k−1 (ξ)

∂ξ

∂`j−1 (ξ)

∂ξ

2

hKi

dξ =
2

hKi

s̄K̂jk, j, k = 1, 2 .

The entries

m̄K̂
jk =

∫ 1

−1

`k−1 (ξ) `j−1 (ξ) dξ

and

s̄K̂jk =

∫ 1

−1

∂`k−1 (ξ)

∂ξ

∂`j−1 (ξ)

∂ξ
dξ, j, k = 1, 2,

of matrices M̄ K̂
h and S̄K̂h can be computed by a straightforward computation. We

obtain:

S̄K̂h =
1

2

(
1 −1
−1 1

)
, M̄ K̂ =

1

3

(
2 1
1 2

)
(3.9)

and �nally we have

S̄Ki
h =

2

hKi

S̄K̂ =
1

hKi

(
1 −1
−1 1

)
, M̄Ki

h =
hKi

2
M̄ K̂ =

hKi

6

(
2 1
1 2

)
.

3.3 Discrete maximum principle

The following theorem summarizes the main result of this chapter.

Theorem 3.1. Let us consider problem (2.6) in a domain Ω = (α, β) ∈ R1

with a mesh Th consisting of intervals Ki. Let hKi
be the lengths of the intervals

Ki ∈ Th and h = max {hKi
, Ki ∈ Th}. The space Vh is de�ned by (2.16), where

PK = P 1(K). If ‖κ2‖L∞(Ki)
h2
Ki
≤ 6 for all Ki ∈ Th, then the discrete maximum

principle holds.

Proof.

Since

āKi
1,2 = āKi

2,1 ≤ s̄Ki
1,2 +

∥∥κ2
∥∥
L∞(Ki)

m̄Ki
1,2 =

−1

hKi

+
∥∥κ2
∥∥
L∞(Ki)

hKi

6
,

the su�cient condition (3.1) translates into

−1

hKi

+
∥∥κ2
∥∥
L∞(Ki)

hKi

6
=
−6 + ‖κ2‖L∞(Ki)

h2
Ki

6hKi

≤ 0,
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which is satis�ed if and only if∥∥κ2
∥∥
L∞(Ki)

h2
Ki
≤ 6.

2

Remark 3.1. Notice that in the case of the pure di�usion problem (κ2 = 0 a.e. in
Ω) the crucial condition ‖κ2‖L∞(Ki)

h2
Ki
≤ 6 from Theorem 3.1 is trivially satis�ed

for all Ki ∈ Th and the discrete maximum principle is valid on arbitrary meshes.
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Chapter 4

Finite elements in 2D � triangles

In this chapter we consider problem (2.6) in a polygonal domain Ω ⊂ R2 with a
mesh Th consisting of a �nite number of triangles. Let K ∈ Th be a triangle given
by vertices B1, B2 and B3 and let α1, α2 and α3 be the angles corresponding to
the vertices B1, B2 and B3, respectively. The space Vh is de�ned by (2.16), where
PK = P 1(K), thus Vh is a space of continuous and piecewise-linear functions. The
basis of Vh is formed by functions ϕ1, ϕ2, . . . , ϕNh

∈ Vh de�ned by (2.19).
As in the previous chapter we are going to formulate su�cient conditions for

the validity of the discrete maximum principle of problem (2.6). Theorem 2.5
gives the following condition for the local condensed FE-matrices AKh of problem
(2.6):

āKjk ≤ 0 ∀j < k, j, k = 1, . . . , 3, ∀K ∈ Th. (4.1)

The results for the triangular �nite element meshes introduced in this chapter
are well known for the pure di�usion case (κ2 = 0 a.e. in Ω). The reaction-
di�usion problem was analyzed quite recently in [3].

4.1 Reference element and reference mapping

For triangles we choose as the reference element K̂ the right-angle triangle
with vertices v1 = (−1,−1), v2 = (1,−1) and v3 = (−1, 1) (see Figure 4.1). In K̂
we then de�ne shape functions `1, `2, `3 such that:

`1 (ξ) =
−ξ1 − ξ2

2
, `2 (ξ) =

1 + ξ1

2
, `3 (ξ) =

1 + ξ2

2
, ξ = (ξ1, ξ2) ∈ K̂.

For this case there is a reference mapping χK : K̂ 7→ K, K ∈ Th, such that

χK(ξ) =

(
x
y

)
=

( ∑3
k=1 xk`k(ξ)∑3
k=1 yk`k(ξ)

)
, ξ = (ξ1, ξ2) ∈ K̂, (x, y) ∈ K,

where (xk, yk) are coordinates of vertices Bk of the element K, k = 1, . . . , 3. For
each element we can therefore consider a coordinate system such that vertex B1

28



Ξ1

Ξ2

h1

h2

H 1,-1LH-1,-1L

H-1, 1L

Figure 4.1: Reference element for triangles.
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y
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B2B1
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Figure 4.2: Element K.

lies at the origin and vertex B2 on the x-axis, i.e. B1 = (0, 0), B2 = (x2, 0)
and B3 = (x3, y3), with x2 6= 0 and y3 6= 0 (see Figure 4.2). Then the reference
mapping can be written as follows:

χK(ξ) =

(
x
y

)
=

1

2

(
x2(1 + ξ1) + x3(1 + ξ2)

y3(1 + ξ2)

)
, ξ = (ξ1, ξ2) ∈ K̂, (x, y) ∈ K.

From (3.3) and (3.4) we obtain

J (χK) =
1

2

(
x2 x3

0 y3

)
and

I (χK) =
1

4
x2y3 =

1

2
|K| ,

where |K| = x2y3

2
is the area of the element K.
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4.2 Local mass and sti�ness matrices

Using the theorem of substitution we can transform the integral over K into
the integral over K̂ in the calculation of entries of local mass and sti�ness matrices
of every element K. We obtain the entries

m̄K
jk = I(χK)

∫ 1

−1

∫ −ξ2
−1

`k (ξ) `j (ξ) dξ1 dξ2

and

s̄Kjk = I(χK)

∫ 1

−1

∫ −ξ2
−1

(
J(χK)−1∇`k (ξ)

)
·
(
J(χK)−1∇`j (ξ)

)
dξ1 dξ2, j, k = 1, . . . , 3,

of matrices M̄K
h and S̄Kh which can be computed by a straightforward computation.

We get

M̄K
h =

|K|
12

 2 1 1
1 2 1
1 1 2

 (4.2)

and

S̄Kh =
1

2


x2

y3

+
2x3

y3

+
x2

3

x2y3

+
y3

x2

x3

y3

− x2
3

x2y3

− y3

x2

−x2 − x3

y3

x3

y3

− x2
3

x2y3

− y3

x2

x2
3

x2y3

+
y3

x2

−x3

y3

−x2 − x3

y3

−x3

y3

x2

y3

 .

Since
x3

y3

= cotα1,

x2 − x3

y3

= cotα2,

y3

x2

=
1

x3/y3 + (x2 − x3)/y3

=
1

cotα1 + cotα2

,

x3

x2

=
y3

x2

cotα1 =
cotα1

cotα1 + cotα2

and
x3

y3

− x2
3

x2y3

− y3

x2

= cotα1 − cotα1
x3

x2

− y3

x2

= −1− cotα1 cotα2

cotα1 + cotα2

= cotα3,

we have matrix S̄Kh in the form

S̄Kh =
1

2

 cotα2 + cotα3 − cotα3 − cotα2

− cotα3 cotα1 + cotα3 − cotα1

− cotα2 − cotα1 cotα1 + cotα2

 . (4.3)

Both expressions for the local mass and sti�ness matrices are well known, see
e.g. [2] or [10].
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4.3 Discrete maximum principle

Condition (4.1), formula (2.25) and computed values of entries of S̄Kh and M̄K
h

imply the following conditions for the discrete maximum principle:

− cotαi +
∥∥κ2
∥∥
L∞(K)

|K|
6
≤ 0, i = 1, 2, 3.

From this we obtain ∥∥κ2
∥∥
L∞(K)

|K|
6
≤ cotαi, i = 1, 2, 3. (4.4)

As cotαi ≥ 0 for 0 < αi ≤ π/2, all angles in the triangle have to be at most π/2.
Further cotangent is a decreasing function on (0, π/2]. Therefore if

0 < α1 ≤ α2 ≤ α3 ≤
π

2

then
cotα1 ≥ cotα2 ≥ cotα3

and we can state the following theorem:

Theorem 4.1. Let Th be a partition of Ω into the �nite number of triangles. Let
α1, α2, α3 > 0 be the angles of a triangle K ∈ Th and αmax = max {α1, α2, α3}.
Then problem (2.6) satis�es the discrete maximum if∥∥κ2

∥∥
L∞(K)

|K|
6
≤ cotαmax for all K ∈ Th. (4.5)

Proof.

It follows from the above analysis. If (4.4) is met for the greatest angle of
every K ∈ Th, then

āKjk ≤ 0 ∀j 6= k, j, k = 1, . . . , 3

and the discrete maximum principle holds by Theorem 2.5.

2

Remark 4.1. As αmax is the greatest angle in a triangle it must be αmax ≥
π

3
. If

condition (4.5) is satis�ed then∥∥κ2
∥∥
L∞(K)

|K|
6
≤ cotαmax ≤ cot

π

3
=

1√
3

and therefore

|K| ≤ 2
√

3

‖κ2‖L∞(K)

for all K ∈ Th. (4.6)

Thus, the bigger the reaction coe�cient κ2 is, the smaller the elements must be in
order to guarantee the discrete maximum principle by Theorem 4.1.
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Remark 4.2. If κ2 = 0 a.e. in Ω then problem (2.6) satis�es the discrete maxi-
mum if

αmax ≤
π

2
for all K ∈ Th.

Hence, in the case κ2 6= 0 it is necessary to consider all angles in Th to be
acute in order to satisfy (4.5). In addition the mesh Th must be su�ciently �ne,
such that the limitation (4.6) is met, see Remark 4.1. For κ2 = 0 a.e. in Ω the
non-obtuseness of all angles in the triangulation Th is adequate for the validity of
the discrete maximum principle.
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Chapter 5

Finite elements in 2D � rectangles

In this chapter we deal with the discrete maximum principle for rectangular
meshes and bilinear �nite element approximation of problem (2.6). It was studied
e.g. in [6].

Again, we consider problem (2.6) in a polygonal domain Ω ⊂ R2, but now the
corresponding mesh Th consists of rectangles. Let hK1 and hK2 be the lengths of
the two sides of an element K ∈ Th and h = max

{
hKj , K ∈ Th, j = 1, 2

}
. The

space Vh is de�ned by (2.16), where PK = Q1(K), thus Vh is a space of continuous
and piecewise-bilinear functions. The functions ϕ1, ϕ2, . . . , ϕNh

∈ Vh de�ned by
(2.19) form a basis of Vh.

As in both previous chapters we are going to �nd conditions for validity of the
discrete maximum principle for problem (2.6). Theorem 2.5 gives us the following
condition for the local condensed FE-matrices AKh of problem (2.6):

āKjk ≤ 0 ∀j < k, j, k = 1, . . . , 4, ∀K ∈ Th. (5.1)

In the sequel we analyze this condition in the particular case of rectangular ele-
ments.

5.1 Reference element and reference mapping

For rectangles we choose the following reference element (see Figure 5.1):

K̂ = [−1, 1]2.

In K̂ we then de�ne shape functions `1, `2, `3, `4 (see Figure 5.2) such that:

`1 (ξ) =
(1− ξ1)(1− ξ2)

4
, `2 (ξ) =

(1 + ξ1)(1− ξ2)

4
,

`3 (ξ) =
(1− ξ1)(1 + ξ2)

4
, `4 (ξ) =

(1 + ξ1)(1 + ξ2)

4
, ξ = (ξ1, ξ2) ∈ K̂,
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Ξ1

Ξ2

h1

h2

H 1,-1LH-1,-1L

H 1, 1LH-1, 1L

Figure 5.1: Reference element for rectangles.

-1

0

1
-1

0

1

0

1

Figure 5.2: Shape function `1.
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x

y

h1
K

h2
K

B2B1

B4B3

Figure 5.3: Element K ∈ Th.

For this case there is a reference mapping χK : K̂ 7→ K, K ∈ Th, given by

χK(ξ) =

(
x
y

)
=

( ∑4
k=1 xk`k(ξ)∑4
k=1 yk`k(ξ)

)
, ξ = (ξ1, ξ2) ∈ K̂, (x, y) ∈ K,

where (xk, yk) are coordinates of vertices Bk of the element K, k = 1, . . . , 4.
Since we apply this mapping for calculation of the integrals over elements, we
are interested only in lengths hK1 and hK2 and not in the particular location of
an element in Ω. Therefore, as in the previous chapter, we can for each element
consider a coordinate system such that one vertex lies at the origin and one has
coordinates (hK1 , h

K
2 ) (see Figure 5.3). Then the reference mapping can be written

as follows:

χK(ξ) =

(
x
y

)
=

1

2

(
hK1 (1 + ξ1)
hK2 (1 + ξ2)

)
, ξ = (ξ1, ξ2) ∈ K̂, (x, y) ∈ K.

The Jacobian matrix of this mapping is

J (χK) =
1

2

(
hK1 0
0 hK2

)
and the Jacobian is

I (χK) =
1

4
hK1 h

K
2 =

|K|
4
,

where |K| is the area of the rectangle K.
The basis functions ϕK1 (x, y), ϕK2 (x, y), ϕK3 (x, y) and ϕK4 (x, y) restricted to the

element K ∈ Th are such that

ϕK1 |K(x, y) =
(hK1 − x)(hK2 − y)

hK1 h
K
2

, ϕK2 |K(x, y) =
x(hK2 − y)

hK1 h
K
2

,

ϕK3 |K(x, y) =
(hK1 − x)y

hK1 h
K
2

, ϕK4 |K(x, y) =
xy

hK1 h
K
2

, (x, y) ∈ K.
(5.2)
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5.2 Local mass and sti�ness matrices

Using the theorem of substitution we can, similarly to the previous chapter,
transform the integral over K into the integral over K̂ in the calculation of entries
of the local mass and sti�ness matrices of every element K. Hence,

m̄K
jk =

∫
K

ϕKk (x)ϕKj (x) dx =

∫
K̂

ϕKk (χK(ξ))ϕKj (χK(ξ)) I(χK) dξ

=

∫
K̂

`k (ξ) `j (ξ) I(χK) dξ, j, k = 1, . . . , 4,

and

s̄Kjk =

∫
K

∇ϕKk (x) · ∇ϕKj (x) dx

=

∫
K̂

(
J(χK)−1∇`k (ξ)

)
·
(
J(χK)−1∇`j (ξ)

)
I(χK) dξ, j, k = 1, . . . , 4 .

Entries

m̄K
jk =

∫ 1

−1

∫ 1

−1

`k (ξ) `j (ξ) I(χK) dξ1 dξ2

and

s̄Kjk =

∫ 1

−1

∫ 1

−1

(
J(χK)−1∇`k (ξ)

)
·
(
J(χK)−1∇`j (ξ)

)
I(χK) dξ1 dξ2, j, k = 1, . . . , 4,

of matrices M̄K
h and S̄Kh can be then computed by a straightforward computation.

We obtain:

S̄Kh =
1

6hK1 h
K
2


a b c d
b a d c
c d a b
d c b a

 , (5.3)

where
a = 2(hK1 )2 + 2(hK2 )2, b = (hK1 )2 − 2(hK2 )2,

c = −(hK1 )2 − (hK2 )2, d = −2(hK1 )2 + (hK2 )2,

and

M̄K
h =

hK1 h
K
2

36


4 2 1 2
2 4 2 1
1 2 4 2
2 1 2 4

 . (5.4)
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5.3 Discrete maximum principle

From (5.1), formula (2.25) and from computed values of entries of S̄Kh and M̄K
h

we obtain the following three conditions for the discrete maximum principle:

b

6hK1 h
K
2

+ 2
∥∥κ2
∥∥
L∞(K)

hK1 h
K
2

36
=

(hK1 )2 − 2(hK2 )2

6hK1 h
K
2

+
∥∥κ2
∥∥
L∞(K)

hK1 h
K
2

18
≤ 0, (5.5)

c

6hK1 h
K
2

+
∥∥κ2
∥∥
L∞(K)

hK1 h
K
2

36
=
−(hK1 )2 − (hK2 )2

6hK1 h
K
2

+
∥∥κ2
∥∥
L∞(K)

hK1 h
K
2

36
≤ 0, (5.6)

d

6hK1 h
K
2

+ 2
∥∥κ2
∥∥
L∞(K)

hK1 h
K
2

36
=
−2(hK1 )2 + (hK2 )2

6hK1 h
K
2

+
∥∥κ2
∥∥
L∞(K)

hK1 h
K
2

18
≤ 0. (5.7)

After rearranging we have from (5.5)

3(hK1 )2 − 6(hK2 )2 +
∥∥κ2
∥∥
L∞(K)

(hK1 )2(hK2 )2 ≤ 0, (5.8)

from (5.6)
−6(hK1 )2 − 6(hK2 )2 +

∥∥κ2
∥∥
L∞(K)

(hK1 )2(hK2 )2 ≤ 0 (5.9)

and from (5.7)

−6(hK1 )2 + 3(hK2 )2 +
∥∥κ2
∥∥
L∞(K)

(hK1 )2(hK2 )2 ≤ 0. (5.10)

Without loss of generality we can assume hK1 ≥ hK2 . (Otherwise it su�ces to
switch the notation for the lengths of the edges.) From (5.8) we have∥∥κ2

∥∥
L∞(K)

(hK1 )2(hK2 )2 ≤ −3(hK1 )2 + 6(hK2 )2,

thus

−6(hK1 )2 − 6(hK2 )2 +
∥∥κ2
∥∥
L∞(K)

(hK1 )2(hK2 )2 ≤ −6(hK1 )2 − 6(hK2 )2 − 3(hK1 )2 + 6(hK2 )2

= −9(hK1 )2 ≤ 0

and (5.9) holds. Similarly

−6(hK1 )2 + 3(hK2 )2 +
∥∥κ2
∥∥
L∞(K)

(hK1 )2(hK2 )2 ≤ −6(hK1 )2 + 3(hK2 )2 − 3(hK1 )2 + 6(hK2 )2

= −9(hK1 )2 + 9(hK2 )2.

As hK1 ≥ hK2 , (5.10) is also met. Hence conditions (5.9) and (5.10) are met
automatically with (5.8) and we can state the following lemma:

Lemma 5.1. Let hK1 ≥ hK2 . If condition (5.8) is met, then

āKjk < 0 ∀j 6= k, j, k = 1, . . . , 4.
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Proof.

It follows from the above analysis.

2

Theorem 5.1. Let Th be a partition of Ω into rectangles. Then problem (2.6)
satis�es the discrete maximum principle for κ2 = 0 a.e. in Ω if

0 ≤ hK1 and
hK1√

2
≤ hK2 ≤ hK1 , for all K ∈ Th, (5.11)

and for κ2 6= 0 if

0 ≤ hK1 ≤
√

3

‖κ2‖L∞(K)

, for all K ∈ Th, (5.12)

and
1√

2− 1

3

∥∥κ2
∥∥
L∞(K)

(hK1 )2

hK1 ≤ hK2 ≤ hK1 , for all K ∈ Th, (5.13)

where hK1 and hK2 are lengths of sides of the rectangle K.

Proof.

First we consider the case κ2 = 0 a.e. in Ω. If (5.11) is met, then

3(hK1 )2 − 6(hK2 )2 +
∥∥κ2
∥∥
L∞(K)

(hK1 )2(hK2 )2 = 3(hK1 )2 − 6(hK2 )2

≤ 3(hK1 )2 − 6

(
hK1√

2

)2

= 0

and (5.8) holds. Second, if κ2 6= 0 then (5.13) can be satis�ed only if

1√
2− 1

3

∥∥κ2
∥∥
L∞(K)

(hK1 )2

hK1 ≤ hK1 .

It is equivalent to

hK1 ≤
√

3

‖κ2‖L∞(K)

,

which is guaranteed by condition (5.12). Then condition (5.13) implies

3(hK1 )2 ≤ 6(hK2 )2 −
∥∥κ2
∥∥
L∞(K)

(hK1 )2(hK2 )2

and hence (5.8) holds. Finally, Lemma 5.1 �nishes the proof.

2
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Remark 5.1. If we give up the technical assumption hK1 ≥ hK2 then condition
(5.11) can be reformulated as

1√
2
≤ hK1
hK2
≤
√

2, for all K ∈ Th.

This give us a conclusion that the discrete maximum principle is satis�ed for
problem (2.6) on the rectangular �nite element mesh if all rectangles K ∈ Th are
non-narrow. It means that the lengths of both sides do not di�er too much � the
aspect ratio can vary from 1/

√
2 to

√
2.
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Chapter 6

Finite elements in 3D � tetrahedra

The goal of this chapter is to describe the results for the discrete maximum
principle of problem (2.6) for tetrahedral �nite element meshes, mentioned e.g. in
[2], [3], [26] or [27].

We consider problem (2.6) in a polytopic domain Ω ⊂ R3 with a mesh Th
consisting of tetrahedra. For each tetrahedron K ∈ Th we consider the following
notation (see Figure 6.1): Let B1, B2, B3, B4 be the vertices of K. For i =
1, . . . , 4, let Fi be the face of the tetrahedron opposite to vertex Bi, |Fi| be the
area of this face and hKi be the altitude of K over the face Fi. Furthermore, we
denote θij the dihedral angle between faces Fi and Fj, i, j = 1, . . . , 4, which is
de�ned as

θij = π − ρij,

where ρij is the angle between the unit outward normals ni and nj to Fi and Fj.
The space Vh is de�ned by (2.16), where PK = P 1(K), thus Vh is a space of contin-
uous and piecewise-linear functions. The basis of Vh are functions ϕ1, ϕ2, . . . , ϕNh

∈
Vh de�ned by (2.19).

As in the previous chapters we are going to formulate su�cient conditions
for the validity of the discrete maximum principle of problem (2.6). Theorem 2.5
gives us the following condition for the local condensed FE-matrices AKh of problem
(2.6):

āKjk ≤ 0 ∀j < k, j, k = 1, . . . , 4, ∀K ∈ Th. (6.1)

6.1 Local mass and sti�ness matrices

For computing local mass and sti�ness matrices we de�ne barycentric coordi-
nates λKi as ratios of the two distances:

λKi (x, y, z) =
Dist((x, y, z), Fi)

Dist(Bi, Fi)
=

Dist((x, y, z), Fi)

hKi
=

((x, y, z)−Bj) · (−ni)
hKi

,

where (x, y, z) ∈ K, hKi is the altitude of the tetrahedron K over its face Fi, Bj is
an arbitrary vertex of Fi and i = 1, . . . , 4. Clearly, λKi is equal to 1 for the vertex
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B1 B2

B3

B4

Θ23

Figure 6.1: Notation for tetrahedra.

Bi and it vanishes for points on the face Fi. For points inside the tetrahedron it
attains values between 0 and 1. This enable us to use barycentric coordinates as
shape functions on K. Thus

s̄Kij =

∫
K

∇ϕj (x, y, z) · ∇ϕi (x, y, z) d(x, y, z)

=

∫
K

∇λKj (x, y, z) · ∇λKi (x, y, z) d(x, y, z)

and

m̄K
ij =

∫
K

ϕj (x, y, z)ϕi (x, y, z) d(x, y, z) =

∫
K

λKj (x, y, z)λKi (x, y, z) d(x, y, z).

Since

∇λi (x, y, z) = ∇((x, y, z)−Bj) · (−ni)
hKi

= − 1

hKi
ni

we can compute

s̄Kij =

∫
K

∇λKj (x, y, z) · ∇λKi (x, y, z) d(x, y, z) =

∫
K

1

hKi h
K
j

ni · nj d(x, y, z)

=
|K|
hKi h

K
j

ni · nj,

where |K| is the volume of K. Furthermore,

ni · nj = cos ρij = cos(π − θij) = − cos θij,

where ρij is the angle between ni and nj and θij is the dihedral angle between
faces Fi and Fj. Then

s̄Kij = − |K|
hKi h

K
j

cos θij.
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Therefore

S̄Kh =

{
− |K|
hKi h

K
j

cos θij

}4

i,j=1

.

As |K| = hKi
∣∣FK

i

∣∣ /3, i = 1, . . . , 4, the local sti�ness matrix can be written
equivalently in the following form:

S̄Kh =

{
−|Fi| |Fj|

9 |K|
cos θij

}4

i,j=1

,

which was already derived e.g. in [2].
For computing entries of matrix M̄K

h we use the following general formula for
integrals of products of barycentric coordinates in the three-dimensional space
proved in [23, p. 84]:∫

K

λq11 (x, y, z)λq22 (x, y, z)λq33 (x, y, z)λq44 (x, y, z) d(x, y, z)

=
q1!q2!q3!q4!3!

(q1 + q2 + q3 + q4 + 3)!
|K| .

This formula gives us for qi, qj = 1 and qk, ql = 0, i 6= j 6= k 6= l, i, j, k, l = 1, . . . , 4,

m̄K
ij =

∫
K

λj(x, y, z)λi(x, y, z) d(x, y, z) =
1!1!0!0!3!

5!
|K| = |K|

20

and for qi = 2 and qj, qk, ql = 0, i 6= j 6= k 6= l, i, j, k, l = 1, . . . , 4,

m̄K
ii =

∫
K

λ2
i (x, y, z) d(x, y, z) =

2!0!0!0!3!

5!
|K| = 2 |K|

20
.

Thus

M̄K
h =

|K|
20


2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2

 .

6.2 Discrete maximum principle

The main result of this chapter is presented as the following two theorems.

Theorem 6.1. For every K ∈ Th let FK
i and FK

j be its faces, θij be the dihedral
angle between faces FK

i and FK
j and hKi , h

K
j be the altitudes of K above FK

i , FK
j .

Matrix ĀKh has non-positive o�-diagonal entries if

cos θij
hKi h

K
j

≥
‖κ2‖L∞(K)

20
. (6.2)

42



Proof.

Formula (2.25) and computed values of entries of S̄Kh and M̄K
h imply

āKij ≤ −
|K|
hKi h

K
j

cos θij +
∥∥κ2
∥∥
L∞(K)

|K|
20

,

for i 6= j, i, j = 1, . . . , 4. Hence, āKij is non-negative if (6.2) is satis�ed.

2

Theorem 6.2. Let Th be a partition of Ω into the �nite number of tetrahedra K.
If condition (6.2) holds for every K ∈ Th then problem (2.6) satis�es the discrete
maximum principle.

Proof.

It follows from Theorem 6.1 and from condition (6.1).

2

Remark 6.1. From (6.2) we obtain for κ2 = 0 a.e. in Ω:

cos θij ≥
‖κ2‖L∞(K) h

K
i h

K
j

20
= 0

and thus
θij ≤

π

2
, for all i, j = 1, . . . 4, i 6= j.

Consequently, the discrete maximum principle is satis�ed provided all angles in
the tetrahedral mesh Th are non-obtuse.

Theorem 6.2 bounds the dihedral angles and altitudes of tetrahedra in the
�nite element mesh in terms of the the reaction coe�cient κ2. As a result, it can
be computed how small the acute tetrahedra should be for the discrete maximum
principle to be valid. However, it was shown that these non-obtuseness (for κ2 = 0
a.e. in Ω, see Remark 6.1) or acuteness (for κ2 6= 0) conditions are su�cient
but not necessary. The discrete maximum principle may also hold under various
weaker conditions on the simplicial meshes and some obtuse interior angles can
be acceptable, see e.g. [25].

Restricting to acute tetrahedral meshes brings surprising problem: how to tile
a three-dimensional domain using only acute tetrahedra. This problem turns out
to be considerably harder than the non-obtuse triangulation problem, see e.g. [11],
[33]. It is for example known that Euclidian space cannot be �lled with regular
tetrahedra, which restricts their possible use in practice. Also it is known that an
acute simplicial partition of Rd does not exist for d ≥ 5, see e.g. [28].
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Chapter 7

Finite elements in 3D � blocks

Now we are going to show the results for the discrete maximum principle
for block partitions and trilinear �nite elements approximation. This topic was
already treated e.g. in [26].

As above, we consider problem (2.6) in a polytopic domain Ω ⊂ R3. Next,
we consider a mesh Th which forms a partition of Ω into blocks. By blocks we
understand rectangular cuboids, i.e. cartesian products of three intervals. Every
block can be written as K = R × I, where I ∈ R1 is an interval of the length
hK3 , which forms the altitude of the block K, and R ∈ R2, |R| = hK1 h

K
2 , is a

rectangular base of K (see Figure 7.1). We can de�ne the space Vh associated to
Th as

Vh = {ϕ ∈ H1
0 (Ω) : ϕ(x, y, z) |K =

4∑
i=1

2∑
j=1

bijϕ
(R)
i (x, y)ϕ

(I)
j (z), bij ∈ R,

ϕ
(R)
i ∈ Q1(R), ϕ

(I)
j ∈ P 1(I), K ∈ Th, K = R× I } ,

where Q1(R) is a space of bilinear functions de�ned on the rectangle R and
P 1(I) is a space of linear functions de�ned on the interval I. The functions
ϕ1, ϕ2, . . . , ϕNh

∈ Vh given by (2.19) form a basis of Vh.
As in the previous chapters we are solving the question of the validity of the

discrete maximum principle for problem (2.6). Theorem 2.5 gives the following
condition for the local condensed FE-matrices AKh of problem (2.6):

āKjk ≤ 0 ∀j < k, j, k = 1, . . . , 8, ∀K ∈ Th. (7.1)

7.1 Local mass and sti�ness matrices

In computation of local mass and sti�ness matrices of the block K = R × I
we can use formulas for mass and sti�ness matrices for intervals and rectangles
obtained in Chapters 3 and 5: We consider a block K = R × I and the same
notation as in Figure 7.1. We denote ϕA the basis function of Vh corresponding
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Figure 7.1: Notation for elements.

to the vertex A, ϕB the basis function corresponding to the vertex B, etc. The
restriction of ϕA to the block K (and analogically restrictions of all other basis
functions) can be written as a product of functions ϕ(R)

1 (x, y) and ϕ(I)
1 (z) where

ϕ
(R)
1 (x, y) is the shape function on the rectangle R and ϕ(I)

1 (z) is the shape function
in the interval I, both corresponding to vertex A. Then we have

s̄1,2 =

∫
K

∇ϕA · ∇ϕB d(x, y, z) =

∫
R

∇ϕ(R)
1 · ∇ϕ(R)

2 d(x, y)

∫
I

(ϕ
(I)
1 )2 dz

+

∫
R

ϕ
(R)
1 ϕ

(R)
2 d(x, y)

∫
I

[
(ϕ

(I)
1 )′
]2

dz,

m̄1,2 =

∫
K

ϕAϕB d(x, y, z) =

∫
R

ϕ
(R)
1 ϕ

(R)
2 d(x, y)

∫
I

(ϕ
(I)
1 )2 dz

and analogically we can compute all the other entries of matrices S̄Kh and M̄K
h .

Finally, we �nd that

S̄Kh =
hK3
6

(
2S(R) S(R)

S(R) 2S(R)

)
+

1

hK3

(
M (R) −M (R)

−M (R) M (R)

)
and

M̄K
h =

hK3
6

(
2M (R) M (R)

M (R) 2M (R)

)
,
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where S(R), M (R) are sti�ness and mass matrices on the rectangle R de�ned by
(5.3) and (5.4) . Thus

S̄Kh =
1

36hK1 h
K
2 h

K
1



a b c d e f g h
b a d c f e h g
c d a b g h e f
d c b a h g f e
e f g h a b c d
f e h g b a d c
g h e f c d a b
h g f e d c b a


, (7.2)

where

a = 4(hK1 )2(hK2 )2 + 4(hK1 )2(hK3 )2 + 4(hK2 )2(hK3 )2,

b = 2(hK1 )2(hK2 )2 + 2(hK1 )2(hK3 )2 − 4(hK2 )2(hK3 )2,

c = 2(hK1 )2(hK2 )2 − 4(hK1 )2(hK3 )2 + 2(hK2 )2(hK3 )2,

d = (hK1 )2(hK2 )2 − 2(hK1 )2(hK3 )2 − 2(hK2 )2(hK3 )2,

e = −4(hK1 )2(hK2 )2 + 2(hK1 )2(hK3 )2 + 2(hK2 )2(hK3 )2,

f = −2(hK1 )2(hK2 )2 + (hK1 )2(hK3 )2 − 2(hK2 )2(hK3 )2,

g = −2(hK1 )2(hK2 )2 − 2(hK1 )2(hK3 )2 + (hK2 )2(hK3 )2,

h = −(hK1 )2(hK2 )2 − (hK1 )2(hK3 )2 − (hK2 )2(hK3 )2.

The mass matrix can be expressed as

M̄K
h =

hK1 h
K
2 h

K
3

216



8 4 4 2 4 2 2 1
4 8 2 4 2 4 1 2
4 2 8 4 2 1 4 2
2 4 4 8 1 2 2 4
4 2 2 1 8 4 4 2
2 4 1 2 4 8 2 4
2 1 4 2 4 2 8 4
1 2 2 4 2 4 4 8


. (7.3)

7.2 Discrete maximum principle

First of all, we introduce the following notation:

H1 := (hK1 )2, H2 := (hK2 )2, H3 := (hK3 )2 and S :=
(hK1 )2(hK2 )2(hK3 )2

6
.

From (2.25), condition (7.1) and from computed values of entries of S̄Kh and M̄K
h

we derive the following su�cient conditions for the discrete maximum principle:

2H1H2 + 2H1H3 − 4H2H3 + 4
∥∥κ2
∥∥
L∞(K)

S ≤ 0, (7.4)
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2H1H2 − 4H1H3 + 2H2H3 + 4
∥∥κ2
∥∥
L∞(K)

S ≤ 0, (7.5)

H1H2 − 2H1H3 − 2H2H3 + 2
∥∥κ2
∥∥
L∞(K)

S ≤ 0, (7.6)

−4H1H2 + 2H1H3 + 2H2H3 + 4
∥∥κ2
∥∥
L∞(K)

S ≤ 0, (7.7)

−2H1H2 +H1H3 − 2H2H3 + 2
∥∥κ2
∥∥
L∞(K)

S ≤ 0, (7.8)

−2H1H2 − 2H1H3 +H2H3 + 2
∥∥κ2
∥∥
L∞(K)

S ≤ 0, (7.9)

−H1H2 −H1H3 −H2H3 +
∥∥κ2
∥∥
L∞(K)

S ≤ 0, (7.10)

Without loss of generality we can assume hK1 ≥ hK2 ≥ hK3 > 0 and thus H1 ≥
H2 ≥ H3 > 0. Then we have

2H1H2 + 2H1H3 − 4H2H3 +
∥∥κ2
∥∥
L∞(K)

S ≥ 2H2H3 + 2H2H3 − 4H2H3

+ 4
∥∥κ2
∥∥
L∞(K)

S = 4
∥∥κ2
∥∥
L∞(K)

S.

Thus, condition (7.4) cannot be satis�ed for ‖κ2‖L∞(K) > 0. If ‖κ2‖L∞(K) = 0
then (7.4) holds only for H1 = H2 = H3 and it is obvious that also conditions
(7.5)�(7.10) are satis�ed in that case. Therefore, we can state the following lemma
and theorem.

Lemma 7.1. Let Th be a partition of Ω into the �nite number of blocks. Then all
o�-diagonal entries of the FE-matrix associated to problem (2.6) are non-positive
if κ2 = 0 a.e. in Ω and

hK1 = hK2 = hK3 , for all K ∈ Th.
Proof.

It follows from the above analysis.

2

Theorem 7.1. Let Th be a partition of Ω into the �nite number of blocks. Problem
(2.6) satis�es the discrete maximum principle if κ2 = 0 a.e. in Ω and

hK1 = hK2 = hK3 , for all K ∈ Th,
where hK1 , h

K
2 , h

K
3 are the lengths of sides of the block K.

Proof.

It follows from Lemma 7.1 and condition (7.1).

2

Hence, condition (7.1) for the discrete maximum principle of the di�usion-
reaction problem is too restrictive in the case of block �nite elements. It can
never be satis�ed unless the reaction coe�cient κ2 vanishes. Even in the pure
di�usion case (κ2 = 0 a.e. in Ω) condition (7.1) is satis�ed only if all elements
are cubes. Further, it was shown e.g. in [26] that condition (7.1) can never be
satis�ed for higher dimensional blocks (d ≥ 4). Moreover, numerical experiments
published in [26] indicate that the discrete maximum principle is not satis�ed
even on hypercubes for d ≥ 4, because the corresponding sti�ness matrix is not
monotone.
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Chapter 8

Finite elements in 3D � triangular

prisms

The validity of the discrete maximum principle for prismatic elements consid-
ered in this chapter was not studied until quite recently, see [19], in spite of the
fact that for certain types of domains prismatic meshes could be more natural
(e.g. for cylindrical domains). In addition it is necessary to use prisms together
with pyramids in hybrid �nite element meshes as connecting elements between
tetrahedra and blocks.

In this chapter we consider problem (2.6) in a polytopic domain Ω ⊂ R3.
Furthermore, we consider a mesh Th which creates a partition of Ω into triangular
prisms. Every prism can be written as K = T × I, where I = [0, hK3 ] ∈ R1 forms
the altitude of the prism K and T ∈ R2 is its triangular base, α, β and γ are
angles of T (see Figure 8.1). We can de�ne the space Vh associated to Th as

Vh = {ϕ ∈ H1
0 (Ω) : ϕ(x, y, z) |K =

3∑
i=1

2∑
j=1

bijϕ
(T )
i (x, y)ϕ

(I)
j (z), bij ∈ R,

ϕ
(T )
i ∈ P 1(T ), ϕ

(I)
j ∈ P 1(I), K ∈ Th, K = T × I } ,

where P 1(T ) and P 1(I) are spaces of linear functions de�ned on the triangle T
and in the interval I, respectively. Functions ϕ1, ϕ2, . . . , ϕNh

given by (2.19) form
the basis of Vh. As in the previous chapters, Theorem 2.5 gives us the following
su�cient conditions for the validity of the discrete maximum principle for the
local condensed FE-matrices AKh of problem (2.6):

āKjk ≤ 0 ∀j < k, j, k = 1, . . . , 6, ∀K ∈ Th. (8.1)

8.1 Local mass and sti�ness matrices

In computation of local mass and sti�ness matrices of the prism K = T × I
we can use the formulas for mass and sti�ness matrices for triangles and intervals
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Figure 8.1: Notation for prismatic elements.

obtained in Chapters 3 and 4. We consider a prism K = T × I ∈ Th and we use
the same notation as in Figure 8.1. We denote by ϕA the basis function of Vh
corresponding to the vertex A of the prism, ϕB is the basis function corresponding
to the vertex B, etc. Similarly to the previous chapter, a restriction of ϕA to the
prism K (and analogically restrictions of all other basis functions) can be written
as a product of functions ϕ(T )

1 (x, y) and ϕ
(I)
1 (z), where ϕ(T )

1 (x, y) is the shape
function on the triangle T and ϕ(I)

1 (z) is the shape function in the interval I, both
corresponding to vertex A. Basis functions corresponding to the other vertices of
K ∈ Th can be treated analogically. The integrals needed for the evaluation of
the entries of the local sti�ness and mass matrices can be computed as follows:

s̄K1,2 =

∫
K

∇ϕA · ∇ϕB d(x, y, z) =

∫
T

∇ϕ(T )
1 · ∇ϕ(T )

2 d(x, y)

∫
I

(ϕ
(I)
1 )2 dz

+

∫
T

ϕ
(T )
1 ϕ

(T )
2 d(x, y)

∫
I

[
(ϕ

(I)
1 )′
]2

dz = −h
K
3

12

(
2 cot γ − |T |

(hK3 )2

)
,

s̄K1,4 =

∫
K

∇ϕA · ∇ϕD d(x, y, z) =

∫
T

∣∣∣∇ϕ(T )
1

∣∣∣2 d(x, y)

∫
I

ϕ
(I)
1 ϕ

(I)
2 dz

+

∫
T

(ϕ
(T )
1 )2 d(x, y)

∫
I

(ϕ
(I)
1 )′(ϕ

(I)
2 )′ dz =

hK3
12

(
cot β + cot γ − 2 |T |

(hK3 )2

)
,

s̄K1,5 =

∫
K

∇ϕA · ∇ϕE d(x, y, z) =

∫
T

∇ϕ(T )
1 · ∇ϕ(T )

2 d(x, y)

∫
I

ϕ
(I)
1 ϕ

(I)
2 dz

+

∫
T

ϕ
(T )
1 ϕ

(T )
2 d(x, y)

∫
I

(ϕ
(I)
1 )′(ϕ

(I)
2 )′ dz = −h

K
3

12

(
cot γ +

|T |
(hK3 )2

)
,

m̄K
1,2 =

∫
K

ϕAϕB d(x, y, z) =

∫
T

ϕ
(T )
1 ϕ

(T )
2 d(x, y)

∫
I

(ϕ
(I)
1 )2 dz =

hK3 |T |
36

,
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m̄K
1,4 =

∫
K

ϕAϕD d(x, y, z) =

∫
T

(ϕ
(T )
1 )2 d(x, y)

∫
I

ϕ
(I)
1 ϕ

(I)
2 dz =

hK3 |T |
36

,

m̄K
1,5 =

∫
K

ϕAϕE d(x, y, z) =

∫
T

ϕ
(T )
1 ϕ

(T )
2 d(x, y)

∫
I

ϕ
(I)
1 ϕ

(I)
2 dz =

hK3 |T |
72

,

and analogically all the other entries of matrices S̄Kh and M̄K
h . Similarly to the

previous chapter we �nd that

S̄Kh =
hK3
6

(
2S(T ) S(T )

S(T ) 2S(T )

)
+

1

hK3

(
M (T ) −M (T )

−M (T ) M (T )

)
and

M̄K
h =

hK3
6

(
2M (T ) M (T )

M (T ) 2M (T )

)
=
hK3 |T |

72


4 2 2 2 1 1
2 4 2 1 2 1
2 2 4 1 1 2
2 1 1 4 2 2
1 2 1 2 4 2
1 1 2 2 2 4

 ,

where S(T ) and M (T ) are de�ned by (4.3) and (4.2). In other words matrices S̄Kh
and M̄K

h can be written as tensor products of matrices S(T ), M (T ), S(I) and M (I):

S̄Kh = M (I) ⊗ S(T ) + S(I) ⊗M (T ) and M̄K
h = M (I) ⊗M (T ),

where S(I) and M (I) are given by (3.9).

8.2 Discrete maximum principle

Condition (8.1), formula (2.25) and computed values of entries of S̄Kh and M̄K
h

yield the following conditions for the discrete maximum principle:

−h
K
3

12

(
2 cot δ1 −

|T |
(hK3 )2

)
+
∥∥κ2
∥∥
L∞(K)

hK3 |T |
36

≤ 0, (8.2)

hK3
12

(
cot δ1 + cot δ2 −

2 |T |
(hK3 )2

)
+
∥∥κ2
∥∥
L∞(K)

hK3 |T |
36

≤ 0, (8.3)

−h
K
3

12

(
cot δ1 +

|T |
(hK3 )2

)
+
∥∥κ2
∥∥
L∞(K)

hK3 |T |
72

≤ 0, δ1, δ2 ∈ {α, β, γ} , δ1 6= δ2.

(8.4)

De�nition 8.1 (Lower and upper bound). Let K = T × I be a prism and 0 <
αmin ≤ αmed ≤ αmax be the minimal, medium and maximal angles of the triangle
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T and let |T | be the area of T . Then the lower bound hL and the upper bound hU
for the altitude hK3 of K are de�ned by

hL =

(
2 cotα

(T )
max

|T |
−
‖κ2‖L∞(K)

3

)−1/2

(8.5)

and

hU =

(
cotα

(T )
min + cotα

(T )
med

2 |T |
+
‖κ2‖L∞(K)

6

)−1/2

. (8.6)

Remark 8.1. As α
(T )
min < π/2 and α

(T )
med < π/2, the upper bound hU is always well

de�ned. The lower bound hL is well de�ned only for

2 cotα
(T )
max

|T |
−
‖κ2‖L∞(K)

3
> 0.

Now we can state the following theorem (from [19]):

Theorem 8.1. Let Th be a prismatic partition of Ω such that hL is well de�ned.
Problem (2.6) satis�es the discrete maximum principle if

hL ≤ hK3 ≤ hU , for all K ∈ Th, (8.7)

where hK3 is the altitude of the triangular prism K ∈ Th and hL and hD are the
lower and upper bounds de�ned by (8.5) and (8.6).

Proof.

As the cotangent is a decreasing function, it is − cot δ1 ≤ − cotα
(T )
max and

cot δ1 + cot δ2 ≤ cotα
(T )
min + cotα

(T )
med for δ1, δ2 ∈ {α, β, γ}, δ1 6= δ2. Therefore it is

possible to consider conditions

−h
K
3

12

(
2 cotα(T )

max −
|T |

(hK3 )2

)
+
∥∥κ2
∥∥
L∞(K)

hK3 |T |
36

≤ 0,

hK3
12

(
cotα

(T )
min + cotα

(T )
med −

2 |T |
(hK3 )2

)
+
∥∥κ2
∥∥
L∞(K)

hK3 |T |
36

≤ 0,

−h
K
3

12

(
cotα(T )

max +
|T |

(hK3 )2

)
+
∥∥κ2
∥∥
L∞(K)

hK3 |T |
72

≤ 0

instead of (8.2)�(8.4). Hence if (8.7) holds we have

−h
K
3

12

(
2 cotα(T )

max −
|T |

(hK3 )2

)
+
∥∥κ2
∥∥
L∞(K)

hK3 |T |
36

≤ hK3
12

(
−2 cotα(T )

max +
|T |
h2
L

+
∥∥κ2
∥∥
L∞(K)

|T |
3

)
= 0,
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hK3
12

(
cotα

(T )
min + cotα

(T )
med −

2 |T |
(hK3 )2

)
+
∥∥κ2
∥∥
L∞(K)

hK3 |T |
36

≤ hK3
12

(
cotα

(T )
min + cotα

(T )
med −

2 |T |
h2
U

+
∥∥κ2
∥∥
L∞(K)

|T |
3

)
= 0

and

−h
K
3

12

(
cotα(T )

max +
|T |

(hK3 )2

)
+
∥∥κ2
∥∥
L∞(K)

hK3 |T |
72

≤ hK3
12

(
− cotα(T )

max −
|T |
h2
U

+
∥∥κ2
∥∥
L∞(K)

|T |
6

)
=
hK3
24

(
−2 cotα(T )

max − cotα
(T )
min − cotα

(T )
med

)
≤ 0.

Finally, condition (8.1) �nishes the proof.

2

Remark 8.2. Notice that both hL and hU are given by the angles of the triangular
base of the prism, but not for all combinations of angles it is hL ≤ hU . Thus, the
altitude hK3 satisfying (8.7) does not have to exist in general and some conditions
for angles of the triangular base have to be formulated.

For the existence of an altitude of the prism that satisfy (8.7) it is necessary
to have hL ≤ hU . Thus, from (8.5) and (8.6) we get the following condition:(

2 cotα
(T )
max

|T |
−
‖κ2‖L∞(K)

3

)−1/2

≤

(
cotα

(T )
min + cotα

(T )
med

2 |T |
+
‖κ2‖L∞(K)

6

)−1/2

.

After reformulation, we have:

4 cotα(T )
max −

∥∥κ2
∥∥
L∞(K)

|T | ≥ cotα
(T )
min + cotα

(T )
med.

For simplicity, we further consider only the case κ2 = 0 a.e. in Ω. Thus we
have to �nd such conditions for angles that

4 cotα(T )
max ≥ cotα

(T )
min + cotα

(T )
med.

As α(T )
med = π − α(T )

max − α(T )
min and

cot(π − α− β) =
1− cotα cot β

cotα + cot β
, (8.8)

we have after this substitution

4 cotα(T )
max − cotα

(T )
min −

1− cotα
(T )
min cotα

(T )
max

cotα
(T )
min + cotα

(T )
max

≥ 0,
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which is equivalent to

4 cot2 α(T )
max − cot2 α

(T )
min − 1 + 4 cotα

(T )
min cotα(T )

max ≥ 0.

Furthermore,
α

(T )
min = π − α(T )

max − α
(T )
med ≥ π − 2α(T )

max

and therefore using again formula (8.8) we get

cot(α(T )
max) ≤ cot(α

(T )
min) ≤ 1− cot2 α

(T )
max

2 cotα
(T )
max

.

Hence, the su�cient condition for α(T )
max is

4 cot2 α(T )
max −

(
1− cot2 α

(T )
max

2 cotα
(T )
max

)2

− 1 + 4 cot2 α(T )
max ≥ 0.

It is, after denoting Z = cot2 α
(T )
max,

4Z − 1− 2Z + Z2

4Z
− 1 + 4Z ≥ 0,

which simpli�es to
31Z2 − 1− 2Z ≥ 0.

From this we get for cotα
(T )
max:

cotα(T )
max ≥

√
1 + 4

√
2

31
,

and thus

α(T )
max ≤ arctan

√
31

1 + 4
√

2
≈ 65, 14◦.

Lemma 8.1. Let 0 < α
(T )
min ≤ α

(T )
med ≤ α

(T )
max be the angles of the triangular base T

of a prism K = T × I. If

α(T )
max ≤ arctan

√
31

1 + 4
√

2
≈ 65, 14◦

then there exists an altitude hK3 of K that satisfy condition (8.7) with κ2 = 0 a.e.
in Ω.

Proof.

It follows from the above analysis.

2
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The condition from the previous lemma is obviously highly limiting and the
case κ2 6= 0 yields even more restrictive conditions. A more favorable limitations
for the angles of the triangular basis of prisms of the mesh were made in [19]
(Lemma 3 and Theorem 3). However, as shown by numerical computations, also
these estimates are only su�cient, not necessary.

Theorem 8.1 gives the conditions that limit not only the shape of every prism
K ∈ Th (i.e. the angles of the triangular base of every K) but also its altitude.
Furthermore, it bounds the altitude from both sides, therefore it can be problem-
atic to divide the given domain into the prisms suitable for the validity of the
discrete maximum principle.
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Chapter 9

Conclusions

The aim of this work was to give a summary of the known results for the dis-
crete maximum principle in the �rst order �nite element method for the di�usion-
reaction problem. The most common types of �nite elements in 1D, 2D and 3D
were considered. The results were shown for the meshes consisting of intervals,
triangles, rectangles, tetrahedra, blocks and triangular prisms. For every type
of above mentioned �nite elements the corresponding mass and sti�ness matrices
were computed and then the su�cient conditions for the validity of the discrete
maximum principle were formulated.

The results obtained for the meshes consisting of triangles and rectangles are
also applicable for hybrid meshes in 2D where triangular and rectangular elements
are used together. One could expect the same possibility of application in 3D
hybrid meshes. However, the hybrid meshes consisting only of tetrahedra and
blocks cannot exist in 3D and pyramids together with right triangular prisms
have to be used to join the elements face-to-face. Nonetheless, no analysis of
conditions for the validity of the discrete maximum principle for pyramidal �nite
elements has been carried out so far.

Conditions for the validity of the discrete maximum principle presented in this
thesis are based on the assumption, that the FE-matrix should be an M-matrix
to have the non-negative inverse. They are not sharp and there is a space for
further improvements. Certain generalization can be obtained by requiring the
FE-matrix not to be an M-matrix but to be monotone only. It is well known that
some o�-diagonal entries can be positive and still inverse of the FE-matrix A−1

h

can be non-negative. Theoretical handling of monotone matrices is more di�cult,
but possible � see e.g. [1] or [25].

The study of the discrete maximum principle is a wide-ranging and interesting
�eld, therefore there is a lot of further possible generalizations, improvements
and open problems. For instance, it would be interesting to look at the validity of
the discrete maximum principle for di�erent and more sophisticated problems, e.g.
elliptic problems with other types of boundary conditions, parabolic problems (see
e.g. [12], [13], [14], [15], [17]), nonlinear problems (e.g. in [24], [29]) or problems
in higher dimensions (see e.g. [3]).
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Another area of investigation might be the discrete maximum principle for
higher-order �nite element methods, see e.g [22], [35], [36], [37] or [39]. Further
possibility can be to design a new method which maintains the discrete maximum
principle automatically (similarly as e.g. in [4] or [38]).

Numerical methods for second-order partial di�erential equations satisfying
the discrete maximum principle have important applications in real-life prob-
lems where physically non-negative quantities are computed. Further possible
extensions in analysis of this phenomenon could help practitioners to design their
computations in harmony with the underlying physics.
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