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Chapter 1

Introduction

The existence of maximum principles is an important aspect of many mathe-
matical models based on elliptic and parabolic partial differential equations (see
e.g. [18], [30], [31]). It is a widely used analytic tool in the study of second order
linear and nonlinear equations. It can help to determine many qualitative proper-
ties about solutions of these equations without the need of knowing the solution
in advance. It also forms an important part of several proofs of existence and
uniqueness theorems.

The maximum principle is not only a mathematical feature. It finds important
applications especially in real-life problems with physically non-negative quantities
like the temperature, density, or concentration, because it adequately mirrors the
real behavior of physical systems. Since the exact solutions of these problems
satisfy the maximum principle, it is quite natural to require the preservation
of similar property by the corresponding approximations. We speak about the
discrete maximum principle.

Hence, it is not surprising that many authors concentrate their effort on the
large field of construction of approximations satisfying the discrete maximum prin-
ciple. The first work dealing with the validity of the discrete maximum principle
for elliptic problems in the context of the finite difference method was probably
[34] in 1966. Later on, many other works on this subject were presented (e.g. [2],
[3], [7], [10], [19], [20], [26], [27] and many others). The validity of the discrete
maximum principles was studied also for nonlinear elliptic equations, e.g. in [24]
or [29], for parabolic equations, see e.g. [12], [13], [14], [15] or [17]. There are
also results of analysis of the discrete maximum principle for higher-order finite
elements, presented e.g. in [22], [35], [36], [37], [39].

Besides the previous results for the finite element approximations, several new
methods were developed, that preserve the discrete maximum principle without
any restriction on the underlined mesh. These schemes, however, are typically
nonlinear even for linear problems — see e.g. [4] for Laplacian or [38] for a
convection-diffusion problem.

The aim of this thesis is to summarize the known results for the reaction-
diffusion problem numerically solved by the lowest order finite element approxi-



mations on different types of meshes. We systematically investigate 1D, 2D and
3D problems and analyze the corresponding finite elements: intervals, triangles,
rectangles, tetrahedra, blocks and triangular prisms. We present sufficient con-
ditions for the validity of the discrete maximum principle in these special cases
and show their geometrical interpretations as restrictions on shapes and sizes of
specific finite elements.

The thesis is organized as follows. Chapter 1 brings in six sections the required
theoretical background. It includes the definitions of the reaction-diffusion prob-
lem and of the continuous maximum principle (Section 2.1), description of the
Galerkin and finite element methods (Sections 2.2 and 2.3), definition of the dis-
crete maximum principle and certain general results concerning its validity (Sec-
tion 2.4), and finally the last two sections of this chapter are about M-matrices
and local mass and stiffness matrices. In the following chapters results for the spe-
cific types of finite elements are presented. In Chapter 3 we analyze 1D meshes, in
Chapter 4 triangles, in Chapter 5 rectangles, in Chapter 6 tetrahedra, in Chapter
7 blocks (i.e. cartesian products of intervals) and in Chapter 8 triangular prisms.
Chapter 9 then gives a summary and points out possible generalizations and open
problems.



Chapter 2

(General framework

2.1 Definition of the problem

Assume an open bounded domain Q C RY, d > 1, with Lipschitz-continuous
boundary 0€2. We consider the following problem whose classical formulation

reads:
Find u € C(2) UC?(R) such that

—Au+r*u=f in Q, u=0 on 99, (2.1)

where 2 € C(Q2) and f € C(f) are given functions. To solve this problem by the
finite element method we introduce its weak formulation first.

Weak formulation

To derive the weak formulation of problem (2.1), we multiply (2.1) by a test
function v € C3°(Q2) and integrate it over Q. Then by using Green’s theorem and
the fact that v = 0 on 0f2 we get the following identity:

/(Vu-Vv+ﬁ2uv)dx:/fvdx
Q Q

All these integrals remain finite even for u,v € V, where f € £2(Q), x* € L>(Q)
and

V=H)(Q) ={weH (Q), w=0ondQ in the sense of traces} .
This motivates the following definition.

Definition 2.1 (Weak formulation). Given f € L*(Q) and k* € L>®(Q). Find
u €V such that

/ (Vu- Vo + £*uv) do = / fvde YveV. (2.2)
Q Q



Now we define a bilinear form a(-,-) : V x V — R,
a(u,v) = / (Vu - Vv + £*uv) dz, (2.3)
Q
and a linear form F' : V — R,

F(v):/gfvdx. (2.4)

Thus, the weak formulation can be written as follows:
Find w € V such that
a(u,v) = F(v) YveV. (2.5)

Existence and uniqueness of the weak solution

The existence and uniqueness of the weak solution of problem (2.5) follows
from the well known Lax-Milgram lemma. For completeness, we recall this lemma
and verify its assumptions.

Lemma 2.1 (Lax-Milgram). Let V be a Hilbert space, a(-,-) : V. xV — R a
bounded V-elliptic bilinear form and F € V' (V' is a dual space to V). Then there
exists a unique weak solution to problem (2.5).

Proof.
See e.g. (32, p. 18|.

O

A bilinear form a(u,v) is said to be bounded if there exists a constant C, > 0
such that |a(u,v)| < Cq|lully ||v], for all w,v € V, where the norm |-[|,, =
[ r1.(q)- Similarly a(u,v) is V-elliptic if there exists a constant Cj > 0 such that

a(u,u) > Gy ||lull3, for all w € V. The boundedness of bilinear form (2.3) follows
from the Holder inequality (see e.g. |32, p. 381]). Obviously,

la(u,v)]| g/ (|Vu - Vu| + £* Juv|) do < max{l, H/ﬁzHﬁm(Q)} (/ |\Vu - Vo|dz
Q 0

+/ |uv|dx).
0

Then the Holder inequality yields

1/2 1/2
[ivuvilar< ([1vurar) ([ 19efan) =l ol
Q Q Q
and
1/2 1/2
2 2
Jwiae < ([rar) ([1efac) =l e,
Q Q Q
9



Using the Cauchy-Schwarz inequality (see e.g. [32, p. 391|) we obtain

2 2 1/2 2
[l sy 10y + il gz 0l gy < (Tl oy + Mulley) (1ol
) 1/2
Folz@) = Dl Dol

Therefore
la(u, v)| < Collully [[v]ly

with C, = max< 1, H/@QHEOO(Q)} . To prove the ellipticity we use the Fridrichs in-

equality (see e.g [32, p. 422]):
wl = [ (90l +rt)do > [ (90l do = fulip o = G ul}

Hence, all the assumptions of Lax-Milgram lemma are fulfilled and problem (2.5)
has a unique solution.

The maximum principle

Problem (2.1) is well known to satisfy the maximum principle. Here we present
a version of this principle in the weak setting.

Definition 2.2 (The maximum principle (MaxP)). Let u € V' be the weak solution
of problem (2.5) with f € L2(QY). This problem satisfies the mazimum principle if

esssup u < maX{O,esssup u} for all f(x) <0 for a.e. z €,
Q o0

where the essential supremum of u in Q is given by

esssup u:=inf{a € R: p({z € Q: f(z) > a}) =0}
Q

and j denotes the Lebesque measure on R

Remark 2.1. Clearly, due to homogeneous Dirichlet boundary condition, we have

max{(),esssup u} =0
o0

for problem (2.5). Hence, the discrete mazimum principle is equivalent to the
following conservation of non-positivity:

f(z) <0 for a.e.z € Q = u(zx) <0 for a.e. z €.

10



The following lemma shows the validity of the maximum principle for problem
(2.5), see e.g. [30].

Lemma 2.2 (The maximum principle). Problem (2.5) satisfies the mazimum
principle.

Proof.
Define

v(z) = M =u(x)T >0 for ae. z € Q.

We can see that

B 0 ifu(x)<0
v(x)—{u(x) if u(z) > 0 for a.e. z € Q).

Since u € V, we have v € V as well and we can use it as a test function in (2.2). As

v(z) >0 for a.e. z € Qand f(z) <0 for a.e. z € Q we have F(v) = [, fvdz <0.
Hence,

0> F(v) = a(u,v) = /

Q
where O = {z € Q; v(x) # 0}.
Thus

(Vu - Vo + k*uv) do = / (Vv - Vo + k*ov)dz > 0,

O+

/ Vv -Vovdr =0,
Q
which implies
Vu(xz) =0 for a.e. z € Q.

Therefore v(x) = const. for a.e. z € Q. Further, since v = 0 a.e. on 92 and
v = const. a.e. in 2 we have v =0 a.e. in {2. Consequently u < 0 a.e. in (2.

(I
There exist two other principles equivalent to the maximum principle:

Definition 2.3 (The comparison principle (ComP)). Let uy € V' be the weak
solution of (2.5) with the right-hand side f, € L*(Q) and uy € V the weak solution
of (2.5) with the right-hand side fo € L*(Q). We say that problem (2.5) satisfies

the comparison principle if
fi(z) < fa(x) for a.e. x € Q = uy(x) < wus(x) for a.e. z €.

Definition 2.4 (The minimum principle (MinP)). Let u € V' be the weak solu-
tion of (2.5) with f € L*(Q). We say that problem (2.5) satisfies the minimum
principle if

essinf u > min {O,esgénf u} for all f(x) >0 for a.e. z €,
Q

where the essential minimum of u in Q is given by

essﬁinf u:=sup{a € R:p({zeQ: f(z) <a})=0}.

11



Remark 2.2. Similarly to the mazimum principle, due to homogeneous Dirichlet
boundary condition,

min {O, ess inf u} =0
o9

for problem (2.5). Hence, the discrete minimum principle is equivalent to the
conservation of non-neqgativity:

f(z) >0 for a.e.2€Q = u(x) >0 for a.e. z €.
Theorem 2.1. Assume problem (2.5). The following statements are equivalent:

1. The mazimum principle holds.
2. The comparison principle holds.

3. The minimum principle holds.

Proof.

The equivalence 1. < 2. is an easy consequence of the multiplication (2.5) by
—1. It remains to prove 1. & 3.:

Let the maximum principle be satisfied by problem (2.5). Let u; € V' be the
weak solution of (2.5) with the right-hand side f; € £*(Q2) and uy € V the weak
solution of (2.5) with the right-hand side fo € £2(Q), f1 < fy a.e. in Q. Then it
is obvious that f; — fo < 0 a.e. in Q and u; — uy is the weak solution of (2.5) with
fi — f2. Because the maximum principle holds we have esssupg u; — u2 < 0 so
w1 < up a.e. in ) and the comparison principle holds.

Analogically, we can show that if the comparison principle holds then also the
maximum principle holds.

O

2.2 Galerkin method

The Galerkin method is based on a replacement of the infinite-dimensional
space V by a finite dimensional one. Therefore, we consider a sequence of finite-
dimensional subspaces {V;,} C V, h > 0. In analogy with problem (2.5) we solve
in each V), the following discrete problem.

Definition 2.5 (Discrete problem). Find uy, € V}, such that
a(uh, Uh) = F(Uh) Yo, € V. (26)

As every V}, is obviously a Hilbert space (because it is a finite-dimensional
subspace of the Hilbert space V') and the form a(-, ) restricted to V}, x V}, remains
bilinear, Vj,-elliptic and bounded, according to Lax-Milgram lemma there exists a
unique solution u; € V}, of the discrete problem (2.6) and under suitable assump-
tions the sequence of these approximate solutions converges to the exact solution
of (2.5).

12



Lemma 2.3 (Céa). Let V be a Hilbert space, a(-,-) : V x V — R a bounded
V-elliptic bilinear form and F € V'. Let uw € V be the solution of problem (2.5).
Let Vj, be a subspace of V' and uy, € Vj, the solution of the discrete problem (2.6).
Let C,, Cy be the continuity and V-ellipticity constants of the form a (-,-). Then

C,
—uplly < 2% inf fu—onl, .
v — unlly, < inf |u — vnlly,

Cy vn

Proof.
First proved by Céa [5] in 1964, the proof can be found also e.g. in [32, p. 49|.

O

Thus the sufficient condition for convergence to the exact solution of (2.5) is
the existence of a system {V},} of subspaces of V' such that for every v € V

lim inf [jv— =0.
R, I~ ol =0

This condition is equivalent to

Uwfzv

h>0

In the following we show that problem (2.6) is equivalent to a system of linear
algebraic equations.

Every solution u;, € V}, can be written as a linear combination of basis functions
of the finite-dimensional space V}, :

Np,
Up = Z CiPj» (27)
j=1

where N}, is the dimension of V},, {¢; j.V:hl isabasisof Vandc; € R, j =1,..., Ny,
are unknown coefficients. Notice, that the discretization error u—u; depends only
on the subspace V}, and does not depend on the choice of the basis. If we substitute
(2.7) into (2.6), we get

Np
a (Z cjgoj,vh> = F(vy) Yo, € V.
j=1

Hence, thanks to the linearity of the form a(-,-) we obtain

Np,

cha(gpj,vh) = F(vy,) Yo, € Vj. (2.8)

J=1

13



The validity of (2.8) for all test functions v, € V}, is equivalent to the validity of
(2.8) tested by all basis functions. This fact yields the following equivalent system
of linear algebraic equations:

Np

ZCJCL(QQJ,QOZ) :F(QOZ) Vi = 177Nh (29)

j=1
This motivates the definition of the finite element matrix.

Definition 2.6 (Finite element matrix (FE-matrix) Ay).

An=Aag}i s ay=ale; @) = /(V%' Vi + K2 pp) . (2.10)
Q
Then (2.9) can be written in a matrix form
Apen = Fp,

where ¢, = {¢; }jV:hl is the vector of unknown coefficients and Fj, = {Fj}j\[:h1 , Fyj=
F(p;), is called the load vector.

The FE-matrix A, consists of two components, the stiffness and the mass
matrices:

Definition 2.7 (Stiffness matrix Sy,).

Definition 2.8 (Mass matrix M).

My, = {m ) mij:/ﬂ%%dx. (2.12)

Clearly, if % is a constant a.e. in Q then
Ay = Sp + KEM,, (2.13)

otherwise

Ah S Sh + Hli Mh. (214)

2HLOO(Q)

The matrix A, corresponding to problem (2.6) is symmetric and it can be
proved that Ay is positive definite and invertible: We consider an arbitrary vector
0#vy=(y1,92--,9n,)" . Then the function v = vazhl yip; is in Vj, and by the
V-ellipticity of the form a(u,v) we obtain

Np Np Np Np Ny, Ny,
y" Apy = Z Z Yitijy; = Z Z yialps, pi)y; = a (Z PiYi Z %’Z/i)
i=1 j=1 i=1 j=1 j=1 i=1

= a(v,v) > Gy ||v||? > 0.

14



Thus A, is positive definite and hence invertible (Otherwise there would exist a
vector § = (J1, o, - --,Un, )" # 0 such that A,y = 0. But then g7 A, = 0 which
would be in contradiction with the positive definiteness of Ay.). This allows to
express the vector of coefficients ¢, as

cn = A F. (2.15)

2.3 Finite element method

The finite element method can be understood as a special case of the Galerkin
method in which we take piecewise-polynomial functions as basis functions for
every V}, and in which the FE-matrices A, are sparse. We consider problem (2.5),
where a(u,v) and F(v) are defined by (2.3) and (2.4). The finite-dimensional
subspace Vj, C V is constructed by the following two steps:

1. We cover the domain Q € R? d > 1, by a mesh 7, which divide Q into
the finite number of subdomains K7, K, ..., Kp,, called the finite elements.
The discretization parameter is chosen as h = max {Diam K;,i = 1,2,..., D, }.
The finite elements K; € 7, are usually intervals (for d = 1), triangles or
quadrilaterals (for d = 2), tetrahedra, blocks (i.e. cartesian products of in-
tervals), triangular prisms or pyramids (for d = 3). The finite element mesh
is assumed to met the following conditions:

e 0= | K;
Ki€Th
e every K; € Ty, is a closed set whose interior K° is not empty
o KN K} =0 holds for every K;, K; € T, K; # K
e every K; € Tj, has a Lipschitz-continuous boundary
e every side of K; € T, is either a subset of 92 or a side of some other

element K; € Tj,

2. Second we create subspace Vj, C V such that
Vh:{thV‘ UhGC(ﬁ), Uh}K, EPKN VKZEE}, (216)

where Pk is a suitable finite dimensional space of functions defined on K.
For example if K is an interval, triangle or tetrahedron, we choose

kod
Py = PH(K) == {u; U(x):ZZaisz%—ao, a; €R i=1,...k,

i=1 j=1
j=1,....d; v = (v1,...,24) € K CR*},
(2.17)

15



in the case K is a quadrilateral or block we set

Eook k
Py = Qk(K) ={v; v(z) = Z Z e Z allb__ldxlfxlf .. .:Elj; a1, €R
1=013=0  I4=0
Vily. . g o= (z1,...,04) € K CR}.
(2.18)

From now on, we take into consideration only the case £ = 1. Thus the space
Vi, defined by (2.16) and (2.17) is a space of piecewise-linear functions, V,
defined by (2.16) and (2.18) is either a space of piecewise-bilinear functions
(for d = 2) or a space of piecewise-trilinear functions (for d = 3).

Definition 2.9 (Vertex of a mesh). We say that B € Q is a vertez of the mesh
Tn if B is a vertex of any element K € Ty,.

Definition 2.10 (Interior vertex). We say that a vertex B € Ty is the interior
vertex if B ¢ OS).

Every v, € V}, can be then uniquely defined by the so-called set of degrees of
freedom ) _,. These degrees of freedom are linear functionals giving the function

values at the interior vertices By, Bs,..., By, of the mesh 7j:

Zh ={¢; € V) : ¢i(vp) = vp(B;); B is an interior vertex, i =1,..., N, }.

In every vertex B € 0f2, there is v,(B) = 0 because V}, C V and all v € V' vanish
on 0f2.

We can select a basis ¢1, ¢, . . ., @n, of Vi, where every function ¢; has a small
support: Let By, Bs,..., By, € € be the interior vertices of the mesh 7,. We
define basis functions ¢; € V}, such that ¢; > 0 and

1 ifi=g
gpi(Bj)—{ 0 ifi ] i,j=1,2,..., Np. (2.19)

Figures 2.1 and 2.2 present examples of such basis functions in one dimensional
and two dimensional cases.

2.4 Discrete maximum principle
Definition 2.11 (The discrete maximum principle). Let u, € Vj, be the weak
solution of problem (2.6). We say that the discrete problem satisfies the discrete

mazimum principle if

f(z) <0 for a.e. z € Q = max uy, < max{O,r%%x uh} . (2.20)
Q

16



Figure 2.1: Example of basis function for Q C R

Figure 2.2: Examples of basis functions on meshes formed by triangles and squares
for Q Cc R2

17



Since in our case u, € V, C H(Q) we have up, = 0 on 9 and we can
reformulate (2.20) as

f(z) <0 for a.e. z € Q = max u, = 0.
O

We know that uy can be written in the form (2.7), where {cpj};y:hl is the basis
of Vj, defined by (2.19). Hence, u;, < 0 everywhere in  if and only if all the
coefficients c;, j = 1,..., N}, are non-positive.

Definition 2.12. We say that a matriz A € RN*YN s non-negative (A > 0) if
all entries of A are non-negative. Analogically, A is non-positive (A < 0) if all
entries of A are non-positive. The same notation is used also for vectors.

The following theorem provides the important sufficient and necessary condi-
tion for the validity of the discrete maximum principle.

Theorem 2.2. Let up, € V}, be the weak solution of problem (2.6). The discrete
mazimum principle holds if and only if A;l > 0.

Proof.

First, let A,:l be non-negative. It is obvious that Fj < 0 for an arbitrary
f < 0. Hence we have ¢, = A;th < 0 for f < 0. This implies v, < 0 and
therefore the discrete maximum principle is satisfied.

The other implication can be proved by contradiction: We suppose that the
discrete maximum principle holds and A,' = {&ij}fvle # 0, i.e. there exists
aw < 0, k.l € {1,...,N,}. Then if we choose f € L%(), f < 0, such that
the corresponding Fj = {Fj}j\[:"1 has entries F; = —1 and F; = 0 for all ¢ # [,
i€ {l,..., Ny}, we get

cp = ag; > 0.
This implies uj, £ 0 for f < 0 which is in contradiction with the assumption that
the discrete maximum principle holds. A problem with the above reasoning is
that the function f yielding the vector F} with the needed properties would be
the negative Dirac function d,,, which is not in £2(2). However, a sequence of
functions {f,,}-_, can be constructed , such that 0 > f,, € £3(Q2) and

2
fn 29 5,

For solutions uy, ,, of problem (2.6) with f,, we obtain

v
Uh,m — Up,

where u;, £ 0 is the solution of (2.6) with f = —d,,. Hence, there exists mg € N
such that 0 > f,,, € £%(Q) and upm, % 0.
([

Thus, if we want the maximum principle to be satisfied we need the matrix A,
to be monotone, i.e. such that A;' is non-negative. The question is: What are
the conditions for the matrix A, to have a non-negative inverse? This question
will be the core of the following section.

18



2.5 M-matrices

In this section we show that sufficient conditions for matrix A; to have a
non-negative inverse is that A, is symmetric, positive definite and all off-diagonal
entries of A, are non-positive.

Theorem 2.3 (Perron-Frobenius). Let A = {aij}f.vjzl € RY*N be a matriz such
that A > 0. Then

1. the spectral radius p(A) = max {|A| : A € 6(A) is an eigenvalue} is an eigen-
value of A and

2. there exists a non-negative eigenvector v € RY belonging to p(A).

Proof.
See, e.g., [16, p. 102].

O
Before we formulate another theorem we define the following class of matrices:

Zy={MeR"N:m;; <Ofori#j, i,j=1,...,N}.

Theorem 2.4. Let A = {aij}f.vj:l € Zy be a symmetric, positive definite matriz.
Then A~1 > 0.

Proof.
This is a consequence of [16, Theorem 5.1]. However for the readers conve-
nience, we present a direct proof. We define k := max{a;;,i =1,2,..., N} and the

matrix C' := kI — A, where I € RV*¥ is an identity matrix. Then C' > 0. Perron-
Frobenius theorem implies that p(C') is an eigenvalue of C' and that there exists
a non-negative eigenvector w € RY such that Cw = p(C)w. Since A = kI — C
we have

Aw = (kI — CYw = kw — Cw = kw — p(C)w = (k — p(C))w

and k — p(C) is an eigenvalue of A. As A is symmetric and positive definite all
eigenvalues of A are positive. Thus k£ — p(C) > 0 and

Esp(C)>0 — %p(C’)zp(%C') <1

This enables us to express A~! in terms of the Neumann series. Indeed

Azk:]—(]zk([—%(])
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and therefore

1 1 Nt o1 1 1 1
1__ = i - _ 2 _ 3
_k(l kC) k(l+k0+k20 +/<;3C +>

1
where we utilized the fact that p (EO) < 1. Finally, since C' > 0 and k£ > 0 we

A

conclude that
A7t >0.

Definition 2.13 (M-matrix).
Nonsingular matriz A € Zx which is monotone (i.e. A1 > 0) is called M-matriz.

The FE-matrix A, associated to problem (2.6) is automatically symmetric and
positive definite, therefore in order to have Agl > 0 we only need to show that
all off-diagonal entries of A;, are non-positive. These off-diagonal entries will be
investigated using the fact that the FE-matrix A;, can be expressed as a sum of
so-called local matrices.

2.6 Local matrices

The finite element method is characterized by a division 7, of the domain
Q) into subdomains K € 7, (called finite elements). This enables us to replace
integrals over the domain (2 by the sum of integrals over subdomains K in formulas
(2.11), (2.12) and (2.10). Thus

si= 3 [ Ve Vads, my= 3 [ g
KeT;, K KeT, 7K

and

a;= Y /KVgoj~Vg0id$+ > /K/fapjgoidx.

KeTh KeTy

This splitting motivates the following definitions of local matrices.
Definition 2.14 (Local stiffness matrix Sf¥).
N,
Sff = {sij i,;:l’ 55 = /KVL,QJ- - Vi, dx. (2.21)
Definition 2.15 (Local mass matrix M[).

M = {mj; N mf§=/ pjpide. (2.22)
K

ij=1"
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Definition 2.16 (Local FE-matrix AX).

N,
AR = {ag i,jhzl, af; = /[(ij -V, d$+/K/{2<pjg0i dz. (2.23)

Analogously to conditions (2.13) and (2.14) for the matrices Sp,, M), and A,
we obtain the following relations for the local matrices S&, MK and A, If k* is
a constant a.e. in K then

Ar = SE+ KM, (2.24)
otherwise
AR < S A 182 ] oo ey M (2.25)
Further,
Sij = sfj», mij = Z mg and a;; = afj-.
KeTy KeTy KeTh

Thus a sufficient (but not necessary) condition for A, to have non-positive off-
diagonal entries is the non-positivity of all off-diagonal entries of all local FE-
matrices AX K € Ty

Observation 2.1. If
a; SO0V ] i,j=1,.... Ny, VK €Ty,

then
Q5 SOVZ#], Z,]: 17---7Nh-
Furthermore since all basis functions are defined by (2.16) and (2.19) we can

see that
vi |k = 0 for all 4 such that B; is not a vertex of K.

Therefore,
sﬁ = mﬁ = 5@ = 0 for all j, k such that B; or By, is not a vertex of K.

Hence, there are only few non-zero entries in every local matrix M/, SF and AKX
. - ! = i
and we can define condensed matrices MF = {mf]{ : SK = {sfj : and

l i,5=1" i,5=1

Ay = {dfj' ij=1’

in case that elements are intervals, [ = 3 for triangles, [ = 4 for rectangles and
tetrahedra, [ = 8 for blocks and | = 6 for triangular prisms). These condensed
matrices are such that contain all non-zero entries of corresponding local matrices
and we can for simplicity operate with M, SK and AK instead of MK, AK and
SK

Observation 2.2. If
aly <OVi#j, i,j=1,...,1, VK € Ty,

where [ is the number of vertices of the element K (i.e. [ = 2

then
a;; <O0Vi#j, i,7=1,...,Np.
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Finally we come to the following conclusion:
Theorem 2.5. The discrete maximum principle holds if
al, <0Vi<j, i,j=1,....1, VK € Ty.

Proof.
It follows from Theorem 2.2, Theorem 2.4 and Observation 2.2 and from the
symmetry of the matrix AX.
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Chapter 3

Finite elements in 1D — intervals

In this chapter we show the results of the validity of the discrete maximum
principle for the meshes consisting of intervals. We consider problem (2.6) in a
domain Q = (o, 8) € R! with a mesh 7y, which divide Q into the finite number of
intervals K; = [B;_1,B;],i=1,2,..., Ny +1, —-co<a=By < Bj < By <--- <
By, +1 = 8 < 00. Let hg, = B; — B;_1 be the lengths of the intervals K; € 7, and
h = max {hg,, K; € Tp}. The space V}, is defined by (2.16), where Px = P'(K),
thus V}, is a space of continuous and piecewise-linear functions. The basis of V},
are functions ¢y, o, ..., pN, €V} defined by (2.19). Thus support of every ¢; is
formed by two adjacent intervals that contain the vertex B; (see Figure 2.1). It
is p; = 0 elsewhere in (2. Therefore

ajj = /Q(Vgoj Vi + k*9jp;) dz = 0 whenever |i — j| > 2

and Ay, is a tridiagonal matrix.

We are dealing with the question what are the sufficient conditions for the
validity of the discrete maximum principle of problem (2.6). Theorem 2.5 provides
the following condition for the discrete maximum principle: the local condensed
FE-matrices Aj* of problem (2.6) should be such that

a12<0 VK, € T;,. (3.1)
If we take into consideration that
ik, =0forall j #i,i—1

then the condensed matrices are defined as follows:

Ki K; K; K;
oKi _ 1 Si—14 K TMy—1i-1 M1y
Shl_( [7( Ki>7Mhl_< I,Q Kz

) .

Sii—1 Si i i

and . X

AK: Qi1 @ity
h K )
a;’ a,
2,0—1 2,0
K; Ki .

where sU , m;;' and a;' are given by (2.21)-(2.23).
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3.1 Reference element and reference mapping

In this section we define the reference element K which enable us to compute
the entries of the matrices M }{{ and Sffi in a simpler way. We choose the reference
element

K =[-1,1].

The reference element can be transformed into an arbitrary K; € T, by the refer-
ence mapping ;-

Definition 3.1 (The reference mapping). Mapping xk,: Kw— K;, K; €Ty, such
that

1+ 1+
Xri(§) =2 =B+ Tg(Bz —Bi1)=Bi1 + TghKi, ¢el-1,1, (3.2)
1s called the reference mapping.
Definition 3.2 (Jacobian matrix of f : R™ — R").
ofilz) .. Ofi(x)
(9%1 al'n
J(f) = Do : (3.3)
Ofn(@®) . Ofulz)
ox1 0xn
Definition 3.3 (Jacobian of f: R™ — R").
I(f):=detJ(f). (3.4)
From (3.2), (3.3) and (3.4) we obtain
Oxk,(§) _ hx,
I(xk;,) =J(xk,) = 2 = L,
(vw) = J () = X = 21
In K we define shape functions £, ¢; (see Figure 3.1) such that:
1-¢ 1+¢

The basis functions ¢;_1(z) and @;(z) restricted to the element K; € 7T, (see
Figure 3.1) are such that

Bz' — X T — Bi—
i1 |k (z) = . @il () = —17 x € [Bi_1, By].
hk, hk,
It can be shown that
1 1
5 Bi— By o0 b - TS
pia I Cu (€)= D=l 2 - ——2
AR hi, hi, hi,
1-¢
L3
(3.5)
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Figure 3.1: Shape functions £, /1 in K and basis functions vi—1(z), pi(zx).

and analogously

Xk, (§) —Bia  1+¢
e 2

7

i =10, (§), for & € [-1,1], (3.6)

forall e =1,2,..., N,. Then also

Opi1 |k, () Olo(x, (x)) — 0bo(Xi, (%) Oxi, (x) — 04y (§)

-1
or  oxr  o¢ or  0f )™ (37)

and

90 [k (x) 00X (@) 0h(xi (@) Oxxl(x) 0, (€)
ox N ox N 0& or  0¢

foralli=1,2,..., Np.

[(XKi)_17 (38)

3.2 Local mass and stiffness matrices

Using the theorem of substitution and relations (3.5), (3.6), (3.7), (3.8) we
can transform the integral over K; into the integral over K in the calculation of
entries of local mass and stiffness matrices of every element K;. Then

9%+z 903+z (x) dz

| Preica (X (8) i (Xm(f))f (xx:) A€

Lo

|
\\\

zdg_

mfi jk=1,2,
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and

Sm_/ OPhti—2 (T )8%“ 2( )dx
K

ko oz

_ /K i(“k ! ) (a@ 1 xm—l) I(xx,)d€
;
hi

Dl 1 (€ )(% N
_/K - )

_/ by, (§) 045 1(5)
RS 73

df_h—KSJk, j,k:1,2

(3

The entries

and

aé- aé- dg ]7k: 1727

of matrices M }f( and 5',{( can be computed by a straightforward computation. We

obtain: | .
ok _ 1 1 -1 kL 21
Sh_Q(—l 1 , M =301 9 (3.9)

and finally we have

K, 1 1 =1\ ok hxoox hi (21
K; ok __ Ki _ i K _ i
Sh——hKS hK<—1 1),Mh Xinm —( )

3.3 Discrete maximum principle

The following theorem summarizes the main result of this chapter.

Theorem 3.1. Let us consider problem (2.6) in a domain Q = (a,p) € R!
with a mesh Ty, consisting of intervals K;. Lel hg, be the lengths of the intervals
K; € Tr and h = max{hg,, K; € Tp}. The space V}, is defined by (2.16), where
Px = PYK). If H’izugoo(xi) Wy, <6 for all K; € Ty, then the discrete magimum
principle holds.

Proof.
Since
1 hg.
_K; _ -K; _K; 2 _K; 2 K;
a5 =Gyj < 515+ ||k HLOO(KI) Mg = . + || HEOO(Ki) 6
the sufficient condition (3.1) translates into
e hie, _ =04 I8l e P _
hKi LK) 6 6hK1 -
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which is satisfied if and only if

I

e e <6

O

Remark 3.1. Notice that in the case of the pure diffusion problem (k* =0 a.e. in
Q) the crucial condition ||k? | oo (¢, Wy, < 6 from Theorem 3.1 is trivially satisfied
for all K; € Ty, and the discrete mazimum principle is valid on arbitrary meshes.
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Chapter 4

Finite elements in 2D — triangles

In this chapter we consider problem (2.6) in a polygonal domain Q C R? with a
mesh 7, consisting of a finite number of triangles. Let K € T, be a triangle given
by vertices By, By and B3 and let a;, ay and ag be the angles corresponding to
the vertices By, By and Bs, respectively. The space V}, is defined by (2.16), where
Pr = P (K), thus V}, is a space of continuous and piecewise-linear functions. The
basis of V}, is formed by functions @1, g, ..., ¢nN, € Vj, defined by (2.19).

As in the previous chapter we are going to formulate sufficient conditions for
the validity of the discrete maximum principle of problem (2.6). Theorem 2.5
gives the following condition for the local condensed FE-matrices AX of problem
(2.6):

ah, <0Vj <k, jk=1,....3 VKeT, (4.1)

The results for the triangular finite element meshes introduced in this chapter
are well known for the pure diffusion case (k* = 0 a.e. in Q). The reaction-
diffusion problem was analyzed quite recently in [3].

4.1 Reference element and reference mapping

For triangles we choose as the reference element K the right-angle triangle
with vertices v; = (—1,—1), vo = (1,—1) and v3 = (—1,1) (see Figure 4.1). In K
we then define shape functions ¢y, {5, ¢35 such that:

—&1 — &

0 (&) = — 5 ly (&) =

_1+%
2

L E=(6,6) €K

For this case there is a reference mapping g : K — K, K € Ty, such that

w@= (1) = () - @aek ek

where (z, yx) are coordinates of vertices By of the element K, k =1,...,3. For
each element we can therefore consider a coordinate system such that vertex B
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Figure 4.1: Reference element for triangles.
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as
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Figure 4.2: Element K.

lies at the origin and vertex B, on the z-axis, i.e. By = (0,0), By = (22,0)
and Bs = (23,y3), with 29 # 0 and y3 # 0 (see Figure 4.2). Then the reference
mapping can be written as follows:

w©= (1) =5 (TR ) ccweek @oex

From (3.3) and (3.4) we obtain

1/ 2y x
s =5 ()

and 1 1
I'(xK) = 12 =5 K],
where |K| = T2% 5 the area of the element K.
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4.2 Local mass and stiffness matrices

Using the theorem of substitution we can transform the integral over K into
the integral over K in the calculation of entries of local mass and stiffness matrices
of every element K. We obtain the entries

L p=&
=1 [ [ o6 @
and
1 =&
gﬁ - ](XK) /1 /1 (J(XK)_lvgk (f))'(J(XK>_1V€j (f)) df1 d§27 j, k= 1, cee 3,

of matrices M and S} which can be computed by a straightforward computation.
We get

2 11
_ K
M = % 121 (4.2)
1 1 2
and
T 21 x x x2 To — X
2, 248 48 Ys T3 Ty Y T2 3
Ys Y3 T2Ys T2 Y3  T2Y3 T2 Ys
g =1 Ts_ T _Ys oY T
Ys  T2Ys X2 ToYsz X2 Ys
T — T3 T3 T2
Ys Ys Y3
Since
T3
— = cot aq,
Ys
Ty — T3
—— = cot ao,
Ys
ys 1 B 1
ry  w3/ys+ (v2 —w3)/ys  cotag +cotay’
T3 Y3 cot oy
— = —cotay =
) To cot arq + cot ap
and
r3 Tl Vs T3 Y3 1 — cot ay cot ay
— = —— ——=cotag —cotay;— — — = — = cot ag,
Y3  Toly3  To Ty X9 cot g + cot ap
we have matrix SX in the form
- cot ap + cot ag — cot ag — cot a
SK =~ — cot ag cot ay + cot ag —cot oy : (4.3)
2
— cot a —cot oy cot g + cot ap

Both expressions for the local mass and stiffness matrices are well known, see
e.g. [2] or [10].
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4.3 Discrete maximum principle

Condition (4.1), formula (2.25) and computed values of entries of SX and MK
imply the following conditions for the discrete maximum principle:

| K| ,
—cotozi—i-HffHﬁw(K)?SO, i=1,2,3.
From this we obtain
2 K] L
HKJ HEOO(K) 5 <cotey, 1=1,23. (4.4)

As cota; > 0 for 0 < o; < 7/2, all angles in the triangle have to be at most 7/2.
Further cotangent is a decreasing function on (0, 7/2]. Therefore if

T
0<041§042§043§§

then
cot ap > cot ag > cot ag

and we can state the following theorem:

Theorem 4.1. Let Ty, be a partition of Q into the finite number of triangles. Let
ay, ag, asz > 0 be the angles of a triangle K € Ty and Qupe, = max{a, az, az}.
Then problem (2.6) satisfies the discrete mazimum if
2 K] < cot Il KeT, 4.5
||I€ HEOO(K)? < cot ez for a €T (4.5)
Proof.

It follows from the above analysis. If (4.4) is met for the greatest angle of
every K € Ty, then

ah, <0Vj#k, jk=1,...,3

and the discrete maximum principle holds by Theorem 2.5.

O
Remark 4.1. As a,,,, is the greatest angle in a triangle it must be anae > g If
condition (4.5) is satisfied then
H/{QH @<cotoz <cotﬁzL
and therefore
2v/3
K| < 2—f for all K €Ty, (4.6)
15[ 2o i)

Thus, the bigger the reaction coefficient k2 is, the smaller the elements must be in
order to guarantee the discrete mazimum principle by Theorem 4.1.
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Remark 4.2. If > = 0 a.e. in Q then problem (2.6) satisfies the discrete maxi-
mum if
Onas < g for all K €7y,

Hence, in the case 2 # 0 it is necessary to consider all angles in 7, to be
acute in order to satisfy (4.5). In addition the mesh 7, must be sufficiently fine,
such that the limitation (4.6) is met, see Remark 4.1. For x* = 0 a.e. in Q the
non-obtuseness of all angles in the triangulation 7, is adequate for the validity of
the discrete maximum principle.
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Chapter 5

Finite elements in 2D — rectangles

In this chapter we deal with the discrete maximum principle for rectangular
meshes and bilinear finite element approximation of problem (2.6). It was studied
e.g. in [6].

Again, we consider problem (2.6) in a polygonal domain © C R?, but now the
corresponding mesh 7, consists of rectangles. Let kX and hi be the lengths of
the two sides of an element K € 7, and h = max {hX, K € T,, j =1,2}. The
space V}, is defined by (2.16), where Px = Q'(K), thus V}, is a space of continuous
and piecewise-bilinear functions. The functions ¢y, o,..., N, € V} defined by
(2.19) form a basis of V},.

As in both previous chapters we are going to find conditions for validity of the
discrete maximum principle for problem (2.6). Theorem 2.5 gives us the following
condition for the local condensed FE-matrices AX of problem (2.6):

ah, <0Vj <k, jk=1,...,4 VK €T, (5.1)
In the sequel we analyze this condition in the particular case of rectangular ele-
ments.
5.1 Reference element and reference mapping
For rectangles we choose the following reference element (see Figure 5.1):
K =[-1,12

In K we then define shape functions ¢y, ¢y, {3, ¢4 (see Figure 5.2) such that:

(1-6)(1-5&) (1+&)(1—-8&)

b= T8y, g - LTS
b= T8y )  BHOATE) (¢ g e i,
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Figure 5.1: Reference element for rectangles.

Figure 5.2: Shape function /¢;.
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B B>

Figure 5.3: Element K € 7.

For this case there is a reference mapping g : K—K,KeT, given by

w@= (1) = () - s ek ek

where (zy,yx) are coordinates of vertices By of the element K, k = 1,... 4.
Since we apply this mapping for calculation of the integrals over elements, we
are interested only in lengths h¥ and AL and not in the particular location of
an element in ). Therefore, as in the previous chapter, we can for each element
consider a coordinate system such that one vertex lies at the origin and one has
coordinates (hi, hL) (see Figure 5.3). Then the reference mapping can be written
as follows:

w©=(1) =3 (11 cc@aek wyex

The Jacobian matrix of this mapping is
L/ hiE 0
sou =5 ("5 )

1 K|
I(XK) = thhﬁ( = T’

where | K| is the area of the rectangle K.
The basis functions X (x, 1), X (x, 1), oX(x,y) and X (x, 1) restricted to the
element K € 7T, are such that

and the Jacobian is

(h* — z)(h —y) z(hy —y)
90{{ |K<x7y) =1 hKhK2 ) 905( ‘K(x>y) = h?{hK J
1 2 1 2 (52)
K (h{{ _37)1/ K zy
o3 k(2 Y) = — > o) k(7 y) = 57, (@,y) € K.
’ hihy ! hihy
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5.2 Local mass and stiffness matrices

Using the theorem of substitution we can, similarly to the previous chapter,
transform the integral over K into the integral over K in the calculation of entries
of the local mass and stiffness matrices of every element K. Hence,

il = [ ot @) el (@)= [ ol Gal€) e () T o

K

:/ka(g)éj(g)l(XK)df, Gk=1,....4,

Entries .
Thﬁ:/_ / 0 (€) 45 (€) I(xx) A€y d&s
and
1
i :/_1 /_1 (J(xx) 'V (€) - (J(xx) 7'V (€) I(xk) dé1 dEe, jik=1,....4,

of matrices M€ and S can be then computed by a straightforward computation.
We obtain:

a b c d
- 1 b a d c
K _
S C6hERE | ¢ d a b |’ (5:3)
d ¢ b a
where
a=2(h{")? +2(h5)*, b= (h{")* —2(h5)?
c=—(h{)> = (hy)?, d=—=2(h)*+ (h3)*
and
4 2 1 2
_ RERE [ 2 4 2 1
K __ iy
Mi="5 1124 2 (5.4)
21 2 4
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5.3 Discrete maximum principle

From (5.1), formula (2.25) and from computed values of entries of SX and M
we obtain the following three conditions for the discrete maximum principle:

b hithy _ (h)* — 2(h5)” hihy

2 2
Gh{(hgf +2HK HﬁOO(K) 36 - 6h{(h£< + H"{ H£°°(K) 18 <0, (5'5)
¢ 2 hithy _ =) = (hg)* ) hithy
6h{<h5< + H"{ H£°°(K) 36 - Gh{(hé( + H/{ ||L°°(K) 36 <0, (5'6)
d 2 hihy _ 20000 + (hy)® 1 hy
6h{(h§ +2H/€ HL:OO(K) 36 - 6h{<h§( + H/€ HL:OO(K) 18 < 0. (5'7)
After rearranging we have from (5.5)
B()? = 6(hE)? 4 |7 gy (W) (HE)? < 0, (5.8)
from (5.6)
~6(hE Y2 = B(RE ) - [|R2] e g (B2 (RE)2 < 0 (5.9)
and from (5.7)
—6(h1')? + 3(hg ) + ||K?[] pee gy (M) (1)* < 0. (5.10)

Without loss of generality we can assume hY > hE. (Otherwise it suffices to
switch the notation for the lengths of the edges.) From (5.8) we have

52| o ) (B2 )2 (R5 )P < =3(RL)? + 6(h5 ),

thus
—6(h1)? — 6(h5')* + H/f2||ﬁoo(K)(hf<)2(h§)2 < —6(ht)? — 6(hy')* = 3(hi')? + 6(hy)?
= —9(]1{()2 <0

and (5.9) holds. Similarly

(h")*(hg )* < —6(hy')* +3(hy")* = 3(hy")* + 6(hy )*

—6(h1 )+ 3(h5 ) + ||= !
= —9(h{)* + 9(h5")*.

2Hcoo(K)

As W > hi (5.10) is also met. Hence conditions (5.9) and (5.10) are met
automatically with (5.8) and we can state the following lemma:

Lemma 5.1. Let h > h&. If condition (5.8) is met, then

ah, <0Vj#k, jk=1,... 4.
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Proof.
It follows from the above analysis.

O

Theorem 5.1. Let T;, be a partition of Q into rectangles. Then problem (2.6)

satisfies the discrete maximum principle for k* =0 a.e. in Q if

hK
0 < hf and —= < h¥ < AK for all K € Ty,

V2

3
0<hl < [—"— foral K¢cT,,
162]| zoe 16y

RE < hI <hE, for all K €T,

and for k* # 0 if

and

1
V2 5 1 e 7

where hX and i are lengths of sides of the rectangle K.

Proof.
First we consider the case k* = 0 a.e. in . If (5.11) is met, then

3(hy")* = 6(hy)” + [[K%]| poe o) (P11 )*(h2)* = 3(h1")* — 6(hy)?

< 3(h{)* -6 (il/—{;)z =0

and (5.8) holds. Second, if x? # 0 then (5.13) can be satisfied only if
1

1
V2 5 10 e

hE < hK.

It is equivalent to
3

G
' \|’€2||coo(K)

Y

which is guaranteed by condition (5.12). Then condition (5.13) implies

3 < 6(E)? — |2 o (RIS

and hence (5.8) holds. Finally, Lemma 5.1 finishes the proof.
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Remark 5.1. If we give up the technical assumption h% > hi then condition
(5.11) can be reformulated as

! <h{(<\/§ for all K €7,

— < = or a .

V2 T RE T '
This give us a conclusion that the discrete maximum principle is satisfied for
problem (2.6) on the rectangular finite element mesh if all rectangles K € Ty, are

non-narrow. It means that the lengths of both sides do not differ too much — the
aspect ratio can vary from 1/\/§ to \/§
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Chapter 6

Finite elements in 3D — tetrahedra

The goal of this chapter is to describe the results for the discrete maximum
principle of problem (2.6) for tetrahedral finite element meshes, mentioned e.g. in
2], 3], 126] or [27].

We consider problem (2.6) in a polytopic domain Q C R3 with a mesh 7y
consisting of tetrahedra. For each tetrahedron K € 7T;, we consider the following
notation (see Figure 6.1): Let By, By, Bs, By be the vertices of K. For i =
1,...,4, let F; be the face of the tetrahedron opposite to vertex B;, |F;| be the
area of this face and kX be the altitude of K over the face F;. Furthermore, we
denote 0;; the dihedral angle between faces F; and Fj, i,7 = 1,...,4, which is
defined as

0ij =™ — pij,
where p;; is the angle between the unit outward normals n; and n; to F; and Fj.
The space V;, is defined by (2.16), where P = P*(K), thus V}, is a space of contin-
uous and piecewise-linear functions. The basis of V}, are functions o1, o, ..., N, €
Vi, defined by (2.19).

As in the previous chapters we are going to formulate sufficient conditions
for the validity of the discrete maximum principle of problem (2.6). Theorem 2.5
gives us the following condition for the local condensed FE-matrices A7 of problem
(2.6):

ah, <O0Vj<k, jk=1,...,4 VKT, (6.1)

6.1 Local mass and stiffness matrices

For computing local mass and stiffness matrices we define barycentric coordi-
nates A\X as ratios of the two distances:

AK (4. 2) = Dist((w,y,2), F;) _ Dist((x,y,2), i) _ ((x,9,2) = By) - (=)

where (z,y,z) € K, hE is the altitude of the tetrahedron K over its face F}, B; is
an arbitrary vertex of F; and i = 1,...,4. Clearly, AX is equal to 1 for the vertex
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Figure 6.1: Notation for tetrahedra.

B; and it vanishes for points on the face F;. For points inside the tetrahedron it
attains values between 0 and 1. This enable us to use barycentric coordinates as
shape functions on K. Thus

= [ Veiwu) Virlep2) dey. )
K

:/KV)\]K(I',y,Z)'V)\Z-K(.’L’,y,Z)d(iE,y,Z)

and
mg:/cpj(x,y,z)gpz(x,y,z)d(x,y,z):/)xf((x,y, ) (ZL’ Y,z )d(ZE Y,z )
K K
Since B X
Vi (g 2) = v =B o) L,
! B!
we can compute
= V)\K VALK = !
- j (SL’,y,Z)' i (Jz,y,z)d(:c,y,z)— Wni'njd(x>yaz>
K 1y 1y
_ |K| —
RERET T

where |K| is the volume of K. Furthermore,
n; - nj = cos p;; = cos(m — 6;;) = — cos b,

where p;; is the angle between n,; and n; and 0;; is the dihedral angle between
faces F; and Fj. Then




Therefore

As |K| = hI|EF|/3, i = 1,...,4, the local stiffness matrix can be written
equivalently in the following form:

; £ |F] )
S,f:{— 9’K’] COSGZ']' N s

2,7=1

which was already derived e.g. in [2].

For computing entries of matrix M/ we use the following general formula for
integrals of products of barycentric coordinates in the three-dimensional space
proved in [23, p. 84]:

/ N (2,7, 2)NE (2,5, )AL (2, 2)A (2, 4, 2) Az, v, 2)
K
q1!q2'q31q4!3!

K]
(1 + 2+ g3+ qa +3)!
This formula gives us for ¢;,¢; = land g4, ¢t = 0,0 # j #k #1, 1,5, k, 1 =1,...,4,

o K]

m{j. = /K)\j(x,y,z)/\,-(x,y,z) dz,y,2) = — |K| = 20

and for ¢; =2 and ¢, e, 0 =0, 0 £ j#k #1, 1,5,k l=1,...,4,

2101010!3! 2K
mf:/ )\?(:E,y,z)d(x,y,z) YK | K|
K

51 20
Thus
21 11
- K @ 1 211
M, = 20 11 21
1 1 1 2

6.2 Discrete maximum principle

The main result of this chapter is presented as the following two theorems.

Theorem 6.1. For every K € Ty, let FX and FjK be its faces, 0;; be the dihedral
angle between faces FX and FjK and hX, hJK be the altitudes of K above FI, FjK.
Matriz AX has non-positive off-diagonal entries if

cos 0;; S ||“2||LOO(K)
hihi = 20

(6.2)
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Proof.
Formula (2.25) and computed values of entries of S and M} imply

K|
hERE

2

2 K
H[:OO(K) 20’

_K
ay; < — cos 0;; + H/i

K

for i # j,4,j=1,...,4. Hence, @;; is non-negative if (6.2) is satisfied.

O

Theorem 6.2. Let T, be a partition of Q into the finite number of tetrahedra I .
If condition (6.2) holds for every K € Ty, then problem (2.6) satisfies the discrete
mazximum principle.

Proof.
It follows from Theorem 6.1 and from condition (6.1).

Remark 6.1. From (6.2) we obtain for k* =0 a.e. in

||H2||L°°(K) hE
91., > J = O
cos 0;; > 50
and thus -
0;; < BL for all i,5=1,...4,1#j.

Consequently, the discrete mazximum principle is satisfied provided all angles in
the tetrahedral mesh Ty, are non-obtuse.

Theorem 6.2 bounds the dihedral angles and altitudes of tetrahedra in the
finite element mesh in terms of the the reaction coefficient x2. As a result, it can
be computed how small the acute tetrahedra should be for the discrete maximum
principle to be valid. However, it was shown that these non-obtuseness (for x* = 0
a.e. in Q, see Remark 6.1) or acuteness (for k* # 0) conditions are sufficient
but not necessary. The discrete maximum principle may also hold under various
weaker conditions on the simplicial meshes and some obtuse interior angles can
be acceptable, see e.g. [25].

Restricting to acute tetrahedral meshes brings surprising problem: how to tile
a three-dimensional domain using only acute tetrahedra. This problem turns out
to be considerably harder than the non-obtuse triangulation problem, see e.g. [11],
[33]. Tt is for example known that Euclidian space cannot be filled with regular
tetrahedra, which restricts their possible use in practice. Also it is known that an
acute simplicial partition of R? does not exist for d > 5, see e.g. [28].
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Chapter 7

Finite elements in 3D — blocks

Now we are going to show the results for the discrete maximum principle
for block partitions and trilinear finite elements approximation. This topic was
already treated e.g. in [26].

As above, we consider problem (2.6) in a polytopic domain 2 C R3. Next,
we consider a mesh 7, which forms a partition of Q into blocks. By blocks we
understand rectangular cuboids, i.e. cartesian products of three intervals. Every
block can be written as K = R x I, where I € R! is an interval of the length
R which forms the altitude of the block K, and R € R? |R| = hERE is a
rectangular base of K (see Figure 7.1). We can define the space V}, associated to

Th as

oM eQRr), ¢eP), KeT, K=RxI},

where Q'(R) is a space of bilinear functions defined on the rectangle R and
PY(I) is a space of linear functions defined on the interval I. The functions
01,92, .-, pN, €V} given by (2.19) form a basis of V,.

As in the previous chapters we are solving the question of the validity of the
discrete maximum principle for problem (2.6). Theorem 2.5 gives the following
condition for the local condensed FE-matrices AF of problem (2.6):

ah, <O0Vj<k, jk=1,...8 VK €T, (7.1)

7.1 Local mass and stiffness matrices

In computation of local mass and stiffness matrices of the block K = R x [
we can use formulas for mass and stiffness matrices for intervals and rectangles
obtained in Chapters 3 and 5: We consider a block K = R x [ and the same
notation as in Figure 7.1. We denote ¢4 the basis function of V}, corresponding
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Figure 7.1: Notation for elements.

to the vertex A, pp the basis function corresponding to the vertex B, etc. The
restriction of ¢4 to the block K (and analogically restrictions of all other basis

functions) can be written as a product of functions ng) (x,y) and gogl)(z) where

cpgR) (x,y) is the shape function on the rectangle R and gogl)(z) is the shape function

in the interval I, both corresponding to vertex A. Then we have
510 = / Veoa - Vopda,y,2) = / Vi Vil da,y) / (o) dz
K R I

2
[ AP ey [ (]
R I

_ R R I
M2 —/ wappdz,y, 2) —/905 '8 Az, y) /(wﬁ)fdz
K R

I

and analogically we can compute all the other entries of matrices S/ and MK.
Finally, we find that

S _ ﬁ 28R g(R) 1 M@®B) R
h 6 SR 9g(R) hE —M®B MR

and

MK:@ IM@EB)  pf(R)
h 6 MEB) opf(B) |
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where S5 M) are stiffness and mass matrices on the rectangle R defined by

(5.3) and (5.4) . Thus

a b c d e f g h
b a d ¢ f e h g
c d a b g h e f
gK _ 1 d ¢ b ah g f e
T 36RERERE | e f g hoa b ¢ d |’
f e h g b a d c
g h e f ¢ d a b
h g f e d ¢ b a
where
a = 4(h1")?(hy )* + 4(hi' )*(hg')* + A(hy')* (hg)?,
b=2(hi)*(hy )* + 2(hi )*(hg")* — 4(hy ) (k5 ),
¢ =2(hy *(hy')* = 4(h")?(hg ) + 2(hy ) (k3 ),
= (W )*(hy )* = 2(hi" ) (hg')? = 2(hy ) (h5)?,
e = —4(hy")(hy )* + 2(hy")?(h5)* + 2(hy')*(h5)?,
= =2(hy")?(hg )* + (Wi )*(hy )* = 2(hy)* (hs)?,
g==2(hy' *(hy)* = 2(hy' *(hg')* + (hy')* (R )?,
h=—(h")(hy )* — (h°)*(hg')* — (hy )*(hg')?

The mass matrix can be expressed as

8 4 4 2 4 2 2 1

4 8 2 4 2 4 1 2

4 2 8 4 2 1 4 2

e BERERE ) 2 4 481 2 2 4
™ 9216 4 2 21 8 4 4 2
2 41 2 4 8 2 4

21 4 2 4 2 8 4

1 2 2 4 2 4 4 8

7.2 Discrete maximum principle

First of all, we introduce the following notation:

Hy = (hy')? Hy = (hy)*, Ha := (h3')® and S :=

(W (g (1

6

(7.3)

From (2.25), condition (7.1) and from computed values of entries of SX and M}
we derive the following sufficient conditions for the discrete maximum principle:

2H\Hs + 2H H3 — 4HyHs + 4 ||s S <0,

Il i
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2H\Hy — AH H;3 + 2HyHs + 4 |5
H1H2 — 2H1H3 - 2H2H3 + 2 HRQHL‘X’(K
—4H\Hy + 2H  Hy + 2Hy Hy + 4 ||| o o) S < 0,

5 <0. (
(
(
—2HHy + HiH3 — 2HyHs + 2||x S <0, (
(
7

/S <0,

QHcoo(K

e
—2HHy — 2HHy + HyH3 + 2 || S <0,
—HiHy — HiHy — HyHs + ||| 0 ) S < 0, (7.10)

Without loss of generality we can assume hf > hE > i > 0 and thus H; >
Hy; > H; > 0. Then we have

2H1H2 -+ 2H1H3 - 4H2H3 + ||/<L

2H£°°(K

)S > 2H,Hs + 2HyHs — 4HyHs
+4H/<a S:4H/€

2”50@(1{

S.

2Hz:oo(K) 2Hcoc(K)

Thus, condition (7.4) cannot be satisfied for ||&?| ey > 0. If [|K?(| poc ) = O
then (7.4) holds only for H; = Hy = Hj and it is obvious that also conditions
(7.5)—(7.10) are satisfied in that case. Therefore, we can state the following lemma
and theorem.

Lemma 7.1. Let Ty, be a partition of Q into the finite number of blocks. Then all
off-diagonal entries of the FE-matriz associated to problem (2.6) are non-positive
if K2 =0 a.e. in Q and
R = hi =k, for all K €T,

Proof.

It follows from the above analysis.

([
Theorem 7.1. Let Ty, be a partition of Q into the finite number of blocks. Problem
(2.6) satisfies the discrete mazimum principle if k> =0 a.e. in Q and
hi = hi =hi, for all K €Ty,

where W<, hI hE are the lengths of sides of the block K.
Proof.

It follows from Lemma 7.1 and condition (7.1).

([

Hence, condition (7.1) for the discrete maximum principle of the diffusion-
reaction problem is too restrictive in the case of block finite elements. It can
never be satisfied unless the reaction coefficient 2 vanishes. Even in the pure
diffusion case (k? = 0 a.e. in Q) condition (7.1) is satisfied only if all elements
are cubes. Further, it was shown e.g. in [26] that condition (7.1) can never be
satisfied for higher dimensional blocks (d > 4). Moreover, numerical experiments
published in [26] indicate that the discrete maximum principle is not satisfied

even on hypercubes for d > 4, because the corresponding stiffness matrix is not
monotone.
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Chapter 8

Finite elements in 3D — triangular
prisms

The validity of the discrete maximum principle for prismatic elements consid-
ered in this chapter was not studied until quite recently, see [19], in spite of the
fact that for certain types of domains prismatic meshes could be more natural
(e.g. for cylindrical domains). In addition it is necessary to use prisms together
with pyramids in hybrid finite element meshes as connecting elements between
tetrahedra and blocks.

In this chapter we consider problem (2.6) in a polytopic domain Q C R3.
Furthermore, we consider a mesh 7, which creates a partition of Q into triangular
prisms. Every prism can be written as K = T x I, where [ = [0, hf] € R! forms
the altitude of the prism K and T € R? is its triangular base, o, 3 and v are
angles of T' (see Figure 8.1). We can define the space V}, associated to Ty, as

Vi ={p € Hy(Q) : o(z,y,2 !K—Zzbzm (x.9)e}"(2), by €R,

=1 j5=1

o e PYT), ¢ ePI), KeT, K=TxI},

where P'(T) and P'(I) are spaces of linear functions defined on the triangle T
and in the interval I, respectively. Functions ¢y, o, ..., N, given by (2.19) form
the basis of V},. As in the previous chapters, Theorem 2.5 gives us the following
sufficient conditions for the validity of the discrete maximum principle for the
local condensed FE-matrices AX of problem (2.6):

ak <0Vj<k, jk=1,...6 VK eT, (8.1)

8.1 Local mass and stiffness matrices

In computation of local mass and stiffness matrices of the prism K =T x [
we can use the formulas for mass and stiffness matrices for triangles and intervals
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Figure 8.1: Notation for prismatic elements.

obtained in Chapters 3 and 4. We consider a prism K =T x I € 7T}, and we use
the same notation as in Figure 8.1. We denote by ¢, the basis function of V}
corresponding to the vertex A of the prism, ¢p is the basis function corresponding
to the vertex B, etc. Similarly to the previous chapter, a restriction of ¢4 to the
prism K (and analogically restrictions of all other basis functions) can be written
as a product of functions gpgT)(:B,y) and gogl)(z), where gogT) (x,y) is the shape
function on the triangle 7" and gpgl)(z) is the shape function in the interval I, both
corresponding to vertex A. Basis functions corresponding to the other vertices of
K € 7T, can be treated analogically. The integrals needed for the evaluation of
the entries of the local stiffness and mass matrices can be computed as follows:

szZ/KVsoA-VsoBd(x,y, /Vsol Vs dz, y)/( D)2 dz
+/so( 'l d(a, y)/[(s@ﬁ”)} dz = — }g (QCOW— (,‘3)2)
st —/ Ve Vepdz,y, 2 /T‘VdT)rd(fc,y)/lsoﬁ”sﬁg) dz
+ [P [ 0= B (copcory - Y.

_ T T I I
stZ/KVsOA-VsOEd(w,%Z) Z/TV90§ VP )d(w,y)/lwg)wé)dz
() (T) Dy, (D hi |T|
+ [ o1 ey dzy) [(p1) (py ) dz === | coty + 55 |
T I 12 <h3 )
hE T
I
wty = [ enendoys) = [ AP dwg) [0z = 0,
K T I
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hy |T|
36

hK| |

7 = d( — )y (T I (I 1

mﬁ) /<PA90E xay72> —/905 )gpé )d(%y)/@g)(Pé)dz = 37—2,
K T /

and analogically all the other entries of matrices SX and M. Similarly to the
previous chapter we find that

_ T I I
mﬁ:/ pappdz,y, 2) =/(<P§ ))Qd(x,y)/soﬁ)wé)dZZ
K T I

o B [ 28M g 1 MDD
Sh:7< ) 25(T>>+h—K(_M<T> M(T))
3
and
422 211
2 421 21
MK_@(sz M<T>>_h§<\T| 22411 2
h ™6 M® oM™ ] = 79 2 1142 2|’
1 212 42
1122 24

where S and M™) are defined by (4.3) and (4.2). In other words matrices Sf
and MJ can be written as tensor products of matrices S™, M™ S and MD:

SE =MD g 80 + §O @ (™ and ME = MD @ MD),

where SU) and M@ are given by (3.9).

8.2 Discrete maximum principle

Condition (8.1), formula (2.25) and computed values of entries of SX and MK
yield the following conditions for the discrete maximum principle:

hy T ) hi |T|
- (2cot51 - ) I em g <0 (8.2)
hi 2|7 ) hi |7
T3 (cot 91 + cot dy — GSE + = HEOO(K) 36 <0, (8.3)
hy T hi |T|
-1 (cot51 + K + ||f<;2H£w(K) > < 0, 01,0 € {a, 8,7}, 01 % .

(8.4)

Definition 8.1 (Lower and upper bound). Let K = T x I be a prism and 0 <
Umin < Qmed < Qmaz be the minimal, medium and maximal angles of the triangle
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T and let |T| be the area of T. Then the lower bound hy and the upper bound hy
for the altitude hX of K are defined by

—-1/2
b 2 ot U _ ||/<2||coo(K) (8.5)
R 3 |
and P
P cot a,(m)n + cot and ||’12||goo(K) (8.6)
v 2|7 6 ' '

Remark 8.1. As ") < 7/2 and amed < 7/2, the upper bound hy is always well

mzn

defined. The lower bound hy, is well defined only for
2cot afnde 11Kl i

> 0.
7| 3

Now we can state the following theorem (from [19]):

Theorem 8.1. Let T;, be a prismatic partition of Q such that hy is well defined.
Problem (2.6) satisfies the discrete mazimum principle if

hy < h¥ < hy, for all K €Ty, (8.7)

where hé( is the altitude of the triangular prism K € Ty, and hy and hp are the
lower and upper bounds defined by (8.5) and (8.6).

Proof.

As the cotangent is a decreasing function, it is —cotd; < — cot ol and
cot 01 + cot by < cot aﬁ,ﬂ)n + cot aggd for 91,00 € {c, 5,7}, 01 # 2. Therefore it is
possible to consider conditions

K K
8 (2eotalf), — o ) 19 g S0 <0

12 (h3)? 36—
1 (cotamm—i—cot Qb — (h§)2 + HF& Hcoo(K) 36 <0,
hE 7| hi |1
(1) 2 -
T (cotozm,m—i- (WK )2 + H”v ||L°°(K) 72 =0

instead of (8.2)—(8.4). Hence if (8.7) holds we have

_3 (2 cota,‘fjx — %T)Q) + H“2||cw(K) 336

K

< —=
- 12

T T
< 2cotal) 4+ 1 e + ||= QHCOO(K) ; ) =0,

o1



K K
hs (cota( ) +cotal”) — 2|7 ) + HRQHLOO(K) it

12 min med (hK)Q 36
i (1) m 2T 2 7|
<5 (cotozmm+cot med ~ 2 + 6% ) 57 ) =0

and

My T o BEIT] B n T
_h <cotagm3x+ 2 g T < B0 (o, — T

T hi
—I—H/@‘QHﬁw( |6|) 21( 200ta7(m)x cotag)n—cot(xm)g(),

Finally, condition (8.1) finishes the proof.
(I

Remark 8.2. Notice that both hy and hy are given by the angles of the triangular
base of the prism, but not for all combinations of angles it s hy, < hy. Thus, the
altitude hi¥ satisfying (8.7) does not have to exist in general and some conditions
for angles of the triangular base have to be formulated.

For the existence of an altitude of the prism that satisfy (8.7) it is necessary
to have hy < hy. Thus, from (8.5) and (8.6) we get the following condition:

—-1/2 —-1/2
<2cotozga)z ||’<2||coo(K)> < (COta'ﬁnz)n—i_COtage)d ”HQHCC”(K))

T 3 2|7 6

After reformulation, we have:

dcotall) — ||/-{2H£OO ®) |T| > cot o'l —I—cota( ).

max min

For simplicity, we further consider only the case k? = 0 a.e. in Q. Thus we
have to find such conditions for angles that

4 cot aga)x > cot Ozfm)n + cot a(T)d
As ozSnTe)d —r—ah 0453121 and
1 —cotacot 3
t(mr—a—p) = 8.8
cot(m —a —f) cota +cot B’ (8:8)
we have after this substitution
(T) (T)

min COL Qmaz
>
() = 0,

cot afm)n + cot aumnaz

1 —cota
4 cot aﬁﬂx — cot ozfi;)n —
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which is equivalent to

4 cot? agczx — cot? aﬁﬂ —1+4cot agi)n cot aSnTa)r > 0.
Furthermore,
O[E?jz—;)n =T agch - age)d > 2051(73236

and therefore using again formula (8.8) we get

(T) 1-— CO'C2 047(73293
min) < ————7

cot(all) ) < cot(a
2 cot Qmax

max

Hence, the sufficient condition for ol s

max (T) max

2

1 - t2 7(7323:

4eot? D) — <& —1+4cot?al?) > 0.
2 cot pnaz

It is, after denoting Z = cot? a'ros,

1—27+ 77
47

47 —144Z >0,

which simplifies to
3172 - 1-27 >0.

From this we get for cot ol

mar — 31
31
ol) < arctan | ——— ~ 65, 14°.
1+4v2

T)d < o). be the angles of the triangular base T

and thus

Lemma 8.1. Let 0 < oz(r) < a(

mmn — me:

of a prism K =T x I. If

ol < arctan L ~ 65, 14°
1+4v/2

then there exists an altitude hY of K that satisfy condition (8.7) with k* =0 a.e.
i €.

Proof.
It follows from the above analysis.
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The condition from the previous lemma is obviously highly limiting and the
case k2 # 0 yields even more restrictive conditions. A more favorable limitations
for the angles of the triangular basis of prisms of the mesh were made in [19]
(Lemma 3 and Theorem 3). However, as shown by numerical computations, also
these estimates are only sufficient, not necessary.

Theorem 8.1 gives the conditions that limit not only the shape of every prism
K € T, (i.e. the angles of the triangular base of every K) but also its altitude.
Furthermore, it bounds the altitude from both sides, therefore it can be problem-
atic to divide the given domain into the prisms suitable for the validity of the
discrete maximum principle.
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Chapter 9

Conclusions

The aim of this work was to give a summary of the known results for the dis-
crete maximum principle in the first order finite element method for the diffusion-
reaction problem. The most common types of finite elements in 1D, 2D and 3D
were considered. The results were shown for the meshes consisting of intervals,
triangles, rectangles, tetrahedra, blocks and triangular prisms. For every type
of above mentioned finite elements the corresponding mass and stiffness matrices
were computed and then the sufficient conditions for the validity of the discrete
maximum principle were formulated.

The results obtained for the meshes consisting of triangles and rectangles are
also applicable for hybrid meshes in 2D where triangular and rectangular elements
are used together. One could expect the same possibility of application in 3D
hybrid meshes. However, the hybrid meshes consisting only of tetrahedra and
blocks cannot exist in 3D and pyramids together with right triangular prisms
have to be used to join the elements face-to-face. Nonetheless, no analysis of
conditions for the validity of the discrete maximum principle for pyramidal finite
elements has been carried out so far.

Conditions for the validity of the discrete maximum principle presented in this
thesis are based on the assumption, that the FE-matrix should be an M-matrix
to have the non-negative inverse. They are not sharp and there is a space for
further improvements. Certain generalization can be obtained by requiring the
FE-matrix not to be an M-matrix but to be monotone only. It is well known that
some off-diagonal entries can be positive and still inverse of the FE-matrix A;l
can be non-negative. Theoretical handling of monotone matrices is more difficult,
but possible — see e.g. [1] or [25].

The study of the discrete maximum principle is a wide-ranging and interesting
field, therefore there is a lot of further possible generalizations, improvements
and open problems. For instance, it would be interesting to look at the validity of
the discrete maximum principle for different and more sophisticated problems, e.g.
elliptic problems with other types of boundary conditions, parabolic problems (see
e.g. [12], [13], [14], [15], [17]), nonlinear problems (e.g. in [24], [29]) or problems
in higher dimensions (see e.g. [3]).
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Another area of investigation might be the discrete maximum principle for
higher-order finite element methods, see e.g [22], [35], [36], [37] or [39]. Further
possibility can be to design a new method which maintains the discrete maximum
principle automatically (similarly as e.g. in [4] or [38]).

Numerical methods for second-order partial differential equations satisfying
the discrete maximum principle have important applications in real-life prob-
lems where physically non-negative quantities are computed. Further possible
extensions in analysis of this phenomenon could help practitioners to design their
computations in harmony with the underlying physics.
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