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Chapter 1

Introduction

Invariant differential operators have a long story of importance and this is
particularly the case for operators of Laplace type. The conformally invariant
Laplacian is the basic example in conformal geometry. A family of higher
order generalizations of the conformal Laplacian with principal part a power
of the Lalacian was constructed in [9]. In CR geometry, the CR invariant
sub-Laplacian of Jerison-Lee ([10]) palys a role analogous to that of the
conformal Laplacian. In [8] generalizations of the Jerison-Lee sub-Laplacian
are defined, which are the CR analogues of the ’conformally invariant powers
of the Laplacian’.

This work was inspired by the article [7] by M. Eastwood, and the diploma
thesis [4] by Vit Tuc¢ek. The aim was to characterize the vector space of all
symmetries of the CR sub-Laplacian. In the paper [7] author identifies the
symmetry algebra of the Laplacian on the Euclidean space as an explicit
quotient of the universal enveloping algebra of the Lie algebra of conformal
motions and constructs analogues of these symmetries on a general conformal
manifold.

The space of smooth first order linear differential operators on R™ that
preserve harmonic functions is closed under Lie bracket. For n > 3, it is
finite-dimensional (of dimension (n?+ 3n +4)/2). Its commutator algebra is
isomorphic to so(n+1, 1), the Lie algebra of conformal motions of R". Second
order symmetries of the Laplacian on R? were classified by Boyer, Kalnis, and
Miller in [11]. Commuting pairs of second order symmetries, as observed by
Winternitz and Fri§ in [12], correspond to separation of variables for the
Laplacian. This leads to classical coordinate systems and special functions,
see [11] and [13].



General symmetries of the Laplacian on R™ give rise to an algebra, filtered
by degree. For m > 3, the filtering subspaces are finite-dimensional and
closely related to the space of conformal Killing tensors. The main result
of [7] is an explicit algebraic description of this symmetry algebra. The
motivation for [7] has come from physics, especially the theory of higher spin
fields and their symmetries.

Next four chapters are introductory. Chapter 2 defines some basic notions
we will work with, in particular the CR structures, and indicates some no-
tation. Chapter 3 is devoted to some structure and representation theory of
semisimple Lie algebras and their parabolic subalgebras. In Chapter 4 we de-
fine parabolic geometries as Cartan geometries, some underlying structures,
and establish an equivalence between the Cartan geometry and the underly-
ing structure in most cases. We also define the BGG sequences of invariant
operators for parabolic geometries. Chapter 5 describes the CR structures as
a special kind of parabolic geometry, and ilustrates the abstract phenomena
in the concrete setting of CR structures.

The core of the work are the last two chapters. In Chapter 6 we define
the ambient construction for the big cell of the CR sphere and use it to define
the CR sub-Laplacian. The advantage of the ambient construction is that
the ambient operators are much more simple then the induced operators on
the big cell. For the ambient construction for more general CR manifolds,
see [6]. The idea of the construction in our simple case is to embed the trivial
C*-principal nudle on the big cell into some complex vector space (called the
ambient space) as a null-cone of some suitable Hermitean metric. The CR
sub-Laplacian will be the restriction of the Laplace operator corresponding
to the Hermitean metric to the big cell.

Chapter 7 is then devoted to the ambient construction of symmetries of
the sub-Laplacian and characterization of vector space of the symmetries.
To do this, we start with first order symmetries. The ambient Laplace op-
erator is surely U(V)-invariant, where we denote by V the ambient space.
So the generator of the infinitesimal action of u(V), which are simply vector
fields (and hence first order differential operators) on V, commute with the
Laplacian and also with the Hermitean metric on V. So they induce first
order differential operators on the big cell and we prove that these are all
first order symmetries of the sub-Laplacian.

For higher order symmetries, we first compute the case of second order
symmetries to get some feeling about the general case. The work has three
steps. In the first step, we compute conditions on the symbol of symmetries
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of given order. They have the following structure: Let P be a symmetry of
order d. Then we can write P = ZiJrjgd yar-aibrbjoog - .8ai85185j8080 +
LOTS, where each term has exactly d indices, in which it is trace-free and
symmetric. Then V77 satisfies the first BGG equation for H R
If Vo9 = 0, then all terms with min(i, j) = 0 vanish and V%19 satisfies
the first BGG equation for S S-S N V“l“'“kz’l“'gkf’;"‘l: 0
for all k < s, then all terms with min(i,j) < s vanish and V@-asb1--bso-0
satisfies the first BGG equation for 1o 5 %%*  The second step
is the ambient construction of the symmetries in terms of composition of
generators of the u(V)-action, and the third step is the proof that we have
constructed all of them.

In all of this work we use the Penrose summation convention without

further comments.



Chapter 2

Basic notions and notation

2.1 Complex vector spaces and vector bun-
dles

Definition 2.1.1. Let V' be a complex vector space. Then we can form
another complex vector space V', such that:

e V =V as abelian group

e for v € V z-v := zv, where the action on the right-hand side is in V'
Lemma 2.1.1. The identity Id : V — V is a conjugate-linear isomorphism.

Proof. This is clear from definition. m
We will write this isomorphism in the form
Id:v:vieiHﬁzv;eg

where e; and e; denote the same vector, first considered in V', and then in V.
It is clear that v’ = v’. We will use this notation throughout this work.
Now let us denote the complex structure on V' as J and form the com-
plexification V' @ C. We also extend J to this complexification by complex
bilinearity. The eigenvalues of J on V ®g C are £, and we have a direct sum
decomposition
V ®R C — VI,O EB VO,l

where V1 is +i-eigenspace and V! is —i-eigenspace. It is easy to see that

VIO ={y—iJu,oeV} VO ={v+iJv,veV}



Lemma 2.1.2. As complex vector spaces, we have V=2 V10 and V =2 Vo1,

Proof. For the first isomorphism consider the map h : v — v—iJv. It is clear
that this is an isomorphism of real vector spaces. The only thing that remains
to check is its behaviour with respect to complex structures on these spaces.
The complex structure on V is J, and that of V1? is given by multiplication
by i. So we need to check that h(Jv) = ih(v). But

h(Jv) = Jv —iJ*0 = Jv +iv = i(v — iJv)

For the second isomorphism it suffices to find a conjugate-linear isomorphism
conj : V19 — VOl The natural choice would be mapping conj : v — iJv >
v + t¢Jv. This is really conjugate-linear, since

conjli(v —iJv)] = conj(Jv — iJ*) = Jv + iJ*v = —i(v + iJv)
That conj is an isomorphism of real vector spaces, is clear. [l

In the sequel, we will often identify V with V1. Via this identification,
the isomorphism conj corresponds to the isomorphism Id above. So for
v € VO we will write v for conj(v).

The same constructions can be done for complex vector bundles on smooth
manifolds, and we will use the same notation as for complex vector spaces.

Definition 2.1.2. Let M be a smooth manifold, V' be a distribution on
M (i.e. a subbundle of the tangent bundle), which is in addition a complex
vector bundle on M. We say that the complex structure J on V' is integrable,
if for any two sections X, Y € I'(V') the following expression vanishes:

N(X,Y) = [X,Y] = JJX,JY] + J([JX,Y] + [X, JY])

2.2 Contact geometry

Definition 2.2.1. Let M be a (2n + 1)-dimensional manifold. We say that
M is a contact manifold, if it has a 2n-dimensional distribution HM C TM,
s.t. the Lewt bracket

L:HM x HM — TM/HM given by L(X,Y):= p([X,Y])

where p : TM — TM/HM is the canonical projection, is nondegenerate.
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Lemma 2.2.1. Let M be a contact manifold. Then there locally exists a
I-form a, s.t. a(HM) =0 and da(HM x HM) is nondegenerate.

Proof. Let’s take as a any 1-form with kernel HM (such forms always exist
locally). Then

da(X,Y) = —a([X,Y]), X,Y € HM
0

Such a 1-form as above will be called a contact form. For every contact
form there exists a unique vector field r, called the Reeb vector field, s.t.
a(r) =1 and 1.da = 0. This induces a splitting of the tangent bundle of M.

2.3 CR structures

Definition 2.3.1. A CR manifold of CR dimension n and codimension 1 is
a (2n + 1)-dimensional manifold, s.t. there is a 2n-dimensional distribution
HM C TM carrying an integrable complex structure. The CR structure on
M is called nondegenerate, if the Levi bracket is nondegenerate, i.e. if M is
a contact manifold.

Remark 2.3.1. The integrability of the complex structure implies that the
Levi bracket is of type (1,1) with respect to this complex structure, i.e.
LJX,JY)=L(X,Y).

Example 2.3.1. Let M be a real hypersurface in C**'. Then TM is a
subbundle of the complex vector bundle TC""|;;,. We put HM := TM N
J(TM). It is an easy exercise in linear algebra that dim¢ HM = n and that
this induces a CR structure on M. The integrability of the complex structure
on HM is simply integrability of the complex structure of C**!. This can
be easily generalized to a real hypersurface of any complex manifold.

Since we are only interested in nondegenerate CR manifolds, we will as-
sume from now on that M is nondegenerate. We will work locally.

Let o be some contact form on M. We define a Hermitean scalar product
h on HM.

11



Definition 2.3.2. The CR metric on HM is defined by
hX,Y) :=ida(X —iJX,Y +iJY)

where da is extended by complex bilinearity to H M ®C. This is a Hermitean
metric on HM and its signature is called a signature of the CR manifold M.

12



Chapter 3

Parabolic subgroups and
subalgebras

3.1 Definition

Definition 3.1.1. Let g be a simple Lie algebra and k > 0 be an integer. A
|k|-grading on g is a decomposition

g=90-rD - Dg1DYDIL DD gk
into a direct sum of subspaces such that
® [9;,9;] C 9i+j, where g; = 0 for |i| > F,

e the subalgebra g = g_, @ --- ® g_1 is generated as a Lie algebra by
g-1,

e g # {0} and g, # {0}.

By definition, if g =g, @®--- @ g is a |k|-grading, then p := go D - - D g
is a subalgebra of g, and p, := g, B - - P gy is a nilpotent ideal in p. Similarly,
the subalgebra g_ is nilpotent by the grading property. It is also easy to see
that go is a subalgebra of g. The central object of interest is, however, the
pair (g,p), while go is a rather auxiliary object, which is usually easier to
deal with. One source of complications is the fact that go = p/p, so go is
naturally a quotient of p.

Since the main object is the subalgebra p, the grading of g will be of
minor importance. The important object will be the induced filtration g =
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g F>g ... > gk given by g¢ := ®j2i g;. This filtration is p-invariant,
= g% and p, = g'. The quotients gr;g := g'/g'™ are naturally isomorphic
as go-modules to g;-s, extended to p-modules by the trivial action of p. .

Lemma 3.1.1. Let g =g 1 ®--- D gx be a |k|-graded simple Lie algebra over
K=R orCandlet B:gxg— K be a nondegenerate invariant bilinear
form. Then we have

1. There is a unique element E € g, called the grading element, such that
[E,X]=jX forall X € g;, j=—k,...,k. The element E lies in the
centre of the subalgebra go < g.

2. the isomorphism g — g* provided by B is compatible with the filtration
and the grading of g. In particular, B induces dualities of go-modules
between g; and g_;, and the filtration component g' is exactly the an-
nihilator (with respect to B) of g=**'. Hence B induces a duality of
p-modules between g/g~"™' and g*, and in particular between g/p and

P
3. For i <0 we have [gi41,8-1] = ¢i-

4. Let A € g; with i > 0 be an element such that [A, X] = 0 for all
Xeg . Then A=0.

Proof. See [1]. O
We want to define subgroups corresponding to Lie algebras gg and p:

Definition 3.1.2. Let g=g_; ® - ® g be a |k|-graded simple Lie algebra
and let G be a Lie group with Lie algebra g.

1. A parabolic subgroup of G corresponding to the given |k|-grading is a
subgroup P C G, which lies between ﬂfsz Ng(g') and its connected
component of the identity.

2. Given a parabolic subgroup P C G, we define the Levi subgroup Gy C P
by
Go:={ge P:Ad(g)(g;) Cg; forali=—Fk, ...k}

It is easy to see, that in the definition of Gy we can replace g € P by
g € G. Note also that P is a closed subgroup of G and G| is a closed subgroup
of P.

14



Theorem 3.1.1. Let g = g1 D -+ ® gr be a |k|-graded semisimple Lie
algebra and let G be a Lie group with Lie algebra g. Let P C G be a parabolic
subgroup for the given grading and let Gy C P be the Levi subgroup.

Then (go, Z) — goexp(Z) defines a diffeomorphism Gy X py — P, and

(90, Z1y -+, Zk) — goexp(Zy) - - - exp(Zg)
is a diffeomorphism Gog X g1 X -+ X g — P.

Proof. See [1]. O

3.2 Structure of p

3.2.1 Complex case

We start with complex semisimple Lie algebras. Any complex semisimple Lie
algebra is determined up to isomorphism by the associated root system. For
this we have to choose a Cartan subalgebra h C g, i.e. a maximal abelian
subalgebra such that the adjoint action ad(H) : g — g is diagonalizable
for all H € h. Any two of them are conjugate by an inner automorphism
of g. Having chosen h, one gets a set of roots, i.e. the finite set A of
linear functionals a € h*, such that the root space g, = {A € g: [H, A] =
a(H)A VH € H} is nonzero. The Lie algebra decomposes as g = h &
B.ca 9o The root spaces g, are one-dimensional and for o, f € A we have
(80, 05) = Gasp f a+ 6 € A and [ga, 95 = 0if o+ 3 ¢ A. From the fact
that the projections on the eigenspaces of an operator are polynomials in the
operator, one concludes that any subalgebra of g which contains the Cartan
subalgebra b is (as a vector space) automatically a direct sum of h and some
root spaces.

The subspace hy C b on which all roots are real, is a real form of b.
Choosing an ordered basis {H, ..., H,} of hy we define a real linear func-
tional ¢ : hp — R to be positive, if for some i = 1,...,r one has ¢(H;) =0
for all j < i and ¢(H;) > 0. Putting ¢ < 9 if and only if v — ¢ > 0, we
have a total ordering on the space of all such linear functionals. Using this,
A decomposes as disjoint union of positive roots A* and negative roots A~.

These two choices are equivalently described by a choice of a Borel sub-
algebra, i.e. a maximal solvable subalgebra b < g. Having chosen h and A™,
the associated Borel subalgebra is b = b @ ny, where n. := @ .+ Jaipha-

15



The Lie algebra n, is obviously nilpotent and we have [b,b] C n,. The
Borel subalgebra b is called the standard Borel subalgebra associated to b
and 07 C A. Any two Borel subalgebras of a complex semisimple Lie alge-
bra are conjugate by an inner automorphism of g.

Definition 3.2.1. Let g be a complex semisimple Lie algebra. A parabolic
subalgebra p of g is a Lie subalgebra that contains a Borel subalgebra.

Fixing a choice of h and AT for g, we obtain the corresponding stan-
dard Borel subalgebra. Subalgebras of g containing this Borel subalgebra
are called standard parabolic subalgebras. Since all Borel subalgebras are
conjugate to each other, it suffices to deal with the standard one.

A positive root a € AT is called simple, if it cannot be written as a sum
of two positive roots. The set of simple roots is usually denoted by A°. One
may write any root @ € A uniquely as a linear combination of simple roots
with integral coefficients, which are all nonnegative for positive roots and
nonpositive for negative roots.

Proposition 3.2.1. Let g be a complex semisimple Lie algebra, h < g a
Cartan subalgebra, A the corresponding set of roots and A° the set of sim-
ple roots for some choice of a positive subsystem. Then standard parabolic
subalgebras p < g are in one-to-one correspondence with subsets ¥ C AP,
Ezplicitly, we associate to p the subset ¥, := {a € A®: g_, Z p}. Con-
versely, the standard parabolic subalgebra py, corresponding to a subset i is
the sum of the standard Borel subalgebra b and all negative root spaces corre-
sponding to roots, which can be written as a linear combination of elements

of A\ 2.
Proof. See [1] O

The obvious choices ¥ = () and X = AP lead to the subalgebra g and the
standard Borel subalgebra, respectively. Note also that if ¥ € X' € A°, then
Py < px.

Suppose we have given the subset ¥ C A" = {ay,...,a,} and a root
a € A, we define the X-height hts(a) of v as

hty: (Z aia,;> =3

P EX
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For 0 # ¢ € Z define g; := ®a:htg(a):i go and put go := b P @a:htg(a)zo Ja-
Recall that we have a total ordering on the set of roots. In particular, there
is a maximal root in this ordering, and we define k to be a X-height of this
root. We then have g; =0 for |i| >kand g=g & - D gs.

Theorem 3.2.1. Let g be a complex semisimple Lie algebra, b < g a Cartan
subalgebra with corresponding roots A, AT a set of positive roots and A° C
AT the set of simple Toots.

1. For any standard parabolic subalgebra p < g corresponding to the subset
¥ C A the decomposition g = g_, @ -+ D gi according to L-height
makes g into a |k|-graded Lie algebra such thatp =g° =go® - @ gp.
Moreover, the subalgebra go < g is reductive and the dimension of its
centre 3(go) coincides with the number of elements of X.

2. Conversely, for any |k|-grading g = g_x @ - -+ @ g, the subalgebra g° is
parabolic, and choosing a Cartan subalgebra and positive roots in such

a way that g° is a standard parabolic subalgebra ps,, the grading is given
by the X-height.

Proof. See [1]. O

From this result we see that the situation between the subalgebras g_
and p, is completely symmetric, so g_ and p, are isomorphic as Lie alge-
bras. Moreover, the filtration of g is completely determined by the parabolic
subalgebra p = g°.

Corollary 3.2.1. Let g = g1 @ -+ @ gk be a |k|-graded semisimple Lie
algebra over K = R or C, such that no simple ideal of g is contained in go.
Then we have:

1. Fori > 0 we have [g;—1,81] = gi- In particular, the filtration component
g’ is the i-th power of p, = g' and p. D g> D --- D g* is the lower
central series of p .

2. If for some i <0 an element X € g; satisfies [X,Z] =0 for all Z € gy,
then X = 0.

3. The filtration component g* = p_ is the nilradical of p = g°.

17



4. For any Lie group G with Lie algebra g, the parabolic subgroups defined
in the previous section are exactly the subgroups, which lie between the
normalizer Ng(p) and its connected component of the identity.

Proof. See [1]. O

Definition 3.2.2. Let g be a complex semisimple Lie algebra endowed with
a Cartan subalgebra b < g and a set AT of positive roots. Then we denote
the standard parabolic subalgebra py, C g corresponding to ¥ C A° as well
as the corresponding |k|-grading by >-height by representing in the Dynkin
diagram of g the nodes corresponding to elements of ¥ by a cross instead of
a dot.

We know that for any given |k|-grading the subalgebra gy < g is reductive,
so it is a direct sum of a semisimple Lie algebra g§® and the centre 3(go).

Proposition 3.2.2. Let g = g, @ - - @ g be a complex semisimple |k|-
graded Lie algebra. Then the dimension of the centre of gy coincides with the
number of crosses in the diagram describing the |k|-grading, and the Dynkin
diagram of the semisimple part g3’ is obtained by removing all crossed nodes
and all edges connected to crossed nodes.

Proof. See [1]. O

3.2.2 Real case

The description of real |k|-gradings proceeds via complexification. Given a
real semisimple Lie algebra g, one first chooses a Cartan involution 6 on g,
i.e. an involutive automorphism such that the bilinear form By(X,Y) :=
—B(X,0Y) is positive definite, where B is the Killing form of g. To avoid
confusion with parabolics, we denote the -1-eigenspace of 6 by ¢, so the
Cartan decomposition reads as g = £ @ q. Now one looks at f-stable Cartan
subalgebras h < g, i.e. abelian subalgebras such that 6(h) = h and the
complexification h¢ is a Cartan subalgebra of gc. Then h = (hN€¢) S (hNq),
and b is called maximally noncompact, if the dimension of a := b N q is
maximal among all #-stable Cartan subalgebras. Having chosen 6 and b, we
look at the root system A associated to the Cartan subalgebra he < gc. Let
o be the conjugation of gc with respect to the real form g. Then o induces
an involutive automorphism o* : A — A. A positive subsystem AT C A is
called admissible, if for « € AT we either have c*a = —a or o*a € AT,

18



Definition 3.2.3. Let g be a real semisimple Lie algebra with a complexi-
fication gc, 6 a Cartan involution, h < g a f-stable maximally non-compact
Cartan subalgebra, A the set of roots for he < gc, and AT C A an admissible
positive subsystem.

A Lie subalgebra p < g is called a standard parabolic subalgebra with
respect to choices of h and A™, if and only if the complexification pc is a
standard parabolic subalgebra of gc with respect to he and A™.

Consider the abelian subspace a = hNq. For A € a we have §(A4) = —A,
so ad(A) : g — g is symmetric for the inner product By. Thus the family
{ad(A) : A € a} is simultaneously diagonalizable over R. The correspond-
ing eigenvalues are given by linear functionals A : @ — R and the nonzero
eigenvalues are called the restricted roots. The set of all restricted roots is
denoted by A,. The eigenspaces are called restricted root spaces and they
define the restricted root decomposition of g. The set A, C a* is an abstract
root system, but it is not reduced in general. Still the notions of positive and
simple subsystem pose no problems for A,.

Having given 6, h < g, A and the conjugation o as above, we define
A. = {a : cfa = —a} C A. Putting t := h N ¢, all roots are real on
1t @ a C he. Restricting the roots to h C h¢, the map ¢* becomes complex
conjugation, so A, = {a € A : a|, = 0}. The admissibility of a positive
subsystem AT C A reads as oc*a € A* for all @« € AT\ A.. Passing to the
associated system A’ it turns out that A2 := A° N A, is a simple system
for A, and for any a € A%\ A? there is a unique o/ € A%\ A? such that
o*a — o’ is a linear combination of compact roots. Mapping « to o/ defines
an involutive automorphism of A%\ AY. The Satake diagram of g is then
obtained by taking the Dynkin diagram of A" with elements of A indicated
by black dots e and elements of A\ A? by white dots o. Moreover, for every
element o € A%\ AY such that o/ # «, one connects a and o/ by an arrow.

Since all roots are real on itda, the restricted roots are exactly the nonzero
restrictions of roots to a C h. Thus we obtain a surjective restriction map
A\ A, — A,. Since for « € A, the restrictions to a of « and o** are
conjugate, we see that c*a|, = al,. For an admissible choice of AT C A,
the image of AT in A, is a positive subsystem. This easily implies that the
corresponding simple system A? for A, is the quotient of A\ A? obtained
by identifying each simple root a with «'.

Theorem 3.2.2. Let g be a real semusimple Lie algebra, 6 a Cartan invo-
lution with associated Cartan decomposition g = €dq, h =tda C g a
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maximally noncompact 0-stable Cartan subalgebra. Put A = A(gc, be), let
o* be the involutive automorphism of A induced by the conjugation with re-
spect to g C gc and let AT C A be an admissible positive subsystem. Then
we have:

1. Put m:= 3¢(a) and let n C g be the direct sum of all positive restricted
root spaces. Then pg := m@adn is a subalgebra of g, and the standard
parabolic subalgebras of g are exactly the subalgebras containing po.

2. Let A® be the set of simple roots and let A° C A, be the corresponding
set of simple restricted roots. Then subsets of A are in bijective corre-
spondence with subsets of AY that are disjoint to A and stable under
the inwvolution induced by o*. On the other hand, the set of all subsets
of A° with these two properties is in bijective correspondence with the
set of all standard parabolic subalgebras of g.

Ezxplicitly, the parabolic subalgebra corresponding to ¥ C A° is the sum
of po and the restricted root spaces for those negative restricted roots,
which can be written as linear combination of the simple restricted roots,
which are outside of the image of 3 in AL.

Proof. See [1]. O

Proposition 3.2.3. Let g be a real semisimple Lie algebra endowed with a
Cartan involution 6, a 0-stable maximally noncompact Cartan subalgebra b
and an admissible positive subsystem AY. Then we have:

1. For a standard parabolic subalgebra p < g corresponding to a subset
Y C AY, the S-height determines a |k|-grading of g, such that p = g°.
Here, k 1s the Y-height of the maximal restricted root.

2. Gwen a |k|-grading of g, there is an automorphism ¢ € (Int)(g) such
that ¢(g°) is a standard parabolic subalgebra of g. Denoting by ¥ C A2
the corresponding subset, the given grading on g corresponds to the
grading given by Y-height under ¢.

Proof. See [1]. O

Remark 3.2.1. As in the complex case, one may directly obtain information
about gy from the Satake diagram describing the parabolic. The (real) di-
mension of the centre of gy again equals the number of crossed nodes in the
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Satake diagram. Parallel to the complex case, one may also show that in the
real case the Satake diagram of gi° is obtained by erasing all crossed nodes
as well as all edges and arrows connecting to these nodes from the Satake
diagram describing the parabolic subalgebra. Details can be found in [2].

To describe a standard parabolic subalgebra p < g, we consider the Satake
diagram of g and denote all the simple roots corresponding to elements of
the subset ¥ C A° by crosses. Since X is disjoint to A., we can recover
the original Satake diagram by replacing all crosses by white dots. So the
classification of real parabolics can be rephrased in term of replacing white
dots in a Satake diagram by crosses. The only rule one has to take into
account is that two roots joined by an arrow either have to be both crossed
or both uncrossed.

3.3 Representations of p

We will consider only those representations of p, which are completely re-
ducible as representations of g.

Proposition 3.3.1. Letg =g @ --Dgx be a |k|-graded simple Lie algebra,
p = g° the corresponding parabolic subalgebra and E € 3(go) the grading
element.

1. Any finite-dimensional completely reducible representation W of p is
obtained by trivially extending a completely reducible representation of
go to p. Moreover, E acts by a scalar on each irreducible component of

w.

2. Let V' be a finite-dimensional representation of p such that 3(go) acts
diagonalizably. Then V admits a p-invariant filtration V =V° > V! >
< D VN D VNFL = 10} such that each of the quotients V/Vit1 s
completely reducible.

Proof. See [1]. O

Assume we have chosen h and AT in such a way that p is a standard
parabolic subalgebra. On any finite-dimensional complex representation V'
of g, the Cartan subalgebra b acts diagonalizably. The corresponding eigen-
values A € h* are called the weights of V' and the eigenspaces are called weight
spaces. In finite-dimensional irreducible representation they are unique up to
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scale. A highest weight vector in V is an element of a weight space, which is
annihilated by the action of all elements of positive root spaces. The highest
weight of a finite-dimensional irreducible representation V' is the weight of its
highest weight vectors. These weights are always dominant and algebraically
integral, i.e. for the inner product induced by the Killing form the expression
2&:\5)) is a nonnegative integer for each o € AY. There is a bijective cor-
reépondence between dominant integral weights and isomorphism classes of
finite-dimensional complex irreducible representations of g. The condition of
being dominant and algebraically integral can be rephrased in terms of fun-
damental weights, which are defined by % = ¢;; for a; € A, Any weight
can be written as a linear combination of these weights, and the weight is
dominant and algebraically integral, if all coefficients in this expansion are
nonnegative integers. The Dynkin diagram notation for weights and repre-
sentations is then obtained by writing the coefficient of \; in this expansion
over the node of the Dynkin diagram of g that corresponds to the simple root
Q.

Complex irreducible representations can be dealt with in a similar way.
These coincide with complex irreducible representations of gy, which in turn
are given by irreducible representations of gj® and linear functionals on the
centre 3(go). Assuming that p is a standard parabolic, we obtain the corre-
sponding set ¥ = {a € A% : g, C g1} C A% We can naturally split the
Cartan subalgebrah C gash =H'@h” withh :={H €h:a(H)=0 Vace
A%\ ¥} and §” the span of the elements H, for a € A°\ . Then b’ = 3(go),
while h” is a Cartan subalgebra for g&°. Hence, complex irreducible repre-
sentations of gy are in bijective correspondence with a set of functionals on
b, but the dominance and integrality conditions refer only to the restriction
to h”. In analogy to the usual notation we define a functional A : h — C

to be p-dominant, respectively, p-algebraically integral, if 2(2\5; is real and

nonnegative, respectively, an integer for all a € A%\ 3.

Corollary 3.3.1. Let p < g be a standard parabolic subalgebra in a com-
plex semisimple Lie algebra. Then isomorphism classes of finite-dimensional
complez irreducible representations of p are in bijective correspondence with
weights X : h — C, which are p-dominant and p-algebraically integral.

The condition of p-dominance and integrality can again be rephrased in
terms of fundamental weights as the requirement that the coefficients of all
fundamental weights corresponding to simple roots not contained in ¥ must
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be nonnegative integers. In the Dynkin diagram notation this means that
the coefficients over all uncrossed nodes are nonnegative integers.

In the realm of Lie algebra representations, there is no restriction on the
coeflicients over the crossed nodes. However, if one wants the representation
to integrate to at least one parabolic subgroup then the coefficients over the
crossed nodes have to be integers in the complex case. In the real case, there
are usually less (or even no) integrability conditions, since in this case it may
happen that 3(go) integrates to a subgroup isomorphic to R

Proposition 3.3.2. Let V' be a finite-dimensional complex representation of
g and let VP+ C V be the subspace of pi-invariant elements. Then there
is a bijective correspondence between p-invariant subspaces of VP+ and g-
invariant subspaces of V. In particular, if V' is the irreducible representation
of g with highest weight X, then VP+ is the irreducible p-representation with
the same highest weight.

Proof. See [1]. O

3.4 The Hasse diagram of p

Consider a complex simple Lie algebra g with a Cartan subalgebra h < g
and an ordering on h*, and denote by A, AT, and A" the corresponding
sets of roots, positive roots and simple roots, respectively. The real subspace
ho C b, on which all roots are real, defines a real form of b, and the Killing
form restricts to a positive definite inner product on hy. The set A of roots
is then a finite subset of the real dual of hy, and via the duality, the Killing
form induces a positive definite inner product on h. For any o € A we have
the root reflection s, : b — by defined by s.(¢) = ¢ — 2<<C‘f’5>>, which maps A
to itself. ’

The Weyl group W = W; is then the subgroup of the orthogonal group
O(h}) generated by these root reflections. We may view W as a subgroup of
the permutation group of A, so it is a finite group. It is actually generated
by the reflections s,, corresponding to the simple roots «;. An expression of
w € W as a composition of simple root reflections is called reduced, if it has
the least possible number of factors. This number is called the length ¢(w)
of w. The sign sgn(w) of w € W is defined as the determinant of the linear
map w : b — b;. We have sgn(w) = (—1)".
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We have to view the Weyl group W not only as a group, but also as a
directed graph. The vertices of this graph are elements w € W, and we have
a directed edge w = w’ labeled with o € A*, if and only if £(w') = £(w) + 1
and w' = s,w. For w € W define &, := {a € AT : w™l(a) € —AT},or
equivalently ®,, = w(—A")NAT. The set ®,, is saturated and its complement
AT\ @, is saturated, too. We define (®,) := > .4 a. The lowest form
6 = &, of the Lie algebra g is defined as § = 3> 1+ a and can also be
expressed as the sum of all fundamental weights. Hence, ¢ lies in the interior
of the dominant Weyl chamber, and since the Weyl group W acts simply
transitively on the set of all Weyl chambers, we conclude that the mapping
w +— w(d) is an injection from W to bj.

Proposition 3.4.1. Let g be a complex semisimple Lie algebra with a chosen
simple system A, Weyl group W and lowest form § € bj. Then we have:

1. w(d) =0 — (dw)) for allw e W.

2. The map w — &, defines a bijection between W and the set of all
subsets ® C At such that both ® and AT\ ® are saturated.

3. |Dy| = l(w) for allw € W.

4. Forw € W and o € A", the element o is contained in exactly one
of the sets ®(w) and P, ., and l(sqw) > L(w) if and only if a ¢ .
In particular, if « € A, then {(sqw) = L(w) + 1 if a ¢ §, and
U(sqw) =L(w) — 1 if a € Dy,

5. Let w,w’ € W be two elements such that |®,| = |Py| + 1. Then for
a € AT we have w > w' if and only if (By) = (@) + ka for some
ke Z.

Proof. See [1]. O

There is a unique element wy € W of maximal length ¢(wg) = |A™|, which
corresponds to ®,,, = AT. For any representation of wy as composition of
simple root reflections, the composition in the opposite order equals w;®,
so wy = wy'. Since wo(AT) = —AT, it must map the simple system A°
to a simple system for —AT, whence wy(A%) = —A°. Since wy exchanges
positive and negative roots, we see that for w € W and a € A" we have
wo(w () € AT if and only if @ € ®,,. Consequently, @y, = AT\ Dy
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The directed graph structure on W gives rise to a partial order on the set
W, which is called the Bruhat order. For w,w’ € W we put w < w' if either
w = w’ or there is a chain

wBw B w, B

for some (not necessarily different) roots o; € A™. The identity is the small-
est element and wy is the largest element. w < w’ implies fw < fw’, but not

conversely. Moreover, w < w' implies w(A) < w'(\) for any dominant weight
A.

Corollary 3.4.1. Let g be a complex semisimple Lie algebra with Weyl group
W, wy € W the longest element, A a dominant integral weight and V' the ir-
reducible complex finite-dimensional representation of highest weight A. Then
the highest weight of the dual representation V* is —wo(A).

Proof. See [1]. O

Now let p < g be a standard parabolic subalgebra and ¥ C A° the
corresponding subset. Then we obtain the |k|-grading of g given by 3-height,
and in particular, the subalgebras go and p, = g' of p. The reductive
subalgebra gy splits as go = 3(go) ® g;°. The Cartan subalgebra splits as
h =0 @b” where b’ = 3(go) is the common kernel of all elements of A®\ 3,
while h” is spanned by the elements H, for a € A%\ 3, so h” is a Cartan
subalgebra for gj®. Let by C b be the subspace on which all roots are real.
By construction, the element H, for a € A"\ ¥ lies in h” N b, so we may
identify this space with hj. On the other hand, bj := h’' N by is a real form of
h', so we get ho = b @& hy. The inner product on by induced by the Killing
form satisfies (H,, H) = a(H), so by and b are orthogonal. Passing to
the duals, we get an orthogonal decomposition of hjj, and in particular, any
simple reflection s,, with a; € A%\ ¥ acts as the identity on (hj)*. Defining
W, to be the Weyl group of g§°, we see that we may naturally view tis as the
subgroup of W generated by the simple reflections s,; for a € JACAD I

The Hasse diagram is the set of distinguished representatives for the
set W,\W,. Let us decompose AT = A*(gy) U AT (py) according to the
subalgebra containing the corresponding root space. For o € A" we have
a € AT(go) if and only if hty(a) = 0. Since the ¥-height is additive, both
07 (go) and AT (p, ) are saturated. Assume that « € A*(gg) and 5 € AT (p,).
Then s,(3) differs from § by a multiple of @ and thus hty(s,/5) = htyx3. Thus
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So maps AT(p,) to itself, so the same holds fro any element w € W,. Con-
versely, if w € W, is such that ®,, C A*(gg), then ®,, is saturated. Applying
part 2 of the above Proposition to gg’, we find an element in W, correspond-
ing to this subset, and again by part 2 of the same Proposition we conclude
that this element coincides with w, whence w € W,. Having characterized
W, as those elements w € W for which ®,, C A*(go), the following definition
is natural.

Definition 3.4.1. The Hasse diagram W7 of the standard parabolic sub-
algebra p < g is the subset of W, consisting of all elements w such that
P, C AT (p;). We endow WP with the structure of a directed graph induced
from the structure on Wj.

There is a nice alternative characterization of W¥: Recall that a weight
A € (ho)* is g-dominant, if (A\;a) > 0 for all @« € A and p-dominant if
the same holds for all @ € A°\ ¥ = A°N AT (gy). Equivalently, one can
require these conditions for all elements of AT, respectively, AT (go). Since
any element w € W acts as an orthogonal transformation on (ho)*, we get
(w(A\),a) = (\,w™!(a)). But this shows that w()\) is p-dominant for any
g-dominant weight A if and only if w™'(\) € AT for any a € AT(go), i.e. if
and only if w € WP. Hence, w € WP? if and only if w(\) is p-dominant for
any g-dominant weight \.

Proposition 3.4.2. Let w € W be any element. Then there are unique
elements w, € W, and w* € W* such that w = wyw®. Moreover, {(w) =

U(wy) + £(w?).
Proof. See [1]. O

The existence and the uniqueness of the decomposition w = wyw? tells us
that wP is the unique element in the right coset W,w that lies in W*. Thus,
WP is the set of distinguished representatives for the right coset space W,\Wj.
The statement about the length then tells us that these representatives are
the unique elements of minimal length in each coset.

Let us note two simple facts about the Hasse diagram. If w,w’ € W* and
w > w', then a € ¢,y whence a € A*(p,). On the other hand, since both
the sets AT (p,) and AT (gg) are saturated, there is a unique longest element
wh € WP with Pp = AT (py). Since W, is the Weyl group of a semisimple

0 b

Lie algebra, it contains a unique longest element w,, and wgwo = wy, the

longest element in the Weyl group Wi
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Proposition 3.4.3. Let g be a complex semisimple Lie algebra and letp < g
be the standard parabolic subalgebra corresponding to a set ¥ of simple roots.
Let 0° be the sum of all fundamental weights corresponding to elements of 3.
Then we have:

1.

2.

The map w +— w(6) restricts to a bijection between W* and the orbit
of 0% under Wj.

Suppose that w € WP and o € A° is a simple root such that o ¢ -1
and so(w™(6%)) # w=(6%). Then ws, € WP, w i) WSy, and Py, =
¢, U{w(a)}.

Proof. See [1]. O

Recipe for determining the Hasse diagram

(A)

(B)

Determine the Dynkin diagram of the parabolic, i.e. the Dynkin dia-
gram of g with those simple roots crossed whose root spaces are con-
tained in g;.

Determine the elements of W¥.

Take the weight 6P, i.e. the weight, which has coefficient 1 over the
crossed nodes and 0 over the uncrossed nodes. Apply simple reflections
to this weight according to the following rules, which describe the action
of the reflection corresponding to the simple root with coefficient b
(all coefficients not shown in the picture remain unchanged under this
reflection):

a b c a+b —-b b+c

We don’t write here the other cases, since we will not need them.

The resulting pattern gives all elements of the Hasse diagram and some
of the arrows. The element in the Hasse diagram corresponding to
the weight obtained by applying first s,, , then s,, and so on up to
Say, tO O% is given by S, ... Sqa,, SO one has to revert the order of the
compositions. Moreover, the length of this element is /.

For each element w in the pattern, determine the corresponding set ®,,
of roots, as well as the labels of the arrows determined so far.
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Start with the empty set for the point corresponding to ¢°. Having
determined the sets for elements of length < ¢ and the labels of the ar-
rows leading to these sets, consider a point corresponding to an element
of length ¢ in the original diagram determined by step (B). Choose a
sequence of arrows leading from 6? to the given point, take the simple
root indicated on the last arrow in the path, and apply the simple re-
flections corresponding to the other arrows in the path going back to
0°. The resulting root has to be contained in A (p,) and the set cor-
responding to the chosen point is given by adding this root to the set
corresponding to the source of the last arrow in the chosen sequence.
Now for any of the arrows determined so far, which ends in the given
element, the set corresponding to the source of the arrow has to be ob-
tained by deleting one element from the set corresponding to the target
of the arrow, and this element is the right label for the arrow.

Determine the remaining arrows.

For each of the sets determined in step (C), compute the sum of all
roots contained in the set. For two sets in adjacent columns, which are
not yet joined by an arrow, check whether the difference between the
two corresponding expressions is a multiple of a root. If yes, then add
an arrow between the two sets labeled by that root.
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Chapter 4

Parabolic geometries

4.1 Definition

Definition 4.1.1. Let G be a Lie group and H < G its closed subgroup. The
Cartan geometry of type (G, H) on a (dim G — dim H )-dimensional manifold
M is a principal H-bundle p : G — M together with a 1-form w € Q'(G, g),
such that:

l. Rjw= Ad(g~")ow forall g€ H,
2. w(A*) = Aforall A€,
3. Vb € G w, induces a linear isomorphism of 7;,G onto g.

One obvious example of such geometry is the homogeneous space G —
G/H with the Maurer-Cartan form of G as the Cartan connection. This is
called the homogeneous model of the geometry.

Definition 4.1.2. Let GG be a Lie group, H a closed subgroup of G and
G a principal H-bundle over M, dim M = dimG/H. Let w be a Cartan
connection on G. The curvature K of the Cartan connection w is a 2-form
on G with values in g given by

K(X,)Y)=dw(X,Y)+ [w(X),w(Y)]

Definition 4.1.3. 1. The Cartan geometry (G — M, w) is called flat, if
its curvature vanishes identically.
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2. The Cartan geometry (G — M, w) is called torsion-free, if its curvature
has values in b.

It is easy to see that the curvature measures the failure of (G,w) to be
locally isomorphic to the homogeneous model.

Proposition 4.1.1. Let G, H, G and M be as above. Let w be a Cartan
connection on G and ) its curvature. Then K is horizontal in the sense that
it vanishes upon inserting one vertical vector field.

Proof. 1t suffices to prove it for w-constant vector fields. So assume that X
is the fundamental vector field corresponding to A € h and YV = w™!(B),
B e g\ bh We have

K(X,Y) = —w([X, Y]) + [w(X),w(Y)]

Let h; = exp(tX) be a curve in H. Then dh;/dt = X and
L RPN I -1 -1 _
X Y) = m (Y~ (Ra,).Y) = Jim (7 A — w0 (Ad(h)B)) =

lim %wl(A _ Ad(h)B) = w (A, B])

t—0

So we see that K(X,Y) =0.
Since the Cartan connection trivializes T'G, any differential form on G is
determined by its values on the constant vector fields w=!(X). O

Definition 4.1.4. Let G — M, w be a Cartan geometry and K its curvature
form. Then the curvature function k : G — A?g* ® g is defined by

R(u)(X,Y) = K(w™ (X)(u), w™ (Y)(u))
or, equivalently
Ru)(X,Y) = [X, Y] = w(fw™ (X), 0™ (YV)](w).

Since we know that K is horizontal, we can view x as a function on P
with values in A%(g/h)* @ g.

Definition 4.1.5. A parabolic geometry is a Cartan geometry of type (G, P),
where G is a semisimple Lie group and P C G is a parabolic subgroup. We
will use the terminology 'parabolic geometry of type (G, P)’ in this situation.

We will assume that no simple ideal of g is contained in go. We stay
without proof that in this case the geometry is infinitesimally effective.
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4.2 Regularity

4.2.1 Infinitesimal flag structures

Definition 4.2.1. Let G be a semisimple Lie group and P its parabolic
subgroup and Gy be the Levi subgroup of P. An infinitesimal flag structure
of type (G, P) on a smooth manifold M is given by:

(i) A filtration TM = T=*M > ... D T7'M of the tangent bundle of
M, such that the rank of T°M equals the dimension of g'/p for all
i=—k, ... —1.

(ii) A principal Go-bundle p: E — M.

(iii) A collection 6 = (0_4,...,0_1) of smooth sections §; € T'(L(TE, g;)),
which are Go-equivariant in the sense that R}0; = Ad(g™1) o 0; for all
g € Gy, and such that for each v € F and i = —k, ..., —1 the kernel of
O;(u) : T'E — g, is T'"'E C T'E.

Proposition 4.2.1. Let g = g @ --- @ gx. be a |k|-graded semisimple Lie
algebra, let G be a Lie group with Lie algebra g, P C G a parabolic subgroup
corresponding to the grading, and Gy C P the Levi subgroup.

An infinitesimal flag structure of type (G, P) on a smooth manifold M is
equivalent to a filtration TM = T %M > --- D T'M of the tangent bundle
of M such that for each i the rank of T'M equals the dimension of g'/p and a
reduction of the structure group of the associated graded bundle gr(T M) to the
structure group Go with respect to the homomorphism Ad : Go — G Lgr(g-).

Proof. See [1]. O

Note, in particular, that this implies that for an infinitesimal flag structure
({T°M},p: E — M,0) we have a natural isomorphism gr,7M = E X¢, ¢;.
Explicitly, this identification is induced by the map E x g; — gr,TM defined
by (u, X) — [T,p-£], where £ € T E is any tangent vector such that 6;(¢) = X
and [| denotes the class in gr,(TM) = T*M/T""* M.

Consider a parabolic geometry (p : G — M, w) of type (G, P). We have
the reductive subgroup Gy and the nilpotent normal subgroup P, of P,
which decompose P as a semidirect product. Since acts freely on G, the
same is true for P, so we can form the orbit space Gy := G/P,. The
projections p factors to a smooth map py : Go — M. If U C M is open
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such that there is a principal bundle chart ¥ : p~}(U) — U x P, then 1 is
equivariant for the principal right action, so it factors to a diffeomorphism
py(U) =p~ Y (U)/Py — U x (P/P,). This is equivariant for the right action
of Gy, so we conclude that py : Gy — M is a smooth principal bundle with
structure group P/P, = Gy. On the other hand, the inclusion of G into P
leads to local smooth sections of the projection G — Gy, so this is a principal
bundle with structure group P, .

Consider the filtration g = g% D> g7*** > ... > g¥ 5 {0}. Since the
Cartan connection w induces an isomorphism TG = G X g, we see that for
each i = —k,..., k we get a smooth subbundle T°G := w™!(g’) of TG. Since
the filtration {g’} is P-invariant, equivariancy of w implies that each of the
subbundles 7T"G is stable under the principal right action. Since w reproduces
the generators of fundamental vector fields, we conclude that for ¢ > 0 the
subbundle TG is spanned by the fundamental vector fields with generators
in g'. In particular, 7°G is the vertical bundle of G — M, while T'G is the
vertical bundle of G — G.

Since the filtration of T'G is stable under the principal right action, it
can be pushed down to Gy and M, so we have filtrations TGy, = T~*G, D
- DT%y and TM = T7*M > --- D T7'M by smooth subbundles. The
tangent maps to all the bundle projections are filtration preserving and 7°G,
is exactly the vertical bundle of py : Go — M. Once we have a filtration of the
tangent bundle of Gy, it makes sense to consider partially defined differential
forms, i.e. sections of a bundle of the form L(T'Gy, V), where V is some
finite-dimensional vector space or a vector bundle over G.

Proposition 4.2.2. Let (p : G — M,w) be a parabolic geometry of type
(G, P) corresponding to the |k|-grading g = g @ - -+ ® gx of the Lie algebra
g of G. Let py : Go — M be the underlying Go-principal bundle.

Then for eachi = —k,...,—1, the Cartan connection w descends to a smooth
section w? of the bundle L(T'Gy, ;). For eachu € Gy and i = —k,...,—1 the
kernel of w? : T'Gy — g; is T""'Gy, and each W is equivariant in the sense
that for g € Go we have Rjw) = Ad(g™") o wy.

Proof. See [1]. O

This says that any parabolic geometry (p : G — M, w) of type (G, P) gives
rise to an underlying infinitesimal flag structure ({T°M}, po : Go — M, w°)
of type (G, P).
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4.2.2 Regularity

Let ({T°M},p : E — M,0) be an infinitesimal flag structure of some fixed
type (G, P). We have seen that gr,(TM) = E Xq, g;, and thus gr(T'M) =
E xg, g_. Via this identification, the Lie bracket on g_ (which is preserved
by the adjoint action) induces a bilinear bundle map

{, }:gr(TM) x gr(TM) — gr(TM),

which is compatible with the grading. This makes gr(7'M) into a bundle of
nilpotent graded Lie algebras modelled on g_.

Assume that the filtration {T°M} is compatible with the Lie bracket
in the sense that for each ¢ € T'(T°M) and n € T'(TM) the Lie bracket
(€, 7] is a section of Tt/ M. Then for each i = —k,..., —1 let us denote by
¢ : T"M — gr,(TM) the natural quotient map, and consider the operator
D(T°M) x T(T7M) — T'(gr;,;(TM)) defined by (£,7) — giy;([§,n]). This
mapping is bilinear over smooth functions, so it is induced by a bilinear
bundle map T°M x T'M — gr;, ;(I'M). Moreover, if £ € T""'M or n €
TIH M, then [€,n] € T M, so it lies in the kernel of ¢;,;. Thus, our map
further descends to a bundle map £ : gr,(T'M) x gr;(T'M) — gr,, ;(TM),
which is compatible with the gradings. Since L is induced by the Lie bracket
of vector fields, it follows immediately that it makes each fibre gr(7, M) into
a nilpotent graded Lie algebra.

Definition 4.2.2. 1. A filtered manifold is a smooth manifold M together
with a filtration TM = T-*M > ... D T7'M of its tangent bundle

by smooth subbundles, which is compatible with the Lie bracket in the
sense that [¢,n] € T(T* M) for any £ € T(T'M) and n € T(T'M).

2. For a filtered manifold (M, {T*M?}) the tensorial map
L:gr(TM) x gr(TM) — gr(TM)

induced by the Lie bracket of vector fields as described above is called
the (generalized) Levi bracket. For x € M, the nilpotent graded Lie
algebra (gr(T, M), L,) is called the symbol algebra of the filtered man-
ifold at . The bundle (gr(T'M), L) of nilpotent graded Lie algebras
obtained in this way is called the bundle of symbol algebras.

3. An infinitesimal flag structure ({T°M}, E — M, 0) is called regular,
if (M,{T"M}) is a filtered manifold and the algebraic bracket { , } :
gr(TM) x gr(TM) — gr(T M) coincides with the Levi bracket L.
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4. A parabolic geometry is called regular, if the underlying infinitesimal
flag structure is regular.

Observation 4.2.1. A regular infinitesimal flag structure of type (G, P) on a
smooth manifold is equivalent to:

e A filtration {T°M} of the tangent bundle, which makes M into a filtered
manifold such that the bundle of symbol algebras is locally trivial and
modelled on the nilpotent graded Lie algebra g_.

e A reduction of structure group of the natural frame bundle of gr(7'M)
with respect to Ad : Go — Autgr(g-).

Proposition 4.2.3. Let ({T"M},p : E — M,0) be an infinitesimal flag
structure such that (M,{T"M?}) is a filtered manifold. Then the structure is

reqular if and only if for all i,57 < 0 such that 1 + j > —k and all sections
£ eT(T'E) and n € T(T' M) we have

Oir; (1€, n]) = 10:(€), 0;(n)]-
Proof. See [1]. O

Proposition 4.2.4. Let g = g_x®- - -Dgx be a |k|-graded semisimple Lie alge-
bra, G a Lie group with Lie algebra g, P C G a parabolic subgroup correspond-
ing to the grading, and Gy C P the Levi subgroup. Let (p : G — M,w) be a
parabolic geometry of type (G, P) with curvature function x : G — L(A%*g_, g),
u € G any point, and put x = p(u) € M.

Then there is an open neighbourhood U of x € M and a linear extension
operator T,M — X(U), written as § — é, which is compatible with all struc-
tures on T M obtained from the Cartan connection w and has the following
property: For &,m € T, M let X,Y € g_ be the unique elements such that
Tuwp-w, ' (X)=¢& and Typ-w, '(Y) =n. Then

(€] = Tup - w0, ([X, Y] = K(u) (X, Y)).
Proof. See [1]. O

Corollary 4.2.1. Let (p : G — M,w) be a parabolic geometry of type
(G, P) with curvature form K € Q2(G,g) and curvature function k : G —
L(A%g_,g), and let TM =T*M > --- > T~'M be the induced filtration of
the tangent bundle T M. Then we have:
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1. (M, {T*M}) is a filtered manifold if and only if K(T'G,T7G) C g™,
or equivalently r(g', ¢’) C g"™ for all 1,7 < 0.

2. The geometry (p : G — M,w) is reqular if and only if K(T'G,T'G) C
gt or equivalently k(gt, g7) C g™t for all i, j < 0.

Proof. See [1]. O

4.3 Normality

Let g = —¢® --- @ g be a |k|-graded semisimple Lie algebra, G a Lie
group with Lie alegbra g, and let B be the Killing form of g. B induces
an isomorphism g = g* of G-modules (and thus of P-modules), and also
an isomorphism (g/p)* = p; of P-modules. Consequently, we can identify
Ai(g/p)* ® g with the dual P-module of A/p* ® g = C(py,g) - the Lie
algebra cohomology cochain space. The differential 9, given by

k

0p(Xo, ..., Xp) = Z(— 1)'X; - d(Xo, .o, Xiy oo Xp)

+ Z D)™ ([X5, X5), Xov - Xay oo, X X))

1<j

where the hat indicates omission, is a P-homomorphism and 0, o d, = 0.
Dualizing this map, we obtain a P-homomorphism 9* : A/(g/p)* @ g —
N~ (g/p)* ® g, which satisfies 9* 0 9* = 0 and is called the Kostant codiffer-
ential.

We can easily obtain a formula for 0* on decomposable elements. Taking
into account that (g/p)* = py, we can write a decomposable element of
A" (g/p)*®@gas ZgA--- AN Z, ® Awith Z; € p, and A € g. The pairing of
Y € C"(p,,g) with that element is given by B(v(Zo, ..., Z,), A). Hence
for ¢ € C"(p4, g), the pairing of J(¢) with our element is given by

n

Z(—ni (Zi,0(Zo, ... Zi, ..., Zn)], A)

+Z VI B(G([Zi, Z3), Zo, - Dy o Z5), o Zn), A)

1<J
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Using invariance of B,we may rewrite each of the summands in the first sum
as (=)™ B(¢(Zo, - ..y Ziy - .. s Zn), | Zi, A]), whence we immediately see that

O (ZoN- N2y @A) =D (=) ZgN- NZi Ao+ N2y @[ 2, A
=0

A (V)ZL ZNZo N NDi N NN N Ly ® A

1<j

Lemma 4.3.1. Consider an element ¢ € L(A*(g/p),g). Interpreting ¢ as
a bilinear map on g, which vanishes if one of its entries lies in p, we can
compute O*¢ : g/p — g as follows. Choose elements X1, ..., X, € g such that
{X14+p,..., X+ p} is a basis of g/p and let Z, ..., Zy be the dual basis of
p.. Then for each X € g we get

*H(X +p) = 2Z[Zi,¢<x, X)) - Zcb([zi,X],Xi)

Proof. See [1]. O

Definition 4.3.1. A parabolic geometry (p : G — M, w) is called normal, if
its curvature function satisfies 0*k = 0.

Theorem 4.3.1. Let g = g @ -+ ® g be a |k|-graded semisimple Lie
algebra such that none of the simple ideals is contained in go, and such that
H'(g_,9)' = 0. Suppose that G is a Lie group with Lie algebra g, and
P C G is a parabolic subgroup corresponding to the grading with Levi subgroup
Gy C P.

Then associating to a parabolic geometry the underlying infinitesimal flag
structure and to any morphism of parabolic geometries the induced morphism
of the underlying infinitesimal flag structures defines an equivalence between,
the category of normal reqular parabolic geometries of type (G, P) and the
category of reqular infinitesimal flag structures of type (G, P).

Proof. See [1]. O

If g does not contain a simple summand isomorphic to sl(2), then we
always have H'(g_,g)? = 0. Moreover, H'(g_,g)' # 0 happens only if g
contains a simple factor that belongs to one of two specific series of simple
graded Lie algebras. Geometrically, these correspond to classical projective
structures and contact projective structures, respectively.

36



4.4 Weyl structures

Definition 4.4.1. A (local) Weyl structure for the parabolic geometry (p :
G — M,w) is a (local) smooth Gg-equivariant section o : Gg — G of the
projection 7 : G — G.

Proposition 4.4.1. For any parabolic geometry (p : G — M, w), there exists
a global Weyl structure o;Gy — G.

Fizing one Weyl structure o, there is a bijective correspondence between the
set of all Weyl structures and the space T'(gr(T*M)) of smooth sections of the
associated graded of the cotangent bundle. FExplicitly, this correspondence is
given by mapping Y € U(gr(T*M)) with corresponding functions Y; : Go — @;
fori=1,... k tothe Weyl structure 6(u) := o(u) exp(YT1(u)) - - exp(Ve(u)).

Proof. See [1]. O

Given a Weyl structure o : Gy — G for a parabolic geometry (p : G —
M,w), we can consider the pullback o*w € Q(Gy,g) of the Cartan con-
nection. Equivariancy of ¢ implies the equivariancy of o*w. As a G-
module, the Lie algebra g decomposes as g = —¢ & --- & g, so decom-
posing o*w = c*w_p @ --- D o*wy accordingly, each of the components is
Go-equivariant.

Proposition 4.4.2. Let 0 : Gy — G be a Weyl structure on a parabolic
geometry (p: G — M,w). Then we have:

1. The component o*wy € NY(Go, go) defines a principal connection on the
bundle pg : Go — M.

2. The components c*w_g,...,0*w_1 can be interpreted as defining an
element of QY (M, gr(TM)). This form determines an isomorphism

TM — gr(TM) =T *M/T*'M@--- T 'M

which is a splitting of the filtration of TM. This means that for each
i = —k,...,—1 the subbundle T'M is mapped to @Bi gry(TM) and
the component in gr,(TM) is given by the canonical surjection T*M —
T'M/T M.

3. The components c*wy, ...,0*wy can be interpreted as a one-form P &€

QY (M, gr(T*M)).
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Proof. See [1]. O

Definition 4.4.2. Let ¢ : Gy — G be a Weyl structure for a parabolic
geometry (p: G — M,w).

1. The principal connection o*wg on the bundle Go — M is called the
Weyl connection associated to the Weyl structure o.

2. The gr(TM)-valued one-form on M determined by the negative com-
ponents of o*w is called the soldering form associated to the Weyl
structure o.

3. The one-form P € Q' (M, gr(T*M)) induced by the positive components
of o*w is called the Rho tensor associated to the Weyl structure o.

Proposition 4.4.3. Let (p; G — M,w) be a parabolic geometry of some fixed
type (G, P), and let S be a smooth manifold endowed with a smooth left P-
action. Then choosing a Weyl structure o : Gy — G induces an isomorphism
G xpS=GyXag, S and thus gives rise to a connection on the natural bundle
GxpS. Inthe case of a natural vector bundle, this connection is automatically
linear.

Proof. See [1]. O

A homomorphism A : Gy — R gives rise to a Lie algebra homomorphism
A i go — R. This homomorphism vanishes on g§°, so it is just a linear
functional on the centre 3(go). The Killing form B of g restricts to a nonde-
generate bilinear form on gy. The splitting of gy into its centre and semisimple
part is orthogonal with respect to B, so he restriction of B to 3(go) still is
nondegenerate. Given a homomorphism A : Gy — R, we therefore get a
unique element F) € 3(go) such that \'(A) = B(E), A).

Definition 4.4.3. 1. An element F' € 3(go) is called a scaling element if
and only if the restriction to p, of the adjoint action adp : g — g is
injective.

2. A bundle of scales for parabolic geometries of type (G, P) is a natural
principal R-bundle £* associated to a homomorphism )\ : Gy — R,
such that the corresponding element E € 3(go) is a scaling element. If
A has values in R™, then we obtain an oriented bundle of scales.
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3. Having chosen a bundle £* of scales, a (local) scale for a parabolic
geometry (p: G — M, w) of type (G, P) is a (local) smooth section of
the principal R*-bundle £* — M.

Proposition 4.4.4. 1. For any type of parabolic geometry there exist nat-
ural oriented bundles of scales.

2. A bundle of scales admits global smooth sections if and only if it is
oriented.

Proof. See [1]. O
Definition 4.4.4. Let L be a fixed bundle of scales.

1. A Weyl structure o : Gy — G is called closed, if and only if the induced
connection V on L* is flat.

2. A Weyl structure o : Gy — G is called exact, if and only if the induced
connection V on L* comes from a global trivialization of L*

Proposition 4.4.5. Let L be a fived bundle of scales. Then the space of all
Weyl structures for (p: G — M, w) is an affine space modelled on the vector
space QM) of one-forms on M. If they exist, then the space of closed
(respectively exact) Weyl structures are affine subspaces modelled on closed
(respectively exact) one-forms.

Proof. See [1]. O

The very flat Weyl structure
We will work on the homogeneous space (G — G/P,w). Given a parabolic
pair (G, P), there is also the opposite parabolic subgroup P°? and the Carnot
group G_ with Lie algebra g_, which is a simply connected Lie group. These
group are defined in a similar way to P and P, but with respect to the
opposite filtration to g’. For X € g the vector field w™'(X) is the left
invariant vector field Ly, so its flow through e is simply exp(X). Now exp :
g- — G_ is a diffeomorphism from g_ onto an (actually dense) open subset
of G/P called the big cell. The restriction of both the bundles G — G/P
and G /P, — G/P to the big cell is canonically trivialized by the restrictions
of the group multiplication to maps G_ x P — G, respectively, G_ x Gy —
G. Our Weyl structure is characterized by o(exp(X)P;) = exp(X) for all
X € g_. Under our trivializations p~}(G_) = G_ x P and p,*(G_ x Gy),
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this section is simply given by the inclusion Gy — P. In the trivialization of
Py (G_), o is given by the group multiplication viewed as a map G_ x Gy —
G.

This map can be viewed as the composition of the isomorphism G_ x
Gy = P and the inclusion of this subgroup into GG. The pullback of the
Maurer-Cartan form of G along the inclusion of P clearly is the Maurer-
Cartan form of P°. The induced principal connection is defined by the
go-component of this Maurer-Cartan form. In particular, on {e} x Gy, this
is the Maurer-Cartan form of GGy. Via the diffeomorphism G_ x Gg — P
defined by the group multiplication, this is extended to the whole bundle, so
we exactly obtain the flat connection determined by this trivialization. hence,
the induced linear connection on any associated bundle is flat. On the other
hand, the soldering form is induced by the Maurer-Cartan form of G_, i.e.
by trivialization of T'G_ by left translations. Finally, for vectors tangent
to P°? C G, the Maurer-Cartan form of G has values in p? = g_ & g, so
the Rho tensor of our Weyl structure vanishes identically. Finally note, that
since every bundle of scales is associated to G/P, — G/P, our trivialization
of py'(G_) — G_ gives rise to a bundle of scales, which is trivial for the
induced Weyl connection. Hence, the very flat Weyl structure is always an
exact Weyl structure.

4.5 BGG sequences

4.5.1 Invariant operators

Given a representation of P on a vector space V and a parabolic geometry
(G - M,w), we can form the associated bundle VM = G xp V — M.
If & : G — G is a homomorphism of principal bundles covering a local
diffeomorphism Phi : M — M’, then we get the induced homomorphism of
vector bundles VM — VM’ lying over the same map ¢ and restricting to
a linear isomorphism on each fibre. In other words, we get a functor from
the category of parabolic geometries to the category of vector bundles over
manifolds of the same dimension as G/P such that the composition of the
base functor with the given functor is the base functor.

Consider next a fixed category of real parabolic geometries, and two rep-
resentations V and W of P. Let V and W be the corresponding natural
vector bundles. A natural linear operator mapping sections of V' to sections
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of W is defined to be a system of linear operators D(g ., : I'(VM) — I'(WM),
where M is the base of G such that for any morphism @ : (G,w) — (G', ')
we have

(I)* (¢] D(glwl) = D(gw) O (I)*

It is a classical result on Cartan connections that any flat parabolic geom-
etry is locally isomorphic to the homogeneous model G/P. So any natural
operator on the category of flat parabolic geometries is uniquely determined
by its value on the homogeneous model G/P, i.e. the parabolic geometry
(G — G/P,w). An operator on the homogeneous model extends to a nat-
ural operator on the category of flat parabolic geometries if and only if it
is natural with respect to all automorphisms of (G,w). The left multiplica-
tion by an element of GG induces an automorphism of the principal bundle
G — G/P and by left invariance of the Maurer-Cartan form this actually
is an automorphism of the parabolic geometry (G,w). On the other hand,
the only smooth maps G — G, which pullback the Maurer-Cartan form to
itself, are the constant left translations. Thus G is exactly the group of all
automorphisms of (G,w). This group has a natural action on sections of all
homogeneous bundles G xp V for some P-representation V. This action is
defined by g - [¢/,v] = [g¢’, v] and lifts the action of G on G/P. We see that
an operator on the homogeneous model extends to a natural operator on the
category of flat parabolic geometries if and only if it is equivariant for the
G-action just defined.

Usually, the question on more general natural operators is then posed
as the question of the existence of curved analogs of invariant operators.
An invariant operator of order r is then induced by a P-module homomor-
phism J"E, — F,, which does not factor over J"~'F,. Now the kernel of
the projection J"E, — J"'E, is the bundle S"T*M ® E, so it corresponds
to the representation S"p, ® E. Thus the invariant operator gives rise to
a homomorphism S"p, ® E — F of P-modules, which in turn gives a G-
equivariant homomorphism between the corresponding homogeneous vector
bundles, which is precisely the symbol of the operator we started with. But
this P-module homomorphism induces a homomorphism of associated bun-
dles on any parabolic geometry, so for any parabolic geometry (G,w) over a
manifold M, we get the corresponding homomorphism S™T*MQEM — F M.
Now a curved analog of an invariant operator is a natural operator such that
for each (G,w) the symbol of D(g,) is the above homomorphism.
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4.5.2 Semiholonomic jets and strongly invariant oper-
ators

It is possible to define for each P-representation V its 1st jet prolongation
J1(V) in such a way that JY(G xp V) =G xp J'(V). As a Gy-module, this
decomposes as JH(E) X E® g* @V, see [3]. J' can be made into a functor
on the category of P-modules.

Since we have posed no conditions on the representation V, we can iterate
the functors J! on the associated vector bundles as well as the functors J*! on
the P-modules. Then the r-th iteration J'...J'!M is an associated bundle
to G corresponding to the P-module J!... 7'V. Let us look more carefully
at J'J'V and J'J'V M. There are two obvious P-module homomorphisms
J'TW — J'V, the first one given by the projection p sy defined on each
fist jet prolongation by projection to the first component, and the other one
obtained by the action of J' on py. Thus there is the subbundle J2V in
JYTYV, on which these two projections coincide. As a vector space and
Go-module, ew have

TV=V@ & Ve (g 2g V).

The two P-module homomorphisms J!(py) and p 1y give rise to vector bun-
dle homomorphisms J'J'VM — J'W M, which are just the two standard
projections on the second nonholonomic jet prolongation. So we conclude
that the second semiholonomic jet prolongation J2V M is naturally isomor-
phic to G xp J?V.

Iterating this procedure, we obtain the r-th semiholonomic jet prolonga-
tion and J(J"V) equipped with two natural projections onto J'(J"~1V),
which correspond to the usual projections on the first jet prolongation of
semiholonomic jets. Their equalizer is then the subbundle TV, As a
Gy-module

TV =P@g aV)

i=0
Suppose that V and W are representations of P and suppose that & :
J"(V) — W is a homomorphism of P-modules. Then for any parabolic geom-
etry (G,w) we can define a differential operator D(g ) : I'(VM) — I'(WM)
in a canonical way, see [3]. This gives us a natural operator on the category
of all parabolic geometries of order < r. The operators arising in this way
are called strongly invariant operators.
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4.5.3 Twisted covariant derivative and exterior covari-
ant derivative

Any representation V of G is a representation of P by restriction. These
representations have one interesting feature in the case of the homogeneous
model since they give rise to trivial homogeneous bundles. To see this, we
associate to any element v in a representation V of GG a global nonzero section
of the associated bundle G xp V. To do this, we just have to specify a P-
equivariant map G — V, and we define this map simply by g — ¢~'-v. This
map is even G-equivariant and not only P-equivariant.

There is a simple generalization of this result. Suppose that W is any
representation of P. Then sections of W (G/P) are in bijective correspon-
dence with P-equivariant maps G — W. Now we define a map on sections
of homogeneous bundles

r'wW(G/pP) @V —T(W(G/P)® V(G/P))
sRu (geG—s(g)®@g-v)

This is an isomorphism of G-modules. In particular, this implies that if
W’ is another P-representation and D : I'(W(G/P)) — I'(W'(G/P)) is an
invariant differential operator, then we can pull back

D®idy :T(W(G/P)) @V =T (W'(G/P)) @V
along these isomorphisms to get an invariant operator
Dy :T(W(G/P)®V(G/P)) - T(W'(G/P)® V(G/P)).

This operator is called the twisted invariant operator corresponding to D
and V.

Notice that the above isomorphism between the spaces of sections of the
associated bundles induces an isomorphism J"(W) @ V =2 J"(W @ V) of
P-modules, for all P-modules W and G-modules V and all orders r. Thus,
for strongly invariant operators D, we may extend the construction of the
twisted invariant operators to natural operators Dy acting on all geometries
(G,w) of type (G, P) and the resulting operators are again strongly invariant.

The standard exterior derivatives d on the differential forms on G/P are
first order invariant operators, so we can apply the construction above to get
the twisted exterior derivatives

dy : T(A"T*(G/P) @ V(G/P)) — T(A""'T*(G/P) ® V(G/P))
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forn =,...,dim(G/P). The operators dy are strongly invariant, so we obtain
a canonical curved analog. We may obtain another curved analog as follows.
For any parabolic geometry (G,w) on M, we consider the extended bundle
G = Gx pG, which is a principal G-bundle over M. It is a classical observation
that the Cartan connection w induces a principal connection @ on G. If
V is a representation of G, we can view the corresponding natural bundle
VM =G xpV alsoas VM = G Xq V, and thus we have the induced linear
connection on this bundle. The covariant exterior derivative with respect
to this connection gives a natural operator on V M-valued forms on M. If
s:G — AFp, ® V is the equivariant function corresponding to a k-form ¢
on M, then the value of the latter operator is a (k + 1)-form on M, given by
the formula

k
das(u)(Xm SR 7Xk) = Z(_l)l ?(is(u)(X(J? s 7Xi7 s 7Xk)+
i=0
+ > (1) s(u) (X3, X5, Xoy - Koy X X
i<j
where Xo,..., X, €g_, ue g, V“;J(is(u) means the derivative of s in the di-

rection of the horizontal vector at u determined by X, and there are standard
omissions of arguments in the expressions on the right-hand side.

These operators coincide with the twisted exterior derivatives on the ho-
mogeneous space but they differ in general. The explicit general comparison
is as follows:

Lemma 4.5.1. Let V be a G-module, VM the corresponding natural vector
bundle over a manifold M equipped with a parabolic geometry (G,w). The
covariant exterior derivative d* on A¥T*M @ VM, k > 0, and the twisted
exterior deriwative dy on the same space satisfy

dd)¢ =dvyp +isx ¢

where k_ s the torsion component of the curvature of w and i,_¢ s the usual
insertion operator, i.e. the alternation of ¢(k_(Xo, X1), Xo, ..., Xx) over the
arguments.

Proof. See [3]. O
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4.5.4 BGG sequences

We have already defined the Lie algebra cohomology. Let V be a represen-
tation of G. Then we have the complex (C"(g_,V),0) with corresponding
cohomology H™(g_,V) and Kostant codifferential 0*. We define the Lapla-
cian
H=000"4+0"00
Then for each n this is a Gg-endomorphism of C"(g_,V). Moreover, the
adjointness implies that ker(d) = ker(9)Nker(0*) and we have a Gy-invariant
splitting
C"(g—,V) =im(0) & ker(0) & im(0")

This implies that the cohomology group H"(g_,V) is isomorphic as a Gy-
module to the subspace ker((J) € C™(g_,V). Moreover, the situation be-
tween 0 and 0* is completely symmetric, so we can as well compute the co-
homology groups H*(g_, V) as ker(9*)/im(0*). This is more suitable, since
0* is even a P-homomorphism. This also implies that (even as Gy-module)
the cohomology group H™(g_,V) is dual to H"(py,V*). Thus we have a
canonical action of P on the cohomology groups H™(g_, V). This module is
completely reducible, see [3].

Let us put Hf, := H"(g_, V) as a representation of P. Then it is possible
to construct a sequence of strongly invariant operators

DV

0 — DHOM) 2 D(HL M) 2 - 2 DEE™ Py 5 0

called the Bernstein-Gelfand-Gelfand sequence or the BGG sequence deter-
mined by the G-module V.

All bundles in this sequence correspond to completely reducible repre-
sentations of P, so they all split into direct sum of bundles corresponding
to irreducible representations. The construction applies to both real and
complex setting.

Theorem 4.5.1. Let (G,w) be a real parabolic geometry of type (G, P) on a
manifold M,V be a G-module. If the twisted de Rham sequence

0— QUM VM) B QY M VM) L . K QamG/PY (A1 VM) — 0
1s a complex, then also the Bernstein-Gelfand-Gelfand sequence
0 — D(HOM) 2 D(HLM) 2 - 2 D™ Py 0

1s a complex, and they both compute the same cohomology.
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Proof. See [3]. O

Corollary 4.5.1. Let (G,w) be a flat real parabolic geometry. Then for any
representation V of G the BGG sequence

0 — DHOM) 2 D(HL M) 2 - 2 DI Py
1s a complex, which computes the twisted de Rham cohomology of M with
coefficients in the bundle VM, which is defined as the cohomology of the

complex given by the covariant exterior derivative with respect to the linear
connection on V Minduced by the Cartan connection w.

Proof. See [3]. O

We may always consider the obvious flat parabolic geometry on the trivial
P-bundle over RY™(G/P) > g (ie. the big cell). In this case, the twisted
de Rham cohomologies are obviously zero, so the above Corollary provides
global resolutions of the constant sheaf V in this case. Important for us is
that the kernel of the operator DVTI'(HYM) — T'(H{M) is as a G-module
isomorphic to V.

It is obvious that we can complexify the bundles and the operators above
to obtain the ’complexified’ BGG resolution.

4.5.5 Relation between BGG and the Hasse graph

We know that we may consider the BGG operators acting between some ir-
reducible bundles, which correspond to some irreducible P-modules. We will
denote these representations by minus the lowest weight - i.e. the highest
weight of the dual representation. Similar notation will be used for represen-
tations of G.

Definition 4.5.1. Let w € W, and A be a weight for g. The affine action of
w on A is given by
w-Ai=wA+9)—9

Let us fix a G-module V with minus lowest weight A\. Then the bun-
dles H'(g_,V) decompose as the direct sum of bundles corresponding to
irreducible representations of P with minus lowest weight w - A, w € WPF,
¢(w) = i. These weights can be computed as follows. Choose a path in the
Hasse graph from the identity to the given element w, take the weight A, start
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at w and in each step apply the reflection corresponding to root labelling the
arrow ending at the point you are, going back from w to the identity. This
recipe can be found in [5].
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Chapter 5

CR structures as parabolic
geometries

5.1 Parabolic contact structures

Let M be a (2n+ 1)-dimensional contact manifold. We may say that contact
manifold is a filtered manifold with TM = T-2M > T-'M with T-'M
being the contact subbundle H C T'M. Its symbol algebra will be called the
Heisenberg algebra bo, 1. Let us denote ) := TM/H. We know that the
Levi bracket £ : H x H — () is nondegenerate.

Proposition 5.1.1. Let H C TM be a contact structure on a smooth
(2n + 1)-dimensional manifold M with the quotient bundle Q@ = TM/H.
Let p: E — M be the natural frame bundle for H & @ with structure group
Autgr(bany1). Let L : A*H — Q be the Levi bracket and let AfH C A*H be
the kernel of L.

1. Locally, there exists a contact form «, which has H as its contact sub-
bundle, and thisd form is unique up to multiplication by a nowhere
vanishing function. In particular, contact structures have no local in-
variants. There exists a global contact form « for H if and only if the
quotient bundle Q is orientable and hence trivial.

2. Any principal connection on E is completely determined by the induced
connection on H. A linear connection on H arises in this way if and
only if the induced connection on A*H preserves the subbundle AZH.
These connections are called contact connections.
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3. If a € QY (M) is a contact form with contact subbundle H, then there
is a unique vector field v on M such that o(r) = 1 and i,da = 0. In
particular, o induces an isomorphism TM = H & Q).

4. Given « as above, there is a linear connection V on T'M such that V
preserves the subbundle H, Va = 0, Vda = 0 and Vr = 0 and such
that the restriction to H is induced by a principal connection on E.

Proof. See [1]. O

Let (F,0) be a regular infinitesimal flag structure of some type (G, P)
corresponding to a contact grading. Then choosing a Weyl structure, we get
an identification TM = H & Q and a contact connection V# on H, which
is compatible with the additional structure induced by F. This connection
determines a connection on () via VL = 0, and so a linear connection on
TM. Since () may be used as a bundle of scales for any parabolic contact
geometry, we see that there is a one-to-one correspondence between exact
Weyl structures and contact forms on M.

5.2 Partially integrable almost CR structures

For p+ ¢ =n > 1 we consider the real form su(p + 1,q + 1) of sl(n + 2,C).
We choose the Hermitean form on C"*2, which is given by

p

n
<(Z07 s 7Zn+1)7 ('lU(), s 7wn+1)> = Z_Own-‘rl + “n+1Wo + Zzw] - Z Z_jwj
=1 j=pt1

Denoting by I = I, be the n x n-diagonal matrix with the first p entries
equal to 1 and the remaining entries equal to -1, we can represent the Lie
algebra in block form with blocks of sizes 1, n and 1 as

@ Z 2N decu,aeCXeC",ZeCm
T L ER;a+trA—a=0
ic —X"1 -a 7,2 €Ra+trd—a=

The grading components are indicated by

g 9 o
gt g0 ¢f
g2 9% 9o
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From this description it is easy to see that the Dynkin diagram of p¢ is
>€. . .%<

Rather then the splitting of g..; into two irreducible pieces, we have a complex
structure on these subspaces. After complexification, the splitting into two
components is recovered as the splitting of g4; ® C into holomorphic and
antiholomorphic part. The bracket g_; X g_1 — g_o is given by [X,Y] =
Y*IX — X*TY, so this is minus twice the imaginary part of the standard
Hermitean inner product of signature (p,q). Note that this is compatible
with the complex structure in the sense that [iX, Y] = [X,Y].

As a group with Lie algebra g, we take G = PSU(p + 1,9 + 1). The
parabolic subgroup P is then the stabilizer of the isotropic complex line
generated by the first basis vector. (This automatically stabilizes its ortho-
complement, which is a hyperplane containing the given line.) The subgroup

c 0 0
Gy is given by block diagonal matrices, i.e. we have matrices [ 0 C 0
0 0 1/e

with ¢ € C\ 0 and C € U(n) such that cdet(C)/é = 1. We have to identify
matrices, which are multiples of each other, which leaves the freedom by a
multiplying by a (n + 2)nd root of unity. The adjoint action is given by
(¢, )+ (iz, X) = (|¢| %iz,c 'CX), which is complex linear on g_; and orien-
tation preserving on g_,. There is an p-dimensional subspace in g_; on which
X — [X,iX] is nonzero with all values of the same sign and a g-dimensional
subspace, for which the same is true for the opposite sign. Hence, if p # ¢,
then preserving the bracket and the complex structure on g _; implies that
the orientation on g_5 is preserved. For p = ¢, this is an additional condition.

Conversely, assume that A : g 1 — g_; is a complex linear isomorphism
such that [AX, AY] = A[X, Y] for some A > 0. Since the standard Hermitean
form of signature (p,q) is obtained as 1/2(i[X,iY] + [X,Y]), we conclude
that A has the same compatibility with that Hermitean form. In particular,
|det(A)|? = A™. Now choose ¢ € C such that |c|*c™""? = det(A). Then we get
|det(A)|? = |¢|7*® = A", and since A > 0, this implies A = |c¢| 2. Hence cA has
the property that [cAX, cAY] = [X,Y] and hence cA € U(n). But then A is
realized as the adjoint action of (¢, cA) and cdet(cA)/c = ¢"T2|c|"2det(A) = 1
as required. In this procedure c is only unique up to multiplication with an
(n 4+ 2)nd root of unity.

A regular infinitesimal flag structure (and hence a regular normal pa-
rabolic geometry) of type (G, P) on a smooth manifold M of dimension

50



2n+ 1 is equivalent to a contact structure H C T'M together with a complex
structure J on H such that £(J&, Jn) = L(&,n) for all £,n € T'(H). If this
last condition is satisfied, then identifying the fibre @), over x € M with R,
the map £ is minus the imaginary part of a Hermitean form, and one requires
that this form has signature (p,q). If p = ¢, one in addition has to choose
an orientation on () (which requires () to be trivial). Since as a complex
vector bundle H is canonically oriented, this is equivalent to choosing an
orientation on M. For p # ¢, this orientation is automatically chosen by
deciding between the signature (p,q) and signature (g, p).

We rephrase this in the language of CR geometry. Given a real smooth
manifold M of dimension 2n + 1, a rank n complex subbundle (H,J) in
TM is called an almost CR structure of hypersurface type. The almost CR
structure is called nondegenerate, if H defines a contact structure on M.
Next, we have the condition that £(JE, JJn) = L(&,n) for all £,n € H. This
condition is not very often used in CR geometry, since it is implied by the
integrability condition. One usual terminology for this condition is partial
integrability. Then £ becomes minus the imaginary part of a Hermitean
form and choosing an orientation on (), the signature of this form is called
the signature of (M, H,J). Hence, regular normal parabolic geometries of
type (PSU(p+1,q+1), P) are equivalent to oriented nondegenerate partially
integrable hypersurface type almost CR structures of signature (p, q).

Theorem 5.2.1. The category of oriented hypersurface type CR structures
of signature (p,q) is equivalent to a category of torsion-free reqular normal
parabolic geometries of type (PSU(p+ 1,q+ 1), P).

Proof. See [1]. O

5.3 The CR sub-Laplacian

We have an n-dimensional complex vector bundle H'* ¢ TM ® C and its
conjugate H*' C TM @ C. Define AY® ¢ T*M ® C by A0 = (H%1)L.
The canonical bundle K := A"'(A1?) is a complex line bundle on M. We
will assume that I admits an (n + 2)nd root (for this we have to pass to
the group SU(p+ 1,q + 1)) and we fix a bundle denoted £(1,0), which is a
—1/(n+ 2)-th power of K. The bundle &(wy,ws) := (£(1,0))** ® (£(1,0))*2
of (wq,wsy)-densities is defined for wy,wy € C satisfying wy; — wy € Z. If
E(1,0)\ {0} is viewed as a C*-principal bundle, then £(wy, w,) is the bundle
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induced by the representation A — A™“'\"%2. As a representation of P,
this is the one-dimensional irreducible representation (and thus irreducible
representation of Gg) given by p((¢, C)) = ¢=*1¢="2. The bundle @ ® C may
be identified with £(1,1).

Assume we have given a contact form a on M. Then we can view @)
as a trivial R-bundle over M. Using this identification, we may view the
Levi bracket as minus twice the imaginary part of some Hermitean form
h of signature (p,q), i.e. a pseudoscalar product on H, which we can use
to upper and lower indices. We also have the corresponding exact Weyl
structure and, in particular, the corresponding Weyl connection satisfying
Va =0, Vda = 0, Vr = 0 and VL = 0. The last equation implies that
Vh = 0. This connection preserves the splitting TM @ C = H'Y® H"' & (r).
Let {X,} be a basis of H'? and {X4} the corresponding basis of H%!. We
will use indices «, @, 0 for components with respect to basis {X,, Xa,7}. If
f is a (possibly density-valued) tensor field, we will denote the components
of the (tensorial) iterated covariant derivatives of f by preceding V-s, e.g.
VaVy -+ Vzf. Such indices may alternately be interpreted abstractly.

Definition 5.3.1. Let M be a (2n+1)-dimensional CR manifold with contact
subbundle H, a contact form « and the corresponding Weyl connection. Let
wy and wsy be complex numbers such that wy, —wsy € Z and n 4+ w; +wy = 0.
Then the CR sub-Laplacian is the operator A : (wy, wg) — E(wy —1,wy—1)
given by

A(f) = 5[V Vark VoV +ilur —uz) Vo~ e 2(7;(1)11;(;01) 5

where R is the scalar curvature with respect to h.

Using the very flat Weyl structure on the big cell, the last two terms
vanish, since the connection is flat. This definition coincides with that in [8].

5.4 Symmetries of the sub-Laplacian

Definition 5.4.1. The symmetry operator of A is a differential operator P
such that
AP = 6A

for some differential operator 9.
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It is easy to see that any operator of type DA for some differential op-
erator D is a symmetry operator of A. But these operators act trivially on
the solution space of A. Ergo it is useful to introduce certain relation of
equivalence on the vector space of all symmetry operators of A.

Definition 5.4.2. Two symmetry operators P and P of A are called equiv-
alent, if there exists a differential operator D such that P — P = DA

Lemma 5.4.1. The vector space of equivalence classes of symmetry operators
forms an associative unital algebra with multiplication being the composition
of differential operators.

Proof. We need to show that the operation of composition of differential
operators preserves the vector space of symmetry operators and respects
their equivalence. If P; and P, are two symmetry operators, we must gind a
differential operator 6 such that

From the definition of the symmetry operator we see that there are differential
operators d; and d, satisfying the relations

AP =0 A AP, = 0A
Substituting these relations into 5.1
AP Py, = 01AP, = 616,A

we see that we can put d = d10».

The second part states that the composition PPy of two symmetry op-
erators P, P, (equivalent to P, and P, respectively) is equivalent to Py P;.
In other words, we are looking for some differential operator D such that
PP - f’lpg = DA. If we establish operators D;, Dy and J, in an obvious
manner, we get

PPy~ PPy, = (D\A+P)P,— Pi(P,—DyA) =
- DlAPQ -+ PlpgA -
= (D62 + 1f)11)2)A

and hence we can put D = D10y + Png. O
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5.5 BGG sequences for CR structures

We will need BGG sequences for representations of type o8 ... 8 5
This representation is dual to itself, so minus the lowest weight is simply the
highest weight. To get a feeling how the Hasse graph looks like in general,
we write it down for n = 1,2. In the sets we only note the indices of the
roots. The order of positive roots is given form top to bottom in the matrix
representation of g.

For n = 1, we have two simple roots «; and s, and we number the
additional positive root by asz = a; + as:

{1} = {1,3}

e

—={2,3}

For n = 2, we have three simple roots a1, as and ag, and we number the
additional positive roots by ay = a1 +as, a5 = as+az and ag = a3 +as+as:

{1,4y —2%{1,4,6}

>< {1,3,4,6)
K

1,3} —2%{1,3,6 {1,3,4,5,6}

>< 5 %
{1,3,5,6}

{3,5} —%{3,5,6}

From these two examples we see that the first operators in the complexified
BGG sequence correspond to reflections according to the two simple roots
represented by the extremal nodes of the Dynkin diagram of gc. Know-
ing how to compute the simple root reflections of any weight, we see that

/\,,/\
/“\/

\
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the beglnnmg of the BGG sequence corresponding to the representation
o8 ... 8 Slooks like

-a-2 a+b+1 b a
a b b a a b b a/l
\la b a+b+1 -a-2

The section of the bundle 228" .. 8 $is (modulo weights) a tensor field

ver-adid from SPHM @ SY(HM*) (HM* is up to weight isomorphic to
HM), which is totally trace-free. The upper operator looks like

yer-endiads y the trace-free part of oler | grat1/CataCatbr1)dr..dp
modulo curvature terms and the lower operator is the conjugate one:
yer-adid oy the trace-free part of Pl . glatiydatzdatpr)er ey

modulo curvature terms.

It can be easily seen from the fact, that if RO 8 Kis an irreducible
P-representation, then it is an irreducible G-representation, and the corre-
sponding G*-representation is given by deleting all crossed nodes and edges
connecting to them in the Dynkin diagram notation. We shall note that the
order of these operators is always a + 1.
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Chapter 6

The ambient construction

We want to describe symmetries of the CR sub-Laplacian on the CR quadric.
We will work on the big cell with the very flat Weyl structure. Since none
of what will follow depends on the signature of the CR structure, we will
consider general signature.

Let’s consider C"™1 (2!, ..., 2" 2°°) with Hermitean metric of the form

gap 0
0 O

and consider a submanifold M of C"™ given by > " | 2%z, + 2> + 2 = 0.
On the manifold M we shall define a CR structure. In coordinates the
submanifold M looks like (z%,..., 2", —>"" | 2%2,/2 +i0). In terms of coor-
dinates on C"*!, the coordinate vector fields on M look like {90 — 20, —
%.0.=}, their conjugates, and d, = i(0,~ — 0,=). The contact subbundle
HMY c (TC*)1Y has basis {0, = 0.« — 2,0,<,a = 1,...,n}, since it
has to formed by complex linear combinations of coordinate vector fields
on M, which form holomorphic vector fields on C"*!. The commutator
[0a, O] = [02a — 230,00 — 2p0,00] = igap0y. This is the only nontrivial
commutator. We will work mostly with vector fields 05, Jy, the coordinate
vector fields 0.a, 0,5 will be without use.

Definition 6.0.1. Let M be as above. The ambient space for M is C"?

(29,21, ..., 2", 2*) with non-degenerate Hermitean metric gz5 of the form

0O 0 1
0 ga O
1 0 O
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We will denote

The term ambient will be used when referring to the objects defined on

some open subset of crt2,
guished by tilde Af = g429,05.

Definition 6.0.2. Let

r = gapriz?

The ambient Laplace operator will be distin-

(6.1)

be the quadratic form associated to the ambient metric g45. The null cone

N is the zero set of r.

N = {z € C""?r(z) = 0}

Now consider the mapping ¢ : M — C**2 given by

(2%, i0) —

a .
—22 4 g

:gbA

The mapping ¢ is actually a restriction to M of the embedding 2 : C**! —

C"*2 given by (z',...,2" 2%) — (1,2%,...,2", 2%).

(M) lies on the null cone and that this characterizes M in C"*.
Definition 6.0.3. Let 2° € C, p,o € R and 2* € C".

ZO

X4 = 202¢

22p — Za% +i0)

VA =0X4 =0

) 2
XA — ) ZOZ&
ZO (p _ z“;;a

o7

VA =0, X4 =

It is easily seen that

0 5a
270y

—ZOZb



o

_ _ - 1 + = _
n 0
z
X = (zﬁ(p — z;a — w),zﬁza,zﬁ) ZA= (zﬁ,Oa,())
Yap =0 Yap = <—26z5, 2gus. Oz)
2%, .
Xi= (zo(p 3 + m),zoza,zo) 7+ = (20,0570)
Yip=0 Vi, = (=22, 2°gan, Op)
Lemma 6.0.1.
2°%05 = (X +pZM) Zp + Z1(Xp + pZp) + Y'YV (6.2)

The mapping

50 o0
(20, 2, 2°) = 2020 =
a
ZO(ZOO— zQza) yoo
where z®° = p 4+ io, defines a change of coordinates, which, however, is
) ) ) )

smooth, but not holomorphic. We see that ¢(z%, ic) = ®(1, 2% ic) and the
identity (6.2) simplifies on the image of ¢ to

op = X475+ 24X + YAYS
Similarly for 5;;:
0 =X"Zp+ 2" X5+ Y'Y
Lemma 6.0.2. The operator E = 2°0¢ in the new coordinates is equal to

E = 2°9.0 (6.3)

58



Proof. For f(y*,y?) € C®(C"*2) we have

0 of of 22, Of
0, —
Mal = gt )
o, 0f 3f f
= (y*0af)o ‘I’
O
Here are some identities we will need later:
_ Oq azo - Z(C; 2% 7;;’00 2% Z;z%a 2% in
i = | o S0t g0+ 0| | 20
—ZOZq Z—Oazoo —ZOZF
Z Z Q’F,
- (azq g . —Qazoo) 2058
2 2 0
—RZ ZF
O —
50 g
Similarly,
}/;BaBYqA — _gquA
ZBaB - azoo
7805 = 0.«

Definition 6.0.4. Suppose that F'is a smooth complex-valued function de-
fined on the neighbourhood of the origin in M. Then for any pair (wq, ws) €
C?, st. wy —wy EZ

F(D(2°, 2% i) = (2°)“1 (%) 2 F (2%, io) (6.8)

defines a smooth function on a conical neighbourhood of (1,0, 0) in the null-
cone N. Conversely, F' may be recovered from f by setting 2z = 1. Hence,
for fixed (wy,ws), the functions F' and f are equivalent.
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Remark 6.0.1. If we view '\ {z = (2°,...,2°) € N : 20 = 0} as a prin-
cipal C*-bundle over M, then we can represent the sections of £(wy,ws) as
equivariant functions on the null-cone. But these are exactly the (wq,ws)-
homogeneous functions as defined above. Having in mind that we are working
with the very flat Weyl structure on M, we can identify densities of arbitrary
weights with functions when working on M.

We want to use the ambient construction to represent differential oper-
ators on M by much simpler ambient differential operators. In order to be
able to apply ambient differential operators to f, we need to extend it from
the null-cone to the whole space or at least to some open (in C"*?) neigh-
bourhood of (1,0,0). There are infinitely many choices for such an extension
even if we restrict ourselves to the homogeneous ones. Nevertheless, any two
such extensions will differ by a very convenient factor.

Lemma 6.0.3. Let f andf be two smooth (wy, ws)-homogeneous extensions
of F' on some open neighbourhood of (1,0,0). Then there exists a smooth
(wy — 1, wy — 1)-homogeneous function hsuch that (f — f) (y*) = r(y)h(y?),
where 1 is defined by (6.1).

Proof. 1f we perform coordinate transformation
(" 9% y™) = (W yr +ip) = (4 u" vy + Y )

we will be dealing with 2 functions equal on the real hyperplane » = 0. For
any smooth complex-valued function k& on C"*2 holds

1
: : d :
k(' ", +ip) = k(4" 4", ip) +/ Ry b+ ip)dt =
0
1
ok Ok

=k 07 a7i +T/ a/. . N 07 avtr"i_i + ——
(v, 9", ip) 90 i) vy P) 3 —ip)

So if we take k as the difference of two (wy, wz)-homogeneous extensions of
F, we will have k(y°, 4%, ip) = 0 and thus it follows that f — f = rh. This h
has homogeneity (w; — 1,ws — 1), because 7 has homogeneity (1,1). O

(y°,y", tr + ip)dt

Remark 6.0.2. The classical chain rule formula gives

OuF = 0u(f 0 ¢) = (0u0P0pf + 0,0505f) 0 ¢ =
(YPOpf) oo = (0uf) oo
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OaF = 0u(f 0 9) = (0a0"05.f + 0a0"0p) 0 ¢ =
(Y 0pf) 06 = (9af) 0

05 F = 05(f 0 ¢) = (0500 f + 050" 0af) 0 ¢ =
(1D f =0 f) 0 0 = (0,f) 0 &

Lemma 6.0.4. For homogeneous function h on C"2 of bidegree (w;—1, wy—
1) holds

A(rh) = rAh + (n + w; + wy)h

Proof.
A(rh) = g*P040p5(rh) = g*P0a(zgh +r0gh) =

= gAB<gABh + x504h + x205h + 1r0405h) =

= (n+2)h+2"0sh + 22050 + rAh =

= (n+2)h+ (w — Dh+ (wa — Dh +rAh =

= rAh+ (n 4wy +wq)h

[

It immediately follows that for n+w; +ws = 0, then Af |» depends only
on the restriction of f to the null-cone and hence it depends only on F. This
defines a differential operator on M.

Theorem 6.0.1. Let F' be a smooth complex-valued function on some open
neighbourhood of 0 € M and let f be the smooth homogeneous function of
bidegree (wy, wy) that corresponds to F wvia (6.8) and is defined on some open
neighbourhood of (1,0,0) € C""2. Then the following equality holds

(Af)o¢=AF
where A is the CR sub-Laplacian.
Proof. Using the equation (6.2) we obtain

(9"70a05f) 0 ¢ =
= [(X*Z7 + 2 X )00 + ¢"Y,Y,)0405] 0 6
Now the first term gives

(XAZE + 2AXP)0,05 =
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—ZMOaXP)05 + 204X P05 — ZB (05X )04 + ZP05 X0, =
220, X805 + ZP05X40, =
ZA0AR + ZP5E

applied to f and evaluated on the image of ¢. Let us recall that Z494 = 0,

and ZB0z = 0.=. The second term is
(97Y;¥204051) 0 6 =
G 04V~ Y 04Y)05) S ) 0 6 =
= (9" 0avP0pf + Z25051 ) 0 6 =
= (970,00 + 50:2f ) 0 0
Another way to compute the second term is
(97v#Y;20504f ) 0 6 =
9T Y,PogY, 04 — YFB((()BY(;AWA]JC) 0¢ =

VRS

N

= <9quféaéquaAf + gZAaAf> °0¢p=
= (970:0, + S0:f ) 06
2

We will take as the second term one half of their sum

1 . n

(139700, +9,00) + (0.~ + 0.2)]f ) o0
Altogether we get
(Af) o ¢ = (w10 f + wrdo f) 0 G+
+ ([%(&&1 + 8(10;) + 5(8260 + 6200>]f) ©] ¢ =

qr _
- ([%(aqarJraraq) + w@) +2.w1 . wz&,]f) 0=
zgm@+@mw+ﬁﬂlﬂﬁap

which completes the proof. We have only used the fact that 2> = p+io.
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Chapter 7

Ambient construction of
symmetries of the
sub-Laplacian

In this chapter we first characterize the symbol of a symmetry of the sub-
Laplacian (modulo equivalence) and then we will construct ambient differen-
tial operators commuting with A, which also commute with multiplication
by 7, and so inducing operators (symmetries of the sub-Laplacian) on M.
We shall prove that we can construct all of them this way. Sometimes we
will for brevity write 'symmetry’ instead of 'symmetry of the sub-Laplacian’.

7.1 First order symmetries

Lemma 7.1.1. The first order operators x ;05 — xpd; commute with A and
with r.
Proof.
9“P0cOp (x40 — x50s) =
= ¢“P0c(24050p — gppds — w50a0p) =
= ¢°P(91c080p + 120p0c0p — gppdide — vp0x000p) =
= g0 (2405 — 1503)0c0p + 0505 — 0405

Similarly, using that r = 2424 = 2424,

(fL"AaB - $33A)$CZUO =
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zi0p + 2320005 — xpr i — rxlrod;
]

Now we know that any complex linear combination of such operators, i.e.
any operator of the form V24 (2105 — xpdz) commutes with A and r, and
hence induces a symmetry of the sub-Laplacian on M. For convenience, we
give a description of the real operators between them:

Lemma 7.1.2. The operator of the form D = VBA(1 105 — xpd31) is real
(D = D), if and only if the matriz VB4 is skew-Hermitean (represents an
element of AVIC™2), j.e. VBA = V4B,

Proof. If we substitute for D into the equation D = D, we get
W(@;@B — 2504) = VB2 305 — x505)
After relabeling the indices, we have
W(@@B —xp0a) = VAB(:UgﬁA —x403)
which completes the proof. [l

The vector space of first order operators we have found so far, is clearly
isomorphic to u(C""2, g). The operator corresponding to the central element
is

igPN (2108 — 2507) = i(zP0p — 105)
which induces on M scalar multiplication by i(w; — ws) on functions with
weight (wy,ws). Since scalar multiplication is not very interesting operator,
we will restrict ourselves to operators corresponding to su(C"*2 g).

Every real first order symmetry of the sub-Laplacian can be written in
the form

Ve, + VO, + V70, +V
where the reality condition reads as V¢ = V¢ Vo =V? V = V. Composing
it with the sub-Laplacian, we get:
1 qr Z(wl — wz) c c o
[59 (0407 + 070,) + Ta,, V. +VO0:+V°0, + V] =

1 _
= §gq7’ [incaqgfcﬁg — Qchafggqaa]—l—
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S0V 1OVI00.+ (BV)0,0.+ 0,0,V )+

507 (0V)0,0+ (0,V)050. + (2,0, +
g7 [0,V + 0V, 2, + 0,0,V +
+%nga,zv'f)aqaE - (0,V7)00s + (9:0, V)] +
LTIV, + OV, + 0,0V IO+
g7 OV )05 + O,V + (210,V 7))+

—_

+=g97[(0,V)0r + (0:V)O, + (0,0;V)]+

— DN

+59" [0:V)0, + (0,V)0; + (8:0,V)]+
+M[(agvﬂac + (05V) e + (05V7)05 + (95V)]

The leading term of the commutator is

(09V)0,0 + (07V®)0:0- + %(aqvf + 0TV (0,0r + 0:0,)+ (7.1)
HOVT + V0,05 + (VT — V70,0, (7.2)

Lemma 7.1.3. Let V0. +V 9+ V70, be a symbol of some symmetry. Then
we have

Ve =9V (7.3)
Vo= gV

0 =9V =9t ye

0= 0@y = —jgaghye

Proof. This is an easy consequence of 7.1. We want the leading term be

of the form %gbau(aaﬁb + 0y0;) for some function p. This means that the

coefficients at 0,0., 0:0:, 0,0, and 070, to vanish. But this is equivalent to
the statement. O

Remark 7.1.1. We have
0"V + 0PV =i[0P, 0"V = g0, V"
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so = 0,V°.

We see that the symmetry (its symbol) is completely determined by V7.
Now we write down the operator induced by VP4(X 105 — Xpdz) on M:

VBA(X 40 — Xp04) = VEA(X 40500 — XpoP0p) =
= VBAX (X Z + Z°Xp + YOYE) 00—
—VPAX(XPZ5+ ZPX 1+ YPY)0p =
= VBAX 1YY L0 — VEAX Y Y POp+

+VBAX 1 X5(Z2%00 — ZP0p)+
+VBAX 1 ZpE — VPAX 5 21K

If we want it to be in the form V€9, + V€0, + V?9, + V, we shall put

ve = VPAX,YE (7.4)

Ve = —VBAXpYS
VT = VPAX,Xp

These functions fulfill the conditions (7.3) on the symbol of a symmetry. Here
we have used that 0, = 0.c — 5 0.~ + 50, = YC0c.

It may be interesting to write down the basis of first order symmetries
using the ambient construction. We write the real basis of real symmetries,
and it can of course be used as complex basis of complax symmetries. All
the symmetries are of the form VP4(X 305 — Xpdjz), where VB4 is a skew-

Hermitean matrix and

Xi= ("%~ Zgza)azoza,zo) = (X, Xa, X)
Xp= (- Z;a),zﬁza,zﬁ) = (X0, X4, Xoo)

Here we shall emphasis that the coordinate vector fields 0,: are not holomor-
phic, whereas the generators of the contact subbundle 0; = 0,; + i%@a are
holomorphic. As the matrix V534 we will take in turn all the basis vectors of
the trace-free skew-Hermitean matrices:

Let V°°* =i be the only nonzero entry. Then

VBA(X 10 — Xpd;) =
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= (e — D) =
—= 80,

Let V**° = —V%° = 1 be the only nonzero entries. Then

VBA(X 105 — Xp0y) =
Za Zan L L Fag L Fag
aza + Eazoo + Eazoo Zaazoo Zaaz + 8,2 -+ 5 az + 9 (9Z

== aza + 8271 —I— —2(26 2_ Za) 80_ =
— 9+ 0+ Ty,

]

Let Vo = V9 = j be the only nonzero entries. Then

VBA(X ;05 — Xp0s) =

i0,0 + z%azoo 4 z‘%&zo—o 2,0 + 120,00 — (0.8 — z’%azoo - z’%@zo—o -
= i(aza — aZEL) —|— Za ; Zaao g

= 1(0y — 0a) + (24 + 24)0s
Let V0% = —V/9% — 1 be the only nonzero entries. Then

VBA(XAaB — Xp0jz) =

0 a ) ZaZa o) Zaza
= 20,0 — 2%0,0 — 20,00 — —— 0y — (2% — 0,0 —
’ 2 ( 2 )
2%%, a ~ - 2%%,
—(2% — )0soe + 2200 — 2700 — 2705 — 5 Oyoo =
= Wy + Wy — 2°0,a — 2%0,a — 200, =
= —2%0, — 2°0, — 200, + wy + wo
Let V0% = V9° — _j and V' = 2; for fixed a be the only nonzero entries.

Then

VBAX 105 — Xp05) =

a

— —i2%0,0 + 12900 + 127000 + @Z;“ Do + (2% — 222“)02@ _
-4@*—2Z%@m+m%@—wﬁ@a—m®@®—@i?@w+
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223000 + sza%azw n 2¢za%azo—o 2,00 — zz'za%azoo QZzaZ;azo—o —

= i(wy — wy) + (2% + 225) 050 — i(2% + 22,)0.a =
= (2% + 225)0, — (2% + 224)05 + (2%24 + 22424) 05 + i(wo — wy)

Let V® = —V@ — 1 for fixed a < b be the only nonzero entries. Then
VBA(X 305 — Xp05) =

2g Za
= 230 + 5 Do+ 255 Do — 2005 za%a . bazoo _
Z z Za
—2q0.0 — Z&Ebazoo — ZaEbaz&’ + 20z + zbgé’zm + zb50z® =

= 25050 — 2,05 — 2500 + 2p0,a =
= 250, — 2405 — 200 + 200z + (232 — 2a23) 00

Let Ve = V3 = for fixed a < b be the only nonzero entries. Then

VBAX 105 — Xp0z) =

= 125050 + zzb 20,00 + zzb 2 “0,00 — 12405 — iza%ﬁ — 12, Z2b8zoo
+i250, + izaaazoo + zza§8250 — 120, — izb%@oo - izb%@@ =

= 125050 — 12,05 + 12506 — 12p0,a =
= 1250, — 12,05 + 1250p — 12,03 + (225 + 2226) 0%

Let V% = —V% = 1 for fixed a be the only nonzero entries. Then

VBAX 105 — Xp05) =

_ (00 Czca Oo_zczc zaa zczc ﬁ@*—
(2 2)z+(z 2)2z+< 2)2z
22,
— 242 8 o + 2%2,0, + 2,27°0,0 + 24— 5 Oyoo —
0 a 0o ZCZC
— 252 0,0 + 2225050 + 252700 + ZaTaz5o +
2z 22, 2a zcz 25
* “Y0.a 220,00 N0, =
2. . 2%z,
= —Z,We — Zzgwy + (— +i0)0, + (— 5~ 10)0ya +
425200 + 2,20, + (Uza _; o _ iz;c Za ; Za)f)o =
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2%z, . z¢
:@—2—H®@+0—

Za

2

2%z,

+(o(za + 23) — 1 5

—10)0a + 2a2°0c + 242°0: +

(26 — 2a)) 05 — 2qWa — ZzW1

Let V% = V% — j for fixed a be the only nonzero entries. Then

V(X 105 — Xp0,) =
o Zg i - B (e - g
22,

2
—i2,2°0,0 + 12724058 + 12,2700 + 12— 0yo0 +
2
. . . . 2%z
+i252°0,0 — 12925050 — 1252000 — 226708360 —

Za
= i(zaw — zqwe) — (0 + 1

=i(z

- 2%z,

(=% + 2%z,
—i(z 1
2

2

A

2

2= _
20,00 —i(2™
5 iz +

)00 — i(2° +i )88, =

2

22,

2

2%z, o 2°%. 20+ 25 . 24— Za
0,a 20, Oy =

5 )00 + 12,205 + ( 5 g T )

2%z,

)0sa — 1242°0,c —

—(o—1i

(0 + AR
=—(0c+1

2

2%z,

+(-5

V04 — 1242°0. — (0 — i )0 + 12420 +

(za + 2a) +i0(2q — 23))0s + i(25w1 — 24w3)

Let V% = be the only nonzero entry. Then

VBAX 105 — Xp05) =

00 _ ZRayig o0 Fg ZTg 0 FZag
iz (2 5 )(0z Z?z 20 . 9,0 =
0w 2% 5 2° z*° 2%z,
—ZZO(Z — )(aZO — ; La — ? o ﬁ Zoo) =
— +z’222“)w1 — (o — f;“)wz — i (— 20 4 i) 0, +
i (— 0 i0) 0 + (0F — 222, =

2 2
= —iz“(—z “o i0)0, + z’za(—Z;a —i0)0; +
(07 + 15N, — o+ i wn — (o — iy
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7.2 Higher order symmetries

Composing such first order operators, we get higher order operators with the
same properties. Concretely, we may write them like this:

‘/'131141 Ce ‘/SBSAS (xz‘haBl - xB1aA1) te (xAsaBs - staAS) (75>

From now on, we will denote the product of Vi-s by one tensor field VB141-Bs4s

The rest of the expression (7.5) will be simplified and from the simplification
we get symmetries of the tensor VBi41Bsds,

First, we compute the commutator of two first order operators. For this
purpose, we rewrite them as V2 (249p — x504), where VP € su(C"*? g):

V/ﬁl Az( 1410p, — 15,04 (2420p, — 13,04?)—
-Wy VBI( 205 — 15,0%2) (2410, — x5,0M) =
= VW (a210520p, + a1 a?20p,0p, — v ap,0p,0%7)—
—Vi f; (zp, 2201 0p, — x5, 051042 — xp,xp,0M042)—
— WV (242651 0p, + x4221 05,05, — 24225,05,0M )+
+WA2 e By (zp, 241040, — :L‘B25ch9A1 — xp,xp,0120%) =
= V{WEat0p, + VEWS 2,042 — WS V24205, — WV 15,04 =
= (VEWE - VBW) (2205 — 2p0*1) (7.6)
So we see that taking commutator doesn’t enlarge the vector space of symme-
tries. Therefore we can restrict ourselves to such tensors VBi41+Bs4s which

are symmetric in pairs B;A;. We will restrict to tensors, which are totally
trace-free.

7.2.1 Second order symmetries

Any second order operator on M can be written in the form

P - VClCQ 861 (962 + Vcﬁcz (851 802 + 602 8{31) + V6162 851 8@2 +
+V°0.0, + V<°3.0, + V0,0, + VO, + VO +V°0, +V

Commuting it with the sub-Laplacian, we get

[gab(arzab + 0p0z) + i(wy — we)0y,
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V20 Doy + VO2(02,00y + 00y0z, ) + V205 0z +
+V0.0, + V0.0, + V70,0, + LOTS| =
= 2(0°V)0,0,, Oy + 2(0"V )00z, Oy +
+(0V 2 4 GV IN) 0,00 Oy + (02V N + OV 2)D,, 0300, +
HOWV AR £ IVI2)D,, 0,05 + (02VEY + OV E2) 305, O, +
+H(OV®E 4 92V A9, 0y0z, + (07 VP + OV 2) 9, 0,y O+
+(45V A2 4 20V 27) 9, 0y O + (—41V A2 4 20V 7)) 05, 0y +
H(OMV 2T 4 92VA7) 0y, 00,05 + (0V 27 + 02V 1), 0py O+
+(2iV 4+ 20°V)0,0,0, + (—2iV + 20°V7)0:0,05+
+LOTS =
= 2(0"V2)0,0c,0c, + 2(0"V )30z, 0z, + (7.7)
H(OAV IR 4 OVAE 4 92V )0y (D, 0oy + Dey0cy)+
+(0MVIE 4 92V I 4 9"V )5 (0;,0c, + Oy Oy )+
+(4iV A2 4+ 20V 270, 0oy O + (—4iVA? + 20V 27)0;, 0, 05+
HOUVE 4 92V AT) D, (06, Oey + Doy ey )+
+(2iV 4+ 20°V7) 00,05 + (—2iV 4 20°V°7)0:0,0, + LOTS ~ (7.8)

We may assume that V2 and V4 are symmetric and V2 = V2 jg
trace-free because of equivalence.

Lemma 7.2.1. Let P be a symmetry of second order. Then we have:

1. V97 us g soéution Off thg first BGG operator corresponding to represen-
tation o——o— .. -o—0= S?C""2 K S?(C"*%)* and

oty = 9lya® =g
(EIFa)aélvaCQ + 8avélcg + a@véla — gélcha + gélaFCQ (79>
(HFa)afl V&CQ _'_ 802‘/551 + aavélcg — gélchﬁ + gaCQFél
{ o i
veer — _a(cl Vo e — __a(cl VCQ)O'
2 ] 2
Ve = i9°Vo° V0 — ;9\ o°

2. If Vo =0, thefﬁ yee %'3 aosolution of the first BGG operator corre-
sponding to 6—o— - - - —o—o0 = A2C"+? [} A2(C"+?)*,
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Proof. We know that the commutator must be of the form pA for some first
order differential operator pu. Looking at the leading term, the coefficients
at 0p0;,0cyy 030z 0zyy Opy0eyOp, Oz,05,05, 0.0,05, and 0:0,0, have to vanish.

This is in turn equivalent to
otve) =0 gleyan) =g
Vclcz — ia(CI VCQ)O' Vélég — _za(élvég)g
2 2
Vccr — iacvoa VEU — _iaévoo

Moreover, the coefficient at 0,(0z, 0., + 0., 0z, ) must be of the form ¢g** F*> +
g1 F* for some tensor F¢, since the part skew-symmetric in a and ¢y is of
lower order. Similarly, the coefficient at 0;(0z 0., + 0,0z ) must be of the
form ¢g®2® F® + ¢g2°F° . But these are exactly the two remaining equations.

Using the equations 1, we may express V¢ as V41 = —%8(01802)‘/”",
and similarly V% = —19(®19®2)V?7_ But then we have

a(bvclcg) — _la(baclaq)va’o -0
2
a(&vﬁig) — 8(6851 aég)voo’ — 0
what is exactly the first BGG operator corresponding to CH T H,

as described in section 5.5.
If V79 = 0, then the second and third equation in 1 are equivalent to

the trace-free part of 9%V 4 92V = ()
the trace-free part of 9V + 9*V2 = ()

what is exactly the first BGG operator corresponding to &b ... %1>—g,
as described in section 5.5. O

Remark 7.2.1.
861‘/020 + aczvaa — i(aaacz _ 802851)‘/00 — _9510280‘/00

Now we look on the ambient construction of second-order symmetries.
We start with investigating symmetries of the form

VvBlAlBQA2 (xAlaB1 - xB1aA1)(xA2aBQ - $B28A2>
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where VB141B242 ig symmetric in pairs B;A;. First, we compute
(xfhaBl - x318A1)(xA2832 - $B28A2> =
= :z:gla:AQGBﬁBQ — .IAlQ?BQaBlaAz — .’I?Bl.ilﬁgzaglaBz + $leBQaA18A2+
+xA19AZBlaB2 + IBlgA1B28A2
We are only interested in that part of this product, which is symmetric in
pairs B;A; and trace-free, i.e.
xA1$A2aBlaB2 - IA1$B2aBl 8A2 - wleA28A1832 + IleB28A1 aAg
So using the ambient construction, we have second order symmetries of the
form
B1A1BoAsy,. . _ -
| Q[xAlezaBlaBz - xAlezaB10A2_

—IleAZagla& + x31x328glag2]

Looking at the induced operator, we have

VBB Y X5 05,05, — X1, Xp,08,01,—

~Xp,X4,04,08, + X5, Xp,04,04,] =
= VBB XL X400 0p, 0520, — X1, X505 0,05 0, —
— X5, X 3,05 00,06520p, + X, Xp,050¢,0520c,] =
= VOB Xy X5, (XD Zp, + 2P X, + YV )0,

(X" Zp, + 27 Xp, + Y.V, )0p,— (7.10)

X4, X5, (XP' Zp, + ZP X, + Y'Y )On,
(X Z4, + 29X 4, + YOOVS )00, —

—Xp, X4,(XD Zz, + Z9X 5, + YUY )0g,

(XP2Zp, + Z7* Xp, + Y2V, )65 0p,+
+Xp, Xp, (X Zz, + Z9X 5, + YUY )06,
(X Zg, + Z%X 4, + YOOV5 )00,

Using the equations

0. =Yl 0,=YC0s 0,=1i(2°c — Z°05)
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we see that we have to put
Voo = —yBiiBd . X0 Xp Xp, 00 (7.11)
Vo = BB A L X (X Y+ YE Xp,) 00
Ve =y BB X X (X5,YE + Y X5,)00
1
2
Vb= §V31A132A2(Y§1YA‘—’2 +Y} V§)Xp, Xp, 00

Vab — VBlA1BQA2XA1XA2 (YéllYgQ + Y£1Y§2) e} ¢

_ 1 i i = a
Vab — _§VBlAleA2 (XA1X32Y£2Y£1 —+ XAQXB1Y£1Y§2) ) ¢

The functions 7.11 satisfy the equations 1.

7.2.2 General case

We first note, that the zeroth order symmetries are simply the constants,
since they have to satisfy 0°V = 0 and 8°V = 0 for a,b =1,...,n. Now we
look at the symmetries of general order d.

Theorem 7.2.1. Let
P= Y yuabheog 0,0 ...040,...0, + LOTS

k+1<d

where each V' has exactly d indices, be a symmetry of order d. Then we have:

1. V79 4s a solution of the first BGG operator corresponding to & 3 ... 8 4
and
P o )
ai...ap0...0 __ ° (a1 ag ..o
V = k!a OV
N\ k
V51~--5k0~--0 _ <_Z) 8(51 al_)k)va...o
T e
2. If Voo =0, tgerg Vlali’l"'““lisda ésaluifz'on of the first BGG operator
corresponding to o—o— - - . —o—o and
_ ik _
Val.~ak+1blo’...o' _ l_a(al o aakvakJrl)blo'.‘.o'
k!
bdenre _ 0 iy
Va1b1---bk+10---0 _ ? a(bl o 8bkvbk+1)a10---0

k!
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5)‘ Let QS_S _d ]f VO'...CT — Vall_JlO'...O' T — Val...asflf_)l...gsfla'...a — O, then
V(l1...asb1...b30'...0' — O and

Val...ak_,_sgl...l;sa...o

.k _ B
¢ a(al o Qpg1---Qf45)b1...bso...0

\k
(_Z) 8(1_71 agkVEkJrl...BkJrS)al...aSU..Aa

Val...(lsl_)l.‘.gkﬁ,so"..o' _

Proof. Every symmetry of order d can be written as

P= Z Va1...ak51...1;za.--08a1 C (’9%8,;1 e &bl&, e 80. + LOTS

k+I1<d

where each V' is totally symmetric (because the commutator of two deriva-
tives gives a term of lower order), trace-free (because the trace gives some
trivial symmetry) and has exactly d indices. If we commute it with the sub-
Laplacian, the leading term of the commutator consists of terms of two types.
Every Vi-akbi-bio-o giyeg rise to a term

a(avm...ak)l_n...l_)m'...ﬂaaaal R (9%&51 R 8{,[8‘7 R 80'—"_
+Cy I ararg 9, 00, ... 0505 ... 0s

coming from commuting Var-abi-bio-o with derivatives of the sub-Laplacian.
Commuting the derivatives of the sub-Laplacian with the derivatives of P,
we get

i(k — yar-abibioog 9 B . 00y ... Dy,
So together the leading term of the commutator is

Z (a(alvag...ak)gl.“l;l + a(ElVBQ...l;l)al...ak)aal o 8%851 o 851+
k+l=d+1
+ 30 (koo geayeadeag 9.0, O+
1<k<d
_|_ Z (_Zlvg1i)k0'0' + 0(61‘/52...51)0'...0')851 . 65160_ . 60'+

1<i<d

+ Z ’l(]i] . l)Val"'akzl“'l_)w"'aam R 8%851 o Ggl&, o Opt

E>1,1>1
k+i<d
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+ Z alva2 ak b1 bla' .o 8(51VBQ...Bl)al...akO'...O')8a1 o aakﬁl;

k>1,0>1
kti<d

& 0y ...0,

I .

where the second and third row are special cases of the last two rows for [ = 0
and k& = 0, respectively. This should be the leading term of some operator
of the form dA. This is only possible, if

a(alvag...ak)gl...gl + a(i)lvi)z...gl)al...ak — g(allal)\ag.‘.akl;1...gl) (712)

for some tensor A and k,l > 1, k+1=d+1,

olaryyaz--aar) _ Hbry/b2bas1) — (7.13)
ikl or--ako...o + a(avaLQwak)UmU =0 (714)

for 1 <k <d,
_Z-lvl;l...l;ka...a + 8(51‘/52---500---” =0 (715)

for 1 <1 <d,

Z(k o l)val..‘akgl...l;lo...a + a(alVag...ak)51...5l0'...0' + 6(51VBQ...Bl)al...ako...U _ (716)
_ g(al\(l_)l)\|a2...ak)|51...gl)a..‘a

for 1 <k,1<I k+1<dand some tensor .
We will proceed by induction. From equations 7.14, 7.15 and 7.13 we see
that

ol 9ur)yoe = (7.17)
ol Py —

what is exactly that V77 lies in the kernel of first BGG operator corre-
sponding to 8 ... H, as described in section 5.5. We also see that
the terms V@77 and Vb0 only depend on V7. To compute the
dependence explicitly, we use k£ times the equation 7.14 and 7.15, respectively.

We get
Z‘k

a-akoo Ea(m o aak)va...o
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\k
VBI---BkU---U _ (_];') 8(51 o al;k)va...a

Putting V7 = 0 (this implies V@000 — () for min(k,1) = 0), from
equations 7.16 we see that
the trace-free part of 9 .. -1y hio-o — (7.18)
the trace-free part of ol gha-rybaare-o
what is exactly that V101929 Jieg in the kernel of the first BGG operator
1 1 d=2
corresponding t0 o2 b .. —o—o, as described in section 5.5. We also see

that the terms V/ar-oxbi- oo with min(k,!) = 1 only depend on V0197,
To compute the dependence explicitly, we use k times equation 7.16. We get

_ ik _
Val.‘.ak+1bla...a _ a O Vak+1)b1o'.‘.a
k!
o (—i)k _ o
Va1b1...bk+1a...o _ o a(bl o abkvbk+1)a10...a
Continuing this way, we see for each s such that 0 < 2s < d, that puttmg
Voo = ... = Yor-as-ibrobso10.0 = = 0, we have V- axbi. b = 0 for

min(k, ) < s. From equations 7.16 we see that

the trace-free part of 9@ . §tari-2s/tdr2-2staris)bibeoo — (7 19)
the trace-free part of N T e e e g |

. . d—2s s s d—2s
what is exactly the first BGG operator corresponding to el %>—q2

as described in section 5.5. We also see that the terms Yoar-arbibioo with
min(k,[) = s only depend on V@asbi-bs0--o Ty compute the dependence
explicitly, we use k times equation 7.16. We get

o 'k o
Va1...ak+sb1...bscr...a _ Z_a(al o 8akVak+1...ak+s)b1...bsa...a

k
<_Z) a( abkvkarl Dhis)al...aso...o
k!

Val...asl_;1...l_)k+sa...cr _

O

Remark 7.2.2. The representation o8 ... 8 Sof SU(p+1,g+1) is sim-
ply the Cartan product of &8 ... & Swithits dual /conjugate. The rep-
resentation 6— & - - -0 is an irreducible subrepresentation of ®¥C"+2
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with symmetries given by Young tableau

with b columns with two boxes and a columns with one box (the total number
of boxes is d).

Theorem 7.2.2. The vector space of symmetries of the sub-Laplacian A is
as a SU(p+ 1,q + 1) representation isomorphic to the direct sum of

[(f---TTT---T] [([---TTT--

T

(7.20)

for all possible tableaux of this shape including the empty one for symmetries
of order zero. For symmetries of order < d, we only consider tableauzr with
< d bozes.

Proof. 1t suffices to prove the second statement. We proceed by induction.
Assume that the statement holds for orders < d. We have proved that for
fixed order d, the vector space of possible symbols is isomorphic to 7.20
for all tableaux of this shape with d boxes. Considering two symmetries of
order d with the same symbol, we substract one from the other and we get a
symmetry of lower order, so we can use the induction hypothesis. [l

Now we look at the ambient construction of the symmetries. Let I, J be
ordered subsets of {1,...,d} such that TUJ = {1,...,d} and I NJ = (.

Composing d first order symmetries, we get

d
VBlAl'..BdAd H(XAZaBz - XBiaAi) =
=1
= Z (—]_)lVBlAl"'BdAdX/L-IXAikXBJ'1 R XleaBil A E)Bikﬁgh R agjl
|I|=k,|J|=1
k+i=d

where VB1A1-Bada ig totally trace-free and symmetric in pairs B;A;. Looking
at the induced operator, we get

N\ B1A1. By v - v _ o
> (-1'V X, Xa, Xp,, ... Xp, 05, ... 05,01, .- 01, =
|I|=k,|J|=L

ok

— Z (_1)lvB1A1...Bd/_ldXAi

[I|=k,|J|=1
k+l=d

_ Diy Dy,
1XAZkXB]1 oo XBJZ 5311 8D21 oo 5B'Lk ale-
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éj1 _ Cj _
6706, 05106, =
Z (_1)lvB1A1...BdAdXAi1 XAz’kXle .. Xp. -

T

|I|=k,|J|=l
k d
'(XDil ZBz'l + ZPn XBn + }/;‘ll)ilygill)aDil cee (XD% ZBik + ZP XBik + Ya[k)ik Y§i’;>aDik
5 - Cii b = - Ci b
.(XCn ZAjl + 7% XA.n + Y%)l 1Y£;1 )5@]_1 e (Xoﬂl ZAJ’z + 7% XAJL + YBL lYgil )@@jl
Knowing that Y,?0p = 8,, ¥;C0¢ = 95, XP0p =E, X9 =E and ZP0p —

Z€0q = —i0,, we see we have to put

1 i i a
Varad . Z EVBlAldeAdXAl X4, Yy "(1) o YB”(d) o ¢ (7.21)

d d
geGy
b b 1 A A T l_)‘r
vbl...bd — E EVBlAl...BdAdXBl XBdY (1) o YAd(d) o (b
TEGy ’

Val..lakau.a R

_ d k B1A1 BdAd _ _ As (1) Ao (k)
~ > > Ly Xay o XaYi Yy X Xpod
[I|= koeek !
Vb

- —_ 1 A A 7' 1 I_)T
= (_1)l(_l)d ! Z Z ﬁVBlAl"'BdAdXB XBdY R .YAJ;Z)XA c XA o (b
|J|:l TEG, ’
Vot = (=) VB A Badax X X, L Xp, 00
Va1...ak51...510...0 =

= (_1 d k—1 Z Z VB1A1 BdAdX* -.XAikXle ...XBJ,ZXA...XA.

|I|=k,|J|=l 0c€G
INJ=0 TES,

a _ b,
Y'Yy ”““)Y WY "Xp.. . Xpo¢
1 Biy Ajy J

where I and J are ordered subsets of {1,...,d} and all indices not specified
are simply the remaining indices. We will always assume this in the sequel.
These functions satisfy the conditions 7.12, 7.13, 7.14, 7.15 and 7.16.

Theorem 7.2.3. For every given symmetry P of the sub-Laplacian A, we
can construct a symmetry of A with the same symbol using the ambient con-
struction.
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Proof. We know from above that every symmetry of order d can be written
as a sum of symmetries with 1/@1-asbi--bso-.0 # 0 and V- agbbro-o — () for
all £ < sand 0 < 2s < d. So it suffices to construct for each 0 < 2s < d
and each funé:’gigsn 8\/“1 asbi I;S" 2‘3’ satisfying the first BGG equation corre-
sponding to ¢ 00— -+ 00" a tensor VBrAi--Bada inducing a symmetry
with given (up to possible nonzero constant multiple) V@i-asbi-bso--o and
such that for all k < s Var-axbi-bio-o — () Since contracting with X-s and
Y-s is equivariant map and for each s the set of possible V- asby...bs0.0_g
(with Ver-asbi-bkoo — () for all k < s) forms an irreducible representation of
SU(p+1,q+1), it suffices to construct the tensor VEA1--Bada for one such
function for each s.

For s = 0 we put V°+? = 1 and the only nontrivial component of
VBiAL-Bila wi]]l be 1/°°%>% = 1. This doesn’t depend on d (only the
constant factor does).

For s > 0, we have the mapping

VBllzll---BdAd ‘ZBlgl---BdAd( 1 S d 2s E N XA :
— s
\

I|=s,|J|=5s 0€G6Gs
IﬁJ 0 TEGs

) ) yTa(1) Ao (s)ybr(1) br(s) _
Xp,, o Xp, X XaVr YOy YO X X oo =

— Va1...asl31...530...0

We fix some constant tensor field V1-asb1-bsoo and we put

Valciooobl...asoboobsooob...oocio o Val...asbl...bso...o

This will be for now the only nonzero component up to symmetry in B;A,;-
s. This tensor surely satisfies the corresponding first BGG equation. It
is easy to see that the symmetry induced by using this tensor has nonzero
Vaasbibeo o (it is in fact, up to nonzero constant, our chosen one). But the
symbol parts Vat-asbi-beo-o — () for all k < s are also nonzero. In order to
make them vanish, we define some other components to be possibly nonzero.
These components will not influence the symbol part V/@1-@sbi-bso...o
Let’s fix some s > 0. We define

Va1®m51...asobw55wdo...wob _ Val...a551...l;sa...a
Valoboogl...as_loboogs_1(15550060...0060 o Val...asgl...gsa...a
=
Va1obooB1...as_zobooBs_gaS_1135_1a555006o...oo6o . vaal...asgl...Bsa...a
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Valgl...asgsooob...ooob . Val---asl;L--BsU---J
s

These will be the only nonzero components of VB141--Bada yp to symmetry in
B;A;-s. We will call them ’types’-in each row is one particular representant
of one type. For brevity, we will write 'Va1--asb1-bs0-0 — 17" To make the
symbol parts Vai-arbi-beoo — () for all k < s vanish, they have to satisfy
the following system of linear equations:

To make V@ eb1-0k7--7 yanish  we must have

d 2s s d 2¢ — 2 d—2s+2 \
(23) ( s )ak+1,o + (23 — 2) ( s—1 > ( 1 )ak+171x1+ (7.22)
n d 2s =4\ (d — 25+ 4\ | N N d\ [0\ (d\ . L
2s — 4 s—2 9 Af41,2%2 0) o)y Ay, =

where the terms (zsc_l%) (22:?1) (d_2f+2i) express the number of components of

one type (it is always nonzero) and the numbers aj, , ; express the contribu-

tion of one component of corresponding type to the symbol part yar-arbi bgo ..o

modulo the greatest common divisor, which is some polynomial. It is easy

00
(OED 0

This expression is always finite. So we have a system of linear equations in z;-
s, and we only need to prove the existence of some solution. We don’t need the
explicit expression. To prove the existence, we prove that the matrix of this
system has nonzero determinant. First, the determinant is linear in columns,
so it is a polynomial in d times the determinant of matrix with entries aj ;.
We will prove that this last determinant is nonzero by induction on s.

We claim that a;l}, — ajly, .1 = aj,y,;, where we put af, = 0. This
means that

=()00)-
SO ECT )



T -
(7)) () -
(L )OCE) GO
06
() () )-
S GOS0 )

) -
> (o)OC) 2(n ) )

what is exactly what we claimed. Now we note that aj; =1 for all s and .
Using this, we get

/\/—\

+

Il
=)

1 1 0 0 e 0 1
S S S S S S S S S S S
A3y Qg+ G5 1 Qo) |3 =039 Qg — g3 -+ (3 1 = Ay, Qo
] 8,2 s _ s s s s s
as,l a as,s—l as,s Qs as 2 a’s,2 as,3 as,s—l a’s,s as,s
s—1 s—1 s—1
a1 al 2 al s—1

So this determinant is nonzero for any s, if and only if it is nonzero for s = 1.
But in this case the determinant is 1, since it is the determinant of matrix
with one entry, concretely ail =1. [
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Knowing this, we can construct any given symmetry as a sum of those
constructed by the ambient construction. Assume that we can construct
every symmetry of order < k as a sum of symmetries constructed by the
ambient construction. This is trivial for symmetries of order zero, which
are simply the constants. First, we construct some symmetry with the same
symbol. The difference is again a symmetry, but of lower order, so we can
use the induction hypothesis to write the given symmetry as a sum of those
constructed by the ambient construction.

83



Chapter 8

Conclusion

In the previous chapter we have constructed the symmetries of the sub-
Laplacian and characterized the vector space of them. Using the ambient
construction as described in [6], it should be possible to do the same in a
more general setting. The next natural aim should be, as in [7], to compute
the multiplicative structure of the algebra of symmetries. In the conformal
case, the symmetry algebra is isomorphic to the tensor algebra of so(n+1,1)
modulo the two-sided ideal generated by irreducible pieces in the second
tensor power, which don’t occure in the description of symmetries.
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