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Introduction

Statistics science is a mathematical approach of making effective use of numerical data
pertaining to groups of individuals or things, so that studying these data, how it can be collected,
analyzed, interpreted and presented in order to answer the questions related to the world
around us. Theory of statistic takes the real data arising from the practical situation and uses
these data to validate a specific model, to make good guesses or estimates of the numerical

values of relevant parameters, or even to originate a model.

Statistics is usually divided into descriptive and inferential statistics. Generally descriptive
statistics describe the collected data and show how it looks like. Descriptive statistics include
frequency count, ranges (high and low scores of values), means, modes, median scores and
standard deviations. Variables and distributions are two essential concepts to understanding the

descriptive statistics.

Inferential statistics are used to make generalization or prediction based on the descriptions of

data. One key basic concept of inferential statistic is statistical testing.

Statistical inference, statistical induction and inferential statistics are the processes of drawing
conclusions from the observation of data that are subject to random variation, for example

observational errors or sampling variation which can not be avoided.

There are two types of statistical inferences: estimation of population parameters and

hypothesis testing.

Statistical model

Consider a probability space (E, &, Ps)where Py is a distribution on measurable metric space
(E,E), such that E is appropriately chosen space in which all concrete measurements can be
observed and € is a given c-algebra so that € contains all the subsets of E that are relevant to the
problem we assume that each observation x € E is the realization of a random variable X with
value in E that is defined on some underlying probability space (2, &, IP) where [P is a probability
measure on (£2, §). Such a random variable is a mapping X: (2, §) — (E, £), thatis € - §

measurable.

To define the statistical model we assume that a family of probability measure {Pg, 6€0} defined

on (£, &), such that for every 6€6 the distribution of X under Py is given by (A) = Pg (X€A), AEE.

Combining the sample space with the set of possible distributions of X, the statistical model can

be formulated as M= (E, &, Py), 6€06.



Statistical decision problem

To be able to construct the problem we need first to choose a suitable family, {Pg, €0} of
distributions of X on (E, £), where Py is true but at least partly unknown distribution. The
parameter 0 is assumed to be known only that it lies in a certain set @ the parameter space. And
the statistical inference is using these tools to getting information about the distribution of Xor
the parameter 8. Mathematically, the problem should be formalized in order to make more
precise conclusions. Let D be a chosen non-empty set which refers to set of possible decisions
and call it (the decision space). Our task is to find a rule, which tells us which action to take for
each set of values of observations, such a rule is a function 6: E —D, so that 6=(x), is the

decision which is made after x € E has been observed.

Now how & should be chosen. At the beginning we considered that the observations of data are
subject to random variations that can not be avoided, such data can not lead to the best decision.
According to that, there can be a loss owing to decisions; this loss is a random variable that can

be expressed as (6, d): OxD— ‘R.

Since we are not sure about decisions there can be a risk, thus we are looking for the decision 6

that leads to the minimum risk for every 8€6. The risk of a decision can be formulated as
R(0,5) =E,L(0,5(X)) = j L(9,5(X))dP,(X),0®

If we could make a specific assumption about the class {Py, €0}, where the distribution of X is
supposed to be, the structure of the space Dof possible decisions d and finally the form of the

loss function L then we can get the concrete outcomes for our problem.

Estimations and testing

Estimation of parameters, testing of hypotheses, selection of population, and classification are
special types of decision problems. To estimate the value of 8 we need to create a statistic which
is considered as a function of the observation and does not depend on 8 with some appropriate
properties, such as the sample mean and the sample variance. If the statistic which has chosen is
close to the population parameter®, it is then considered as an estimator of 6. For example the
sample mean is an estimator for the population mean. Now the question is if we assume that we
know the sample mean and the sample variance; how can we make sure that the random sample
has no other information about the population? The answer will be according to which family of
distributions we chose to describe the population. This idea leads us to the concept of sufficient

statistic. More details will be discussed in the first chapter.



Chapter 1

Exponential family of distributions

1.1 Basic definitions and concepts

In probability and statistics, an exponential family (or Koopman-Darmois distributions) is a class
of probability distributions sharing a certain form will be specified later. It is said that such
distributions belong to the exponential class of density functions. Exponential families include

several important distributions, and also have several properties.

Most of parametric families of distributions in a statistical model are especial cases of
exponential families, such as the normal, exponential, gamma, beta, binomial, multinomial,
geometric, negative binomial, and the Poisson families. They have the same properties as it is in

an exponential family.

The family of distributions {Pg, 6€6}, such that with respect to o-finite measure y, we define

d
the densities ) (X) as
du

Foreveryf € ®, p,(x) = IC(H) exp[ini (OT, (X)h(x)du, X € E (1.1)

And it is called an “exponential family”, where 77, and C are the real-valued functions of the

parameters and h(x ) is non-negative measurable function.

The value 0 is called the parameter of the family, and the value x is often a vector of
measurements, in which case T(x) is a measurable function from the space of possible values of x

to the real numbers.

The exponential family is said to be in canonical form if 77. (@)= @, forall I

By defining a transformed parameter 7] = 77(49) , it is always possible to convert an

exponential family to canonical form, and rewrite as

p (x| 17)=D(1) exp[izijl nTilx )}h(x) (1.2)

9



The canonical form is non-unique, since 1. can be multiplied by any non-zero constant c, at
I

the same time, T ., is replaced by (T, /c).

The function p in equation (1.3) is non-negative and p(X|#) is a probability density function, if

andontyit  [D()e™" T h()du(x)=1 13

A constant [) (77 ) >0 exists, if IeniTi(X) h(X)dﬂ(X)<OO (1.4)

The set of points H :{77:(771, . ’778) :.[e<77,T (x)> h(X)dﬂ(X)<OO} is called the

natural parameter space of the family (1.2); n is called the natural parameter and

S
<n,T(X)>= X »jTi(X)is  the Euclidean scalar  product of the vectors
i=1

U:(Uli"'ﬁs)TandT :(Tli---'Ts) '
Theorem 1.1

The natural parameter space H is convex

Proof
Let, 771,772€H , CZE(O,].) Y=o 771+(1—g) 772, we have

J‘e<77 ,T(X)>h(x) dlLl(X) _ J‘ea<77 T (x)>+(1—a)<77 ,T(X)>h(X)dlu(X)

E

_ .l'(e<771,T(x)>)a(e<772,T(x)>)1_a(h(X) )a(h(x) )” du(x)

(e T h(Au00) (e TONIAu() <= ek

Example 1.1 (Normal family)

If X has the N (p) ,02) distribution, then 6= N () ’GZ) and the density with respect to

Lebesgue measure is

10



0 (x)=eXp v 1 2 02 1
’ o’ 20° 20°|N2ro

A two-parameter exponential family with exponential family with natural parameters

(77 ) )= (i _i ) and the natural parameter space R x (—o0, 0).
1 2 2! 2
o° 20
1 2
h(x)= D(n)=""_+Inlo
J2r (7) 92 o]

Definition 1.2

0 is said to be unidentifiable on the basis of X , if there exist 91 # 92 for which P@ = P@ )

Example 1.3 (Multinomial)

In n independent trials with s+1 possible outcomes, let the probability of the ith outcome be p
|

in each trial. If X , denotes the number of trials resulting in outcome i (i =0,1,...,5), where each

trial results in exactly one of some fixed finite number S-+1of possible outcomes, with

S
probabilities pl peens ps ( pi >0Vi=0,..,Sand Y pi:l) then the joint distribution of
i=0

the X ’s is the multinomial distribution |\/] (po, p1 ps in)

_ _,,.n X0  pXs 16
P(Xo_Xo""’Xs_Xs)_mpo pS ’ (1.6)

This can be rewritten as

exp(xolog py+..+x;1109 poh(x)

S
Since the X addupto n( X Xi =[N ), this can be reduced to

i=0

exp|nlog py+x.109( p,/ po)+-+xslog( p,/ po ()

11



This is an s-dimensional exponential family with

17,=109( p;/ py), D(77)=—nlog p,=n Iog[1+élem}

The natural parameter space is the set of all (771 e T g )with —o0 < n. <o

1.2 Curved exponential family

A vector exponential family is said to be curved if the dimension of the parameter

_ t . . . .
VECtOI‘@ = (01’ 02, L 0I) is less than the dimension of the number of functions of the

parameter vector p(g) ) :(77((9]) ,....J](Qm))t

In Example(1.1), it might be the case that the mean and the variance are related. In such cases,
when the natural parameters of the distribution are related in a non-linear way, we say that

(1.2) or (1.3) forms a curved exponential family.

Example 1.4 (curved normal family)

For the normal family of Example 1.1, assume that v=0, so that

1 1, 17 1
X)=¢€ —X— X" —— ) 0 (1.7
pH( ) Xp|:l) 202 2:‘\/5 v> ( )

o . . : 1 1 .
However, this is a two-Parameter exponential family with natural parameter (—,——2), this
v 2v

parameter generated by the single parameter v.

1
The two-dimensional parameter(—,— )lies on a curve inmz, making (1.7) a curved
Y

L 2
exponential family.

Example 1.5 (Normal sample)

Let Xi (i=1... n) be independent identically distributed according to N(v,5?). Then, the joint

density of X,,..., X, with respect to Lebesgue measure in E, is

12



n 02 1
20°" " (J2ro)"

As in the case N =1lof Example 1.1, this is a two-parameter exponential family with natural

v 1
parameters (—,——).
o

20

L 1 _
eXp(—5ZXi—— 5 ZXi
o 20

Example 1.6 (Logit model)
Let xibe independent b( pi,ni), i:l’__,m’ so that their joint distribution is
P(Y .= o V=1 M gxi— p.ynixi
(Xo=xweXn=xm)=11] " [p1i=p)" ™.
- i

This can be written as

Ni

exp{z Xi (-p)™", a8

Xi

An m-dimensional exponential family with natural parameters

, |:L,m The quantity |0g[ p/(l— p)] is known as the logit

of p

If the 77'3 satisfy

n=a+pPzi 1=L...m, 19

For known covariates z;, the model only contains the two parameters ¢y, IB and (1.8)

becomes a curved exponential family.

13



1.3 Moments and cumulant generating functions
Theorem 1.7

For any integrable function f, and any 1 in the interior of H, the integral

[ (x) exp(zr;Ti(x))h(x)d(x)

Is continuous and has derivatives of all orders with respect to the n’s, and these can be obtained
by differentiating under the integral sign.

Normalization of the distribution

Since,

1 - [dF ()= D) exp[X7,Ti(0he)du() w10

It follows that

D T -
™ = [&*"Ti% h(x)dzu(x)
Calling D the log-partition function

Now, differentiate the identity (1.10) with respect to 77, leads to

0
k

Differentiating pervious equation with respect to 77| leads to

82

cov(T,,T,) = non
k |

D(n) (1.12)

In an exponential family the statisticsT=(T1,...,Ts)carry all the information about n or 6

contained on the data, so that all statistical inferences concerning these parameters will be
based on T’s. For this reason we will be interested in calculating not only the first two moments

given by (1.11) and (1.12) but also some of the higher moments

Avpws BTYL. T ¥S) (1.13)

And central moments

14



:uvl Vg - E{ [T 1_E(T 1)]V1 e [T s_E(T s)]vs } (1.14)

Using the moment generating function makes the calculation much easier, such that

M- (U ls) =B(eU1T"usTs) - (1.15)

If MTexists in some neighborhoodZuiz<5 of the originthen all moments

l ,...,/1 and are the coefficient in the expansion of the cumulant of M as a power
vl Vs T

series.

MT(Ulv---auS): Z ﬂ'VS""'VS rl,---,u:/s /Vl!...vs! (1.16)
v1-vg)

Cumulant generating function can be determined by
— _ v 14
KT (ul,...,us)—logMT(ul,...,uS) = Z le'---VS 11,...,uS S /Vl!"'Vs!
wv1-vg)
(1.17)

From the cumulant the moment, can be determined by formal comparison of the two power

series.

For exponential family, the moments and cumulant generating functions can be expressed rather

simply as follows.
Theorem 1.8

If X is distributed with density

p (x| 77)- D7) exp émTi(x ) h(x) .

then for any 1 in the interior of H, the moment and cumulant generating functions M (u) and

K (u) of the T’s exist in some neighborhood of the origin and are respectively given by

MT (u) = E[e“TT(X)] _ je(ﬂ+U)T T(X)_A(n)h(X)d‘U(X) — pAlr+u)-A(m)

(1.18)
15



K; (u) = D(77+u) - D(#) (1.19)

The calculation of moments becomes easy when they can be represented as the sum of

independent terms.

(a) Suppose X = X, +...+ X, where X,are independent with moment and cumulant

generating functions [\/] X (U) and K X (U) , respectively. Then
| |

M (W) =EIE 1= My, 0 M, ©

And therefore,

K@= Ky, @

From the definition of cumulants, it then follows that
n

k.= Zkir (1.20)
i=1

where k ir is the rth cumulant of X -

(b) This situation is also very simple for low central moments. If Ui:E(Xi) ,
0.2 =Var(X i) and the Xiare independent, one finds (problem1.7)
Var(zX)=2of, E(Xi—od]==E(Xi—vi), 21
_ +Y otot
E[z(Xi—v)] =ZE(Xi—uvi) oior

For the case if identical components with p). =p), O—f:(yz, this reduces to
2 3 3
VarCgoi)=no, EXZ(Xi—vi)]=nE(X,—v), (122

E[= (X i—vi)] =nE(X;~v) +3n(n-Yo ",

16



1.3.1 Special cases of exponential families and some of their moments
Example1.9 (Skew-logistic distribution)

Consider a real valued random variable X with density

p,(x)=—

—X

Parameter € e (0, ), the density can be rewritten as

This is an exponential family with canonical parameter

n=-0, T(X)=log(1+e "), D(n)=—log(8)=—log(-7). (1.23)

8D(77) o
on

E(T)=E(log(L+e )= [log(~7)]= * = azs
—n 6

Var(T)=Var(log(1+e )_8 D(77) g { 1 } 1 i (1.25)
on’ (-n)°

Example 1.10 (Binomial moments)

Let X have the binomial distribution B (p, n), so that for x=0, 1, ..., n,

n
P(X :X):(Xj pan_x (pe(0));q=1-p). (1.26)

This is the special case of the multinomial distribution (1.6) with S =1. The probability (1.26)

can be rewritten as

17



n exlog(p/q)+nlogq
X

Which defines an exponential family, with p being counting measure over the points x=0, 1, ..., n

And with

n=log(p/q), D(n)=nlog(1+e”) 27

From (8), leads to

M x (U)=(g+pe”) (128)

To obtain the expectation and first three central moment of X , assume that X arises the number

of successes in NBernoulli trials with success probability p,and hence that

X = z X ’ where X , is one or zero, as the ith trial is or is not a success. From (1.22) and the

moments of X .» we find (problem 1.8)
E(X)=np,  E(X-np)’=npa(q-p), @2

Var(X)=npg, E(X-np)‘=3(npa)*+npq(L-6pa).
Example 1.11 (Poisson moments)

A random variable X has the Poisson distribution P(ﬂ) if
X
A

P(X :X):Xle_ﬂ’ x=01....4>0 (1.30)

Rewriting as an exponential family in canonical form

1 xiog2)-2
X! €

We find,
n=log A, D(n7)=A=e" (1.31)

And hence
18



KiU)=A("-D, M. (u)=ete"D 132
So that, kr = forall

The expectation and the first three central moments are given by

E(X)=4, E(X-1)'=4, Var(X)=4, 133

E(X-2)'=1+31".

19



Chapter 2

Sufficient statistic

2.1 Basic concepts

One of common thinking in theory of estimation considers that the sample contains

“information” that is useful for estimating the parameter and “information” that is useless for

«

estimating the parameter, creating a statistic will thrown away only some of the “useless”
information, while completely retaining the useful information about the parameter, the statistic

in such case is called a sufficient statistic for the parameter.

A statistic is sufficient for a statistical model, if it is as informative as the full data meaning, that
the statistic contains all of the information about the parameter of the model that is available in

the entire data (random sample).

For instance, if we know that a distribution is normal with variance 1 but has an unknown mean,

the sample average is a sufficient statistic for the mean.

2
The sample mean in Normal distribution N (U,O' ) is sufficient for the distribution mean L.

Definition 2.1
A statistic T(X) is said to be sufficient for underlying parameterQ , if the conditional

probability distribution of X given T (X ):t is for allt, independent of @ , i.e.

P(X =X[T (X)=t,8)=P(X =XT (X)=t)

P(x|t,0)=P(x[t).

Example2.2 (Poisson sufficient statistic)

20



Let X . X , be independent random sample of size 2 from the Poisson distribution. Show that

T =X 1+ X o isa sufficient statistic.

The joint distribution of the random sample is

X1tX2
n fxid)=2 o
X1 Xz

And the joint probability of X, =X, X ,=X,and T =X 1+ X 2:'[ is
)
f (x4, Xz,t;ﬂ)zlle_ Where { =x;+X>»
X1-X2-
=0 Otherwise

Moreover, we know that the sum T :X1—|—X2 has the Poisson distribution with

parameter ) 4 .

m(: z)—m)

Then, the conditional distribution of the sample, given T :t is

f (xq,%|T =t; )=
(X1 X2| ) m(t,ﬂ,)
_ A o @) )L
xax2! t! xe)2!

Which doesn’t depend on parameter Z =>T = X 1—|— X ) is a sufficient statistic.

21



By using the definition above, it is inappropriate to compute the conditional distribution in order

to verify if the statistic is sufficient or to find a sufficient statistic. There exist a necessary and
sufficient condition for sufficiency of a statistic T that uses the unconditional distribution of the

sample and the distribution of the statistic T provided by the following theory.

Theorem 2.3 (Factorization Criterion)

Let X 1 e X n bearandom sample with joint density f (Xl! L 1Xn;0) with respect to o-

finite measure [ -anecessary and sufficient condition for a statistic | to be sufficient for 0 is

that the density can be factored as

f(Xl,--an;Q):g(T(X]_,---,X n),e)h(X]_,---,Xn),

Where g is a non-negative function that depends on the parameter H and on the observations

only through the statisticT and h is a non-negative function doesn’t depend on 9

The converse is true: if the statistic T is sufficient, then the sample distribution can be factored

as above.

Example (2.4) (Normal distribution)

Let X 1 e x n be a random sample from a normal distribution N (U,GZ) , such that

And let f be the joint density of Xl - X n

Then

22



f G elo?)=M e~ (o)
L0 An|Y O izl\/ﬂg 202 (Xi_U)}

1 E 1 n 2
= exXpPpi——= = i—U
(Zmzj o 20-2i:1(x )}

Now,

2 (x~0)*=2 (g x+x-0)’
:él (x _)_()2+2i%1 (xi—X) (§—0)+é1 (x—0) 2
=(n-1s*-2(x-0) X (xiX)+N(x-0)’

=(n-1)s°+Nn(x-v).
Thus,

n

f(xl,...,xnw,az):( 2 L zjz exp{—ziz«n—l)s2+n(i—u>2»}

TO

g()_(152101o-2)h(X11-"1Xn)-

:>(Y’S 2) Is sufficient for (U 02)
, .
2.2 Functions of a sufficient statistic

A sufficient statistic by a one-to-one function is sufficient, but a sufficient statistic by a not one-
to-one function is not sufficient, i.e.

If T is sufficient and T = H(S), then S is also sufficient. Knowledge of S implies knowledge of
T.moreover that T provides a greater reduction of the data than S unlessH is 1:1,in which

case T and S are equivalent.

Definition (2.5) (Minimal sufficient statistic)
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A minimal sufficient statistic is defined as a sufficient statistic that is a function of any other

sufficient statistic.

A condition for a statistic § (X) to be minimal sufficient
1) S (X ) is sufficient.

2) If T (X ) is sufficient, the there exist function f such that S (X ): f (T (X )) .

Theorem (2.6) (Lehmann-Scheffe for minimal sufficient statistic)
Let X :(X yees X n) be arandom sample and | is the set of all possible outcomes for the

sample. The probability density function f (X,H) of Xlsatisfies
n
1=

[1F(x.0
For any two sample point ¥ , Yy e[| (consider) the ratio h(X, y,e )= i:l

[1ty,o

Let TE—)T (E) be a measurable representation, whose inverse allows measurable

selections

Assume  that h(X, Y, @ )is independent of & & T (X) =T (y) then

T (X ) =T (X Lree » X n) is a minimal sufficient statistic for .

2.3 Complete statistic
Suppose that U :h(X) is a statistic, then U is complete if
{E[W(U)|6]=0 v 8@}=P[W(U)=0|0]=1 v 0O}

Finding sufficient, minimal sufficient and complete sufficient statistics is often simple for

K-parameter regular exponential family, if the family given by equation (1.2) then it is kP-REF.
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Theorem (2.7) (sufficiency, minimal sufficiency, and completeness of exponential family)

Suppose that X e X . are L.i.d from an exponential family
0,(x) = exp[ilm i(x)—C(H)}h(x) h(X)20 .C(6)=0
1=

If the parametric space contains a k -dimensional interval,
T :(T 1(X), o T k(X)), where X :(Xl, e an) je random sample

n
T j(X)Z >C j(Xi) is complete minimal sufficient statistic ford.
i=1

Theorem (2.9) (Bahadur’s theorem)
A finite dimensional complete sufficient statistic is also minimal sufficient.

Example (2.10) the sufficient statistic from a REF does not have to be complete

then

and

2
Let X be a random variable form N (0,0' ) with 02>_O . This family is a REF with a

complete minimal sufficient statistic X . The data X is also a sufficient statistic, but X is not

. 2 . .. . . ’
afunction of X ".hence X is not minimal sufficient and by Bahadur’s theorem not complete.

On the other hand, Egz (X):O but PGZ (X :O):O<:L e X is not complete.

Theorem (2.11)

Let P be a finite family with densities p , | :O’l’ . ,k , all having the same support. Then
1

the statistic

pl(X) pz(x) pk(X) Is minimal sufficient.
Po(X) Po(X) po(X)

Corollary (2.12)

T(X)=
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Under the assumption of theorem (2.3), a necessary and sufficient condition for a statistic | J to

be a sufficient is that for any fixed @ and 90, the ratio pH(X)/ pgo(X) is a function only of

U (X).

Lemma (2.13)

If P is a family of distributions with common support and P, P and if T is minimal
sufficient for PO and sufficient for P, it is minimal sufficient for P,
2.4 Ancillary statistic

Suppose that \/ :r()() if the distribution of V does not depend on 9, then V is called an

ancillary statistic for 0.

Theorem (2.8) (Basu’s theorem)
Let P9 be a family of distributions on a measurable space (X,Z) . Then if T is complete

sufficient statistic for H and V is ancillary to 9 then | is independent of\/
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Chapter 3

Uniformly most powerful tests

3.1 Randomization tests

Let @ be a measurable function, such that @ : E — [0,1] and it is called the critical function

For any value X, the hypothesis will be rejected with probability CD(X) and be accepted with
probabilityl— d(X).

If the distribution of X is Pg, and the critical function (I) is used, the probability of rejection

is EHO(D(X) = I@(X)d pH(X ) ,itis called the power function and marked by IB(D (9)
E

3.2 Non-randomization tests
In this case ® takes only the values 1 and 0, such that CD(X) = I[XeEl] . We are looking for @, so

thatEgo(D(X) < for Oc@®y - nevertheless E,®(X)is maximum foralld € ®, .

Corresponding to the two kind of loss function, the two component of loss function can be

formulated as following:

L@,d)=10r 0 for 9@, o PO,
L.@,d)=0 for all &

And

|_2(9,d0):0 or 1 for Qe@, or Q=@,
L.@,d)=0 for all &
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3.3 Fundamental lemma of Nay-man and Pearson
Let P,and P, be probability distributions measure on (E, &) have densities p0 and pl with
respect to o-finite measure 4 and consider the test |H :Po vs. K :Pl

(i) Existence

For a € (0,1) there exist a test @ and constantk , such that

Ep, ®(X) =« (a)
And
O(X) ={1 D, 092k P, 00 (b)
0 pl(x) <k po(x)

(ii) Sufficient condition for a most powerful test

If @ satisfies the conditions (a) and (b) for someK, then it is the most powerful test for

testing P, against P, atlevel .

(iii)  Necessary condition for a MPT

If @ is most powerful test at level &, then for someK , it satisfies (b) and it satisfies

(a) unless there exists a test with powerl and of size less than ¢t .

Proof

(i) Consider & € (0,1) and assume that CZ(C)ZPO( p.x)>cp, (x)) and

P.(p,0=0)=0 -

(04 (C) can be rewritten as

p,( p.() 1 _(p )
— 1 =1— L A —o(C)= <c ..
a(C) P D, () >C P, 0,00 <c ( ) P, 0.0 C|.ds a

cumulative distribution function and &X (C) is non-increasing and continuous on the right, and

lim @-a(c)) =0, lim @—a(c)) =1. It satisfies that

C—>—0 C—»00
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(@) —-a(c Y -1-p| P _
1-a() - 1-a(C ) =1 PO( 000 "C

Let ¢. besuchthat (Z(C )<< ~) and consider the test @ defined by
Co 0 )=SO>C\Co

1 P.(0>c, P,
=37  P,X)=c,pP,™

0 p,x<c,p,x
The size of ®is

Ep,2(X)=1-P,(P.(¥)>¢, P, +7-P,(P,)=C, P, (X))

=a(c)+7-(a(c,) —alc) =«

a-a(c,)

y=— e[01]
o (Co) - (Co)

=

If a(g,) =a(c,), thenP,[ pl(X) =C, po (X)] =0 and it does not depend on value of .

Of choice a(CO)Saga(CE) : k is unique, if there does not exist an interval (C’,C"), such

pl—(X) < C”},
P,

then P (C) = (C) —a(€") =0, p,(¢) = [ p, (x)du(x) =0 = u(C) =0 = P,(C) =0

that «(c)is a constant on (C',C")ie. (@(C)=a), andC ={x: pO(X) >0,c'<

= pl(x) =cp, (X), C e (c’,c") which has probability O .
.. . . * <
(ii) Assume that (I) is any other test at level, at most a with EPo DO X)<a.
Let E be a suitably chosen space divided into: ]:_41+ ={x:P (X)- (I)*(X) > 0}
E =tx:d®d - (x) <0}
If P (X)—@ (X)be multiplied by pl(X) —k P, (X), then the result will be non-negative
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XeE = o(x)>0=> P, =k p_(x)

XeE =>o(x)<0= pl(x)sk po(x)

Now,

J(@—D)(p,~kpYdu= [(D-DIHP,~k pdu=0
E

EVE

= j ®(x) P, ()du(x) =, and j D(x) P, ()du(x) <@
= [® () P,(du()- D () p,(0du()-a+a’'20

= Ep,d (X) gaEplq)*(X) >a—a'>0

(iii)  Let (I)*be most powerful at level  for testing H:P,vs. K:P,and let

(Dsatisfy (a) and (b), in this case D s considered as the most powerful

among all tests at level & .
Taking on K ={x: pl(X) # P, (X)}and letS=KN(E UE); to proof thatu(S)=0,
suppose that ((I)_(I)*)( P,- k po) >0onS, [(I)* {03 on K =o0n S]

= .[((I)_(I)*)( P, - k po)d,u >0 This is a contradiction; hence that M is more powerful than
S

(D = 1(S) =0(on set K the powerful test is given uniquely a.s.).

(D*(X) =[0,1] can be defined arbitrarily on I(c if EPo (I)*(X) <, and according to the
proof point (i), it is possible that D define to be a constant. If there exists no test of power 1 at
level less than &, then the most powerful test satisfies EPo (I)* X)=«.

Corollary 1

Let S denote the power of the most powerful test H :P vs. K:P,atlevela, wherea € (0,),

then S > unlessP, = P,.

Proof
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Since the level — « testis given by ® = o has power« , let @ be the most powerful test, so that

f=Ep,d )= Epd,(X)=a

EPOCD (X)zEP1CI)a(X):aif p=a= Ep@® (X)=a=test P,is the most

1 p0zkp
0 px<kp, (¥

powerful test and it must satisfies CD(X)Z{ the set

K ={x: pl(x);t po(x)}:> u(x: pl(x);t po(x)) =0) VK = 3K: pl(x):k po(x) and

one set,suchthat k =1 = P.=P:
3.4 Distribution with monotone likelihood ratio

Nayman &Pearson is generally not expanded to involve the UMP tests, in the case that‘®3‘ > 3.

An exception is the case ® < ‘R and the system of distributions with monotone likelihood ratio;

in this case Ney-man &Pearson theorem is used to construct the test

H:0<6,vs K:0>6,° H.60>0, vs H.0<0,

Definition 2

The real-parameter family of distributions{Pe ,QEG)} , for which there is a dominating o-

d ,ug

likelihood ratio, if there exists a real-valued functionT (X), such that for any 90 < 91 the ration

finite measure u (V 6: P, << u = 3 denisty pa = ), is called system with monotone

pﬁl(x)/ pg0 (X) is a non-increasing function of T (X).

Theorem 2

Let the random variable X has probability density [J_ (X) with monotone likelihood ratio in

T(X)

(i) fortesting H:0<@,vs- K:@>0, there exists a UMP test and is given by
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1 TX>C
O(x) =17 T(x)=C (c), where C and y are determined by E@OCD(X) =a(d)
0 T(x)<C
(ii) The power function L) = EQ(D(X) is strictly increasing for all points & for

which0 < S(0) <1.

(iii)  Forall#’, the test given by (a) and (b) is UMP for testing H': 0 < @'vs. K': 0> @' at
levela' = S(0").

(iv)For any HSQO , the test given by (c) and (d) minimizes the probability of an error of the
first kind among all tests satisfying (d).

Proof

(i) let @, and @, be two chosen points where (), is givenand @, <,

According to Ney-man &Pearson theorem there exists UMP test

1 p,0=kp,

0 pl(x) “k po(x) and EQOCD(X) = is satisfied

d(x) :{

Now,

o) =1if Pa_, oT(X)>c
p@o(x)

(ii) Let ®be the most powerful for testing H':0'vs.K':8", where 6 <6"at

level Ee,q)(X) =a’,

) P,
Bg(x)>k’ if T(X)>Cand pg(x)<k if T(X)<C

According to corollary 1:
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BO)<p@")if 0<pO)<L0<pB(O)<1l= pO)<aV <O, and @is a test at level
«, this leads to the test, which maximizes the power EelCD(X)among all tests satisfying
E,®(X) <a VH<H,and itis independent of @ , where @), was arbitrarily chosen, then

T(X)>C

1
O(x)=17 T(X)=C and Eg,®(X) =Py [T(X) >cl+ 7Py [T =cl=a
0 T(x)<C

=> The test is the same Y/ 9>90 = itis the UMP test.

(iii)Test @ is the most powerful for testingH': 8’ vs. K': 8", where 8’ < 8" atlevel a' = 5(6")

If the test H': 0 < 8'vs. K': 6 > 0'was prescribed at levela’ = B(8"), then it leads to the test

® with the same y,C and independent of 8’ < 8"

Definition (uniformly most powerful test)
V" EQOCD*(X) =« satisfies By (0) < By (0) vV O<6,

3.5 One-parameter exponential family

A single-parameter exponential family is set of probability distribution whose probability

density function has the form

p,(x) =C(6) exp(AO)T (x))h(x) ¢BY

According to Factorization criteria, T (X) is a sufficient statistic of the distribution, thus for

exponential family there exists a sufficient statistic whose dimension equals the number of

parameters to be estimated.

If Ais monotone function, then it leads to system with monotone likelihood ratio, where Ais

P, _c)
p,x) €@

eXp{A@") — A(@")}T (X) is increasing in T (X).

strictly increasing and

Corollary 2

In one-parameter exponential family with Amonotone in parameter 9 , there exist ~ UMP test

33



H: 0 <6,vs H: 0 >0, H: 8 >0,vs H: 0 <0,on ¢<(0,1) anditis given

by
1 THX>C

O(x) =1y T(x)=C ,and it satisfies EHO(D(X) =
0 Tx<C

3.6 Vector parameter exponential family

The single-parameter definition can be extended to a vector-

parametere = (01’@2, L Hl)t )

A family {P 9} of distributions is said to be from s-dimensional exponential family if the

distributions P , have densities of the form such, that with respect to a o-finite measure ,

defined by

p,(x)= exp[élni(H)T {(x)—C (9)}h(x) (1.2)

Here, the n and C are the real-valued functions of the parameters
I

T, are the real-valued statistics; x is a point in the sample space ya

The vector-parameter exponential family is said to be in canonical form if n. (@) =@ foralli.

Theorem 4

If in the exponential family with canonical form, the statistics (T ,(X),..., T (X)) are linear
independent, then it can reduce the size of the natural parameters, if the dimensions are not

reduced, then the parameter n = (771,..., 775) is unidentified.

Theorem 5

Let X be distributed according to exponential family with full rank in the form

p,,(9=Cr. )R> R U, 09+ X3 T WM,
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(A random variable T =(T,(X),...,T (X)) has distribution with density
r A
C(n,9 exp{; lgjtj}wnh respect to o-finite measure /|, .

(i)The conditional distribution of |J =(QJ,(X).--.UJ,(X))given T =thas density
S
C.m exp{zl n. U} with respect to measure yn

A generalization of the Ney-man Pearson Lemma

Let f g f Jne f , f lbe real-valued measurable functions, which are integrated with respect
m m+.

to o-finite £ , and suppose that for given constants C,C, there exists a critical function

@ (@ : E —[0,]) satisfying
Jo fdu=[o f dux)=C, i=1..m®
Let @ be a class of critical functions for which (A) holds, then

(i) Among all members of Q there exists® € ¢, such that

Jjof du=supf@f  du w

gep
(ii)A sufficient statistic for a member of ¢ to maximize I@ f 1d,u is the existence of
m+

constants ki ,i=1...,msuch that

f 0>k f o

0 m (B)
fL00<2k f 0

d(x) :{

(iii) If a member of @ satisfies (B) with ki >0 Vi, then it maximizesJ.CD f ld,u and among

all critical functions satisfyingJ-¢ f id,u <G i=1...m

(v) The set M :{(jqﬁ fldy,...,j¢ fmd,u),¢ Is a critical function}is convex and closed

and if (Cl,..., Cm) is an inner point of M , then there exist constants (kl,..., km) and
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a critical function ¢ satisfying (A) and (B), and a necessary condition for® to

maximizef@ f 1d,u is that , @ satisfies (B) a.e. [1]
m+
Corollary 6
Let pl,..., pm, pm+l be probability densities with respect to o-finite measure #, and

leta € (0,1). Then there exists a test @ such thatJ.CD(X) pi (X)du(x) =a Vi=1,...,mand
I@(X) pm+l(X)d,11(X) > o, unless pm 1(X) = Zkl P. (X) ¥xalmost everywhere [p].
i1 '

Proof
Using the induction over m:
For m=1 the result reduces to corollary 1

Assume that, the statement satisfies V « and for any set of m > 1distributions, that is

(Vi e{L..., m} 30 such that [ (D, P du=aVizji<mand [, p,du>a)

With this assumption, the point (a,...,a)eiRmis an inner point ofM, where
M :{(jcp p.du Vi =1..,m), @ is acritical function}

I
With the general Ney-man Pearson theorem, it is possible to construct UMP test
H:0<60.76>0. 6.<0.)vs K:0.<0<0,
Theorem (7i)

Let X has distribution in the one-parameter exponential family with density

pe (x) =C(0)exp{AO)T (X)}(Xx), Ais increasing, then

()For testing the hypothesis H:0<@ or@>@, (@.<@,)vs K:0,<0<O,at

level ¢ € (0,1), there exists a UMP test given by

1 when (:1<T(x)<C2 (C1<CZ)
d(x) = 4 when TX)=C, =12 (A)

0 when TX)<CorT(x)>C,
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Where C and J/ are determined by EHi d(X)=a 1=12(B)

(i)The test given by (A) minimizes |5, ® = (0 for all <@ and @>@,among all tests
satisfying (B)
(iii)For 0 <a <lthe power function of this test has a maximum at point @, €(@,,@,) and

decreases strictly as 6 tends away from Ho in either direction.

An exception is the situation P, (T(x) =t)+ P, (T(X) =t,) =1 VOeO.

Lemma 8

Let pg (X)>0 VO,Vt and satisfy the exponential system in the previous theorem. Let

p@'l )
P,

is strictly increasing int for all §,> @ .

(MDIf @ and (I)* are two tests satisfying (A), Eech (M) = Eelq)*(-r) and CI)*is to the

right of D (that is CIZ Cl,C; 2 C2;7/1 < 7/1,7/2 < 7/2) and at least one is strong
inequality= B, <E,® Y@>0, E, D >E,® YO<6,

(i)1f ¢ and (I)* satisfy (A) and (B) from the previous theorem and @, <@, = (I):(I)*

almost everywhere.

Uniformly most powerful test does not exist for testing the hypotheses |H :ngggezvs.

K:0<91 or 0>92 and H :0391 or 9202 Vs. K:01<9<92' the reason is such that, it

is always possible to construct UMP test for H:0<@,vs. K:@>@,in the form

1 T>C,
2710 T<C,

which maximizes and minimizes the power function for 0>02and

0302 respectively. Therefore exists UMP unbiased test of these hypotheses.
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3.7 Unbiasedness for hypothesis testing
Suppose that we have the hypothesis H :@c@®,, vs- H :@ @, , unbiased test is such that for

which the power function ﬁq) (0) = E, ©(X) satisfies

L.O)<aif 9@,
L.O)zaif 9@,

The idea is to restrict the class of unbiased tests and search for the strongest among them.

Uniformly most powerful test is unbiased whenever it exists, since its power can not fall below

that of the test d(X) = « .

If the power function is a continuous function of 6, the unbiased test must take only the values a

on the common boundary of (5),, and (5, i.e. ﬂq} @)=aVoe o) (O = ®_H ﬁ®_K is the set of

points 6 that are points or limit points of both @H and @K) such a test is said to be Similar on

the boundary of H and K.

Lemma
If the distributions P, are such that the power function of every test is continuous, and if (P, is

UMP among all tests which are similar on the boundary of (5),, and (5), , then it is also UMP

among all unbiased tests at level a.

Proof
The class of tests satisfyingVHe@ﬂq) (0) = a contains the class of unbiased tests= test

@,is UMP among all unbiased test. On the other hand, since(=¢y is similar on the

boundary, and that (), satisfies ﬂ(b (G ﬂCDo V@@, = @D, is unbiased.

Exponential families with natural parameters have continuous and differentiable power function
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Theorem

Let X has distribution with density pe(X)zC(Q)eXp{QT(X)}h(X), the test in the form

1 TX)<C,orT(x)>C,
Dd(X) = V. T(x)=C, i=12
0 C,<T(x)<C,

Is UMP unbiased test for testing H :elggggzvs. K:0<91 or 9>92 at level o, where
C..C, .y, y,aredetermined by F o ®(X) = E o, ®(X) = .
Proof

Since the power function of any test in the distributions of exponential type is continuous and

differentiable, the previous lemma can be used

The common boundary of H and Kis the set {@), , @.}
= EelCD(X) =a= E02®(X) (Similarity on the boundaries)
Looking for the test which maximizes the power function for some fixed point Hg{@l : Qz}

From theorem (7i) = the test in the form

1 when C,<T(x)<C, (C,<C,)
d(x) =4y, when T(x)=C;,i=12,  (A),whereEy ®'(X)=a'=F, ®'(X)(B)
0 when T(x)<C,orT(x)>C,.

Minimizes the power function Iqu () for 0<@,and >0, (X)=1-D'(X)

= Vice-verse it maximizes this power function among all tests satisfying (B).

Theorem

Let X has distribution with density pe (x) =C(0)exp{f T (x)}(x), the test in the form
1 T((X)<C,orT(x)>C,

D(x) =17, T(x)=C, i1=12
0 C, <T(x)<C,
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Is the UMP unbiased test for testing H :QZQOVS. K :0;,500 at level a, where the constants
C.C, Y,y ,are determined byE00®(X) =« and Eeoq)(X)T(X) = aEeoT(X)
Tests with unspecified nuisance parameters

Consider the exponential family in the form

p,, (9 =COnNep{oU)+ :zlniTi(x)} with respect to ,(60,7) = (6, (7],-.1],)) €©
And the hypotheses

H..0<6, vs K..0>0,

H.:0<0.or (>0, vs K.:0.<0<0,

H..0.<0<60. vs K..:0<6.°r 6>0.

H..0=0, vs K..0+0,

We shall assume that the parameter space 0 is convex and it is not contained in a linear space of

dimension less than K +1and that the points 00 , 91, 02 are not on the boundary so that
360" 360" :9'<0.<O" =0, 1,2
3 77! 3 77” :(0"77')6(9;(&”’77”)6@

From theorem (5), it is known that the distribution of the sufficient statistics

U, T)=U,T,T ) has density

uT K i
P,. (u,t) =C(8,17)exp{6 u + ; 77.t} with respect to v
And conditional density of U /T =tis

ple (ult)=C,(0)exp{6 u} with respect to o)

So that, it is possible to construct the UMP test for testing |H ,in the form
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1 when u>C,(t)

@D, ult)y=1y(t) when u=C,(t)
0 when u<C,(t)

And for testing H , there exists UMP test in the form

1 u<Cyt)oru>C,(t)

D,Ul) =17t u=Ci(t),i=12
0 C,(t)<u<C,(t)

We need to proof that these conditional tests are UMP among all unbiased tests, if X has

X X
distribution from the class p ={ pg ,0 €O}

X
Test @is similar on the boundary with respect to p (with respect to 0) if
E,oX)=a VvOecO®
Definition

Test @ is similar with respect toP ={ p;’ e &} if Eg [D(X)]=a VEeE

Let T be a sufficient statistic for P, the distribution of X given T =t does not depend on

& = any arbitrary test satisfies E[®(X)|T =t] = « is also similar test with respect to P
= a=E,(E [®(X)|TD = E, ®(X)
Tests satisfying E[®(X) | T] = & almost everywhere is said to be tests with Nay-man structure

The class of distributions P is called “bounded complete”, if for all limited measurable

functions f , the form E§ f(X)=0V¢ e E= f(X) =0 holds almost everywhere VP&'

Lemma 14
X X
Let X be a random variable with distribution from the family p ={ pgy ,£eE}andlet T bea

sufficient statistic for £, then all similar tests with respect to P~ have Ney-man structure with

T T
respect to T only if the class of distributions p z{pf, & e E}of sufficient statistic T is
bounded complete

Proof
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1) Let PT be bounded complete family and assume that @is similar test

= Ep(®(X)-e)=0v¢ e
Let w(t) = E[®(X) | T =t]— abe limited function satisfying

Ep [E[®(X)[T]-a]= Ep: [D(X) -] VEEE

From the bounded completeness of PT = E[®(X)|T =t]—«a = 0almost everywhere VPT§

= ® has Nayman structure.
2)

Theorem
« K
Let X be a random variable distributed according to pg (x) =C($) exp{ijTj(X)}with
1
respect to i, &€=, then the sufficient statistic T =(T,,... T ,)has distribution of type

K
p; t)=C($) eXp{Zgjtj}with respect to v, £ €Z and the family pT ={p;, & e E}is
i1

bounded complete, if = contains non-degenerate k-dimensional rectangle.

Proof

Theorem 16
1 u>C(t)

Test (P,(U,t)=<y(t) u=C(t)is UMP unbiased test for testing the hypothesis
0 u<C()

H. 0<0,vs K :@>0,at level « where y(t)and C(t)are determined by

1 u<C/(t)oru>C,(t)
EGO[CD(U'T) |IT=t]=a and that test@D, (ut)=17; u=C_C,(t),i=12 is UMP
0 C,(t) <u<C(t)

unbiased test for testing the hypothesis H429:HOVS. K :0¢00 at level o, where
V. (t) and C, () are determined by

E,[®U.T)IT=tl=aand E, [U ®U,T)|T =t]=aE, [U|T].
42



Theorem 17

K
Let X has distribution of type pa (x) =C(8,7)exp{U(x) 0 + ZT j(X)77J_}with respect to L.
7 -1

1 v>C
assume that V =h(U,T)does not depend onT, if @=@) then P, (v)=¢y v=Cis UMP
0 v<C

unbiased test for testing hypothesis H . QSQO vs. K : 0>00 at level o, where C and y are
determined by E00®N) = and if h(u,t)is increasing in v for every t. if h(u,t)is linear ,

where h(u,t) = a(t) u +b(t), then test

1 v<Corv>C,

D,)=1y v=_C, is UMP unbiased test for testing the hypothesis
0 C, <v<C,

H.: 0:90 vs. K, 9_—,&00 at level o«  where Ci and y. are determined by
Eeoq)(\/) = and Eeovq)(\/) == (ZEQOV

Proof
1 v>C
h(u,t) is increasing in v forevery t, @@,(v) =1y v=C
0 v<C

Eg[D.W)T=tl=a=Pp, [V >COIT =tl+ 7O Py, IV =CH) [T =1]

= Eg, [D,V)]=a= P@o[v >C(t)]+ 7/(t)P90[\/ =C(t)] = C(t) and y(t) are independent

of tand are constants.

hut)=at)u+bt)=v=FE4 U O,UT)T=tl=aE, UIT =t]

E Ovagg”cpm DT =tl=aRy [ g‘;’w—t]
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=

Eg,lV @,V )IT =tl-b) a=aFy [V IT =t]-b(t) &

= E@O[V O, V.)IT =t]= aEeo[\/ |T =t] for @,,and V is independent of T .
3.8 Least favorable distributions

Assume that we have the hypothesis |H :0€®0 vs. K :6 ,0%@0 and consider the problem

of testing H pg 0cO,vs-K:@ ,Qg@o; the idea is to replacing H which is supposed

to provide no information concerning &by an equivalent simple hypothesis H A : PA, where

Ais a probability distribution over ®0and P,is a distribution with density

pA () = [ p,()dA(©)

®U
Constructing this problem requires: a o-algebra t be defined over the parameter space @ (orat

least @0) and a probability distribution A be defined over T, where A must be” informative” or

provide as a little help for the purpose of replacing hypothesis H by HA. For all A

distribution over t let ﬂA denote the “maximum power” for testing |H L Vs K atlevela .

Definition

The distribution A is said to be least favorable at level @ if for any other distribution A’, the
inequality ﬁ/\ < ﬂ/\, VA'on 7 holds.

Theorem

Let T be a given o-algebra over ®o such that the densities pg (X) are jointly measurable in 6
and x. Suppose that over (®o'T ) there exists a probability distribution A such that the most
powerful level-a test (P, for testing H L VS K is of size less than q, also with respect to the
original hypothesis H .

(i) The test (P, is most powerful for testing H vs. K.
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(i) If @, is the unique most powerful level-a test for testing H L\ Vs. K . it is also the
unique most powerful test of H vs. K atlevel a.
(iii)  The distribution A is the least favorable.

Corollary

Suppose that A is a probability distribution over (5),and that @'0 < (9, with A(@’O) =1. Let

(I)A be a test such that

1400 >k p,(x)dA()

Dn {0 900 <k] Py ()dA(9)

Then (P, is a most powerful level-a test for testing H: pg ,0€®0 vs. K: g if

E, D, (X)=SUPE, D, (X)=a VO @',
0O,
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Chapter 4

The curvature in exponential families

We know that, if F is an exponential family then the methods mentioned in the previous chapter
can be used without any problem, and now the question is what if these families are non-

exponential?

There is a quantity that measures how nearly exponential an arbitrary one-parameter family is.

This quantity is called a statistical curvature and it was first introduced by “Bradley Efron”.

The statistical curvature is identically zero if F is exponential family and greater than zero for at
least some values of the parameter for non-exponential family. It was noticed that the family
with a small curvature enjoy the good properties of exponential families but big curvature
overthrow these properties for example the MLE is no longer a sufficient statistic for non-
exponential families. The amount of information we loss can be expressed in a terms of

curvature.

4.1 The general definition of statistical curvature

Let F= {f (x), 6€EO} be an arbitrary family of density functions indexed by the single parameter
0€0. Let [(6) denote the logarithm of fg (x), and the first and second partial derivations with
62
06?

continuously and can be uniformly dominated by integrable functions in a neighborhood of the

respect to 6, byZ(X):%EH(X), /(X) = ?,(X), suppose that the derivatives exist

given 6. The moment relationshipsE,l, =0, Egl.g =-E,l, =i,

Let Mg be the covariance matrix of (1,,17),

M. = E,l; E,ll, E(Vzo(e) Vll(e)j
’ E ll, Eelez_ig vi(0)  v,,(0)

So that the statistical curvature of F at @ is defined as

7650M0|/i;)1 = 2 3

Iy ly

/2 _{Voz(e) _ v1(6)

1/2
} assuming that O<ig<oco and vgz(8)<oo
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It is advantageous to mention that the statistical curvature of distributions related directly with
the geometrical curvature. As we will see for curved exponential families the statistical

curvature exactly equals the ordinary geometric curvature of the line.
4.2 The geometrical curvature

Let £ be a curved line in Euclidean k-space, Ex defined as L={ 19, 6€0}, where 0 is an interval of

the real line and 7y is the vector in , Ex for each 6. The curvature of £ at 8 with respect to the

inner product X} is defined as

Vo = QM0|/V230 (9))1/2, My is 2X2 matrix defined as

M, =

[ﬁézeﬁe 77;'29779]

(Vzo ) Vll(e)]
ToZolly  TioZolly

vi;1(0) v, (0)

Substituting k=2, 8=X, n¢ =(X, Y(X)), then the curvature of £ reduces to

_ (Y")Z 1/2
7x [[1+(Y')2]3}

If the rate of change of direction of £ with respect to arc-length along the curve is decreasing
then the radius of the circle tangent to £ at (X, Y) is increasing. It can be denoted as fpox=1/yx,

where x is said to be the radius of curvature.
Now we compute the statistical curvature for curved exponential families:.

Suppose we have an exponential family with density formulated as

S
p, (X) =exp [Znix —D(n7)]n(x) n€eH and H is the parameter space as it was mentioned in
i=1

the first chapter

Let L= {ny, €0} be a one-parameter subset in the interior of H, where 7y is continuously twice

differentiable function of 6€6,an interval of the real line .

Define the families F to be curved subsets of a large £-parameter exponential family. Let (x) be

defined as

f,00= , (0 =oL3- 1, -1, Y

Then {f¢ (x), 0€0} is curved exponential family
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4.3 The properties of the curvature

The first important property of the statistical curvature is that it does not depend on the
parameterization so that if we use instead of parameter 6 a strictly monotone twice
differentiable function of 8 then the curvature will not change for the new parameterization and

will stay the same in both cases.x

The second property is the invariance of the statistical curvature under any mapping to
sufficient statistic. If we assumed that we have a sufficient statistic T(x) for the parameter 6,
then the likelihood function using the sufficient statistic will stay the same as the likelihood

using the whole data x which means that the statistical curvature will not change either.

The curvature in example (1.4) (curved normal family) (chapter 1)

We had a two-Parameter exponential family in the form

1 1 1 1
f (X)=p (X)=exp| =x— x?-= , >0 X ~N(v,0?
(0= p,(9 XpL L Jﬂu v 0.0%)

I,(x)=f,(x) =1x— 12 x? —£+ In(2) — In(~27) — In(v)
v 2v 2
|'U(x)=fu(x)=—i2x+i3x2—E
v v v
- 2 3 1
| (X)=f (X)=—=x-—x*+—=
L0 = 1,00 = 53"+
Eul'u=EU[—i2x+i3x2—1]=—i2EU(X)+i3EU(x2)—1=—i2-u+i3.zuz—1=o
v v Y v v v v ) v
: - 2 3 1 2 3 1 -3, 3 .
EUIUZ=—EUIU=—EU[?X—sz“1‘?]:—[?'0—?'202+?]=—[7]=?E|U
Since,EUX:U,EUX2:2UZaO<iU<oo
1 1 1..2 3 1
Ell =E[-=X+=X?-Z][SX - X2+
vvwv u[ 1)2 03 U][U3 1)4 1)2]
2 ,, 3.3 1 2,35 3,4 1., 2 3., 1
=E[-—X"+—X"—— X+ — X" = X"+ X" —— X +— X" ——
2 v° v° v! v° v’ v° v’ v° 1)3]
2 3 1 2 3 1 2 3 1
=B, [ -%-20" +—40° - —v+—40° - 100" + 207 - v+ 20° - =
oL v° v° v’ v° v’ v° v* v° v

48



4 12 1 8 30 2 2 6 1 10

E[-—+—C -~ 4~ - T 1=-"=El
A S S S S S SN S SRS S S 1)3] v° v
Since,
E X°®=40v° E X*=100"
. 2 3 1 4 9 1 12 4 3]
Ei2—FE [SX -2 X4 P o[ X242 X == x4 L x_2 x?
v U[u3 ! 1)2] [06 I vt v’ v° v° ]
4, 9. ., 1 12. ., 4 6., 43
:[§2U +5101) +F—74U +;V—FZU ]:—4
. 43 9 34
El?-i?=—"_"=""cw
oo lo = T T AT
Now,
3 10
w| v o102 100 2
4 _E 3_4 UG UG UG
v: ot

The statistical curvature is

_ 2,212
Ve v v° 27

For the properties

Assume that we have a new parameterization for v so that v =1/0 is strictly monotone twice

differentiable function of b= X ~ N(é,_,iz)
v v

~2 103
oM, =| 2 T 1005 1005 = 25°
-10v°  34v

\/ﬁ 2 , o o
=2y, =v20" 270" = 57 8 the same value with the new parameterization and it is

independent of the parameter in both cases.
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