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Abstract 

Název práce: Exponenciální třídy a jejich význam pro statistickou inferenci 

Autor: Sally Abdel-Maksoud 
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Vedoucí diplomové práce: doc. RNDr. Daniel Hlubinka, Ph.D. 

e-mail vedoucího: Daniel.Hlubinka@mff.cuni.cz 

Abstrakt: Tato diplomová práce vyhodnocuje Exponenciálního třídy rozdělení,které mají 

speciální postavení v matematické statistice. Diplomantka se seznámí se základními pojmy a 

fakty související s rozděleními exponenciálního typu. Speciálně se pak zaměří na výhodnost 

exponenciálních tříd v klasické parametrické statistice, tedy v teorii odhadu a v testování 

hypotéz. Důraz bude kladen na jednoparametrické i víceparametrické systémy.  

Klíčová slova: Statistická inference, exponenciální třídy, testy hypotézy. 
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Introduction 

Statistics science is a mathematical approach of making effective use of numerical data 

pertaining to groups of individuals or things, so that studying these data, how it can be collected, 

analyzed, interpreted and presented in order to answer the questions related to the world 

around us. Theory of statistic takes the real data arising from the practical situation and uses 

these data to validate a specific model, to make good guesses or estimates of the numerical 

values of relevant parameters, or even to originate a model.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                    

Statistics is usually divided into descriptive and inferential statistics. Generally descriptive 

statistics describe the collected data and show how it looks like. Descriptive statistics include 

frequency count, ranges (high and low scores of values), means, modes, median scores and 

standard deviations. Variables and distributions are two essential concepts to understanding the 

descriptive statistics. 

 Inferential statistics are used to make generalization or prediction based on the descriptions of 

data. One key basic concept of inferential statistic is statistical testing. 

Statistical inference, statistical induction and inferential statistics are the processes of drawing 

conclusions from the observation of data that are subject to random variation, for example 

observational errors or sampling variation which can not be avoided. 

There are two types of statistical inferences: estimation of population parameters and 

hypothesis testing. 

 

Statistical model 

Consider a probability space (𝔼, ℰ, ℙ𝜃)where ℙ𝜃 is a distribution on measurable metric space 

(𝔼,ℰ), such  that 𝔼 is appropriately chosen space in which all concrete measurements can be 

observed and ℰ is a given σ-algebra so that ℰ contains all the subsets of Ε that are relevant to the 

problem we assume that each observation 𝑥 ∈ 𝔼 is the realization of a random variable Χ with 

value in Ε that is defined on some underlying probability space (𝛺, 𝔉, ℙ) where ℙ is a probability 

measure on (𝛺, 𝔉). Such a random variable is a mapping 𝛸: (𝛺, 𝔉) → (𝔼, ℰ), that is ℰ - 𝔉 

measurable.  

To define the statistical model we assume that a family of probability measure {𝛲𝜃, 𝜃∈𝛩} defined 

on (𝛺, 𝔉), such that for every 𝜃∈𝛩 the distribution of 𝛸 under 𝛲𝜃 is given by (𝛢) = ℙ𝜃 (𝛸∈𝛢), 𝛢∈ℰ. 

Combining the sample space with the set of possible distributions of 𝛸, the statistical model can 

be formulated as ℳ= (𝔼, ℰ, ℙ𝜃), 𝜃∈𝛩. 
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Statistical decision problem 

To be able to construct the problem we need first to choose a suitable family, {𝛲𝜃, 𝜃∈𝛩} of 

distributions of 𝛸 on (𝔼, ℰ), where 𝛲𝜃 is true but at least partly unknown distribution. The 

parameter 𝜃 is assumed to be known only that it lies in a certain set 𝛩 the parameter space. And 

the statistical inference is using these tools to getting information about the distribution of 𝛸or 

the parameter 𝜃. Mathematically, the problem should be formalized in order to make more 

precise conclusions. Let ⅅ be a chosen non-empty set which refers to set of possible decisions 

and call it (the decision space). Our task is to find a rule, which tells us which action to take for 

each set of values of observations, such a rule is a function δ∶ 𝔼 ⟶ⅅ, so that δ=(𝑥), is the 

decision which is made after 𝑥 ∈ 𝔼 has been observed. 

Now how δ should be chosen. At the beginning we considered that the observations of data are 

subject to random variations that can not be avoided, such data can not lead to the best decision. 

According to that, there can be a loss owing to decisions; this loss is a random variable that can 

be expressed as (𝜃, 𝑑): 𝛩×ⅅ⟶ ℜ. 

Since we are not sure about decisions there can be a risk, thus we are looking for the decision δ 

that leads to the minimum risk for every 𝜃∈𝛩. The risk of a decision can be formulated as  

    ,)())(,())(,(),( XdPXLXLR     

If we could make a specific assumption about the class {𝛲𝜃, 𝜃∈𝛩}, where the distribution of 𝛸 is 

supposed to be, the structure of the space ⅅof possible decisions 𝑑 and finally the form of the 

loss function 𝐿 then we can get the concrete outcomes for our problem. 

 

Estimations and testing 

Estimation of parameters, testing of hypotheses, selection of population, and classification are 

special types of decision problems. To estimate the value of 𝜃 we need to create a statistic which 

is considered as a function of the observation and does not depend on 𝜃 with some appropriate 

properties, such as the sample mean and the sample variance. If the statistic which has chosen is 

close to the population parameter𝜃, it is then considered as an estimator of 𝜃. For example the 

sample mean is an estimator for the population mean. Now the question is if we assume that we 

know the sample mean and the sample variance; how can we make sure that the random sample 

has no other information about the population?  The answer will be according to which family of 

distributions we chose to describe the population. This idea leads us to the concept of sufficient 

statistic. More details will be discussed in the first chapter. 
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Chapter 1 

 

Exponential family of distributions 

 

1.1 Basic definitions and concepts 

In probability and statistics, an exponential family (or Koopman-Darmois distributions) is a class 

of probability distributions sharing a certain form will be specified later. It is said that such 

distributions belong to the exponential class of density functions. Exponential families include 

several important distributions, and also have several properties. 

Most of parametric families of distributions in a statistical model are especial cases of 

exponential families, such as the normal, exponential, gamma, beta, binomial, multinomial, 

geometric, negative binomial, and the Poisson families. They have the same properties as it is in 

an exponential family. 

The family of distributions {𝛲𝜃, 𝜃∈𝛩}, such that with respect to σ-finite measure 𝜇, we define 

the densities )(x
d

dp



 as 

For every ,   dxhxTCxp
A

s

i

ii 


 )(])()(exp[)()(
1

, x   (1.1) 

And it is called an “exponential family”, where i and C  are the real-valued functions of the 

parameters and  h(𝑥 ) is non-negative measurable function. 

The value θ is called the parameter of the family, and the value x is often a vector of 

measurements, in which case T(x) is a measurable function from the space of possible values of x 

to the real numbers. 

The exponential family is said to be in canonical form if  ii
)( for all i . 

By defining a transformed parameter )(  , it is always possible to convert an 

exponential family to canonical form, and rewrite as 

      )()(exp)(|
1

)( xhxTDxp
s

i
ii 








     (1.2) 
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The canonical form is non-unique, since 
i
 can be multiplied by any non-zero constant c, at 

the same time, T i
is replaced by (T i

/c). 

The function p in equation (1.3) is non-negative and )|( xp  is a probability density function, if 

and only if          1)()()(
)(




xdxheD
xTii 


       (1.3) 

A constant )(D >0 exists, if      )()(
)(

xdxhe
xT ii 

  (1.4) 

The set of points ),...,({ 1  sH  : })()()(,   xdxhe
xT   is called the 

natural parameter space of the family (1.2);  is called the natural parameter and 

)(

1

)(, xT i

s

i
ixT 



  is the Euclidean scalar product of the vectors 

),...,( 1 
s

T and ),...,( 1 TTT s

T

 . 

Theorem 1.1  

The natural parameter space H is convex 

Proof 

Let,   ,,
21

H ,
21

)1()1,0(     we have 

)()()()(
)(,)1()(,)(,

21

xdxhxdxh ee
xTxTxT

 







  

)()(,2)(,1
))(())(()()(

11

xdxTxT xhxhee 
 



   













))()(())()(( )(,2)(,1
1

xdxhexdxhe
xTxT  



      , H  

Example 1.1 (Normal family) 

If X  has the N ( 
2

, ) distribution, then θ= N ( 
2

, ) and the density with respect to 

Lebesgue measure is 
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








2

1

22

1
exp

2

2
2

22
)( 








 xxxp  

A two-parameter exponential family with exponential family with natural parameters  

( 
21

, ) = (





2

1
,

22
 ) and the natural parameter space ℜ  (  , 0). 

2

1
)( xh                    




 ln

2
)(

2

2

D  

Definition 1.2 

Θ is said to be unidentifiable on the basis of X , if there exist  21
 for which PP  21

 . 

 

Example 1.3 (Multinomial) 

In n independent trials with s+1 possible outcomes, let the probability of the ith  outcome be p
i
 

in each trial. If X i
denotes the number of trials resulting in outcome i ( si ,...,1,0 ), where each 

trial results in exactly one of some fixed finite number 1s of possible outcomes, with 

probabilities pp s
,...,

1
( sip

i
,...,00  and 




s

i
ip

0
1 ) then the joint distribution of 

the X ’s is the multinomial distribution );,...,,(
10

n
spppM  

pp
xx

n
xXxXP

xs
s

x

s
ss

...0
0...

0

),...,(
!!

!
00

  ,                                        (1.6) 

This can be rewritten as 

)()log...logexp( 100 xhpxpx s
  

Since the xn
add up to n ( nx

s

i
i

0

), this can be reduced to 

  )()/log(...)/log(logexp
00110

xhppxppxpn
ss  
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This is an s-dimensional exponential family with 

),/log(
0ppii

                       




  



s

i

ienpnD
1

0
1loglog)(    

The natural parameter space is the set of all ),...,
1

(  s
with   

i  

 

1.2 Curved exponential family 

A vector exponential family is said to be curved if the dimension of the parameter 

vector ),....,,( 21
t

l  is less than the dimension of the number of functions of the 

parameter vector  ))(,....,)(()(
1  m

t
  

In Example(1.1), it might be the case that the mean and the variance are related. In such cases, 

when the natural parameters of the distribution are related in a non-linear way, we say that 

(1.2) or (1.3) forms a curved exponential family.  

 

Example 1.4 (curved normal family) 

For the normal family of Example 1.1, assume that υ=σ, so that  




2

1

2

1

2

11
exp)( 2

2 







 xxxp ,        υ>0   (1.7) 

However, this is a two-Parameter exponential family with natural parameter )
2

1
,

1
(

2
 , this 

parameter generated by the single parameter υ. 

The two-dimensional parameter )
2

1
,

1
(

2
 lies on a curve in

2
, making (1.7) a curved 

exponential family.  

Example 1.5 (Normal sample) 

Let iX (i=1… n) be independent identically distributed according to ),( 2N . Then, the joint 

density of nXX ,...,1 with respect to Lebesgue measure in n is 
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)2(

1
)

22

1
exp( 2

2

2

22






nii

n
xx    

As in the case 1n of Example 1.1, this is a two-parameter exponential family with natural 

parameters )
2

1
,(

22 


 .  

Example 1.6 (Logit model) 

Let X i
be independent ),( ,npb ii

,,...,1 mi so that their joint distribution is 
















m

i
i

xinixi
i

i

i
mm pp

x

n
xXxXP

1
11 .)1(),...,(   

This can be written as 


















m

i

m

i
i

ni

i

i

i

i
i p

x

n

p

p
x

1 1
,)1(}

1
logexp{ (1.8) 

An m-dimensional exponential family with natural parameters  

,
1

log
p

p

i

i
i 
   .,...,1 mi The quantity )]1/(log[ pp  is known as the logit 

of .p  

If the s' satisfy   

,zii
     ,,...,1 mi (1.9) 

For known covariates iz , the model only contains the two parameters ,  and (1.8) 

becomes a curved exponential family. 
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1.3 Moments and cumulant generating functions 

Theorem 1.7 

For any integrable function ƒ, and any η in the interior of H, the integral  

)()())(exp()( xdxhxTxf ii   

Is continuous and has derivatives of all orders with respect to the η’s, and these can be obtained 

by differentiating under the integral sign. 

Normalization of the distribution 

 Since,  

    )()()(exp)()(1 xdxhxTDxdF ii  (1.10) 

It follows that 

)()(
)()( xdxhee

xT iiD 



  

Calling D the log-partition function 

Now, differentiate the identity (1.10) with respect to k  leads to  

)()( 


 DT
k

k



                                                 (1.11) 

Differentiating pervious equation with respect to  l
leads to 

)(),cov(
2




DTT
lk

lk



                      (1.12) 

In an exponential family the statistics ),...,( 1 sTTT  carry all the information about η or θ 

contained on the data, so that all statistical inferences concerning these parameters will be 

based on T’s. For this reason we will be interested in calculating not only the first two moments 

given by (1.11) and (1.12) but also some of the higher moments 

),...,( 1
11 ,..., TT vs

s
v

s
 

                      (1.13) 

And central moments  
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.
11

1

1
})](...[)]({[

,..., TTTT ss
s

s





 (1.14) 

 

Using the moment generating function makes the calculation much easier, such that 

)(),...,( ...11
1 euuM T susTu

sT

     (1.15) 

If M T
exists in some neighborhood ui

2
of the origin,then all moments 

  s
,...,

1
and are the coefficient in the expansion of the cumulant of M T

as a power 

series.  

!!.../,...,1

1
1 11

),...,(

,...,),...,(  


 ssT uuuuM s

s
sss      (1.16) 

Cumulant generating function can be determined by  

!!.../,...,1

1
111 11

),...,(

,...,),...,(log),...,( 


 ssT uukuuMuuK s

s
ssTs     

(1.17) 

From the cumulant the moment, can be determined by formal comparison of the two power 

series. 

For exponential family, the moments and cumulant generating functions can be expressed rather 

simply as follows. 

Theorem 1.8 

If X is distributed with density  

,

1

)( )()(exp)(| xhxTDxp
s

i
ii 








   

then for any η in the interior of H, the moment and cumulant generating functions )(uT and  

)(uT of the T’s exist in some neighborhood of the origin and are respectively given by  

)()()()()()(

T )()(][(u)   AuAAxTuxTu exdxhee
TT          

(1.18) 
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  )()()(  DuDuKT                                                                                     (1.19) 

The calculation of moments becomes easy when they can be represented as the sum of 

independent terms. 

 

(a) Suppose nXXX  ...1 , where iX are independent with moment and cumulant 

generating functions )()( uKuM X i
and

X i
, respectively. Then 

)()...(]1[
)...(

)( u
X n

u
X i

xnx
MMeuM X




  

And therefore,  

)()(
1

u
X i

u
n

i
X KK 



                                      

From the definition of cumulants, it then follows that  





n

i
i kk ir

1

      (1.20) 

where k ir
is the rth  cumulant of X i

. 

(b) This situation is also very simple for low central moments. If )(X ii  , 

)(
2

XVar ii
 and the X i

are independent, one finds (problem1.7) 

  ,)( 2
 iiXVar     ,)()]([

33

   iiii XX         (1.21) 




 
ji

jiiiii XX .)()]([
2244      

For the case if identical components with , i  ,
22

 i
this reduces to  

,)(
2

   nVar i
       ,)()]([ 1

33

   XnX ii
 (1.22) 

.)1(3)()]([
444

1    nnXnX ii
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1.3.1 Special cases of exponential families and some of their moments 

Example1.9 (Skew-logistic distribution) 

Consider a real valued random variable X with density 

)1(
)( 1




 


e
exp x

x

                        

Parameter ),,0(   the density can be rewritten as  

))log()1log(exp(
1

 








e
e

e x

x

x

 

This is an exponential family with canonical parameter 

,  ),1log()( exT
x




).log()log()(  D (1.23) 

.
11

)]log([
)(

))1(log()(





















 D
eT

x

(1.24) 

.
1

)(

11)(
)1(log()(

222

2


























 D
eVarTVar

x
(1.25) 

 

Example 1.10 (Binomial moments) 

Let X have the binomial distribution B (p, n), so that for x=0, 1, … , n,  

).1);1,0(()( pqp
xnx

qp
x

n
xXP 











  (1.26) 

 

This is the special case of the multinomial distribution (1.6) with 1s . The probability (1.26) 

can be rewritten as  
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                    e
x

n
qnqpx log)/log( 









, 

Which defines an exponential family, with μ being counting measure over the points x=0, 1, … , n 

And with  

),/log( qp                        )1log()( enD            (1.27) 

From (8), leads to   

)()( epquM X

n
                      (1.28) 

To obtain the expectation and first three central moment of X , assume that X arises the number 

of successes in n Bernoulli trials with success probability ,p and hence that 

, XX i
where X i

is one or zero, as the ith trial is or is not a success. From (1.22) and the 

moments of X i
, we find (problem 1.8) 

,)( npX                ),()(
3

pqnpqnpX       (1.29) 

,)( npqXVar     ).61()(3)(
24

pqnpqnpqnpX   

Example 1.11 (Poisson moments) 

A random variable X has the Poisson distribution )(P if  

,
!

)( e
x

xXP
x

    0,...;1,0  x   (1.30) 

Rewriting as an exponential family in canonical form 

e
x

x  )log(

!
1  

We find, 

,log                        eD  )(                 (1.31) 

And hence  
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),1()(  euK u
X        euM eu

X
)1()(   (1.32) 

So that, kr
for all .r  

The expectation and the first three central moments are given by 

 ,)(  X               ,)(
3

  X      ,)( XVar (1.33) 

.3)(
24

  X  
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Chapter 2 

 

Sufficient statistic 

 

2.1 Basic concepts 

One of common thinking in theory of estimation considers that the sample contains 

“information” that is useful for estimating the parameter and “information” that is useless for 

estimating the parameter, creating a statistic will thrown away only some of the “useless” 

information, while completely retaining the useful information about the parameter, the statistic 

in such case is called a sufficient statistic for the parameter.  

A statistic is sufficient for a statistical model, if it is as informative as the full data meaning, that 

the statistic contains all of the information about the parameter of the model that is available in 

the entire data (random sample). 

For instance, if we know that a distribution is normal with variance 1 but has an unknown mean, 

the sample average is a sufficient statistic for the mean. 

The sample mean in Normal distribution ),(
2

N is sufficient for the distribution mean .   

 

Definition 2.1 

 A statistic )(XT  is said to be sufficient for underlying parameter , if the conditional 

probability distribution of X  given tXT )(  is for all t , independent of , i.e. 

))(|(),)(|( tXTxXPtXTxXP    

Or  

).|(),|( txPtxP   

 

Example2.2 (Poisson sufficient statistic) 
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Let XX 21
, be independent random sample of size 2 from the Poisson distribution. Show that 

XXT 21 is a sufficient statistic. 

The joint distribution of the random sample is  








2

1

2

21

21

!!
);(

i

xx

i e
xx

xf 
  

And the joint probability of xXxX 2211
,  and tXXT  21

is 

e
xx

txxf
t


 2

21

21
!!

);,,(       Where    xxt 21  

                                    0                                              Otherwise 

Moreover, we know that the sum XXT 21 has the Poisson distribution with 

parameter 2 . 

  e
t

tm
t


 2

!

)2(
);(   

 

Then, the conditional distribution of the sample, given tT  is 

),(

);,,(
);|,( 21

21





tm

txxf
tTxxf   

e
t

e
xx

tt

  22

21 !

)2(
\

!!


2

1

1
t

x

t








  

 

Which doesn’t depend on parameter   XXT 21 is a sufficient statistic. 
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By using the definition above, it is inappropriate to compute the conditional distribution in order 

to verify if the statistic is sufficient or to find a sufficient statistic. There exist a necessary and 

sufficient condition for sufficiency of a statistic T that uses the unconditional distribution of the 

sample and the distribution of the statistic T provided by the following theory. 

 

 

Theorem 2.3 (Factorization Criterion)  

Let XX n
,...,

1
be a random sample with joint density );,...,( 1 xxf n

with respect to σ-

finite measure . a necessary and sufficient condition for a statistic T to be sufficient for  is 

that the density can be factored as  

                           ),,...,()),,...,(();,...,( 111 xxhXXTgxxf nnn    

Where  g  is a non-negative function that depends on the parameter  and on the observations 

only through the statisticT and h  is a non-negative function doesn’t depend on . 

The converse is true: if the statistic T is sufficient, then the sample distribution can be factored 

as above. 

Example (2.4) (Normal distribution) 

Let XX n
,...,

1
be a random sample from a normal distribution ,2),( N  such that  

,

1

1




n

i
iX

n
X  








n

i
i XX

n
S

1

2
,)(

1

12
 

And let f be the joint density of XX n
,...,

1
 

Then 
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})(
2

1
exp{

2

1
),|,...,( 2

1 2

2
1 


  


xxxf

i

n

i
n

 

                                               
})(

2

1
exp{

2

1

1

2

22

2













n

i
i

n

x 


 

Now, 








n

i

n

i
ii xxxx

1 1

22
)()(   

                               









n

i

n

i

n

i
ii xxxxxx

1 1

2

1

2
)())((2)(   

                               )()()(2)1(
2

1

2
  


xnxxxsn

n

i
i  

                               ).()1(
2

 xnsn  

Thus,  

))})()1((
2

1
exp{

2

1
),|,...,(

22

22

2
2

1 


 







 xnsnxxf

n

n

 

                                                ).,...,(),,,( 1
22

xxhsxg n  

  ),( 2
SX Is sufficient for ).,( 2

  

2.2 Functions of a sufficient statistic  

A sufficient statistic by a one-to-one function is sufficient, but a sufficient statistic by a not one-

to-one function is not sufficient, i.e. 

If T is sufficient and ),(SHT  then S is also sufficient. Knowledge of S implies knowledge of 

.T moreover that T provides a greater reduction of the data than S unless H is ,1:1 in which 

case T and S are equivalent. 

Definition (2.5) (Minimal sufficient statistic) 
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A minimal sufficient statistic is defined as a sufficient statistic that is a function of any other 

sufficient statistic. 

A condition for a statistic )(XS to be minimal sufficient 

1) )(XS is sufficient . 

2) If )(XT is sufficient, the there exist function f such that ))(()( XTfXS  . 

Theorem (2.6) (Lehmann-Scheffe for minimal sufficient statistic) 

Let ),...,( 1 XXX n be a random sample and  is the set of all possible outcomes for the 

sample.  The probability density function ),( xf of X 1
satisfies  

0),(
1




n

i
ixf    ,),...,(

1 xx n
 

For any two sample point yx , (consider) the ratio 








n

i
i

n

i
i

y

x
yxh

f

f

1

1

),(

),(

),,(




  

Let )(:  TT be a measurable representation, whose inverse allows measurable 

selections 

Assume that ),,( yxh is independent of   )()( yTxT  , then 

),...,()( 1 XXTXT n is a minimal sufficient statistic for . 

 

2.3 Complete statistic 

Suppose that )(XhU is a statistic, then U is complete if 

}1]|0)([}0]|)([{   UwPUwE  

Finding sufficient, minimal sufficient and complete sufficient statistics is often simple for 

K-parameter regular exponential family, if the family given by equation (1.2) then it is kP-REF. 
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Theorem (2.7) (sufficiency, minimal sufficiency, and completeness of exponential family) 

Suppose that XX n
,...,

1
are i.i.d from an exponential family 

)()()(exp
1

)( xhCxTxp
s

i
ii 



 


 
         0)(0)( ,  Cxh  

If the parametric space contains a k -dimensional interval, then 

)),(),...(( 1 xTxTT k where ),...,( 1 xxX n je random sample and 

)()(
1

xCxT i

n

i
jj 


 is complete minimal sufficient statistic for . 

 

Theorem (2.9) (Bahadur’s theorem)  

A finite dimensional complete sufficient statistic is also minimal sufficient. 

Example (2.10) the sufficient statistic from a REF does not have to be complete 

Let X be a random variable form ),0(
2

N with 0
2

 . This family is a REF with a 

complete minimal sufficient statistic X
2

. The data X is also a sufficient statistic, but X is not 

a function of X
2

.hence X is not minimal sufficient and by Bahadur’s theorem not complete. 

On the other hand, 0)(2 XE
but ,10)0(2 XP

so X is not complete. 

Theorem (2.11) 

Let  be a finite family with densities ,, ,...,1,0 kip
i
  all having the same support. Then 

the statistic  
















)(

)(
,...,

)(

)(
,

)(

)(
)(

00

2

0

1

Xp

Xp

Xp

Xp

Xp

Xp
XT k Is minimal sufficient. 

Corollary (2.12) 
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Under the assumption of theorem (2.3), a necessary and sufficient condition for a statistic U to 

be a sufficient is that for any fixed  and ,
0  the ratio )(/)(

0
xpxp


is a function only of 

).(xU  

 

 

 

Lemma (2.13) 

If  is a family of distributions with common support and  
0

and if T is minimal 

sufficient for 0
and sufficient for , it is minimal sufficient for .  

2.4 Ancillary statistic 

Suppose that )(XrV if the distribution of V does not depend on ,  then V is called an 

ancillary statistic for . 

Theorem (2.8) (Basu’s theorem) 

Let  be a family of distributions on a measurable space ),(  . Then if T is complete 

sufficient statistic for , and V is ancillary to , then T is independent of .V  
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Chapter 3 

 

Uniformly most powerful tests 

 

3.1 Randomization tests 

Let   be a measurable function, such that ]1,0[:  and it is called the critical function  

For any value ,x  the hypothesis will be rejected with probability )(x and be accepted with 

probability )(1 x . 

If the distribution of X is ,P
 and the critical function  is used, the probability of rejection 

is 


 )()()(
0 xdpxxE 

  , it is called the power function and marked by )(


 

 

3.2 Non-randomization tests 

In this case  takes only the values 1 and 0, such that ][ 1
)(  xx . We are looking for , so 

that   )(
0

X  for  H
, nevertheless )(X is maximum for all K . 

Corresponding to the two kind of loss function, the two component of loss function can be 

formulated as following: 

1)( ,
11
dL   or  0  for   H

 or  K
 

0)( ,
01
dL             for all   

And 

0)( ,
02
dL   or  1   for  H

 or  K
 

0)( ,
12
dL              for all   
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3.3 Fundamental lemma of Nay-man and Pearson 

Let 0
and 1

be probability distributions measure on ),( E have densities p
0

and p
1

 with 

respect to σ-finite measure  and consider the test : 0H vs. : 1K  

(i) Existence 

For )1,0( there exist a test  and constant k , such that  

                                  
 )(

0
X                    (a) 

                   And  

                 
)()(

)()(

0

1
)(

01

01

xkx

xkx
x

pp
pp









        (b) 

(ii) Sufficient condition for a most powerful test 

If   satisfies the conditions (a) and (b) for some k , then it is the most powerful test for 

testing 0
against 1

at level . 

 

(iii) Necessary condition for a MPT 

If  is most powerful test at level , then for some k , it satisfies (b) and it satisfies 

(a) unless there exists a test with power1  and of size less than . 

Proof 

(i) Consider )1,0( and assume that )()( )()(
010

xcx ppc  and 

0)0( )(
10  xp . 

)(c can be rewritten as 





























  c

x

x
c

x

x

p

p

p

p
c

)(

)(
1

)(

)(

0

1

0

0

1

0
)(   














 c

x

x

p

p
c

)(

)(

0

1

0
)(1  …is a 

cumulative distribution function and )(c is non-increasing and continuous on the right, and 

0))(1(lim 


c
c

 ,  1))(1(lim 


c
c

 . It satisfies that 
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












 



c
x

x
cc

p

p
)(

)(
1))(1())(1(

0

1

0
 ,  

Let c0
 be such that )()( 00 cc   and consider the test  defined by 

)()(

)()(

)()(

0

1

001

001

001

xx

xx

xx

pcp
pcp
pcp















   

The size of  is  

))()(())()((1)(
001000100

xxxxX pcppcp 
    

                         


))()(()(
000 ccc  

     ]1,0[
)()(

)(

00

0 







cc

c



  

If ),()(
00 cc


  then 0)]()([
0010

 xx pcp  and it does not depend on value of . 

Of choice )()( 00 cc   : k is unique, if there does not exist an interval ),( cc  , such 

that )(c is a constant on ),( cc  i.e. (  )(c ), and }
)(

)(
,0)(:{

0

1

0
c

x

x
cxxC

p

p
p  , 

then 0)()()(
0

 ccC  , 0)()()(
00

  xdxc
c

p   0)( C 0)(
1

 C  

 )()(
01

xcx pp  , ),( ccC  which has probability 0 . 

(ii) Assume that 
*

is any other test at level, at most  with 
  )(

*

0
X . 

 Let  be a suitably chosen space divided into: }0)()(:{
*

 


xxx  

                                                                          }0)()(:{
*

 


xxx  

If )()(
*

xx   be multiplied by )()(
01

xkx pp  , then the result will be non-negative 
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


X  0)(  x  )()(
01

xkx pp   




X  0)(  x  )()(
01

xkx pp   

Now, 

 

 

  


)()()(
0

xdxx p , and  


)()()(
0

xdxx p  

 0)()()()()()(
0

*

1
 



 xdxxxdxx pp  

 0)()(
*

11





   XX  

(iii) Let 
*

be most powerful at level  for testing : 0H vs. : 1K and let 

 satisfy (a) and (b), in this case  is considered as the most powerful 

among all tests at level . 

Taking on )}()(:{
01

xxxK pp  and let )( 


 KS ; to proof that 0)( S , 

suppose that 0))((
01

*
 pp k on S , }1,0{[

*
 on K  on ]S  

 0)()(
01

*
  dk pp

S

 This is a contradiction; hence that  is more powerful than 


*

 0)( S (on set K the powerful test is given uniquely a.s.). 

]1,0[)(
*

 x can be defined arbitrarily on K
c

if 
  )(

*

0
X , and according to the 

proof point (i), it is possible that define to be a constant. If there exists no test of power 1  at 

level less than , then the most powerful test satisfies 
  )(

*

0
X . 

Corollary 1 

Let  denote the power of the most powerful test : 0H vs. : 1K at level , where )1,0( , 

then   unless  
10

. 

Proof 

0)()()()(
01

*

01

*







  




 dkdk pppp
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Since the level  test is given by   has power  , let  be the most powerful test, so that  










  )()(
11

XX  








  )()(

10
XX if     

 )(
1

X  test 
is the most 

powerful test and it must satisfies 
)()(

)()(

0

1
)(

01

01

xkx

xkx
x

pp
pp









 on the set 

)}()(:{
01

xxxK pp   )0))()(:(
01

 xxx pp K    )()(:
01

xkxK pp  and 

one set , such that 1k   
10

. 

3.4 Distribution with monotone likelihood ratio 

Nayman &Pearson is generally not expanded to involve the UMP tests, in the case that 3
3
 . 

An exception is the case   and the system of distributions with monotone likelihood ratio; 

in this case Ney-man &Pearson theorem is used to construct the test  

: 0H .vs  : 0K or : 0H  .vs : 0H . 

Definition 2 

The real-parameter family of distributions },{  
, for which there is a dominating σ-

finite measure ( : 

   denisty )




 d

dp
p  , is called system with monotone 

likelihood ratio, if there exists a real-valued function )(xT , such that for any  10
 the ration 

)()(
01

xx pp 
is a non-increasing function of )(xT . 

 

Theorem 2 

Let the random variable X has probability density )(xp


with monotone likelihood ratio in 

)(xT  

(i) for testing : 0H vs. : 0K , there exists a UMP test and is given by 
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CxT

CxT

CxT

x

















)(

)(

)(

0

1

)(   (c), where C and   are determined by   )(
0

XE (d) 

(ii)     The power function )()( X
 is strictly increasing for all points  for 

which 1)(0   . 

(iii) For all  , the test given by (a) and (b) is UMP for testing   :H vs.   :K at 

level )(  . 

(iv) For any  0
, the test given by (c) and (d) minimizes the probability of an error of the 

first kind among all tests satisfying (d). 

Proof 

(i)  let  0
 and  1

be two chosen points where  0
 is given and  10

 , 

According to Ney-man &Pearson theorem there exists UMP test  

)()(

)()(

0

1
)(

01

01

xkx

xkx
x

pp
pp









  and    )(
0

X is satisfied  

Now,  

1)(  x  if  k
x

x

p

p


)(

)(

0

1



   cxT )(  

    0  if  k
x

x

p

p


)(

)(

0

1



   cxT )(  

(ii) Let  be the most powerful for testing   :H vs.   :K , where   at 

level 


 
)(X , 

k
x

x

p

p






)(

)(




 if  cxT )( and

k
x

x

p

p






)(

)(





if cxT )(  

According to corollary 1: 
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 )()(   if ,1)(0   1)(0     )(   0
and  is a test at level 

 , this leads to the test, which maximizes the power )(
1

X among all tests satisfying 




 )(X 
0

and it is independent of  1
, where  1

was arbitrarily chosen, then  

CxT

CxT

CxT

x

















)(

)(

)(

0

1

)(   and    ])([])([)(
000

cxTcxTX  

The test is the same   0
  it is the UMP test. 

(iii)Test  is the most powerful for testing   :H .vs   :K , where   at level )(   

If the test   :H vs.   :K was prescribed at level )(  , then it leads to the test 

with the same , C  and independent of   . 

 

Definition (uniformly most powerful test) 

*   )(*

0
X satisfies )()( * 

   
0

. 

3.5 One-parameter exponential family 

A single-parameter exponential family is set of probability distribution whose probability 

density function has the form 

)())()(exp()()( xhxTACxp 


                            (1.1) 

According to Factorization criteria, )(xT  is a sufficient statistic of the distribution, thus for 

exponential family there exists a sufficient statistic whose dimension equals the number of 

parameters to be estimated. 

If Ais monotone function, then it leads to system with monotone likelihood ratio, where A is 

strictly increasing and )()}()(exp{
)(

)(

)(

)(
xTAA

C

C

x

x

p

p








 








is increasing in )(xT . 

Corollary 2 

In one-parameter exponential family with Amonotone in parameter , there exist  UMP test  
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  0:H vs.    0:H Or   0:H vs.   0:H on )1,0( and it is given 

by 

CxT

CxT

CxT

x

















)(

)(

)(

0

1

)(  , and it satisfies   )(
0

XE  

3.6 Vector parameter exponential family 

The single-parameter definition can be extended to a vector-

parameter ),....,,( 21  l
t

  . 

A family  P
 of distributions is said to be from s-dimensional exponential family if the 

distributions P
have densities of the form such, that with respect to a σ-finite measure μ, 

defined by  

)()()()(exp
1

)( xhCxTxp
s

i
ii 



 


 


                   (1.2) 

Here, the 
i
and C are the real-valued functions of the parameters 

T i
 are the real-valued statistics; x is a point in the sample space  . 

The vector-parameter exponential family is said to be in canonical form if  ii
)( for all i . 

 

Theorem 4 

If in the exponential family with canonical form, the statistics ))(),...,((
1

xx TT s
are linear 

independent, then it can reduce the size of the natural parameters, if the dimensions are not 

reduced, then the parameter ),...,(
1


s
 is unidentified. 

Theorem 5 

Let X be distributed according to exponential family with full rank in the form 

)()}()(exp{),()(
11

,
xhxxCx

r

j
jji

s

i
i TUp 



 


, then 
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(i) A random variable ))(),...,((
1

xx TTT r
 has distribution with density 

}exp{),(
1




r

j
jjtC  with respect to σ-finite measure . 

(ii)The conditional distribution of ))(),...,((
1

xx UUU s
 given tT  has density 

}exp{)(
1

uC i

s

i
it 



 with respect to measure
t

. 

A generalization of the Ney-man Pearson Lemma 

Let ffff
mm 121

,...,,


be real-valued measurable functions, which are integrated with respect 

to σ-finite  , and suppose that for given constants cc m
,...,

1
there exists a critical function 

 ])1,0[:(  satisfying 

Cff iii
xdxxd   )()()(     mi ,...,1  (A) 

Let   be a class of critical functions for which (A) holds, then 

(i) Among all members of   there exists  , such that  

 


d
m

d ff
m  




 1

sup
1

  (A) 

(ii)A sufficient statistic for a member of    to maximize  
 df

m 1
is the existence of 

constants mik i
,...,1,  such that 




















m

i
iim

m

i
iim

xx

xx

x

fkf

fkf

1
1

1
1

)()(

)()(

0

1
)( (B) 

(iii) If a member of  satisfies (B) with 0k i
i , then it maximizes df

m 


1
and among 

all critical functions satisfying cf ii
d   ,   mi ,...,1  

(v) The set }),,...,{(
1

functioncriticalaisddM ff
m

  is convex and closed 

and if ),...,(
1 cc m

is an inner point of M , then there exist constants ),...,(
1 kk m

and 
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a critical function  satisfying (A) and (B), and a necessary condition for to 

maximize df
m 


1

 is that , satisfies (B) a.e. [μ] 

Corollary 6 

Let ppp
mm 11

,,...,


be probability densities with respect to σ-finite measure , and 

let )1,0( . Then there exists a test  such that   )()()( xdxx p
i

mi ,...,1 and 

 
 )()()(
1

xdxx p
m

, unless )()(
1

1
xx pkp

i

m

i
im





 x almost everywhere [μ]. 

Proof 

Using the induction over m: 

For m=1 the result reduces to corollary 1 

Assume that, the statement satisfies  and for any set of 1m distributions, that is  

),},...,1{(    dandmijidthatsuchmj pp
jjjj

 

With this assumption, the point 
m

),...,(  is an inner point of M , where 

}),,...,1{( functioncriticalaismidM p
i

    

With the general Ney-man Pearson theorem, it is possible to construct UMP test 

)(
2121:   orH vs.   21:K  

Theorem (7i) 

Let X has distribution in the one-parameter exponential family with density  

)()}()(exp{)()( xhxTACxp 


 , A is increasing, then  

(i)For testing the hypothesis )(
2121:   orH vs.   21:K at 

level )1,0( , there exists a UMP test given by 

.)()(

,2,1,)(

)()(

0

1

)(

21

2121

CC
C

CCCC

xTorxT

ixT

xT

when

when

when

x
ii















  (A) 
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Where C i
and

i
are determined by 2,1)(  iX

i
 (B) 

(ii)The test given by (A) minimizes )(


 for all  1
and  2

among all tests 

satisfying (B) 

(iii)For 10  the power function of this test has a maximum at point ),(
210   and 

decreases strictly as   tends away from  0
in either direction. 

An exception is the situation   


1))(())((
21 tt xTxT . 

Lemma 8 

Let txp  ,0)( 


 and satisfy the exponential system in the previous theorem. Let 

)(

)(
1

t

t

p

p



 
is strictly increasing in  

1
allfort . 

(i)If  and 
*

are two tests satisfying (A), )()(
*

11
TT    and 

*

is to the 

right of ),;,(
2

*

21

*

12

*

21

*

1   CCCCisthat  and at least one is strong 

inequality   
1

*
,   

1

*
 

(ii)If 
*

and  satisfy (A) and (B) from the previous theorem and  21
  

*
 

almost everywhere. 

Uniformly most powerful test does not exist for testing the hypotheses   21:H vs. 

  21: orK and   21: orH vs.   21:K , the reason is such that, it 

is always possible to construct UMP test for : 2H vs. : 2K in the form 

2

2

2
0

1

CT

CT









 which maximizes and minimizes the power function for  2
and 

 2
respectively. Therefore exists UMP unbiased test of these hypotheses. 
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3.7 Unbiasedness for hypothesis testing 

Suppose that we have the hypothesis :H H
vs. :H K

, unbiased test is such that for 

which the power function )()( X 
 satisfies  


  

H
if)(   


  

K
if)(   

The idea is to restrict the class of unbiased tests and search for the strongest among them. 

Uniformly most powerful test is unbiased whenever it exists, since its power can not fall below 

that of the test  )(x . 

If the power function is a continuous function of θ, the unbiased test must take only the values α 

on the common boundary of  KH
and i.e. 


 )( (  

KH
 is the set of 

points θ that are points or limit points of both  KH
and ) such a test is said to be Similar on 

the boundary of KandH . 

Lemma 

If the distributions 
are such that the power function of every test is continuous, and if 0

is 

UMP among all tests which are similar on the boundary of  KH
and , then it is also UMP 

among all unbiased tests at level α. 

 

Proof 

The class of tests satisfying   


)(  contains the class of unbiased tests  test 

0
is UMP among all unbiased test. On the other hand, since  is similar on the 

boundary, and that0
satisfies 




  
K0

)( 
0

is unbiased. 

Exponential families with natural parameters have continuous and differentiable power function 
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Theorem 

Let X has distribution with density )()}(exp{)()( xhxTCxp 


 , the test in the form 

21

21

)(

2,1)(

)()(

0

1

)(

CxTC

iCxT

CxTorCxT

x i
i















   

Is UMP unbiased test for testing   21:H vs.   21: orK at level α, where 


2121

,,,CC are determined by    )()(
21

XX . 

Proof 

Since the power function of any test in the distributions of exponential type is continuous and 

differentiable, the previous lemma can be used  

The common boundary of KandH is the set },{
21   

 )()(
21

XX    (Similarity on the boundaries) 

Looking for the test which maximizes the power function for some fixed point },{
21

  

From theorem (7i) the test in  the form 

 

.)()(

,2,1,)(

)()(

0

1

)(

21

2121

CxTorCxT

iCxT

CCCxTC

when

when

when

x ii















  (A) ,where )()(
21

XX    (B) 

Minimizes the power function )(


for   21
and , )(1)( XX   

Vice-verse it maximizes this power function among all tests satisfying (B). 

Theorem  

Let X has distribution with density )()}(exp{)()( xhxTCxp 


 , the test in the form 

21

21

)(

2,1)(

)()(

0

1

)(

CxTC

iCxT

CxTorCxT

x ii















   
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Is the UMP unbiased test for testing : 0H vs. : 0K at level α, where the constants 


2121

,,,CC are determined by   )(
0

X and )()()(
00

XTXTX     

Tests with unspecified nuisance parameters 

Consider the exponential family in the form 

 


torespectwithxxUCx Tp i

k

i
i

)}()(exp{),()(
1

,



 ,  )),...,(,(),(
1


k
 

And the hypotheses  

  :: 0101 KH vs  

  212212 :: )( KH vsor  

  213213 :: orvs KH  

  :: 0404 KH vs  

We shall assume that the parameter space Θ is convex and it is not contained in a linear space of 

dimension less than 1k and that the points  210
,, are not on the boundary so that 

  i
: , i=0, 1, 2 

 ),(;),(:   

From theorem (5), it is known that the distribution of the sufficient statistics 

),...,,(),(
1 TT k

UTU  has density 

 


torespectwithuCtu
k

i
ii

TU

tp }exp{),(),(
1

,

,



  

And conditional density of tTU / is 


 tt

TU

torespectwithutu Cp }exp{)()|(
|

  

So that, it is possible to construct the UMP test for testing H 1
in the form 
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)(

)(

)(

0

)(

1

)|(

1

1

1

1

tCu

tCu

tCu

when

when

when

ttu















   

And for testing H 2
there exists UMP test in the form 

)()(

2,1),(

)()(

0

)(

1

)|(

11

21

2

tCutC

itCu

tCuortCu

ttu ii















   

We need to proof that these conditional tests are UMP among all unbiased tests, if X has 

distribution from the class },{  


pp
XX

 

Test  is similar on the boundary with respect to p
X

(with respect to Θ) if 

 


)(X  

Definition 

Test  is similar with respect to },{  


p , if  


)]([ X  

Let T be a sufficient statistic for , the distribution of X given tT  does not depend on 

 any arbitrary test satisfies  ]|)([ tTX  is also similar test with respect to    

 )(])|)([( XTX   
  

Tests satisfying  ]|)([ TX  almost everywhere is said to be tests with Nay-man structure 

The class of distributions   is called “bounded complete”, if for all limited measurable 

functions f , the form 0)(0)(  xfXf 


 holds almost everywhere  
. 

Lemma 14 

Let X  be a random variable with distribution from the family },{  


pp
XX

and let T be a 

sufficient statistic for , then all similar tests with respect to 
X

have Ney-man structure with 

respect to T only if the class of distributions },{  


pp
TT

of sufficient statistic T is 

bounded complete 

Proof 
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1) Let 
T

be bounded complete family and assume that  is similar test 




 


0))(( XX   

Let   ]|)([)( tTXt be limited function satisfying  





  



])([]]|)([[ XTX TT  

From the bounded completeness of 
T
 0]|)([  tTX almost everywhere 

T


 

 has Nayman structure. 

2) 

Theorem 

Let X be a random variable distributed according to })(exp{)()(
1





k

j
jj

X

xCx Tp 


with 

respect to μ,  , then the sufficient statistic ),...,(
1 TTT k

 has distribution of type 

}exp{)()(
1





k

j
jj

T

tp Ct 


with respect to υ,   and the family  },{  


pp
TT

is 

bounded complete , if  contains non-degenerate k-dimensional rectangle. 

Proof 

Theorem 16 

Test 

)(

)(

)(

0

)(

1

),(
1

tCu

tCu

tCu

ttu















  is UMP unbiased test for testing the hypothesis 

 01
:H vs.  0

:K at level α, where )()( tCandt are determined by 

  ]|),([
0

tTTU  and that test

)()(

2,1),(

)()(

0

1

),(

11

21

tCutC

itCu

tCuortCu

tu iiu















  is UMP 

unbiased test for testing the hypothesis  04
:H vs.  0

:K at level α, where 

)()( tandt Cii
 are determined by  

]|[]|),([]|),([
000

TUtTTUUandtTTU    . 
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Theorem 17 

Let X has distribution of type })()(exp{),()(
1

,


 j

k

j
j

xxUCx Tp 


 with respect to μ. 

assume that ),( TUhV  does not depend onT , if  0
then 

C

C

C
























0

1

)(
1

is UMP 

unbiased test for testing hypothesis  01
:H vs.  0

:K at level α, where andC are 

determined by   )(
0

V and if ),( tuh is increasing in υ for every t. if ),( tuh is linear , 

where )()(),( tbutatuh  , then test  

 

21

21

4

0

1

)(

CC

C

CorC

i























 is UMP unbiased test for testing the hypothesis 

 04
:H vs.  04

:K at level α, where 
ii

andC  are determined by 

  )(
0

V and VVV    00
)(  

Proof 

 

),( tuh is increasing in   for every t , 

C

C

C
























0

1

)(
1

 

]|)([)(]|)([]|)([
0010

tTtCVttTtCVtTV     

 )]([)()]([)]([
0010

tCVttCVV    )()( tandtC  are independent 

of  t and are constants. 

 )()(),( tbutatuh  ]|[]|),([
040

tTUtTTUU     

]|
)(

)(
[]|),(

)(

)(
[

040
tT

Ta

TbV
tTTV

Ta

TbV






   

]|
)(

)(
[]|),(

)(

)(
[

040
tT

ta

tbV
tTtV

ta

tbV






   
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  

 )(]|[)(]|),([
040

tbtTVtbtTtVV    

 ]|[]|),([
040

tTVtTtVV     0
for , and V is independent ofT . 

3.8 Least favorable distributions  

Assume that we have the hypothesis : 0H vs.  0
,:K and consider the problem 

of testing  0
,: pH vs.  0

,:K ; the idea is to replacing H which is supposed 

to provide no information concerning  by an equivalent simple hypothesis 
:H , where 

 is a probability distribution over 0
and 

is a distribution with density 

)()()(

0

  


 dxpxp  

Constructing this problem requires: a σ-algebra τ be defined over the parameter space  (or at 

least0
) and a probability distribution Λ be defined over τ, where Λ must be” informative” or 

provide as a little help for the purpose of replacing hypothesis H by H 
. For all Λ 

distribution over τ let 


denote the “maximum power” for testing H 
vs. K at level . 

Definition  

The distribution Λ is said to be least favorable at level  if for any other distribution , the 

inequality  on


 holds. 

Theorem  

Let τ be a given σ-algebra over 0
such that the densities )(xp


are jointly measurable in θ 

and 𝘹. Suppose that over ),(
0   there exists a probability distribution Λ such that the most 

powerful level-α test 
for testing H 

vs. K is of size less than α, also with respect to the 

original hypothesis H . 

(i) The test 
is most powerful for testing H vs. K . 
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(ii)  If 
is the unique most powerful level-α test for testing H 

vs. K , it is also the 

unique most powerful test of H vs. K at level α. 

(iii) The distribution Λ is the least favorable. 

Corollary 

Suppose that Λ is a probability distribution over 0
and that   00

with 1)(
0
 . Let 


be a test such that 
















)()()(

)()()(

0

1









dxpkxq

dxpkxq
 

Then 
is a most powerful level-α test for testing  0

,:pH vs. qK: if 

 


 


 0

)()( sup
0

XX  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



46 

 

Chapter 4 

The curvature in exponential families 

We know that, if ℱ is an exponential family then the methods mentioned in the previous chapter 

can be used without any problem, and now the question is what if these families are non-

exponential? 

There is a quantity that measures how nearly exponential an arbitrary one-parameter family is. 

This quantity is called a statistical curvature and it was first introduced by “Bradley Efron”.  

The statistical curvature is identically zero if ℱ is exponential family and greater than zero for at 

least some values of the parameter for non-exponential family. It was noticed that the family 

with a small curvature enjoy the good properties of exponential families but big curvature 

overthrow these properties for example the MLE is no longer a sufficient statistic for non-

exponential families. The amount of information we loss can be expressed in a terms of 

curvature. 

 

4.1 The general definition of statistical curvature 

Let ℱ= {𝑓𝜃 (𝑥), 𝜃∈𝛩} be an arbitrary family of density functions indexed by the single parameter 

𝜃∈𝛩. Let 𝑙(𝜃) denote the logarithm of 𝑓𝜃 (𝑥), and the first and second partial derivations with 

respect to 𝜃, by )((x) x






 , )((x)

2

2

x






 , suppose that the derivatives exist 

continuously and can be uniformly dominated by integrable functions in a neighborhood of the 

given 𝜃. The moment relationships 0  l ,  ill  2  

 Let M𝜃 be the covariance matrix of ),(  ll  , 




















22

2






illl

lll




 









)()(

)()(

0211

1120




 

So that the statistical curvature of ℱ at 𝜃 is defined as  

  2/13/  i =

2/1

3

2

11

2

02 )()(














ii
   assuming that 0<𝑖𝜃<∞ and ν02(𝜃)<∞ 
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It is advantageous to mention that the statistical curvature of distributions related directly with 

the geometrical curvature. As we will see for curved exponential families the statistical 

curvature exactly equals the ordinary geometric curvature of the line. 

4.2 The geometrical curvature 

Let ℒ be a curved line in Euclidean k-space, 𝛦k defined as ℒ={ 𝜂𝜃 , 𝜃∈𝛩}, where 𝛩 is an interval of 

the real line and 𝜂𝜃 is the vector in , 𝛦k for each 𝜃. The curvature of ℒ at 𝜃 with respect to the 

inner product    is defined as  

  2/13

20 )(/    , M𝜃 is 2×2 matrix defined as 
 



























 









)()(

)()(

0211

1120





        

 Substituting k=2, 𝜃=X, 𝜂𝜃 =(X, Y(X)), then the curvature of ℒ reduces to 

2/1

32

2

])(1[

)(














Y

Y
X

 

If the rate of change of direction of ℒ with respect to arc-length along the curve is decreasing 

then the radius of the circle tangent to ℒ at (X, Y) is increasing. It can be denoted as ℘X=1/𝛾X, 

where ℘X is said to be the radius of curvature. 

Now we compute the statistical curvature for curved exponential families: 

Suppose we have an exponential family with density formulated as 

)(])(exp[)(
1

xhDxxp
s

i

i


      𝜂∈H and H is the parameter space as it was mentioned in 

the first chapter 

Let ℒ= {𝜂𝜃, 𝜃∈𝛩} be a one-parameter subset in the interior of H, where 𝜂𝜃 is continuously twice 

differentiable function of 𝜃∈𝛩,an interval of the real line . 

Define the families ℱ to be curved subsets of a large 𝓀-parameter exponential family. Let   (𝑥) be 

defined as  

)(])(exp[)()(
1

xhDxxpxf
s

i
i



  
  

Then {𝑓𝜃 (𝑥), 𝜃∈𝛩} is curved exponential family 
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4.3 The properties of the curvature 

 The first important property of the statistical curvature is that it does not depend on the 

parameterization so that if we use instead of parameter 𝜃 a strictly monotone twice 

differentiable function of 𝜃 then the curvature will not change for the new parameterization and 

will stay the same in both cases.𝑥 

The second property is the invariance of the statistical curvature under any mapping to 

sufficient statistic. If we assumed that we have a sufficient statistic T(x) for the parameter 𝜃, 

then the likelihood function using the sufficient statistic will stay the same as the likelihood 

using the whole data 𝑥 which means that the statistical curvature will not change either.  

 

The curvature in example (1.4) (curved normal family) (chapter 1) 

We had a two-Parameter exponential family in the form  




2
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11
exp)()( 2

2 
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

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Assume that we have a new parameterization for   so that  ~/1 is strictly monotone twice 

differentiable function of  ⇒ )~
1

,~
1

(~
2

NX  

⇒
666

43

32

~2~100~102~34~10

~10~3





 

















  

⇒
27

2~27/~2 66    is the same value with the new parameterization and it is 

independent of the parameter in both cases. 
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