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řádu pro řešeńı časově periodických Maxwelových rovnic ve dvou di-
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Preface

The de Rham diagram is an operator scheme relating the spaces H1(Ω),
H(curl,Ω) and L2(Ω) in two spatial dimensions through the gradient
and curl operators. The diagram is exact in the sense that the null space
of any operator in the diagram exactly coincides with the range of the
preceding one. The compatibility of the finite element spaces with the
de Rham diagram is essential for their good approximation properties as
well as for the analysis (e.g. for interpolation error estimation).

In this thesis we deal with the finite element discretization of the
time-harmonic Maxwell’s equations. The most widely used lowest-order
edge finite elements in two dimensions utilize so-called Whitney func-
tions (named after Hassler Whitney). These functions, however, are not
compatible with the de Rham diagram. The main idea of the presented
thesis is to construct a basis compatible with this diagram. Such basis
consists of two parts: curl-free gradients of scalar functions and nongra-
dient vector fields.

As it turns out, the gradient part of the basis is given by gradients
of the standard scalar piecewise linear “hat” vertex functions. The non-
gradient part consists of a selection of Whitney functions. Such selection
corresponds to suitable choice of edges in the finite element triangula-
tion. Our main goal will be to investigate the effect of the choice of the
nongradient part on the performance of the finite element method.
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Chapter 1

Time-harmonic Maxwell’s
equations and their
discretization

This introductory chapter brings in Maxwell’s equations with their time-
harmonic variant and their discretization by the finite element method.
While the former part is derived from [7], the latter relies on [3] and [11].

1.1 Maxwell’s equations

The classical macroscopic electromagnetic field is described in terms of
four vector functions of position x ∈ R3 and time t ∈ R:

• electric field strength E = E(x, t),

• electric flux density D = D(x, t),

• magnetic field strength H = H(x, t),

• magnetic flux density B = B(x, t).

The electromagnetic field is created by a distribution of sources con-
sisting of static electric charges and a directed flow of the electric charge
– the electric current. The distribution of charge is given by the scalar
density function ρ, while the currents are described by the vector-valued
density function J .
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The Maxwell’s equations in the differential form then consist of four
relations among field variables and sources:

∂B
∂t

+∇× E = 0, (Faraday’s law)

∇ ·D = ρ, (Gauss’s law for electricity)

∂D
∂t
−∇×H = −J , (Ampère’s law)

∇ ·B = 0. (Gauss’s law for magnetism)

Provided that charge is conserved, the Gauss’ laws could be obtained
from the other two. This could be shown by taking the divergences and
recalling that ∇ · (∇×F ) = 0 for any vector field F . Indeed, taking the
divergence of the Faraday’s law we get

∇ · ∂B
∂t

= 0, (1.1)

as applying the same operator on the Ampère’s law results in

∇ · ∂D
∂t

= −∇ ·J . (1.2)

Now, if the charge is conserved and the density D is sufficiently smooth,
then the quantities ρ and J are in the following relation (using (1.2) and
the Gauss’s law for electricity):

∇ ·J +
∂ρ

∂t
= 0. (1.3)

For sufficiently smooth B a combination of (1.1) and (1.3) gives

∂

∂t
∇ ·B =

∂

∂t
(∇ ·D − ρ) = 0.

This implies that if the Gauss’s laws hold at one arbitrary time, then
they hold for all time.

Nevertheless, numerical schemes must produce approximations that
take into account the Gauss’s laws in order to be successful in solving
discretized problems.

1.2 Time-harmonic Maxwell’s equations

The time-dependent system of Maxwell’s equations can be reduced to
time-harmonic system. This could be done either by the Fourier trans-
formation in time or by assuming that all time-varying quantities are
harmonic with frequency ω > 0.
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The electromagnetic field is said to be time-harmonic, provided

E(x, t) = Re
(

exp(−iωt)Ê(x)
)
, (1.4a)

D(x, t) = Re
(

exp(−iωt)D̂(x)
)
, (1.4b)

H(x, t) = Re
(

exp(−iωt)Ĥ(x)
)
, (1.4c)

B(x, t) = Re
(

exp(−iωt)B̂(x)
)
, (1.4d)

where i stands for the imaginary unit and Re denotes the real part. Thus,
Ê, D̂, Ĥ and B̂ are now complex-valued vector functions of the position
only.

For consistency, the current density and the charge density are needed
to be time-harmonic as well, so we put

J (x, t) = Re
(

exp(−iωt)Ĵ(x)
)
, (1.5a)

ρ(x, t) = Re (exp(−iωt)ρ̂(x)) . (1.5b)

Substituting (1.4) and (1.5) into the Maxwell’s equations leads to
their time-harmonic variant:

−iωB̂ +∇× Ê = 0, (1.6a)

∇ · D̂ = ρ̂, (1.6b)

−iωD̂ −∇× Ĥ = −Ĵ , (1.6c)

∇ · B̂ = 0. (1.6d)

1.3 Constitutive equations for media

Equations (1.6) must be augmented by certain constitutive laws. The
first two constitutive laws couple quantities Ê, D̂, Ĥ and B̂ with the
particular material via the following relations:

D̂ = εÊ, (1.7a)

B̂ = µĤ . (1.7b)

The symbols ε and µ denote the electric permitivity and the magnetic
permeability, respectively. They characterize the electromagnetic prop-
erties of the material. We distinguish the following types:
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• in homogeneous medium all parameters are independent of the po-
sition,

• in linear medium the parameters are independent of the electro-
magnetic field,

• in isotropic materials these characteristics do not depend on the
direction of the electromagnetic field.

The third constitutive relation takes into account the current that rises
by the electromagnetic field itself:

Ĵ = σÊ + Ĵa, (1.8)

where the non-negative function of position σ is called the conductivity
and the vector function Ĵa describes the applied current density.

The most common case in practice is the linear, inhomogeneous and
isotropic material (e.g. air, copper, etc.). In these cases the parameters ε
and µ are positive, bounded, scalar functions of position only. For such
type of media, the system of time-harmonic Maxwell’s equations could
be rewritten (using (1.6) together with (1.7) and (1.8)) in the following
form:

−iωµĤ +∇× Ê = 0,

∇ · (εÊ) =
1

iω
∇ · (σÊ + Ĵa),

−iωεÊ + σÊ −∇× Ĥ = −Ĵa,

∇ · (µĤ) = 0.

Since it is convenient to work with relative parameter values, we define

E =
√
ε0Ê and H =

√
µ0Ĥ , (1.10)

where ε0 and µ0 are the permitivity and permeability of vacuum. Using
(1.10) and defining the relative permitivity and permeability by

εr =
1

ε0

(
ε+

iσ

ω

)
and µr =

µ

µ0

, (1.11)
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we obtain the final version of the first-order system of time-harmonic
Maxwell’s equations:

−iκµrH +∇×E = 0, (1.12a)

∇ · (εrE) = − 1

κ2
∇ · F , (1.12b)

−iκεrE −∇×H = − 1

iκ
F , (1.12c)

∇ · (µrH) = 0, (1.12d)

where F = iκ
√
µ0Ĵa and κ = ω

√
ε0µ0.

It is possible to derive numerical methods for (1.12), but usually the
magnetic field H is eliminated by solving (1.12a) for H and substituting
into (1.12c) to obtain the second-order time-harmonic Maxwell’s system

∇× (µ−1
r ∇×E)− κ2εrE = F (1.13)

together with (1.12b).

1.4 Interface and boundary conditions

Equations (1.12) or (1.13) do not provide complete description of the
electromagnetic field since they are defined in the interior of the com-
putational domain only. They do not hold on boundaries between two
different materials where either εr or µr are discontinuous.

Let us consider the case of two media with different electric and mag-
netic properties separated by an interface S with unit normal ν pointing
from region 2 to region 1. The integral form of Maxwell’s equations,
which we do not present here, but which can be found for example in
[11, Subsection 7.1.2] yields the following conditions for ∇ × E on the
interface S:

(E1 −E2)× ν = 0, (1.14a)

(εr,1E1 − εr,2E2) · ν = ρS, (1.14b)

where the subscripts denote the limit values of the coefficients and the
field variables from the particular side of the interface S. Notice that the
quantity ρS is known as the interface charge density. Analogously for the
magnetic field strength we obtain

(H1 −H2)× ν = JS, (1.15a)

(µr,1H1 − µr,2H2) · ν = 0, (1.15b)
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where the tangential vector field JS stands for the interface current den-
sity on S.

If the problem takes place in the unbounded domain, then the easiest
way of solving it is to restrict the electromagnetic field to a sufficiently
large bounded domain Ω by imposing artificial boundary conditions on
S = ∂Ω:

E · ν = 0, (1.16a)

H · ν = 0. (1.16b)

These conditions make the fields E and H tangential to the bound-
ary ∂Ω.

When the material in the outer domain is a perfect conductor (with
the conductivity being infinite), then we have from (1.8) that if the cur-
rent density J is to remain bounded then the electric fieldE has to vanish
in the outer domain. This yields to the following boundary condition:

E × ν = 0. (1.17)

If the material on one side of the boundary is not a perfect conductor
and if it lets the field to go through only a small distance, then we obtain
imperfect conductor or impedance boundary condition

ν ×H − λ(ν ×E)× ν = 0, (1.18)

where the impedance λ is a positive function of position on the inter-
face S.

1.5 Weak formulation

Let us assume a bounded simply-connected domain Ω ⊂ R3 with Lipschitz-
continuous boundary ∂Ω that consists of disjoint open parts ΓP and ΓI .
We are interested in solving (1.13) in Ω, i.e.

∇× (µ−1
r ∇×E)− κ2εrE = F for ∀x ∈ Ω, (1.19)

with perfect conductor boundary condition on

E × ν = 0 on ΓP , (1.20)

and impedance boundary condition (1.18) that regarding the normaliza-
tion (1.10) receives the form

µ−1
r (∇×E)× ν − ikλET = g on ΓI , (1.21)
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where ET = (ν ×E)× ν.
Testing (1.19) by a sufficiently smooth vector-valued complex func-

tions Φ ∈ C3 and integrating over Ω, we obtain∫
Ω

[
∇×

(
µ−1
r ∇×E) ·Φ− κ2εrE ·Φ

)]
dx =

∫
Ω

F ·Φ dx,

with the scalar product of two complex vectors a ∈ Cn and b ∈ Cn

defined as

a · b =
n∑
i=1

aibi.

Using Green’s theorem together with

∇ · (a× b) = (∇× a) · b− a · (∇× b),
a · (b× c) = (a× b) · c,

we get∫
Ω

[(
µ−1
r ∇×E

)
· (∇×Φ)− κ2εrE ·Φ

]
dx+

+

∫
∂Ω

ν ×
(
µ−1
r ∇×E

)
·ΦT ds =

∫
Ω

F ·Φ dx, (1.22)

where ΦT = (ν ×Φ)× ν is the tangential projection of vector Φ to the
boundary ∂Ω. Next let us incorporate the boundary conditions (1.20)
and (1.21) into (1.22). The perfect boundary condition states that the
field E is normal to the boundary ΓP and (1.20) implies that

ΦT = 0 on ΓP .

This choice eliminates the ΓP -part of the surface integral in (1.22). Ap-
plying the impedance boundary condition (1.21) on ΓI , we obtain∫

Ω

[(
µ−1
r ∇×E

)
· (∇×Φ)− κ2εrE ·Φ

]
dx−

−
∫

ΓI

ikλET ·ΦT ds =

∫
Ω

F ·Φ dx+

∫
ΓI

g ·ΦT ds. (1.23)

From which we can see that the suitable space for E is

V = {E ∈H(curl,Ω) | ν ×E = 0 on ΓP},
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where the Hilbert space H(curl,Ω) contains all (L2(Ω))3 functions whose
distributional curl lies in (L2(Ω))3,

H(curl,Ω) = {E ∈ (L2(Ω))3 | ∇ ×E ∈ (L2(Ω))3}. (1.24)

The space V together with the inner product

(E,F )V =

∫
Ω

(∇×E) · (∇× F ) dx+

∫
Ω

E · F dx+

∫
ΓI

ET · F T ds

(1.25)

is a Hilbert space. We denote the corresponding norm by ||E||2V =
(E,E)V . Provided (E,F )Ω =

∫
Ω
E · F dx, the (1.25) can be rewritten

in the following manner:

(E,F )V = (∇×E,∇× F )Ω + (E,F )Ω + (ET ,F T )ΓI
. (1.26)

In order to be able to use the standard theory for existence and
uniqueness of the weak solution – which will be introduced in the fol-
lowing paragraph – we need to introduce several assumptions on the
coefficients and data, see [11]:

1. Ω may be decomposed into n subdomains Ω1,Ω2, . . . ,Ωn;

2. Ω =
⋃n
i=1 Ωi; Ωi ∩ Ωj = ∅, ∀i 6= j;

3. Ωi is connected and has a Lipschitz boundary ∀i = 1, . . . , n;

4. the coefficient µr is smooth in each subdomain Ωi;

5. the coefficient εr has the following properties:

• the restriction of εr to each subdomain Ωi is a function in
H3(Ωi),

• there exists a constant Cε > 0 such that for each subdomain
Ωi, either Im(εr) ≥ Cε or Im(εr) = 0, ∀i = 1, . . . , n;

6. the right-hand side F lies in (L2(Ω))3.

Here, we point out that Im(εr) denotes the imaginary part of the complex
number εr.

Finally, under the above assumptions, the weak formulation of (1.19)
with (1.20) and (1.21) reads as:
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Find the electric field E ∈ V satisfying

a(E,Φ) = l(Φ) for all Φ ∈ V , (1.27)

where the sesquilinear form a : V × V → C is defined as

a(E,Φ) = (µ−1
r ∇×E,∇×Φ)Ω − κ2(εrE,Φ)Ω − ik(λET ,ΨT )ΓI

,
(1.28)

and the linear form l : V → C as

l(Φ) = (F ,Φ)Ω + (g,ΦT )ΓI
. (1.29)

The existence and uniqueness are shown in [7].

1.6 Time harmonic Maxwell’s equations in

two dimensions

Every 2D problem is equivalent to a 3D problem whose solution does not
depend on the last variable, i.e., such that the resulting field has the form

E = (E1(x1, x2), E2(x1, x2), 0).

With this observation in mind, we test the equation (1.19) with

Ψ = (Ψ1(x1, x2),Ψ2(x1, x2), 0).

Then we can apply formally the same procedure as in the 3D case to get
(1.23). Thus, if we consider the definition

∇×E =
∂E1

∂x2

− ∂E2

∂x1

(1.30)

for a 2D vector field E ∈ C2, we can define the 2D variant of the
H(curl,Ω) space:

H(curl,Ω) = {E ∈ (L2(Ω))2 | ∇ ×E ∈ (L2(Ω))2}. (1.31)

The definition of the weak solution of the 2D Maxwell’s equations then
reads: find E ∈ V such that

a(E,Φ) = l(Φ) for all Φ ∈ V , (1.32)

with a : V × V → C and l : V → C defined in (1.28) and (1.29) for V
defined in (1.31). The only difference is that the 2D definition (1.30) of
the curl operator has to be considered here.
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1.7 Discretization by edge elements

In this section we are moving with our 2D problem to the finite dimen-
sional functional space. For simplicity, we will suppose that Ω is polygo-
nal domain. We cover this domain with a regular mesh Th consisting of
triangles {K}. More precisely:

1. Ω =
⋃
K∈Th K;

2. for each K ∈ Th, K is a closed triangle with positive volume;

3. if Ki 6= Kj, then meas(K1 ∩K2) = 0;

4. every nonempty intersection of Ki∩Kj, i 6= j can either be a single
shared vertex or a whole shared edge.

Let us note that the elements K ∈ Th are traditionally considered as
closed sets. However, we will use them in symbols like H1(K) as a domain
of the corresponding Sobolev space with no danger of confusion.

Through the rest of this thesis we will use the following characteristics
of the triangulation Th:

V . . . the set of all vertices, (1.33)

Vi . . . the set of all inner vertices (1.34)

Vb . . . the set of all boundary vertices, (1.35)

E . . . the set of all edges, (1.36)

Ei . . . the set of all inner edges, (1.37)

Eb . . . the set of all boundary edges, (1.38)

NK . . . number of triangles, (1.39)

Nv . . . number of vertices, i.e. Nv = |V|, (1.40)

Niv . . . number of inner vertices, i.e. Niv = |Vi|, (1.41)

Nbv . . . number of boundary vertices, i.e. Nib = |Vb|, (1.42)

Ne . . . number of edges, i.e. Ne = |E|, (1.43)

Nie . . . number of inner edges, i.e. Nie = |Ei|, (1.44)

Nbe . . . number of boundary edges, i.e. Nib = |Eb|. (1.45)

We remark that the boundary edges lie completely on the boundary
∂Ω, i.e. for any edge we can state that e ∈ Eb if and only if e ⊂ ∂Ω. The
inner edge is defined as not being the boundary edge.

In [11, Lemma 7.6 & Remark 7.2] there is presented a useful charac-
terization of the conformity in H(curl,Ω). We state it as the following
theorem.

16



Theorem 1.1. If the vector field Eh : Ω→ C2 is a polynomial of degree
at most k in each K ∈ Th, Eh ∈ [P k(K)]2 for all K ∈ Th, then Eh ∈
H(curl,Ω) if and only if Eh · τ e is continuous along each edge e ∈ E,
where τ e is the unit tangential vector to the edge e.

With the help of Theorem 1.1, we construct the lowest order finite
element approximation on K ∈ Th by taking functions with continuous
and constant tangential components on the edges of K and by setting
the order of polynomial space to one:

P =
{
Eh ∈ [P 1(K)]2 | Eh · τ ei is constant for i = 1, 2, 3

}
. (1.46)

The last step to complete the standard finite element triplet (K,P,Σ) is
the set Σ of linear functionals Li : P → R, i = 1, 2, 3. We define them as

Li(Eh) =

∫
ei

Eh · τ eidξ, for all Eh ∈ P. (1.47)

This element was first introduced – although in a different context – by
Whitney [15] and it bears his name.

With our polygonal domain Ω covered by a finite element mesh Th
consisting of triangular Whitney finite elements, the Galerkin subspace
V h of the space V has the form

V h = {Eh ∈ V | Eh|K ∈ [P 1(K)]2 ∀K ∈ Th},

where we recall that Ei is the set of all interior edges of the triangulation
Th.

The basis of V h consists of so-called Whitney functions ψe, e ∈ Ei.
The Whitney functions satisfy the following:

ψe · τ e =
1

|e|
on e ∈ Ei, (1.48)

ψe · τ e∗ = 0 on e∗ ∈ Ei, e 6= e∗. (1.49)

An exhausting description of many aspects of the Whitney elements can
be found in [11, Section 7.5].

Finally, with all necessary aspects of the discretization addressed, we
can introduce the discrete variational problem:

Find the discrete electric field Eh ∈ V h satisfying

a(Eh,Φh) = l(Φh) for all Φh ∈ V h. (1.50)

As in the continuous case, the existence and uniqueness of such prob-
lem is discussed in [7].
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Chapter 2

De Rham diagram

In this chapter we will describe mathematical framework for the analysis
of the variational formulation and discretization of Maxwell’s equations
introduced in the previous chapter. To accomplish that, we will rely on
[1],[7] and [10].

Those parts that we use in the subsequent numerical experiments will
be discussed in more detail.

2.1 De Rham diagram on the continuous

level

Considering three dimensions, the three differential operators ∇,∇× and
∇· have certain common structure: curls of gradients vanish, curls are
divergence-free. This structure persists when we pass to the weak formu-
lation.

In this section we describe the structure of differential operators
∇,∇× and ∇· in a rigorous way. To do so, we cannot avoid few defi-
nitions, see [1].

Definition 2.1. The domain in R3 is contractible if it is simply connected
with a connected boundary

Definition 2.2. A family of vector spaces (real or complex) X0, . . . , Xd

and of linear maps Ap from Xp−1 to Xp, p = 1, . . . , d, forms an exact
sequence at the level of Xp if im(Ap) = ker(Ap+1) for p = 1, . . . , d− 1, if
A1 is injective in case p = 0, and if Ad is surjective in case p = d.

We notice that im(Ap) and ker(Ap+1) stand for the image and kernel
of the appropriate operator.
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Definition 2.3. An exact sequence is the one which is exact at all levels.

It is convenient to discuss sequences with the help of diagrams of the
following form:

R→ X0 A1

−→ X1 A2

−→ . . .
Ad−1

−−−→ Xd−1 Ad

−→ Xd −→ 0.

In such diagrams, arrows are labeled with operators. The image, by any
of these operators, of the space left to its arrow, is in the kernel of the
next operator on the right.

For contractible domain Ω ⊂ R3 the sequence

R→ C∞(Ω)
∇−→ C∞(Ω)

∇×−−→ C∞(Ω)
∇·−→ C∞(Ω)→ 0

is exact. Notice that C∞(Ω) = [C∞(Ω)]3. The exactness of this sequence
is a direct consequence of Poincaré’s lemma from [1]. It states:

Theorem 2.4 (Poincaré’s lemma). Let e, b and q be two vector fields and
a function, smooth over a star s-shaped domain Ω, such that ∇ × e =0
and ∇ · b = 0 in Ω. There exists a smooth function ψ and smooth vector
fields a and j such that

e = ∇ψ, b = ∇× a and q = ∇ · j.

For a regular bounded contractible domain, we expect exactness of
the following sequence where operators ∇,∇× and ∇· are understood in
their weak sense:

R→ H1(Ω)
∇−→H(curl,Ω)

∇×−−→H(div,Ω)
∇·−→ L2(Ω)→ 0. (2.1)

This is indeed exact, but the proof rely on some difficult technical
results. Therefore, we sketch the proof for level 1 only.

By definition of curl in the classical sense,

ker(∇×,C∞(Ω)) =

{
u |
∫

Ω

u · (∇×ψ) = 0 ∀ψ ∈ C∞0 (Ω)

}
.

If the domain Ω is contractible, then the Poincaré’s lemma implies that
im(∇) lies in C∞(Ω). Consequently,

im(∇, C∞(Ω)) = C∞(Ω) ∩ im(∇×,C∞0 (Ω))⊥.

Taking the closures of both sides, we get

im(∇, C∞(Ω)) = ker(∇×,H(curl,Ω)).
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It means that if ∇ × u = 0 in the weak sense, then there is a sequence
of functions φn, smooth over Ω, such that u = limn→∞∇φn.

Suppose now that Ω is bounded. Imposing
∫

Ω
φn = 0 and using a

variant of the Poincaré’s inequality [1, Ex. 5.11 & 5.12], we obtain

‖φn‖ ≤ c(Ω)‖∇φn‖,

where c(Ω) depends on Ω only. The sequence {φn}∞i=1 is thus a Cauchy
sequence.

Let φ be its limit. Then u = ∇φ, since ∇ is a closed operator. It
results to the exactness at level 1:

ker(∇, H1(Ω)) = im(∇×,H(curl,Ω)).

Similar sketch of the proof for level 2 could be found in [1, Ex. 5.13].
In two spatial dimensions, the 3D exact sequence gives rise to two

sequences,

R→ H1(Ω)
∇−→H(curl,Ω)

∇×−−→ L2(Ω)→ 0 (2.2)

and

R→ H1(Ω)
∇×−−→H(div,Ω)

∇·−→ L2(Ω)→ 0.

Both are obtained by restricting the 3D curl operator, in the first case to
vectors (E1(x1, x2), E2(x1, x2), 0), in the second case to (0, 0, E3(x1, x2)).

2.2 Discrete de Rham diagram

Apart from curl-conforming finite element space introduced in the pre-
vious chapter, there exist also other families of finite element spaces
which could be utilized for obtaining numerical solutions of Maxwell’s
equations. Those are gradient-conforming, divergence-conforming and
L2-conforming finite element spaces.

In this section we will add to diagram (2.1) layer of finite dimensional
finite element functional spaces and we will connect it with the original
layer via the appropriate finite element interpolation operators:
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H1(Ω)
∇−−−→ H(curl,Ω)

∇×−−−→ H(div,Ω)
∇·−−−→ L2(Ω)⋃ ⋃ ⋃

U V Wyπh yrh

ywh

yP0,h

Uh
∇−−−→ V h

∇×−−−→ W h
∇·−−−→ Zh

(2.3)

where V ,V h and rh were defined in the previous chapter. The other
functional spaces are defined in the following manner:

U = {ϕ ∈ H1(Ω)| ϕ = 0 on Γp},
Uh = {ϕh ∈ U | ϕh|K ∈ P 1(K) ∀K ∈ Th},
W = {H ∈H(div,Ω)| H · ν = 0 on Γp},
Zh = {qh ∈ L2(Ω)| qh|K ∈ P 0(K) ∀K ∈ Th}.

We will not define the divergence conforming finite element space W h in
3D as well as interpolation operators πh, rh,wh and P0,h, because we will
not use them any further. Our aim only was to show the discrete de Rham
diagram in its complete form. Details can be found in [7, Chapter 5].

We mention that inclusions

∇Uh ⊂ V h and ∇× V h ⊂W h

hold and that diagram (2.3) commutes, i.e.

∇πhp = rh∇p and wh(∇× u) = ∇× rhu.

This commutativity is proved in [7, Theorems 5.49 and 5.40] provided
p ∈ U and u ∈ V are sufficiently smooth and all interpolants πhp and
rh∇p as well as wh(∇× u) and ∇× rhu are well defined.

In 2D the diagram (2.3) transforms to

H1(Ω)
∇−−−→ H(curl,Ω)

∇×−−−→ L2(Ω)⋃ ⋃
U Vyπh yrh

yP0,h

Uh
∇−−−→ V h

∇×−−−→ Zh

(2.4)
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Since diagram (2.4) plays a central role in the theory we develop in
Chapter 3 and in examples we present in Chapter 4, we will consider it
more precisely. We will proof that it is exact at level 1 and that it com-
mutes. To achieve that, we need to introduce some aspects of H1(Ω) con-
forming finite element spaces and describe their relations to H(curl,Ω)
conforming edge elements.

Definition 2.5. The nodal P 1 finite element is a triad (K,P 1(K),Σ),
where K is a triangle in R2, P 1(K) is the space of all polynomials of
degree one on K and Σ = {Σ1,Σ2,Σ3} is the set of linear forms Σi :
P 1(K)→ R,

Σi(p) = p(vi), i = 1, 2, 3,

where vi, i = 1, 2, 3 are vertices of triangle K.

For any p ∈ H1(K)∩C(K) we can now define an interpolation πKp ∈
P 1(K) by requiring that

Σi(p− πkp) = 0, ∀i = 1, 2, 3.

It is well known (see e.g. [7, Chapter 5]) that the finite element from
Definition 2.5 is H1(Ω) conforming. That allows us to define the global
interpolation πh : H1(Ω) ∩ C(K)→ Uh by

(πhp)|K = πKp, ∀K ∈ Th. (2.5)

The finite dimensional functional space Uh from (2.4) posses a stan-
dard basis BU , which consists of so-called Courant functions that satisfy

ϕi(Bj) =

{
1 if i = j,

0 if i 6= j,
(2.6)

where Bi, Bj, i, j = 1, . . . , Niv are the interior vertices of Th.
If we denote

σie =

{
1 if τ e aims towards Bi

−1 otherwise,
(2.7)

and
ω(Bi) = {e ∈ Ei| ∃Bj ∈ V such that e = BiBj},

then the definition (2.6) yields

∇ϕi|e · τ e =

{
σie/|e| if e ∈ ω(Bi),

0 if e 6∈ ω(Bi).
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This implies together with (1.48) that∇ϕi could be expressed in a unique
way as

∇ϕi =
∑

e∈ω(Bi)

σieψe. (2.8)

Having all necessary relations described, we can move to show the
properties of diagram (2.3).

Theorem 2.6. The discrete 2D de Rham diagram is exact at level 1, i.e.

Rh = im(∇) = span{∇ϕi, Bi ∈ Vi} =

= {ψ ∈ V h|∇ ×ψ = 0} = ker(∇×) = Kh. (2.9)

Proof. (a) The inclusion Rh ⊂ Kh follows directly from the well-known
fact that ∇× (∇ϕ) = 0 for all ϕ ∈ H1(Ω).
(b) Now we prove the inclusion Kh ⊂ Rh. Let ψ ∈ Kh be arbitrary but
fixed function and e ∈ E be any edge of the triangulation Th.

In Th, every edge is a line segment connecting two vertices form V ,
the set of all vertices of Th. Let e connects vertices Bi and Bj from V ,
i.e. e = BiBj.

We prescribe a mapping α : V → R, αj = α(Bj) by

αj − αi =

∫
BiBj

ψ · τ ijds,

where τ ij is a fixed unit tangent vector to BiBj.
Let Bk be such vertex from V that both line segments BiBk and BjBk

are in E (i.e. BiBj, BjBk and BkBi form a triange BiBjBk = K ∈ Th).
With

αk − αj =

∫
BkBj

ψ · τ kjds, and α̃i − αk =

∫
BiBk

ψ · τ ikds,

we get

α̃i − αi = α̃i − αk + αk − αj + αj − αi

=

∫
BiBj

ψ · τ ijds+

∫
BkBj

ψ · τ kjds+

∫
BiBk

ψ · τ ikds

=

∫
∂K

ψ · τ ∂Kds =

∫
K

∇× ψ dx = 0.

Thus αi is independent of Bj ∈ V and the mapping α is well-defined.
Now we can define φ ∈ Uh by φ(Bi) = αi for all Bi ∈ V . This directly
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implies that ∇φ ∈ V h. Since φ|K ∈ P 1|K , then ∇φ|K ∈ P 0|K and we can
write

∇φ · τ e|e| =
∫
e

∇φ · τ e ds, (2.10)

where |e| is the norm (length) of e. With σje from (2.7), we get∫
e

∇φ · τ e ds = σje

∫ Bj

Bi

φ′ ds = σje(φ(Bj)− φ(Bi))

= αj − αi =

∫
e

ψ · τ eds = ψ|e · τ e. (2.11)

Putting (2.10) and (2.11) together we get ψ = ∇φ. Since ψ ∈ V h was
chosen arbitraryly, the inclusion Kh ⊂ Rh is proven.

Theorem 2.7. If p is sufficiently smooth that both πhp and rh∇p are
well defined, then the equality

∇πhp = rh∇p.

holds, see diagram (2.4).

Proof. We are going to present the 2D modification of the proof found in
[8]. To show the commutativity in diagram (2.3), it suffices to show that
all degrees of freedom are equal in all triangles. Let e be an arbitrary
edge of an arbitrary triangle K ∈ Th. Then∫

e

(∇πhp− rh∇p) · τ eds = −
∫
e

(
∂πhp

∂s
− ∂p

∂s

)
ds,

where we have used (1.47). Now if e = BiBj, then∫
e

(
∂πhp

∂s
− ∂p

∂s

)
ds = (πhp(Bj)− p(Bj))− (πhp(Bi)− p(Bi)) = 0

where we use the vertex interpolation property of p from (2.5).
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Chapter 3

Finite element basis
conforming with de Rham
diagram

In Chapter 1 we discretized time harmonic Maxwell’s equations by edge
elements. We constructed basis BV of space V h containing the Whitney
functions ψe. These functions have the following properties

ψe · τ e =
1

|e|
on e ∈ Ei,

ψe · τ e∗ = 0 on e 6= e∗, e∗ ∈ Ei,

for each edge e from the set of all interior edges Ei, see (1.37). Thus,

BV = {ψe| e ∈ Ei}. (3.1)

Let us recall the notation (1.33)–(1.45) from Chapter 1, where we
established symbols for characterization of Th, e.g. Nie for the number
of all interior edges of the triangulation Th and Niv for the number of
elements of the set of all interior vertices Vi of Th.

From Theorem 2.6 in Chapter 2 it is known that

Rh = span{∇ϕi, Bi ∈ Vi} = {ψ ∈ V h|∇ ×ψ = 0} = Kh
is a closed subspace of V h. It is obvious that

BK = {∇ϕi| Bi ∈ Vi},

is a basis of Kh. From the construction of bases BV and BK it is also
obvious, that

dimKh = Niv, and dimV h = Nie.
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From Euler’s formula for planar graphs [4, p. 78]:

NK −Ne +Nv = 1

where NK , Ni and Nv are explained in (1.39), (1.43) and (1.40), respec-
tively, we derived the inequality

Niv ≤ Nie.

Let us now divide all interior edges of triangulation Th into two subsets
Ekeep and Erem with the following numbers of elements:

|Erem| = Niv,

|Ekeep| = Nie −Niv.

Now the question is for which interior edges is the set

B = BK ∪ {ψe| e ∈ Ekeep}

a basis of V h?
Answer is provided in the subsequent theorem which was presented

by T. Vejchodský in [13]. To be able to present the theorem clearly, we
need to introduce a couple of new symbols: graph (Vi ∪ {B∂}, E∂) is
obtained from Th by collapsing the whole boundary to a single vertex B∂

while preserving the adjacency of inner vertices of Th. Hence edges from
Ei connecting two inner vertices in Th stay unchanged in E∂, while edges
e ∈ Ei such that e = BiBb, Bi ∈ Vi, Bb ∈ Vb are transformed to the edge
e = BiB∂ in E∂. Similarly, we define also the set of edges E∂rem, which is
obtained from Erem.

Theorem 3.1. The following statements are equivalent:

(i) The set B is a basis of V h.

(ii) The only cycle in (V , Eb ∪ Erem) is (Vb, Eb).

(iii) The graph G∂ = (Vi ∪ {B∂}, E∂rem) is a spanning tree in (Vi ∪
{B∂}, E∂).

Proof. The equivalence of (ii) and (iii) is obvious from the construction
of the graph G∂ = (Vi ∪ {B∂}, E∂rem).

Next we want to show that (i) implies (iii). Let B be a basis in V h

and G∂ not a spanning tree. Then G∂ has an isolated component Gisol (a
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set of vertices and edges that are not connected with B∂ by other vertices
and edges from G∂):

Gisol = (Visol, Eisol) with Visol ⊂ Vi, Eisol ⊂ Ei.

Let

ϕ =
∑

Bi∈Visol

ϕi,

then we get

∇ϕ =
∑

Bi∈Visol

∇ϕi.

Using (2.8) we can continue by∑
Bi∈Visol

∇ϕi =
∑

Bi∈Visol

∑
e∈ω(Bi)

σieψe. (3.2)

If we put ω0(Visol) = {e = BiBj|Bi ∈ Visol, Bj 6∈ Visol} then the sum on
the right-hand side of (3.2) can be rewritten to∑

Bi∈Visol

∑
e∈ω(Bi)

σieψe =
∑

e∈ω0(Visol)

σieψe.

Since for edges e = BiBj with Bi ∈ Visol and Bj ∈ Visol we have

σie = −σje,

the terms containing these edges vanish from the sum on the right-hand
side of (3.2).

This fact implies that the following subset of B :

{∇ϕi| Bi ∈ Visol} ∪ {ψe| e ∈ ω0(Visol)}

is a linearly dependent set, which is in contradiction to B being a basis.
Finally, let us demonstrate that (iii) implies (i). Let G∂ be a spanning

tree and B not a basis in V h. Due to the linear dependence of vectors
from B, there exists ϕ ∈ Uh such that

∇ϕ =
∑
Bi∈Vi

ci∇ϕi =
∑

e∈Ekeep

deψe = ψ.
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In addition there exist Bk ∈ Vi such that ck 6= 0 and ek ∈ Ekeep such that
dek 6= 0.

Let e∗ ∈ Erem, e
∗ = BiBj, Bi, Bj ∈ Vi. Then

0 = ψ|e∗ · τ e∗ = ∇ϕ|e∗ · τ e∗ = σie∗
ci − cj
|e∗|

= σje∗
cj − ci
|e∗|

, (3.3)

since ψe|e∗ · τ e∗ = 0 for all e ∈ Ekeep. From there we get

ci = cj = c∗ ∀Bi, Bj ∈ Vi. (3.4)

Because G∂ is a spanning tree, there is an edge ẽ ∈ Erem such that
ẽ = BmB∂, Bm ∈ Vi. Rewriting (3.3) for edge ẽ we obtain:

0 = ψ|ẽ · τ ẽ = ∇ϕ|ẽ · τ ẽ = σmẽ
cm
|ẽ|
,

which implies that cm = 0. That combined with (3.4) results in

ci = c∗ = 0 ∀Bi ∈ Vi.

Therefore we have a contradiction to an existence of a vertex Bk ∈ Vi
such that ck 6= 0 that we assumed at the beginning.

The basis reproducing the discrete kernel of the curl operator con-
structed according to Theorem 3.1 is by no means unique. In the follow-
ing chapter we discuss the effect of the choice of the spanning tree on the
conditioning of the resulting stiffness matrix.
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Chapter 4

Numerical experiments

This chapter is fully devoted to numerical experiments based on the
theory developed in previous chapters. It is divided into two parts. The
first part investigates the effect of the choice of the spanning tree in
the graph on the conditioning of the resulting stiffness matrix, while
the second part examines iteration schemes that take advantage of the
structure of the stiffness and mass matrices.

4.1 Spanning trees

Theorem 3.1 provides the sufficient condition for the choice of the edge
basis functions of the finite element space V h to be compatible with the
de Rham diagram.

Our idea is straightforward. In a model examples we try to investi-
gate all possible spanning trees and we try to find those which minimize
and maximize the condition numbers of the corresponding finite element
matrices. We hope to find some patterns and general clues which allow
an a priori construction of the spanning trees leading to well conditioned
finite element matrices.

In search for the spanning tree that would lead to the optimal edge
basis functions, we are limited by computational complexity. For that
reason we are often unable to evaluate all possible combinations. By
adding few extra vertices and edges to a graph, the amount of possible
spanning trees grows exponentially.

Moreover, we cannot even use straightforwardly results of the graph
theory to obtain the exact number of spanning trees, since our graph
would contain multiple edges emerging from the collapse of the whole
boundary to one vertex.
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In Table 4.1 we illustrate the rate of growth of the number of span-
ning trees. For selected graphs (see Figure 4.1) we will use a well-known
result from the graph theory, the Kirhoff’s law [12, p. 138], to find the
number of spanning trees in the graph G∂ = (Vi ∪ {B∂}, E∂rem) ignoring
the multiplicity of edges connecting boundary and inner vertices. These
numbers of trees will be compared with the numbers of trees constructed
according to Theorem 3.1 in cases, where we have been able to find them
all and thus to count them.

graph Niv Nie # trees based on Kirhoff’s theorem # trees
g01 1 6 1 6
g02 7 30 8100 176400
g03 37 132 ∼ 1024 ?
g04 217 702 ∼ 10149 ?

Table 4.1: An illustration of the growth of the number of spanning trees.

In the rest of this section, we will present the actual results, i.e.
the condition numbers of matrices obtained by discretization of time-
harmonic Maxwell’s equations using the bases compatible with the de
Rham diagram, see Theorem 3.1. The domain and used meshes are de-
picted in Figure 4.1 (b)–(d).

In order to present the data clearly, certain additional notation would
be useful. We will consider the triangulation Th as a graph. Let us denote
by

Eall
rem = {Erem ⊂ Ei| G∂ = (Vi ∪ {B∂}, E∂rem) is a spanning tree of Th}

the collection of all sets Erem of the edges that provide a spanning tree
G∂. In the examples below we try to test as much as possible situations
from Eall

rem. The subset Erem ⊂ Eall
rem differs in the particular examples. In

Example 1 the set Erem contains all Erem that lead to spanning trees, i.e.
Erem = Eall

rem. Due to enormous number of possibilities, see Figure 4.1,
only selected subsets Erem ⊂ Eall

rem are considered in Examples 2 and 3.
For each set of edges Erem we consider its complement Ekeep in Ei. As

shown in Theorem 3.1,

B = BK ∪ {ψe| e ∈ Ekeep} (4.1)

is a basis of V h. By discretizing the variational formulation of the time-
harmonic Maxwell’s equations (1.23) with ΓI = ∅ in the space V h using
the basis B, we obtain the system of linear equations

(S − κ2M)Y h = F h. (4.2)
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(a) g01: Niv = 1, Nie = 6. (b) g02: Niv = 7, Nie = 30.

(c) g03: Niv = 37, Nie = 132. (d) g04: Niv = 217, Nie = 702.

Figure 4.1: Graphs used for the illustration of the growing rate of span-
ning trees in Table 4.1.

The matrix S ∈ RNie×Nie is defined as

Si,j = (µ−1∇×Φi,∇×Φj), Φi,Φj ∈ B, i, j = 1, . . . , Nie. (4.3)

Similarly, the entries of M ∈ RNie×Nie are given by

Mi,j = (Φi,Φj), Φi,Φj ∈ B, i, j = 1, . . . , Nie. (4.4)

The vector Yh = (Y1, . . . , YNie
)T contains the unknown expansions coef-

ficients:

Eh =

Nie∑
i=1

YiΦi, Φi ∈ B,
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and the load vector F h = (F1, . . . , FNie
)T has the following entries:

Fi = (F ,Φi), Φi ∈ B, i = 1, . . . , Nie,

where F is from (1.19).
In the subsequent examples we also test the matrix Ae ∈ RNie×Nie ,

which is obtained by using the Whitney basis functions from BV (see
(3.1)) only. It has the form

Ae = Se − κ2Me,

where Se is defined by

(Se)ij = (µ−1
r ∇×ψei

,∇×ψej
), ψei

,ψej
∈ BV , i, j = 1, . . . , Nie,

and Me is defined by

(Me)ij = (ψei
,ψej

), ψei
,ψej

∈ BV , i, j = 1, . . . , Nie.

We will denote by S(Erem) the set of all matrices S given by (4.3)
corresponding to all Ekeep – complements of all Erem ∈ Erem. The sets of
similarly obtained matrices M and S−κ2M , will be denoted byM(Erem)
and A(Erem), respectively.

We will examine the effect of choosing Erem ∈ Erem on conditioning
of matrices from S(Erem), M(Erem) and A(Erem). Since matrices from
S(Erem) are singular (because ∇× (∇ϕ) = 0 for all ϕ ∈ H1(Ω)), we will
examine only submatrices S22 of matrices S ∈ S(Erem). The matrix S22

is formed from matrix S ∈ A(Erem) by taking entries related only to edge
basis functions (and not to the gradients of Courant functions), i.e

(S22)ij = (µ−1
r ∇×ψei

,∇×ψej
), ei, ej ∈ Ekeep, i, j = 1, . . . , Nie −Niv,

(4.5)

where µr was defined in (1.11). For simplicity, we consider µr = 1 and
κ = 1 in Examples 1–3 below.

4.1.1 Example 1

In this example we consider a triangulation depicted in 4.1(b). It has 7
interior vertices and 30 interior edges, i.e. Niv = 7 and Nie = 30. The
mesh is very coarse and it would not be most likely used for practical
solution of Maxwell’s equations. However, we use it as a test example be-
cause we are able to enumerate all spanning trees together with resulting
condition numbers on available hardware in a reasonable time.
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Condition number of the matrix Ae is

c(Ae) = 49.3548.

In this example we are able to compute all combinations, i.e. Erem =
Eall

rem, since Eall
rem consists of 176400 trees only.

Each of calculated condition numbers appears in the results at least
twelve times. This is due to the symentry. If we take one arbitrary tree
and rotate it by a multiple of 60 degrees or reflect it about the axis
connecting antipodal corners of the triangulation, the condition number
of the resulting matrix will be every time the same. In order to keep the
presentation of the results as simple as possible, we will not mention this
fact any more in the presentation of the following results.

Starting with matrix S22, the minimal condition number was obtained
for a matrix linked to the tree shown in Figure 4.2. The resulting minimal
condition number was

min
S∈S(Erem)

c(S22) = 82.29.

Figure 4.2: The tree leading to the smallest c(S22).

The maximal condition number

max
S∈S(Erem)

c(S22) = 254.32

was attained for two matrices linked to the trees depicted in Figure 4.3.
Moving to matrices M ∈ M(Erem), we found the following minimal

condition number:
min

S∈M(Erem)
c(M) = 628.60.

The related tree is presented in Figure 4.4.
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Figure 4.3: The two trees leading to maximal c(S22).

Figure 4.4: The tree connected with minimal c(M).

The tree depicted in Figure 4.5 leads to a matrix with maximal con-
ditional number

max
S∈M(Erem)

c(M) = 3778.46

among all matrices from M(Erem).

Figure 4.5: The tree corresponding to maximal c(M).

Finally, among matrices from A(Erem), the minimal and maximal
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condition number obtained were

min
A∈A(Erem)

c(A) = 103.54,

max
A∈A(Erem)

c(A) = 334.54.

One of the representative trees for both of these extremal values is shown
in Figure 4.6.

(a) Min. c(A) tree. (b) Max. c(A) tree.

Figure 4.6: The trees connected with extremal c(A) values.

4.1.2 Example 2

As the second example we have chosen slightly denser triangulation that
still allows us to examine the amount of trees comparable to the previous
case in a reasonable time. It is the triangulation with 37 interior vertices
and 132 interior edges depicted in Figure 4.1(c).

We examined 2 ·105 trees. This is only a small fragment of all possible
trees (see Table 4.1), yet the computation took the full capacity of a
decent computer workstation for three days.

While constructing the triangulation, we enumerated the edges in as-
cending manner going from the left to the right and from bellow upwards
(see Figure 4.7). The trees were generated by the algorithm described in
[9]. This algorithm generates spanning trees of a graph in order of in-
creasing total weight, which is the sum of weights of edges contained in
the graph. Since we set all the weights to one, the algorithm generated
the first 2 · 105 trees sorted lexicographically according to the numbers
of edges.

This time, the matrix Ae had the following condition number:

c(Ae) = 244.8501.
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Figure 4.7: Enumeration of edges in triangulation used in Example 2.

As in the previous case, we examine the conditioning of matrices from
S(Erem). The extremal values

min
S∈S(Erem)

c(S22) = 7.7897 · 103,

max
S∈S(Erem)

c(S22) = 1.5706 · 104,

belong to trees from Figure 4.8.
Proceeding to M(Erem), we found that trees depicted in Figure 4.9

belong to matrices with extremal values:

min
M∈M(Erem)

c(M) = 1.004 · 104,

max
M∈M(Erem)

c(M) = 1.3957 · 104.

While analyzing the third set of matrices, A(Erem), we once again
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(a) Min. c(S22) tree. (b) Max. c(S22) tree.

Figure 4.8: The trees leading to extremal c(S22) values in Example 2.

(a) Min. c(M) tree. (b) Max. c(M) tree.

Figure 4.9: The trees bounded with extremal c(M) values in Example 2.

evaluted the extremal values of the condition number:

min
A∈A(Erem)

c(M) = 1.5464 · 105,

max
A∈A(Erem)

c(M) = 2.2109 · 105.

Those values belong to the trees depicted in Figure 4.10.

4.1.3 Example 3

Hexagonal triangulation with 217 interior vertices and 702 interior edges
served as our final test case. It is depicted in Figure 4.1(d).

Having in mind that due to the computational demands we could not
inspect a vast number of trees, we prepared four relatively – to the total
amount of trees – small test cases. Each consisted of 104 trees, that were
prepared by algorithm [9]. In the beginning we assigned to each edge
e ∈ Ei a weight, then we let the algorithm to generate 104 trees in order
of increasing total weight, i.e. the sum of assigned weights of all edges in
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(a) Min. c(A) tree. (b) Max. c(A) tree.

Figure 4.10: The trees with extremal c(A) values.

a particular tree. The weights of the edges were set in the following for
different manners:

1. weight(e) = 1 for all e ∈ Ei,

2. weight(e) = d, where d equals to the distance of e from the bound-
ary of the domain,

3. weight(e) = 1/d, where d is the same as above,

4. weight(e) was set randomly.

By this setting we expected to obtain in each case different results.
For example, in the second case the trees lead to matrices with better
conditioning compared to the third case. Such expectation was based on
the examination of the previous examples, where it appeared that the
trees with shorter branches generates better conditioned matrices.

In this example, the results were even more affected by the effect that
could have been seen for the results on the previous triangulation: having
at our disposal only results of a small portion of all possible trees that do
not vary much from each other globally, the resulted condition numbers
do not vary much either.

To illustrate the effect stated above, we first introduce the table 4.2
with the results for the first set of trees where weight(e) = 1 for all e ∈ Ei.

set of matrices S(Erem) M(Erem) A(Erem)
min cond. 8.3769 · 103 1.0040 · 104 1.5536 · 105

max cond. 1.3950 · 104 1.3081 · 104 2.1212 · 105

Table 4.2: The extremal resuls for weight(e)=1.
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Not only the extremal condition numbers are relatively close, but we
can get almost the full dispersion of condition by alternating a single edge.
The trees depicted in Figure 4.11 differ in a single edge, yet condition
numbers of the related matrices from A(Erem) are close to both exremal
values among all matrices in A(Erem).

(a) c(A) = 1.5564 · 104 (b) c(A) = 2.1004 · 104

Figure 4.11: The largest difference in conditioning between two trees that
varies just in a single edge.

Moving to the set of trees generated with weight(e) = d, where d
equals to the distance of e from the boundary of triangulation, we found
that the results vary even less compared to previous case, as shown in
Table 4.3.

set of matrices S(Erem) M(Erem) A(Erem)
min cond. 3.6591 · 103 3.1687 · 103 4.4497 · 104

max cond. 3.7294 · 103 3.1691 · 103 4.5767 · 104

Table 4.3: The extremal results for weight(e) = d.

Figure 4.12 shows the two trees leading to matrices with extremal
conditioning among all matrices from A(Erem). These trees provide al-
most the extremal condition numbers also for matrices from S(Erem) and
M(Erem). The corresponding condition numbers differ from the extremal
ones in the third significant digit at most.

When the weights of edges were set the other way round to the pre-
ceding case, i.e. weight(e) = 1

d
, where d equals to the distance of e from

the boundary of the domain, we obtained results presented in Table 4.4.
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(a) c(A) = 4.4497 · 104 (b) c(A) = 4.5767 · 104

Figure 4.12: Trees with extremal c(A) values.

set of matrices S(Erem) M(Erem) A(Erem)
min cond. 9.1761 · 103 1.1653 · 104 1.4650 · 105

max cond. 1.4952 · 104 1.14556 · 104 2.0593 · 105

Table 4.4: The extremal results for weight(e) = 1/d.

Despite the broader differences in the results compared to the previous
set, the trees corresponding to extremal results ofA(Erem) are depicted in
Figure 4.13. The trees corresponding to the extremal condition numbers
of matrices from S(Erem) and M(Erem) would look very similarly.

The most diverse results were obtained when the weights of edges
were set randomly, see Table 4.5.

set of matrices S(Erem) M(Erem) A(Erem)
min cond. 1.4952 · 104 2.1341 · 104 6.7073 · 104

max cond. 3.4119 · 104 4.0948 · 104 2.1304 · 105

Table 4.5: The extremal results for weight(e) set randomly.

Figure 4.14 shows two trees leading to minimal and maximal values
of c(A). In this figure we emphasize using bold edges, that in the left
panel the most of the edges form one large branch, while in the right
panel they are divided into two branches.

Finally, Table 4.6 summarizes the extremal values among all four
cases.
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(a) c(A) = 1.4650 · 105 (b) 2.0593 · 105

Figure 4.13: Trees with extremal c(A) values.

set of matrices S(Erem) M(Erem) A(Erem)
min cond. 3.6591 · 103 3.1687 · 103 4.4497 · 104

max cond. 3.4119 · 104 4.0948 · 104 2.1304 · 104

Table 4.6: Summarized results of Example 3.

4.1.4 Analysis of the results and conclusions

This subsection tries to interpret the results presented so far in this chap-
ter. The analysis will mostly rely on the statistical tool for measuring
dependence in observed data – the correlation coefficient. It is a num-
ber between −1 and 1. If there is no relationship between the data, the
correlation coefficient is close to zero. The stronger is the direct linear de-
pendence among the two sets of data, the closer the correlation coefficient
is to 1. On the other hand, the stronger is the negative linear dependence
among the two sets of data, the closer the correlation coefficient is to −1.
Further details can be found e.g. in [14, page 461].

First, we will present the rate of dependence, measured by the cor-
relation coefficient, among conditioning of the matrices from the sets
S(Erem),M(Erem) and A(Erem).

Let us denote by CS,CM and CA the vectors, which have in the
i-th row, i = 1, ..., |Erem|, the condition number related to the same
Erem ∈ Erem.

Then in Example 1 the correlation coefficients among matrices from
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(a) c(A) = 6.7073 · 104 (b) c(A) = 2.1304 · 105

Figure 4.14: Trees with extremal c(A) values.

sets S(Erem),M(Erem) and A(Erem) were:

corr(CS,CM) = 0.7597,

corr(CS,CA) = 0.9970,

corr(CM ,CA) = 0.7321.

In Example 2, we obtained these results:

corr(CS,CM) = 0.6148,

corr(CS,CA) = 0.3189,

corr(CM ,CA) = 0.5491.

Finally, in Example 3 the dependence measured by the correlation coef-
ficient was

corr(CS,CM) = 0.9688,

corr(CS,CA) = 0.6215,

corr(CM ,CA) = 0.4898.

From these results one cannot make any conclusions of dependence
among sets S(Erem),M(Erem) and A(Erem).

One can also pose the following question: Can we deduce from geo-
metrical qualities of the selected tree G∂ = (Vi∪{B∂}, E∂rem), whether the
related matrices S,M and A are better- or worse-conditioned than the
most of matrices from S(Erem),M(Erem) and A(Erem)?
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From the figures so far presented in this chapter, it seems that the
trees with shorter branches lead to better-conditioned matrices. Even
despite the existence of counterexamples, e.g. trees in Figure 4.8.

However, it has proved extremely hard to formulate this hypothesis
in a rigorous way. As an example we provide the following criterion:
Criterion 1. Consider all pairs of boundary edges. For every pair, find
the shortest path from one to another, stepping only on edge midpoints
(no edges can be skipped). It is forbidden to step on edges which belong
to a spanning tree. The length of the path is the number of interior edges
one steps on. Thus for every pair of edges one has a natural number. The
maximum of these numbers over all pairs is the criterion.

Its value is lower for trees with shorter branches, nevertheless the
dependence to the conditioning is not too strong, for example the corre-
lation coefficient between the criterion and the conditioning of matrices
from A(Erem) is 0.3065 in Example 1 and even worse in Examples 2 and
3.

We have tried many other more or less similar criteria, but always
with the same inconclusive results.

4.2 Iteration schemes

For now, let us consider that we have picked some particular Erem ∈ Erem.
This Erem can be chosen based on suggestions from the previous section.
Using the complement Ekeep ⊂ Ei of Erem to construct the basis (4.1),
the final linear system obtained from discretization of the variational
formulation of the time-harmonic Maxwell’s equations (1.23) with ΓI = ∅
in the space V h has the following form:

(S − κ2M)Y h = F h, (4.6)

where S was defined in (4.3) and M in (4.4).
If we rearrange the elements of the basis B in the way that the gradi-

ents of scalar hat functions are at the first Niv positions, then according
to (4.5) the matrix S has the following structure:

S =

(
0 0
0 S22

)
, (4.7)

where S22 ∈ R(Nie−Niv)×(Nie−Niv) is symmetric positive definite. Since it
will be used later, we rewrite the remaining matrices and vectors in (4.6)
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in the same 2-by-2 block structure:

M =

(
M11 M12

M21 M22

)
, Y h =

(
Y 1

Y 2

)
, F h =

(
F 1

F 2

)
, (4.8)

where M11 ∈ RNiv×Niv , M12,M
T
21 ∈ RNiv×Nie , M22 ∈ R(Nie−Niv)×(Nie−Niv),

Y 1,F 1 ∈ RNiv and Y 2,F 2 ∈ RNie .
The matrix M is symmetric positive definite as well. However, the

system matrix S − κ2M is in general symmetric but indefinite. That
makes it difficult to solve by iterative solvers.

The goal of this section is to examine iterative methods that takes
advantage of the structure of the matrix S.

We present the methods first. If not mentioned otherwise, all sub-
problems are solved by a direct sparse solver. Since we use the system
Matlab for numerical experiments, we use its “backslash” command for
solving the subproblems.
Method A. Start with an initial guess Y

(0)
h and compute Y

(k+1)
h , k =

0, 1, 2, . . . by
−κ2MY

(x+1)
h = F h − SY (x)

h .

This method does not exploit the special 2× 2 block structure of matrix
S, nevertheless in each iteration a system with symmetric positive matrix
M has to be solved.
Method B. With (4.7) and (4.8) we can reformulate (4.6) as

−κ2M11Y 1 − κ2M12Y 2 = F 1, (4.9)

S22Y 2 − κ2M21Y 1 − κ2M22Y 2 = F 2. (4.10)

Starting with an initial guess Y
(0)
2 , we compute Y

(k+1)
2 from (4.9) and

Y
(k+1)
1 from (4.10), k = 0, 1, 2, . . . , as follows:

−κ2M11Y
(k+1)
1 = F 1 + κ2M12Y

(k)
2 , (4.11)

(S22 − κ2M22)Y
(k+1)
2 = F 2 + κ2M21Y

(k+1)
1 . (4.12)

Although this method takes into account the block structure of S,
the matrix S22 − κ2M22 from (4.12) is generally indefinite.
Method C. This method is close to method B, only the matrix needed
to get Y

(k+1)
2 is in this case symmetric positive definite. From initial guess

Y
(0)
2 we get Y

(k+1)
1 and Y

(k+1)
2 , k = 0, 1, 2, . . . , solving

−κ2M11Y
(k+1)
1 = F 1 + κ2M12Y

(k)
2 , (4.13)

S22Y
(k+1)
2 = F 2 + κ2M21Y

(k+1)
1 + κ2M22Y

(k)
2 . (4.14)
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Method D. By another minor modification of (4.12) we can get system

of symmetric positive definite matrices once again. Let us start with Y
(0)
2 ,

then we get Y
(k+1)
1 and Y

(k+1)
2 , k = 0, 1, 2, . . . , from

−κ2M11Y
(k+1)
1 = F 1 + κ2M12Y

(k)
2 ,

−κ2M22Y
(k+1)
2 = F 2 − S22Y

(k)
2 + κ2M21Y

(k+1)
1 .

Method E. This is a modification of method C that keeps the first block
of 2 × 2 block structure of S22 nulled: while Y 1 is obtained from (4.13)
using a sparse direct solver as in metod C, Y 2 is obtained from (4.14)
using conjugated gradients method.

Having the algorithms described, we can move to numerical experi-
ments. We chose three hexagonal meshes with 702, 5112 and 10302 inner
edges. The first one is the same as in Example 1, the other two were
obtained from the first one by its uniform refinements.

Each time we tested the methods described above for fixed matrices S
and M from (4.6) and variable κ2. For comparison, we tried out Matlab
build-in iterative solvers bicq, bicgstab, cg, cgs, gmres, lsqr and qmr

on solving of the same underlying problem discretized by edge elements
only.

45



4.2.1 Test 1

In this test the matrices S and M are from R702×702. Edge basis functions
related to the tree depicted in Figure 4.12(a) were used for their construc-
tion. We considered the method as convergent if its relative residual drops
below 10−6 in at most 702 iterations. The upper limit for the number of
iterations of conjugate gradients in method E was set to 217 (which in
this test equals to Niv).

The convergence of the tested method is described in Table 4.7, while
the convergence of the traditional methods in Table 4.8.

method
κ2 cond(S − κ2M) A B C D E

10−5 1.63× 107 − 3 3 − −
10−4 1.63× 106 − 4 4 − −
10−3 1.62× 105 − 9 5 − −
10−2 1.57× 104 − − 11 − −
10−1 1.19× 104 − − − − −
100 4.45× 104 − − − − −
101 4.56× 104 − − − − −
102 3.58× 103 19 − − − −
103 3.20× 103 6 − − − −
104 3.17× 103 4 − − − −
105 3.17× 103 3 − − − −

Table 4.7: Conditioning and the number of iterations needed for conver-
gence for the tested methods in Test 1.
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κ2 cond(S − κ2M) bicg bicgstab cg cgs gmres lsqr qmr

10−5 2.39× 106 51 42 51 41 50 181 50
10−4 2.39× 105 51 42 51 41 50 181 50
10−3 2.39× 104 51 42 51 41 50 181 50
10−2 2.39× 103 52 42 52 42 51 182 51
10−1 6.99× 102 56 44 − 45 55 186 55
100 3.47× 103 84 125 − − 84 226 84
101 2.29× 102 192 339 − − 182 274 185
102 3.81× 100 12 8 − 7 12 24 12
103 2.09× 100 8 5 − 5 8 13 8
104 2.00× 100 8 5 − 4 8 12 8
105 1.99× 100 8 5 − 4 8 12 8

Table 4.8: Conditioning and the number of iterations needed for conver-
gence for the traditional methods in Test 1.

4.2.2 Test 2

This time, the matrices S and M have dimensions 5112×5112. Moving to
larger matrix implied using its sparse form and instead of direct comput-
ing the conventional 2-norm condition number we present only the lower
1-norm estimate implemented in Matlab function condest. The number
of conjugated gradients steps in method E was left to 217 as raising it
had no implications on convergence at all.

The rate of convergence in Test 2 can be found in Tables 4.9 and 4.10.
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method
κ2 cond(S − κ2M) A B C D E

10−5 1.86× 108 − 7 4 − −
10−4 1.79× 107 − − 6 − −
10−3 1.64× 106 − − 11 − −
10−2 5.56× 106 − − − − −
10−1 3.21× 106 − − − − −
100 1.47× 106 − − − − −
101 5.39× 106 − − − − −
102 2.69× 105 23 − − − −
103 2.28× 105 7 − − − −
104 2.25× 105 4 − − − −
105 2.05× 105 7 − − − −

Table 4.9: Conditioning and the number of iterations needed for conver-
gence for the tested methods in Test 2.

4.2.3 Test 3

In this case all results were obtained in the same way as in the previous
one, only the matrices S and M were enlarged to the size 10302× 10302.

The results of Test 3 can be found in Tables 4.11 and 4.12.

4.2.4 Conclusions

Apart from Methods A and B, where the former does not take into ac-
count the block structure of matrices S and M and in the latter occurs
indefinite matrix, only Method C converged and only in the case of small
κ2. In this case the rate of convergence was faster compared to the tra-
ditional widely used methods.

Methods D and E were found not to converge in any of the test cases.
Method A works well for large values of κ2 and it provides comparable
results to the traditional methods. However, this method is not advan-
tageous, because it does not take into account the block structure of
matrices S and M .

Method B converges for very small values of κ2 only. Moreover, its
drawback is that a system with an indefinite matrix have to be solved in
each iteration, see (4.12).

The most successful seems to be Method C. However, it converges
for small values of κ2 only. On the other hand, if it converges then the
number of needed iterations is substantially smaller then the number of
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κ2 cond(S − κ2M) bicg bicgstab cg cgs gmres lsqr qmr

10−5 1.32× 107 137 115 137 108 135 1249 135
10−4 1.33× 106 137 109 137 108 135 1249 135
10−3 1.28× 105 138 123 138 111 136 1251 136
10−2 2.12× 104 147 129 − 126 144 1269 144
10−1 2.06× 104 185 375 − − 184 1353 184
100 1.36× 104 475 1165 − − 465 2152 466
101 1.10× 104 2071 2861 − − 1536 1953 1948
102 4.79× 100 12 7 − 7 12 24 12
103 2.47× 100 8 5 − 4 8 12 8
104 2.35× 100 8 4 − 4 8 12 8
105 2.33× 100 8 4 − 4 8 12 8

Table 4.10: Conditioning and the number of iterations needed for con-
vergence for the traditional methods in Test 2.

iterations of all the traditional methods.
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method
κ2 cond(S − κ2M) A B C D E

10−5 3.71× 108 − 13 5 − −
10−4 3.42× 107 − − 7 − −
10−3 1.41× 107 − − 17 − −
10−2 1.16× 107 − − − − −
10−1 5.80× 106 − − − − −
100 3.06× 106 − − − − −
101 1.08× 107 − − − − −
102 4.88× 105 23 − − − −
103 4.40× 105 7 − − − −
104 4.62× 105 4 − − − −
105 4.20× 105 7 − − − −

Table 4.11: Conditioning and the number of iterations needed for con-
vergence for the new methods in Test 3.

κ2 cond(S − κ2M) bicg bicgstab cg cgs gmres lsqr qmr

10−5 1.35× 107 195 148 195 159 191 2463 191
10−4 1.37× 106 195 149 195 147 192 2464 192
10−3 1.50× 105 199 151 199 163 195 2470 195
10−2 7.23× 104 208 202 − 179 203 2494 203
10−1 1.72× 104 327 1357 − − 308 3121 310
100 1.96× 104 893 1884 − − 855 3787 880
101 1.06× 104 4238 10617 − − 3427 4776 4084
102 4.79× 100 11 7 − 6 11 23 11
103 2.47× 100 8 5 − 4 8 12 8
104 2.35× 100 8 4 − 4 8 12 8
105 2.33× 100 8 4 − 4 8 12 8

Table 4.12: Conditioning and the number of iterations needed for con-
vergence for the traditional methods in Test 3.
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Summary

On the way to accomplish the goal that we set ourselves in the preface,
we focused on creating clear and self-contained mathematical document.

We started in Chapter 1 with introducing three dimensional Max-
well’s equations in their differential form. We transformed these equations
to the time-harmonic form and covered important topics such as media
characteristics and interface and boundary conditions. This helped us to
introduce the weak formulation of time-harmonic Maxwell’s equations.
After a short note on its transformation to two dimensions, we discretized
the 2D time-harmonic Maxwell’s equations using the Whitney basis.

The second chapter was fully devoted to the de Rham diagram. We
started with the necessary definitions and presented the diagram in a
form relating the spaces of continuous functions. From there we went to
the version of the digram that relates the functional spaces used in weak
formulation of time-harmonic Maxwell’s equations. When we added the
layer of finite dimensional finite element spaces to the diagram, we finally
obtained its complete form. In the 2D version of the complete diagram
we proved the exactness at one certain level and the commutativity.

In Chapter 3 we explained how to construct bases of finite dimensional
finite element subspaces of H(curl,Ω) compatible with the de Rham
diagram. It was obvious from the construction that this basis is definitely
not unique.

Finally, in the last chapter, we examined the practical aspects of the
newly constructed basis. In its first part we tested on three examples
which of the newly constructed bases have the best properties, i.e. leads
to finite element matrices with the best conditioning. The second part
examined several iteration schemes that take advantage of the structure
of stiffness and mass matrices and compared their results to the tradi-
tionally used methods.

Several authors addressed similar problems in related context, see e.g.
[2],[5] or [6]. While the undoubted importance in the theory, the practical
aspects of the suggested finite element method of the lowest-order for the
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time-harmonic Maxwell’s Equations compatible with de Rham diagram
are slightly more problematic. For example, the conditioning of stiffness
and mass matrices is worse compared to the standard Whitney basis.

As early as during the introductory familiarization with the subject
of the thesis, when we tested the mesh with three interior edges only, we
proposed a hypothesis. It states: trees with shorter and plainer branches
lead to better conditioned matrices than tress with less but longer and
richer branches.

In the experiments described in Examples 1–3 in the fourth chapter
we collected enough data to confirm the hypothesis. As described in the
second part subsection 4.1.4, it has proved extremely hard to formulate
the hypothesis in a rigorous way.

As a secondary result, we emphasize one iteration method from the
set of tested iteration schemes. This iteration method takes advantage
of the special 2-by-2 block structure of the stiffness and mass matrices
from the finite element discretization where the newly created basis was
used. The method converges for small values of κ2 only. In this case,
the number of needed iterations is notably smaller then the number of
iterations needed by the traditional methods.
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