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Preface

The modified newtonian dynamics (MOND) is a hypothesis created to explain
the missing mass problem. It poses an alternative to the hidden mass theory.
Although it comes from the 80’s, it was considered to be too extravagant to be
valid for a long time, since it requires to change one of the most established
physical laws: the Newton’s gravity law or the law of inertia. Nevertheless, the
time shoved it is viable and gives better results than the dark matter theory in
some cases. In another cases the dark matter theory works better. Today, we are
in situation we have to suppose both of the theories and look for observational
ways to find the correct one. In our work, we are trying to do so by observation
of the shell galaxy NGC 3923.

Shell galaxies are mostly elliptical galaxies, whose characteristic feature is
the presence of sharp edged structures called the shells. The first chapter tries
to give a basic review on them. We list the observational facts on them and
describe their different types. The most probable scenario of their origin, the
phase wrapping model, is described. We also mention some of the other models.
Some of them are historical, but the others can stand behind the origin of some
shell galaxies. The phase wrapping model allows us, at least in principle, to give
constraints on the potential of the shell galaxy only from measurements of the
shell positions. We list several methods to do that along with whole derivations
of relevant mathematical relations. Results of numerical simulations of different
authors are described to show the ways shell appearance can be influenced by.

Follows the chapter on MOND. MOND is still a young hypothesis, which
doesn’t have a unique theoretical ground. There are several basic tenets and
several theories adhering to these tenets. These axioms are described in our
work. We give various experimental facts implied by them. All of them were
successfully confirmed by observations. MOND has two free components - an
acceleration constant a0 and so called interpolating function µ(x). Both of them
can be determined by observations. Some of the methods to measure a0 are
contained. We describe the various interpolating functions being used and explain
their advantages. A section devoted to one of the possible MOND theories by
Bekenstein & Milgrom (1984).

The third chapter is devoted to our results in contrast to the mostly recher-
chive character of the previous chapters. Our efforts point to the two directions.
The first is to implement a numerical simulation of rise and evolution of a shell
galaxy in the classical and modified dynamics and then explain theoretically the
differences. The second is to use the results of the modified model and compare
them with the shells surrounding NGC 3923. Then we should answer the question
whether is the observation in agreement with MOND or not.

We describe our computational methods. We prepare several analytical or
semi-analytical theoretical predictions, which we use subsequently to explain the
differences of the two models.

The part on comparison with NGC 3923 gets out of papers of Hernquist & Quinn
(1987a,b). They suggested an analytical method for the potential constraining
and applied it to that galaxy. They found a the shell distribution can be explained
by an appropriate distribution of dark matter, but not so using the modified dy-
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namics. Their work was inspected by Milgrom (1988), the author of MOND, who
found several substantial errors in their analysis. One of the results was a nu-
merical simulation should be done. So, this is our mission, to do that simulation
and do the analysis correctly.
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1. Shell galaxies

1.1 Observational characteristics of shell galax-

ies

• Shells (or “ripples”, how does Schweizer call them) appear in galaxies as
light arcs with sharp outer edge. There are about 10 shells in a galaxy typ-
ically (Sikkema et al., 2007). NGC 3923 holds the record with its 30 shells.
Shells are faint features, though. Their surface brightness gets round the
range 3-6% of the host galaxy. We can’t be surprised we are able to recog-
nize only one shell sometimes. Shells are constituted of stars. Shells are
denoted by numbers 1, 2, 3 . . . 1 is the farest one from the nucleus, 2 is the
second farthest, etc. Shell galaxies are found about five times less in clusters
than among isolated galaxies (Malin & Carter (1983), Colbert et al. (2001),
Reduzzi et al. (1996)). According to Prieur (1990) and Wilkinson et al.
(1987b) there are three shell categories:

Type I : (Fig. (1.1)) Shells are situated inside a double cone with its center in
the center of the galaxy. The shells are interleaved in radius, i.e. the
n-th lies on the opposite site of the nucleus than the n−1-st and n+1-
st. This type of shell systems occur in those of galaxies appearing as
ellipses on the celestial sphere. The axis of the cone is aligned with the
long axis of the galaxy. Shells are exactly circular or slightly elliptical.
Shell ellipticity and alignment to the axis grow with the ellipticity of
the host galaxy.

Type II : (Fig. (1.2)) Occurs in E0 galaxies only. Shells look like as randomly
distributed arcs.

Type III : The shell system is chaotic, or there is too little shells detectable to
be classified.

Shells are thought to have shape of parts of spheres or ellipsoids because of
their roughly constant curvature in projection on the celestial shere. Shells
encircling whole the galaxy are very rare.

• Shell galaxies occurs mostly in E and S0 galaxies (early types).
Schweizer & Seitzer (1988) found in their sample of more than 100 galaxies
6% of shell galaxies among S0, 10% among E and only arond 1% among the
spirals. But, in the case of the latters, the shell can be easily misclassified
as spiral arm.

• The ratio of distance of the outermost and innermost shell is called the
radial range. The typical values are about 10. The record system with the
radial range of 60 is NGC 3923, again.

• The thickness of shells grows with their radial distance. It is 10% or less of
their radial distance (Fort et al., 1986).

• The shells situated near the center are common (Wilkinson et al., 1987b).
20% of them are of spiral morphology.
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Figure 1.1: Type I galaxy NGC 3923. (Malin & Carter, 1983)

Figure 1.2: Type II galaxy NGC 474. (Schirmer)
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• Shell color seemed to be bluer than the underlying galaxy to the earliest
observations (Athanassoula & Bosma, 1985). The newer observations show
there is no preference in shell colors (e.g. Fort et al. (1986) with galaxies
NGC 2865, 3923 and 5018, Sikkema et al. (2007)). There are observations
of shells of different color indices inside one galaxy (McGaugh & Bothun
(1990) with NGC 7010, 7585 and Arp 230) or even inside one shell (Fort et al.
(1986) with NGC 2865, Prieur (1990) with NGC 474). Such a measure-
ments are very sensitive to the intensity model of the underlying galaxy. It
is easy to make an error.

• Dust features were discovered in centers of shell galaxies (Sikkema et al.
(2007), Rampazzo et al. (2007)). They are not in the thermodynamical
equilibrium with ambient gas. Shells contain more dust per unit of stellar
mass than the rest of the galaxy. The dust can be responsible for the redness
of shells.

• Arcs of HI have been found in some of the shell systems (Schiminovich et al.
(1994, 1995) with NGC 474, 2865, 5128 = Cen A, Balcells et al. (2001) with
NGC 3656). They lie outside the area of stellar shells. They exhibit the
same curvature as as the stellar shells. A measurement of velocities in
one of the shells in NGC 3656 showed joint movement of stars and gas
(Balcells et al., 2001).

Molecular clouds of H2 and CO in the stellar shells of Cen A have been
discovered by Charmandaris et al. (2000).

There is no evidence of coupling the other components of interstellar gas
with shells.

• In a sample of 64 shell galaxies, Wilkinson et al. (1987a) found 8 galaxies
detected by IRAS space probe in the IR radiation. All of them are radio
sources, too. In a casual sample of non-shell galaxies is only about 58% of
both radio and IR souces.

• All of the known galaxies with kinematically distinct core are shell galaxies,
too. A galaxy with kinematically distinct core exhibits a characteristic
rotational curve. The core can rotate in the opposite direction than the
outer parts of the galaxy.

This section was processed mainly as a shortened version of (Ebrová , 2007, Part
I) supplied by some additional information.

1.2 Phase wrapping model

In our work, we go out of the “phase wrapping” model of the shell formation
firstly proposed by Quinn (1982) applying the work of Lynden-Bell (1967). It is
considered to be the most likely among the other scenarios (see the section (1.3)).

Let us describe this model. All begins with a nearly radial collision of two
galaxies of a great mass ratio. The more massive galaxy, the primary, is typically
a giant elliptical galaxy and the smaller one, the secondary, an elliptical dwarf.
The stars of the secondary lost their bound to their mother object as they reach
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the strong gravitational potential of the primary. The secondary is disrupted
completely when it reaches so called tidal radius. At this border the force from
the primary is able to draw out every particle from the potential well of the
secondary. The shells are density waves of stars originating from the secondary.
They are near their turning point in radial distance. Hence the star density is
increased and there arises a sharp outer edge consisting of the stars just passing
their turning point. Let star A be at it’s turning points. It is likely there was
another star, B, at the beginning of the collision which was close to A in the
phase space. So it’s not hard to believe it has its turning point near that of A.
We can see that many of stars reach their turning point almost in the same time.

It is illuminating to watch the collision of galaxies and shell formation in the
phase space in an 1D example (Quinn, 1984), see Fig. (1.3). It shows testing
particles moving in rigid potential well. They start with zero velocity, so their
period is fully determined by their initial positions. As the time passes, the
particles of shorter period achieve more orbital cycles than that long periodic
ones. That’s why the volume occupied by the particles in the phase diagram
starts to wrap. The pattern in the phase diagram changes continuously in time.
When projected into the radial coordinate, there arise propagating density waves
corresponding to the shells. The outermost shell vanishes with pass of the particle
of greatest period through the wrap bend. It’s obvious the number of shells,N ,
in the time t from the infall beginning is

N = t

(
1

Pmin

− 1

Pmax

)

, (1.1)

where Pmin and Pmax are the minimal and maximal periods contained in the parti-
cle swarm respectively. Shells appear near their turnaround points, more exactly
at the places where the radial velocity is the same as that of the density wave.
Eq. (1.1) implies the shell number increases with time. Since the secondary’s
stars have to form more and more shells, their contrast decreases. Furthermore
the shell formation rate is highest near the galaxy center (by the short periodic
stars). In this region shells blend each other, so they become unobservable.

Several additional aspects of have to be taken into account for a real 3D
merger. At first, the secondary’s movement doesn’t start from rest. Moreover,
stars are moving in respect to the secondary. It means there are particles of the
same energy (radial kinetic plus potential), i.e. of the same orbital period (eq.
1.6), but at different positions before the merger. The shells are unsharp as the
result. This effect can be seen in the phase space for 1D situation, too. The
secondary has to be represented as a cloud rather than a line segment in the
initial time. During the time evolution the cloud stretches and wraps in phase
producing less contrast shells than in the previous example.

In a real 3D situation, the galaxy encounter could be hardly exactly radial.
Even if it was, the particles of secondary are spread around the secondary’s center.
Thus almost every particle has a non-zero angular momentum after the merger.
Such a particle freely moving in a realistic galactic potential has its trajectory
shape of rosette or, in other words, it moves on an elliptical orbit whose major
axis rotates in space.

The volume in the phase space conserves in time obeying the Liouville theo-
rem. Disc galaxies, which are supported mainly by rotation, are of low velocity
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Figure 1.3: Evolution of a 1D shell system - histograms and phase space diagrams.
A 1D system of 5000 test particles starts its movement from rest and move in
isochrone potential of a 1D primary. The numbers on left top of each plane
denote the number of periods completed by the most tightly bound particle. The
structures in the phase space diagrams consist of many points at the positions
of individual particles. The positions are in units of isochrone scale length a and
velocities in units of (GM/10a)1/2 with M being the mass of the primary.(Quinn,
1984)
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dispersion when compared with elliptical that are supported mainly by velocity
dispersion. Hence disc galaxies occupy less volume in the phase space. Such a
secondary would produce more contrast shells. On the other hand, high velocity
dispersion means there is present more of low radial velocity stars capable to
produce tightly bound shells. Liouville theorem is responsible to the increased
contrast of the inner shells, too. Indeed, imagine the matter forming the inner
shells. The phase volume is stretched more rapidly near the primary’s center
than on the periferies. This means the filaments in the phase shape are thinner,
and that’s why the inner shells are sharper.

There are features in shell galaxies verifying the merger event. About 20%
of shell galaxies possess two nuclei (Forbes et al., 1994). It means, we are just
watching the merger process or the secondary’s nucleur survives inside the pri-
mary. All of the kinematicly distinct cores were observed in a shell galaxy. Shell
galaxies contain anomal dust lanes near their centres. Moreover, the gas is not
in thermodynamical equilibrium. It prompts it comes from an another system.
Tidal tails are present, too. Every shell galaxy seems to have another shell color.
Next pro arguments to this scenario.

The rareness of shell galaxies in galactic clusters is explained by disturbing
the shells by gravitational action by the other galaxies.

Simulations of (Hernquist & Quinn, 1989) hinted shells can arise in disc galax-
ies as well, although they are observationally rare. Maybe the shells can be easily
confused with spiral arms in these systems. It is possible the potential of the
primary is destabilized by the collision, so the shells cannot form, or the disc
galaxy is disturbed so much it evolves into an elliptical or S0.

It is hard to explain the observed shell occurrence near nucleus for this model.
Some constraints can be done to the potential of the host galaxy from the shell
positions (section 1.4). Quinn (1984) concluded that the potential inferred from
light distribution doesn’t fulfill these constraints. Hernquist & Quinn (1987a)
were successful after adding an extensive dark halo. Dupraz & Combes (1987)
found another way to explain the shell distribution mystery. They were able
to get it by adding dynamical friction. They claim they were able to simulate
arbitrarily close shells by appropriate dynamical friction. They didn’t need to
add any dark matter.

The shells can arise even if the encounter is not radial. The simulations of
Hernquist & Quinn (1988) and others showed a close approach of the two galaxy
is enough. The primary’s gravitation stripes the remote stars of the companion,
but its core survives and flies away. The accreted material forms sharp structures.
It works both for disc and elliptical secondaries. The result is a shell system of
the Type III.

Shells can originate from a merger of equally massive galaxies. E.g. Barnes
(1989) simulated the evolution of six disc galaxies. The galaxies joined into one
giant elliptical with shells.

It is believed the Type I shell systems can arise only from the minor merger
described in the beginning of this section. Only this type of shells can be used
for the gravitational potential determining (section 1.4).
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Figure 1.4: WIM mode by Thomson (1991). It shows the shell structure extending
down to the galaxy center. Only the particles creating the thick disc are depicted.

1.3 Other models

As noted in the previous section, there are observations confirming the merger
model. Some of the following models are historical, but some are still vital today.
Some of the shell systems could be formed by them or their combination with a
merger.

Fabian et al. (1980). The first proposed theory. The shell formation is trigged
by galaxy wind. The wind presses the interstellar gas. After then gas loses its
superfluous energy by radiating, it can collapse and form stars. Beyond what they
explode as supernovae, they press the gas to more outer regions of the galaxy and
the process repeats. Every star generation constitutes a shell.

Williams & Christiansen (1985). Similar to the previous scenario but the
initial blast wave is induced by active nucleus of the galaxy. The new stars
oscillate at radial orbits. Since they arised at the same time and place, they
travel together trough the galaxy as a shell.

Both of these models can’t explain the shell interleaving.
Loewenstein et al. (1987). An improvement of the previous pair reproducing

the interleaving. Again, the star formation is launched by an active nucleus out-
burst. It has to be one-sided or asymmetric this time. It causes gas accumulation
and star formation in a limited volume. The new stars have low velocity disper-
sion and wrap in phase like in the previous section. The core outburst could be
provoked by collision with an another galaxy. This explains the presence of the
merger traces.

All the tree models were inspired by early observations of shell colours. They
seemed to be blue suggesting the young stars. They looks not to be valid today.
There is not enough interstellar medium in elliptical galaxies to allow this type
of rise of stars. Even if it was, there should be ionised gas surrounding the young
stars which was never detected.

Weak interaction model, WIM (Thomson & Wright, 1990). Assumes, there is
a star family orbiting on nearly circular trajectories in elliptical galaxies constitut-
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ing a thick disc. Shell structure come up during a distant encounter with another
galaxy. Its gravitation creates an one armed spiral density wave in the circular
population. The heat parameter of the circular population, σ/v, has to be lower
than 0.05, where σ is velocity dispersion and v the mean circular component of
velocity. The disc has to be heavy enough to produce the shell luminosity several
percent of the underlying galaxy as observed. The mass of the secondary should
be 0.05-0.2 of the mass of the primary. A heavier secondary would produce more
prominent shell structure but dynamically hot. It vanishes in short time. The
encounter with a secondary with nearly parabolical velocity is the most favorable.
Nearly circular velocities would result into a merger. There is not enough time
to to produce the density wave during a hyperbolical transit. This fact explains
the rareness of shell galaxies in clusters. This model is considered to can actually
employ.

The shell type is determined by the angle of view (Prieur , 1990). We have
to assume every shell galaxy is an oblate ellipsoid. If it is viewed face on, we can
see a round galaxy with unaligned shells (Type II, see the section 1.1). Being
viewed edge on, the galaxy appears as an ellipse with shells interleaved in radius,
of Type I. This allows us to predict the relative abundance of the two types of
shell galaxies. The result is 1:1 which is in accordance with observations. This
model explains nicely the presence of shells near galactic nuclei (figure (1.4)).

There are some observational evidences proving that WIM doesn’t stand be-
hind origin of the most of shell galaxies. Wilkinson et al. (2000) searched for
cold disc in the shell galaxy 0422-476 (Malin & Carter catalogue 1983) but with
no success. We should see the secondary galaxy which produced the density
wave somewhere nearby the shell galaxy. But there are no surrounding galax-
ies sometimes, this is the case e.g. of NGC3610 (Silva & Bothun, 1998). The
model implies the shell brightness should mimic the brightness profile of the host
galaxy. Nature tells us something different. The model doesn’t predict the pres-
ence of kinematically distinct cores. Ideal one armed spirals were never observed.
The model states the stars comprising the shells move on almost circular orbits,
whereas the merger model from previous section that on radial. It could help
us to decide between the two models. This is still an open question because the
shells are too faint.

This section was processed as a shortened version of (Ebrová , 2007, Part II).

1.4 Shell mathematics

In the methods of following section is needed to hope no dynamical friction acts
the shells. Star are assumed to move as test particles in a rigid spherically sym-
metric potential of the underlying galaxy. Some discussion on the dynamical
friction is given in the end of the section. The initial time, t = 0, is the mo-
ment of unbinding all of the particles from the potential of the secondary. These
methods deal with Type I shell galaxies only.

The characteristic energy (per unit mass) of a particle moving in potential ϕ
is

E =
1

2

(

Ṙ2 + R2φ̇2
)

+ ϕ(R) , (1.2)
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where R is the casual radial and φ the angular coordinate of the polar system
and the dots denote the time derivatives. In the merger model, nearly radial
encounter is assumed and a small companion. The following approximation comes
into mind:

R2φ̇2 ≪ Ṙ2 . (1.3)

This neglibility of the tangential part of kinetic energy has to be checked for every
particular situation. The total energy saves and at the radial turnaround point
a is Ṙ = 0, so

E = ϕ(a) . (1.4)

The last three relations give together

Ṙ =
√

2[ϕ(a) − ϕ(R)] . (1.5)

By integration of this formula we obtain the time between two subsequent apoc-
entres at a (at the opposite sites of the galaxy, one swing)

P (a) =
√

2

∫ a

0

[ϕ(a) − ϕ(R)]−1/2dR , (1.6)

or in another words the orbital period is fully determined by particle’s energy
and we are able to calculate it, while the potential is known.

The fact shells are constituted of stars near their turnaround points directly
implies the age of the shell system

t = Pm(m − θm) , (1.7)

where m is the number of orbital cycles completed by the shell at dm, whereas dm

is its distance from the galactic center. Pm ≡ P (dm) is the orbital period of the
particle with its radial turning point at dm and θm its initial phase. θm is defined
to be the time needed to reach the nearest turning point at t = 0 in units of the
radial orbital period, so −0.5 < θm < 0.5. If we observe a shell with number n
(see 1.1) at the radius dm, the equality

n = m − τ + 1 (1.8)

holds true, where τ is the count of periods completed by the outermost shell (=
the count of extincted shells). The unity is added to set n = 1 for m = 1 and
τ = 1. We are getting (Quinn, 1984)

t = Pm(n + τ − 1 − θm) (1.9)

This equation can be used to predict the shell positions in theoretical computa-
tions (e.g. Quinn (1984)) at a given moment. We only need to know the relation
between dm and Pm (eq. (1.6)).

Let us derive the velocity of a shell (density wave speed). Since Pm ≡ P (dm),
differentiation of eq. (1.7) with respect to t yields

ddm

dt
=

1

(m − θm)dP
da
|a=dm

. (1.10)
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For a real situation, this speed is 5-20 km s−1 (Dupraz & Combes, 1986).

Let us denote Pmax and Pmin the maximal and minimal period of particles
constituting the shells and amax and amin the corresponding apocentric distances.
Devote our attention to the shell built up by particles reaching m-th period. It
arises when the particles at amin finish their m-th apocentre and vanishes when
the particles amax do as well. Thus the lifetime of this shell is

∆tm = Pmax(m − θmax) − Pmin(m − θmin) , (1.11)

and it moves with mean velocity of

vm =
amax − amin

∆tm
=

amax − amin

m(Pmax−Pmin) − θmaxPmax+θminPmin

=
const.1

m + const.2
,

(1.12)

i.e. every shell travels more slowly than the previous one (Dupraz & Combes,
1986).

Eq. (1.1) implies another formula for the age of the shell system. N denotes
the total number of shells in the system :

t =
N

1/Pmin − 1/Pmax

. (1.13)

Its determination is a difficult task, however. We need to know the potential of
the host galaxy and the shell number. We can be never sure whether we can
detect all of the shells. To distinguish those close to the nucleus is particularly
difficult. It is possible to bypass this difficulty by counting the shells between two
radii only. Since the number of shell below the radius a is

N(≤ a) =
t

Pmin

− t

P (a)
, (1.14)

the number of shells between (and including) a1 and a2, a1 < a2, is

N12 = N(≤ a2) − N(≤ a1) =
t

Pa1

− t

Pa2

. (1.15)

Hence (Dupraz & Combes, 1986)

t =
N12

1/P (a1) − 1/P (a2)
. (1.16)

The number of shells between two radii can be used to constrain the potential
of the host galaxy, too. From

P (d1) =
t

m1 − θm1

=
t

n1 − τ − 1 − θn1

and (1.17)
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P (d2) =
t

m2 − θm2

=
t

m1 + N12 − 1 − θn2

=
t

n1 − τ − 2 − θm2

(1.18)

follows the constraint (Quinn, 1984)

P (dn1
)

P (dn2
)

=
n1 + τ − θn2

− 2 + N12

n1 + τ − θn1
− 1

. (1.19)

For a given model of potential, it is possible to determine its free parameters from
observations. We believe the disruption of the secondary is a catastrophical event
in a single moment which occurs near the primary’s center, so θn1

= θn2
= 0.5

should be a good approximation.

Consider a potential of the form

ϕ(r) = krν . (1.20)

Formula (1.6) says

P (a) =

(
2

k

)1/2

Cνa
1−ν/2 , (1.21)

where Cν is constant in a and depends on ν. Combination with (1.17) yields

dν/2−1
n =

n + τ − 1 − θn

t

(
2

k

)1/2

Cν . (1.22)

Dividing this expression by that for the outermost shell n = 1 provides

ln

(
dn

d1

)

=
2

ν − 2
ln

(
n + τ − 1 − θn

τ − θ1

)

. (1.23)

When we plot the observed shell distribution in graph ln(dn/d1) against
ln [(n + τ − 1 − θn)/(τ − θ1)], it should form a linear relation. The parameter ν
can be obtained from the slope of a fit (Quinn, 1984).

This method was applied by Quinn (1984) and Hernquist & Quinn (1987a,b).
In his paper Milgrom (1988) noted this approach is incorrect and can lead along to
a great mistake in ν. He suggests the following improved analysis. Combination
of equations (1.22) for the shells numbered n and r gives

ln

(
dn

dr

)

=
2

ν − 2
ln

(
n + τ − 1 − θn

r + τ − 1 − θr

)

. (1.24)

The weakness of the original method resides in taking r = 1. It forces the fit go
through the point corresponding to r = 1. If that point was wrong somehow, e.g.
due to a measurement error, it it would greatly affect the result of the slope fit.
One should search for both r and ν to obtain the best fit.

There are several problems using the shells to say something about the galaxy’s
potential.

1. It is possible we can’t detect all of the shells.
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2. The number of disappeared shells, τ , is unknown.
3. The core of the secondary can survive several passes through the primary’s

center. In each of them a new set of shells can arise. The age of every such a
family would be different, naturally.

4. It is possible the disruption of the secondary a progressional process
(Dupraz & Combes, 1986). However, Hernquist & Quinn (1988) mention, they
tried to discover the influence of the disruption details to the shell morpholo-
gy and found no effect. Their typical simulation runs as follows: The primary
and secondary are modeled as rigid potential wells. Test particles move in the
secondary (producing no gravity). The secondary falls to the primary. When it
reaches the tidal radius, rd, its potential is suddenly switched off. The particles
continue to move freely inside the primary. Their trial consisted in varying rd

and in a gradual switching off the secondary’s potential.
5. Dupraz & Combes (1987) showed the material of the inner shells was proba-

bly greatly influenced by dynamical friction. Anyhow, if the merger shell creation
scenario is correct, this material has to loose its energy somehow to get to these
orbits. It means, only the outer shells are suitable for the potential examinations.

1.5 Shell morphology

In this section, we deal with the influence of primary’s potential and secondary
structure to the shell morphology. Most of these results were achieved in Hernquist & Quinn
(1988) - spherical primaries and Hernquist & Quinn (1989) - non-spherical pri-
maries.

A radial encounter of two spherical galaxies, one much more massive than the
other, leads to the rise of shells aligned to the axis of collision. They constitute
parts of spherical surfaces bounded by a double cone. This explains the Type I
shell systems (see 1.1).

As we said in previous sections (e.g., see the eq. (1.1)), the shell creation rate
increases when tightly bound particles are present. A companion with higher
velocity dispersion is expected to produce them more easily. Internal velocities
of stars in the secondary are capable to cancel a big deal of its infall velocity.
Velocity dispersion scales as σ2 ∝ mc/a, where mc is the mass of the companion
and a its characteristical radius. A simulation of accretion of two secondaries
with the same phase volume, but another σ, confirmed this expectations.

The merger model predicts the shell sharpness should be determined by the
secondary’s phase volume. It saves in time thanks to the Liouville’s theorem,
resulting in thin phase folds. Phase volume is proportional Ω ∝ (mca)3/2. Again,
the outcomes of two simulations of a merger with secondaries with equal velocity
dispersions but different phase volumes were compared. Indeed, the shell system
produced by the galaxy with greater Ω was more diffuse, indistinct and the shells
were broader.

The simulations showed, that the shell opening angle is affected by the size of
the companion. As could be expected, the opening angle is greater for the shells
with greater angular momenta.

If the secondary is replaced by a disc galaxy inclined to the impact line, the
shell system is much more complex and disordered, corresponding to the Type III
system. Besides the phase wrapping process, some of the sharp edged features are
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produced due to the spatial wrapping. It means, there are particle straps folding
in the three-dimensional space. When projected onto the celestial sphere, surface
density jumps can be observed. Hernquist & Quinn (1988) found a possible way
to distinguish these two types of shells. The surface brightness near the edge of
the space fold should theoretically decrease as x−1/2, where x is the distance form
the brightness jump. I contrast, the surface brightness of the phase wrap should
be constant near the edge with the width determined by the velocity dispersion
of the accreted material. The authors conclude that this type of classification is
probably very difficult in praxis, however.

Hernquist & Quinn (1989) simulated mergers to explore the influence of the
primary’s potential to the shell appearance. Prolate elliptical potential of the
primary, radial encounter in the direction along the long axis with parabolic veloc-
ity, spherical companion: The resulting shell system is axisymmetric about the
collision axis. Shells are aligned to the axis of the potential. They are bounded by
a double cone whose opening angle is narrower than in the case of the spherical
potential.

(2) The same as (1) but the potential gets spherical at large radii : The shells
near the center are focused into a narrow cone and the opening angle grows with
distance of the shell.

(3), (4) Simulations (1) and (2) repeated with nonzero impact parameter and
elliptical velocity : The shells in the purely elliptical potential are aligned with
the long axis of the host galaxy, again. In contrast, the potential of (2) shows
alignment at small radii only. The shells at peripheries are spherical but not
aligned to an axis.

(5) Oblate ellipsoidal potential asymptotically getting spherical, secondary is
arriving in the plane of rotational symmetry into the primary’s center with par-
abolic velocity : Shells are aligned with the line of collision. They are interleaved
in radius and do not encircle whole the galaxy.

(6) A radial collision with a disc primary galaxy described by Miyamoto-Nagai
potential, impact line lies in the plane of the disc: The resulting shell system is
wide and aligned with the collision axis, again. When the disc is viewed edge on,
the shells appear to be very narrow with small opening angle.

(7) The same as (6) up to the collision direction is in the symmetry axis of
the disc: Shells are aligned to the arrival line, but they almost enclose whole the
galaxy.

(8) The same as (6) up to the impact angle is 30, 45 or 60◦ with respect to the
collision axis : The most dominant feature is an X-like cross of particles visible
from the symmetry plane. A shell like structures arise, too, but only few of them
is easy to distinguish. Type III shell galaxy.

(9) The same as (8) up to the companion arrives with nonzero impact para-
meter : X-structure is the dominant again. Only diffuse shells, if any, are visible.

(10) Collision of two disc galaxies, non radial encounter inclined 45◦ to the
primary axis at elliptical orbit : A chaotic Type III shell system is the result.
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2. Modified dynamics (MOND)

2.1 MOND in general

Modified newtonian dynamics (MOND) poses an alternative to the dark matter
theory (DMT). As known, there are various observational phenomena showing
the discrepancy of masses determined from internal motions of stellar systems and
that determined by their luminosity (e.g. disc galaxy rotation curves (Fig.2.1),
velocity dispersion in galactic clusters, etc.). The ratio of the results can be 10-100
easily. Classical (pre-MOND) physics explains this discrepancy by an assumption
of presence unobserved dark matter (DM). Most of it should be non-baryonic
revealing only by gravitational interaction. MOND says us something different:
There is not much more of the dark matter than the luminous matter and it
doesn’t need to be non-baryonic. What is wrong is our knowledge of physical
laws. When determining the dynamical mass, we rely laws such a Newton’s law
of gravity, the virial theorem, Newton’s dynamic laws, etc. The validity of these
laws was tested many times in laboratories and in the Solar system. But in all of
these systems we deal with much greater gravitational forces, accelerations and
lower angular momenta, velocities, etc. than on the galactic scales (Centrifugal
acceleration of Earth on its orbit around the Sun is 6× 10−3ms−2. A typical star
orbits the Galaxy with acceleration ∼ 10−10ms−2.)

According to MOND, a test particle of mass m moves in the gravitational
field Fg with an acceleration a on a trajectory obeying the equation

mµ

( |a|
a0

)

a = Fg (2.1)

rather than the casual
ma = Fg . (2.2)

The constant a0 in (2.1) is a new fundamental constant with dimensions of
acceleration. It plays similar role in MOND like a h in the quantum mechanics
or c in the theory of relativity. According to McGaugh (2011) is a0 = (1.24 ±
0.14) × 10−10ms−2.

Figure 2.1: Rotational curves of disc galaxies get flat at large radii
(Sofue & Rubin, 2001).
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The function µ(x) is so-called interpolating function. Its precise form is un-
known, but it has to fulfill the limit behavior

µ(x) ≈ x, x ≪ 1 (deep MOND limit)

µ(x) ≈ 1, x ≫ 1 (classical limit).
(2.3)

According to Milgrom (1983b), µ(x) is a concave function (dµ/dx ≤ 0). However,
it turns out the dynamics is not much affected by the exact form of µ (Milgrom,
1983b), see the Fig. 2.10. More is given in sect. (2.3).

Fg is the force computed by the conventional way. a is relative to the cosmic
fluid inertial system, which is used in cosmology.

MOND was originally designed to explain the flatness of rotation curves of
disc galaxies. If one suppose the centrifugal acceleration a = v2/R is much lower
than a0, a/a0 ≪ 1, then eq. (2.1) and (2.3) give

m
a

a0

a = Fg =
GmM

R2

v4

a0R2
=

GM

R2

v = 4

√

a0GM

(2.4)

so, indeed, the rotation curve is flat at large radii.
Let us discuss more the eq. (2.1). At first, nobody knows a theoretical reason,

why this equation should hold true, even not whether in this form precisely. As
said in Milgrom (1983a), it is just a phenomenological, well working formula. It
is not clear whether the dynamic equation (2.1) employs only for the gravita-
tional interaction or any force. There are three possible interpretations: 1) the
gravitational law Fg = GmM/R3R needs to be modified, or 2) the law of inertia
F = ma modifies, or 3) both of the laws have to be changed. The modified inertia
rely on replacing the classical law by a formula like A(r(t), a0) = F , where A is a
functional of whole the trajectory r(t). In the limit a0 → 0, A(r) → d2

dt2
(r). A has

to “smooth” whole the trajectory to “average” all of the short-time variations in
acceleration. In the first years of MOND in 80’s, it was thought the interpreta-
tions 1) and 2) are undistinguishable for the gravitational interaction only; later
it was recognized can give predictions in some cases (Milgrom, 2011).

From the first papers on MOND by Milgrom (1983a,b,c) was known when
the eq. (2.1) is applied to a composed system, instead of a structureless test
particle, we come into a contradiction: Consider just a close binary star moving
on circular orbit very far from the galactic center. When the eq. (2.1) is applied
to each of the stars separately, no much difference from the classical dynamics is
expected because of the high internal accelerations in the system ai ≪ a0. On
the other hand, when the binary is considered as one body located by its center
of mass, its acceleration is lower then a0, so it moves in the deep MOND regime.
The controversy arises even for a single star or any real body. It’s because they
consist of molecules, atoms and elementary particles much exceeding a0. We
say the original MOND from 1983 doesn’t constitute a theory. Eq. (2.1) is not
relativistic and says nothing about photons.

It is not clear how to apply MOND to a composed bodies, i.e. to find the
equations of motion of a system (e.g. a star cluster) with internal acceleration ai in
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the external field (e.g. of a galaxy) ae. We need to distinguish cases characterized
by all the possible inequalities of ai, ae and a0 (see Fig. (2.2)). It remains to be
a challenge for observers for now.

From the early days of MOND, many of consistent and relativistic theories
have been built. For a review see (Milgrom, 2011). There is no reason to favorize
one of them so far. The oldest one (Bekenstein & Milgrom, 1984) we briefly
discuss in sect. (2.4).

MOND is a better theory than the DMT in the sense the latter is hard to
falsify. Almost every motion inside a stellar system can be explained by assuming
an appropriate distribution of DM. In contrast MOND can be tested relatively
easily, because it lasts almost by the luminous matter and eq. (2.1). The need
of hidden matter uses to be less than the mass of the luminous matter for galaxy
clusters and none for individual galaxies (Milgrom, 1983b).

The distribution of the dark matter from the rotational velocity has to be
fitted (usually across two parameters) but MOND doesn’t need to fit (of course,
the value of a0 has to be fitted, but it’s universal). It simply uses the formula (2.1)
and the light distribution. And it’s predictions are usually better than that from
dark halo fit. It is capable to predict various bumps and dents of the rotation
curve. These results are independent on the disc galaxy type. In fact, there is an
another free parameter in MOND, the mass/light ratio. It is hard to distinguish
from observations. It can vary from galaxy to galaxy and in inside one particular
galaxy as well.

Figure 2.2: Classification of some composit systems according to their external,
ae, and internal, ai, accelerations. A: Casual earthly systems, planets in the Solar
system. B: Stars, binaries, gas, etc. in the field of Galaxy C: A galaxy in the
field of a neghbourhood galaxy, group of galaxies or cluster. D: The Local group
in the field of local Supercluster. E: Globular clusters in the field of a galaxy. F:
Laboratory experiments in the field of Earth and Sun. G: Long periodic comets
+ Sun moving in the field of Galaxy. H: Open clustes in the neighbourhood of
the Sun in gravity of Galaxy. I: Dwaf galaxies in the field of the Milky Way.
(Milgrom, 1983a)

19



2.2 MOND predictions and consequences

MOND can offer several general predictions independently on its exact formula-
tion or knowledge of the interpolating function. They rely on the limit require-
ments (2.3).

1. Existence of the transition radius RT . At this radius the gravitational
acceleration equals a0. Around this radius begins the the region of the
mass discrepancy deduced by conventional analysis. For a disc galaxy, it is
possible to assume most of the galaxy (baryonic) mass M is enclosed inside
RT . Then

RT =

√

GM

a0

. (2.5)

At this radius should the DMT predict a ring of dark matter. This state-
ment was confirmed Milgrom & Sanders (2008). In fact there is an another,
internal, transition radius RT i near the galactic center. Indeed, we can ex-
pect the force from whole the galaxy vanishes in this area. If the central
density can be assumed to be a constant ρ0,

RT i ≈
3 a0

4π Gρ0

, (2.6)

and in this region

v(R) ≈
(

4

3
πa0Gρ0

)1/4

R3/4 (2.7)

instead of the classical v(R) ≈ (4
3
πGρ0)

1/2R. This area is typically too tiny
to have dynamical conseqences and be observed.

2. Supposing MOND leads immediatelly to the Tully-Fisher law. It says there
is a relation between the total luminosity of a disc galaxy L and its rotational
velocity v of the form vγ ∝ L. Before the advent of MOND, v was considered
as the maximal rotational velocity or the velocity at an isophotal radius.
Since L ∝ M (the proportionality constant depends one the type of stellar
population), using the equation (2.4) we obtain

v4
∞

∝ a0GL . (2.8)

MOND dictates what should be used exactly as v, and that’s the asymp-
totical velocity v∞ (at the flat part of the rotation curve).

This is one of best MOND predictions. In the first papars of Milgrom
(1983b) the value of the exponent γ in the observed Tully-Fisher relation
was 2.5-5. Modern measurements confirm the value near 4.

This fact is a mystery for the DMT . The rotational velocity is determined
by the total mass inside the star’s orbit which should be constituted mainly
by the DM. On the other hand, the luminosity is not connected with the
DM. Hence DMT needs an extra assumption giving into correlation the
luminous and dark matter distributions. It looks to be typical defending
manoeuvre of the DMT described in the previous section.
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Figure 2.3: Tully-Fisher relation and MOND and ΛCDM predictions. (McGaugh,
2011)

The exponent γ in the Tully-Fischer relation is one of the greatest problems
of the classical ΛCDM model (Fig. (2.3)). It is believed it will be solved
by better understanding of sub-galactic scale processes (e.g. formation of
stars from gas, the action of supernovae bursts on the gas, magnetic fields,
etc.). The low dispersion in the Tully-Fischer relation seems not to speak
for this hypothesis.

3. Eq. (2.1) implies the gravitational acceleration vanishes as ∼ r−1 at large
distances. It means the gravitational potential grows as ∼ ln(r), more
precissely

ϕ(r) = ϕN(RT ) +
√

a0GM ln
r

RT

, forr ≪ RT (2.9)

how can be obtained by integrating the eq. (2.1). ϕN denotes the classical
potential. This is the only potential where a rotational velocity curve can
be flat. It impies there is nothing like an escape velocity or unbound orbit
in MOND. A test particle can escape only by falling into the potential well
of an another massive body.

This fact has its consequances in the Solar system. A comet seeming to have
an hyperbolical velocity according to the classical dynamics, isn’t necessary
going to leave our Solar system. The transition radius for our Sun is 7042
AU, the apohelion of Pluto is 49 AU and of Sedna 960 AU. Long periodic
comets are considered to come from the Oort Cloud in the distance between
3 × 104 − 105AU according to the classical dynamics. It is well behind the
transition radius. According to Milgrom (1983a) it can be shown, if MOND
is employed instead, the Oort should be situated in the vicinity of RT .

Let us show the an example the original MOND tenets are not relativistic.
Since the potential well of a body is infinitely deep, any photon emitted
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inside can travel only to a finite distance. However, it is easy to calculate
(in analogy with the non-relativistic inference of black hole horizon) that
for a body of mass 1011M⊙ is this distance 10106

kpc.

4. Isothermal spheres can have mean (over an individual galaxy) surface den-
sities Σ . a0/G (Milgrom, 1984). This is the explanation of the observed
Fish law.

5. For spherical isothermal spheres in MOND the relation for velocity disper-
sion σ4 ∝ a0GM holds true (Milgrom, 1984). This is the Faber-Jackson
relation for ellipticals.

6. If MOND holds true, acceleration produced by the supposed DM cannot
much exceed a0. It simply follows from the fact MOND departs from the
classical dynamics only for accelerations . a0 (Brada & Milgrom, 1999).
There is no limit for accelerations caused by the DM naturally.

7. If MOND holds true, there is no reason why should the classical Poisson
equation give densities greater than that actual. It could lead to negative
DM densities (Milgrom, 1986b).

8. Consider a gravitating system moving in an external field ae. Eq. (2.1) is
nonlinear. It means the presence of the external field affects the internal
dynamics (so called ambient/external field effect, EFE). This is something
different than just tidal forces, since it works for homogeneous ae as well.
If the inequality ae < ai < a0, where ai is the the internal acceleration
and ae is homogeneous across the system, holds true is possible to show
in some theories (Bekenstein & Milgrom, 1984; Milgrom, 1986a) the inter-
nal dynamics is quasi-newtonian with gravitational constant equal Ga0/ae.
This relation was observationally verified in Milgrom (1983a) for galactic
open clusters.

2.3 Hint on the interpolating function

Here are some frequently used interpolating functions

1.
µ1(x) =

x√
1 + x2

(2.10)

is the oldest one suggested in (Milgrom, 1983b). It gives quite good results
for rotation curves.

2.
µ2(x) =

x

1 + x
(2.11)

According to Famaey & Binney (2005) this function describes better the
rotation curve of the Milky Way and NGC 3198 better than µ1.
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Figure 2.4: The total view to the rotational curve of our Galaxy modeled by
the Kuzmin potential and interpolatin function (2.11). The MOND curve is the
thick line, the classical curve is the thin. The mass of the galaxy is such that
the rotational curve reaches the asymtotical value of 220 km/s and the potential
scale parameter is 3 kpc. The lower plane shows the classical acceleration in the
units of a0.
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Figure 2.5: The view to the rotational curve of our Galaxy in the central part
to show the influence of the inner mondian area. It is modeled by the Kuzmin
potential and interpolatin function (2.11). The MOND curve is the thick line,
the classical curve is the thin. The mass of the galaxy is such that the rotational
curve reaches the asymtotical value of 220 km/s and the potential scale parameter
is 3 kpc. The lower plane shows the classical acceleration in the units of a0.
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3.
µ3(x) = 1 − e−x (2.12)

Milgrom (1983b) says the actual interpolating function should be close to
µ3 for arguments x . 10. This statement follows the fact, disc galaxies
are described by de Vaucouleur’s or exponential law and have flat rotation
curves.

4.

µ4(x) =

{
x x < 1
1 x ≥ 1

(2.13)

A simple formula usefull for approximative considerations.

5.

µ5(x) =

√
1 + 4x − 1√
1 + 4x + 1

(2.14)

A formula derived from the TeVeS theory (Bekenstein, 2004). It is designed
for a spherically symmetric systems and arguments x . 1.

Famaey & Binney (2005) say the interpolating function best fitting the rota-
tion curve of our Galaxy is µ2 for x . 1 and µ1 for x & 10.

Milgrom (1983a) suggested a way to constrain the interpolating function by
observing the perihelion precession of Mercury. Suppose µ(x) ≈ 1 − Ax−n for
x ≫ 1. Then the perihelion torsion per revolution in radians is

δΦM ≈ 2(4n + 1)(2n − 1)−1πA(M⊙G/r2a0)
−n . (2.15)

On the other hand, that following from the general relativity is

δΦGR ≈ 6π(M⊙G/rc2) . (2.16)

According to this paper the measurement uncertainties allow A < 0.02 for n = 1.
The effect for n ≥ 2 would be undetectable.

Our numerical simulations of a comet orbiting the Sun are presented at Figs.
2.6 - 2.9 for several types of the interpolating function. The apohelion distance is
2 × 104 AU and the eccenticity 0.9. The comet starts at the point X = 20 kAU,
Y = 0 kAU with velocity in the direction of the positive Y axis. The beggining
of the trajectory is marked by the thick part of the curve to show the direction
of orbiting. The dashed circle denotes the transition radius.

2.4 MOND theory BM84

This section is devoted to the MOND theory proposed by Bekenstein & Milgrom
(1984). Some of its results concern our Chapter 3.

1. According to this theory, the gravitational potential ϕ is connected with
the mass density distribution ρ through the equation

∇
[

µ

( |∇ϕ|
a0

)

∇ϕ

]

= 4πGρ . (2.17)
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Figure 2.6: A comet’s orbit around Sun in the classical dynamics.
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Figure 2.7: A comet’s orbit around Sun in MOND. The interpolating function is
marked.
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The gravitational acceleration a of a test particle remains the casual

a = ∇ϕ . (2.18)

The newtonian potential obeys ∇ · (∇ϕN) = 4πGρ and aN = ∇ϕN . Thus

∇
[

µ

( |∇ϕ|
a0

)

∇ϕ −∇ϕN

]

= 0 , (2.19)

so the remainder in brackets is a curl-less field h, ∇× h = 0. Hence

µ

( |a|
a0

)

a = aN + ∇× h . (2.20)

The curl term vanishes in cases of cylindrical or plane symmetry, then

µ

( |a|
a0

)

a = aN . (2.21)

2. The proof of the next two statements would require to rewrite a substantial
part of the original paper. We will put up with the results only.

Consider a system A (e.g. an open cluster) of mass a and a characteristic
size r moving in the field of a much more massive system B (e.g. a galaxy)
of mass M , M ≫ m, in the distance R. Assume there is a spherical surface
Σ of radius l, l ≪ R, enclosing whole the system A and the field produced
by B alone is approximately homogeneous inside Σ. Next, on the surface
Σ, the difference of the field from B only, ϕB, and the field produced by A
and B together, ϕ, must satisfy |∇ϕ −∇ϕB| ≪ |∇ϕB|. Then the center of
mass of the system A moves like a test particle, regardless on its internal
structure, with acceleration

aA = ∇ϕB . (2.22)

3. Under the same circumstances as in the previous point, the dynamics inside
the smaller system A is governed the classical Newton’s law of gravity up
to the gravitational constant has to be replaced by

G̃ := Gµ

( |∇ϕB|
a0

)−1

. (2.23)

4. The law of conservational laws as that of energy, momontum and angular
momentum are the same as in the classical dynamics.

2.5 Measuring a0

In this section we review several independent ways to measure a0 according to
Milgrom (1983b). All of them give a0 of the order 10−10ms−2.
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1. The rotational velocity V of a star orbiting a disc galaxy at the radius r is
determined by the mass enclosed inside the orbit. According to eq. (2.1)

V 2(r)

r
µ

(
V 2(r)

a0r

)

= aN(r) . (2.24)

The function xµ(x) is used to be denoted by I(x). Next, the classical
newtonian acceleration aN(r) can be expressed as

aN(r) =:
MG

r2
γ(r) , (2.25)

where γ(r) is a function describing the matter distribution and M is the
total mass of the galaxy, so the eq. (2.24) takes the form

a0I

[
V 2(r)

a0r

]

=
MG

r2
γ(r) . (2.26)

Let h be a characteristic length scale in the galaxy. Denote

V∞ := (MGa0)
1/4

the asymptotical rotational velocity,

s :=
r

h

dimensionless radius,

v :=
V

V∞

dimensionless velocity and

ξ :=
V 2
∞

/h

a0

≡
(

MG

a0h2

)1/2

dimensionless characteristical acceleration. Substituting these new vari-
ables into eq. (2.26) leads along to

a0I

[
v2(s)V 2

∞

a0sh

]

=
MG

s2h2
γ(s) ,

I
[
v2(s)s−1ξ

]
= ξ2s−2γ(s) ,

v2(s) =
I−1 [ξ2s−2γ(s)]

s−1ξ
.

(2.27)

Milgrom (1983b) tried to compute such a velocity curves. He explored γ’s
corresponding to exponential disc, de-Vaucouleurs sphere and their combi-
nations. There are two results: 1) the shape of the velocity curve is almost
independent of the choice of the interpolating function µ. There are some
minor changes, but the overall shape remains the same. 2) The computed
velocity curves are similar to that observed only for ξ = 1 − 2. Another
values produce velocity curves too slowly reaching their asymptotical values
(Fig. (2.10)). This value of ξ implies a0 ≈ (0.7 − 3)P × 10−10ms−2, where
P is the mass/light ratio in solar units and P = 1 − 4. Although this is a
very rough estimate, the order is correct.
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Figure 2.10: Calculated rotational curves for pure exponential disc - top and
pure de Vaucouleurs sphere - bottom. The quantities are defined on the page
28. Two interpolating functions are used: x/

√
1 + x2 - solid line and 1 − exp(x)

- dashed line. We can see the rotational curve stays flat down to small radii only
for ξ = 1 − 2. (Milgrom, 1983b)
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2. Determining a0 from the Tully-Fischer relation. Eq. (2.4) says V 4
∞

= a0GM .
Since M = PL, where L is the observed luminosity of the galaxy and P the
mass/light ratio, this relation gives

a0 =
V 4
∞

GPL
. (2.28)

Milgrom (1983b) explored a sample of galaxies, which he divided into several
subsamples of the similar Hubble type. Hence it was possible to assume
every of the subsamples is homogeneous in P . The result he get was a0 =
1.9 × 10−10h2

50ms−2 with uncertainty of factor 2, where h50 is the Hubble
constant divided by 50kms−1Mpc−1.

3. The asymptotical velocity of our Galaxy is 220kms−1. The baryonic mass
is M = 3 × 1010M⊙. Eq. (2.4) implies a0 = (5.8 ± 1.0) × 10−10ms−2. This
method differs from the previous two because the knowledge of h50 and P
is unnecessary.

2.6 MOND and the shell galaxy NGC 3923

In their paper Hernquist & Quinn (1987b) (hereafter HQ in this section) were
probing the modified dynamics using the shells around NGC 3923. They used
the method described at the end of the section 1.4 (eq. (1.23)). They found
the observations are in disagreement with their analytical model. They used
the mondian potential corresponding to the classical potential of de-Vaucouleurs
sphere. But Milgrom (1988) found several deficiencies in their analysis:

1. As we said in sect. 1.4 the use of formula (1.23) can get wrong results.

2. HQ hadn’t taken into account the shells have to be interleaved in radius as
follows from the phase wrapping model. They numbered the shells simply in
turn from outwards to inwards as were observed. It leads along to incorrect
determining of n in eq. (1.23) and wrong slope subsequently. There are
newly discovered shells they hadn’t known.

3. HQ used as additional argument the number of shells between two radii
n(d) is in disagreement with the model. But this is the same as the a shell’s
number (label) does not agree with observed position d(n).

4. They used the inner shells as well. With then data, they were hard to detect
and localize. As Dupraz & Combes (1987) showed, they were probably
influenced by the dynamical friction, so the assumptions for eq. (1.23) are
not valid.

5. Other possible complications noted in sect. 1.4.

6. The process of disruption of the secondary can be continuous and not
catastrophic as HQ modeled.

We are going to do a numerical simulation and comparison of the results with
observations in chapt. 3 and especially sect. 3.5.
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3. Our simulations

3.1 General outline

The general point of our work was to: 1) simulate a merger of two galaxies in
both classical and modified dynamics, 2) compare the resulting shell systems and
explain the differences, 3) find observable phenomena to select the more probable
alternative and 4) compare the result of the mondian simulation with shell galaxy
NGC 3923, having in mind the sect. 2.6.

3.1.1 Classical model

The basis of our program is the code Merger09 by Bruno Jungwiert (2010 un-
published), which simulates a minor merger and evolution of the shell system (in
conformity with the section 1.2).

The potential of both the galaxies is simulated by the Plummer potential

ϕ(r) =
−GM

√

b2 + (r − r0)2
, (3.1)

where M is the mass of the galaxy, b (Plummer radius) the length scale char-
acterizing the central concentration contrast and r0 denotes the position of its
center. The acceleration of a test particle is

a(r) = −∇ϕ =
GM(r − r0)

[b2 + (r − r0)2]3/2
(3.2)

The stars of the secondary are modeled as free test particles moving in the grav-
itational field.

The secondary has an initial velocity pointing to the primary center. The
force acting the secondary can’t be simply computed as

FPS = −MS∇ϕP =
GMP MS(rP − rS)

[ b2
P + (rP − rS)2]

3/2
,

because galaxies are not point particles but rather a vast bodies. This fact uses
to be taken approximatively into account by the change of the parameter b:

FPS =
GMP MS(rP − rS)

[ b2
P + b2

S + (rP − rS)2]
3/2

. (3.3)

When the secondary advance towards the tidal radius rt, which is defined as
0.1bP in our simulations, its potential is suddenly switched off and the particles
continue wander in the gravitational field of the primary.

On the stars. In the beginning of the simulation the stars have density distri-
bution respecting the Plummer potential

ρS =
3MS

4πb3
S

[

1 +
(r − r0)

2

b2
S

]−5/2

(3.4)
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(follows from the Poisson equation), which is truncated at some radius rtr. The
truncation is involved both or computational simplicity and the zone influenced
by a real galaxy is bounded by the neigbouring galaxies. By the truncation on
the radius we do (rtr = 10bS) is the lost of stars ≈ 1.5 %.

The velocity dispersion of a truncated Plummer sphere is

σ2(r) =
GMS

6bS

[(

1 +
r2

b2
S

)−3

+

(

1 +
r2
tr

b2
S

)−3
]

, (3.5)

with r := |r − r0| (it follows from eq. (3.14)). The initial velocity distribution
is taken to be Gaussian for simplicity. If we wanted to be correct, we should
calculate the distribution from the Boltzmann equation. Eq. (3.5) gives quite
acceptable results (see the section 3.2).

The code employs the leapfrog integration algorithm. In it, the positions,
xi, and accelerations, ai, are computed in time steps ti = i∆t, i = 1, 2, 3, . . . ,
where ∆t is the time increment, while velocities in ∆t/2 shifted steps: ti+1/2 =
(t + i/2)∆t. The positions are calculated using the formula

xi+1 = xi + vi+1/2∆t where (3.6)

vi+1/2 = vi−1/2 + ai . (3.7)

We can assure it is a third order method easily: By the Taylor expansion

x(t + ∆t) = x(t) + v(t)∆t +
1

2
a(t)∆t2 + o(∆t2) and

v(t +
1

2
∆t) = v(t) + a(t)

1

2
∆t + o(∆t) .

(3.8)

Combination of these two equation gives

x(t + ∆t) = x(t) + v(t +
1

2
∆t)∆t + o(∆t2) (3.9)

that is the same as eq. (3.6). Eq. (3.7) is simply obtained by

v(t +
1

2
∆t) = v(t − 1

2
∆t) + a(t)∆t + o(∆t) . (3.10)

So the order of the method is 3, actually.

3.1.2 Modified model

For its simplicity we work with the interpolating function

µ(x) =
x

1 + x
. (3.11)

If a classical acceleration aN acts a test particle, its actual acceleration satisfies
(due to eq. (2.1))

a
a/a0

1 + a/a0

= aN

a =
aN +

√

a2
N + 4aNa0

2
eN ,

(3.12)
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where eN is the unit vector in the direction of aN .
The modification of the classical code resides in changing the forces acting all

the considered bodies and adjusting the initial velocity dispersion of the particles
in the secondary.

The secondary moves with modified acceleration obeying eq. (2.1) with clas-
sical force (3.3). This is in accordance with the first two results of section 2.4,
because their assumption stays valid during the most of the infall time and tra-
jectory length.

The primary moves so that the total momentum conserves.
The acceleration of the test particles is computed in two steps: 1) the classical

acceleration is the sum of classical accelerations produced by both of the galaxies,
2) the classical acceleration is recalculated to the modified in agreement of eq.
(2.1).

The density distribution for the modified situation was leaved the same as in
the classical situation. (eq. (3.4)).

A velocity dispersion in a spherically symmetric galaxy must satisfy the equa-
tion Binney & Tremaine (2008, chapt.4)

d

dr
(ρσ2

r) +
2ρ

r

(
σ2

r − σ2
t

)
= ρa(r) . (3.13)

It is the Jeans equation in spherical coordinates. a(r) is either classical or modified
acceleration acting a particle at radius r, σr and σt the velocity dispersion in the
radial and tangential directions respectively and ρ the mass density. For the
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Figure 3.1: Velocity dispersion in the secondary. The solid line corresponds
the modified dynamics computed by eq. (3.14) and the dashed line the classical
dynamics computed using the same equation (and could be computed analytically
by the eq. (3.5) with no difference).

33



Plummer sphere is σr = σt =: σ, so

σ2(r = 0) − σ2(r) =
1

ρ

∫ r

0

ρ(r′) a(r′) dr′ , (3.14)

with the boundary condition σ = 0 at r = rtr.
The transition radius RT is such that a/a0 = 1, so it has to obey

a0

2
= aN(RT ) . (3.15)

For a Plummer sphere, RT is a root of a sixth order polynomial. RT in units of
b, y := RT /b, must satisfy (Eq. (3.15), (3.2)

y

(1 + y2)3/2
=

a0b
2

2GM
. (3.16)

We can see there are generally two transition radii, inner and outer, or there is
no solution when the right hand side is greater than the maximum of function
on the left side, 2−1/2 ≈ 0.71. The second case means whole the galaxy is in the
deep-MOND regime.

3.2 Initial setup

The value for the primary were set as those for the shell galaxy NGC 3923 in
Hernquist & Quinn (1987a).

GALAXY PARAMETERS
Mass of the primary: MP = 3.2 × 1011 M⊙.
Mass of the secondary: MS = 3.2 × 109 M⊙, (MP /MS = 100).
Plummer radius of the primary: bP = 5 kpc.
Plummer radius of the secondary: bS = 0.5 kpc.
Truncation radius of the secondary: rtr = 5 kpc, (rtr = 10bS).
Transition radii of the primary: rT,i = 168 pc, rT,o = 26.6 kpc.
Transition radii of the secondary: rT,i = 1.68 pc, rT,o = 8.61 kpc.

INITIAL STATE
Initial separation: dini = 90.3 kpc. If the secondary in classical dynamics starts
at a greater distance, it arrives this value of dini with no change of structure.
Initial relative velocity of the primary and secondary: vini = 172.5 kms−1

- the parabolical velocity in the classical dynamics.
Initial velocity dispersion: see the Fig. (3.1) There is a formula for it for the
truncated Plummer sphere (eq:(3.5)) in the classical dynamics. In the code is the
velocity distribution function put by hand gaussian.

We investigated the stability of the secondary. In these simulations there was
no infuence of the primary, the seconadary was left alone. Figs. (3.2)-(3.6) show
the evolution of the velocity dispersion, volume density, projected surface density,
radial histogram and mean velocity at given radius respectively. In Fig. (3.17) we
can see the evolution of a characteristic radius under which 75% of all particles
is enclosed. Viewing these plots we find the change of matter distribution is only
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few percent. We are able to explain them as well as those threatening looking
oscillations in the mean velocity and dispersion: 1) The velocity distribution
function is not that appropriate to the Plummer model. 2) There are only little
particles near the centre and large radii. Therefore the statistics is not good in
these regions. Although the stability of this model is not perfect, we mean it is
sufficiently good.

The dynamical time at the radius r is defined to be the the time needed to
freely fall from rest to the centre of the potential. It also characterizes the time
by which the system at this radius changes substantially. Thus, this time is very
close to the center of a Plummer sphere

tdyn,C =
π

2

√

b3

GM
(3.17)

and equals for our secondary 4.7 Myr.
The next step was to embed the dynamics modification. The internal classical

velocity dispersion was retained. The stability can be judged from Figs. (3.7)-
(3.11) and (3.17) analogous to that for the purely classical case. It is obvious the
stability decreased. To save the stability of matter distribution was inevitable to
change the initial velocity dispersion.

The relation of velocity dispersion on radius in the modified dynamics was
found by numerical integration of eq. (3.14). The relation shows the Fig. (3.1)
The time revolution of the fully mondian model can be seen in figures. (3.12)-
(3.16) and (3.17) The stability increased evidently. Again, the partial instability
is present, because the velocity distribution is not properly calculated from the
Boltzmann equation, but is gaussian with correct dispersion instead.

It is striking the difference of velocity distributions near r = 0. Since a ∝ r,
for r ≈ 0, for the classical case, eq. (3.14) gives σ2 − σ2

0 ∝ r2. For the mondian
case a ∝ r1/2 (the center is in the deep-MOND regime), so σ2 − σ2

0 ∝ r3/2.
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Figure 3.2: Velocity dispersion evolution in the secondary. Every curve corre-
sponds to another moment. Classical initial velocity dispersion, classical dynam-
ics.
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distant R. Every curve corresponds to another moment. Classical initial velocity
dispersion, classical dynamics.
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sponds to another moment. Classical initial velocity dispersion, modified dynam-
ics.
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Figure 3.8: Surface density evolution in the secondary. Every curve corresponds
to another moment. Classical initial velocity dispersion, modified dynamics.
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Figure 3.9: Number density evolution in the secondary. Every curve corresponds
to another moment. Classical initial velocity dispersion, modified dynamics.
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Figure 3.10: Mean radial velocity evolution in the secondary. Every curve cor-
responds to another moment. Classical initial velocity dispersion, modified dy-
namics.
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Figure 3.11: Histogram evolution in the secondary. N(R) is the number of par-
ticles distant R. Every curve corresponds to another moment. Classical initial
velocity dispersion, modified dynamics.
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Figure 3.12: Velocity dispersion evolution in the secondary. Every curve corre-
sponds to another moment. Modified initial velocity dispersion, modified dynam-
ics.
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Figure 3.13: Surface density evolution in the secondary. Every curve corresponds
to another moment. Modified initial velocity dispersion, modified dynamics.
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Figure 3.14: Number density evolution in the secondary. Every curve corresponds
to another moment. Modified initial velocity dispersion, modified dynamics.
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Figure 3.15: Mean radial velocity evolution in the secondary. Every curve cor-
responds to another moment. Modified initial velocity dispersion, modified dy-
namics.

42



 0

 500

 1000

 1500

 2000

 2500

 3000

 3500

 4000

 4500

 0  1  2  3  4  5  6  7

N

R [kpc]

Radial histogram, tdyn, c=4.7 Myr

0 Myr
35 Myr
75 Myr
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Following plots show the initial distribution of various quantities at the sim-
ulation start.
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Figure 3.18: Initial surface density distribution. Left column: Total system.
Right column: Zoom to the secondary. Upper row: Surface density maps. Lower
row: Slices through the collision axis X. The black curves denote the transition
radii (the modified acceleration equals a0).
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Figure 3.19: Initial classical potential distribution. Left column: Total system.
Right column: Zoom to the secondary. Upper row: Classical potential maps.
Lower row: Slices through the collision axis X. The black curves denote the
transition radii (the modified acceleration equals a0).
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Figure 3.20: Initial classical accelaration’s magnitude distribution. Left column:
Total system. Right column: Zoom to the secondary. Upper row: Classical
accelaration’s magnitude maps. Lower row: Slices through the collision axis X.
The black curves denote the transition radii (the modified acceleration equals a0).
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Figure 3.21: Initial modified acceleration’s magnitude distribution in units of a0.
Left column: Total system. Right column: Zoom to the secondary. Upper row:
Modified acceleration’s magnitude maps. Lower row: Slices through the collision
axis X. The black curves denote the transition radii (the modified acceleration
equals a0).
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Figure 3.22: Initial distribution of the modified acceleration deviation from the
classical acceleration. The deviation was computed using the expression a/aN−1,
where a is the modified and aN the classical acceleration. Left column: Total sys-
tem. Right column: Zoom to the secondary. Upper row: Maps of the deviation.
Lower row: Slices through the collision axis X. The black curves denote the
transition radii (the modified acceleration equals a0).
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Figure 3.23: Initial ratio of the internal acceleration ai inside the secondary to the
external acceleration ae from the primary. Left: Map of ratio in the secondary.
Right: Slice through the collision axis X in the secondary. The black curves
denote the transition radii (the modified acceleration equals a0).
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Table (3.1) shows several properties of the secondary for the classical and
modified situation in the beginning of the simulation. Tab. (3.2) show the same
but in the moment of disruption. They can be considered as the initial conditions
for the movement in the force field of the primary.

Classical Modified

Mean X coordinate [kpc] 0.42 0.98
Mean Y coordinate [kpc] 1.5 × 10−3 5.7 × 10−4

Mean Z coordinate [kpc] 3.8 × 10−4 3.5 × 10−4

Mean R coordinate [kpc] 1.04 1.4
Mean X velocity [kms−1] -589 -776
Mean Y velocity [kms−1] -0.03 0.03
Mean Z velocity [kms−1] -0.04 -0.03
Mean R velocity [kms−1] -296 -447
Coordinate X dispersion [kpc] 1.46 2.3
Coordinate Y dispersion [kpc] 0.62 0.88
Coordinate Z dispersion [kpc] 0.62 0.88
Coordinate R dispersion [kpc] 1.42 2.42
X velocity dispersion [kms−1] 57.9 63.3
Y velocity dispersion [kms−1] 58 59.6
Z velocity dispersion [kms−1] 57.8 59.6
R velocity dispersion [kms−1] 307 342
Number of particles 600000 600000
Disruption Time [Myr] 348.5 253
Secondary’s potential center position [kpc] (0.72, 0, 0) (0.74, 0, 0)
Particles closer than Bs to the secondary 182622 151062
Particles closer than 2Bs to the secondary 251745 261344
Particles closer than 4Bs to the secondary 121374 118832
Particles farther than 4Bs to the secondary 44259 68762

Table 3.1: Several properties of the secondary in the moment of disruption. Clas-
sical and modified model. “Radial” refers to the center of the primary.
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Classical Modified

Mean X coordinate [kpc] 90.3 90.3
Mean Y coordinate [kpc] −1 × 10−20 4 × 10−20

Mean Z coordinate [kpc] −2 × 10−20 −6 × 10−20

Mean R coordinate [kpc] 90.3 90.3
Mean X velocity [kms−1] -172.5 -172.5
Mean Y velocity [kms−1] 1.6 × 10−8 −7.4 × 10−6

Mean Z velocity [kms−1] −6.5 × 10−9 4.9 × 10−7

Mean R velocity [kms−1] -172.5 -172.5
Coordinate X dispersion [kpc] 0.653 0.66
Coordinate Y dispersion [kpc] 0.653 0.65
Coordinate Z dispersion [kpc] 0.65 0.65
Coordinate R dispersion [kpc] 0.652 0.65
X velocity dispersion [kms−1] 51.5 59.2
Y velocity dispersion [kms−1] 51.6 59.2
Z velocity dispersion [kms−1] 51.7 59.3
R velocity dispersion [kms−1] 51.5 59.2
Number of particles 600000 600000
Secondary potential centre position [kpc] (90.30, 0, 0) (90.30, 0, 0)
Particles closer than Bs to the secondary 214924 214906
Particles closer than 2Bs to the secondary 220732 221396
Particles closer than 4Bs to the secondary 120538 120050
Particles farther than 4Bs to the secondary 43806 43648

Table 3.2: Several properties of the secondary at the simulation beginning. Clas-
sical and modified model. “Radial” refers to the center of the primary.
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3.3 Theoretical expectations

In this section we prepare several tools we apply to explain the results of sim-
ulations in the following section. There are two major influences causing the
difference in shells appearance: 1) The mondian potential well is infinitely deep.
2) The infall velocity of the secondary is is much greater than that in the classi-
cal dynamics (see. Tab. 3.2) since the difference in initial and disrupt potential
energies is greater.

The two potentials are plotted in figure (3.24). Both of them were computed
by numerical integration of formula

ϕ(r) =

∫ r

0

a(r̄)dr̄ (3.18)

setting the zero potential in the center of the primary. We can see the difference
is substantial. As we are going to see in the next section, the shells occur in whole
the range of plotted radii.

At first, in the mondian case, more particles are expected to build up the
shells. It simply follows from the fact none of them can escape. When the
secondary falls with parabolical velocity, roughly only half of the particles can be
caught by the primary. Due to the internal velocity dispersion in the secondary
the second half has velocities greater than the escape velocity.

Since the the radial velocities of stars in the MOND case is much greater at
the disruption time, they all have high total energies. Hence we expect there is
lack of particles with low energies to constitute the inner shells, when compared
with the classical situation. Next, we can’t expect there is a lot of particles to
constitute the shells at the radii where the potential is , say, above 90% of its
asymptotical value in the classical case. On the other hand there is no reason
to create a shell back behind the startin position of the secondary in the MOND
case.

For these reasons we created so-called energy spectrum - Figs. (3.26)-(3.27). It
shows the distribution of apocentric distances of the test particles. The apocentric
radius of a particle was computed using the total kinetic plus potential energy
at the moment of tidal disruption. That energy has to be equal to the potential
value at the apocentric distance. In fact, this process is not precise, because
the particles have an angular momentum changing the apocentric distance and
orbital period. The pictures show actually the maximum is shifted toward the
higher apocentric distances in the modified model.
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Figure 3.26: Energy spectrum, classical model. It shows the number of particles
having their apocentric distance Rapo. The total number of particles was 6× 105.
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Figure 3.27: Energy spectrum, modified model. It shows the number of particles
having their apocentric distance Rapo. The total number of particles was 6× 105.
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When a shell travels through the galaxy, its geometrical shape stays roughly
the same, only the size increases. It can be considered as a spherical segment.
The number of particles building up the shell on radius r is approximately the
number of particles with turnaround point at r, N(r). Since a surface grows with
its linear dimensions as r2, the average volume number density is proportional to
N(r)/r2. Hence the expected shell volume number density can be can be obtained
by dividing the energy spectrum by r2 (Figs. 3.28 and 3.29).

To guess the surface number density one can use a similar argumentation.
When a shell is projected onto the celestial sphere it creates an 2-dimensional
shape, e.g. a circle segment. Its area grows with the shell radius as r2, again.
Thus, we can see the surface number density is proportional to the energy spec-
trum divided by r2 as well, so now, the previous figures hold true as well. The
equality can be achieved by multiplication by a geometrical factor in the both
cases, which stays roughly constant in time, however.

We would like to predict the shell positions at a given time. To do it do it is
needed to note the shells are created by stars near their turnaround points. The
period of a particle with apocentre r can be computed using the eq. (1.6). Since
the potential is just known (Fig. (3.24)), we can integrate this equation with the
result illustrated in Fig. (3.25). The shells are built up by particles finishing an
integer number of periods. We have to include the initial phase

t = P (r)(n − θ0(r)) , (3.19)

which is expected to equal roughly 0.5 for all the r (see section. (1.4)). Thus at
the time t we can expect the shell occurrence at the radii depicted in the Fig.
(3.30) (classical) and Fig. (3.31) (mondian).

55



 0

 1

 2

 3

 4

 5

 6

 7

 0  50  100  150  200  250

ρ∝
Σ∝

N
/R

2 ap
o[

kp
c-2

]

Rapo [kpc]

Shell ’number’ and ’surface density’, classical
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Figure 3.30: Predicted shell positions for the classical model.
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Figure 3.31: Predicted shell positions for the modified model.
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It is striking the relation of P on r is almost linear for the mondian potential.
Let us prove it really approaches the linear relation for r → ∞. The period is

P (r) ∝
∫ r

0

[ϕ(r) − ϕ(x)]−1/2 dx . (3.20)

For the sake of simplicity let us assume the interpolating function (2.13). Then

P (r) ∝
∫ RT

0

[
√

a0GM ln
r

RT

− ϕN(x)

]−1/2

dx

︸ ︷︷ ︸

P1

+

∫ r

RT

[
√

a0GM

(

ln
r

RT

− ln
x

RT

)]−1/2

dx

︸ ︷︷ ︸

P2

,

(3.21)
where RT is the transition radius, ϕN the classical potential and is assumed
r > RT and the gravitational potential is roughly logarithmical above RT , ϕ(x) ≈√

a0GM ln(x/RT ) + ϕN(RT ). The second integral

P2 ∝
∫ r

RT

[

ln
r

x

]−1/2

dx (3.22)

and after substituting u := r/x, dx = −r/u2du

P2(r) ∝ r

∫ r/RT

1

[ln u]−1/2 u−2du ∝ r (3.23)

for r → ∞, since the integral converges to a finite number greater than 0. The
second integral, P2, clearly vanishes for r → ∞. It means the function P (r) is
asymptotically linear, indeed. The Fig. (3.25) shows the convergence is fast, at
least in our setup.

What about the classical dynamics, is here an asymptotic behavior of P (r)
as well? Let the potential behave like that of a point mass behind the radius R,
ϕ(x) ≈ MG/x + ϕ(R). Then analogously

P (r) =
√

2

{
∫ R

0

[

−GM

r
+ ϕ(x)

]−1/2

dx +

∫ r

R

[

GM

(
1

x
− 1

r

)]−1/2

dx

}

,

(3.24)

P2 ∝
∫ r

1

(
1

x
− 1

r

)−1/2

dx = r1/2

∫ r

R

( r

x
− 1

)−1/2

dx . (3.25)

After substituting u := r/x

P2 ∝ r1/2

∫ r/R

1

(u − 1)−1/2ru−2du ∝ r3/2 (3.26)

for r → ∞. The first integral in eq. (3.24)

P1 =
√

2

∫ RT

0

(

ϕ(x) − GM

r

)−1/2

dx → const =: A , (3.27)

for r → ∞. Again, the Fig. (3.25) shows the limit behavior employs just for the
radii where shells occur. The different limit behavior could, in principle, help us
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to distinguish between the dark matter and MOND theories. The position of the
outer shells has to obey

t = nP (R) − θ0 =

{
nKMr − θ0

nKCr3/2 + nA − θ0
, (3.28)

where KC and KM are the appropriate proportionality coefficients.

3.4 Simulations

In this section we present our simulation of rise of shells in classical and modified
dynamics. We are note the differences and try to explain them theoretically. As
follows from the table 3.1, the disruption occurs in the time 348.5 ≈ 350 Myr,
in the classical model, and in 253.0 ≈ 250 Myr, in the modified model, after the
simulation start. Let us call the time from disruption T1. Let us abbreviate “the
classical model” by C and “the mondian model” by M.

The following pictures show: Left column: Surface density of the primary
+ material from the secondary. Middle column: Only the test particles. Right
column: Ratio of surface densities Secondary/Primary corresponding to the shell
contrast. Top row: Wide field view in range -200 - 200 kpc to the system.
Bottom row: Zoomed view in the range -100 - 100 kpc to the primary’s center.
The number in the top left corner of the fist panel is the time from the simulation
beginning.

T1=100 Myr : The particle swarm in M is farther than in C. A simple conse-
quence of higher fallout velocity.

T1=200 Myr : C creates the first shell. M is very far from that. C contains
much more particles with low energy - compare Figs. 3.26 3.27.

T1=300 Myr : Both C and M poses the first shells. Their radii from the
centers are comparable, but the one of C is much brighter. The similar position
is expectable, because the potentials are similar near the center - Fig. 3.24. The
difference in shell brightness’ is really markant, see Figs. 3.28 and 3.29. The C
shell is in the maximum of its brightness.

T1=400 Myr : C creates the second shell, as it should according to the Fig.
3.30. This diagram shows there could be even more shells, but see the Fig. 3.26
- there are no particles with such a low energy. The shell of M foreruns the first
shell of C. This can be seen from the Fig. 3.25, which foretells this trend should
increase. The M shell continues becoming brighter. It seem the M shell has
narrower opening angle.

T1=500 Myr : C creates the third shell, M has still only one. The shell of M
becomes more and more bright, but is still not in the maximum, as Fig. 3.29
predicts. The first shell of C fades respecting Fig. 3.28. We check the predicted
number of shells in Fig 3.30 and see it’s correct. When we should expect the
second shell of M? Using Figs. 3.29 and 3.31 we guess T1=600-700 Myr. The
opening angle of the M shell is clearly more narrow than the shells of C. It is an
another consequence of higher fallout velocity. The particles spend too little time
near the center, where is the gravitational force strongest. Another difference we
can note is the presence of the tail of star in M arised after the infall. While many
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of the stars in C have greater than escape velocity in MOND is not possible to
escape. All of the particles have to stay in the potential well.

T1=600 Myr : M creates the second shell, C still has 3. The shells n = 1 and
2 in M are farther from the center that in C, but the difference is not so great
for the second shells. The first shell of M continues brightening, that of C fades
a bit. These facts are in accordance with Figs. 3.29, 3.28 and 3.31 3.30. The tail
in M fades, in C is almost unseenable. The shell opening angle of M is thinner
evidently. We note the width of the corresponding shells in M and C in the
direction Z (the vertical axis in the frames) is almost the same. We don’t have
a theoretical explanation for that. It can be a haphazard, because the potentials
are different as well as the velocities in T1=0. On the other hand that differences
of velocities were given only by the difference of the potentials.

T1=700 Myr : M poses 2 shells, C 4, so far. The first shell of M fades. Its
distance in Fig. 3.29 is such that it overcomed the maximum. When we compare
M and C in the maximum of the first shell, we are finding the maximum of M
occurs at T1=600 Myr and that of C at T1=300 Myr. The shells of M look like
“triangles”, but that of C like “ribbed”. The shells of M continue forerunnig that
of C. When we look the Fig. 3.24the potentials of C and M have less common
at about 50 kpc and farther. The shells of M are more massive. In fact, we
expected, before the simulation, the shell opening angle would be greater for M,
because of the perihelion torque in analogy with the example the comets in the
Solar system (Fig. 2.9). It seems to be only a minor effect overlayed by the great
difference of infall velocities.

T1=800 Myr : M poses 3-4 shells, C 4. We can clearly see the triangular shape
of the M shells. The C the edges of the shells are much brighter than the rest
of the cone. We attribute this to the higher number of particles in M. From the
same reasons the M has a bright “bar” in the center. The bar could consist of
many tightly bound blended faint shells, compare Figs. 3.31 and 3.30. Again,
the Z width of the shells in both of the models is almost equal.

T1=900 Myr : M poses 3 shells, C about 5. The shells of M are more promi-
nent. We can convince the number of shells agrees with the prediction.

T1=1000 Myr : M poses still only 3 shells, C about 5. The shells of M are
more prominent, the inner are indistinct. The brightness of the firs shell of M
is still relatively bright. Viewing the Fig. 3.29 we see, it fades o the half of the
maximal intensity at the radius about 100 kpc.

T1=1100 Myr : M poses 3-4 shells, C 5. The shells of M are vehement, Thez
are build up by more particles and they still relatively high surface density - Fig.
3.29. Shells of C begin to fade because of their age (sect. 1.2). The tail of M is
gone.

T1=1600 Myr : Now we move a bit further. The shell systems evolve only
slowly already in accordance with eq. (1.12). C has 5-7 shells, but the system
begins to be undistinguishable. M poses 5 shells at the ends of marked triangles.
The brightest part of both shell systems is the central bar. All of the particles
has to pass near the center, that’s why the density increases there.

T1=2000 Myr : C 6-7 visible shells, M 5 shells. Figs. 3.30 and 3.31 give a
good prediction. The shells of M has well evident triangles, the shells of C aren’t
much connected with the center.

T1=3000 Myr : At C is hard to find a shell, M has still about 5 shells but
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weak, too. The stars of C constitute an ellipsoid. It is due to the rosette shape of
the particle’s trajectory in the Plummer potential. M still remembers its original
velocity creating the two triangles.
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Figure 3.32: T1=100 Myr, C

Figure 3.33: T1=100 Myr, M
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Figure 3.34: T1=200 Myr, C

Figure 3.35: T1=200 Myr, M
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Figure 3.36: T1=300 Myr, C

Figure 3.37: T1=300 Myr, M
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Figure 3.38: T1=400 Myr, C

Figure 3.39: T1=400 Myr, M
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Figure 3.40: T1=500 Myr, C

Figure 3.41: T1=500 Myr, M
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Figure 3.42: T1=600 Myr, C

Figure 3.43: T1=600 Myr, M
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Figure 3.44: T1=700 Myr, C

Figure 3.45: T1=700 Myr, M
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Figure 3.46: T1=800 Myr, C

Figure 3.47: T1=800 Myr, M
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Figure 3.48: T1=900 Myr, C

Figure 3.49: T1=900 Myr, M
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Figure 3.50: T1=1000 Myr, C

Figure 3.51: T1=1000 Myr, M
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Figure 3.52: T1=1100 Myr, C

Figure 3.53: T1=1100 Myr, M
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Figure 3.54: T1=1600 Myr, C

Figure 3.55: T1=1600 Myr, M

73



Figure 3.56: T1=2000 Myr, C

Figure 3.57: T1=2000 Myr, M
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Figure 3.58: T1=3000 Myr, C

Figure 3.59: T1=3000 Myr, M
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3.4.1 Interesting phase diagrams

In this section show few phase diagrams we find to be somehow interesting. They
show the main etapes of the shell rise and evolution of the modified model. The
images for the classical model are analogous, we only show the final state to notify
the differences.

The following examples show: Left column: View to the galaxy from the Y
axis - perpendicular to the collision axis. Middle column: View from the collision
axis. Right column: Phase diagram. Top row: Wide field view in range -200 -
200 kpc to the system. Bottom row: Zoomed view in the range -100 - 100 kpc to
the primary’s center. The first number in the top left corner of the fist panel is
the time from the simulation beginning, the second the velocity of the secondary.
The blue points correspond to the particles with negative radial velocity and the
red the positive. The modified model follows.

Fig. 3.60: We can see the modified simulation’s start.
Fig. 3.61: Shows the beginning secondary approaching. It starts to deform in

the phase diagram.
Fig. 3.62: The secondary is being disrupted. Its front “tip” beyonds the

primary’s center, so this particles have positive radial velocity and are in the red.
Fig. 3.63: 50 Myr after the disruption.
Fig. 3.64: 150 Myr from the disruption. The first particles begin to come

back.
Fig. 3.65: 400 Myr after the disruption. We can see the first shell in the

physical space as well as the particle fold in the phase diagram. The so-called
zeroth shell arises in the tail near the zone where the particles change the sign of
their radial velocity.

Fig. 3.66: 900 Myr after the disruption. The shell creation process proceeds.
Every fold in the phase diagram is one shell.

Fig. 3.67: 3000 Myr after the disruption. Fully evolved shell system. The
structures in the physical space vanish, but in the structure in the phase diagram
is fully saved.

Fig. 3.68: The classical model. 3000 Myr after the disruption in this model.
The figure in phase diagram is smaller than in the modified case, because of lower
fallout energy. We can note the empty center in the modified case is bigger. It is
in charge of the unpresence of inner shells in the modified model.
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Figure 3.60: The simulation start

Figure 3.61: Movement progreses.
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Figure 3.62: Disruption moment.

Figure 3.63: Shortly after the initial passage through the center
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Figure 3.64: The first particles begin to come back.

Figure 3.65: The first and zeroth shell.
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Figure 3.66: The shell creation advances.

Figure 3.67: The final state of the modified model.
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Figure 3.68: The final state of the classical model.

3.5 Comparison with NGC 3923

In this section we perform a similar analysis the shell galaxy NGC 3923 as
Hernquist & Quinn (1987b). We are going to compare the results of our sim-
ulations with the observed data.

From the eq. (1.22) follows

ln
dn

e
︸ ︷︷ ︸

y

=
2

ν − 2
︸ ︷︷ ︸

a

ln (n + τ − 1 − θn)

︸ ︷︷ ︸

x

+ ln

[

Cν

t

(
2

k

)1/2

eν/2−1

]

︸ ︷︷ ︸

b

, (3.29)

where e is a unit by which we measure dn (e.g. arcseconds, kiloparsecs, effective
radii, etc.). For the sake of simplicity we call the terms y, a, x and b as denoted.
If the potential of the modeled and observed galaxies is the same, the slope a
is the same for the both cases, regardless the age of the system t and units of
dn. We have to find the best fit through b, a and τ . We mean this is a better
approach than eq. (1.24), because we don’t force the fit go through a measured
point, it is not necessary. That method must fit through 3 parameters as well.

3.5.1 Simulated data

The simulation code was equipped by an algorithm detecting the shell positions
in a given time. Let us it roughly describe. At first, the particles are binned with
respect to their distance from the primary’s center. Only the particles having
their radial velocity close to the velocity of shells are included (which is deducted
from the phase space diagram). Then we have to found the histogram’s maxima
representing the shell positions excluding those caused by noise. A peak on the
i-th bin with value n(i) is submitted to be real (not noise) if: 1) There is a
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minimum n(j−) at the bin j− on the left of i such that n(i)− n(j−) is more than
a given tolerance ∆. 2) There is no maximum between j− and i greater than that
on i 3) The conditions analogous to 1) and 2) hold true for the right side. The
noise is expected to have the Poisson’s distribution. Hence, the corresponding
dispersion is σ =

√

n(i) and we can take e.g. ∆ = 3σ.
The evolution of positions of shells is depicted in the Fig. (3.69) for the

classical case and in Fig. (3.70) for the modified case. For the further analysis,
the modified case is substantial only. The classical model can’t be in accordance
with the observations, because it doesn’t include the dark matter. As we can see,
sometimes it is difficult for our algorithm to detect some shells.
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Figure 3.69: Evolution of shell positions. Classical model. The time t is measured
from the moment of disruption, which occurs 348.5 Myr after the simulation
beginning.
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Figure 3.70: Evolution of shell positions. Modified model. The time t is mea-
sured from the moment of disruption, which occures 253 Myr after the simulation
beggining.

83



Figure 3.71: Phase diagram of the classical model.

We needed to select a moment, when we can find as much shell positions as
possible. That’s why we selected the time 2750Myr from the simulation begin-
ning. The shell positions are logged in Tab. (3.3) Similar as the observers, we
don’t recognize whether the algorithm found all of the shells and haven’t added
a false shell. But our plus is we can look the phase diagram and make sure -
Fig. (3.71). We found the shells are all and are real, only the innermost two are
uncertain.

n dn n dn

1 189.5 12 40.5
2 114.5 13 40.5
3 113.5 14 36.5
4 82.5 15 ?
5 83.5 16 ?
6 65.5 17 32.5
7 65.0 18 29.5
8 54.0 19 ?
9 54.5 20 ?
10 46.5 21 27.5
11 46.0 22 25.0

Table 3.3: Positions of shells in the modified model in time t = 2500 Myr after
the tidal disruption. The question mark “?” means the shell is expected but
wasn’t detected.
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3.5.2 Observing data

We used the observational data from Sikkema et al. (2007) and Prieur (1988)
(S and P hereafter respectively in this section). The data of S concern with
shells closer than 130” from the galactic center. Thus the more distant shells
were completed by P. In some cases, two subsequent shells are at the same side of
galaxy, which means, according to the phase wrapping model, at least one shell
on the opposite side is not observed to save the shell interleaving. In total, we
used the data from table (3.4).

n d [”] Position n d [”] Position n d [”] Position

1 1170 N 11 128.1 N 21 51.2 N
2 840 S 12 103.6 S 22 44.0 S
3 630 N 13 99.9 N 23 41.5 N
4 520 S 14 79.6 S 24 37.7 S
5 365 N 15 72.8 N 25 34.3 N
6 280 S 16 67.0 S 26 ? S
7 203 N 17 64.1 N 27 29.3 N
8 148.5 S 18 ? S 28 28.7 S
9 147.3 N 19 60.4 N 29 19.4 N
10 ? S 20 55.5 S 30 18.0 S

Table 3.4: Observed shell positions in NGC 3923 (Prieur, 1988; Sikkema et al.,
2007). Position differs the northern and southern half of the galaxy. The quastion
mark “?” means the shell is expected but wasn’t detected.

3.5.3 Results

We used the data of table (3.3) and the eq. (3.29) to obtain the slope a. The
parameters were obtained by the least squares fitting. The inital phase θ0 was put
0.5 as explained in sect. 1.4. For the simulated data, the parameter τ is known
and equals 2. When all of the data point are used, then a = −0.725 ± 0.021 and
b = 5.553± 0.048. When only the reliable points are used (the innermost two are
excluded) the result is a = −0.712 ± 0.024 and b = 5.533 ± 0.051. The situation
is plotted in the Fig. (3.72).
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n = 30
τ = 1 τ = 2 τ = 3

a −1.111 ± 0.059 −1.401 ± 0.045 −1.612 ± 0.04
b 7.22 ± 0.15 8.12 ± 0.12 8.81 ± 0.11

n = 28
τ = 1 τ = 2 τ = 3

a −1.098 ± 0.058 −1.351 ± 0.035 −1.559 ± 0.029
b 7.16 ± 0.14 8.020 ± 0.081 8.704 ± 0.077

n = 9
τ = 1 τ = 2

a −0.77 ± 0.11 −1.20 ± 0.11
b 6.88 ± 0.16 7.79 ± 0.18

n = 4
τ = 1 τ = 2 τ = 3

a −0.409 ± 0.050 −0.742 ± 0.033 −1.039 ± 0.024
b 6.817 ± 0.043 7.382 ± 0.034 8.021 ± 0.033

Table 3.5: Linear fits of observed shell position according to eq. (3.29). n denotes
the number of outer shells used. The thick values are in accordance with our
mondian simulation of shells.

As can be seen from figure (3.73) the inner shells of NGC 3923 are probably
affected by the dynamical friction. We can see a general trend bending down
that data points as we go to the higher values of x. This is the main source of
uncertainties of our analysis. The results of our analysis summarizes the table
3.5.

The results consitent with our simulations (the same a) are:

1. We include the shells n = 1 − 9 only, then the parameter τ = 1 for NGC
3923.

2. We include the shells n = 1 − 4 only, then τ = 2.

The case 1) seems possible in theory, but has several disadvantages. Alone the
fact the outermost shell is n = 0 (because τ = 1 is questionable. The shell n = 0 is
created immediately after the initial passage of the stars from secondary through
the primary’s center. When the particles climb up the potential well, they reach
their apocentre with zero velocity and this is called the shell n = 0. Some of
the authors (e.g. (Hernquist & Quinn, 1987b)) don’t consider this density wave
to be a shell. Simulations show it has very low contrast, see the ours. Another
problem could be the age of the system. The fact the zeroth shell is visible implies
the shall system is relatively young. In our simulations the tail involving that
shell becomes invisible after 1100 Myr in the modified and after 700 Myr in the
classical simulation. On the other hand such a rich system as NGC 3923 is would
need a long time to arise. Even the ours model has only about 26 shells in the
simulation end, when the shells are practically merged and unseenable.

The case 2) seems to be too much manipulated: only 4 shells of 30 are used
for the analysis. At the other side note the first 4 points in the graph (3.73) sit
nearly at one line, which has the right slope predicted by the our simulation in
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Figure 3.72: Simulated shell positions at time 2750 Myr from the simulation start.
The quantities x and y correspond to that in eq. (3.29). The dashed line is the
least squares fit when the two rightmost data points are excluded.
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Figure 3.73: Observed shell positions in NGC 3923 and the two fits in accordance
with MOND. The quantities x and y correspond to that in eq. (3.29). The dashed
lines are the fits, the labels explain which shells and τ were used.
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addition. We can argument all the shell with number greater than 4 were affected
by the dynamical friction. Our simulation suggest the outermost shell n = 1 is
really one of the most prominent and long lived shells.

3.6 Discussion

We saw many of the properties of the shell system is possible to predict theo-
retically. At the other side there appeared some unexpected phenomena in the
simulations.

There is much more shells visible in NGC 3923 than appear in our simulations.
In the mondian case there is only about 4-5 shells in most of the time. The
classical model shows in average more shells, about 6-7. But, as we said, to
judge the classical model it would be necessary to include a halo of dark matter.
It is possible another initial conditions or another secondary would result in a
higher shell number. Dynamical friction can do it’s own, too. But, as noted in
the section 1.1, NGC 3923 is rather an exceptional shell galaxy, because most of
them poses only about 10 shells.

It is hard to point a morphological difference in shell appearance which could
be used for decide between MOND and DMT. Again it would be necessary to
make a simulation with a competent dark halo. The only reliable predictions
one can done rest in the different asymptotic behavior of potentials. One of
them is the long term presence of a tail in the modified model, but it would be
probably too faint to detect. Next possible method is that hinted in the end
of the section (3.3). It says the positions of shells at large radii should create
certain type of number sequences. Of modified simulation suggest the, as well
as the the theoretical expectatations (Fig. 3.31), the shells spread with constant
velocity. Today, there are attempts to experimentally measure the velocities of
shells, but they fail for the lack of light. But when we have larger telescopes, it
will be possible to make the measurement.

In the case that MOND is valid, the merger origin of the shell system can be a
problem. Since the potential well of the primary is infinitely deep, the secondary
has to start its infall from a definite maximal distance from the primary. If the
distance would be too high, the secondary would reach the primary with too
much velocity and the shell system would arise too extended with the lack of
inner shells. A we saw, the maximum of the energy spectrum is situated in the
initial distance, where the secondary would have the zero radial velocity. It could
hint the origin of the companion was in neighborhood of a present shell galaxy.
It is interesting to calculate how would the secondary’s velocity in our simulation
increased, when we increased the initial distance by 1 Mpc (the M 31 galaxy is
at the distance ≈ 0.8Mpc)? Exploiting the eq. (2.9)

1

2
∆v2 =

√

a0GMP ln
1 Mpc

dini kpc
, (3.30)

so ∆v = 590 kms−1.
To conclude: The results of our MOND simulations don’t contradict the ob-

servations of shells around NGC 3923. Nevertheless, the test presented in sect.
(3.5) is not much strong, because the data allow too much freedom of the para-
meter a in eq. (3.29). As we saw in the table 3.5 the allowed range of a is from
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-1.6 to -0.4. It is always possible make an excuse by the dynamical friction and
exclude the inner shells.
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Summary

We dealed with the general observational characteristics of shell galaxies. We
acquainted with the phase wrapping model and saw that many mathematical
formulas simply following from it. We outlined shortly about the other models
of shell origin. Their were compared with observations. We reviewed the papers
(Hernquist & Quinn, 1988, 1989) to show the effect of different potentials to the
shell morfology as well as the type and structure of the companion.

In the second chapter treated the basic premises of MOND. We saw many of
predictions can be done using them only, although they don’t constitute a theory.
We cited the authors who confirmed these predictions by observations. We de-
scribed several ways to measure a0 and listed the most widely used interpolating
functions. One of the mondian theory, that by Bekenstein & Milgrom (1984),
was sketched along with its most important results.

Our computational method was described in the last section. Several theo-
retical predictions were made to explain the differeces between the classical and
modified shell systems. As we saw, the prediction gave good guess of the shell
appearance and timing. We described the rise and evolution of both of the shell
systems while completing by corresponding images. This was documented and
explained one more times in a series of phase diagrams.

Our second mission, the comparison of the results of our simulations with the
obsevations of NGC 3923 was accompilished. We found it is possible to bring
into accordance the slope a of eq. (3.29) following from our modified model with
that obseved by convenient assumptions. The accordance in this test means the
two potentials have the same asymptotical behavior (eq. (1.20)). We also noted
the test isn’t much convincing. The dynamical friction can be always balme for
disagreement.
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