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Chapter 1

Introduction

1.1 Preface

The aim of this project is to create an application to design simple struc-
tures and then analyze their statics to determine whether the design can
withstand its weight and the forces applied to it. The application is par-
tially inspired by the bridge builder games like Pontifex. It aims to extend
their functionality to non-symmetric structures with more then one deck.
The basis of the analysis is a statics analysis of a space truss. Structures
consisting of floor and wall segments, beams and columns are broken down
into a space truss that approximates their inner structure and weight distri-
bution. After which the before mentioned analysis is conducted.

It is not the aim of this project to create a viable engineering software
rather to create a software to demonstrate general effects of load on struc-
tures and patterns of weight distribution. Therefore the ability to perform
deatialed analysis is sacrificed for the benefit of faster calculation. This
means that no plain stress distributions are computed, but the analysis
should be near real-time for properly designed structures and still give gen-
erally accurate results.

The statics analysis of the truss will be done using the Direct Stiffness
Method, which is a form of the Finite Element Method, therefore the result-
ing application will have the poticial for further development.



1.2 Outline

This work consist of five chapters and an appendix, which describe the
following: general overview of statics principles used in the work, local anal-
ysis vs global analysis, direct stiffness method, speeding up the DSM by
using cholesky factorization instead of Gaussian elimination to solve linear
equations, simulation structure building and modeling instructions. The ap-
pendix gives a short user’s manual to the program, and a description of the
sample scenes.



Chapter 2

Statics

This chapter will provide an overview of relevant information from the
fields of Statics and Strength of Materials. It is meant only as an orientation
to concepts later used.

2.1 General introduction to statics

Statics is a branch of mechanics which studies forces, loads applied to
physical systems that are in static equilibrium. This means that in these
systems according to Newton’s first law their subsystems don’t change po-
sition relative to each other. Statics studies what kind of reaction has the
system to the applied loads. Statics is used for analyzing structures. One of
the fields where statics is most used is architecture, where it is used amongst
others to calculate the forces within the elements of a building. Methods from
a related field Strength of Materials are then used to tell whether the ele-
ments of the building will fail under pressure. Since this project sets out to
do exactly this the methods from these field will be used to accomplish it.

There are two general conditions of statics equilibrium the Transitional
Equilibrium and the Rotational Equilibrium.[1]

The transitional equilibrium states that the forces applied to the structure
must sum up to 0, so that the structure is not accelerated. This is described
by the symbolic notation:

Z Far =0



Sometimes it is useful to consider forces broken down into their elements in
3 dimensions. In that case the transitional equilibrium can be written as:

The rotational equilibrium states that the sum of Torque acting on the
structure must be 0 for the structure to be in a rotational equilibrium.
Symbolically written:

ZT:OOT decomposed:ZTx:O,ZTyZO,ZTzZOa

2.2 Trusses and truss structures

Trusses are common structural elements used in construction. They are
composed of axial member which mean they carry only axial forces. Axial
forces are forces acting along the axis of the members of the truss. This way
trusses can be only under compression or tension, where compression devel-
ops from external forces trying to shorten the truss, while tension should
elongate the truss. Axial members do not carry bending and shear forces.
These forces are in later simulations approximated via including more axial
members in a specific pattern. An ideal truss is composed of members which
can be considered weightless or their weight can be evenly distributed to
their endpoint. The members of a truss are connected in pinned joints and
form a triangular structure. This is an idealization of trusses that does not
precisely matches the reality, but it is used in statics because experience
showed that it is satisfactory for determining most design needs. Trusses
are used in architecture to support constructions. Most common application
include bridges and roof structures.

There are several methods used to calculate the external (support) end
internal forces in a truss. Most of these methods rely on applying the condi-
tions of static equilibrium. Here a simple method will be presented to solve
a simple statically determinate truss. Consider the truss shown in 2.2. The
steps carried out while solving this truss would be:

Drawing free body diagram with forces broken down to their x and y
components



Figure 2.1: Statically determinate truss.

Applying the static equilibrium conditions to resolve the external support
forces. In this case the transitional condition for x-direction forces and y-
direction forces and rotational condition for one of the supports:

ZizoazFL:O;ZTpointzo

Since there are 3 unknowns (2 support forces at fixed support 1 support
force at roller support) and 3 equations the external forces can be solved

Using the joint method[1] to solve for forces within the members. This
method considers always one joint at a time applying the transitional con-
ditions and solves for unknowns. When the unknown forces are solved they
will become known in the member they are acting in, thus allowing for in-
cremental solution in the neighboring joints. The stages of the joint method
are shown int 2.2.

2.3 Hook’s law

Simply determining the forces acting in the members is not enough to
reach a conclusion about the safety of the structure. To arrive at the some
conclusions we need to consider problems associated with the field of strength
of materials[2]. First to introduce the concept of Azial Stress. Axial stress
is the stress within a member. It is defined as the axial force divided by the

F

cross section area: o = a
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Figure 2.2: Stages of join method red are external forces while blue known
internal forces. Encircled joints are the ones solved to arrive at the stage.

2B

farce

] deformation

Figure 2.3: Relation force - deformation, A - Elastic limit, B - Linear limit

Forces applied to a member cause the member to deform. For a metal rod
under tension the deformation along the length of the rod is most significant.
If its studied under increasing tension force it shows that the deformation is
linearly proportional to the applied force, until a certain point is reached as
shown in 2.3.

The deformation in the Linear Region is a form of Hook’s law that can
be written as: F' = k¢ , where k is a constant depending on the material
also called spring constant and 0 is the deformation. When enough force
is applied the deformation becomes nonlinear, 2.3 shows this as the plastic
region. The point where the elastic region ends is called elastic limit or the
proportional limit. The two are actually not the same but for the purposes

11



stress

] strain

Figure 2.4: Relation stress - strain, A -Yield stress, B - Ultimate stress

of this analysis the difference is not significant. For the constructions to be
safe it is required for all elements to stay within their elastic regions where
when the load is lifted they return to their original form.

Rather then examining the force-deformation relation it is useful to ex-
amine the stress-strain relation. The concept of axial stress was already
introduced, now for the azial strain. Axial strain is defined as the fractional
change in length: € = Lio , where L is the rest length of the rod.

The stress-strain relation shown in 2.3 is the same as the force-deformation
relation, which means that in the Linear Region region the Z ratio is a con-
stant. This constant is the Young’s Modulus also called Elasticity symbolized
as E.

In the stress-strain relation the elastic limit is also called Yield stress
which is the property of the material and can be found in physics tables.
Along with the Density of the material the Young’s Modulus and the Yield
stress are going to be the important material properties for the analysis in
this project. To recap:

F
St o= —
ress: o=~
)
Strain : € = L_o
Hool's law: F=ks, E=2 (2.1)
€
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Figure 2.5: Statically indeterminate truss

EA
Spring constant : k = T (2.2)
0

The last equation is only a useful combination of the first three.

2.4 Statically determinate and indeterminate
structures

When solving a statics problem, like shown in section 2.2 it is impor-
tant to notice that there are are situations when the conditions of static
equilibrium are not enough. This happens when there are more unknowns
that equations. Structures that can be solved only by applying the con-
ditions of static equilibrium are called statically determinate structures|1].
Unfortunately more complex structures are almost always not like this. The
structures that are not statically determinate like the structure shown on
2.4 are statically indeterminate structures.

To solve statically indeterminate structures one must take into accord
the deformation of the structure caused by the forces acting on it. This is
usually done by finding a way to express the deformation of the structure
members relative to each other. After the relationship between the member
deformation is established the deformation is expressed using Hook’s law.
This way we obtain new independent equations which help as solve the
previously singular system.

13



One of the methods used to solve even statically indeterminate systems is
the Direct Stiffness Method which is used int this project to do the structure
analysis. For detailed description of this method see chapter 3.

14



Chapter 3

Local Analysis and Global
Analysis

Even though the final version of this project uses the Direct Stiffness
Method it was not the first choice when the development started, therefore
the reasons for choosing this method will be briefly described in this chapter.

This project started out with the idea of analyzing the structure always
only in the local context. The structure consisting of members connected
in joints would be analyzed joint by joint. Members would be threated as
linear springs and their elongation calculated according to Hook’s law. For
all joint a position would be calculated where the sum of forces acting on
the joint would be zero (transitional equilibrium). For this the neighboring
joints (joints on the other end of the member connecting in the current joint)
are considered immovable, thus the situation in 3 arises.

A form of Hook’s law is used:
—F =K (3.1)
Form the 3 in local coordinate systemf; = 0 and uy; = 0. Combining this

with the equation 2.1 and the equation 3.1 in which the F and u we break
down into their components, we get the matrix form:

()=7 (o))

To arrive at a general solution the K matrix needs to be transformed into
global coordinate system. The transformation is done by multiplying the

15



Local system

L

Global system

Figure 3.1: Statically indeterminate truss

matrix from left and from right whit transformation matrices which contain
the direction of cosines of z and y with respect to x and y. The resulting

matrix is: BA )
-5 (2 5)
L sc S
where ¢ = cos ® and s = sin ®.

For more members connected to joint we simply add up their effect on the

joint.
=Y F=) K

According to the condition transitional equilibrium the sum of forces acting
on a joint is 0, therefore ZE = —F;t, where ngt is the external force
applied to the joint. Since the joint can be only in one place at a time the
displacements must be identical, therefore ) K;u; = ) (K;)u. Combining
the previous equations:

- EzAz 2 1 . .
Fo = (K, where K, = 22 ( cos®;” - sin®;cos P ) (3.2)

L, sin ®; cos P; sin @2

By solving equation 3.2 we obtain the displacement for one joint. For 3D
structure the idea is the same only the number of components will be 3 and
the transformation matrix is more complex.

16



The displacements are calculated for every joint in the structure, and then
the joints are moved by the calculated displacement. This is one simulation
step. After one step the whole structure will get closer to a global state of
equilibrium but it will not yet be reached. Several iterations of simulation
steps are needed for a structure to settle in an equilibrium. Unfortunately
the number of steps needed to find the global equilibrium state depend on
several factors and can not be determined beforehand. The main factor is
the number of joints but the geometry of the structure and its rigidity are
important factors too.

This method has some advantages, mainly its low memory requirements
which are constant and its ability to handle dynamic forces(simply by chang-
ing the force while the simulation is running). The undetermined number
of required simulation steps is however a major disadvantage. Tests done in
the early development stages of this project showed that the time needed to
arrive at an equilibrium was for structures containing several hundred joints
unrealistically high. Careful consideration led to the conclusion that a global
system like a truss structure can not by analyzed in local context because
each member in the structure does influence every other member in some
way.

The failure of the local analysis led to the use of an analysis that considers
the whole system at once. This analysis is the Direct Stiffness Method which
is described in the next chapter.

17



Chapter 4

Direct Stiffness Method

The Direct Stiffness Method[4] [5] is a commonly used implementation of
Finite Element Methods. 1t is a method that analyzes the structure as a
whole, therefore being able to calculate the real deformation of the entire
structure in only one step. In post processing of the result the axial stresses
in the members will be calculated and the conclusion about the safety of the
structure made.

Even though this method does give a global result in one iteration it is
sometimes interesting running more then one iteration. Running more than
one iteration might show that with one or even more failed members the
structure might still stand. This is an important information for emergency
scenarios. In this chapter the application of the DSM on space trusses will
be shown in detail. The post processing and preparing the structure for
consecutive iterations of the method will be discussed too.

4.1 Descriptions, labels, local and global co-
ordinate systems

To describe the DSM some labeling rules will be presented. Since this ap-
plication of DSM is focused on space trusses the main concern are the joints
and the members connecting them. The joints will be identified by numbers,
and the members by the joints they are connecting i.e. joints (1),(2),(3)
and members (1,2) (2,3) (3,1). The properties and variables associated with
joints or members are identified by the identifier of the joint or member in

18



superscript i.e. L(M?-length, FM).

In general joints are identified by letters i.e. i, j, k, ... . The rest of labeling
stays the same. This way if there are joints (i),(j) and a member connecting
them (i,j) the variables and constants in the system would be:

e L) - member length.

o A(J) - member cross section area.
e £ - member Young’s modulus.
e K1) _ member stiffness matrix.
o £ _ force acting on joint.

o u( - displacement of the joint.

o 2 y® 20 joint coordinates.

The geometry of a structure is referred to either in global context in com-
mon Cartesian coordinate system x,y,z, or a local context which is a Carte-
sian coordinate system chosen so that it simplify the calculations needed
to be done. Therefore it is important to differentiate between values taken
in local systems and global systems when the given value has a direction
besides its magnitude. The values taken in local systems are signed with a
bar i.e. a®.

This method deals mainly with the forces and displacements in the joints.
The forces and displacements both are broken down into their components
that form an orthogonal system.

4.2 The global stiffness matrix

According to classical structural mechanics: ” Displacement of the truss are
defined by the displacement of the joints”. The forces and displacements in
the system are written down in a vector arranged by the number of the joint
they are acting on. Hook’s law tels us that the displacements are linearly
proportional to the applied forces:

f=Ku

19



This can be expressed in component form as:

(1) (1)
faél) kxlzm kzwl klel T kxlxn kfmyn kxlzn U:(rl)
fgfl) kylxl kylyl ky121 T kylzvn kylyn kylzn uz(/l)
fZ kzlil?l kzlyl ]{23121 U kzwn kzlyn kzlzn Uz

an) kx‘n$1 kl’nyl kxnzl e TnTn kxnyn TnZn Ugn)

35”) Eyoer  Fyuyr Kynzr 0 Fyuen Kyayn Fyoza ué”)

z(n) kznml kzny1 kznzl T kznmn kznyn kznzn U,gn)

(4.1)

The K matrix is the Global Stiffness Matrix. It’s dimensions are 3n X 3n,
where n is the number of joints which is multiplied by 3, because all 3
dimensions of the space need to be considered. The equation (4.1) is the
global stiffness equation, in which the displacement vector is the unknown.
This matrix has some important properties. It is symmetrical and sparse.
Reasons for these properties to arise will be shown later. Also their usefulness
will become clear in the next chapter.

4.3 DSM Step by Step

The steps of the DSM will be described using the generic member shown
on 4.3.

4.3.1 Disconnection

This step of the DSM takes the truss apart considering each of the mem-
bers alone. To each member (i,j) a local Cartesian system is assigned. To
make the calculations in the local system simple the axis Z() is set so that
it aligns whit the axis of the member (i,j).

Assuming ijj, the origin of the local system is set at the joint i, and the
direction of the z(»7) axis is set from joint i to joint j. The difference between
the orientations of the local and global coordinate systems will be described
as the cosines (/) with respect to x,y,z , the cosines 7"/ with respect to
x,v,z , and the cosines 2%/ with respect to x.y,z.

20



Figure 4.1: General member of the truss

4.3.2 The Local Stiffness Matrix

Now that each member has it’s local coordinate system computations can
be done on an x axis aligned generic (i,j). There are 6 force components
acting on the member and it has 6 displacement components (degrees of
freedom). Same as for the whole truss the relation between the force and
displacement vectors of this member can be described as

FI) = ) i) (4.2)

in component form its

i)
- Z) 14 11 171 eV} 1d] 1~] (7/)
Ji 1{ ) Kyw:  Fye  Fyzi Kyw j kyiyj Ky, zj %,)
zl _ kzle kzly, kzzzL kszJ kzby] kszJ 'azl (4 3)
_ggj_) Kejw; Koy Kajeo Koja; Bogyy Rogz ug) .
;Sj ) Rysoi Bygye Rz Ry Kypyy Ry ﬂg(f )
;{j) kzjxl kzjyl kzjzi kz]-m]- k:zjyj kz]-zj —gj)

The matrix linking the joint forces and the joint displacements int a mem-
ber is the local stiffness matriz. To construct the local stiffness matrix an
approach similar to the one in chapter 3 will be used. Combining 2.1 and

21



2.2 we get

F = T(s (4.4)

where F is the axial force in the member and ¢ is the axial elongation of the
member. Form 4.3 we can express

F=f0=_f0 5=g_g0 (4.5)

T T x

Since the truss is made up of axial members that do not carry other than
axial forces

P =10 =J9 = =0 (4.6

Combining (4.2), (4.3), (4.4), (4.5) and (4.6) we get the matrix relation
for the member where the main unknowns are the displacements.

£(1) (1)

f(,) 1 00 -1 00 :('{)

_zé‘) 0O 00 O 0O ﬂz(;.)
(i ! 0O 00 O 0O Uy — N (54
(’LJ) — Z' — Z' — (17.7)7(1/7])
/ 7) 100 1 00 a9 K

7(5) 0O 00 O 0O W

Yy )

*Z(j) O 00 O 0O agj)

(4.7)

4.3.3 Globalizing the Member Stiffness Matrix

Now that relation (4.7) links the force vector and displacement vector
in local coordinate system it is needed to find the relation doing this in
the global coordinate system so that relationships between members of the
truss can be stated. To transform a vector from one coordinate system to
another it is multiplied by a transformation. Standardly a transformation
matrix from system S; to Sy is acquired by determining the coordinates of
the base vectors of Sy in S;. Using that the local coordinate systems are
aligned to the axes of the members the constructed transformation matrix

22



for displacement is

) )
ﬂ(ﬁi) ¢ ¢ ¢ 0 0 0 uﬂ(ﬁi)
’l_Ly‘ )\2’1 )\2’2 )\2,3 O O O uy‘

ﬂg) | As1 Az Az 0 00 ug) i)y, (i)

ﬂ:(g) 0 0 0 Cx  Cy Gy U:(c])
ARCEREE Il
ﬂgj) 3,1 A32 A33 ugj)

| (4.8)

where ¢, = xmL;;"(’)’ = ymL;;./(Z), ¢, = ZmL;j(z) and the \ coefficients are not

determinable, because the y, z axes can be rotated any way around the &
axis. These indeterminate coeflicients are not needed to arrive at a solution.

Similarly as for the displacements the transformation matrix for the forces
is constructed

(4) 7(3)

Je ¢ Mz Mz 000 i

fg,(/) Cy /\272 /\2’3 O O O 7??)

[z ol oee As2 Az 00 0 2 i)y =1 £ (i)
T 0 0 e e ae || o [T
f;]) 0 0 0 Cy )\2’2 )\273 f_‘;])

fz(j) 0 O 0 ¢ A32 A3z ]?;j)

(4.9)
The matrix in (4.9) is certainly the inverse of the matrix in (4.8) since it
describes a inverse transformation. Combining (4.2) with (4.8) and (4.9)
gives
where
is the Member Stiffness Matrix in global coordinate system. With the matrix
multiplication carried out the A coefficients drop out and the the final matrix

23
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2 CxCy — CyCy  —C2 —CpCy —CyCy
o Ed) 46) ol Gy by T __Cz v
K(z,j) _ CypCy CyCy C, CiCy CyCs c;
LG9) —2 —Cpey —Cye,  C CCy  CuCs
—CaCy  —Ch —CyC. Caly c CyCs
—CpCy  —CyC,  —CE CCy Gy, 2

(4.10)

As we can see the member stiffness matrix is a symmetric. This property
will be useful later

4.3.4 Global Stiffness Matrix Construction

In the disconnection step the truss was taken apart now it has to be
reassembled so that it can be analyzed as a whole. The key to the assembly
process is to add the contributions of each member to the global stiffness
matrix. This construction process has 2 main rules.

o 7 Compatibility of displacements:The displacement of all members meet-
ing at a joint are the same.”

e 7 Force equilibrium: The sum of forces exerted by all members that
meet at a joint balances the external force applied to that joint.”

The meaning of the first rule is easy to interpret it means that the whole
truss moves as one. The second rule simply states what is implied by the
transitional equilibrium condition.

For the merging of the globalized stiffness equations the displacement
vectors of all members are extended to incorporate all components from
all the joints. The stiffness matrices are extended by rows and columns of
zeros, respectively and the force vectors are extended also to incorporate the
components from other nodes. This way if the original truss was n x n for
an arbitrary member (i,j) it’s member stiffness equation is extended to

FOI) = )i

where £ 49 are n x 1 and K®9) is n x n. According to the first rule
of merging the superscript of u can be dropped since the displacements are
the same relative to all members.

24



Now all the equations are summed up.

Zf(m‘) — Z (K%Y

According to the second rule of merging Y f9) = f where f is the external
force vector (external forces applied to each joint). As we can see if > K ()
is denoted as K(the global stiffness matrix) the resulting equation

f=2_ (K

is the global stiffness equation.

This way of constructing the global stiffness matrix shows how are the
rules of merging utilized and shows the symmetric property of the global
stiffness matrix(we are adding up symmetric matrices that were extended
by the same number of zero columns and rows). However extending the
matrices so they have the same dimensions and can be summed up is not
necessary when implementing the assembly process. The member matrices
can be mapped onto the global matrix using the number of the joint. Each
entry in the member stiffness matrix is added to a corresponding entry in
the global stiffness matrix.

K,q,= ZKZ(%), for l=1,.6m=1,..6wherep=MFT®)(l) ¢ = MFT®")(m)

MEFET is the Member freedom table. 1t is determined by the joint numbers in
the member B
MFTWD = {i i+1,i4+2,7,j+1,j+2}

Constructing the global stiffness matrix using the MF'Ts shows the second
important property of the matrix. Only those entries of the matrix are not
zero which are represented in at least one member’s MEF'T. This means that
if there is no member between joint (i) and (j) than the entries K ; trough
K,y3 ;43 are 0. Since in a common truss joints are connected only to a rela-
tively few joints (in this application it is around 20, while the total number
of joints border 3000) there are lots of "missing” members so the resulting
global stiffness matrix is sparse.
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In the implementation of the DSM in this project all the steps up until now
are done concurrently member by member. This way the member stiffness
matrix is never actually calculated and stored as a whole. It’s entries are
calculated only as they are about to be merged into the global stiffness
matrix using the MFT. This is a simple way to save some storage space.

4.3.5 Boundary Conditions And Solving

To solve the global stiffness equation the first the external forces are ap-
plied thus constructing the force vector. As mentioned in the beginning of
this chapter this implementation makes it possible to run the analysis sev-
eral times consecutively. For this to work the reaction forces calculated in
the previous iteration of the analysis need to be applied at this point too. If
this is the first iteration of the analysis the reaction forces are still zero thus
they will not influence the result.

The global stiffness matrix constructed so far is singular to, so the global
stiffness equation can not jet be solved. This is because up until now no
boundary conditions were applied. Boundary conditions in this project are
the support conditions of the truss. Joints that are externally supported are
considered immovable.

This condition is applied by setting the corresponding entries in the force
vector to zero clear (set to zero) the corresponding rows and columns in the
global stiffness matrix and set 1 on the corresponding diagonals entries in
the matrix to get a non-singular matrix.

After the support conditions have been applied we should be able to solve
the global stiffness equation. If it still yield no result it means that the truss
was not statically stable to begin with. If there is a single solution to the
equation then it is the displacement vector for the truss. In this project the
Cholesky factorization was used to solve the equation. This is described in
the next chapter.

4.3.6 Post Processing

In post processing the the main goal is to recover the axial stresses within
the members of the truss and the reaction forces exercised by the members.
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This project uses the most straightforward method there is, for the recov-
ery of the viable data. The displacements calculated by solving the master
stiffness equation are applied to the truss while the members retain their
property L(rest length). Than using the combination of Hook’s law in (2.1)
the axial stress is determined.

E .
o= L(S’ where § = |(i, )| — L)

, the sign of the axial stress determines whether the member is under tension
or compression. For positive axial stress the member is under tension.

The magnitude of the reaction force exercised by the member is deter-
mined by
F=0cA

This force has always the acts along the direction of the member and its
orientation is determined by the sign of F. For positive sign its tension
therefore the force points inward. These forces are the ones used to allow
consecutive running of the analysis.

When the axial stress and reaction forces are calculated the axial stress is
compared to the yield stress of the material the member is made of. The sign
of the axial stress is not considered in this case. If the axial stress is higher
than the yield stress the member is declared unsafe and is not included in
the next iteration of the analysis. The ratio of axial stress to yield stress to
is used to determine the color of the member when displaying the results
of the analysis. Green is used for members under low stress, red is used for
members under compression and blue for members under tension.
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Chapter 5

Solving DSM Equations

This chapter will detail the equation solver and the storage format that is
used in the implementation of DSM in this project. If we consider the system
requirements of storing and solving the global stiffness matrix, it is obvious
that they would be enormous when the whole matrix is stored and common
Gaussian elimination is used. The storage requirements are (n)* where n is
the order of matrix. For order of 10000 (which matches roughly 3330 joints
since the degree of freedom of one joint is 3) it is 400MB. The computation
time for the Gaussian elimination is full O(n?), this is about 10'? FLOPs,
which translates to hours of computing on a PC. The solving and storing of
the global stiffness matrix needs to be made more efficient.

5.1 Skymatrix

As has been already pointed out the global stiffness matrix is symmetric
and sparse. These properties can be exploited to save a great deal of storage
space. Since the matrix is symmetric it is enough to store one half of it.
In this implementation the lower triangular matrix is stored. This measure
saves half of the storage space the next to use the sparse property.

There are several method of storing sparse matrices[3] here one of them
will be used. The idea is not to store the entries which are zero. Assuming
that at least one member end in each joint (otherwise that join would be
redundant) the diagonal of the matrix is non-zero. Therefore the diagonal
of the matrix will be stored ether way. The lower triangular matrix is stored
row by row in a value vector so that only the entries form the first non-
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zero entry to the diagonal entry are stored. An indexing array is needed to
store the indexes of the diagonal entries (to be able to find entries in the
value vector). Since as all entries on the diagonal are non-zero the indexing
vector’s size is n for a matrix of order n. A matrix

905 00

OO Ut o © W
S O O O
S O W oo O
S = N Wwo
o Ol OO
S O OO O

would be stored as

K =(D,V) D=1{0,2,3,7,9,10}, V ={3,9,7,8,5,0,3,2,1,5,6}

The resulting storage format is a variation of the skyline storage format.
In accordance with the storage format name the matrix stored in this format
is named skymatriz. The ratio B = % where S is the space required for the
storage of an n ordered matrix is the mean bandwidth. For this application
the ratio greatly depends on the geometry of the structure, but can be
in order of B = n%(By laying the nodes in layers). Comparison test ran
against a fully stored matrix confirm this. For the matrix of order n=10000
discussed beforehand the storage space will be 18 MB using 4 byte floating
point numbers.

The solver used to solve the global stiffness equation needs some additional
information about the skymatrix. Namely it’s needed to know at which in-
dex a row start, and the index of last entry in a column. The row starts
are computed easily and could by subtracting the diagonal vector entries
form each other. This could be done while solving the equation, but it is
a frequently required information therefore its advantageous to precalculate
it.

The index of the last entry in a column can not be recovered directly from
the skymatrix. It is done by the simple algorithm:

for (int i=0; i<N; ++i) ColumnEnds[i] = i;
for (int i=N—1; i>=0; —i)
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for (int j=RowStarts[i]; j<i; ++j)
if (ColumnEnds|[j]<i) ColumnEnds[j] = i;

In this context N is the order of the matrix.

5.2 Cholesky solver

The cholesky solver uses the cholesky factorization of a symmetric matrix
to solve the global stiffness equation. The main solving steps are:

e Factorization: K = LDU
e Forward reduction: Lz = f
e Diagonal scaling: Dy = z
e Back substitution: Uu =y
In the steps K is the global stiffness equation, u is the primary unknown

vector, y and z are intermediate vectors.

5.2.1 Factorization

Symmetric matrices can be factored as:
K =LDU = LDL"

where L is a lower triangular matrix and D is a nonsingular diagonal matrix.

An algorithm for the factorization can be accuired by carrying out a sam-
ple multiplication

D, (symmetric)
- Ly1 Dy L3,D; + D,
K=LDL" = : T .
LiiDy LjiLj_11Dy+ LjoDy - Z{C;ll(Lkak) + D;
(5.1)
From 5.1 the following recursive relations can be written.[6]
1 -
Lij = 3(Kij — ZLiijka), for i > j (5.2)
J k=1
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j—1

D; = Ky — Y LiDy (5.3)
k=1

From relations 5.2 and 5.3 we can see that an entry in the factor matrix can

be calculated if the entries left and above are already calculated. This is the

basis of the factorization algorithm. It simply starts at the entry K;; and

works trough the matrix, replacing the entries as it goes. There is no extra

storage space required.

For every row its enough to start at the first nonzero entry (which is
actually the first entry sored in the sky matrix for that row) since 5.2 implies
that all entries before that would be zero (K;; and L;; would be zero). For
the entries that actually need to be calculated the k can be started at the firs
nonzero entry in the row. This way the factorization time can be expressed
as

O(nB?)

where B is the mean bandwidth. Assuming B = n3 the number of FLOP’s
required for cholesky factorization is smaller by orders than when using
Gaussian elimination. For the example matrix of order 10000 it’s FLOP’s in
order of 10%, which is still manageable on fast PC.

5.2.2 Solving

With the completion of the factorization the global stiffness equation is
not yet solved. The last 3 steps still need to be applied. The computational
complexity of these steps is however expressed as

e Forward reduction: O(nB)
e Diagonal scaling: O(n)
e Back substitution: O(nB)

therefore the factorization time is the main concern regarding the computa-
tional complexity of the global stiffness equation solving.

The final implementation note to this chapter is that while the truss is
built so that it should be stable at the beginning of the analysis process
the consecutive iterations could lead to destabilization (too many members
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are declared unsafe under pressure). To assure correct run of the solving
process after factorization is done the D matrix is checked whether it is
really nonsingular.

32



Chapter 6

Simulation Structure

Thus far the statical analysis of structure was described on 3D space
trusses, this project however concerns itself with more than just simple
trusses. It does simulate structural members that carry bending and sheer
forces(beams), and also members that have significant dimensions in more
than one dimension(wall segments, columns). The simulation of these struc-
tural elements is done by approximating their inner structure by a complex
space truss. The description of how is it done follows.

In this chapter significant differences are between scene nodes and ele-
ments and simulation nodes and elements. Scene nodes and elements are
built by the user who also sets their properties, while simulation nodes and
elements are parts of the simulation structure and are generated automati-
cally. The simulation structure is the space truss the analysis is carried out
on.

6.1 Scene Nodes

Scene nodes are the basic building blocks of a complex structure to be
analyzed. They are to be interconnected using different elements. While a
simulation node has no volume this is not true for a scene node. It does have
volume and is approximated with a cube so elements that have thickness or
any kind of cross section could be connected to it. This decision was made
so it would be possible to regard a wall as an element that has 2 significant
dimensions (it’s thickness is usually far smaller than its height or width) and
a beam as an element with only 1 significant dimension, the non significant
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dimensions are in this case set to a constant.

The constant that the non significant dimensions are set to is actually
the size of the cube’s edges that symbolizes the scene node. This constant
was set to 0.1 meters. This decision was made based upon what kinds of
structures would be simulated using this project. The shortest assumed wall
segments in this project should be around 1 meter therefore the 0.1 meter
resolution should be enough.

The cube symbolizing the scene node has 8 corners which translate to 8
simulation nodes (joints of the truss). The simulation nodes are connected
each to each other with simulation elements (members of the truss). The
properties E and Y (Elasticity and Yield stress) of the simulation elements
are set so that they reflect the hardest of the scene elements material con-
nected to the node. The lengths of the simulation elements are calculated
from the position of the simulation nodes they connect, while their cross
section areas are set so that the sum of the volumes of the 28 simulation
elements making up the node is equal to the volume of the cube symbolizing
the node.

The scene node has one last property that is set to the simulation nodes ap-
proximating it. This property is tells whether the scene node is grounded(is
the structure supported in this scene node). This grounded property is used
by the DSM to set the boundary conditions.

Connecting scene nodes is an important operation when building scene
elements. To connect 2 nodes the first we determine which faces of their
symbolic cubes are facing each other. That are the faces that would be in-
tersected by the line segment connecting the centers of the cubes. Than the
simulation nodes of selected face of the first scene node are connected to ev-
ery simulation node in the selected face of the second simulation node. Thus
adding 16 new elements to the simulation structure. This kind of connection
can carry forces of any direction from every simulation node involved in it,
because it forms a statically stable truss (members form triangles).
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6.2 Scene Elements

6.2.1 Scene Beams

Scene beams are the simplest scene elements. They consist of 2 inter-
connected scene nodes. A beam has material properties and a cross section
area property. The simulation elements created during the connection of the
nodes are referred to as the simulation elements of the beam. The material
properties of the simulation elements are set to the material properties of the
beam. The length of simulation elements is calculated from the simulation
node positions. Their cross section is calculated again so that the sum of
volumes equals the volume of the beam.

The simulation properties of a beam constructed this way do approximate
the properties of a real life beam to which forces are applied only on its ends.
The ability to carry bending forces is assured by the cross connections within
the simulation elements of the beam. The accuracy of the simulation is best
when we try to simulate a beam that has a cross section area of 0.12m?
because that is the actual cross section are of the simulation structure beam.
The difference between this and the cross section are property of the beam
is compensated by the setting of the simulation elements cross section area.

6.2.2 Wall and Floor Sections

Walls and floors are designed by the same scene elements the simple and
complex plane element. These elements have 4 interconnected scene nodes
which lay in one plane . The simulation elements of these scene elements
are set up the same way as the simulation elements of the beam. Again
the cross connection between the nodes (both simulation and scene) should
give the element the ability to carry forces applied to the scene elements
approximately the same way as an they would be carried be a real life wall
or floor.

The difference between the simple and complex plane element is that the
complex element allows for nodes within its outer edges. These nodes are
connected to the nodes in the opposing edge to ensure approximation of force
carrying ability. The number of nodes in the opposing edges does not need
to equal. This scene elements was included so that building floors having
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different inner design could be sacked on each other without the need of
propagating node structure of each floor upwards instead just include them
in one of these more complex scene elements. The force propagation will be
approximately the same and the number of scene nodes can be decreased.

6.2.3 Columns

Columns are scene elements that have 8 interconnected scene nodes. These
nodes form a parallelepiped. This is the only scene element that has its
volume calculated directly form the positions of its scene nodes, because it
has no non significant dimensions. Because of the resolution set by the size
of the scene node approximation the column is however not a good choice
for simulating columns smaller then 0.3 x 0.3 x 0.3 m3.

6.3 Forces in the Simulation Structure

For the simulation to make any sense forces need to be applied to the sim-
ulation structure. Every simulation node stores the force applied to it. This
force is set to zero when the simulation structure is built. After the structure
is built the forces are applied. Forces might be applied in more parts, in that
case they are added to the force already applied to the simulation node.

6.3.1 Gravitation

Gravitation is the most important force when studying the statics of a
building. It gives the elements their weight. The force created by gravitation
can be calculated as

F =Vpg (6.1)

,where V is the volume of the element p is the density of the material, and
g=29, 81% is the standard gravity. The force generated by gravity always
acts along the negative z axis.

To apply the gravity not the scene elements are considered but the simu-
lation elements. Since they are calculated so that the sum of their volumes
equals the sum of the scene element volumes the total force distributed
will be the same. By considering the simulation elements the distribution of
weight on the simulation structure does match its geometry and since the
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geometry of the simulation structure was built so that it approximates the
inner structure of the elements this distribution of weight approximates the
real distribution of weight amongst the scene elements.

For one simulation member the weight distribution is done by calculating
the force according to (6.1) and than evenly divided into the simulation
nodes connected by the simulation member.

6.3.2 External Forces

External forces are used to test the structure under load, i. e. if we were
to roll a car on a bridge or put furniture and people in a building. In this
project 2 kinds of external forces are used. The first kind is applied on the
scene nodes, the second kind is applied distributed on any scene element.

Applying the firs kind of force is easy. Simply dividing it evenly between
the simulation nodes making up the scene node.

For applying the distributed force the same method will be used as when
applying the gravitation. The force is divided between the simulation mem-
bers of the scene member at the rate of the ratio of their length to the sum of
the lengths of all of the simulation members of the scene member. When the
force for one simulation member is calculated it is evenly distributed between
the simulation nodes connected by the simulation member. This approach
gives satisfactory results for the same reasons as the applied gravitation.

6.4 Modeling Guidelines

Constructing the simulation structure as described in this chapter does
let a degree of error into the simulation. The accuracy loss stands mainly
from the approximations made during describing the inner structure of the
scene elements. This way the simulation does simulate the how the different
elements act on each other but the it does not resolve the plane stress prob-
lem(how is the stress distributed inside a scene member).These errors can
be managed by adhering to some guidelines during the design of the scene.
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One important guideline is not to build too big or too small scene elements.
The optimal size of the scene elements should be between 1 to 10 meters
along their significant dimensions. For small elements the 0.1 meter size
of a scene node would significantly influence the actual size of simulation
members in comparison to the size of the scene member. For big elements
the plain stress problem becomes significant. Also the ratio of sizes of the
scene member along their significant dimensions should be at most 1:5 so
the cross connections in the simulation structure are not at too acute angles
which would make them ineffective.

To cope with the plane stress problem smaller scene elements should be
used in the regions of the structure, where high loads are expected. For
example it would be wrong to build a 20m long bridge with deck sections 5m
long. Other high stress areas are support beams and columns of a building,
arches etc.

Scene elements that have non significant dimensions should not be used
to simulate structure components where the size along the ”non significant”
dimension is larger the 0.4m for this use of the column scene element is
better suited.

6.5 Conclusion

In this work the basic elements of statics simulator were showed. The
described statics simulator works in space while most of the statics simulator
I have encountered be it games or even applications used by engineers work
by projecting the problem into a plane and running the analysis as a 2D
problem. By using the cholesky method of solving the equations during the
analysis a structure containing more than 300 scene nodes can be simulated
in under 1 minute on a 2 G Hz CPU as shown in one of the sample scenes.
Although admittedly the accuracy of the results the simulation gives is not
absolute, it is high enough so that this application can be used as a teaching
aid or for demonstrating how structures behave under loads in general. This
project also allows for adding new materials just by editing the material
database file. In this project the simulation structure on which the analysis
was carried out was kept as simple as possible by using only a space truss, but
it is possible to incorporate other simulation elements using methods form
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a more general field of Final Element Method. Further development would
add more complex simulation elements with higher degrees of freedom thus
allowing to calculate bending and rotation directly by the DSM. Also effort
would be made to parallelize the matrix solving allowing for better use of
multi core processors.
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Appendices
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.1 About the contents of the CD

The CD contains the binaries for the application in the ”Binaries” folder.
In the folder ”Binaries/Samples” some sample scenes are saved. Also the CD
contains the PDF format of this thesis in the "Thesis” folder and the source
files in the ”Source” folder.

BridgeSample This sample file contains a warren truss bridge design
spanning 10m loaded to its limits.

BuildingSample This sample shows a building design, to demonstrate
the use of more complex design elements.

GridSample This sample contains 300 scene nodes connected into a grid
by beams supported along one of its edges. The sample is supposed to show
computational complexity. By my estimate it sill should run in under 1
minute. In comparison 40 scene nodes were enough to design the bridge and
under 100 for the house. The grid in this case is not able to withstand its
own weight.

IterationSample This sample is supposed to show how even when some
elements of the structure break the iterative steps show that the structure
might still stand.

.2 User manual for the program

The program on the CD is really easy to use every function that it has is
tooltiped for the convenience of the user. To program runs basically in one
of the two modes. In both modes the scene can be translated by dragging
the right mouse button, and rotated by dragging the right mouse button
while holding left ctrl. The mouse wheel zooms in and out in orthogonal
view while it changes the camera height in perspective view. The + and -
buttons on the keypad increase/decrease the height of the drawing plane.
This height can be directly set through the input in the top right corner.

Select mode This mode allows manipulation with already constructed
scene elements and nodes. Nodes and elements are selected using the left
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mouse button. Only nodes or elements can be selected at one time. There
are operations that can be applied to the selection. Some of these operations
are in the selection menu. Other can be accessed by the apply material, apply
cross section and toggle grounded buttons. If a force is right clicked a non
modal window will appear in which the force can be modified, while when a
the apply force menu item is selected the force given in the modal window
which appears is applied to all selected items. For forces pointing downward
use forces whit negative z component.

Build mode This mode allows building the scene itself. To switch to this
mode toggle the appropriate button (it has a hammer icon on it). Once in
the build mode the most important control elements are the choice inputs
on the top. In these inputs the element to build it’s material and it’s cross
section are chosen. Once the right element to build is chosen building it
entail simply left clicking on the drawing grid for the nodes or clicking on
the nodes to connect into the elements for every other element. For beam
two nodes need to be chosen. For plane sections 4 or more nodes in the
order to be connected in need to be selected. For column 8 nodes. For every
element here are restrictions i. e. a plane segment must be in a plane the
column must be a parallelepipedon.

Simulation The operations associated with simulation are in the simu-
lation menu. Run simulation starts one the simulation step. For relatively
small structures it finishes within second. To run another step the simula-
tion must be started again, this will not cause the simulation to reset. The
simulation structure is automatically there was none before running the sim-
ulation. Using the ReBuild menu item will cause the structure to reset. Only
those scene nodes are included in the simulation structure that are at least
part of one scene element.

Simulation results The results of the simulation can be observed by
switching on the coloring scheme according to the inner stress. The simu-
lation structure can be observed by switching off the drawing solids toggle.
The simulation structure is always colored according to the stress and it also
reflects the displacement of calculated by the analysis also the broken mem-
bers are not included in the simulation structure. To color only the broken
members of the simulation structure switch on the appropriate toggle but-
ton. If coloring in not enough information about the stress, the information
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bar on the bottom displays stress as a ratio between yield stress and axial
stress for the item the mouse point at.
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